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Abstract

This volume examines finite algorithms, symbolic enumeration, linear algebra, statistical esti-
mation and numerical computation through explicit mathematical representations. The 155
bibliographically identified case studies preserve conventional solutions, structural reductions and
the assumptions required for their comparisons. Further chapters develop exact root certificates,
continuation, analytic approximation and finite-dimensional recovery.

Arithmetic work, operand growth, memory requirements, conditioning and verification are
evaluated separately. Recorded experiments include exact enumeration, shared-factorization
leave-one-out estimation, transform computation and source-defined statistical samples. Every
runtime ratio belongs to its recorded implementation and workload; algebraic reductions have
independently stated cost models.

The nearest-neighbour preservation study on MNIST contains its mathematical specification
and an original-data procedure. The original image experiment remains unexecuted in the
recorded source. Polynomial-regression and Weekly-data results retain their documented numerical
conventions; native R execution is not asserted. Original textbook page reproductions and bulk
question statements are absent from this public edition. Bibliographic exercise locators identify
the source problems.

Reproduction material. The public source package contains the LaTeX manuscript and
authored vector assets required to rebuild this volume. Its executable supplement covers selected
numerical studies and certificate calculations. External textbook page reproductions and original
externally acquired datasets are not distributed. References identify the scholarly works needed
for independent source comparison.

Evidence convention. Established mathematical results retain their scholarly attribution.
The exposition states the assumptions of each calculation and comparison. Recorded numerical
results retain their original experimental scope. Formal specifications describe prospective proof
developments unless an accepted proof object is explicitly identified. This public edition does not
establish new proof-assistant kernel acceptance.
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Chapter 1

Dive into Deep Learning

Aston Zhang, Zachary C. Lipton, Mu Li, Alexander J. Smola. Reference problems and derived
analyses.

1.1 AC-001 | Derivatives from difference quotients

Reference: [1], exercise 1.

Source task and conventions

Prove the derivatives of a constant, a power, the exponential and the logarithm directly from the defining
limits.

Conventional solution and proof

The derivative at x is limh→0[f(x+ h)− f(x)]/h, when this finite limit exists. For f(x) = c the numerator is
zero, so f ′(x) = 0. For an integer n ≥ 1, the finite binomial identity gives

(x+ h)n − xn

h
= nxn−1 +

n∑
j=2

(
n

j

)
xn−jhj−1.

The sum tends to zero; hence (xn)′ = nxn−1. The case n = 0 is constant. Define ex =
∑∞

k=0 x
k/k!. Absolute

convergence permits the Cauchy product, and the binomial theorem gives ex+h = exeh. For |h| ≤ 1,∣∣∣∣eh − 1

h
− 1

∣∣∣∣ ≤ |h| ∞∑
k=2

1

k!
−→ 0.

It follows that (ex)′ = ex. The positive, continuous, strictly increasing exponential has a continuous inverse
log : (0,∞)→ R. Put u = log(x+ h)− log x; then u→ 0 and h = x(eu − 1). Consequently

log(x+ h)− log x

h
=

1

x

u

eu − 1
−→ 1

x
.

For an integer n = −m < 0, x ̸= 0 and the algebraic identity
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(x+ h)−m − x−m

h
= − (x+ h)m − xm

hxm(x+ h)m

gives nxn−1. For a real exponent a on x > 0, write xa = ea log x. In the difference quotient set u = a log(1+h/x).
The limits (eu − 1)/u→ 1 and log(1 + t)/t→ 1 give (xa)′ = axa−1. This also specifies the necessary domains.

Structural or analytic derivation

The coefficient of h in f(x + h) is the derivative whenever the remaining terms are o(h). The preceding
calculations establish the expansions

c = c+ 0h, (x+ h)n = xn + nxn−1h+O(h2),

ex+h = ex + exh+O(h2), log(x+ h) = log x+ x−1h+ o(h).

Thus coefficient extraction gives exactly the same four results. For complex x, the power and exponential
remain analytic on their natural domains; a logarithm requires a chosen local branch avoiding zero. This
formulation is a proved extension of the real calculation, not an additional assumption about a real-valued
loss.

Comparative cost and preferred method

For a single symbolic derivative the difference quotient and the local coefficient method have comparable fixed
proof cost. No measured speed advantage is claimed. Once the four local rules are available, evaluation uses
one power or exponential or one reciprocal, independently of a finite-difference step. A numerical difference
quotient uses two function evaluations and division and supplies only an approximation; it does not meet the
source’s exact-proof requirement. The preferred solution here is the defining-limit proof.

1.2 AC-002 | Sum, product and quotient rules

Reference: [1], exercise 2.

Source task and conventions

Derive the sum, product and quotient differentiation rules from first principles.

Conventional solution and proof

Suppose f, g are differentiable at x. Their increments satisfy f(x+ h) = f(x) + f ′(x)h+ rf (h) and g(x+ h) =
g(x)+g′(x)h+rg(h), where rf (h)/h, rg(h)/h→ 0. Addition gives (f +g)′(x) = f ′(x)+g′(x). For the product,
use the exact identity

f(x+ h)g(x+ h)− f(x)g(x) = [f(x+ h)− f(x)]g(x+ h) + f(x)[g(x+ h)− g(x)].

Divide by h. Differentiability implies g(x + h) → g(x), so the limit is f ′(x)g(x) + f(x)g′(x). If g(x) ̸= 0,
continuity supplies a neighbourhood in which g is nonzero, and

1

h

(
f(x+ h)

g(x+ h)
− f(x)

g(x)

)
=
g(x) f(x+h)−f(x)

h − f(x) g(x+h)−g(x)
h

g(x+ h)g(x)
.

The denominator tends to g(x)2 ̸= 0, proving (f/g)′ = (f ′g − fg′)/g2.

Structural or analytic derivation

A first-order jet is the pair (u, u̇) represented by u+ εu̇ with ε2 = 0. Multiplication in this two-dimensional
algebra gives

(u+ εu̇)(v + εv̇) = uv + ε(u̇v + uv̇).
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For v ̸= 0, (v+ εv̇)−1 = v−1− εv̇/v2, as direct multiplication verifies. Addition, multiplication and this inverse
therefore reproduce all three rules. The limit argument above proves that these formal coefficients coincide
with actual derivatives.

Comparative cost and preferred method

For a straight-line calculation with L elementary operations, first-order jet evaluation performs a constant
number of operations for each original operation, hence O(L) arithmetic and the same dependency ordering.
Repeated finite-difference calls do not prove any rule. For the requested theorem, the conventional limit proof
is already efficient; the jet algebra becomes useful when the rules are reused in automatic differentiation.

1.3 AC-003 | Constant scaling

Reference: [1], exercise 3.

Source task and conventions

Deduce the constant multiple rule as a special case of the product rule.

Conventional solution and proof

Take the constant function g(x) = c. Its derivative is zero by the defining difference quotient. Therefore
(cf)′ = g′f + gf ′ = 0f + cf ′ = cf ′. This argument also covers c = 0.

Structural or analytic derivation

Multiplication of a first-order jet by c sends (f, f ′) to (cf, cf ′). This is the linearity of scalar multiplication in
the jet algebra, and it gives the same identity without additional differentiation rules.

Comparative cost and preferred method

Both proofs require one application of an already proved linear or product identity. The numerical derivative
evaluation requires one multiplication by c. No asymptotic improvement is available in this fixed scalar task.

1.4 AC-004 | The derivative of a variable power

Reference: [1], exercise 4.
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Source task and conventions

Differentiate f(x) = xx on its real differentiable domain x > 0.

Conventional solution and proof

Taking logarithms gives log f(x) = x log x. Differentiating yields f ′/f = log x+ 1, and hence

f ′(x) = xx(1 + log x), x > 0.

The steps are valid because f(x) > 0 and log is differentiable on (0,∞).

Structural or analytic derivation

For a local complex logarithm L with L(x) = log x, set F (z) = exp(zL(z)). Since L′(z) = 1/z, the chain rule
gives F ′ = F (L+ 1). Restricting to positive real z recovers the displayed result. This extension also supplies
analytic derivatives of every order in a disk avoiding the logarithm cut.

Comparative cost and preferred method

Logarithmic differentiation evaluates the result with one logarithm, one exponential/power and elementary
arithmetic. Expanding a difference quotient is more cumbersome but is not the strongest conventional baseline.
The conventional logarithmic method and the analytic continuation have the same formula and arithmetic
cost. The real logarithmic solution is preferable for this question.

Source qualification

Nonpositive real arguments do not provide a single open real domain on which the usual real-valued xx is
defined. No extension through such arguments is assumed.

1.5 AC-005 | Stationary derivatives and their interpretation

Reference: [1], exercise 5.
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Source task and conventions

Explain f ′(x0) = 0 and give a function and point with this property.

Conventional solution and proof

The defining statement is
f(x0 + h)− f(x0) = o(h).

Thus the first-order change vanishes and the tangent line is horizontal. For f(x) = x2 at x0 = 0, the quotient
h2/h = h → 0, and the point is a minimum. For g(x) = x3 at zero, the quotient is h2 → 0, but g changes
sign: a zero derivative alone does not imply an extremum. The function −x2 supplies a maximum.

Structural or analytic derivation

A local power series f(x0 + h) = a0 + a1h+ a2h
2 + · · · has a1 = 0 at a stationary point. The first nonzero

coefficient after a0 determines the local behaviour: an even power gives a local extremum according to its
sign, and an odd power changes sign. This conclusion follows by factoring hk(ak + o(1)), whose second factor
has the sign of ak for sufficiently small nonzero h.

Comparative cost and preferred method

The requested example and interpretation have fixed symbolic cost. The coefficient formulation additionally
classifies analytic stationary points but supplies no computational acceleration for the single example. The
conventional defining-limit answer is sufficient.

1.6 AC-006 | A rational function and its tangent

Reference: [1], exercise 6.

Source task and conventions

Plot f(x) = x3 − x−1 and its tangent at x = 1.

Conventional solution and proof

The domain is R \ {0}. Direct differentiation gives f ′(x) = 3x2 + x−2. Since f(1) = 0 and f ′(1) = 4, the
tangent is

y = 4(x− 1).

The exact difference factors as

f(x)− 4(x− 1) =
(x− 1)2(x2 + 2x− 1)

x
.

It is O((x − 1)2) near one, proving tangency independently of the derivative calculation. The graph uses
separate intervals on either side of zero; the vertical asymptote is not joined by a plotted line.

Structural or analytic derivation

The Laurent representation z3− z−1 makes the excluded point and the derivative 3z2 + z−2 explicit. A Taylor
expansion about one has first-order coefficient four and the exact quadratic remainder displayed above. This
analytic description certifies both the tangent and the singularity shown in the figure.

Comparative cost and preferred method

Both symbolic methods use a fixed number of operations. Drawing m graph samples costs Θ(m) under either
representation. The Laurent formulation improves the singularity check, while direct differentiation is the
simplest conventional solution.
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Figure 1.1: Both branches of x^3-1/x and the exact tangent 4(x-1); the plot is deliberately disconnected
at the pole.

1.7 AC-007 | A separable gradient

Reference: [1], exercise 7.

Source task and conventions

Find ∇f for f(x1, x2) = 3x21 + 5ex2 .

Conventional solution and proof

Holding the other coordinate fixed gives

∇f(x1, x2) = (6x1, 5e
x2)T.

For an increment h = (h1, h2), the residual after subtracting the linear term is 3h21+5ex2(eh2−1−h2) = O(∥h∥2).
Thus this vector is the total derivative, not merely a list of formal partial derivatives.

Structural or analytic derivation

The entire extension F (z1, z2) = 3z21 + 5ez2 separates into two coordinate functions. Its first-order jet is
6z1h1 + 5ez2h2. Coefficient extraction or forward automatic differentiation therefore yields the same gradient
without mixed terms.

Comparative cost and preferred method

The direct formula costs one exponential and two scalar multiplications. Automatic differentiation has constant
overhead on the same expression graph. Separate finite differences use at least three function evaluations
and introduce truncation error. Direct symbolic differentiation is the preferable method for this two-term
expression.

1.8 AC-008 | Euclidean norm: gradient and failure at the origin

Reference: [1], exercise 8.
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Source task and conventions

Differentiate f(x) = ∥x∥2 and determine what happens at x = 0.

Conventional solution and proof

For x ̸= 0, the chain rule applied to (xTx)1/2 gives

∇f(x) = x/∥x∥2.

The denominator is positive, so the expression is well defined. At zero, along any unit vector v, f(tv) = |t|
has unequal one-sided derivatives. Therefore no derivative exists at zero. Equivalently, a putative linear
differential L would satisfy L(v) = L(−v) = 1, contradicting linearity.

Structural or analytic derivation

The subdifferential at zero is exactly the closed unit ball. Indeed, g is a subgradient if ∥y∥2 ≥ gTy for every
y. Cauchy–Schwarz proves this for ∥g∥2 ≤ 1; choosing y = g proves the converse. At nonzero x, equality in
Cauchy–Schwarz makes the subgradient unique and equal to x/∥x∥2. A norm contains conjugation in complex
coordinates and is not holomorphic.

Comparative cost and preferred method

Computing a dense n-coordinate norm gradient costs Θ(n): the formula reads every coordinate and writes n
outputs, giving a matching input/output lower bound. Coordinatewise numerical differentiation requires Θ(n2)
work if each function call scans the full vector. Against a competent analytic or automatic-differentiation
baseline there is no asymptotic improvement. Complex-step differentiation of the norm is invalid.

1.9 AC-009 | A multivariable chain rule

Reference: [1], exercise 9.

Source task and conventions

For u = f(x, y, z) and x = x(a, b), y = y(a, b), z = z(a, b), give the derivatives of u with respect to a, b.

Conventional solution and proof

Assume g = (x, y, z) : R2 → R3 and f : R3 → R are differentiable at the relevant points. Write g(t+ h) =
g(t) + Jgh + o(∥h∥) and f(g(t) + k) = f(g(t)) + ∇fTk + o(∥k∥). Since k = O(∥h∥), substitution proves
D(f ◦ g) = Df Dg. Hence

ua = fxxa + fyya + fzza, ub = fxxb + fyyb + fzzb.

Every partial derivative of f is evaluated at (x(a, b), y(a, b), z(a, b)).

Structural or analytic derivation

The reverse accumulation is ∇(a,b)u = JT
g ∇f . It propagates the three output sensitivities through one

matrix–vector product. The displayed differential proof establishes the correctness of this accumulation rule.
Complex variables require the corresponding real differential or a genuinely holomorphic map.

Comparative cost and preferred method

Once the five derivative objects are supplied, the matrix–vector product uses six multiplications and four
additions. Computing the two displayed scalar sums has exactly the same count. Reverse-mode notation
organizes the computation; it does not reduce these counts for the 3× 2 example.
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1.10 AC-010 | Derivative of an inverse function

Reference: [1], exercise 10.

Source task and conventions

Find the derivative of a locally invertible differentiable function’s inverse, specifying the necessary nondegener-
acy condition.

Conventional solution and proof

Let f be continuous and one-to-one on an interval, differentiable at x0, with f ′(x0) ̸= 0. Its inverse g is
continuous at y0 = f(x0). For y ̸= y0, put x = g(y); then x→ x0 and

g(y)− g(y0)
y − y0

=

(
f(x)− f(x0)

x− x0

)−1

−→ 1

f ′(x0)
.

Therefore g′(y) = 1/f ′(g(y)) wherever these hypotheses hold. Differentiating f(g(y)) = y gives the same
identity after existence of g′ has been established.

Structural or analytic derivation

For a holomorphic F with F ′(z0) ̸= 0, the complex inverse function theorem gives a local holomorphic inverse
and the same formula. The sensitivity of the inverse is |G′(F (z0))| = 1/|F ′(z0)|. If the derivative approaches
zero, inversion becomes ill-conditioned. The real bijection f(x) = x3 is a counterexample to differentiability of
the inverse at zero.

Comparative cost and preferred method

Evaluating the derivative after the inverse point is known takes one derivative evaluation and one reciprocal.
Numerically perturbing y and resolving the inverse twice adds two nonlinear solves. The direct inverse-
derivative formula is conventional and already optimal at this level; the complex formulation adds branch and
sensitivity information.

Source qualification

Invertibility alone does not imply a differentiable inverse. The nonzero-derivative hypothesis is added explicitly
and the degenerate case is exhibited.

1.11 AC-011 | Sine differentiated by automatic differentiation

Reference: [1], exercise 4.

Source task and conventions

Plot f(x) = sinx and a derivative obtained by automatic differentiation, without using an explicitly coded
cosine as the derivative.

Conventional solution and proof

The executable solution makes x a differentiable variable, evaluates the primitive sine, sums the outputs, and
requests its gradient. Since every component depends only on its corresponding input, differentiating the sum
returns the vector of the individual derivatives. The resulting curve is plotted together with the original sine.
The evaluation procedure does not insert an explicit cosine formula.
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x = torch.linspace(-pi, pi, 801, dtype=torch.float64,
requires_grad=True)

y = torch.sin(x)
g, = torch.autograd.grad(y.sum(), x)

The automatic-differentiation primitive implements the local derivative rule. Composition of these local rules
is justified by the chain-rule proof in the preceding questions.

Structural or analytic derivation

An independent analytic check is available from sin z = (eiz − e−iz)/(2i): its derivative is (eiz + e−iz)/2. This
identity is used only to check the automatic output. A complex-step diagnostic computes Im sin(x+ ih)/h;
its Taylor expansion differs from the exact derivative by O(h2), so it is not an exact replacement for the
requested automatic differentiation.

Comparative cost and preferred method

Form independent points, both automatic evaluation and direct primitive differentiation cost Θ(m) and produce
m values. The recorded error is a numerical diagnostic, not a proof of the library implementation. Complex-
step uses one complex evaluation per point and has a nonzero truncation term. Automatic differentiation
satisfies the source requirement and is retained as the principal method.

−6 −4 −2 0 2 4 6
x (rad)

−1.00

−0.75

−0.50

−0.25

0.00

0.25

0.50

0.75

1.00

Fu
nc

ti
on

 /
 d

er
iv

at
iv

e

Function
Autograd derivative

Figure 1.2: The derivative curve comes from the executed automatic-differentiation output array, not a
separately inserted cosine curve.

1.12 AC-012 | An explicit expression dependency graph

Reference: [1], exercise 5.
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Source task and conventions

Construct the dependency graph of f(x) = log(x2) sinx+ x−1, for real x ̸= 0.

Conventional solution and proof

Use the six intermediate quantities

v1 = x2, v2 = log v1, v3 = sinx, v4 = v2v3, v5 = x−1, v6 = v4 + v5 = f.

The directed dependencies are x→ v1 → v2 → v4 → v6, x→ v3 → v4, and x→ v5 → v6. Since x ≠ 0, v1 > 0
and all six operations are defined. The accompanying graph includes every edge and every intermediate
quantity.

Structural or analytic derivation

This graph is a straight-line program. It also defines a first-order jet program by replacing each scalar by a
value–tangent pair. The number and direction of dependencies are unchanged. Locally near any nonzero real
point, log(z2) has a consistent analytic branch; global branch choices cannot be omitted for complex inputs.

Comparative cost and preferred method

The shared expression uses six elementary nodes. Recomputing x2, log(x2) or sinx for each requested
derivative can increase work; storing the node values avoids it. A competent conventional expression graph
already performs this sharing, so the proposed graph has no separate asymptotic advantage. Its benefit is an
explicit, checkable dependency contract.

2x

1/v1

cos x

-1/x^2

v3

v2 1

1

x

v1=x^2 v2=log(v1)

v3=sin(x)

v4=1/x

v5=v2*v3

f=v5+v4

Figure 1.3: Dependency graph with local derivative labels. Forward tangent products and reverse adjoint
products use the same eight edges.

1.13 AC-013 | Derivative labels on the expression graph

Reference: [1], exercise 6.
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Source task and conventions

Differentiate the graph for f(x) = log(x2) sinx+ x−1 and label the local derivatives.

Conventional solution and proof

The edge derivatives are
∂v1
∂x

= 2x,
∂v2
∂v1

= v−1
1 ,

∂v3
∂x

= cosx,

∂v4
∂v2

= v3,
∂v4
∂v3

= v2,
∂v5
∂x

= −x−2,
∂v6
∂v4

=
∂v6
∂v5

= 1.

Summing products along the three directed paths from x to v6 gives

f ′(x) =
2 sinx

x
+ log(x2) cosx− 1

x2
.

Each path term is the chain rule; the sum is the derivative of the addition node. This proves the result on
both real half-lines.

Structural or analytic derivation

The same derivative is the coefficient of ε in the six-node jet evaluation. The product node produces two
contributions, and the reciprocal produces the negative term. This gives an algebraic check that no path
contribution was omitted. The graph figure prints each of the seven local edge labels.

Comparative cost and preferred method

Both scalar symbolic differentiation and graph accumulation use a constant number of elementary operations.
Common-subexpression reuse avoids repeated logarithm and sine evaluations. No asymptotic speedup is
claimed for this one-input, one-output graph; the measured comparison treats it as a correctness control.

Graphical reference. See Figure 1.3 for the shared construction.

1.14 AC-014 | Forward and reverse accumulation

Reference: [1], exercise 7.

Source task and conventions

Evaluate the derivative of log(x2) sinx+ x−1 by both forward and reverse differentiation.

Conventional solution and proof

For forward mode set ẋ = 1. The tangents are

v̇1 = 2x, v̇2 = 2/x, v̇3 = cosx,

v̇4 = (2/x) sinx+ log(x2) cosx, v̇5 = −x−2, v̇6 = v̇4 + v̇5.

For reverse mode start with v̄6 = 1. Then v̄4 = v̄5 = 1, v̄2 = v3, v̄3 = v2, and v̄1 = v̄2/v1. Contributions to
the single input accumulate as

x̄ = 2xv̄1 + cosxv̄3 − x−2v̄5 =
2 sinx

x
+ log(x2) cosx− x−2.

Thus the two sweeps agree term by term. Every local rule is a proved scalar derivative, and applying the
chain rule in topological or reversed topological order establishes correctness.
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Structural or analytic derivation

Forward mode transports a tangent vector through the graph; reverse mode transports a covector through
the transposed local differentials. Their equality here follows from the associativity of the Jacobian product:
for a scalar chain, transposition only reverses the order of multiplication and accumulation. The common
numerical test evaluates both on a grid bounded away from zero.

Comparative cost and preferred method

Both modes traverse the six-node graph once after the primal values are known. With one input and one
output each is Θ(L) for L nodes; neither has a dimensional advantage. Reverse mode stores the primal
tape, while forward mode can discard values after their last use. This source problem is a tie in asymptotic
arithmetic and a small-memory preference for forward mode.

Graphical reference. See Figure 1.3 for the shared construction.

1.15 AC-015 | When each differentiation mode is preferable

Reference: [1], exercise 8.

Source task and conventions

Compare forward and reverse automatic differentiation in arithmetic, storage and parallelism.

Conventional solution and proof

Consider a straight-line program with L elementary operations computing F : Rn → Rm. A forward sweep
seeded by v computes JF v with a constant amount of derivative arithmetic per node. Therefore n basis-vector
sweeps recover a full Jacobian in O(nL) work. A reverse sweep seeded by w computes JT

Fw, so m basis-vector
sweeps cost O(mL). These bounds follow by applying the local chain rule once per node per seed. A
straightforward reverse implementation stores O(L) primal intermediates. Forward mode stores tangents with
the live primal values, requiring O(W ) storage per seed when W is the maximum live width. Checkpointing
can trade reverse storage for recomputation. Independent seeds and independent graph branches can be
parallelized, but dependency chains retain their depth.

Structural or analytic derivation

Use forward mode for a small input dimension, directional derivatives or Jacobian–vector products. Use reverse
mode for a scalar loss with many parameters, or vector–Jacobian products. Hessian–vector products can
combine a forward directional sweep with reverse gradients. Holomorphic functions admit complex derivatives,
while general real losses on complex arrays require the real differential; the mode choice does not remove this
distinction.

Comparative cost and preferred method

For a full Jacobian the dimension-dependent work comparison is nL versus mL. At n = 1000,m = 1, reverse
mode needs one seed instead of 1000 forward seeds, a factor of 1000 in seed-sweep count under this model.
This is not a measured runtime factor and does not include parallel scheduling or checkpoint overhead. For
n = m = 1 the count is tied. Both methods must write mn entries when a dense full Jacobian is requested.

1.16 AC-016 | Transposition is an involution

Reference: [1], exercise 1.
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Source task and conventions

Prove (AT)T = A for a rectangular matrix.

Conventional solution and proof

If A ∈ Rm×n, then for every valid i, j, [(AT)T]ij = (AT)ji = Aij . Both matrices have shape m × n and
identical entries, hence are equal. The argument applies over any coefficient ring.

Structural or analytic derivation

A transpose is the permutation (i, j) 7→ (j, i) of the two coordinate positions. Applying this permutation
twice is the identity. The proof does not require moving any stored elements.

Comparative cost and preferred method

The mathematical identity has a uniform index proof. A transpose implemented as a stride view costs O(1)
metadata, so two views cost O(1). Materializing two copies costs Θ(mn) memory traffic. The advantage is
representation-dependent; a conventional array view already attains it.

1.17 AC-017 | Linearity of transposition

Reference: [1], exercise 2.

Source task and conventions

Prove AT +BT = (A+B)T for equal-shaped matrices.

Conventional solution and proof

For every i, j, [(A+ B)T]ij = Aji + Bji = [AT + BT]ij . Equality of all entries establishes the claim. Equal
shapes are required for the sum to be defined.

Structural or analytic derivation

Coordinate permutation is linear: it commutes with coordinatewise addition. This proves the identity as a
statement about linear maps on the space of matrices. It also justifies moving a transpose through an addition
in a compiler’s expression graph.

Comparative cost and preferred method

Either parenthesization performs mn scalar additions for a dense output. A view-based transpose adds only
constant metadata; a copying transpose can add one or two mn-element copies. Thus the arithmetic count is
tied, with potential memory-traffic savings determined by the implementation contract.

1.18 AC-018 | Symmetrization

Reference: [1], exercise 3.
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Source task and conventions

For square A, prove that A+AT is symmetric using the two preceding identities.

Conventional solution and proof

By linearity and involution,

(A+AT)T = AT + (AT)T = AT +A = A+AT.

This is exactly the definition of symmetry. No assumption that A was symmetric is used.

Structural or analytic derivation

The map P (A) = (A+ AT)/2 is a projection onto the symmetric subspace: P (P (A)) = P (A) follows from
the proved symmetry. Moreover A− P (A) = (A−AT)/2 is skew-symmetric. Their Frobenius inner product
is zero because each off-diagonal pair cancels and the skew diagonal vanishes. Hence P is the orthogonal
symmetrization projection.

Comparative cost and preferred method

The source proof uses two reusable identities. Forming the whole output costs Θ(n2), which is optimal for a
dense n× n output. Symmetric storage needs n(n+ 1)/2 entries instead of n2, but only when the required
output accepts that representation. The basic proof is already optimal in explanatory economy without a
meaningful timing metric.

1.19 AC-019 | Tensor norms and library conventions

Reference: [1], exercise 9.

Source task and conventions

Apply a norm routine to a tensor of at least three axes and identify the quantity computed.

Conventional solution and proof

The answer depends on the named routine and its parameters. The executed example uses NumPy with no
explicit order or axis:

X = np.arange(24., dtype=np.float64).reshape(2, 3, 4)
v = np.linalg.norm(X)

It returns the Euclidean norm of the flattened array,

v =

∑
i,j,k

|Xijk|2
1/2

=

√√√√ 23∑
r=0

r2 =
√
4324.

NumPy’s documented default with both ord=None and axis=None is this flattened norm. An explicitly
specified matrix spectral or nuclear norm has a different input contract. The corresponding PyTorch
linalg.vector_norm also flattens by default. The local version and the numerical output are recorded with
the tests.

Structural or analytic derivation

14



Flattening is an isometry from the coefficient tensor equipped with the sum-of-squares inner product to R24.
For complex entries use |Xijk|2 = XijkXijk. This is a Hilbert norm of coefficients; it is not generally the
operator norm of the tensor interpreted as a multilinear map.

Comparative cost and preferred method

For N arbitrary entries, the default norm uses Θ(N) work, and every entry can affect the result, giving an Ω(N)
input-reading lower bound. Flattening by a view avoids copying when the strides permit; a noncontiguous
layout may require a copy. No complex-analytic speedup applies.

Source qualification

The source says only linalg.norm; this solution explicitly fixes NumPy’s default contract and records a
PyTorch equivalent. Other choices of axis or order are not silently equated. Official documentation is listed as
references N1 and N2.

1.20 AC-020 | Optimal association of a three-matrix product

Reference: [1], exercise 10.

Source task and conventions

Compare (AB)C with A(BC) for shapes 210 × 216, 216 × 25, and 25 × 214.

Conventional solution and proof

For dense classical multiplication of an r × s matrix by an s× t matrix, each of the rt outputs is a length-s
dot product: rst multiplications and rt(s− 1) additions. Thus (AB)C uses

231 + 229 = 2, 684, 354, 560

multiplications. The alternative A(BC) uses

235 + 240 = 1, 133, 871, 366, 144.

The exact multiplication-count ratio is 422.4. The left intermediate has 215 entries; the right has 230. At
eight bytes per entry these occupy 256 KiB and 8 GiB, respectively: a factor of 32, 768. Common input and
final-output storage is excluded from both intermediate counts. Associativity over exact real arithmetic proves
output equivalence; floating-point association can give different rounding errors.

Structural or analytic derivation

Treat matrix multiplication as contraction of a three-edge tensor network. Eliminating the large 216 index first
produces the small 210 × 25 intermediate. Enumerating the two possible binary association trees proves that
the left association minimizes classical multiplication count and intermediate size among these two schedules.
The random Gaussian initialization does not change these dimension-based counts.

Comparative cost and preferred method

The left association is the proved optimum within the two classical dense schedules. The reduction is 422.4 in
multiplication count and 32, 768 in intermediate entry count. These are exact arithmetic/storage ratios, not
measured wall-clock speedups. Scaled, matched-output experiments test the trend without allocating the full
8 GiB intermediate; fast matrix multiplication and hardware-dependent blocking lie outside the cost model.
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Figure 1.4: The two exact multiplication counts differ by factor 422.4; the intermediate arrays differ by
factor 32,768 in entries.

1.21 AC-021 | Transpose views and equal arithmetic counts

Reference: [1], exercise 11.

Source task and conventions

Compare AB and ACT for the printed shapes, then let C = BT without copying.

Conventional solution and proof

Here A has shape 1024× 65536, B has shape 65536× 32, and C has shape 32× 65536. Both products have
shape 1024 × 32 and use 231 classical scalar multiplications. If B and C are independently generated, the
outputs differ, although the operation counts agree. Performance can differ because of memory order and
packing. If C = BT is a view, then CT = B as an indexed array and both expressions use the same logical
right factor. Double transposition restores the original strides. A view shares storage and needs only metadata;
cloning creates another 221-entry array, or 16 MiB in double precision. A modification through the view also
changes the shared base array.

Structural or analytic derivation

The index permutation viewpoint separates algebraic equality from physical layout. The contraction indices
are identical in the two expressions; no spectral or complex transformation changes their mathematical
operation count. A compiler or BLAS library may exploit transpose flags without materializing a copy.

Comparative cost and preferred method

The two methods are tied at 231 multiplications. View construction is O(1) metadata, compared with
Θ(221) elements copied when cloning. Wall-clock differences are implementation-dependent and are measured
separately on a scaled instance. No universal faster product can be proved from the shapes alone.

1.22 AC-022 | A stack along the third axis

Reference: [1], exercise 12.
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Source task and conventions

Stack three 100× 200 matrices so that the second slice of the third axis is B, and verify the result.

Conventional solution and proof

Choose the axis explicitly:

T = np.stack([A, B, C], axis=2)
assert T.shape == (100, 200, 3)
assert np.array_equal(T[:, :, 1], B)

By definition, Tij0 = Aij , Tij1 = Bij and Tij2 = Cij , proving the assertion for every entry. The tensor has
three axes and 60, 000 scalar entries. The second coordinate is index one in zero-based indexing.

Structural or analytic derivation

The operation adjoins a three-valued label index to the matrix coordinates. Projection onto label one recovers
B. A default stack on axis zero would instead have shape (3, 100, 200) and require T [1, :, :]; the source’s
requested third-axis slice therefore determines the explicit axis choice.

Comparative cost and preferred method

Materializing the tensor copies 60, 000 entries, an unavoidable Θ(60, 000) output cost for a new contiguous
stack. The slice can be a constant-metadata view with no element copy. The index-level proof is the preferable
method; complex analysis supplies no additional reduction.

Source qualification

The axis is specified to make the source’s requested third-axis recovery correct. The default first-axis stack is
recorded separately, not silently interchanged.

1.23 AC-023 | Variance and concentration of a coin estimate

Reference: [1], exercise 3.
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Source task and conventions

For independent Bernoulli(p) observations, compute the variance of the sample head fraction, a Chebyshev
bound and the central-limit relation.

Conventional solution and proof

Let Xi ∈ {0, 1} with P(Xi = 1) = p, independently, and p̂n = n−1
∑

iXi. Since X2
i = Xi, EXi = p and

VarXi = p− p2. Expanding the variance of the sum, every off-diagonal covariance vanishes by independence.
Therefore

Ep̂n = p, Var p̂n = p(1− p)/n.

For ε > 0, the pointwise inequality ε21{|p̂n−p|≥ε} ≤ (p̂n − p)2 and expectation give

P(|p̂n − p| ≥ ε) ≤
p(1− p)
nε2

≤ 1

4nε2
.

For 0 < p < 1, set Y = (X−p)/
√
p(1− p). Its characteristic function has expansion EeitY = 1−t2/2+O(|t|3),

because Y is bounded, has mean zero and variance one. Independence gives [1−t2/(2n)+O(n−3/2)]n → e−t2/2

for the normalized sum. By the characteristic-function continuity theorem,
√
n(p̂n − p)/

√
p(1− p) converges

in distribution to the standard normal. At p = 0 or one the estimate is deterministic.

Structural or analytic derivation

The probability generating function is (1 − p+ pz)n. Its first two derivatives at z = 1 give ESn = np and
E[Sn(Sn − 1)] = n(n− 1)p2, hence the same variance. The analytic characteristic-function expansion explains
the n−1/2 standard-error scale and the normal limiting shape. The continuity theorem is used only for
the stated distributional interpretation; the exact variance and finite-sample bound above have complete
elementary proofs.

Comparative cost and preferred method

Enumerating all 2n binary sequences is unnecessary. Independence or two generating-function derivatives give
the variance in constant symbolic work and O(1) numerical arithmetic after n, p are supplied. Computing the
observed fraction still reads n observations, so it costs Θ(n). Conventional variance additivity already attains
the efficient formula; the transform supplies a unified derivation, not a new speedup.

1.24 AC-024 | Shared sample means are dependent

Reference: [1], exercise 4.

Source task and conventions

For zm = m−1
∑m

i=1Xi with mean-zero unit-variance samples, clarify whether Chebyshev can be applied to
every zm independently.
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Conventional solution and proof

Under independent sampling, Ezm = 0 and Var zm = 1/m. Thus for every fixed m,

P(|zm| ≥ ε) ≤ 1/(mε2).

No independence between different zm is needed to apply this inequality separately. However, for m ≤ n the
means share their first m observations, and

Cov(zm, zn) =
1

mn

∑
i≤m,j≤n

Cov(Xi, Xj) =
1

n
.

They are not independent, since their covariance is nonzero. Their tail-event probabilities cannot therefore be
multiplied on an independence assumption. A union bound over a finite set of indices is valid, though often
loose. If only the marginal mean and variance are assumed, even Var zm = 1/m need not hold: taking all Xi

equal gives variance one.

Structural or analytic derivation

The vector of partial means is a triangular linear transform of the samples. Its covariance matrix has entries
1/max(m,n). This operator representation exposes every dependence simultaneously and supplies a direct
check on any joint concentration calculation. Chebyshev is a marginal second-moment result and remains
valid for each coordinate.

Comparative cost and preferred method

The marginal bound takes constant arithmetic per chosen m. Constructing the full N ×N covariance matrix
requires Θ(N2) outputs; a lazy formula represents every entry in O(1) storage. The main improvement is
correction of a false independence inference, not a runtime claim.

Source qualification

The source’s wording suggests a negative answer. The precise answer separates valid individual applications
of Chebyshev from invalid probabilistic independence of overlapping sample means.

1.25 AC-025 | Three-node Markov factorization

Reference: [1], exercise 6.

Source task and conventions

Simplify the joint law of A,B,C when A→ B → C is a Markov chain.

Conventional solution and proof

The probability chain rule gives P (a, b, c) = P (a)P (b | a)P (c | a, b) whenever the conditionals are defined. The
Markov assumption is C ⊥ A | B, so P (c | a, b) = P (c | b) on positive-probability conditioning events. Hence

P (a, b, c) = P (a)P (b | a)P (c | b).

On zero-probability conditioning events the joint mass is zero and conditional kernels may be defined arbitrarily
without changing the joint law. The same factorization holds for densities when such densities exist.

Structural or analytic derivation

For finite state spaces, the first transition is a stochastic matrix KAB and the second is KBC . Marginalizing
B gives the matrix composition KAC = KABKBC . The factorization is an exact finite-state representation.
No unconditional independence of A and C is inferred.
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Comparative cost and preferred method

With k states at each node, a dense joint table has k3 − 1 free probabilities. The factorized model has
(k − 1) + 2k(k − 1) = 2k2 − k − 1 free parameters. A single joint entry needs two multiplications after factor
lookup. The storage reduction follows from the stated conditional independence and is already the standard
graphical-model method.

1.26 AC-026 | Dependent-test Bayes calculation

Reference: [1], exercise 7.

Source task and conventions

Solve the supplied probability exercise with prior 0.0015, sensitivity 0.99, false-positive probability 0.1,
conditional independence when H = 1, and P (D1 = D2 = 1 | H = 0) = 0.02.

Conventional solution and proof

Under H = 0, both marginals have positive probability 0.1. Subtracting the common (1, 1) cell gives

D2 = 0 D2 = 1
D1 = 0 0.82 0.08
D1 = 1 0.08 0.02

.

Under H = 1, independence gives cells 0.0001, 0.0099, 0.0099, 0.9801 in the same order. For one positive test,

P (H = 1 | D1 = 1) =
0.0015(0.99)

0.0015(0.99) + 0.9985(0.1)
=

297

20267
≈ 0.014654.

For two positive tests,

P (H = 1 | D1 = D2 = 1) =
0.0015(0.9801)

0.0015(0.9801) + 0.9985(0.02)
=

29403

428803
≈ 0.068570.

Each denominator is the total probability of the conditioning event, obtained by partitioning on H. All four
cells sum to one and have the required marginals.

Structural or analytic derivation

Posterior odds equal prior odds times the likelihood ratio. The one-test likelihood ratio is 0.99/0.1 = 9.9; the
two-test ratio is 0.9801/0.02 = 49.005. Squaring 9.9 would incorrectly impose independence under H = 0.
Thus a likelihood-ratio representation produces the same answers and makes the effect of the dependent false
positives explicit.

Comparative cost and preferred method

Both Bayes-table and odds methods require a fixed number of products and one division. There is no
asymptotic reduction for two tests. The odds formulation is convenient for repeated evidence, provided the
joint likelihood is correctly modeled. This is a numerical probability exercise, not clinical guidance.

1.27 AC-027 | Mean–variance portfolio algebra

Reference: [1], exercise 8.

Source task and conventions

Compute the expected return and variance of weights α with 1Tα = 1, describe unconstrained return
maximization, and formulate a variance-constrained problem.
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Conventional solution and proof

Linearity of expectation gives E(αTs) = αTµ. Centering and expanding the square give

Var(αTs) = αTΣα.

With nonnegative weights, expected return is a convex combination of the means and is maximized by allocating
to an index of maximal mean; ties allow any mixture of maximizers. The printed budget constraint alone does
not impose nonnegative weights. If shorting is unrestricted and two means differ, weights tei + (1− t)ej make
expected return unbounded as t tends to the appropriate infinity. A precise risk-constrained formulation is

max
α

µTα subject to 1Tα = 1, αTΣα ≤ V,

with α ≥ 0 appended when a long-only portfolio is intended. The covariance is positive semidefinite because
vTΣv = E[vT(s− µ)]2 ≥ 0, so the variance constraint is convex.

Structural or analytic derivation

For the budget-only model with Σ ≻ 0, define a = 1TΣ−11, b = 1TΣ−1µ, d = µTΣ−1µ − b2/a, and
α0 = Σ−11/a. Let v = Σ−1(µ − b1/a). Every budget-feasible α = α0 + w has 1Tw = 0 and variance
1/a+ wTΣw. Cauchy–Schwarz in the Σ inner product gives µTw = vTΣw ≤

√
d
√
wTΣw. For V ≥ 1/a and

d > 0, equality is attained uniquely by

α∗ = α0 +
√

(V − 1/a)/d v.

If V < 1/a the feasible set is empty. If d = 0, all budget-feasible portfolios have the same expected return. This
proves the closed-form optimum under the stated additional positive-definite, unrestricted-sign assumptions;
it does not solve an arbitrary long-only active-set problem.

Comparative cost and preferred method

Computing the two linear solves with one dense factorization costs O(p3) setup and O(p2) per right-hand side.
A whole risk-budget curve then uses O(p) vector arithmetic per point. A general quadratic-programming
solve at every risk level repeats setup. The attained Cauchy–Schwarz bound certifies the optimum for this
model; no investment-performance or universal solver-speed claim follows.

1.28 AC-028 | Length of a rank-three array

Reference: [1], exercise 4.

Source task and conventions

For X of shape (2, 3, 4), determine and check len(X).

Conventional solution and proof

For a NumPy array, length is the size of axis zero. Thus len(X) = 2. The executable check creates
X = arange(24). reshape(2, 3, 4) and asserts both the shape and the length. This differs from X.size = 24
and X.ndim = 3.

Structural or analytic derivation

Think of X as a sequence of two 3× 4 arrays. Length counts the outer sequence, while total scalar size is the
product 2 · 3 · 4. The distinction follows directly from the indexing map.
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Comparative cost and preferred method

Reading a stored shape entry takes O(1) metadata operations. Counting all 24 scalar entries is unnecessary
and answers a different question. The standard array operation is already the preferable method.

1.29 AC-029 | Length, leading axis and scalar exceptions

Reference: [1], exercise 5.

Source task and conventions

Identify the axis measured by length for an arbitrary-shaped tensor.

Conventional solution and proof

For a NumPy array with at least one axis and shape (d0, . . . , dk−1), len(X) = d0. This includes d0 = 0,
which gives zero. A zero-dimensional scalar array has no leading axis and raises a type error when length is
requested. Thus the claim requires positive rank.

Structural or analytic derivation

The indexing domain is a product of k finite sets. The array is a sequence indexed by the first set, whose
cardinality is d0. This gives a representation-level proof of the rule and explains the scalar exception.

Comparative cost and preferred method

The answer is an O(1) metadata lookup, independent of the total entry count. No analytic transformation
improves the output contract. The conventional representation is retained.

1.30 AC-030 | Shapes of axis reductions

Reference: [1], exercise 8.

Task and exact solution

For an array X of shape (2, 3, 4), summing one axis removes that index when keepdims=False.
The three outputs have shapes (3, 4), (2, 4) and (2, 3):

(S0)jk =
1∑

i=0

Xijk, (S1)ik =
2∑

j=0

Xijk, (S2)ij =
3∑

k=0

Xijk.

With retained axes their shapes are (1, 3, 4), (2, 1, 4) and (2, 3, 1). These identities directly
determine every output entry.

Structural interpretation and operation count

Each reduction contracts one tensor factor with its all-ones covector. Under separate binary-
addition evaluation of each group, the respective counts are 12(2− 1) = 12, 8(3− 1) = 16 and
6(4− 1) = 18. A sum of r arbitrary inputs needs at least r− 1 binary additions in this groupwise
model: combining r disconnected input components into one requires at least r − 1 merges. The
displayed evaluation attains that count. Determining the output shape is constant-size metadata
work. The structural description supplies the same calculation; no complex-analytic acceleration
is asserted.
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Chapter 2

Discrete Mathematics: An Open
Introduction

Oscar Levin. Reference problems and derived analyses.

2.1 AC-031 | Four-colour squares and five-colour dominoes

Reference: [2], exercise 6.

Source task and conventions

Count length-n tilings with four square colours and five domino colours; give a recurrence, the first six
positive-index terms and a closed form.

Conventional solution and proof

Set a0 = 1 for the empty tiling and a1 = 4. For n ≥ 2, the final tile is either one of four squares, leaving
a length-n − 1 tiling, or one of five dominoes, leaving a length-n − 2 tiling. These cases are disjoint and
exhaustive, so

an = 4an−1 + 5an−2.

The requested terms are 4, 21, 104, 521, 2604, 13021. The characteristic polynomial factors as (r − 5)(r + 1).
Thus an = c5n + d(−1)n is a solution. The initial conditions give c+ d = 1, 5c− d = 4, hence c = 5/6, d = 1/6:

an =
5n+1 + (−1)n

6
.

Substitution verifies the recurrence; equality at indices zero and one implies equality at every index by
induction, proving uniqueness.

Structural or analytic derivation

Summing the recurrence gives (1− 4z − 5z2)A(z) = 1. Since 1− 4z − 5z2 = (1− 5z)(1 + z),

A(z) =
5/6

1− 5z
+

1/6

1 + z
.
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Geometric coefficient extraction yields the same closed form. The two poles also explain the dominant 5n

growth and alternating correction.

Comparative cost and preferred method

Enumerating all tilings takes at least an output operations. Counting the prefix by recurrence takes n− 1
updates. A single remote coefficient uses one integer power by O(log n) multiplications, plus a parity decision
and division by six. The characteristic-root baseline already obtains this formula; the generating function
supplies an equivalent proof. For the first six terms, the recurrence is simpler than repeated powers.

2.2 AC-032 | Two-colour squares and three-colour dominoes

Reference: [2], exercise 7.

Source task and conventions

Give the recursive count and solve it by characteristic roots for two square colours and three domino colours.

Conventional solution and proof

There is one empty tiling and two tilings of length one. Partitioning by the last tile proves a0 = 1, a1 = 2
and an = 2an−1 + 3an−2 for n ≥ 2. The characteristic roots of r2 − 2r − 3 are 3 and −1. The candidate
c3n + d(−1)n meets the initial conditions when c = 3/4, d = 1/4. Therefore

an = (3n+1 + (−1)n)/4.

Both basis sequences satisfy the recurrence, and induction proves that this initial-value solution is unique.

Structural or analytic derivation

The generating function is A(z) = (1− 2z − 3z2)−1 = 3/4
1−3z + 1/4

1+z . Extracting the coefficient proves the same
expression and records the two exponential modes.

Comparative cost and preferred method

The source explicitly requires characteristic roots, so that derivation is retained. It is as efficient symbolically
as partial fractions. A prefix of length N uses O(N) recurrence updates; a single large-index term uses O(log n)
integer multiplications by exponentiation. No new advantage over the prescribed method is asserted.

2.3 AC-033 | A repeated unit root

Reference: [2], exercise 8.
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Source task and conventions

Solve an = 2an−1 − an−2, impose the stated initial values, and classify initial values giving a9 = 30 or a9 = x.

Conventional solution and proof

Rearrange to an − an−1 = an−1 − an−2. The first differences are constant, so telescoping gives

an = a0 + n(a1 − a0).

This proves the complete two-parameter solution. With (a0, a1) = (1, 2) it is an = n + 1. The condition
a9 = 30 is exactly 9a1 − 8a0 = 30. Over the reals, choose any a0 = u and a1 = (30 + 8u)/9. For integer initial
values all solutions are a0 = 3 + 9t, a1 = 6 + 8t with t ∈ Z: the first equation modulo nine gives a0 ≡ 3, and
substitution gives the second. Every real x is attainable with real initial values by a0 = a1 = x; with integer
initial values, precisely integer x are attainable. With nonnegative initial values, a nonnegative constant choice
attains every nonnegative x in the same scalar domain.

Structural or analytic derivation

The generating function is

A(z) =
a0 + (a1 − 2a0)z

2
=

a0
+ (a1 − a0)

z
2
.

The double pole produces an affine polynomial in the index. Coefficient extraction gives the same formula,
explaining the repeated-root case without a limiting argument between two equal roots.

Comparative cost and preferred method

The first-difference proof is the strongest conventional baseline and uses one invariant. Evaluating an needs
one multiplication and one addition after the initial difference is formed, in unit-cost scalar arithmetic. The
generating-function derivation adds setup and does not improve this evaluation. The preferred solution is
telescoping.

2.4 AC-034 | A repeated root at two

Reference: [2], exercise 9.
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Source task and conventions

Solve an = 4an−1 − 4an−2 in general and for initial pairs (1, 2) and (1, 8).

Conventional solution and proof

Set bn = an/2
n. Division of the recurrence by 2n gives bn = 2bn−1− bn−2. Its first differences are constant, so

an =
[
a0 + n

(a1
2
− a0

)]
2n.

Substitution verifies the recurrence and the two initial conditions, and induction proves uniqueness. The first
pair gives an = 2n; the second gives an = (1 + 3n)2n. The repeated characteristic root is two, and the n2n
term is necessary to span all initial-value solutions.

Structural or analytic derivation

Summation gives A(z) = [a0 + (a1− 4a0)z]/(1− 2z)2. Using [zn](1− 2z)−1 = 2n and [zn]z(1− 2z)−2 = n2n−1

yields the same expression. The double pole accounts for the linear factor in n.

Comparative cost and preferred method

Rescaling and one first-difference invariant solve the recurrence directly. A remote exact term uses a binary
shift for 2n and arithmetic on Θ(n)-bit integers; outputting those bits already costs Ω(n) bit operations. A
full prefix takes linear recurrence updates. The analytic and characteristic-root methods are equivalent in
asymptotic coefficient arithmetic.

2.5 AC-035 | Seven elementary generating functions

Reference: [2], exercise 1.

Source task and conventions

Find the ordinary generating functions of all seven printed sequences, beginning each at index zero.
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Conventional solution and proof

From G(z) = 1/(1− z) =
∑

n≥0 z
n, formal differentiation gives G′(z) = 1/(1− z)2 =

∑
n≥0(n+1)zn. Scaling,

shifting and replacing z give the complete table:

(a) 4/(1− z)
(b) 2/(1− z)2
(c) 2z3/(1− z)2
(d) 1/(1− 5z)
(e) 1/(1 + 3z)
(f) 1/(1− 5z2)
(g) z/(1− z3)2.

For (c), multiplication by z3 inserts exactly three zeros. For (f), the coefficient at 2k is 5k and odd coefficients
vanish. For (g), the coefficient at 3k + 1 is k + 1 and the other two residue classes vanish. These descriptions
reproduce every term, not just the displayed prefixes.

Structural or analytic derivation

All series are ordinary generating functions A(z) =
∑

n≥0 anz
n. Identities hold formally: the coefficient of any

fixed power uses finitely many operations. When complex-analytic evaluation is desired, the same identities
hold inside the nearest pole. The geometric identity follows by multiplying

∑
n≥0 z

n by 1 − z; coefficient
cancellation leaves one.

Comparative cost and preferred method

The source already requests generating functions; the standard method is therefore the same structural
calculus used in the PHI synopsis. Rational simplification has fixed symbolic cost for these fixed-degree
expressions. Extracting the first N coefficients by the resulting fixed-order recurrence takes O(N) coefficient
arithmetic and matches the Ω(N) output-count lower bound. Exact growing integers require their actual bit
lengths; no constant-time claim is made for large-index integer output.

2.6 AC-036 | Sequences from five rational functions

Reference: [2], exercise 2.

Source task and conventions

Identify the sequences generated by the five rational functions in the question.

Conventional solution and proof

The geometric expansion and its derivative give:

4z/(1− z) a0 = 0, an = 4 (n ≥ 1)
1/(1− 4z) an = 4n

z/(1 + z) a0 = 0, an = (−1)n−1 (n ≥ 1)
3z/(1 + z)2 a0 = 0, an = 3n(−1)n−1 (n ≥ 1).

For the last function, multiplying 1+z+z2 by
∑

n≥0(n+1)zn gives a0 = 1, a1 = 3, and an = (n+1)+n+(n−1) =
3n for n ≥ 2. Its sequence is 1, 3, 6, 9, 12, . . .. The fourth sequence is 0, 3,−6, 9,−12, . . .; the third is
0, 1,−1, 1,−1, . . ..

Structural or analytic derivation

All series are ordinary generating functions A(z) =
∑

n≥0 anz
n. Identities hold formally: the coefficient of any

fixed power uses finitely many operations. When complex-analytic evaluation is desired, the same identities
hold inside the nearest pole. The geometric identity follows by multiplying

∑
n≥0 z

n by 1 − z; coefficient
cancellation leaves one.
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Comparative cost and preferred method

The fixed-order recurrence and output-size comparison in AC-035 applies to this coefficient sequence. The
calculation above supplies its particular initial data and rational function.

2.7 AC-037 | Triangular numbers by three constructions

Reference: [2], exercise 3.

Source task and conventions

Obtain the triangular-number generating function by two differentiations, differencing, and multiplication.

Conventional solution and proof

Use Tn = n(n+ 1)/2 for n ≥ 0, so the indexed sequence is 0, 1, 3, 6, . . .. Let G(z) = 1/(1− z). Differentiation:
zG′(z) + 1

2z
2G′′(z) = z/(1 − z)3, and its coefficient is n + n(n − 1)/2 = Tn. Differencing: T0 = 0 and

Tn − Tn−1 = n, whence (1 − z)T (z) =
∑

n≥1 nz
n = z/(1 − z)2 and T (z) = z/(1 − z)3. Multiplication: the

coefficient of zn in [z/(1 − z)2][1/(1 − z)] is
∑n

k=0 k = Tn. Pairing k with n − k proves this sum equals
n(n + 1)/2. If the first listed triangular number is one at index zero, the generating function is instead
T (z)/z = 1/(1− z)3 = G′′(z)/2. Both indexing conventions are thereby explicit.

Structural or analytic derivation

The triple pole at one gives a degree-two coefficient polynomial. The identity [zn](1− z)−3 =
(
n+2
2

)
follows

by multiplying three geometric series and counting nonnegative triples summing to n. Shifting by one gives
Tn =

(
n+1
2

)
, agreeing with all three required derivations.

Comparative cost and preferred method

Each required derivation uses a constant number of rational operations. Directly summing the first n integers
costs n− 1 additions; the closed expression uses one product and division by two. The generating function
and the conventional pairing proof both give the same efficient formula. The source explicitly asks for three
derivations, so none is omitted to reduce page count.

2.8 AC-038 | A triangular perturbation of a constant sequence

Reference: [2], exercise 4.

Source task and conventions

Use differencing for 4, 5, 7, 10, 14, 19, 25, . . ..

Conventional solution and proof

With a0 = 4, the first differences are an − an−1 = n for n ≥ 1. Thus

(1− z)A(z) = 4 +
∑
n≥1

nzn = 4 +
z

(1− z)2
,
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so

A(z) =
4

1− z
+

z

(1− z)3
.

Coefficient extraction gives an = 4 + n(n+ 1)/2, whose first differences and initial value verify the intended
sequence at every index.

Structural or analytic derivation

A rational pole decomposition separates a constant component from the triangular component. The formula
A(z) = (4− 7z+4z2)/(1− z)3 is equivalent and can be checked by bringing the preceding terms to a common
denominator.

Comparative cost and preferred method

The fixed-order recurrence and output-size comparison in AC-035 applies to this coefficient sequence. The
calculation above supplies its particular initial data and rational function.

so

A(z) =
4

1− z
+

z

(1− z)3
.

Coefficient extraction gives an = 4 + n(n+ 1)/2, whose first differences and initial value verify the intended
sequence at every index.

Structural or analytic derivation

A rational pole decomposition separates a constant component from the triangular component. The formula
A(z) = (4− 7z+4z2)/(1− z)3 is equivalent and can be checked by bringing the preceding terms to a common
denominator.

Comparative cost and preferred method

2.9 AC-039 | An inhomogeneous numerator from initial data

Reference: [2], exercise 5.

Source task and conventions

Find the generating function for an = 3an−1 − an−2, a0 = 1, a1 = 5.

Conventional solution and proof

Sum over n ≥ 2: A− 1− 5z = 3z(A− 1)− z2A. Rearrangement yields

A(z) =
1 + 2z

1− 3z + z2
.

The coefficient at zero is one, at one is five, and the coefficients from index two satisfy the source recurrence
because multiplication by the denominator cancels them. This proves both correctness and uniqueness.

Structural or analytic derivation

The two roots of r2 − 3r + 1 are r± = (3±
√
5)/2. Partial fractions give

an =
7 +
√
5

2
√
5
rn+ +

√
5− 7

2
√
5
rn−.

The constants solve c+ + c− = 1 and c+r+ + c−r− = 5. This optional coefficient formula shows how the poles
encode the two recurrence modes.

Comparative cost and preferred method

The fixed-order recurrence and output-size comparison in AC-035 applies to this coefficient sequence. The
calculation above supplies its particular initial data and rational function.
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2.10 AC-040 | The Fibonacci generating function

Reference: [2], exercise 6.

Source task and conventions

Use the Fibonacci recurrence to derive its generating function.

Conventional solution and proof

Use the source’s F0 = 0, F1 = 1 convention. For n ≥ 2, Fn = Fn−1 + Fn−2. Writing F (z) =
∑

n≥0 Fnz
n gives

F − z = zF + z2F , and therefore
F (z) = z/(1− z − z2).

Multiplication by the denominator recovers the initial terms and recurrence, proving the result. For the shifted
sequence 1, 1, 2, 3, . . . beginning at zero, the function is F (z)/z = 1/(1− z − z2); this shift is used explicitly in
Exercise 13.

Structural or analytic derivation

The factorization 1−z−z2 = (1−φz)(1−ψz), with φ = (1+
√
5)/2, ψ = (1−

√
5)/2, yields Fn = (φn−ψn)/

√
5.

Substitution of the two roots and the initial conditions is an independent proof of this coefficient formula.

Comparative cost and preferred method

The fixed-order recurrence and output-size comparison in AC-035 applies to this coefficient sequence. The
calculation above supplies its particular initial data and rational function.

Source task and conventions

Use the Fibonacci recurrence to derive its generating function.

Conventional solution and proof

Use the source’s F0 = 0, F1 = 1 convention. For n ≥ 2, Fn = Fn−1 + Fn−2. Writing F (z) =
∑

n≥0 Fnz
n gives

F − z = zF + z2F , and therefore
F (z) = z/(1− z − z2).

Multiplication by the denominator recovers the initial terms and recurrence, proving the result. For the shifted
sequence 1, 1, 2, 3, . . . beginning at zero, the function is F (z)/z = 1/(1− z − z2); this shift is used explicitly in
Exercise 13.

Structural or analytic derivation

The factorization 1−z−z2 = (1−φz)(1−ψz), with φ = (1+
√
5)/2, ψ = (1−

√
5)/2, yields Fn = (φn−ψn)/

√
5.

Substitution of the two roots and the initial conditions is an independent proof of this coefficient formula.

Comparative cost and preferred method

Source qualification

The convention F0 = 0, F1 = 1 is stated in the supplied book’s recurrence discussion, physical p.378. The
shifted sequence used in a later exercise is kept distinct.

2.11 AC-041 | Partial sums of Fibonacci numbers

Reference: [2], exercise 7.

Source task and conventions

Use multiplication to obtain the generating function of Sn =
∑n

k=0 Fk.

Conventional solution and proof

The Cauchy product with 1/(1− z) has coefficient
∑n

k=0 Fk, so

S(z) =
z

(1− z)(1− z − z2)
.

The recurrence gives Fk = Fk+2−Fk+1. Telescoping from zero to n therefore proves Sn = Fn+2−1, consistent
with S0 = 0. This also verifies the product coefficient independently.
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Structural or analytic derivation

Multiplication by (1− z)−1 is the discrete integration operator on coefficient sequences. It adds one simple
pole at one to the Fibonacci resolvent, exactly accounting for the constant correction in Fn+2 − 1.

Comparative cost and preferred method

Computing each prefix sum independently uses Θ(N2) additions for N outputs. One cumulative pass
uses Θ(N), and the formula gives a remote value with a fast Fibonacci algorithm in O(log n) coefficient
multiplications. The strongest standard cumulative-sum algorithm matches the linear prefix complexity; the
generating function provides a proof and remote-query formula.

2.12 AC-042 | A sum of two geometric modes

Reference: [2], exercise 8.

Source task and conventions

Find the generating function for an = 2 · 5n + 7(−3)n.

Conventional solution and proof

Summing the two geometric series separately gives

A(z) =
2

1− 5z
+

7

1 + 3z
=

9− 29z

1− 2z − 15z2
.

The coefficient of zn in the first expression is the specified closed formula. The rational identity follows by
multiplying out its numerator. It also gives a0 = 9, a1 = −11 and an = 2an−1 + 15an−2.

Structural or analytic derivation

All series are ordinary generating functions A(z) =
∑

n≥0 anz
n. Identities hold formally: the coefficient of any

fixed power uses finitely many operations. When complex-analytic evaluation is desired, the same identities
hold inside the nearest pole. The geometric identity follows by multiplying

∑
n≥0 z

n by 1 − z; coefficient
cancellation leaves one.

Comparative cost and preferred method

The fixed-order recurrence and output-size comparison in AC-035 applies to this coefficient sequence. The
calculation above supplies its particular initial data and rational function.

2.13 AC-043 | A shifted geometric coefficient

Reference: [2], exercise 9.

Source task and conventions

Find an from A(z) = 3z/(1− 4z) + 1/(1− z).
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Conventional solution and proof

The second summand contributes one at every index. The first contributes zero at index zero and 3 · 4n−1 at
index n ≥ 1. Therefore

a0 = 1, an = 1 + 3 · 4n−1 (n ≥ 1).

This follows from 3z
∑

k≥0 4
kzk =

∑
n≥1 3 · 4n−1zn. Extending the positive-index formula to zero would give

an incorrect value.

Structural or analytic derivation

All series are ordinary generating functions A(z) =
∑

n≥0 anz
n. Identities hold formally: the coefficient of any

fixed power uses finitely many operations. When complex-analytic evaluation is desired, the same identities
hold inside the nearest pole. The geometric identity follows by multiplying

∑
n≥0 z

n by 1 − z; coefficient
cancellation leaves one.

Comparative cost and preferred method

The fixed-order recurrence and output-size comparison in AC-035 applies to this coefficient sequence. The
calculation above supplies its particular initial data and rational function.

2.14 AC-044 | A seventh coefficient of a product

Reference: [2], exercise 10.

Source task and conventions

Compute a7 for A(z) = 2(1− z)−2z(1− z − z2)−1.

Conventional solution and proof

The factors have coefficients 2(k + 1) and Fj , respectively. Hence

a7 = 2

7∑
j=0

(8− j)Fj = 2(0 + 7 + 6 + 10 + 12 + 15 + 16 + 13) = 158 .

The Cauchy product is finite at degree seven, so no convergence assumption is needed.

Structural or analytic derivation

Twice cumulative summation gives the general identity

an = 2

n∑
k=0

k∑
j=0

Fj = 2

n∑
k=0

(Fk+2 − 1) = 2(Fn+4 − n− 3).

The telescoping Fibonacci sum proves the last equality. At n = 7, F11 = 89 gives 2(89− 10) = 158.

Comparative cost and preferred method

For the requested seventh term the eight-term Cauchy product is already small. For a remote n, directly
forming the weighted sum uses n+ 1 terms, while the proved formula reduces it to one Fibonacci value and
scalar arithmetic. Fast doubling computes that Fibonacci value in O(log n) coefficient multiplications. The
gain is for the generalized remote-index workload, not a claimed large runtime saving for n = 7.
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2.15 AC-045 | Coefficients of a double geometric pole

Reference: [2], exercise 11.

Source task and conventions

Explain why (1− z)−2 generates 1, 2, 3, 4, . . ..

Conventional solution and proof

Multiply two geometric series. The coefficient of zn is the number of ordered pairs of nonnegative integers
(i, j) with i+ j = n. The pairs are (0, n), (1, n− 1), . . . , (n, 0), exactly n+ 1 of them. Therefore (1− z)−2 =∑

n≥0(n+ 1)zn.

Structural or analytic derivation

Alternatively, formally differentiating 1/(1 − z) =
∑

n≥0 z
n gives the same expansion after shifting the

summation index. Formal differentiation is valid coefficientwise; on |z| < 1 the analytic power series can also
be differentiated term by term.

Comparative cost and preferred method

The fixed-order recurrence and output-size comparison in AC-035 applies to this coefficient sequence. The
calculation above supplies its particular initial data and rational function.

Source task and conventions

Explain why (1− z)−2 generates 1, 2, 3, 4, . . ..

Conventional solution and proof

Multiply two geometric series. The coefficient of zn is the number of ordered pairs of nonnegative integers
(i, j) with i+ j = n. The pairs are (0, n), (1, n− 1), . . . , (n, 0), exactly n+ 1 of them. Therefore (1− z)−2 =∑

n≥0(n+ 1)zn.

Structural or analytic derivation

Alternatively, formally differentiating 1/(1 − z) =
∑

n≥0 z
n gives the same expansion after shifting the

summation index. Formal differentiation is valid coefficientwise; on |z| < 1 the analytic power series can also
be differentiated term by term.

Comparative cost and preferred method

2.16 AC-046 | Four transformations of the counting sequence

Reference: [2], exercise 12.

Source task and conventions

Starting with (1− z)−2, obtain the four generating functions in the source.

Conventional solution and proof

Let G(z) =
∑

n≥0(n+ 1)zn = (1− z)−2. Then

generating function coefficient rule
(a) G(z2) = (1− z2)−2 a2k = k + 1, a2k+1 = 0
(b) G(−z) = (1 + z)−2 an = (−1)n(n+ 1)
(c) 3zG(z) = 3z/(1− z)2 an = 3n
(d) 3zG(z)/(1− z) = 3z/(1− z)3 an = 3n(n+ 1)/2.

The fourth is the cumulative sum of the third: 0, 3, 9, 18, 30, . . .. The shift and substitution rules follow by
replacing powers in the defining series, and the cumulative-sum rule follows by the finite coefficient Cauchy
product.

Structural or analytic derivation

The formal-series convention and geometric-series justification are established in AC-036. The displayed
transformation uses that same coefficientwise arithmetic on its stated convergence domain.

Comparative cost and preferred method

The fixed-order recurrence and output-size comparison in AC-035 applies to this coefficient sequence. The
calculation above supplies its particular initial data and rational function.
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2.17 AC-047 | Four transformations of shifted Fibonacci numbers

Reference: [2], exercise 13.

Source task and conventions

Use (1− z − z2)−1 = 1 + z + 2z2 + 3z3 + · · · to identify the four sequences.

Conventional solution and proof

Let bn = Fn+1, with F0 = 0, F1 = 1. The requested functions give:

(a) 0, 0, 1, 1, 2, 3, 5, . . . ; an = 0 (n < 2), an = Fn−1 (n ≥ 2)
(b) 1, 0, 1, 0, 2, 0, 3, 0, 5, . . . ; a2k = Fk+1, a2k+1 = 0
(c) 1, 3, 18, 81, 405, . . . ; an = 3nFn+1

(d) 1, 2, 4, 7, 12, 20, . . . ; an = Fn+3 − 1.

Parts (a)–(c) follow from multiplication by z2, substitution z2, and substitution 3z. In (d), multiplication by
(1− z)−1 gives

∑n
k=0 Fk+1, which telescopes to Fn+3 − 1. These arguments establish all coefficients.

Structural or analytic derivation

All series are ordinary generating functions A(z) =
∑

n≥0 anz
n. Identities hold formally: the coefficient of any

fixed power uses finitely many operations. When complex-analytic evaluation is desired, the same identities
hold inside the nearest pole. The geometric identity follows by multiplying

∑
n≥0 z

n by 1 − z; coefficient
cancellation leaves one.

Comparative cost and preferred method

The fixed-order recurrence and output-size comparison in AC-035 applies to this coefficient sequence. The
calculation above supplies its particular initial data and rational function.

2.18 AC-048 | Alternating powers of two

Reference: [2], exercise 14.

Source task and conventions

Find the generating function of 1,−2, 4,−8, 16, . . ..

Conventional solution and proof

The coefficient formula is an = (−2)n. The geometric identity with ratio −2z gives

A(z) = 1/(1 + 2z).

Multiplication by 1 + 2z cancels every positive-degree coefficient and leaves one, proving the formal identity.

Structural or analytic derivation

The pole at z = −1/2 records the alternating sign and exponential magnitude. Analytically the power series
converges for |z| < 1/2; the formal coefficient identity does not require evaluating z.

Comparative cost and preferred method

The fixed-order recurrence and output-size comparison in AC-035 applies to this coefficient sequence. The
calculation above supplies its particular initial data and rational function.

Multiplication by 1 + 2z cancels every positive-degree coefficient and leaves one, proving the formal identity.

Structural or analytic derivation

The pole at z = −1/2 records the alternating sign and exponential magnitude. Analytically the power series
converges for |z| < 1/2; the formal coefficient identity does not require evaluating z.

Comparative cost and preferred method
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2.19 AC-049 | Two initial constants followed by a counting se-
quence

Reference: [2], exercise 15.

Source task and conventions

Find the generating function for 1, 1, 1, 2, 3, 4, 5, 6, . . ..

Conventional solution and proof

The first two coefficients are one. Beginning at index two, the coefficients are n− 1. Therefore

A(z) = 1 + z +
z2

(1− z)2
.

Indeed, z2
∑

k≥0(k + 1)zk contributes 1, 2, 3, . . . precisely at indices two onward. This verifies the offset and
all tail coefficients.

Structural or analytic derivation

Comparative cost and preferred method

The formal-series convention and geometric-series justification are established in AC-036. The displayed
transformation uses that same coefficientwise arithmetic on its stated convergence domain.

Source task and conventions

Find the generating function for 1, 1, 1, 2, 3, 4, 5, 6, . . ..

Conventional solution and proof

The first two coefficients are one. Beginning at index two, the coefficients are n− 1. Therefore

A(z) = 1 + z +
z2

(1− z)2
.

Indeed, z2
∑

k≥0(k + 1)zk contributes 1, 2, 3, . . . precisely at indices two onward. This verifies the offset and
all tail coefficients.

Structural or analytic derivation

Comparative cost and preferred method

The fixed-order recurrence and output-size comparison in AC-035 applies to this coefficient sequence. The
calculation above supplies its particular initial data and rational function.

2.20 AC-050 | Reconstructing a sequence from its differences

Reference: [2], exercise 16.
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Source task and conventions

For A(z) generating 3, 5, 9, 15, 23, 33, . . ., find the generating function of consecutive differences in terms of A,
identify it directly, and solve for A.

Conventional solution and proof

Let bn = an+1 − an, so b0 = 2, b1 = 4, b2 = 6, . . .. Then

B(z) =
∑
n≥0

(an+1 − an)zn =
A(z)− 3

z
−A(z).

Since bn = 2(n+ 1), B(z) = 2/(1− z)2. Solving zB = (1− z)A− 3 gives

A(z) =
3

1− z
+

2z

(1− z)3
=

3− 4z + 3z2

(1− z)3
.

The coefficient formula is an = 3+ n(n+ 1); subtracting consecutive values gives 2(n+ 1) and a0 = 3, proving
the reconstruction.

Structural or analytic derivation

Forward differencing removes a pole order from polynomial sequences. Here an affine first difference gives a
quadratic original coefficient, represented by a triple pole at one. The initial value supplies the independent
constant-sequence term.

Comparative cost and preferred method

The fixed-order recurrence and output-size comparison in AC-035 applies to this coefficient sequence. The
calculation above supplies its particular initial data and rational function.
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Chapter 3

Introduction to Algorithms

Thomas H. Cormen, Charles E. Leiserson, Ronald L. Rivest, Clifford Stein. Reference problems
and derived analyses.

3.1 AC-051 | Fibonacci numbers: generating function, rounding
and

Reference: [3], exercise 4-5.

Source task and conventions

Solve all parts of CLRS Problem 4-5 using F0 = 0, F1 = 1: generating-function identity, factorization,
coefficient formula, nearest-integer statement and the lower bound Fi+2 ≥ φi.

Conventional solution and proof

(a) Multiply Fn = Fn−1 + Fn−2 by zn and sum for n ≥ 2. The initial terms give F (z) = z + zF (z) + z2F (z).
(b) Therefore F (z) = z/(1− z − z2). Let φ = (1 +

√
5)/2 and ψ = (1−

√
5)/2. Their sum is one, product is

minus one, and difference is
√
5, so

F (z) =
z

(1− φz)(1− ψz)
=

1√
5

(
1

1− φz
− 1

1− ψz

)
.

(c) Expanding the two formal geometric series yields Fn = (φn − ψn)/
√
5. Formal coefficient uniqueness

justifies the identification without imposing a numerical convergence domain. (d) Since |ψ| < 1, |Fi−φi/
√
5| =

|ψ|i/
√
5 < 1/2. The integer Fi is therefore the unique nearest integer for every i > 0. (e) For i = 0, F2 = 1 = φ0;

for i = 1, F3 = 2 ≥ φ. If the inequality holds at i− 1, i− 2, then Fi+2 = Fi+1 + Fi ≥ φi−1 + φi−2 = φi, since
φ2 = φ+ 1. Induction completes the proof.

Structural or analytic derivation

The resolvent denominator has two simple poles and coefficient extraction resolves the recurrence into its two
spectral modes. For exact computation, avoid rounding an insufficiently precise floating Binet value. Fast
doubling uses

F2k = Fk(2Fk+1 − Fk), F2k+1 = F 2
k + F 2

k+1.
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These identities follow from ( 1 1
1 0 )

k
=
(

Fk+1 Fk

Fk Fk−1

)
, proved by induction, and squaring. Recursing on ⌊n/2⌋

returns (Fn, Fn+1) exactly.

Comparative cost and preferred method

The source’s own generating-function approach is retained as the standard proof. Linear recurrence computation
uses Θ(n) integer additions; fast doubling uses O(log n) multiplication-level stages. Since Fn has Θ(n) bits,
these are not bit-complexity bounds or constant-time closed forms. The nearest-integer theorem requires
enough precision to separate the true value from the half-integer boundary.

3.2 AC-052 | Binary-tree enumeration and the Catalan asymptotic

Reference: [3], exercise 12-4.

Source task and conventions

Solve CLRS Problem 12-4: the tree recurrence, quadratic generating function, exact Catalan coefficient and
asymptotic estimate.

Conventional solution and proof

(a) The empty tree is unique, so b0 = 1. A nonempty rooted ordered binary tree has one root, k left-subtree
nodes and n − 1 − k right-subtree nodes. This unique decomposition gives bn =

∑n−1
k=0 bkbn−1−k. (b) The

coefficient Cauchy product yields B = 1+ zB2. Solving the quadratic and choosing the branch whose constant
coefficient is one gives

B(z) =
1−
√
1− 4z

2z
;

the other sign has a negative-power term and is not the required power series. (c) The formal binomial
expansion gives

bn = −1

2

(
1/2

n+ 1

)
(−4)n+1 =

(2n)!

n!(n+ 1)!
=

1

n+ 1

(
2n

n

)
.

For the algebraic simplification, expand the numerator of the generalized binomial coefficient as
(1/2)(−1/2)(−3/2) · · · (−(2n − 1)/2) and use (2n)! = 2nn!(1 · 3 · · · (2n − 1)). The case n = 0 is one
directly. The recurrence and initial value determine every coefficient uniquely, so the formula counts
the original trees. (d) Stirling’s formula with remainder, n! =

√
2πn(n/e)nern with rn = O(1/n), gives(

2n
n

)
= 4n(πn)−1/2(1 +O(1/n)). Dividing by n+ 1 = n(1 + 1/n) proves

bn =
4n√
π n3/2

(1 +O(1/n)).

The displayed error follows because r2n − 2rn = O(1/n) and eO(1/n) = 1 +O(1/n).
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Structural or analytic derivation

The square-root singularity at z = 1/4 explains the exponential factor 4n and the algebraic factor n−3/2.
Exact coefficients also satisfy

bn+1 =
2(2n+ 1)

n+ 2
bn, b0 = 1,

by dividing adjacent factorial formulas. Each division is exact because the values equal the proved integer
tree counts. This recurrence is the useful computational consequence of the algebraic generating function.

Comparative cost and preferred method

The convolution recurrence uses N(N + 1)/2 products to produce b1, . . . , bN . The multiplicative recurrence
uses N updates, each with small-index multiplication and exact division, reducing coefficient-operation growth
from quadratic to linear. The source’s closed formula and a competent combinatorial implementation already
support this reduction. The asymptotic estimate alone is not an exact-integer algorithm.
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Structural computation

Figure 3.1: Catalan exact prefix: medians and min/max ranges of seven complete calls; both methods
return the same full output. Setup in each implementation is included.

3.3 AC-053 | An explicit cubic polynomial product

Reference: [3], exercise 30.1-1.

Source task and conventions

Multiply A(x) = 7x3 − x2 + x − 10 and B(x) = 8x3 − 6x + 3 by coefficient convolution and point-value
multiplication.
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Conventional solution and proof

Distributing each term and collecting equal powers gives

A(x)B(x) = 56x6 − 8x5 − 34x4 − 53x3 − 9x2 + 63x− 30.

In ascending coefficient order, a = (−10, 1,−1, 7) and b = (3,−6, 0, 8). The coefficient formula ck =∑
i+j=k aibj yields (−30, 63,−9,−53,−34,−8, 56). This proves the product coefficient by coefficient. Evaluat-

ing at any seven distinct points, multiplying the paired values and interpolating gives the same degree-at-
most-six polynomial by uniqueness of polynomial interpolation.

Structural or analytic derivation

Pad both vectors to length eight. For ω = e2πi/8, evaluate with an eight-point DFT, multiply componentwise,
and apply its inverse. Since the linear product has degree six, no coefficient wraps modulo x8−1. Root-of-unity
orthogonality proves that the inverse recovers exactly the displayed convolution in exact arithmetic. The
supplied numerical test rounds only after comparing with the exact coefficient calculation.

Comparative cost and preferred method

The generic coefficient algorithm uses 16 scalar products for the 4 × 4 convolution, of which four vanish
because one input coefficient is zero. An eight-point transform introduces complex operations and setup, so
direct multiplication is preferable here. For degree-bound n inputs, the same transform construction reduces
generic dense convolution from Θ(n2) to O(n log n) arithmetic; this asymptotic statement does not predict a
gain for cubics.

3.4 AC-054 | Synthetic division and Horner evaluation

Reference: [3], exercise 30.1-2.

Source task and conventions

Compute the quotient and remainder of A(x) divided by x− x0 in Θ(n) time, where degA < n.

Conventional solution and proof

For n = 1 the quotient is zero and the remainder is a0. For n ≥ 2, define

qn−2 = an−1, qj−1 = aj + x0qj (j = n− 2, . . . , 1), r = a0 + x0q0.

Let Q(x) =
∑n−2

j=0 qjx
j . The leading coefficient of (x − x0)Q+ r is qn−2 = an−1; each middle coefficient is

qj−1 − x0qj = aj ; and the constant is r − x0q0 = a0. Thus A = (x− x0)Q+ r identically, and substitution
gives r = A(x0).

Structural or analytic derivation

The descending recurrence is Horner’s rule with its intermediate values retained. It is also repeated extraction
of the constant term in powers of x− x0. The quotient coefficients are obtained during the same pass that
evaluates the remainder; no separate interpolation is needed.

Comparative cost and preferred method

There are n− 1 multiplications and n− 1 additions after copying the leading coefficient, with n− 1 quotient
outputs and one remainder. The Ω(n) input/output lower bound proves Θ(n) optimality for this representation.
The standard synthetic-division algorithm is retained; a transform adds unnecessary setup.
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3.5 AC-055 | Reversing a polynomial in point-value form

Reference: [3], exercise 30.1-3.

Source task and conventions

Convert a nonzero-node point-value representation of A into one for its degree-bound-n coefficient reversal.

Conventional solution and proof

From the definition,

Arev(x) =

n−1∑
j=0

an−1−jx
j = xn−1A(1/x), x ̸= 0.

For every supplied pair (xi, yi) with xi ̸= 0, form(
x−1
i , x

−(n−1)
i yi

)
.

Indeed Arev(1/xi) = x
−(n−1)
i A(xi). Distinct original nodes remain distinct after inversion. The transformed

nodes need not be the original nodes, which is permitted in a point-value representation.

Structural or analytic derivation

This is pullback under the inversion map on the Riemann sphere together with the degree weight xn−1. The
weight makes the reversed polynomial regular at zero even though the formula uses 1/x away from zero. Its
constant term is an−1, so the map’s apparent singularity is removable for the polynomial.

Comparative cost and preferred method

With m supplied pairs, m reciprocals and m integer powers give O(m log n) field operations using binary
exponentiation, plus m products. Reconstructing coefficients and reevaluating each transformed node can
require Θ(n2) work under conventional interpolation. If coefficients are already available, reversing them costs
only Θ(n) and is the preferable representation. The nonzero-node hypothesis is essential.

3.6 AC-056 | The number of values needed for interpolation

Reference: [3], exercise 30.1-4.

Source task and conventions

Prove that fewer than n distinct values cannot uniquely specify a polynomial of degree below n.

Conventional solution and proof

Suppose m < n distinct pairs (xi, yi) are consistent with one polynomial A of degree below n. Let R(x) =∏m
i=1(x− xi), with R = 1 for m = 0. For every scalar c, the polynomial Ac = A+ cR still has degree below n

and satisfies all the pairs. Since R is nonzero, different c give different polynomials over an infinite field such
as R or C. Thus uniqueness fails. Conversely, if two degree-below-n polynomials agree at n distinct points,
their difference has n roots and degree below n, hence is zero: repeated factorization by each distinct linear
factor proves this elementary root bound.
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Structural or analytic derivation

Evaluation at m nodes is a linear map from an n-dimensional coefficient space to an m-dimensional value space.
Its kernel contains the nonzero polynomial R and in fact has dimension n−m, since every degree-below-n
vanishing polynomial is divisible by R. This gives the exact ambiguity dimension.

Comparative cost and preferred method

The result is an information lower bound: at least n independent scalar values are required for arbitrary
degree-below-n coefficients. Neither complex evaluation nor faster arithmetic removes it. The constructive
vanishing-polynomial proof is the most direct conventional certificate.

3.7 AC-057 | Quadratic-time coefficient interpolation

Reference: [3], exercise 30.1-5.

Source task and conventions

Use the Lagrange formula to interpolate n distinct point-value pairs in Θ(n2) arithmetic.

Conventional solution and proof

Construct P (x) =
∏n−1

j=0 (x− xj) by multiplying successive linear factors, using O(n2) coefficient arithmetic.
For each k, synthetic division yields Pk = P/(x− xk) in O(n) time. Compute dk =

∏
j ̸=k(xk − xj) in O(n)

time; it is nonzero because the nodes are distinct. Accumulate

A(x) =

n−1∑
k=0

yk
dk
Pk(x).

At x = xi every summand vanishes except k = i, whose value is yi. The result has degree below n, so
the preceding interpolation-uniqueness proof establishes correctness. Building P , all synthetic divisions, all
denominators and all coefficient accumulations each use at most O(n2) operations.

Structural or analytic derivation

The quotient P/(x−xk) is the polynomial numerator of a residue-like interpolation basis, and dk = P ′(xk). A
balanced product/remainder tree can eventually reduce large problems to quasi-linear polynomial arithmetic,
but the source specifically asks for the elementary quadratic construction. The displayed algorithm supplies it
completely.

Comparative cost and preferred method

The algorithm performs n length-n divisions and accumulations, hence Θ(n2) in the stated implementation.
Rebuilding every Pk independently by multiplying n− 1 linear factors would cost Θ(n3). For repeated value
queries, barycentric evaluation avoids materializing coefficients, but that is a different output contract.

3.8 AC-058 | Why pointwise ratios need not perform polynomial

Reference: [3], exercise 30.1-6.

Source task and conventions

Analyze point-value division both when polynomial division is exact and when it leaves a nonzero remainder.
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Conventional solution and proof

Let A = BQ+R with degR < degB. At any node where B(xi) ̸= 0,

A(xi)/B(xi) = Q(xi) +R(xi)/B(xi).

If R = 0, the ratios are genuine quotient values. They determine Q when enough distinct nonzero-denominator
nodes are retained and a suitable quotient degree bound is known. However, a root of B is also a root of A,
so the ratio at such a node is 0/0 and is undefined; for example A = x2, B = x at zero. The degree bound of
Q can also be lower than the original representation’s bound. If R ̸= 0, the ratios are values of a rational
function, not generally values of the polynomial quotient. For A = x2, B = x+ 1, one has Q = x− 1, R = 1.
Ratios at zero and one are zero and 1/2, whose linear interpolant is x/2, not x− 1. Thus the naive method
fails even with no zero denominators.

Structural or analytic derivation

Polynomial division is a decomposition into a polynomial part at infinity and a proper rational remainder.
Pointwise evaluation of the rational function does not separate these two parts. An analytic Laurent expansion
at infinity would identify Q, but it must be accompanied by the degree and pole information that the naive
division discards.

Comparative cost and preferred method

Exact division from valid values can be useful with an established quotient bound. General Euclidean division
or fast polynomial division supplies the correct output directly. The counterexample uses two evaluations
and completely refutes universal correctness; no benchmark can turn the invalid ratio rule into a valid faster
method.

3.9 AC-059 | Cartesian sums through coefficient convolution

Reference: [3], exercise 30.1-7.

Source task and conventions

For two n-element sets of integers in [0, 10n], compute all sum multiplicities in O(n log n) arithmetic.

Conventional solution and proof

Create indicator polynomials A(z) =
∑

a∈A z
a and B(z) =

∑
b∈B z

b. Their product has coefficient

ck = [zk]A(z)B(z) = #{(a, b) ∈ A× B : a+ b = k}.

This follows by distributing the finite sums; each ordered pair contributes one monomial. Form the product
by a length-M convolution with M ≥ 20n+ 1 chosen as a suitable FFT length. Read the coefficients with
ck > 0 to obtain the Cartesian-sum set, and retain ck as its multiplicity. Building the indicators and scanning
the output cost O(n); the transform product costs O(n log n) in the source’s arithmetic model.

Structural or analytic derivation

For exact integer output, a number-theoretic transform with a supported primitive Mth root can replace
complex floating arithmetic. Since the inputs are sets, every coefficient is at most n: for each a, at most one
b = k − a contributes. A prime modulus p > n therefore determines the nonnegative coefficient uniquely,
provided it supports the chosen transform. More generally CRT reconstruction requires a combined modulus
exceeding a proved coefficient bound. A floating FFT needs an error enclosure below 1/2 before rounding can
be certified.
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Comparative cost and preferred method

Direct pair enumeration uses exactly n2 pair sums. The transform uses O(n log n) field operations and O(n)
storage for the bounded range. This proves the asymptotic arithmetic improvement for the specified range.
Prime/root construction and bit arithmetic are additional costs outside the unit-field-operation bound. For
sparse, small sets the direct algorithm may win, and it remains the exact benchmark control.
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Figure 3.2: Linear convolution: medians and min/max ranges of seven complete calls; both methods
return the same full output. Setup in each implementation is included.

3.10 AC-060 | A four-point DFT in the textbook sign convention

Reference: [3], exercise 30.2-2.

Source task and conventions

Compute the DFT of (0, 1, 2, 3) with the CLRS convention ω4 = e2πi/4 = i.

Conventional solution and proof

By yk =
∑3

j=0 aji
jk,

y0 = 6, y1 = i− 2− 3i = −2− 2i, y2 = −1 + 2− 3 = −2, y3 = −i− 2 + 3i = −2 + 2i.

Thus y = (6,−2− 2i,−2,−2 + 2i) . The inverse formula aj = 1
4

∑
k yki

−jk recovers (0, 1, 2, 3); cancellation
of the nonconstant geometric sums proves that inverse formula.

Structural or analytic derivation

Split into even input (0, 2) and odd input (1, 3). Their two-point transforms are (2,−2) and (4,−2). Combining
with twiddles 1, i yields the same four outputs. This is the complete radix-two butterfly calculation.

Comparative cost and preferred method

For four inputs, direct arithmetic is already modest, and the butterfly mainly exposes reusable symmetry.
The general radix-two recurrence is T (n) = 2T (n/2) + Θ(n) = Θ(n log n) instead of Θ(n2) direct sums. Many
software libraries use the opposite exponential sign; comparing outputs requires this explicit convention.
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3.11 AC-061 | Inverse FFT pseudocode and correctness

Reference: [3], exercise 30.2-4.

Source task and conventions

Give a Θ(n log n) inverse DFT algorithm for power-of-two n.

Conventional solution and proof

Let FFTplus denote the source’s positive-exponent radix-two transform. Then:

def inverse_dft(y):
n = len(y)
if n == 0: raise ValueError("nonempty transform")
z = FFTplus([conjugate(v) for v in y])
return [conjugate(v) / n for v in z]

Conjugating the transform changes ωjk
n to ω−jk

n , so the return value is n−1
∑

k ykω
−jk
n . Composing with the

forward transform gives n−1
∑

l al
∑

k ω
(l−j)k
n . The inner sum is n when l = j and zero otherwise: if l ̸= j,

multiply the finite geometric sum by 1− ωl−j
n ̸= 0. Hence the composition is the identity.

Structural or analytic derivation

Equivalently, use the same recursive butterfly with conjugate roots and divide by n once at the top level. The
normalized DFT is unitary because its rows are orthonormal by the same sum identity. Unitarity gives a
norm-preserving exact transform; it does not eliminate floating-point rounding in its implementation.

Comparative cost and preferred method

One forward FFT plus two conjugation passes and one scaling pass costs Θ(n log n). Normalization at every
recursive level is unnecessary. This is the standard efficient inverse transform, so the PHI interpretation
supplies a proof and conditioning information with no additional asymptotic speedup.

3.12 AC-062 | Radix-three Fourier recursion

Reference: [3], exercise 30.2-5.
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Source task and conventions

Generalize the FFT to n = 3s, give its recurrence and solve the recurrence.

Conventional solution and proof

Let m = n/3 and split aj by j = 3r + q, q = 0, 1, 2. Compute the three length-m transforms Bq(k) =∑m−1
r=0 a3r+qω

rk
m . For k = 0, . . . ,m− 1 and t = 0, 1, 2, combine

yk+tm = B0(k) + ωk+tm
n B1(k) + ω2(k+tm)

n B2(k).

Substitution of j = 3r+ q in the original DFT gives the formula because ω3r(k+tm)
n = ωrk

m . The base transform
of one entry returns that entry. This proves the recursive algorithm by induction on s.

Structural or analytic derivation

The output consists of three cosets of the smaller frequency lattice. The local three-point Fourier matrix
combines them, with ωt

3 twiddle factors. Precomputing successive powers of ωn by multiplication keeps the
combine stage linear.

Comparative cost and preferred method

There are three subproblems of size n/3 and a cn combine cost. Thus T (n) = 3T (n/3) + cn, T (1) = c0. Every
one of the log3 n nontrivial levels costs cn, so T (n) = c0n+ cn log3 n = Θ(n log n). The source’s generalized
FFT is already the preferable method for this transform family.

3.13 AC-063 | The chirp transform including the zero parameter

Reference: [3], exercise 30.2-8.

Source task and conventions

Compute yk =
∑n−1

j=0 ajz
kj for arbitrary complex z in O(n log n) arithmetic.

Conventional solution and proof

For z ̸= 0, choose either square root q with q2 = z. The identity k2 + j2 − (k − j)2 = 2kj gives

yk = qk
2
n−1∑
j=0

(ajq
j2)q−(k−j)2 .

Set bj = ajq
j2 and cl = q−l2 for −(n− 1) ≤ l ≤ n− 1. Choose a power-of-two M ≥ 2n− 1, zero-pad b to M ,

and store cl at index l modM . These indices are distinct on the required difference interval. An M -point
circular convolution then supplies the indicated sum for k = 0, . . . , n − 1, since every difference k − j lies
in that interval. Multiply by qk

2

to finish. Changing the sign of q does not change the result because the
combined exponent is even. For z = 0, interpret z0 = 1 as in the polynomial definition. Then y0 =

∑
j aj and

yk = a0 for k ≥ 1. This case costs O(n) and avoids the invalid negative powers in the chirp formula.

Structural or analytic derivation

The phase is a quadratic form whose polarization converts the bilinear term kj into a difference convolution.
All chirp powers can be prepared in O(n) multiplications: starting from q0 = 1, update q(j+1)2 = qj

2

q2j+1 and
update the ratio by q2. The inverse-power sequence is generated analogously. This is a complete Bluestein-type
construction for arbitrary nonzero parameter, not only roots of unity.

Comparative cost and preferred method
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Direct evaluation uses n2 weighted terms. Two forward FFTs, one inverse and linear preparation yield
O(n log n) arithmetic. For |z| ≠ 1, chirp magnitudes can grow or decay exponentially in n2, so precision,
overflow and bit complexity require separate control. On the DFT specialization, optimized SciPy FFT is a
stronger conventional baseline because it already uses Bluestein for poorly factorizable sizes (reference S1).
The zero-parameter branch is essential to the word “any” in the question.

3.14 AC-064 | All derivatives at one point by one convolution

Reference: [3], exercise 30-3.

Source task and conventions

Solve every part of CLRS Problem 30-3 for a degree-below-n polynomial and a point x0.

Conventional solution and proof

(a) If A(x) =
∑n−1

j=0 bj(x− x0)j , differentiation gives A(t)(x0) = t!bt. Successively update t! and multiply each
bt, using O(n) arithmetic. (b) The values A(x0 + ωk

n) are the DFT of b. One inverse FFT therefore recovers
all bt in O(n log n). (c) Expand each monomial by the binomial theorem:

A(x0 + w) =

n−1∑
j=0

aj

j∑
r=0

(
j

r

)
xj−r
0 wr =

n−1∑
r=0

wr

r!

n−1∑
j=r

ajj!
xj−r
0

(j − r)!
.

Set f(j) = ajj! and g(l) = x−l
0 /(−l)! for −(n− 1) ≤ l ≤ 0, with g(l) = 0 for l > 0. At w = ωk

n this is exactly
the source’s asserted convolution formula, with g(r − j) zero for j < r. (d) Form ul = an−1−l(n− 1− l)! and
vl = xl0/l! for 0 ≤ l < n. Their linear convolution satisfies

(u ∗ v)n−1−r =

n−1∑
j=r

ajj!x
j−r
0 /(j − r)! = A(r)(x0).

One zero-padded FFT convolution thus gives all derivatives directly. Dividing them by r! and taking one
FFT supplies all shifted evaluations, also within O(n log n). The convention x00 = 1 handles x0 = 0 without
dividing by x0.

Structural or analytic derivation

The calculation is exact Taylor translation expressed as a weighted convolution. It unifies the first-order
jet method with coefficient extraction of every order. Since A is a polynomial of degree below n, the circle
sampling in part (b) has no aliasing; an arbitrary analytic function would additionally require a tail bound.

Comparative cost and preferred method

Repeated symbolic differentiation followed by evaluation or a triangular Taylor-shift table uses Θ(n2) coefficient
operations. The convolution method uses O(n log n) and O(n) coefficient storage. It is the efficient method
already developed by the source problem. Factorials and high derivatives can be ill-conditioned or overflow
in floating arithmetic; the operation bound is over exact or suitably controlled coefficient arithmetic, not a
blanket stability theorem.

3.15 AC-065 | Constructing a polynomial from its roots

Reference: [3], exercise 30.2-7.
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Source task and conventions

Given n roots with multiplicities, compute coefficients of a degree-n polynomial with exactly those roots in
O(n log2 n) arithmetic.

Conventional solution and proof

Choose the monic polynomial P (x) =
∏n−1

j=0 (x− zj). Every listed value is a zero with its specified multiplicity,
and over C a nonzero product vanishes only when one of its factors does, so there are no other zeros. Build a
balanced product tree: leaves are the n linear factors; each internal node multiplies its two child polynomials
by an FFT polynomial multiplication. Pad missing leaves with the constant polynomial one to reach a power
of two. Induction up the tree proves that every node equals the product of its leaf factors, so the root is the
desired P .

Structural or analytic derivation

At level l, each product has degree O(2l) and there are O(n/2l) products. With multiplication cost M(d) =
O(d log d), the work at that level is O(nl). Summing l = 1, . . . , ⌈log2 n⌉ gives O(n log2 n). This explicitly
proves the requested bound, including repeated roots.

Comparative cost and preferred method

Sequential multiplication by linear factors takes Θ(n2) coefficient operations. The balanced tree has the proved
O(n log2 n) arithmetic cost; breadth-first construction can retain only adjacent levels with O(n) coefficients.
Repeated or nearby roots can make coefficient/root conversion numerically sensitive, so algebraic correctness
and floating stability are separate.

3.16 AC-066 | Multipoint evaluation by a remainder tree

Reference: [3], exercise 30-4.

Source task and conventions

Solve all four parts of CLRS Problem 30-4, assuming degree-d polynomial remainders can be computed in
O(d log d) arithmetic.
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Conventional solution and proof

(a) Euclidean division by x− z has the form A = (x− z)Q+ r with constant r. Substitution gives r = A(z).
(b) Hence Qkk = A(xk). The polynomial P0,n−1 has degree n, greater than degA, so its remainder is A itself.
(c) Since Pik divides Pij , the difference A−Qij is divisible by Pik. Thus A and Qij have the same unique
remainder modulo Pik, proving Qik = Qij mod Pik. The same argument applies to Pkj , including the shared
endpoint in the source notation. (d) Build a balanced product tree for the factors x− xk. At the root store
A; at each node reduce its stored remainder modulo each child product. At a leaf the result is the constant
A(xk) by (a). Induction down the tree, using (c), proves that each stored value equals the remainder of the
original A modulo that node’s product.

Structural or analytic derivation

The algorithm passes local residue classes down a divisibility hierarchy. In its implementation, child index
ranges are disjoint, [i, k] and [k + 1, j]; this is compatible with the source’s more general divisibility identity.
Repeated evaluation points do not invalidate the remainder argument, though repeated leaves return repeated
values.

Comparative cost and preferred method

At level l, the total degree is O(n) and the largest division size is O(n/2l). Under the source’s remainder-cost
assumption, that level costs O(n log(n/2l)). Summing the logarithmic levels yields O(n log2 n); the product
tree has the same bound. Separate Horner evaluations cost Θ(n2). At roots of unity, the more specialized
FFT costs only O(n log n) and remains preferable.

3.17 AC-067 | An invertible Fourier transform over a composite
ring

Reference: [3], exercise 30.2-6.

Source task and conventions

For n = 2k ≥ 2, m = 2tn/2 + 1 and ω = 2t (mod m), prove that the DFT and inverse are well defined even
when m is composite.

Conventional solution and proof

The modulus is odd, so both two and n are units modulo m. Also ωn/2 = 2tn/2 = −1 (mod m), giving ωn = 1.
Its order is exactly n: every proper divisor of the power-of-two n divides n/2, where the value is not one. The
essential point is orthogonality without division by a possible zero divisor. For 0 < r < n, write r = 2su with
odd u and 0 ≤ s < k. Put L = n/2s. In each block of L terms of

∑n−1
j=0 ω

rj , pair index j with j + L/2. The
ratio is ωrL/2 = ωun/2 = (−1)u = −1. Every pair cancels, so the sum is zero modulo m. For r = 0 the sum
is n. Define Vkj = ωkj and Wjk = n−1ω−jk. The preceding sums give (WV )jl = δjl and likewise VW = I.
Thus both transforms are well-defined inverse linear maps over Z/mZ.

Structural or analytic derivation

This is a principal-root construction in a ring, not an argument that the ring is a field. The pair-cancellation
proof supplies the exact property needed by the butterfly recursion. The usual geometric-series step dividing
by 1− ωr would be unjustified when that element is a zero divisor.

Comparative cost and preferred method

The radix-two algorithm uses O(n log n) ring operations and avoids floating roundoff. However m has tn/2+ 1
bits, so a ring operation is not a constant-cost machine-word operation as n grows. The next source problem
supplies an alternative prime-modulus word model. The one-point DFT is trivially the identity; the printed
modulus formula needs separate interpretation at n = 1 when tn/2 is nonintegral.
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3.18 AC-068 | Prime-modulus Fourier transforms

Reference: [3], exercise 30-5.

Source task and conventions

Solve the heuristic prime-search, invertibility, FFT implementation and explicit modulus-17 calculation in
CLRS Problem 30-5.

Conventional solution and proof

(a) Near p = kn+ 1, prime-density heuristics assign probability on the order of 1/ log p to a candidate (with a
constant adjustment for the fixed odd progression when n ≥ 2 is a power of two). This suggests Θ(log n) trials
and a typical p of order n log n. Its bit length is log2 n+O(log log n) = Θ(log n). This is the requested heuristic,
not a proved expectation for the first prime in this progression. (b) A generator g of the multiplicative group
modulo p has order kn. Thus w = gk has order n. For 0 < r < n, 1−wr ̸= 0 is invertible in the field, and the
geometric sum

∑n−1
j=0 w

rj = 0. Also n is nonzero modulo p. These facts prove that n−1w−jk is the inverse
DFT matrix. (c) Apply the radix-two recursion with all additions and multiplications reduced modulo p. The
combine identity is polynomial algebra and remains valid in this field. Use w−1 and one final multiplication
by n−1 for the inverse. The recurrence T (n) = 2T (n/2) + Θ(n) gives Θ(n log n) operations on the stipulated
O(log n)-bit words. (d) Modulo 17, 34 = 13, 38 = 16 = −1 and 316 = 1, so three has order 16. For n = 8, take
w = 32 = 9 and 8−1 = 15. The full transform of (0, 5, 3, 7, 7, 2, 1, 6) is printed in the executable-results table;
each entry is calculated by

∑7
j=0 aj9

jk (mod 17), and the inverse is checked exactly.

Structural or analytic derivation

Finite-field orthogonality gives an exact analogue of the complex Fourier basis. Integer convolution is recovered
from modular coefficients only after a coefficient bound is supplied: one modulus does not distinguish arbitrary
integers congruent modulo p. CRT or a sufficiently large prime provides the additional information.

Comparative cost and preferred method

Direct evaluation needs n2 modular weighted terms; the FFT needs Θ(n log n) word operations once p, w
are given. Part (a)’s prime search and finding a generator are not included in that conditional cost. The
modulus-17 example is an exact arithmetic check, not a benchmark of asymptotic speed.

k DFT mod 17

0 14
1 10
2 10
3 4
4 8
5 11
6 13
7 15

3.19 AC-069 | The Vandermonde determinant

Reference: [3], exercise D-1.
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Source task and conventions

Prove detV (x0, . . . , xn−1) =
∏

j<k(xk − xj), where row i is (1, xi, . . . , x
n−1
i ).

Conventional solution and proof

For n = 1 both sides equal one. For n > 1, working right to left for j = n − 1, . . . , 1, replace column j by
column j − x0 times column j − 1; in conventional notation the operation is Cj ← Cj − x0Cj−1. Because the
order is right to left, the subtracted column has not yet changed. These determinant-preserving operations
make the first row (1, 0, . . . , 0). In row i ≥ 1, column j ≥ 1 is xji − x0x

j−1
i = (xi − x0)xj−1

i . Expand along the
first row and factor xi − x0 from each remaining row. The residual determinant is V (x1, . . . , xn−1). Induction
gives

detV =

n−1∏
i=1

(xi − x0)
∏

1≤j<k<n

(xk − xj) =
∏

0≤j<k<n

(xk − xj).

The proof remains valid when nodes coincide, where both sides vanish.

Structural or analytic derivation

The determinant is an alternating polynomial in the nodes and vanishes whenever two nodes coincide. The
product of differences displays the complete zero divisor; the column proof above fixes the multiplicative
constant and sign. Distinctness of the nodes is therefore exactly the invertibility condition for polynomial
interpolation.

Comparative cost and preferred method

Evaluating the product uses n(n− 1)/2 differences and one fewer product after initialization, with no n× n
matrix formation. Generic elimination costs Θ(n3) arithmetic and Θ(n2) storage. This structured determinant
formula proves an arithmetic reduction to Θ(n2) for the requested scalar output. Near-colliding nodes can
still cause numerical sensitivity.

3.20 AC-070 | Newton iteration: corrected local error theorem

Reference: [3], exercise 33-1.
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Source task and conventions

Derive the Newton update, establish the correct local error relation and iteration bound, and compare Newton
with gradient descent for (x− 3)2 from x0 = 3.5.

Conventional solution and proof

(a) Setting the tangent-line equation to zero gives xt+1 = xt − f(xt)/f ′(xt) whenever f ′(xt) ̸= 0. (b) The
printed Taylor and error formulas contain defects. Taylor’s theorem with Lagrange remainder is

0 = f(x∗) = f(xt) + f ′(xt)(x∗ − xt) + 1
2f

′′(ξt)(x∗ − xt)2.
Subtracting the Newton update gives the exact relation

et+1 =
|f ′′(ξt)|
2|f ′(xt)|

e2t , et = |xt − x∗|.

The derivative in the denominator is at xt, and the error is squared. The displayed source formula with a
first power of et is not the quadratic-convergence identity. (c) Choose a closed interval about x∗ lying in the
differentiability domain, with |f ′| ≥ m > 0 and |f ′′| ≤M , and set C =M/(2m). If Ce0 < 1 and the initial
error ball lies in this interval, then et+1 ≤ Ce2t < et, so every iterate remains inside the interval. Induction
gives

et ≤ C−1(Ce0)
2t .

For C > 0 and a target smaller than the initial error, it suffices that

t ≥
⌈
log2

(
log(1/(Cδ))

log(1/(Ce0))

)⌉
,

with zero iterations when the initial error already meets the target. This is O(log log(1/δ)) for fixed admissible
C, e0. If M = 0, the affine function is solved in one step. The condition e0 < 1 alone does not imply Ce0 < 1.
(d) For f(x) = (x− 3)2, Newton gives xt+1 − 3 = (xt − 3)/2 and et = 2−(t+1). Thus the exact tolerance count
is max{0, ⌈log2(1/(2δ))⌉}. The root is multiple and violates the nonzero-derivative hypothesis at x∗. Gradient
descent with step η gives et = 1

2 |1−2η|t. It converges for 0 < η < 1, has the same rate at η = 1/4, and reaches
the minimizer in one step at η = 1/2. Without a specified step size there is no unique numerical comparison.

Structural or analytic derivation

The Newton map is a dynamical system. At a root of known multiplicity two, the modified map x 7→ x−2f/f ′

reaches three in one step for this exact quadratic. The conventional gradient method with the exact quadratic
step also reaches it in one step. A root certificate or multiplicity calculation can justify the modification, while
a generic claim of quadratic convergence at a multiple root is false. The graph shows both linear Newton
convergence and the one-step quadratic-model methods.

Comparative cost and preferred method

For the simple-root theorem, the proved iteration count is double-logarithmic in inverse tolerance within
the invariant neighbourhood. For the specified double root, ordinary Newton is only logarithmic. Modified
Newton and correctly chosen gradient descent tie at one step on this quadratic. These are exact iteration
counts; each method’s derivative, multiplicity and step-selection costs remain explicit.

Source qualification

The source page was inspected visually (physical pp.1060–1061). Equation (33.34) omits the factor 1/2; part
(b) prints f ′(γ(t)) and a first power of the error. The corrected theorem and the invalid assumptions are
stated explicitly, not attributed as an unchanged source proof.
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Figure 3.3: The square (x-3)^2 has a multiple root, so ordinary Newton is linear. The marker represents
exact termination, not a nonzero error of 10^-8.

3.21 AC-071 | Horner evaluation with a loop invariant

Reference: [3], exercise 2-3.

Source task and conventions

Solve CLRS Problem 2-3: runtime, a naive evaluator and the full loop-invariant proof of Horner’s rule.

Conventional solution and proof

(a) The printed loop performs n + 1 iterations with constant scalar work, so its runtime is Θ(n). (b) A
direct-from-scratch evaluator is:

p = 0
for k in range(n+1):

power = 1
for j in range(k):

power *= x
p += A[k] * power

return p

It performs
∑n

k=0 k = n(n+ 1)/2 power multiplications plus n+ 1 coefficient multiplications, hence Θ(n2)

arithmetic. (c) At the start of the descending iteration i, assert p =
∑n−i−1

k=0 A[k + i+ 1]xk, with an empty
sum interpreted as zero. Initially i = n and p = 0, so the invariant holds. The update makes

A[i] + xp = A[i] +

n−i∑
k=1

A[k + i]xk =

n−i∑
k=0

A[k + i]xk,

which is exactly the invariant for the next iteration i− 1. On termination the next index would be −1, giving
p =

∑n
k=0A[k]x

k = P (x). Thus initialization, preservation and termination are all established.
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Structural or analytic derivation

Initializing p = A[n] and looping from n − 1 down to zero removes the first multiplication by zero and
uses exactly n multiplications and n additions. This is the nested affine-composition representation of the
polynomial. A first-order jet carried through the same loop yields the value and derivative together with only
constant overhead per coefficient.

Comparative cost and preferred method

The printed Horner procedure is Θ(n), compared with the requested naive-from-scratch Θ(n2) evaluator.
Reading arbitrary coefficients gives an Ω(n) input lower bound. A conventional power accumulator also
achieves Θ(n), so Horner’s asymptotic advantage is specific to the prescribed naive baseline; its smaller
operation count and natural derivative extension remain useful.

3.22 AC-072 | Optimal bitonic Euclidean tours

Reference: [3], exercise 14-3.

Source task and conventions

Give a proved O(n2) algorithm for an optimal bitonic tour when all point x coordinates are distinct.

Conventional solution and proof

Sort the points as p1, . . . , pn by increasing x. Let d(i, j) be Euclidean distance. For i < j, let B[i, j] be the
minimum total length of two increasing paths starting at p1, covering exactly p1, . . . , pj , sharing only p1, and
ending at pi, pj . The base is B[1, 2] = d(1, 2). For j ≥ 3,

B[i, j] = B[i, j − 1] + d(j − 1, j) (i < j − 1),

B[j − 1, j] = min
k<j−1

{B[k, j − 1] + d(k, j)}.

For the first case, the new rightmost point must extend the path whose endpoint was j − 1; removing its last
edge gives exactly the preceding state. In the second case it extends the other path, whose previous endpoint
is some k < j − 1; removing and then restoring that edge gives all and only the alternatives in the minimum.
Induction on j therefore proves optimality of every state. The optimal closed length is B[n− 1, n]+d(n− 1, n).
Equivalently, minimize B[i, n] + d(i, n) over i < n and use the recurrence to obtain the same value. Store each
minimizing k. Backtracking the recurrence adds the recorded edge and recursively visits the previous state;
append the final closing edge to recover the tour. For two points the closed tour traverses the segment twice;
one point has length zero.

Structural or analytic derivation

Identify planar points with complex numbers zj . Distances become |zi − zj |, but the dynamic-programming
state and proof are unchanged. The structural simplification is the bitonic ordering constraint, which
reduces the search to two frontier endpoints. It does not produce an optimum for unrestricted Euclidean
travelling-salesperson instances.

Comparative cost and preferred method

There are Θ(n2) states. Nonadjacent-endpoint states take constant work; the adjacent-endpoint minima
scan at most j − 2 choices, whose total is O(n2). Sorting costs O(n log n) and is dominated. Storage is
O(n2) with reconstruction pointers, or O(n) for the length alone using suitable frontiers. Enumeration of
all assignments to the two chains is exponential. The standard dynamic program is the preferable method;
complex coordinates add no speedup.
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3.23 AC-073 | Integer linear programming and duality gaps

Reference: [3], exercise 29-3.

Source task and conventions

Prove weak duality for integer programs, give a counterexample to strong duality, and prove IP ≤ P = D ≤ ID.

Conventional solution and proof

Use the source’s standard primal max cTx subject to Ax ≤ b, x ≥ 0, and dual min bTy subject to ATy ≥ c,
y ≥ 0. (a) For any feasible pair, including integer pairs,

cTx ≤ (ATy)Tx = yTAx ≤ yTb.

The first inequality uses x ≥ 0, the second y ≥ 0, proving weak duality without any continuity assumption.
(b) Consider maximizing x subject to 2x ≤ 1 and x ∈ Z≥0. Its optimum is zero. The integer version of the
corresponding dual minimizes y subject to 2y ≥ 1 and y ∈ Z≥0, whose optimum is one. Both optima are finite
and feasible, so strong equality fails. (c) The integer primal feasible set is contained in the real primal set, so
IP ≤ P . The integer dual feasible set is contained in the real dual set and the objective is minimized, so
D ≤ ID. By the real linear-programming strong-duality theorem under the stated feasible, finite optimum
assumptions, P = D. Combining these gives the claimed chain. In the example it reads 0 ≤ 1/2 = 1/2 ≤ 1.

Structural or analytic derivation

Relaxation provides a certified upper bound on an integer maximization, and an integer dual feasible point
gives a further upper certificate. Neither algebraic manipulation nor holomorphic continuation restores
the missing integrality. The explicit one-variable example isolates the obstruction with no computational
experiment.

Comparative cost and preferred method

Weak-duality verification is matrix–vector arithmetic proportional to the nonzero data and gives a certificate
without solving the integer program. It does not imply a polynomial-time exact integer optimizer. The native
linear and integer optimization methods are retained; there is no justified complex-analytic improvement for
the general task.
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Chapter 4

Database System Concepts

Abraham Silberschatz, Henry F. Korth, S. Sudarshan. Reference problems and derived analyses.

4.1 AC-074 | Counting all oriented labelled join orders

Reference: [4], exercise 16.12.

Source task and conventions

Prove that n distinct relations have (2n − 2)!/(n − 1)! binary join orders under the source’s ordered-tree
convention.

Conventional solution and proof

A binary join expression is a rooted ordered full binary tree with n leaves, together with a bijection between
its leaves and the n relations. Such a tree has n− 1 internal nodes: counting edges by parents gives 2I, while
counting a tree’s vertices gives I+n−1, hence I = n−1. The supplied Catalan formula gives Cn−1 = 1

n

(
2n−2
n−1

)
shapes. Every shape admits n! distinct leaf labellings. Their product is

n!Cn−1 =
n!

n

(2n− 2)!

((n− 1)!)2
=

(2n− 2)!

(n− 1)!
.

The tree shape and leaf labelling are recovered uniquely from the expression, proving that neither orders nor
labels are overcounted within this convention.

Structural or analytic derivation

Writing Jn for the result, factorial cancellation gives J1 = 1 and Jn = 2(2n− 3)Jn−1. The generating-function
Catalan derivation is proved in the binary-tree question and supplies the same count. Commutativity of a
relational join does not identify physical left/right plan choices under the source’s ordered-plan convention. If
one deliberately identifies swapped children, the counting problem changes.

Comparative cost and preferred method

Enumerating plans has an unavoidable Ω(Jn) output count. Computing only their number needs n − 1
multiplicative updates and O(1) stored big integers. This is an exponential reduction in enumerated objects,
not an algorithm for finding the cheapest physical plan or proving SQL semantic equivalence. Against direct
use of the source’s Catalan hint, the analytic derivation supplies no further asymptotic gain.
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Chapter 5

Natural Language Processing with
Python

Steven Bird, Ewan Klein, Edward Loper. Reference problems and derived analyses.

5.1 AC-075 | Recursive and dynamic Catalan computation

Reference: [5], exercise 4.26.

Source task and conventions

Implement recursive and dynamic-programming functions for C0 = 1, Cn+1 =
∑n

i=0 CiCn−i, and compare
them with timeit.

Conventional solution and proof

The two required implementations are:

def catalan_recursive(n):
if n < 0: raise ValueError("n must be nonnegative")
if n == 0: return 1
return sum(catalan_recursive(i) *

catalan_recursive(n-1-i) for i in range(n))

def catalan_dp(n):
if n < 0: raise ValueError("n must be nonnegative")
c = [1] + [0] * n
for k in range(1, n+1):

c[k] = sum(c[i] * c[k-1-i] for i in range(k))
return c[n]

Strong induction proves the recursive function: every recursive argument is smaller, and the returned sum is
the defining recurrence. For the dynamic function, before iteration k, all stored entries below k equal the
corresponding Catalan numbers; the update establishes entry k, preserving the invariant through termination.
The code therefore returns the same exact integer.
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Structural or analytic derivation

The factorial identity proved in the binary-tree problem gives the additional exact update

def catalan_multiplicative(n):
if n < 0: raise ValueError("n must be nonnegative")
c = 1
for k in range(n):

c = c * (4*k + 2) // (k + 2)

return c

The integer division is exact at every step by that identity. The executable study compares all three, including
the two functions specifically requested by the source. It uses separate timeit.Timer.repeat measurements,
records repetitions and verifies equality before timing.

Comparative cost and preferred method

Counting each recursive invocation gives T0 = 1 and Tn = 1 + 2
∑

i<n Ti, hence Tn = 3n. The dynamic
algorithm performs n(n+ 1)/2 products and stores n+ 1 integers. The multiplicative algorithm performs n
updates and stores one Catalan value. These are exact counts in the indicated models. Timing tables report
actual measurements separately and include the recursive setup; integer bit growth is retained as a limitation
of unit-cost counting.
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Chapter 6

Basics of Compiler Design

Torben Aegidius Mogensen. Reference problems and derived analyses.

6.1 AC-076 | Decimal languages with leading zeros

Reference: [6], exercise 2.1.

Source task and conventions

Construct regular expressions for nonempty decimal strings representing exactly 42, not 42, and a value
greater than 42.

Conventional solution and proof

Let D = [0-9] and N = [1-9] be alphabet shorthands. The three expressions are

(a) 0∗42,

(b) 0∗
(
0 | N | [1-3]D | 4[013-9] | [5-9]D | NDDD∗),

(c) 0∗
(
4[3-9] | [5-9]D | NDDD∗).

In NDDD∗, the two explicit D symbols after N impose at least three significant digits. To prove the
classification, remove all leading zeros from a nonzero string. One remaining digit has value 1–9. Two
remaining digits represent 10–99 and the displayed alternatives partition these values, excluding 42 in (b) and
keeping 43–99 in (c). At least three significant digits represent a value at least 100. An all-zero nonempty
string is supplied by 0∗0 in (b). Every case is disjoint by significant length or first digit, and no expression
accepts the empty string.

Structural or analytic derivation

A finite-state comparison automaton can store whether the significant prefix has length zero, one, two or at
least three and, at length two, whether its value lies below, at or above 42. This gives a finite-state proof
of regularity. The expressions above are preferable for the source’s requested output because they directly
enumerate the decisive cases.

Comparative cost and preferred method

Scanning a length-m decimal string takes Θ(m) character operations and constant state storage; each input
symbol must in general be inspected. Parsing the entire integer creates a potentially Θ(m)-digit arithmetic
object with unnecessary bit cost. The structural finite-state comparison avoids that object, but it is also a
standard lexer method. No complex-analytic method improves the regular-expression construction.
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6.2 AC-077 | NFA and subset DFA for a starred prefix

Reference: [6], exercise 2.2.

Source task and conventions

Construct the NFA for a∗(a | b)aa and convert it by the source’s subset algorithm.

Conventional solution and proof

State Outgoing labelled transitions

0 none
1 a→ 0
2 a→ 1
3 ε→ 5, ε→ 6
4 ε→ 2
5 a→ 4
6 b→ 4
7 ε→ 3, ε→ 8
8 a→ 7

The NFA starts at state 7 and accepts only at state 0.

DFA NFA subset a b Accepts

D0 {3, 5, 6, 7, 8} D1 D2 no
D1 {2, 3, 4, 5, 6, 7, 8} D3 D2 no
D2 {2, 4} D4 D5 no
D3 {1, 2, 3, 4, 5, 6, 7, 8} D6 D2 no
D4 {1} D7 D5 no
D5 ∅ D5 D5 no
D6 {0, 1, 2, 3, 4, 5, 6, 7, 8} D6 D2 yes
D7 {0} D5 D5 yes

The NFA uses the source’s literal, union, concatenation and star fragments, with shared continuation endpoints.
A literal adds a labelled edge; a union branches by epsilon and rejoins; concatenation shares its continuation;
a star has epsilon exit and epsilon entry into a body that returns to the star state. Induction on these four
constructors proves that each fragment accepts exactly its expression’s language. For the DFA, D0 is the
epsilon closure of the NFA start, and each table transition is

δD(S, c) = ε-closure{t : ∃s ∈ S, s c−→ t}.

Induction on input length proves that the reached subset is exactly the set of reachable NFA states after that
input. It accepts precisely when it contains the NFA final state. Thus both requested conversions are fully
specified and proved equivalent. The empty subset is included to give a total transition function.

Structural or analytic derivation

60



The language consists of an with n ≥ 3 and akbaa with k ≥ 0. This gives an independent semantic description.
Four states count a pure-a prefix up to three; three states record that a b has occurred and that zero, one
or two required final a symbols have followed; one dead state handles any forbidden continuation. These
eight states correspond to the eight DFA rows. Distinct pure-prefix states are separated by the number of a
symbols needed to reach length three, except that appending a b and then aa distinguishes a pure prefix from
a post-b state. Among post-b states, suffixes aa, a, ε distinguish the three remaining lengths. The dead state
accepts no suffix. This supplies a distinguishing-suffix proof of minimality.

Comparative cost and preferred method

The fragment NFA has nine states; the total subset DFA has eight. Simulation of the DFA requires one
transition per input symbol, hence Θ(m) time and constant state memory for a length-m string. A generic
subset construction can take exponential preprocessing, so its advantage is not free. Counting words through
a matrix resolvent is an optional different output; it does not replace the required automata.

6.3 AC-078 | A block-language NFA and DFA

Reference: [6], exercise 2.3.

Source task and conventions

Construct the NFA and subset DFA for ((a | b)(a | bb))∗.

Conventional solution and proof

State Outgoing labelled transitions

0 none
1 ε→ 0, ε→ 7
2 ε→ 4, ε→ 6
3 ε→ 1
4 a→ 3
5 b→ 3
6 b→ 5
7 ε→ 9, ε→ 10
8 ε→ 2
9 a→ 8
10 b→ 8

The NFA starts at state 1 and accepts only at state 0.

DFA NFA subset a b Accepts
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D0 {0, 1, 7, 9, 10} D1 D1 yes
D1 {2, 4, 6, 8} D2 D3 no
D2 {0, 1, 3, 7, 9, 10} D1 D1 yes
D3 {5} D4 D2 no
D4 ∅ D4 D4 no

δD(S, c) = ε-closure{t : ∃s ∈ S, s c−→ t}.

Structural or analytic derivation

The accepted blocks are aa, ba, abb, bbb. In the subset table, D0 and D2 have the same acceptance and outgoing
transitions, so they merge. A four-state minimal DFA has boundary state R (initial and accepting), state S
after the first symbol of a block, state T after the first b in the second component, and dead state X:

a b
R S S
S R T
T X R
X X X

.

The reachable-subset induction in AC-077 proves the language equivalence of this table, including its empty
dead state. The table here specifies the states of the present expression.

D0 {0, 1, 7, 9, 10} D1 D1 yes
D1 {2, 4, 6, 8} D2 D3 no
D2 {0, 1, 3, 7, 9, 10} D1 D1 yes
D3 {5} D4 D2 no
D4 ∅ D4 D4 no

The NFA uses the source’s literal, union, concatenation and star fragments, with shared continuation endpoints.

Structural or analytic derivation

The accepted blocks are aa, ba, abb, bbb. In the subset table, D0 and D2 have the same acceptance and outgoing
transitions, so they merge. A four-state minimal DFA has boundary state R (initial and accepting), state S
after the first symbol of a block, state T after the first b in the second component, and dead state X:

a b
R S S
S R T
T X R
X X X

.

The expression-fragment construction and its structural-induction proof are established in AC-077. Applied
to the present block expression, they give the displayed NFA. Its subset transition is

D0 {0, 1, 7, 9, 10} D1 D1 yes
D1 {2, 4, 6, 8} D2 D3 no
D2 {0, 1, 3, 7, 9, 10} D1 D1 yes
D3 {5} D4 D2 no
D4 ∅ D4 D4 no

δD(S, c) = ε-closure{t : ∃s ∈ S, s c−→ t}.

Structural or analytic derivation

The accepted blocks are aa, ba, abb, bbb. In the subset table, D0 and D2 have the same acceptance and outgoing
transitions, so they merge. A four-state minimal DFA has boundary state R (initial and accepting), state S
after the first symbol of a block, state T after the first b in the second component, and dead state X:

a b
R S S
S R T
T X R
X X X

.

The reachable-subset induction in AC-077 proves the language equivalence of this table, including its empty
dead state. The table here specifies the states of the present expression.

D0 {0, 1, 7, 9, 10} D1 D1 yes
D1 {2, 4, 6, 8} D2 D3 no
D2 {0, 1, 3, 7, 9, 10} D1 D1 yes
D3 {5} D4 D2 no
D4 ∅ D4 D4 no

The NFA uses the source’s literal, union, concatenation and star fragments, with shared continuation endpoints.

Structural or analytic derivation

The accepted blocks are aa, ba, abb, bbb. In the subset table, D0 and D2 have the same acceptance and outgoing
transitions, so they merge. A four-state minimal DFA has boundary state R (initial and accepting), state S
after the first symbol of a block, state T after the first b in the second component, and dead state X:

a b
R S S
S R T
T X R
X X X

.

Parsing from a boundary consumes one arbitrary symbol, then either a or exactly bb, and returns to the
boundary, proving equivalence. The empty suffix separates R from all others; suffix a separates S from T,X;
suffix b separates T from X. Hence all four states are pairwise distinguishable and minimal.

Comparative cost and preferred method

The source-fragment NFA has 11 states, the unminimized total subset DFA has five, and minimization gives
four: a 20% reduction in DFA state and two-symbol transition-table count. Recognition remains Θ(m) under
both deterministic representations. No wall-clock gain is inferred from a one-state difference.

6.4 AC-079 | Counting and modular-counting automata

Reference: [6], exercise 2.7.
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Source task and conventions

Construct DFAs for exactly three b symbols, a multiple-of-three b count, and a difference of a and b counts
divisible by three.

Conventional solution and proof

For (a), use states 0, 1, 2, 3,⊥, start zero and accept only three. An a leaves the state unchanged. A b sends
0 → 1 → 2 → 3 → ⊥, and ⊥ loops. Induction on prefix length shows that states zero through three equal
the b count and ⊥ means at least four. For (b), use states 0, 1, 2, start/accept zero, with δ(r, a) = r and
δ(r, b) = r + 1 (mod 3). The invariant is the b count modulo three. For (c), use the same start and accepting
state with δ(r, a) = r + 1 (mod 3) and δ(r, b) = r − 1 (mod 3). Its invariant is #a − #b (mod 3). Each
invariant begins correctly at the empty word and is preserved by the specified transition, proving all three
languages.

Structural or analytic derivation

The modular DFAs are actions of the cyclic group Z/3Z. Their transition matrices are permutation matrices; a
roots-of-unity diagonalization can count accepted words of a fixed length. The group invariant itself is already
the simplest recognition proof. For exact-three counting, a truncated nonnegative counter with overflow is the
appropriate finite-state object.

Comparative cost and preferred method

The state counts are five, three and three. They are minimal: differing exact counts are separated by a suffix
supplying the missing b symbols, and differing modular residues are separated by a suffix completing one
residue to zero. Recognition uses exactly one transition per character and O(1) state memory. Computing both
integer counts and subtracting is unnecessary storage for the modular tasks; standard remainder automata
already attain the bound.

6.5 AC-080 | Minimal binary divisibility automata

Reference: [6], exercise 2.9.

Source task and conventions

Construct nonempty binary divisibility DFAs for 4 and 5 and prove the minimal state count for a general
positive modulus n = a2b with odd a.

Conventional solution and proof

After a prefix of numeric value v, appending bit c gives 2v + c. Thus the standard remainder transition is
r 7→ 2r + c (mod n). For four, merge odd remainders and use states Z (zero, accepting), O (odd) and T
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(remainder two). Start at T to reject the empty word:

0 1
Z Z O
O T O
T Z O

.

The start has the same nonempty continuation behaviour as remainder two, so leading zeros and the one-symbol
word zero are handled correctly. For five, use remainders 0, . . . , 4, accept zero, and a separate nonaccepting
start S:

0 1
S 0 1
0 0 1
1 2 3
2 4 0
3 1 2
4 3 4

.

The prefix invariant proves correctness of these tables.

Structural or analytic derivation

Here is a full minimality proof for the general case. From remainder r, a suffix of length k and value t,
0 ≤ t < 2k, is accepted exactly when n | 2kr + t. For k ≥ b, this condition depends on r only through
r mod a. For k < b, divisibility by 2k forces t = 0, after which the condition is a2b−k | r. Consequently all
remainders in the same nonzero residue class modulo a are equivalent. Remainders r = aj split into b+ 1
classes according to d = b−min(b, v2(j)), with d = 0 for j = 0: precisely d trailing zero bits are needed for
an immediate accepting zero suffix. There are (a− 1) + (b+ 1) = a+ b classes. Different residues modulo a
are distinguishable: choose k ≥ b so large that 2k ≥ n and choose the unique t ∈ [0, n) satisfying 2kr + t ≡ 0
(mod n). The same suffix fails for a different residue because a is odd. Among the zero-residue classes, the
suffix 0d1 distinguishes classes with d1 < d2. Every class is reachable by a nonempty binary representation
of a representative remainder, allowing the word zero for remainder zero. If b ≥ 1, the nonaccepting initial
residual is equivalent to remainder n/2: after the first bit both have the same remainders as a zero-valued
prefix, and both reject the empty suffix. No extra state is needed. If b = 0, the initial residual is distinct from
accepting remainder zero and from every nonzero remainder: a sufficiently long all-zero suffix is accepted from
the start but not from any nonzero remainder, since n is odd. Thus

minimum states =

{
a+ 1, b = 0,

a+ b, b ≥ 1.

This includes n = 1: two states recognize all nonempty binary words.

Comparative cost and preferred method

A literal remainder DFA with a separate start has n+ 1 states. The proved quotient uses a+ b states for
even n, a ratio (n+ 1)/(a+ b) in a complete two-symbol transition table, and n+ 1 for odd n. Recognition
remains linear in input length, while storage is reduced. This is an algebraic finite-state optimum certified by
distinguishable residual languages; complex analysis is unnecessary.

6.6 AC-081 | The empty regular language and dead states

Reference: [6], exercise 2.10.

Source task and conventions

Prove the four laws for the empty-language expression ϕ, extend the NFA construction, and explain the
minimization consequence.
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Conventional solution and proof

Since L(ϕ) = ∅, set union gives L(ϕ | s) = ∅ ∪ L(s) = L(s). Concatenating with the empty set produces no
pairs of words, so L(ϕs) = L(sϕ) = ∅. The star is the union of all finite concatenation powers, including the
zeroth power {ε}; every positive power of the empty language is empty. Hence L(ϕ∗) = {ε}. For a fragment
representing ϕ, create an entry and an exit with no path between them. It accepts no string, and can be
inserted into the same union, concatenation and star constructions. The complete NFA for the empty language
can be a single nonaccepting start state with no transitions.

Structural or analytic derivation

The extension admits dead states: states from which no accepting state is reachable. In minimization of a
partial DFA, a missing transition and a transition to a dead state represent the same rejecting continuation,
so treating them as different can prevent legitimate mergers. Either remove dead states before partial-DFA
minimization, or complete every missing transition to one rejecting sink and apply the usual total-DFA
equivalence refinement. All dead states then have identical empty right language and merge.

Comparative cost and preferred method

Coaccessibility can be found by reverse graph search from accepting states in O(|Q|+|E|) time. Removing dead
states or adding one sink has linear or constant-state overhead. This preprocessing restores the assumptions
of the conventional minimizer. No analytic substitute is more efficient for the source’s language-semantic
requirement.

6.7 AC-082 | Four closure constructions for regular languages

Reference: [6], exercise 2.11.

Source task and conventions

Construct NFAs for prefixes, suffixes, scattered subsequences and reversals of a regular language.

Conventional solution and proof

Let N = (Q,Σ, E, s, F ) be an NFA, possibly with epsilon transitions. Prefixes: keep the start and transitions
and make every state from which some final state is reachable accepting. A path labelled u reaches such a state
exactly when some continuation v gives uv ∈ L. Suffixes: add a fresh start with epsilon edges to every state
reachable from s, keep the original accepting states. A new accepting path labelled v begins at a state reached
by some prefix u, hence uv ∈ L; every such factorization yields a path. Scattered subsequences: for every
labelled edge q c−→ r, add an epsilon edge q → r. An accepting new path can skip any selected original symbols.
Reinsert each skipped edge label to obtain a word of L, proving one direction; delete unwanted symbols along
any old accepting path to prove the other. Reversal: reverse all edges (preserving their labels), make the
old start the sole final state, and add a fresh start with epsilon edges to the old final states. Reversing an
accepting path reverses its label, and reversing it back proves the converse. All constructions are finite NFAs,
establishing regularity for all four operations.

Structural or analytic derivation

These are reachability and path transformations on a finite labelled graph. The prefix operation changes a
terminal observation; the suffix operation changes the admissible initial states; subsequence closure adds silent
edges; reversal transposes labelled adjacency. Counting accepted words through a resolvent can be added
later, but epsilon ambiguity must first be resolved to avoid counting paths as distinct words.
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Comparative cost and preferred method

Reachability and coaccessibility take O(|Q|+ |E|) graph work. Reversal and epsilon-edge insertion have O(|E|)
output size and construction work; the number of states grows by at most one for the stated constructions.
These bounds match the need to inspect or output the graph. Determinizing the results can be exponential
and is not required by the exercise.

Source qualification

The source defines subsequence by deleting symbols from anywhere, not only by taking a contiguous substring
(physical pp.57–58).

6.8 AC-083 | Three false closure claims

Reference: [6], exercise 2.12.

Source task and conventions

Decide whether arbitrary subsets, arbitrary supersets, and anagram closures of regular languages are regular.

Conventional solution and proof

All three assertions are false over an alphabet containing a, b. (a) The nonregular language K = {anbn : n ≥ 0}
is a subset of the regular language a∗b∗. (b) The same K is a superset of the regular language {ε}. To prove
nonregularity, suppose K had pumping length p. Every decomposition apbp = xyz with |xy| ≤ p and |y| > 0
has y = ak with k > 0. Pumping y zero times gives ap−kbp /∈ K, a contradiction. (c) Let L = (ab)∗. Its
anagrams are exactly the words with equally many a and b symbols. If this anagram language were regular,
its intersection with a∗b∗ would be K and would be regular. Intersection closure follows from a product DFA
that tracks both states and accepts precisely when both components accept. This contradicts the proof above.

Structural or analytic derivation

The anagram operation preserves the commutative count vector (the Parikh vector) but discards order. A
finite automaton recognizing (ab)∗ does not thereby yield a finite automaton testing equality of two unbounded
counts. The invariant identifies the obstruction and the regular intersection isolates it rigorously.

Comparative cost and preferred method

The counterexamples settle universal closure assertions with finite proofs; exhaustive testing of words through
any finite length cannot establish them. The conventional pumping and product-automaton proof is the
appropriate efficient method. There is no valid complex-analytic acceleration of this semantic classification.
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Chapter 7

Introduction to Information Retrieval

Christopher D. Manning, Prabhakar Raghavan, Hinrich Schutze. Reference problems and derived
analyses.

7.1 AC-084 | Transition matrix of the three-state figure

Reference: [7], exercise 21.5.

Source task and conventions

Read Figure 21.2 in the declared state order (A,B,C).

Conventional solution and proof

The figure’s centre state is A. Its outgoing probabilities to B and C are both 1/2; each of B,C returns to A
with probability one. With rows as current states and columns as next states,

P =

0 1/2 1/2
1 0 0
1 0 0

 .

Every row sums to one, and each positive entry corresponds to its labelled directed arrow. The stationary row
vector is (1/2, 1/4, 1/4): the B,C balance equations each give one half of the A mass, and normalization fixes
it. The chain has period two, so a stationary distribution does not imply ordinary convergence from every
starting state.

Structural or analytic derivation

The row-stochastic convention gives column-distribution evolution pt+1 = P⊤pt. Stating this convention
prevents transposition errors when the figure is converted into a matrix.

Comparative cost and preferred method

Four nonzero transitions suffice; a graph-based update takes four weighted contributions. A dense 3×3 update
is also trivial. This question’s optimal solution is direct transcription plus row-sum checks; no complex-analytic
acceleration is warranted.
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7.2 AC-085 | Teleportation matrices at three probabilities

Reference: [7], exercise 21.6.

Source task and conventions

Compute the exact matrices for α = 0, 1/2, 1.

Conventional solution and proof

In node order (1, 2, 3), the link walk is

W =

 0 1 0
1/2 0 1/2
0 1 0

 .

Uniform teleportation gives Pα = (1− α)W + (α/3)11⊤. Thus

P0 =W, P1/2 =

 1/6 2/3 1/6
5/12 1/6 5/12
1/6 2/3 1/6

 , P1 =
1

3

1 1 1
1 1 1
1 1 1

 .

These matrices are nonnegative and every row sums to one. The zero-teleport matrix is periodic; the other
two have positive diagonal and positive communication between all nodes.

Structural or analytic derivation

The teleport correction is rank one. Its action on a probability vector is simply addition of α/3 to each output
coordinate, so it need not be stored as a dense matrix in a large graph.

Comparative cost and preferred method

For a graph with E links, one transition-vector product costs O(E +N) using the link representation and
rank-one teleportation, instead of O(N2) dense work. For this three-node question the exact fractions are the
principal deliverable and direct computation is preferable.

7.3 AC-086 | A Markov state for browser backtracking

Reference: [7], exercise 21.7.
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Source task and conventions

Determine a valid state model for one and repeated back-button operations.

Conventional solution and proof

The current page alone is generally not a Markov state. Two histories ending at the same page x, one arriving
from a and one from b ̸= a, have different next-page distributions when the back action has positive probability.
A state (previous page, current page) records enough information for one backward step but not arbitrary
repeated backtracking. For repeated back actions, take the state to be the entire retained browser stack
(v0, . . . , vk), with current page vk. A hyperlink action appends its destination; a back action removes vk when
k > 0, and a declared rule handles an empty history, for example a self-transition. Assign action probabilities
and hyperlink-choice probabilities as functions of this state. The next-stack distribution then depends only
on the present stack, proving the Markov property. With an unbounded history the chain has a countable
state space even on a finite web. With a history cap L, the state space is finite, bounded by

∑L+1
j=1 N

j before
restricting to valid link paths. A model including a forward button needs the stored forward history and its
current index as well. Human action probabilities depending on unmodelled information are not made Markov
merely by naming the process a chain.

Structural or analytic derivation

State augmentation converts a process with memory into a Markov process by retaining the information
needed to determine the transition law. It is an exact representation of the specified stack policy, not an
assertion that a real user follows stationary transition probabilities.

Comparative cost and preferred method

A stack implementation uses O(k) storage and O(1) push/pop cost per action. Enumerating every possible
augmented state can be exponential in the cap. The gain is correct modelling; a page-only matrix cannot
represent repeated back actions faithfully.

7.4 AC-087 | Ergodicity of a parameterized three-state chain

Reference: [7], exercise 21.8.

69



Source task and conventions

Determine every admissible value of pA.

Conventional solution and proof

For 0 < pA < 1, all three states communicate: A→ B, B → C, C → A have positive probability. Returns to
A of length two (A,B,A) and three (A,B,C,A) both have positive probability. Their greatest common divisor
is one, so the irreducible finite chain is aperiodic and hence ergodic. At pA = 0, the chain is the deterministic
three-cycle A → B → C → A and has period three. At pA = 1, C is transient and the closed A,B class
alternates with period two; the full chain is also reducible. Thus, under the source’s irreducible-and-aperiodic
meaning,

0 < pA < 1.

The stationary distribution for an interior parameter is πA = πB = 1/(3− pA) and πC = (1− pA)/(3− pA),
obtained directly from the balance equations.

Structural or analytic derivation

Cycle lengths identify aperiodicity without computing eigenvalues. The stationary formula supplies a separate
normalization and balance check but cannot replace the period argument at the endpoints.

Comparative cost and preferred method

A finite graph-reachability and cycle-gcd test proves the classification exactly. Numerical simulation near
pA = 0 or 1 can mix slowly and would not establish the endpoint distinction. The standard graph method is
already the appropriate efficient method.

7.5 AC-088 | Full-support teleportation and ergodicity

Reference: [7], exercise 21.9.

Source task and conventions

Prove the claim for the source’s uniform teleport operation and state the essential assumptions.

Conventional solution and proof

Let W be a row-stochastic link matrix, with a probability row assigned to every dangling vertex. For 0 < α ≤ 1,
uniform teleportation gives P = (1− α)W + α11⊤/N , so Pij ≥ α/N > 0. Every state reaches every other in
one step and every state has a self-loop. Therefore the finite chain is irreducible and aperiodic. This proves
ergodicity for every directed link graph, including a graph with no edges after dangling rows are completed. A
separate quantitative proof uses distributions u, v:

∥P⊤u− P⊤v∥1 = (1− α)∥W⊤(u− v)∥1 ≤ (1− α)∥u− v∥1.
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The rank-one term cancels because both masses are one. Iteration on the compact probability simplex
converges to a unique fixed point, with distance at most 2(1− α)t from an arbitrary initial distribution. At
α = 0 the theorem fails, for example on a directed cycle. Teleportation with restricted support also need not
make the entire graph irreducible.

Structural or analytic derivation

The same operator has a convergent Neumann resolvent [I − (1− α)W⊤]−1 =
∑

k≥0(1− α)k(W⊤)k, whose
norm is at most 1/α. This turns the qualitative graph theorem into an error bound for computation.

Comparative cost and preferred method

To reach ℓ1 error ε from a probability initialization, t ≥ ⌈log(2/ε)/[− log(1 − α)]⌉ iterations suffice when
0 < α < 1; α = 1 needs one step. A sparse step costs O(E +N). This is a proved upper bound, not an exact
mixing time for every graph.

7.6 AC-089 | Uniform lower bounds and the collapse of PageRank

Reference: [7], exercise 21.10.

Source task and conventions

Prove the pagewise bound and quantify the α→ 1 limit.

Conventional solution and proof

Stationarity gives π = (1 − α)W⊤π + αu, u = 1/N . Each component of the first term is nonnegative, so
πi ≥ α/N . Since the other N − 1 components have the same lower bound,

πi ≤ 1− (N − 1)α/N = α/N + 1− α.

Hence |πi−πj | ≤ 1−α for every pair. More precisely, π = αu+(1−α)w for the probability vector w =W⊤π,
yielding

∥π − u∥∞ ≤ (1− α)(1− 1/N), ∥π − u∥1 ≤ 2(1− α)(1− 1/N).

Thus all scores tend to 1/N and pairwise contrasts vanish at least linearly. The elementary probability-simplex
bounds prove all three inequalities.

Structural or analytic derivation

Teleportation is an explicit convex mixture. This representation yields parameter-uniform bounds without
computing the particular graph’s stationary vector.

Comparative cost and preferred method

The score bounds require O(1) scalar work once N,α are given, whereas solving all N scores requires graph
access. The simpler output is a bound, not the complete ranking. Near-uniform scores do not make their
exact relative ordering automatically irrelevant or numerically certified.

7.7 AC-090 | Reproducing the seven-page PageRank example

Reference: [7], exercise 21.11.
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Source task and conventions

Compute the source example using its actual graph and teleport rate .14.

Conventional solution and proof

The ordered adjacency lists read from Figure 21.4 are

0 : [2], 1 : [1, 2], 2 : [0, 2, 3], 3 : [3, 4], 4 : [6], 5 : [5, 6], 6 : [3, 4, 6].

Let Wij = 1/di on these outgoing links and zero elsewhere; then P = (43/50)W +(1/50)11⊤. In particular its
three-outlink entries are 23/75, not exactly .31. Solve [I− (43/50)W⊤]π = (1/50)1. Exact rational elimination
gives

π =

(
10399

199557
,
2

57
,
7451

66519
,
120049

488775
,
730688299

3422402550
,
2

57
,
349755251

1140800850

)⊤

.

Numerically this is

(.05211042, .03508772, .11201311, .24561199, .21350156, .03508772, .30658747)⊤.

It sums exactly to one and satisfies the exact stationary equations. Rounding each component to two decimal
places reproduces (.05, .04, .11, .25, .21, .04, .31). The rounded printed vector sums to 1.01, and two rounded
printed transition rows also sum to 1.01; these are display-rounding effects, not a stochastic model to use
unchanged.

import numpy as np
adj = [[2], [1,2], [0,2,3], [3,4], [6], [5,6], [3,4,6]]
W = np.zeros((7,7))
for i, js in enumerate(adj):

W[i, js] = 1 / len(js)
pi = np.linalg.solve(np.eye(7) - .86*W.T, np.ones(7)*.02)
assert np.allclose(pi.sum(), 1)
assert np.allclose(pi, .86*W.T@pi + .02)

Structural or analytic derivation

The resolvent system gives the exact target without taking a long stochastic trajectory. Sparse fixed-
point iteration is an alternative; an approximate vector with residual r = π̂ − .86W⊤π̂ − .021 satisfies
∥π̂ − π∥1 ≤ ∥r∥1/.14.

Comparative cost and preferred method

For seven nodes, direct elimination is inexpensive and the strongest simple baseline. On a large sparse graph,
factorization fill-in can make iterative sparse products preferable. The exact rational calculation and residual
bound certify the reproduced digits; no improvement is inferred from using the word resolvent.

7.8 AC-091 | Sequential-disk PageRank

Reference: [7], exercise 21.12.

Source task and conventions

Give a correct streaming algorithm, its stopping certificate and its memory assumptions.

72



Conventional solution and proof

First consider the usual external-graph model in which two N -entry rank vectors fit in memory but the E
links do not. Keep the previous vector p fixed during a pass. Initialize s = 0 and dangling mass d = 0. Read
each adjacency list once in its stored order. For a nonempty list of node i, add pi/ deg

+(i) to sj for each
outgoing neighbour j; for an empty list add pi to d. Under uniform dangling completion set

pnew = (1− α)(s+ d1/N) + α1/N.

Do not update p in place while reading: that would change the iteration. By the definition of the adjacency
matrix, the accumulated s+ d1/N is exactly W⊤p, so each pass realizes the PageRank fixed-point map. Stop
when ∥pnew − p∥1/α ≤ ε; this bounds the error of p, and also bounds the new error by contraction. The a
priori bound 2(1− α)t supplies an alternative pass limit.

If even rank vectors do not fit, store rank records ordered by node identifier and merge them with the
sequential adjacency stream. Emit (j, pi/deg

+(i)) contribution records, externally sort by destination, sum
each destination group, add teleport/dangling mass and write the next rank file. Sorting and merging, or an
equivalent external aggregation, are necessary to combine contributions to nonconsecutive destinations. This
variant respects the inability to load the graph or the rank vector into memory.

Structural or analytic derivation

The graph traversal is a sparse matrix-vector product and the teleport term has rank one. The contraction
proof separates mathematical accuracy from the storage representation and applies to either streaming variant
in exact arithmetic.

Comparative cost and preferred method

With rank vectors in RAM, each pass reads O(N +E) graph records, performs O(N +E) arithmetic, and uses
O(N) RAM plus the current adjacency list. With external vectors, each pass additionally incurs external-sort
cost for E destination records. This is a genuine input/output complexity accounting; a dense transition
matrix would require N2 storage and violates the intended setting.

7.9 AC-092 | The support of topic-specific PageRank

Reference: [7], exercise 21.13.

Source task and conventions

Characterize the source set Y relative to the teleport seed set S.

Conventional solution and proof

Let S be the actual positive-probability support of the teleport vector v, and assume 0 < α < 1 and a fixed
row-stochastic link matrix W . The stationary vector is

π = α

∞∑
k=0

(1− α)k(W⊤)kv.

Every summand is nonnegative. Thus πi > 0 exactly when there is a positive-probability link-walk from a
seed in S to i, including a zero-length walk. Consequently Y is the forward-reachable closure of S and S ⊆ Y .
If the nominal sports list contains zero teleport weights, first replace it by supp v. At α = 1, link moves are
absent and Y = S directly. Dangling completion is part of W and can enlarge the reachable set.

Structural or analytic derivation

The nonnegative Neumann series turns stationary support into graph reachability. It also proves that an
unreachable page has exactly zero topic-specific PageRank, not merely a small numerical value.
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Comparative cost and preferred method

Breadth-first or depth-first reachability computes Y in O(N + E) time, without solving the stationary
probabilities. Restricting a subsequent solve to Y is exact. Reachability alone does not determine the relative
scores within Y .

7.10 AC-093 | A topic need not reach the entire web

Reference: [7], exercise 21.14.

Source task and conventions

Answer whether Y must contain every page.

Conventional solution and proof

No. Consider two pages with self-links only, and let the teleport support be S = {1}. Page 1 cannot reach
page 2 by a link walk, so the stationary vector is (1, 0)⊤ and Y = {1}. Starting at page 2, a positive teleport
probability eventually moves the surfer to page 1; there is no route back. This is compatible with a unique
stationary distribution despite reducibility of the full chain. For 0 < α < 1, Y equals all pages precisely when
every page is reachable from some positive-weight seed in the completed link graph.

Structural or analytic derivation

A two-vertex graph gives an exact counterexample and shows why nonempty topic support is weaker than
full-support teleportation.

Comparative cost and preferred method

The question is settled by two states and their reachability relation. Numerical iteration or spectral decompo-
sition adds no necessary information. The conventional graph counterexample is the preferred method.

7.11 AC-094 | A counterexample to pagewise topical monotonicity

Reference: [7], exercise 21.15.

Source task and conventions

Answer the source’s three-star question for a sports page in S.

Conventional solution and proof

Use deterministic links 0→ 0, 1→ 0, 2→ 1, seed set S = {0, 1} and α = 1/5. Under uniform teleportation on
all three pages, the balance equations give π2 = 1/15, π1 = 1/15+(4/5)(1/15) = 3/25, and π0 = 61/75. Under
uniform teleportation on S, there is no stationary mass at page 2, so πs,2 = 0, πs,1 = 1/10, and πs,0 = 9/10.
Thus

πs(1) = 1/10 < 3/25 = π(1), 1 ∈ S.

All values are nonnegative, sum to one and satisfy the respective equations. Removing teleportation to page
2 removes inflow that had supported sports page 1. The assertion is therefore false even when the sports
teleport distribution is uniform.
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Structural or analytic derivation

For a fixed link operator, π(vs)− π(vu) = α[I − (1− α)W⊤]−1(vs − vu). Although the inverse is nonnegative,
the difference vector has both signs. Positivity of the operator therefore does not imply positivity of every
sports coordinate.

Comparative cost and preferred method

The exact three-node counterexample resolves a universal claim with a few rational equations. Its source
difficulty rating is preserved; no measured human solution-time reduction is claimed. The structural sign
argument explains why a superficially plausible monotonicity proof cannot succeed.

7.12 AC-095 | The personalized teleportation chain

Reference: [7], exercise 21.16.

Source task and conventions

Construct and identify the stationary chain for a mixture of two topic interests.

Conventional solution and proof

Let W be the common row-stochastic link matrix, vs, vp the respective teleport probability vectors, 0 < α ≤ 1,
and 0 ≤ q ≤ 1. The described experiment first chooses whether to teleport with probability α; conditional on
teleporting it chooses sports with probability q and politics with probability 1− q, then a page according to
the corresponding topic vector. Therefore its transition matrix is

Pq = (1− α)W + α1[qvs + (1− q)vp]⊤.

Let vq = qvs + (1 − q)vp. The affine map Tqx = (1 − α)W⊤x + αvq preserves probability vectors and is a
contraction with factor 1− α, so it has exactly one stationary probability vector. The proposed personalized
vector qπs + (1− q)πp satisfies

Tq(qπs + (1− q)πp) = qTsπs + (1− q)Tpπp = qπs + (1− q)πp.

It is thus the steady-state distribution of precisely the random walk in the question. The endpoints q = 0, 1
reduce to the corresponding single topic.

Structural or analytic derivation

The same result follows from linearity of α[I − (1− α)W⊤]−1v. A common link and dangling-node policy is
essential. If the link operator itself changes with personalization, this displayed affine identity needs to be
rederived for that model.

Comparative cost and preferred method

After two topic solves, each full personalized vector costs O(N) mixing operations. For M users, independent
iterative computation costs O(Mt(E+N)), while basis reuse costs O(2t(E+N)+MN) and 2N stored scores.
If only a few coordinates are requested, output work can be reduced accordingly. Conventional topic-sensitive
PageRank already exploits this identity; the proof supplies its exact applicability conditions.
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7.13 AC-096 | Ergodicity on the reachable topic support

Reference: [7], exercise 21.17.

Source task and conventions

Prove the correct ergodicity statement and resolve the full-web qualification.

Conventional solution and proof

Let Sq = supp(qvs +(1− q)vp) and Yq its forward-reachable closure in the completed link graph for 0 < α < 1.
Every state in Yq can teleport to any seed in Sq, and from a suitable seed a link walk reaches any other state
of Yq. Thus the restricted chain on Yq is irreducible. A seed has a positive teleport self-loop, so this irreducible
class is aperiodic. It is closed under links and teleportation. Every state outside it has probability at least
α per step of entering Sq; the probability of avoiding it for t steps is at most (1 − α)t. Hence there is one
recurrent ergodic class and one globally attracting stationary distribution, zero outside Yq.

The literal assertion that the entire web chain is irreducible is false without reachability of every page. For
example, take three self-linked pages, sports seed 1 and politics seed 2, with 0 < q < 1. Page 3 cannot be
reached from either seed, so the full chain is reducible. At α = 1, the stationary vector is the teleport vector
and its positive-support class is again ergodic. Thus the personalized stationary distribution exists and is
unique under the source model, but full-state irreducibility requires Yq to equal the entire web.

Structural or analytic derivation

Contraction proves convergence and uniqueness on the full probability simplex even when states outside the
recurrent class are transient. Separating this fact from irreducibility avoids an incorrect use of the word
ergodic.

Comparative cost and preferred method

Reachability plus a teleport self-loop proves the recurrent-class claim in O(N +E) graph work. The fixed-point
iteration has the quantitative geometric bound already derived. A generic eigenvalue test is unnecessary to
establish these structural facts.

Source qualification

The source statement is completed with an explicit reachable-support qualification and a counterexample to
the unrestricted reading.

7.14 AC-097 | Coordinatewise mixture identity

Reference: [7], exercise 21.18.
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Source task and conventions

Prove the equality of every stationary coordinate in Exercise 21.17.

Conventional solution and proof

For each page i, the two stationary equations are

πs(i) = (1− α)
∑
j

Wjiπs(j) + αvs(i), πp(i) = (1− α)
∑
j

Wjiπp(j) + αvp(i).

Multiply the first by q, the second by 1− q, and add. The vector ri = qπs(i) + (1− q)πp(i) then satisfies the
personalized stationary equation. It is a probability vector. Uniqueness follows because if r, r′ are two fixed
points, ∥r− r′∥1 ≤ (1− α)∥r− r′∥1, forcing equality to zero for α > 0. Therefore the stationary probability is
exactly the claimed value at every page, including pages outside one or both topic supports.

Structural or analytic derivation

This coordinate proof is independent of diagonalizing the transition matrix. The same linearity extends to
any finite convex mixture of fixed-operator topic profiles.

Comparative cost and preferred method

For k precomputed topics, one requested coordinate costs O(k) arithmetic and the full N -coordinate vector
costs O(kN). Computing a separate stationary system for every mixture is redundant. Basis construction
and storage kN remain part of the total cost.

7.15 AC-098 | The first HITS update depends on update order

Reference: [7], exercise 21.19.

Source task and conventions

Compute one iteration using the sequential convention stated beneath Equation (21.8).

Conventional solution and proof

Let A be the directed adjacency matrix and initialize h(0) = a(0) = 1. The source states that hub scores are
recomputed first and authority scores then use the recomputed hubs. Thus

h(1) = A1 = dout, a(1) = A⊤h(1) = A⊤A1.

For a node v, the hub score is its out-degree and the authority score is
∑

u→v deg
+(u). With weighted links,

replace degrees by weighted row sums and include the incoming weight in the latter sum. If an implementation
uses simultaneous updates from the two old vectors instead, the first authority score is the in-degree A⊤1;
that is a different convention. Any stated normalization then divides the entire corresponding vector by its
chosen norm, without changing within-vector rankings.

Structural or analytic derivation

The two sparse products implement A⊤A without forming a potentially dense co-citation matrix. This
preserves the source’s sequential semantics and explains the second-order authority count.

Comparative cost and preferred method

The first sequential update takes O(E + N) work and vector storage; explicitly multiplying matrices to
form A⊤A can create O(N2) fill-in. Sparse composition is the appropriate standard implementation and the
structural method confirms it.
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7.16 AC-099 | Rank from a linear dependence

Reference: [7], exercise 18.1.

Source task and conventions

Determine the rank of the displayed 3× 3 matrix.

Conventional solution and proof

The displayed matrix is C =
(

1 1 0
0 1 1
1 2 1

)
. Its third row is the sum of its first two rows, so rank is at most two. Its

upper-left 2× 2 minor has determinant one, so rank is at least two. Therefore rankC = 2. The source calls
this matrix diagonal, but its displayed entries are not diagonal; the displayed matrix is the object solved here.

Structural or analytic derivation

A dependence witness proves the upper bound and one nonzero minor proves the lower bound. These are
complementary certificates and do not require approximate singular values.

Comparative cost and preferred method

A few exact row operations establish the answer. For a large numerical matrix a rank threshold requires
a noise/tolerance model, but that issue is absent in this integer example. The direct algebraic method is
preferable.

7.17 AC-100 | An eigenvalue and its full eigenspace

Reference: [7], exercise 18.2.

Source task and conventions

Verify λ = 2 for C =
(
6 −2
4 0

)
and find its eigenvectors.

Conventional solution and proof

The characteristic determinant is (6−λ)(−λ)+8 = λ2− 6λ+8 = (λ− 2)(λ− 4), so 2 is an eigenvalue. Solving
(C − 2I)v = 0 gives 4v1 − 2v2 = 0 in both rows. Thus every corresponding eigenvector is v = t(1, 2)⊤ with
t ̸= 0. Direct multiplication gives C(1, 2)⊤ = (2, 4)⊤ = 2(1, 2)⊤. A unit eigenvector is (1, 2)⊤/

√
5.

Structural or analytic derivation

The residual Cv − 2v = 0 is an exact certificate for a proposed nonzero eigenvector; the nullspace calculation
identifies the entire eigenspace.

Comparative cost and preferred method

For this 2 × 2 problem direct algebra is minimal. A general eigensolver provides no relevant asymptotic
advantage and introduces unnecessary rounding.

7.18 AC-101 | A normalized symmetric eigendecomposition

Reference: [7], exercise 18.3.

Source task and conventions

Compute the decomposition of Equation (18.4) and clarify its uniqueness convention.
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Conventional solution and proof

For S = ( 2 1
1 2 ), the normalized eigenvectors are u1 = (1, 1)⊤/

√
2 with eigenvalue 3, and u2 = (1,−1)⊤/

√
2

with eigenvalue 1. Hence

Q =
1√
2

(
1 1
1 −1

)
, Λ =

(
3 0
0 1

)
, S = QΛQ⊤.

One checks Q⊤Q = I and the product explicitly. A decomposition is not literally unique: columns may be
sign-changed or permuted together with the diagonal. Ordering the eigenvalues decreasingly and choosing
positive first coordinates gives the displayed convention. The preceding source prose lists the two eigenvectors
in the reverse correspondence to its listed eigenvalues; direct multiplication fixes the pairing.

Structural or analytic derivation

The two orthogonal directions are the symmetric and antisymmetric combinations of coordinates. Their
invariant one-dimensional subspaces diagonalize the operator without determinant expansion.

Comparative cost and preferred method

Two additions/subtractions provide the invariant directions. The symmetry method is simpler for this special
matrix; it is not a general complexity result for arbitrary symmetric matrices.

7.19 AC-102 | Term co-occurrence from an incidence matrix

Reference: [7], exercise 18.4.

Source task and conventions

Compute CC⊤ and interpret its diagonal.

Conventional solution and proof

For C =
(

1 1
0 1
1 0

)
, row inner products give

CC⊤ =

2 1 1
1 1 0
1 0 1

 .

For a binary incidence matrix, (CC⊤)ii =
∑

j C
2
ij =

∑
j Cij is the number of documents containing term

i, its document frequency. Off-diagonal entry (i, l) counts documents containing both terms. The diagonal
interpretation uses binarity; for term-frequency counts it becomes a sum of squared frequencies.

Structural or analytic derivation

The co-occurrence matrix is a Gram matrix of term-incidence vectors, so it is PSD and its diagonal counts
arise directly as squared feature norms.

Comparative cost and preferred method

If only matrix-vector actions are needed, use C(C⊤v) without storing the full co-occurrence matrix. With
sparse incidence this costs O(nnzC) per action. The question asks all nine entries, for which the direct product
is the appropriate small computation.

79



7.20 AC-103 | Exact verification of the printed thin SVD

Reference: [7], exercise 18.5.

Source task and conventions

Verify every SVD property using exact radicals in place of rounded decimals.

Conventional solution and proof

The exact matrices corresponding to the printed values are

U =

−2/√6 0

−1/
√
6 −1/

√
2

−1/
√
6 1/

√
2

 , Σ = diag(
√
3, 1), V ⊤ =

1√
2

(
−1 −1
1 −1

)
.

The squared norms of the columns of U are (4 + 1 + 1)/6 = 1 and (0 + 1 + 1)/2 = 1, and their inner product
is zero. The rows of V ⊤ likewise have unit norm and zero mutual inner product. The singular values are
nonnegative and decreasing. Multiplying the two rank-one terms gives

√
3u1v

⊤
1 =

 1 1
1/2 1/2
1/2 1/2

 , u2v
⊤
2 =

 0 0
−1/2 1/2
1/2 −1/2

 ,

whose sum is C from Equation (18.12). Thus C = UΣV ⊤ and U⊤U = V ⊤V = I2. This is a thin SVD; UU⊤

is a rank-two projector, not I3. For a full SVD append u3 = (−1, 1, 1)⊤/
√
3 and a zero row to Σ. The rounded

decimals in the source satisfy these equalities only approximately.

Structural or analytic derivation

The exact verification supplies all orthogonality and reconstruction certificates and resolves the distinction
between full and reduced SVD conventions.

Comparative cost and preferred method

Checking a supplied rank-r factorization costs the relevant matrix products, without solving an eigenproblem
again. For this example the radical arithmetic is exact and preferable to accepting rounded entries as exact
orthogonal matrices.

7.21 AC-104 | Document co-occurrence from a binary incidence
matrix

Reference: [7], exercise 18.6.

Source task and conventions

Interpret every entry of C⊤C.

Conventional solution and proof

Entry (j, l) is
∑

i CijCil, the number of vocabulary terms present in both documents j and l. On the diagonal
it counts distinct represented terms in that document. For the two-document example in Equation (18.12),
C⊤C = ( 2 1

1 2 ). If repeated occurrences are encoded as counts, the same product becomes an unnormalized
term-frequency inner product and loses the simple set-cardinality interpretation.
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Structural or analytic derivation

The document Gram matrix and term Gram matrix have the same nonzero eigenvalues, because they arise
from the same SVD. This is the basis of choosing the smaller dimension in latent semantic computations.

Comparative cost and preferred method

Compute a requested pair by intersecting its sparse term sets; materialize the full Gram matrix only when its
complete entries are needed. For a linear operator action, C⊤(Cv) avoids dense storage. No general time
improvement is claimed for writing an output containing all document pairs.

7.22 AC-105 | Term-frequency inner products

Reference: [7], exercise 18.7.

Source task and conventions

Compute the specified CC⊤ and interpret its large entries.

Conventional solution and proof

With C =
(

0 2 1
0 3 0
2 1 0

)
,

CC⊤ =

5 6 2
6 9 3
2 3 5

 .

For instance, terms 1 and 2 contribute 2 · 3 = 6 from document 2, whereas terms 1 and 3 contribute 2 · 1 = 2.
Diagonal entries are sums of squared counts. The product weights co-occurrence by magnitude; a large
diagonal can therefore reflect large raw counts and is not a normalized similarity score.

Structural or analytic derivation

Writing the product as a sum of document outer products CC⊤ =
∑

j cjc
⊤
j localizes each document’s

contribution and proves PSD simultaneously.

Comparative cost and preferred method

The three-column calculation is direct. In a sparse collection, outer-product accumulation can exploit
short documents, but the total work depends on the sum of squared document nonzero counts. The Gram
interpretation supplies correctness, not an unconditional sparse speedup.

7.23 AC-106 | The optimal rank-one approximation and its exact
error

Reference: [7], exercise 18.8.

Source task and conventions

Compute the rank-one approximation referred to by Equations (18.12)–(18.13).

81



Conventional solution and proof

The source’s “Example 18.12” and “Exercise 18.13” are references to the numbered equations. Using their
exact SVD gives

C1 =
√
3u1v

⊤
1 =

 1 1
1/2 1/2
1/2 1/2

 .

The residual is u2v⊤2 , so its Frobenius norm is ∥u2∥∥v2∥ = 1. Directly, its four nonzero entries have magnitude
1/2, and their squared sum is one. To prove optimality here without merely citing it, let B have rank at most
one. Its restriction to the two-dimensional span of v1, v2 has a nonzero kernel vector; choose a unit vector
w in that kernel. Then ∥(C −B)w∥ = ∥Cw∥ ≥ σ2 = 1, because ∥Cw∥2 = 3|⟨w, v1⟩|2 + |⟨w, v2⟩|2 ≥ 1. Since
∥C −B∥F ≥ ∥C −B∥2 ≥ 1, the displayed approximation attains the least possible error.

Structural or analytic derivation

Orthogonal singular components isolate the discarded energy exactly. The lower-bound witness proves
optimality over every rank-one competitor, not just over approximations obtained by deleting the second term.

Comparative cost and preferred method

A rank-one factorization stores M +N + 1 scalars and applies to a vector in O(M +N) arithmetic. For this
3× 2 example the factor representation is not smaller than the six original entries; it illustrates the theorem,
not a practical compression win at this size.

7.24 AC-107 | A rank-one SVD term is an outer product

Reference: [7], exercise 18.9.

Source task and conventions

Prove the equality in Exercise 18.9 with dimensions made explicit.

Conventional solution and proof

Here U1 = u1 ∈ RM×1, V1 = v1 ∈ RN×1 and σ1 is a scalar. For every entry (i, j),

(U1σ1V
⊤
1 )ij = ui1σ1vj1 = σ1(u1v

⊤
1 )ij .

Thus U1σ1V
⊤
1 = σ1u1v

⊤
1 . Its image is contained in spanu1, so it has rank at most one and exactly one when

σ1 > 0 and the vectors are nonzero. For any vector x, its action is σ1u1(v⊤1 x).

Structural or analytic derivation

The outer-product form is an exact separable representation of the two-index matrix. It is the finite-dimensional
prototype of a rank-one operator on a Hilbert space.

Comparative cost and preferred method

Applying the factors costs N dot-product terms and M scalar multiplications, versus MN products for a
materialized dense matrix. Producing all MN entries still costs Ω(MN) output work. The benefit applies to
operator actions and storage, not to avoiding a requested full output.
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7.25 AC-108 | Full and reduced singular-value arrays

Reference: [7], exercise 18.10.

Source task and conventions

Write both singular-value matrices for the 4× 2 example.

Conventional solution and proof

Example 18.3 has C =

(
1 −1
0 1
1 0
−1 1

)
. Its column Gram matrix is C⊤C =

(
3 −2
−2 3

)
, with eigenvalues 5, 1, so its

singular values are
√
5, 1. In a full SVD with U ∈ R4×4 and V ∈ R2×2,

Σ2 =


√
5 0
0 1
0 0
0 0

 , Σ′
2 =

(√
5 0
0 1

)
.

The reduced representation uses the first two columns of U , so it yields exactly the same product. The
example already displays a reduced SVD; its printed 2×2 array is therefore Σ′

2. Distinguishing that convention
explains why no additional zero rows appear in the example itself.

Structural or analytic derivation

For a general rank-k truncation, Ck =
∑k

j=1 σjujv
⊤
j = U ′

kΣ
′
kV

′⊤
k , because every omitted diagonal entry in the

full rectangular array is zero. Entrywise expansion proves the equality.

Comparative cost and preferred method

Storing factors requires k(M +N) + k scalars and applying them costs O(k(M +N)), compared with a full
matrix’s MN entries and action cost. This is useful when k ≪ min(M,N); at full rank of a small matrix it
need not reduce storage.
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Chapter 8

Foundations of Machine Learning

Mehryar Mohri, Afshin Rostamizadeh, Ameet Talwalkar. Reference problems and derived analyses.

8.1 AC-109 | PCA and the Rayleigh quotient

Reference: [8], exercise 15.1.

Source task and conventions

Prove both variance and maximal-variance assertions for the uncentred data matrix.

Conventional solution and proof

Let the columns be x1, . . . , xm ∈ RN , x̄ = m−1
∑

i xi, and Z = X − x̄1⊤. The projected observations are
si = u⊤xi and their mean is s̄ = u⊤x̄. Thus

1

m

∑
i

(si − s̄)2 =
1

m

∑
i

u⊤(xi − x̄)(xi − x̄)⊤u = u⊤Cu, C = ZZ⊤/m.

This proves (a), with the book’s divisor m. For (b), C is symmetric positive semidefinite because v⊤Cv =
∥Z⊤v∥2/m ≥ 0. By the real spectral theorem, C = Qdiag(λ1, . . . , λN )Q⊤, λ1 ≥ · · · ≥ 0. For ∥u∥ = 1, writing
a = Q⊤u gives u⊤Cu =

∑
j λja

2
j ≤ λ1

∑
j a

2
j = λ1. Equality holds precisely when u lies in the top eigenspace.

The leading left singular vector of Z is such a vector. If the top eigenvalue is repeated, the direction is not
unique; if Z = 0, every unit direction is optimal.

Structural or analytic derivation

The orthogonal decomposition Z = uu⊤Z + (I − uu⊤)Z gives

∥Z − uu⊤Z∥2F = ∥Z∥2F −mu⊤Cu.

Hence maximal variance and minimal rank-one projection residual are the same optimization problem. The
equality follows column by column from Pythagoras, so it also proves the variational interpretation without
differentiating a constrained objective.

Comparative cost and preferred method

Both correct spectral methods require centring. A covariance construction costs O(mN2) arithmetic and
O(N2) storage; a thin SVD can work directly with Z, at O(mN min(m,N)) classical dense cost. When
m ≪ N , the m ×m Gram formulation reduces the eigensystem dimension. The proof certifies the global
optimum; it does not establish a runtime advantage over an already appropriate thin-SVD implementation.
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Figure 8.1: Declared illustrative singular spectrum (6,3,1,0.3,0.1). Each retained singular direction
removes exactly its squared singular value from the Frobenius residual.

8.2 AC-110 | Nyström approximation as orthogonal projection

Reference: [8], exercise 15.4.

Source task and conventions

Complete parts (a)–(e), including singular landmark blocks and the specified storage calculation.

Conventional solution and proof

Let K = X⊤X ⪰ 0, write X = [X0 X1], and let the compact SVD be X0 = UrΣrV
⊤
r , where the diagonal

entries of Σr are positive. Then

W = VrΣ
2
rV

⊤
r , W † = VrΣ

−2
r V ⊤

r , X0W
†X⊤

0 = UrU
⊤
r =: P.

(a) Every principal submatrix of K is positive semidefinite: a⊤Wa = (a, 0)⊤K(a, 0) ≥ 0. Also WW †W =W
and K21W

†W = X⊤
1 X0VrV

⊤
r = K21. Expanding CW †C⊤ therefore reproduces the first row and column

blocks of K, and

K − K̃ =

(
0 0
0 K22 −K21W

†K⊤
21

)
.

The squared Frobenius norm is the sum of squared entries, proving the claimed norm equality.

(b) Since C = X⊤X0, the SVD calculation gives K̃ = X⊤PX. The matrix P is the orthogonal projector onto
ranX0: it fixes that span and annihilates its orthogonal complement. (c) For every a, a⊤K̃a = ∥PXa∥2 ≥ 0,
so K̃ is SPSD. The residual is also SPSD, since K − K̃ = X⊤(I − P )X. (d) If rankK = rankW , then
dim ranX = dim ranX0 and inclusion of the latter in the former implies equality. Consequently PX = X
and K̃ = K.

(e) With decimal M = 106, K = 103, and eight bytes per double, m = 20,000,000 gives 8m2 = 3.2 × 1015

bytes, or 3.2 PB. Storing C and W independently requires 8(ml+ l2) = 1.6008× 1012 bytes, or 1.6008 TB, for
l = 10,000. If the duplicated W rows inside C are not separately stored, storage is 8ml = 1.6 TB. These are
raw array counts, excluding workspaces and metadata.
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Structural or analytic derivation

The factorization K̃ = (PX)⊤(PX) proves symmetry, positivity, the residual sign and exactness in one
representation. A thin factor B = CVrΣ

−1
r gives K̃ = BB⊤ and can replace W † in subsequent operations.

The identity remains valid for singular W ; an ordinary inverse would fail in that case.

Comparative cost and preferred method

The full matrix has m2 entries; the stated approximation representation has ml + l2. Their ratio is m2/(ml +
l2) ≈ 1999.0005. Matrix-vector products can use B(B⊤v) in O(mr) arithmetic after factor construction,
compared with O(m2) for a stored dense matrix. This is an exact representation of the approximation, not a
claim that arbitrary landmarks have small error. When the rank condition in (d) holds, the representation is
exact. Landmark choice, kernel evaluation, factorization and external-memory costs must be included in an
application.

Graphical reference. See Figure 8.1 for the shared construction.

8.3 AC-111 | Positive rescaling of a kernel

Reference: [8], exercise 6.1.

Source task and conventions

Prove positive semidefiniteness of K(x, y)/(α(x)α(y)) for strictly positive α.

Conventional solution and proof

For arbitrary points x1, . . . , xm and real coefficients ci, put di = ci/α(xi). Symmetry is inherited from K, and∑
cicjK

′(xi, xj) =
∑

didjK(xi, xj) ≥ 0.

The denominators exist because α(x) > 0. This verifies the defining quadratic-form condition for every finite
sample, including repeated points.

Structural or analytic derivation

If K(x, y) = ⟨ϕ(x), ϕ(y)⟩, use ϕ′(x) = ϕ(x)/α(x). Equivalently the Gram matrix is the congruence D−1GD−1,
where D = diag(α(xi)). A congruence preserves positive semidefiniteness.

Comparative cost and preferred method

The symbolic certificate is independent of sample size. Scaling an already stored m×m Gram matrix costs
O(m2) arithmetic; testing it by a generic eigensolver costs O(m3) and only checks that one matrix. Both
proofs are elementary and equally short; no general computational speedup in evaluating the kernel is implied.

8.4 AC-112 | Eleven positive kernels: explicit feature and integral

Reference: [8], exercise 6.2.
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Source task and conventions

Prove parts (a)–(k). In part (e), identify the domain issue at zero.

Conventional solution and proof

We use three elementary closure facts. A feature inner product is PDS because its quadratic form is
∥
∑

i ciϕ(xi)∥2. Sums and nonnegative integrals of PDS kernels are PDS by linearity of finite quadratic
forms. Products are PDS: for finite Gram matrices write Gij =

∑
a viavja and Hij =

∑
b wibwjb; then

(G ◦H)ij =
∑

a,b(viawib)(vjawjb). Nonnegative power series follow by finite partial sums and pointwise limits.
In particular,

e−t∥x−y∥2

= e−t∥x∥2

e−t∥y∥2
∞∑

n=0

(2t)n

n!
⟨x, y⟩n

is PDS for t ≥ 0, since tensor powers represent the inner-product powers.

(a) cos(x− y) = cosx cos y + sinx sin y, with feature (cosx, sinx). (b) Compose this feature with x 7→ x2. (c)
Each summand is the inner product of the nth tensor powers of (cosx2i , sinx2i ); their direct sum is a feature
for the displayed sum.

(d) For x, y > 0, (x+ y)−1 =
∫∞
0
e−txe−ty dt, the inner product of the functions e−tx in L2(0,∞). They have

squared norm 1/(2x) <∞.

(e) For nonzero vectors, K(x, y) = ⟨x/∥x∥, y/∥y∥⟩. The angle with a zero vector is undefined, so the source
expression does not define a kernel on all of Rn. The stated proof applies on Rn \ {0}. Defining the feature at
zero to be zero provides a PDS extension, with K(0, y) = 0.

(f) Set v(x) = (cos 2x, sin 2x). Since ∥v(x)−v(y)∥2 = 4 sin2(x−y), the kernel is the Gaussian e−(λ/4)∥v(x)−v(y)∥2

.

(g) For a > 0 and s ≥ 0,

e−a
√
s =

a

2
√
π

∫ ∞

0

t−3/2e−a2/(4t)e−ts dt.

Here is a proof of the integral identity. Substituting u = a/(2
√
t) reduces the right side to 2I(b)/

√
π, where

b = a
√
s/2 and I(b) =

∫∞
0
e−u2−b2/u2

du. For b > 0, differentiation under the integral and the substitution
v = b/u give I ′(b) = −2I(b). Moreover I(0) =

√
π/2 and dominated convergence gives continuity at zero.

Thus I(b) = (
√
π/2)e−2b. With a = 1/σ, s = ∥x− y∥2, the positive Gaussian mixture proves (g).

(h) Use ϕx(t) = 1[0,x](t)− x in L2[0, 1]. Expanding its inner product gives min(x, y)− xy; endpoint choices on
null sets are immaterial.
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(i) The binomial expansion is

(1− s)−1/2 =
∑
n≥0

bns
n, bn =

(
2n

n

)
/4n > 0.

For ∥x∥, ∥y∥ < 1, use the Hilbert direct-sum feature ϕ(x) = (
√
bn x

⊗n)n≥0. Its norm is finite because∑
bn∥x∥2n = (1− ∥x∥2)−1/2. Its inner product is the required kernel.

(j) Since (1 + s)−1 =
∫∞
0
e−ue−us du, insert s = ∥x− y∥2/σ2 and use Gaussian positivity.

(k) The base kernel J(x, y) =
∑

i min(|xi|, |yi|) is PDS through the direct-sum features 1[0,|xi|](t). Therefore
eJ/σ

2

=
∑

n≥0 J
n/(σ2nn!) is PDS. All series and integrals used above converge at every pair in the declared

domain, so finite quadratic forms pass to their limits.

Structural or analytic derivation

The certificates specify finite features in (a), (b), and the tensor construction in (c), square-integrable functions
in (d), (h), and (k), and positive mixtures or analytic series in (f), (g), (i), and (j). These representations
also expose rank and singularities: (a)–(b) have sample Gram rank at most two; (i) requires strict unit-ball
membership; (e) requires a nonzero norm or an explicit extension.

Comparative cost and preferred method

A numerical eigenvalue test on one m-point sample cannot prove the all-samples definition. The feature/integral
proofs do. For (a)–(b), a Gram action Gc can use a two-column feature matrix in O(m) operations and O(m)
storage, compared with O(m2) for a materialized dense Gram matrix. For the remaining kernels, positivity
alone supplies no finite-rank reduction or approximation accuracy. The preferred method for the proof is
structural; the preferred evaluation algorithm depends on the kernel and data.

Source qualification

Part (e) is completed with an explicit corrected domain and extension. No value of an undefined angle is
assumed.
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Figure 8.2: The feature map (cos x, sin x) makes all Gram matrices PSD and of rank at most two.
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8.5 AC-113 | Two-step graph walks and Gram factorization

Reference: [8], exercise 6.3.

Source task and conventions

Interpret the source hint W and prove the resulting graph kernel is PDS.

Conventional solution and proof

Take the symmetric weighted adjacency matrix W , with zero for absent edges. The sum over length-two walks
from p to q is

K(p, q) =
∑
r∈V

WprWrq = (W 2)pq.

For any real vector c, c⊤Kc = c⊤W⊤Wc = ∥Wc∥2 ≥ 0. No nonnegativity assumption on the edge weights is
necessary. Symmetry is immediate.

Structural or analytic derivation

The feature of vertex p is its weighted adjacency row. The inner product of two such features sums their
weighted common-neighbour contributions. If “path” is required to be simple and hence to exclude the walk
p, r, p, the claimed theorem fails: a three-vertex path has zero diagonal and a positive (1, 3) entry, giving a

negative quadratic form on (1, 0,−1). The source’s matrix hint determines the walk interpretation used in
this solution.

Comparative cost and preferred method

With e nonzero adjacency entries, applying K as W (Wc) costs O(e) and uses the sparse adjacency representa-
tion, whereas storing a dense K uses O(|V |2) entries. The saving is output-sensitive: constructing all entries
of K still requires writing them. The proof is a universal factorization certificate, not a sample eigenvalue
check.

Source qualification

The word path is retained from the source, with the necessary walk convention explicitly resolved.

8.6 AC-114 | Symmetric-difference kernel

Reference: [8], exercise 6.4.
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Source task and conventions

Prove positivity of exp(−|A△B|/2).

Conventional solution and proof

Enumerate the finite universe and associate each set A with its indicator vector vA. Each coordinate contributes
one to ∥vA − vB∥2 precisely when membership differs, so |A△B| = ∥vA − vB∥2. The Gaussian expansion
proved in the preceding kernel dossier shows the kernel is PDS. Explicitly,

K(A,B) = e−|A|/2e−|B|/2e|A∩B|,

and |A∩B| = v⊤AvB is a feature inner product; its exponential is a convergent nonnegative sum of tensor-power
kernels.

Structural or analytic derivation

A second proof factors over the universe: K(A,B) =
∏

j k(vA,j , vB,j), where the two-state Gram matrix of k

is
(

1 e−1/2

e−1/2 1

)
. Its eigenvalues 1± e−1/2 are positive. Tensor products preserve positivity, including all 2|X|

sets simultaneously.

Comparative cost and preferred method

The product proof reduces positivity on an exponentially large set domain to a 2× 2 calculation and a proved
closure rule. Kernel evaluation can use a bitwise symmetric difference and population count; this conventional
implementation already realizes the set identity efficiently. No additional complex-analytic speedup is asserted.

8.7 AC-115 | Set-sum kernel

Reference: [8], exercise 6.5.

Source task and conventions

Prove positivity of the sum of a base kernel over two subsets.

Conventional solution and proof

For each subset A, let vA be its indicator vector indexed by the finite universe and let G be the base Gram
matrix. Then K ′(A,B) = v⊤AGvB . For sets Ai and coefficients ci,∑

i,j

cicjK
′(Ai, Aj) =

(∑
i

civAi

)⊤
G
(∑

j

cjvAj

)
≥ 0.

The kernel is symmetric because G is symmetric. Empty sets have zero feature and cause no exception.

Structural or analytic derivation

A base feature map gives the aggregate feature Φ(A) =
∑

x∈A ϕ(x). The set kernel is ⟨Φ(A),Φ(B)⟩. This
proves that the construction sums features without requiring pairwise expansion on each repeated query.

Comparative cost and preferred method

Direct evaluation uses |A||B| base-kernel calls. With an available d-dimensional base feature, aggregate
construction costs O(d(|A|+ |B|)) and each subsequent comparison costs O(d). The advantage requires feature
access and enough reuse; an arbitrary black-box kernel need not provide a small finite feature map.
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8.8 AC-116 | Two conditionally negative kernels

Reference: [8], exercise 6.6.

Source task and conventions

Prove parts (a) and (b) under the NDS zero-sum convention.

Conventional solution and proof

For a symmetric kernel, NDS means
∑

i,j cicjK(xi, xj) ≤ 0 whenever
∑

i ci = 0. (a) sin2(x − y) = (1 −
cos(2x − 2y))/2. The constant term has zero quadratic form, while the cosine term has quadratic form
(
∑

i ci cos 2xi)
2 + (

∑
i ci sin 2xi)

2. Its negative half is nonpositive. (b) For a > 0,

log a =

∫ ∞

0

e−t − e−at

t
dt.

The integral converges at zero and infinity; its derivative in a is
∫∞
0
e−atdt = 1/a and it vanishes at a = 1,

proving the identity. Inserting a = xi + xj and using
∑
ci = 0 gives∑

i,j

cicj log(xi + xj) = −
∫ ∞

0

(
∑

i cie
−txi)2

t
dt ≤ 0.

For positive xi, decay at infinity is exponential; at zero the numerator is O(t2) because the coefficients sum to
zero. Thus the displayed integral and the finite interchange are justified.

Structural or analytic derivation

The negative quadratic forms are explicitly squared norms. Part (a) uses a two-dimensional trigonometric
feature; part (b) uses a Laplace feature with the constant component eliminated by the zero-sum constraint.

Comparative cost and preferred method

Each proof treats all finite samples. Part (a)’s quadratic form can be evaluated in O(m) operations instead
of O(m2) pairwise evaluations. Part (b)’s integral certificate proves sign but does not supply a finite exact
evaluation algorithm for arbitrary points. NDS must not be confused with ordinary negative semidefiniteness
on unrestricted coefficient vectors.

8.9 AC-117 | A two-point obstruction to positive definiteness

Reference: [8], exercise 6.7.
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Source task and conventions

Determine whether |x− y| is PDS.

Conventional solution and proof

Choose points 0, 1. The Gram matrix is G = ( 0 1
1 0 ). For c = (1,−1)⊤, c⊤Gc = −2 < 0, so the kernel is not

PDS. Equivalently, its eigenvalues are 1,−1. A general PSD matrix with a zero diagonal entry must have the
corresponding row zero, because its 2× 2 principal minors satisfy |Gij |2 ≤ GiiGjj ; this kernel violates that
necessary condition.

Structural or analytic derivation

The counterexample is already minimal: one nonnegative diagonal value cannot disprove PDS, while two
distinct points do. This obstruction is more economical than constructing a large sampled Gram matrix.

Comparative cost and preferred method

Two points and one quadratic form certify failure for the entire proposed kernel. The conventional coun-
terexample is the preferred method; introducing contour integrals would add no information needed by the
question.

8.10 AC-118 | Fractional distance: non-PDS and NDS

Reference: [8], exercise 6.8.

Source task and conventions

Determine both signs for K(x, y) = ∥x− y∥3/2.

Conventional solution and proof

The two points 0, e1 give the same indefinite matrix as the preceding question, so K is not PDS. For NDS,
put α = 3/4. Integration by parts, with vanishing endpoint terms, yields for s ≥ 0

sα =
α

Γ(1− α)

∫ ∞

0

(1− e−ts)t−1−α dt.

Indeed the substitution u = ts reduces the integral to sαΓ(1− α)/α; at zero the integrand is O(t−α) and at
infinity O(t−1−α). For coefficients summing to zero,∑

i,j

cicj∥xi − xj∥3/2 = − α

Γ(1− α)

∫ ∞

0

c⊤Gtc t
−1−α dt ≤ 0,

where (Gt)ij = e−t∥xi−xj∥2

is PDS by the Gaussian feature expansion. The finite sum of convergent difference
integrals justifies the interchange.

Structural or analytic derivation

The exponent 3/2 is twice a number in (0, 1), so the distance power is a positive mixture of Gaussian-kernel
deficits. This gives a sign certificate on every Euclidean dimension and every finite point set.

Comparative cost and preferred method

The PDS decision takes a two-point test; the NDS conclusion requires a universal representation. A finite
eigensolver can supply a counterexample but cannot establish the all-samples NDS theorem. The mixture
proof improves verification scope, not the cost of evaluating one distance.
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8.11 AC-119 | Negative definiteness on a Hilbert space

Reference: [8], exercise 6.9.

Source task and conventions

Prove the source claim for K(x, y) = 1− ⟨x, y⟩.

Conventional solution and proof

For real coefficients with
∑

i ci = 0,

∑
i,j

cicj [1− ⟨xi, xj⟩] = (
∑
i

ci)
2 −

∥∥∥∥∥∑
i

cixi

∥∥∥∥∥
2

≤ 0.

Symmetry holds in a real Hilbert space. In a complex Hilbert space, use Hermitian symmetry and coefficients
ci ∈ C with

∑
i ci = 0, replacing the quadratic form by

∑
i,j cicjK(xi, xj) in a consistent inner-product

convention. The same norm identity applies.

Structural or analytic derivation

The constant kernel is annihilated on the zero-sum subspace, leaving the negative Gram form. No finite-
dimensional approximation to the Hilbert space is required.

Comparative cost and preferred method

The certificate uses one vector sum and one squared norm. For m vectors of finite dimension d, this is
O(md) instead of explicitly forming m2 pairwise inner products at O(m2d). Ordinary unrestricted negative
semidefiniteness would be a different and generally false assertion.

8.12 AC-120 | All least-squares solutions and the nullspace

Reference: [8], exercise 11.3.

Source task and conventions

Answer both rank and nonuniqueness questions with the source convention X ∈ RN×m.

Conventional solution and proof

(a) XX⊤ is invertible exactly when X has row rank N , since v⊤XX⊤v = ∥X⊤v∥2 vanishes exactly on kerX⊤.
This requires m ≥ N . (b) Let X = UrΣrV

⊤
r be a compact SVD. Then

w∗ = (XX⊤)†Xy = UrΣ
−1
r V ⊤

r y, X⊤w∗ = VrV
⊤
r y = X†Xy.

Consequently X⊤w = X†Xy holds exactly when X⊤(w − w∗) = 0. All solutions are

w = w∗ + v, v ∈ kerX⊤ or w = w∗ + (I −XX†)z, z ∈ RN .

The projector formula follows from XX† = UrU
⊤
r . Since w∗ ⊥ kerX⊤, ∥w∥2 = ∥w∗∥2 + ∥v∥2, proving that

w∗ is the unique minimum-norm solution even when the prediction-equivalent coefficient vector is not unique.
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Structural or analytic derivation

The fitted response is the unique orthogonal projection of y onto ranX⊤. The coefficient ambiguity is a whole
affine nullspace. This distinction prevents a singular inverse from being treated as an admissible formula.

Comparative cost and preferred method

A rank-revealing SVD or QR supplies the solution and its complete nullspace certificate in one factorization.
Normal-equation inversion is inadmissible when rank deficient and squares the condition number when full
rank. A suitable conventional rank-revealing factorization is already the preferred algorithm; the gain is a
complete characterization, not a new asymptotic improvement.

8.13 AC-121 | Kernel perturbation and the resolvent identity

Reference: [8], exercise 11.4.

Source task and conventions

Prove the dual-parameter perturbation bound and explicitly adjudicate the printed sign.

Conventional solution and proof

Put A = K + λI, A′ = K ′ + λI, with K,K ′ ⪰ 0, λ > 0, and α = A−1y, α′ = A′−1y. Multiplying out gives

A′−1 −A−1 = A′−1(A−A′)A−1,

hence
α′ − α = −A′−1(K ′ −K)A−1y.

This has the opposite sign from the displayed identity in part (a); the source hint has the correct minus
sign. A scalar counterexample is K = 0,K ′ = 1, λ = y = 1: the actual difference is −1/2, while the printed
right side is +1/2. For (b), spectral positivity gives ∥A−1∥2, ∥A′−1∥2 ≤ 1/λ. If |yi| ≤M , then ∥y∥2 ≤

√
mM .

Submultiplicativity therefore yields

∥α′ − α∥2 ≤ λ−2∥K ′ −K∥2
√
mM.

These arguments include singular unregularized K, since adding λI makes both matrices positive definite.

Structural or analytic derivation

The identity is an exact first-resolvent identity, not a first-order approximation. It also gives the sharper
a posteriori bound ∥α′ − α∥ ≤ ∥K ′ −K∥ ∥α∥/λ, and bounds using actual smallest eigenvalues can replace
λ−2. If ∆K = UV ⊤ has small rank, the Woodbury update follows by multiplying the proposed inverse and
checking the identity, provided I + V ⊤A−1U is invertible.

Comparative cost and preferred method

The norm bound certifies all perturbations of a declared size without refitting each one. It is a verification
benefit; computing an exact spectral norm can itself be costly. A known perturbation-norm bound or a
low-rank factor is required for a practical reduction. The sign correction is essential even though the norm
inequality is unaffected by it.
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8.14 AC-122 | Unregularized regression has no uniform stability
bound

Reference: [8], exercise 14.3.

Source task and conventions

Examine the limit in Corollary 14.6 and construct a counterexample at λ = 0.

Conventional solution and proof

(a) With the source constants held fixed, the additive terms are

4Mr2

λm
+

(
8Mr2

λ
+M

)√
log(1/δ)

2m
,

which diverge as λ ↓ 0 when the relevant constants are nonzero. Thus this corollary gives no finite unregularized
guarantee. Allowing a loss bound M to depend on λ cannot improve this conclusion without additional
control. (b) Consider one-dimensional least squares with m examples, m− 1 copies of (x, y) = (0, 0), and one
example (ε, 1), 0 < ε ≤ 1. The unique empirical minimizer is w = 1/ε. Replace the last example by (ε, 0);
the unique minimizer is w′ = 0. Both datasets have bounded inputs and labels. At the test point (1, 0) their
squared losses differ by 1/ε2, which is arbitrarily large. Therefore no finite uniform stability bound holds over
this input/label class, even for fixed m. The failure is caused by arbitrarily small design singular values, not
by choosing among nonunique minimizers.

Structural or analytic derivation

Regularization supplies the lower spectral bound λI ⪯ XX⊤ + λI. At zero regularization a bound is possible
only on a restricted class with a uniform positive design-eigenvalue bound, or another hypothesis that controls
prediction changes. The counterexample identifies the missing assumption exactly.

Comparative cost and preferred method

One scalar construction disproves a uniform theorem for every sample size. No amount of repeated numerical
refitting proves stability over the unrestricted class. This is a necessary-condition result; it gives no speedup
claim and does not say that all unregularized regressions are unstable.

8.15 AC-123 | Exact leave-one-out kernel ridge regression

Reference: [8], exercise 11.9.
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Source task and conventions

Complete all four parts with a fixed unnormalised regularization convention and the corrected denominator.

Conventional solution and proof

Use the RKHS objective JT (h) =
∑

(x,y)∈T (h(x)− y)2 + λ∥h∥2, λ > 0. It is strictly convex and coercive, with
a unique minimizer. For (a), replace the ith label by hSi(xi) (the printed hSi(yi) is a type error). Adding
the term (h(xi)− hSi(xi))

2 to JSi leaves its minimizer unchanged: the term is nonnegative and is zero there.
Thus hSi = hS′

i
.

(b) Write C = (K + λI)−1 and H = KC = CK. The representer calculation, or first-order normal equations
in the span of kernel sections, gives fitted values Hy(i) for the replaced-label vector. Symmetry of H gives

hSi
(xi) = e⊤i Hy

(i) = (y(i))⊤CKei.

Let ti = hSi
(xi) and ŷi = hS(xi). Since y(i) = y + (ti − yi)ei,

ti = ŷi +Hii(ti − yi), ti − yi =
ŷi − yi
1−Hii

.

The denominator is strictly positive: I −H = λC ≻ 0. Therefore (c) has the corrected expression

R̂LOO =
1

m

∑
i

(
ŷi − yi
1−Hii

)2

=
1

m

∑
i

(
αi

Cii

)2

, α = Cy.

The source prints Hii in the denominator; with K = 2I, λ = 1, y = 1, the true LOO risk is 1, while that
expression is 1/4.

(d) If all diagonal entries equal γ, then R̂LOO = R̂S/(1 − γ)2. Since 0 ⪯ H ≺ I, 0 ≤ γ < 1. For positive
empirical risk the errors coincide exactly at γ = 0. If the empirical risk is zero they coincide for every admissible
γ; with λ > 0 and this strictly regularized formulation, zero training residual forces y = 0. Under averaged-loss
conventions, deletion changes the effective coefficient unless λ is adjusted to keep the unnormalised penalty
fixed.

Structural or analytic derivation

An independent derivation partitions A = K +λI around coordinate i. Its Schur complement s = a− b⊤B−1b
is positive; block inversion gives Cii = 1/s and αi = (yi − b⊤B−1y−i)/s. The deleted prediction is b⊤B−1y−i,
so the deleted residual is exactly αi/Cii. This proves the shortcut without solving m separate systems.

Comparative cost and preferred method

Independent dense refitting uses m factorizations of order m− 1, giving O(m4) arithmetic. One factorization
plus all inverse-diagonal entries costs O(m3), including triangular solves against the identity; storage remains
O(m2). Solving only for α is insufficient: the diagonal must also be computed. The matched benchmark
checks every residual against explicit deletion. The identity does not apply exactly to logistic regression or to
a preprocessing step that is re-estimated after each deletion without further analysis.

96



25 26 27

Input size

10−1

100

101

El
ap
se
d 
ti
me
 (
ms
)

Conventional computation
Structural computation

Figure 8.3: Kernel ridge LOO: medians and min/max ranges of seven complete calls; both methods
return the same full output. Setup in each implementation is included.

8.16 AC-124 | Birthday collisions with one favoured floor

Reference: [8], exercise D.1.

Source task and conventions

Answer all three elevator-model questions, separating the requested approximation from exact threshold
checks.

Conventional solution and proof

For independent passengers with floor probabilities p1, . . . , pF , the exact no-collision probability for n passengers
is n!en(p1, . . . , pF ), where en is the elementary symmetric polynomial. This follows by summing products
over ordered distinct floors. The expected number of colliding pairs is Λ =

(
n
2

)∑
j p

2
j . The usual rare-collision

approximation is P (collision) ≈ 1− e−Λ; it is not an identity for a heavily favoured floor.

(1) For uniform floors, P (no collision) = (F )n/F
n =

∏n−1
j=0 (1 − j/F ). Expanding log(1 − u) = −u+ O(u2)

gives logP = −n(n − 1)/(2F ) + O(n3/F 2) when n/F is small. Thus the approximate threshold solves
n(n− 1) > 2F log 2. For F = 30, both the approximation and exact product give n = 7: collision probabilities
at n = 6, 7 are 0.41355556 and 0.53084444.

(2) If one floor has probability q and all others have p = (1− q)/(F − 1), at most one passenger may choose
the favoured floor in a collision-free sample. Hence

P0(n) = (F − 1)np
n + nq(F − 1)n−1p

n−1,

with a falling factorial equal to zero when too many distinct floors are requested. The pair approximation uses
s2 = q2 + (1− q)2/(F − 1) and the first integer n satisfying

(
n
2

)
s2 > log 2. For F = 30, q = 1/4, 7/20, 1/2, the

approximate and exact thresholds are respectively 5, 4, 3. Exact collision probabilities at those thresholds are
0.51637260, 0.51051914, 0.52556480; at one fewer passenger they are 0.36576044, 0.32480380, 0.25862069. With
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q = 1/2, F = 1000, n = 3 still suffices: the probability is 0.50075050 > 1/2, while n = 2 gives 0.25025025. In
the infinite-floor limit the three-passenger probability tends to 1/2, so strictness matters.

(3) From guard data, estimate destination frequencies with explicit sampling periods, occupancy and missing-
data rules; stratify by time, entry floor, group membership and building use. Assess dependence between
passengers travelling together. A fitted joint/group model or a validated resampling model is preferable to
assuming independent identical draws without checking. No numerical model can be fitted here because no
guard observations are supplied.

Structural or analytic derivation

The generating polynomial
∏

j(1 + pjz) contains every no-collision probability as n![zn]. Its coefficients can

be computed by the recurrence e(j)k = e
(j−1)
k + pje

(j−1)
k−1 . This also gives an exact algorithm for arbitrary

nonuniform probabilities and avoids enumerating all Fn assignments.

Comparative cost and preferred method

Coefficient dynamic programming through order n costs O(Fn) arithmetic and O(n) storage, versus Fn

assignments in direct enumeration. The special one-favoured-floor formula costs O(n) with running products.
A standard birthday-product calculation is already optimal for the uniform model. The rare-collision formula
is reported as an approximation and independently checked at each requested threshold.

8.17 AC-125 | Label-bias estimation and an exponential certificate

Reference: [8], exercise D.2.

Source task and conventions

Construct the empirical estimate and prove the stated high-probability bound.

Conventional solution and proof

Let Bi = 1{f(Xi) = +1} for i.i.d. Xi ∼ D and set p̂ = m−1
∑

iBi. Then Ep̂ = p+. For completeness,
if B ∼ Bernoulli(p), define ψ(t) = logEet(B−p). Exponential tilting makes ψ′′(t) a Bernoulli variance, so
0 ≤ ψ′′(t) ≤ 1/4. Since ψ(0) = ψ′(0) = 0, integration twice gives ψ(t) ≤ t2/8 for every real t. Independence
and Markov’s inequality imply

P (p̂− p ≥ ε) ≤ inf
t>0

exp(−tmε+mt2/8) = e−2mε2 ,

using t = 4ε. Apply the same argument to −Bi and the union bound. Thus P (|p̂− p| ≥ ε) ≤ 2e−2mε2 . For
0 < δ < 1, choosing ε =

√
log(2/δ)/(2m) proves the requested confidence statement. Values δ ≥ 1 provide no

substantive confidence claim.

Structural or analytic derivation

The moment-generating function packages all Bernoulli moments into one convex scalar function. Its curvature
bound supplies a uniform tail certificate, while direct binomial summation provides an exact finite-m probability
when p is known.

Comparative cost and preferred method

The estimator requires one pass, O(m) time and O(1) storage; an adversarial input can alter an uninspected
label, so an exact count requires all labels in the ordinary input model. Exponential-moment analysis improves
the distribution-free sample guarantee over variance-only bounds. It does not accelerate the already linear
empirical count.
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8.18 AC-126 | Optimal testing of two biased coins

Reference: [8], exercise D.3.

Source task and conventions

Prove the five lower-bound and optimality statements and give a sufficient sample size.

Conventional solution and proof

Let P be the m-toss law for coin A, whose head probability is p = (1− ε)/2, and Q that for coin B, whose
head probability is 1− p. Their prior probabilities are equal. The likelihood ratio for a sequence with N heads
is

P (s)/Q(s) =

(
1− ε
1 + ε

)2N−m

.

It exceeds one exactly when N < m/2. Selecting the larger posterior at each sequence minimizes its
contribution to the total error; summing proves (e), including arbitrary tie choices at N = m/2.

(a) For even m, symmetry gives

Em = PA(N > m/2) + 1
2PA(N = m/2) ≥ 1

2PA(N ≥ m/2),

which is the requested inequality.

(b) A complete affinity bound gives a slightly stronger result. Let ρ =
∑

s

√
P (s)Q(s) = (

√
1− ε2)m. By

Cauchy–Schwarz,
TV(P,Q) = 1

2

∑
s

|
√
P −

√
Q|(
√
P +

√
Q) ≤

√
1− ρ2.

The Bayes error is Em = (1 − TV)/2. Since log(1 − u) > −u/(1 − u) for 0 < u < 1 (differentiate their
difference, which vanishes at zero),

Em ≥ 1
2{1−

√
1− (1− ε2)m} > 1

4{1−
√
1− e−mε2/(1−ε2)}.

This proves the displayed bound in (b).

(c) The optimal error cannot increase with more observations, because a rule can ignore the additional toss.
For odd m, Em ≥ Em+1, and the even-case bound with m+ 1 gives the stated exponent 2⌈m/2⌉ε2/(1− ε2).
The affinity proof in fact also works directly for odd m.

(d) If Em ≤ δ < 1/4, the strict bound forces

2⌈m/2⌉ > 1− ε2

ε2
log

1

8δ(1− 2δ)
.

For fixed δ < 1/4 this is Ω(ε−2); as δ ↓ 0 it is Ω(ε−2 log(1/δ)) in the small-bias regime. This is a necessary
bound, not sufficient. Hoeffding applied to the threshold rule gives Em ≤ e−mε2/2, so m ≥ 2ε−2 log(1/δ) is
sufficient. Together with (e), the lower bound applies to every decision rule.

Structural or analytic derivation

The sufficient statistic is the count of heads. Grouping the 2m possible sequences by that count reduces exact
error computation to a binomial tail with at most m+ 1 terms. The likelihood-ratio proof establishes that no
more elaborate classifier improves the error for the declared equal-prior model.

Comparative cost and preferred method

Exact evaluation costs O(m) recurrence steps for the binomial probabilities, versus 2m sequence enumeration.
Runtime to read the tosses is necessarily Ω(m) for an exact head count. The lower and upper sample-complexity
bounds agree in order; they are not an exact least-integer sample threshold, which can be found from the
binomial error.
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8.19 AC-127 | Optimizing a tail-to-moment bound

Reference: [8], exercise D.4.

Source task and conventions

Integrate the specified sub-Gaussian tail and resolve the stated range c > 0.

Conventional solution and proof

For a nonnegative random variable, Tonelli’s theorem applied to X2 =
∫∞
0

1{X2 > t} dt gives

EX2 =

∫ ∞

0

P (X2 > t)dt ≤
∫ ∞

0

min(1, ce−2mt)dt.

For c ≥ 1, split at u = (log c)/(2m) ≥ 0. The integral is u+ ce−2mu/(2m) = (log c+ 1)/(2m), proving the
intended statement. Equivalently, differentiating u+ ce−2mu/(2m) on u ≥ 0 gives its unique minimizer at that
point. For 0 < c < 1, the minimizer over u ≥ 0 is u = 0, and the valid bound is c/(2m). The printed formula
for all c > 0 is false. Let X = 0 with probability 1− c and, with probability c, let X =

√
Y for Y ∼ Exp(2m).

Then P (X > t) = ce−2mt2 for t > 0 and EX2 = c/(2m) > (1 + log c)/(2m). Thus the sharp consequence of
the given tail envelope is

EX2 ≤

{
c/(2m), 0 < c ≤ 1,

(1 + log c)/(2m), c ≥ 1.

Both branches are attainable by a distribution whose survival function is the displayed minimum.

Structural or analytic derivation

The probability cap P ≤ 1 is a constraint in the scalar optimization. Retaining it determines the breakpoint
c = 1 and supplies an extremal distribution, which proves optimality of the bound within the stated tail class.

Comparative cost and preferred method

One analytic integration and a one-variable constrained minimum yield the best possible bound from the
supplied envelope. Numerical quadrature would add approximation error and would not by itself certify
optimality. This is an exact extremal result, not a measured speedup.

8.20 AC-128 | Hoeffding versus Chebyshev with the missing
indepen-

Reference: [8], exercise D.5.

Source task and conventions

Compare the two bounds and produce the requested ε = .05 plot.

Conventional solution and proof

As printed, the source assumes only common mean and variance. Independence is needed for the usual 1/m
variance reduction and Hoeffding product argument. Indeed, setting every Xi = B for one Bernoulli(1/2)
variable gives P (|X̄−1/2| > .05) = 1 for every m, contradicting the proposed exponential decay. The following
solves the intended independent bounded-variable version explicitly.

(a) Independence gives Var X̄ = σ2/m. Markov’s inequality applied to (X̄ − µ)2 gives

P (|X̄ − µ| > ε) ≤ min{1, σ2/(mε2)}.
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ForX ∈ [0, 1], the tilted distribution still lies in [0, 1] and has variance at most 1/4: VarX ≤ E(X−1/2)2 ≤ 1/4.
The log-mgf curvature proof used in the label-bias solution therefore gives Hoeffding’s bound min{1, 2e−2mε2}.
Before clipping at one, Chebyshev is tighter exactly when

σ2 < 2mε2e−2mε2 .

After clipping, this strict comparison additionally requires the Chebyshev expression to be below one; otherwise
the two displayed guarantees may simply tie at one.

(b) For Bernoulli variables σ2 = p(1− p) = 1/4− (p− 1/2)2 ≤ 1/4. At ε = .05, plot

Cm = min(1, 100/m), Hm = min(1, 2e−m/200).

The enclosed graph uses integer m = 1, . . . , 3000 and a logarithmic vertical scale. It shows a finite moderate-
m range in which the variance bound is smaller, followed by exponential superiority for sufficiently large
m. With dependence retained, the general Chebyshev bound must instead use the actual covariance sum
m−2

∑
i,j Cov(Xi, Xj); the common-variance assumption alone only bounds it by σ2.

Structural or analytic derivation

The comparison is a comparison of certified tail envelopes at the same tolerance. Independence is a mathematical
input, and the counterexample proves that it cannot be introduced implicitly.

Comparative cost and preferred method

Both bound evaluations are O(1) for a specified m. Their useful difference is sample complexity: the worst-
Bernoulli Chebyshev guarantee requires m ≥ 1/(4δε2), while Hoeffding requires m ≥ log(2/δ)/(2ε2). Neither
is uniformly the smaller bound for all known variances and sample sizes.
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Figure 8.4: Independent Bernoulli observations at tolerance 0.05. The clipped bounds can exchange
order; dependence invalidates the source’s unqualified formulas.

8.21 AC-129 | Random projections, PCA and MNIST nearest-
neighbour overlap

Reference: [8], exercise 15.6.
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Source task and conventions

Complete parts (a)–(f) for the first 2,000 original MNIST test images: exact neighbour sets,
Gaussian projections, overlap scores and PCA comparisons.

Conventional solution and complete derivation

Data and exact reference sets. Part (a) specifies the first m = 2000 test images, with all digit
labels retained, not a binary classifier or a training subset. Parse the unsigned-byte IDX header,
verify magic number 2051, count and shape 28× 28, and place image i in column xi ∈ R784 of X.
The program uses a points-by-features transpose internally and records both conventions. For
part (b), compute the squared distances d2ij =

∑784
r=1(Xri−Xrj)

2. Exclude j = i, order candidates
by (d2ij , j) to specify ties, and retain the first 10 and 50 indices. Squared distance gives the same
order as distance because the square root is increasing on nonnegative numbers. On the original
integer pixels, the sums are at most 784 · 2552 < 253 and are exactly representable in binary64
when accumulated by direct squared differences.

Gaussian projection and scores. For (c), generate A ∈ R100×784 with independent standard
normal entries, set X̃ = AX, and repeat the ten-neighbour computation with the same self-
exclusion and tie rules. The delivered program uses a recorded seed and common prefixes of one
500-row Gaussian matrix for the requested dimensions. Dividing A by

√
k would not change any

projected neighbour ordering, but the implementation retains the source’s unscaled matrix. For
(d), compute exactly

s10(k) =
1

2000

∑
i

|Ni,10 ∩ Ñi,10|, s50(k) =
1

2000

∑
i

|Ni,50 ∩ Ñi,10|.

Each summand in both scores is between zero and ten, and s10(k) ≤ s50(k) ≤ 10. The second
score still uses ten projected neighbours; changing it to a fifty-versus-fifty comparison would
answer a different question. Sets and every per-observation intersection count are saved, so both
reported means are exactly reproducible from the integer outputs.

Dimension sweep and PCA. Part (e) repeats this construction for dimensions k in the
set {1, 10, 50, 100, 250, 500} and plots both scores against k. The program generates both plots
from the actual results. For (f), centre the image columns, compute Xc = UΣV T, and project
with UT

k Xc. The same neighbour and score procedures then produce the PCA curves. Centring
translates all original images equally and therefore leaves their pairwise distances unchanged. A
principal basis is computed once, and all six ranks use its prefixes; all observations participate in
this unsupervised empirical representation, as requested by the exercise.

PCA minimizes ∥(I − P )Xc∥2F among rank-k orthogonal projections: in an eigenbasis of
XcX

T
c , tr(PXcX

T
c ) =

∑
j σ

2
j pjj , with 0 ≤ pjj ≤ 1 and

∑
pjj = k. Moving weight to the k

largest eigenvalues maximizes that sum and proves the minimum residual
∑

j>k σ
2
j . This is an

average reconstruction optimum, not a theorem that PCA maximizes nearest-neighbour overlap.
Likewise Gaussian projections have a probabilistic distance-preservation guarantee, not an exact
monotonicity guarantee for one sampled sequence of overlap scores. Greater dimension generally
retains more distance information; the relative measured quality of PCA and Gaussian projection
depends on the data’s variance structure and local neighbour gaps. A claimed numerical winner
must be obtained from the actual curves.

The original MNIST test image file was unavailable during this execution. The volume
consequently supplies the complete original-data program and the mathematical analysis, with
no invented overlap values or plots. The program is executed on a separately identified synthetic
validation matrix to verify shapes, tie handling, set inclusions and score ranges; those values are
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not substituted for the requested MNIST result. A source-specific empirical completion consists
of running the supplied program with the original test file and retaining its two generated plots
and records.

Structural or analytic formulation

A quantitative analytic certificate explains when a Gaussian projection preserves the source scores.
For a fixed nonzero displacement v, ∥Av∥2/∥v∥2 is chi-square with k degrees of freedom. Its
moment-generating function is (1− 2t)−k/2 for t < 1/2: the one-dimensional identity follows by
completing the square in a Gaussian integral, and independence multiplies the factors. Chernoff’s
bound with t = ϵ/[2(1+ ϵ)] gives the upper tail exp{−k[ϵ− log(1+ ϵ)]/2}. Applying the negative-
parameter version gives lower tail exp{−k[−ϵ− log(1− ϵ)]/2}. Integrating the geometric series, or
differentiating the difference, shows for 0 < ϵ < 1 that both are bounded by exp{−k(ϵ2/4− ϵ3/6)}.
A union bound over the m(m − 1)/2 image pairs therefore bounds the probability that any
squared distance leaves its (1± ϵ) interval after division by k by

m(m− 1) exp{−k(ϵ2/4− ϵ3/6)}.

No independence among pairwise-distance events is needed for this union bound. The bound
is clipped at one if necessary. Let di,(j) be the ordered original distances. On this distance-
preservation event, if (1− ϵ)d2i,(11) > (1+ ϵ)d2i,(10), every original top-ten point remains closer than
every outsider, so its overlap is exactly ten. If instead (1− ϵ)d2i,(51) > (1 + ϵ)d2i,(10), at least ten
points inside the true fifty are projected closer than every outside point, giving the fifty-versus-ten
overlap of ten. These inequalities prove the corresponding row-level score guarantees and explain
why ties or small gaps can disrupt neighbour recovery despite small relative distance error. The
sum of pairwise retained squared distances is 2m∥PXc∥2F ; expansion of the double sum and∑

i xc,i = 0 prove this identity. Hence PCA optimizes total retained pairwise energy, but that
objective does not order the individual neighbour gaps.

Comparative efficiency and scope

Direct original distances cost O(m2N) arithmetic and O(m2) storage if retained. After a dense
Gaussian map, construction costs O(mNk) and distances cost O(m2k), with O(mk+m2) working
storage. The pair-distance arithmetic alone is reduced by N/k, namely 784/k here; projection
setup and sorting must also be counted. The supplied fully sorted, deterministic tie rule costs
O(m2 logm) comparisons. A partial-selection implementation can reduce selection work while
preserving its explicit tie contract. For m = 2000, one dense binary64 distance matrix uses
32, 000, 000 bytes. The required original neighbour references are computed only once and reused
for all twelve projected comparisons. A classical dense SVD costs O(mN min(m,N)), followed
by O(mNk) projected coordinates; all ranks reuse that SVD. This setup can dominate small
numbers of queries. No runtime or overlap superiority of PCA is claimed without its actual
original-data run. The exact gap certificate and the proved operation/storage counts remain valid
independently of that missing measurement.

Source qualification. This is exercise 15.6 on random projection, PCA and neighbours. No
3-versus-8 classification or SVM exercise is substituted.
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Chapter 9

The Elements of Statistical Learning

Trevor Hastie, Robert Tibshirani, Jerome Friedman. Reference problems and derived analyses.

9.1 AC-130 | Population structure and the complete 200-
observation experiment

Reference: [9], exercise 14.15.

Source task and conventions

Generate the prescribed Gaussian observations and compare the leading principal and factor-
analysis directions.

Conventional solution and complete derivation

Let Z1, Z2, Z3 be independent N(0, 1) and set X1 = Z1, X2 = Z1 + .001Z2, X3 = 10Z3. The
population covariance is

Σ =

1 1 0

1 1 + 10−6 0

0 0 100

 .

Its upper-block eigenvalues are [2 + 10−6 ±
√
4 + 10−12]/2, both less than 100. Hence the leading

population principal component is exactly e3. For any unit vector, its variance is the Rayleigh
quotient of Σ; diagonalizing the upper block proves no other unit direction exceeds 100. By
contrast, the factor representation is X = Lf + η with L = (1, 1, 0)T, Var f = 1, and Cov η =
diag(0, 10−6, 100). Independence of the three original Gaussians proves the required independence
and covariance properties. The factor loads on the common component X1 + X2; the large
third-coordinate variance is unique noise in this model. The supplied execution generates 200 rows
using NumPy’s generator seed 20261006, centres them, and computes an SVD. Its leading sample
principal direction is (−0.01053713,−0.01053279, 0.99988901)T. A one-factor Gaussian fit in unit-
variance coordinates, using deterministic LAPACK SVD with tolerance 10−4, takes 33 iterations.
After transforming to the original units its loading is (0.95598424, 0.95594867,−1.09494615)T,
and its uniqueness variances are approximately (4.85811× 10−7, 4.85802× 10−7, 99.9536660). The
standardized loadings are approximately (0.9999997, 0.9999997,−0.108869)T. Thus the sample
common-factor variance fraction for the third variable is about 0.1088692 = 1.19%, while the
fractions for the first two are nearly one. A raw loading, standardized loading and posterior
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factor-score coefficient are different objects. The apparent nonzero third loading reflects accidental
finite-sample correlation. It does not contradict the exact population conclusion. The fitting
routine reports a numerical likelihood stationary estimate; a global finite-sample likelihood
optimum is not asserted. The full sample, loadings, uniquenesses and likelihood history are
supplied.

Structural or analytic formulation

PCA maximizes total Euclidean variance; factor analysis separates shared covariance from diagonal
uniqueness. The explicit decomposition proves the distinction before sampling. The subsequent
computation tests the effect in the prescribed finite sample, using the same observations for both
models. The original draft’s 12-iteration figure is superseded by the reproducible deterministic
33-iteration run recorded here.

Comparative efficiency and scope

The population calculation reduces to a 2× 2 eigenproblem and a separated scalar variance. The
200-by-3 sample is small; no meaningful asymptotic runtime advantage is claimed between its two
fitted models. The improvement is correspondence between the chosen objective and common
latent structure, not universal statistical superiority.
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Figure 9.1: Population and finite-sample objectives differ: the PC follows the high-variance third
coordinate; standardized common-factor loadings chiefly select the first two.

9.2 AC-131 | Kernel-PCA coordinates and out-of-sample centring

Reference: [9], exercise 14.16.
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Source task and conventions

Prove rank, coordinate and new-point formulas, retaining the required centring convention.

Conventional solution and proof

Let J = I − 11⊤/N and Kc = JKJ = UD2U⊤, keeping only r positive eigenvalues d2m. The feature-centred
data operator has SVD with these singular values, so exactly r = rankKc nonzero principal components
occur. Without centring this is rankK; with centring it need not be. A constant kernel has rank one before
centring and zero after centring. Set αm = um/dm. Then Kcαm = dmum = zm, establishing the coordinate
formula. To see its meaning, write Kc = ΦcΦ

∗
c , where the rows of Φc are the centred feature vectors. The

feature-space direction vm = Φ∗
cum/dm has norm one, and Φcvm = dmum. A new point has coordinate

z0m = ⟨ϕ(x0)− ϕ̄, vm⟩ = kc(x0)
⊤um/dm, where

[kc(x0)]i = K(xi, x0)−
1

N

∑
j

K(xj , x0)−
1

N

∑
j

K(xi, xj) +
1

N2

∑
j,l

K(xj , xl).

All terms use the training mean. Zero eigenvalues are omitted, so no division by zero is performed. Eigenvalue
multiplicities permit rotations within the corresponding principal subspace.

Structural or analytic derivation

This is the finite-vector/SVD argument applied to an implicit Hilbert-space feature map. The kernel supplies
the inner products needed by the projection without constructing all feature coordinates. The new-point
centring formula is necessary to preserve the same affine origin.

Comparative cost and preferred method

A finite N ×N eigensystem replaces a possibly infinite-dimensional covariance operator. Dense cost is O(N3)
with O(N2) storage; a new projection onto r components requires N kernel evaluations and O(Nr) arithmetic.
If an explicit low-dimensional feature representation is available, its ordinary PCA can be cheaper. The rank
reduction is exact for the empirical feature span.

9.3 AC-132 | Variational proof of kernel principal functions

Reference: [9], exercise 14.17.

Source task and conventions

Solve the RKHS constrained-variance problem and its successive orthogonal versions.
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Conventional solution and proof

Let ϕi = K(·, xi), ϕ̄ = N−1
∑

i ϕi, and define the empirical covariance operator

Tg =
1

N

∑
i

⟨g, ϕi − ϕ̄⟩(ϕi − ϕ̄).

It is self-adjoint, positive, finite rank, and VarT g(X) = ⟨g, Tg⟩. Components orthogonal to the centred feature
span contribute no variance. On that span the nonzero eigenvalues of T are d2m/N , where JKJ = UD2U⊤.
Define

gm =
1

dm

∑
i

uim(ϕi − ϕ̄) =
1

dm

∑
i

uimϕi.

The second equality holds because positive-eigenvalue um is orthogonal to 1. Direct inner products give
⟨gl, gm⟩ = δlm and Tgm = (d2m/N)gm. For any unit g =

∑
m amgm + g⊥, Pythagoras gives

∑
m a2m ≤ 1 and

⟨g, Tg⟩ = 1

N

∑
m

d2ma
2
m ≤ d21/N.

Equality is attained by g1, proving ĉi = ui1/d1. Under orthogonality to g1, . . . , gm−1, the same calculation
bounds the variance by d2m/N and gives gm. Repeated eigenvalues give nonunique bases; when all centred
eigenvalues vanish, the variance is zero for every unit function and the displayed division formula has no
nonzero component to represent.

Structural or analytic derivation

The coefficient calculation can also be written as maximizing c⊤K2
c c/N subject to c⊤Kcc = 1, after discarding

null directions. Diagonalizing Kc reduces this to a weighted average of its eigenvalues. The operator proof
additionally explains the full RKHS and the unobserved orthogonal complement.

Comparative cost and preferred method

The empirical problem is exactly finite-dimensional. The eigenproblem supplies all mutually orthogonal
components in one factorization, with no search over functions. This is the conventional kernel-PCA solution;
the functional-analytic perspective proves its global optimality and the exceptional zero-variance case.

9.4 AC-133 | Reproducing identities and the finite representer
theorem

Reference: [9], exercise 5.15.
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Source task and conventions

Prove all four RKHS identities and the equality condition.

Conventional solution and proof

Use the source expansionK(x, y) =
∑

j:γj>0 γjϕj(x)ϕj(y), and write f =
∑

j cjϕj with ∥f∥2H =
∑

j c
2
j/γj <∞.

Zero-eigenvalue terms are omitted. At each evaluation point assume the stated RKHS kernel is finite,
K(x, x) <∞. Cauchy–Schwarz gives

∑
j

|cjϕj(x)| ≤

∑
j

c2j/γj

1/2∑
j

γjϕj(x)
2

1/2

<∞.

Thus the evaluation and the following inner products are justified. (a) The coefficients of K(·, xi) are γjϕj(xi),
giving ⟨K(·, xi), f⟩H =

∑
j cjϕj(xi) = f(xi). (b) Apply (a) to f = K(·, xj). (c) Bilinearity for the finite

expansion g =
∑

i αiK(·, xi) gives J(g) = ∥g∥2H =
∑

i,j αiαjK(xi, xj). (d) Orthogonality implies ρ(xi) = 0

by (a), and ⟨g, ρ⟩ = 0. Hence all loss terms are unchanged and J(g + ρ) = J(g) + ∥ρ∥2. The difference of
objectives is exactly λ∥ρ∥2. For λ > 0 it is nonnegative, with equality exactly when ρ = 0. At λ = 0 the
source’s exclusive equality condition would fail.

Structural or analytic derivation

Let S be the finite span of the evaluation representers. Every f has an orthogonal decomposition g + ρ with
g ∈ S, and part (d) shows that any attained minimizer with positive regularization lies in S. Convexity of the
loss is unnecessary for this reduction; existence or uniqueness of a minimizer still requires its own assumptions.

Comparative cost and preferred method

An optimization over a Hilbert space reduces exactly to at most N coefficients. The reduction preserves
every sampled loss and decreases the penalty by a known nonnegative quantity. It is an exact dimension and
optimality statement, not an accuracy assertion about an arbitrary finite truncation. The squared-eigenvalue
summability alone must not be used as a replacement for finite point-evaluation norms.

9.5 AC-134 | Centring with an unpenalized intercept

Reference: [9], exercise 3.5.
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Source task and conventions

Derive the centred ridge and lasso formulations and their coefficient correspondence.

Conventional solution and proof

Write Zij = xij − x̄j . The bijection between parameters is βc
j = βj for slopes and βc

0 = β0 +
∑

j x̄jβj . It gives
the same fitted value β0 + x⊤i β = βc

0 + z⊤i β
c and leaves the slope penalty unchanged. Because every centred

column sums to zero, differentiating with respect to the unpenalized intercept yields β̂c
0 = ȳ. The ridge slopes

solve
(Z⊤Z + λI)β̂c = Z⊤(y − ȳ1),

so for λ > 0 the unique slopes are its inverse applied to the right side. The original intercept is ȳ − x̄⊤β̂c.
Replacing the squared penalty by λ

∑
j |βj | preserves the same bijection and the same intercept calculation.

The lasso slopes are the minimizers of the centred penalized criterion; they need not be unique without further
design assumptions. Penalizing the intercept would invalidate this equivalence as stated.

Structural or analytic derivation

The centring matrix J is the orthogonal projector off the constant vector. Eliminating the intercept gives
minβ ∥Jy − JXβ∥2 + λP (β) with the original slope penalty P . This is an exact elimination of a nuisance
coordinate.

Comparative cost and preferred method

Centring costs O(Np) once. It removes one unpenalized variable from each subsequent fit and simplifies the
normal equations. It does not change the asymptotic cost of a dense slope solve. Reusing centring across a
cross-validation split requires the same affine model and unpenalized intercept; data-dependent scaling has
separate requirements.

9.6 AC-135 | Gaussian posterior and ridge regression

Reference: [9], exercise 3.6.

Source task and conventions

Compute the full posterior and identify its mean, mode and regularization parameter.
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Conventional solution and proof

Assume the source covariance convention β ∼ N(0, τI), τ > 0, and y | β ∼ N(Xβ, σ2I), σ2 > 0. Up to a
constant, minus twice the posterior log density is

σ−2∥y −Xβ∥2 + τ−1∥β∥2.

Let A = X⊤X/σ2+I/τ ≻ 0 and b = X⊤y/σ2. Completing the square gives β⊤Aβ−2b⊤β = (β−A−1b)⊤A(β−
A−1b)− b⊤A−1b. Thus

β | y ∼ N(A−1b, A−1), E(β | y) = mode(β | y) = (X⊤X + λI)−1X⊤y, λ = σ2/τ.

The mean equals the mode because the Gaussian density is symmetric about its centre and its positive-definite
quadratic exponent is uniquely minimized there. If the prior is parameterized with covariance τ2I, the
denominator is τ2 instead; that is not the source convention.

Structural or analytic derivation

The posterior precision is the sum of data precision and prior precision. This makes the regularizing effect
transparent even when X is rank deficient, because I/τ remains positive definite.

Comparative cost and preferred method

One factorization gives the posterior mean and permits covariance actions. Forming the entire posterior
covariance has additional O(p3) classical work and O(p2) output storage. Completing the square is already
the standard optimal derivation; an analytic reinterpretation supplies no separate computational gain.

9.7 AC-136 | Ridge as augmented least squares

Reference: [9], exercise 3.12.

Source task and conventions

Prove the augmentation identity and its computational implications.

Conventional solution and proof

For centred data and λ ≥ 0, define X̃ =
(

X√
λIp

)
and ỹ = ( y0 ). Then

∥ỹ − X̃β∥2 = ∥y −Xβ∥2 + λ∥β∥2.

The objectives agree for every coefficient vector, so their minimizer sets agree. If λ > 0, X̃ has full column
rank, and its normal equations are (X⊤X +λI)β = X⊤y. If λ = 0, augmentation adds zero rows and does not
remove any nonuniqueness. An unpenalized intercept must be excluded from the identity block, or eliminated
by centring.

Structural or analytic derivation

The artificial observations encode a quadratic penalty as Euclidean residuals. Orthogonal QR on the augmented
matrix computes the same solution without explicitly forming X⊤X, avoiding the condition-number squaring
of normal equations.

Comparative cost and preferred method

Naively storing the added rows costs p2 entries; structured implementations can account for the identity
without materializing it. QR costs O((N + p)p2) classically. A dual solve is preferable when p≫ N , while
augmentation can improve numerical robustness in other regimes. Objective equality, not a universal speedup,
is the proved result.
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9.8 AC-137 | Orthogonal subset, ridge and lasso estimators

Reference: [9], exercise 3.16.

Source task and conventions

Derive every entry of Table 3.4, including ties and penalty normalization.

Conventional solution and proof

Assume X⊤X = I and set b = X⊤y, the unrestricted least-squares coefficients. Orthogonal decomposition
gives

∥y −Xβ∥2 = ∥y −Xb∥2 +
∑
j

(βj − bj)2.

For best subset of size at most M , fixing a support makes βj = bj on that support and zero elsewhere. The
residual reduction is

∑
j∈S b

2
j , maximized by selecting M largest absolute coefficients. At a boundary tie,

choose any required number of tied coordinates; the table’s indicator with ≥ can include too many unless ties
are resolved.

For ridge with objective SSE+λ
∑

j β
2
j , each coordinate minimizes (βj − bj)2 + λβ2

j , giving β̂j = bj/(1 + λ) by
setting its derivative to zero; the second derivative is positive.

For the lasso normalization 1
2SSE+λ

∑
j |βj |, a positive solution has derivative βj − bj +λ = 0, and a negative

solution has derivative βj − bj − λ = 0. At zero the subgradient condition is |bj | ≤ λ. Thus

β̂j = sign(bj)(|bj | − λ)+.

These three cases exhaust the convex one-dimensional problem. With SSE+λ∥β∥1 the threshold is λ/2; Table
3.4 absorbs this scaling into its tuning parameter.

Structural or analytic derivation

Orthogonality converts the objective into independent scalar problems. Hard selection, linear shrinkage and
soft thresholding follow from three different feasible-set/penalty contracts; none can be substituted for another
without changing the optimization problem.

Comparative cost and preferred method

After b is formed, ridge and lasso require O(p) scalar operations. Subset selection can use a linear-time
order-statistic algorithm plus a pass, or sorting at O(p log p), instead of enumerating

(
p
M

)
supports. The

orthogonal-design assumption is indispensable; general best-subset regression does not decompose this way.

9.9 AC-138 | Norm monotonicity: ridge, lasso and PLS

Reference: [9], exercise 3.19.

Source task and conventions

Prove the ridge property and determine the corresponding Euclidean-norm claims for lasso and successive
PLS steps.

Conventional solution and proof

For X = UDV ⊤ and c = U⊤y, ridge coefficients are βλ =
∑

j [djcj/(d
2
j + λ)]vj . Therefore

∥βλ∥22 =
∑ d2jc

2
j

(d2j + λ)2
,
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which is nonincreasing in λ, and strictly decreases whenever a nonzero fitted direction is present. Its limit at
zero is the minimum-norm least-squares coefficient norm.

For lasso, the ℓ1 norm is monotone as regularization weakens, but the Euclidean norm need not be. Here is a
standardized-Gram counterexample for objective 1

2∥y −Xβ∥
2 + λ∥β∥1:

G = X⊤X =

1 .8 .8
.8 1 .3
.8 .3 1

 , c = X⊤y = (3.7, 3, 3)⊤.

The leading principal minors are 1, .36, .014 > 0, so G ≻ 0, and G−11 = (−15, 10, 10)⊤. On .1 ≤ λ ≤ .11, the
positive vector

βλ = (2 + 15(λ− .1), 1− 10(λ− .1), 1− 10(λ− .1))⊤

satisfies Gβλ − c+ λ1 = 0, hence is the unique lasso minimizer. Its squared norm is 6.2425 at .11 and 6 at .1:
weakening the penalty decreases the Euclidean norm. Such a centred unit-column design exists by taking
X = QG1/2 with Q⊤Q = I, Q⊤1 = 0, and y = XG−1c. Monotonicity of the ℓ1 norm follows by adding the
two optimality inequalities at two penalty values.

For univariate-response PLS with exact arithmetic, the coefficients are the conjugate-gradient iterates for
Gβ = c, started at zero, in the Krylov spaces generated by c. Restrict to ranG if necessary. Write rk = c−Gβk,
p0 = r0, ak = ∥rk∥2/(p⊤k Gpk) > 0,

βk+1 = βk + akpk, rk+1 = rk − akGpk, pk+1 = rk+1 + bkpk, bk = ∥rk+1∥2/∥rk∥2 ≥ 0.

For completeness these recurrences give orthogonal residuals and G-conjugate directions by induction. The
step size makes rk+1 ⊥ pk; previous conjugacy gives orthogonality to all earlier directions. For j < k,
Gpj = (rj − rj+1)/aj gives r⊤k+1Gpj = 0. For j = k, the contribution −∥rk+1∥2/ak is cancelled by bkp⊤k Gpk.
This closes the induction. In particular rk ⊥ βk, and

β⊤
k pk = bk−1{β⊤

k−1pk−1 + ak−1∥pk−1∥2} ≥ 0

starting from zero. Hence ∥βk+1∥2 − ∥βk∥2 = 2akβ
⊤
k pk + a2k∥pk∥2 > 0 until convergence. The norm property

therefore holds for this standard PLS sequence, although its individual spectral factors need not all be
shrinkage factors.

Structural or analytic derivation

Ridge diagonalization proves monotonicity termwise; lasso needs its own norm and active-set analysis; PLS
uses Krylov orthogonality. The three estimators cannot be placed under one unproved scalar-shrinkage
argument.

Comparative cost and preferred method

The ridge path can be evaluated after one SVD, with O(r) spectral work per parameter and O(pr) work if
full coefficient vectors are required. The lasso counterexample is exact rational arithmetic. The PLS proof
concerns iteration count and norm, not a guarantee that every further step improves prediction. No universal
preference among the three statistical procedures follows.

9.10 AC-139 | Duplicate predictors and the effective ridge penalty

Reference: [9], exercise 3.29.

Source task and conventions

Derive the two-copy coefficients and prove equality for any number of identical predictors.
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Conventional solution and proof

Assume λ > 0 and centred one-predictor data. Put s = X⊤X and c = X⊤y, so the original coefficient is
a = c/(s + λ). With two identical columns, strict convexity and exchange symmetry force b1 = b2 = b.
Differentiation gives s(2b)− c+ λb = 0, hence

b =
c

2s+ λ
= a

s+ λ

2s+ λ
.

It is generally not a/2. More generally, for m duplicate coefficients with aggregate t =
∑

j bj , the prediction
depends only on t and ∑

j

b2j ≥ t2/m,

by Cauchy–Schwarz, with equality exactly when every bj = t/m. This remains true in the presence of other
predictors because their coefficients can be held fixed in this argument. Every ridge minimizer therefore has
equal duplicate coefficients. In the one-variable case bj = c/(ms+ λ) and t = c/(s+ λ/m). At λ = 0, equality
is a minimum-norm choice but is not required of every least-squares minimizer.

Structural or analytic derivation

Duplicating a feature divides its effective quadratic penalty by the duplication count when aggregate prediction
is held fixed. The norm-minimization identity gives the result directly and identifies why duplicate columns
change the fitted aggregate.

Comparative cost and preferred method

Identical columns can be compressed to one aggregate variable with penalty λ/m, reducing a redundant block
from m parameters to one exactly. Naive duplicate removal with unchanged penalty solves a different problem.
The benefit is an exact reduction in linear-system dimension when duplicates are known.

9.11 AC-140 | Feature-space and kernel-space ridge equivalence

Reference: [9], exercise 5.16.

Source task and conventions

Derive the source basis change, explain its identifiability, and prove the fitted-value identity.

Conventional solution and proof

Let h(x) ∈ RM be the stated feature vector and fix the measure underlying the source’s orthonormal
eigenfunctions. Define T =

∫
h(x)h(x)⊤ dµ(x) and diagonalize T = V DγV

⊤. For γj > 0, put ϕj(x) =
v⊤j h(x)/

√
γj . Then

∫
ϕjϕl dµ = δjl and

h(x) = V D1/2
γ ϕ(x), K(x, y) =

∑
j

γjϕj(x)ϕj(y),

on the nonnull feature span under the Mercer representation. Null directions are omitted; equality there
is understood with the regularity/point-evaluation assumptions of the source. The kernel integral operator
determines the γj and ϕj . Relative to a specified feature map, vj = γ

−1/2
j

∫
h(x)ϕj(x) dµ(x). The kernel alone

does not determine the orientation V of an unspecified feature map: replacing h by an orthogonal rotation
leaves K unchanged. Nor do N sample kernel values determine a global Mercer spectrum without a measure.

For coefficients β, let c = D
1/2
γ V ⊤β. Then β⊤h(x) = c⊤ϕ(x) and the least attainable coefficient penalty is

∥β∥2 =
∑

γj>0 c
2
j/γj , with null coefficients set to zero. Substitution proves equivalence of the source criteria

(5.53) and (5.63).
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For (b), the finite evaluation matrix isH ∈ RN×M andK = HH⊤. With λ > 0, (H⊤H+λI)H⊤ = H⊤(K+λI),
hence

β̂ = H⊤(K + λI)−1y, f̂ = K(K + λI)−1y.

Both shifted matrices are invertible by positive definiteness, so all multiplications are legitimate even when H
is rank deficient. The empirical SVD can be obtained from an eigendecomposition of K; this is a finite-sample
alternative to the global Mercer construction.

Structural or analytic derivation

The push-through identity shows that the solution lies in the span of the observed feature vectors. The infinite
or very large basis disappears from the prediction calculation once its inner products are known. The two
meanings of eigen-decomposition—global kernel operator and empirical Gram matrix—are kept separate.

Comparative cost and preferred method

For M ≫ N , a dense feature normal-equation solve has O(M3) factorization cost and O(M2) storage. The
dual system has N unknowns and O(N3) factorization cost, plus kernel construction and prediction. With
explicit H, constructing its Gram matrix costs O(N2M); this setup cost is included. A thin-SVD conventional
implementation achieves the same dimensional reduction.

9.12 AC-141 | The large-penalty ridge direction

Reference: [9], exercise 18.1.

Source task and conventions

Identify the normalized limit and its one-component PLS interpretation.

Conventional solution and proof

Let G = X⊤X and c = X⊤y ≠ 0. Since βλ = (G+ λI)−1c, spectral diagonalization gives λβλ → c as λ→∞.
Continuity of normalization away from zero therefore yields

βλ
∥βλ∥

−→ c

∥c∥
.

The first PLS score is t = Xc, and least squares on that single score has coefficient multiplier a = t⊤y/(t⊤t) =
c⊤c/(c⊤Gc) > 0. Thus its feature coefficient is βPLS,1 = ac, with the same normalized direction. Because
c ∈ ranX⊤, c⊤Gc > 0 when c ≠ 0. If c = 0, both coefficient vectors vanish and normalization is undefined; no
directional limit is asserted.

Structural or analytic derivation

The resolvent expansion (G + λI)−1 = λ−1[I − λ−1G + O(λ−2)] identifies the first Krylov vector c as the
leading term. The spectral proof supplies the limit without requiring a formal series outside its convergence
range.

Comparative cost and preferred method

The limiting direction requires only the matrix-vector product X⊤y, costing O(Np), instead of solving
many large-λ systems. This computes a limit, not a finite-penalty ridge fit. An error bound follows from
∥λβλ − c∥ ≤ ∥G∥∥c∥/λ; normalization error additionally requires that the denominator stay away from zero.
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9.13 AC-142 | High-dimensional ridge through the observed row
space

Reference: [9], exercise 18.4.

Source task and conventions

Derive equation (18.15) with X = RV ⊤ and V ⊤V = I.

Conventional solution and proof

The normal equation is (X⊤X + λI)β̂ = X⊤y. Projecting onto the orthogonal complement of ranV gives
λβ̂⊥ = 0, so for λ > 0, β̂ = V θ. Substitution gives V (R⊤R+ λI)θ = V R⊤y, and multiplication by V ⊤ yields

β̂ = V (R⊤R+ λI)−1R⊤y.

Equivalently, the original first-order equation implies β̂ = λ−1X⊤(y −Xβ̂), proving the source hint directly.
The reduced shifted matrix is positive definite, so its solution is unique.

Structural or analytic derivation

The data rows occupy at most N dimensions of Rp. Every orthogonal coefficient component changes only the
penalty, so it is zero at the optimum. This is the finite-dimensional form of the representer argument.

Comparative cost and preferred method

A thin factorization costs O(pN2) classically when p≫ N , followed by an N -dimensional solve. This replaces
the unnecessary p× p normal matrix and its O(p3) factorization. Constructing the final p-vector still costs
O(pN) and cannot be omitted when it is the requested output.

9.14 AC-143 | Exact reduction for arbitrary loss and quadratic
regu-

Reference: [9], exercise 18.5.

Source task and conventions

Prove the equivalence of optimization problems (18.16)–(18.17), including existence and uniqueness qualifica-
tions.

Conventional solution and proof

Assume X = RV ⊤, V ⊤V = I, and λ > 0. Every β has a unique decomposition β = V θ + η, V ⊤η = 0. Then
Xβ = Rθ and ∥β∥2 = ∥θ∥2 + ∥η∥2. The full objective is therefore exactly∑

i

L(yi, β0 + r⊤i θ) + λ∥θ∥2 + λ∥η∥2.

For every fixed (β0, θ) it is uniquely minimized over η at zero. Thus its infimum equals the reduced problem’s
infimum, and its attained minimizers correspond bijectively to the reduced minimizers by (β0, β) = (θ0, V θ).
This proves the theorem as a statement about minimizer sets without assuming differentiability or convexity
of L. If no minimum is attained, the equality of infima still holds but a hatted minimizer is not defined. If the
reduced loss is not strictly convex in the unpenalized intercept, that intercept need not be unique. At λ = 0,
orthogonal components may be arbitrary; the lifted reduced solution is a minimum-norm representative.
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Structural or analytic derivation

Projection removes directions invisible to all observations. A quadratic norm is orthogonally invariant, which
is precisely why this reduction is exact. An ℓ1 penalty has no corresponding rotation invariance; substituting
it invalidates the argument.

Comparative cost and preferred method

The parameter dimension drops from p to r = rankX ≤ N . The projection costs O(pN2) for a dense thin
factorization; subsequent loss evaluations and gradients depend on r, not p. The theorem certifies equivalence
for any supplied loss, but it does not make a nonconvex reduced loss globally easy to optimize.

9.15 AC-144 | Zero-residual fits and the minimum-norm inter-
polant

Reference: [9], exercise 18.7.

Source task and conventions

Complete parts (a)–(c) for full row-rank X = UDV ⊤ = RV ⊤.

Conventional solution and proof

(a) Full row rank implies R ∈ RN×N is invertible. Every vector

β = V R−1y + η, η ∈ kerX,

has Xβ = y, and every zero-residual solution has this form by subtracting the displayed representative.
Since p > N , the nullspace dimension is p − N > 0, giving infinitely many solutions. (b) Decompose
β = V θ + η. The ridge objective is ∥y − Rθ∥2 + λ∥θ∥2 + λ∥η∥2. For λ > 0, η = 0 and differentiation
gives θ = (R⊤R+ λI)−1R⊤y, the stated expression. (c) At zero penalty choose β0 = V R−1y = V D−1U⊤y.
It interpolates because Xβ0 = UDD−1U⊤y = y. Every other interpolant is β0 + η with η ⊥ β0, so
∥β0 + η∥2 = ∥β0∥2 + ∥η∥2. This proves the claimed unique minimum-norm property.

Structural or analytic derivation

Interpolation of the observed response and uniqueness of the feature coefficients are separate claims. The
pseudoinverse selects a canonical coefficient vector by orthogonal projection; it does not establish predictive
validity away from the observed row space.

Comparative cost and preferred method

The thin SVD gives the full solution family and the minimum-norm representative in O(pN2) dense work.
Enumerating nullspace coefficients is unnecessary when only the minimum-norm solution is required. The
exact lower-dimensional solve is also the appropriate conventional method.

9.16 AC-145 | The ridged discriminant limit and maximal data
piling

Reference: [9], exercise 18.10.

Source task and conventions

Adjudicate the literal limit and prove the correct directional result.
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Conventional solution and proof

Let d = x̄1 − x̄−1, let P0 be the orthogonal projector onto kerW , and write q = P0d. Spectral decomposition
gives

(W + λI)−1d = λ−1q +W †d+O(λ).

Therefore the literal finite limit of the source’s unscaled δλ(x) generally does not exist: W = 0, d = x = 1
gives δλ(x) = 1/λ. The valid limits are

λδλ(x)→ x⊤q,
(W + λI)−1d

∥(W + λI)−1d∥
→ q

∥q∥
(q ̸= 0).

To prove the data-piling claim, write W as a positive multiple of the sum of within-class centred outer products.
Then v ∈ kerW exactly when v⊤(xi − x̄yi

) = 0 for every training point. Thus each class projects to a single
value, and the gap for unit v ∈ kerW is |v⊤d| = |v⊤q| ≤ ∥q∥. Equality holds at v = q/∥q∥, uniquely up to sign.
For prescribed class responses ±1 and a free intercept, coefficients must satisfy v⊤d = 2; Cauchy–Schwarz then
gives the unique minimum-norm coefficient 2q/∥q∥2, with the intercept chosen to centre the two projected
values. This is the maximal piling direction of Exercise 18.8 under its separating-data assumptions. If q = 0,
no positive-gap zero-within-class-variance direction exists, and the asserted separating conclusion fails.

Structural or analytic derivation

The singular resolvent identifies the nullspace projection as the residue of the 1/λ pole. The residue, not an
unscaled divergent score, is the geometrically meaningful limiting discriminant direction. The extremal gap
follows from one Hilbert-space Cauchy–Schwarz inequality.

Comparative cost and preferred method

A rank-revealing factorization computes q directly, avoiding a sequence of ill-conditioned solves at decreasing λ.
The proof gives the maximum separation among data-piling directions only; it does not equate that restricted
problem with the general maximum-margin support-vector problem.

Source qualification

The source writes an unscaled limit. The divergence counterexample and the normalized/scaled replacement
are explicit corrections.

9.17 AC-146 | One exact row-space reduction across cross-
validation

Reference: [9], exercise 18.12.

Source task and conventions

Prove reuse of R for all ten-fold fits without changing the penalized model.

Conventional solution and proof

Compute X = RV ⊤ once with V an orthonormal basis containing the span of every data row. For a
training-index subset T , XT = RTV

⊤. Every coefficient decomposes as V θ + η with V ⊤η = 0, so the fold
objective equals ∑

i∈T

L(yi, β0 + r⊤i θ) + λ∥θ∥2 + λ∥η∥2.

For λ > 0, the minimizer has η = 0 and is exactly the fit on RT . Held-out predictions also agree because
XiV θ = r⊤i θ. This argument applies independently to every fold and every positive λ, proving reuse. The
reduction is an exact orthogonal coordinate change on the complete row span, not a rank truncation. It
preserves even each fold’s directions that are unobserved in its training rows, since positive regularization
makes their fitted coefficient zero.
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Structural or analytic derivation

Using held-out covariates to define this full isometry does not alter any fitted function or held-out prediction
in the declared model. A data-dependent feature selection, truncated PCA, bandwidth choice or nonlinear
preprocessing step is a different operation and must be fitted according to the validation protocol. An
unpenalized intercept is retained unchanged in the proof.

Comparative cost and preferred method

With F folds and L penalty values, one thin factorization costs O(pN2) once, instead of repeating that feature-
space reduction FL times. Reduced fits still have their own solver cost. A strong dual-Gram implementation
can obtain the same reuse without explicitly storing V when only kernel predictions are required.

9.18 AC-147 | Kernel logistic regression from an empirical square-
root

Reference: [9], exercise 18.13.

Source task and conventions

Prove both coefficient and prediction formulas, including a singular kernel.

Conventional solution and proof

Let K = UD2U⊤ on its positive eigenspace, with U ∈ RN×r, D ≻ 0, and R = UD. Let X = UDV ⊤ be a
compatible thin SVD. The quadratic-penalty projection theorem makes the feature coefficient w = V β, where
β minimizes ∑

i

{log(1 + er
⊤
i β)− yir⊤i β}+ λ∥β∥2

for the 0/1 logistic convention. A free intercept can be appended consistently. The new inner-product vector
is k0 = Xx0 = UDV ⊤x0. Consequently

α = UD−1β, k⊤0 α = x⊤0 V DU
⊤UD−1β = x⊤0 V β = x⊤0 w.

This proves (a)–(b) and the new-point linear predictor. Applying the sigmoid gives the predicted probability.
For a general PSD kernel, R is an empirical feature matrix and the same optimization defines kernel logistic
regression. For singular K, retain only positive eigenvalues or use the pseudoinverse on that support. A
legitimate extended kernel has k0 ∈ ranK: if a ∈ kerK, positivity of the block Gram matrix on (ta, 1) for
every real t forces a⊤k0 = 0. Thus the omitted zero eigenvalues cause no prediction ambiguity.

Structural or analytic derivation

The nonlinear part of the problem remains the logistic loss; the kernel transformation is linear algebra in
a Hilbert-space feature span. Positive regularization makes the slope objective strictly convex, while an
unpenalized intercept may need both classes present for a finite optimum.

Comparative cost and preferred method

The Newton or first-order optimization uses at most r ≤ N coefficients, replacing a p-parameter system.
Eigensystem construction costs O(N3) densely; each Newton Hessian depends on iteration-specific logistic
weights. This does not supply the exact one-factorization leave-one-out identity available for squared loss.
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9.19 AC-148 | Leave-one-out local polynomial regression

Reference: [9], exercise 6.7.

Source task and conventions

Derive the complete local-polynomial cross-validated residual expression.

Conventional solution and proof

At target xi, fix the bandwidth, degree and basis bij = (1, xj − xi, . . . , (xj − xi)d)⊤, with nonnegative weights
wij . Put Mi =

∑
j wijbijb

⊤
ij and ai =

∑
j wijbijyj . Assume the full and deleted local design matrices are

invertible. The fitted value is f̂i = e⊤1 M
−1
i ai. Since bii = e1, its self-weight is Sii = wiie

⊤
1 M

−1
i e1. Deletion

gives M (−i)
i =Mi − wiie1e

⊤
1 and a(−i)

i = ai − wiie1yi. The rank-one inverse formula follows by multiplying

(M − uu⊤)−1 =M−1 +
M−1uu⊤M−1

1− u⊤M−1u

by M − uu⊤. Substituting u =
√
wiie1 and simplifying gives

yi − f̂ (−i)
i =

yi − f̂i
1− Sii

, CVRSS =
∑
i

(
yi − f̂i
1− Sii

)2

.

Divide by N for the mean error convention. The denominator is positive under the stated positive-definite
deleted-design assumption. If wii = 0, the observation never enters its own fit and the formula reduces
correctly to the ordinary residual.

Structural or analytic derivation

The local smoother may not be a symmetric global matrix, but each target’s deletion is still a rank-one change
to its local normal equations. The fixed bandwidth and basis are part of the theorem: adaptive bandwidth
reselection after deletion requires a separate computation.

Comparative cost and preferred method

An already computed local fit and its inverse self-leverage yield the deleted residual with O(1) additional
scalar work per target. Computing all local fits is not eliminated: naive dense local design construction costs
O(N2d2) and N small factorizations cost O(Nd3). Repeating a complete smoother fit for each deletion would
unnecessarily multiply the target work; a strong conventional implementation fitting only the held-out target
has a smaller baseline.

9.20 AC-149 | When the PRESS identity holds for a linear
smoother

Reference: [9], exercise 7.3.
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Source task and conventions

Prove (a)–(c), including denominator conditions and the exact deletion-consistency criterion.

Conventional solution and proof

(a) For a fixed penalized least-squares rule, augment a deleted-data minimizer by observation (xi, f̂
(−i)(xi)).

The added squared residual is zero at that minimizer and nonnegative elsewhere, so it remains a minimizer.
Under uniqueness, fitted values are identical. Because the full rule is linear, replacing yi by t = f̂ (−i)(xi) gives
t = f̂(xi) + Sii(t− yi). If 1− Sii ̸= 0, rearrangement yields the claimed identity. Least-squares projections
and fixed-parameter cubic smoothing splines satisfy this self-consistency property, provided the deleted fit is
well defined and the unnormalised penalty remains fixed.

(b) For a projection, S = S⊤ = S2, so 0 ≤ Sii ≤ 1. For a smoothing spline, the fitted-value problem can be
represented by minimizing ∥y − f∥2 + λf⊤Ωf over the feasible evaluation space, with Ω ⪰ 0; its smoother

eigenvalues lie in [0, 1], including unpenalized components. Thus 0 ≤ Sii < 1 whenever the nondegenerate
deletion identity applies, and

|yi − f̂ (−i)(xi)| = |yi − f̂(xi)|/(1− Sii) ≥ |yi − f̂(xi)|.

At Sii = 1, the fraction is undefined and the conclusion needs a separate interpolation/deletion analysis.

(c) Let the deleted linear prediction be f̂ (−i)(xi) =
∑

j ̸=i aijyj , with both rules independent of response values.
For Sii ̸= 1, the identity holds for every y if and only if

aij = Sij/(1− Sii) (j ̸= i).

Necessity follows by comparing coefficients of each yj ; sufficiency follows by substitution. Equivalently the
rule reproduces the deleted prediction after replacing the omitted response by that prediction. Linearity
alone is insufficient: the full and deleted smoother families must have this relationship. Response-dependent
parameter tuning generally destroys it.

Structural or analytic derivation

The rank-one normal-equation argument and the self-consistency argument are independent routes to the
same deletion formula. The latter also covers spline penalties with an unpenalized nullspace when the fit
remains unique.

Comparative cost and preferred method

For a fixed global smoother, one full fit plus its diagonal provides all leave-one-out residuals; the extra
work after those quantities are known is O(N). A diagonal is not free when the algorithm only supplies
a matrix-vector product, and parameter selection inside each fold remains separate. The exact algebra
establishes a computational reduction for compatible smoothers, not for every linear predictor family.
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Chapter 10

An Introduction to Statistical Learning:
with Applications in Python

Gareth James, Daniela Witten, Trevor Hastie, Robert Tibshirani, Jonathan Taylor. Reference
problems and derived analyses.

10.1 AC-150 | Polynomial regression, exact PRESS and the
Python-seeded sample

Reference: [10], exercise 8.

Source task and conventions

Answer all six simulation, plotting, cross-validation and significance subparts.

Conventional solution and complete derivation

The source’s default_rng(1) draws 100 independent standard-normal predictors and then 100
independent errors. Thus (a) n = 100, with one original predictor p = 1, and the model is
Yi = Xi−2X2

i +ϵi, Xi, ϵi independent N(0, 1). The original predictor count remains one, although
the degree-d design has d nonconstant polynomial columns. For (b), the scatterplot shows a noisy
concave parabola, whose conditional mean has vertex at x = 1/4 and value 1/8; this follows by
completing the square x − 2x2 = 1/8 − 2(x − 1/4)2. Points are not expected to lie exactly on
that curve because the errors have variance one.

For any fixed degree d, let Aij = xji , j = 0, . . . , d, including the intercept, and H =

A(ATA)−1AT. Denote the full residual by e = y − Aβ̂ and row vector by aTi . Deleting ob-
servation i changes the normal matrix to M − aiaTi and its right side to ATy− aiyi. If 1−hii > 0,
the Sherman–Morrison identity (verified by multiplying its two sides by M − aia

T
i ) gives

yi − aTi β̂−i =
ei

1− hii
.

The condition holds for the reported designs; distinct sample abscissas give full column rank even
after deleting one point. Thus the exact leave-one-out mean square is 100−1

∑
i[ei/(1− hii)]

2. A
QR factorization computes the same diagonal by hii =

∑
j Q

2
ij , avoiding explicit normal-matrix

inversion. The supplied script also fits all 100 deleted models separately for each degree and checks
their residuals against this formula. For (c), the degree-one through degree-four leave-one-out MSE
values are, in order, (6.6330298392, 1.1229368563, 1.3017965489, 1.3323942694). All coefficients,
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standard errors, two-sided t p-values and leverages are printed in the empirical table. For (d),
changing a seed used only by the validation routine does not change leave-one-out partitions:
every row is excluded once, deterministically. Consequently the four scores are unchanged for
the same stored sample. Regenerating the data with another seed would change the data and
generally the scores; that is a different experiment. For (e), degree two has the smallest score,
consistent with the quadratic conditional mean. Adding higher terms increases variance without
changing the true conditional mean, although any single realized sample can show a different
ranking. For (f), conditional on the predictor matrix, the classical Gaussian linear-model variance
estimate is σ̂2 = ∥e∥2/(100 − d − 1) and coefficient covariance is σ̂2(ATA)−1. Dividing each
coefficient by its standard error and using the t100−d−1 distribution gives the reported nominal
two-sided significance tests. These tests assess individual conditional coefficient hypotheses;
leave-one-out assesses held-out squared prediction error. They need not agree for every extra
term. In particular the R-seeded sample can give a nominally significant cubic coefficient while
the quadratic model still has smaller held-out error. Polynomial collinearity and multiple testing
further prevent interpreting one p-value as a model-selection proof. The table supplies the exact
numerical evidence for each source edition instead of conflating their different random samples.

Structural or analytic formulation

The residual identity extracts every deleted least-squares fit from one QR factorization. The
proof shows precisely why it is exact for this linear-in-parameters squared-loss problem. The
logistic question has a different nonlinear score and must not borrow this exact identity. The
plotted polynomial curve and residuals are computed from the same stored sample as the table.

Comparative efficiency and scope

At fixed degree with k = d+ 1 columns, 100 separate fits require O(n2k2 + nk3) arithmetic in a
direct implementation. A single QR fit, leverage calculation and residual division need O(nk2+k3)
and O(nk) storage. The source output is one error per model, so the full n deleted coefficient
vectors need not be formed. The numerical residual agreement is checked independently; the
asymptotic reduction follows from the exact formula, not timing alone.

Coefficient estimates and significance

Degree Power Estimate Std. error t-test p

1 0 -1.46496301 0.246752605 4.4096e-08
1 1 1.94936857 0.288689866 1.0365e-09
2 0 -0.0727552908 0.119133593 0.54282
2 1 0.966272759 0.126353175 1.4949e-11
2 2 -2.00470902 0.0908258146 1.3401e-39
3 0 -0.0571966912 0.119928804 0.6345
3 1 1.1145842 0.187471569 4.4485e-08
3 2 -2.04709357 0.0990222967 3.9689e-37
3 3 -0.0643003271 0.0600811737 0.2872
4 0 0.100847655 0.135818386 0.45961
4 1 0.904997864 0.204613555 2.5913e-05
4 2 -2.50592308 0.221057793 2.396e-19
4 3 0.0337683719 0.0725098661 0.64249
4 4 0.104216994 0.0451336459 0.023107
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Degree LOO MSE Max PRESS/refit discrepancy

1 6.633029839 1.97e-15
2 1.122936856 1.29e-14
3 1.301796549 2.93e-14
4 1.332394269 3.73e-14
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Figure 10.1: The exact stored predictor and response sample for Python_default_rng_1. The dashed
curve is the specified conditional mean.
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Figure 10.2: Both source-specific samples select degree two among the four candidates; identical response
data are used for explicit refits and PRESS.

10.2 AC-151 | Complete Weekly logistic leave-one-out calculation:
Python edition

Reference: [10], exercise 7.
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Source task and conventions

Fit the full and first-row-deleted models, classify the first observation, and execute every leave-
one-out fit.

Conventional solution and complete derivation

Write xi = (1,Lag1i,Lag2i)
T and yi = 1 for Up, zero for Down. The model probability is

pi(θ) = 1/(1 + e−xT
i θ), and its negative log likelihood is

L(θ) =
∑
i

{log(1 + ex
T
i θ)− yix

T
i θ}.

Differentiation gives ∇L = XT(p− y) and ∇2L = XT diag(pi(1− pi))X. For a finite parameter
vector all weights are positive; full column rank makes the Hessian positive definite, because
uT∇2Lu =

∑
i pi(1−pi)(xTi u)2 > 0 for u ̸= 0. Hence a finite zero of the score is the unique global

minimizer. The executed Newton solver uses stable log-likelihood evaluation and a line search, and
reports score and Hessian diagnostics for every fit. The complete source data contain 1,089 obser-
vations. The retrieved compressed R object was decoded only after its Git blob SHA-1 matched
the source value; labels, row counts, lag alignment and first-record values were checked. The full-
data coefficient vector (intercept, Lag1, Lag2) is (0.2212240543,−0.03872222247, 0.06024830276).
After omitting the first row it is (0.2232430465,−0.03843316878, 0.06084762641). The omitted
point has predicted Up probability 0.5713923205 > 1/2, so it is classified Up; its actual label is
Down. This answers (a)–(c). For (d), loop over i = 1, . . . , 1089, fit the same unpenalized model
to all rows except i, predict that excluded row using the 0.5 threshold, and store ei = 1{ŷ−i ̸= yi}.
No excluded response is used by its fitted model. The supplied program prints the first error and
writes all 1,089 held-out probabilities, labels and errors. Their sum is 490, so (e)

R̂LOO = 490/1089 = 0.4499540863 . . . .

This is the requested empirical classification-error estimate, not a confidence interval or a
prospective forecast guarantee for dependent time-series observations. It uses leave-one-out
sampling as specified; chronological validation would answer a different deployment question.

Structural or analytic formulation

A full-data fit is an effective initialization for each deleted fit. It does not make logistic leave-one-
out an exact PRESS identity: deleting one observation changes the optimum-dependent weights
throughout the nonlinear Hessian. The recorded experiment performed every deleted nonlinear
optimization to its convergence criterion. Cold starts and full-fit warm starts produce held-out
probabilities differing by at most 1.76× 10−11 and exactly the same 490 error labels. The smallest
observed distance from threshold 0.5 is 3.4376× 10−4, far larger than that numerical discrepancy.
These are floating-point diagnostics, not interval enclosures.

Comparative efficiency and scope

Cold starts used 4,398 Newton iterations across the deleted fits; warm starts used 3,288, saving
1,110 iterations (25.24%) on this dataset. Single-run timings were approximately 0.499 s and
0.386 s in the recorded environment; they are not presented as a repeated timing experiment.
Each iteration computes a three-column weighted Hessian in O(m) work, so this is a measured
iteration-count reduction with matched outputs. Both algorithms remain O(m2) for all m deleted
fits at bounded iteration count; no one-factorization exact logistic shortcut is asserted.
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Figure 10.3: All 1,089 held-out probabilities, each from a model trained without its row. Exact
prediction/error arrays are supplied.
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Figure 10.4: All deleted nonlinear fits converge under both starts; the warm starts save 1,110 iterations
while preserving all 490 error labels.
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Chapter 11

An Introduction to Statistical Learning:
with Applications in R

Gareth James, Daniela Witten, Trevor Hastie, Robert Tibshirani. Reference problems and derived
analyses.

11.1 AC-152 | Polynomial regression, exact PRESS and the R-
seeded sample

Reference: [11], exercise 8.

Source task and conventions

Answer all six simulation, plotting, cross-validation and significance subparts.

Conventional solution and complete derivation

The source’s set.seed(1); rnorm(100) stream is reconstructed using R’s Mersenne–Twister
initialization and inversion-normal convention. The first five values are checked against the
documented seed-one sequence; this is a compatible reconstruction, not a native R execution. The
exact generator implementation and the resulting data arrays are included. Thus (a) n = 100, with
one original predictor p = 1, and the model is Yi = Xi−2X2

i + ϵi, Xi, ϵi independent N(0, 1). The
original predictor count remains one, although the degree-d design has d nonconstant polynomial
columns. For (b), the scatterplot shows a noisy concave parabola, whose conditional mean has
vertex at x = 1/4 and value 1/8; this follows by completing the square x−2x2 = 1/8−2(x−1/4)2.
Points are not expected to lie exactly on that curve because the errors have variance one.

For any fixed degree d, let Aij = xji , j = 0, . . . , d, including the intercept, and H =

A(ATA)−1AT. Denote the full residual by e = y − Aβ̂ and row vector by aTi . Deleting ob-
servation i changes the normal matrix to M − aiaTi and its right side to ATy− aiyi. If 1−hii > 0,
the Sherman–Morrison identity (verified by multiplying its two sides by M − aia

T
i ) gives

yi − aTi β̂−i =
ei

1− hii
.

The condition holds for the reported designs; distinct sample abscissas give full column rank even
after deleting one point. Thus the exact leave-one-out mean square is 100−1

∑
i[ei/(1− hii)]

2. A
QR factorization computes the same diagonal by hii =

∑
j Q

2
ij , avoiding explicit normal-matrix

inversion. The supplied script also fits all 100 deleted models separately for each degree and checks
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their residuals against this formula. For (c), the degree-one through degree-four leave-one-out MSE
values are, in order, (7.2881616067, 0.9374236376, 0.9566218301, 0.9539048927). All coefficients,
standard errors, two-sided t p-values and leverages are printed in the empirical table. For (d),
changing a seed used only by the validation routine does not change leave-one-out partitions:
every row is excluded once, deterministically. Consequently the four scores are unchanged for
the same stored sample. Regenerating the data with another seed would change the data and
generally the scores; that is a different experiment. For (e), degree two has the smallest score,
consistent with the quadratic conditional mean. Adding higher terms increases variance without
changing the true conditional mean, although any single realized sample can show a different
ranking. For (f), conditional on the predictor matrix, the classical Gaussian linear-model variance
estimate is σ̂2 = ∥e∥2/(100 − d − 1) and coefficient covariance is σ̂2(ATA)−1. Dividing each
coefficient by its standard error and using the t100−d−1 distribution gives the reported nominal
two-sided significance tests. These tests assess individual conditional coefficient hypotheses;
leave-one-out assesses held-out squared prediction error. They need not agree for every extra
term. In particular the R-seeded sample can give a nominally significant cubic coefficient while
the quadratic model still has smaller held-out error. Polynomial collinearity and multiple testing
further prevent interpreting one p-value as a model-selection proof. The table supplies the exact
numerical evidence for each source edition instead of conflating their different random samples.

Structural or analytic formulation

The exact residual identity and its QR-based implementation are established in AC-150. They
apply unchanged to this different realized predictor/error sample. The numerical data, fitted
coefficients and significance results below are specific to the R-compatible stream; the identity
does not identify the two samples or their error values.

Comparative efficiency and scope

The shared arithmetic and storage comparison is proved in AC-150. The present instance changes
the observations, not the number of design-matrix columns or the output contract. Its independent
refit comparison tests the same exact identity on a second random-number stream.

Coefficient estimates and significance

Degree Power Estimate Std. error t-test p

1 0 -1.62542674 0.261936634 1.3093e-08
1 1 0.692497014 0.290941778 0.019238
2 0 0.0567150089 0.117655494 0.63086
2 1 1.01716087 0.107982694 2.4033e-15
2 2 -2.1189212 0.084765703 4.5843e-44
3 0 0.0615071798 0.11950374 0.60795
3 1 0.97528027 0.18728149 1.0893e-06
3 2 -2.12379099 0.0870025131 5.8734e-43
3 3 0.0176385754 0.0642903659 0.7844
4 0 0.156702953 0.139461925 0.264
4 1 1.03082564 0.191336549 5.1743e-07
4 2 -2.40989818 0.234855057 4.5752e-17
4 3 -0.00913290388 0.0672288073 0.89223
4 4 0.0697854209 0.0532400556 0.1931
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Degree LOO MSE Max PRESS/refit discrepancy

1 7.288161607 1.78e-15
2 0.9374236376 6.88e-15
3 0.9566218301 1.02e-14
4 0.9539048927 2.55e-14
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Figure 11.1: The exact stored predictor and response sample for R_seed1_reconstructed. The dashed
curve is the specified conditional mean.

Graphical reference. See Figure 10.2 for the shared construction.

11.2 AC-153 | Complete Weekly logistic leave-one-out calculation:
R edition

Reference: [11], exercise 7.

Source task and conventions

Fit the full and first-row-deleted models, classify the first observation, and execute every leave-
one-out fit.

Conventional solution and complete derivation

The likelihood, score, Hessian, full-data estimate and first deleted-observation calculation are
given in AC-151. This edition uses the same observations and the same intercept-plus-two-lags
model. Consequently its mathematical solution and its 490 leave-one-out errors are shared with
that case. The language-specific obligation is to reproduce the data interpretation, fit criterion,
held-out prediction and threshold convention in the supplied R program. A native R execution
has not been recorded.

Structural or analytic formulation

A full-data fit is an effective initialization for each deleted fit. It does not make logistic leave-
one-out an exact PRESS identity: deleting one observation changes the optimum-dependent
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weights throughout the nonlinear Hessian. The recorded experiment performed every deleted
nonlinear optimization to its convergence criterion. Cold starts and full-fit warm starts produce
held-out probabilities differing by at most 1.76× 10−11 and exactly the same 490 error labels.
The smallest observed distance from threshold 0.5 is 3.4376× 10−4, far larger than that numerical
discrepancy. These are floating-point diagnostics, not interval enclosures. The accompanying
R script uses glm(Direction~Lag1+Lag2,family=binomial) with explicit factor levels Down,
Up and type="response". The numerical results above were independently executed from the
identical R-package data in Python; a native R interpreter was not run. The R code is complete
and the model, objective and held-out sets are identical.

Comparative efficiency and scope

The 1,089-fit warm-start and cold-start comparison is the single experiment reported in AC-151;
it is not a second independent performance sample. Reusing its mathematical and numerical
evidence avoids counting the same work twice. A separate R runtime comparison would require
recorded native execution under an equivalent stopping rule.

Graphical reference. See Figure 10.3 for the shared construction.

Graphical reference. See Figure 10.4 for the shared construction.
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Chapter 12

Introduction to Natural Language
Processing

Jacob Eisenstein. Reference problems and derived analyses.

12.1 AC-154 | An exact two-ReLU XOR network

Reference: [12], exercise 3.4.

Source task and conventions

Specify all hidden and output weights and offsets for the source sign convention.

Conventional solution and proof

For x1, x2 ∈ {0, 1}, take

z1 = ReLU(x1 − x2), z2 = ReLU(x2 − x1), y = Sign(z1 + z2 − 1/2).

The hidden weight rows are (1,−1) and (−1, 1), both hidden biases are zero, the output weights are
(1, 1), and the output bias is −1/2. For inputs (0, 0), (1, 0), (0, 1), (1, 1) the hidden pairs are respectively
(0, 0), (1, 0), (0, 1), (0, 0); the output preactivations are −1/2, 1/2, 1/2,−1/2. Applying the stated sign conven-
tion gives exactly −1, 1, 1,−1, with no boundary ambiguity. Two hidden units are also minimal for a network
of the specified form without skip connections. With one ReLU unit, the sign of aReLU(w⊤x+ b) + c defines
a halfspace, its complement, or a constant set along the scalar w⊤x+ b. XOR is not linearly separable: if
an affine function is positive at (1, 0), (0, 1) and nonpositive at (0, 0), (1, 1), adding the first two inequalities
contradicts the latter two. Therefore one hidden unit cannot realize this truth table.

Structural or analytic derivation

The hidden sum equals |x1 − x2|, so the network tests whether the two Boolean inputs differ. On the Boolean
domain the same function is the polynomial 2x1 + 2x2 − 4x1x2 − 1. That polynomial is a verification identity
for the four inputs; it is not a substitution for the required ReLU architecture off the Boolean domain.

Comparative cost and preferred method

The construction uses two hidden ReLUs and one sign node, and the lower-bound argument proves minimal
hidden width in the stated architecture. A four-row truth-table check is exact. Complex differentiability is
irrelevant: ReLU and sign are not holomorphic functions and a complex-step gradient argument would not
verify this network.
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12.2 AC-155 | A complete certificate for a dead ReLU on the
Boolean

Reference: [12], exercise 3.8.

Source task and conventions

Answer all three parts, including the derivative convention at zero and the optimizer assumptions.

Conventional solution and proof

Write ai(x) = bi +
∑D

j=1 wijxj and zi = max(0, ai). (a) A linear function on {0, 1}D is maximized by setting
xj = 1 for wij > 0 and zero for wij < 0. Hence

zi is zero for every input ⇐⇒ bi +
∑
j

max(wij , 0) ≤ 0.

The same maximum holds on the full cube [0, 1]D.

(b) Let the outgoing weight be vi = θ
(z→y)
i and ∂L/∂y = 1. At ai ̸= 0, the chain rule gives

∂L

∂bi
= vi1{ai > 0}, ∂L

∂wij
= vixj1{ai > 0}, ∂L

∂vi
= zi.

At ai = 0, ReLU has no classical derivative. A chosen subgradient η ∈ [0, 1] replaces the indicator; the
common convention is η = 0.

(c) Under that zero-at-zero convention, a dead unit has zero incoming-weight, bias and outgoing-weight data
gradients on every permitted input. Plain gradient descent or stochastic gradient descent without an additional
update term therefore leaves all these parameters unchanged. Induction over optimization steps proves it
remains dead. With strictly negative maximum preactivation, all input points are differentiable inactive
points. If equality occurs in (a) and a nonzero subgradient is chosen at zero, the permanence statement
is not automatic. Stored momentum, injected noise or other parameter updates also fall outside the pure
zero-gradient argument.

Structural or analytic derivation

The cube support function h[0,1]D(w) =
∑

j(wj)+ replaces enumeration of every possible input. It gives a
global activation certificate and identifies precisely the boundary at which derivative conventions matter.

Comparative cost and preferred method

The certificate takes O(D) arithmetic and one pass over the weights, compared with evaluating 2D inputs
at O(D) each. The pass is worst-case necessary in an unrestricted coefficient-access model: an uninspected
coefficient can be changed to a sufficiently large positive value and alter the answer. This is a genuine exact
complexity reduction; it proves activation behaviour, not a universal assertion about every optimizer called
gradient-based.
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Chapter 13

Certified roots, continuation and partial
computation

13.1 CSE-A: roots as typed algebraic data

13.1.1 A root is not only a complex number

For the equation z2 = w, a robust branch-sensitive object has at least the form

(p(z, w), Ωw, w0, Z0, γ, C),

where p is the equation, Ωw excludes the discriminant, Z0 is an isolating neighbourhood of the
initial root, γ is the continuation path and C contains local continuation certificates. A rounded
complex number omits all but an approximate state. A principal-root routine instead implements
a particular slit-domain convention; it cannot promise continuity across its own branch cut.

Theorem 13.1 (C01: A residual needs separation to become a root error). If r is a root of
z2 − w and ẑ is a candidate, then

|ẑ − r| = |ẑ2 − w|
|ẑ + r|

when the denominator is nonzero. If a certificate proves |ẑ + r| ≥ s > 0, then the residual divided
by s bounds the forward error.

Proof. Factor ẑ2 − r2 = (ẑ − r)(ẑ + r) and take absolute values. The assumed separation permits
division. Without it, a small residual gives no comparable linear bound.

Near w = 0, the two roots approach each other and the inverse derivative diverges. At w = ε2,
choosing ẑ = 0 gives residual ε2 but root distance ε. Calling the residual itself a root error
is false. Conversely choosing the other exact root gives zero residual while being wrong for a
branch-sensitive request.

13.1.2 Quotient-algebra representation and repeated fibres

For p(z, w) = z2−w, represent the algebra C[z]/(p) in the basis (1, z), with multiplication matrix

M(w) =

(
0 w

1 0

)
.
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The relation M2 = wI is exact. At w = 0, M is nonzero nilpotent. Replacing the fibre by the set
{0} would lose this multiplicity information. The characteristic polynomial is still λ2 −w, and its
two-dimensional algebra does not collapse when its reduced support has one point.

For a monic degree-d polynomial, multiplication by z on its quotient algebra gives a d × d
companion representation. Reduction modulo the polynomial converts higher powers to length-d
coefficient vectors. This can be preferable to storing all roots when the requested output is a trace,
norm or polynomial remainder. It does not imply that the companion matrix is well conditioned
in every basis.

Worked problem: A branch-free exponential observable

Since M2 = wI,

etM = at(w)I + bt(w)M, at(w) =
∑
n≥0

t2nwn

(2n)!
, bt(w) =

∑
n≥0

t2n+1wn

(2n+ 1)!
.

Both coefficients are entire in w. Writing them as cosh(t
√
w) and sinh(t

√
w)/

√
w is convenient

away from zero but can conceal the removable singularity of the second expression. At zero,
etM = I + tM . The finite algebra supplies an analytic representation without eigenvalue sorting.
This develops the matrix-monodromy investigation XM06 instead of relabelling a discontinuous
eigenvector plot as a physical singularity.

13.1.3 A specification for implementation

The input polynomial must be normalized before degree is read. Coefficients can be exact rationals,
intervals, balls, or floating-point values with a separate coefficient-error model; those are different
input types. The returned certificate must bind to the exact input coefficients, not merely to the
same filename. A result for a rounded polynomial is not automatically a result for the original
real-valued model.

For repeated roots, use multiplicity-aware algebra or a cluster representation. A distinct-root
API should reject a discriminant-zero input instead of manufacture separated roots at an arbitrary
numerical tolerance. For symbolic expressions, simplification must preserve the declared domain:
cancelling a denominator can extend a function across a removable hole, which is a different
partial-function contract unless the extension is explicit.

13.2 CSE-B: an exact root-count checker for rational contours

13.2.1 From an argument-principle theorem to finite data

Let p have coefficients in Q(i) and let Γ be a positively oriented rational polygon avoiding its
zeros. On one segment z(t) = a+ (b− a)t, 0 ≤ t ≤ 1, the image q(t) = p(z(t)) is a polynomial in
one real variable. In its degree-m Bernstein form,

q(t) =
m∑
k=0

bk

(
m

k

)
tk(1− t)m−k,

the weights are nonnegative and sum to one. Thus the entire image lies in the convex hull of the
complex control points bk.

Theorem 13.2 (C02: A half-plane is a whole-arc certificate). If all bk have strictly positive real
part, strictly negative real part, strictly positive imaginary part, or strictly negative imaginary
part, the whole polynomial arc avoids zero and is homotopic to its endpoint chord through arcs
avoiding zero, with endpoints fixed.
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Proof. A convex combination preserves the selected strict coordinate sign. Both the polynomial
arc and its chord lie in the same open convex half-plane. Their pointwise straight interpolation
lies there too and fixes the common endpoints, giving the required homotopy.

The coordinate-axis half-planes are intentionally simple witnesses. More general rational
separating directions can reduce subdivision, but they are not needed for correctness. A producer
that finds no witness must subdivide or return “not certified”; it must not infer a zero merely
from a failed sufficient test.

13.2.2 Exact conversion and subdivision

If q(t) =
∑m

j=0 ajt
j , the Bernstein coefficients are

bk =
k∑

j=0

aj

(
k
j

)(
m
j

) .
This follows from the identity

tj =
1(
m
j

) m∑
k=j

(
k

j

)(
m

k

)
tk(1− t)m−k,

which is the binomial theorem after extracting tj . All coefficients remain rational complex
numbers. Restricting to a dyadic subinterval can be done either by exact de Casteljau subdivision
or by substituting its affine parametrization and reconverting. The shipped implementation uses
the second form to let the checker recompute each piece directly from the original polynomial.

Theorem 13.3 (C03: Certificate acceptance implies the stated polynomial root count). Suppose
a certificate partitions every oriented contour edge exactly into ordered subintervals, supplies
a valid half-plane witness for each polynomial image arc, and states the exact winding of the
resulting endpoint polygon. Then the stated integer equals the number of zeros of p inside Γ, with
multiplicity, provided Γ is a simple positive contour.

Proof. C02 supplies endpoint-fixed homotopies on every subinterval. They patch to a zero-free
homotopy of the entire image loop to the endpoint polygon. Winding is unchanged by M11.
The exact polygon crossing formula computes that winding. Since p is holomorphic and has no
contour zero, M13 identifies it with the zero count. Simplicity/orientation of the input contour
supplies the intended inside domain; the image polygon itself may self-intersect.

The supplied examples use axis-aligned rectangles whose simplicity and orientation are imme-
diate. The general checker accepts a polygonal loop but does not silently prove that an arbitrary
input loop is Jordan. For a nonsimple source contour, its winding still has meaning but counts
zeros with the contour’s local winding weights, not necessarily zeros in one simple interior.

13.2.3 Polygon winding without trigonometry

For consecutive nonzero rational complex vertices a = (x0, y0) and b = (x1, y1), let c = x0y1−y0x1.
The oriented crossing count of the positive real ray is

+1 if y0 ≤ 0 < y1 and c > 0; −1 if y1 ≤ 0 < y0 and c < 0.

All other edges contribute zero. Half-open vertical inequalities count a ray vertex exactly once.
The half-plane certificates already exclude an edge through the origin. Summing yields the
winding. There is no inverse tangent, phase unwrapping threshold or rounding to the nearest
integer in acceptance.
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13.2.4 What an independent checker recomputes

The certificate contains the coefficient vector, rational source contour, edge number and endpoints
of every subinterval, selected coordinate/sign, and claimed winding. The checker binds the
coefficients and contour to the expected task, proves that the intervals tile each edge without
overlap or omission, recomputes every Bernstein control point, checks strict signs and computes
winding from scratch. It does not trust a claimed lower bound on clearance, a producer’s cached
control points, or a declared root count.

for each oriented contour edge:
require its certificate intervals to tile [0,1]
for each interval:

derive p(a + (b-a)t) from original coefficients
convert exactly to Bernstein coefficients
require one strict common coordinate sign

recompute exact crossing winding of all image endpoints
require equality with the certificate’s claimed integer

13.2.5 A continuum of polynomial inputs can share one certificate

Theorem 13.4 (C04: Convex-family extension). Suppose p0, . . . , pr are rational complex polyno-
mials and every control point of every pj on a certified arc lies in the same open half-plane. Then
every polynomial in their coefficientwise convex hull is nonzero on that arc. On a closed certified
contour the entire convex family has the same winding.

Proof. Evaluation and Bernstein conversion are linear in polynomial coefficients. A convex
combination of polynomials produces the same convex combination of each control point. The
shared half-plane is convex, so all those control points and their arcs stay in it. Along a straight
parameter path to p0, the whole loop remains nonzero; M11 makes winding constant.

This is a genuinely universal parameter certificate, although its finite witness is rational. It
must not be described as merely testing the endpoints of an uncertainty interval: the argument
explicitly encloses every interpolating coefficient vector. Conversely, independently nonzero
endpoint polynomials do not suffice when their control points lack a common separating half-
plane.

The executed gain-family certificate covers

pK(s) = s3 + 6s2 + 11s+ 6 +K, 0 ≤ K ≤ 50,

on the rectangle [0, 10] + i[−10, 10]. It uses 20 certified arcs and 160 recomputed control points
and has winding zero. A separate certificate at K = 61 has winding two. At K = 60, the
factorization (s+ 6)(s2 + 11) places two zeros on the imaginary-axis contour; the producer does
not certify that forbidden boundary case.

13.2.6 Executed examples and the cost boundary

Case Image arcs Control points Winding

z3 − 3z, large square 20 80 3
z3 − 3z, central square 4 16 1
z3 − 3z, right-root rectangle 4 16 1
z2, repeated-root square 16 48 2
pK , all 0 ≤ K ≤ 50 20 160 0
p61, right-half-plane rectangle 24 96 2
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These values are read from newly executed certificate checks, not from a numerical root plot.
Four deliberately altered certificates per case were rejected: a wrong integer, an inverted sign
witness, an omitted interval and changed coefficients. Twenty-four rejected mutations do not
establish that every conceivable malformed certificate is rejected; they test specific obligations.

For a degree-m polynomial and s accepted pieces, direct affine substitution and conversion cost
O(sm2) rational arithmetic operations in this implementation, before bit complexity. Coefficient
numerator/denominator sizes grow with input bits, degree and subdivision depth. A cost measured
only in arithmetic operations is not a bit-complexity claim. The minimum nonzero separation can
force many subdivisions. Single-run construction and checking times are retained as diagnostics;
no broad speed superiority is inferred from six small cases.

Theorem 13.5 (C05: Termination in the fixed, zero-free polynomial case). For a fixed polynomial
and compact polygonal contour on which it never vanishes, repeated sufficiently fine subdivision
eventually admits coordinate half-plane witnesses everywhere.

Proof. The image has positive minimum modulus. At each parameter value, at least one real
or imaginary coordinate has magnitude at least this minimum divided by

√
2. By continuity

it retains its sign on a small neighbourhood. Under restriction to a shrinking interval, every
Bernstein control point of the fixed-degree polynomial converges uniformly to its value at the
interval’s limiting point; this follows directly from the affine-substitution formula. A finite
subcover of the compact parameter interval and sufficiently fine uniform subdivision therefore
produce the witnesses. This is an existence proof of termination, not a parameter-independent
depth bound.

For a convex family, absence of zeros for each parameter does not automatically make one
coordinate witness work over a large parameter cell. Parameter subdivision may be necessary. The
PG CSE branch gives the tensor-product formulation instead of making that stronger conclusion
from the fixed-polynomial proof.

13.3 CSE-C: continuation with topology and conditioning in one
record

13.3.1 Local root tubes

For p(z, w) = z2 −w, suppose a candidate centre c ≠ 0 is selected and the parameter lies in a set
W . On |z − c| = r,

p(z, w) = 2c(z − c) + (c2 − w) + (z − c)2.

Theorem 13.6 (C06: A certified quadratic sheet tube). If supw∈W |c2 − w|+ r2 < 2|c|r, then
each w ∈W has exactly one root in D(c, r), and this selected root is holomorphic in the interior
of W when W is a domain.

Proof. The linear term dominates the other terms on the boundary, so Rouché gives one root
counted with multiplicity. A count of one excludes a multiple root there. The implicit function
theorem supplies local analytic branches, and uniqueness of the root in the same disk makes them
agree on overlaps.

A continuation algorithm covers a parameter path by such tubes and verifies an overlap/fibre
correspondence at consecutive steps. The initial isolating disk determines the selected branch.
The final root need not have the same label as the initial one after a closed path; its permutation
is the monodromy output. A nearest-root heuristic without an exclusion margin is not an overlap
certificate.
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13.3.2 Predictor, corrector and independent verifier

A floating-point predictor uses z′ = w′/(2z). A corrector solves the polynomial approximately.
The verifier then establishes a Rouché tube or exact contour count using rational enclosures.
Predictor failure can reduce efficiency without invalidating an accepted result; verifier failure
must prevent acceptance. This separation permits fast numerical construction while retaining an
exact acceptance boundary.

The cost depends on both path geometry and distance from the discriminant. A path of
short Euclidean length close to w = 0 can be harder than a longer path far away. Rescaling the
variables can improve arithmetic conditioning but does not remove the topological obstruction to
a global square-root label.

13.3.3 Why preserving a final value is insufficient

For two loops around distinct branch values, monodromy permutations may not commute. The
endpoint of the base path can be identical while the selected root differs. A cache keyed only by
the final parameter is therefore invalid for a path-dependent branch API. For invariant outputs, a
cache keyed by the final parameter can be legitimate, but that is a different output contract. The
source lifting theory identifies exactly which information the software must retain.

13.4 CSE-D: finite passports, Galois closure and state-space cost

13.4.1 A passport validator

Input consists of a degree, ordered branch loops, their permutations, a distinguished sheet and
target topology. Validate permutation bijectivity, transitivity, the required product relation, cycle
defects and the Euler formula. A source disk needs total defect d− 1 and a single boundary cycle.
A compact sphere covering needs the product identity including the loop at infinity. These checks
reject impossible or mislabelled data before any numerical surface realization.

The two degree-five examples in M18 both have disk source and total defect four, but their
generated groups have orders 60 and 120 in the executed closure computation. Thus even with
identical degree, number of critical points and Euler characteristic, regular-closure memory can
differ. The group orders are finite calculations for those tuples; the existence of their holomorphic
disk realizations still uses the written surface construction.

Theorem 13.7 (C07: An exact finite closure algorithm). Breadth-first closure of a finite generating
set of permutations, starting at the identity and adjoining products by generators, terminates with
precisely the generated subgroup. It stores at most d! elements of Sd.

Proof. Every produced element is a word in the generators, hence belongs to the generated
subgroup. Termination follows from finiteness of Sd. At termination the set contains the identity
and is closed under multiplication by each generator. In a finite group, inverse powers of each
generator are positive powers, so all group words occur. Thus the set is exactly the subgroup.

A straightforward tuple representation needs O(d) memory per element and O(d) work per
composition. With r generators, this gives O(r|G|d) elementary entry operations and O(|G|d)
storage, apart from hashing and integer representation. The bound is not an efficient algorithm
for all large-degree groups; stabilizer-chain methods are a different algorithmic improvement, not
implemented or benchmarked here.
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13.4.2 Branch moves and the order of operations

An elementary Hurwitz move changes a pair (σ, τ) to (στσ−1, σ); the ordered product is preserved:

(στσ−1)σ = στ.

This finite identity is checked for all pairs in the executed S3 example. Preserving the product
alone is not equivalence of the whole covering: loop bases, simultaneous conjugacy and the rest
of the tuple must also be tracked. The PG CSE branch treats this as a state-rewriting problem
with invariants, not a claim that every braid-equivalence question is solved by one product test.

13.5 CSE-E: invariant outputs can reduce computation without
losing the question

13.5.1 Trace recurrence instead of explicit roots

For the cubic family in M23, compute sn from three initial values and the recurrence sn =
3sn−2 + wsn−3. At a fixed parameter, computing through order N takes O(N) scalar arithmetic
and constant working storage when only the last three values are needed. Computing a selected
root remains a different task. If polynomial coefficients in w are retained symbolically, polynomial
degree and coefficient size enter the cost; calling that symbolic calculation constant cost per step
would be false.

Theorem 13.8 (C08: Representation-independent trace under similarity). If A and S−1AS
represent the same finite algebra element in different bases, then tr p(S−1AS) = tr p(A) for every
polynomial p.

Proof. Powers telescope to (S−1AS)k = S−1AkS. Trace is cyclic, so tr(S−1AkS) = trAk. Sum
with the polynomial coefficients.

The exact output is basis invariant; numerical conditioning need not be. An ill-conditioned
S can amplify floating-point errors before the trace is formed. Algebraic invariance therefore
motivates a good representation but does not certify a floating-point implementation without an
error model.

13.5.2 A finite covering automaton

For the d = 3 power cover, encode each positive/negative turn of a base loop by a step +1 or −1
modulo three. The sheet state is a three-state automaton. Its adjacency matrix has zeros on the
diagonal and ones elsewhere, with eigenvalues 2,−1,−1. The number of length-n signed-turn
words returning to a fixed sheet is

an =
2n + 2(−1)n

3
.

This counts a particular language of returning lifts; it does not prove equivalence of arbitrary
automata. A direct dynamic-programming count is the baseline and the formula is an independent
structural check. Its exact values were compared for 1 ≤ n ≤ 30.
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13.6 CSE-F: composition of partial programs

13.6.1 The domain is part of the result type

A partial analytic map can be stored as (Ω, f, E ,B), where Ω is its allowed domain, E is a validated
evaluation rule and B gives branch/denominator information. A composable chain additionally
proves that each enclosure is contained in the next allowed domain. The target-aware pullback
sets of M24 give the exact mathematical semantics of that type.

Theorem 13.9 (C09: A correct final expression can be an incorrect partial program). Cancelling
factors or composing formulas without preserving their original domains can change the partial
function even when every returned value agrees wherever both programs are defined.

Proof. The expression (z2 − 1)/(z − 1) is undefined at z = 1, while z + 1 is defined there. They
agree at every other point. An API promising the original domain must retain that exclusion; an
API intentionally returning the analytic extension must state the changed domain. The same
logical distinction applies at each stage of a composition.

The example is elementary, but it is exactly the kind of issue that becomes hard to detect after
a chain of branch transformations. A symbolic simplifier can preserve an algebraic identity and
still violate a domain-sensitive specification.

13.6.2 Error propagation and rejection

Use M27 with Li bounded over the full enclosure. At each step, reject if the enclosure meets
a forbidden pole/cut or leaves the next domain. An output tolerance is met only when the
sum-of-products error bound is below the requested tolerance and all guards pass. Unknown is a
legitimate result; silently replacing it by success destroys the certificate contract.

Theorem 13.10 (C10: A two-layer acceptance rule). If every stage’s domain/evaluation certificate
is sound and the arithmetic used for the bound is outward-enclosing, accepting only after all
domain guards and the final error inequality hold proves the requested final enclosure. A final
small residual alone does not imply this conclusion.

Proof. Induction preserves the assertion that the exact state lies in the current enclosure. The
stage certificate makes evaluation admissible and bounds its local error. M27 propagates the
enclosure to the next stage. After the last step, its error inequality gives the requested output
enclosure. The counterexample of an exact but wrong sheet has zero residual and fails the branch
contract.
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Chapter 14

Finite certificates and exact
representations

14.1 CU1: a square-root API needs a branch contract

For an input w ̸= 0, the residual equation z2 − w = 0 has two solutions. A routine called sqrt
may specify a principal branch; a routine called continue_root must instead specify a starting
root and a path. These are different APIs even when they call the same floating-point primitive
internally.

An adequate root record contains the defining polynomial, the parameter cell, an isolating
disk, multiplicity, and the predecessor cell or initial condition selecting the branch. A failure
state should distinguish invalid input, boundary collision, unresolved precision and exhausted
computation budget. Returning a complex number alone hides these distinctions.

Exercise 14.1 (CU1a). For w(t) = eit, begin at z(0) = 1. Give the continued root at t = π, 2π, 4π.
At which endpoint does the first loop close in the base but not in the root state?

Solution. Continuity gives z(t) = eit/2, so the values are i,−1, 1. The first base loop closes at
2π, while the lift ends at the other root. A nearest-root matching method can approximate this
continuation, but without a separation and step-size condition it is a heuristic, not its proof.

Exercise 14.2 (CU1b). Explain why a residual tolerance alone cannot ensure the correct branch.
Use the exact pair w = 9, z = 3 and z = −3.

Solution. Both residuals are exactly zero. An initial condition selecting the positive branch
has additional information that the equation alone does not encode. A residual checker validates
equation satisfaction; it cannot recover a missing branch label. The same distinction appears in
an implicit layer or an equilibrium solver.

14.2 CU2: a three-entry representation can retain a repeated root

Take the quotient algebra C[z]/((z − 2)3) and the basis 1, ε, ε2 with ε = z − 2. Multiplication by
z is

M =

2 0 0

1 2 0

0 1 2

 = 2I +N, N3 = 0.
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For any polynomial h, Taylor expansion truncates exactly:

h(M) = h(2)I + h′(2)N + 1
2h

′′(2)N2.

The state dimension is three even though there is only one distinct root position. The representa-
tion contains first- and second-order information that a deduplicated list {2} has thrown away.
This is an algebraic-geometric fibre represented through finite linear algebra, not an instruction
to diagonalize a defective matrix.

Exercise 14.3 (CU2a). Compute M2 and its trace. Compare the result with summing the
squares of distinct root positions.

Solution. M2 = 4I + 4N +N2 has trace twelve. The sum over distinct positions is only four.
The correct power sum includes the root twice more through its multiplicity. A program must
say which quantity it computes before its answer can be judged correct.

14.3 CU3: permutation data have checkable invariants

Represent a permutation of {0, . . . , d− 1} by a tuple of length d. It must contain every label once.
Composition is (ab)[j] = a[b[j]]. The following small routine computes its cycle count without
confusing fixed points with absent cycles.
def cycle_count(p: tuple[int, ...]) -> int:

if sorted(p) != list(range(len(p))):
raise ValueError("not a permutation")

seen: set[int] = set()
count = 0
for start in range(len(p)):

if start in seen:
continue

count += 1
j = start
while j not in seen:

seen.add(j)
j = p[j]

return count

For local monodromy p, the ramification defect is d−cycle_count(p). A transposition has defect
one; a three-cycle has defect two; the identity has defect zero. Counting only nontrivial cycles is
wrong: the fixed sheets still contribute to the fibre count.

Exercise 14.4 (CU3a). At degree four, compare (12)(34) and (123) with label four fixed.
Compute their defects and explain why equal defects do not make the permutations conjugate.

Solution. Both have two cycles in total and hence defect two. Their cycle types are (2, 2)
and (3, 1), respectively. Conjugation relabels cycles but preserves their lengths, so they are not
conjugate. A total ramification number is a compressed invariant that may lose precisely the
information a lifting problem needs.

14.4 CU4: a root count carried by four exact inequalities

Consider p(z) = z2 − 2 on the positively oriented rectangle with vertices

1− i
2 , 2− i

2 , 2 + i
2 , 1 + i

2 .
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On the bottom edge, Im p(x− i/2) = −x < 0. On the right edge, Re p(2+ iy) = 2− y2 ≥ 7/4 > 0.
On the top edge, Im p(x + i/2) = x > 0. On the left edge, Re p(1 + iy) = −1 − y2 < 0. Each
complete image edge therefore lies in a strict coordinate half-plane avoiding zero.

The polynomial image can be deformed to the chord joining its endpoints inside that same
half-plane. The endpoint polygon is

(−5/4,−1), (7/4,−2), (7/4, 2), (−5/4, 1).

It contains zero once with positive orientation, as is checked by its ray crossing on the right edge.
Thus its winding is one, and the polynomial has one root inside the rectangle. The argument
principle is an imported analytic theorem; every finite inequality needed by this particular
certificate is rational.

14.4.1 Why the checker is independent of a plotted curve

A visual trace could miss a small additional turn. Here the half-plane property excludes such
a hidden homotopy change. The verifier rederives the polynomial restriction on each edge and
checks the exact inequalities; it does not trust a claimed winding number stored in the file. The
CSE application volume generalizes this hand calculation with Bernstein control polygons.

Exercise 14.5 (CU4a). A certificate file changes the reported winding from one to zero while
keeping every endpoint and edge inequality. What should the checker do? What if the polynomial
coefficients are also changed without changing the expected task?

Solution. Recomputing the polygon winding detects the first change. Comparing the certificate’s
polynomial with the externally specified input detects the second. A certificate must be bound to
the task; a correct proof about a different polynomial does not verify the requested computation.

Exercise 14.6 (CU4b). Could a zero on a contour be handled by merely ignoring the offending
sample? Explain using p(z) = z − 1 and the unit circle.

Solution. The zero occurs at z = 1, on the boundary. The entire-boundary nonvanishing
hypothesis fails. Omitting that sample changes neither the polynomial nor the curve. One must
change the contour with a justified exclusion or treat the boundary zero separately. A rounded
winding from the remaining samples is not a valid argument-principle count.

14.5 CU5: a covering lift becomes a finite automaton

Consider z4 = w over C∗. A positive loop around zero advances the sheet label by one modulo
four. A binary word describes a sequence of actions: digit zero stays on the current sheet; digit
one performs one loop. The final sheet is the number of ones modulo four. A lifted path closes
exactly when that count is divisible by four.

Let vn(j) be the number of length-n action words ending on sheet j, starting on zero. The
exact recurrence is

vn+1(j) = vn(j) + vn(j − 1 mod 4), v0 = (1, 0, 0, 0).

It uses four integer states and O(n) arithmetic operations, without drawing paths or computing
roots. A generating-function or Fourier representation is an optional mathematical compression,
not a substitute for this semantic derivation.
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For n ≥ 1, a roots-of-unity filter gives

vn(0) =
1

4

3∑
k=0

(1 + ik)n = 2n−2 + 2n/2−1 cos(nπ/4).

The right side is exactly an integer despite its analytic representation. For implementation, the
integer recurrence avoids floating-point cancellation and transcendental evaluation.

Exercise 14.7 (CU5a). Compute v4 and v8(0) by the recurrence or binomial coefficients. Explain
the exceptional case n = 0 in the displayed formula.

Solution. At length four, grouping by the number of ones gives (2, 4, 6, 4). At length eight, the
accepted counts are

(
8
0

)
+
(
8
4

)
+
(
8
8

)
= 72. For n = 0, the Fourier term (1− 1)n represents one

in the empty-word count, whereas the simplified formula omitted it as zero for positive n. The
correct initial value is v0(0) = 1.
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Figure 14.1: Exact finite-state counts normalized by the number of action words. The data are generated
by the integer recurrence, not by numerical root tracking. The limiting balance does not discard the
exceptional empty-word initial condition.

14.6 CU6: group enumeration and its cost

Breadth-first search from the identity under a finite list of permutation generators enumerates the
generated subgroup. Each discovered permutation has a witness word. Closure follows when every
generator edge from every discovered state returns to the set. The search terminates because
there are at most d! permutations, but this is not a polynomial-time bound in d.

A single-sheet orbit can be much smaller. For the natural action of S3, there are six group
states and three possible positions of label zero. Quotienting by the position of that label forgets
the two-element stabilizer. Whether that loss is acceptable depends on the query: following one
root needs less state than reconstructing a full root ordering.

Exercise 14.8 (CU6a). For the cyclic group generated by (1234), compare group size and orbit
size. For the group generated by (12) and (23), do the same. What does equality mean here?
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Solution. The cyclic example has four group elements and an orbit of four, with trivial point
stabilizer; its action is regular. The second example has six group elements and a three-element
orbit, with stabilizer size two. Equal group and transitive orbit sizes mean that no nonidentity
group element fixes the tracked sheet. A transitive action alone does not imply regularity.

14.7 CU7: guard a partial composition, then propagate its error

Suppose a routine A accepts inputs in U and guarantees outputs in V . A routine B accepts
inputs only in W ⊂ V . The composite B(A(x)) is guaranteed only for x ∈ A−1(W ), not for every
x ∈ U . Source 3.6 constructs these pullback domains for univalent analytic stages; the same
logical pattern is familiar in typed program contracts.

Algebraic simplification does not erase partiality. The expression (z2 − 1)/(z − 1) agrees with
z + 1 for z ̸= 1, but the original program may reject one. A rewrite that changes behavior at one
is not semantics-preserving unless the contract explicitly permits filling a removable singularity.

Exercise 14.9 (CU7a). Let A(z) = 2z accept |z| < 1, and let B(w) = 1/w accept 1/2 < |w| < 1.
Determine the guaranteed composite domain. State its output range.

Solution. The pullback condition is 1/2 < |2z| < 1, so 1/4 < |z| < 1/2. The output has
1 < |1/(2z)| < 2. The excluded center is a genuine pole, not a removable algebraic artifact. The
map’s domain is annular; treating it as a disk changes its topology and its branch/continuation
properties.

A numerical certificate adds an error disk around every intermediate value. The whole disk
must lie inside the next input domain. Checking only the center is insufficient near a pole or
branch cut. If an error bound is propagated through a Lipschitz constant, that constant must
be valid on the entire disk. This joins source domain geometry to ordinary numerical-program
verification without claiming that every software task is complex analytic.

14.8 Submission and machine-checking boundary

The branch’s required artifact is a small proof-carrying root-count program with an exact
input format, replayable certificate and rejected mutation tests. It must also report whether
it counts distinct roots or multiplicities and whether it selects a branch. The finite recurrence
and permutation checks can be exhausted for a declared range; exhaustion over that range is
not an infinite theorem. The published written arguments justify the general forms. Lean/Coq
candidates in the package illustrate universal algebraic identities but have not been compiled in
this runtime. The exact rational checker was executed and its status is separately recorded.

14.9 Undergraduate comparison laboratory: exact input, exact
claim

The purpose of this laboratory is to distinguish a program that produces a plausible answer
from one that exports a checkable reason for that answer. The native undergraduate tools are
arrays, rational arithmetic, loops, graph traversal and a clearly specified input/output contract.
The complex geometry enters through a small number of proved invariants. These are proposed
exercises linked to discrete mathematics, algorithms and numerical-computing material, not
replacements for compiler, operating-system or security correctness.
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14.9.1 CU8: a certificate has a producer and an independent consumer

A root solver may use floating approximations, heuristics and an adaptive search to propose a
candidate count. A certificate consumer should instead receive a polynomial, an oriented contour,
a complete ordered partition, a nonzero half-plane witness on every segment and an integer
count. The consumer binds the polynomial and contour to the caller’s task instead of trusting
the certificate to redefine the input.

A minimal example. For p(z) = z2 +1 on the square with vertices ±2± 2i, the expected root
count is two. Both roots lie inside, but the checker must establish the result from its accepted
contour witness instead of hard-code these roots. If one segment of the contour partition is
deleted, the certificate is incomplete even when the reported count remains two. A correct final
integer is not enough to validate its claimed proof.

Traditional versus proposed. A unit test compares one output with a known answer. A
certificate verifies a theorem-specific condition at runtime. Both are useful: tests challenge the
implementation, while the certificate explains the individual accepted result. Neither alone proves
that the whole program is correct for every input. The v2 corpus contains mutation tests that
deliberately corrupt otherwise valid certificates.
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Figure 14.2: The same contour can be certified by a large uniform partition or a small locally refined
one. The inward scaling is only for visibility; it does not change the actual task.

Exercise 14.10 (CU8a). Explain why a certificate for one polynomial cannot be accepted for
another polynomial merely because both happen to have the same count. Give one field the
consumer must recompute.

Solution. The witness inequalities concern values of the declared polynomial on the declared
contour. Reusing them for another polynomial is a different proposition. The consumer must
compare the exact input coefficients with the certificate’s coefficients and recompute the Bernstein
controls or other segment enclosure from those coefficients. Matching the final count is not input
binding.
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14.9.2 CU9: control points are not curve samples

For a quadratic curve written in Bernstein form,

q(t) = (1− t)2v0 + 2t(1− t)v1 + t2v2, 0 ≤ t ≤ 1,

all coefficients are nonnegative and add to one. Thus q(t) lies in the triangle spanned by the
three controls. The middle control is usually not q(1/2); in fact q(1/2) = (v0 + 2v1 + v2)/4.

A cheap check with a global conclusion. If all three controls have positive dot product
with a fixed normal, the entire curve lies in the same open half-plane. Checking three sample
points would not establish the same fact for a general curve. The power of the finite check comes
from the exact representation theorem, not from the number three.

Exercise 14.11 (CU9a). Let v0 = (1, 0), v1 = (1/4, 1/4) and v2 = (0, 1). Find a strict rational
separating normal and a rational Euclidean lower bound for |q(t)|.

Solution. Take n = (1, 1). The dot products are 1, 1/2, 1, so n · q(t) ≥ 1/2. Since ∥n∥1 = 2,
C11 gives |q(t)| ≥ 1/4. This is conservative but valid on the entire parameter interval. Strict
positive-coordinate tests fail at the endpoints; the oblique normal succeeds.

14.9.3 CU10: arrays can represent an algebra, not only a root list

In Q[z]/(z3 − 2), represent a+ bz + cz2 by the length-three array (a, b, c). Multiplication reduces
every z3 to two. Multiplication by z sends (a, b, c) to (2c, a, b), so the matrix shown earlier can
be implemented without any complex root approximation.

M^1 M^2 M^3 M^4 M^5 M^6
Power blocks in Q[z]/(z^3-2)

1

z

z^2

Ba
si
s 
ro
w

0 0 2 0 2 0 2 0 0 0 0 4 0 4 0 4 0 0

1 0 0 0 0 2 0 2 0 2 0 0 0 0 4 0 4 0

0 1 0 1 0 0 0 0 2 0 2 0 2 0 0 0 0 4

Finite algebra retains all coordinate moments

Figure 14.3: Six exact multiplication-power blocks. The displayed entries can be checked with integer
arithmetic; no root ordering or numerical eigenvector is involved.

Compare the outputs. For the trace tr(M6
z ), the relation M3

z = 2I gives M6
z = 4I and trace

twelve. Computing three cube roots and summing their sixth powers is an alternative route, but
introduces unnecessary branch and arithmetic issues for this exact-integer task. If a plot needs
the individual root coordinates, the quotient trace does not provide that output.

Exercise 14.12 (CU10a). Give a recurrence for tr(Mn
z ) and compute it for n = 0, 1, 2, 3, 4, 5, 6.

State which values vanish for structural reasons.
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Solution. Set tn = tr(Mn
z ). Then t0 = 3, t1 = t2 = 0, and tn+3 = 2tn. The values are

3, 0, 0, 6, 0, 0, 12. All indices not divisible by three vanish. This follows from the algebraic relation
and initial traces, not from numerical cancellation among roots.

14.9.4 CU11: a group search need not allocate the factorial bound

Given generators as permutations of three symbols, a breadth-first closure search stores only
reached permutations. With generators (12) and (23), six permutations are reached. With only
the three-cycle (123), three are reached. The degree-three fibre is the same size in both cases, but
the generated ordering state spaces differ.

123

132213

231

312 321

A six-state regular action with two generator types

Figure 14.4: The two-generator action on six orderings. Solid and dashed edges represent different
generators; product order and edge convention are part of the data.

Metric. Count generated states, stored entries and composition operations. Reporting only
“the bound is d!” hides the savings available when the actual subgroup is smaller. Conversely,
using only d sheet states may be wrong when the task asks for the full root ordering or the regular
cover. A smaller data structure is useful only if it retains the observable requested by the caller.

14.9.5 CU12: the claim determines the benchmark

The laboratory submission should contain one valid input, one almost-invalid input, one invalid
input and one corrupted certificate. Record candidate construction time separately from consumer
verification time. Count exact rational control points and serialized bytes alongside runtime. An
optimization that simply stops checking difficult inputs will look fast unless accepted coverage
and rejection reasons are also reported.

The lecture now places a short prerequisite card before each content slide. These cards define
the exact mathematical objects needed on the next slide, give one small calculation, and provide
a self-check answer. They are support for the argument, not independent new mathematical
results counted toward the corpus’s novelty or theorem totals.
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Chapter 15

Algorithmic geometry and continuation

15.1 CG1: Bernstein coefficients are a proof representation

For a polynomial q(t) =
∑m

j=0 ajt
j , write

q(t) =

m∑
k=0

bk

(
m

k

)
tk(1− t)m−k, bk =

k∑
j=0

aj

(
k
j

)(
m
j

) .
For real 0 ≤ t ≤ 1, the basis weights are nonnegative and sum to one. Thus a complex polynomial
path lies in the convex hull of its complex control points bk. If one real linear functional
ℓ(z) = αRe z + β Im z is strictly positive on all bk, it is strictly positive on the whole path. This
is the link from finite arithmetic to nonvanishing on a continuum.

15.1.1 Degree elevation preserves the certificate

The same polynomial expressed in degree m+ 1 has coefficients

b′k =
k

m+ 1
bk−1 +

(
1− k

m+ 1

)
bk,

with the natural endpoint conventions. To prove this, multiply each Bernstein term by t+ (1− t)
and regroup adjacent terms using the binomial identities. Each new coefficient lies on a segment
between old coefficients. Therefore a valid strict half-plane certificate survives degree elevation. A
failed convex-hull exclusion may become successful after subdivision, but simply changing basis
degree cannot validate an originally nonzero value that lies in a genuinely wrong domain.

Exercise 15.1 (CG1a). For q(t) = 1 + it− t2, find its degree-two Bernstein coefficients and a
strict half-plane certificate, or explain why the coordinate real half-plane test alone fails.

Solution. The coefficients are b0 = 1, b1 = 1 + i/2, b2 = i. Their real parts include zero,
so the strict positive-real test fails. Their imaginary parts also include zero. The functional
ℓ(z) = Re z + Im z is positive on all three, with values 1, 3/2, 1. It certifies the path in a rotated
half-plane. The release’s implemented checker uses coordinate half-planes only; this example
specifies a sound extension beyond that implementation, not an executed capability already
present.
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Figure 15.1: The curve and its exact Bernstein hull. Neither coordinate half-plane supplies a strict
witness for all control points, but the rational direction Re+Im does. The currently implemented checker
does not yet accept arbitrary rotated directions.

15.2 CG2: subdivision and a sound checker

The de Casteljau recursion gives an exact subdivision of a Bernstein curve at any rational s ∈ [0, 1]:

b
(0)
k = bk, b

(r+1)
k = (1− s)b

(r)
k + sb

(r)
k+1.

The left and right boundary diagonals of this triangle are the coefficients of the two subcurves.
The recursion follows from repeated affine interpolation; induction on degree verifies equality
of the represented polynomial. With rational inputs and rational s, every coefficient remains
rational complex.

A verifier need not trust the producer’s subdivision arithmetic. The delivered checker derives
the restricted polynomial directly from its coefficients and each declared rational source segment,
reconverts to Bernstein form and verifies the half-plane witness. It also checks that segments
tile each original edge exactly, in order, without overlaps or gaps. This redundancy makes a
malformed subdivision certificate detectable even when its advertised winding looks plausible.

Exercise 15.2 (CG2a). Why does checking every declared segment independently not suffice if
the certificate can omit an interval? Give the missing logical implication.

Solution. Local exclusion proves nonvanishing only on the union of the declared segments. The
argument principle requires nonvanishing on the entire closed boundary. Exact tiling supplies
the equality between that union and the requested contour. Without it, the missing interval can
contain a zero or an extra winding. Certificate soundness has both arithmetic and combinatorial
premises.

15.3 CG3: separate root counting from branch following

Suppose p(z, w) has exactly one zero in an isolating disk for each w in an open connected
parameter cell, and that the root remains simple. The implicit-function theorem supplies local
analytic roots; uniqueness in the same disk makes the local branches agree on overlaps. This
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constructs one analytic branch on that cell. It does not supply a global label around a parameter
loop whose monodromy is nontrivial.

For z2 = w, use the exact test

|c2 − w0|+ h+ r2 < 2|c|r

when |w − w0| ≤ h and the proposed root disk is |z − c| < r. The left side bounds the nonlinear
remainder relative to 2c(z − c). It is a quantitative Rouché condition, not a fitted convergence
rate.

Exercise 15.3 (CG3a). Take c = 3/2, w0 = 9/4, r = 1/2 and h = 1. Certify the branch and a
uniform derivative bound.

Solution. The center residual is zero. The remainder bound is 1 + 1/4 = 5/4 < 3/2. Exactly
one root lies in the disk for every parameter in the cell. Its modulus exceeds one, so |dz/dw| =
1/(2|z|) < 1/2. The strict inequality gives an open neighborhood on which the same branch
exists. The other root is excluded by the disk instead of by a floating-point sign comparison.

15.3.1 A continuation-step policy

Choose a candidate center c by any efficient predictor. The checker evaluates its residual enclosure,
selects a rational r and validates the above inequality on the next parameter cell. With the
conservative choice r = |c|/2, the allowable parameter radius satisfies

h < 3
4 |c|

2 − |c2 − w0|.

This exposes the shrinking step budget near the branch point. In exact rational implementations,
enclose |c| from below and use squared inequalities where appropriate. A predictor failure should
lead to refinement or a classified unresolved cell, not to silently switching to a different root.

15.4 CG4: multiplication matrices avoid unstable root labels

For a monic polynomial p(z) = zd + cd−1z
d−1 + · · ·+ c0, multiplication by z in C[z]/(p) has a

companion matrix. Its characteristic polynomial is p. A polynomial observable can be represented
by matrix reduction without computing individual roots.

For p(z) = z3 − w, the basis 1, z, z2 yields

A(w) =

0 0 w

1 0 0

0 1 0

 , A(w)3 = wI.

Hence powers reduce to three residue classes modulo three. An entire function f(z) =
∑
anz

n

has
f(A) = F0(w)I + F1(w)A+ F2(w)A

2, Fj(w) =
∑
n≥0

a3n+jw
n.

For the exponential, all three Fj are entire. Their representation remains analytic at w = 0,
where the eigenvalue labels collide and the matrix is nilpotent. This does not eliminate all matrix
conditioning, but it removes artificial branch choices from a symmetric observable.

Exercise 15.4 (CG4a). Compute trAn for all n ≥ 0 and explain the case n = 0.
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Solution. The trace is zero when n is not divisible by three. For n = 3m, An = wmI, so
the trace is 3wm, including three at n = 0. This is an exact recurrence. Numerically summing
independently labelled roots can add branch-matching complexity to a quantity that never
required the labels.

15.5 CG5: a regular closure is an automaton with algebraic in-
variants

Given permutations σ1, . . . , σr, enumerate the generated group with BFS. Store a parent edge and
generator for every new state. A checker validates the identity, each witness word, distinctness,
and closure under every generator. Closure plus reachability proves that the listed set is exactly
the generated subgroup: no listed element is spurious and no reachable element is missing.

If the group has g elements represented as arrays of length d, elementary composition costs
O(d), so the basic enumeration takes O(rgd) array operations plus dictionary overhead and O(gd)
storage. The worst-case g = d! must remain visible. Reporting the number of root sheets as the
group-state count can understate the closure by a large factor.

Exercise 15.5 (CG5a). Why are the two checks “every element has a witness word” and “the set
is closed under generators” both needed?

Solution. Witnesses alone permit an incomplete prefix of the generated group. Closure alone
permits a larger group containing all generators, including unreachable elements under an
incorrectly initialized state set. Together with the identity and distinct valid permutations,
they establish both inclusions. This is analogous to the paired containment checks needed in a
certificate for a geometric image.

15.5.1 A chain-complex consistency check

A candidate triangulated cover can store boundary matrices ∂2 and ∂1. The exact identity
∂1∂2 = 0 is necessary for a chain complex. Euler characteristic can be computed from cell
counts and checked against alternating homology ranks over a field. These finite checks harden
a proposed combinatorial model, but do not by themselves prove that its geometric realization
is a surface, that the map is locally a power, or that no branch data were omitted. Source 3.2
supplies those additional topological obligations.

15.6 CG6: truncation error in a Hardy-space computation

For an analytic f(z) =
∑
anz

n with |an| ≤MR−n, R > 1, the tail after degree N satisfies∥∥∥∥∥f −
N∑

n=0

anz
n

∥∥∥∥∥
2

H2

≤M2R
−2(N+1)

1−R−2
.

This follows by Parseval and summing a geometric series. The hypotheses concern a whole
coefficient family, not a finite observed decay pattern. The estimate is an H2 mean-square
boundary bound; it is not a uniform bound on the closed unit disk without additional reasoning.

For |z| ≤ r < 1, Cauchy–Schwarz converts a known H2 tail norm δ to

|tail(z)| ≤ δ rN+1

√
1− r2
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where δ2 =
∑

n>N |an|2; shifting the coefficient sequence does not change this norm. Ignoring the
tail’s zero of order N + 1 gives the coarser bound δ/

√
1− r2. The sharper factor comes from the

known vanishing order, not from redefining the same norm.

Exercise 15.6 (CG6a). For f(z) = 1/(1− z/2), calculate the exact H2 tail squared norm after
degree N and the exact pointwise tail at real z = r ∈ [0, 1).

Solution. The coefficients are 2−n. The squared tail norm is 4−(N+1)/(1− 1/4) = 4−N/3. The
pointwise tail is (r/2)N+1/(1 − r/2). The first is an average-energy statement, the second a
pointwise formula; neither should be substituted for the other without its stated conversion.

15.7 CG7: error balls must fit the next domain

Let an approximate intermediate value be ẑ with error radius ε. Before evaluating an inverse
branch defined on V , verify D(ẑ, ε) ⊂ V . If V = {z : |z − a| > ρ}, the sufficient exact condition
is |ẑ − a| − ε > ρ. If V is a slit domain, the distance to both the cut and its endpoint matters.
The derivative bound used for propagation must hold on the entire input ball.

Exercise 15.7 (CG7a). For inversion ψ(z) = 1/z, assume |ẑ| ≥ m > ε. Derive a bound on
|ψ(z)− ψ(ẑ)| for |z − ẑ| ≤ ε.

Solution. Direct subtraction gives |z − ẑ|/(|z||ẑ|). Since |z| ≥ m− ε and |ẑ| ≥ m, the error is
at most ε/(m(m− ε)). This is sharper than using an unnecessarily large global derivative bound
and explicitly fails as the certified ball approaches the pole.

15.8 Deliverable and verification standard

A graduate submission should implement one producer and a deliberately smaller verifier, prove
the verifier’s implication, and provide malformed, boundary and near-critical tests. It should
report exact arithmetic costs separately from plotting and the construction heuristic. The
release already executes one such polynomial contour verifier. Rotated half-plane witnesses,
tensor-parameter cells, general rational-function poles and a fully formalized verifier are described
extensions, not claimed executed features. The claim ledger makes that implementation boundary
explicit.

15.9 Graduate comparison: algorithmic work and certificate
strength

The graduate computational objective is to preserve a common semantic contract while changing
the representation. A fair comparison records accepted problem scope and error or proof guarantees
before measuring runtime. The new experiments are reproducible but deliberately small; they do
not establish performance on every polynomial, matrix or parameter family.

15.9.1 CG8: adaptive geometry has two separable effects

The first effect is partition locality: refining only difficult contour arcs. The second is enclosure
direction: accepting arbitrary rational separating normals instead of four coordinate directions.
The benchmark varies both independently. This four-way design avoids attributing all gains to
the more visually striking geometric change.
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Observed size result. For (z − 99/100)2 on the unit square, axis/uniform, axis/adaptive,
rotated/uniform and rotated/adaptive use 1024, 21, 8, 5 arcs. Thus adaptivity alone changes 1024
to 21, rotation alone at a uniform depth changes 1024 to 8, and their combination reaches 5.
Those effects are not additive percentages. For the cubic workload, rotated uniform and rotated
adaptive coincide at eight arcs.
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Figure 15.2: Verifier cost versus recomputed control points. Open markers are uniform and filled markers
adaptive; circle and square shapes distinguish normal languages. Each point is an accepted certificate for
a fixed task.

Cost derivation. Let L be the number of accepted arcs, d the polynomial degree and V the
number of coefficient-family vertices. A direct control recomputation uses O(LV d2) rational
operations. If all numerators and denominators have at most b bits, a corresponding bit estimate
must include the multiplication and normalization cost at size b. Since subdivision can increase b,
plotting L alone does not prove the bit complexity. The current exact implementation exports
the certificate itself so these sizes are inspectable.

Exercise 15.8 (CG8a). Two methods have (L, b) = (20, 100) and (5, 1000). Under the toy
multiplication model M(b) = b2, which has smaller LM(b)? What does this say about an arc-only
claim?

Solution. The costs are 200,000 and 5,000,000. The five-arc method is more expensive under this
model despite its smaller partition. The toy model is not a runtime measurement; it demonstrates
that arc count alone cannot logically determine cost when coefficient sizes change.

15.9.2 CG9: invariant matrix evaluation with a controlled truncation error

For the family A2 = λI, the quotient series in C15 has a uniform exact-arithmetic tail certificate
on |λ| ≤ 1. Horner evaluation of the even and odd coefficient polynomials costs 2m scalar
multiply-add steps plus a few matrix-entry assignments. This avoids a matrix diagonalization
and is straightforward to vectorize across many parameters. The upfront proof of the relation
and the domain is part of the setup cost.
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Figure 15.3: Actual float64 errors against an independent 90-digit reference. The general matrix-
exponential routine is included to avoid a comparison only against a weak near-defective eigenbasis
method.

Roundoff is a second theorem. The coefficient truncation bound below 7.55× 10−33 is far
below double precision. A practical total bound must add coefficient conversion and arithmetic
errors. A generic Horner forward bound of the form γ2m

∑
|ckλk| requires a stated floating-point

model, no underflow/overflow pathologies, and suitable treatment of complex arithmetic. The
release does not claim a formal float64 proof of that model; it reports observed errors separately.

Exercise 15.9 (CG9a). Why can the quotient method remain correct at λ = 0 even though a
formula containing sinh(

√
λ)/

√
λ appears undefined? State the value of the scalar quotient there.

Solution. Its series is
∑

k≥0 λ
k/(2k+1)!, which has value one at zero. The quotient is an entire

function with a removable singularity in the square-root notation. Evaluating it through its series
avoids a spurious division by zero. The resulting matrix exponential is I +A(0).

15.9.3 CG10: contour certificates and root tubes are different interfaces

A contour certificate proves a count inside a region. A root tube additionally preserves the
identity of a particular root along a parameter path. The count can remain two while the labels
exchange. A complete continuation record therefore includes a starting root, a path cell, an
enclosure, uniqueness or cluster multiplicity, and overlap or monodromy information between
cells.

A quantitative tube. For p(z, t) = z2 − t and a known base root z20 = t0, write z = z0 + u
and t = t0 + v. On |u| = r,

p(z, t) = 2z0u+ u2 − v.

The strict condition r2 + |v| < 2|z0|r certifies one root in the disk around z0. This is the same
inequality already used in CG3, now interpreted as a parameter-step policy. It degenerates as
z0 → 0; that is genuine local branch geometry, not just a slow implementation.

Comparison. Predictor-corrector iteration is a construction method. The inequality is a
posteriori verification. Combining them can be superior to replacing the solver with a fully

154



symbolic formula, but the cost must include both construction and checking. An unverified
predictor that rarely fails does not satisfy the same acceptance contract as a certified tube.

15.9.4 CG11: joint parameter geometry versus a list of point tests

A polynomial family affine in a real parameter is a convex combination of its endpoints. The
joint Bernstein control list can therefore give a whole-interval certificate. Testing one hundred
parameter values only establishes one hundred instances; it does not give the same output. The
advantage is coverage of a continuum, often with one finite witness. The limitation is conservatism
of the joint hull: a too-large parameter region can defeat one common separator even if each
member is admissible.

For nonlinear parameter dependence, use a valid tensor-product Bernstein enclosure, a proved
convex relaxation, or a subdivision with an explicit remainder. Sampling endpoint coefficients
alone is not generally a valid enclosure. The CSE research branch isolates the statement that the
parameter representation must satisfy before any contour checker is called.

15.9.5 CG12: a reproducible result is not just a median

The benchmark stores exact input coefficients and contour vertices, the full certificate, raw timing
repetitions, generator and verifier costs, and acceptance diagnostics. Warmup and repeated
measurements reduce some noise; they do not make a confidence interval without a statistical
design. The reported minimum and maximum are observed ranges. Changing the interpreter,
rational arithmetic backend, degree distribution or normal-search strategy can change rankings.

A substantive improvement has two routes: a proved inequality or capability result for a family,
or a measured result on a clearly stated workload. The former needs a theorem; the latter needs
repeatable data. The revised lecture comparisons label these routes so a graph of measured speed
is not mistaken for an asymptotic proof.
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Chapter 16

Uniform certificate construction and
complexity

16.1 CP1: a quantitative termination condition for one polynomial

Fix a polynomial p of degree m and a compact piecewise-linear contour on which |p| ≥ µ > 0.
On a segment starting at z0 with increment h, its power coefficients under z = z0 + ht are
aj = p(j)(z0)h

j/j!. The degree-m Bernstein coefficient bk differs from p(z0) by at most

R(h) =
m∑
j=1

Mj |h|j

j!
, Mj ≥ sup

Γ
|p(j)|.

Indeed the conversion factors
(
k
j

)
/
(
m
j

)
lie between zero and one. At least one of |Re p(z0)| and

| Im p(z0)| is at least µ/
√
2. If R(h) < µ/

√
2, all control points retain the strict sign of that

coordinate. A coordinate-half-plane witness therefore exists for every sufficiently short segment.
This proves termination of recursive subdivision for a fixed zero-free polynomial, assuming

exact arithmetic and no externally imposed depth cap. It does not give a parameter-independent
bound when µ ↓ 0. A practical implementation can replace µ/

√
2 by an exact lower bound on

the chosen endpoint coordinate and verify the local inequality directly.

Exercise 16.1 (CP1a). For p(z) = z2 − 2 on a region |z| ≤ R, bound R(h) using only R and |h|.

Solution. |p′| = 2|z| ≤ 2R and |p′′| = 2, with higher derivatives zero. Thus R(h) ≤ 2R|h|+ |h|2.
A strict comparison with the endpoint coordinate margin gives a completely algebraic local
subdivision rule. It is conservative, but its conclusion covers the whole segment.

16.2 CP2: a nonzero family can defeat an axis-only witness

Consider the constant-in-z family

pt = (−2 + i)(1− t) + (1− 2i)t, 0 ≤ t ≤ 1.

Every value lies on the line Re pt + Im pt = −1, so zero is uniformly excluded. Yet across the
entire parameter interval the real parts have both signs and the imaginary parts have both signs.
No single coordinate half-plane contains both endpoint values. Subdividing the source contour
cannot help because the polynomial is constant there.

A rational separating functional does help: ℓ(z) = −Re z − Im z equals one throughout the
family. Alternatively split the parameter interval at 1/2. The first half has strictly negative real
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part, and the second has strictly negative imaginary part. Thus coordinate witnesses become
complete after suitable joint parameter subdivision, even though source-only subdivision is not.

Implementation consequence. The delivered checker is sound for its coordinate witnesses
and succeeds on the particular gain family included in the tests. It is not claimed to certify
every nonvanishing convex polynomial family. This counterexample is a positive control against
overstating its completeness. Extending witness directions to rational (α, β) is straightforward
for checking, but the producer’s search strategy and bit complexity still require analysis.

Exercise 16.2 (CP2a). Show that the family stays at Euclidean distance at least 1/
√
2 from

zero, and identify where equality occurs.

Solution. By Cauchy–Schwarz, |x+ y| ≤
√
2
√
x2 + y2. Since x+ y = −1, the norm is at least

1/
√
2. Equality occurs at x = y = −1/2, namely t = 1/2. The failure of a coordinate witness is

therefore not caused by a tiny nonvanishing margin.
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Figure 16.1: A uniformly zero-free parameter segment that defeats an axis-only global witness. The
obstruction belongs to the certificate representation, not to the mathematical nonvanishing property.
Parameter subdivision or a rational rotated witness repairs it.

16.3 CP3: joint Bernstein certificates for parameter boxes

Let q(t, u) be polynomial on [0, 1]2, with tensor-product Bernstein expansion

q(t, u) =
m∑
j=0

n∑
k=0

bjkB
m
j (t)Bn

k (u).

The product weights are nonnegative and sum to one. A single strict rational half-plane witness for
all bjk therefore certifies nonvanishing over the entire two-dimensional cell. The same statement
holds for any finite number of parameters. It is a finite convexity argument; the complexity grows
with the tensor-product degree and the required subdivision.

Local certificates can use different witness directions on neighboring cells. To infer a single root
count over the entire parameter region, one also needs connectedness and a covering by valid cells
whose union is the claimed domain. To infer a labelled branch, one additionally needs compatible
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isolating regions and monodromy control. These are increasingly strong conclusions and must not
be merged into one success flag.

Exercise 16.3 (CP3a). For q(t, u) = 1 + t+ iu, give a uniform certificate over the unit square
and explain why checking only its four corners would not be a general proof for an arbitrary
nonlinear polynomial.

Solution. The real part is 1 + t ≥ 1. Since this polynomial is affine in each variable, its tensor
Bernstein control points are its corner values and have real parts one or two. For higher degree,
corner values need not bound the interior; an interior zero can occur while all corners are nonzero.
The certificate uses all control points of the declared degree, not merely convenient samples.

16.4 CP4: separating arithmetic, topology and implementation
soundness

The implemented certificate format contains the expected polynomial vertices, an oriented polygon,
an ordered rational subdivision, a coordinate witness for every piece and a claimed integer. The
verifier rederives the piece coefficients, validates strict signs and exact tiling, and recomputes
the polygon winding. Its logical implication is conditional on the source contour being the
intended positively oriented Jordan boundary. For the supplied axis-aligned rectangles, that
fact is direct from their construction; an arbitrary user polygon would require a separate exact
simplicity/orientation check.

A full formal proof should have three interfaces. The algebraic layer shows that computed
coefficients represent the restricted polynomial. The geometric layer shows that a certified convex
hull gives a zero-free homotopy to a chord. The topological layer relates the exact polygon
crossing number to winding and then to polynomial zeros. A proof of the first interface alone
does not prove the final root count.

The recorded executable universal-identity checker uses a sparse rational coefficient dictionary.
It accepts only rational constants, variables, addition, subtraction, multiplication and nonnegative
integer powers. Its soundness argument is structural induction on that syntax. This is stronger
than checking an identity at finitely many points, but it remains dependent on the Python
interpreter, integer/rational implementation and the program’s own correctness. It is not described
as a proof-assistant kernel.

16.4.1 Malformed input is part of the theorem’s boundary

A production parser should reject duplicate or missing fields, invalid rational denominators,
nonfinite values, out-of-order cells, unbounded AST sizes and integer ranges that would exhaust
resources. Mathematical soundness and denial-of-service resistance are distinct properties. The
included polynomial AST imposes a node budget and exponent cap; it does not constitute a
general secure document parser. The release’s adversarial tests target incorrect mathematical
certificates, not hostile internet deployment.

Exercise 16.4 (CP4a). Why should a certificate’s embedded polynomial not be accepted as the
sole source of the task identity?

Solution. Otherwise a malicious or mistaken producer can replace the requested polynomial
with an easier one and prove a correct fact about it. The verifier must compare the certificate
with externally supplied expected coefficients, domains and conventions, or with an authenticated
immutable task record. A checksum detects changes only relative to a trusted expected checksum;
self-hashing does not authenticate a task.
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16.5 CP5: a condition-aware complexity account

Let s be the number of accepted contour pieces, m the polynomial degree, v the number of
coefficient-family vertices and B a bound on rational bit lengths. A direct coefficient restriction
and Bernstein conversion costs O(vm2) rational operations per piece; the full check is O(svm2)
such operations plus polygon crossings. A rational operation is not constant-time when B grows.
Under a multiplication cost M(B), numerator/denominator normalization and coefficient growth
must be included in a bit-complexity estimate.

The construction cost can greatly exceed checking cost because failed trial subdivisions are not
part of the final certificate. The current timings are single-run diagnostics on a small fixed corpus,
not a general benchmark or a proof of asymptotic superiority over interval Newton, Routh or
established polynomial solvers. A valid performance study would freeze input families, tolerances,
arithmetic precision, failure policy and machine configuration, then report both successes and
unresolved cases.

Exercise 16.5 (CP5a). Does a certificate with twice as many segments necessarily take twice as
long to verify? Give two independent reasons why the answer can be no.

Solution. Its coefficients may have different degrees or numbers of parameter vertices, changing
the operation count per segment. Its rational numbers may also have larger bit lengths, changing
the cost of each arithmetic operation. Cache effects and interpreter overhead are further empirical
factors, but the first two already show that segment count alone is an incomplete cost metric.

16.6 CP6: labelled continuation and label-free observables

For an analytic matrix family with a root collision, individual eigenvalue branches can permute
around a loop. A symmetric observable may remain analytic. The quotient-algebra representation
in the graduate branch computes traces and entire matrix functions without choosing roots, but
it cannot answer a query that genuinely asks for one transported mode without additional branch
information.

A branch-aware data structure should therefore offer two distinct types: a symmetric fibre
observable and a based continuation section. Converting the latter to the former forgets labels.
Reconstructing a labelled section from the symmetric value is generally impossible. This is an
information-loss statement, not a numerical defect.

Exercise 16.6 (CP6a). For roots of z2 = w, compare the information in their sum, their
unordered pair and a root continued from +1 around a loop based at w = 1.

Solution. The sum is always zero and contains no branch information. The unordered pair
determines w but is unchanged after the loop. The continued root records whether the loop’s
winding is even or odd, ending at +1 or −1. The three outputs solve distinct problems. A model
that predicts only symmetric features cannot be credited with recovering the transported label.

16.7 CP7: a research specification with auditable novelty

A focused extension of the implemented checker is a certified branch-tracking engine for a bounded
polynomial family with parameter boxes. It should combine exact or interval Bernstein exclusion,
isolating root clusters, monodromy permutations, composition-domain checks and a compact
replayable certificate. Its theorem must say precisely which accepted outputs are sound, whether
the search terminates on separated inputs, and how failure is classified near actual branch values.
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A possible new result would be an improved uniform complexity bound, a smaller independently
checked certificate, or a demonstrated capability on a family that existing certified methods
cannot handle under the same assumptions. Merely adding a monodromy plot, using a proof
assistant for integer arithmetic, or moving a solver to a GPU does not establish that contribution.
The proposed experiments must include the axis-witness counterexample CP2, contour boundary
roots, multiple roots, branch-label swaps and parameter cells with genuine topology.

16.8 Research extension: completeness, lower bounds and the
audit itself

The source section supplies the topological and analytic reasons that a certificate can be sound.
The computational research question asks how much of the admissible input space a particular
finite witness language can actually certify, and at what bit cost. Soundness, termination,
completeness relative to a representation, and practical performance are different properties.

16.8.1 CP8: distinguish three quantifiers in a family certificate

For a family pλ and contour Γ, the assertions

(∀λ)(∀z ∈ Γ) pλ(z) ̸= 0, (∃n)(∀λ, z) n · pλ(z) > 0, (∀ arcs I)(∃nI)(∀λ, z ∈ I) nI · pλ(z) > 0

are not equivalent. The second implies the first but excludes nonzero loops of nonzero winding.
The third permits different half-planes along the contour and can certify such loops. Even the
third can fail for a parameter relaxation whose joint value hull contains zero.

Rotated-language improvement. The constant family 1− λ+ iλ separates axis-language
incompleteness from genuine nonvanishing failure. Its arbitrarily fine source partitions do not
change the family values. A rational rotated witness succeeds immediately. This is a clean
negative control because degree, arithmetic precision and source curvature cannot explain the old
failure.
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Figure 16.2: A witness-language obstruction has a different repair from numerical precision. Rotation
solves this declared convex-family example; it is not a universal substitute for parameter subdivision.
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Exercise 16.7 (CP8a). Give a nonconvex family of nonzero constants whose convex relaxation
contains zero. What would an attempted whole-relaxation certificate mean?

Solution. The two constants +1 and −1 are individually nonzero, while their convex hull
contains zero. A certificate for the full convex relaxation would falsely claim that the zero
constant is excluded. The safe choices are to keep two separate parameter components or use a
representation that preserves nonconvexity. No sound half-plane checker should accept the full
relaxation.

16.8.2 CP9: completeness of the closest-hull normal oracle

C12 gives a complete finite separation oracle for a rational polygonal hull: enumerate its vertices
and orthogonal edge projections, test each rational candidate against all controls, and accept one
with a strict positive margin. If zero is outside the hull, one candidate works. If zero is inside, no
candidate can work. This is a completeness statement about the finite hull representation, not
about all curves represented by those controls.

A proof boundary worth formalizing. The oracle theorem depends on convex hull correct-
ness, the closest-point characterization and rational arithmetic. The winding checker additionally
depends on partition coverage and homotopy. The source’s argument principle additionally
depends on the continuous map and its interior. A formalization that checks only the arithmetic
sign of one sample does not close these layers. The v2 obligation ledger names them separately.

Practical search cost. Building the hull of M controls takes O(M logM) orientation compar-
isons in the standard monotone-chain implementation, and testing all edge candidates directly
can take O(M2) dot products. That is not an optimal support-function implementation. On easy
axis-separable arcs, four coordinate tests may be faster. The capability improvement therefore
coexists with a possible generation-time penalty.

16.8.3 CP10: an independently checkable lower-bound portfolio

The precision model MP8 is deliberately small enough to support three proofs: convexity, dynamic
programming and enumeration. Its dynamic program records Fj(B), the minimum scaled error
after j stages with total bit cost B:

Fj+1(B) = min
b∈{2,...,14}

{Fj(B − b) + wj+12
14−b}.

The weights here are the scaled integers 1, 4, 16, 64; the common scale is 64 · 214. The base is
F0(0) = 0 and F0(B) = +∞ otherwise. Induction on stages proves that the recurrence considers
every admissible allocation exactly through its last coordinate, with no hidden greedy assumption.

Why this helps the corpus audit. It is an example of a legitimate maximal/minimal claim:
a declared objective, a feasible candidate, an independently checked lower bound and a proof
that the search domain is sufficient. The same standard is applied to document metrics. A
count reaching its declared denominator proves saturation of that count, not absolute semantic
completeness or learning efficacy.

Exercise 16.8 (CP10a). A purported optimality certificate contains only a feasible vector. Which
side of the optimum does it bound, and what is missing?
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Figure 16.3: The exact minimum error at costs near the target. The first feasible cost is twenty,
independently matching the analytic lower bound in MP8.

Solution. In a minimization problem, a feasible candidate gives an upper bound. It does not
exclude a cheaper feasible candidate. A matching lower bound, an exhaustive justified search, a
dual certificate or another valid impossibility argument is missing. Renaming the vector “optimal”
does not add that argument.

16.8.4 CP11: regular-closure state compression needs an invariant

For degree d with monodromy group G, the regular closure has |G| states. An observable invariant
under a stabilizer can descend to fewer states. The quotient must preserve every operation used
by that observable; otherwise the compressed transition system may produce the right count but
the wrong label or continuation path.
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Figure 16.4: Cyclic, dihedral and full-symmetric possibilities. The dihedral line is interpreted only for
degrees at least three; the factorial curve is a worst-case group order, not a mandatory storage allocation.
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Comparison protocol. Report the actual generated subgroup, transitivity, kernel/stabilizer,
quotient map and preserved observables. Benchmark full-ordering and quotient-state algorithms
only on a task that genuinely factors through the quotient. A six-state root-ordering automaton
and a three-state single-root automaton do not produce interchangeable outputs even when both
descend from the same cover.

16.8.5 CP12: attack the corpus audit as an algorithm

The release audit has negative tests of its own. Removing a required witness must reduce
coverage or fail validation. Duplicating a claim identifier must not create an additional theorem.
Reusing the same figure in five documents must not create five original figures. A broken
prerequisite/content pairing must fail the lecture gate. A stale metric from an earlier PDF must
fail its file-hash binding.

These tests are necessary because a maximality metric can be gamed as easily as a software
benchmark. Source obligations are frozen in a versioned list before the report is counted;
pedagogical repetitions are labelled as navigational; prose-duplication diagnostics exclude title
pages, source registries and intentional theorem references. The semantic correctness of each
witness remains an expert-review obligation beyond these syntactic tests.

16.8.6 CP13: research acceptance is a conjunction, not a weighted slogan

A credible new algorithmic result needs mathematical soundness, a meaningful admissible class,
honest failure reporting, reproducible implementation and a comparison against an adequate
baseline. A huge speed ratio on one adversarial example cannot compensate for an invalid
certificate. Conversely, a slower checker may be useful because it certifies a larger class or
gives a stronger guarantee. The proposed evaluation uses a vector of outcomes and reports
incomparability instead of manufacturing one prestige score.
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Chapter 17

Analytic approximation and geometric
computation

17.1 C01. Finite jets as a certified data structure

Let f(z) =
∑

j≥0 ajz
j be holomorphic on a neighbourhood of DR and satisfy |f | ≤M there. A

degree-n jet is the residue class of its Taylor series in C[z]/(zn+1). The numerical representation
stores (a0, . . . , an) together with (R,M). Omitting the final two fields discards the approximation
guarantee.

For r < R, Cauchy’s estimate yields

sup
|z|≤r

∣∣∣∣∣∣f(z)−
n∑

j=0

ajz
j

∣∣∣∣∣∣ ≤M
(r/R)n+1

1− r/R
. (17.1)

The proof is the geometric sum of the coefficient bounds |aj | ≤M/Rj . If the stored coefficients
have absolute errors ηj , the evaluation certificate becomes

E(r) ≤M
(r/R)n+1

1− r/R
+

n∑
j=0

ηjr
j + Earithmetic.

The first term is analytic truncation; the second is data error; the third depends on the evaluation
implementation. Their aggregation is valid by the triangle inequality. A small polynomial residual
does not supply the missing analytic-radius bound.

17.1.1 Algebraic operations and truncation semantics

Addition is coordinatewise. Multiplication is truncated convolution:

(ab)k =
k∑

j=0

ajbk−j , 0 ≤ k ≤ n.

This is exact in the quotient algebra. For inversion, a0 ≠ 0 is necessary and sufficient for
invertibility in the quotient, with

b0 = a−1
0 , bk = −a−1

0

k∑
j=1

ajbk−j .

A quotient inverse exists even when the represented analytic function has zeros elsewhere in the
proposed evaluation domain. A domain-level inverse certificate must exclude those zeros. This
distinction is a source of useful adversarial tests for series libraries.
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Exercise 17.1. For R =M = 1, determine the smallest degree giving uniform truncation error
at most 2−10 on D1/2 under (17.1).

Solution. The bound is 2−n. Hence n = 10 is sufficient and is the smallest degree allowed by this
bound. Sharpness for the entire bounded-holomorphic class is not established by this calculation.
□

Graphical reference. The shared construction is displayed in Volume I.

17.2 C02. Exact minimax complexity of linear restriction

Mathematical reference. Volume I, normal-family and mapping core M34–M35 This is an additional
application of Hilbert-space approximation theory.

On the Hardy space H2(D), let Trf(z) = f(rz), 0 < r < 1. The coefficient basis identifies Tr
with diag(1, r, r2, . . .). The exact optimal error among bounded complex-linear operators of rank
at most N is

inf
rankA≤N

∥Tr −A∥H2→H2 = rN . (17.2)

The upper bound is attained by retaining the first N coefficients. For the lower bound, restrict an
arbitrary rank-N operator to the (N + 1)-dimensional space spanned by 1, z, . . . , zN . Its kernel
contains a unit vector v. Consequently ∥(Tr −A)v∥ = ∥Trv∥ ≥ rN .

This proof covers adaptive choices of the rank-N linear operator, arbitrary linear measurements,
and arbitrary linear reconstructions within the specified operator class. It does not cover
unrestricted nonlinear encodings, randomized average-case objectives, or a prior distribution
supported on a smaller class. The extremizing adversarial vector may depend on the proposed
operator.

For tolerance 0 < ε < 1, the smallest admissible rank is

Nmin =

⌈
log ε

log r

⌉
.

At r = 1/2, error 2−12 requires exactly twelve complex coefficients. An arbitrary thirteen-
dimensional unresolved subspace would change the problem; the relevant finite-dimensional
obstruction is already contained in the first thirteen monomials.

17.2.1 Storage accounting

Equation (17.2) counts complex coordinates of an exact linear representation. A machine
implementation additionally chooses coefficient quantization. With N stored coefficients perturbed
by errors ej , the restriction error has the exact squared form

∑
j<N r2j |ej |2. Uniform coordinate

quantization can therefore be compared with weighted precision allocation without conflating
coefficient count and bit count.

Exercise 17.2. At r = 3/4, give a proved rank requirement for error 10−3.

Solution. log(10−3)/ log(3/4) ≈ 24.012, so N = 25. The adjacent exact tests are (3/4)24 > 10−3

and (3/4)25 < 10−3; clearing positive denominators reduces both to integer comparisons. □

Graphical reference. The shared construction is displayed in Volume I.
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17.3 C03. Coefficient extraction and optimal sampling radius

Suppose the analytic radius is normalized to one, |aj | ≤M , and N > n. At nodes zk = qe2πik/N

define

ân =
1

Nqn

N−1∑
k=0

f(zk)e
−2πink/N .

Absolute convergence permits interchange of sums. Root-of-unity orthogonality gives

ân = an +
∑
ℓ≥1

an+ℓNq
ℓN .

If each sample has absolute error at most η, then

|ân − an| ≤ B(q) := ηq−n +M
qN

1− qN
, 0 < q < 1. (17.3)

Arithmetic in the discrete transform is excluded from this display and must be bounded separately.

17.3.1 Existence and uniqueness of the optimal radius

Write t = − log q > 0. Then
B(e−t) = ηent +M

∑
ℓ≥1

e−ℓNt.

For n ≥ 1, η,M > 0, termwise differentiation on compact subintervals of (0,∞) gives

d2

dt2
B(e−t) = n2ηent +MN2

∑
ℓ≥1

ℓ2e−ℓNt > 0.

The function tends to infinity at both ends. It therefore has exactly one global minimizer. The
stationary condition in q is

nηq−n−1 =
MNqN−1

(1− qN )2
.

This theorem justifies bracketing a single root of the derivative. A local numerical optimizer has
no additional global-minimum obligation for this model once the strict-convexity argument is
accepted.

For (n,N,M, η) = (8, 64, 2, 10−12), the stationary equation reduces, after multiplication by a
positive factor, to

P (q) = 128q72 − 8 · 10−12(1− q64)2 = 0.

The rational endpoints q− = 6555554687/1010 and q+ = 6555554688/1010 satisfy P (q−) < 0 <
P (q+). Strict convexity proves that the unique optimum lies in this interval of width 10−10.
Exact arithmetic also gives

3.2981998264 · 10−11 < minB < 3.2981998301 · 10−11,

with the displayed decimals rounded outwards. The endpoint signs and the underlying rational
error bounds are stored in results/optimal_radius_certificate.json. The floating-point
optimization is retained as an independent diagnostic.

Exercise 17.3. Why can a smaller sample radius increase the error?

Solution. The sample-error contribution is ηq−n. For n > 0 it diverges as q ↓ 0, even while the
aliasing contribution tends to zero. The quantity being reconstructed is a coefficient, which
includes division by qn. □
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Selecting a coefficient-sampling radius
A common noise and aliasing model determines a unique optimal radius.

0.2 0.4 0.6 0.8 0.94
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-6

-3

0

sample radius / analytic radius

log10 total bound

n=8; N=64

q*=0.655555

strictly convex

in log radius

The optimum minimizes the declared noise-plus-aliasing bound. Evaluation cost and roundoff remain separate.

Figure 17.1: The unique optimum balances two explicitly derived terms. The graph records a numerical
evaluation of the proved scalar objective.

17.4 C04. Finite sampling, regularity witnesses, and certificates

A boundary residual g(θ) sampled at N equally spaced angles admits the certificate

sup
θ

|g(θ)| ≤ max
k

|g(2πk/N)|+ πL

N
(17.4)

provided |g(θ)−g(ϑ)| ≤ LdT(θ, ϑ) in the shortest angular distance. Every angle lies within π/N of
a node; the triangle inequality proves (17.4). For g(θ) = h(Reiθ) the bound L ≤ R sup|z|=R |h′(z)|
follows by differentiating the parametrization.

There is an exact obstruction without a regularity bound. The nonzero polynomial h(z) =
δ(zN − rN ) vanishes at every node re2πik/N . Its inter-sample magnitude reaches 2|δ|rN . Scaling
δ makes that magnitude arbitrarily large while preserving every sampled value. This argument
gives a constructive negative test for a purported sample-only supremum checker.

A sound checker receives the nodes, enclosed sample values, the angular Lipschitz bound, and
the target tolerance. It validates the rational inequality obtained from (17.4) with π < 22/7.
The analytic proof of L is a separate input obligation. The local SMT calculation validates the
arithmetic implication; it does not infer differentiability or certify the supplied derivative bound.

Exercise 17.4. With sample maximum 10−3 and L = 1/5, give a sufficient sample count for
boundary error at most 1/100.

Solution. Using π < 22/7 requires 1/1000 + 22/(35N) ≤ 1/100, equivalently N ≥ 4400/63. Thus
N = 70 suffices for this conservative rational certificate. □

17.5 C05. Certified conformal charts in computational geometry

Consider ϕ(z) = z + az2 on a convex disk Dr, with 2|a|r < 1. The difference identity

ϕ(z)− ϕ(w) = (z − w)(1 + a(z + w))

gives the global estimate

(1− 2|a|r)|z − w| ≤ |ϕ(z)− ϕ(w)| ≤ (1 + 2|a|r)|z − w|.
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A finite sampling obstruction
The perturbation delta*(z^N-r^N) vanishes at every selected node.
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Twelve exact zeros at the sample locations coexist with nonzero inter-sample variation.

Figure 17.2: An exact finite-sampling adversary. The polynomial vanishes at every displayed sample
while remaining nonzero between samples.

From boundary samples to a continuum bound
An angular Lipschitz witness fills the intervals between samples.
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A sampled maximum alone leaves an interval gap. The Lipschitz term quantifies the missing information.

Figure 17.3: A verified regularity bound converts a finite sample maximum into a continuum estimate.

It proves injectivity, an inverse Lipschitz bound, and a derivative bound with the same algebraic
witness. Checking the derivative at grid nodes supplies none of these global conclusions by itself.

Suppose a holomorphic approximation p satisfies supDR
|p − ϕ| ≤ ε for r < R. Cauchy’s

estimate yields
sup
Dr

|p′ − ϕ′| ≤ δ :=
ε

R− r
.

Integrating the derivative error along the segment joining z, w ∈ Dr gives

|p(z)− p(w)| ≥ (1− 2|a|r − δ)|z − w|.

The strict positivity of the final factor is an explicit sufficient condition for global injectivity of
the approximation. It depends on convexity of the comparison domain. Replacing the segment
by an arbitrary path requires a path-length bound.

For a = 1/5, r = 3/5, R = 4/5, ε = 1/100, the certified lower factor is 71/100. The
corresponding inverse Lipschitz constant is at most 100/71. The universal normalized Koebe
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derivative quotient at r = 3/5 is 256, whereas the exact quotient in this family is 31/19. Their
ratio is 4864/31. These are enclosure constants, with no measured runtime interpretation.

Exercise 17.5. Can a positive Jacobian at every point guarantee global injectivity on every
domain?

Solution. No. The exponential map has nonzero complex derivative everywhere but is periodic.
The present global conclusion uses the difference inequality on the entire comparison domain.□

Graphical reference. The shared construction is displayed in Volume I.

17.6 C06. Inverse formulas and projective numerical contracts

For ϕa(z) = z + az2, the inverse branch normalized at zero is

z =

√
1 + 4aw − 1

2a
=

2w

1 +
√
1 + 4aw

.

The second form also has a continuous interpretation at a = 0. The equality follows by multiplying
numerator and denominator by 1 +

√
1 + 4aw. The square-root branch is part of the contract: it

is the branch equal to 1 at w = 0 on a simply connected zero-free discriminant region. A pointwise
principal-square-root instruction is sufficient only when the entire chosen region respects that
branch convention.

Subtracting 1 from a square root close to 1 loses relative accuracy in the first formula. The
rationalized expression has a denominator close to 2. The included binary64 graph demonstrates
the effect for positive real w and a = 1/5; the algebraic identity supplies the representation-level
guarantee. A machine-level error theorem would additionally specify correctly rounded elementary
operations and square-root implementation.

For meromorphic values, homogeneous coordinates [u : v] ∈ P1(C) support the chordal
comparison

χ([u : v], [p : q]) =
|uq − pv|√

|u|2 + |v|2
√
|p|2 + |q|2

.

The formula is invariant under independent nonzero rescalings of the coordinate pairs. It permits
a finite representation of infinity as [1 : 0]. Rescaling numerical pairs before taking products
controls overflow; the resulting rounded arithmetic still needs an error analysis. A nonzero pair is
a mandatory input invariant.

Exercise 17.6. What is the chordal error between [n : 1] and [1 : 0]?

Solution. It is 1/
√
1 + n2 for real n. Euclidean distance to an infinite target is undefined, while

this projective error tends to zero. □

17.7 C07. Continuation, identifiability, and attainable guarantees

On the class of polynomials, observation on Dr determines every coefficient uniquely in exact
arithmetic. Nevertheless, for 0 < r < R, the monomials zn satisfy

∥zn∥∞,DR

∥zn∥∞,Dr

= (R/r)n.

There can be no uniform Lipschitz continuation bound over all polynomial degrees. A norm
bound on a larger analytic domain, a finite-dimensional prior, or another regularity constraint
changes the admissible class and can restore conditional stability.
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Inverse evaluation and cancellation
A rationalized formula preserves accuracy near the normalization point.
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IEEE binary64 diagnostics compare algebraically equivalent formulas. The denominator identity is checked exactly.

Figure 17.4: Cancellation in the direct inverse expression is visible across a range of input scales. This
is a floating-point diagnostic.

A two-input indistinguishability argument is especially useful for software specifications. If two
admissible functions differ by at most 2η in the observation norm, adversarial errors of size η
can make their data identical. Any deterministic reconstruction must then have output error at
least half their separation for one of the inputs. Taking appropriately scaled monomials produces
explicit witnesses. This lower bound concerns information in the observations; an improved
evaluation algorithm cannot recover information absent from those observations.

Conditioning of analytic continuation
Degree-N modes amplify by (R/r)^N between concentric observation circles.

0 10 20 30 40

0

5

10

15

20

degree N

log10 amplification

r=1/4

R=3/4

gain=3^N

Exact uniqueness and stability are separate properties. The modes provide explicit conditioning witnesses.

Figure 17.5: A constructive lower-bound family for continuation sensitivity. The vertical scale is
logarithmic.

17.7.1 A complete verification record for this application family

Each reportable result includes the mathematical statement, domain assumptions, representation
format, computation transcript, and discrepancy criterion. The code distinguishes exact rational
identities, symbolic normalization, real-closed-field solver outcomes, and floating-point diagnostics.
The prospective formalization requires a pinned project and an explicit theorem-coverage table.
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Full Lean kernel verification of this section is incomplete.

Exercise 17.7. At r = 1/4, R = 3/4, what amplification is witnessed by degree twenty?

Solution. It is 320 = 3486 784 401. This exact ratio quantifies one mode; it is not a condition
number estimated from a fitted data matrix. □
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Chapter 18

Coefficient and chart calculations

18.1 CU01. Horner evaluation with a remainder certificate

Mathematical reference. Volume II, analytic-approximation chapter C01; Volume I, normal-family and
mapping core M03

18.1.1 Prerequisites and governing statement

A polynomial can be evaluated by nested multiplication. The coefficient table and the function it
approximates are distinct inputs.

pN (z) = a0 + z(a1 + z(a2 + · · ·+ zaN ))

Horner evaluation uses N multiplications and N additions after the coefficients are available.

E(r) ≤M
(r/R)N+1

1− r/R
+

N∑
j=0

ηjr
j + Earithmetic.

18.1.2 Derivation and worked instance

The displayed inequality separates three causes of error. The first comes from omitted analytic
coefficients; the second comes from inaccuracies in stored coefficients; the third comes from
arithmetic in the evaluation. Their sum follows from repeated triangle inequalities. Horner
evaluation improves the arithmetic count relative to computing each power independently, but its
stability still depends on coefficient magnitudes and cancellation.

For exact coefficients and R=M=1, r=1/2, degree ten gives analytic error at most 1/1024.
Eleven complex coefficients are stored, including the constant coefficient. The evaluation still
uses only ten nested multiplications.

18.1.3 Comparison and validity conditions

Baseline. Evaluate a polynomial and report its value without an approximation domain.
Proposed procedure. Attach an analytic tail certificate and a coefficient-error budget to the

same evaluation.
Quantitative conclusion. The operation count remains explicit while the output acquires a

uniform analytic error bound.
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Validity conditions. A tail estimate obtained for one radius cannot be reused at a larger radius
without recomputation.

Exercise 18.1. How many coefficients and Horner multiplications does degree seventeen require?

Solution. Eighteen coefficients and seventeen multiplications. An additional norm or remainder
certificate is stored as metadata. □

Graphical reference. The shared construction is displayed in Volume I.

18.2 CU02. Weighted coefficient tables

Mathematical reference. Volume II, analytic-approximation chapter C02; Volume I, normal-family and
mapping core M34–M35.

18.2.1 Prerequisites and governing statement

The squared Euclidean norm of a coefficient vector is the sum of squared magnitudes. Analytic
restriction multiplies its j-th coordinate by rj .

(a0, a1, a2, . . .) 7→ (a0, ra1, r
2a2, . . .)

For r=1/2 the weights are 1,1/2,1/4,1/8 and continue geometrically.

∥Tr − TrPN∥ = rN .

18.2.2 Derivation and worked instance

The projection PN retains indices zero through N-1. The first discarded coefficient has weight
rN and every subsequent weight is smaller. A unit vector concentrated at that first discarded
coordinate attains the error. This establishes an exact bound for the coordinate truncation. The
general rank-nullity argument in the graduate branch proves that no rank-N linear competitor
improves the worst case.

At r=1/2 and N=8, every unit-norm input is approximated with error at most 1/256. The
adversarial input z8 attains that value.

18.2.3 Comparison and validity conditions

Baseline. Choose a storage length from a plot of one observed coefficient vector.
Proposed procedure. Use the exact worst-case restriction bound on a declared unit ball.
Quantitative conclusion. Eight retained coordinates give an attained worst-case error of 2−8.
Validity conditions. The norm is an H2 coefficient norm. It is not automatically a pointwise

maximum or a physical peak-amplitude bound.

Exercise 18.2. For r=1/4 and N=5, compute the exact bound.

Solution. The bound is (1/4)5=1/1024. □

18.3 CU03. Root-of-unity averaging and aliasing

Mathematical reference. Volume II, analytic-approximation chapter C03
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18.3.1 Prerequisites and governing statement

The sum of N-th roots of unity vanishes except when the exponent is divisible by N.

1

N

N−1∑
k=0

e2πijk/N =

{
1 N | j,
0 N ∤ j.

For N=4, the roots are 1,i,-1,-i.

ân = an +
∑
ℓ≥1

an+ℓNq
ℓN .

18.3.2 Derivation and worked instance

Expand the analytic function at every sample node and exchange the absolutely convergent
sums. The root-of-unity identity cancels all powers except those congruent to n modulo N. The
surviving high-order powers are the aliasing error. A Fourier transform computes the same linear
combinations efficiently; the analytic error estimate is independent of the particular transform
implementation.

For f(z)=1/(1-z), every Taylor coefficient is one. With N=4 and q=1/2, the exact-arithmetic
estimate is 1/(1-q4)=16/15 for each n<4. The coefficient error is 1/15.

18.3.3 Comparison and validity conditions

Baseline. Compute each Taylor coefficient by a separate numerical derivative.
Proposed procedure. Use one circular sample set for a discrete Fourier coefficient calculation

with a derived aliasing term.
Quantitative conclusion. One set of N values supplies N coefficient combinations with an

explicit aliasing identity.
Validity conditions. The sample circle must avoid poles and lie inside the analytic radius.

Increasing N does not repair a violated domain assumption.

Exercise 18.3. For the same function with N=8 and q=1/2, compute the aliasing error.

Solution. The error is q8/(1-q8)=1/255. □

Graphical reference. See Figure 17.1 for the shared construction.

18.4 CU04. A test suite can miss an entire polynomial

18.4.1 Prerequisites and governing statement

A polynomial may vanish at a finite set of prescribed nodes without vanishing identically.

p(z) = δ(zN − rN )

At z=r exp(2pi i k/N), the N-th power is rN .

p(re2πik/N ) = 0, max
|z|=r

|p(z)| = 2|δ|rN .
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18.4.2 Derivation and worked instance

The sampled values are exactly zero for every integer k. At the halfway angle π/N, the N-th
power equals -rN , attaining the displayed maximum. Since δ is arbitrary, there is no universal
supremum bound determined by these zero samples alone. A polynomial degree bound below N
or an independent derivative bound changes the information available to the checker.

For N=12,r=1 and δ=3, twelve tests all return zero, but the true maximum is six. This is an
exact algebraic counterexample, unaffected by numerical roundoff.

18.4.3 Comparison and validity conditions

Baseline. Accept a claimed zero function after it passes a fixed sample grid.
Proposed procedure. Construct a finite-sampling adversary and require a continuum regularity

witness.
Quantitative conclusion. The counterexample demonstrates an unbounded sample-only error

gap.
Validity conditions. Randomized testing can improve detection probabilities for a specified

adversarial model, but finite success still differs from a universal analytic proof.

Exercise 18.4. What changes if the polynomial degree is known to be below N?

Solution. A polynomial of degree at most N-1 with N distinct zeros is identically zero. The degree
bound is an essential added assumption. □

18.5 CU05. A global map invariant from one factorization

Mathematical reference. Volume II, analytic-approximation chapter C05; Volume I, normal-family and
mapping core M31.

18.5.1 Prerequisites and governing statement

A lower distance bound with a positive constant proves injectivity. The triangle inequality bounds
a perturbation of one.

ϕ(z)− ϕ(w) = (z − w)(1 + a(z + w))

If |z|,|w|≤r then |a(z+w)|≤2|a|r.

|ϕ(z)− ϕ(w)| ≥ (1− 2|a|r)|z − w|.

18.5.2 Derivation and worked instance

The reverse triangle inequality gives |1+a(z+w)|≥1-2|a|r. Positivity of this factor excludes equal
images of distinct points. The same calculation supplies an inverse Lipschitz constant, which
quantifies the propagation of target-coordinate error back to source coordinates. No mesh density
enters the theorem.

For a=1/5 and r=1, the global lower factor is 3/5. A target error of at most 3/100 therefore
produces source error at most 1/20 within the image.
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18.5.3 Comparison and validity conditions

Baseline. Look for crossings in a drawn transformed grid.
Proposed procedure. Prove a difference-factor bound on the full comparison domain.
Quantitative conclusion. A single symbolic invariant covers infinitely many input pairs.
Validity conditions. The conclusion uses the quadratic model exactly. A fitted model with

coefficient uncertainty must include that uncertainty in the bound.

Exercise 18.5. With |a|≤1/4 and r=1, give the certified inverse Lipschitz constant.

Solution. The lower factor is at least 1-1/2=1/2. Its reciprocal is two. □

Graphical reference. The shared construction is displayed in Volume I.

18.6 CU06. Projective representations in a numerical interface

Mathematical reference. Volume II, analytic-approximation chapter C06; Volume I, normal-family and
mapping core M09.

18.6.1 Prerequisites and governing statement

A projective point [u:v] is unchanged by multiplying both coordinates by a nonzero scalar.

[u : v] = [λu : λv] (λ ̸= 0)

[1:0] represents ∞ and [0:1] represents zero.

χ([u : v], [p : q]) =
|uq − pv|√

|u|2 + |v|2
√
|p|2 + |q|2

.

18.6.2 Derivation and worked instance

The numerator gains the product of the two scale magnitudes under independent rescaling; the
denominator gains the same product. The ratio is therefore well defined. Before numerical
products, coordinate pairs can be normalized to avoid unnecessary overflow. A representation
invariant must exclude the zero pair and record the effect of rounding on the determinant.

The pairs [1000:1] and [1:0.001] describe the same value. Their chordal distance is exactly zero
in real arithmetic.

18.6.3 Comparison and validity conditions

Baseline. Represent an infinite value by overflow in a floating-point affine coordinate.
Proposed procedure. Store a nonzero homogeneous pair and compare values with a scale-invariant

metric.
Quantitative conclusion. Infinity becomes a finite algebraic state with an explicit error metric.
Validity conditions. Approximate normalization is a numerical operation. Scale invariance of

the exact formula does not prove a floating-point equality test is reliable.

Exercise 18.6. What validation must precede conversion from [u:v] to u/v?

Solution. The pair must be nonzero. A finite affine conversion additionally requires v nonzero
and a suitable bound if division error is to be controlled. □
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18.7 CU07. Cancellation-free inverse evaluation

Mathematical reference. Volume II, analytic-approximation chapter C06; Volume I, normal-family and
mapping core M31.

18.7.1 Prerequisites and governing statement

Expressions that are algebraically equal can have different floating-point cancellation patterns.

(s− 1)(s+ 1) = s2 − 1

When s is close to one, s-1 loses significant relative digits.

√
1 + 4aw − 1

2a
=

2w

1 +
√
1 + 4aw

.

18.7.2 Derivation and worked instance

Multiply the first numerator and denominator by sqrt(1+4aw)+1. The numerator becomes 4aw,
which cancels the factor 2a. The rationalized formula has denominator near two at small w,
avoiding the subtraction of nearly equal quantities. It also extends continuously to a=0, where it
gives z=w.

For a=1/5 and positive w decreasing to machine precision, the direct formula can return zero
while the rationalized expression stays proportional to w. The plot is an executed binary64
diagnostic; the branch identity is an exact symbolic result.

18.7.3 Comparison and validity conditions

Baseline. Evaluate the normalized quadratic root by subtracting one from a square root.
Proposed procedure. Rationalize the numerator and retain the chosen branch.
Quantitative conclusion. The improvement concerns numerical accuracy near the normalization

point; no universal timing claim is made.
Validity conditions. A square-root branch crossing still invalidates the inverse selection.

Rationalization repairs cancellation, not branch semantics.

Exercise 18.7. What value does the rationalized expression take at w=0?

Solution. The numerator is zero and the chosen square root equals one, so the value is zero. □

Graphical reference. See Figure 17.4 for the shared construction.

18.8 CU08. Cost and verification as separate outputs

Mathematical reference. 5; Volume II, analytic-approximation chapter C01–C07.

18.8.1 Prerequisites and governing statement

An algorithmic comparison requires equivalent inputs and equivalent requested outputs.

Ctotal = Csetup +mCevaluation + Cverification
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A one-time setup cost is amortized over m evaluations.

gain = (Ebaseline/Eproposed) for the same norm and input class.

18.8.2 Derivation and worked instance

A smaller enclosure is a valid improvement when both methods certify the same object. It is not
itself a runtime ratio. A lower coordinate count is a storage improvement within its representation
model; quantization bits and parsing overhead are additional costs. The experimental records
preserve these distinctions and retain raw parameters for replay.

At r=3/5 the universal Koebe derivative quotient is 256 and the exact quadratic quotient is
31/19. Their enclosure ratio is 4864/31. A claim that the quadratic code runs 156.90 times faster
would have no support from this calculation.

18.8.3 Comparison and validity conditions

Baseline. Compare a formula’s length or one elapsed time with an unrelated method.
Proposed procedure. Record representation size, evaluation work, error guarantee, and setup

cost under a common specification.
Quantitative conclusion. The comparison reports a proved enclosure improvement with its

additional assumptions.
Validity conditions. The specialized bound requires verified membership in the quadratic family.

The universal bound has a larger admissible class.

Exercise 18.8. Which extra datum would be needed to report a runtime improvement?

Solution. A matched executable benchmark with equivalent inputs, outputs, precision, hardware
and timing protocol, including relevant setup and verification costs. □
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Chapter 19

Approximation operators in
computation

19.1 CG01. Optimality over arbitrary linear measurements

Mathematical reference. Volume I, normal-family and mapping core M35; Volume II, analytic-
approximation chapter C02.

19.1.1 Prerequisites and governing statement

A bounded rank-N reconstruction factors through an N-dimensional range, regardless of its chosen
coordinates.

rankA ≤ N

The restriction to the first N+1 monomials has a nontrivial kernel.

inf
rankA≤N

∥Tr −A∥ = rN .

19.1.2 Derivation and worked instance

The kernel argument does not assume diagonal structure of A. It therefore covers arbitrary
measurements followed by linear reconstruction when the resulting operator is bounded and has
rank at most N. Coordinate changes, dense mixing and a learned fixed linear encoder cannot
improve the worst-case value under the same norm and input class. The conclusion is invariant
under unitary reparameterizations of the Hilbert space.

For r=3/4 and N=25, the optimal error is exactly (3/4)25. The integer comparison 1000*325<425
verifies that it is below 10−3.

19.1.3 Comparison and validity conditions

Baseline. Compare coefficient truncation with a particular basis transform.
Proposed procedure. Prove a lower bound covering every bounded complex-linear rank-N

reconstruction.
Quantitative conclusion. The lower bound covers the complete stated linear class.
Validity conditions. Data-dependent nonlinear encoders need a separately specified information

model.
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Exercise 19.1. Why is rank alone insufficient without an input norm?

Solution. Unbounded scaling of the input would make any nonzero residual arbitrarily large. The
unit ball defines the worst-case size being compared. □

Graphical reference. The shared construction is displayed in Volume I.

19.2 CG02. Strict convexity of the sampling-radius objective

Mathematical reference. Volume II, analytic-approximation chapter C03

19.2.1 Prerequisites and governing statement

A twice-differentiable strictly convex function has at most one stationary point. Divergence at
both ends guarantees attainment of a minimum.

t = − log q > 0

As q decreases to zero, t tends to ∞.

F (t) := B(e−t) = ηent +M
∑
ℓ≥1

e−ℓNt, F ′′(t) > 0.

19.2.2 Derivation and worked instance

Every term has a nonnegative second derivative and the noise term has a strictly positive second
derivative for n≥1. Uniform convergence of the differentiated geometric series on compact t
intervals justifies differentiation. The objective diverges as t tends to zero through aliasing and as
t tends to ∞ through noise amplification. A root bracket for the first derivative therefore locates
the unique global minimizer.

For n=8,N=64,M=2,η=10−12, the numerical optimizer lies near q=0.6555554687. Exact
rational signs of the cleared stationary polynomial can enclose this value without trusting a
floating-point root finder.

19.2.3 Comparison and validity conditions

Baseline. Choose q=1/2 by convention or optimize a noisy sampled objective.
Proposed procedure. Derive an exact scalar objective whose global minimizer is unique.
Quantitative conclusion. The global optimum is certified by convexity once a stationary bracket

is verified.
Validity conditions. The case n=0 has different endpoint behavior and is excluded from the

stated strict interior-optimum argument.

Exercise 19.2. Write a denominator-free stationary equation.

Solution. MN qN+n-n η(1-qN )2=0. All factors removed from the derivative equation are positive
for q in (0,1). □
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19.3 CG03. Derivative reconstruction from a larger-domain cer-
tificate

Mathematical reference. Volume I, normal-family and mapping core M01 and M32; Volume II, analytic-
approximation chapter C05.

19.3.1 Prerequisites and governing statement

Cauchy estimates control an order-j derivative by a surrounding function bound and a positive
radius.

∥e(j)∥Dr ≤ j! ∥e∥DR

(R− r)j

The derivative order changes both the factorial and the power of the collar width.

Ej(r) ≤ j!ε(R− r)−j .

19.3.2 Derivation and worked instance

Every point in the smaller disk has a surrounding circle with radius approaching R-r inside
the larger disk. Applying Cauchy and taking the radius limit gives the estimate. The same ε
therefore supports several derivative certificates, each with its own growth as the collar narrows.
A practical selection of R and r must account for the requested derivative order.

With ε=10−6 and R-r=1/10, the bounds for derivative orders one, two and three are
10−5,2*10−4,6*10−3.

19.3.3 Comparison and validity conditions

Baseline. Differentiate an approximate polynomial and use its value error unchanged.
Proposed procedure. Propagate a whole-domain holomorphic error through a quantified Cauchy

estimate.
Quantitative conclusion. An explicit derivative-error hierarchy replaces an unquantified differ-

entiation step.
Validity conditions. The approximation error must be holomorphic on the larger disk. A

piecewise interpolation with derivative jumps does not meet this hypothesis.

Exercise 19.3. Find the fourth-derivative bound for the same inputs.

Solution. 4!*10−6/(1/10)4=24/100=0.24. □

19.4 CG04. Exact sample certificates with uncertain data

Mathematical reference. Volume II, analytic-approximation chapter C04; source geometric bounds as
certification inputs.
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Observable-dependent error bounds
Potential error and derivative error have different interior margins.

0 0.25 0.5 0.75 1
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-2.65

-2.1

-1.55

-1

interior radius r

log10(bound)

potential error

derivative error

The bounds apply to the stated function class and interior radius. Boundary behavior is not uniform.

Figure 19.1: An explicit derivative-error hierarchy replaces an unquantified differentiation step. The
figure is generated from the stated formula; its pixels have no independent proof status.

19.4.1 Prerequisites and governing statement

Interval enclosures bound every possible sample value. A Lipschitz constant covers the points
between samples.

|g(θk)| ≤ sk, |g(θ)− g(ϑ)| ≤ LdT(θ, ϑ)

The worst mesh distance for N equally spaced samples is π/N.

sup |g| ≤ max
k

sk +
22L

7N
.

19.4.2 Derivation and worked instance

The geometric lemma uses the true π/N distance. Replacing π by 22/7 preserves the upper-bound
direction. If sk and L are rational enclosures, the final comparison can be performed by clearing
positive integer denominators. The checker needs no transcendental arithmetic. It nevertheless
depends on a justified analytic bound for L.

For s=1/1000,L=1/5,N=70, the bound is 1/1000+11/1225=489/49000, which is below 1/100.

19.4.3 Comparison and validity conditions

Baseline. Round the largest sampled residual and declare a tolerance satisfied.
Proposed procedure. Check a rational upper bound that includes sample uncertainty and mesh

distance.
Quantitative conclusion. A finite replayable arithmetic certificate closes the sample-to-

continuum implication.
Validity conditions. Rational arithmetic prevents rounding in the final comparison but cannot

validate a false regularity input.

Exercise 19.4. What exact margin remains below 1/100 in this example?

Solution. 1/100-489/49000=1/49000. □
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19.5 CG05. Composition of approximate conformal charts

Mathematical reference. Volume I, normal-family and mapping core M32–M33; previous section telescope
retained as a dependency.

19.5.1 Prerequisites and governing statement

For composable maps, a local error in an inner map is multiplied by an outer Lipschitz bound.

∥g ◦ f − g̃ ◦ f̃∥ ≤ Lg∥f − f̃∥+ ∥g − g̃∥

Both inner images must lie in the region on which the outer bounds are valid.

Em ≤
m∑
j=1

εj

m∏
k=j+1

Lk.

19.5.2 Derivation and worked instance

Insert one approximate stage at a time and telescope the difference of the two compositions.
Apply the Lipschitz bound to each remaining outer composition. The finite formula follows by
induction. An admissible-image enclosure must be checked at every stage; an accurate endpoint
alone does not guarantee that all intermediate expressions were defined.

Let the three errors be 0.0001, 0.0002, and 0.0003. With outer derivative bounds two and
three, their propagated contributions are 0.0006, 0.0006, and 0.0003. The total is 0.0015; the
unweighted sum is 0.0006.

19.5.3 Comparison and validity conditions

Baseline. Sum per-stage error tolerances without accounting for amplification.
Proposed procedure. Propagate each error with all downstream Lipschitz factors and domain

guards.
Quantitative conclusion. The certificate retains both accumulated numerical error and domain

validity.
Validity conditions. The factors are valid only on the certified intermediate regions. Analyticity

does not make them global constants.

Exercise 19.5. What happens to the first-stage error if L2=1/2 and L3=1/3?

Solution. Its contribution is multiplied by 1/6. Later errors still receive their own downstream
factors. □

Graphical reference. The shared construction is displayed in Volume I.

19.6 CG06. Restriction in different output norms

Mathematical reference. Volume I, normal-family and mapping core M34–M35; Volume II, analytic-
approximation chapter C02.

183



19.6.1 Prerequisites and governing statement

Point evaluation is bounded on H2 at every interior point. Cauchy-Schwarz converts a coefficient
tail to a pointwise tail.

∑
j≥N

|aj |rj ≤

∑
j≥N

|aj |2
1/2

rN√
1− r2

The factor (1-r2)-1/2 comes from a geometric sum of squared weights.

sup
|z|≤r

|f(z)− PNf(z)| ≤
rN√
1− r2

∥f∥H2 .

19.6.2 Derivation and worked instance

Apply Cauchy-Schwarz to the coefficient tail and then maximize the geometric factor over |z|≤r.
Equality at a fixed positive r is attained by a tail coefficient vector proportional to rj . This gives
the exact norm of the discarded-tail evaluation functional, although it does not by itself prove
the minimax value for all rank-N operators into the supremum-norm target.

At r=1/2,N=4, the upper bound is (1/16)/(sqrt3/2)=1/(8sqrt3), exceeding the H2 restriction
error 1/16.

19.6.3 Comparison and validity conditions

Baseline. Use the H2 truncation error as a pointwise maximum without conversion.
Proposed procedure. State the input and output norms and derive the appropriate evaluation

factor.
Quantitative conclusion. The output guarantee includes the exact evaluation-functional factor.
Validity conditions. A sharp norm for one specified truncation operator is a different statement

from a global approximation width in a new target norm.

Exercise 19.6. Why can the extremizing coefficients depend on the evaluation point?

Solution. Cauchy-Schwarz equality requires alignment with the geometric coefficient vector of
that point. The supremum permits choosing the worst point and corresponding input. □

19.7 CG07. Analytic continuation as an inverse problem

Mathematical reference. Volume II, analytic-approximation chapter C07

19.7.1 Prerequisites and governing statement

Two admissible inputs that yield nearly identical observations cannot always be distinguished in
bounded adversarial noise.

∥f − g∥obs ≤ 2η

The midpoint of their observation data lies within η of both.

max{∥A(y)− f∥out, ∥A(y)− g∥out} ≥ 1
2∥f − g∥out.
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19.7.2 Derivation and worked instance

The triangle inequality gives the displayed bound for any common observed datum y. Scale
a high-degree monomial so its observation norm is 2eta. Its output norm on a larger disk is
multiplied by (R/r)N. This creates an explicit information-theoretic error floor. A bounded
analytic prior limits admissible scaling and yields a different conditional stability problem.

For r=1/4,R=3/4,N=10, the amplification is 59049. Observation uncertainty η therefore
permits a worst-case output error of at least 59049 η in the unrestricted polynomial construction.

19.7.3 Comparison and validity conditions

Baseline. Interpret uniqueness of analytic continuation as numerical stability.
Proposed procedure. Construct indistinguishable input pairs and lower-bound every deterministic

reconstruction error.
Quantitative conclusion. The lower bound applies to every deterministic reconstruction with

the stated observations.
Validity conditions. The pair must remain inside the declared prior class. Ignoring a global

norm bound would overstate the lower bound.

Exercise 19.7. Which proof step fails if the observed data for f and g have disjoint noise balls?

Solution. There is no common datum y admissible for both, so the indistinguishability argument
does not apply. □

Graphical reference. See Figure 17.5 for the shared construction.

19.8 CG08. Formal contracts for numerical certificates

Mathematical reference. Volume II, analytic-approximation chapter C04 Volume IV, formal proof specifi-
cations.

19.8.1 Prerequisites and governing statement

A certificate checker proves an implication from validated finite premises to a finite conclusion.
Analytic premises require their own evidence.

valid(c) =⇒ bound(c)

The meaning of valid includes every denominator and sign condition used in the implication.

analytic premises ⇒ finite witness ⇒ checked inequality.

19.8.2 Derivation and worked instance

The local Z3 runs check real-closed-field consequences, including positivity margins and rational
inequalities. The symbolic normalizer checks polynomial identities after denominators are
identified. A full Lean proof would connect these facts to complex differentiability, integration,
compactness, and the specified function spaces. Those dependencies have explicit unresolved
entries in the release manifest.

The inequality m-δ>0 is sufficient for the finite margin step. It cannot establish that a supplied
m is a global co-Lipschitz constant; that requires core M31 or another model proof.
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19.8.3 Comparison and validity conditions

Baseline. Treat successful numerical tests as proof of a theorem with universal analytic quantifiers.
Proposed procedure. Separate representation validation, exact arithmetic implications, and the

analytic soundness theorem.
Quantitative conclusion. Every computational result has a declared statement and trust

boundary.
Validity conditions. The solver is part of the trusted computing base for its results. No Lean

kernel acceptance is established for these calculations.

Exercise 19.8. Why is a file containing a theorem followed by an assumption of that theorem
not a completed formal proof?

Solution. The conclusion has been introduced as a premise. Kernel checking of the resulting
implication would leave the original mathematical obligation unproved. □
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Chapter 20

Optimal recovery and numerical
specifications

20.1 CP01. The competitor class in an optimality theorem

Mathematical reference. Volume I, normal-family and mapping core M35; the finite-rank optimality
argument.

20.1.1 Prerequisites and governing statement

An approximation width depends on the admissible algorithms, input set, information and output
norm.

inf
A∈A

sup
f∈F

∥Tf −Af∥

Changing either A or F changes the mathematical optimization problem.

F = {f : ∥f∥H2 ≤ 1}, A = {A : rankA ≤ N, A bounded linear}.

20.1.2 Derivation and worked instance

The attained value rN survives arbitrary changes of linear measurement basis. It does not quantify
nonlinear encoders, variable-length codes, restricted training distributions, or expected-error
objectives. These extensions are mathematically meaningful, but the rank-nullity lower bound
alone does not settle them. A research claim should specify the new class before presenting
empirical compression ratios.

A two-dimensional prior makes rank two exact. The same rank on the full H2 unit ball retains
error r2. The different answers are consequences of different input sets.

20.1.3 Comparison and validity conditions

Baseline. Infer universal algorithmic superiority from comparison with a selected truncation.
Proposed procedure. Prove the exact minimax value for a fully quantified linear operator class.
Quantitative conclusion. The present optimum is global inside an explicit, nontrivial infinite-

dimensional linear model.
Validity conditions. Complex coordinate count has no direct equality with byte count or sample

count in a nonlinear representation.
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Exercise 20.1. Can a data-dependent choice among linear encoders remain a linear operator?

Solution. Generally it is nonlinear as a function of the input. A separate proof is required to show
that the combined mapping belongs to the bounded linear class. □

Graphical reference. The shared construction is displayed in Volume I.

20.2 CP02. A rational bracket for the optimal sample radius

Mathematical reference. Volume II, analytic-approximation chapter C03; graduate dossier CG02; exact
experiment register.

20.2.1 Prerequisites and governing statement

A unique stationary point can be enclosed by opposite signs at rational endpoints. Positive
denominator clearing preserves those signs.

P (q) =MNqN+n − nη(1− qN )2

For rational M and η, P has rational coefficients.

q− < q∗ < q+, P (q−) < 0 < P (q+).

20.2.2 Derivation and worked instance

The strict-convexity theorem identifies a unique global minimizer. Exact rational polynomial signs
enclose its radius. On this interval the decreasing noise term is bounded using the right endpoint
and the increasing aliasing term using the left endpoint, giving a lower bound for the optimum.
Evaluating B at either endpoint gives an upper bound. The resulting certificate contains only
rational integers and the previously proved uniqueness statement.

For n=8,N=64,M=2,η=10−12, the release checks endpoints 6555554687/1010 and
6555554688/1010. The width is exactly 10−10.

20.2.3 Comparison and validity conditions

Baseline. Report a floating-point optimizer without a verified enclosure.
Proposed procedure. Clear denominators, evaluate P exactly at rational endpoints, and combine

the signs with the uniqueness theorem.
Quantitative conclusion. The optimizer and optimum bound receive exact finite enclosures.
Validity conditions. The rational bracket certifies the stated error model; omitted transform-

roundoff terms would alter the optimization problem.

Exercise 20.2. Why can a minimum upper bound be obtained by evaluating B at q-?

Solution. The global minimum is no larger than the value at any admissible point, including the
left bracket endpoint. □

20.3 CP03. Information-theoretic impossibility from a mode pair

Mathematical reference. Volume II, analytic-approximation chapter C07

188



20.3.1 Prerequisites and governing statement

Adversarial observation noise defines a set of inputs consistent with one datum.

y ∈ Bη(Of) ∩Bη(Og)

The intersection is nonempty when the observation difference is at most 2eta.

Eworst ≥
1

2
∥f − g∥out.

20.3.2 Derivation and worked instance

The reconstruction output for the common datum is identical in the two possible worlds. If
both errors were below half the output separation, the triangle inequality would contradict their
separation. Scaled monomials supply a continuum of such pairs. The proof addresses every
deterministic reconstruction algorithm, independent of arithmetic precision or runtime.

The output-to-observation ratio for degree N between radii 1/4 and 3/4 is 3N . A global analytic
norm restriction can eliminate a proposed pair, so the input-validity test must be included in
each lower-bound certificate.

20.3.3 Comparison and validity conditions

Baseline. Attribute every failed continuation to an implementation defect.
Proposed procedure. Exhibit a pair of admissible functions that no deterministic observer can

distinguish at the noise level.
Quantitative conclusion. The impossibility claim has an explicit witness and a quantified

algorithm class.
Validity conditions. A statistical noise model permits average-risk statements with different

constants and quantifiers. The deterministic lower bound should not be relabelled as a statistical
effect size.

Exercise 20.3. What is the minimum additional information needed to invalidate one chosen
pair witness?

Solution. Any valid prior or observation excluding at least one member of the pair. It need not
solve the entire inverse problem to remove that particular witness. □

Graphical reference. See Figure 17.5 for the shared construction.

20.4 CP04. Complexity of exact sign certificates

Mathematical reference. Exact stationary bracket and sample certificates; Volume II, analytic-
approximation chapter C03–C04.

20.4.1 Prerequisites and governing statement

Rational arithmetic avoids rounding but has an integer bit cost. Raising a rational p/q to a
power grows numerator and denominator lengths.

(p/q)n = pn/qn
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The integer lengths grow proportionally to n log2(max(|p|,q)).

bits(qn) = O(n log q).

20.4.2 Derivation and worked instance

For the radius bracket, q has a ten-decimal-digit denominator and the highest relevant power is
72. Clearing denominators yields integers of several thousand bits, still modest in this example.
Repeated squaring reduces the number of multiplication stages, while operand sizes determine
the actual cost. A verifier can recompute powers from the rational endpoints, so the certificate
need not store every intermediate integer.

A certificate consisting of two rational endpoints, model parameters and expected signs is
smaller than a full multiplication trace. An independently replayed trace can improve auditability
at a larger serialization cost.

20.4.3 Comparison and validity conditions

Baseline. Call an exact rational check constant-time because it uses one displayed inequality.
Proposed procedure. Count integer bit lengths, multiplication strategy, and certificate serializa-

tion.
Quantitative conclusion. The complexity record accounts for the size of exact arithmetic

operands.
Validity conditions. Asymptotic bit estimates are not measured runtime data. Different

arbitrary-precision implementations can have different overhead.

Exercise 20.4. How many bits does (1010)72 require, approximately?

Solution. It has 721 decimal digits and approximately floor(720 log2 10)+1=2392 bits. □

20.5 CP05. Domain guards for analytic geometry code

Mathematical reference. Volume II, analytic-approximation chapter C05–C06; Volume I, normal-family
and mapping core M07 and M27.

20.5.1 Prerequisites and governing statement

A formula can be algebraically valid while a selected branch or denominator is invalid on part of
its requested domain.

ϕ−1
a (w) = 2w/(1 +

√
1 + 4aw)

The square root is selected by analytic continuation from the normalization point.

domain(w) ∧ branch(s, w) ∧ s2 = 1 + 4aw.
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20.5.2 Derivation and worked instance

The squared equation alone accepts both roots. A branch witness must distinguish them globally,
for example by positive real part on a certified slit domain. The denominator 1+s then stays
nonzero. The forward-inverse identity supplies a useful additional check but does not distinguish
a globally inconsistent branch sequence on its own.

For the Koebe inverse, the Cayley coordinate gives an intrinsic branch rule: sqrt(1+4w) has
positive real part, and the corresponding source coordinate lies in the disk.

20.5.3 Comparison and validity conditions

Baseline. Validate a map by checking a finite set of forward-inverse residuals.
Proposed procedure. Carry zero-exclusion, branch normalization, and image-containment

obligations through the interface.
Quantitative conclusion. The certificate includes the hypotheses needed to interpret an inverse

as a single-valued function.
Validity conditions. A path crossing the branch cut leaves the specified interface domain. A

numerical continuation procedure requires a different, path-dependent interface.

Exercise 20.5. Why does s squared equal the discriminant fail to select the branch?

Solution. Both s and -s satisfy the same polynomial equation whenever the discriminant is nonzero.
Additional normalization or continuation data are necessary. □

Graphical reference. The shared construction is displayed in Volume I.

20.6 CP06. Semantic ownership of a proof corpus

Mathematical reference. Canonical claim identity and proof-dependency conventions.

20.6.1 Prerequisites and governing statement

A canonical mathematical claim can have several expository views without becoming several
different theorems.

owner : Q→ D

The owner function assigns one substantive derivation to each claim identifier.

unique coverage = |{q ∈ Q : ∃ qualifying witness for q}|.

20.6.2 Derivation and worked instance

A lecture slide can cite a parent theorem and supply a distinct worked instance. The theorem
belongs to the parent owner; the instance belongs to the educational dossier. A finite claim
ledger distinguishes these contributions. A lexical duplicate detector catches exact paragraph
reuse, while semantic duplication requires a statement-level review. The two checks have different
scopes.

The same Koebe bound can appear in a proof, a field certificate, and a slide. It contributes
one canonical theorem and several application views. New quantitative hypotheses or a new lower
bound can create additional obligations when explicitly stated.
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20.6.3 Comparison and validity conditions

Baseline. Increase apparent coverage by repeating statements across educational levels.
Proposed procedure. Count canonical obligations once and identify branch-specific additions

separately.
Quantitative conclusion. The accounting is invariant under duplicating a document or slide.
Validity conditions. Zero exact duplicate paragraphs does not establish mathematical novelty

or semantic uniqueness.

Exercise 20.6. What should happen to the unique-claim count after copying a PDF?

Solution. It must remain unchanged, because no new canonical claim or qualifying mathematical
witness has been introduced. □

20.7 CP07. Mutation testing of theorem interfaces

Mathematical reference. Formal report; Volume II, analytic-approximation chapter C04 and C07.

20.7.1 Prerequisites and governing statement

A checker should reject a deliberately invalid certificate. Passing positive tests alone cannot
establish that rejection paths work.

accept(c) = true, accept(c̃) = false

The mutation must change a mathematically relevant field, not only a filename.

m > δ is changed to m ≥ δ at m = δ.

20.7.2 Derivation and worked instance

At equality the positive-margin conclusion is false. This supplies an exact boundary counterexam-
ple to a mutated contract. Similar controls set the normalized derivative to zero, let a quadratic
coefficient exceed its univalent regime, or overcount a coverage denominator. Each mutation is
tied to the specific finite conclusion it invalidates. A collection of successful mutations still does
not prove completeness of the checker.

The release records solver answers for valid real-closed-field obligations and separate satisfiable
counterexamples to altered assertions. Analytic theorem coverage is not inferred from the number
of solver calls.

20.7.3 Comparison and validity conditions

Baseline. Run only known valid inequalities.
Proposed procedure. Perturb denominators, strict margins, normalization conditions and sample

bounds, then retain counterexample outcomes.
Quantitative conclusion. The negative controls exercise strict assumptions that matter at the

boundary of validity.
Validity conditions. Several parameter instances of one schema count as regression instances,

not independent theorem schemas.
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Exercise 20.7. Give a concrete mutation that destroys the quadratic injectivity margin.

Solution. Set a=1,r=1 in 1-2ar. The margin becomes -1, so the asserted strict positive bound
fails. □

Loss of univalence in a polynomial chart
The critical point -1/(2a) approaches the unit disk as a increases.
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At a=1/2 the critical point reaches the boundary. For a>1/2 it lies inside the domain.

Figure 20.1: The negative controls exercise strict assumptions that matter at the boundary of validity.
The figure is generated from the stated formula; its pixels have no independent proof status.

20.8 CP08. A layered trust record for machine-assisted mathe-
matics

Mathematical reference. Formal verification manifest and core dependency audit.

20.8.1 Prerequisites and governing statement

A formal development has a trusted kernel, an environment, imported results and executable
proof terms.

statement + proof term + kernel acceptance

A source script without a successful checker run has no recorded kernel acceptance.

Lean acceptances = 0 in this delivery.

20.8.2 Derivation and worked instance

The recorded computational environment supplied a real-closed-field solver library and a symbolic
algebra engine. Their accepted finite consequences are retained with explicit trust labels. The
earlier formalization work produced candidate elementary lemmas and a theorem-coverage map.
The analytic and topological formalization remains incomplete; no axiom restatement is counted
as a completed proof.

A successful rational sign check can establish P(q-)<0. To conclude that q* lies to its right,
one must also prove the relation between P and the optimization derivative and the uniqueness
theorem.
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20.8.3 Comparison and validity conditions

Baseline. Present generated theorem scripts as completed formal proofs.
Proposed procedure. Record the exact environment, checker outputs, assumptions and unre-

solved source-level obligations.
Quantitative conclusion. The trust record prevents a finite algebraic check from being promoted

to a full-section theorem.
Validity conditions. Checksum integrity proves reproducible bytes. It supplies no missing

mathematical implication.

Exercise 20.8. What is the mathematical role of a dependency audit?

Solution. It identifies each invoked theorem, matches its hypotheses to the application, and locates
unresolved or circular proof obligations. □
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  "verification/normal_families/results/distortion_comparison.json": "7fa5b9a22253053df2e3558389e38fb956a3f4323052572d6fc8a1bee62aa52d",
  "verification/normal_families/results/floating_diagnostics.json": "a555f75358e406236778d761f88c24e53fd55c693bd7f638e09f3448ac7ac73c",
  "verification/normal_families/results/formal_status.json": "cfd8efaf9a823305ee94ed8a9d281127a5e39cc18aa700b04283d594a268f7a3",
  "verification/normal_families/results/independent_certificates.json": "38d6d8862f584f489b4e9e94c5056763a6a8f61f5e6f4f43c0f749321f95a068",
  "verification/normal_families/results/koebe_tail.json": "b776a1779cb52c5ad8b70b867cd64764ac9f7b1757d9a5283aa53501706a6b45",
  "verification/normal_families/results/optimal_radius_certificate.json": "3b629109935b5eec5c0369512b30f8b80c93811b6147770a294a6c72c201cc9c",
  "verification/normal_families/results/python_environment.json": "b1b7dbb650469cf044af12fd13e1eb28f00b9bf1bd0615527d5c6d789bfabde0",
  "verification/normal_families/results/radius_optimization.json": "fc0b5881670f2c8838e8119ac2948aa510cf8521cab53623a96ebd46319ef323",
  "verification/normal_families/results/restriction_frontier.json": "8403e760b26b312e1c7d134385598351d7c618980d9c7a26ffe0fa5124a7d8d1",
  "verification/normal_families/results/sample_bounds.json": "030b6f6b33c35d0b68c0978109a53d56822e53b560a032e8038fe075469a5905",
  "verification/normal_families/results/smt_verification.json": "9de23490b3e36419ae4eec6ce163ad9284f384e62b1b82c1f8c61fce1978fbf3",
  "verification/normal_families/results/symbolic_identities.json": "269e64984070e34d8870cb936aaa7080aa80293f4efe339751eea740c1050a9a",
  "verification/normal_families/results/verification.json": "c0079b8bb4b91081b5f61d9245195a252a28bd428d14c0fd0bf9815cc48324d8"
}







PHI_volume_02_verification/check_integrity.py

#!/usr/bin/env python3
"""Check this volume's evidence-file identities; this is not a mathematical prover."""
from pathlib import Path, PurePosixPath
import hashlib, json, sys
ROOT=Path(__file__).resolve().parent

def main():
    manifest=json.loads((ROOT/'SHA256SUMS.json').read_text(encoding='utf-8'))
    for rel,want in manifest.items():
        pp=PurePosixPath(rel)
        if pp.is_absolute() or '..' in pp.parts or '\\' in rel:
            raise ValueError('Unsafe relative path: '+rel)
        p=(ROOT/rel).resolve()
        if not p.is_relative_to(ROOT) or not p.is_file():
            raise ValueError('Missing file: '+rel)
        got=hashlib.sha256(p.read_bytes()).hexdigest()
        if got!=want: raise ValueError('SHA-256 mismatch: '+rel)
    record=json.loads((ROOT/'DOCUMENT.json').read_text(encoding='utf-8'))
    print(json.dumps({'volume':record['volume'],'payload_hashes_verified':len(manifest),
                      'proof_assistant_kernel_invoked':False},indent=2))
    return 0
if __name__=='__main__':
    try: raise SystemExit(main())
    except Exception as error:
        print(str(error),file=sys.stderr);raise SystemExit(1)







PHI_volume_02_verification/file_manifest.csv

			path			bytes			sha256			original_supplement_path			original_sha256			relation			original_role


			DOCUMENT.json			1417			03a012d4eb62804d4e79489faebcfd56295bd9140d7dfdf41b7233d3f45aa2a6									volume-specific documentation, filtered record, or replay-task configuration			


			EVIDENCE_STATUS.json			4289			5bfef1de094a00539db52befeed452b66541c42711c59d6608cd1fb84bea2ac6			EVIDENCE_STATUS.json			36589e075b372d860731e441b35fb3a2d3f81c5cc9baf4e1a5a6e6d54e1d1ed3			volume-specific documentation, filtered record, or replay-task configuration			Structured catalogue, lineage or integrity metadata


			README.md			2077			65f9ab4a8db2127bf46a57b3d8955b80f7c58f5b28ded45898f5d8e10cf2543d			README.md			b24e69e326cc3879d1616734e2f2d4dd58812854fb60b4c3f7b5eb28fee82dce			volume-specific documentation, filtered record, or replay-task configuration			Documentation or dependency record


			RUNBOOK.md			5029			17fcfb3a8430967126ca62a4e5aabad194c1d82f4195870a5419bd6169346811			RUNBOOK.md			3084ab0bdc8b889d2de1bfce983c3e2cb5853d2a00a3b61fdcea5f729901f672			volume-specific documentation, filtered record, or replay-task configuration			Documentation or dependency record


			check_integrity.py			1156			eeb584d08dbcbac0eb12c8de7ab28dcdf45b3fcce779d5113c89ba55e4bcbfb9									volume-specific documentation, filtered record, or replay-task configuration			


			historical_replays/FIR_certificates/command_01.log			272			de74f37a000d46120b10fa0e076b5fbcdc4a1883771f7ec5c6b4d246b4fe668c			replays/FIR_certificates/command_01.log			de74f37a000d46120b10fa0e076b5fbcdc4a1883771f7ec5c6b4d246b4fe668c			unchanged retained artifact			


			historical_replays/FIR_certificates/outputs/results/fir_rational_certificates.json			35776			f4ba241c94560eaaa70a7116831d91fb8f3dac86ac1b10d1ae272c07a424e571			replays/FIR_certificates/outputs/results/fir_rational_certificates.json			f4ba241c94560eaaa70a7116831d91fb8f3dac86ac1b10d1ae272c07a424e571			unchanged retained artifact			


			historical_replays/FIR_certificates/run.json			628			83246346b25b3abef0883e984c7c7ee4d320ed2d61228be2f6b5288096600e05			replays/FIR_certificates/run.json			83246346b25b3abef0883e984c7c7ee4d320ed2d61228be2f6b5288096600e05			unchanged retained artifact			


			historical_replays/algorithm_controls/command_01.log			608			08b1bafff590585e33782738063b7ab78eeee8bb7b40fc6ca48bdbae8c3e1f6d			replays/algorithm_controls/command_01.log			08b1bafff590585e33782738063b7ab78eeee8bb7b40fc6ca48bdbae8c3e1f6d			unchanged retained artifact			


			historical_replays/algorithm_controls/outputs/results/supplementary_checks.json			2195			8837e8b745fd3b3e552c586a16d59a87169a9f85377a42100dccb37e804dce5a			replays/algorithm_controls/outputs/results/supplementary_checks.json			8837e8b745fd3b3e552c586a16d59a87169a9f85377a42100dccb37e804dce5a			unchanged retained artifact			


			historical_replays/algorithm_controls/outputs/results/supplementary_observations.json			1077			f810a8a5467ff71e168ca2b6f70e8cc2991698471b204311918928dfcdf808d4			replays/algorithm_controls/outputs/results/supplementary_observations.json			f810a8a5467ff71e168ca2b6f70e8cc2991698471b204311918928dfcdf808d4			unchanged retained artifact			


			historical_replays/algorithm_controls/run.json			757			6ffbb67363e978f42f9c4f4e573b131b4ee002c2a48975e02d7a823b49f27bd7			replays/algorithm_controls/run.json			6ffbb67363e978f42f9c4f4e573b131b4ee002c2a48975e02d7a823b49f27bd7			unchanged retained artifact			


			historical_replays/covering_arithmetic/command_01.log			4073			3bf1706ec8936828e1c15c6e50eb49e5fbefac24a9d1a800077425b3d785ba9d			replays/covering_arithmetic/command_01.log			3bf1706ec8936828e1c15c6e50eb49e5fbefac24a9d1a800077425b3d785ba9d			unchanged retained artifact			


			historical_replays/covering_arithmetic/outputs/metrics/certificate_timings.csv			872			d8ed7bcb1da3c3914d026d42a6e436bf42d394e1a585ca4100e905a736c80893			replays/covering_arithmetic/outputs/metrics/certificate_timings.csv			d8ed7bcb1da3c3914d026d42a6e436bf42d394e1a585ca4100e905a736c80893			unchanged retained artifact			


			historical_replays/covering_arithmetic/outputs/metrics/verification.json			4072			587bfc73caef24e4c5d5bd1349266519712a057b46e17682c535ed87764c84b2			replays/covering_arithmetic/outputs/metrics/verification.json			587bfc73caef24e4c5d5bd1349266519712a057b46e17682c535ed87764c84b2			unchanged retained artifact			


			historical_replays/covering_arithmetic/run.json			794			2d454a743bf123bd80308e8c0c4fc4d42eb806d0f22c6ed45ec3a8cd34450005			replays/covering_arithmetic/run.json			2d454a743bf123bd80308e8c0c4fc4d42eb806d0f22c6ed45ec3a8cd34450005			unchanged retained artifact			


			historical_replays/covering_branches/command_01.log			1077			d92ed40f2b46ed9858c23ed7de4c9398867c61bf42ec88ad44aa51801246e051			replays/covering_branches/command_01.log			d92ed40f2b46ed9858c23ed7de4c9398867c61bf42ec88ad44aa51801246e051			unchanged retained artifact			


			historical_replays/covering_branches/outputs/metrics/branch_checks.json			1076			4c61fc1675351f78fcbb9223fb925aa00f53be913deb0e10738b21a1373fdcd1			replays/covering_branches/outputs/metrics/branch_checks.json			4c61fc1675351f78fcbb9223fb925aa00f53be913deb0e10738b21a1373fdcd1			unchanged retained artifact			


			historical_replays/covering_branches/run.json			569			3915798a992b33ba303f8673f38b5c8828674c7b1667cb4d3bbf9cde2a0d3e73			replays/covering_branches/run.json			3915798a992b33ba303f8673f38b5c8828674c7b1667cb4d3bbf9cde2a0d3e73			unchanged retained artifact			


			historical_replays/covering_polynomials/command_01.log			1893			331e3c7d21113ce304a15815954a8e0fd178f80779254947d89f116bce10c3b9			replays/covering_polynomials/command_01.log			331e3c7d21113ce304a15815954a8e0fd178f80779254947d89f116bce10c3b9			unchanged retained artifact			


			historical_replays/covering_polynomials/outputs/metrics/polynomial_identity_checks.json			1892			78a4c36a2298aab66c5ea6483c56c478acf2d9e0cd95f5c5675df58f1b864444			replays/covering_polynomials/outputs/metrics/polynomial_identity_checks.json			78a4c36a2298aab66c5ea6483c56c478acf2d9e0cd95f5c5675df58f1b864444			unchanged retained artifact			


			historical_replays/covering_polynomials/run.json			589			83b13ecb7b1c98ffd006e665641f4eedd9c5c117d37b269ef5e3578aee77cde1			replays/covering_polynomials/run.json			83b13ecb7b1c98ffd006e665641f4eedd9c5c117d37b269ef5e3578aee77cde1			unchanged retained artifact			


			historical_replays/finite_algorithm_kernels/command_01.log			953			d71081f37dc4e9b38fac750b21002dabd46317a03942a5d2e0d4fbebecaf3820			replays/finite_algorithm_kernels/command_01.log			d71081f37dc4e9b38fac750b21002dabd46317a03942a5d2e0d4fbebecaf3820			unchanged retained artifact			


			historical_replays/finite_algorithm_kernels/outputs/results/printed_kernel_checks.json			952			d267159aaa6a6f0e9e7cf577d0713ee5a43779f996662cbc1c132e1690bc3ac7			replays/finite_algorithm_kernels/outputs/results/printed_kernel_checks.json			d267159aaa6a6f0e9e7cf577d0713ee5a43779f996662cbc1c132e1690bc3ac7			unchanged retained artifact			


			historical_replays/finite_algorithm_kernels/run.json			588			7d98f1fe47ddcf71738588ec8a3b0eb93771957f3d2a8f4d8f614d19e8f3c4d9			replays/finite_algorithm_kernels/run.json			7d98f1fe47ddcf71738588ec8a3b0eb93771957f3d2a8f4d8f614d19e8f3c4d9			unchanged retained artifact			


			historical_replays/finite_observables/command_01.log			1728			7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825			replays/finite_observables/command_01.log			7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825			unchanged retained artifact			


			historical_replays/finite_observables/outputs/results/inverse_cylinders.json			958			0cb7e7c2e8e7cbadfb27b4700ebcc399bf36e8439de8d56a1fe35e6853397ed2			replays/finite_observables/outputs/results/inverse_cylinders.json			0cb7e7c2e8e7cbadfb27b4700ebcc399bf36e8439de8d56a1fe35e6853397ed2			unchanged retained artifact			


			historical_replays/finite_observables/outputs/results/membership_examples.json			1443			d547fa7414e6a74f699e52ae97bdf89f16338b60034a1b40cc8a4ac983803fdd			replays/finite_observables/outputs/results/membership_examples.json			d547fa7414e6a74f699e52ae97bdf89f16338b60034a1b40cc8a4ac983803fdd			unchanged retained artifact			


			historical_replays/finite_observables/outputs/results/quadrature.json			1222			7d83fba9363b7c3c4af136fb2e9feda07cea7eeff873eacec5e16ecb63642557			replays/finite_observables/outputs/results/quadrature.json			7d83fba9363b7c3c4af136fb2e9feda07cea7eeff873eacec5e16ecb63642557			unchanged retained artifact			


			historical_replays/finite_observables/outputs/results/reciprocal.json			4660			be6876fe72bddf3b23be9d15376944bf7504d2248135fc06d2aa0c57992ba28a			replays/finite_observables/outputs/results/reciprocal.json			be6876fe72bddf3b23be9d15376944bf7504d2248135fc06d2aa0c57992ba28a			unchanged retained artifact			


			historical_replays/finite_observables/outputs/results/rounding_states.json			3859			dd0f999282b08c7ae68ea50dda5534670e7c2b4d37b16652a264ae9a078d433b			replays/finite_observables/outputs/results/rounding_states.json			dd0f999282b08c7ae68ea50dda5534670e7c2b4d37b16652a264ae9a078d433b			unchanged retained artifact			


			historical_replays/finite_observables/outputs/results/verification_report.json			1728			7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825			replays/finite_observables/outputs/results/verification_report.json			7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825			unchanged retained artifact			


			historical_replays/finite_observables/run.json			1325			9a84b086ae6e848bd00c80bbf0494fd6f267146c2ca12d4b6354dcc64ebfe59a			replays/finite_observables/run.json			9a84b086ae6e848bd00c80bbf0494fd6f267146c2ca12d4b6354dcc64ebfe59a			unchanged retained artifact			


			historical_replays/fixed_point_rows/command_01.log			973			35d4cdc5ec878b053e96e3f3212f6589d520f9c203fd75547f421d2b42592ca6			replays/fixed_point_rows/command_01.log			35d4cdc5ec878b053e96e3f3212f6589d520f9c203fd75547f421d2b42592ca6			unchanged retained artifact			


			historical_replays/fixed_point_rows/run.json			423			9d56ca3d2cbb9b732553b2e0e8f80999433569d91f98de270d2c1fffe28b98dc			replays/fixed_point_rows/run.json			9d56ca3d2cbb9b732553b2e0e8f80999433569d91f98de270d2c1fffe28b98dc			unchanged retained artifact			


			historical_replays/host_reference/command_01.log			0			e3b0c44298fc1c149afbf4c8996fb92427ae41e4649b934ca495991b7852b855			replays/host_reference/command_01.log			e3b0c44298fc1c149afbf4c8996fb92427ae41e4649b934ca495991b7852b855			unchanged retained artifact			


			historical_replays/host_reference/command_02.log			28			b3e0ce81bdb4317735a28262a9bfe005b539d8572478a0bf8b1d2b8a56f35458			replays/host_reference/command_02.log			b3e0ce81bdb4317735a28262a9bfe005b539d8572478a0bf8b1d2b8a56f35458			unchanged retained artifact			


			historical_replays/host_reference/run.json			650			4315ece7e1f4ca65701e92e04ed8f36b2782b45f066443a1dab4eef9302bf58c			replays/host_reference/run.json			4315ece7e1f4ca65701e92e04ed8f36b2782b45f066443a1dab4eef9302bf58c			unchanged retained artifact			


			historical_replays/mapping_polynomials/command_01.log			58			b88fc5692678dcf2311c6fefe551a5755a3247b72c43634f67ce11355ad07fd6			replays/mapping_polynomials/command_01.log			b88fc5692678dcf2311c6fefe551a5755a3247b72c43634f67ce11355ad07fd6			unchanged retained artifact			


			historical_replays/mapping_polynomials/outputs/formal/rational_identities.json			3235			2abd0ce02e08d97e27e7f70cee34f807f0b36c7e3d0e7723a426fd8c45303c7b			replays/mapping_polynomials/outputs/formal/rational_identities.json			2abd0ce02e08d97e27e7f70cee34f807f0b36c7e3d0e7723a426fd8c45303c7b			unchanged retained artifact			


			historical_replays/mapping_polynomials/outputs/results/independent_certificates.json			3709			38d6d8862f584f489b4e9e94c5056763a6a8f61f5e6f4f43c0f749321f95a068			replays/mapping_polynomials/outputs/results/independent_certificates.json			38d6d8862f584f489b4e9e94c5056763a6a8f61f5e6f4f43c0f749321f95a068			unchanged retained artifact			


			historical_replays/mapping_polynomials/run.json			752			654edb43799ba1bb17eb060d1a28fd569190fb90613a415caea73c5ea2aaca4a			replays/mapping_polynomials/run.json			654edb43799ba1bb17eb060d1a28fd569190fb90613a415caea73c5ea2aaca4a			unchanged retained artifact			


			historical_replays/summary.json			5811			fdc28e20d0aa033ccacad359b0b3d0fa2e4ef07546cadd84d6da9ec2e08bdd96			replays/summary.json			ca9d322733660c583e6ab240cdcae9ca914d9c0950b640b7ca4a9ede9f6fe296			volume-specific documentation, filtered record, or replay-task configuration			


			publication/reproduction/README.md			2587			9e92b539e9436230ab0f04cda8c51a76184a35e91c5f57036a5a1d765489e240			publication/reproduction/README.md			9e92b539e9436230ab0f04cda8c51a76184a35e91c5f57036a5a1d765489e240			unchanged retained artifact			Documentation or dependency record


			publication/reproduction/code/R/source_regression.R			664			7dbc1341b3c0b684bb907bea21760bf3c559d42304dc39c31ab578083aadbe40			publication/reproduction/code/R/source_regression.R			7dbc1341b3c0b684bb907bea21760bf3c559d42304dc39c31ab578083aadbe40			unchanged retained artifact			Executable check, experiment or build script


			publication/reproduction/code/R/weekly.R			800			07a52b4b230c01612a34e721110caf2352428b10cfccd80cb30874d2048a2d34			publication/reproduction/code/R/weekly.R			07a52b4b230c01612a34e721110caf2352428b10cfccd80cb30874d2048a2d34			unchanged retained artifact			Executable check, experiment or build script


			publication/reproduction/code/acquire_weekly.py			1019			ef08454c1e80efe93c3c52f0b691ba3683e181920c1a9c99b33640dcc6cbef3f			publication/reproduction/code/acquire_weekly.py			ef08454c1e80efe93c3c52f0b691ba3683e181920c1a9c99b33640dcc6cbef3f			unchanged retained artifact			Executable check, experiment or build script


			publication/reproduction/code/auxiliary_checks.py			2393			46e989048323296e3e6cf8e600b02ac10f5528e5a77f3c3b596f06a027fadaf1			publication/reproduction/code/auxiliary_checks.py			46e989048323296e3e6cf8e600b02ac10f5528e5a77f3c3b596f06a027fadaf1			unchanged retained artifact			Executable check, experiment or build script


			publication/reproduction/code/certify_fir.py			3189			565e0b5fbbc2fa1a5b048b7a0cc1e11a8b6991169000f14e3d5656e62fd2ffee			publication/reproduction/code/certify_fir.py			565e0b5fbbc2fa1a5b048b7a0cc1e11a8b6991169000f14e3d5656e62fd2ffee			unchanged retained artifact			Executable check, experiment or build script


			publication/reproduction/code/design_filters.py			7217			9e01c536e04361f30678aee77d0719554bacbd57ec930d89f54ffe4acd47c60d			publication/reproduction/code/design_filters.py			9e01c536e04361f30678aee77d0719554bacbd57ec930d89f54ffe4acd47c60d			unchanged retained artifact			Executable check, experiment or build script


			publication/reproduction/code/fixed_point_rows.py			749			4529b8d20a25d224936f1a2bd15f20bc425db12d630582291985f388031e0396			publication/reproduction/code/fixed_point_rows.py			4529b8d20a25d224936f1a2bd15f20bc425db12d630582291985f388031e0396			unchanged retained artifact			Executable check, experiment or build script


			publication/reproduction/code/host_reference.c			399			c03766fddbf97705adec03008c7de65cb2a22521f6d9d812140b633d38fa7fe9			publication/reproduction/code/host_reference.c			c03766fddbf97705adec03008c7de65cb2a22521f6d9d812140b633d38fa7fe9			unchanged retained artifact			Executable check, experiment or build script


			publication/reproduction/code/matlab/dftplots.m			678			08d1bacd5821261ce4fbc52b2257668985eb3aa353fe740ea82f863f10f05eb7			publication/reproduction/code/matlab/dftplots.m			08d1bacd5821261ce4fbc52b2257668985eb3aa353fe740ea82f863f10f05eb7			unchanged retained artifact			Executable check, experiment or build script


			publication/reproduction/code/matlab/poleplots.m			321			f2a5cc154da3c6e65374893e457e8cf18e292ea367cdaae2fb868c14a8e9a274			publication/reproduction/code/matlab/poleplots.m			f2a5cc154da3c6e65374893e457e8cf18e292ea367cdaae2fb868c14a8e9a274			unchanged retained artifact			Executable check, experiment or build script


			publication/reproduction/code/mnist_neighbors.py			4407			f19d8f76f7dd390ccbfca0a1b84dd37775db8b6919348253cedc0b841d68feeb			publication/reproduction/code/mnist_neighbors.py			f19d8f76f7dd390ccbfca0a1b84dd37775db8b6919348253cedc0b841d68feeb			unchanged retained artifact			Executable check, experiment or build script


			publication/reproduction/code/repeller.py			2076			a11dfd2a9cc240d127acfe668f6c8195531c77bd6985cb6d2bb9ff770c550b26			publication/reproduction/code/repeller.py			a11dfd2a9cc240d127acfe668f6c8195531c77bd6985cb6d2bb9ff770c550b26			unchanged retained artifact			Executable check, experiment or build script


			publication/reproduction/code/statistical_experiments.py			6248			943027370b68024ebd985348f0a08d783876ada2f22fa724c53265f4fe4079b1			publication/reproduction/code/statistical_experiments.py			943027370b68024ebd985348f0a08d783876ada2f22fa724c53265f4fe4079b1			unchanged retained artifact			Executable check, experiment or build script


			publication/reproduction/code/verification_experiments.py			9115			05ada3db03f60946b24dcc895810819a57927993ec584e15443f97c2c51efdbe			publication/reproduction/code/verification_experiments.py			05ada3db03f60946b24dcc895810819a57927993ec584e15443f97c2c51efdbe			unchanged retained artifact			Executable check, experiment or build script


			publication/reproduction/data/PCA_factor_sample.npz			10585			bb664a0c621c1abe13d03396a958c9314ec81bf77af62284c4336c74d25556d7			publication/reproduction/data/PCA_factor_sample.npz			bb664a0c621c1abe13d03396a958c9314ec81bf77af62284c4336c74d25556d7			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			publication/reproduction/data/Python_default_rng_1.npz			2090			89c1908ef651e082a4716c636cdbf66ce9fe9e0bf9440f989b5d1841a4d1c43c			publication/reproduction/data/Python_default_rng_1.npz			89c1908ef651e082a4716c636cdbf66ce9fe9e0bf9440f989b5d1841a4d1c43c			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			publication/reproduction/data/R_seed1_reconstructed.npz			2090			7b877078a3af76e34ba1f28b07134b9d3812d28a2ade8312c3d42b2cd17b9269			publication/reproduction/data/R_seed1_reconstructed.npz			7b877078a3af76e34ba1f28b07134b9d3812d28a2ade8312c3d42b2cd17b9269			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			publication/reproduction/rechecked/fir_rational_certificates.json			35774			f3dfce427ae979fb82e523050d6a886dccd76d2bc4da5a12333c835f9d9647e7			publication/reproduction/rechecked/fir_rational_certificates.json			f3dfce427ae979fb82e523050d6a886dccd76d2bc4da5a12333c835f9d9647e7			unchanged retained artifact			Structured catalogue, lineage or integrity metadata


			publication/reproduction/rechecked/fixed_point_rows.json			3391			0a8b353972ae39afdeebf638cd9a7b33b056b814df78c772250e7b3a72e8c4ba			publication/reproduction/rechecked/fixed_point_rows.json			0a8b353972ae39afdeebf638cd9a7b33b056b814df78c772250e7b3a72e8c4ba			unchanged retained artifact			Structured catalogue, lineage or integrity metadata


			publication/reproduction/rechecked/repeller_report.json			1757			5c8984b4162f2ceef8443cd13d58b19b9ebee0e216232140469702e5a55f1f82			publication/reproduction/rechecked/repeller_report.json			5c8984b4162f2ceef8443cd13d58b19b9ebee0e216232140469702e5a55f1f82			unchanged retained artifact			Structured catalogue, lineage or integrity metadata


			publication/reproduction/results/SC-037_response.npz			81737			c6c6a047d537716de87c6655cf9de20ffbc3d496f0171bb1841e90281913f4d1			publication/reproduction/results/SC-037_response.npz			c6c6a047d537716de87c6655cf9de20ffbc3d496f0171bb1841e90281913f4d1			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			publication/reproduction/results/SC-038_response.npz			79972			b7275cab548f4512a90801a73eea7a5641a325acd58bf3f3f610091332da9b4b			publication/reproduction/results/SC-038_response.npz			b7275cab548f4512a90801a73eea7a5641a325acd58bf3f3f610091332da9b4b			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			publication/reproduction/results/SC-039_response.npz			266813			76f97474fbf6a99fb7367a524e3b8233cefc3f1e1ee794bc00272da281fcb032			publication/reproduction/results/SC-039_response.npz			76f97474fbf6a99fb7367a524e3b8233cefc3f1e1ee794bc00272da281fcb032			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			publication/reproduction/results/SC-040_response.npz			274630			f41f7206c5ed697e8149d1ad4fa0364da30ed54a0f241654f6d076939d737192			publication/reproduction/results/SC-040_response.npz			f41f7206c5ed697e8149d1ad4fa0364da30ed54a0f241654f6d076939d737192			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			publication/reproduction/results/SC-041_response.npz			254111			2fc7ab675137f3fe9a6d19b9ea68564e304d7aeb8bd3994a3d68a2a21e19010f			publication/reproduction/results/SC-041_response.npz			2fc7ab675137f3fe9a6d19b9ea68564e304d7aeb8bd3994a3d68a2a21e19010f			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			publication/reproduction/results/SC-046_response.npz			270117			416aab80edd452f8da5f0e50e5cff49c0cfe9dc2c4a02a0b6bc719cf4ad664ec			publication/reproduction/results/SC-046_response.npz			416aab80edd452f8da5f0e50e5cff49c0cfe9dc2c4a02a0b6bc719cf4ad664ec			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			publication/reproduction/results/SC-048_response.npz			270185			81dc7157b4a6a951c712f6e3a8058022b7f6ee09b96179c8a716802adf88ba84			publication/reproduction/results/SC-048_response.npz			81dc7157b4a6a951c712f6e3a8058022b7f6ee09b96179c8a716802adf88ba84			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			publication/reproduction/results/SC-049_response.npz			252995			1c213dc592326a0f623839bc76fe6a82d3f9c6410097e02bb217508cd5ec2d05			publication/reproduction/results/SC-049_response.npz			1c213dc592326a0f623839bc76fe6a82d3f9c6410097e02bb217508cd5ec2d05			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			publication/reproduction/results/SC-050_response.npz			275740			6b081d1a7b22ff9c49a83c8c4f0cd3a07c7c52f926d22aef0e4e99cc28c15a2b			publication/reproduction/results/SC-050_response.npz			6b081d1a7b22ff9c49a83c8c4f0cd3a07c7c52f926d22aef0e4e99cc28c15a2b			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			publication/reproduction/results/SC-051_response.npz			280212			aa64089a6698df331d8bc6a02ff314f0b8d9fcf8ac1d49b900a84ac8600d0a0c			publication/reproduction/results/SC-051_response.npz			aa64089a6698df331d8bc6a02ff314f0b8d9fcf8ac1d49b900a84ac8600d0a0c			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			publication/reproduction/results/SC-052_response.npz			259798			188c02f1a80563a3447c162d7d2116be5b90cb568dbb35011a23d67aefaf498e			publication/reproduction/results/SC-052_response.npz			188c02f1a80563a3447c162d7d2116be5b90cb568dbb35011a23d67aefaf498e			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			publication/reproduction/results/SC-053_response.npz			308019			032fe0471da139fbb2548b89a3b0809866985b7ad3e485220431ea9b5d6423be			publication/reproduction/results/SC-053_response.npz			032fe0471da139fbb2548b89a3b0809866985b7ad3e485220431ea9b5d6423be			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			publication/reproduction/results/SC-054_response.npz			322563			c32057f7337da471391cd970d8bc03cd991507d22f83da67b96fa4ab2d0decce			publication/reproduction/results/SC-054_response.npz			c32057f7337da471391cd970d8bc03cd991507d22f83da67b96fa4ab2d0decce			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			publication/reproduction/results/SC-060_response.npz			166192			08c5b9e794e2e245adb69c90b7934da9d76e426da0bb579d8739038ccb134121			publication/reproduction/results/SC-060_response.npz			08c5b9e794e2e245adb69c90b7934da9d76e426da0bb579d8739038ccb134121			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			publication/reproduction/results/SC-069_response.npz			209443			8aa2bcdabd98e6e634993e0e8c7f13aa42fc2211df7d1072e7d7870470bc54ae			publication/reproduction/results/SC-069_response.npz			8aa2bcdabd98e6e634993e0e8c7f13aa42fc2211df7d1072e7d7870470bc54ae			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			publication/reproduction/results/autograd_sine.npz			5013			916310f7766c3cc1e7145faf3f24985ed50c45183e31b9c60c556363566ecd3e			publication/reproduction/results/autograd_sine.npz			916310f7766c3cc1e7145faf3f24985ed50c45183e31b9c60c556363566ecd3e			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			publication/reproduction/results/auxiliary_checks.json			3093			c992b8b0698a113618de882bfb484c38607d4a3148abe1eedbe0ff59f15823fc			publication/reproduction/results/auxiliary_checks.json			c992b8b0698a113618de882bfb484c38607d4a3148abe1eedbe0ff59f15823fc			unchanged retained artifact			Historical numerical, symbolic or validation record


			publication/reproduction/results/convergence.csv			9038			c8259a169b3144e7addcf1bee94c218c9928570edcb279d9dd5da0efdea0ab84			publication/reproduction/results/convergence.csv			c8259a169b3144e7addcf1bee94c218c9928570edcb279d9dd5da0efdea0ab84			unchanged retained artifact			Historical numerical, symbolic or validation record


			publication/reproduction/results/filter_designs.json			41040			b4b9ed7245b1fdf07639b864c33197c4f7c451ec0b2a57717c89bf252139b817			publication/reproduction/results/filter_designs.json			b4b9ed7245b1fdf07639b864c33197c4f7c451ec0b2a57717c89bf252139b817			unchanged retained artifact			Historical numerical, symbolic or validation record


			publication/reproduction/results/fir_rational_certificates.json			35775			3de08df48fc36b526dd9263fea7f121011283cf6b1333d358b8bd5a1fc5a0048			publication/reproduction/results/fir_rational_certificates.json			3de08df48fc36b526dd9263fea7f121011283cf6b1333d358b8bd5a1fc5a0048			unchanged retained artifact			Historical numerical, symbolic or validation record


			publication/reproduction/results/host_oracles.json			1523			ff0a523281a9e11a97ea6a931ac17d0f31d04c7df2d59583ba26e44e43eba695			publication/reproduction/results/host_oracles.json			ff0a523281a9e11a97ea6a931ac17d0f31d04c7df2d59583ba26e44e43eba695			unchanged retained artifact			Historical numerical, symbolic or validation record


			publication/reproduction/results/optimal_radius_certificate.json			3264			3b629109935b5eec5c0369512b30f8b80c93811b6147770a294a6c72c201cc9c			publication/reproduction/results/optimal_radius_certificate.json			3b629109935b5eec5c0369512b30f8b80c93811b6147770a294a6c72c201cc9c			unchanged retained artifact			Historical numerical, symbolic or validation record


			publication/reproduction/results/statistical_experiments.json			7472			ec5d2595af6b555183e6e53daf6e34e1dbb2bbb09da26542320c658a0e31faa3			publication/reproduction/results/statistical_experiments.json			ec5d2595af6b555183e6e53daf6e34e1dbb2bbb09da26542320c658a0e31faa3			unchanged retained artifact			Historical numerical, symbolic or validation record


			publication/reproduction/results/verification_experiments.json			257869			88a25c67999e2514728cc15a2dce41b5a1001f2ef3bc002dc3eff1a48e2552ac			publication/reproduction/results/verification_experiments.json			88a25c67999e2514728cc15a2dce41b5a1001f2ef3bc002dc3eff1a48e2552ac			unchanged retained artifact			Historical numerical, symbolic or validation record


			publication/reproduction/results/weekly_loo_rows.csv			89508			87b2f53cab6a37162fc40c2bf04bcb96a7db60de007a2994d4804a9c52879c03			publication/reproduction/results/weekly_loo_rows.csv			87b2f53cab6a37162fc40c2bf04bcb96a7db60de007a2994d4804a9c52879c03			unchanged retained artifact			Historical numerical, symbolic or validation record


			records/cases.json			87495			5899cc4c1fb3df2bdcf1bf0fe65a50dbe1bb2d8a725b0632b2e864bb66881c5b									volume-specific documentation, filtered record, or replay-task configuration			


			records/graphic_ownership.json			4544			2ee3c225941a5d735e556be29c3c9979169d8793950b7efbf34dbc8474a03a5e									volume-specific documentation, filtered record, or replay-task configuration			


			records/module_associations.json			2306			e82d7c9d00bd890258eec042bb9bf5cdfcdb885a829d1c65d49556a36abf7c0e									volume-specific documentation, filtered record, or replay-task configuration			


			records/publication_build_environment.json			87			8e17a0dde5e50bbbe044aa50e73296bcbb0ec94bf29fd77b5cb1a474b1009358									volume-specific documentation, filtered record, or replay-task configuration			


			replay.py			5376			b8ed1ae993e9330b02555a5ff4afa47499e21f60c31d3c138155888aba0fe837			replay.py			3bff4b0fffc375c850fae578820bfb9c5a6b0793a1a88dfa84353347145ca203			volume-specific documentation, filtered record, or replay-task configuration			Executable check, experiment or build script


			verification/algorithm_comparisons/code/exact_filter_certificate.py			2446			8fa3d427e5cb7d5d7c93a6ce3fb9af1a12beec53ee20c1c6e3c403486bdfb47b			verification/algorithm_comparisons/code/exact_filter_certificate.py			8fa3d427e5cb7d5d7c93a6ce3fb9af1a12beec53ee20c1c6e3c403486bdfb47b			unchanged retained artifact			Executable check, experiment or build script


			verification/algorithm_comparisons/code/experiments.py			21544			fc54158cf0ed0e3657f61a701d02330cce34f19067405db8daf35f37f4e4604c			verification/algorithm_comparisons/code/experiments.py			fc54158cf0ed0e3657f61a701d02330cce34f19067405db8daf35f37f4e4604c			unchanged retained artifact			Executable check, experiment or build script


			verification/algorithm_comparisons/code/figures.py			16651			8bb5257a4428966104681c69bbc14df78f1cf91b8d219ac0789a22a15a73a912			verification/algorithm_comparisons/code/figures.py			8bb5257a4428966104681c69bbc14df78f1cf91b8d219ac0789a22a15a73a912			unchanged retained artifact			Figure or renderer source


			verification/algorithm_comparisons/code/supplementary_checks.py			3216			69077ee341d3fea05430dab9802945c9860acea47a2a72a3a9e20c772c538da2			verification/algorithm_comparisons/code/supplementary_checks.py			69077ee341d3fea05430dab9802945c9860acea47a2a72a3a9e20c772c538da2			unchanged retained artifact			Executable check, experiment or build script


			verification/algorithm_comparisons/requirements.txt			251			8e3655bbe7fbb7dbb27c54af5daa0930460cbb95a4f6e165ebe78ef4dfd5b2c0			verification/algorithm_comparisons/requirements.txt			8e3655bbe7fbb7dbb27c54af5daa0930460cbb95a4f6e165ebe78ef4dfd5b2c0			unchanged retained artifact			Documentation or dependency record


			verification/algorithm_comparisons/results/benchmarks.json			44548			0d43825bfab64533f325bc4380855a8a0cce330162c2ec55adde865aad60d29a			verification/algorithm_comparisons/results/benchmarks.json			0d43825bfab64533f325bc4380855a8a0cce330162c2ec55adde865aad60d29a			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/algorithm_comparisons/results/checks.json			28817			46313a7bd54d4263eb9ef660444349de20c182c8374c52a7b3fb31b7677e370c			verification/algorithm_comparisons/results/checks.json			46313a7bd54d4263eb9ef660444349de20c182c8374c52a7b3fb31b7677e370c			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/algorithm_comparisons/results/environment.json			1075			1bc58561ec570bb690054585482c4ffea68a11cc87d91ac7f31e691ced44286a			verification/algorithm_comparisons/results/environment.json			1bc58561ec570bb690054585482c4ffea68a11cc87d91ac7f31e691ced44286a			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/algorithm_comparisons/results/exact_filter_certificate.json			2763			369a4b378c7c0c8fab23cd6742f7628e02aaf775647e4a4b080403497fcf576f			verification/algorithm_comparisons/results/exact_filter_certificate.json			369a4b378c7c0c8fab23cd6742f7628e02aaf775647e4a4b080403497fcf576f			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/algorithm_comparisons/results/observations.json			9990			d71cdd806b50065ab3717a315c671e09992abbe16b3c1cd00bfd2d2db71a4ebd			verification/algorithm_comparisons/results/observations.json			d71cdd806b50065ab3717a315c671e09992abbe16b3c1cd00bfd2d2db71a4ebd			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/algorithm_comparisons/results/supplementary_checks.json			2195			8837e8b745fd3b3e552c586a16d59a87169a9f85377a42100dccb37e804dce5a			verification/algorithm_comparisons/results/supplementary_checks.json			8837e8b745fd3b3e552c586a16d59a87169a9f85377a42100dccb37e804dce5a			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/algorithm_comparisons/results/supplementary_observations.json			1077			f810a8a5467ff71e168ca2b6f70e8cc2991698471b204311918928dfcdf808d4			verification/algorithm_comparisons/results/supplementary_observations.json			f810a8a5467ff71e168ca2b6f70e8cc2991698471b204311918928dfcdf808d4			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/analytic_models/experiments.py			16869			f96c989ab9caf3d8fab9fc990b7f7083baa7ddd487f6692284d0c798f49c79b1			verification/analytic_models/experiments.py			f96c989ab9caf3d8fab9fc990b7f7083baa7ddd487f6692284d0c798f49c79b1			unchanged retained artifact			Executable check, experiment or build script


			verification/analytic_models/experiments_fouryear.py			12571			270cb0e099736b260dbbdb4b3b78966a052519df0d4471b4c76c145a2c080448			verification/analytic_models/experiments_fouryear.py			270cb0e099736b260dbbdb4b3b78966a052519df0d4471b4c76c145a2c080448			unchanged retained artifact			Executable check, experiment or build script


			verification/analytic_models/figures_fouryear.py			11917			6ab8d8ac58901b6a1a9dc60050476f13a17831cafd65a0e3d47b8493ad9ceae2			verification/analytic_models/figures_fouryear.py			6ab8d8ac58901b6a1a9dc60050476f13a17831cafd65a0e3d47b8493ad9ceae2			unchanged retained artifact			Figure or renderer source


			verification/analytic_models/make_figures.py			14639			75e231d6402cfcfc8a51a1841fb699494520a93c6ea2a808411dfe4f09b58285			verification/analytic_models/make_figures.py			75e231d6402cfcfc8a51a1841fb699494520a93c6ea2a808411dfe4f09b58285			unchanged retained artifact			Figure or renderer source


			verification/analytic_models/monograph_kernels.py			7560			a92805265b757db7f87aee8024d764fe5e4ff070f4866a5a96d39a0add40b507			verification/analytic_models/monograph_kernels.py			a92805265b757db7f87aee8024d764fe5e4ff070f4866a5a96d39a0add40b507			unchanged retained artifact			Executable check, experiment or build script


			verification/analytic_models/new_results/benchmarks.json			33459			72de4bfdec7363eee45f67e92d3dfa149b9a456a9eb131410ca62af25d2770e6			verification/analytic_models/new_results/benchmarks.json			72de4bfdec7363eee45f67e92d3dfa149b9a456a9eb131410ca62af25d2770e6			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/analytic_models/new_results/checks.json			25072			693fcef33b30c612a79db8222c273ab0d013ab64bafd220585f4f2772e924be0			verification/analytic_models/new_results/checks.json			693fcef33b30c612a79db8222c273ab0d013ab64bafd220585f4f2772e924be0			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/analytic_models/new_results/observations.json			6183			e5e51ace96b36f43be7b1d4642c3933017da3cf541787f7e06527b8368b53e2c			verification/analytic_models/new_results/observations.json			e5e51ace96b36f43be7b1d4642c3933017da3cf541787f7e06527b8368b53e2c			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/analytic_models/new_results/supplementary_checks.json			10184			ed6b2021dbc1b97134a5ab6cebe1a244d47f1cb06601b019bdf0fb22c5da32ba			verification/analytic_models/new_results/supplementary_checks.json			ed6b2021dbc1b97134a5ab6cebe1a244d47f1cb06601b019bdf0fb22c5da32ba			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/analytic_models/requirements.txt			105			f39d0636166100eb4657101ed6c4d45ff5382bef44c1b3652f94799343701d8a			verification/analytic_models/requirements.txt			f39d0636166100eb4657101ed6c4d45ff5382bef44c1b3652f94799343701d8a			unchanged retained artifact			Documentation or dependency record


			verification/analytic_models/results/benchmarks.json			85680			9df4e8e7e061e5b697d86494a343c147d63a732055772fb44899faca819118dd			verification/analytic_models/results/benchmarks.json			9df4e8e7e061e5b697d86494a343c147d63a732055772fb44899faca819118dd			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/analytic_models/results/exact_results.json			8810			d56181aabe845742e38adbd9b0c418374b09fb85dfdd3dbdcf6adf9c14f925e8			verification/analytic_models/results/exact_results.json			d56181aabe845742e38adbd9b0c418374b09fb85dfdd3dbdcf6adf9c14f925e8			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/analytic_models/results/printed_kernel_checks.json			952			d267159aaa6a6f0e9e7cf577d0713ee5a43779f996662cbc1c132e1690bc3ac7			verification/analytic_models/results/printed_kernel_checks.json			d267159aaa6a6f0e9e7cf577d0713ee5a43779f996662cbc1c132e1690bc3ac7			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/analytic_models/results/supplementary_verification.json			1596			6c097f26bb4f727c7f9283136a04c5fd23398bd4c89732d35a9fa641d59a1519			verification/analytic_models/results/supplementary_verification.json			6c097f26bb4f727c7f9283136a04c5fd23398bd4c89732d35a9fa641d59a1519			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/analytic_models/results/verification.json			7053			786331456732a7472cff82e5e247314040212ddb6f1e1c3ea52fc4e3e41d80ef			verification/analytic_models/results/verification.json			786331456732a7472cff82e5e247314040212ddb6f1e1c3ea52fc4e3e41d80ef			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/analytic_models/supplementary_checks.py			3269			5549d55af078ec9d555b77817af09946def1b48550c1bd7b80d2292968e0ec0b			verification/analytic_models/supplementary_checks.py			5549d55af078ec9d555b77817af09946def1b48550c1bd7b80d2292968e0ec0b			unchanged retained artifact			Executable check, experiment or build script


			verification/analytic_models/supplementary_fouryear.py			7495			2a5b53aa9e063fadf5af5d106097cd8433918b11dde174c9db719f83834cbe15			verification/analytic_models/supplementary_fouryear.py			2a5b53aa9e063fadf5af5d106097cd8433918b11dde174c9db719f83834cbe15			unchanged retained artifact			Executable check, experiment or build script


			verification/comparative_case_graphs/code/figures.py			20885			1310a0a2b2da610e2884d3b5e6540723b1e942f0afd24020edf545946630e194			verification/comparative_case_graphs/code/figures.py			1310a0a2b2da610e2884d3b5e6540723b1e942f0afd24020edf545946630e194			unchanged retained artifact			Figure or renderer source


			verification/comparative_case_graphs/data/PCA_factor_sample.npz			10585			bb664a0c621c1abe13d03396a958c9314ec81bf77af62284c4336c74d25556d7			verification/comparative_case_graphs/data/PCA_factor_sample.npz			bb664a0c621c1abe13d03396a958c9314ec81bf77af62284c4336c74d25556d7			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			verification/comparative_case_graphs/data/Python_default_rng_1.npz			2090			89c1908ef651e082a4716c636cdbf66ce9fe9e0bf9440f989b5d1841a4d1c43c			verification/comparative_case_graphs/data/Python_default_rng_1.npz			89c1908ef651e082a4716c636cdbf66ce9fe9e0bf9440f989b5d1841a4d1c43c			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			verification/comparative_case_graphs/data/R_seed1_reconstructed.npz			2090			7b877078a3af76e34ba1f28b07134b9d3812d28a2ade8312c3d42b2cd17b9269			verification/comparative_case_graphs/data/R_seed1_reconstructed.npz			7b877078a3af76e34ba1f28b07134b9d3812d28a2ade8312c3d42b2cd17b9269			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			verification/comparative_case_graphs/results/SC-037_response.npz			81737			c6c6a047d537716de87c6655cf9de20ffbc3d496f0171bb1841e90281913f4d1			verification/comparative_case_graphs/results/SC-037_response.npz			c6c6a047d537716de87c6655cf9de20ffbc3d496f0171bb1841e90281913f4d1			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			verification/comparative_case_graphs/results/SC-038_response.npz			79972			b7275cab548f4512a90801a73eea7a5641a325acd58bf3f3f610091332da9b4b			verification/comparative_case_graphs/results/SC-038_response.npz			b7275cab548f4512a90801a73eea7a5641a325acd58bf3f3f610091332da9b4b			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			verification/comparative_case_graphs/results/SC-039_response.npz			266813			76f97474fbf6a99fb7367a524e3b8233cefc3f1e1ee794bc00272da281fcb032			verification/comparative_case_graphs/results/SC-039_response.npz			76f97474fbf6a99fb7367a524e3b8233cefc3f1e1ee794bc00272da281fcb032			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			verification/comparative_case_graphs/results/SC-040_response.npz			274630			f41f7206c5ed697e8149d1ad4fa0364da30ed54a0f241654f6d076939d737192			verification/comparative_case_graphs/results/SC-040_response.npz			f41f7206c5ed697e8149d1ad4fa0364da30ed54a0f241654f6d076939d737192			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			verification/comparative_case_graphs/results/SC-041_response.npz			254111			2fc7ab675137f3fe9a6d19b9ea68564e304d7aeb8bd3994a3d68a2a21e19010f			verification/comparative_case_graphs/results/SC-041_response.npz			2fc7ab675137f3fe9a6d19b9ea68564e304d7aeb8bd3994a3d68a2a21e19010f			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			verification/comparative_case_graphs/results/SC-046_response.npz			270117			416aab80edd452f8da5f0e50e5cff49c0cfe9dc2c4a02a0b6bc719cf4ad664ec			verification/comparative_case_graphs/results/SC-046_response.npz			416aab80edd452f8da5f0e50e5cff49c0cfe9dc2c4a02a0b6bc719cf4ad664ec			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			verification/comparative_case_graphs/results/SC-048_response.npz			270185			81dc7157b4a6a951c712f6e3a8058022b7f6ee09b96179c8a716802adf88ba84			verification/comparative_case_graphs/results/SC-048_response.npz			81dc7157b4a6a951c712f6e3a8058022b7f6ee09b96179c8a716802adf88ba84			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			verification/comparative_case_graphs/results/SC-049_response.npz			252995			1c213dc592326a0f623839bc76fe6a82d3f9c6410097e02bb217508cd5ec2d05			verification/comparative_case_graphs/results/SC-049_response.npz			1c213dc592326a0f623839bc76fe6a82d3f9c6410097e02bb217508cd5ec2d05			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			verification/comparative_case_graphs/results/SC-050_response.npz			275740			6b081d1a7b22ff9c49a83c8c4f0cd3a07c7c52f926d22aef0e4e99cc28c15a2b			verification/comparative_case_graphs/results/SC-050_response.npz			6b081d1a7b22ff9c49a83c8c4f0cd3a07c7c52f926d22aef0e4e99cc28c15a2b			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			verification/comparative_case_graphs/results/SC-051_response.npz			280212			aa64089a6698df331d8bc6a02ff314f0b8d9fcf8ac1d49b900a84ac8600d0a0c			verification/comparative_case_graphs/results/SC-051_response.npz			aa64089a6698df331d8bc6a02ff314f0b8d9fcf8ac1d49b900a84ac8600d0a0c			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			verification/comparative_case_graphs/results/SC-052_response.npz			259798			188c02f1a80563a3447c162d7d2116be5b90cb568dbb35011a23d67aefaf498e			verification/comparative_case_graphs/results/SC-052_response.npz			188c02f1a80563a3447c162d7d2116be5b90cb568dbb35011a23d67aefaf498e			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			verification/comparative_case_graphs/results/SC-053_response.npz			308019			032fe0471da139fbb2548b89a3b0809866985b7ad3e485220431ea9b5d6423be			verification/comparative_case_graphs/results/SC-053_response.npz			032fe0471da139fbb2548b89a3b0809866985b7ad3e485220431ea9b5d6423be			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			verification/comparative_case_graphs/results/SC-054_response.npz			322563			c32057f7337da471391cd970d8bc03cd991507d22f83da67b96fa4ab2d0decce			verification/comparative_case_graphs/results/SC-054_response.npz			c32057f7337da471391cd970d8bc03cd991507d22f83da67b96fa4ab2d0decce			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			verification/comparative_case_graphs/results/SC-060_response.npz			166192			08c5b9e794e2e245adb69c90b7934da9d76e426da0bb579d8739038ccb134121			verification/comparative_case_graphs/results/SC-060_response.npz			08c5b9e794e2e245adb69c90b7934da9d76e426da0bb579d8739038ccb134121			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			verification/comparative_case_graphs/results/SC-069_response.npz			209443			8aa2bcdabd98e6e634993e0e8c7f13aa42fc2211df7d1072e7d7870470bc54ae			verification/comparative_case_graphs/results/SC-069_response.npz			8aa2bcdabd98e6e634993e0e8c7f13aa42fc2211df7d1072e7d7870470bc54ae			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			verification/comparative_case_graphs/results/autograd_sine.npz			5013			916310f7766c3cc1e7145faf3f24985ed50c45183e31b9c60c556363566ecd3e			verification/comparative_case_graphs/results/autograd_sine.npz			916310f7766c3cc1e7145faf3f24985ed50c45183e31b9c60c556363566ecd3e			unchanged retained artifact			Scientific array data (synthetic samples or computed output)


			verification/comparative_case_graphs/results/auxiliary_checks.json			3093			c992b8b0698a113618de882bfb484c38607d4a3148abe1eedbe0ff59f15823fc			verification/comparative_case_graphs/results/auxiliary_checks.json			c992b8b0698a113618de882bfb484c38607d4a3148abe1eedbe0ff59f15823fc			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/comparative_case_graphs/results/convergence.csv			9038			c8259a169b3144e7addcf1bee94c218c9928570edcb279d9dd5da0efdea0ab84			verification/comparative_case_graphs/results/convergence.csv			c8259a169b3144e7addcf1bee94c218c9928570edcb279d9dd5da0efdea0ab84			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/comparative_case_graphs/results/filter_designs.json			41040			b4b9ed7245b1fdf07639b864c33197c4f7c451ec0b2a57717c89bf252139b817			verification/comparative_case_graphs/results/filter_designs.json			b4b9ed7245b1fdf07639b864c33197c4f7c451ec0b2a57717c89bf252139b817			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/comparative_case_graphs/results/fir_rational_certificates.json			35775			3de08df48fc36b526dd9263fea7f121011283cf6b1333d358b8bd5a1fc5a0048			verification/comparative_case_graphs/results/fir_rational_certificates.json			3de08df48fc36b526dd9263fea7f121011283cf6b1333d358b8bd5a1fc5a0048			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/comparative_case_graphs/results/host_oracles.json			1523			ff0a523281a9e11a97ea6a931ac17d0f31d04c7df2d59583ba26e44e43eba695			verification/comparative_case_graphs/results/host_oracles.json			ff0a523281a9e11a97ea6a931ac17d0f31d04c7df2d59583ba26e44e43eba695			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/comparative_case_graphs/results/optimal_radius_certificate.json			3264			3b629109935b5eec5c0369512b30f8b80c93811b6147770a294a6c72c201cc9c			verification/comparative_case_graphs/results/optimal_radius_certificate.json			3b629109935b5eec5c0369512b30f8b80c93811b6147770a294a6c72c201cc9c			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/comparative_case_graphs/results/statistical_experiments.json			7472			ec5d2595af6b555183e6e53daf6e34e1dbb2bbb09da26542320c658a0e31faa3			verification/comparative_case_graphs/results/statistical_experiments.json			ec5d2595af6b555183e6e53daf6e34e1dbb2bbb09da26542320c658a0e31faa3			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/comparative_case_graphs/results/verification_experiments.json			257869			88a25c67999e2514728cc15a2dce41b5a1001f2ef3bc002dc3eff1a48e2552ac			verification/comparative_case_graphs/results/verification_experiments.json			88a25c67999e2514728cc15a2dce41b5a1001f2ef3bc002dc3eff1a48e2552ac			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/comparative_case_graphs/results/weekly_loo_rows.csv			89508			87b2f53cab6a37162fc40c2bf04bcb96a7db60de007a2994d4804a9c52879c03			verification/comparative_case_graphs/results/weekly_loo_rows.csv			87b2f53cab6a37162fc40c2bf04bcb96a7db60de007a2994d4804a9c52879c03			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/coverings/code/branch_checks.py			5135			26c8d9f6681239964f05fad56d6d6b97a664817fe3751a67333cd046463e926b			verification/coverings/code/branch_checks.py			26c8d9f6681239964f05fad56d6d6b97a664817fe3751a67333cd046463e926b			unchanged retained artifact			Executable check, experiment or build script


			verification/coverings/code/certificates.py			5346			f18284d33b3f485a55f9c0159afd4da960c9048bf7028a8ed47b46b529dcaf25			verification/coverings/code/certificates.py			f18284d33b3f485a55f9c0159afd4da960c9048bf7028a8ed47b46b529dcaf25			unchanged retained artifact			Executable check, experiment or build script


			verification/coverings/code/compare_certificates.py			7781			b90bce50f2cd1866e4f1ed42c14a95db854fa9fc9ef13787475436238896c021			verification/coverings/code/compare_certificates.py			b90bce50f2cd1866e4f1ed42c14a95db854fa9fc9ef13787475436238896c021			unchanged retained artifact			Executable check, experiment or build script


			verification/coverings/code/experiments_v2.py			5612			391bad19ce938c94bd9719b26ffb89a442915c35019009fc0a155bc1916bf3de			verification/coverings/code/experiments_v2.py			391bad19ce938c94bd9719b26ffb89a442915c35019009fc0a155bc1916bf3de			unchanged retained artifact			Executable check, experiment or build script


			verification/coverings/code/figures.py			12710			d8e7f7c25bc01d3f95583ec6a63611724ba2070ee2876f78c8cdb8cba47fd9bf			verification/coverings/code/figures.py			d8e7f7c25bc01d3f95583ec6a63611724ba2070ee2876f78c8cdb8cba47fd9bf			unchanged retained artifact			Figure or renderer source


			verification/coverings/code/figures_v2.py			29895			4dd6f4f59f72f0445190ef174562c1e3857a8f8b44fb53fe28ee377a895f6976			verification/coverings/code/figures_v2.py			4dd6f4f59f72f0445190ef174562c1e3857a8f8b44fb53fe28ee377a895f6976			unchanged retained artifact			Figure or renderer source


			verification/coverings/code/polynomial_kernel.py			5168			10f89af3808e5356e5cd15f6a8199716232f8d16383c75d96d3261a7474b60bb			verification/coverings/code/polynomial_kernel.py			10f89af3808e5356e5cd15f6a8199716232f8d16383c75d96d3261a7474b60bb			unchanged retained artifact			Executable check, experiment or build script


			verification/coverings/code/run_checks.py			6545			d2a77bd21decb0d37c68fc0836544130cf98a8074e89e9eba3219fe9cbff14d1			verification/coverings/code/run_checks.py			d2a77bd21decb0d37c68fc0836544130cf98a8074e89e9eba3219fe9cbff14d1			unchanged retained artifact			Executable check, experiment or build script


			verification/coverings/metrics/branch_checks.json			1076			4c61fc1675351f78fcbb9223fb925aa00f53be913deb0e10738b21a1373fdcd1			verification/coverings/metrics/branch_checks.json			4c61fc1675351f78fcbb9223fb925aa00f53be913deb0e10738b21a1373fdcd1			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/coverings/metrics/certificate_timings.csv			873			4aa8c90618444d272274d2ba19d9920cebffc700cc323b7ad758081acbe80309			verification/coverings/metrics/certificate_timings.csv			4aa8c90618444d272274d2ba19d9920cebffc700cc323b7ad758081acbe80309			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/coverings/metrics/environment.json			4456			85143b4ff0ec821829032da013e5bd78fb7813e01f0f73559e4ce0d40e29cba1			verification/coverings/metrics/environment.json			85143b4ff0ec821829032da013e5bd78fb7813e01f0f73559e4ce0d40e29cba1			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/coverings/metrics/polynomial_identity_checks.json			1892			78a4c36a2298aab66c5ea6483c56c478acf2d9e0cd95f5c5675df58f1b864444			verification/coverings/metrics/polynomial_identity_checks.json			78a4c36a2298aab66c5ea6483c56c478acf2d9e0cd95f5c5675df58f1b864444			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/coverings/metrics/verification.json			4073			29d1f20dd95156bcf31963ce415a3f3dbade1a6959c89d741f2434969bf8edac			verification/coverings/metrics/verification.json			29d1f20dd95156bcf31963ce415a3f3dbade1a6959c89d741f2434969bf8edac			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/coverings/proofs/FiniteIdentities.lean			1696			1b69487df5f9502fce3434194d5dab3eba2d0d44f9eb70fd3c1bba2fd9282b1b			verification/coverings/proofs/FiniteIdentities.lean			1b69487df5f9502fce3434194d5dab3eba2d0d44f9eb70fd3c1bba2fd9282b1b			unchanged retained artifact			Uncompiled proof-assistant candidate or helper


			verification/coverings/proofs/FiniteIdentities.v			1604			9f1b522d3e3c2d6f51530f782113e335a695bb9e1f77b412ac7e11c2c3232f00			verification/coverings/proofs/FiniteIdentities.v			9f1b522d3e3c2d6f51530f782113e335a695bb9e1f77b412ac7e11c2c3232f00			unchanged retained artifact			Uncompiled proof-assistant candidate or helper


			verification/coverings/proofs/certificates/cubic_central_root.json			942			6ca849621e92fcf7f7ed0801c7281965cabd1aeed5a1b9cbf22eb4fcd3e6585c			verification/coverings/proofs/certificates/cubic_central_root.json			6ca849621e92fcf7f7ed0801c7281965cabd1aeed5a1b9cbf22eb4fcd3e6585c			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/certificates/cubic_right_root.json			935			7ccd96c44756f3ff7399e06d0c19f0eedfab1c7fd3ede349b7c19c20a46c8373			verification/coverings/proofs/certificates/cubic_right_root.json			7ccd96c44756f3ff7399e06d0c19f0eedfab1c7fd3ede349b7c19c20a46c8373			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/certificates/cubic_three_roots.json			2658			7d81decf3c94c5195781d50e2121dbc952e6f45c847be5b2d2560f4d2a9f06dd			verification/coverings/proofs/certificates/cubic_three_roots.json			7d81decf3c94c5195781d50e2121dbc952e6f45c847be5b2d2560f4d2a9f06dd			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/certificates/gain_0_to_50.json			2872			e8c21808d38d248cf50fcdc1b3a349af92ef204b67afcf4164b1cb977109cca1			verification/coverings/proofs/certificates/gain_0_to_50.json			e8c21808d38d248cf50fcdc1b3a349af92ef204b67afcf4164b1cb977109cca1			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/certificates/gain_61.json			3161			7a1695b5b180fe9bfb4cc6381486222a008ebe529e46db7b5ffcc3e28bef98be			verification/coverings/proofs/certificates/gain_61.json			7a1695b5b180fe9bfb4cc6381486222a008ebe529e46db7b5ffcc3e28bef98be			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/certificates/quadratic_repeated_root.json			2181			bcfcb01655a1d75c3448651ee5efd2df16d21e69a3a3c9c23a520639008b3fba			verification/coverings/proofs/certificates/quadratic_repeated_root.json			bcfcb01655a1d75c3448651ee5efd2df16d21e69a3a3c9c23a520639008b3fba			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/certificates/teaching_sqrt2.json			887			2944633cb3c3aac0a5f8d9868648f8af1109e3f8063916c7926d144afe18a216			verification/coverings/proofs/certificates/teaching_sqrt2.json			2944633cb3c3aac0a5f8d9868648f8af1109e3f8063916c7926d144afe18a216			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/polynomial_identities/blaschke_disk.json			1504			cee0646e2a663a65e13c013d276d95366dade6ea7d41e933c5e8ff71ca5eecee			verification/coverings/proofs/polynomial_identities/blaschke_disk.json			cee0646e2a663a65e13c013d276d95366dade6ea7d41e933c5e8ff71ca5eecee			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/polynomial_identities/difference_of_squares.json			446			fce02dafc6537f28251fe8858955e791c1a4b1f7abb2bbf22e338b7b869b823c			verification/coverings/proofs/polynomial_identities/difference_of_squares.json			fce02dafc6537f28251fe8858955e791c1a4b1f7abb2bbf22e338b7b869b823c			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/polynomial_identities/dihedral_cubic.json			697			39889b771b9fdcd586077183fca1bef6defe8d78ce1c64a605e588942f1c4a05			verification/coverings/proofs/polynomial_identities/dihedral_cubic.json			39889b771b9fdcd586077183fca1bef6defe8d78ce1c64a605e588942f1c4a05			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/polynomial_identities/error_step.json			589			048a4e7f40d6df13ed27fd06524a70f4ae2b64c229e8d42d6fbd1ed648a89f4c			verification/coverings/proofs/polynomial_identities/error_step.json			048a4e7f40d6df13ed27fd06524a70f4ae2b64c229e8d42d6fbd1ed648a89f4c			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/polynomial_identities/euler_defect.json			645			96141f2f2beeca2cf97340f67119542c73a1d13ed7a853a866fe6c51d65fbb1f			verification/coverings/proofs/polynomial_identities/euler_defect.json			96141f2f2beeca2cf97340f67119542c73a1d13ed7a853a866fe6c51d65fbb1f			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/polynomial_identities/fold_discriminant.json			510			85b29d3a081da22e0c1c84643b0d7b5cb3260660d60813985ef358a3337f096e			verification/coverings/proofs/polynomial_identities/fold_discriminant.json			85b29d3a081da22e0c1c84643b0d7b5cb3260660d60813985ef358a3337f096e			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/polynomial_identities/parameter_affinity.json			1720			70cf163d8c9f355acc625f3e9720dd94fa5b689e6e05c1af1fea21a09678960e			verification/coverings/proofs/polynomial_identities/parameter_affinity.json			70cf163d8c9f355acc625f3e9720dd94fa5b689e6e05c1af1fea21a09678960e			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/polynomial_identities/poisson_denominator.json			672			83795aed81e73ef106020b5fab7f7b41858ab030784356eae70c7ce938493fe1			verification/coverings/proofs/polynomial_identities/poisson_denominator.json			83795aed81e73ef106020b5fab7f7b41858ab030784356eae70c7ce938493fe1			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/polynomial_identities/ramification_composition.json			457			05f0f44388a68d8f1a03d1eb9127490cd4e77fb77b405acd4159dc2244214ed3			verification/coverings/proofs/polynomial_identities/ramification_composition.json			05f0f44388a68d8f1a03d1eb9127490cd4e77fb77b405acd4159dc2244214ed3			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/polynomial_identities/routh_crossing.json			710			c4e313db92ab9034aa9a6d44a77221179e597e17876f764b8f11d9e008a7b579			verification/coverings/proofs/polynomial_identities/routh_crossing.json			c4e313db92ab9034aa9a6d44a77221179e597e17876f764b8f11d9e008a7b579			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/polynomial_identities/storage_balance.json			818			952346f64de9ea7c678ded6dc9bfbf2ae317465a026f9ceca9f4da6e92dc1271			verification/coverings/proofs/polynomial_identities/storage_balance.json			952346f64de9ea7c678ded6dc9bfbf2ae317465a026f9ceca9f4da6e92dc1271			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/polynomial_identities/variance_pair.json			618			6e2e1c66600e19a41eb56cce4d786c16777b62432fb1be8f50e681b93d96e9a4			verification/coverings/proofs/polynomial_identities/variance_pair.json			6e2e1c66600e19a41eb56cce4d786c16777b62432fb1be8f50e681b93d96e9a4			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/cubic_axis_adaptive.json			3042			42095439f3f9411082529695d8a535d7a92f2eddf9f8fc8bcc56ac59bf72d86d			verification/coverings/proofs/v2/cubic_axis_adaptive.json			42095439f3f9411082529695d8a535d7a92f2eddf9f8fc8bcc56ac59bf72d86d			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/cubic_axis_uniform.json			4533			990634f910cd31a69e6d70c97465391e3e197b9cf8d727be257d3261a8374071			verification/coverings/proofs/v2/cubic_axis_uniform.json			990634f910cd31a69e6d70c97465391e3e197b9cf8d727be257d3261a8374071			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/cubic_rotated_adaptive.json			1573			7bb7b7dd75ac928b0d51d1ec5f919b079048c77ebd3038061445ce1a6606d916			verification/coverings/proofs/v2/cubic_rotated_adaptive.json			7bb7b7dd75ac928b0d51d1ec5f919b079048c77ebd3038061445ce1a6606d916			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/cubic_rotated_uniform.json			1569			8fc0f20b00c66a34c7a19cab7a1b70af2243d1cd00240eecd00f934e0f1ce7ef			verification/coverings/proofs/v2/cubic_rotated_uniform.json			8fc0f20b00c66a34c7a19cab7a1b70af2243d1cd00240eecd00f934e0f1ce7ef			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/eighth_power_axis_adaptive.json			5756			50f3b1c8ab4ee1930ff8a65a7485817a90126bab2b08d38fc954855cd8504aed			verification/coverings/proofs/v2/eighth_power_axis_adaptive.json			50f3b1c8ab4ee1930ff8a65a7485817a90126bab2b08d38fc954855cd8504aed			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/eighth_power_axis_uniform.json			8817			b73fe63ffa22de4791ef76364ce7751a0a5edcfb1bdaf9d0e3a6f610c6a9ef2e			verification/coverings/proofs/v2/eighth_power_axis_uniform.json			b73fe63ffa22de4791ef76364ce7751a0a5edcfb1bdaf9d0e3a6f610c6a9ef2e			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/eighth_power_rotated_adaptive.json			3875			3e702b316382ebe15e7350cab5c25c93792e118dfa32b70f83e068f721db8e78			verification/coverings/proofs/v2/eighth_power_rotated_adaptive.json			3e702b316382ebe15e7350cab5c25c93792e118dfa32b70f83e068f721db8e78			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/eighth_power_rotated_uniform.json			4980			4d6ba4d400c4839d5a0d074e9a2b240b12a8f9268d65a554a3cc975740b2a887			verification/coverings/proofs/v2/eighth_power_rotated_uniform.json			4d6ba4d400c4839d5a0d074e9a2b240b12a8f9268d65a554a3cc975740b2a887			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/gain_family_axis_adaptive.json			3757			500070d2e580cef310537be087608c3232c71e2a123f450b6960577e6808d246			verification/coverings/proofs/v2/gain_family_axis_adaptive.json			500070d2e580cef310537be087608c3232c71e2a123f450b6960577e6808d246			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/gain_family_axis_uniform.json			16968			d4ecbe24ad3643b5093ac7af986ff550b74aa8ae64c96d4a26b0329aac614ed0			verification/coverings/proofs/v2/gain_family_axis_uniform.json			d4ecbe24ad3643b5093ac7af986ff550b74aa8ae64c96d4a26b0329aac614ed0			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/gain_family_rotated_adaptive.json			2313			fd8c8d56a00845d2c713e54d75f71a7aafc535c83740ee723eb7076929377085			verification/coverings/proofs/v2/gain_family_rotated_adaptive.json			fd8c8d56a00845d2c713e54d75f71a7aafc535c83740ee723eb7076929377085			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/gain_family_rotated_uniform.json			9359			8bed787066b5b56c254d9dc2a7e64aa2b82b7bb6c702c551c49debc388a250fb			verification/coverings/proofs/v2/gain_family_rotated_uniform.json			8bed787066b5b56c254d9dc2a7e64aa2b82b7bb6c702c551c49debc388a250fb			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/near_edge_double_axis_adaptive.json			3191			49cf3ca8a3de28bdf5476cb24c68455e5bfeff4b832106b09c39d1ac8c24b637			verification/coverings/proofs/v2/near_edge_double_axis_adaptive.json			49cf3ca8a3de28bdf5476cb24c68455e5bfeff4b832106b09c39d1ac8c24b637			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/near_edge_double_axis_uniform.json			134050			d9adcacdf4e4b40ce1194a5ce7aee274014f1b51f0c22355a06cb00b8900bc57			verification/coverings/proofs/v2/near_edge_double_axis_uniform.json			d9adcacdf4e4b40ce1194a5ce7aee274014f1b51f0c22355a06cb00b8900bc57			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/near_edge_double_rotated_adaptive.json			1177			fb5eedd8c75bafc0859bead97e98471d081e73872479afb32ea32e2d130e79e5			verification/coverings/proofs/v2/near_edge_double_rotated_adaptive.json			fb5eedd8c75bafc0859bead97e98471d081e73872479afb32ea32e2d130e79e5			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/near_edge_double_rotated_uniform.json			1584			63db38eb49a9853f0a07ee6d2c0ea74af4e322bf47eb807222fcad5d7b9808bd			verification/coverings/proofs/v2/near_edge_double_rotated_uniform.json			63db38eb49a9853f0a07ee6d2c0ea74af4e322bf47eb807222fcad5d7b9808bd			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/shifted_quartic_axis_adaptive.json			3093			483f70aa875ba61287de20398e2455ef894b4e33a1b988c735809cf43b737b30			verification/coverings/proofs/v2/shifted_quartic_axis_adaptive.json			483f70aa875ba61287de20398e2455ef894b4e33a1b988c735809cf43b737b30			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/shifted_quartic_axis_uniform.json			4586			427421e5d3ff1ac30082a10ced2b0a8a1ffbe4398ad54ab6ed631223d64e8033			verification/coverings/proofs/v2/shifted_quartic_axis_uniform.json			427421e5d3ff1ac30082a10ced2b0a8a1ffbe4398ad54ab6ed631223d64e8033			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/shifted_quartic_rotated_adaptive.json			2168			22f776e592730c103dfcda556756ba711e33d45a4e14043011e212ddad896d9a			verification/coverings/proofs/v2/shifted_quartic_rotated_adaptive.json			22f776e592730c103dfcda556756ba711e33d45a4e14043011e212ddad896d9a			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/shifted_quartic_rotated_uniform.json			2693			1e11c1ed3d51c9db999bf9cee778e80607b2e3b1e68ed33d9a8b8e51632f0c30			verification/coverings/proofs/v2/shifted_quartic_rotated_uniform.json			1e11c1ed3d51c9db999bf9cee778e80607b2e3b1e68ed33d9a8b8e51632f0c30			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/requirements.txt			121			ac0bf9c438134b011a3447e77bd14a16a965b448602a428a9a71162540ef3d7d			verification/coverings/requirements.txt			ac0bf9c438134b011a3447e77bd14a16a965b448602a428a9a71162540ef3d7d			unchanged retained artifact			Documentation or dependency record


			verification/coverings/results_v2/certificate_benchmark.csv			1550			d8490d7f666e57ab8de6ec2a727ea8dcd0adc499e2a3e385537c493e2df51bc7			verification/coverings/results_v2/certificate_benchmark.csv			d8490d7f666e57ab8de6ec2a727ea8dcd0adc499e2a3e385537c493e2df51bc7			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/coverings/results_v2/certificate_benchmark.json			36072			74a96ba70bf088d59383d70778faefb5fc7e236a9592722557e292ab0b0d9845			verification/coverings/results_v2/certificate_benchmark.json			74a96ba70bf088d59383d70778faefb5fc7e236a9592722557e292ab0b0d9845			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/coverings/results_v2/continuation_diagnostics.json			1074			82825b43f800a10afe64ea18672fb8f44bac82a0f1b2d7d477c0af0c4dc956b4			verification/coverings/results_v2/continuation_diagnostics.json			82825b43f800a10afe64ea18672fb8f44bac82a0f1b2d7d477c0af0c4dc956b4			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/coverings/results_v2/experiments_summary.json			520			b8b45527dc6583305fb35b7bf2a3da05699cd985b7bb4496f50d6f6476d26414			verification/coverings/results_v2/experiments_summary.json			b8b45527dc6583305fb35b7bf2a3da05699cd985b7bb4496f50d6f6476d26414			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/coverings/results_v2/figure_manifest.json			17802			5aadacaff4bad7700a2756d34094659f08270768559e5a6b9aadf859b2a91f65			verification/coverings/results_v2/figure_manifest.json			5aadacaff4bad7700a2756d34094659f08270768559e5a6b9aadf859b2a91f65			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/coverings/results_v2/matrix_benchmark.json			22087			05b0b1e6a5749c12e5bdfbe20f4be743e6bec9a9def9856d8e6e0ad5929a7151			verification/coverings/results_v2/matrix_benchmark.json			05b0b1e6a5749c12e5bdfbe20f4be743e6bec9a9def9856d8e6e0ad5929a7151			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/coverings/results_v2/phase_diagnostics.json			4197			2f8cac36fdf98b23b38cf919ea0ec765f043cf7c03b30e003dd093fcb6c95bd4			verification/coverings/results_v2/phase_diagnostics.json			2f8cac36fdf98b23b38cf919ea0ec765f043cf7c03b30e003dd093fcb6c95bd4			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/coverings/results_v2/precision_optimum.json			21615			5627bfbf525d48ab4e9fc082af0ba2dd0848f9c08e1c3131d5c1cd3087753e68			verification/coverings/results_v2/precision_optimum.json			5627bfbf525d48ab4e9fc082af0ba2dd0848f9c08e1c3131d5c1cd3087753e68			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/finite_observables/code/companion_lab.py			7773			f735a452ec3e629b2ce6324a4a1e10623deff94b691a559bf1e4095d8f5ee210			verification/finite_observables/code/companion_lab.py			f735a452ec3e629b2ce6324a4a1e10623deff94b691a559bf1e4095d8f5ee210			unchanged retained artifact			Executable check, experiment or build script


			verification/finite_observables/code/make_figures.py			4459			e0a9a6d91ec036011005a7ec5d9b393aec4afc30c11cb6d18f8b01e08d44f118			verification/finite_observables/code/make_figures.py			e0a9a6d91ec036011005a7ec5d9b393aec4afc30c11cb6d18f8b01e08d44f118			unchanged retained artifact			Figure or renderer source


			verification/finite_observables/code/run_lab.py			7145			d969bf6c8c30a679f41e671f189ebf355107d0bf896a97d71d96320159d87ef9			verification/finite_observables/code/run_lab.py			d969bf6c8c30a679f41e671f189ebf355107d0bf896a97d71d96320159d87ef9			unchanged retained artifact			Executable check, experiment or build script


			verification/finite_observables/proofs/Range.lean			839			ee1f2cbdd564801f75b421d84f5a68bee9ece1a22bb40de7b38c1293e0424bd0			verification/finite_observables/proofs/Range.lean			ee1f2cbdd564801f75b421d84f5a68bee9ece1a22bb40de7b38c1293e0424bd0			unchanged retained artifact			Uncompiled proof-assistant candidate or helper


			verification/finite_observables/proofs/Range.v			801			14e2c1922877129d5cd3127eb6a693d3b7e66238cc44e070e997b2159f7bc17b			verification/finite_observables/proofs/Range.v			14e2c1922877129d5cd3127eb6a693d3b7e66238cc44e070e997b2159f7bc17b			unchanged retained artifact			Uncompiled proof-assistant candidate or helper


			verification/finite_observables/results/inverse_cylinders.json			958			0cb7e7c2e8e7cbadfb27b4700ebcc399bf36e8439de8d56a1fe35e6853397ed2			verification/finite_observables/results/inverse_cylinders.json			0cb7e7c2e8e7cbadfb27b4700ebcc399bf36e8439de8d56a1fe35e6853397ed2			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/finite_observables/results/membership_examples.json			1443			d547fa7414e6a74f699e52ae97bdf89f16338b60034a1b40cc8a4ac983803fdd			verification/finite_observables/results/membership_examples.json			d547fa7414e6a74f699e52ae97bdf89f16338b60034a1b40cc8a4ac983803fdd			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/finite_observables/results/quadrature.json			1222			7d83fba9363b7c3c4af136fb2e9feda07cea7eeff873eacec5e16ecb63642557			verification/finite_observables/results/quadrature.json			7d83fba9363b7c3c4af136fb2e9feda07cea7eeff873eacec5e16ecb63642557			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/finite_observables/results/reciprocal.json			4660			be6876fe72bddf3b23be9d15376944bf7504d2248135fc06d2aa0c57992ba28a			verification/finite_observables/results/reciprocal.json			be6876fe72bddf3b23be9d15376944bf7504d2248135fc06d2aa0c57992ba28a			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/finite_observables/results/rounding_states.json			3859			dd0f999282b08c7ae68ea50dda5534670e7c2b4d37b16652a264ae9a078d433b			verification/finite_observables/results/rounding_states.json			dd0f999282b08c7ae68ea50dda5534670e7c2b4d37b16652a264ae9a078d433b			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/finite_observables/results/verification_report.json			1728			7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825			verification/finite_observables/results/verification_report.json			7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/code/experiments.py			13061			5446c41a2ab2645a33f862da4261acd53fb0768372ece14dd2fbc4e079064585			verification/normal_families/code/experiments.py			5446c41a2ab2645a33f862da4261acd53fb0768372ece14dd2fbc4e079064585			unchanged retained artifact			Executable check, experiment or build script


			verification/normal_families/code/graphics.py			27907			e8d69e2e95e56aff8227e563ac0d869bc9a35acf50f78e3f4e822e4db4176391			verification/normal_families/code/graphics.py			e8d69e2e95e56aff8227e563ac0d869bc9a35acf50f78e3f4e822e4db4176391			unchanged retained artifact			Figure or renderer source


			verification/normal_families/code/independent_certificates.py			4409			4d712358b7870515dc776e23d37dd5546c32342ea6efdfbda17ad07bcca5d231			verification/normal_families/code/independent_certificates.py			4d712358b7870515dc776e23d37dd5546c32342ea6efdfbda17ad07bcca5d231			unchanged retained artifact			Executable check, experiment or build script


			verification/normal_families/formal/Audit.lean			334			1c8a4098e9781d3f7f0fabb3fc78eea3c00a67218b3083cb21f81cf08bb4c1f9			verification/normal_families/formal/Audit.lean			1c8a4098e9781d3f7f0fabb3fc78eea3c00a67218b3083cb21f81cf08bb4c1f9			unchanged retained artifact			Uncompiled proof-assistant candidate or helper


			verification/normal_families/formal/PHI/Algebra.lean			3096			c61b8d1bad1bdcaf9924b2034c6be0bdc2d090747248e25ba44d44ff3cbf2660			verification/normal_families/formal/PHI/Algebra.lean			c61b8d1bad1bdcaf9924b2034c6be0bdc2d090747248e25ba44d44ff3cbf2660			unchanged retained artifact			Uncompiled proof-assistant candidate or helper


			verification/normal_families/formal/PHI.lean			19			bd83e64f3cfa3d6ddfe2e4df6e1ffe99a182c3b96cdb2f80c8d57b17304d558b			verification/normal_families/formal/PHI.lean			bd83e64f3cfa3d6ddfe2e4df6e1ffe99a182c3b96cdb2f80c8d57b17304d558b			unchanged retained artifact			Uncompiled proof-assistant candidate or helper


			verification/normal_families/formal/lakefile.toml			199			e114afcefa706bf3ccec0da98f6d0e7d4a62a3cbdd2d1cb1771c7fe32daf3836			verification/normal_families/formal/lakefile.toml			e114afcefa706bf3ccec0da98f6d0e7d4a62a3cbdd2d1cb1771c7fe32daf3836			unchanged retained artifact			Certificate data or formalization configuration


			verification/normal_families/formal/lean-toolchain			25			55e97be96000b5e9e290c9e74482e5e317861499a5540353ce845471bded8cea			verification/normal_families/formal/lean-toolchain			55e97be96000b5e9e290c9e74482e5e317861499a5540353ce845471bded8cea			unchanged retained artifact			Certificate data or formalization configuration


			verification/normal_families/formal/rational_identities.json			3235			2abd0ce02e08d97e27e7f70cee34f807f0b36c7e3d0e7723a426fd8c45303c7b			verification/normal_families/formal/rational_identities.json			2abd0ce02e08d97e27e7f70cee34f807f0b36c7e3d0e7723a426fd8c45303c7b			unchanged retained artifact			Certificate data or formalization configuration


			verification/normal_families/formal/smt/F01_gap_positive.smt2			146			b68b77cc6323557b32c825b142941706706c83e94082c7bb1c5f407d99e4e3de			verification/normal_families/formal/smt/F01_gap_positive.smt2			b68b77cc6323557b32c825b142941706706c83e94082c7bb1c5f407d99e4e3de			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F02_quarter_radius.smt2			195			780914dd3c2a1ba4c93b9f3865952115bba7b0579151b8443039be0e656f1c13			verification/normal_families/formal/smt/F02_quarter_radius.smt2			780914dd3c2a1ba4c93b9f3865952115bba7b0579151b8443039be0e656f1c13			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F03_radius_interval.smt2			209			8cc54e50dd92d3930170142e779dc97bfab8a7280b6a42816a43e0fefe3fffa9			verification/normal_families/formal/smt/F03_radius_interval.smt2			8cc54e50dd92d3930170142e779dc97bfab8a7280b6a42816a43e0fefe3fffa9			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F04_inverse_margin.smt2			186			7e69e00c1108e84e8025b038cc6d1a6176a46f478e520f8b88777074ec981186			verification/normal_families/formal/smt/F04_inverse_margin.smt2			7e69e00c1108e84e8025b038cc6d1a6176a46f478e520f8b88777074ec981186			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F05_quadratic_gap.smt2			219			3d36b24e31975ac879a0083dc14aab20bea0f55aa82e6c5225258eaec038e9e9			verification/normal_families/formal/smt/F05_quadratic_gap.smt2			3d36b24e31975ac879a0083dc14aab20bea0f55aa82e6c5225258eaec038e9e9			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F06_quadratic_lipschitz.smt2			280			92d46b0893f6f775705aeccae9a5f0ce24c29388305beb11dc14e799aaaa0bfb			verification/normal_families/formal/smt/F06_quadratic_lipschitz.smt2			92d46b0893f6f775705aeccae9a5f0ce24c29388305beb11dc14e799aaaa0bfb			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F07_extremal_gain.smt2			157			86aaf8089a65335ac3d946de927c96a9ee27ed7e80bc6121928a0f6c0a48b108			verification/normal_families/formal/smt/F07_extremal_gain.smt2			86aaf8089a65335ac3d946de927c96a9ee27ed7e80bc6121928a0f6c0a48b108			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F08_capacitance_energy.smt2			189			0667ab8a42e1c50fd7feb6ac3074fb3bb3e44930bf1ba9a8d4845914caac1d38			verification/normal_families/formal/smt/F08_capacitance_energy.smt2			0667ab8a42e1c50fd7feb6ac3074fb3bb3e44930bf1ba9a8d4845914caac1d38			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F09_area_single_coefficient.smt2			189			8c1a7bd627377754da6ceef8a939eebfbae899c711768cd8443dbd28ae7cbf97			verification/normal_families/formal/smt/F09_area_single_coefficient.smt2			8c1a7bd627377754da6ceef8a939eebfbae899c711768cd8443dbd28ae7cbf97			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F10_shape_order.smt2			176			f646c1989a508e41e196831a45bddea30a74f4b1cecea0f3ae8ec152ad9914e4			verification/normal_families/formal/smt/F10_shape_order.smt2			f646c1989a508e41e196831a45bddea30a74f4b1cecea0f3ae8ec152ad9914e4			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F11_tail_splitting.smt2			235			0bb7e021e040d2640954652cbab358f53aaa72238450bf1d1cd03b2a574a2d70			verification/normal_families/formal/smt/F11_tail_splitting.smt2			0bb7e021e040d2640954652cbab358f53aaa72238450bf1d1cd03b2a574a2d70			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F12_sample_enclosure.smt2			335			a92985ca9a22fc54adc315777c01abb04696f9a564c4df674e82d03a4b0d873d			verification/normal_families/formal/smt/F12_sample_enclosure.smt2			a92985ca9a22fc54adc315777c01abb04696f9a564c4df674e82d03a4b0d873d			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F13_half_arc.smt2			189			e0d931e3d0f726bab432dda3e5cfcd0c3357ebf2b37af2359c27795fb9ad654b			verification/normal_families/formal/smt/F13_half_arc.smt2			e0d931e3d0f726bab432dda3e5cfcd0c3357ebf2b37af2359c27795fb9ad654b			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F14_quarter_sharp_numerator.smt2			166			33a35faeafbcd04e7409975d053e544a5895ddd30e419cb80e641543e6e904fb			verification/normal_families/formal/smt/F14_quarter_sharp_numerator.smt2			33a35faeafbcd04e7409975d053e544a5895ddd30e419cb80e641543e6e904fb			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F15_spherical_reciprocal.smt2			323			da3156e0a8c6b31b021bbb08ffb84aef353abecbf32b515d5b3d6dc54672b5e9			verification/normal_families/formal/smt/F15_spherical_reciprocal.smt2			da3156e0a8c6b31b021bbb08ffb84aef353abecbf32b515d5b3d6dc54672b5e9			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F16_normalized_derivative_nonzero.smt2			183			145c0ed54e7a64d10391f75718f0e38e2d42531306590f3495ecbd05da9094ef			verification/normal_families/formal/smt/F16_normalized_derivative_nonzero.smt2			145c0ed54e7a64d10391f75718f0e38e2d42531306590f3495ecbd05da9094ef			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F17_weighted_energy_1.smt2			293			1eab2b8935b75b6a3a48b6547a664038c4ccf922b512ad70f27beb2aad095e68			verification/normal_families/formal/smt/F17_weighted_energy_1.smt2			1eab2b8935b75b6a3a48b6547a664038c4ccf922b512ad70f27beb2aad095e68			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F18_weighted_energy_2.smt2			293			2b6b50373bd73dab673cd98b2b88c6cd209301f0fcedeeaded0ce1b6aa45067b			verification/normal_families/formal/smt/F18_weighted_energy_2.smt2			2b6b50373bd73dab673cd98b2b88c6cd209301f0fcedeeaded0ce1b6aa45067b			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F19_weighted_energy_3.smt2			293			02c6a16f871f82c0ee683c94976ea3860ead28138a98f9d9be9e0943c7c44d91			verification/normal_families/formal/smt/F19_weighted_energy_3.smt2			02c6a16f871f82c0ee683c94976ea3860ead28138a98f9d9be9e0943c7c44d91			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F20_weighted_energy_4.smt2			293			1ba2988d84f526b8e17829177702874a43f2bb4d582a96c976a19988dc3a7170			verification/normal_families/formal/smt/F20_weighted_energy_4.smt2			1ba2988d84f526b8e17829177702874a43f2bb4d582a96c976a19988dc3a7170			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F21_weighted_energy_5.smt2			293			1ae1804e05e1ce4ff0047a90f71b45e20dfb8784657605faf3ad5e42fad68b3a			verification/normal_families/formal/smt/F21_weighted_energy_5.smt2			1ae1804e05e1ce4ff0047a90f71b45e20dfb8784657605faf3ad5e42fad68b3a			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F22_weighted_energy_6.smt2			293			cd0eddcd5ee5717b87d52262290e00a5976516f53e4f6a599671a11cead5d534			verification/normal_families/formal/smt/F22_weighted_energy_6.smt2			cd0eddcd5ee5717b87d52262290e00a5976516f53e4f6a599671a11cead5d534			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F23_weighted_energy_7.smt2			293			fb83a9a7be44b4f9f5a225844c677b99c3f629a6a5c1dac6d7a23f04208446fd			verification/normal_families/formal/smt/F23_weighted_energy_7.smt2			fb83a9a7be44b4f9f5a225844c677b99c3f629a6a5c1dac6d7a23f04208446fd			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F24_weighted_energy_8.smt2			293			2094d20fd72b880a307dc406db202091ace99959483b00ee8d469e782b41eb92			verification/normal_families/formal/smt/F24_weighted_energy_8.smt2			2094d20fd72b880a307dc406db202091ace99959483b00ee8d469e782b41eb92			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F25_jet_budget_1.smt2			201			3371adb60dcec73616852bbafe779745434639a58169ebec6be5dc04bac02095			verification/normal_families/formal/smt/F25_jet_budget_1.smt2			3371adb60dcec73616852bbafe779745434639a58169ebec6be5dc04bac02095			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F26_jet_budget_2.smt2			201			fcb12c63399160dd518daaf4536d9d62a56bb2e746f42263145064287b4f5a86			verification/normal_families/formal/smt/F26_jet_budget_2.smt2			fcb12c63399160dd518daaf4536d9d62a56bb2e746f42263145064287b4f5a86			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F27_jet_budget_3.smt2			201			9da5aded9b87b1da400704c11bd6c1061a686602a18aaf0748a4f6ae9d934859			verification/normal_families/formal/smt/F27_jet_budget_3.smt2			9da5aded9b87b1da400704c11bd6c1061a686602a18aaf0748a4f6ae9d934859			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F28_jet_budget_4.smt2			201			4968d5a1cc4e2c39a53470274cc7d93fcf16b5b31a0dae12bc93d0361f5e8232			verification/normal_families/formal/smt/F28_jet_budget_4.smt2			4968d5a1cc4e2c39a53470274cc7d93fcf16b5b31a0dae12bc93d0361f5e8232			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F29_jet_budget_5.smt2			201			e8b9ff403fd519488f54e75ccfe641cc638d3d35b21fa5f71ff614e999211f0c			verification/normal_families/formal/smt/F29_jet_budget_5.smt2			e8b9ff403fd519488f54e75ccfe641cc638d3d35b21fa5f71ff614e999211f0c			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F30_jet_budget_6.smt2			201			f1bbf21efc47c41225e79ef29c96f4b0b4fa42b82eee0ffe7e4f43393ba3d59f			verification/normal_families/formal/smt/F30_jet_budget_6.smt2			f1bbf21efc47c41225e79ef29c96f4b0b4fa42b82eee0ffe7e4f43393ba3d59f			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F31_sample_budget_1.smt2			218			3af686dd77ea622098cd87f6300aa6083decd84cbb8649f629527849c30ebce9			verification/normal_families/formal/smt/F31_sample_budget_1.smt2			3af686dd77ea622098cd87f6300aa6083decd84cbb8649f629527849c30ebce9			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F32_sample_budget_2.smt2			218			183c2f68a689e3bbf14e856d16b20e07aa04ee62faa45750c68ca46ff462afb5			verification/normal_families/formal/smt/F32_sample_budget_2.smt2			183c2f68a689e3bbf14e856d16b20e07aa04ee62faa45750c68ca46ff462afb5			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F33_sample_budget_3.smt2			218			de10bfb9d4b636255a7e32873b8320b9e9dadb8dac39057044506b7e1611e0d4			verification/normal_families/formal/smt/F33_sample_budget_3.smt2			de10bfb9d4b636255a7e32873b8320b9e9dadb8dac39057044506b7e1611e0d4			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F34_sample_budget_4.smt2			218			5533b3bdc13c526c4fba37445165b0f70e3bf5c5f350c6ab0708ac4f6724e28d			verification/normal_families/formal/smt/F34_sample_budget_4.smt2			5533b3bdc13c526c4fba37445165b0f70e3bf5c5f350c6ab0708ac4f6724e28d			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F35_sample_budget_5.smt2			221			461f4f3f80af1b1fde7161af6d7afe778e0150d50202d2f3ba5fbf47cd0cbb7e			verification/normal_families/formal/smt/F35_sample_budget_5.smt2			461f4f3f80af1b1fde7161af6d7afe778e0150d50202d2f3ba5fbf47cd0cbb7e			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F36_sample_budget_6.smt2			221			8aaad6b7ffa42d4252f3136d17172f4a2822f5dacc031e26115b69eaae304753			verification/normal_families/formal/smt/F36_sample_budget_6.smt2			8aaad6b7ffa42d4252f3136d17172f4a2822f5dacc031e26115b69eaae304753			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F37_modulus_square.smt2			244			0a585a658f9d3b7a347357c5ffe1e09a2aa2a5bd7906a0c8bde4f58fc23012bf			verification/normal_families/formal/smt/F37_modulus_square.smt2			0a585a658f9d3b7a347357c5ffe1e09a2aa2a5bd7906a0c8bde4f58fc23012bf			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F38_coverage_bound.smt2			188			b6f5807150fa93f348fe23b5f7ef8178a487da4f6de03b42835ee9684cf05c16			verification/normal_families/formal/smt/F38_coverage_bound.smt2			b6f5807150fa93f348fe23b5f7ef8178a487da4f6de03b42835ee9684cf05c16			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F39_slit_discriminant.smt2			144			2ec7b7f0fa67f502a476b2e0b4b86d14125a8e5ed85b7b11297f89b57c77ead3			verification/normal_families/formal/smt/F39_slit_discriminant.smt2			2ec7b7f0fa67f502a476b2e0b4b86d14125a8e5ed85b7b11297f89b57c77ead3			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F40_truncation_norm.smt2			248			820bfadb83c895e0140b712ca46fc2edbe11649826f56bcd2c49432dca38fffc			verification/normal_families/formal/smt/F40_truncation_norm.smt2			820bfadb83c895e0140b712ca46fc2edbe11649826f56bcd2c49432dca38fffc			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/verify_lean.sh			636			4df9d02c478148f59db781da5f2dcf53f4ce6c394f35de2ee3dc968107f745f6			verification/normal_families/formal/verify_lean.sh			4df9d02c478148f59db781da5f2dcf53f4ce6c394f35de2ee3dc968107f745f6			unchanged retained artifact			Executable check, experiment or build script


			verification/normal_families/requirements.txt			102			e37f74f67e672c89db7e0c14d071b8f9c711e09d26840d0f88fb99162ade1834			verification/normal_families/requirements.txt			e37f74f67e672c89db7e0c14d071b8f9c711e09d26840d0f88fb99162ade1834			unchanged retained artifact			Documentation or dependency record


			verification/normal_families/results/continuation.json			957			49b4f0ae3e1ebc2d51aa06ecf6837e9e1e8e5e9a6562e89f54af2f554af5b504			verification/normal_families/results/continuation.json			49b4f0ae3e1ebc2d51aa06ecf6837e9e1e8e5e9a6562e89f54af2f554af5b504			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/results/distortion_comparison.json			717			7fa5b9a22253053df2e3558389e38fb956a3f4323052572d6fc8a1bee62aa52d			verification/normal_families/results/distortion_comparison.json			7fa5b9a22253053df2e3558389e38fb956a3f4323052572d6fc8a1bee62aa52d			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/results/floating_diagnostics.json			114			a555f75358e406236778d761f88c24e53fd55c693bd7f638e09f3448ac7ac73c			verification/normal_families/results/floating_diagnostics.json			a555f75358e406236778d761f88c24e53fd55c693bd7f638e09f3448ac7ac73c			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/results/formal_status.json			606			cfd8efaf9a823305ee94ed8a9d281127a5e39cc18aa700b04283d594a268f7a3			verification/normal_families/results/formal_status.json			cfd8efaf9a823305ee94ed8a9d281127a5e39cc18aa700b04283d594a268f7a3			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/results/independent_certificates.json			3709			38d6d8862f584f489b4e9e94c5056763a6a8f61f5e6f4f43c0f749321f95a068			verification/normal_families/results/independent_certificates.json			38d6d8862f584f489b4e9e94c5056763a6a8f61f5e6f4f43c0f749321f95a068			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/results/koebe_tail.json			3266			b776a1779cb52c5ad8b70b867cd64764ac9f7b1757d9a5283aa53501706a6b45			verification/normal_families/results/koebe_tail.json			b776a1779cb52c5ad8b70b867cd64764ac9f7b1757d9a5283aa53501706a6b45			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/results/optimal_radius_certificate.json			3264			3b629109935b5eec5c0369512b30f8b80c93811b6147770a294a6c72c201cc9c			verification/normal_families/results/optimal_radius_certificate.json			3b629109935b5eec5c0369512b30f8b80c93811b6147770a294a6c72c201cc9c			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/results/python_environment.json			253			b1b7dbb650469cf044af12fd13e1eb28f00b9bf1bd0615527d5c6d789bfabde0			verification/normal_families/results/python_environment.json			b1b7dbb650469cf044af12fd13e1eb28f00b9bf1bd0615527d5c6d789bfabde0			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/results/radius_optimization.json			27251			fc0b5881670f2c8838e8119ac2948aa510cf8521cab53623a96ebd46319ef323			verification/normal_families/results/radius_optimization.json			fc0b5881670f2c8838e8119ac2948aa510cf8521cab53623a96ebd46319ef323			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/results/restriction_frontier.json			3209			8403e760b26b312e1c7d134385598351d7c618980d9c7a26ffe0fa5124a7d8d1			verification/normal_families/results/restriction_frontier.json			8403e760b26b312e1c7d134385598351d7c618980d9c7a26ffe0fa5124a7d8d1			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/results/sample_bounds.json			937			030b6f6b33c35d0b68c0978109a53d56822e53b560a032e8038fe075469a5905			verification/normal_families/results/sample_bounds.json			030b6f6b33c35d0b68c0978109a53d56822e53b560a032e8038fe075469a5905			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/results/smt_verification.json			10062			9de23490b3e36419ae4eec6ce163ad9284f384e62b1b82c1f8c61fce1978fbf3			verification/normal_families/results/smt_verification.json			9de23490b3e36419ae4eec6ce163ad9284f384e62b1b82c1f8c61fce1978fbf3			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/results/symbolic_identities.json			423			269e64984070e34d8870cb936aaa7080aa80293f4efe339751eea740c1050a9a			verification/normal_families/results/symbolic_identities.json			269e64984070e34d8870cb936aaa7080aa80293f4efe339751eea740c1050a9a			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/results/verification.json			264642			c0079b8bb4b91081b5f61d9245195a252a28bd428d14c0fd0bf9815cc48324d8			verification/normal_families/results/verification.json			c0079b8bb4b91081b5f61d9245195a252a28bd428d14c0fd0bf9815cc48324d8			unchanged retained artifact			Historical numerical, symbolic or validation record









PHI_volume_02_verification/file_manifest.json

[
  {
    "path": "DOCUMENT.json",
    "bytes": 1417,
    "sha256": "03a012d4eb62804d4e79489faebcfd56295bd9140d7dfdf41b7233d3f45aa2a6",
    "original_supplement_path": "",
    "original_sha256": "",
    "relation": "volume-specific documentation, filtered record, or replay-task configuration"
  },
  {
    "path": "EVIDENCE_STATUS.json",
    "bytes": 4289,
    "sha256": "5bfef1de094a00539db52befeed452b66541c42711c59d6608cd1fb84bea2ac6",
    "original_supplement_path": "EVIDENCE_STATUS.json",
    "original_sha256": "36589e075b372d860731e441b35fb3a2d3f81c5cc9baf4e1a5a6e6d54e1d1ed3",
    "relation": "volume-specific documentation, filtered record, or replay-task configuration",
    "original_role": "Structured catalogue, lineage or integrity metadata"
  },
  {
    "path": "README.md",
    "bytes": 2077,
    "sha256": "65f9ab4a8db2127bf46a57b3d8955b80f7c58f5b28ded45898f5d8e10cf2543d",
    "original_supplement_path": "README.md",
    "original_sha256": "b24e69e326cc3879d1616734e2f2d4dd58812854fb60b4c3f7b5eb28fee82dce",
    "relation": "volume-specific documentation, filtered record, or replay-task configuration",
    "original_role": "Documentation or dependency record"
  },
  {
    "path": "RUNBOOK.md",
    "bytes": 5029,
    "sha256": "17fcfb3a8430967126ca62a4e5aabad194c1d82f4195870a5419bd6169346811",
    "original_supplement_path": "RUNBOOK.md",
    "original_sha256": "3084ab0bdc8b889d2de1bfce983c3e2cb5853d2a00a3b61fdcea5f729901f672",
    "relation": "volume-specific documentation, filtered record, or replay-task configuration",
    "original_role": "Documentation or dependency record"
  },
  {
    "path": "check_integrity.py",
    "bytes": 1156,
    "sha256": "eeb584d08dbcbac0eb12c8de7ab28dcdf45b3fcce779d5113c89ba55e4bcbfb9",
    "original_supplement_path": "",
    "original_sha256": "",
    "relation": "volume-specific documentation, filtered record, or replay-task configuration"
  },
  {
    "path": "historical_replays/FIR_certificates/command_01.log",
    "bytes": 272,
    "sha256": "de74f37a000d46120b10fa0e076b5fbcdc4a1883771f7ec5c6b4d246b4fe668c",
    "original_supplement_path": "replays/FIR_certificates/command_01.log",
    "original_sha256": "de74f37a000d46120b10fa0e076b5fbcdc4a1883771f7ec5c6b4d246b4fe668c",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/FIR_certificates/outputs/results/fir_rational_certificates.json",
    "bytes": 35776,
    "sha256": "f4ba241c94560eaaa70a7116831d91fb8f3dac86ac1b10d1ae272c07a424e571",
    "original_supplement_path": "replays/FIR_certificates/outputs/results/fir_rational_certificates.json",
    "original_sha256": "f4ba241c94560eaaa70a7116831d91fb8f3dac86ac1b10d1ae272c07a424e571",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/FIR_certificates/run.json",
    "bytes": 628,
    "sha256": "83246346b25b3abef0883e984c7c7ee4d320ed2d61228be2f6b5288096600e05",
    "original_supplement_path": "replays/FIR_certificates/run.json",
    "original_sha256": "83246346b25b3abef0883e984c7c7ee4d320ed2d61228be2f6b5288096600e05",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/algorithm_controls/command_01.log",
    "bytes": 608,
    "sha256": "08b1bafff590585e33782738063b7ab78eeee8bb7b40fc6ca48bdbae8c3e1f6d",
    "original_supplement_path": "replays/algorithm_controls/command_01.log",
    "original_sha256": "08b1bafff590585e33782738063b7ab78eeee8bb7b40fc6ca48bdbae8c3e1f6d",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/algorithm_controls/outputs/results/supplementary_checks.json",
    "bytes": 2195,
    "sha256": "8837e8b745fd3b3e552c586a16d59a87169a9f85377a42100dccb37e804dce5a",
    "original_supplement_path": "replays/algorithm_controls/outputs/results/supplementary_checks.json",
    "original_sha256": "8837e8b745fd3b3e552c586a16d59a87169a9f85377a42100dccb37e804dce5a",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/algorithm_controls/outputs/results/supplementary_observations.json",
    "bytes": 1077,
    "sha256": "f810a8a5467ff71e168ca2b6f70e8cc2991698471b204311918928dfcdf808d4",
    "original_supplement_path": "replays/algorithm_controls/outputs/results/supplementary_observations.json",
    "original_sha256": "f810a8a5467ff71e168ca2b6f70e8cc2991698471b204311918928dfcdf808d4",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/algorithm_controls/run.json",
    "bytes": 757,
    "sha256": "6ffbb67363e978f42f9c4f4e573b131b4ee002c2a48975e02d7a823b49f27bd7",
    "original_supplement_path": "replays/algorithm_controls/run.json",
    "original_sha256": "6ffbb67363e978f42f9c4f4e573b131b4ee002c2a48975e02d7a823b49f27bd7",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/covering_arithmetic/command_01.log",
    "bytes": 4073,
    "sha256": "3bf1706ec8936828e1c15c6e50eb49e5fbefac24a9d1a800077425b3d785ba9d",
    "original_supplement_path": "replays/covering_arithmetic/command_01.log",
    "original_sha256": "3bf1706ec8936828e1c15c6e50eb49e5fbefac24a9d1a800077425b3d785ba9d",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/covering_arithmetic/outputs/metrics/certificate_timings.csv",
    "bytes": 872,
    "sha256": "d8ed7bcb1da3c3914d026d42a6e436bf42d394e1a585ca4100e905a736c80893",
    "original_supplement_path": "replays/covering_arithmetic/outputs/metrics/certificate_timings.csv",
    "original_sha256": "d8ed7bcb1da3c3914d026d42a6e436bf42d394e1a585ca4100e905a736c80893",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/covering_arithmetic/outputs/metrics/verification.json",
    "bytes": 4072,
    "sha256": "587bfc73caef24e4c5d5bd1349266519712a057b46e17682c535ed87764c84b2",
    "original_supplement_path": "replays/covering_arithmetic/outputs/metrics/verification.json",
    "original_sha256": "587bfc73caef24e4c5d5bd1349266519712a057b46e17682c535ed87764c84b2",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/covering_arithmetic/run.json",
    "bytes": 794,
    "sha256": "2d454a743bf123bd80308e8c0c4fc4d42eb806d0f22c6ed45ec3a8cd34450005",
    "original_supplement_path": "replays/covering_arithmetic/run.json",
    "original_sha256": "2d454a743bf123bd80308e8c0c4fc4d42eb806d0f22c6ed45ec3a8cd34450005",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/covering_branches/command_01.log",
    "bytes": 1077,
    "sha256": "d92ed40f2b46ed9858c23ed7de4c9398867c61bf42ec88ad44aa51801246e051",
    "original_supplement_path": "replays/covering_branches/command_01.log",
    "original_sha256": "d92ed40f2b46ed9858c23ed7de4c9398867c61bf42ec88ad44aa51801246e051",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/covering_branches/outputs/metrics/branch_checks.json",
    "bytes": 1076,
    "sha256": "4c61fc1675351f78fcbb9223fb925aa00f53be913deb0e10738b21a1373fdcd1",
    "original_supplement_path": "replays/covering_branches/outputs/metrics/branch_checks.json",
    "original_sha256": "4c61fc1675351f78fcbb9223fb925aa00f53be913deb0e10738b21a1373fdcd1",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/covering_branches/run.json",
    "bytes": 569,
    "sha256": "3915798a992b33ba303f8673f38b5c8828674c7b1667cb4d3bbf9cde2a0d3e73",
    "original_supplement_path": "replays/covering_branches/run.json",
    "original_sha256": "3915798a992b33ba303f8673f38b5c8828674c7b1667cb4d3bbf9cde2a0d3e73",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/covering_polynomials/command_01.log",
    "bytes": 1893,
    "sha256": "331e3c7d21113ce304a15815954a8e0fd178f80779254947d89f116bce10c3b9",
    "original_supplement_path": "replays/covering_polynomials/command_01.log",
    "original_sha256": "331e3c7d21113ce304a15815954a8e0fd178f80779254947d89f116bce10c3b9",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/covering_polynomials/outputs/metrics/polynomial_identity_checks.json",
    "bytes": 1892,
    "sha256": "78a4c36a2298aab66c5ea6483c56c478acf2d9e0cd95f5c5675df58f1b864444",
    "original_supplement_path": "replays/covering_polynomials/outputs/metrics/polynomial_identity_checks.json",
    "original_sha256": "78a4c36a2298aab66c5ea6483c56c478acf2d9e0cd95f5c5675df58f1b864444",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/covering_polynomials/run.json",
    "bytes": 589,
    "sha256": "83b13ecb7b1c98ffd006e665641f4eedd9c5c117d37b269ef5e3578aee77cde1",
    "original_supplement_path": "replays/covering_polynomials/run.json",
    "original_sha256": "83b13ecb7b1c98ffd006e665641f4eedd9c5c117d37b269ef5e3578aee77cde1",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/finite_algorithm_kernels/command_01.log",
    "bytes": 953,
    "sha256": "d71081f37dc4e9b38fac750b21002dabd46317a03942a5d2e0d4fbebecaf3820",
    "original_supplement_path": "replays/finite_algorithm_kernels/command_01.log",
    "original_sha256": "d71081f37dc4e9b38fac750b21002dabd46317a03942a5d2e0d4fbebecaf3820",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/finite_algorithm_kernels/outputs/results/printed_kernel_checks.json",
    "bytes": 952,
    "sha256": "d267159aaa6a6f0e9e7cf577d0713ee5a43779f996662cbc1c132e1690bc3ac7",
    "original_supplement_path": "replays/finite_algorithm_kernels/outputs/results/printed_kernel_checks.json",
    "original_sha256": "d267159aaa6a6f0e9e7cf577d0713ee5a43779f996662cbc1c132e1690bc3ac7",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/finite_algorithm_kernels/run.json",
    "bytes": 588,
    "sha256": "7d98f1fe47ddcf71738588ec8a3b0eb93771957f3d2a8f4d8f614d19e8f3c4d9",
    "original_supplement_path": "replays/finite_algorithm_kernels/run.json",
    "original_sha256": "7d98f1fe47ddcf71738588ec8a3b0eb93771957f3d2a8f4d8f614d19e8f3c4d9",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/finite_observables/command_01.log",
    "bytes": 1728,
    "sha256": "7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825",
    "original_supplement_path": "replays/finite_observables/command_01.log",
    "original_sha256": "7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/finite_observables/outputs/results/inverse_cylinders.json",
    "bytes": 958,
    "sha256": "0cb7e7c2e8e7cbadfb27b4700ebcc399bf36e8439de8d56a1fe35e6853397ed2",
    "original_supplement_path": "replays/finite_observables/outputs/results/inverse_cylinders.json",
    "original_sha256": "0cb7e7c2e8e7cbadfb27b4700ebcc399bf36e8439de8d56a1fe35e6853397ed2",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/finite_observables/outputs/results/membership_examples.json",
    "bytes": 1443,
    "sha256": "d547fa7414e6a74f699e52ae97bdf89f16338b60034a1b40cc8a4ac983803fdd",
    "original_supplement_path": "replays/finite_observables/outputs/results/membership_examples.json",
    "original_sha256": "d547fa7414e6a74f699e52ae97bdf89f16338b60034a1b40cc8a4ac983803fdd",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/finite_observables/outputs/results/quadrature.json",
    "bytes": 1222,
    "sha256": "7d83fba9363b7c3c4af136fb2e9feda07cea7eeff873eacec5e16ecb63642557",
    "original_supplement_path": "replays/finite_observables/outputs/results/quadrature.json",
    "original_sha256": "7d83fba9363b7c3c4af136fb2e9feda07cea7eeff873eacec5e16ecb63642557",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/finite_observables/outputs/results/reciprocal.json",
    "bytes": 4660,
    "sha256": "be6876fe72bddf3b23be9d15376944bf7504d2248135fc06d2aa0c57992ba28a",
    "original_supplement_path": "replays/finite_observables/outputs/results/reciprocal.json",
    "original_sha256": "be6876fe72bddf3b23be9d15376944bf7504d2248135fc06d2aa0c57992ba28a",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/finite_observables/outputs/results/rounding_states.json",
    "bytes": 3859,
    "sha256": "dd0f999282b08c7ae68ea50dda5534670e7c2b4d37b16652a264ae9a078d433b",
    "original_supplement_path": "replays/finite_observables/outputs/results/rounding_states.json",
    "original_sha256": "dd0f999282b08c7ae68ea50dda5534670e7c2b4d37b16652a264ae9a078d433b",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/finite_observables/outputs/results/verification_report.json",
    "bytes": 1728,
    "sha256": "7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825",
    "original_supplement_path": "replays/finite_observables/outputs/results/verification_report.json",
    "original_sha256": "7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/finite_observables/run.json",
    "bytes": 1325,
    "sha256": "9a84b086ae6e848bd00c80bbf0494fd6f267146c2ca12d4b6354dcc64ebfe59a",
    "original_supplement_path": "replays/finite_observables/run.json",
    "original_sha256": "9a84b086ae6e848bd00c80bbf0494fd6f267146c2ca12d4b6354dcc64ebfe59a",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/fixed_point_rows/command_01.log",
    "bytes": 973,
    "sha256": "35d4cdc5ec878b053e96e3f3212f6589d520f9c203fd75547f421d2b42592ca6",
    "original_supplement_path": "replays/fixed_point_rows/command_01.log",
    "original_sha256": "35d4cdc5ec878b053e96e3f3212f6589d520f9c203fd75547f421d2b42592ca6",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/fixed_point_rows/run.json",
    "bytes": 423,
    "sha256": "9d56ca3d2cbb9b732553b2e0e8f80999433569d91f98de270d2c1fffe28b98dc",
    "original_supplement_path": "replays/fixed_point_rows/run.json",
    "original_sha256": "9d56ca3d2cbb9b732553b2e0e8f80999433569d91f98de270d2c1fffe28b98dc",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/host_reference/command_01.log",
    "bytes": 0,
    "sha256": "e3b0c44298fc1c149afbf4c8996fb92427ae41e4649b934ca495991b7852b855",
    "original_supplement_path": "replays/host_reference/command_01.log",
    "original_sha256": "e3b0c44298fc1c149afbf4c8996fb92427ae41e4649b934ca495991b7852b855",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/host_reference/command_02.log",
    "bytes": 28,
    "sha256": "b3e0ce81bdb4317735a28262a9bfe005b539d8572478a0bf8b1d2b8a56f35458",
    "original_supplement_path": "replays/host_reference/command_02.log",
    "original_sha256": "b3e0ce81bdb4317735a28262a9bfe005b539d8572478a0bf8b1d2b8a56f35458",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/host_reference/run.json",
    "bytes": 650,
    "sha256": "4315ece7e1f4ca65701e92e04ed8f36b2782b45f066443a1dab4eef9302bf58c",
    "original_supplement_path": "replays/host_reference/run.json",
    "original_sha256": "4315ece7e1f4ca65701e92e04ed8f36b2782b45f066443a1dab4eef9302bf58c",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/mapping_polynomials/command_01.log",
    "bytes": 58,
    "sha256": "b88fc5692678dcf2311c6fefe551a5755a3247b72c43634f67ce11355ad07fd6",
    "original_supplement_path": "replays/mapping_polynomials/command_01.log",
    "original_sha256": "b88fc5692678dcf2311c6fefe551a5755a3247b72c43634f67ce11355ad07fd6",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/mapping_polynomials/outputs/formal/rational_identities.json",
    "bytes": 3235,
    "sha256": "2abd0ce02e08d97e27e7f70cee34f807f0b36c7e3d0e7723a426fd8c45303c7b",
    "original_supplement_path": "replays/mapping_polynomials/outputs/formal/rational_identities.json",
    "original_sha256": "2abd0ce02e08d97e27e7f70cee34f807f0b36c7e3d0e7723a426fd8c45303c7b",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/mapping_polynomials/outputs/results/independent_certificates.json",
    "bytes": 3709,
    "sha256": "38d6d8862f584f489b4e9e94c5056763a6a8f61f5e6f4f43c0f749321f95a068",
    "original_supplement_path": "replays/mapping_polynomials/outputs/results/independent_certificates.json",
    "original_sha256": "38d6d8862f584f489b4e9e94c5056763a6a8f61f5e6f4f43c0f749321f95a068",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/mapping_polynomials/run.json",
    "bytes": 752,
    "sha256": "654edb43799ba1bb17eb060d1a28fd569190fb90613a415caea73c5ea2aaca4a",
    "original_supplement_path": "replays/mapping_polynomials/run.json",
    "original_sha256": "654edb43799ba1bb17eb060d1a28fd569190fb90613a415caea73c5ea2aaca4a",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/summary.json",
    "bytes": 5811,
    "sha256": "fdc28e20d0aa033ccacad359b0b3d0fa2e4ef07546cadd84d6da9ec2e08bdd96",
    "original_supplement_path": "replays/summary.json",
    "original_sha256": "ca9d322733660c583e6ab240cdcae9ca914d9c0950b640b7ca4a9ede9f6fe296",
    "relation": "volume-specific documentation, filtered record, or replay-task configuration"
  },
  {
    "path": "publication/reproduction/README.md",
    "bytes": 2587,
    "sha256": "9e92b539e9436230ab0f04cda8c51a76184a35e91c5f57036a5a1d765489e240",
    "original_supplement_path": "publication/reproduction/README.md",
    "original_sha256": "9e92b539e9436230ab0f04cda8c51a76184a35e91c5f57036a5a1d765489e240",
    "relation": "unchanged retained artifact",
    "original_role": "Documentation or dependency record"
  },
  {
    "path": "publication/reproduction/code/R/source_regression.R",
    "bytes": 664,
    "sha256": "7dbc1341b3c0b684bb907bea21760bf3c559d42304dc39c31ab578083aadbe40",
    "original_supplement_path": "publication/reproduction/code/R/source_regression.R",
    "original_sha256": "7dbc1341b3c0b684bb907bea21760bf3c559d42304dc39c31ab578083aadbe40",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "publication/reproduction/code/R/weekly.R",
    "bytes": 800,
    "sha256": "07a52b4b230c01612a34e721110caf2352428b10cfccd80cb30874d2048a2d34",
    "original_supplement_path": "publication/reproduction/code/R/weekly.R",
    "original_sha256": "07a52b4b230c01612a34e721110caf2352428b10cfccd80cb30874d2048a2d34",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "publication/reproduction/code/acquire_weekly.py",
    "bytes": 1019,
    "sha256": "ef08454c1e80efe93c3c52f0b691ba3683e181920c1a9c99b33640dcc6cbef3f",
    "original_supplement_path": "publication/reproduction/code/acquire_weekly.py",
    "original_sha256": "ef08454c1e80efe93c3c52f0b691ba3683e181920c1a9c99b33640dcc6cbef3f",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "publication/reproduction/code/auxiliary_checks.py",
    "bytes": 2393,
    "sha256": "46e989048323296e3e6cf8e600b02ac10f5528e5a77f3c3b596f06a027fadaf1",
    "original_supplement_path": "publication/reproduction/code/auxiliary_checks.py",
    "original_sha256": "46e989048323296e3e6cf8e600b02ac10f5528e5a77f3c3b596f06a027fadaf1",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "publication/reproduction/code/certify_fir.py",
    "bytes": 3189,
    "sha256": "565e0b5fbbc2fa1a5b048b7a0cc1e11a8b6991169000f14e3d5656e62fd2ffee",
    "original_supplement_path": "publication/reproduction/code/certify_fir.py",
    "original_sha256": "565e0b5fbbc2fa1a5b048b7a0cc1e11a8b6991169000f14e3d5656e62fd2ffee",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "publication/reproduction/code/design_filters.py",
    "bytes": 7217,
    "sha256": "9e01c536e04361f30678aee77d0719554bacbd57ec930d89f54ffe4acd47c60d",
    "original_supplement_path": "publication/reproduction/code/design_filters.py",
    "original_sha256": "9e01c536e04361f30678aee77d0719554bacbd57ec930d89f54ffe4acd47c60d",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "publication/reproduction/code/fixed_point_rows.py",
    "bytes": 749,
    "sha256": "4529b8d20a25d224936f1a2bd15f20bc425db12d630582291985f388031e0396",
    "original_supplement_path": "publication/reproduction/code/fixed_point_rows.py",
    "original_sha256": "4529b8d20a25d224936f1a2bd15f20bc425db12d630582291985f388031e0396",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "publication/reproduction/code/host_reference.c",
    "bytes": 399,
    "sha256": "c03766fddbf97705adec03008c7de65cb2a22521f6d9d812140b633d38fa7fe9",
    "original_supplement_path": "publication/reproduction/code/host_reference.c",
    "original_sha256": "c03766fddbf97705adec03008c7de65cb2a22521f6d9d812140b633d38fa7fe9",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "publication/reproduction/code/matlab/dftplots.m",
    "bytes": 678,
    "sha256": "08d1bacd5821261ce4fbc52b2257668985eb3aa353fe740ea82f863f10f05eb7",
    "original_supplement_path": "publication/reproduction/code/matlab/dftplots.m",
    "original_sha256": "08d1bacd5821261ce4fbc52b2257668985eb3aa353fe740ea82f863f10f05eb7",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "publication/reproduction/code/matlab/poleplots.m",
    "bytes": 321,
    "sha256": "f2a5cc154da3c6e65374893e457e8cf18e292ea367cdaae2fb868c14a8e9a274",
    "original_supplement_path": "publication/reproduction/code/matlab/poleplots.m",
    "original_sha256": "f2a5cc154da3c6e65374893e457e8cf18e292ea367cdaae2fb868c14a8e9a274",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "publication/reproduction/code/mnist_neighbors.py",
    "bytes": 4407,
    "sha256": "f19d8f76f7dd390ccbfca0a1b84dd37775db8b6919348253cedc0b841d68feeb",
    "original_supplement_path": "publication/reproduction/code/mnist_neighbors.py",
    "original_sha256": "f19d8f76f7dd390ccbfca0a1b84dd37775db8b6919348253cedc0b841d68feeb",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "publication/reproduction/code/repeller.py",
    "bytes": 2076,
    "sha256": "a11dfd2a9cc240d127acfe668f6c8195531c77bd6985cb6d2bb9ff770c550b26",
    "original_supplement_path": "publication/reproduction/code/repeller.py",
    "original_sha256": "a11dfd2a9cc240d127acfe668f6c8195531c77bd6985cb6d2bb9ff770c550b26",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "publication/reproduction/code/statistical_experiments.py",
    "bytes": 6248,
    "sha256": "943027370b68024ebd985348f0a08d783876ada2f22fa724c53265f4fe4079b1",
    "original_supplement_path": "publication/reproduction/code/statistical_experiments.py",
    "original_sha256": "943027370b68024ebd985348f0a08d783876ada2f22fa724c53265f4fe4079b1",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "publication/reproduction/code/verification_experiments.py",
    "bytes": 9115,
    "sha256": "05ada3db03f60946b24dcc895810819a57927993ec584e15443f97c2c51efdbe",
    "original_supplement_path": "publication/reproduction/code/verification_experiments.py",
    "original_sha256": "05ada3db03f60946b24dcc895810819a57927993ec584e15443f97c2c51efdbe",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "publication/reproduction/data/PCA_factor_sample.npz",
    "bytes": 10585,
    "sha256": "bb664a0c621c1abe13d03396a958c9314ec81bf77af62284c4336c74d25556d7",
    "original_supplement_path": "publication/reproduction/data/PCA_factor_sample.npz",
    "original_sha256": "bb664a0c621c1abe13d03396a958c9314ec81bf77af62284c4336c74d25556d7",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "publication/reproduction/data/Python_default_rng_1.npz",
    "bytes": 2090,
    "sha256": "89c1908ef651e082a4716c636cdbf66ce9fe9e0bf9440f989b5d1841a4d1c43c",
    "original_supplement_path": "publication/reproduction/data/Python_default_rng_1.npz",
    "original_sha256": "89c1908ef651e082a4716c636cdbf66ce9fe9e0bf9440f989b5d1841a4d1c43c",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "publication/reproduction/data/R_seed1_reconstructed.npz",
    "bytes": 2090,
    "sha256": "7b877078a3af76e34ba1f28b07134b9d3812d28a2ade8312c3d42b2cd17b9269",
    "original_supplement_path": "publication/reproduction/data/R_seed1_reconstructed.npz",
    "original_sha256": "7b877078a3af76e34ba1f28b07134b9d3812d28a2ade8312c3d42b2cd17b9269",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "publication/reproduction/rechecked/fir_rational_certificates.json",
    "bytes": 35774,
    "sha256": "f3dfce427ae979fb82e523050d6a886dccd76d2bc4da5a12333c835f9d9647e7",
    "original_supplement_path": "publication/reproduction/rechecked/fir_rational_certificates.json",
    "original_sha256": "f3dfce427ae979fb82e523050d6a886dccd76d2bc4da5a12333c835f9d9647e7",
    "relation": "unchanged retained artifact",
    "original_role": "Structured catalogue, lineage or integrity metadata"
  },
  {
    "path": "publication/reproduction/rechecked/fixed_point_rows.json",
    "bytes": 3391,
    "sha256": "0a8b353972ae39afdeebf638cd9a7b33b056b814df78c772250e7b3a72e8c4ba",
    "original_supplement_path": "publication/reproduction/rechecked/fixed_point_rows.json",
    "original_sha256": "0a8b353972ae39afdeebf638cd9a7b33b056b814df78c772250e7b3a72e8c4ba",
    "relation": "unchanged retained artifact",
    "original_role": "Structured catalogue, lineage or integrity metadata"
  },
  {
    "path": "publication/reproduction/rechecked/repeller_report.json",
    "bytes": 1757,
    "sha256": "5c8984b4162f2ceef8443cd13d58b19b9ebee0e216232140469702e5a55f1f82",
    "original_supplement_path": "publication/reproduction/rechecked/repeller_report.json",
    "original_sha256": "5c8984b4162f2ceef8443cd13d58b19b9ebee0e216232140469702e5a55f1f82",
    "relation": "unchanged retained artifact",
    "original_role": "Structured catalogue, lineage or integrity metadata"
  },
  {
    "path": "publication/reproduction/results/SC-037_response.npz",
    "bytes": 81737,
    "sha256": "c6c6a047d537716de87c6655cf9de20ffbc3d496f0171bb1841e90281913f4d1",
    "original_supplement_path": "publication/reproduction/results/SC-037_response.npz",
    "original_sha256": "c6c6a047d537716de87c6655cf9de20ffbc3d496f0171bb1841e90281913f4d1",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "publication/reproduction/results/SC-038_response.npz",
    "bytes": 79972,
    "sha256": "b7275cab548f4512a90801a73eea7a5641a325acd58bf3f3f610091332da9b4b",
    "original_supplement_path": "publication/reproduction/results/SC-038_response.npz",
    "original_sha256": "b7275cab548f4512a90801a73eea7a5641a325acd58bf3f3f610091332da9b4b",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "publication/reproduction/results/SC-039_response.npz",
    "bytes": 266813,
    "sha256": "76f97474fbf6a99fb7367a524e3b8233cefc3f1e1ee794bc00272da281fcb032",
    "original_supplement_path": "publication/reproduction/results/SC-039_response.npz",
    "original_sha256": "76f97474fbf6a99fb7367a524e3b8233cefc3f1e1ee794bc00272da281fcb032",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "publication/reproduction/results/SC-040_response.npz",
    "bytes": 274630,
    "sha256": "f41f7206c5ed697e8149d1ad4fa0364da30ed54a0f241654f6d076939d737192",
    "original_supplement_path": "publication/reproduction/results/SC-040_response.npz",
    "original_sha256": "f41f7206c5ed697e8149d1ad4fa0364da30ed54a0f241654f6d076939d737192",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "publication/reproduction/results/SC-041_response.npz",
    "bytes": 254111,
    "sha256": "2fc7ab675137f3fe9a6d19b9ea68564e304d7aeb8bd3994a3d68a2a21e19010f",
    "original_supplement_path": "publication/reproduction/results/SC-041_response.npz",
    "original_sha256": "2fc7ab675137f3fe9a6d19b9ea68564e304d7aeb8bd3994a3d68a2a21e19010f",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "publication/reproduction/results/SC-046_response.npz",
    "bytes": 270117,
    "sha256": "416aab80edd452f8da5f0e50e5cff49c0cfe9dc2c4a02a0b6bc719cf4ad664ec",
    "original_supplement_path": "publication/reproduction/results/SC-046_response.npz",
    "original_sha256": "416aab80edd452f8da5f0e50e5cff49c0cfe9dc2c4a02a0b6bc719cf4ad664ec",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "publication/reproduction/results/SC-048_response.npz",
    "bytes": 270185,
    "sha256": "81dc7157b4a6a951c712f6e3a8058022b7f6ee09b96179c8a716802adf88ba84",
    "original_supplement_path": "publication/reproduction/results/SC-048_response.npz",
    "original_sha256": "81dc7157b4a6a951c712f6e3a8058022b7f6ee09b96179c8a716802adf88ba84",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "publication/reproduction/results/SC-049_response.npz",
    "bytes": 252995,
    "sha256": "1c213dc592326a0f623839bc76fe6a82d3f9c6410097e02bb217508cd5ec2d05",
    "original_supplement_path": "publication/reproduction/results/SC-049_response.npz",
    "original_sha256": "1c213dc592326a0f623839bc76fe6a82d3f9c6410097e02bb217508cd5ec2d05",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "publication/reproduction/results/SC-050_response.npz",
    "bytes": 275740,
    "sha256": "6b081d1a7b22ff9c49a83c8c4f0cd3a07c7c52f926d22aef0e4e99cc28c15a2b",
    "original_supplement_path": "publication/reproduction/results/SC-050_response.npz",
    "original_sha256": "6b081d1a7b22ff9c49a83c8c4f0cd3a07c7c52f926d22aef0e4e99cc28c15a2b",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "publication/reproduction/results/SC-051_response.npz",
    "bytes": 280212,
    "sha256": "aa64089a6698df331d8bc6a02ff314f0b8d9fcf8ac1d49b900a84ac8600d0a0c",
    "original_supplement_path": "publication/reproduction/results/SC-051_response.npz",
    "original_sha256": "aa64089a6698df331d8bc6a02ff314f0b8d9fcf8ac1d49b900a84ac8600d0a0c",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "publication/reproduction/results/SC-052_response.npz",
    "bytes": 259798,
    "sha256": "188c02f1a80563a3447c162d7d2116be5b90cb568dbb35011a23d67aefaf498e",
    "original_supplement_path": "publication/reproduction/results/SC-052_response.npz",
    "original_sha256": "188c02f1a80563a3447c162d7d2116be5b90cb568dbb35011a23d67aefaf498e",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "publication/reproduction/results/SC-053_response.npz",
    "bytes": 308019,
    "sha256": "032fe0471da139fbb2548b89a3b0809866985b7ad3e485220431ea9b5d6423be",
    "original_supplement_path": "publication/reproduction/results/SC-053_response.npz",
    "original_sha256": "032fe0471da139fbb2548b89a3b0809866985b7ad3e485220431ea9b5d6423be",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "publication/reproduction/results/SC-054_response.npz",
    "bytes": 322563,
    "sha256": "c32057f7337da471391cd970d8bc03cd991507d22f83da67b96fa4ab2d0decce",
    "original_supplement_path": "publication/reproduction/results/SC-054_response.npz",
    "original_sha256": "c32057f7337da471391cd970d8bc03cd991507d22f83da67b96fa4ab2d0decce",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "publication/reproduction/results/SC-060_response.npz",
    "bytes": 166192,
    "sha256": "08c5b9e794e2e245adb69c90b7934da9d76e426da0bb579d8739038ccb134121",
    "original_supplement_path": "publication/reproduction/results/SC-060_response.npz",
    "original_sha256": "08c5b9e794e2e245adb69c90b7934da9d76e426da0bb579d8739038ccb134121",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "publication/reproduction/results/SC-069_response.npz",
    "bytes": 209443,
    "sha256": "8aa2bcdabd98e6e634993e0e8c7f13aa42fc2211df7d1072e7d7870470bc54ae",
    "original_supplement_path": "publication/reproduction/results/SC-069_response.npz",
    "original_sha256": "8aa2bcdabd98e6e634993e0e8c7f13aa42fc2211df7d1072e7d7870470bc54ae",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "publication/reproduction/results/autograd_sine.npz",
    "bytes": 5013,
    "sha256": "916310f7766c3cc1e7145faf3f24985ed50c45183e31b9c60c556363566ecd3e",
    "original_supplement_path": "publication/reproduction/results/autograd_sine.npz",
    "original_sha256": "916310f7766c3cc1e7145faf3f24985ed50c45183e31b9c60c556363566ecd3e",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "publication/reproduction/results/auxiliary_checks.json",
    "bytes": 3093,
    "sha256": "c992b8b0698a113618de882bfb484c38607d4a3148abe1eedbe0ff59f15823fc",
    "original_supplement_path": "publication/reproduction/results/auxiliary_checks.json",
    "original_sha256": "c992b8b0698a113618de882bfb484c38607d4a3148abe1eedbe0ff59f15823fc",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "publication/reproduction/results/convergence.csv",
    "bytes": 9038,
    "sha256": "c8259a169b3144e7addcf1bee94c218c9928570edcb279d9dd5da0efdea0ab84",
    "original_supplement_path": "publication/reproduction/results/convergence.csv",
    "original_sha256": "c8259a169b3144e7addcf1bee94c218c9928570edcb279d9dd5da0efdea0ab84",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "publication/reproduction/results/filter_designs.json",
    "bytes": 41040,
    "sha256": "b4b9ed7245b1fdf07639b864c33197c4f7c451ec0b2a57717c89bf252139b817",
    "original_supplement_path": "publication/reproduction/results/filter_designs.json",
    "original_sha256": "b4b9ed7245b1fdf07639b864c33197c4f7c451ec0b2a57717c89bf252139b817",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "publication/reproduction/results/fir_rational_certificates.json",
    "bytes": 35775,
    "sha256": "3de08df48fc36b526dd9263fea7f121011283cf6b1333d358b8bd5a1fc5a0048",
    "original_supplement_path": "publication/reproduction/results/fir_rational_certificates.json",
    "original_sha256": "3de08df48fc36b526dd9263fea7f121011283cf6b1333d358b8bd5a1fc5a0048",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "publication/reproduction/results/host_oracles.json",
    "bytes": 1523,
    "sha256": "ff0a523281a9e11a97ea6a931ac17d0f31d04c7df2d59583ba26e44e43eba695",
    "original_supplement_path": "publication/reproduction/results/host_oracles.json",
    "original_sha256": "ff0a523281a9e11a97ea6a931ac17d0f31d04c7df2d59583ba26e44e43eba695",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "publication/reproduction/results/optimal_radius_certificate.json",
    "bytes": 3264,
    "sha256": "3b629109935b5eec5c0369512b30f8b80c93811b6147770a294a6c72c201cc9c",
    "original_supplement_path": "publication/reproduction/results/optimal_radius_certificate.json",
    "original_sha256": "3b629109935b5eec5c0369512b30f8b80c93811b6147770a294a6c72c201cc9c",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "publication/reproduction/results/statistical_experiments.json",
    "bytes": 7472,
    "sha256": "ec5d2595af6b555183e6e53daf6e34e1dbb2bbb09da26542320c658a0e31faa3",
    "original_supplement_path": "publication/reproduction/results/statistical_experiments.json",
    "original_sha256": "ec5d2595af6b555183e6e53daf6e34e1dbb2bbb09da26542320c658a0e31faa3",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "publication/reproduction/results/verification_experiments.json",
    "bytes": 257869,
    "sha256": "88a25c67999e2514728cc15a2dce41b5a1001f2ef3bc002dc3eff1a48e2552ac",
    "original_supplement_path": "publication/reproduction/results/verification_experiments.json",
    "original_sha256": "88a25c67999e2514728cc15a2dce41b5a1001f2ef3bc002dc3eff1a48e2552ac",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "publication/reproduction/results/weekly_loo_rows.csv",
    "bytes": 89508,
    "sha256": "87b2f53cab6a37162fc40c2bf04bcb96a7db60de007a2994d4804a9c52879c03",
    "original_supplement_path": "publication/reproduction/results/weekly_loo_rows.csv",
    "original_sha256": "87b2f53cab6a37162fc40c2bf04bcb96a7db60de007a2994d4804a9c52879c03",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "records/cases.json",
    "bytes": 87495,
    "sha256": "5899cc4c1fb3df2bdcf1bf0fe65a50dbe1bb2d8a725b0632b2e864bb66881c5b",
    "original_supplement_path": "",
    "original_sha256": "",
    "relation": "volume-specific documentation, filtered record, or replay-task configuration"
  },
  {
    "path": "records/graphic_ownership.json",
    "bytes": 4544,
    "sha256": "2ee3c225941a5d735e556be29c3c9979169d8793950b7efbf34dbc8474a03a5e",
    "original_supplement_path": "",
    "original_sha256": "",
    "relation": "volume-specific documentation, filtered record, or replay-task configuration"
  },
  {
    "path": "records/module_associations.json",
    "bytes": 2306,
    "sha256": "e82d7c9d00bd890258eec042bb9bf5cdfcdb885a829d1c65d49556a36abf7c0e",
    "original_supplement_path": "",
    "original_sha256": "",
    "relation": "volume-specific documentation, filtered record, or replay-task configuration"
  },
  {
    "path": "records/publication_build_environment.json",
    "bytes": 87,
    "sha256": "8e17a0dde5e50bbbe044aa50e73296bcbb0ec94bf29fd77b5cb1a474b1009358",
    "original_supplement_path": "",
    "original_sha256": "",
    "relation": "volume-specific documentation, filtered record, or replay-task configuration"
  },
  {
    "path": "replay.py",
    "bytes": 5376,
    "sha256": "b8ed1ae993e9330b02555a5ff4afa47499e21f60c31d3c138155888aba0fe837",
    "original_supplement_path": "replay.py",
    "original_sha256": "3bff4b0fffc375c850fae578820bfb9c5a6b0793a1a88dfa84353347145ca203",
    "relation": "volume-specific documentation, filtered record, or replay-task configuration",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/algorithm_comparisons/code/exact_filter_certificate.py",
    "bytes": 2446,
    "sha256": "8fa3d427e5cb7d5d7c93a6ce3fb9af1a12beec53ee20c1c6e3c403486bdfb47b",
    "original_supplement_path": "verification/algorithm_comparisons/code/exact_filter_certificate.py",
    "original_sha256": "8fa3d427e5cb7d5d7c93a6ce3fb9af1a12beec53ee20c1c6e3c403486bdfb47b",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/algorithm_comparisons/code/experiments.py",
    "bytes": 21544,
    "sha256": "fc54158cf0ed0e3657f61a701d02330cce34f19067405db8daf35f37f4e4604c",
    "original_supplement_path": "verification/algorithm_comparisons/code/experiments.py",
    "original_sha256": "fc54158cf0ed0e3657f61a701d02330cce34f19067405db8daf35f37f4e4604c",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/algorithm_comparisons/code/figures.py",
    "bytes": 16651,
    "sha256": "8bb5257a4428966104681c69bbc14df78f1cf91b8d219ac0789a22a15a73a912",
    "original_supplement_path": "verification/algorithm_comparisons/code/figures.py",
    "original_sha256": "8bb5257a4428966104681c69bbc14df78f1cf91b8d219ac0789a22a15a73a912",
    "relation": "unchanged retained artifact",
    "original_role": "Figure or renderer source"
  },
  {
    "path": "verification/algorithm_comparisons/code/supplementary_checks.py",
    "bytes": 3216,
    "sha256": "69077ee341d3fea05430dab9802945c9860acea47a2a72a3a9e20c772c538da2",
    "original_supplement_path": "verification/algorithm_comparisons/code/supplementary_checks.py",
    "original_sha256": "69077ee341d3fea05430dab9802945c9860acea47a2a72a3a9e20c772c538da2",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/algorithm_comparisons/requirements.txt",
    "bytes": 251,
    "sha256": "8e3655bbe7fbb7dbb27c54af5daa0930460cbb95a4f6e165ebe78ef4dfd5b2c0",
    "original_supplement_path": "verification/algorithm_comparisons/requirements.txt",
    "original_sha256": "8e3655bbe7fbb7dbb27c54af5daa0930460cbb95a4f6e165ebe78ef4dfd5b2c0",
    "relation": "unchanged retained artifact",
    "original_role": "Documentation or dependency record"
  },
  {
    "path": "verification/algorithm_comparisons/results/benchmarks.json",
    "bytes": 44548,
    "sha256": "0d43825bfab64533f325bc4380855a8a0cce330162c2ec55adde865aad60d29a",
    "original_supplement_path": "verification/algorithm_comparisons/results/benchmarks.json",
    "original_sha256": "0d43825bfab64533f325bc4380855a8a0cce330162c2ec55adde865aad60d29a",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/algorithm_comparisons/results/checks.json",
    "bytes": 28817,
    "sha256": "46313a7bd54d4263eb9ef660444349de20c182c8374c52a7b3fb31b7677e370c",
    "original_supplement_path": "verification/algorithm_comparisons/results/checks.json",
    "original_sha256": "46313a7bd54d4263eb9ef660444349de20c182c8374c52a7b3fb31b7677e370c",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/algorithm_comparisons/results/environment.json",
    "bytes": 1075,
    "sha256": "1bc58561ec570bb690054585482c4ffea68a11cc87d91ac7f31e691ced44286a",
    "original_supplement_path": "verification/algorithm_comparisons/results/environment.json",
    "original_sha256": "1bc58561ec570bb690054585482c4ffea68a11cc87d91ac7f31e691ced44286a",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/algorithm_comparisons/results/exact_filter_certificate.json",
    "bytes": 2763,
    "sha256": "369a4b378c7c0c8fab23cd6742f7628e02aaf775647e4a4b080403497fcf576f",
    "original_supplement_path": "verification/algorithm_comparisons/results/exact_filter_certificate.json",
    "original_sha256": "369a4b378c7c0c8fab23cd6742f7628e02aaf775647e4a4b080403497fcf576f",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/algorithm_comparisons/results/observations.json",
    "bytes": 9990,
    "sha256": "d71cdd806b50065ab3717a315c671e09992abbe16b3c1cd00bfd2d2db71a4ebd",
    "original_supplement_path": "verification/algorithm_comparisons/results/observations.json",
    "original_sha256": "d71cdd806b50065ab3717a315c671e09992abbe16b3c1cd00bfd2d2db71a4ebd",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/algorithm_comparisons/results/supplementary_checks.json",
    "bytes": 2195,
    "sha256": "8837e8b745fd3b3e552c586a16d59a87169a9f85377a42100dccb37e804dce5a",
    "original_supplement_path": "verification/algorithm_comparisons/results/supplementary_checks.json",
    "original_sha256": "8837e8b745fd3b3e552c586a16d59a87169a9f85377a42100dccb37e804dce5a",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/algorithm_comparisons/results/supplementary_observations.json",
    "bytes": 1077,
    "sha256": "f810a8a5467ff71e168ca2b6f70e8cc2991698471b204311918928dfcdf808d4",
    "original_supplement_path": "verification/algorithm_comparisons/results/supplementary_observations.json",
    "original_sha256": "f810a8a5467ff71e168ca2b6f70e8cc2991698471b204311918928dfcdf808d4",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/analytic_models/experiments.py",
    "bytes": 16869,
    "sha256": "f96c989ab9caf3d8fab9fc990b7f7083baa7ddd487f6692284d0c798f49c79b1",
    "original_supplement_path": "verification/analytic_models/experiments.py",
    "original_sha256": "f96c989ab9caf3d8fab9fc990b7f7083baa7ddd487f6692284d0c798f49c79b1",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/analytic_models/experiments_fouryear.py",
    "bytes": 12571,
    "sha256": "270cb0e099736b260dbbdb4b3b78966a052519df0d4471b4c76c145a2c080448",
    "original_supplement_path": "verification/analytic_models/experiments_fouryear.py",
    "original_sha256": "270cb0e099736b260dbbdb4b3b78966a052519df0d4471b4c76c145a2c080448",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/analytic_models/figures_fouryear.py",
    "bytes": 11917,
    "sha256": "6ab8d8ac58901b6a1a9dc60050476f13a17831cafd65a0e3d47b8493ad9ceae2",
    "original_supplement_path": "verification/analytic_models/figures_fouryear.py",
    "original_sha256": "6ab8d8ac58901b6a1a9dc60050476f13a17831cafd65a0e3d47b8493ad9ceae2",
    "relation": "unchanged retained artifact",
    "original_role": "Figure or renderer source"
  },
  {
    "path": "verification/analytic_models/make_figures.py",
    "bytes": 14639,
    "sha256": "75e231d6402cfcfc8a51a1841fb699494520a93c6ea2a808411dfe4f09b58285",
    "original_supplement_path": "verification/analytic_models/make_figures.py",
    "original_sha256": "75e231d6402cfcfc8a51a1841fb699494520a93c6ea2a808411dfe4f09b58285",
    "relation": "unchanged retained artifact",
    "original_role": "Figure or renderer source"
  },
  {
    "path": "verification/analytic_models/monograph_kernels.py",
    "bytes": 7560,
    "sha256": "a92805265b757db7f87aee8024d764fe5e4ff070f4866a5a96d39a0add40b507",
    "original_supplement_path": "verification/analytic_models/monograph_kernels.py",
    "original_sha256": "a92805265b757db7f87aee8024d764fe5e4ff070f4866a5a96d39a0add40b507",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/analytic_models/new_results/benchmarks.json",
    "bytes": 33459,
    "sha256": "72de4bfdec7363eee45f67e92d3dfa149b9a456a9eb131410ca62af25d2770e6",
    "original_supplement_path": "verification/analytic_models/new_results/benchmarks.json",
    "original_sha256": "72de4bfdec7363eee45f67e92d3dfa149b9a456a9eb131410ca62af25d2770e6",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/analytic_models/new_results/checks.json",
    "bytes": 25072,
    "sha256": "693fcef33b30c612a79db8222c273ab0d013ab64bafd220585f4f2772e924be0",
    "original_supplement_path": "verification/analytic_models/new_results/checks.json",
    "original_sha256": "693fcef33b30c612a79db8222c273ab0d013ab64bafd220585f4f2772e924be0",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/analytic_models/new_results/observations.json",
    "bytes": 6183,
    "sha256": "e5e51ace96b36f43be7b1d4642c3933017da3cf541787f7e06527b8368b53e2c",
    "original_supplement_path": "verification/analytic_models/new_results/observations.json",
    "original_sha256": "e5e51ace96b36f43be7b1d4642c3933017da3cf541787f7e06527b8368b53e2c",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/analytic_models/new_results/supplementary_checks.json",
    "bytes": 10184,
    "sha256": "ed6b2021dbc1b97134a5ab6cebe1a244d47f1cb06601b019bdf0fb22c5da32ba",
    "original_supplement_path": "verification/analytic_models/new_results/supplementary_checks.json",
    "original_sha256": "ed6b2021dbc1b97134a5ab6cebe1a244d47f1cb06601b019bdf0fb22c5da32ba",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/analytic_models/requirements.txt",
    "bytes": 105,
    "sha256": "f39d0636166100eb4657101ed6c4d45ff5382bef44c1b3652f94799343701d8a",
    "original_supplement_path": "verification/analytic_models/requirements.txt",
    "original_sha256": "f39d0636166100eb4657101ed6c4d45ff5382bef44c1b3652f94799343701d8a",
    "relation": "unchanged retained artifact",
    "original_role": "Documentation or dependency record"
  },
  {
    "path": "verification/analytic_models/results/benchmarks.json",
    "bytes": 85680,
    "sha256": "9df4e8e7e061e5b697d86494a343c147d63a732055772fb44899faca819118dd",
    "original_supplement_path": "verification/analytic_models/results/benchmarks.json",
    "original_sha256": "9df4e8e7e061e5b697d86494a343c147d63a732055772fb44899faca819118dd",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/analytic_models/results/exact_results.json",
    "bytes": 8810,
    "sha256": "d56181aabe845742e38adbd9b0c418374b09fb85dfdd3dbdcf6adf9c14f925e8",
    "original_supplement_path": "verification/analytic_models/results/exact_results.json",
    "original_sha256": "d56181aabe845742e38adbd9b0c418374b09fb85dfdd3dbdcf6adf9c14f925e8",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/analytic_models/results/printed_kernel_checks.json",
    "bytes": 952,
    "sha256": "d267159aaa6a6f0e9e7cf577d0713ee5a43779f996662cbc1c132e1690bc3ac7",
    "original_supplement_path": "verification/analytic_models/results/printed_kernel_checks.json",
    "original_sha256": "d267159aaa6a6f0e9e7cf577d0713ee5a43779f996662cbc1c132e1690bc3ac7",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/analytic_models/results/supplementary_verification.json",
    "bytes": 1596,
    "sha256": "6c097f26bb4f727c7f9283136a04c5fd23398bd4c89732d35a9fa641d59a1519",
    "original_supplement_path": "verification/analytic_models/results/supplementary_verification.json",
    "original_sha256": "6c097f26bb4f727c7f9283136a04c5fd23398bd4c89732d35a9fa641d59a1519",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/analytic_models/results/verification.json",
    "bytes": 7053,
    "sha256": "786331456732a7472cff82e5e247314040212ddb6f1e1c3ea52fc4e3e41d80ef",
    "original_supplement_path": "verification/analytic_models/results/verification.json",
    "original_sha256": "786331456732a7472cff82e5e247314040212ddb6f1e1c3ea52fc4e3e41d80ef",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/analytic_models/supplementary_checks.py",
    "bytes": 3269,
    "sha256": "5549d55af078ec9d555b77817af09946def1b48550c1bd7b80d2292968e0ec0b",
    "original_supplement_path": "verification/analytic_models/supplementary_checks.py",
    "original_sha256": "5549d55af078ec9d555b77817af09946def1b48550c1bd7b80d2292968e0ec0b",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/analytic_models/supplementary_fouryear.py",
    "bytes": 7495,
    "sha256": "2a5b53aa9e063fadf5af5d106097cd8433918b11dde174c9db719f83834cbe15",
    "original_supplement_path": "verification/analytic_models/supplementary_fouryear.py",
    "original_sha256": "2a5b53aa9e063fadf5af5d106097cd8433918b11dde174c9db719f83834cbe15",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/comparative_case_graphs/code/figures.py",
    "bytes": 20885,
    "sha256": "1310a0a2b2da610e2884d3b5e6540723b1e942f0afd24020edf545946630e194",
    "original_supplement_path": "verification/comparative_case_graphs/code/figures.py",
    "original_sha256": "1310a0a2b2da610e2884d3b5e6540723b1e942f0afd24020edf545946630e194",
    "relation": "unchanged retained artifact",
    "original_role": "Figure or renderer source"
  },
  {
    "path": "verification/comparative_case_graphs/data/PCA_factor_sample.npz",
    "bytes": 10585,
    "sha256": "bb664a0c621c1abe13d03396a958c9314ec81bf77af62284c4336c74d25556d7",
    "original_supplement_path": "verification/comparative_case_graphs/data/PCA_factor_sample.npz",
    "original_sha256": "bb664a0c621c1abe13d03396a958c9314ec81bf77af62284c4336c74d25556d7",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "verification/comparative_case_graphs/data/Python_default_rng_1.npz",
    "bytes": 2090,
    "sha256": "89c1908ef651e082a4716c636cdbf66ce9fe9e0bf9440f989b5d1841a4d1c43c",
    "original_supplement_path": "verification/comparative_case_graphs/data/Python_default_rng_1.npz",
    "original_sha256": "89c1908ef651e082a4716c636cdbf66ce9fe9e0bf9440f989b5d1841a4d1c43c",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "verification/comparative_case_graphs/data/R_seed1_reconstructed.npz",
    "bytes": 2090,
    "sha256": "7b877078a3af76e34ba1f28b07134b9d3812d28a2ade8312c3d42b2cd17b9269",
    "original_supplement_path": "verification/comparative_case_graphs/data/R_seed1_reconstructed.npz",
    "original_sha256": "7b877078a3af76e34ba1f28b07134b9d3812d28a2ade8312c3d42b2cd17b9269",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "verification/comparative_case_graphs/results/SC-037_response.npz",
    "bytes": 81737,
    "sha256": "c6c6a047d537716de87c6655cf9de20ffbc3d496f0171bb1841e90281913f4d1",
    "original_supplement_path": "verification/comparative_case_graphs/results/SC-037_response.npz",
    "original_sha256": "c6c6a047d537716de87c6655cf9de20ffbc3d496f0171bb1841e90281913f4d1",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "verification/comparative_case_graphs/results/SC-038_response.npz",
    "bytes": 79972,
    "sha256": "b7275cab548f4512a90801a73eea7a5641a325acd58bf3f3f610091332da9b4b",
    "original_supplement_path": "verification/comparative_case_graphs/results/SC-038_response.npz",
    "original_sha256": "b7275cab548f4512a90801a73eea7a5641a325acd58bf3f3f610091332da9b4b",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "verification/comparative_case_graphs/results/SC-039_response.npz",
    "bytes": 266813,
    "sha256": "76f97474fbf6a99fb7367a524e3b8233cefc3f1e1ee794bc00272da281fcb032",
    "original_supplement_path": "verification/comparative_case_graphs/results/SC-039_response.npz",
    "original_sha256": "76f97474fbf6a99fb7367a524e3b8233cefc3f1e1ee794bc00272da281fcb032",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "verification/comparative_case_graphs/results/SC-040_response.npz",
    "bytes": 274630,
    "sha256": "f41f7206c5ed697e8149d1ad4fa0364da30ed54a0f241654f6d076939d737192",
    "original_supplement_path": "verification/comparative_case_graphs/results/SC-040_response.npz",
    "original_sha256": "f41f7206c5ed697e8149d1ad4fa0364da30ed54a0f241654f6d076939d737192",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "verification/comparative_case_graphs/results/SC-041_response.npz",
    "bytes": 254111,
    "sha256": "2fc7ab675137f3fe9a6d19b9ea68564e304d7aeb8bd3994a3d68a2a21e19010f",
    "original_supplement_path": "verification/comparative_case_graphs/results/SC-041_response.npz",
    "original_sha256": "2fc7ab675137f3fe9a6d19b9ea68564e304d7aeb8bd3994a3d68a2a21e19010f",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "verification/comparative_case_graphs/results/SC-046_response.npz",
    "bytes": 270117,
    "sha256": "416aab80edd452f8da5f0e50e5cff49c0cfe9dc2c4a02a0b6bc719cf4ad664ec",
    "original_supplement_path": "verification/comparative_case_graphs/results/SC-046_response.npz",
    "original_sha256": "416aab80edd452f8da5f0e50e5cff49c0cfe9dc2c4a02a0b6bc719cf4ad664ec",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "verification/comparative_case_graphs/results/SC-048_response.npz",
    "bytes": 270185,
    "sha256": "81dc7157b4a6a951c712f6e3a8058022b7f6ee09b96179c8a716802adf88ba84",
    "original_supplement_path": "verification/comparative_case_graphs/results/SC-048_response.npz",
    "original_sha256": "81dc7157b4a6a951c712f6e3a8058022b7f6ee09b96179c8a716802adf88ba84",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "verification/comparative_case_graphs/results/SC-049_response.npz",
    "bytes": 252995,
    "sha256": "1c213dc592326a0f623839bc76fe6a82d3f9c6410097e02bb217508cd5ec2d05",
    "original_supplement_path": "verification/comparative_case_graphs/results/SC-049_response.npz",
    "original_sha256": "1c213dc592326a0f623839bc76fe6a82d3f9c6410097e02bb217508cd5ec2d05",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "verification/comparative_case_graphs/results/SC-050_response.npz",
    "bytes": 275740,
    "sha256": "6b081d1a7b22ff9c49a83c8c4f0cd3a07c7c52f926d22aef0e4e99cc28c15a2b",
    "original_supplement_path": "verification/comparative_case_graphs/results/SC-050_response.npz",
    "original_sha256": "6b081d1a7b22ff9c49a83c8c4f0cd3a07c7c52f926d22aef0e4e99cc28c15a2b",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "verification/comparative_case_graphs/results/SC-051_response.npz",
    "bytes": 280212,
    "sha256": "aa64089a6698df331d8bc6a02ff314f0b8d9fcf8ac1d49b900a84ac8600d0a0c",
    "original_supplement_path": "verification/comparative_case_graphs/results/SC-051_response.npz",
    "original_sha256": "aa64089a6698df331d8bc6a02ff314f0b8d9fcf8ac1d49b900a84ac8600d0a0c",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "verification/comparative_case_graphs/results/SC-052_response.npz",
    "bytes": 259798,
    "sha256": "188c02f1a80563a3447c162d7d2116be5b90cb568dbb35011a23d67aefaf498e",
    "original_supplement_path": "verification/comparative_case_graphs/results/SC-052_response.npz",
    "original_sha256": "188c02f1a80563a3447c162d7d2116be5b90cb568dbb35011a23d67aefaf498e",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "verification/comparative_case_graphs/results/SC-053_response.npz",
    "bytes": 308019,
    "sha256": "032fe0471da139fbb2548b89a3b0809866985b7ad3e485220431ea9b5d6423be",
    "original_supplement_path": "verification/comparative_case_graphs/results/SC-053_response.npz",
    "original_sha256": "032fe0471da139fbb2548b89a3b0809866985b7ad3e485220431ea9b5d6423be",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "verification/comparative_case_graphs/results/SC-054_response.npz",
    "bytes": 322563,
    "sha256": "c32057f7337da471391cd970d8bc03cd991507d22f83da67b96fa4ab2d0decce",
    "original_supplement_path": "verification/comparative_case_graphs/results/SC-054_response.npz",
    "original_sha256": "c32057f7337da471391cd970d8bc03cd991507d22f83da67b96fa4ab2d0decce",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "verification/comparative_case_graphs/results/SC-060_response.npz",
    "bytes": 166192,
    "sha256": "08c5b9e794e2e245adb69c90b7934da9d76e426da0bb579d8739038ccb134121",
    "original_supplement_path": "verification/comparative_case_graphs/results/SC-060_response.npz",
    "original_sha256": "08c5b9e794e2e245adb69c90b7934da9d76e426da0bb579d8739038ccb134121",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "verification/comparative_case_graphs/results/SC-069_response.npz",
    "bytes": 209443,
    "sha256": "8aa2bcdabd98e6e634993e0e8c7f13aa42fc2211df7d1072e7d7870470bc54ae",
    "original_supplement_path": "verification/comparative_case_graphs/results/SC-069_response.npz",
    "original_sha256": "8aa2bcdabd98e6e634993e0e8c7f13aa42fc2211df7d1072e7d7870470bc54ae",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "verification/comparative_case_graphs/results/autograd_sine.npz",
    "bytes": 5013,
    "sha256": "916310f7766c3cc1e7145faf3f24985ed50c45183e31b9c60c556363566ecd3e",
    "original_supplement_path": "verification/comparative_case_graphs/results/autograd_sine.npz",
    "original_sha256": "916310f7766c3cc1e7145faf3f24985ed50c45183e31b9c60c556363566ecd3e",
    "relation": "unchanged retained artifact",
    "original_role": "Scientific array data (synthetic samples or computed output)"
  },
  {
    "path": "verification/comparative_case_graphs/results/auxiliary_checks.json",
    "bytes": 3093,
    "sha256": "c992b8b0698a113618de882bfb484c38607d4a3148abe1eedbe0ff59f15823fc",
    "original_supplement_path": "verification/comparative_case_graphs/results/auxiliary_checks.json",
    "original_sha256": "c992b8b0698a113618de882bfb484c38607d4a3148abe1eedbe0ff59f15823fc",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/comparative_case_graphs/results/convergence.csv",
    "bytes": 9038,
    "sha256": "c8259a169b3144e7addcf1bee94c218c9928570edcb279d9dd5da0efdea0ab84",
    "original_supplement_path": "verification/comparative_case_graphs/results/convergence.csv",
    "original_sha256": "c8259a169b3144e7addcf1bee94c218c9928570edcb279d9dd5da0efdea0ab84",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/comparative_case_graphs/results/filter_designs.json",
    "bytes": 41040,
    "sha256": "b4b9ed7245b1fdf07639b864c33197c4f7c451ec0b2a57717c89bf252139b817",
    "original_supplement_path": "verification/comparative_case_graphs/results/filter_designs.json",
    "original_sha256": "b4b9ed7245b1fdf07639b864c33197c4f7c451ec0b2a57717c89bf252139b817",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/comparative_case_graphs/results/fir_rational_certificates.json",
    "bytes": 35775,
    "sha256": "3de08df48fc36b526dd9263fea7f121011283cf6b1333d358b8bd5a1fc5a0048",
    "original_supplement_path": "verification/comparative_case_graphs/results/fir_rational_certificates.json",
    "original_sha256": "3de08df48fc36b526dd9263fea7f121011283cf6b1333d358b8bd5a1fc5a0048",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/comparative_case_graphs/results/host_oracles.json",
    "bytes": 1523,
    "sha256": "ff0a523281a9e11a97ea6a931ac17d0f31d04c7df2d59583ba26e44e43eba695",
    "original_supplement_path": "verification/comparative_case_graphs/results/host_oracles.json",
    "original_sha256": "ff0a523281a9e11a97ea6a931ac17d0f31d04c7df2d59583ba26e44e43eba695",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/comparative_case_graphs/results/optimal_radius_certificate.json",
    "bytes": 3264,
    "sha256": "3b629109935b5eec5c0369512b30f8b80c93811b6147770a294a6c72c201cc9c",
    "original_supplement_path": "verification/comparative_case_graphs/results/optimal_radius_certificate.json",
    "original_sha256": "3b629109935b5eec5c0369512b30f8b80c93811b6147770a294a6c72c201cc9c",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/comparative_case_graphs/results/statistical_experiments.json",
    "bytes": 7472,
    "sha256": "ec5d2595af6b555183e6e53daf6e34e1dbb2bbb09da26542320c658a0e31faa3",
    "original_supplement_path": "verification/comparative_case_graphs/results/statistical_experiments.json",
    "original_sha256": "ec5d2595af6b555183e6e53daf6e34e1dbb2bbb09da26542320c658a0e31faa3",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/comparative_case_graphs/results/verification_experiments.json",
    "bytes": 257869,
    "sha256": "88a25c67999e2514728cc15a2dce41b5a1001f2ef3bc002dc3eff1a48e2552ac",
    "original_supplement_path": "verification/comparative_case_graphs/results/verification_experiments.json",
    "original_sha256": "88a25c67999e2514728cc15a2dce41b5a1001f2ef3bc002dc3eff1a48e2552ac",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/comparative_case_graphs/results/weekly_loo_rows.csv",
    "bytes": 89508,
    "sha256": "87b2f53cab6a37162fc40c2bf04bcb96a7db60de007a2994d4804a9c52879c03",
    "original_supplement_path": "verification/comparative_case_graphs/results/weekly_loo_rows.csv",
    "original_sha256": "87b2f53cab6a37162fc40c2bf04bcb96a7db60de007a2994d4804a9c52879c03",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/coverings/code/branch_checks.py",
    "bytes": 5135,
    "sha256": "26c8d9f6681239964f05fad56d6d6b97a664817fe3751a67333cd046463e926b",
    "original_supplement_path": "verification/coverings/code/branch_checks.py",
    "original_sha256": "26c8d9f6681239964f05fad56d6d6b97a664817fe3751a67333cd046463e926b",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/coverings/code/certificates.py",
    "bytes": 5346,
    "sha256": "f18284d33b3f485a55f9c0159afd4da960c9048bf7028a8ed47b46b529dcaf25",
    "original_supplement_path": "verification/coverings/code/certificates.py",
    "original_sha256": "f18284d33b3f485a55f9c0159afd4da960c9048bf7028a8ed47b46b529dcaf25",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/coverings/code/compare_certificates.py",
    "bytes": 7781,
    "sha256": "b90bce50f2cd1866e4f1ed42c14a95db854fa9fc9ef13787475436238896c021",
    "original_supplement_path": "verification/coverings/code/compare_certificates.py",
    "original_sha256": "b90bce50f2cd1866e4f1ed42c14a95db854fa9fc9ef13787475436238896c021",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/coverings/code/experiments_v2.py",
    "bytes": 5612,
    "sha256": "391bad19ce938c94bd9719b26ffb89a442915c35019009fc0a155bc1916bf3de",
    "original_supplement_path": "verification/coverings/code/experiments_v2.py",
    "original_sha256": "391bad19ce938c94bd9719b26ffb89a442915c35019009fc0a155bc1916bf3de",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/coverings/code/figures.py",
    "bytes": 12710,
    "sha256": "d8e7f7c25bc01d3f95583ec6a63611724ba2070ee2876f78c8cdb8cba47fd9bf",
    "original_supplement_path": "verification/coverings/code/figures.py",
    "original_sha256": "d8e7f7c25bc01d3f95583ec6a63611724ba2070ee2876f78c8cdb8cba47fd9bf",
    "relation": "unchanged retained artifact",
    "original_role": "Figure or renderer source"
  },
  {
    "path": "verification/coverings/code/figures_v2.py",
    "bytes": 29895,
    "sha256": "4dd6f4f59f72f0445190ef174562c1e3857a8f8b44fb53fe28ee377a895f6976",
    "original_supplement_path": "verification/coverings/code/figures_v2.py",
    "original_sha256": "4dd6f4f59f72f0445190ef174562c1e3857a8f8b44fb53fe28ee377a895f6976",
    "relation": "unchanged retained artifact",
    "original_role": "Figure or renderer source"
  },
  {
    "path": "verification/coverings/code/polynomial_kernel.py",
    "bytes": 5168,
    "sha256": "10f89af3808e5356e5cd15f6a8199716232f8d16383c75d96d3261a7474b60bb",
    "original_supplement_path": "verification/coverings/code/polynomial_kernel.py",
    "original_sha256": "10f89af3808e5356e5cd15f6a8199716232f8d16383c75d96d3261a7474b60bb",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/coverings/code/run_checks.py",
    "bytes": 6545,
    "sha256": "d2a77bd21decb0d37c68fc0836544130cf98a8074e89e9eba3219fe9cbff14d1",
    "original_supplement_path": "verification/coverings/code/run_checks.py",
    "original_sha256": "d2a77bd21decb0d37c68fc0836544130cf98a8074e89e9eba3219fe9cbff14d1",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/coverings/metrics/branch_checks.json",
    "bytes": 1076,
    "sha256": "4c61fc1675351f78fcbb9223fb925aa00f53be913deb0e10738b21a1373fdcd1",
    "original_supplement_path": "verification/coverings/metrics/branch_checks.json",
    "original_sha256": "4c61fc1675351f78fcbb9223fb925aa00f53be913deb0e10738b21a1373fdcd1",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/coverings/metrics/certificate_timings.csv",
    "bytes": 873,
    "sha256": "4aa8c90618444d272274d2ba19d9920cebffc700cc323b7ad758081acbe80309",
    "original_supplement_path": "verification/coverings/metrics/certificate_timings.csv",
    "original_sha256": "4aa8c90618444d272274d2ba19d9920cebffc700cc323b7ad758081acbe80309",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/coverings/metrics/environment.json",
    "bytes": 4456,
    "sha256": "85143b4ff0ec821829032da013e5bd78fb7813e01f0f73559e4ce0d40e29cba1",
    "original_supplement_path": "verification/coverings/metrics/environment.json",
    "original_sha256": "85143b4ff0ec821829032da013e5bd78fb7813e01f0f73559e4ce0d40e29cba1",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/coverings/metrics/polynomial_identity_checks.json",
    "bytes": 1892,
    "sha256": "78a4c36a2298aab66c5ea6483c56c478acf2d9e0cd95f5c5675df58f1b864444",
    "original_supplement_path": "verification/coverings/metrics/polynomial_identity_checks.json",
    "original_sha256": "78a4c36a2298aab66c5ea6483c56c478acf2d9e0cd95f5c5675df58f1b864444",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/coverings/metrics/verification.json",
    "bytes": 4073,
    "sha256": "29d1f20dd95156bcf31963ce415a3f3dbade1a6959c89d741f2434969bf8edac",
    "original_supplement_path": "verification/coverings/metrics/verification.json",
    "original_sha256": "29d1f20dd95156bcf31963ce415a3f3dbade1a6959c89d741f2434969bf8edac",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/coverings/proofs/FiniteIdentities.lean",
    "bytes": 1696,
    "sha256": "1b69487df5f9502fce3434194d5dab3eba2d0d44f9eb70fd3c1bba2fd9282b1b",
    "original_supplement_path": "verification/coverings/proofs/FiniteIdentities.lean",
    "original_sha256": "1b69487df5f9502fce3434194d5dab3eba2d0d44f9eb70fd3c1bba2fd9282b1b",
    "relation": "unchanged retained artifact",
    "original_role": "Uncompiled proof-assistant candidate or helper"
  },
  {
    "path": "verification/coverings/proofs/FiniteIdentities.v",
    "bytes": 1604,
    "sha256": "9f1b522d3e3c2d6f51530f782113e335a695bb9e1f77b412ac7e11c2c3232f00",
    "original_supplement_path": "verification/coverings/proofs/FiniteIdentities.v",
    "original_sha256": "9f1b522d3e3c2d6f51530f782113e335a695bb9e1f77b412ac7e11c2c3232f00",
    "relation": "unchanged retained artifact",
    "original_role": "Uncompiled proof-assistant candidate or helper"
  },
  {
    "path": "verification/coverings/proofs/certificates/cubic_central_root.json",
    "bytes": 942,
    "sha256": "6ca849621e92fcf7f7ed0801c7281965cabd1aeed5a1b9cbf22eb4fcd3e6585c",
    "original_supplement_path": "verification/coverings/proofs/certificates/cubic_central_root.json",
    "original_sha256": "6ca849621e92fcf7f7ed0801c7281965cabd1aeed5a1b9cbf22eb4fcd3e6585c",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/certificates/cubic_right_root.json",
    "bytes": 935,
    "sha256": "7ccd96c44756f3ff7399e06d0c19f0eedfab1c7fd3ede349b7c19c20a46c8373",
    "original_supplement_path": "verification/coverings/proofs/certificates/cubic_right_root.json",
    "original_sha256": "7ccd96c44756f3ff7399e06d0c19f0eedfab1c7fd3ede349b7c19c20a46c8373",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/certificates/cubic_three_roots.json",
    "bytes": 2658,
    "sha256": "7d81decf3c94c5195781d50e2121dbc952e6f45c847be5b2d2560f4d2a9f06dd",
    "original_supplement_path": "verification/coverings/proofs/certificates/cubic_three_roots.json",
    "original_sha256": "7d81decf3c94c5195781d50e2121dbc952e6f45c847be5b2d2560f4d2a9f06dd",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/certificates/gain_0_to_50.json",
    "bytes": 2872,
    "sha256": "e8c21808d38d248cf50fcdc1b3a349af92ef204b67afcf4164b1cb977109cca1",
    "original_supplement_path": "verification/coverings/proofs/certificates/gain_0_to_50.json",
    "original_sha256": "e8c21808d38d248cf50fcdc1b3a349af92ef204b67afcf4164b1cb977109cca1",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/certificates/gain_61.json",
    "bytes": 3161,
    "sha256": "7a1695b5b180fe9bfb4cc6381486222a008ebe529e46db7b5ffcc3e28bef98be",
    "original_supplement_path": "verification/coverings/proofs/certificates/gain_61.json",
    "original_sha256": "7a1695b5b180fe9bfb4cc6381486222a008ebe529e46db7b5ffcc3e28bef98be",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/certificates/quadratic_repeated_root.json",
    "bytes": 2181,
    "sha256": "bcfcb01655a1d75c3448651ee5efd2df16d21e69a3a3c9c23a520639008b3fba",
    "original_supplement_path": "verification/coverings/proofs/certificates/quadratic_repeated_root.json",
    "original_sha256": "bcfcb01655a1d75c3448651ee5efd2df16d21e69a3a3c9c23a520639008b3fba",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/certificates/teaching_sqrt2.json",
    "bytes": 887,
    "sha256": "2944633cb3c3aac0a5f8d9868648f8af1109e3f8063916c7926d144afe18a216",
    "original_supplement_path": "verification/coverings/proofs/certificates/teaching_sqrt2.json",
    "original_sha256": "2944633cb3c3aac0a5f8d9868648f8af1109e3f8063916c7926d144afe18a216",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/polynomial_identities/blaschke_disk.json",
    "bytes": 1504,
    "sha256": "cee0646e2a663a65e13c013d276d95366dade6ea7d41e933c5e8ff71ca5eecee",
    "original_supplement_path": "verification/coverings/proofs/polynomial_identities/blaschke_disk.json",
    "original_sha256": "cee0646e2a663a65e13c013d276d95366dade6ea7d41e933c5e8ff71ca5eecee",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/polynomial_identities/difference_of_squares.json",
    "bytes": 446,
    "sha256": "fce02dafc6537f28251fe8858955e791c1a4b1f7abb2bbf22e338b7b869b823c",
    "original_supplement_path": "verification/coverings/proofs/polynomial_identities/difference_of_squares.json",
    "original_sha256": "fce02dafc6537f28251fe8858955e791c1a4b1f7abb2bbf22e338b7b869b823c",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/polynomial_identities/dihedral_cubic.json",
    "bytes": 697,
    "sha256": "39889b771b9fdcd586077183fca1bef6defe8d78ce1c64a605e588942f1c4a05",
    "original_supplement_path": "verification/coverings/proofs/polynomial_identities/dihedral_cubic.json",
    "original_sha256": "39889b771b9fdcd586077183fca1bef6defe8d78ce1c64a605e588942f1c4a05",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/polynomial_identities/error_step.json",
    "bytes": 589,
    "sha256": "048a4e7f40d6df13ed27fd06524a70f4ae2b64c229e8d42d6fbd1ed648a89f4c",
    "original_supplement_path": "verification/coverings/proofs/polynomial_identities/error_step.json",
    "original_sha256": "048a4e7f40d6df13ed27fd06524a70f4ae2b64c229e8d42d6fbd1ed648a89f4c",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/polynomial_identities/euler_defect.json",
    "bytes": 645,
    "sha256": "96141f2f2beeca2cf97340f67119542c73a1d13ed7a853a866fe6c51d65fbb1f",
    "original_supplement_path": "verification/coverings/proofs/polynomial_identities/euler_defect.json",
    "original_sha256": "96141f2f2beeca2cf97340f67119542c73a1d13ed7a853a866fe6c51d65fbb1f",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/polynomial_identities/fold_discriminant.json",
    "bytes": 510,
    "sha256": "85b29d3a081da22e0c1c84643b0d7b5cb3260660d60813985ef358a3337f096e",
    "original_supplement_path": "verification/coverings/proofs/polynomial_identities/fold_discriminant.json",
    "original_sha256": "85b29d3a081da22e0c1c84643b0d7b5cb3260660d60813985ef358a3337f096e",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/polynomial_identities/parameter_affinity.json",
    "bytes": 1720,
    "sha256": "70cf163d8c9f355acc625f3e9720dd94fa5b689e6e05c1af1fea21a09678960e",
    "original_supplement_path": "verification/coverings/proofs/polynomial_identities/parameter_affinity.json",
    "original_sha256": "70cf163d8c9f355acc625f3e9720dd94fa5b689e6e05c1af1fea21a09678960e",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/polynomial_identities/poisson_denominator.json",
    "bytes": 672,
    "sha256": "83795aed81e73ef106020b5fab7f7b41858ab030784356eae70c7ce938493fe1",
    "original_supplement_path": "verification/coverings/proofs/polynomial_identities/poisson_denominator.json",
    "original_sha256": "83795aed81e73ef106020b5fab7f7b41858ab030784356eae70c7ce938493fe1",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/polynomial_identities/ramification_composition.json",
    "bytes": 457,
    "sha256": "05f0f44388a68d8f1a03d1eb9127490cd4e77fb77b405acd4159dc2244214ed3",
    "original_supplement_path": "verification/coverings/proofs/polynomial_identities/ramification_composition.json",
    "original_sha256": "05f0f44388a68d8f1a03d1eb9127490cd4e77fb77b405acd4159dc2244214ed3",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/polynomial_identities/routh_crossing.json",
    "bytes": 710,
    "sha256": "c4e313db92ab9034aa9a6d44a77221179e597e17876f764b8f11d9e008a7b579",
    "original_supplement_path": "verification/coverings/proofs/polynomial_identities/routh_crossing.json",
    "original_sha256": "c4e313db92ab9034aa9a6d44a77221179e597e17876f764b8f11d9e008a7b579",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/polynomial_identities/storage_balance.json",
    "bytes": 818,
    "sha256": "952346f64de9ea7c678ded6dc9bfbf2ae317465a026f9ceca9f4da6e92dc1271",
    "original_supplement_path": "verification/coverings/proofs/polynomial_identities/storage_balance.json",
    "original_sha256": "952346f64de9ea7c678ded6dc9bfbf2ae317465a026f9ceca9f4da6e92dc1271",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/polynomial_identities/variance_pair.json",
    "bytes": 618,
    "sha256": "6e2e1c66600e19a41eb56cce4d786c16777b62432fb1be8f50e681b93d96e9a4",
    "original_supplement_path": "verification/coverings/proofs/polynomial_identities/variance_pair.json",
    "original_sha256": "6e2e1c66600e19a41eb56cce4d786c16777b62432fb1be8f50e681b93d96e9a4",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/cubic_axis_adaptive.json",
    "bytes": 3042,
    "sha256": "42095439f3f9411082529695d8a535d7a92f2eddf9f8fc8bcc56ac59bf72d86d",
    "original_supplement_path": "verification/coverings/proofs/v2/cubic_axis_adaptive.json",
    "original_sha256": "42095439f3f9411082529695d8a535d7a92f2eddf9f8fc8bcc56ac59bf72d86d",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/cubic_axis_uniform.json",
    "bytes": 4533,
    "sha256": "990634f910cd31a69e6d70c97465391e3e197b9cf8d727be257d3261a8374071",
    "original_supplement_path": "verification/coverings/proofs/v2/cubic_axis_uniform.json",
    "original_sha256": "990634f910cd31a69e6d70c97465391e3e197b9cf8d727be257d3261a8374071",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/cubic_rotated_adaptive.json",
    "bytes": 1573,
    "sha256": "7bb7b7dd75ac928b0d51d1ec5f919b079048c77ebd3038061445ce1a6606d916",
    "original_supplement_path": "verification/coverings/proofs/v2/cubic_rotated_adaptive.json",
    "original_sha256": "7bb7b7dd75ac928b0d51d1ec5f919b079048c77ebd3038061445ce1a6606d916",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/cubic_rotated_uniform.json",
    "bytes": 1569,
    "sha256": "8fc0f20b00c66a34c7a19cab7a1b70af2243d1cd00240eecd00f934e0f1ce7ef",
    "original_supplement_path": "verification/coverings/proofs/v2/cubic_rotated_uniform.json",
    "original_sha256": "8fc0f20b00c66a34c7a19cab7a1b70af2243d1cd00240eecd00f934e0f1ce7ef",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/eighth_power_axis_adaptive.json",
    "bytes": 5756,
    "sha256": "50f3b1c8ab4ee1930ff8a65a7485817a90126bab2b08d38fc954855cd8504aed",
    "original_supplement_path": "verification/coverings/proofs/v2/eighth_power_axis_adaptive.json",
    "original_sha256": "50f3b1c8ab4ee1930ff8a65a7485817a90126bab2b08d38fc954855cd8504aed",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/eighth_power_axis_uniform.json",
    "bytes": 8817,
    "sha256": "b73fe63ffa22de4791ef76364ce7751a0a5edcfb1bdaf9d0e3a6f610c6a9ef2e",
    "original_supplement_path": "verification/coverings/proofs/v2/eighth_power_axis_uniform.json",
    "original_sha256": "b73fe63ffa22de4791ef76364ce7751a0a5edcfb1bdaf9d0e3a6f610c6a9ef2e",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/eighth_power_rotated_adaptive.json",
    "bytes": 3875,
    "sha256": "3e702b316382ebe15e7350cab5c25c93792e118dfa32b70f83e068f721db8e78",
    "original_supplement_path": "verification/coverings/proofs/v2/eighth_power_rotated_adaptive.json",
    "original_sha256": "3e702b316382ebe15e7350cab5c25c93792e118dfa32b70f83e068f721db8e78",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/eighth_power_rotated_uniform.json",
    "bytes": 4980,
    "sha256": "4d6ba4d400c4839d5a0d074e9a2b240b12a8f9268d65a554a3cc975740b2a887",
    "original_supplement_path": "verification/coverings/proofs/v2/eighth_power_rotated_uniform.json",
    "original_sha256": "4d6ba4d400c4839d5a0d074e9a2b240b12a8f9268d65a554a3cc975740b2a887",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/gain_family_axis_adaptive.json",
    "bytes": 3757,
    "sha256": "500070d2e580cef310537be087608c3232c71e2a123f450b6960577e6808d246",
    "original_supplement_path": "verification/coverings/proofs/v2/gain_family_axis_adaptive.json",
    "original_sha256": "500070d2e580cef310537be087608c3232c71e2a123f450b6960577e6808d246",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/gain_family_axis_uniform.json",
    "bytes": 16968,
    "sha256": "d4ecbe24ad3643b5093ac7af986ff550b74aa8ae64c96d4a26b0329aac614ed0",
    "original_supplement_path": "verification/coverings/proofs/v2/gain_family_axis_uniform.json",
    "original_sha256": "d4ecbe24ad3643b5093ac7af986ff550b74aa8ae64c96d4a26b0329aac614ed0",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/gain_family_rotated_adaptive.json",
    "bytes": 2313,
    "sha256": "fd8c8d56a00845d2c713e54d75f71a7aafc535c83740ee723eb7076929377085",
    "original_supplement_path": "verification/coverings/proofs/v2/gain_family_rotated_adaptive.json",
    "original_sha256": "fd8c8d56a00845d2c713e54d75f71a7aafc535c83740ee723eb7076929377085",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/gain_family_rotated_uniform.json",
    "bytes": 9359,
    "sha256": "8bed787066b5b56c254d9dc2a7e64aa2b82b7bb6c702c551c49debc388a250fb",
    "original_supplement_path": "verification/coverings/proofs/v2/gain_family_rotated_uniform.json",
    "original_sha256": "8bed787066b5b56c254d9dc2a7e64aa2b82b7bb6c702c551c49debc388a250fb",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/near_edge_double_axis_adaptive.json",
    "bytes": 3191,
    "sha256": "49cf3ca8a3de28bdf5476cb24c68455e5bfeff4b832106b09c39d1ac8c24b637",
    "original_supplement_path": "verification/coverings/proofs/v2/near_edge_double_axis_adaptive.json",
    "original_sha256": "49cf3ca8a3de28bdf5476cb24c68455e5bfeff4b832106b09c39d1ac8c24b637",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/near_edge_double_axis_uniform.json",
    "bytes": 134050,
    "sha256": "d9adcacdf4e4b40ce1194a5ce7aee274014f1b51f0c22355a06cb00b8900bc57",
    "original_supplement_path": "verification/coverings/proofs/v2/near_edge_double_axis_uniform.json",
    "original_sha256": "d9adcacdf4e4b40ce1194a5ce7aee274014f1b51f0c22355a06cb00b8900bc57",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/near_edge_double_rotated_adaptive.json",
    "bytes": 1177,
    "sha256": "fb5eedd8c75bafc0859bead97e98471d081e73872479afb32ea32e2d130e79e5",
    "original_supplement_path": "verification/coverings/proofs/v2/near_edge_double_rotated_adaptive.json",
    "original_sha256": "fb5eedd8c75bafc0859bead97e98471d081e73872479afb32ea32e2d130e79e5",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/near_edge_double_rotated_uniform.json",
    "bytes": 1584,
    "sha256": "63db38eb49a9853f0a07ee6d2c0ea74af4e322bf47eb807222fcad5d7b9808bd",
    "original_supplement_path": "verification/coverings/proofs/v2/near_edge_double_rotated_uniform.json",
    "original_sha256": "63db38eb49a9853f0a07ee6d2c0ea74af4e322bf47eb807222fcad5d7b9808bd",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/shifted_quartic_axis_adaptive.json",
    "bytes": 3093,
    "sha256": "483f70aa875ba61287de20398e2455ef894b4e33a1b988c735809cf43b737b30",
    "original_supplement_path": "verification/coverings/proofs/v2/shifted_quartic_axis_adaptive.json",
    "original_sha256": "483f70aa875ba61287de20398e2455ef894b4e33a1b988c735809cf43b737b30",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/shifted_quartic_axis_uniform.json",
    "bytes": 4586,
    "sha256": "427421e5d3ff1ac30082a10ced2b0a8a1ffbe4398ad54ab6ed631223d64e8033",
    "original_supplement_path": "verification/coverings/proofs/v2/shifted_quartic_axis_uniform.json",
    "original_sha256": "427421e5d3ff1ac30082a10ced2b0a8a1ffbe4398ad54ab6ed631223d64e8033",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/shifted_quartic_rotated_adaptive.json",
    "bytes": 2168,
    "sha256": "22f776e592730c103dfcda556756ba711e33d45a4e14043011e212ddad896d9a",
    "original_supplement_path": "verification/coverings/proofs/v2/shifted_quartic_rotated_adaptive.json",
    "original_sha256": "22f776e592730c103dfcda556756ba711e33d45a4e14043011e212ddad896d9a",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/shifted_quartic_rotated_uniform.json",
    "bytes": 2693,
    "sha256": "1e11c1ed3d51c9db999bf9cee778e80607b2e3b1e68ed33d9a8b8e51632f0c30",
    "original_supplement_path": "verification/coverings/proofs/v2/shifted_quartic_rotated_uniform.json",
    "original_sha256": "1e11c1ed3d51c9db999bf9cee778e80607b2e3b1e68ed33d9a8b8e51632f0c30",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/requirements.txt",
    "bytes": 121,
    "sha256": "ac0bf9c438134b011a3447e77bd14a16a965b448602a428a9a71162540ef3d7d",
    "original_supplement_path": "verification/coverings/requirements.txt",
    "original_sha256": "ac0bf9c438134b011a3447e77bd14a16a965b448602a428a9a71162540ef3d7d",
    "relation": "unchanged retained artifact",
    "original_role": "Documentation or dependency record"
  },
  {
    "path": "verification/coverings/results_v2/certificate_benchmark.csv",
    "bytes": 1550,
    "sha256": "d8490d7f666e57ab8de6ec2a727ea8dcd0adc499e2a3e385537c493e2df51bc7",
    "original_supplement_path": "verification/coverings/results_v2/certificate_benchmark.csv",
    "original_sha256": "d8490d7f666e57ab8de6ec2a727ea8dcd0adc499e2a3e385537c493e2df51bc7",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/coverings/results_v2/certificate_benchmark.json",
    "bytes": 36072,
    "sha256": "74a96ba70bf088d59383d70778faefb5fc7e236a9592722557e292ab0b0d9845",
    "original_supplement_path": "verification/coverings/results_v2/certificate_benchmark.json",
    "original_sha256": "74a96ba70bf088d59383d70778faefb5fc7e236a9592722557e292ab0b0d9845",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/coverings/results_v2/continuation_diagnostics.json",
    "bytes": 1074,
    "sha256": "82825b43f800a10afe64ea18672fb8f44bac82a0f1b2d7d477c0af0c4dc956b4",
    "original_supplement_path": "verification/coverings/results_v2/continuation_diagnostics.json",
    "original_sha256": "82825b43f800a10afe64ea18672fb8f44bac82a0f1b2d7d477c0af0c4dc956b4",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/coverings/results_v2/experiments_summary.json",
    "bytes": 520,
    "sha256": "b8b45527dc6583305fb35b7bf2a3da05699cd985b7bb4496f50d6f6476d26414",
    "original_supplement_path": "verification/coverings/results_v2/experiments_summary.json",
    "original_sha256": "b8b45527dc6583305fb35b7bf2a3da05699cd985b7bb4496f50d6f6476d26414",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/coverings/results_v2/figure_manifest.json",
    "bytes": 17802,
    "sha256": "5aadacaff4bad7700a2756d34094659f08270768559e5a6b9aadf859b2a91f65",
    "original_supplement_path": "verification/coverings/results_v2/figure_manifest.json",
    "original_sha256": "5aadacaff4bad7700a2756d34094659f08270768559e5a6b9aadf859b2a91f65",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/coverings/results_v2/matrix_benchmark.json",
    "bytes": 22087,
    "sha256": "05b0b1e6a5749c12e5bdfbe20f4be743e6bec9a9def9856d8e6e0ad5929a7151",
    "original_supplement_path": "verification/coverings/results_v2/matrix_benchmark.json",
    "original_sha256": "05b0b1e6a5749c12e5bdfbe20f4be743e6bec9a9def9856d8e6e0ad5929a7151",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/coverings/results_v2/phase_diagnostics.json",
    "bytes": 4197,
    "sha256": "2f8cac36fdf98b23b38cf919ea0ec765f043cf7c03b30e003dd093fcb6c95bd4",
    "original_supplement_path": "verification/coverings/results_v2/phase_diagnostics.json",
    "original_sha256": "2f8cac36fdf98b23b38cf919ea0ec765f043cf7c03b30e003dd093fcb6c95bd4",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/coverings/results_v2/precision_optimum.json",
    "bytes": 21615,
    "sha256": "5627bfbf525d48ab4e9fc082af0ba2dd0848f9c08e1c3131d5c1cd3087753e68",
    "original_supplement_path": "verification/coverings/results_v2/precision_optimum.json",
    "original_sha256": "5627bfbf525d48ab4e9fc082af0ba2dd0848f9c08e1c3131d5c1cd3087753e68",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/finite_observables/code/companion_lab.py",
    "bytes": 7773,
    "sha256": "f735a452ec3e629b2ce6324a4a1e10623deff94b691a559bf1e4095d8f5ee210",
    "original_supplement_path": "verification/finite_observables/code/companion_lab.py",
    "original_sha256": "f735a452ec3e629b2ce6324a4a1e10623deff94b691a559bf1e4095d8f5ee210",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/finite_observables/code/make_figures.py",
    "bytes": 4459,
    "sha256": "e0a9a6d91ec036011005a7ec5d9b393aec4afc30c11cb6d18f8b01e08d44f118",
    "original_supplement_path": "verification/finite_observables/code/make_figures.py",
    "original_sha256": "e0a9a6d91ec036011005a7ec5d9b393aec4afc30c11cb6d18f8b01e08d44f118",
    "relation": "unchanged retained artifact",
    "original_role": "Figure or renderer source"
  },
  {
    "path": "verification/finite_observables/code/run_lab.py",
    "bytes": 7145,
    "sha256": "d969bf6c8c30a679f41e671f189ebf355107d0bf896a97d71d96320159d87ef9",
    "original_supplement_path": "verification/finite_observables/code/run_lab.py",
    "original_sha256": "d969bf6c8c30a679f41e671f189ebf355107d0bf896a97d71d96320159d87ef9",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/finite_observables/proofs/Range.lean",
    "bytes": 839,
    "sha256": "ee1f2cbdd564801f75b421d84f5a68bee9ece1a22bb40de7b38c1293e0424bd0",
    "original_supplement_path": "verification/finite_observables/proofs/Range.lean",
    "original_sha256": "ee1f2cbdd564801f75b421d84f5a68bee9ece1a22bb40de7b38c1293e0424bd0",
    "relation": "unchanged retained artifact",
    "original_role": "Uncompiled proof-assistant candidate or helper"
  },
  {
    "path": "verification/finite_observables/proofs/Range.v",
    "bytes": 801,
    "sha256": "14e2c1922877129d5cd3127eb6a693d3b7e66238cc44e070e997b2159f7bc17b",
    "original_supplement_path": "verification/finite_observables/proofs/Range.v",
    "original_sha256": "14e2c1922877129d5cd3127eb6a693d3b7e66238cc44e070e997b2159f7bc17b",
    "relation": "unchanged retained artifact",
    "original_role": "Uncompiled proof-assistant candidate or helper"
  },
  {
    "path": "verification/finite_observables/results/inverse_cylinders.json",
    "bytes": 958,
    "sha256": "0cb7e7c2e8e7cbadfb27b4700ebcc399bf36e8439de8d56a1fe35e6853397ed2",
    "original_supplement_path": "verification/finite_observables/results/inverse_cylinders.json",
    "original_sha256": "0cb7e7c2e8e7cbadfb27b4700ebcc399bf36e8439de8d56a1fe35e6853397ed2",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/finite_observables/results/membership_examples.json",
    "bytes": 1443,
    "sha256": "d547fa7414e6a74f699e52ae97bdf89f16338b60034a1b40cc8a4ac983803fdd",
    "original_supplement_path": "verification/finite_observables/results/membership_examples.json",
    "original_sha256": "d547fa7414e6a74f699e52ae97bdf89f16338b60034a1b40cc8a4ac983803fdd",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/finite_observables/results/quadrature.json",
    "bytes": 1222,
    "sha256": "7d83fba9363b7c3c4af136fb2e9feda07cea7eeff873eacec5e16ecb63642557",
    "original_supplement_path": "verification/finite_observables/results/quadrature.json",
    "original_sha256": "7d83fba9363b7c3c4af136fb2e9feda07cea7eeff873eacec5e16ecb63642557",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/finite_observables/results/reciprocal.json",
    "bytes": 4660,
    "sha256": "be6876fe72bddf3b23be9d15376944bf7504d2248135fc06d2aa0c57992ba28a",
    "original_supplement_path": "verification/finite_observables/results/reciprocal.json",
    "original_sha256": "be6876fe72bddf3b23be9d15376944bf7504d2248135fc06d2aa0c57992ba28a",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/finite_observables/results/rounding_states.json",
    "bytes": 3859,
    "sha256": "dd0f999282b08c7ae68ea50dda5534670e7c2b4d37b16652a264ae9a078d433b",
    "original_supplement_path": "verification/finite_observables/results/rounding_states.json",
    "original_sha256": "dd0f999282b08c7ae68ea50dda5534670e7c2b4d37b16652a264ae9a078d433b",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/finite_observables/results/verification_report.json",
    "bytes": 1728,
    "sha256": "7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825",
    "original_supplement_path": "verification/finite_observables/results/verification_report.json",
    "original_sha256": "7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/code/experiments.py",
    "bytes": 13061,
    "sha256": "5446c41a2ab2645a33f862da4261acd53fb0768372ece14dd2fbc4e079064585",
    "original_supplement_path": "verification/normal_families/code/experiments.py",
    "original_sha256": "5446c41a2ab2645a33f862da4261acd53fb0768372ece14dd2fbc4e079064585",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/normal_families/code/graphics.py",
    "bytes": 27907,
    "sha256": "e8d69e2e95e56aff8227e563ac0d869bc9a35acf50f78e3f4e822e4db4176391",
    "original_supplement_path": "verification/normal_families/code/graphics.py",
    "original_sha256": "e8d69e2e95e56aff8227e563ac0d869bc9a35acf50f78e3f4e822e4db4176391",
    "relation": "unchanged retained artifact",
    "original_role": "Figure or renderer source"
  },
  {
    "path": "verification/normal_families/code/independent_certificates.py",
    "bytes": 4409,
    "sha256": "4d712358b7870515dc776e23d37dd5546c32342ea6efdfbda17ad07bcca5d231",
    "original_supplement_path": "verification/normal_families/code/independent_certificates.py",
    "original_sha256": "4d712358b7870515dc776e23d37dd5546c32342ea6efdfbda17ad07bcca5d231",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/normal_families/formal/Audit.lean",
    "bytes": 334,
    "sha256": "1c8a4098e9781d3f7f0fabb3fc78eea3c00a67218b3083cb21f81cf08bb4c1f9",
    "original_supplement_path": "verification/normal_families/formal/Audit.lean",
    "original_sha256": "1c8a4098e9781d3f7f0fabb3fc78eea3c00a67218b3083cb21f81cf08bb4c1f9",
    "relation": "unchanged retained artifact",
    "original_role": "Uncompiled proof-assistant candidate or helper"
  },
  {
    "path": "verification/normal_families/formal/PHI/Algebra.lean",
    "bytes": 3096,
    "sha256": "c61b8d1bad1bdcaf9924b2034c6be0bdc2d090747248e25ba44d44ff3cbf2660",
    "original_supplement_path": "verification/normal_families/formal/PHI/Algebra.lean",
    "original_sha256": "c61b8d1bad1bdcaf9924b2034c6be0bdc2d090747248e25ba44d44ff3cbf2660",
    "relation": "unchanged retained artifact",
    "original_role": "Uncompiled proof-assistant candidate or helper"
  },
  {
    "path": "verification/normal_families/formal/PHI.lean",
    "bytes": 19,
    "sha256": "bd83e64f3cfa3d6ddfe2e4df6e1ffe99a182c3b96cdb2f80c8d57b17304d558b",
    "original_supplement_path": "verification/normal_families/formal/PHI.lean",
    "original_sha256": "bd83e64f3cfa3d6ddfe2e4df6e1ffe99a182c3b96cdb2f80c8d57b17304d558b",
    "relation": "unchanged retained artifact",
    "original_role": "Uncompiled proof-assistant candidate or helper"
  },
  {
    "path": "verification/normal_families/formal/lakefile.toml",
    "bytes": 199,
    "sha256": "e114afcefa706bf3ccec0da98f6d0e7d4a62a3cbdd2d1cb1771c7fe32daf3836",
    "original_supplement_path": "verification/normal_families/formal/lakefile.toml",
    "original_sha256": "e114afcefa706bf3ccec0da98f6d0e7d4a62a3cbdd2d1cb1771c7fe32daf3836",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/normal_families/formal/lean-toolchain",
    "bytes": 25,
    "sha256": "55e97be96000b5e9e290c9e74482e5e317861499a5540353ce845471bded8cea",
    "original_supplement_path": "verification/normal_families/formal/lean-toolchain",
    "original_sha256": "55e97be96000b5e9e290c9e74482e5e317861499a5540353ce845471bded8cea",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/normal_families/formal/rational_identities.json",
    "bytes": 3235,
    "sha256": "2abd0ce02e08d97e27e7f70cee34f807f0b36c7e3d0e7723a426fd8c45303c7b",
    "original_supplement_path": "verification/normal_families/formal/rational_identities.json",
    "original_sha256": "2abd0ce02e08d97e27e7f70cee34f807f0b36c7e3d0e7723a426fd8c45303c7b",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/normal_families/formal/smt/F01_gap_positive.smt2",
    "bytes": 146,
    "sha256": "b68b77cc6323557b32c825b142941706706c83e94082c7bb1c5f407d99e4e3de",
    "original_supplement_path": "verification/normal_families/formal/smt/F01_gap_positive.smt2",
    "original_sha256": "b68b77cc6323557b32c825b142941706706c83e94082c7bb1c5f407d99e4e3de",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F02_quarter_radius.smt2",
    "bytes": 195,
    "sha256": "780914dd3c2a1ba4c93b9f3865952115bba7b0579151b8443039be0e656f1c13",
    "original_supplement_path": "verification/normal_families/formal/smt/F02_quarter_radius.smt2",
    "original_sha256": "780914dd3c2a1ba4c93b9f3865952115bba7b0579151b8443039be0e656f1c13",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F03_radius_interval.smt2",
    "bytes": 209,
    "sha256": "8cc54e50dd92d3930170142e779dc97bfab8a7280b6a42816a43e0fefe3fffa9",
    "original_supplement_path": "verification/normal_families/formal/smt/F03_radius_interval.smt2",
    "original_sha256": "8cc54e50dd92d3930170142e779dc97bfab8a7280b6a42816a43e0fefe3fffa9",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F04_inverse_margin.smt2",
    "bytes": 186,
    "sha256": "7e69e00c1108e84e8025b038cc6d1a6176a46f478e520f8b88777074ec981186",
    "original_supplement_path": "verification/normal_families/formal/smt/F04_inverse_margin.smt2",
    "original_sha256": "7e69e00c1108e84e8025b038cc6d1a6176a46f478e520f8b88777074ec981186",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F05_quadratic_gap.smt2",
    "bytes": 219,
    "sha256": "3d36b24e31975ac879a0083dc14aab20bea0f55aa82e6c5225258eaec038e9e9",
    "original_supplement_path": "verification/normal_families/formal/smt/F05_quadratic_gap.smt2",
    "original_sha256": "3d36b24e31975ac879a0083dc14aab20bea0f55aa82e6c5225258eaec038e9e9",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F06_quadratic_lipschitz.smt2",
    "bytes": 280,
    "sha256": "92d46b0893f6f775705aeccae9a5f0ce24c29388305beb11dc14e799aaaa0bfb",
    "original_supplement_path": "verification/normal_families/formal/smt/F06_quadratic_lipschitz.smt2",
    "original_sha256": "92d46b0893f6f775705aeccae9a5f0ce24c29388305beb11dc14e799aaaa0bfb",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F07_extremal_gain.smt2",
    "bytes": 157,
    "sha256": "86aaf8089a65335ac3d946de927c96a9ee27ed7e80bc6121928a0f6c0a48b108",
    "original_supplement_path": "verification/normal_families/formal/smt/F07_extremal_gain.smt2",
    "original_sha256": "86aaf8089a65335ac3d946de927c96a9ee27ed7e80bc6121928a0f6c0a48b108",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F08_capacitance_energy.smt2",
    "bytes": 189,
    "sha256": "0667ab8a42e1c50fd7feb6ac3074fb3bb3e44930bf1ba9a8d4845914caac1d38",
    "original_supplement_path": "verification/normal_families/formal/smt/F08_capacitance_energy.smt2",
    "original_sha256": "0667ab8a42e1c50fd7feb6ac3074fb3bb3e44930bf1ba9a8d4845914caac1d38",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F09_area_single_coefficient.smt2",
    "bytes": 189,
    "sha256": "8c1a7bd627377754da6ceef8a939eebfbae899c711768cd8443dbd28ae7cbf97",
    "original_supplement_path": "verification/normal_families/formal/smt/F09_area_single_coefficient.smt2",
    "original_sha256": "8c1a7bd627377754da6ceef8a939eebfbae899c711768cd8443dbd28ae7cbf97",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F10_shape_order.smt2",
    "bytes": 176,
    "sha256": "f646c1989a508e41e196831a45bddea30a74f4b1cecea0f3ae8ec152ad9914e4",
    "original_supplement_path": "verification/normal_families/formal/smt/F10_shape_order.smt2",
    "original_sha256": "f646c1989a508e41e196831a45bddea30a74f4b1cecea0f3ae8ec152ad9914e4",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F11_tail_splitting.smt2",
    "bytes": 235,
    "sha256": "0bb7e021e040d2640954652cbab358f53aaa72238450bf1d1cd03b2a574a2d70",
    "original_supplement_path": "verification/normal_families/formal/smt/F11_tail_splitting.smt2",
    "original_sha256": "0bb7e021e040d2640954652cbab358f53aaa72238450bf1d1cd03b2a574a2d70",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F12_sample_enclosure.smt2",
    "bytes": 335,
    "sha256": "a92985ca9a22fc54adc315777c01abb04696f9a564c4df674e82d03a4b0d873d",
    "original_supplement_path": "verification/normal_families/formal/smt/F12_sample_enclosure.smt2",
    "original_sha256": "a92985ca9a22fc54adc315777c01abb04696f9a564c4df674e82d03a4b0d873d",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F13_half_arc.smt2",
    "bytes": 189,
    "sha256": "e0d931e3d0f726bab432dda3e5cfcd0c3357ebf2b37af2359c27795fb9ad654b",
    "original_supplement_path": "verification/normal_families/formal/smt/F13_half_arc.smt2",
    "original_sha256": "e0d931e3d0f726bab432dda3e5cfcd0c3357ebf2b37af2359c27795fb9ad654b",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F14_quarter_sharp_numerator.smt2",
    "bytes": 166,
    "sha256": "33a35faeafbcd04e7409975d053e544a5895ddd30e419cb80e641543e6e904fb",
    "original_supplement_path": "verification/normal_families/formal/smt/F14_quarter_sharp_numerator.smt2",
    "original_sha256": "33a35faeafbcd04e7409975d053e544a5895ddd30e419cb80e641543e6e904fb",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F15_spherical_reciprocal.smt2",
    "bytes": 323,
    "sha256": "da3156e0a8c6b31b021bbb08ffb84aef353abecbf32b515d5b3d6dc54672b5e9",
    "original_supplement_path": "verification/normal_families/formal/smt/F15_spherical_reciprocal.smt2",
    "original_sha256": "da3156e0a8c6b31b021bbb08ffb84aef353abecbf32b515d5b3d6dc54672b5e9",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F16_normalized_derivative_nonzero.smt2",
    "bytes": 183,
    "sha256": "145c0ed54e7a64d10391f75718f0e38e2d42531306590f3495ecbd05da9094ef",
    "original_supplement_path": "verification/normal_families/formal/smt/F16_normalized_derivative_nonzero.smt2",
    "original_sha256": "145c0ed54e7a64d10391f75718f0e38e2d42531306590f3495ecbd05da9094ef",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F17_weighted_energy_1.smt2",
    "bytes": 293,
    "sha256": "1eab2b8935b75b6a3a48b6547a664038c4ccf922b512ad70f27beb2aad095e68",
    "original_supplement_path": "verification/normal_families/formal/smt/F17_weighted_energy_1.smt2",
    "original_sha256": "1eab2b8935b75b6a3a48b6547a664038c4ccf922b512ad70f27beb2aad095e68",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F18_weighted_energy_2.smt2",
    "bytes": 293,
    "sha256": "2b6b50373bd73dab673cd98b2b88c6cd209301f0fcedeeaded0ce1b6aa45067b",
    "original_supplement_path": "verification/normal_families/formal/smt/F18_weighted_energy_2.smt2",
    "original_sha256": "2b6b50373bd73dab673cd98b2b88c6cd209301f0fcedeeaded0ce1b6aa45067b",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F19_weighted_energy_3.smt2",
    "bytes": 293,
    "sha256": "02c6a16f871f82c0ee683c94976ea3860ead28138a98f9d9be9e0943c7c44d91",
    "original_supplement_path": "verification/normal_families/formal/smt/F19_weighted_energy_3.smt2",
    "original_sha256": "02c6a16f871f82c0ee683c94976ea3860ead28138a98f9d9be9e0943c7c44d91",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F20_weighted_energy_4.smt2",
    "bytes": 293,
    "sha256": "1ba2988d84f526b8e17829177702874a43f2bb4d582a96c976a19988dc3a7170",
    "original_supplement_path": "verification/normal_families/formal/smt/F20_weighted_energy_4.smt2",
    "original_sha256": "1ba2988d84f526b8e17829177702874a43f2bb4d582a96c976a19988dc3a7170",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F21_weighted_energy_5.smt2",
    "bytes": 293,
    "sha256": "1ae1804e05e1ce4ff0047a90f71b45e20dfb8784657605faf3ad5e42fad68b3a",
    "original_supplement_path": "verification/normal_families/formal/smt/F21_weighted_energy_5.smt2",
    "original_sha256": "1ae1804e05e1ce4ff0047a90f71b45e20dfb8784657605faf3ad5e42fad68b3a",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F22_weighted_energy_6.smt2",
    "bytes": 293,
    "sha256": "cd0eddcd5ee5717b87d52262290e00a5976516f53e4f6a599671a11cead5d534",
    "original_supplement_path": "verification/normal_families/formal/smt/F22_weighted_energy_6.smt2",
    "original_sha256": "cd0eddcd5ee5717b87d52262290e00a5976516f53e4f6a599671a11cead5d534",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F23_weighted_energy_7.smt2",
    "bytes": 293,
    "sha256": "fb83a9a7be44b4f9f5a225844c677b99c3f629a6a5c1dac6d7a23f04208446fd",
    "original_supplement_path": "verification/normal_families/formal/smt/F23_weighted_energy_7.smt2",
    "original_sha256": "fb83a9a7be44b4f9f5a225844c677b99c3f629a6a5c1dac6d7a23f04208446fd",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F24_weighted_energy_8.smt2",
    "bytes": 293,
    "sha256": "2094d20fd72b880a307dc406db202091ace99959483b00ee8d469e782b41eb92",
    "original_supplement_path": "verification/normal_families/formal/smt/F24_weighted_energy_8.smt2",
    "original_sha256": "2094d20fd72b880a307dc406db202091ace99959483b00ee8d469e782b41eb92",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F25_jet_budget_1.smt2",
    "bytes": 201,
    "sha256": "3371adb60dcec73616852bbafe779745434639a58169ebec6be5dc04bac02095",
    "original_supplement_path": "verification/normal_families/formal/smt/F25_jet_budget_1.smt2",
    "original_sha256": "3371adb60dcec73616852bbafe779745434639a58169ebec6be5dc04bac02095",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F26_jet_budget_2.smt2",
    "bytes": 201,
    "sha256": "fcb12c63399160dd518daaf4536d9d62a56bb2e746f42263145064287b4f5a86",
    "original_supplement_path": "verification/normal_families/formal/smt/F26_jet_budget_2.smt2",
    "original_sha256": "fcb12c63399160dd518daaf4536d9d62a56bb2e746f42263145064287b4f5a86",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F27_jet_budget_3.smt2",
    "bytes": 201,
    "sha256": "9da5aded9b87b1da400704c11bd6c1061a686602a18aaf0748a4f6ae9d934859",
    "original_supplement_path": "verification/normal_families/formal/smt/F27_jet_budget_3.smt2",
    "original_sha256": "9da5aded9b87b1da400704c11bd6c1061a686602a18aaf0748a4f6ae9d934859",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F28_jet_budget_4.smt2",
    "bytes": 201,
    "sha256": "4968d5a1cc4e2c39a53470274cc7d93fcf16b5b31a0dae12bc93d0361f5e8232",
    "original_supplement_path": "verification/normal_families/formal/smt/F28_jet_budget_4.smt2",
    "original_sha256": "4968d5a1cc4e2c39a53470274cc7d93fcf16b5b31a0dae12bc93d0361f5e8232",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F29_jet_budget_5.smt2",
    "bytes": 201,
    "sha256": "e8b9ff403fd519488f54e75ccfe641cc638d3d35b21fa5f71ff614e999211f0c",
    "original_supplement_path": "verification/normal_families/formal/smt/F29_jet_budget_5.smt2",
    "original_sha256": "e8b9ff403fd519488f54e75ccfe641cc638d3d35b21fa5f71ff614e999211f0c",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F30_jet_budget_6.smt2",
    "bytes": 201,
    "sha256": "f1bbf21efc47c41225e79ef29c96f4b0b4fa42b82eee0ffe7e4f43393ba3d59f",
    "original_supplement_path": "verification/normal_families/formal/smt/F30_jet_budget_6.smt2",
    "original_sha256": "f1bbf21efc47c41225e79ef29c96f4b0b4fa42b82eee0ffe7e4f43393ba3d59f",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F31_sample_budget_1.smt2",
    "bytes": 218,
    "sha256": "3af686dd77ea622098cd87f6300aa6083decd84cbb8649f629527849c30ebce9",
    "original_supplement_path": "verification/normal_families/formal/smt/F31_sample_budget_1.smt2",
    "original_sha256": "3af686dd77ea622098cd87f6300aa6083decd84cbb8649f629527849c30ebce9",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F32_sample_budget_2.smt2",
    "bytes": 218,
    "sha256": "183c2f68a689e3bbf14e856d16b20e07aa04ee62faa45750c68ca46ff462afb5",
    "original_supplement_path": "verification/normal_families/formal/smt/F32_sample_budget_2.smt2",
    "original_sha256": "183c2f68a689e3bbf14e856d16b20e07aa04ee62faa45750c68ca46ff462afb5",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F33_sample_budget_3.smt2",
    "bytes": 218,
    "sha256": "de10bfb9d4b636255a7e32873b8320b9e9dadb8dac39057044506b7e1611e0d4",
    "original_supplement_path": "verification/normal_families/formal/smt/F33_sample_budget_3.smt2",
    "original_sha256": "de10bfb9d4b636255a7e32873b8320b9e9dadb8dac39057044506b7e1611e0d4",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F34_sample_budget_4.smt2",
    "bytes": 218,
    "sha256": "5533b3bdc13c526c4fba37445165b0f70e3bf5c5f350c6ab0708ac4f6724e28d",
    "original_supplement_path": "verification/normal_families/formal/smt/F34_sample_budget_4.smt2",
    "original_sha256": "5533b3bdc13c526c4fba37445165b0f70e3bf5c5f350c6ab0708ac4f6724e28d",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F35_sample_budget_5.smt2",
    "bytes": 221,
    "sha256": "461f4f3f80af1b1fde7161af6d7afe778e0150d50202d2f3ba5fbf47cd0cbb7e",
    "original_supplement_path": "verification/normal_families/formal/smt/F35_sample_budget_5.smt2",
    "original_sha256": "461f4f3f80af1b1fde7161af6d7afe778e0150d50202d2f3ba5fbf47cd0cbb7e",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F36_sample_budget_6.smt2",
    "bytes": 221,
    "sha256": "8aaad6b7ffa42d4252f3136d17172f4a2822f5dacc031e26115b69eaae304753",
    "original_supplement_path": "verification/normal_families/formal/smt/F36_sample_budget_6.smt2",
    "original_sha256": "8aaad6b7ffa42d4252f3136d17172f4a2822f5dacc031e26115b69eaae304753",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F37_modulus_square.smt2",
    "bytes": 244,
    "sha256": "0a585a658f9d3b7a347357c5ffe1e09a2aa2a5bd7906a0c8bde4f58fc23012bf",
    "original_supplement_path": "verification/normal_families/formal/smt/F37_modulus_square.smt2",
    "original_sha256": "0a585a658f9d3b7a347357c5ffe1e09a2aa2a5bd7906a0c8bde4f58fc23012bf",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F38_coverage_bound.smt2",
    "bytes": 188,
    "sha256": "b6f5807150fa93f348fe23b5f7ef8178a487da4f6de03b42835ee9684cf05c16",
    "original_supplement_path": "verification/normal_families/formal/smt/F38_coverage_bound.smt2",
    "original_sha256": "b6f5807150fa93f348fe23b5f7ef8178a487da4f6de03b42835ee9684cf05c16",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F39_slit_discriminant.smt2",
    "bytes": 144,
    "sha256": "2ec7b7f0fa67f502a476b2e0b4b86d14125a8e5ed85b7b11297f89b57c77ead3",
    "original_supplement_path": "verification/normal_families/formal/smt/F39_slit_discriminant.smt2",
    "original_sha256": "2ec7b7f0fa67f502a476b2e0b4b86d14125a8e5ed85b7b11297f89b57c77ead3",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F40_truncation_norm.smt2",
    "bytes": 248,
    "sha256": "820bfadb83c895e0140b712ca46fc2edbe11649826f56bcd2c49432dca38fffc",
    "original_supplement_path": "verification/normal_families/formal/smt/F40_truncation_norm.smt2",
    "original_sha256": "820bfadb83c895e0140b712ca46fc2edbe11649826f56bcd2c49432dca38fffc",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/verify_lean.sh",
    "bytes": 636,
    "sha256": "4df9d02c478148f59db781da5f2dcf53f4ce6c394f35de2ee3dc968107f745f6",
    "original_supplement_path": "verification/normal_families/formal/verify_lean.sh",
    "original_sha256": "4df9d02c478148f59db781da5f2dcf53f4ce6c394f35de2ee3dc968107f745f6",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/normal_families/requirements.txt",
    "bytes": 102,
    "sha256": "e37f74f67e672c89db7e0c14d071b8f9c711e09d26840d0f88fb99162ade1834",
    "original_supplement_path": "verification/normal_families/requirements.txt",
    "original_sha256": "e37f74f67e672c89db7e0c14d071b8f9c711e09d26840d0f88fb99162ade1834",
    "relation": "unchanged retained artifact",
    "original_role": "Documentation or dependency record"
  },
  {
    "path": "verification/normal_families/results/continuation.json",
    "bytes": 957,
    "sha256": "49b4f0ae3e1ebc2d51aa06ecf6837e9e1e8e5e9a6562e89f54af2f554af5b504",
    "original_supplement_path": "verification/normal_families/results/continuation.json",
    "original_sha256": "49b4f0ae3e1ebc2d51aa06ecf6837e9e1e8e5e9a6562e89f54af2f554af5b504",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/results/distortion_comparison.json",
    "bytes": 717,
    "sha256": "7fa5b9a22253053df2e3558389e38fb956a3f4323052572d6fc8a1bee62aa52d",
    "original_supplement_path": "verification/normal_families/results/distortion_comparison.json",
    "original_sha256": "7fa5b9a22253053df2e3558389e38fb956a3f4323052572d6fc8a1bee62aa52d",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/results/floating_diagnostics.json",
    "bytes": 114,
    "sha256": "a555f75358e406236778d761f88c24e53fd55c693bd7f638e09f3448ac7ac73c",
    "original_supplement_path": "verification/normal_families/results/floating_diagnostics.json",
    "original_sha256": "a555f75358e406236778d761f88c24e53fd55c693bd7f638e09f3448ac7ac73c",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/results/formal_status.json",
    "bytes": 606,
    "sha256": "cfd8efaf9a823305ee94ed8a9d281127a5e39cc18aa700b04283d594a268f7a3",
    "original_supplement_path": "verification/normal_families/results/formal_status.json",
    "original_sha256": "cfd8efaf9a823305ee94ed8a9d281127a5e39cc18aa700b04283d594a268f7a3",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/results/independent_certificates.json",
    "bytes": 3709,
    "sha256": "38d6d8862f584f489b4e9e94c5056763a6a8f61f5e6f4f43c0f749321f95a068",
    "original_supplement_path": "verification/normal_families/results/independent_certificates.json",
    "original_sha256": "38d6d8862f584f489b4e9e94c5056763a6a8f61f5e6f4f43c0f749321f95a068",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/results/koebe_tail.json",
    "bytes": 3266,
    "sha256": "b776a1779cb52c5ad8b70b867cd64764ac9f7b1757d9a5283aa53501706a6b45",
    "original_supplement_path": "verification/normal_families/results/koebe_tail.json",
    "original_sha256": "b776a1779cb52c5ad8b70b867cd64764ac9f7b1757d9a5283aa53501706a6b45",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/results/optimal_radius_certificate.json",
    "bytes": 3264,
    "sha256": "3b629109935b5eec5c0369512b30f8b80c93811b6147770a294a6c72c201cc9c",
    "original_supplement_path": "verification/normal_families/results/optimal_radius_certificate.json",
    "original_sha256": "3b629109935b5eec5c0369512b30f8b80c93811b6147770a294a6c72c201cc9c",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/results/python_environment.json",
    "bytes": 253,
    "sha256": "b1b7dbb650469cf044af12fd13e1eb28f00b9bf1bd0615527d5c6d789bfabde0",
    "original_supplement_path": "verification/normal_families/results/python_environment.json",
    "original_sha256": "b1b7dbb650469cf044af12fd13e1eb28f00b9bf1bd0615527d5c6d789bfabde0",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/results/radius_optimization.json",
    "bytes": 27251,
    "sha256": "fc0b5881670f2c8838e8119ac2948aa510cf8521cab53623a96ebd46319ef323",
    "original_supplement_path": "verification/normal_families/results/radius_optimization.json",
    "original_sha256": "fc0b5881670f2c8838e8119ac2948aa510cf8521cab53623a96ebd46319ef323",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/results/restriction_frontier.json",
    "bytes": 3209,
    "sha256": "8403e760b26b312e1c7d134385598351d7c618980d9c7a26ffe0fa5124a7d8d1",
    "original_supplement_path": "verification/normal_families/results/restriction_frontier.json",
    "original_sha256": "8403e760b26b312e1c7d134385598351d7c618980d9c7a26ffe0fa5124a7d8d1",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/results/sample_bounds.json",
    "bytes": 937,
    "sha256": "030b6f6b33c35d0b68c0978109a53d56822e53b560a032e8038fe075469a5905",
    "original_supplement_path": "verification/normal_families/results/sample_bounds.json",
    "original_sha256": "030b6f6b33c35d0b68c0978109a53d56822e53b560a032e8038fe075469a5905",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/results/smt_verification.json",
    "bytes": 10062,
    "sha256": "9de23490b3e36419ae4eec6ce163ad9284f384e62b1b82c1f8c61fce1978fbf3",
    "original_supplement_path": "verification/normal_families/results/smt_verification.json",
    "original_sha256": "9de23490b3e36419ae4eec6ce163ad9284f384e62b1b82c1f8c61fce1978fbf3",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/results/symbolic_identities.json",
    "bytes": 423,
    "sha256": "269e64984070e34d8870cb936aaa7080aa80293f4efe339751eea740c1050a9a",
    "original_supplement_path": "verification/normal_families/results/symbolic_identities.json",
    "original_sha256": "269e64984070e34d8870cb936aaa7080aa80293f4efe339751eea740c1050a9a",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/results/verification.json",
    "bytes": 264642,
    "sha256": "c0079b8bb4b91081b5f61d9245195a252a28bd428d14c0fd0bf9815cc48324d8",
    "original_supplement_path": "verification/normal_families/results/verification.json",
    "original_sha256": "c0079b8bb4b91081b5f61d9245195a252a28bd428d14c0fd0bf9815cc48324d8",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  }
]







PHI_volume_02_verification/historical_replays/FIR_certificates/command_01.log

SC-053 [(3, [-0.0003525573095010188, 0.0003362844133816723]), (3, [0.9973998862887864, 1.0001135299688992])]
SC-054 [(2, [-0.0008097085230317635, 0.0010196475338303081]), (2, [0.9967513292783461, 1.0009913781626487]), (1, [-9.018521602508694e-05, 8.918702128027413e-05])]







PHI_volume_02_verification/historical_replays/FIR_certificates/outputs/results/fir_rational_certificates.json

{
  "SC-053": {
    "coefficient_arithmetic": "exact rational values of delivered binary64 coefficients",
    "endpoint_enclosures": "exact algebraic radical bounds via integer-square-root inequalities",
    "polynomial_degree": 50,
    "bands": [
      {
        "leaves": [
          {
            "a": "16778709516339254781201362717707/20282409603651670423947251286016",
            "b": "1",
            "coefficient_min": "-10487563680258424990364173685987347723783947557518424808573199219968341655015264321/29747117412206476398454260448235133257961854722985886419168377524126971867204755128320",
            "coefficient_max": "773657203221290510225385378248392008375533468206308157854993778219330933447359020387793364767686794841944542539882094822503898736649241260117968083/2300603811640873634838981894468371840684486887218377139337164312965513956640614471403860785713671043065946055159231824809029340156608294739323608104960",
            "depth": 2
          },
          {
            "a": "6637504714513419569227737074699/10141204801825835211973625643008",
            "b": "16778709516339254781201362717707/20282409603651670423947251286016",
            "coefficient_min": "-1953648571698250146498940744688885946145372039731682123057418349717388386394612685481594374361946393646318697672882444705142064868421049091481846716769063765103705704235276440234430322881793800284271109231469312936051796675004539385981631659121820888061263578434142855892766163327764823309992084677912789506296151177281682065638125642160977899098400695175471430386172314527709203681781866606520758303287905964447414964255691796876580065205485727361157747962069903546685603342789838298029504852414055688613098311287981270429257420282326424121689397727465028382155696622585002178371177584974615843468684178329635533301476434126162645170867887376763118556085343043093111921778097972403861745174473130383780802154362432190966771059797478776016135631600765647772473748948024943973554256767700726853536166275410421035775072268631592913576391602564508260536021947987220706492477420863927313594035900791258634418734770604583682385021783493378844387232594551849924903713447003711692483650107821950622523405596200964689034562315579884246480055766803107529893320525807595450189129679856353375449613665124775863391073252324158041949939298830047248116734375423862663828358610951602247671670650675984934325841577525635329816548615948993669351973559096910834698575584390692332883028706856809324673910757319404159862112630480912069377495175077006625435233093136136690718139728560176038742774646983253221783620813948534070174423636722930731808436712511155954757784425393739284420233637047328871814695827744505691915237696949566441298891675796336404215366050675832283511007408689904977279/24141456978045690366967541313256130417362312667841357852685502118364771354321412865141304272490248438374976274414889903122561083196533954813723071922544111795847025939495512245424649997160072878332702175614079244851572957244064340209634911956053876210771159214084270930862527590495899423977018718542230256785093261271808443765950698288028638794121003933352282355782523531745187167887447257722188009259830203647084563194424823176491095224852760755645136863256919102418694101832394929436929290201697738948202787675106149067208050869325449396097173465000528107582203326848126296135347237073250211276938798979247810976658117447507650973156385377857724125224133893859256712752816943355626696897231575638784541677532902598006484871821294864986426107925107930624742052852329941790890802709991228352444277860673614716804510225554016845039914372156737094116583629335862125812585725509493938606162046265150864624795454492466115045970200051609500821135174528500099044717230600361968239950557491665555549790472549923328139734518779538092787896933572402979441285806962037194808019086693894704094837757641498745189305146109391714795522594106005387226676590445554666060648078445213020478639271319568721719277365743899242175600043536607983620618566485924939852324723529603350342476865774604976193503552365396556538147201122626557295953477722129830825803296850205946537356938709143670873994275357824907418192147815718709911143322482288107186091579790459722194680617988049358231391038215296908351872454584760326544187905003959115481006702231870222412613496729866267437854400565820389536563200",
            "coefficient_max": "1540806730072634032385130921622454372032328849772898127127708508099886298106629339380688632937143018873952431827975963848800254719293324072595953327440031550337350816073079673718602971500560757744375132763813341998357349219264270615661261054388384407287822858281499446599722806184560197544279042220015059557072615152417200797211623790074519739047853269999449143537112967888389891439678648339887875646284279595159691735264005023204552915148877823005352210703554188164506528301193401148839713350680372496966872849311764211041595102432589859436696449088886814641755382452463042992423477915324557182737697682474202118966934929973317784251507669134649153753108257008631404075154324637620362251773167208865478508326640232727341598646296520403601572086212872328509004325048568684110498330330605476431678943822859542097538474844463257520861028061876144956787004120738879889365061161757765272530669157950519750858900110378304873283846052986564606162476801865208702887560871467212619090344909613211150452847586048761513916372166953469968551597352129916137138101443169354020360526784356118800217493544664098193743671465691890733341970319429116341656157892299838101660299993248265191926148671831020671403990572571472791793828168776924591101684565469117193122384334535342690352389232606783719932711967096074463585953116268306997477247247307873231920597285009045948946183029170571913561423415596375554420793785548701538859469012531272183812315447514821214417062702439873634860442379018606450286641941243714567566425004731632716094902558346334841349250694339646724408437524376697559027013/20136090028316327848897616266889765681648884568698962801085796779017362169249916868958717551329200919275939204259776799568515589930010412621963299177027808945573148077563779652713114217948120581881349918287405578975099123003228077300520237616757944003365451061308746002441399340942831391307787795569479092541002447903073656820014438164982962752476458169856376750837669879167922302672167751097085681058085551108344039170077866306806425386726770186434540549235996673444802583859785167164720622952054646423957817429930848898018259585112221247643489206908026694884892828191266244184555944871266711172217687376748638282055522200093762756152478247841187797480516734194391552425596548645522235491422858004563684969610146351867149864532278837918072406678827022664314206424573012100880043845458629623445638418112049398682976089119694109884848467041330789882650093428231632722502071084422038395143041489468462458938431202096322254783062219374897117331103409896462854282244337175724965068024363150859500213679367045834599428742478318624539553444567469644854095252909278844790775107300051357588053603898376496714392882054425870774312795137573417929713055182293320421523368736796801692349171005127992814009300730672850107502166415861385600043543484908815442007615811398218151079753423572099882345792434084947422446253002724907495343205664343772109183719852572150240650105851029418438139702313741569749770676312694005704972419554434558263727397683640708602895135847597821465514842327841161089585649500885794975965623922482118673559603296058046760439121015199247499031854613975460340983398400",
            "depth": 2
          },
          {
            "a": "1566902313600501963240924253195/5070602400912917605986812821504",
            "b": "6637504714513419569227737074699/10141204801825835211973625643008",
            "coefficient_min": "-527123192550020386374617260702452874102534661156819244313807373706479436473055502177248927032774497532977299872347501896291945736498994940462913230941208733490080605423777812210837184107970295692324859328414682460637863893433842156214702703176498085545317838642841237927326569634129373491776254461631861827632367074984449586354268000262391113620987155023991052541380356598331336544279850552584672338802117834450867657396749972427726274907057007949652254513800122399981508445214943588990242496031141028662145961100028251515675385677355290237563679145939973888259167271676786803671509597106072232959250958989221758769145769540143873794611704381488970241459519137428130079424260625195066950963337252386662933544397550050116241697983673905389989064190410012066837758744790397725661573602749176513905678717950195688711449092653594470576867250610481587775213706668253775934820246204497019543597224880183909486128783211441591922402038843289711827863798652342635968352321630932252532632789488660784244708267055536655150864081352826826520345645059210731563728713967997698717485516755904547490837339842640469406282697438776826990330243097130927924210399647310513482029922347931345095006479176668680174319055262374064130155431473588131247587101868419795298897467268560412486690066929024206451173306636754662084777260137553843758990930081008053786686735742228797056374166931923969715990254324677641305314345816334233241806123504979694801884615791605900126542280626959036632308295806789749861567933044021990408484824424023411155025251594636749567404493067359046960511/2680240138502397769456335886812518067552603436603115600065983205975680564927700373927399931927056768540815342928828035953543582969486486746038330855340005220527002764929259930928823196478746657504277603535811552154696552868092178668572568506884165741107746063108171578155683744181902941503217032541942527943967051892372004813885977091206651445234432788272936049687458607476163404458030210278062012070313691452736977537887866149423198883200743031856598459856324445917807220078054589666663930525214192151861912502564660905869159498374260030672774742233125178934272461944502008017215648147196806058916029755684086286111402480381876830901209427288925293855663000581663525684652176578962234565176767158021735779353289807814429409818101620042887901265727715952007731742537937268499126676201263869408406332958529318589103754350457458626157333476307208965548193250845413017356491714948012306658725186231480533382615593359212252219125899489415945213274753256016307813828292201604268635346250045432053820179402184123789136207391907495177540636085700473883051776154089162452545012837334359911394016955543533907636038605625440877702491582868547762194720900991680829844385596817726344758189429514496828685628598154449228685441257336917033684394349837825083629452685940836069997324583825124143910251502442471831305326315522847535172510116355785261910515610029420334443288477149066703519228500354743818045138749685952762729459762068640847464571196396812235405240131053057143372235572897567074321096234874631408139123434515206976348123094829903047277397024602126611487129600",
            "coefficient_max": "118470173486434406296591230540656644245322976080251954818251084332471814991674611525878494243898505055020968206973242868320732817752493096827342072128656122767655863330294668448353164065717791692596189619796630598315277287493638534582928832035728856728495409927259857050595552205669057772922179284422462088323210082625327016519346358074588702778338076499716335441664098645740375282412386580019801400183959179614256259057019903908542983947826841441706547980591956842209127625596386072259379537288396309881235070969375486814592113066279494938865181368349603711862113142284539286223093333759148281419650623413827509202083134696212742199963149881413705407875835159756387857821276122220955954767357584881466665181858916379679120976474418730682118063902943388249861527472106966155959720098019703680991303719327274962730259144909080064521810802387441048892972929479790100014328529977080274143679609851371638840599476398840594649527110632747847739365501338861042765070721018602320858814410995419787677857675399823011059030333334629340568168848642803509434649267046231929765567915891321585687127740909900503165328435848170769741873095024141077472820755936009888298724627073539475939570938376941872068379687264026035156122844736051672986097592538773418739946860159267036389313673827576734701325810117565545363201221536498139163001461858887582275951683056732897919984808137632441838294955890207444838942537804637628703425718967762420749704161189276510106017573920196377172910812597830420291037866050669426719834812788801611268125635397686602672914475370881047816953/631069472265920164467898050935921549310607597950194782989673847527679098530929452266311298627221879230784647015031170103285854395293962665958378547297188729186584163940779412616323134084704897267979155573895284639871979312153169223149898942623049800034528571971051174382561312611795035256953579321567287021289656075951813633441903011237772996534184875256073843595592355316316491243620259639823868143710712912093781887961744346604492409460519776358477115817464322664914738779154017071299643124740626061618349010571528456823719127580577388687501380579674409048640660490165612879053468879485454874863310885363117299046704140046810439172321400714041138693386169856781767631569504938042293375529228043133350504082644205826996579790145693943287722442415415878786303217397132859016227563308163960631181879042498551844524968023248873609714846298031384869582198518652718474453010172107910225220831307318511310931143865462271419299438587325902353479634195675042632820389527851347556785369779779016060085893533811671387851574693029943638246367440437018904576307208694484909354617785514609526551285242226575602175080210484007361829735356526700092715028574209786919526937772526587506820759041324264608909277854199080987573026847767366780021595005861599979281288159351371423808637307721756061901282277245344930107989008557911838831027435801442973844232393094211576590364797690809347757490762206370176985843552593082627862485946133618561606690524151620122237117423098160545072018828316937937218921904439770433920688006941349918461276827823635577403137122710737785140019200",
            "depth": 1
          }
        ],
        "accepted_intervals": 3,
        "depth": 2,
        "range": [
          -0.0003525573095010188,
          0.0003362844133816723
        ],
        "required": [
          "-3/1000",
          "3/1000"
        ]
      },
      {
        "leaves": [
          {
            "a": "-1/2",
            "b": "0",
            "coefficient_min": "25474238378484644665754739903365267/25510991919695121499036914160762880",
            "coefficient_max": "418864522713293852897237729640027811/419109152966419853198463589783961600",
            "depth": 1
          },
          {
            "a": "-3/4",
            "b": "-1/2",
            "coefficient_min": "806452154355922178742634846917654059975969/807342894450533949722298479140280509399040",
            "coefficient_max": "233161580184314539646047806707052835506471/233372555427107469841601904126487334748160",
            "depth": 2
          },
          {
            "a": "-1",
            "b": "-3/4",
            "coefficient_min": "5769857546459496661773459/5784898941515315386777600",
            "coefficient_max": "17402951548343991001746759167/17400976016078068683427020800",
            "depth": 2
          }
        ],
        "accepted_intervals": 3,
        "depth": 2,
        "range": [
          0.9973998862887864,
          1.0001135299688992
        ],
        "required": [
          "99/100",
          "1001/1000"
        ]
      }
    ],
    "elapsed_seconds": 0.25133490562438965,
    "minimum_order_claim": false
  },
  "SC-054": {
    "coefficient_arithmetic": "exact rational values of delivered binary64 coefficients",
    "endpoint_enclosures": "exact algebraic radical bounds via integer-square-root inequalities",
    "polynomial_degree": 50,
    "bands": [
      {
        "leaves": [
          {
            "a": "8051027712408336862042362591851/10141204801825835211973625643008",
            "b": "1",
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            "coefficient_max": "773764666018289487023984079400018421386283634395044263430384339602736213964506187/758855036025675418327914807352937072907190171504742000488989222554259486408284569600",
            "depth": 1
          },
          {
            "a": "2980425311495419256055549770347/5070602400912917605986812821504",
            "b": "8051027712408336862042362591851/10141204801825835211973625643008",
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            "depth": 1
          }
        ],
        "accepted_intervals": 2,
        "depth": 1,
        "range": [
          -0.0008097085230317635,
          0.0010196475338303081
        ],
        "required": [
          "-3/1000",
          "3/1000"
        ]
      },
      {
        "leaves": [
          {
            "a": "-1/4",
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            "depth": 1
          },
          {
            "a": "-1025550878514240191558582665987/1267650600228229401496703205376",
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          }
        ],
        "accepted_intervals": 2,
        "depth": 1,
        "range": [
          0.9967513292783461,
          1.0009913781626487
        ],
        "required": [
          "99/100",
          "1001/1000"
        ]
      },
      {
        "leaves": [
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            "coefficient_max": "7148288222792878559274330736608100921579084542564904733819446074193245603467850794062252480957213942953735148344465349459761344132657612884512446421723658417783479790751641795630046581423821447294192542395080757315356804164957589061891647536370339864421787062472420200831058016935798566580876982545829006877382122529879125080669321244949913105063400801077426307173664536245926586467282796321106814253907881726223300224648027755473113660512776964752837333491122017882860436388617250671991844748501742536771500659065218649733241262712847092986451507283073025377433764278127/80149422193718848957734600400329413881684478634403030190594082581695084228607855608552009481162142203942050450823213409101717197320896495019687530070681414562110236451400389315346066186944532441006707043597456189120049826801503813528967002673366917231037340671183295390901295878726886147453438707019239960603866686714698623652722295005891316308177504130974078189141511696118175079709498250112221267135505952261406351136703930854586762112390260640427291978911184646789810358740207067411720234935506715275211061045078330849903345268754786989942417198799927274003312014681702400",
            "depth": 0
          }
        ],
        "accepted_intervals": 1,
        "depth": 0,
        "range": [
          -9.018521602508694e-05,
          8.918702128027413e-05
        ],
        "required": [
          "-3/1000",
          "3/1000"
        ]
      }
    ],
    "elapsed_seconds": 0.38735318183898926,
    "minimum_order_claim": false
  },
  "endpoint_intervals": {
    "cos72": [
      "1566902313600501963240924253195/5070602400912917605986812821504",
      "391725578400125490810231063299/1267650600228229401496703205376"
    ],
    "cos144": [
      "-1025550878514240191558582665987/1267650600228229401496703205376",
      "-4102203514056960766234330663947/5070602400912917605986812821504"
    ],
    "cos54": [
      "2980425311495419256055549770347/5070602400912917605986812821504",
      "2980425311495419256055549770349/5070602400912917605986812821504"
    ],
    "cos162": [
      "-4822429454930081049156520199707/5070602400912917605986812821504",
      "-2411214727465040524578260099853/2535301200456458802993406410752"
    ]
  }
}






PHI_volume_02_verification/historical_replays/FIR_certificates/run.json

{
  "task": "FIR_certificates",
  "module": "publication/reproduction",
  "passed": true,
  "seconds": 1.5371062020000181,
  "commands": [
    {
      "command": [
        "python",
        "code/certify_fir.py"
      ],
      "exit_code": 0,
      "log": "command_01.log"
    }
  ],
  "changed_or_new_record_files": [
    "results/fir_rational_certificates.json"
  ],
  "scope": "Local executable checks; no proof-assistant kernel invoked.",
  "output_files": [
    {
      "path": "outputs/results/fir_rational_certificates.json",
      "sha256": "f4ba241c94560eaaa70a7116831d91fb8f3dac86ac1b10d1ae272c07a424e571"
    }
  ]
}







PHI_volume_02_verification/historical_replays/algorithm_controls/command_01.log

22 checks
[{'floors': 30, 'distinguished_probability': 'None', 'first_people_count': 7, 'collision_probability': '2986/5625'}, {'floors': 30, 'distinguished_probability': '1/4', 'first_people_count': 5, 'collision_probability': '11687057/22632992'}, {'floors': 30, 'distinguished_probability': '7/20', 'first_people_count': 4, 'collision_probability': '9960841/19511200'}, {'floors': 30, 'distinguished_probability': '1/2', 'first_people_count': 3, 'collision_probability': '442/841'}, {'floors': 1000, 'distinguished_probability': '1/2', 'first_people_count': 3, 'collision_probability': '999499/1996002'}]







PHI_volume_02_verification/historical_replays/algorithm_controls/outputs/results/supplementary_checks.json

[
  {
    "name": "literal CLRS polynomial product",
    "passed": true,
    "kind": "symbolic identity"
  },
  {
    "name": "tiling recurrence (4, 5)",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "tiling recurrence (2, 3)",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "repeated root 2",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "join count identity",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "all derivatives exact factorial convolution",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "Vandermonde exact 1",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "Vandermonde exact 2",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "Vandermonde exact 3",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "Vandermonde exact 4",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "Vandermonde exact 5",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "Vandermonde exact 6",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "DTFT literal sums",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "DFT literal four observables",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "birthday threshold (30, None)",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "birthday threshold (30, Fraction(1, 4))",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "birthday threshold (30, Fraction(7, 20))",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "birthday threshold (30, Fraction(1, 2))",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "birthday threshold (1000, Fraction(1, 2))",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "XOR network all four inputs",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "integer weak versus strong duality instance",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "kernel perturbation source sign",
    "passed": true,
    "kind": "exact finite"
  }
]






PHI_volume_02_verification/historical_replays/algorithm_controls/outputs/results/supplementary_observations.json

{
  "all_derivatives_example": {
    "coefficients": [
      "2",
      "-3",
      "1/7",
      "5",
      "-2",
      "4"
    ],
    "centre": "2/3",
    "derivatives": [
      "2852/1701",
      "3083/567",
      "6298/189",
      "314/3",
      "272",
      "480"
    ]
  },
  "birthday_thresholds": [
    {
      "floors": 30,
      "distinguished_probability": "None",
      "first_people_count": 7,
      "collision_probability": "2986/5625"
    },
    {
      "floors": 30,
      "distinguished_probability": "1/4",
      "first_people_count": 5,
      "collision_probability": "11687057/22632992"
    },
    {
      "floors": 30,
      "distinguished_probability": "7/20",
      "first_people_count": 4,
      "collision_probability": "9960841/19511200"
    },
    {
      "floors": 30,
      "distinguished_probability": "1/2",
      "first_people_count": 3,
      "collision_probability": "442/841"
    },
    {
      "floors": 1000,
      "distinguished_probability": "1/2",
      "first_people_count": 3,
      "collision_probability": "999499/1996002"
    }
  ]
}






PHI_volume_02_verification/historical_replays/algorithm_controls/run.json

{
  "task": "algorithm_controls",
  "module": "verification/algorithm_comparisons",
  "passed": true,
  "seconds": 1.1964868979999892,
  "commands": [
    {
      "command": [
        "python",
        "code/supplementary_checks.py"
      ],
      "exit_code": 0,
      "log": "command_01.log"
    }
  ],
  "changed_or_new_record_files": [],
  "scope": "Local executable checks; no proof-assistant kernel invoked.",
  "output_files": [
    {
      "path": "outputs/results/supplementary_checks.json",
      "sha256": "8837e8b745fd3b3e552c586a16d59a87169a9f85377a42100dccb37e804dce5a"
    },
    {
      "path": "outputs/results/supplementary_observations.json",
      "sha256": "f810a8a5467ff71e168ca2b6f70e8cc2991698471b204311918928dfcdf808d4"
    }
  ]
}







PHI_volume_02_verification/historical_replays/covering_arithmetic/command_01.log

{
  "scope": "New section-3 test release only. Counts below are assertions, not independent theorems.",
  "counts": {
    "complete_winding_certificates": 6,
    "rejected_mutated_winding_certificates": 24,
    "boundary_hypothesis_negative_control": 1,
    "permutation_structure": 43,
    "hurwitz_moves": 36,
    "permutation_associativity": 216,
    "passport_tests": 6,
    "euler_and_ramification": 600,
    "hardy_tail_energy": 96,
    "compositional_error_identity": 87,
    "closed_walk_counts": 30,
    "rounded_state_enclosure": 201,
    "rounded_state_invariance": 5,
    "rounded_nonzero_fixed_point": 1,
    "sympy_symbolic_identity": 10
  },
  "total_finite_assertions": 1362,
  "winding_certificates": [
    {
      "accepted": true,
      "winding": 3,
      "arcs": 20,
      "checked_control_points": 80,
      "minimum_coordinate_halfplane_margin": "1/2",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "cubic_three_roots",
      "generation_seconds": 0.008318167999959769,
      "checking_seconds": 0.003961327000070014
    },
    {
      "accepted": true,
      "winding": 1,
      "arcs": 4,
      "checked_control_points": 16,
      "minimum_coordinate_halfplane_margin": "5/4",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "cubic_central_root",
      "generation_seconds": 0.0013112550000187184,
      "checking_seconds": 0.0012929890000350497
    },
    {
      "accepted": true,
      "winding": 1,
      "arcs": 4,
      "checked_control_points": 16,
      "minimum_coordinate_halfplane_margin": "59/64",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "cubic_right_root",
      "generation_seconds": 0.0012993679999908636,
      "checking_seconds": 0.0014337270000623903
    },
    {
      "accepted": true,
      "winding": 2,
      "arcs": 16,
      "checked_control_points": 48,
      "minimum_coordinate_halfplane_margin": "3/4",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "quadratic_repeated_root",
      "generation_seconds": 0.005871116000093934,
      "checking_seconds": 0.003489209999997911
    },
    {
      "accepted": true,
      "winding": 0,
      "arcs": 20,
      "checked_control_points": 160,
      "minimum_coordinate_halfplane_margin": "83/32",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "gain_0_to_50",
      "generation_seconds": 0.02065104199994039,
      "checking_seconds": 0.01196409900001072
    },
    {
      "accepted": true,
      "winding": 2,
      "arcs": 24,
      "checked_control_points": 96,
      "minimum_coordinate_halfplane_margin": "170425/2097152",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "gain_61",
      "generation_seconds": 0.013693091000050117,
      "checking_seconds": 0.007898027999999613
    }
  ],
  "passports": [
    {
      "name": "degree5_3_3",
      "degree": 5,
      "cycle_lengths": [
        [
          3,
          1,
          1
        ],
        [
          1,
          1,
          3
        ]
      ],
      "defect": 4,
      "group_order": 60,
      "boundary_cycles": 1,
      "disk_euler_characteristic": 1
    },
    {
      "name": "degree5_4_2",
      "degree": 5,
      "cycle_lengths": [
        [
          4,
          1
        ],
        [
          1,
          1,
          1,
          2
        ]
      ],
      "defect": 4,
      "group_order": 120,
      "boundary_cycles": 1,
      "disk_euler_characteristic": 1
    }
  ],
  "formal_assistants": {
    "Lean": {
      "executable": null,
      "status": "not_run_compiler_unavailable"
    },
    "Coq/Rocq": {
      "executable": null,
      "status": "not_run_compiler_unavailable"
    }
  },
  "written_proofs_not_kernel_checked": true,
  "floating_point_used_in_certificate_acceptance": false,
  "timings_are_single_run_diagnostics_not_benchmarks": true,
  "python": "3.13.5",
  "sympy": "1.14.0",
  "platform": "Linux-6.18.44-x86_64-with-glibc2.41"
}







PHI_volume_02_verification/historical_replays/covering_arithmetic/outputs/metrics/certificate_timings.csv

accepted,winding,arcs,checked_control_points,minimum_coordinate_halfplane_margin,parameter_scope,case,generation_seconds,checking_seconds

True,3,20,80,1/2,entire convex hull of declared polynomials,cubic_three_roots,0.008318167999959769,0.003961327000070014

True,1,4,16,5/4,entire convex hull of declared polynomials,cubic_central_root,0.0013112550000187184,0.0012929890000350497

True,1,4,16,59/64,entire convex hull of declared polynomials,cubic_right_root,0.0012993679999908636,0.0014337270000623903

True,2,16,48,3/4,entire convex hull of declared polynomials,quadratic_repeated_root,0.005871116000093934,0.003489209999997911

True,0,20,160,83/32,entire convex hull of declared polynomials,gain_0_to_50,0.02065104199994039,0.01196409900001072

True,2,24,96,170425/2097152,entire convex hull of declared polynomials,gain_61,0.013693091000050117,0.007898027999999613








PHI_volume_02_verification/historical_replays/covering_arithmetic/outputs/metrics/verification.json

{
  "scope": "New section-3 test release only. Counts below are assertions, not independent theorems.",
  "counts": {
    "complete_winding_certificates": 6,
    "rejected_mutated_winding_certificates": 24,
    "boundary_hypothesis_negative_control": 1,
    "permutation_structure": 43,
    "hurwitz_moves": 36,
    "permutation_associativity": 216,
    "passport_tests": 6,
    "euler_and_ramification": 600,
    "hardy_tail_energy": 96,
    "compositional_error_identity": 87,
    "closed_walk_counts": 30,
    "rounded_state_enclosure": 201,
    "rounded_state_invariance": 5,
    "rounded_nonzero_fixed_point": 1,
    "sympy_symbolic_identity": 10
  },
  "total_finite_assertions": 1362,
  "winding_certificates": [
    {
      "accepted": true,
      "winding": 3,
      "arcs": 20,
      "checked_control_points": 80,
      "minimum_coordinate_halfplane_margin": "1/2",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "cubic_three_roots",
      "generation_seconds": 0.008318167999959769,
      "checking_seconds": 0.003961327000070014
    },
    {
      "accepted": true,
      "winding": 1,
      "arcs": 4,
      "checked_control_points": 16,
      "minimum_coordinate_halfplane_margin": "5/4",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "cubic_central_root",
      "generation_seconds": 0.0013112550000187184,
      "checking_seconds": 0.0012929890000350497
    },
    {
      "accepted": true,
      "winding": 1,
      "arcs": 4,
      "checked_control_points": 16,
      "minimum_coordinate_halfplane_margin": "59/64",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "cubic_right_root",
      "generation_seconds": 0.0012993679999908636,
      "checking_seconds": 0.0014337270000623903
    },
    {
      "accepted": true,
      "winding": 2,
      "arcs": 16,
      "checked_control_points": 48,
      "minimum_coordinate_halfplane_margin": "3/4",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "quadratic_repeated_root",
      "generation_seconds": 0.005871116000093934,
      "checking_seconds": 0.003489209999997911
    },
    {
      "accepted": true,
      "winding": 0,
      "arcs": 20,
      "checked_control_points": 160,
      "minimum_coordinate_halfplane_margin": "83/32",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "gain_0_to_50",
      "generation_seconds": 0.02065104199994039,
      "checking_seconds": 0.01196409900001072
    },
    {
      "accepted": true,
      "winding": 2,
      "arcs": 24,
      "checked_control_points": 96,
      "minimum_coordinate_halfplane_margin": "170425/2097152",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "gain_61",
      "generation_seconds": 0.013693091000050117,
      "checking_seconds": 0.007898027999999613
    }
  ],
  "passports": [
    {
      "name": "degree5_3_3",
      "degree": 5,
      "cycle_lengths": [
        [
          3,
          1,
          1
        ],
        [
          1,
          1,
          3
        ]
      ],
      "defect": 4,
      "group_order": 60,
      "boundary_cycles": 1,
      "disk_euler_characteristic": 1
    },
    {
      "name": "degree5_4_2",
      "degree": 5,
      "cycle_lengths": [
        [
          4,
          1
        ],
        [
          1,
          1,
          1,
          2
        ]
      ],
      "defect": 4,
      "group_order": 120,
      "boundary_cycles": 1,
      "disk_euler_characteristic": 1
    }
  ],
  "formal_assistants": {
    "Lean": {
      "executable": null,
      "status": "not_run_compiler_unavailable"
    },
    "Coq/Rocq": {
      "executable": null,
      "status": "not_run_compiler_unavailable"
    }
  },
  "written_proofs_not_kernel_checked": true,
  "floating_point_used_in_certificate_acceptance": false,
  "timings_are_single_run_diagnostics_not_benchmarks": true,
  "python": "3.13.5",
  "sympy": "1.14.0",
  "platform": "Linux-6.18.44-x86_64-with-glibc2.41"
}






PHI_volume_02_verification/historical_replays/covering_arithmetic/run.json

{
  "task": "covering_arithmetic",
  "module": "verification/coverings",
  "passed": true,
  "seconds": 1.4492540109999936,
  "commands": [
    {
      "command": [
        "python",
        "code/run_checks.py"
      ],
      "exit_code": 0,
      "log": "command_01.log"
    }
  ],
  "changed_or_new_record_files": [
    "metrics/verification.json",
    "metrics/certificate_timings.csv"
  ],
  "scope": "Local executable checks; no proof-assistant kernel invoked.",
  "output_files": [
    {
      "path": "outputs/metrics/verification.json",
      "sha256": "587bfc73caef24e4c5d5bd1349266519712a057b46e17682c535ed87764c84b2"
    },
    {
      "path": "outputs/metrics/certificate_timings.csv",
      "sha256": "d8ed7bcb1da3c3914d026d42a6e436bf42d394e1a585ca4100e905a736c80893"
    }
  ]
}







PHI_volume_02_verification/historical_replays/covering_branches/command_01.log

{
  "scope": "Educational worked variants only; no new infinite-dimensional kernel proofs",
  "counts": {
    "teaching_root_certificate": 1,
    "teaching_certificate_mutants": 4,
    "quotient_algebra": 3,
    "nilpotent_algebra": 2,
    "hardy_gram": 12,
    "four_sheet_dp": 22,
    "parameter_witness_counterexample": 5,
    "parameter_source_subdivision_invariance": 31,
    "lc_units": 3,
    "allpass_variants": 3,
    "routh_variants": 2,
    "correlated_routh": 1,
    "correlated_routh_samples": 25,
    "pick_variants": 5,
    "five_state_fixed_points": 5,
    "rounded_ug_fixed_point": 1,
    "precision_allocation": 5,
    "error_weights": 1,
    "discriminant_identity": 2
  },
  "total_assertions": 133,
  "teaching_certificate": {
    "accepted": true,
    "winding": 1,
    "arcs": 4,
    "checked_control_points": 12,
    "minimum_coordinate_halfplane_margin": "3/4",
    "parameter_scope": "entire convex hull of declared polynomials"
  },
  "arithmetic": "Fraction and exact SymPy polynomial/matrix arithmetic",
  "proof_assistant_kernel_checked": false
}







PHI_volume_02_verification/historical_replays/covering_branches/outputs/metrics/branch_checks.json

{
  "scope": "Educational worked variants only; no new infinite-dimensional kernel proofs",
  "counts": {
    "teaching_root_certificate": 1,
    "teaching_certificate_mutants": 4,
    "quotient_algebra": 3,
    "nilpotent_algebra": 2,
    "hardy_gram": 12,
    "four_sheet_dp": 22,
    "parameter_witness_counterexample": 5,
    "parameter_source_subdivision_invariance": 31,
    "lc_units": 3,
    "allpass_variants": 3,
    "routh_variants": 2,
    "correlated_routh": 1,
    "correlated_routh_samples": 25,
    "pick_variants": 5,
    "five_state_fixed_points": 5,
    "rounded_ug_fixed_point": 1,
    "precision_allocation": 5,
    "error_weights": 1,
    "discriminant_identity": 2
  },
  "total_assertions": 133,
  "teaching_certificate": {
    "accepted": true,
    "winding": 1,
    "arcs": 4,
    "checked_control_points": 12,
    "minimum_coordinate_halfplane_margin": "3/4",
    "parameter_scope": "entire convex hull of declared polynomials"
  },
  "arithmetic": "Fraction and exact SymPy polynomial/matrix arithmetic",
  "proof_assistant_kernel_checked": false
}






PHI_volume_02_verification/historical_replays/covering_branches/run.json

{
  "task": "covering_branches",
  "module": "verification/coverings",
  "passed": true,
  "seconds": 1.3540215350000153,
  "commands": [
    {
      "command": [
        "python",
        "code/branch_checks.py"
      ],
      "exit_code": 0,
      "log": "command_01.log"
    }
  ],
  "changed_or_new_record_files": [],
  "scope": "Local executable checks; no proof-assistant kernel invoked.",
  "output_files": [
    {
      "path": "outputs/metrics/branch_checks.json",
      "sha256": "4c61fc1675351f78fcbb9223fb925aa00f53be913deb0e10738b21a1373fdcd1"
    }
  ]
}







PHI_volume_02_verification/historical_replays/covering_polynomials/command_01.log

{
  "universal_polynomial_identities": 12,
  "rejected_mutations": 24,
  "identity_rows": [
    {
      "id": "difference_of_squares",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "ramification_composition",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "euler_defect",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "blaschke_disk",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "routh_crossing",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "fold_discriminant",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "dihedral_cubic",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "storage_balance",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "poisson_denominator",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "variance_pair",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "error_step",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "parameter_affinity",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    }
  ],
  "backend": "stdlib Fraction; no SymPy in acceptance",
  "not_proof_assistant_kernel": true
}







PHI_volume_02_verification/historical_replays/covering_polynomials/outputs/metrics/polynomial_identity_checks.json

{
  "universal_polynomial_identities": 12,
  "rejected_mutations": 24,
  "identity_rows": [
    {
      "id": "difference_of_squares",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "ramification_composition",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "euler_defect",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "blaschke_disk",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "routh_crossing",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "fold_discriminant",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "dihedral_cubic",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "storage_balance",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "poisson_denominator",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "variance_pair",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "error_step",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "parameter_affinity",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    }
  ],
  "backend": "stdlib Fraction; no SymPy in acceptance",
  "not_proof_assistant_kernel": true
}






PHI_volume_02_verification/historical_replays/covering_polynomials/run.json

{
  "task": "covering_polynomials",
  "module": "verification/coverings",
  "passed": true,
  "seconds": 0.8746916659999897,
  "commands": [
    {
      "command": [
        "python",
        "code/polynomial_kernel.py"
      ],
      "exit_code": 0,
      "log": "command_01.log"
    }
  ],
  "changed_or_new_record_files": [],
  "scope": "Local executable checks; no proof-assistant kernel invoked.",
  "output_files": [
    {
      "path": "outputs/metrics/polynomial_identity_checks.json",
      "sha256": "78a4c36a2298aab66c5ea6483c56c478acf2d9e0cd95f5c5675df58f1b864444"
    }
  ]
}







PHI_volume_02_verification/historical_replays/finite_algorithm_kernels/command_01.log

{
  "check_count": 10,
  "all_passed": true,
  "checks": [
    {
      "name": "stable first occurrences",
      "passed": true
    },
    {
      "name": "stable sparse transpose",
      "passed": true
    },
    {
      "name": "out-of-domain matrix index rejected",
      "passed": true
    },
    {
      "name": "empty and multi-attribute antecedents",
      "passed": true
    },
    {
      "name": "valid shortest-path certificate",
      "passed": true
    },
    {
      "name": "wrong distance certificate rejected",
      "passed": true
    },
    {
      "name": "least exact rank",
      "passed": true
    },
    {
      "name": "precision allocation",
      "passed": true
    },
    {
      "name": "valid quadratic disk",
      "passed": true
    },
    {
      "name": "invalid quadratic disk rejected",
      "passed": true
    }
  ],
  "scope": "Tests of the separately printed finite kernels; no proof-assistant kernel invoked."
}







PHI_volume_02_verification/historical_replays/finite_algorithm_kernels/outputs/results/printed_kernel_checks.json

{
  "check_count": 10,
  "all_passed": true,
  "checks": [
    {
      "name": "stable first occurrences",
      "passed": true
    },
    {
      "name": "stable sparse transpose",
      "passed": true
    },
    {
      "name": "out-of-domain matrix index rejected",
      "passed": true
    },
    {
      "name": "empty and multi-attribute antecedents",
      "passed": true
    },
    {
      "name": "valid shortest-path certificate",
      "passed": true
    },
    {
      "name": "wrong distance certificate rejected",
      "passed": true
    },
    {
      "name": "least exact rank",
      "passed": true
    },
    {
      "name": "precision allocation",
      "passed": true
    },
    {
      "name": "valid quadratic disk",
      "passed": true
    },
    {
      "name": "invalid quadratic disk rejected",
      "passed": true
    }
  ],
  "scope": "Tests of the separately printed finite kernels; no proof-assistant kernel invoked."
}






PHI_volume_02_verification/historical_replays/finite_algorithm_kernels/run.json

{
  "task": "finite_algorithm_kernels",
  "module": "verification/analytic_models",
  "passed": true,
  "seconds": 0.827841211999953,
  "commands": [
    {
      "command": [
        "python",
        "monograph_kernels.py"
      ],
      "exit_code": 0,
      "log": "command_01.log"
    }
  ],
  "changed_or_new_record_files": [],
  "scope": "Local executable checks; no proof-assistant kernel invoked.",
  "output_files": [
    {
      "path": "outputs/results/printed_kernel_checks.json",
      "sha256": "d267159aaa6a6f0e9e7cf577d0713ee5a43779f996662cbc1c132e1690bc3ac7"
    }
  ]
}







PHI_volume_02_verification/historical_replays/finite_observables/command_01.log

{
  "scope": "Finite rational laboratory accompanying the undergraduate document; not end-to-end formal verification.",
  "python": "3.13.5",
  "checks_by_group": {
    "word arithmetic": 2047,
    "child nesting and gaps": 2047,
    "finite stage lengths": 11,
    "rational certificate replays": 940,
    "independent integer reference": 940,
    "rational termination bound": 940,
    "decision mutations rejected": 940,
    "input substitutions rejected": 940,
    "transition mutations rejected": 1,
    "malformed certificates rejected": 4,
    "budget exhaustion explicit": 1,
    "automaton counts": 13,
    "moments": 1,
    "quadrature identities": 9,
    "reciprocal width": 9,
    "outward decimal rounding": 9,
    "closed offset thresholds": 8,
    "offset just below thresholds": 8,
    "finite sample zero radius": 7,
    "finite versus continuum counts": 1,
    "square-root enclosure inequalities": 700,
    "inverse-cylinder ordering": 9,
    "inverse orientation": 1,
    "nonconvex optimum witnesses": 1,
    "finite arithmetic state containment": 173,
    "fixed-point counterexample": 1,
    "rounding tie convention": 1
  },
  "total_checks": 9762,
  "result": "PASS",
  "formal_tool_status": {
    "lean": "NOT_RUN_UNAVAILABLE",
    "lake": "NOT_RUN_UNAVAILABLE",
    "coqc": "NOT_RUN_UNAVAILABLE",
    "coqchk": "NOT_RUN_UNAVAILABLE",
    "z3": "NOT_RUN_UNAVAILABLE"
  },
  "infinite_theorems": "Written derivations and cited synopsis proofs; not kernel-checked.",
  "education": "No learning-outcome experiment or institutional implementation was performed.",
  "dependency_boundary": "Python integer/Fraction implementation, script semantics, interpreter and operating environment remain trusted."
}







PHI_volume_02_verification/historical_replays/finite_observables/outputs/results/inverse_cylinders.json

[
  {
    "word": "000",
    "lower": "-14717132483/10000000000",
    "upper": "-12357721713/10000000000"
  },
  {
    "word": "001",
    "lower": "-10211719721/10000000000",
    "upper": "-4173978647/5000000000"
  },
  {
    "word": "010",
    "lower": "-1057457699/500000000",
    "upper": "-2447594519/1250000000"
  },
  {
    "word": "011",
    "lower": "-5757123897/2500000000",
    "upper": "-11132393951/5000000000"
  },
  {
    "word": "100",
    "lower": "12357721713/10000000000",
    "upper": "14717132483/10000000000"
  },
  {
    "word": "101",
    "lower": "4173978647/5000000000",
    "upper": "10211719721/10000000000"
  },
  {
    "word": "110",
    "lower": "2447594519/1250000000",
    "upper": "1057457699/500000000"
  },
  {
    "word": "111",
    "lower": "11132393951/5000000000",
    "upper": "5757123897/2500000000"
  },
  {
    "word": "00110101",
    "lower": "-2185291737/2500000000",
    "upper": "-8733722911/10000000000"
  }
]







PHI_volume_02_verification/historical_replays/finite_observables/outputs/results/membership_examples.json

[
  {
    "input": [
      1,
      3
    ],
    "states": [
      [
        1,
        3
      ],
      [
        1,
        1
      ]
    ],
    "reason": "endpoint",
    "decision": "member",
    "repeat_index": null
  },
  {
    "input": [
      1,
      4
    ],
    "states": [
      [
        1,
        4
      ],
      [
        3,
        4
      ],
      [
        1,
        4
      ]
    ],
    "reason": "cycle",
    "decision": "member",
    "repeat_index": 0
  },
  {
    "input": [
      1,
      2
    ],
    "states": [
      [
        1,
        2
      ]
    ],
    "reason": "gap",
    "decision": "nonmember",
    "repeat_index": null
  },
  {
    "input": [
      1,
      8
    ],
    "states": [
      [
        1,
        8
      ],
      [
        3,
        8
      ]
    ],
    "reason": "gap",
    "decision": "nonmember",
    "repeat_index": null
  },
  {
    "input": [
      1,
      10
    ],
    "states": [
      [
        1,
        10
      ],
      [
        3,
        10
      ],
      [
        9,
        10
      ],
      [
        7,
        10
      ],
      [
        1,
        10
      ]
    ],
    "reason": "cycle",
    "decision": "member",
    "repeat_index": 0
  },
  {
    "input": [
      1,
      5
    ],
    "states": [
      [
        1,
        5
      ],
      [
        3,
        5
      ]
    ],
    "reason": "gap",
    "decision": "nonmember",
    "repeat_index": null
  }
]







PHI_volume_02_verification/historical_replays/finite_observables/outputs/results/quadrature.json

[
  {
    "n": 0,
    "lower": "0",
    "upper": "1",
    "midpoint": "1/4",
    "midpoint_error": "1/8"
  },
  {
    "n": 1,
    "lower": "2/9",
    "upper": "5/9",
    "midpoint": "13/36",
    "midpoint_error": "1/72"
  },
  {
    "n": 2,
    "lower": "26/81",
    "upper": "35/81",
    "midpoint": "121/324",
    "midpoint_error": "1/648"
  },
  {
    "n": 3,
    "lower": "260/729",
    "upper": "287/729",
    "midpoint": "1093/2916",
    "midpoint_error": "1/5832"
  },
  {
    "n": 4,
    "lower": "2420/6561",
    "upper": "2501/6561",
    "midpoint": "9841/26244",
    "midpoint_error": "1/52488"
  },
  {
    "n": 5,
    "lower": "22022/59049",
    "upper": "22265/59049",
    "midpoint": "88573/236196",
    "midpoint_error": "1/472392"
  },
  {
    "n": 6,
    "lower": "198926/531441",
    "upper": "199655/531441",
    "midpoint": "797161/2125764",
    "midpoint_error": "1/4251528"
  },
  {
    "n": 7,
    "lower": "1792520/4782969",
    "upper": "1794707/4782969",
    "midpoint": "7174453/19131876",
    "midpoint_error": "1/38263752"
  },
  {
    "n": 8,
    "lower": "16139240/43046721",
    "upper": "16145801/43046721",
    "midpoint": "64570081/172186884",
    "midpoint_error": "1/344373768"
  }
]







PHI_volume_02_verification/historical_replays/finite_observables/outputs/results/reciprocal.json

[
  {
    "n": 0,
    "lower": "1/2",
    "upper": "1",
    "printed_lower": "0.500000000",
    "printed_upper": "1.000000000"
  },
  {
    "n": 1,
    "lower": "5/8",
    "upper": "4/5",
    "printed_lower": "0.625000000",
    "printed_upper": "0.800000000"
  },
  {
    "n": 2,
    "lower": "217/320",
    "upper": "689/935",
    "printed_lower": "0.678125000",
    "printed_upper": "0.736898396"
  },
  {
    "n": 3,
    "lower": "15875077/22771840",
    "upper": "338880008/472804255",
    "printed_lower": "0.697136331",
    "printed_upper": "0.716744836"
  },
  {
    "n": 4,
    "lower": "49439863683929/70266155814400",
    "upper": "618860276118479023813/871455843994259253457",
    "printed_lower": "0.703608488",
    "printed_upper": "0.710145305"
  },
  {
    "n": 5,
    "lower": "51392709285826280251936377612834438149/72816861927347581435861841087940224000",
    "upper": "72923065783854478800214546082220732759072000560825684/103004601942355825069935270562910166432501741293922175",
    "printed_lower": "0.705780336",
    "printed_upper": "0.707959299"
  },
  {
    "n": 6,
    "lower": "918531429891339743747259533887020575294904635721990159164360519118930999138606091/1300104456132576951645408740770566755135754146089062879023214522926474446694912000",
    "upper": "48135805637412787418819340876387868552364852419246870176066460961026379954976919349456378383947268750891442575559/68062237821040997312714042168533525995900396322898081224396806420448297377041343888190634943268512075941361390725",
    "printed_lower": "0.706505870",
    "printed_upper": "0.707232192"
  },
  {
    "n": 7,
    "lower": "50222040236146165813602609159410144275225783561539670528192051292054229364515858527754180211060694312406041512292821551703427269734781469234822330078254951667534318491487841201479/71060757244887690270015135443705707872158799674939294583525679426516584140345466895218934924201688792992864940355412708069043188438638276226742501392652793218760175342161376256000",
    "upper": "5534743392091995461191037693012158331185265044642772097142963015596663545517398039032480907455743763373817280441373363091283850753359651745097964392780520229889535792895181802779922686001591156964426671301826615555697406416614816519447404961593665165438907514962802515749808/7828602121724174109545797453319659409367372137127991396944583682308474500654736973948809589554619503031258696349302446491943930859747763497983869734540690245184455049071408600460620015727338402330924903764791185109828018200544916309754126637899283676251734421867578328496625",
    "printed_lower": "0.706747889",
    "printed_upper": "0.706989998"
  },
  {
    "n": 8,
    "lower": "1477040252364523068894440044341193952629020849869885004707893259811029034333153360277965972629259737365173003294712220365190681663310796395576960007961123543732952052128065018448309438485938166880157352531245822320618418503574520507643484850566438990235633082436673280060363622087661082123192451510585042652076095598242896036528202684692937269961735356170552958634666079383572297118966846096819/2089672501522011642227166364270662855424220195460791886578310023819964722169433119976729433093232671357740764523347994803653458817689687914796104714948185846478311948737015681728249372374514158729879928012996010154180968636872267027847207197931094382937306747334652091211883171835468595452076222625012754667720806764997858732042025453989305261653013232691595745024055782660062625701286273024000",
    "upper": "751457483924974433271485663690626928491649235093121274688782656644334672437191694935027344117519594149075945209342834777686756310370347575998071358312642848395420129447144694802517948568315036476735324243557039477857717537632029628556614724876922077631686851620981174963836039476817776458617383525912130662403648046052810796740492663505317760570248985371233343318132079610872538753467174398174206759659215606693259839631264932920116331873486697137331008265856597609459430365438512726225004567590020973768918522048034913225775550727345656397909356678583840319/1063018268142644566804016582679989591584341434598185889327027748642070693576349843335385700197763213579198432527997800303143180586041369986076003620228018544025443308401888084630863005278973677722358425245284193947040983404887112352953256814862859550727490819722113664961720607751644610724158755931056644305052445640645694701142583605431719658497120377286998036495463170663348018792051617480569098596213553718927535806482934823248161183685563227376595482348939064213953646379274772325861459294095303033730692666949656938450452908664804228111822117219707330375",
    "printed_lower": "0.706828582",
    "printed_upper": "0.706909286"
  }
]







PHI_volume_02_verification/historical_replays/finite_observables/outputs/results/rounding_states.json

{
  "-16": {
    "prefix": [
      -16,
      -12,
      -9,
      -7,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-15": {
    "prefix": [
      -15,
      -11,
      -8,
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-14": {
    "prefix": [
      -14,
      -11,
      -8,
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-13": {
    "prefix": [
      -13,
      -10,
      -8,
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-12": {
    "prefix": [
      -12,
      -9,
      -7,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-11": {
    "prefix": [
      -11,
      -8,
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-10": {
    "prefix": [
      -10,
      -8,
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-9": {
    "prefix": [
      -9,
      -7,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-8": {
    "prefix": [
      -8,
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-7": {
    "prefix": [
      -7,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-6": {
    "prefix": [
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-5": {
    "prefix": [
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-4": {
    "prefix": [
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-3": {
    "prefix": [
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-2": {
    "prefix": [
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-1": {
    "prefix": [
      -1
    ],
    "cycle": [
      -1
    ]
  },
  "0": {
    "prefix": [
      0
    ],
    "cycle": [
      0
    ]
  },
  "1": {
    "prefix": [
      1
    ],
    "cycle": [
      1
    ]
  },
  "2": {
    "prefix": [
      2
    ],
    "cycle": [
      2
    ]
  },
  "3": {
    "prefix": [
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "4": {
    "prefix": [
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "5": {
    "prefix": [
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "6": {
    "prefix": [
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "7": {
    "prefix": [
      7,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "8": {
    "prefix": [
      8,
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "9": {
    "prefix": [
      9,
      7,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "10": {
    "prefix": [
      10,
      8,
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "11": {
    "prefix": [
      11,
      8,
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "12": {
    "prefix": [
      12,
      9,
      7,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "13": {
    "prefix": [
      13,
      10,
      8,
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "14": {
    "prefix": [
      14,
      11,
      8,
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "15": {
    "prefix": [
      15,
      11,
      8,
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "16": {
    "prefix": [
      16,
      12,
      9,
      7,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  }
}







PHI_volume_02_verification/historical_replays/finite_observables/outputs/results/verification_report.json

{
  "scope": "Finite rational laboratory accompanying the undergraduate document; not end-to-end formal verification.",
  "python": "3.13.5",
  "checks_by_group": {
    "word arithmetic": 2047,
    "child nesting and gaps": 2047,
    "finite stage lengths": 11,
    "rational certificate replays": 940,
    "independent integer reference": 940,
    "rational termination bound": 940,
    "decision mutations rejected": 940,
    "input substitutions rejected": 940,
    "transition mutations rejected": 1,
    "malformed certificates rejected": 4,
    "budget exhaustion explicit": 1,
    "automaton counts": 13,
    "moments": 1,
    "quadrature identities": 9,
    "reciprocal width": 9,
    "outward decimal rounding": 9,
    "closed offset thresholds": 8,
    "offset just below thresholds": 8,
    "finite sample zero radius": 7,
    "finite versus continuum counts": 1,
    "square-root enclosure inequalities": 700,
    "inverse-cylinder ordering": 9,
    "inverse orientation": 1,
    "nonconvex optimum witnesses": 1,
    "finite arithmetic state containment": 173,
    "fixed-point counterexample": 1,
    "rounding tie convention": 1
  },
  "total_checks": 9762,
  "result": "PASS",
  "formal_tool_status": {
    "lean": "NOT_RUN_UNAVAILABLE",
    "lake": "NOT_RUN_UNAVAILABLE",
    "coqc": "NOT_RUN_UNAVAILABLE",
    "coqchk": "NOT_RUN_UNAVAILABLE",
    "z3": "NOT_RUN_UNAVAILABLE"
  },
  "infinite_theorems": "Written derivations and cited synopsis proofs; not kernel-checked.",
  "education": "No learning-outcome experiment or institutional implementation was performed.",
  "dependency_boundary": "Python integer/Fraction implementation, script semantics, interpreter and operating environment remain trusted."
}







PHI_volume_02_verification/historical_replays/finite_observables/run.json

{
  "task": "finite_observables",
  "module": "verification/finite_observables",
  "passed": true,
  "seconds": 1.0057773689999294,
  "commands": [
    {
      "command": [
        "python",
        "code/run_lab.py"
      ],
      "exit_code": 0,
      "log": "command_01.log"
    }
  ],
  "changed_or_new_record_files": [],
  "scope": "Local executable checks; no proof-assistant kernel invoked.",
  "output_files": [
    {
      "path": "outputs/results/verification_report.json",
      "sha256": "7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825"
    },
    {
      "path": "outputs/results/membership_examples.json",
      "sha256": "d547fa7414e6a74f699e52ae97bdf89f16338b60034a1b40cc8a4ac983803fdd"
    },
    {
      "path": "outputs/results/inverse_cylinders.json",
      "sha256": "0cb7e7c2e8e7cbadfb27b4700ebcc399bf36e8439de8d56a1fe35e6853397ed2"
    },
    {
      "path": "outputs/results/quadrature.json",
      "sha256": "7d83fba9363b7c3c4af136fb2e9feda07cea7eeff873eacec5e16ecb63642557"
    },
    {
      "path": "outputs/results/reciprocal.json",
      "sha256": "be6876fe72bddf3b23be9d15376944bf7504d2248135fc06d2aa0c57992ba28a"
    },
    {
      "path": "outputs/results/rounding_states.json",
      "sha256": "dd0f999282b08c7ae68ea50dda5534670e7c2b4d37b16652a264ae9a078d433b"
    }
  ]
}







PHI_volume_02_verification/historical_replays/fixed_point_rows/command_01.log

[
  {
    "nonzero_rows": 1,
    "new_term": "5/32",
    "partial_sum": "5/32",
    "remaining_tail": "5/96"
  },
  {
    "nonzero_rows": 2,
    "new_term": "5/128",
    "partial_sum": "25/128",
    "remaining_tail": "5/384"
  },
  {
    "nonzero_rows": 3,
    "new_term": "5/512",
    "partial_sum": "105/512",
    "remaining_tail": "5/1536"
  },
  {
    "nonzero_rows": 4,
    "new_term": "5/2048",
    "partial_sum": "425/2048",
    "remaining_tail": "5/6144"
  },
  {
    "nonzero_rows": 5,
    "new_term": "5/8192",
    "partial_sum": "1705/8192",
    "remaining_tail": "5/24576"
  },
  {
    "nonzero_rows": 6,
    "new_term": "5/32768",
    "partial_sum": "6825/32768",
    "remaining_tail": "5/98304"
  },
  {
    "nonzero_rows": 7,
    "new_term": "5/131072",
    "partial_sum": "27305/131072",
    "remaining_tail": "5/393216"
  },
  {
    "nonzero_rows": 8,
    "new_term": "5/524288",
    "partial_sum": "109225/524288",
    "remaining_tail": "5/1572864"
  }
]







PHI_volume_02_verification/historical_replays/fixed_point_rows/run.json

{
  "task": "fixed_point_rows",
  "module": "publication/reproduction",
  "passed": true,
  "seconds": 0.7638111769999796,
  "commands": [
    {
      "command": [
        "python",
        "code/fixed_point_rows.py"
      ],
      "exit_code": 0,
      "log": "command_01.log"
    }
  ],
  "changed_or_new_record_files": [],
  "scope": "Local executable checks; no proof-assistant kernel invoked.",
  "output_files": []
}







PHI_volume_02_verification/historical_replays/host_reference/command_01.log





PHI_volume_02_verification/historical_replays/host_reference/command_02.log
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PHI_volume_02_verification/historical_replays/host_reference/run.json

{
  "task": "host_reference",
  "module": "publication/reproduction",
  "passed": true,
  "seconds": 0.10878725700001723,
  "commands": [
    {
      "command": [
        "cc",
        "-std=c11",
        "-Wall",
        "-Wextra",
        "-Werror",
        "code/host_reference.c",
        "-o",
        "host_reference"
      ],
      "exit_code": 0,
      "log": "command_01.log"
    },
    {
      "command": [
        "./host_reference"
      ],
      "exit_code": 0,
      "log": "command_02.log"
    }
  ],
  "changed_or_new_record_files": [],
  "scope": "Local executable checks; no proof-assistant kernel invoked.",
  "output_files": []
}







PHI_volume_02_verification/historical_replays/mapping_polynomials/command_01.log

14 independent identities; 14 altered identities rejected







PHI_volume_02_verification/historical_replays/mapping_polynomials/outputs/formal/rational_identities.json

[
  {
    "id": "I01_quadratic_difference",
    "left": "z+a*z**2-w-a*w**2",
    "right": "(z-w)*(1+a*(z+w))",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I02_koebe_difference",
    "left": "z/(1-z)**2-w/(1-w)**2",
    "right": "(z-w)*(1-z*w)/((1-z)**2*(1-w)**2)",
    "denominator_guards": [
      "1-z != 0",
      "1-w != 0"
    ],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I03_cayley",
    "left": "1+4*z/(1-z)**2",
    "right": "((1+z)/(1-z))**2",
    "denominator_guards": [
      "1-z != 0"
    ],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I04_koebe_derivative",
    "left": "((1-z)**2+2*z*(1-z))/(1-z)**4",
    "right": "(1+z)/(1-z)**3",
    "denominator_guards": [
      "1-z != 0"
    ],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I05_inverse_equation",
    "left": "w*z**2-(2*w+1)*z+w",
    "right": "w*(1-z)**2-z",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I06_extremal_gain",
    "left": "1+q**2-2*q",
    "right": "(1-q)**2",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I07_two_arc_sos",
    "left": "(a+b)**2-4*a*b",
    "right": "(a-b)**2",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I08_quarter_sos",
    "left": "(1+r)**2-4*r",
    "right": "(1-r)**2",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I09_jacobian_energy",
    "left": "(x*u-y*v)**2+(y*u+x*v)**2",
    "right": "(x*x+y*y)*(u*u+v*v)",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I10_cayley_real",
    "left": "(1+x)**2+y*y-((1-x)**2+y*y)",
    "right": "4*x",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I11_koebe_schwarzian",
    "left": "(6*(3+z)/(1-z)**5)/((1+z)/(1-z)**3)-(3/2)*(2*(2+z)/(1-z)**4/((1+z)/(1-z)**3))**2",
    "right": "-6/(1-z*z)**2",
    "denominator_guards": [
      "1-z != 0",
      "1+z != 0"
    ],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I12_projective_determinants",
    "left": "(u1*a2-u2*a1)*(b1*c2-b2*c1)-(u1*c2-u2*c1)*(b1*a2-b2*a1)",
    "right": "(u1*b2-u2*b1)*(a1*c2-a2*c1)",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I13_distortion_ratio",
    "left": "((1+r)/(1-r)**3)/((1-r)/(1+r)**3)",
    "right": "((1+r)/(1-r))**4",
    "denominator_guards": [
      "1-r != 0",
      "1+r != 0"
    ],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I14_quadratic_inverse",
    "left": "(u-1)*(u+1)",
    "right": "u*u-1",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  }
]







PHI_volume_02_verification/historical_replays/mapping_polynomials/outputs/results/independent_certificates.json

{
  "accepted": 14,
  "mutations_rejected": 14,
  "engine": "independent exact sparse Q-polynomial arithmetic",
  "records": [
    {
      "id": "I01_quadratic_difference",
      "left": "z+a*z**2-w-a*w**2",
      "right": "(z-w)*(1+a*(z+w))",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I02_koebe_difference",
      "left": "z/(1-z)**2-w/(1-w)**2",
      "right": "(z-w)*(1-z*w)/((1-z)**2*(1-w)**2)",
      "denominator_guards": [
        "1-z != 0",
        "1-w != 0"
      ],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I03_cayley",
      "left": "1+4*z/(1-z)**2",
      "right": "((1+z)/(1-z))**2",
      "denominator_guards": [
        "1-z != 0"
      ],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I04_koebe_derivative",
      "left": "((1-z)**2+2*z*(1-z))/(1-z)**4",
      "right": "(1+z)/(1-z)**3",
      "denominator_guards": [
        "1-z != 0"
      ],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I05_inverse_equation",
      "left": "w*z**2-(2*w+1)*z+w",
      "right": "w*(1-z)**2-z",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I06_extremal_gain",
      "left": "1+q**2-2*q",
      "right": "(1-q)**2",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I07_two_arc_sos",
      "left": "(a+b)**2-4*a*b",
      "right": "(a-b)**2",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I08_quarter_sos",
      "left": "(1+r)**2-4*r",
      "right": "(1-r)**2",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I09_jacobian_energy",
      "left": "(x*u-y*v)**2+(y*u+x*v)**2",
      "right": "(x*x+y*y)*(u*u+v*v)",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I10_cayley_real",
      "left": "(1+x)**2+y*y-((1-x)**2+y*y)",
      "right": "4*x",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I11_koebe_schwarzian",
      "left": "(6*(3+z)/(1-z)**5)/((1+z)/(1-z)**3)-(3/2)*(2*(2+z)/(1-z)**4/((1+z)/(1-z)**3))**2",
      "right": "-6/(1-z*z)**2",
      "denominator_guards": [
        "1-z != 0",
        "1+z != 0"
      ],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I12_projective_determinants",
      "left": "(u1*a2-u2*a1)*(b1*c2-b2*c1)-(u1*c2-u2*c1)*(b1*a2-b2*a1)",
      "right": "(u1*b2-u2*b1)*(a1*c2-a2*c1)",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I13_distortion_ratio",
      "left": "((1+r)/(1-r)**3)/((1-r)/(1+r)**3)",
      "right": "((1+r)/(1-r))**4",
      "denominator_guards": [
        "1-r != 0",
        "1+r != 0"
      ],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I14_quadratic_inverse",
      "left": "(u-1)*(u+1)",
      "right": "u*u-1",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    }
  ],
  "scope": "Finite rational identities. Analytic denominator guards are separate hypotheses."
}







PHI_volume_02_verification/historical_replays/mapping_polynomials/run.json

{
  "task": "mapping_polynomials",
  "module": "verification/normal_families",
  "passed": true,
  "seconds": 0.8774750740000172,
  "commands": [
    {
      "command": [
        "python",
        "code/independent_certificates.py"
      ],
      "exit_code": 0,
      "log": "command_01.log"
    }
  ],
  "changed_or_new_record_files": [],
  "scope": "Local executable checks; no proof-assistant kernel invoked.",
  "output_files": [
    {
      "path": "outputs/results/independent_certificates.json",
      "sha256": "38d6d8862f584f489b4e9e94c5056763a6a8f61f5e6f4f43c0f749321f95a068"
    },
    {
      "path": "outputs/formal/rational_identities.json",
      "sha256": "2abd0ce02e08d97e27e7f70cee34f807f0b36c7e3d0e7723a426fd8c45303c7b"
    }
  ]
}







PHI_volume_02_verification/historical_replays/summary.json

{
  "tasks": 10,
  "passed": 10,
  "python": "3.13.5",
  "packages": {
    "numpy": "2.3.5",
    "scipy": "1.17.0",
    "sympy": "1.14.0",
    "pandas": "2.2.3",
    "scikit-learn": "1.8.0",
    "threadpoolctl": "3.6.0",
    "pycairo": "1.29.0",
    "torch": "2.10.0+cpu",
    "PyMuPDF": "1.26.7"
  },
  "runs": [
    {
      "task": "finite_observables",
      "module": "verification/finite_observables",
      "passed": true,
      "seconds": 1.0057773689999294,
      "commands": [
        {
          "command": [
            "python",
            "code/run_lab.py"
          ],
          "exit_code": 0,
          "log": "command_01.log"
        }
      ],
      "changed_or_new_record_files": [],
      "scope": "Local executable checks; no proof-assistant kernel invoked."
    },
    {
      "task": "covering_arithmetic",
      "module": "verification/coverings",
      "passed": true,
      "seconds": 1.4492540109999936,
      "commands": [
        {
          "command": [
            "python",
            "code/run_checks.py"
          ],
          "exit_code": 0,
          "log": "command_01.log"
        }
      ],
      "changed_or_new_record_files": [
        "metrics/verification.json",
        "metrics/certificate_timings.csv"
      ],
      "scope": "Local executable checks; no proof-assistant kernel invoked."
    },
    {
      "task": "covering_branches",
      "module": "verification/coverings",
      "passed": true,
      "seconds": 1.3540215350000153,
      "commands": [
        {
          "command": [
            "python",
            "code/branch_checks.py"
          ],
          "exit_code": 0,
          "log": "command_01.log"
        }
      ],
      "changed_or_new_record_files": [],
      "scope": "Local executable checks; no proof-assistant kernel invoked."
    },
    {
      "task": "covering_polynomials",
      "module": "verification/coverings",
      "passed": true,
      "seconds": 0.8746916659999897,
      "commands": [
        {
          "command": [
            "python",
            "code/polynomial_kernel.py"
          ],
          "exit_code": 0,
          "log": "command_01.log"
        }
      ],
      "changed_or_new_record_files": [],
      "scope": "Local executable checks; no proof-assistant kernel invoked."
    },
    {
      "task": "mapping_polynomials",
      "module": "verification/normal_families",
      "passed": true,
      "seconds": 0.8774750740000172,
      "commands": [
        {
          "command": [
            "python",
            "code/independent_certificates.py"
          ],
          "exit_code": 0,
          "log": "command_01.log"
        }
      ],
      "changed_or_new_record_files": [],
      "scope": "Local executable checks; no proof-assistant kernel invoked."
    },
    {
      "task": "FIR_certificates",
      "module": "publication/reproduction",
      "passed": true,
      "seconds": 1.5371062020000181,
      "commands": [
        {
          "command": [
            "python",
            "code/certify_fir.py"
          ],
          "exit_code": 0,
          "log": "command_01.log"
        }
      ],
      "changed_or_new_record_files": [
        "results/fir_rational_certificates.json"
      ],
      "scope": "Local executable checks; no proof-assistant kernel invoked."
    },
    {
      "task": "fixed_point_rows",
      "module": "publication/reproduction",
      "passed": true,
      "seconds": 0.7638111769999796,
      "commands": [
        {
          "command": [
            "python",
            "code/fixed_point_rows.py"
          ],
          "exit_code": 0,
          "log": "command_01.log"
        }
      ],
      "changed_or_new_record_files": [],
      "scope": "Local executable checks; no proof-assistant kernel invoked."
    },
    {
      "task": "finite_algorithm_kernels",
      "module": "verification/analytic_models",
      "passed": true,
      "seconds": 0.827841211999953,
      "commands": [
        {
          "command": [
            "python",
            "monograph_kernels.py"
          ],
          "exit_code": 0,
          "log": "command_01.log"
        }
      ],
      "changed_or_new_record_files": [],
      "scope": "Local executable checks; no proof-assistant kernel invoked."
    },
    {
      "task": "algorithm_controls",
      "module": "verification/algorithm_comparisons",
      "passed": true,
      "seconds": 1.1964868979999892,
      "commands": [
        {
          "command": [
            "python",
            "code/supplementary_checks.py"
          ],
          "exit_code": 0,
          "log": "command_01.log"
        }
      ],
      "changed_or_new_record_files": [],
      "scope": "Local executable checks; no proof-assistant kernel invoked."
    },
    {
      "task": "host_reference",
      "module": "publication/reproduction",
      "passed": true,
      "seconds": 0.10878725700001723,
      "commands": [
        {
          "command": [
            "cc",
            "-std=c11",
            "-Wall",
            "-Wextra",
            "-Werror",
            "code/host_reference.c",
            "-o",
            "host_reference"
          ],
          "exit_code": 0,
          "log": "command_01.log"
        },
        {
          "command": [
            "./host_reference"
          ],
          "exit_code": 0,
          "log": "command_02.log"
        }
      ],
      "changed_or_new_record_files": [],
      "scope": "Local executable checks; no proof-assistant kernel invoked."
    }
  ],
  "timing_scope": "Replay durations include setup and imports; not algorithm benchmarks.",
  "proof_assistant_kernel_invoked": false,
  "selection_note": "Subset of the previously delivered supplement replay record. No fresh mathematical execution was performed while pairing these files with the PDF."
}







PHI_volume_02_verification/publication/reproduction/README.md

# Reproducibility material

The `results` directory contains the numerical records retained from the authored studies. Public case identifiers replace the former internal identifiers. Numeric values have not been re-labelled as new experiments.

## Environment
Python with NumPy, SciPy, pandas, SymPy, scikit-learn, threadpoolctl and PyTorch is required for the full collection of numerical scripts. The recorded environments are described in the result objects. These are dependency requirements, not a guarantee about every future library version.

## Exact FIR certificates
Run `python code/certify_fir.py` from this directory. The program interprets each delivered binary64 tap as an exact rational number and recomputes the Bernstein interval certificates. It overwrites the corresponding local result file; retain the packaged record when comparing versions.

## Selected numerical replays
`python code/design_filters.py` regenerates coefficient designs and response arrays.
`python code/verification_experiments.py` repeats matched benchmarks, channel experiments and finite checks.
`python code/auxiliary_checks.py` repeats the finite factor-analysis study and supplementary checks.
Runtime measurements and Monte Carlo results must be reported as new observations after replay, with their environment.

## External-data exercises
No original MNIST image file or original Weekly binary is distributed here.
For Weekly, `python code/acquire_weekly.py` retrieves the recorded source version and checks its Git blob identifier. Then run `python code/statistical_experiments.py`.
The network locator is inherited from the recorded study and was not revalidated as a current endpoint during preparation of these publication files.
For MNIST, supply the original test-image IDX file to `python code/mnist_neighbors.py --images PATH --output results/mnist`. The program uses the first 2,000 test images with the stated self-exclusion and tie conventions. The original-data scores are not part of the recorded completed experiments.

The R scripts describe native source-language reproduction. No native R execution is claimed. The four proprietary DSP target sessions remain unperformed; `host_reference.c` is a host check only.

## Scope of this package
This is a selected executable supplement to the case volumes. It does not reproduce every mathematical proof or every illustration automatically. The LaTeX publication itself builds entirely offline from the supplied typeset sources and authored vector assets. No proof-assistant kernel acceptance is established by these scripts.







PHI_volume_02_verification/publication/reproduction/code/R/source_regression.R

# Source AC-152. Native R script; numerical tables in the volume
# were reproduced by the explicit compatible generator in Python.
set.seed(1)
x <- rnorm(100); y <- x-2*x^2+rnorm(100)
write.csv(data.frame(x,y), 'R_seed1_sample.csv', row.names=FALSE)
results <- list()
for (d in 1:4) {
 fit <- lm(y ~ poly(x,d,raw=TRUE))
 press <- residuals(fit)/(1-hatvalues(fit))
 deleted <- sapply(seq_along(x), function(i) {
  local <- lm(y ~ poly(x,d,raw=TRUE), subset=-i)
  y[i]-predict(local,newdata=data.frame(x=x[i]))
 })
 stopifnot(max(abs(press-deleted)) < 1e-8)
 results[[d]] <- list(degree=d,loocv=mean(press^2),coefficients=summary(fit)$coefficients)
}
print(results)







PHI_volume_02_verification/publication/reproduction/code/R/weekly.R

# Source AC-153. Uses the supplied complete, authenticated CSV.
args <- commandArgs(trailingOnly=TRUE)
p <- if(length(args)) args[1] else 'data/Weekly.csv'
d <- read.csv(p); d$Direction <- factor(d$Direction,levels=c('Down','Up'))
fit <- glm(Direction ~ Lag1+Lag2, data=d, family=binomial())
print(coef(fit)); deleted.first <- glm(Direction ~ Lag1+Lag2,data=d[-1,],family=binomial())
print(coef(deleted.first)); print(predict(deleted.first,newdata=d[1,],type='response'))
probs <- sapply(seq_len(nrow(d)),function(i) {
 f <- glm(Direction ~ Lag1+Lag2,data=d[-i,],family=binomial())
 predict(f,newdata=d[i,],type='response')
})
errors <- (probs>0.5) != (d$Direction=='Up')
print(sum(errors));print(mean(errors));write.csv(data.frame(probability=probs,error=errors),'weekly_R_loo.csv',row.names=FALSE)







PHI_volume_02_verification/publication/reproduction/code/acquire_weekly.py

"""Acquire the exact source data used for the recorded Weekly experiment.
This network operation is optional. The publication builds without it.
The source locator is inherited from the recorded study.
"""
from pathlib import Path
import hashlib
import urllib.request

ROOT = Path(__file__).resolve().parents[1]
URL = "https://raw.githubusercontent.com/cran/ISLR2/master/data/Weekly.rda"
GIT_BLOB_SHA1 = "70ad4a8749e3ed49f27da3573ab0818f8988f225"

def main() -> None:
    with urllib.request.urlopen(URL, timeout=60) as response:
        content = response.read()
    actual = hashlib.sha1(b"blob " + str(len(content)).encode() + b"\0" + content).hexdigest()
    if actual != GIT_BLOB_SHA1:
        raise RuntimeError("Retrieved data differs from the recorded source version.")
    destination = ROOT / "data" / "Weekly.rda"
    destination.parent.mkdir(parents=True, exist_ok=True)
    destination.write_bytes(content)
    print(f"Source version verified: {len(content)} bytes.")
if __name__ == "__main__":
    main()







PHI_volume_02_verification/publication/reproduction/code/auxiliary_checks.py

from pathlib import Path
import json,numpy as np, scipy.signal as s
from sklearn.decomposition import FactorAnalysis
from threadpoolctl import threadpool_limits
R=Path(__file__).resolve().parents[1];threadpool_limits(1);checks=[]
def ck(n,c):
 if not bool(c):raise AssertionError(n)
 checks.append({'name':n,'passed':True})
rng=np.random.default_rng(20261006);Z=rng.normal(size=(200,3));X=np.column_stack((Z[:,0],Z[:,0]+.001*Z[:,1],10*Z[:,2]));X-=X.mean(0);sd=np.sqrt((X*X).mean(0));U,D,Vt=np.linalg.svd(X,full_matrices=False);p=Vt[0];p*=np.sign(p[2]);fa=FactorAnalysis(n_components=1,tol=1e-4,max_iter=10000,svd_method='lapack');fa.fit(X/sd);load=fa.components_[0];load*=np.sign(load[0]);raw=load*sd;uniq=fa.noise_variance_*sd**2
ck('PCA direction source calculation',np.max(abs(p-np.array([-.01053713,-.01053279,.999889])))<1e-6)
ck('one factor source loading',np.max(abs(raw-np.array([.9559842,.9559487,-1.094946])))<1e-5)
np.savez_compressed(R/'data/PCA_factor_sample.npz',X=X,Z=Z,leading_pc=p,loadings=raw,standardized_loadings=load,uniqueness=uniq)
# Algorithmic finite equality for prime and composite-length transforms.
for n in [1,2,3,4,5,7,8,11,16,17,31,64]:
 x=rng.normal(size=n)+1j*rng.normal(size=n);k=np.arange(n);dense=np.exp(-2j*np.pi*np.outer(k,k)/n)@x
 ck('DFT defining sum length '+str(n),np.max(abs(np.fft.fft(x)-dense))<1e-10)
# Matched tensor semantics.
for shape in [(2,3,4),(0,3),(1,), (4,3)]:
 z=np.zeros(shape);ck('length metadata '+str(shape),len(z)==shape[0])
try:len(np.array(1));raise AssertionError('scalar len should fail')
except TypeError:checks.append({'name':'scalar len exception','passed':True})
A=rng.normal(size=(100,200));B=rng.normal(size=(100,200));C=rng.normal(size=(100,200));T=np.stack([A,B,C],axis=2);ck('stack axis2 shape',T.shape==(100,200,3));ck('stack slice B',np.array_equal(T[:,:,1],B));ck('double transpose view',np.shares_memory(A,A.T.T))
# SC-034: C-host oracle has the same rational transfer recurrence; physical board is not claimed.
report={'checks':checks,'factor_analysis':{'seed':20261006,'pca_direction':p.tolist(),'loadings':raw.tolist(),'standardized_loadings':load.tolist(),'uniqueness':uniq.tolist(),'iterations':int(fa.n_iter_),'tolerance':1e-4,'loglike':fa.loglike_}}
(R/'results/auxiliary_checks.json').write_text(json.dumps(report,indent=2));print('auxiliary checks',len(checks),'factor iterations',fa.n_iter_,p,raw,uniq)







PHI_volume_02_verification/publication/reproduction/code/certify_fir.py

"""Exact rational Bernstein range certificates for fixed delivered FIR coefficients.
All irrational band endpoints are enclosed by integer-square-root bounds.
"""
from pathlib import Path
from fractions import Fraction as F
from math import comb,isqrt
import json,time
R=Path(__file__).resolve().parents[1]
def sqrt_bounds(x,bits=100):
    assert x>=0
    d=1<<bits;n=isqrt((x.numerator*d*d)//x.denominator)
    lo=F(n,d);hi=F(n+1,d)
    assert lo*lo<=x<=hi*hi
    return lo,hi
s5l,s5u=sqrt_bounds(F(5))
cos72=((s5l-1)/4,(s5u-1)/4)
cos144=(-(1+s5u)/4,-(1+s5l)/4)
cos54=(sqrt_bounds(10-2*s5u)[0]/4,sqrt_bounds(10-2*s5l)[1]/4)
cos162=(-sqrt_bounds(10+2*s5u)[1]/4,-sqrt_bounds(10+2*s5l)[0]/4)
def poly_add(a,b):
 c=[F(0)]*max(len(a),len(b))
 for i,x in enumerate(a):c[i]+=x
 for i,x in enumerate(b):c[i]+=x
 return c
def cheb_poly(h):
 m=(len(h)-1)//2;c=[F(float(h[m]))];t0=[F(1)];t1=[F(0),F(1)]
 for k in range(1,m+1):
  tk=t1 if k==1 else poly_add([F(0)]+[2*x for x in t1],[-x for x in t0])
  if k>1:t0,t1=t1,tk
  c=poly_add(c,[2*F(float(h[m+k]))*x for x in tk])
 return c
def bernstein(c,a,b):
 n=len(c)-1;d=b-a
 powers_a=[a**j for j in range(n+1)];powers_d=[d**j for j in range(n+1)]
 q=[sum(c[j]*comb(j,k)*powers_a[j-k] for j in range(k,n+1))*powers_d[k] for k in range(n+1)]
 return [sum(q[j]*F(comb(k,j),comb(n,j)) for j in range(k+1)) for k in range(n+1)]
def split(b):
 left=[b[0]];right=[b[-1]]
 while len(b)>1:
  b=[(x+y)/2 for x,y in zip(b[:-1],b[1:])];left.append(b[0]);right.append(b[-1])
 return left,list(reversed(right))
def certify(coeff,a,b,lo,hi):
 todo=[(a,b,bernstein(coeff,a,b),0)];accepted=[]
 while todo:
  aa,bb,be,depth=todo.pop();low=min(be);high=max(be)
  if low>=lo and high<=hi:
   accepted.append({'a':str(aa),'b':str(bb),'coefficient_min':str(low),'coefficient_max':str(high),'depth':depth})
  else:
   if depth>=22:raise ArithmeticError('range unresolved')
   L,H=split(be);mid=(aa+bb)/2;todo.extend([(aa,mid,L,depth+1),(mid,bb,H,depth+1)])
 return {'leaves':accepted,'accepted_intervals':len(accepted),'depth':max(x['depth'] for x in accepted),'range':[float(min(F(x['coefficient_min']) for x in accepted)),float(max(F(x['coefficient_max']) for x in accepted))],'required':[str(lo),str(hi)]}
d=json.load(open(R/'results/filter_designs.json'));result={}
for q,intervals in [('SC-053',[(cos72[0],F(1),F(-3,1000),F(3,1000)),(F(-1),F(0),F(99,100),F(1001,1000))]),('SC-054',[(cos54[0],F(1),F(-3,1000),F(3,1000)),(cos144[0],cos72[1],F(99,100),F(1001,1000)),(F(-1),cos162[1],F(-3,1000),F(3,1000))])]:
 t=time.time();c=cheb_poly(d[q]['taps']);cert=[certify(c,*i) for i in intervals];result[q]={'coefficient_arithmetic':'exact rational values of delivered binary64 coefficients','endpoint_enclosures':'exact algebraic radical bounds via integer-square-root inequalities','polynomial_degree':len(c)-1,'bands':cert,'elapsed_seconds':time.time()-t,'minimum_order_claim':False};print(q,[(x['accepted_intervals'],x['range']) for x in cert],flush=True)
result['endpoint_intervals']={k:[str(x) for x in v] for k,v in [('cos72',cos72),('cos144',cos144),('cos54',cos54),('cos162',cos162)]}
(R/'results/fir_rational_certificates.json').write_text(json.dumps(result,indent=2))







PHI_volume_02_verification/publication/reproduction/code/design_filters.py

"""Reproducible designs; sampled response checks are diagnostics, not continuous-band proofs."""
from pathlib import Path
import json, numpy as np, scipy, scipy.signal as s
R=Path(__file__).resolve().parents[1]; out={}
def complex_pairs(a):return [[float(z.real),float(z.imag)] for z in a]
def case(q,typ,wp,ws,rp,rs,analog,fs=None,ref=None):
    wp=np.asarray(wp,dtype=float);ws=np.asarray(ws,dtype=float)
    if analog: wp*=2*np.pi;ws*=2*np.pi
    orderfun={'butter':s.buttord,'cheby1':s.cheb1ord,'cheby2':s.cheb2ord,'ellip':s.ellipord}[typ]
    n,wn=orderfun(wp,ws,rp,rs,analog=analog,fs=fs)
    if wp.ndim==0:bt='lowpass' if wp<ws else 'highpass'
    else:bt='bandpass' if wp[0]>ws[0] else 'bandstop'
    z,p,k=s.iirfilter(n,wn,rp=rp,rs=rs,btype=bt,analog=analog,ftype=typ,output='zpk',fs=fs)
    scale=2*np.pi*ref if analog else 1
    zn=z/scale;pn=p/scale;kn=k/scale**(len(p)-len(z))
    b,a=s.zpk2tf(zn,pn,kn)
    maxfreq=max(np.max(wp),np.max(ws))/(2*np.pi)*4 if analog else fs/2
    freq=np.unique(np.r_[np.linspace(0,maxfreq,16001),wp/(2*np.pi) if analog else wp,ws/(2*np.pi) if analog else ws])
    if analog:_,h=s.freqs_zpk(z,p,k,2*np.pi*freq)
    else:_,h=s.freqz_zpk(z,p,k,2*np.pi*freq/fs)
    db=20*np.log10(np.maximum(abs(h),1e-300))
    pf=wp/(2*np.pi) if analog else wp;sf=ws/(2*np.pi) if analog else ws
    if bt=='lowpass':pm=freq<=pf;sm=freq>=sf
    elif bt=='highpass':pm=freq>=pf;sm=freq<=sf
    elif bt=='bandpass':pm=(freq>=pf[0])&(freq<=pf[1]);sm=(freq<=sf[0])|(freq>=sf[1])
    else:pm=(freq<=pf[0])|(freq>=pf[1]);sm=(freq>=sf[0])&(freq<=sf[1])
    d={'question_id':q,'family':typ,'bandtype':bt,'prototype_order':int(n),'realized_degree':len(p),'analog':analog,'fs':fs,'reference_hz':ref,'wp_hz':pf.tolist(),'ws_hz':sf.tolist(),'rp_db':rp,'rs_db':rs,'wn':np.asarray(wn).tolist(),'zeros':complex_pairs(zn),'poles':complex_pairs(pn),'gain':float(kn),'numerator':b.tolist(),'denominator':a.tolist(),'sampled_pass_min_db':float(db[pm].min()),'sampled_stop_max_db':float(db[sm].max()),'stability':bool(np.all(p.real<0) if analog else np.all(abs(p)<1)),'coefficient_digits':'binary64; decimal display rounded; exact design uses the specified prototype construction','response_status':'grid diagnostic, not proof'}
    if not analog:d['sos']=s.zpk2sos(z,p,k).tolist()
    np.savez_compressed(R/'results'/f'{q}_response.npz',frequency=freq,response=h)
    out[q]=d;return d
case('SC-046','butter',500,1250,1,30,True,ref=500)
case('SC-048','cheby1',500,750,1,40,True,ref=500)
case('SC-049','ellip',500,750,1,40,True,ref=500)
case('SC-050','ellip',550000,500000,.5,50,True,ref=550000)
case('SC-051','cheby2',[450000,460000],[445000,465000],1,40,True,ref=455000)
case('SC-052','ellip',[45,55],[47.5,52.5],.5,50,True,ref=50)
case('SC-039','ellip',4500,4000,.5,40,False,fs=20000)
case('SC-040','butter',[2000,4000],[1800,4500],.5,40,False,fs=20000)
case('SC-041','cheby2',[500,750],[550,650],1,50,False,fs=4000)
for q,bt in [('SC-037','lowpass'),('SC-038','highpass')]:
 b,a=s.butter(2,4000,btype=bt,fs=40000);f,h=s.freqz(b,a,worN=4001,fs=40000)
 out[q]={'question_id':q,'prototype_order':2,'realized_degree':2,'family':'butter','bandtype':bt,'analog':False,'fs':40000,'numerator':b.tolist(),'denominator':a.tolist(),'poles':complex_pairs(np.roots(a)),'sos':s.tf2sos(b,a).tolist()}
 np.savez_compressed(R/'results'/f'{q}_response.npz',frequency=f,response=h)
# Conservative-margin 101-tap FIR designs, preserving exact symmetry.
for q,bands,desired in [('SC-053',[0,2000,2500,5000],[0,1]),('SC-054',[0,1500,2000,4000,4500,5000],[0,1,0])]:
 h=s.remez(101,bands,desired,weight=[1]*len(desired),fs=10000,maxiter=200,grid_density=32)
 h=(h+h[::-1])/2
 # attenuation normalized below unity: preserves positive margin to upper edge
 h*=.999
 f,H=s.freqz(h,worN=20001,fs=10000,include_nyquist=True)
 d={'question_id':q,'numtaps':len(h),'degree':len(h)-1,'fs':10000,'taps':h.tolist(),'bands':bands,'desired':desired,'symmetry_exact':bool(np.array_equal(h,h[::-1])),'group_delay_samples':50,'group_delay_seconds':.005,'minimum_order_claim':False}
 d['grid_bands']=[]
 for j,a in enumerate(desired):
  ix=(f>=bands[2*j])&(f<=bands[2*j+1]); d['grid_bands'].append({'interval_hz':bands[2*j:2*j+2],'minimum_magnitude':float(abs(H[ix]).min()),'maximum_magnitude':float(abs(H[ix]).max())})
 out[q]=d;np.savez_compressed(R/'results'/f'{q}_response.npz',frequency=f,response=H)
# Alternative unspecified sampling rates demonstrate parameter dependence.
out['sampling_dependence']={}
for q,typ,wp,ws,rp,rs,fss in [('SC-039','ellip',4500,4000,.5,40,[10000,20000,40000]),('SC-040','butter',[2000,4000],[1800,4500],.5,40,[10000,20000,40000]),('SC-041','cheby2',[500,750],[550,650],1,50,[2000,4000,8000])]:
 fun={'ellip':s.ellipord,'butter':s.buttord,'cheby2':s.cheb2ord}[typ]
 out['sampling_dependence'][q]=[{'fs':fs,'prototype_order':int(fun(wp,ws,rp,rs,fs=fs)[0])} for fs in fss]
# Quantization model: four fractional bits, truncation toward zero (sign-magnitude).
b=np.array([.44,.36,.02]);a=np.array([1,.4,.18,-.2]);bq=np.trunc(b*16)/16;aq=np.r_[1,np.trunc(a[1:]*16)/16]
f=np.linspace(0,np.pi,6001)
_,h=s.freqz(b,a,f);_,hq=s.freqz(bq,aq,f)
out['SC-069']={'b':b.tolist(),'a':a.tolist(),'b_quantized':bq.tolist(),'a_quantized':aq.tolist(),'poles':complex_pairs(np.roots(a)),'quantized_poles':complex_pairs(np.roots(aq)),'fractional_bits':4,'mode':'truncate magnitude toward zero; leading coefficient fixed at 1','dc_gain':float(b.sum()/a.sum()),'quantized_dc_gain':float(bq.sum()/aq.sum())}
np.savez_compressed(R/'results/SC-069_response.npz',frequency=f,response=h,quantized=hq)
# Factorization and safe conservative scales for canonical cascade.
p=np.roots(a);r=float(p[np.argmin(abs(p.imag))].real);den2=np.poly(np.delete(p,np.argmin(abs(p.imag)))).real
# Den2=[1,A,B] with A<1 B<1 but A+B>1; use stable poles impulse l1 via radius bound.
z=np.roots(b);num1=[1,-float(z[0])];num2=[.44,-.44*float(z[1])]
# Bound each all-pole inverse using factors 1/(1-p z^-1): product geometric l1.
M1=1/(1-abs(r));M2=1/np.prod(1-abs(np.delete(p,np.argmin(abs(p.imag)))))
out['SC-034']={'real_pole':r,'den2':den2.tolist(),'numerator_first_factor':num1,'numerator_second_factor':num2,'allpole_l1_bounds':[M1,float(M2)],'numerator_l1_bounds':[sum(abs(np.array(num1))),sum(abs(np.array(num2)))],'factor_check_max_error':float(np.max(abs(np.convolve([1,-r],den2)-a)))}
# Factorized frequency response from the supplied decimals, no simplification by rounded expanded polynomials.
sos=np.array([[.0124,.0124,0,1,-.6386,0],[1,1.5975,1,1,-.9621,.5708],[1,1.12724,1,1,-.5811,.8547]])
f,H=s.sosfreqz(sos,worN=8001)
out['SC-060']={'sos':sos.tolist(),'poles':complex_pairs(s.sos2zpk(sos)[1]),'max_pole_radius':float(max(abs(s.sos2zpk(sos)[1])))}
np.savez_compressed(R/'results/SC-060_response.npz',frequency=f,response=H)
out['environment']={'numpy':np.__version__,'scipy':scipy.__version__}
(R/'results/filter_designs.json').write_text(json.dumps(out,indent=2))
for k,d in out.items():
 if isinstance(d,dict) and 'prototype_order' in d:print(k,d['prototype_order'],d['realized_degree'],d.get('sampled_pass_min_db'),d.get('sampled_stop_max_db'))
print('FIR',out['SC-053']['grid_bands'],out['SC-054']['grid_bands'])
print('CASCADE',out['SC-034'])







PHI_volume_02_verification/publication/reproduction/code/fixed_point_rows.py

"""Exact partial products for the repeating binary fraction in SC-057."""
from __future__ import annotations
import argparse,json
from fractions import Fraction

def rows(count:int)->list[dict[str,str|int]]:
    if count<1:raise ValueError('count must be positive')
    result=[];total=Fraction(0)
    for j in range(count):
        term=Fraction(5,2**(2*j+5));total+=term
        assert total==Fraction(5,24)*(1-Fraction(1,4**(j+1)))
        result.append({'nonzero_rows':j+1,'new_term':str(term),'partial_sum':str(total),'remaining_tail':str(Fraction(5,24)-total)})
    return result
if __name__=='__main__':
    p=argparse.ArgumentParser();p.add_argument('--rows',type=int,default=8);a=p.parse_args()
    print(json.dumps(rows(a.rows),indent=2))







PHI_volume_02_verification/publication/reproduction/code/host_reference.c

#include <stdio.h>
#include <math.h>
int main(void){
  int input[10],out[10];for(int i=0;i<10;i++)input[i]=i-4;
  for(int i=0;i<10;i++){out[i]=2*input[i];if(out[i]!=2*(i-4))return 1;}
  double state1=0,state2=0,expected[7]={1,2,1,0,0,0,0};
  for(int n=0;n<7;n++){double x=n==0?1:0;double y=x+2*state1+state2;state2=state1;state1=x;if(y!=expected[n])return 2;printf("%d %.17g\n",n,y);}
  return 0;
}







PHI_volume_02_verification/publication/reproduction/code/matlab/dftplots.m

function [X,w] = dftplots(x)
% Source SC-011: preserve the original transform length.
validateattributes(x,{'numeric'},{'vector','finite','nonempty'});
x=x(:); N=numel(x); X=fft(x); w=2*pi*(0:N-1)'/N;
phase=angle(X); phase(abs(X)<=64*eps(max(1,max(abs(X)))))=NaN;
figure; stem(w,abs(X),'k','filled'); xlabel('Frequency (rad/sample)'); ylabel('Magnitude');
set(gca,'FontName','DejaVu Sans Mono'); grid on;
figure; stem(w,phase,'k','filled'); xlabel('Frequency (rad/sample)'); ylabel('Phase (rad)');
set(gca,'FontName','DejaVu Sans Mono'); grid on;
if N<=128
 k=(0:N-1)'; ref=exp(-2i*pi*(k*k')/N)*x;
 assert(norm(X-ref,inf)<=1e-9*max(1,norm(ref,inf)),'DFT check failed');
end
end







PHI_volume_02_verification/publication/reproduction/code/matlab/poleplots.m

% Source SC-063. Part (ii) is literally input-dependent and not LTI.
b=[1 -1 0]; a=conv([1 -1 1],[1 .8]);
figure; zplane(b,a); set(gca,'FontName','DejaVu Sans Mono');
disp('Part (i): poles exp(+-i*pi/3), -0.8; causal filter is not BIBO stable.');
disp('Part (ii): y(n-2)*x(n-1) prevents a fixed LTI transfer function.');







PHI_volume_02_verification/publication/reproduction/code/mnist_neighbors.py

"""AC-129 (FML 15.6): first 2,000 original MNIST TEST images.
No label filtering, classifier training, or alternative digit dataset is used.
Usage: python code/mnist_neighbors.py --images t10k-images-idx3-ubyte.gz --output results/mnist
"""
from pathlib import Path
import argparse,gzip,struct,json,hashlib,time,csv
import numpy as np
from scipy.spatial.distance import cdist
from threadpoolctl import threadpool_limits

def load_images(path,m=2000):
 p=Path(path);raw=p.read_bytes();data=gzip.decompress(raw) if raw[:2]==b'\x1f\x8b' else raw
 magic,n,rows,cols=struct.unpack('>4I',data[:16])
 if (magic,rows,cols)!=(2051,28,28) or n<m or len(data)!=16+n*rows*cols:raise ValueError('Original 28x28 IDX image file required')
 X=np.frombuffer(data,dtype=np.uint8,offset=16).reshape(n,784)[:m].astype(np.float64)
 return X,{'filename':p.name,'file_sha256':hashlib.sha256(raw).hexdigest(),'file_md5':hashlib.md5(raw).hexdigest(),'idx_count':n,'used_first':m,'shape_points_by_features':list(X.shape),'used_pixels_sha256':hashlib.sha256(X.astype(np.uint8).tobytes()).hexdigest()}
def neighbors(D,t):
 m=len(D);ids=np.arange(m);out=np.empty((m,t),dtype=np.int32)
 for i in range(m):
  row=D[i].copy();row[i]=np.inf;out[i]=np.lexsort((ids,row))[:t]
 return out
def overlap(N,M):return np.array([len(set(a).intersection(b)) for a,b in zip(N,M)],dtype=np.int32)
def gram_dist(X):
 ss=np.einsum('ij,ij->i',X,X);return np.maximum(ss[:,None]+ss[None,:]-2*(X@X.T),0)
def run(X,output,seed=20261007,provenance=None,ks=(1,10,50,100,250,500)):
 output=Path(output);output.mkdir(parents=True,exist_ok=True);m,N=X.shape
 if m<=50 or max(ks)>min(m,N):raise ValueError('Need >50 observations and enough principal components')
 threadpool_limits(1);t0=time.perf_counter();D=cdist(X,X,metric='sqeuclidean');truth=neighbors(D,50);N10=truth[:,:10];baseline_seconds=time.perf_counter()-t0
 np.savez_compressed(output/'exact_original_neighbors.npz',nearest10=N10,nearest50=truth)
 rng=np.random.default_rng(seed);A=rng.standard_normal((max(ks),N));Xc=X-X.mean(0);t=time.perf_counter();U,s,Vt=np.linalg.svd(Xc,full_matrices=False);pca_setup=time.perf_counter()-t
 records=[];allout={}
 for method in ['Gaussian','PCA']:
  for k in ks:
   t=time.perf_counter();Y=X@A[:k].T if method=='Gaussian' else Xc@Vt[:k].T;Dr=gram_dist(Y);projected=neighbors(Dr,10);elapsed=time.perf_counter()-t;hits10=overlap(N10,projected);hits50=overlap(truth,projected)
   assert np.all(hits10<=hits50) and np.all((hits10>=0)&(hits50<=10))
   records.append({'method':method,'k':int(k),'score10':float(hits10.mean()),'score50':float(hits50.mean()),'projection_distance_sort_seconds':elapsed,'returned_neighbor_count':10,'true_comparison_counts':[10,50],'score_denominator':m})
   allout[f'{method}_k{k}_nearest10']=projected;allout[f'{method}_k{k}_hits10']=hits10;allout[f'{method}_k{k}_hits50']=hits50
 np.savez_compressed(output/'all_projection_neighbors.npz',**allout)
 result={'source_question':'AC-129','provenance':provenance or {'synthetic_validation':True},'seed':seed,'gaussian_matrix_prefixes_shared':True,'original_pixels_not_scaled':True,'self_neighbors_excluded':True,'ties':'ascending original row index','observations':m,'features':N,'ks':list(ks),'baseline_seconds':baseline_seconds,'pca_svd_setup_seconds':pca_setup,'pca_singular_values':s.tolist(),'records':records,'numerical_not_interval_certified':True}
 (output/'results.json').write_text(json.dumps(result,indent=2))
 import matplotlib;matplotlib.use('Agg');import matplotlib.pyplot as plt
 plt.rcParams.update({'font.family':'DejaVu Sans Mono','font.size':8,'pdf.fonttype':42})
 for metric in ['score10','score50']:
  fig,ax=plt.subplots(figsize=(4.8,2.8))
  for method,style in [('Gaussian','-o'),('PCA','--s')]:
   rows=[r for r in records if r['method']==method];ax.plot([r['k'] for r in rows],[r[metric] for r in rows],style,color='black',ms=4,label=method)
  ax.set_xlabel('Projection dimension k');ax.set_ylabel(metric+' (maximum 10)');ax.set_ylim(-.2,10.2);ax.legend(frameon=False);ax.grid(alpha=.2);fig.tight_layout();fig.savefig(output/(metric+'.pdf'));plt.close(fig)
 return result
if __name__=='__main__':
 p=argparse.ArgumentParser();p.add_argument('--images',type=Path,required=True);p.add_argument('--output',type=Path,required=True);p.add_argument('--seed',type=int,default=20261007);args=p.parse_args();X,prov=load_images(args.images);run(X,args.output,args.seed,prov)







PHI_volume_02_verification/publication/reproduction/code/repeller.py

"""Outward-rational inverse cylinders for the real map f(x)=x^2-3.
The interval algorithm is executed; its convergence proof is in the synopsis.
"""
from fractions import Fraction as Q
from math import isqrt
from pathlib import Path
import json

B=Q(231,100)

def sqrt_enclosure(x: Q, denominator: int=10**10) -> tuple[Q,Q]:
    if x < 0 or denominator <= 0: raise ValueError('Invalid square-root input/grid.')
    k=isqrt((x.numerator*denominator*denominator)//x.denominator)
    lo=Q(k,denominator)
    hi=lo if lo*lo==x else Q(k+1,denominator)
    if not (lo*lo <= x <= hi*hi): raise AssertionError('Square-root certificate failed.')
    return lo,hi

def inverse_interval(iv: tuple[Q,Q], bit: int, denominator: int=10**10) -> tuple[Q,Q]:
    lo,hi=iv
    if not (-B <= lo <= hi <= B) or bit not in (0,1): raise ValueError('Invalid branch domain.')
    l,_=sqrt_enclosure(lo+3,denominator)
    _,u=sqrt_enclosure(hi+3,denominator)
    out=(l,u) if bit else (-u,-l)
    if not (-B<=out[0]<=out[1]<=B): raise ValueError('Rounding grid too coarse for invariant domain.')
    return out

def cylinder(word: tuple[int,...]) -> tuple[Q,Q]:
    iv=(-B,B)
    for b in reversed(word): iv=inverse_interval(iv,b)
    return iv

if __name__=='__main__':
    # Exact inequalities that validate the common domain and derivative bound.
    assert B<3 and B*B>3+B
    assert Q(83,100)**2<3-B
    assert Q(50,83)<1
    rows=[]
    for text in ('0','1','00','01','10','11','00110101','11001010'):
        iv=cylinder(tuple(map(int,text)))
        rows.append({'word':text,'lower':str(iv[0]),'upper':str(iv[1]),
          'lower_decimal':format(float(iv[0]),'.10f'),
          'upper_decimal':format(float(iv[1]),'.10f')})
    report={'status':'PASS','scope':'Outward square-root bounds and listed finite inverse cylinders',
      'B':str(B),'contraction_bound':'50/83','rounding_grid':'1/10000000000','cylinders':rows}
    root=Path(__file__).resolve().parents[1]
    (root/'results/repeller_report.json').write_text(json.dumps(report,indent=2)+'\n')
    print(json.dumps(report,indent=2))







PHI_volume_02_verification/publication/reproduction/code/statistical_experiments.py

"""Exact source-byte validation, complete Weekly LOO fits, and seeded regression studies."""
from pathlib import Path
import json,struct,hashlib,lzma,time
import numpy as np,pandas as pd,scipy.linalg as la
from scipy.special import expit,ndtri
from scipy.stats import t as student
R=Path(__file__).resolve().parents[1]
b=(R/'data/Weekly.rda').read_bytes();expected='70ad4a8749e3ed49f27da3573ab0818f8988f225'
assert hashlib.sha1(b'blob '+str(len(b)).encode()+b'\0'+b).hexdigest()==expected
raw=lzma.decompress(b);marker=struct.pack('>ii',14,1089);start=raw.index(marker);cols=[];pos=start
for j in range(8):
 assert raw[pos:pos+8]==marker
 cols.append(np.frombuffer(raw,offset=pos+8,count=1089,dtype='>f8').astype(float));pos+=8+1089*8
flags,n=struct.unpack('>ii',raw[pos:pos+8]);assert flags&255==13 and n==1089
factor=np.frombuffer(raw,offset=pos+8,count=n,dtype='>i4');assert set(factor)=={1,2};assert b'Down' in raw[pos+8+n*4:];assert b'Up' in raw[pos+8+n*4:]
df=pd.DataFrame(dict(zip(['Year','Lag1','Lag2','Lag3','Lag4','Lag5','Volume','Today'],cols)))
df['Direction']=np.where(factor==2,'Up','Down');assert list(df.loc[0,['Lag1','Lag2','Today']])==[.816,1.572,-.27]
assert np.array_equal(factor==2,df.Today.to_numpy()>0)
assert np.allclose(df.Lag1.to_numpy()[1:],df.Today.to_numpy()[:-1])
df.to_csv(R/'data/Weekly.csv',index=False)
y=(factor==2).astype(float);X=np.c_[np.ones(n),df[['Lag1','Lag2']].to_numpy()]
def fit(X,y,init=None,tol=1e-11):
 beta=np.zeros(X.shape[1]) if init is None else init.copy();it=0
 for it in range(80):
  eta=X@beta;p=expit(eta);g=X.T@(p-y);H=X.T@((p*(1-p))[:,None]*X)
  step=la.solve(H,g,assume_a='pos');obj=np.logaddexp(0,eta).sum()-y@eta
  if np.max(abs(step))<tol:break
  a=1
  while a>2**-20:
   trial=beta-a*step;teta=X@trial;tobj=np.logaddexp(0,teta).sum()-y@teta
   if tobj<=obj-1e-4*a*(g@step)+1e-12:beta=trial;break
   a*=.5
  else: raise ArithmeticError('line search')
 else:raise ArithmeticError('Newton convergence')
 eta=X@beta;p=expit(eta);g=X.T@(p-y);H=X.T@((p*(1-p))[:,None]*X)
 return beta,it+1,float(np.linalg.norm(g)),float(la.eigvalsh(H)[0])
full=fit(X,y);cold=[];warm=[];first=[]
t=time.perf_counter()
for i in range(n):
 mask=np.arange(n)!=i;b,it,g,lam=fit(X[mask],y[mask]);p=float(expit(X[i]@b));cold.append((p,it,g,lam))
 if i==0:first=[b.tolist(),p,int(p>.5),int(y[i])]
coldtime=time.perf_counter()-t;t=time.perf_counter()
for i in range(n):
 mask=np.arange(n)!=i;b,it,g,lam=fit(X[mask],y[mask],full[0]);p=float(expit(X[i]@b));warm.append((p,it,g,lam))
warmtime=time.perf_counter()-t
cold=np.array(cold);warm=np.array(warm);assert max(abs(cold[:,0]-warm[:,0]))<1e-9
wrong=(cold[:,0]>.5)!=y
weekly={'source':'https://github.com/cran/ISLR2/blob/master/data/Weekly.rda','git_blob_sha1':expected,'source_rows':n,'source_transport':'GitHub connector base64; blob SHA-1 verified before deserialization','columns':list(df.columns),'factor_levels':['Down','Up'],'full_fit_coefficients':full[0].tolist(),'full_fit_score_norm':full[2],'omitting_first':{'coefficients':first[0],'probability_up':first[1],'predicted_class':'Up' if first[2] else 'Down','actual_class':'Up' if first[3] else 'Down','error':bool(first[2]!=first[3])},'loo_error_count':int(wrong.sum()),'loo_error_rate':float(wrong.mean()),'minimum_probability_margin':float(min(abs(cold[:,0]-.5))),'cold_total_iterations':int(cold[:,1].sum()),'warm_total_iterations':int(warm[:,1].sum()),'cold_seconds_single_run':coldtime,'warm_seconds_single_run':warmtime,'max_probability_difference':float(max(abs(cold[:,0]-warm[:,0]))),'maximum_score_norm':float(max(cold[:,2].max(),warm[:,2].max())),'minimum_observed_hessian_eigenvalue':float(min(cold[:,3].min(),warm[:,3].min())),'status':'executed binary64 optimizations; finite convergence diagnostics, not interval-arithmetic root certificates','native_R_executed':False}
pd.DataFrame({'row':np.arange(n)+1,'probability_cold':cold[:,0],'probability_warm':warm[:,0],'actual_up':y,'error':wrong,'iterations_cold':cold[:,1],'iterations_warm':warm[:,1],'score_norm':cold[:,2]}).to_csv(R/'results/weekly_loo_rows.csv',index=False)
# R's Mersenne-Twister initialization plus inversion-normal convention.
def r_normals(seed,count):
 x=seed&0xffffffff
 for _ in range(50):x=(69069*x+1)&0xffffffff
 a=[]
 for _ in range(625):x=(69069*x+1)&0xffffffff;a.append(x)
 rng=np.random.RandomState();rng.set_state(('MT19937',np.array(a[1:],np.uint32),624,0,0.0))
 u=rng.randint(0,2**32,size=2*count,dtype=np.uint32).astype(np.float64)/2**32
 # R's fixup excludes exact endpoints; this seed has none.
 assert np.all((u>0)&(u<1))
 p=(np.floor((2**27)*u[::2])+u[1::2])/2**27
 return ndtri(p)
r=r_normals(1,200);assert np.allclose(r[:5],[-.6264538107423326,.1836433242220822,-.8356286124100472,1.5952808021377916,.3295077718153605],atol=2e-14)
rng=np.random.default_rng(1);x=rng.normal(size=100);eps=rng.normal(size=100)
samples={'Python_default_rng_1':(x,x-2*x*x+eps),'R_seed1_reconstructed':(r[:100],r[:100]-2*r[:100]**2+r[100:])}
reg={}
for label,(x,y) in samples.items():
 rows=[]
 for deg in range(1,5):
  A=np.vander(x,deg+1,increasing=True);Q,U=la.qr(A,mode='economic');b=la.solve_triangular(U,Q.T@y);res=y-A@b;lever=np.sum(Q*Q,axis=1);press=res/(1-lever)
  brute=[]
  for i in range(100):mask=np.arange(100)!=i;bb=la.lstsq(A[mask],y[mask])[0];brute.append(y[i]-A[i]@bb)
  brute=np.array(brute);assert np.max(abs(brute-press))<1e-10
  sigma2=np.sum(res**2)/(100-deg-1);Ui=la.solve_triangular(U,np.eye(deg+1));se=np.sqrt(sigma2*np.sum(Ui*Ui,axis=1));pv=2*student.sf(abs(b/se),100-deg-1)
  rows.append({'degree':deg,'coefficients':b.tolist(),'standard_errors':se.tolist(),'t_pvalues':pv.tolist(),'loocv_mse':float(np.mean(press*press)),'maximum_press_refit_difference':float(np.max(abs(brute-press))),'max_leverage':float(max(lever))})
 reg[label]={'models':rows,'n':100,'p_original':1,'p_expanded_max':4,'responses_model':'y=x-2x^2+epsilon, independent unit normals','generator':label,'native_R_executed':False if label.startswith('R_') else None}
 np.savez(R/'data'/f'{label}.npz',x=x,y=y)
(R/'results/statistical_experiments.json').write_text(json.dumps({'weekly':weekly,'polynomial':reg},indent=2))
print(json.dumps(weekly,indent=2));print({k:[v['loocv_mse'] for v in d['models']] for k,d in reg.items()})







PHI_volume_02_verification/publication/reproduction/code/verification_experiments.py

"""Fresh matched calculations for the integrated question-by-question edition."""
from pathlib import Path
import numpy as np, scipy, scipy.linalg as la, scipy.signal as sig, sympy as sp
import json,time,platform,csv
from fractions import Fraction as F
from threadpoolctl import threadpool_limits
R=Path(__file__).resolve().parents[1];threadpool_limits(1)
rng=np.random.default_rng(20261007);checks=[]
def ck(name,condition,kind='numerical'):
 if not bool(condition):raise AssertionError(name)
 checks.append({'name':name,'passed':True,'kind':kind})
# Exact power-control algebra and deterministic trajectories.
Fm=np.array([[0,.5],[.5,0]]);b=np.array([.5,.5]);ps=[np.array([0.,3.])]
for j in range(25):ps.append(b+Fm@ps[-1])
ck('power control F squared = one quarter identity',np.array_equal(Fm@Fm,.25*np.eye(2)),'exact dyadic')
ck('nonmonotone feasible trajectory approaches (1,1)',np.max(abs(ps[-1]-1))<1e-6)
policies=[{'assignment':[1,2],'p':[float(F(55,98)),float(F(30,49))]},{'assignment':[1,1],'p':[1.,5.]},{'assignment':[2,2],'p':[2.5,1.]},{'assignment':[2,1],'status':'infeasible'}]
G=np.array([[1.,.2],[.4,1.]])
for z in policies:
 if 'p' not in z:continue
 pp=np.array(z['p']);rhs=np.array([.5*(1+G[s-1,1-k]*pp[1-k])/G[s-1,k] for k,s in enumerate(z['assignment'])]);ck('two-station fixed point '+str(z['assignment']),np.allclose(rhs,pp,rtol=1e-12))
# Source counterexample: covariance restrictions cannot follow from uncorrelated entries alone.
d=.01;c=np.sqrt(d*(1-d));base=2/3*np.log(2)+1/3*np.log(5);new=2/3*np.log(2+2*c)+1/3*np.log(5-3*d-4*c)
ck('uncorrelated-channel diagonal restriction counterexample',new>base)
# Rayleigh MAC, common random numbers, singular spectra reused for all SNRs.
B=2048;rho_dbs=np.arange(0,31,5);rho=10**(rho_dbs/10);mac=[]
for r in [3,4,5,6]:
 H=(rng.normal(size=(B,r,30))+1j*rng.normal(size=(B,r,30)))/np.sqrt(2)
 W=np.zeros((B,r,r),complex)
 for K in range(1,31):
  h=H[:,:,K-1];W+=h[:,:,None]*h[:,None,:].conj();ev=np.maximum(np.linalg.eigvalsh(W),0)
  for db,rr in zip(rho_dbs,rho):
   vals=np.log1p(rr*ev).sum(axis=1)/np.log(2)
   mac.append(dict(receive_antennas=r,users=K,snr_db=int(db),mean_sum_bits=float(vals.mean()),se_sum_bits=float(vals.std(ddof=1)/np.sqrt(B)),mean_symmetric_bits=float(vals.mean()/K),se_symmetric_bits=float(vals.std(ddof=1)/np.sqrt(B)/K)))
 for db in rho_dbs:
  vals=[x['mean_sum_bits'] for x in mac if x['receive_antennas']==r and x['snr_db']==db];ck(f'MAC common-sample sum monotonicity r={r} db={db}',min(np.diff(vals))>0)
# Grouped access K30 r5 groups6, identical per-user average power.
r=5;K=30;Gg=6;H=(rng.normal(size=(B,r,K))+1j*rng.normal(size=(B,r,K)))/np.sqrt(2)
ev=np.maximum(np.linalg.eigvalsh(H@H.conj().transpose(0,2,1)),0)
Hg=H[:,:,:r];evg=np.maximum(np.linalg.eigvalsh(Hg@Hg.conj().transpose(0,2,1)),0);hh=np.sum(abs(H[:,:,0])**2,axis=1)
groups=[]
for db in np.arange(0,31):
 rr=10**(db/10);samples=[np.log1p(rr*ev).sum(1)/K,np.log1p(Gg*rr*evg).sum(1)/K,np.log1p(K*rr*hh)/K]
 groups.append({'snr_db':int(db),'sdma':float(samples[0].mean()/np.log(2)),'grouped':float(samples[1].mean()/np.log(2)),'oma':float(samples[2].mean()/np.log(2)),'se':[float(x.std(ddof=1)/np.sqrt(B)/np.log(2)) for x in samples]})
# Toeplitz two-tap specialization as a check of the general theorem.
a=.6;rr=3.;A=1+rr*(1+a*a);off=rr*a;ep=(A+np.sqrt(A*A-4*off*off))/2;em=(A-np.sqrt(A*A-4*off*off))/2;limit=np.log(ep);toe=[]
for n in [2,4,8,16,32,64,128]:
 mat=np.diag(np.full(n,A))+np.diag(np.full(n-1,-off),1)+np.diag(np.full(n-1,-off),-1)
 ld=np.linalg.slogdet(mat)[1];exact=(n+1)*np.log(ep)+np.log1p(-(em/ep)**(n+1))-np.log(ep-em)
 ck(f'continuant identity n{n}',abs(ld-exact)<1e-10)
 err=ld/n-limit;bd=-np.log1p(-em/ep)/n;ck(f'finite Toeplitz error enclosure n{n}',-1e-13<=err<=bd+1e-13)
 toe.append({'n':n,'per_symbol_logdet':float(ld/n),'limit':float(limit),'error':float(err),'upper_bound':float(bd)})
# Waterfilling fixed instance and a finite perturbation test.
g=np.array([4.,1.,.25,.1]);p=np.array([15/8,9/8,0,0]);nu=1/(p[0]+1/g[0]);ck('waterfill budget and active stationarity',p.sum()==3 and np.allclose(g[:2]/(1+g[:2]*p[:2]),nu) and np.all(g[2:]<=nu))
cap=np.log1p(g*p).sum();eq=np.log1p(g*.75).sum()
for j in range(100):
 z=rng.dirichlet(np.ones(4))*3;ck(f'waterfill finite comparison {j}',np.log1p(g*z).sum()<=cap+1e-12)
# Exact response-factor and truncation checks.
x=sp.symbols('q');den=1+F(2,5)*x+F(9,50)*x*x-F(1,5)*x**3
ck('cubic factorization',sp.expand(den-(1-sp.Rational(2,5)*x)*(1+sp.Rational(4,5)*x+sp.Rational(1,2)*x*x))==0,'symbolic identity')
ck('three independent delay states',sp.degree(den,x)==3,'symbolic identity')
N=5000;xx=rng.uniform(-1,1,N);v=w1=w2=0.;yt=[];allv=[];allw=[]
for z in xx:
 v=.6*z+.4*v;w=v/24-.8*w1-.5*w2;y=.55*w+.45*w1+.025*w2;w2,w1=w1,w;yt.append(y);allv.append(v);allw.append(w)
ref=sig.lfilter([.44,.36,.02],[1,.4,.18,-.2],xx)
ck('scaled canonical cascade equals original H/32',np.max(abs(np.array(yt)*32-ref))<1e-12)
ck('cascade sampled state magnitudes respect proof bounds',max(abs(np.array(allv)))<=1 and max(abs(np.array(allw)))<.5)
# Every filter's generated poles and exact source decimal checks.
D=json.loads((R/'results/filter_designs.json').read_text())
for key,dic in D.items():
 if isinstance(dic,dict) and 'poles' in dic:
  poles=np.array([complex(*p) for p in dic['poles']]);analog=dic.get('analog',False)
  ck(key+' stable generated poles',np.all(poles.real<0) if analog else np.all(abs(poles)<1))
# Benchmarks: complete matching outputs, setup included, repeated independent calls.
bench=[]
def timing(f):
 f();ts=[]
 for _ in range(7):
  t=time.perf_counter_ns();f();ts.append((time.perf_counter_ns()-t)/1e6)
 return ts
for n in [64,128,256,512]:
 def slow():
  a=[1]
  for k in range(1,n+1):a.append(sum(a[j]*a[k-1-j] for j in range(k)))
  return a
 def fast():
  a=[1]
  for k in range(n):a.append(a[-1]*2*(2*k+1)//(k+2))
  return a
 ck('Catalan same exact prefix '+str(n),slow()==fast(),'exact integer');bt=timing(slow);pt=timing(fast);bench.append(dict(family='Catalan exact prefix',n=n,baseline_ms=bt,structural_ms=pt,speedup_median=float(np.median(bt)/np.median(pt))))
for n in [32,64,128]:
 X=rng.normal(size=(n,8));Kk=np.exp(-np.maximum(np.sum(X*X,1)[:,None]+np.sum(X*X,1)[None,:]-2*X@X.T,0)/8);y=rng.normal(size=n);M=Kk+.7*np.eye(n)
 def slow():
  res=[]
  for i in range(n):
   ix=np.arange(n)!=i;L=la.cho_factor(M[np.ix_(ix,ix)]);aa=la.cho_solve(L,y[ix]);res.append(y[i]-Kk[i,ix]@aa)
  return np.array(res)
 def fast():
  L=la.cho_factor(M);aa=la.cho_solve(L,y);C=la.cho_solve(L,np.eye(n));return aa/np.diag(C)
 ck('KRR independent refits vs inverse diagonal '+str(n),np.allclose(slow(),fast(),atol=1e-10));bt=timing(slow);pt=timing(fast);bench.append(dict(family='Kernel ridge LOO',n=n,baseline_ms=bt,structural_ms=pt,speedup_median=float(np.median(bt)/np.median(pt))))
for n in [64,256,1024,4096]:
 a=rng.normal(size=n);b=rng.normal(size=n)
 def slow():return np.convolve(a,b)
 def fast():return sig.fftconvolve(a,b)
 ck('convolution matched full output '+str(n),np.allclose(slow(),fast(),atol=1e-10));bt=timing(slow);pt=timing(fast);bench.append(dict(family='Linear convolution',n=n,baseline_ms=bt,structural_ms=pt,speedup_median=float(np.median(bt)/np.median(pt))))
# Shape and automatically differentiated source exercises.
import torch
T=np.arange(24).reshape(2,3,4);ck('array length',len(T)==2,'exact integer');ck('sum axis shapes',[T.sum(i).shape for i in range(3)]==[(3,4),(2,4),(2,3)],'exact shape');ck('tensor Frobenius square',np.isclose(np.linalg.norm(T)**2,4324))
tu=torch.linspace(-2*np.pi,2*np.pi,401,dtype=torch.float64,requires_grad=True);yy=torch.sin(tu);yy.sum().backward();np.savez_compressed(R/'results/autograd_sine.npz',x=tu.detach().numpy(),y=yy.detach().numpy(),dy=tu.grad.numpy());ck('autograd sine derivative diagnostic',np.max(abs(tu.grad.numpy()-np.cos(tu.detach().numpy())))<1e-15)
# Explicit exact conventional identities.
ck('modular FFT example',[sum(v*pow(9,j*k,17) for j,v in enumerate([0,5,3,7,7,2,1,6]))%17 for k in range(8)]==[14,10,10,4,8,11,13,15],'exact modular')
ck('matrix chain 422.4 multiplier ratio',F(2**35+2**40,2**31+2**29)==F(2112,5),'exact rational')
result={'environment':{'python':platform.python_version(),'numpy':np.__version__,'scipy':scipy.__version__,'seed':20261007,'blas_threads':1,'timing_repetitions':7},'checks':checks,'passed_named_checks':len(checks),'benchmarks':bench,'mac':mac,'grouped':groups,'mc_realisations':B,'toeplitz':toe,'power':{'trajectory':[p.tolist() for p in ps],'policies':policies},'diagonal_restriction_counterexample':{'best_diagonal':base,'nondiagonal':new,'delta':d},'waterfilling':{'gains':g.tolist(),'power':p.tolist() if False else [15/8,9/8,0,0],'capacity_nats':cap,'equal_power_nats':eq},'canonical_cascade':{'max_output_discrepancy':float(np.max(abs(np.array(yt)*32-ref))),'sampled_input_length':N,'peak_v':float(np.max(np.abs(allv))),'peak_w':float(np.max(np.abs(allw)))}}
(R/'results/verification_experiments.json').write_text(json.dumps(result,indent=2));print('PASSED',len(checks),'checks;',len(mac),'MAC configurations;',len(bench),'matched timing configurations')
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PHI_volume_02_verification/publication/reproduction/data/Python_default_rng_1.npz




x.npy








y.npy









PHI_volume_02_verification/publication/reproduction/data/R_seed1_reconstructed.npz
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PHI_volume_02_verification/publication/reproduction/rechecked/fir_rational_certificates.json

{
  "SC-053": {
    "coefficient_arithmetic": "exact rational values of delivered binary64 coefficients",
    "endpoint_enclosures": "exact algebraic radical bounds via integer-square-root inequalities",
    "polynomial_degree": 50,
    "bands": [
      {
        "leaves": [
          {
            "a": "16778709516339254781201362717707/20282409603651670423947251286016",
            "b": "1",
            "coefficient_min": "-10487563680258424990364173685987347723783947557518424808573199219968341655015264321/29747117412206476398454260448235133257961854722985886419168377524126971867204755128320",
            "coefficient_max": "773657203221290510225385378248392008375533468206308157854993778219330933447359020387793364767686794841944542539882094822503898736649241260117968083/2300603811640873634838981894468371840684486887218377139337164312965513956640614471403860785713671043065946055159231824809029340156608294739323608104960",
            "depth": 2
          },
          {
            "a": "6637504714513419569227737074699/10141204801825835211973625643008",
            "b": "16778709516339254781201362717707/20282409603651670423947251286016",
            "coefficient_min": "-1953648571698250146498940744688885946145372039731682123057418349717388386394612685481594374361946393646318697672882444705142064868421049091481846716769063765103705704235276440234430322881793800284271109231469312936051796675004539385981631659121820888061263578434142855892766163327764823309992084677912789506296151177281682065638125642160977899098400695175471430386172314527709203681781866606520758303287905964447414964255691796876580065205485727361157747962069903546685603342789838298029504852414055688613098311287981270429257420282326424121689397727465028382155696622585002178371177584974615843468684178329635533301476434126162645170867887376763118556085343043093111921778097972403861745174473130383780802154362432190966771059797478776016135631600765647772473748948024943973554256767700726853536166275410421035775072268631592913576391602564508260536021947987220706492477420863927313594035900791258634418734770604583682385021783493378844387232594551849924903713447003711692483650107821950622523405596200964689034562315579884246480055766803107529893320525807595450189129679856353375449613665124775863391073252324158041949939298830047248116734375423862663828358610951602247671670650675984934325841577525635329816548615948993669351973559096910834698575584390692332883028706856809324673910757319404159862112630480912069377495175077006625435233093136136690718139728560176038742774646983253221783620813948534070174423636722930731808436712511155954757784425393739284420233637047328871814695827744505691915237696949566441298891675796336404215366050675832283511007408689904977279/24141456978045690366967541313256130417362312667841357852685502118364771354321412865141304272490248438374976274414889903122561083196533954813723071922544111795847025939495512245424649997160072878332702175614079244851572957244064340209634911956053876210771159214084270930862527590495899423977018718542230256785093261271808443765950698288028638794121003933352282355782523531745187167887447257722188009259830203647084563194424823176491095224852760755645136863256919102418694101832394929436929290201697738948202787675106149067208050869325449396097173465000528107582203326848126296135347237073250211276938798979247810976658117447507650973156385377857724125224133893859256712752816943355626696897231575638784541677532902598006484871821294864986426107925107930624742052852329941790890802709991228352444277860673614716804510225554016845039914372156737094116583629335862125812585725509493938606162046265150864624795454492466115045970200051609500821135174528500099044717230600361968239950557491665555549790472549923328139734518779538092787896933572402979441285806962037194808019086693894704094837757641498745189305146109391714795522594106005387226676590445554666060648078445213020478639271319568721719277365743899242175600043536607983620618566485924939852324723529603350342476865774604976193503552365396556538147201122626557295953477722129830825803296850205946537356938709143670873994275357824907418192147815718709911143322482288107186091579790459722194680617988049358231391038215296908351872454584760326544187905003959115481006702231870222412613496729866267437854400565820389536563200",
            "coefficient_max": "1540806730072634032385130921622454372032328849772898127127708508099886298106629339380688632937143018873952431827975963848800254719293324072595953327440031550337350816073079673718602971500560757744375132763813341998357349219264270615661261054388384407287822858281499446599722806184560197544279042220015059557072615152417200797211623790074519739047853269999449143537112967888389891439678648339887875646284279595159691735264005023204552915148877823005352210703554188164506528301193401148839713350680372496966872849311764211041595102432589859436696449088886814641755382452463042992423477915324557182737697682474202118966934929973317784251507669134649153753108257008631404075154324637620362251773167208865478508326640232727341598646296520403601572086212872328509004325048568684110498330330605476431678943822859542097538474844463257520861028061876144956787004120738879889365061161757765272530669157950519750858900110378304873283846052986564606162476801865208702887560871467212619090344909613211150452847586048761513916372166953469968551597352129916137138101443169354020360526784356118800217493544664098193743671465691890733341970319429116341656157892299838101660299993248265191926148671831020671403990572571472791793828168776924591101684565469117193122384334535342690352389232606783719932711967096074463585953116268306997477247247307873231920597285009045948946183029170571913561423415596375554420793785548701538859469012531272183812315447514821214417062702439873634860442379018606450286641941243714567566425004731632716094902558346334841349250694339646724408437524376697559027013/20136090028316327848897616266889765681648884568698962801085796779017362169249916868958717551329200919275939204259776799568515589930010412621963299177027808945573148077563779652713114217948120581881349918287405578975099123003228077300520237616757944003365451061308746002441399340942831391307787795569479092541002447903073656820014438164982962752476458169856376750837669879167922302672167751097085681058085551108344039170077866306806425386726770186434540549235996673444802583859785167164720622952054646423957817429930848898018259585112221247643489206908026694884892828191266244184555944871266711172217687376748638282055522200093762756152478247841187797480516734194391552425596548645522235491422858004563684969610146351867149864532278837918072406678827022664314206424573012100880043845458629623445638418112049398682976089119694109884848467041330789882650093428231632722502071084422038395143041489468462458938431202096322254783062219374897117331103409896462854282244337175724965068024363150859500213679367045834599428742478318624539553444567469644854095252909278844790775107300051357588053603898376496714392882054425870774312795137573417929713055182293320421523368736796801692349171005127992814009300730672850107502166415861385600043543484908815442007615811398218151079753423572099882345792434084947422446253002724907495343205664343772109183719852572150240650105851029418438139702313741569749770676312694005704972419554434558263727397683640708602895135847597821465514842327841161089585649500885794975965623922482118673559603296058046760439121015199247499031854613975460340983398400",
            "depth": 2
          },
          {
            "a": "1566902313600501963240924253195/5070602400912917605986812821504",
            "b": "6637504714513419569227737074699/10141204801825835211973625643008",
            "coefficient_min": "-527123192550020386374617260702452874102534661156819244313807373706479436473055502177248927032774497532977299872347501896291945736498994940462913230941208733490080605423777812210837184107970295692324859328414682460637863893433842156214702703176498085545317838642841237927326569634129373491776254461631861827632367074984449586354268000262391113620987155023991052541380356598331336544279850552584672338802117834450867657396749972427726274907057007949652254513800122399981508445214943588990242496031141028662145961100028251515675385677355290237563679145939973888259167271676786803671509597106072232959250958989221758769145769540143873794611704381488970241459519137428130079424260625195066950963337252386662933544397550050116241697983673905389989064190410012066837758744790397725661573602749176513905678717950195688711449092653594470576867250610481587775213706668253775934820246204497019543597224880183909486128783211441591922402038843289711827863798652342635968352321630932252532632789488660784244708267055536655150864081352826826520345645059210731563728713967997698717485516755904547490837339842640469406282697438776826990330243097130927924210399647310513482029922347931345095006479176668680174319055262374064130155431473588131247587101868419795298897467268560412486690066929024206451173306636754662084777260137553843758990930081008053786686735742228797056374166931923969715990254324677641305314345816334233241806123504979694801884615791605900126542280626959036632308295806789749861567933044021990408484824424023411155025251594636749567404493067359046960511/2680240138502397769456335886812518067552603436603115600065983205975680564927700373927399931927056768540815342928828035953543582969486486746038330855340005220527002764929259930928823196478746657504277603535811552154696552868092178668572568506884165741107746063108171578155683744181902941503217032541942527943967051892372004813885977091206651445234432788272936049687458607476163404458030210278062012070313691452736977537887866149423198883200743031856598459856324445917807220078054589666663930525214192151861912502564660905869159498374260030672774742233125178934272461944502008017215648147196806058916029755684086286111402480381876830901209427288925293855663000581663525684652176578962234565176767158021735779353289807814429409818101620042887901265727715952007731742537937268499126676201263869408406332958529318589103754350457458626157333476307208965548193250845413017356491714948012306658725186231480533382615593359212252219125899489415945213274753256016307813828292201604268635346250045432053820179402184123789136207391907495177540636085700473883051776154089162452545012837334359911394016955543533907636038605625440877702491582868547762194720900991680829844385596817726344758189429514496828685628598154449228685441257336917033684394349837825083629452685940836069997324583825124143910251502442471831305326315522847535172510116355785261910515610029420334443288477149066703519228500354743818045138749685952762729459762068640847464571196396812235405240131053057143372235572897567074321096234874631408139123434515206976348123094829903047277397024602126611487129600",
            "coefficient_max": "118470173486434406296591230540656644245322976080251954818251084332471814991674611525878494243898505055020968206973242868320732817752493096827342072128656122767655863330294668448353164065717791692596189619796630598315277287493638534582928832035728856728495409927259857050595552205669057772922179284422462088323210082625327016519346358074588702778338076499716335441664098645740375282412386580019801400183959179614256259057019903908542983947826841441706547980591956842209127625596386072259379537288396309881235070969375486814592113066279494938865181368349603711862113142284539286223093333759148281419650623413827509202083134696212742199963149881413705407875835159756387857821276122220955954767357584881466665181858916379679120976474418730682118063902943388249861527472106966155959720098019703680991303719327274962730259144909080064521810802387441048892972929479790100014328529977080274143679609851371638840599476398840594649527110632747847739365501338861042765070721018602320858814410995419787677857675399823011059030333334629340568168848642803509434649267046231929765567915891321585687127740909900503165328435848170769741873095024141077472820755936009888298724627073539475939570938376941872068379687264026035156122844736051672986097592538773418739946860159267036389313673827576734701325810117565545363201221536498139163001461858887582275951683056732897919984808137632441838294955890207444838942537804637628703425718967762420749704161189276510106017573920196377172910812597830420291037866050669426719834812788801611268125635397686602672914475370881047816953/631069472265920164467898050935921549310607597950194782989673847527679098530929452266311298627221879230784647015031170103285854395293962665958378547297188729186584163940779412616323134084704897267979155573895284639871979312153169223149898942623049800034528571971051174382561312611795035256953579321567287021289656075951813633441903011237772996534184875256073843595592355316316491243620259639823868143710712912093781887961744346604492409460519776358477115817464322664914738779154017071299643124740626061618349010571528456823719127580577388687501380579674409048640660490165612879053468879485454874863310885363117299046704140046810439172321400714041138693386169856781767631569504938042293375529228043133350504082644205826996579790145693943287722442415415878786303217397132859016227563308163960631181879042498551844524968023248873609714846298031384869582198518652718474453010172107910225220831307318511310931143865462271419299438587325902353479634195675042632820389527851347556785369779779016060085893533811671387851574693029943638246367440437018904576307208694484909354617785514609526551285242226575602175080210484007361829735356526700092715028574209786919526937772526587506820759041324264608909277854199080987573026847767366780021595005861599979281288159351371423808637307721756061901282277245344930107989008557911838831027435801442973844232393094211576590364797690809347757490762206370176985843552593082627862485946133618561606690524151620122237117423098160545072018828316937937218921904439770433920688006941349918461276827823635577403137122710737785140019200",
            "depth": 1
          }
        ],
        "accepted_intervals": 3,
        "depth": 2,
        "range": [
          -0.0003525573095010188,
          0.0003362844133816723
        ],
        "required": [
          "-3/1000",
          "3/1000"
        ]
      },
      {
        "leaves": [
          {
            "a": "-1/2",
            "b": "0",
            "coefficient_min": "25474238378484644665754739903365267/25510991919695121499036914160762880",
            "coefficient_max": "418864522713293852897237729640027811/419109152966419853198463589783961600",
            "depth": 1
          },
          {
            "a": "-3/4",
            "b": "-1/2",
            "coefficient_min": "806452154355922178742634846917654059975969/807342894450533949722298479140280509399040",
            "coefficient_max": "233161580184314539646047806707052835506471/233372555427107469841601904126487334748160",
            "depth": 2
          },
          {
            "a": "-1",
            "b": "-3/4",
            "coefficient_min": "5769857546459496661773459/5784898941515315386777600",
            "coefficient_max": "17402951548343991001746759167/17400976016078068683427020800",
            "depth": 2
          }
        ],
        "accepted_intervals": 3,
        "depth": 2,
        "range": [
          0.9973998862887864,
          1.0001135299688992
        ],
        "required": [
          "99/100",
          "1001/1000"
        ]
      }
    ],
    "elapsed_seconds": 0.2235410213470459,
    "minimum_order_claim": false
  },
  "SC-054": {
    "coefficient_arithmetic": "exact rational values of delivered binary64 coefficients",
    "endpoint_enclosures": "exact algebraic radical bounds via integer-square-root inequalities",
    "polynomial_degree": 50,
    "bands": [
      {
        "leaves": [
          {
            "a": "8051027712408336862042362591851/10141204801825835211973625643008",
            "b": "1",
            "coefficient_min": "-11880220117378681680402364486507441115301353456479302397896961482785947223617011174878412308606741345293525115459086410754068828977044444682743673/14672218186485163487493506980027881637018411270525364409038037710239247172452898414565438684398412264451186576270611127608605485692654940939563827200",
            "coefficient_max": "773764666018289487023984079400018421386283634395044263430384339602736213964506187/758855036025675418327914807352937072907190171504742000488989222554259486408284569600",
            "depth": 1
          },
          {
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    "cos162": [
      "-4822429454930081049156520199707/5070602400912917605986812821504",
      "-2411214727465040524578260099853/2535301200456458802993406410752"
    ]
  }
}






PHI_volume_02_verification/publication/reproduction/rechecked/fixed_point_rows.json

[
  {
    "nonzero_rows": 1,
    "new_term": "5/32",
    "partial_sum": "5/32",
    "remaining_tail": "5/96"
  },
  {
    "nonzero_rows": 2,
    "new_term": "5/128",
    "partial_sum": "25/128",
    "remaining_tail": "5/384"
  },
  {
    "nonzero_rows": 3,
    "new_term": "5/512",
    "partial_sum": "105/512",
    "remaining_tail": "5/1536"
  },
  {
    "nonzero_rows": 4,
    "new_term": "5/2048",
    "partial_sum": "425/2048",
    "remaining_tail": "5/6144"
  },
  {
    "nonzero_rows": 5,
    "new_term": "5/8192",
    "partial_sum": "1705/8192",
    "remaining_tail": "5/24576"
  },
  {
    "nonzero_rows": 6,
    "new_term": "5/32768",
    "partial_sum": "6825/32768",
    "remaining_tail": "5/98304"
  },
  {
    "nonzero_rows": 7,
    "new_term": "5/131072",
    "partial_sum": "27305/131072",
    "remaining_tail": "5/393216"
  },
  {
    "nonzero_rows": 8,
    "new_term": "5/524288",
    "partial_sum": "109225/524288",
    "remaining_tail": "5/1572864"
  },
  {
    "nonzero_rows": 9,
    "new_term": "5/2097152",
    "partial_sum": "436905/2097152",
    "remaining_tail": "5/6291456"
  },
  {
    "nonzero_rows": 10,
    "new_term": "5/8388608",
    "partial_sum": "1747625/8388608",
    "remaining_tail": "5/25165824"
  },
  {
    "nonzero_rows": 11,
    "new_term": "5/33554432",
    "partial_sum": "6990505/33554432",
    "remaining_tail": "5/100663296"
  },
  {
    "nonzero_rows": 12,
    "new_term": "5/134217728",
    "partial_sum": "27962025/134217728",
    "remaining_tail": "5/402653184"
  },
  {
    "nonzero_rows": 13,
    "new_term": "5/536870912",
    "partial_sum": "111848105/536870912",
    "remaining_tail": "5/1610612736"
  },
  {
    "nonzero_rows": 14,
    "new_term": "5/2147483648",
    "partial_sum": "447392425/2147483648",
    "remaining_tail": "5/6442450944"
  },
  {
    "nonzero_rows": 15,
    "new_term": "5/8589934592",
    "partial_sum": "1789569705/8589934592",
    "remaining_tail": "5/25769803776"
  },
  {
    "nonzero_rows": 16,
    "new_term": "5/34359738368",
    "partial_sum": "7158278825/34359738368",
    "remaining_tail": "5/103079215104"
  },
  {
    "nonzero_rows": 17,
    "new_term": "5/137438953472",
    "partial_sum": "28633115305/137438953472",
    "remaining_tail": "5/412316860416"
  },
  {
    "nonzero_rows": 18,
    "new_term": "5/549755813888",
    "partial_sum": "114532461225/549755813888",
    "remaining_tail": "5/1649267441664"
  },
  {
    "nonzero_rows": 19,
    "new_term": "5/2199023255552",
    "partial_sum": "458129844905/2199023255552",
    "remaining_tail": "5/6597069766656"
  },
  {
    "nonzero_rows": 20,
    "new_term": "5/8796093022208",
    "partial_sum": "1832519379625/8796093022208",
    "remaining_tail": "5/26388279066624"
  },
  {
    "nonzero_rows": 21,
    "new_term": "5/35184372088832",
    "partial_sum": "7330077518505/35184372088832",
    "remaining_tail": "5/105553116266496"
  },
  {
    "nonzero_rows": 22,
    "new_term": "5/140737488355328",
    "partial_sum": "29320310074025/140737488355328",
    "remaining_tail": "5/422212465065984"
  },
  {
    "nonzero_rows": 23,
    "new_term": "5/562949953421312",
    "partial_sum": "117281240296105/562949953421312",
    "remaining_tail": "5/1688849860263936"
  },
  {
    "nonzero_rows": 24,
    "new_term": "5/2251799813685248",
    "partial_sum": "469124961184425/2251799813685248",
    "remaining_tail": "5/6755399441055744"
  }
]







PHI_volume_02_verification/publication/reproduction/rechecked/repeller_report.json

{
  "status": "PASS",
  "scope": "Outward square-root bounds and listed finite inverse cylinders",
  "B": "231/100",
  "contraction_bound": "50/83",
  "rounding_grid": "1/10000000000",
  "cylinders": [
    {
      "word": "0",
      "lower": "-5760859311/2500000000",
      "upper": "-4153311931/5000000000",
      "lower_decimal": "-2.3043437244",
      "upper_decimal": "-0.8306623862"
    },
    {
      "word": "1",
      "lower": "4153311931/5000000000",
      "upper": "5760859311/2500000000",
      "lower_decimal": "0.8306623862",
      "upper_decimal": "2.3043437244"
    },
    {
      "word": "00",
      "lower": "-7364335703/5000000000",
      "upper": "-166812023/200000000",
      "lower_decimal": "-1.4728671406",
      "upper_decimal": "-0.8340601150"
    },
    {
      "word": "01",
      "lower": "-23031160901/10000000000",
      "upper": "-3914415607/2000000000",
      "lower_decimal": "-2.3031160901",
      "upper_decimal": "-1.9572078035"
    },
    {
      "word": "10",
      "lower": "166812023/200000000",
      "upper": "7364335703/5000000000",
      "lower_decimal": "0.8340601150",
      "upper_decimal": "1.4728671406"
    },
    {
      "word": "11",
      "lower": "3914415607/2000000000",
      "upper": "23031160901/10000000000",
      "lower_decimal": "1.9572078035",
      "upper_decimal": "2.3031160901"
    },
    {
      "word": "00110101",
      "lower": "-2185291737/2500000000",
      "upper": "-8733722911/10000000000",
      "lower_decimal": "-0.8741166948",
      "upper_decimal": "-0.8733722911"
    },
    {
      "word": "11001010",
      "lower": "21003795607/10000000000",
      "upper": "10506105563/5000000000",
      "lower_decimal": "2.1003795607",
      "upper_decimal": "2.1012211126"
    }
  ]
}
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PHI_volume_02_verification/publication/reproduction/results/auxiliary_checks.json

{
  "checks": [
    {
      "name": "PCA direction source calculation",
      "passed": true
    },
    {
      "name": "one factor source loading",
      "passed": true
    },
    {
      "name": "DFT defining sum length 1",
      "passed": true
    },
    {
      "name": "DFT defining sum length 2",
      "passed": true
    },
    {
      "name": "DFT defining sum length 3",
      "passed": true
    },
    {
      "name": "DFT defining sum length 4",
      "passed": true
    },
    {
      "name": "DFT defining sum length 5",
      "passed": true
    },
    {
      "name": "DFT defining sum length 7",
      "passed": true
    },
    {
      "name": "DFT defining sum length 8",
      "passed": true
    },
    {
      "name": "DFT defining sum length 11",
      "passed": true
    },
    {
      "name": "DFT defining sum length 16",
      "passed": true
    },
    {
      "name": "DFT defining sum length 17",
      "passed": true
    },
    {
      "name": "DFT defining sum length 31",
      "passed": true
    },
    {
      "name": "DFT defining sum length 64",
      "passed": true
    },
    {
      "name": "length metadata (2, 3, 4)",
      "passed": true
    },
    {
      "name": "length metadata (0, 3)",
      "passed": true
    },
    {
      "name": "length metadata (1,)",
      "passed": true
    },
    {
      "name": "length metadata (4, 3)",
      "passed": true
    },
    {
      "name": "scalar len exception",
      "passed": true
    },
    {
      "name": "stack axis2 shape",
      "passed": true
    },
    {
      "name": "stack slice B",
      "passed": true
    },
    {
      "name": "double transpose view",
      "passed": true
    }
  ],
  "factor_analysis": {
    "seed": 20261006,
    "pca_direction": [
      -0.010537131247693001,
      -0.010532791655546023,
      0.9998890084229399
    ],
    "loadings": [
      0.9559842379830821,
      0.9559486711735582,
      -1.0949461545235095
    ],
    "standardized_loadings": [
      0.9999997342704824,
      0.9999997342546043,
      -0.10886901542456659
    ],
    "uniqueness": [
      4.858111717347424e-07,
      4.858018302209999e-07,
      99.95366600994646
    ],
    "iterations": 33,
    "tolerance": 0.0001,
    "loglike": [
      -819.5127986327625,
      -750.1220361947497,
      -680.8091413097734,
      -611.4950761812224,
      -542.1812534594349,
      -472.86824642149395,
      -403.5569328602462,
      -334.24901943862085,
      -264.9479086182175,
      -195.66040062341443,
      -126.40008597341534,
      -57.19410815010253,
      11.903395247491488,
      80.78474360896948,
      149.2369322812774,
      216.84320725470945,
      282.8057603509233,
      345.66189988503527,
      402.94872082913145,
      451.1590119560424,
      486.76035872909506,
      508.5559625844585,
      519.2079357729667,
      523.3820153585772,
      524.7522326424818,
      525.1513161001892,
      525.2595474034014,
      525.2877685456458,
      525.2949765695017,
      525.2967981506916,
      525.2972560255987,
      525.2973708071121,
      525.2973995426402
    ]
  }
}






PHI_volume_02_verification/publication/reproduction/results/convergence.csv

			n			intervals			mesh			hausdorff_stage			stage_length			moment_lower			moment_upper			moment_midpoint			left_error			midpoint_error			reciprocal_lower			reciprocal_upper			reciprocal_lower_decimal			reciprocal_upper_decimal			automaton_count


			0			1			1			1/6			1			0			1			1/4			3/8			1/8			1/2			1			0.500000000000			1.000000000000			1


			1			2			1/3			1/18			2/3			2/9			5/9			13/36			11/72			1/72			5/8			4/5			0.625000000000			0.800000000000			2


			2			4			1/9			1/54			4/9			26/81			35/81			121/324			35/648			1/648			217/320			689/935			0.678125000000			0.736898395722			3


			3			8			1/27			1/162			8/27			260/729			287/729			1093/2916			107/5832			1/5832			15875077/22771840			338880008/472804255			0.697136331539			0.716744835556			5


			4			16			1/81			1/486			16/81			2420/6561			2501/6561			9841/26244			323/52488			1/52488			49439863683929/70266155814400			618860276118479023813/871455843994259253457			0.703608488481			0.710145304990			8


			5			32			1/243			1/1458			32/243			22022/59049			22265/59049			88573/236196			971/472392			1/472392			51392709285826280251936377612834438149/72816861927347581435861841087940224000			72923065783854478800214546082220732759072000560825684/103004601942355825069935270562910166432501741293922175			0.705780336114			0.707959298990			13


			6			64			1/729			1/4374			64/729			198926/531441			199655/531441			797161/2125764			2915/4251528			1/4251528			918531429891339743747259533887020575294904635721990159164360519118930999138606091/1300104456132576951645408740770566755135754146089062879023214522926474446694912000			48135805637412787418819340876387868552364852419246870176066460961026379954976919349456378383947268750891442575559/68062237821040997312714042168533525995900396322898081224396806420448297377041343888190634943268512075941361390725			0.706505870016			0.707232191865			21


			7			128			1/2187			1/13122			128/2187			1792520/4782969			1794707/4782969			7174453/19131876			8747/38263752			1/38263752			50222040236146165813602609159410144275225783561539670528192051292054229364515858527754180211060694312406041512292821551703427269734781469234822330078254951667534318491487841201479/71060757244887690270015135443705707872158799674939294583525679426516584140345466895218934924201688792992864940355412708069043188438638276226742501392652793218760175342161376256000			5534743392091995461191037693012158331185265044642772097142963015596663545517398039032480907455743763373817280441373363091283850753359651745097964392780520229889535792895181802779922686001591156964426671301826615555697406416614816519447404961593665165438907514962802515749808/7828602121724174109545797453319659409367372137127991396944583682308474500654736973948809589554619503031258696349302446491943930859747763497983869734540690245184455049071408600460620015727338402330924903764791185109828018200544916309754126637899283676251734421867578328496625			0.706747889881			0.706989997197			34


			8			256			1/6561			1/39366			256/6561			16139240/43046721			16145801/43046721			64570081/172186884			26243/344373768			1/344373768			1477040252364523068894440044341193952629020849869885004707893259811029034333153360277965972629259737365173003294712220365190681663310796395576960007961123543732952052128065018448309438485938166880157352531245822320618418503574520507643484850566438990235633082436673280060363622087661082123192451510585042652076095598242896036528202684692937269961735356170552958634666079383572297118966846096819/2089672501522011642227166364270662855424220195460791886578310023819964722169433119976729433093232671357740764523347994803653458817689687914796104714948185846478311948737015681728249372374514158729879928012996010154180968636872267027847207197931094382937306747334652091211883171835468595452076222625012754667720806764997858732042025453989305261653013232691595745024055782660062625701286273024000			751457483924974433271485663690626928491649235093121274688782656644334672437191694935027344117519594149075945209342834777686756310370347575998071358312642848395420129447144694802517948568315036476735324243557039477857717537632029628556614724876922077631686851620981174963836039476817776458617383525912130662403648046052810796740492663505317760570248985371233343318132079610872538753467174398174206759659215606693259839631264932920116331873486697137331008265856597609459430365438512726225004567590020973768918522048034913225775550727345656397909356678583840319/1063018268142644566804016582679989591584341434598185889327027748642070693576349843335385700197763213579198432527997800303143180586041369986076003620228018544025443308401888084630863005278973677722358425245284193947040983404887112352953256814862859550727490819722113664961720607751644610724158755931056644305052445640645694701142583605431719658497120377286998036495463170663348018792051617480569098596213553718927535806482934823248161183685563227376595482348939064213953646379274772325861459294095303033730692666949656938450452908664804228111822117219707330375			0.706828582607			0.706909285047			55


			9			512			1/19683			1/118098			512/19683			145272842/387420489			145292525/387420489			581130733/1549681956			78731/3099363912			1/3099363912			993280423477448914155876190300342049222522620309314661260524515601071811644400524509336292872093281482868971195003599662850789358122241664993884685909307187402457626985619660646349366616335689324421880081994260498115817504491670696204409569554696476247688197394448376705518068326166867777306180889496009001336271444834126816793035130835816597863740502808913578695725138743920853007203934523068649840034232198198495090739604616578851078712580252810986078417434339272217317944966907632700228678356834618231856530297074078531572729073314348669604213383376834236797419813758855943420413847644200189651516056255060559590669392207266338744158616249036555548239494924486481217799358754651503335246185926220200359347819316067180855278032886618658213939373052756565265505043346455202822343108787837860791171230696260162301368247077336932749048232528878746283806776401/1405210044048755994163126835934915487334854612592038412207765759487339951207266803328561869179187498363479438898075603778771993749272434269771551018509687750536324791786059870210948403006630065203485980748471980203151948148295181162391849399545423314773559122457880454295862737439782686589571758848685519789590054390504964195187865143921267256731191775130714060443886051885543251155770682253754376622964850616951312001539838729823022836193167254282214471606484107025864843061309370108730838885290889677653667222574582392542326773768826644296748349644831319656481355719582127812507031321594812870373677337386947842398605130644698678993537193102326882486536105128796098724845947282407715791691941146952926103417031956225842025863527638809069485403997987821117956893949312893510795831693117769557259181503306998415882776715315951207145803047812363232095043584000			19114780073197870723299516198934054988968502796283960749258727222720821466665336944499975079701907461754451408198661644941346865610336203917144468181119542518961466673321655644286477456234318754287878826187672385720992867751107226502906313582990643809198982570999989390525215024107131738206996918684022494757861899782370366109668663645463783974314620972215999665796500539359164644918634638007732565583116562182580422095833122115058163907027462335353559322999398650794502452688309459039553836960861967696301033788856208747755808349463542642839853264296180701538654639340808419101279973990860373642060015195117437159402167241707990477621963662411184348597521696026754858819787373682041903841356393196248407816524886801974499882632099417988320981532523161225742358589668602088728716883581221574077357871328106384325272725483475792191450898052186971916622664957422233841863754964211708099153436325475452607750204291740641987522662400541626043250695450037277728923239852489936943349114568160784831323156711278256114670248282068702468895222541221947186794205021862986726268682834621546683413187927254463698687565276347997065975058278427604989295081948826431326608477239712250859582119910289789847864298602229838554641996507871170390647187156/27040962582605374958036943580039337127781136463202811595299031380511846167534680960028547617474741147801620084407337357025107591137002120800980202242647476986593970814646549075936091931123490596571272466489835228704556763460793808126981606739284406564614140713071573544289163151350128099902763871099358553286232929385312137357794522239001283995991570790666097803418076206844102662676487533745568280068254808916213274852976576733765180885671095085419128400328872428803827941772438476192821113417018660351507608278511709105513729250183087313312677816647434475394001114540652069183166921983869426079301515760415078692184074259886981918019922579207496183591372152013803145415690424770074340116055974600921056343142191160395626527290591275511551869846143438125072397948349112684555561824280444921132972747801319481618971609536939888449496146396132088457923534222100201619159109040387900334698116020460277274740104112556438857205809852981664944766283332830606842054680426089955572255047928552115719088030854164266506792386385092826638713280750801821613486709230405453900465660511907603741469336058708826029516636582332266952665648887568787693260968888659260179677855149041460011083098222751267852761257390892911691322642599704808985676544125			0.706855482342			0.706882383155			89
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{
  "SC-046": {
    "question_id": "SC-046",
    "family": "butter",
    "bandtype": "lowpass",
    "prototype_order": 5,
    "realized_degree": 5,
    "analog": true,
    "fs": null,
    "reference_hz": 500,
    "wp_hz": 499.99999999999994,
    "ws_hz": 1250.0,
    "rp_db": 1,
    "rs_db": 30,
    "wn": 3596.1053415116594,
    "zeros": [],
    "poles": [
      [
        -0.3537243005772343,
        1.0886514565853846
      ],
      [
        -0.9260622415579832,
        0.6728236020718483
      ],
      [
        -1.1446758819614982,
        0.0
      ],
      [
        -0.9260622415579832,
        -0.6728236020718483
      ],
      [
        -0.3537243005772343,
        -1.0886514565853846
      ]
    ],
    "gain": 1.9652267283602713,
    "numerator": [
      1.9652267283602713
    ],
    "denominator": [
      1.0,
      3.7042489662319333,
      6.860730201915173,
      7.853312394777137,
      5.555814868114132,
      1.9652267283602705
    ],
    "sampled_pass_min_db": -1.0000000000000018,
    "sampled_stop_max_db": -33.92750603939617,
    "stability": true,
    "coefficient_digits": "binary64; decimal display rounded; exact design uses the specified prototype construction",
    "response_status": "grid diagnostic, not proof"
  },
  "SC-048": {
    "question_id": "SC-048",
    "family": "cheby1",
    "bandtype": "lowpass",
    "prototype_order": 7,
    "realized_degree": 7,
    "analog": true,
    "fs": null,
    "reference_hz": 500,
    "wp_hz": 499.99999999999994,
    "ws_hz": 750.0,
    "rp_db": 1,
    "rs_db": 40,
    "wn": 3141.592653589793,
    "zeros": [],
    "poles": [
      [
        -0.04570898132133054,
        0.9952839577645525
      ],
      [
        -0.12807371962943453,
        0.7981557635725834
      ],
      [
        -0.18507188704383637,
        0.4429430316670104
      ],
      [
        -0.20541429747146478,
        0.0
      ],
      [
        -0.18507188704383637,
        -0.4429430316670104
      ],
      [
        -0.12807371962943453,
        -0.7981557635725834
      ],
      [
        -0.04570898132133054,
        -0.9952839577645525
      ]
    ],
    "gain": 0.030706667630629243,
    "numerator": [
      0.030706667630629243
    ],
    "denominator": [
      1.0,
      0.9231234734606677,
      2.1760784736270447,
      1.4287943081955907,
      1.3575448029508423,
      0.5486198107743607,
      0.21367139021182507,
      0.030706667630629243
    ],
    "sampled_pass_min_db": -0.9999999999999942,
    "sampled_stop_max_db": -46.627792743622756,
    "stability": true,
    "coefficient_digits": "binary64; decimal display rounded; exact design uses the specified prototype construction",
    "response_status": "grid diagnostic, not proof"
  },
  "SC-049": {
    "question_id": "SC-049",
    "family": "ellip",
    "bandtype": "lowpass",
    "prototype_order": 5,
    "realized_degree": 5,
    "analog": true,
    "fs": null,
    "reference_hz": 500,
    "wp_hz": 499.99999999999994,
    "ws_hz": 750.0,
    "rp_db": 1,
    "rs_db": 40,
    "wn": 3141.592653589793,
    "zeros": [
      [
        0.0,
        1.764288440908589
      ],
      [
        0.0,
        1.2538075689795842
      ],
      [
        0.0,
        -1.764288440908589
      ],
      [
        0.0,
        -1.2538075689795842
      ]
    ],
    "poles": [
      [
        -0.38534434027560865,
        0.0
      ],
      [
        -0.2191067293462112,
        -0.7410339611506352
      ],
      [
        -0.04992070888716029,
        -0.9981980505781458
      ],
      [
        -0.2191067293462112,
        0.7410339611506352
      ],
      [
        -0.04992070888716029,
        0.9981980505781458
      ]
    ],
    "gain": 0.0469722993575068,
    "numerator": [
      0.0469722993575068,
      0.0,
      0.22005334426422676,
      0.0,
      0.22984908120440767
    ],
    "denominator": [
      1.0,
      0.9233992167423516,
      1.8471187701849932,
      1.1292277348522641,
      0.788126922436302,
      0.22984908120440758
    ],
    "sampled_pass_min_db": -0.9999999999999953,
    "sampled_stop_max_db": -40.000000032716954,
    "stability": true,
    "coefficient_digits": "binary64; decimal display rounded; exact design uses the specified prototype construction",
    "response_status": "grid diagnostic, not proof"
  },
  "SC-050": {
    "question_id": "SC-050",
    "family": "ellip",
    "bandtype": "highpass",
    "prototype_order": 8,
    "realized_degree": 8,
    "analog": true,
    "fs": null,
    "reference_hz": 550000,
    "wp_hz": 550000.0,
    "ws_hz": 500000.0,
    "rp_db": 0.5,
    "rs_db": 50,
    "wn": 3455751.9189487724,
    "zeros": [
      [
        0.0,
        -0.28292965143686816
      ],
      [
        0.0,
        -0.6944871728775405
      ],
      [
        0.0,
        -0.8749664446013774
      ],
      [
        0.0,
        -0.9317060604828772
      ],
      [
        0.0,
        0.28292965143686816
      ],
      [
        0.0,
        0.6944871728775405
      ],
      [
        0.0,
        0.8749664446013774
      ],
      [
        0.0,
        0.9317060604828772
      ]
    ],
    "poles": [
      [
        -1.4874969073331197,
        1.5123006354044826
      ],
      [
        -0.25872662209983394,
        1.2217809264490405
      ],
      [
        -0.06316008992399076,
        1.045434804873466
      ],
      [
        -0.012973379881765775,
        0.99741870723709
      ],
      [
        -1.4874969073331197,
        -1.5123006354044826
      ],
      [
        -0.25872662209983394,
        -1.2217809264490405
      ],
      [
        -0.06316008992399076,
        -1.045434804873466
      ],
      [
        -0.012973379881765775,
        -0.99741870723709
      ]
    ],
    "gain": 0.9440608762859235,
    "numerator": [
      0.9440608762859235,
      0.0,
      2.0731615391817257,
      0.0,
      1.5311500509016223,
      0.0,
      0.4123671332374406,
      0.0,
      0.02422289370319383
    ],
    "denominator": [
      1.0,
      3.64471399847742,
      10.225805898361891,
      15.59706688517708,
      25.630135275338198,
      20.652218695114705,
      24.072409590633338,
      8.68758285954718,
      7.659951562224335
    ],
    "sampled_pass_min_db": -0.4999999999999918,
    "sampled_stop_max_db": -50.00000000000003,
    "stability": true,
    "coefficient_digits": "binary64; decimal display rounded; exact design uses the specified prototype construction",
    "response_status": "grid diagnostic, not proof"
  },
  "SC-051": {
    "question_id": "SC-051",
    "family": "cheby2",
    "bandtype": "bandpass",
    "prototype_order": 5,
    "realized_degree": 10,
    "analog": true,
    "fs": null,
    "reference_hz": 455000,
    "wp_hz": [
      450000.0,
      459999.99999999994
    ],
    "ws_hz": [
      445000.0,
      465000.00000000006
    ],
    "rp_db": 1,
    "rs_db": 40,
    "wn": [
      2802601.320782646,
      2915874.0429837126
    ],
    "zeros": [
      [
        0.0,
        -1.0209869682899457
      ],
      [
        0.0,
        -1.03421178838511
      ],
      [
        0.0,
        1.03421178838511
      ],
      [
        0.0,
        1.0209869682899457
      ],
      [
        0.0,
        0.9793261546836238
      ],
      [
        0.0,
        0.9668031759711074
      ],
      [
        0.0,
        -0.9668031759711074
      ],
      [
        0.0,
        -0.9793261546836238
      ],
      [
        0.0,
        0.0
      ]
    ],
    "poles": [
      [
        -0.00305144701269271,
        0.987906191706081
      ],
      [
        -0.010296765073596484,
        0.9903158206404031
      ],
      [
        -0.015606433353278354,
        -0.9998178238436606
      ],
      [
        -0.010296765073596484,
        -0.9903158206404031
      ],
      [
        -0.00305144701269271,
        -0.987906191706081
      ],
      [
        -0.00312620768899678,
        -1.0121099660825368
      ],
      [
        -0.010496728744059939,
        -1.009547801267122
      ],
      [
        -0.015606433353278354,
        0.9998178238436606
      ],
      [
        -0.010496728744059939,
        1.009547801267122
      ],
      [
        -0.00312620768899678,
        1.0121099660825368
      ]
    ],
    "gain": 0.0019811884746228484,
    "numerator": [
      0.0019811884746228484,
      0.0,
      0.007936237879213933,
      0.0,
      0.011909154622236412,
      0.0,
      0.007934321260763103,
      0.0,
      0.0019802316676498263,
      0.0
    ],
    "denominator": [
      1.0,
      0.08515516374524854,
      5.003019946589771,
      0.3406759381514547,
      10.008456500921625,
      0.5110004158092165,
      10.007247896103257,
      0.3405936641825096,
      5.001207695962643,
      0.08511403840280689,
      0.9993963539956293
    ],
    "sampled_pass_min_db": -1.0000000000000677,
    "sampled_stop_max_db": -40.00000438332587,
    "stability": true,
    "coefficient_digits": "binary64; decimal display rounded; exact design uses the specified prototype construction",
    "response_status": "grid diagnostic, not proof"
  },
  "SC-052": {
    "question_id": "SC-052",
    "family": "ellip",
    "bandtype": "bandstop",
    "prototype_order": 5,
    "realized_degree": 10,
    "analog": true,
    "fs": null,
    "reference_hz": 50,
    "wp_hz": [
      45.0,
      55.0
    ],
    "ws_hz": [
      47.5,
      52.5
    ],
    "rp_db": 0.5,
    "rs_db": 50,
    "wn": [
      284.8853349962708,
      345.57517825016924
    ],
    "zeros": [
      [
        0.0,
        -1.0415791661131217
      ],
      [
        0.0,
        -1.0633941603634045
      ],
      [
        0.0,
        -0.9576804118270547
      ],
      [
        0.0,
        -0.9380340817489622
      ],
      [
        0.0,
        0.9576804118270547
      ],
      [
        0.0,
        0.9380340817489622
      ],
      [
        0.0,
        1.0415791661131217
      ],
      [
        0.0,
        1.0633941603634045
      ],
      [
        0.0,
        0.9987492001266858
      ],
      [
        0.0,
        -0.9987492001266858
      ]
    ],
    "poles": [
      [
        -0.22574102799216322,
        0.9729033626392376
      ],
      [
        -0.04194847867527344,
        -0.8868289876225673
      ],
      [
        -0.00686419038683913,
        -0.9084193161654647
      ],
      [
        -0.04194847867527344,
        0.8868289876225673
      ],
      [
        -0.00686419038683913,
        0.9084193161654647
      ],
      [
        -0.22574102799216322,
        -0.9729033626392376
      ],
      [
        -0.05308584297617118,
        1.1222829973902886
      ],
      [
        -0.008296686754699375,
        1.0979984649892125
      ],
      [
        -0.05308584297617118,
        -1.1222829973902886
      ],
      [
        -0.008296686754699375,
        -1.0979984649892125
      ]
    ],
    "gain": 1.0,
    "numerator": [
      1.0,
      0.0,
      5.010253974049443,
      0.0,
      10.018264208097278,
      0.0,
      9.99321819447024,
      0.0,
      4.972770406087648,
      0.0,
      0.9875621694694182
    ],
    "denominator": [
      1.0,
      0.6718724535702927,
      5.193405567160823,
      2.737639885848813,
      10.572553031457328,
      4.125609699620114,
      10.546121276235253,
      2.723968604167935,
      5.154551774211777,
      0.66517878827039,
      0.9875621694694182
    ],
    "sampled_pass_min_db": -0.4999999876259237,
    "sampled_stop_max_db": -50.00000788534408,
    "stability": true,
    "coefficient_digits": "binary64; decimal display rounded; exact design uses the specified prototype construction",
    "response_status": "grid diagnostic, not proof"
  },
  "SC-039": {
    "question_id": "SC-039",
    "family": "ellip",
    "bandtype": "highpass",
    "prototype_order": 6,
    "realized_degree": 6,
    "analog": false,
    "fs": 20000,
    "reference_hz": null,
    "wp_hz": 4500.0,
    "ws_hz": 4000.0,
    "rp_db": 0.5,
    "rs_db": 40,
    "wn": 4500.0,
    "zeros": [
      [
        0.8635886289148624,
        -0.5041970646572114
      ],
      [
        0.43566646959301564,
        -0.9001081753169216
      ],
      [
        0.28448724729430813,
        -0.9586798246165958
      ],
      [
        0.8635886289148624,
        0.5041970646572114
      ],
      [
        0.43566646959301564,
        0.9001081753169216
      ],
      [
        0.28448724729430813,
        0.9586798246165958
      ]
    ],
    "poles": [
      [
        -0.24161648128095908,
        0.4123042943759459
      ],
      [
        0.037512637012863545,
        0.8404431372703922
      ],
      [
        0.15824767490520597,
        0.9556229373658892
      ],
      [
        -0.24161648128095908,
        -0.4123042943759459
      ],
      [
        0.037512637012863545,
        -0.8404431372703922
      ],
      [
        0.15824767490520597,
        -0.9556229373658892
      ]
    ],
    "gain": 0.10285152108039629,
    "numerator": [
      0.10285152108039629,
      -0.3257806185303796,
      0.615405130059249,
      -0.7396305403317314,
      0.6154051300592491,
      -0.32578061853037954,
      0.10285152108039627
    ],
    "denominator": [
      1.0,
      0.09171233872577911,
      1.7089322245276781,
      0.42307435278088346,
      0.9031204606702024,
      0.25366098316082586,
      0.15165212881468373
    ],
    "sampled_pass_min_db": -0.5000000000000305,
    "sampled_stop_max_db": -40.00000000000004,
    "stability": true,
    "coefficient_digits": "binary64; decimal display rounded; exact design uses the specified prototype construction",
    "response_status": "grid diagnostic, not proof",
    "sos": [
      [
        0.10285152108039629,
        -0.177642808143255,
        0.10285152108039632,
        1.0,
        0.48323296256191817,
        0.2283733551874387
      ],
      [
        1.0,
        -0.8713329391860313,
        1.0,
        1.0,
        -0.07502527402572709,
        0.7077518649205582
      ],
      [
        1.0,
        -0.5689744945886163,
        0.9999999999999998,
        1.0,
        -0.31649534981041194,
        0.938257525032714
      ]
    ]
  },
  "SC-040": {
    "question_id": "SC-040",
    "family": "butter",
    "bandtype": "bandpass",
    "prototype_order": 22,
    "realized_degree": 44,
    "analog": false,
    "fs": 20000,
    "reference_hz": null,
    "wp_hz": [
      2000.0,
      4000.0
    ],
    "ws_hz": [
      1800.0,
      4500.0
    ],
    "rp_db": 0.5,
    "rs_db": 40,
    "wn": [
      1965.3919943422754,
      4056.581077183223
    ],
    "zeros": [
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ]
    ],
    "poles": [
      [
        0.801885733156124,
        -0.5697542463166799
      ],
      [
        0.7744963270371024,
        -0.5531631820454032
      ],
      [
        0.7464053812071412,
        -0.5388146425322425
      ],
      [
        0.7174412661958776,
        -0.5266073767793101
      ],
      [
        0.6874070841170821,
        -0.5165618887401835
      ],
      [
        0.6561024264487492,
        -0.508831783991134
      ],
      [
        0.623357246998644,
        -0.5037205372203788
      ],
      [
        0.5890871714072892,
        -0.5016951317374942
      ],
      [
        0.5533760770568732,
        -0.5033775808288279
      ],
      [
        0.5165755292599432,
        -0.5094840385566618
      ],
      [
        0.47937693976226436,
        -0.5206865228402826
      ],
      [
        0.47937693976226436,
        0.5206865228402826
      ],
      [
        0.5165755292599432,
        0.5094840385566618
      ],
      [
        0.5533760770568732,
        0.5033775808288279
      ],
      [
        0.5890871714072892,
        0.5016951317374942
      ],
      [
        0.623357246998644,
        0.5037205372203788
      ],
      [
        0.6561024264487492,
        0.508831783991134
      ],
      [
        0.6874070841170821,
        0.5165618887401835
      ],
      [
        0.7174412661958776,
        0.5266073767793101
      ],
      [
        0.7464053812071412,
        0.5388146425322425
      ],
      [
        0.7744963270371024,
        0.5531631820454032
      ],
      [
        0.801885733156124,
        0.5697542463166799
      ],
      [
        0.2851059685800132,
        0.9305189275614643
      ],
      [
        0.2766955567059191,
        0.879603921611109
      ],
      [
        0.2749413360812298,
        0.8302595638473826
      ],
      [
        0.2791760721591981,
        0.7828760300622466
      ],
      [
        0.2888941886823191,
        0.7377639332204285
      ],
      [
        0.3037214598715548,
        0.6952303209505241
      ],
      [
        0.32336758852474196,
        0.6556401967280319
      ],
      [
        0.3475567526793324,
        0.6194608249686415
      ],
      [
        0.3759323589376015,
        0.5872741907907196
      ],
      [
        0.40794727601967645,
        0.5597304738038295
      ],
      [
        0.44278395358020206,
        0.5374198094364713
      ],
      [
        0.44278395358020206,
        -0.5374198094364713
      ],
      [
        0.40794727601967645,
        -0.5597304738038295
      ],
      [
        0.3759323589376015,
        -0.5872741907907196
      ],
      [
        0.3475567526793324,
        -0.6194608249686415
      ],
      [
        0.32336758852474196,
        -0.6556401967280319
      ],
      [
        0.3037214598715548,
        -0.6952303209505241
      ],
      [
        0.2888941886823191,
        -0.7377639332204285
      ],
      [
        0.2791760721591981,
        -0.7828760300622466
      ],
      [
        0.2749413360812298,
        -0.8302595638473826
      ],
      [
        0.2766955567059191,
        -0.879603921611109
      ],
      [
        0.2851059685800132,
        -0.9305189275614643
      ]
    ],
    "gain": 4.643599538088147e-13,
    "numerator": [
      4.643599538088147e-13,
      0.0,
      -1.0215918983793924e-11,
      0.0,
      1.0726714932983621e-10,
      0.0,
      -7.151143288655747e-10,
      0.0,
      3.39679306211148e-09,
      0.0,
      -1.2228455023601327e-08,
      0.0,
      3.46472892335371e-08,
      0.0,
      -7.91938039623705e-08,
      0.0,
      1.4848838242944468e-07,
      0.0,
      -2.3098192822358062e-07,
      0.0,
      3.002765066906548e-07,
      0.0,
      -3.2757437093525983e-07,
      0.0,
      3.002765066906548e-07,
      0.0,
      -2.3098192822358062e-07,
      0.0,
      1.4848838242944468e-07,
      0.0,
      -7.91938039623705e-08,
      0.0,
      3.46472892335371e-08,
      0.0,
      -1.2228455023601327e-08,
      0.0,
      3.39679306211148e-09,
      0.0,
      -7.151143288655747e-10,
      0.0,
      1.0726714932983621e-10,
      0.0,
      -1.0215918983793924e-11,
      0.0,
      4.643599538088147e-13
    ],
    "denominator": [
      1.0,
      -21.50326738893776,
      233.96636293509695,
      -1711.6579747274588,
      9446.186539254904,
      -41849.392086061955,
      154723.28383957729,
      -490106.63036842685,
      1355540.8970025876,
      -3320257.255150366,
      7281268.549781966,
      -14419525.96508933,
      25965132.97675141,
      -42750720.78776766,
      64651792.887197435,
      -90139183.5221322,
      116214086.89667256,
      -138894119.57058802,
      154185459.9239728,
      -159222660.4192947,
      153132651.09991476,
      -137270672.74031496,
      114745494.34911042,
      -89454678.7122101,
      65028574.61260837,
      -44057959.24600184,
      27797423.325196784,
      -16312952.950349769,
      8890570.851630216,
      -4490877.766403454,
      2097304.4410097254,
      -902814.5260354611,
      356884.84359920083,
      -128967.521623111,
      42368.52557428862,
      -12567.290426006974,
      3337.042409155729,
      -784.6800072129164,
      161.1106941786098,
      -28.34613554867135,
      4.163347995838567,
      -0.49117295502285363,
      0.04375181963139633,
      -0.0026240392775202835,
      7.979751039630765e-05
    ],
    "sampled_pass_min_db": -0.5000000000000653,
    "sampled_stop_max_db": -40.96848145276098,
    "stability": true,
    "coefficient_digits": "binary64; decimal display rounded; exact design uses the specified prototype construction",
    "response_status": "grid diagnostic, not proof",
    "sos": [
      [
        4.643599538088147e-13,
        9.287199076176295e-13,
        4.643599538088147e-13,
        1.0,
        -0.8158945520393529,
        0.4797191833165335
      ],
      [
        1.0,
        2.0,
        1.0,
        1.0,
        -0.8855679071604041,
        0.4848776811228477
      ],
      [
        1.0,
        2.0,
        1.0,
        1.0,
        -0.751864717875203,
        0.4862161136652842
      ],
      [
        1.0,
        2.0,
        1.0,
        1.0,
        -0.9587538795245287,
        0.5009167054433378
      ],
      [
        1.0,
        2.0,
        1.0,
        1.0,
        -0.6951135053586648,
        0.5045274100038325
      ],
      [
        1.0,
        2.0,
        1.0,
        1.0,
        -1.0331510585198864,
        0.5264242629741965
      ],
      [
        1.0,
        2.0,
        1.0,
        1.0,
        -0.6467351770494839,
        0.5344306648738791
      ],
      [
        1.0,
        2.0,
        1.0,
        1.0,
        -1.1067521541137464,
        0.5596140715399376
      ],
      [
        1.0,
        2.0,
        1.0,
        1.0,
        -0.6074429197431096,
        0.5755919243554771
      ],
      [
        1.0,
        2.0,
        1.0,
        1.0,
        -1.1781743428145783,
        0.5987217007257426
      ],
      [
        1.0,
        2.0,
        1.0,
        1.0,
        -0.5777883773646382,
        0.6277554734152924
      ],
      [
        1.0,
        -2.0,
        1.0,
        1.0,
        -1.246714493997288,
        0.6423086370033155
      ],
      [
        1.0,
        -2.0,
        1.0,
        1.0,
        -1.3122048528974983,
        0.6893801783915364
      ],
      [
        1.0,
        -2.0,
        1.0,
        1.0,
        -0.5583521443183962,
        0.6908341577122614
      ],
      [
        1.0,
        -2.0,
        1.0,
        1.0,
        -1.3748141682341641,
        0.7393646841931749
      ],
      [
        1.0,
        -2.0,
        1.0,
        1.0,
        -0.5498826721624596,
        0.7649236816461779
      ],
      [
        1.0,
        -2.0,
        1.0,
        1.0,
        -1.4348825323917551,
        0.7920372997191304
      ],
      [
        1.0,
        -2.0,
        1.0,
        1.0,
        -1.4928107624142823,
        0.8474422121021261
      ],
      [
        1.0,
        -2.0,
        1.0,
        1.0,
        -0.5533911134118382,
        0.8502634900144405
      ],
      [
        1.0,
        -2.0,
        1.0,
        1.0,
        -1.5489926540742047,
        0.905834066564558
      ],
      [
        1.0,
        -2.0,
        1.0,
        1.0,
        -0.5702119371600264,
        0.947150887870085
      ],
      [
        1.0,
        -2.0,
        1.0,
        1.0,
        -1.603771466312248,
        0.9676406302352225
      ]
    ]
  },
  "SC-041": {
    "question_id": "SC-041",
    "family": "cheby2",
    "bandtype": "bandstop",
    "prototype_order": 6,
    "realized_degree": 12,
    "analog": false,
    "fs": 4000,
    "reference_hz": null,
    "wp_hz": [
      500.0,
      750.0
    ],
    "ws_hz": [
      550.0,
      650.0
    ],
    "rp_db": 1,
    "rs_db": 50,
    "wn": [
      541.6889572272502,
      659.4213419935054
    ],
    "zeros": [
      [
        0.6571163381650799,
        -0.7537891735203658
      ],
      [
        0.6399823040695334,
        -0.7683896475603061
      ],
      [
        0.608641486551039,
        -0.7934453609726012
      ],
      [
        0.5698762801634158,
        -0.8217305064965691
      ],
      [
        0.5341660243415043,
        -0.8453795942883833
      ],
      [
        0.5126948322664908,
        -0.8585709108554953
      ],
      [
        0.5126948322664908,
        0.8585709108554953
      ],
      [
        0.5341660243415043,
        0.8453795942883833
      ],
      [
        0.5698762801634158,
        0.8217305064965691
      ],
      [
        0.608641486551039,
        0.7934453609726012
      ],
      [
        0.6399823040695334,
        0.7683896475603061
      ],
      [
        0.6571163381650799,
        0.7537891735203658
      ]
    ],
    "poles": [
      [
        0.6765991701048298,
        -0.699457493561197
      ],
      [
        0.6216023131228623,
        -0.6855859202488812
      ],
      [
        0.5579811735347188,
        -0.6975493372179397
      ],
      [
        0.5579811735347188,
        0.6975493372179397
      ],
      [
        0.6216023131228623,
        0.6855859202488812
      ],
      [
        0.6765991701048298,
        0.699457493561197
      ],
      [
        0.44444005482050175,
        0.8587415371621085
      ],
      [
        0.45483118284411916,
        0.7919976275347484
      ],
      [
        0.49740976057225655,
        0.7346743390084198
      ],
      [
        0.49740976057225655,
        -0.7346743390084198
      ],
      [
        0.45483118284411916,
        -0.7919976275347484
      ],
      [
        0.44444005482050175,
        -0.8587415371621085
      ]
    ],
    "gain": 0.6303041730369433,
    "numerator": [
      0.6303041730369433,
      -4.440464239816757,
      16.795178391353097,
      -42.508909475048746,
      79.30266707498363,
      -113.62715367074745,
      127.88703900199846,
      -113.62715367074746,
      79.30266707498363,
      -42.50890947504874,
      16.795178391353094,
      -4.440464239816755,
      0.6303041730369432
    ],
    "denominator": [
      1.0,
      -6.505727309998577,
      22.705197787477733,
      -53.06327438028812,
      91.46879082073329,
      -121.20442055847798,
      126.26205675094502,
      -103.92364347870861,
      67.24274807971717,
      -33.44291990616317,
      12.267261491309764,
      -3.0130691375897247,
      0.39728335056307346
    ],
    "sampled_pass_min_db": -0.9992638340286393,
    "sampled_stop_max_db": -50.000125401317234,
    "stability": true,
    "coefficient_digits": "binary64; decimal display rounded; exact design uses the specified prototype construction",
    "response_status": "grid diagnostic, not proof",
    "sos": [
      [
        0.6303041730369433,
        -0.7183907950035425,
        0.6303041730369433,
        1.0,
        -0.9948195211445131,
        0.7871628543100082
      ],
      [
        1.0,
        -1.217282973102078,
        1.0,
        1.0,
        -1.1159623470694375,
        0.7979180678723687
      ],
      [
        1.0,
        -1.0683320486830086,
        1.0,
        1.0,
        -0.9096623656882383,
        0.8341316469080506
      ],
      [
        1.0,
        -1.2799646081390668,
        1.0000000000000002,
        1.0,
        -1.2432046262457246,
        0.8564174897231982
      ],
      [
        1.0,
        -1.0253896645329816,
        1.0,
        1.0,
        -0.8888801096410035,
        0.9349639899763916
      ],
      [
        1.0,
        -1.3142326763301597,
        0.9999999999999998,
        1.0,
        -1.3531983402096597,
        0.9470272222854564
      ]
    ]
  },
  "SC-037": {
    "question_id": "SC-037",
    "prototype_order": 2,
    "realized_degree": 2,
    "family": "butter",
    "bandtype": "lowpass",
    "analog": false,
    "fs": 40000,
    "numerator": [
      0.0674552738890719,
      0.1349105477781438,
      0.0674552738890719
    ],
    "denominator": [
      1.0,
      -1.1429805025399011,
      0.41280159809618877
    ],
    "poles": [
      [
        0.5714902512699505,
        0.29359920095190567
      ],
      [
        0.5714902512699505,
        -0.29359920095190567
      ]
    ],
    "sos": [
      [
        0.0674552738890719,
        0.1349105477781438,
        0.0674552738890719,
        1.0,
        -1.142980502539901,
        0.41280159809618855
      ]
    ]
  },
  "SC-038": {
    "question_id": "SC-038",
    "prototype_order": 2,
    "realized_degree": 2,
    "family": "butter",
    "bandtype": "highpass",
    "analog": false,
    "fs": 40000,
    "numerator": [
      0.6389455251590224,
      -1.2778910503180447,
      0.6389455251590224
    ],
    "denominator": [
      1.0,
      -1.1429805025399011,
      0.41280159809618877
    ],
    "poles": [
      [
        0.5714902512699505,
        0.29359920095190567
      ],
      [
        0.5714902512699505,
        -0.29359920095190567
      ]
    ],
    "sos": [
      [
        0.6389455251590224,
        -1.2778910503180447,
        0.6389455251590224,
        1.0,
        -1.142980502539901,
        0.41280159809618855
      ]
    ]
  },
  "SC-053": {
    "question_id": "SC-053",
    "numtaps": 101,
    "degree": 100,
    "fs": 10000,
    "taps": [
      -5.361763845331745e-05,
      -7.511796663861222e-06,
      8.564111320509737e-05,
      5.574620156501574e-05,
      -0.00012270304912228528,
      -0.00013866916687642675,
      0.00014988416039945517,
      0.000282595084182797,
      -0.00011840117499181697,
      -0.00046855292309119285,
      1.3155241404571084e-06,
      0.0006857342204600466,
      0.0002569212676960048,
      -0.0008702485920496203,
      -0.0006756821977024601,
      0.0009534477877759063,
      0.0012695500503778036,
      -0.0008228046210500877,
      -0.0019894661813683085,
      0.0003764290466952421,
      0.0027480387607900134,
      0.0004908978986449088,
      -0.0033791622332611845,
      -0.0018261486972158127,
      0.0036748592097979307,
      0.003617046087431772,
      -0.003375475507929005,
      -0.005737454812072245,
      0.0022270231573141655,
      0.007953205870357777,
      1.1038124925088001e-06,
      -0.009893797620142617,
      -0.0034494410126740655,
      0.011081122923954185,
      0.008146945779307344,
      -0.010928013351772984,
      -0.013963662898605312,
      0.008768854063237417,
      0.02061779695672082,
      -0.00382036447909256,
      -0.02767409643585086,
      -0.0049400064323156315,
      0.034596927895137505,
      0.01927293261342521,
      -0.04079533332558609,
      -0.04344523855974636,
      0.04570752288030122,
      0.09328019359383462,
      -0.04886137590209097,
      -0.3136438723222669,
      0.5494497739799031,
      -0.3136438723222669,
      -0.04886137590209097,
      0.09328019359383462,
      0.04570752288030122,
      -0.04344523855974636,
      -0.04079533332558609,
      0.01927293261342521,
      0.034596927895137505,
      -0.0049400064323156315,
      -0.02767409643585086,
      -0.00382036447909256,
      0.02061779695672082,
      0.008768854063237417,
      -0.013963662898605312,
      -0.010928013351772984,
      0.008146945779307344,
      0.011081122923954185,
      -0.0034494410126740655,
      -0.009893797620142617,
      1.1038124925088001e-06,
      0.007953205870357777,
      0.0022270231573141655,
      -0.005737454812072245,
      -0.003375475507929005,
      0.003617046087431772,
      0.0036748592097979307,
      -0.0018261486972158127,
      -0.0033791622332611845,
      0.0004908978986449088,
      0.0027480387607900134,
      0.0003764290466952421,
      -0.0019894661813683085,
      -0.0008228046210500877,
      0.0012695500503778036,
      0.0009534477877759063,
      -0.0006756821977024601,
      -0.0008702485920496203,
      0.0002569212676960048,
      0.0006857342204600466,
      1.3155241404571084e-06,
      -0.00046855292309119285,
      -0.00011840117499181697,
      0.000282595084182797,
      0.00014988416039945517,
      -0.00013866916687642675,
      -0.00012270304912228528,
      5.574620156501574e-05,
      8.564111320509737e-05,
      -7.511796663861222e-06,
      -5.361763845331745e-05
    ],
    "bands": [
      0,
      2000,
      2500,
      5000
    ],
    "desired": [
      0,
      1
    ],
    "symmetry_exact": true,
    "group_delay_samples": 50,
    "group_delay_seconds": 0.005,
    "minimum_order_claim": false,
    "grid_bands": [
      {
        "interval_hz": [
          0,
          2000
        ],
        "minimum_magnitude": 2.936222181671183e-08,
        "maximum_magnitude": 5.126363615673783e-05
      },
      {
        "interval_hz": [
          2500,
          5000
        ],
        "minimum_magnitude": 0.9989489079162176,
        "maximum_magnitude": 0.9990511606023759
      }
    ]
  },
  "SC-054": {
    "question_id": "SC-054",
    "numtaps": 101,
    "degree": 100,
    "fs": 10000,
    "taps": [
      9.501098821011237e-05,
      -3.850511903356335e-05,
      4.46087870953396e-06,
      -0.00014327787239157866,
      -8.394561869783957e-05,
      0.0002837972171881169,
      1.0061868369111158e-06,
      0.0003633193918332944,
      -0.0006644039010621033,
      -0.00018249761331659667,
      -8.386307480325632e-06,
      0.00034143686082428574,
      0.0013183139787594932,
      -0.0011510434436992538,
      1.009400701054895e-05,
      -0.0019322944652802054,
      0.001051497619791515,
      0.002041761200268559,
      1.551452861628066e-05,
      0.0009957366173739767,
      -0.005525893513633787,
      0.0014538880363467541,
      -2.590095948874973e-05,
      0.004695753134054667,
      0.0026747807309914725,
      -0.00723179825005891,
      -4.502748912266798e-06,
      -0.007339260800569567,
      0.011798208383887487,
      0.0033796749806706745,
      4.648418725198252e-05,
      -0.0045375856682687,
      -0.01795737317782257,
      0.01431906932481047,
      -2.180801497759776e-05,
      0.021920163800316056,
      -0.01092731750409603,
      -0.02196706620359847,
      -4.604455635156845e-05,
      -0.010505722251923878,
      0.05537311062607006,
      -0.013994460978068491,
      5.671257031467195e-05,
      -0.048745168113470294,
      -0.03087140028189053,
      0.08685041864798863,
      2.035794691950209e-05,
      0.11968942224709686,
      -0.2560428626438478,
      -0.13854059322153275,
      0.49942857318978345,
      -0.13854059322153275,
      -0.2560428626438478,
      0.11968942224709686,
      2.035794691950209e-05,
      0.08685041864798863,
      -0.03087140028189053,
      -0.048745168113470294,
      5.671257031467195e-05,
      -0.013994460978068491,
      0.05537311062607006,
      -0.010505722251923878,
      -4.604455635156845e-05,
      -0.02196706620359847,
      -0.01092731750409603,
      0.021920163800316056,
      -2.180801497759776e-05,
      0.01431906932481047,
      -0.01795737317782257,
      -0.0045375856682687,
      4.648418725198252e-05,
      0.0033796749806706745,
      0.011798208383887487,
      -0.007339260800569567,
      -4.502748912266798e-06,
      -0.00723179825005891,
      0.0026747807309914725,
      0.004695753134054667,
      -2.590095948874973e-05,
      0.0014538880363467541,
      -0.005525893513633787,
      0.0009957366173739767,
      1.551452861628066e-05,
      0.002041761200268559,
      0.001051497619791515,
      -0.0019322944652802054,
      1.009400701054895e-05,
      -0.0011510434436992538,
      0.0013183139787594932,
      0.00034143686082428574,
      -8.386307480325632e-06,
      -0.00018249761331659667,
      -0.0006644039010621033,
      0.0003633193918332944,
      1.0061868369111158e-06,
      0.0002837972171881169,
      -8.394561869783957e-05,
      -0.00014327787239157866,
      4.46087870953396e-06,
      -3.850511903356335e-05,
      9.501098821011237e-05
    ],
    "bands": [
      0,
      1500,
      2000,
      4000,
      4500,
      5000
    ],
    "desired": [
      0,
      1,
      0
    ],
    "symmetry_exact": true,
    "group_delay_samples": 50,
    "group_delay_seconds": 0.005,
    "minimum_order_claim": false,
    "grid_bands": [
      {
        "interval_hz": [
          0,
          1500
        ],
        "minimum_magnitude": 2.6983617536289377e-08,
        "maximum_magnitude": 5.089459094366026e-05
      },
      {
        "interval_hz": [
          2000,
          4000
        ],
        "minimum_magnitude": 0.998949578939323,
        "maximum_magnitude": 0.9990504877462933
      },
      {
        "interval_hz": [
          4500,
          5000
        ],
        "minimum_magnitude": 7.2806802181314e-08,
        "maximum_magnitude": 5.0457539097073075e-05
      }
    ]
  },
  "sampling_dependence": {
    "SC-039": [
      {
        "fs": 10000,
        "prototype_order": 4
      },
      {
        "fs": 20000,
        "prototype_order": 6
      },
      {
        "fs": 40000,
        "prototype_order": 6
      }
    ],
    "SC-040": [
      {
        "fs": 10000,
        "prototype_order": 28
      },
      {
        "fs": 20000,
        "prototype_order": 22
      },
      {
        "fs": 40000,
        "prototype_order": 21
      }
    ],
    "SC-041": [
      {
        "fs": 2000,
        "prototype_order": 6
      },
      {
        "fs": 4000,
        "prototype_order": 6
      },
      {
        "fs": 8000,
        "prototype_order": 6
      }
    ]
  },
  "SC-069": {
    "b": [
      0.44,
      0.36,
      0.02
    ],
    "a": [
      1.0,
      0.4,
      0.18,
      -0.2
    ],
    "b_quantized": [
      0.4375,
      0.3125,
      0.0
    ],
    "a_quantized": [
      1.0,
      0.375,
      0.125,
      -0.1875
    ],
    "poles": [
      [
        -0.4000000000000002,
        0.5830951894845304
      ],
      [
        -0.4000000000000002,
        -0.5830951894845304
      ],
      [
        0.4,
        0.0
      ]
    ],
    "quantized_poles": [
      [
        -0.3947727604380249,
        0.5444786743510301
      ],
      [
        -0.3947727604380249,
        -0.5444786743510301
      ],
      [
        0.4145455208760492,
        0.0
      ]
    ],
    "fractional_bits": 4,
    "mode": "truncate magnitude toward zero; leading coefficient fixed at 1",
    "dc_gain": 0.5942028985507247,
    "quantized_dc_gain": 0.5714285714285714
  },
  "SC-034": {
    "real_pole": 0.4,
    "den2": [
      1.0,
      0.8000000000000004,
      0.5000000000000007
    ],
    "numerator_first_factor": [
      1,
      0.7582338976303913
    ],
    "numerator_second_factor": [
      0.44,
      0.026377085042627837
    ],
    "allpole_l1_bounds": [
      1.6666666666666667,
      11.65685424949241
    ],
    "numerator_l1_bounds": [
      1.7582338976303913,
      0.4663770850426278
    ],
    "factor_check_max_error": 4.996003610813204e-16
  },
  "SC-060": {
    "sos": [
      [
        0.0124,
        0.0124,
        0.0,
        1.0,
        -0.6386,
        0.0
      ],
      [
        1.0,
        1.5975,
        1.0,
        1.0,
        -0.9621,
        0.5708
      ],
      [
        1.0,
        1.12724,
        1.0,
        1.0,
        -0.5811,
        0.8547
      ]
    ],
    "poles": [
      [
        0.6386,
        0.0
      ],
      [
        0.0,
        0.0
      ],
      [
        0.4810500000000001,
        0.5825726542672598
      ],
      [
        0.4810500000000001,
        -0.5825726542672598
      ],
      [
        0.29055,
        0.8776563664099976
      ],
      [
        0.29055,
        -0.8776563664099976
      ]
    ],
    "max_pole_radius": 0.9244998647917694
  },
  "environment": {
    "numpy": "2.3.5",
    "scipy": "1.17.0"
  }
}
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{
  "SC-053": {
    "coefficient_arithmetic": "exact rational values of delivered binary64 coefficients",
    "endpoint_enclosures": "exact algebraic radical bounds via integer-square-root inequalities",
    "polynomial_degree": 50,
    "bands": [
      {
        "leaves": [
          {
            "a": "16778709516339254781201362717707/20282409603651670423947251286016",
            "b": "1",
            "coefficient_min": "-10487563680258424990364173685987347723783947557518424808573199219968341655015264321/29747117412206476398454260448235133257961854722985886419168377524126971867204755128320",
            "coefficient_max": "773657203221290510225385378248392008375533468206308157854993778219330933447359020387793364767686794841944542539882094822503898736649241260117968083/2300603811640873634838981894468371840684486887218377139337164312965513956640614471403860785713671043065946055159231824809029340156608294739323608104960",
            "depth": 2
          },
          {
            "a": "6637504714513419569227737074699/10141204801825835211973625643008",
            "b": "16778709516339254781201362717707/20282409603651670423947251286016",
            "coefficient_min": "-1953648571698250146498940744688885946145372039731682123057418349717388386394612685481594374361946393646318697672882444705142064868421049091481846716769063765103705704235276440234430322881793800284271109231469312936051796675004539385981631659121820888061263578434142855892766163327764823309992084677912789506296151177281682065638125642160977899098400695175471430386172314527709203681781866606520758303287905964447414964255691796876580065205485727361157747962069903546685603342789838298029504852414055688613098311287981270429257420282326424121689397727465028382155696622585002178371177584974615843468684178329635533301476434126162645170867887376763118556085343043093111921778097972403861745174473130383780802154362432190966771059797478776016135631600765647772473748948024943973554256767700726853536166275410421035775072268631592913576391602564508260536021947987220706492477420863927313594035900791258634418734770604583682385021783493378844387232594551849924903713447003711692483650107821950622523405596200964689034562315579884246480055766803107529893320525807595450189129679856353375449613665124775863391073252324158041949939298830047248116734375423862663828358610951602247671670650675984934325841577525635329816548615948993669351973559096910834698575584390692332883028706856809324673910757319404159862112630480912069377495175077006625435233093136136690718139728560176038742774646983253221783620813948534070174423636722930731808436712511155954757784425393739284420233637047328871814695827744505691915237696949566441298891675796336404215366050675832283511007408689904977279/24141456978045690366967541313256130417362312667841357852685502118364771354321412865141304272490248438374976274414889903122561083196533954813723071922544111795847025939495512245424649997160072878332702175614079244851572957244064340209634911956053876210771159214084270930862527590495899423977018718542230256785093261271808443765950698288028638794121003933352282355782523531745187167887447257722188009259830203647084563194424823176491095224852760755645136863256919102418694101832394929436929290201697738948202787675106149067208050869325449396097173465000528107582203326848126296135347237073250211276938798979247810976658117447507650973156385377857724125224133893859256712752816943355626696897231575638784541677532902598006484871821294864986426107925107930624742052852329941790890802709991228352444277860673614716804510225554016845039914372156737094116583629335862125812585725509493938606162046265150864624795454492466115045970200051609500821135174528500099044717230600361968239950557491665555549790472549923328139734518779538092787896933572402979441285806962037194808019086693894704094837757641498745189305146109391714795522594106005387226676590445554666060648078445213020478639271319568721719277365743899242175600043536607983620618566485924939852324723529603350342476865774604976193503552365396556538147201122626557295953477722129830825803296850205946537356938709143670873994275357824907418192147815718709911143322482288107186091579790459722194680617988049358231391038215296908351872454584760326544187905003959115481006702231870222412613496729866267437854400565820389536563200",
            "coefficient_max": "1540806730072634032385130921622454372032328849772898127127708508099886298106629339380688632937143018873952431827975963848800254719293324072595953327440031550337350816073079673718602971500560757744375132763813341998357349219264270615661261054388384407287822858281499446599722806184560197544279042220015059557072615152417200797211623790074519739047853269999449143537112967888389891439678648339887875646284279595159691735264005023204552915148877823005352210703554188164506528301193401148839713350680372496966872849311764211041595102432589859436696449088886814641755382452463042992423477915324557182737697682474202118966934929973317784251507669134649153753108257008631404075154324637620362251773167208865478508326640232727341598646296520403601572086212872328509004325048568684110498330330605476431678943822859542097538474844463257520861028061876144956787004120738879889365061161757765272530669157950519750858900110378304873283846052986564606162476801865208702887560871467212619090344909613211150452847586048761513916372166953469968551597352129916137138101443169354020360526784356118800217493544664098193743671465691890733341970319429116341656157892299838101660299993248265191926148671831020671403990572571472791793828168776924591101684565469117193122384334535342690352389232606783719932711967096074463585953116268306997477247247307873231920597285009045948946183029170571913561423415596375554420793785548701538859469012531272183812315447514821214417062702439873634860442379018606450286641941243714567566425004731632716094902558346334841349250694339646724408437524376697559027013/20136090028316327848897616266889765681648884568698962801085796779017362169249916868958717551329200919275939204259776799568515589930010412621963299177027808945573148077563779652713114217948120581881349918287405578975099123003228077300520237616757944003365451061308746002441399340942831391307787795569479092541002447903073656820014438164982962752476458169856376750837669879167922302672167751097085681058085551108344039170077866306806425386726770186434540549235996673444802583859785167164720622952054646423957817429930848898018259585112221247643489206908026694884892828191266244184555944871266711172217687376748638282055522200093762756152478247841187797480516734194391552425596548645522235491422858004563684969610146351867149864532278837918072406678827022664314206424573012100880043845458629623445638418112049398682976089119694109884848467041330789882650093428231632722502071084422038395143041489468462458938431202096322254783062219374897117331103409896462854282244337175724965068024363150859500213679367045834599428742478318624539553444567469644854095252909278844790775107300051357588053603898376496714392882054425870774312795137573417929713055182293320421523368736796801692349171005127992814009300730672850107502166415861385600043543484908815442007615811398218151079753423572099882345792434084947422446253002724907495343205664343772109183719852572150240650105851029418438139702313741569749770676312694005704972419554434558263727397683640708602895135847597821465514842327841161089585649500885794975965623922482118673559603296058046760439121015199247499031854613975460340983398400",
            "depth": 2
          },
          {
            "a": "1566902313600501963240924253195/5070602400912917605986812821504",
            "b": "6637504714513419569227737074699/10141204801825835211973625643008",
            "coefficient_min": "-527123192550020386374617260702452874102534661156819244313807373706479436473055502177248927032774497532977299872347501896291945736498994940462913230941208733490080605423777812210837184107970295692324859328414682460637863893433842156214702703176498085545317838642841237927326569634129373491776254461631861827632367074984449586354268000262391113620987155023991052541380356598331336544279850552584672338802117834450867657396749972427726274907057007949652254513800122399981508445214943588990242496031141028662145961100028251515675385677355290237563679145939973888259167271676786803671509597106072232959250958989221758769145769540143873794611704381488970241459519137428130079424260625195066950963337252386662933544397550050116241697983673905389989064190410012066837758744790397725661573602749176513905678717950195688711449092653594470576867250610481587775213706668253775934820246204497019543597224880183909486128783211441591922402038843289711827863798652342635968352321630932252532632789488660784244708267055536655150864081352826826520345645059210731563728713967997698717485516755904547490837339842640469406282697438776826990330243097130927924210399647310513482029922347931345095006479176668680174319055262374064130155431473588131247587101868419795298897467268560412486690066929024206451173306636754662084777260137553843758990930081008053786686735742228797056374166931923969715990254324677641305314345816334233241806123504979694801884615791605900126542280626959036632308295806789749861567933044021990408484824424023411155025251594636749567404493067359046960511/2680240138502397769456335886812518067552603436603115600065983205975680564927700373927399931927056768540815342928828035953543582969486486746038330855340005220527002764929259930928823196478746657504277603535811552154696552868092178668572568506884165741107746063108171578155683744181902941503217032541942527943967051892372004813885977091206651445234432788272936049687458607476163404458030210278062012070313691452736977537887866149423198883200743031856598459856324445917807220078054589666663930525214192151861912502564660905869159498374260030672774742233125178934272461944502008017215648147196806058916029755684086286111402480381876830901209427288925293855663000581663525684652176578962234565176767158021735779353289807814429409818101620042887901265727715952007731742537937268499126676201263869408406332958529318589103754350457458626157333476307208965548193250845413017356491714948012306658725186231480533382615593359212252219125899489415945213274753256016307813828292201604268635346250045432053820179402184123789136207391907495177540636085700473883051776154089162452545012837334359911394016955543533907636038605625440877702491582868547762194720900991680829844385596817726344758189429514496828685628598154449228685441257336917033684394349837825083629452685940836069997324583825124143910251502442471831305326315522847535172510116355785261910515610029420334443288477149066703519228500354743818045138749685952762729459762068640847464571196396812235405240131053057143372235572897567074321096234874631408139123434515206976348123094829903047277397024602126611487129600",
            "coefficient_max": "118470173486434406296591230540656644245322976080251954818251084332471814991674611525878494243898505055020968206973242868320732817752493096827342072128656122767655863330294668448353164065717791692596189619796630598315277287493638534582928832035728856728495409927259857050595552205669057772922179284422462088323210082625327016519346358074588702778338076499716335441664098645740375282412386580019801400183959179614256259057019903908542983947826841441706547980591956842209127625596386072259379537288396309881235070969375486814592113066279494938865181368349603711862113142284539286223093333759148281419650623413827509202083134696212742199963149881413705407875835159756387857821276122220955954767357584881466665181858916379679120976474418730682118063902943388249861527472106966155959720098019703680991303719327274962730259144909080064521810802387441048892972929479790100014328529977080274143679609851371638840599476398840594649527110632747847739365501338861042765070721018602320858814410995419787677857675399823011059030333334629340568168848642803509434649267046231929765567915891321585687127740909900503165328435848170769741873095024141077472820755936009888298724627073539475939570938376941872068379687264026035156122844736051672986097592538773418739946860159267036389313673827576734701325810117565545363201221536498139163001461858887582275951683056732897919984808137632441838294955890207444838942537804637628703425718967762420749704161189276510106017573920196377172910812597830420291037866050669426719834812788801611268125635397686602672914475370881047816953/631069472265920164467898050935921549310607597950194782989673847527679098530929452266311298627221879230784647015031170103285854395293962665958378547297188729186584163940779412616323134084704897267979155573895284639871979312153169223149898942623049800034528571971051174382561312611795035256953579321567287021289656075951813633441903011237772996534184875256073843595592355316316491243620259639823868143710712912093781887961744346604492409460519776358477115817464322664914738779154017071299643124740626061618349010571528456823719127580577388687501380579674409048640660490165612879053468879485454874863310885363117299046704140046810439172321400714041138693386169856781767631569504938042293375529228043133350504082644205826996579790145693943287722442415415878786303217397132859016227563308163960631181879042498551844524968023248873609714846298031384869582198518652718474453010172107910225220831307318511310931143865462271419299438587325902353479634195675042632820389527851347556785369779779016060085893533811671387851574693029943638246367440437018904576307208694484909354617785514609526551285242226575602175080210484007361829735356526700092715028574209786919526937772526587506820759041324264608909277854199080987573026847767366780021595005861599979281288159351371423808637307721756061901282277245344930107989008557911838831027435801442973844232393094211576590364797690809347757490762206370176985843552593082627862485946133618561606690524151620122237117423098160545072018828316937937218921904439770433920688006941349918461276827823635577403137122710737785140019200",
            "depth": 1
          }
        ],
        "accepted_intervals": 3,
        "depth": 2,
        "range": [
          -0.0003525573095010188,
          0.0003362844133816723
        ],
        "required": [
          "-3/1000",
          "3/1000"
        ]
      },
      {
        "leaves": [
          {
            "a": "-1/2",
            "b": "0",
            "coefficient_min": "25474238378484644665754739903365267/25510991919695121499036914160762880",
            "coefficient_max": "418864522713293852897237729640027811/419109152966419853198463589783961600",
            "depth": 1
          },
          {
            "a": "-3/4",
            "b": "-1/2",
            "coefficient_min": "806452154355922178742634846917654059975969/807342894450533949722298479140280509399040",
            "coefficient_max": "233161580184314539646047806707052835506471/233372555427107469841601904126487334748160",
            "depth": 2
          },
          {
            "a": "-1",
            "b": "-3/4",
            "coefficient_min": "5769857546459496661773459/5784898941515315386777600",
            "coefficient_max": "17402951548343991001746759167/17400976016078068683427020800",
            "depth": 2
          }
        ],
        "accepted_intervals": 3,
        "depth": 2,
        "range": [
          0.9973998862887864,
          1.0001135299688992
        ],
        "required": [
          "99/100",
          "1001/1000"
        ]
      }
    ],
    "elapsed_seconds": 0.22788047790527344,
    "minimum_order_claim": false
  },
  "SC-054": {
    "coefficient_arithmetic": "exact rational values of delivered binary64 coefficients",
    "endpoint_enclosures": "exact algebraic radical bounds via integer-square-root inequalities",
    "polynomial_degree": 50,
    "bands": [
      {
        "leaves": [
          {
            "a": "8051027712408336862042362591851/10141204801825835211973625643008",
            "b": "1",
            "coefficient_min": "-11880220117378681680402364486507441115301353456479302397896961482785947223617011174878412308606741345293525115459086410754068828977044444682743673/14672218186485163487493506980027881637018411270525364409038037710239247172452898414565438684398412264451186576270611127608605485692654940939563827200",
            "coefficient_max": "773764666018289487023984079400018421386283634395044263430384339602736213964506187/758855036025675418327914807352937072907190171504742000488989222554259486408284569600",
            "depth": 1
          },
          {
            "a": "2980425311495419256055549770347/5070602400912917605986812821504",
            "b": "8051027712408336862042362591851/10141204801825835211973625643008",
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            "depth": 1
          }
        ],
        "accepted_intervals": 2,
        "depth": 1,
        "range": [
          -0.0008097085230317635,
          0.0010196475338303081
        ],
        "required": [
          "-3/1000",
          "3/1000"
        ]
      },
      {
        "leaves": [
          {
            "a": "-1/4",
            "b": "391725578400125490810231063299/1267650600228229401496703205376",
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            "depth": 1
          },
          {
            "a": "-1025550878514240191558582665987/1267650600228229401496703205376",
            "b": "-1/4",
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            "depth": 1
          }
        ],
        "accepted_intervals": 2,
        "depth": 1,
        "range": [
          0.9967513292783461,
          1.0009913781626487
        ],
        "required": [
          "99/100",
          "1001/1000"
        ]
      },
      {
        "leaves": [
          {
            "a": "-1",
            "b": "-2411214727465040524578260099853/2535301200456458802993406410752",
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            "coefficient_max": "7148288222792878559274330736608100921579084542564904733819446074193245603467850794062252480957213942953735148344465349459761344132657612884512446421723658417783479790751641795630046581423821447294192542395080757315356804164957589061891647536370339864421787062472420200831058016935798566580876982545829006877382122529879125080669321244949913105063400801077426307173664536245926586467282796321106814253907881726223300224648027755473113660512776964752837333491122017882860436388617250671991844748501742536771500659065218649733241262712847092986451507283073025377433764278127/80149422193718848957734600400329413881684478634403030190594082581695084228607855608552009481162142203942050450823213409101717197320896495019687530070681414562110236451400389315346066186944532441006707043597456189120049826801503813528967002673366917231037340671183295390901295878726886147453438707019239960603866686714698623652722295005891316308177504130974078189141511696118175079709498250112221267135505952261406351136703930854586762112390260640427291978911184646789810358740207067411720234935506715275211061045078330849903345268754786989942417198799927274003312014681702400",
            "depth": 0
          }
        ],
        "accepted_intervals": 1,
        "depth": 0,
        "range": [
          -9.018521602508694e-05,
          8.918702128027413e-05
        ],
        "required": [
          "-3/1000",
          "3/1000"
        ]
      }
    ],
    "elapsed_seconds": 0.3521239757537842,
    "minimum_order_claim": false
  },
  "endpoint_intervals": {
    "cos72": [
      "1566902313600501963240924253195/5070602400912917605986812821504",
      "391725578400125490810231063299/1267650600228229401496703205376"
    ],
    "cos144": [
      "-1025550878514240191558582665987/1267650600228229401496703205376",
      "-4102203514056960766234330663947/5070602400912917605986812821504"
    ],
    "cos54": [
      "2980425311495419256055549770347/5070602400912917605986812821504",
      "2980425311495419256055549770349/5070602400912917605986812821504"
    ],
    "cos162": [
      "-4822429454930081049156520199707/5070602400912917605986812821504",
      "-2411214727465040524578260099853/2535301200456458802993406410752"
    ]
  }
}






PHI_volume_02_verification/publication/reproduction/results/host_oracles.json

{
  "C_build_command": "cc -std=c11 -O2 -Wall -Wextra code/host_reference.c -o host_reference",
  "C_build_warnings": "",
  "C_exit_code": 0,
  "impulse_output": "0 1\n1 2\n2 1\n3 0\n4 0\n5 0\n6 0\n",
  "response_time_ms": [
    "3/10",
    "2/5"
  ],
  "fixed_point_ms": "2/5",
  "memory_regions": [
    {
      "name": "text",
      "start": "0x80000000",
      "end": "0x80000600",
      "alignment": 256
    },
    {
      "name": "data",
      "start": "0x80000600",
      "end": "0x80000800",
      "alignment": 64
    },
    {
      "name": "stack",
      "start": "0x80000800",
      "end": "0x80000c00",
      "alignment": 16
    }
  ],
  "memory_checks_passed": true,
  "overallocation_rejected": true,
  "partial_binary_products": [
    {
      "nonzero_rows": 1,
      "sum": "5/32",
      "remainder": "5/96"
    },
    {
      "nonzero_rows": 2,
      "sum": "25/128",
      "remainder": "5/384"
    },
    {
      "nonzero_rows": 3,
      "sum": "105/512",
      "remainder": "5/1536"
    },
    {
      "nonzero_rows": 4,
      "sum": "425/2048",
      "remainder": "5/6144"
    },
    {
      "nonzero_rows": 5,
      "sum": "1705/8192",
      "remainder": "5/24576"
    },
    {
      "nonzero_rows": 6,
      "sum": "6825/32768",
      "remainder": "5/98304"
    },
    {
      "nonzero_rows": 7,
      "sum": "27305/131072",
      "remainder": "5/393216"
    },
    {
      "nonzero_rows": 8,
      "sum": "109225/524288",
      "remainder": "5/1572864"
    }
  ],
  "original_target_execution": false
}






PHI_volume_02_verification/publication/reproduction/results/optimal_radius_certificate.json

{
  "q_lower": "6555554687/10000000000",
  "q_upper": "51215271/78125000",
  "width": "1/10000000000",
  "P_lower_sign": -1,
  "P_upper_sign": 1,
  "bound_lower": "306127672143317545291753609073678622280674540273301090763197015134846550950689565820313378170571127456228941566333507245907368377108249761134463333091630485368504967116558071289450343391468987221224829258798403932624716687305474468260419884493876300313638144358382151679117128676654843440537069179366173286076659116438375365435608471710046853916001492199389524192588977324979860977441726681069589530789633058578695280688960476534457599553682913769800442980223716693754242912563430051455722235393410974044323738256470863739210208925061396545325323607755386742319217830655062343277018994217104365055859403716739542840899688626384536627037025344111951779500137056588272155393493230000702567542/9281659337030603392191868413161357197291003848167840714679741527583674266238691347742591891992108065224722513480010623070578457729558257832988718080433076967673641031898000166289010902905201958190750900409006106800327412990467504493840368910160834949685798465816487513517975190754832221525897515420839475458633058063069268295763134224328910445876320254259004026161600392691155967113474995058270221974367110485461315652248611398415343285388768321983827351383206254360627243547034285990621384008276973937390101520757353148941138249585504298025557748376151135789808172849936249685761890955134104878626736317594096170273239978241719601072708721090728198945029831798704155734092424362366729947499648716229",
  "bound_upper": "1124999999524490496082791086587133666457589703092688023500988365522323823169970423821613635368802203556441313638331864709381171806443495561827711738503540620385643738114872479328397501878424462224721542612959035204617860546688787547469643857411677016457951463268758405979208751541786921797176733373358528406183719188157476400886615485698836794053549029681258850578836249122547220330142525993202719220605967164687619562882537863361549828643548509114674825943999827711123122246028144740831196175388510010699673108766212434283200483065194566298211681315939050397638593614931591014591398546336263821374352562400240824262865103661048636042989736800653380700434338810059088075510958970472569074400533675067819100162/34109516024185645237514274068691014842265695519615750909527558458100408994499049037877868948159654562136235915277960886504686715642188658972823662422919731899377894428476872988791552327545056290364058948293533470503615595212005862844810543057070947579261728339042624033090043744662601208989815356953724633302094824163878095189454639798974386812737589902216149018813731766595556071849431842545422655666610572643823746740442915822776114735889049539995642878696128173631431265278310790311456734290943415489096054065573984737159179337594933964586937931030038732689450957241344571959680955214535402921864004304634546881011581196052223630235721451365019563549673309649782830594970455962244520514763715462799733162466090449919",
  "float_bound_lower": 3.298199826425155e-11,
  "float_bound_upper": 3.298199830002864e-11,
  "hypothesis": "Strict-convexity and derivative-equivalence theorems are written proofs in C03; this certificate checks rational signs and interval arithmetic."
}







PHI_volume_02_verification/publication/reproduction/results/statistical_experiments.json

{
  "weekly": {
    "source": "https://github.com/cran/ISLR2/blob/master/data/Weekly.rda",
    "git_blob_sha1": "70ad4a8749e3ed49f27da3573ab0818f8988f225",
    "source_rows": 1089,
    "source_transport": "GitHub connector base64; blob SHA-1 verified before deserialization",
    "columns": [
      "Year",
      "Lag1",
      "Lag2",
      "Lag3",
      "Lag4",
      "Lag5",
      "Volume",
      "Today",
      "Direction"
    ],
    "factor_levels": [
      "Down",
      "Up"
    ],
    "full_fit_coefficients": [
      0.22122405426994077,
      -0.0387222224699497,
      0.06024830276028222
    ],
    "full_fit_score_norm": 1.3219160029459196e-08,
    "omitting_first": {
      "coefficients": [
        0.2232430464743332,
        -0.03843316878046714,
        0.06084762640722559
      ],
      "probability_up": 0.5713923205171542,
      "predicted_class": "Up",
      "actual_class": "Down",
      "error": true
    },
    "loo_error_count": 490,
    "loo_error_rate": 0.44995408631772266,
    "minimum_probability_margin": 0.00034376588191437074,
    "cold_total_iterations": 4398,
    "warm_total_iterations": 3288,
    "cold_seconds_single_run": 0.4988077820003127,
    "warm_seconds_single_run": 0.3856785499997386,
    "max_probability_difference": 1.753475142862726e-11,
    "maximum_score_norm": 1.644086261070431e-08,
    "minimum_observed_hessian_eigenvalue": 263.25139210301177,
    "status": "executed binary64 optimizations; finite convergence diagnostics, not interval-arithmetic root certificates",
    "native_R_executed": false
  },
  "polynomial": {
    "Python_default_rng_1": {
      "models": [
        {
          "degree": 1,
          "coefficients": [
            -1.4649630065205748,
            1.9493685655821977
          ],
          "standard_errors": [
            0.2467526052038069,
            0.2886898656813819
          ],
          "t_pvalues": [
            4.40962098403568e-08,
            1.0365062391097479e-09
          ],
          "loocv_mse": 6.633029839181983,
          "maximum_press_refit_difference": 1.970645868709653e-15,
          "max_leverage": 0.10593439604277707
        },
        {
          "degree": 2,
          "coefficients": [
            -0.07275529077971879,
            0.966272759496647,
            -2.004709015820712
          ],
          "standard_errors": [
            0.119133593131275,
            0.12635317461019888,
            0.09082581457782679
          ],
          "t_pvalues": [
            0.5428242911378258,
            1.4949127104686435e-11,
            1.340067770001465e-39
          ],
          "loocv_mse": 1.122936856341968,
          "maximum_press_refit_difference": 1.2878587085651816e-14,
          "max_leverage": 0.3367746914299513
        },
        {
          "degree": 3,
          "coefficients": [
            -0.05719669120968653,
            1.11458420106416,
            -2.047093569240038,
            -0.06430032710664275
          ],
          "standard_errors": [
            0.11992880367150141,
            0.18747156941159904,
            0.09902229672742122,
            0.06008117370150836
          ],
          "t_pvalues": [
            0.6345015009461868,
            4.448515571498009e-08,
            3.968905542529695e-37,
            0.2872018312500664
          ],
          "loocv_mse": 1.3017965489358874,
          "maximum_press_refit_difference": 2.930988785010413e-14,
          "max_leverage": 0.6302131166144628
        },
        {
          "degree": 4,
          "coefficients": [
            0.10084765527919508,
            0.9049978643917201,
            -2.505923082881097,
            0.033768371908847856,
            0.10421699396517169
          ],
          "standard_errors": [
            0.1358183859022878,
            0.20461355461178887,
            0.22105779300882725,
            0.07250986614200602,
            0.04513364589608599
          ],
          "t_pvalues": [
            0.4596053342575588,
            2.5912962860712316e-05,
            2.396025934428609e-19,
            0.6424909798530273,
            0.02310661043617223
          ],
          "loocv_mse": 1.3323942694179345,
          "maximum_press_refit_difference": 3.730349362740526e-14,
          "max_leverage": 0.8356478577601811
        }
      ],
      "n": 100,
      "p_original": 1,
      "p_expanded_max": 4,
      "responses_model": "y=x-2x^2+epsilon, independent unit normals",
      "generator": "Python_default_rng_1",
      "native_R_executed": null
    },
    "R_seed1_reconstructed": {
      "models": [
        {
          "degree": 1,
          "coefficients": [
            -1.625426741095501,
            0.692497014484434
          ],
          "standard_errors": [
            0.26193663398327943,
            0.2909417781469206
          ],
          "t_pvalues": [
            1.3092997288089733e-08,
            0.019238464507281186
          ],
          "loocv_mse": 7.288161606672813,
          "maximum_press_refit_difference": 1.7763568394002505e-15,
          "max_leverage": 0.0775985365907588
        },
        {
          "degree": 2,
          "coefficients": [
            0.056715008916282984,
            1.0171608744539262,
            -2.1189211987163845
          ],
          "standard_errors": [
            0.11765549402705139,
            0.10798269374431911,
            0.08476570299927101
          ],
          "t_pvalues": [
            0.6308612862365923,
            2.4032867417629336e-15,
            4.58433015088062e-44
          ],
          "loocv_mse": 0.9374236376155521,
          "maximum_press_refit_difference": 6.8833827526759706e-15,
          "max_leverage": 0.24189347193704475
        },
        {
          "degree": 3,
          "coefficients": [
            0.061507179842838336,
            0.9752802703302909,
            -2.123790993845403,
            0.017638575357318113
          ],
          "standard_errors": [
            0.1195037397947816,
            0.18728148981338605,
            0.08700251305205599,
            0.06429036590248975
          ],
          "t_pvalues": [
            0.6079537967385923,
            1.0893498336918503e-06,
            5.8734437754123946e-43,
            0.7843990399024271
          ],
          "loocv_mse": 0.9566218301089396,
          "maximum_press_refit_difference": 1.0151601781416275e-14,
          "max_leverage": 0.44989852677270215
        },
        {
          "degree": 4,
          "coefficients": [
            0.15670295250673352,
            1.0308256428959721,
            -2.4098981827888597,
            -0.009132903878248617,
            0.0697854208786412
          ],
          "standard_errors": [
            0.13946192485559214,
            0.1913365486914136,
            0.2348550567040809,
            0.0672288073440236,
            0.053240055559854144
          ],
          "t_pvalues": [
            0.2640033891098213,
            5.174326357244834e-07,
            4.575229353407069e-17,
            0.8922288340687816,
            0.19309564304033353
          ],
          "loocv_mse": 0.9539048927448035,
          "maximum_press_refit_difference": 2.55351295663786e-14,
          "max_leverage": 0.6270602627098938
        }
      ],
      "n": 100,
      "p_original": 1,
      "p_expanded_max": 4,
      "responses_model": "y=x-2x^2+epsilon, independent unit normals",
      "generator": "R_seed1_reconstructed",
      "native_R_executed": false
    }
  }
}






PHI_volume_02_verification/publication/reproduction/results/verification_experiments.json

{
  "environment": {
    "python": "3.13.5",
    "numpy": "2.3.5",
    "scipy": "1.17.0",
    "seed": 20261007,
    "blas_threads": 1,
    "timing_repetitions": 7
  },
  "checks": [
    {
      "name": "power control F squared = one quarter identity",
      "passed": true,
      "kind": "exact dyadic"
    },
    {
      "name": "nonmonotone feasible trajectory approaches (1,1)",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "two-station fixed point [1, 2]",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "two-station fixed point [1, 1]",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "two-station fixed point [2, 2]",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "uncorrelated-channel diagonal restriction counterexample",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=3 db=0",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=3 db=5",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=3 db=10",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=3 db=15",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=3 db=20",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=3 db=25",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=3 db=30",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=4 db=0",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=4 db=5",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=4 db=10",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=4 db=15",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=4 db=20",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=4 db=25",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=4 db=30",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=5 db=0",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=5 db=5",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=5 db=10",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=5 db=15",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=5 db=20",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=5 db=25",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=5 db=30",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=6 db=0",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=6 db=5",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=6 db=10",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=6 db=15",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=6 db=20",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=6 db=25",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=6 db=30",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "continuant identity n2",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "finite Toeplitz error enclosure n2",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "continuant identity n4",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "finite Toeplitz error enclosure n4",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "continuant identity n8",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "finite Toeplitz error enclosure n8",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "continuant identity n16",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "finite Toeplitz error enclosure n16",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "continuant identity n32",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "finite Toeplitz error enclosure n32",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "continuant identity n64",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "finite Toeplitz error enclosure n64",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "continuant identity n128",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "finite Toeplitz error enclosure n128",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill budget and active stationarity",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 0",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 1",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 2",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 3",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 4",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 5",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 6",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 7",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 8",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 9",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 10",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 11",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 12",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 13",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 14",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 15",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 16",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 17",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 18",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 19",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 20",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 21",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 22",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 23",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 24",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 25",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 26",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 27",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 28",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 29",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 30",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 31",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 32",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 33",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 34",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 35",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 36",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 37",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 38",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 39",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 40",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 41",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 42",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 43",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 44",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 45",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 46",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 47",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 48",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 49",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 50",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 51",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 52",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 53",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 54",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 55",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 56",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 57",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 58",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 59",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 60",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 61",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 62",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 63",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 64",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 65",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 66",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 67",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 68",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 69",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 70",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 71",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 72",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 73",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 74",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 75",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 76",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 77",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 78",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 79",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 80",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 81",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 82",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 83",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 84",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 85",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 86",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 87",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 88",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 89",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 90",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 91",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 92",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 93",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 94",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 95",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 96",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 97",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 98",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 99",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "cubic factorization",
      "passed": true,
      "kind": "symbolic identity"
    },
    {
      "name": "three independent delay states",
      "passed": true,
      "kind": "symbolic identity"
    },
    {
      "name": "scaled canonical cascade equals original H/32",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "cascade sampled state magnitudes respect proof bounds",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "SC-046 stable generated poles",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "SC-048 stable generated poles",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "SC-049 stable generated poles",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "SC-050 stable generated poles",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "SC-051 stable generated poles",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "SC-052 stable generated poles",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "SC-039 stable generated poles",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "SC-040 stable generated poles",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "SC-041 stable generated poles",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "SC-037 stable generated poles",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "SC-038 stable generated poles",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "SC-069 stable generated poles",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "SC-060 stable generated poles",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "Catalan same exact prefix 64",
      "passed": true,
      "kind": "exact integer"
    },
    {
      "name": "Catalan same exact prefix 128",
      "passed": true,
      "kind": "exact integer"
    },
    {
      "name": "Catalan same exact prefix 256",
      "passed": true,
      "kind": "exact integer"
    },
    {
      "name": "Catalan same exact prefix 512",
      "passed": true,
      "kind": "exact integer"
    },
    {
      "name": "KRR independent refits vs inverse diagonal 32",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "KRR independent refits vs inverse diagonal 64",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "KRR independent refits vs inverse diagonal 128",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "convolution matched full output 64",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "convolution matched full output 256",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "convolution matched full output 1024",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "convolution matched full output 4096",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "array length",
      "passed": true,
      "kind": "exact integer"
    },
    {
      "name": "sum axis shapes",
      "passed": true,
      "kind": "exact shape"
    },
    {
      "name": "tensor Frobenius square",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "autograd sine derivative diagnostic",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "modular FFT example",
      "passed": true,
      "kind": "exact modular"
    },
    {
      "name": "matrix chain 422.4 multiplier ratio",
      "passed": true,
      "kind": "exact rational"
    }
  ],
  "passed_named_checks": 183,
  "benchmarks": [
    {
      "family": "Catalan exact prefix",
      "n": 64,
      "baseline_ms": [
        0.16571,
        0.162154,
        0.164387,
        0.162434,
        0.159239,
        0.174933,
        0.159971
      ],
      "structural_ms": [
        0.007712,
        0.00668,
        0.00659,
        0.00651,
        0.006199,
        0.006449,
        0.006309
      ],
      "speedup_median": 24.951459293394777
    },
    {
      "family": "Catalan exact prefix",
      "n": 128,
      "baseline_ms": [
        0.723098,
        0.708586,
        0.712051,
        0.720464,
        0.71057,
        0.708386,
        0.690369
      ],
      "structural_ms": [
        0.030406,
        0.014883,
        0.014441,
        0.014391,
        0.014402,
        0.014873,
        0.014912
      ],
      "speedup_median": 47.7758354064412
    },
    {
      "family": "Catalan exact prefix",
      "n": 256,
      "baseline_ms": [
        3.421729,
        3.627589,
        3.513948,
        3.561109,
        3.398785,
        3.643523,
        3.512375
      ],
      "structural_ms": [
        0.040191,
        0.037717,
        0.038328,
        0.037887,
        0.037146,
        0.037737,
        0.036946
      ],
      "speedup_median": 93.1167819381509
    },
    {
      "family": "Catalan exact prefix",
      "n": 512,
      "baseline_ms": [
        23.882081,
        24.339729,
        23.94787,
        22.589365,
        22.548814,
        23.830874,
        22.385719
      ],
      "structural_ms": [
        0.105449,
        0.103786,
        0.101092,
        0.100621,
        0.100171,
        0.100341,
        0.102935
      ],
      "speedup_median": 235.73451905195267
    },
    {
      "family": "Kernel ridge LOO",
      "n": 32,
      "baseline_ms": [
        1.026374,
        1.001548,
        1.547028,
        1.027716,
        0.99026,
        1.036049,
        1.127367
      ],
      "structural_ms": [
        0.045318,
        0.041131,
        0.03977,
        0.062895,
        0.038858,
        0.038398,
        0.038698
      ],
      "speedup_median": 25.84148855921549
    },
    {
      "family": "Kernel ridge LOO",
      "n": 64,
      "baseline_ms": [
        3.421169,
        3.522622,
        3.62804,
        3.370522,
        3.698907,
        3.476702,
        3.68756
      ],
      "structural_ms": [
        0.099399,
        0.09338,
        0.091037,
        0.09302,
        0.137607,
        0.091738,
        0.090396
      ],
      "speedup_median": 37.86951193291765
    },
    {
      "family": "Kernel ridge LOO",
      "n": 128,
      "baseline_ms": [
        17.945205,
        19.610092,
        19.450852,
        18.729926,
        18.89149,
        17.998757,
        22.244317
      ],
      "structural_ms": [
        0.413812,
        0.409806,
        0.401695,
        0.375505,
        0.389747,
        0.372921,
        0.368605
      ],
      "speedup_median": 48.471162061542486
    },
    {
      "family": "Linear convolution",
      "n": 64,
      "baseline_ms": [
        0.003836,
        0.002814,
        0.002574,
        0.002593,
        0.002584,
        0.002564,
        0.002303
      ],
      "structural_ms": [
        0.045208,
        0.039169,
        0.078268,
        0.040751,
        0.035623,
        0.032959,
        0.0332
      ],
      "speedup_median": 0.06597053792540018
    },
    {
      "family": "Linear convolution",
      "n": 256,
      "baseline_ms": [
        0.011437,
        0.010956,
        0.049976,
        0.011297,
        0.010426,
        0.010616,
        0.010476
      ],
      "structural_ms": [
        0.046039,
        0.040471,
        0.03976,
        0.038288,
        0.035754,
        0.035153,
        0.034472
      ],
      "speedup_median": 0.28614709569577934
    },
    {
      "family": "Linear convolution",
      "n": 1024,
      "baseline_ms": [
        0.116445,
        0.115254,
        0.115133,
        0.115143,
        0.116355,
        0.134923,
        0.115985
      ],
      "structural_ms": [
        0.057717,
        0.05303,
        0.053291,
        0.052489,
        0.05345,
        0.051577,
        0.052078
      ],
      "speedup_median": 2.187158212332642
    },
    {
      "family": "Linear convolution",
      "n": 4096,
      "baseline_ms": [
        4.256085,
        4.240151,
        4.299781,
        2.657239,
        2.396206,
        2.231398,
        2.267382
      ],
      "structural_ms": [
        0.181784,
        0.147341,
        0.162865,
        0.143486,
        0.138618,
        0.138879,
        0.154933
      ],
      "speedup_median": 18.034620370433213
    }
  ],
  "mac": [
    {
      "receive_antennas": 3,
      "users": 1,
      "snr_db": 0,
      "mean_sum_bits": 1.8875628567099598,
      "se_sum_bits": 0.013354573676727308,
      "mean_symmetric_bits": 1.8875628567099598,
      "se_symmetric_bits": 0.013354573676727308
    },
    {
      "receive_antennas": 3,
      "users": 1,
      "snr_db": 5,
      "mean_sum_bits": 3.2143609630154057,
      "se_sum_bits": 0.01690458627323214,
      "mean_symmetric_bits": 3.2143609630154057,
      "se_symmetric_bits": 0.01690458627323214
    },
    {
      "receive_antennas": 3,
      "users": 1,
      "snr_db": 10,
      "mean_sum_bits": 4.744281274519153,
      "se_sum_bits": 0.01865920707814476,
      "mean_symmetric_bits": 4.744281274519153,
      "se_symmetric_bits": 0.01865920707814476
    },
    {
      "receive_antennas": 3,
      "users": 1,
      "snr_db": 15,
      "mean_sum_bits": 6.359862209269983,
      "se_sum_bits": 0.019338839746405406,
      "mean_symmetric_bits": 6.359862209269983,
      "se_symmetric_bits": 0.019338839746405406
    },
    {
      "receive_antennas": 3,
      "users": 1,
      "snr_db": 20,
      "mean_sum_bits": 8.005990914135102,
      "se_sum_bits": 0.019571147093632307,
      "mean_symmetric_bits": 8.005990914135102,
      "se_symmetric_bits": 0.019571147093632307
    },
    {
      "receive_antennas": 3,
      "users": 1,
      "snr_db": 25,
      "mean_sum_bits": 9.66221120892827,
      "se_sum_bits": 0.01964659610517512,
      "mean_symmetric_bits": 9.66221120892827,
      "se_symmetric_bits": 0.01964659610517512
    },
    {
      "receive_antennas": 3,
      "users": 1,
      "snr_db": 30,
      "mean_sum_bits": 11.321669763481275,
      "se_sum_bits": 0.019670663386132454,
      "mean_symmetric_bits": 11.321669763481275,
      "se_symmetric_bits": 0.019670663386132454
    },
    {
      "receive_antennas": 3,
      "users": 2,
      "snr_db": 0,
      "mean_sum_bits": 3.4746538198462806,
      "se_sum_bits": 0.01811012930374509,
      "mean_symmetric_bits": 1.7373269099231403,
      "se_symmetric_bits": 0.009055064651872545
    },
    {
      "receive_antennas": 3,
      "users": 2,
      "snr_db": 5,
      "mean_sum_bits": 5.919711824529873,
      "se_sum_bits": 0.024531375622535396,
      "mean_symmetric_bits": 2.9598559122649366,
      "se_symmetric_bits": 0.012265687811267698
    },
    {
      "receive_antennas": 3,
      "users": 2,
      "snr_db": 10,
      "mean_sum_bits": 8.836090022015611,
      "se_sum_bits": 0.028925317193732838,
      "mean_symmetric_bits": 4.4180450110078056,
      "se_symmetric_bits": 0.014462658596866419
    },
    {
      "receive_antennas": 3,
      "users": 2,
      "snr_db": 15,
      "mean_sum_bits": 11.997875246125764,
      "se_sum_bits": 0.031202858444840827,
      "mean_symmetric_bits": 5.998937623062882,
      "se_symmetric_bits": 0.015601429222420414
    },
    {
      "receive_antennas": 3,
      "users": 2,
      "snr_db": 20,
      "mean_sum_bits": 15.263120819987796,
      "se_sum_bits": 0.03215487441103551,
      "mean_symmetric_bits": 7.631560409993898,
      "se_symmetric_bits": 0.016077437205517756
    },
    {
      "receive_antennas": 3,
      "users": 2,
      "snr_db": 25,
      "mean_sum_bits": 18.566211904978502,
      "se_sum_bits": 0.03249983293320834,
      "mean_symmetric_bits": 9.283105952489251,
      "se_symmetric_bits": 0.01624991646660417
    },
    {
      "receive_antennas": 3,
      "users": 2,
      "snr_db": 30,
      "mean_sum_bits": 21.882068494101013,
      "se_sum_bits": 0.032615214615064586,
      "mean_symmetric_bits": 10.941034247050506,
      "se_symmetric_bits": 0.016307607307532293
    },
    {
      "receive_antennas": 3,
      "users": 3,
      "snr_db": 0,
      "mean_sum_bits": 4.812412342626912,
      "se_sum_bits": 0.02037754591641595,
      "mean_symmetric_bits": 1.604137447542304,
      "se_symmetric_bits": 0.0067925153054719835
    },
    {
      "receive_antennas": 3,
      "users": 3,
      "snr_db": 5,
      "mean_sum_bits": 8.092306641258803,
      "se_sum_bits": 0.028533551060442964,
      "mean_symmetric_bits": 2.697435547086268,
      "se_symmetric_bits": 0.009511183686814322
    },
    {
      "receive_antennas": 3,
      "users": 3,
      "snr_db": 10,
      "mean_sum_bits": 12.075740832368302,
      "se_sum_bits": 0.03634452073946906,
      "mean_symmetric_bits": 4.025246944122768,
      "se_symmetric_bits": 0.012114840246489686
    },
    {
      "receive_antennas": 3,
      "users": 3,
      "snr_db": 15,
      "mean_sum_bits": 16.532465375922705,
      "se_sum_bits": 0.04278761920539033,
      "mean_symmetric_bits": 5.510821791974235,
      "se_symmetric_bits": 0.014262539735130109
    },
    {
      "receive_antennas": 3,
      "users": 3,
      "snr_db": 20,
      "mean_sum_bits": 21.266610116321377,
      "se_sum_bits": 0.04720286386280104,
      "mean_symmetric_bits": 7.088870038773792,
      "se_symmetric_bits": 0.015734287954267012
    },
    {
      "receive_antennas": 3,
      "users": 3,
      "snr_db": 25,
      "mean_sum_bits": 26.142359709768687,
      "se_sum_bits": 0.04975976645300006,
      "mean_symmetric_bits": 8.714119903256229,
      "se_symmetric_bits": 0.016586588817666687
    },
    {
      "receive_antennas": 3,
      "users": 3,
      "snr_db": 30,
      "mean_sum_bits": 31.082559900154152,
      "se_sum_bits": 0.05104191955548828,
      "mean_symmetric_bits": 10.360853300051383,
      "se_symmetric_bits": 0.01701397318516276
    },
    {
      "receive_antennas": 3,
      "users": 4,
      "snr_db": 0,
      "mean_sum_bits": 5.903403810444836,
      "se_sum_bits": 0.020825474773505367,
      "mean_symmetric_bits": 1.475850952611209,
      "se_symmetric_bits": 0.005206368693376342
    },
    {
      "receive_antennas": 3,
      "users": 4,
      "snr_db": 5,
      "mean_sum_bits": 9.684521943909619,
      "se_sum_bits": 0.027583085029405437,
      "mean_symmetric_bits": 2.4211304859774048,
      "se_symmetric_bits": 0.006895771257351359
    },
    {
      "receive_antennas": 3,
      "users": 4,
      "snr_db": 10,
      "mean_sum_bits": 14.10289060890716,
      "se_sum_bits": 0.03247558778545144,
      "mean_symmetric_bits": 3.52572265222679,
      "se_symmetric_bits": 0.00811889694636286
    },
    {
      "receive_antennas": 3,
      "users": 4,
      "snr_db": 15,
      "mean_sum_bits": 18.857516131778006,
      "se_sum_bits": 0.03523197199070172,
      "mean_symmetric_bits": 4.7143790329445014,
      "se_symmetric_bits": 0.00880799299767543
    },
    {
      "receive_antennas": 3,
      "users": 4,
      "snr_db": 20,
      "mean_sum_bits": 23.7578010828817,
      "se_sum_bits": 0.036475266560566925,
      "mean_symmetric_bits": 5.939450270720425,
      "se_symmetric_bits": 0.009118816640141731
    },
    {
      "receive_antennas": 3,
      "users": 4,
      "snr_db": 25,
      "mean_sum_bits": 28.712824443476947,
      "se_sum_bits": 0.036950718405164784,
      "mean_symmetric_bits": 7.178206110869237,
      "se_symmetric_bits": 0.009237679601291196
    },
    {
      "receive_antennas": 3,
      "users": 4,
      "snr_db": 30,
      "mean_sum_bits": 33.68666303096887,
      "se_sum_bits": 0.037114711257788806,
      "mean_symmetric_bits": 8.421665757742218,
      "se_symmetric_bits": 0.009278677814447201
    },
    {
      "receive_antennas": 3,
      "users": 5,
      "snr_db": 0,
      "mean_sum_bits": 6.796833278988659,
      "se_sum_bits": 0.020656202501483024,
      "mean_symmetric_bits": 1.3593666557977317,
      "se_symmetric_bits": 0.004131240500296605
    },
    {
      "receive_antennas": 3,
      "users": 5,
      "snr_db": 5,
      "mean_sum_bits": 10.87044441528457,
      "se_sum_bits": 0.02593884584324913,
      "mean_symmetric_bits": 2.174088883056914,
      "se_symmetric_bits": 0.005187769168649826
    },
    {
      "receive_antennas": 3,
      "users": 5,
      "snr_db": 10,
      "mean_sum_bits": 15.476959503925963,
      "se_sum_bits": 0.02897816888465039,
      "mean_symmetric_bits": 3.0953919007851924,
      "se_symmetric_bits": 0.005795633776930078
    },
    {
      "receive_antennas": 3,
      "users": 5,
      "snr_db": 15,
      "mean_sum_bits": 20.32386908582447,
      "se_sum_bits": 0.030322223768323407,
      "mean_symmetric_bits": 4.064773817164894,
      "se_symmetric_bits": 0.0060644447536646814
    },
    {
      "receive_antennas": 3,
      "users": 5,
      "snr_db": 20,
      "mean_sum_bits": 25.26128560259086,
      "se_sum_bits": 0.03081980532430742,
      "mean_symmetric_bits": 5.052257120518172,
      "se_symmetric_bits": 0.006163961064861484
    },
    {
      "receive_antennas": 3,
      "users": 5,
      "snr_db": 25,
      "mean_sum_bits": 30.229498454072612,
      "se_sum_bits": 0.030987272360555297,
      "mean_symmetric_bits": 6.045899690814522,
      "se_symmetric_bits": 0.006197454472111059
    },
    {
      "receive_antennas": 3,
      "users": 5,
      "snr_db": 30,
      "mean_sum_bits": 35.207716333538045,
      "se_sum_bits": 0.031041393052326838,
      "mean_symmetric_bits": 7.041543266707609,
      "se_symmetric_bits": 0.006208278610465368
    },
    {
      "receive_antennas": 3,
      "users": 6,
      "snr_db": 0,
      "mean_sum_bits": 7.574356868158992,
      "se_sum_bits": 0.01988136485319348,
      "mean_symmetric_bits": 1.262392811359832,
      "se_symmetric_bits": 0.00331356080886558
    },
    {
      "receive_antennas": 3,
      "users": 6,
      "snr_db": 5,
      "mean_sum_bits": 11.840075771377101,
      "se_sum_bits": 0.023970968495775676,
      "mean_symmetric_bits": 1.9733459618961835,
      "se_symmetric_bits": 0.003995161415962613
    },
    {
      "receive_antennas": 3,
      "users": 6,
      "snr_db": 10,
      "mean_sum_bits": 16.547494139742156,
      "se_sum_bits": 0.02600777049494449,
      "mean_symmetric_bits": 2.757915689957026,
      "se_symmetric_bits": 0.004334628415824082
    },
    {
      "receive_antennas": 3,
      "users": 6,
      "snr_db": 15,
      "mean_sum_bits": 21.4356455649594,
      "se_sum_bits": 0.026810704619754544,
      "mean_symmetric_bits": 3.5726075941599,
      "se_symmetric_bits": 0.004468450769959091
    },
    {
      "receive_antennas": 3,
      "users": 6,
      "snr_db": 20,
      "mean_sum_bits": 26.387627032977086,
      "se_sum_bits": 0.02708835637360155,
      "mean_symmetric_bits": 4.397937838829514,
      "se_symmetric_bits": 0.004514726062266925
    },
    {
      "receive_antennas": 3,
      "users": 6,
      "snr_db": 25,
      "mean_sum_bits": 31.36064016702149,
      "se_sum_bits": 0.027178984710991214,
      "mean_symmetric_bits": 5.226773361170248,
      "se_symmetric_bits": 0.004529830785165202
    },
    {
      "receive_antennas": 3,
      "users": 6,
      "snr_db": 30,
      "mean_sum_bits": 36.340397525776844,
      "se_sum_bits": 0.027207945335755653,
      "mean_symmetric_bits": 6.056732920962808,
      "se_symmetric_bits": 0.004534657555959275
    },
    {
      "receive_antennas": 3,
      "users": 7,
      "snr_db": 0,
      "mean_sum_bits": 8.233682647706795,
      "se_sum_bits": 0.01918206350537793,
      "mean_symmetric_bits": 1.1762403782438278,
      "se_symmetric_bits": 0.0027402947864825613
    },
    {
      "receive_antennas": 3,
      "users": 7,
      "snr_db": 5,
      "mean_sum_bits": 12.62607862541032,
      "se_sum_bits": 0.022425389157526506,
      "mean_symmetric_bits": 1.80372551791576,
      "se_symmetric_bits": 0.0032036270225037867
    },
    {
      "receive_antennas": 3,
      "users": 7,
      "snr_db": 10,
      "mean_sum_bits": 17.39202878044251,
      "se_sum_bits": 0.02389351662177119,
      "mean_symmetric_bits": 2.4845755400632155,
      "se_symmetric_bits": 0.0034133595173958843
    },
    {
      "receive_antennas": 3,
      "users": 7,
      "snr_db": 15,
      "mean_sum_bits": 22.302090191110096,
      "se_sum_bits": 0.024438456480299648,
      "mean_symmetric_bits": 3.1860128844442994,
      "se_symmetric_bits": 0.0034912080686142354
    },
    {
      "receive_antennas": 3,
      "users": 7,
      "snr_db": 20,
      "mean_sum_bits": 27.26145983183433,
      "se_sum_bits": 0.024621656438617877,
      "mean_symmetric_bits": 3.8944942616906184,
      "se_symmetric_bits": 0.0035173794912311254
    },
    {
      "receive_antennas": 3,
      "users": 7,
      "snr_db": 25,
      "mean_sum_bits": 32.23686142829065,
      "se_sum_bits": 0.02468081912420288,
      "mean_symmetric_bits": 4.605265918327236,
      "se_symmetric_bits": 0.0035258313034575543
    },
    {
      "receive_antennas": 3,
      "users": 7,
      "snr_db": 30,
      "mean_sum_bits": 37.217379538745476,
      "se_sum_bits": 0.024699656476793112,
      "mean_symmetric_bits": 5.316768505535068,
      "se_symmetric_bits": 0.0035285223538275875
    },
    {
      "receive_antennas": 3,
      "users": 8,
      "snr_db": 0,
      "mean_sum_bits": 8.821579122912219,
      "se_sum_bits": 0.018268367450711292,
      "mean_symmetric_bits": 1.1026973903640274,
      "se_symmetric_bits": 0.0022835459313389115
    },
    {
      "receive_antennas": 3,
      "users": 8,
      "snr_db": 5,
      "mean_sum_bits": 13.307241834699177,
      "se_sum_bits": 0.020847705995923605,
      "mean_symmetric_bits": 1.663405229337397,
      "se_symmetric_bits": 0.0026059632494904506
    },
    {
      "receive_antennas": 3,
      "users": 8,
      "snr_db": 10,
      "mean_sum_bits": 18.113172941799053,
      "se_sum_bits": 0.021928695276132646,
      "mean_symmetric_bits": 2.2641466177248817,
      "se_symmetric_bits": 0.0027410869095165808
    },
    {
      "receive_antennas": 3,
      "users": 8,
      "snr_db": 15,
      "mean_sum_bits": 23.037582364463915,
      "se_sum_bits": 0.022311318231043098,
      "mean_symmetric_bits": 2.8796977955579894,
      "se_symmetric_bits": 0.0027889147788803872
    },
    {
      "receive_antennas": 3,
      "users": 8,
      "snr_db": 20,
      "mean_sum_bits": 28.001702890356043,
      "se_sum_bits": 0.02243718702480408,
      "mean_symmetric_bits": 3.5002128612945054,
      "se_symmetric_bits": 0.00280464837810051
    },
    {
      "receive_antennas": 3,
      "users": 8,
      "snr_db": 25,
      "mean_sum_bits": 32.978630208416234,
      "se_sum_bits": 0.02247750948472366,
      "mean_symmetric_bits": 4.122328776052029,
      "se_symmetric_bits": 0.0028096886855904575
    },
    {
      "receive_antennas": 3,
      "users": 8,
      "snr_db": 30,
      "mean_sum_bits": 37.95963320439773,
      "se_sum_bits": 0.022490313594812933,
      "mean_symmetric_bits": 4.744954150549717,
      "se_symmetric_bits": 0.0028112891993516166
    },
    {
      "receive_antennas": 3,
      "users": 9,
      "snr_db": 0,
      "mean_sum_bits": 9.342725387844304,
      "se_sum_bits": 0.017324013078681665,
      "mean_symmetric_bits": 1.038080598649367,
      "se_symmetric_bits": 0.0019248903420757404
    },
    {
      "receive_antennas": 3,
      "users": 9,
      "snr_db": 5,
      "mean_sum_bits": 13.898046524843027,
      "se_sum_bits": 0.019385374953153837,
      "mean_symmetric_bits": 1.5442273916492253,
      "se_symmetric_bits": 0.0021539305503504263
    },
    {
      "receive_antennas": 3,
      "users": 9,
      "snr_db": 10,
      "mean_sum_bits": 18.73211378660792,
      "se_sum_bits": 0.020201728823384515,
      "mean_symmetric_bits": 2.081345976289769,
      "se_symmetric_bits": 0.002244636535931613
    },
    {
      "receive_antennas": 3,
      "users": 9,
      "snr_db": 15,
      "mean_sum_bits": 23.66629741409011,
      "se_sum_bits": 0.020482671748305644,
      "mean_symmetric_bits": 2.6295886015655676,
      "se_symmetric_bits": 0.002275852416478405
    },
    {
      "receive_antennas": 3,
      "users": 9,
      "snr_db": 20,
      "mean_sum_bits": 28.633610085097814,
      "se_sum_bits": 0.020574094873990898,
      "mean_symmetric_bits": 3.181512231677535,
      "se_symmetric_bits": 0.002286010541554544
    },
    {
      "receive_antennas": 3,
      "users": 9,
      "snr_db": 25,
      "mean_sum_bits": 33.61155749963641,
      "se_sum_bits": 0.02060327473056187,
      "mean_symmetric_bits": 3.7346174999596013,
      "se_symmetric_bits": 0.0022892527478402076
    },
    {
      "receive_antennas": 3,
      "users": 9,
      "snr_db": 30,
      "mean_sum_bits": 38.59288416141624,
      "se_sum_bits": 0.020612529518396084,
      "mean_symmetric_bits": 4.2880982401573595,
      "se_symmetric_bits": 0.002290281057599565
    },
    {
      "receive_antennas": 3,
      "users": 10,
      "snr_db": 0,
      "mean_sum_bits": 9.808316825481098,
      "se_sum_bits": 0.016534561495876232,
      "mean_symmetric_bits": 0.9808316825481098,
      "se_symmetric_bits": 0.0016534561495876233
    },
    {
      "receive_antennas": 3,
      "users": 10,
      "snr_db": 5,
      "mean_sum_bits": 14.415487975854669,
      "se_sum_bits": 0.018258047690329054,
      "mean_symmetric_bits": 1.4415487975854668,
      "se_symmetric_bits": 0.0018258047690329054
    },
    {
      "receive_antennas": 3,
      "users": 10,
      "snr_db": 10,
      "mean_sum_bits": 19.269493359945407,
      "se_sum_bits": 0.018919183059239945,
      "mean_symmetric_bits": 1.9269493359945407,
      "se_symmetric_bits": 0.0018919183059239945
    },
    {
      "receive_antennas": 3,
      "users": 10,
      "snr_db": 15,
      "mean_sum_bits": 24.21044881359981,
      "se_sum_bits": 0.019143549148054564,
      "mean_symmetric_bits": 2.421044881359981,
      "se_symmetric_bits": 0.0019143549148054565
    },
    {
      "receive_antennas": 3,
      "users": 10,
      "snr_db": 20,
      "mean_sum_bits": 29.1799546690915,
      "se_sum_bits": 0.019216193841601736,
      "mean_symmetric_bits": 2.91799546690915,
      "se_symmetric_bits": 0.0019216193841601736
    },
    {
      "receive_antennas": 3,
      "users": 10,
      "snr_db": 25,
      "mean_sum_bits": 34.158600986914166,
      "se_sum_bits": 0.019239341406796867,
      "mean_symmetric_bits": 3.4158600986914167,
      "se_symmetric_bits": 0.0019239341406796866
    },
    {
      "receive_antennas": 3,
      "users": 10,
      "snr_db": 30,
      "mean_sum_bits": 39.14014920311914,
      "se_sum_bits": 0.019246679034255813,
      "mean_symmetric_bits": 3.9140149203119137,
      "se_symmetric_bits": 0.0019246679034255812
    },
    {
      "receive_antennas": 3,
      "users": 11,
      "snr_db": 0,
      "mean_sum_bits": 10.225137033699575,
      "se_sum_bits": 0.015905860442043156,
      "mean_symmetric_bits": 0.9295579121545068,
      "se_symmetric_bits": 0.0014459873129130142
    },
    {
      "receive_antennas": 3,
      "users": 11,
      "snr_db": 5,
      "mean_sum_bits": 14.873302315248509,
      "se_sum_bits": 0.017360039852386214,
      "mean_symmetric_bits": 1.352118392295319,
      "se_symmetric_bits": 0.0015781854411260196
    },
    {
      "receive_antennas": 3,
      "users": 11,
      "snr_db": 10,
      "mean_sum_bits": 19.742685324593175,
      "se_sum_bits": 0.017901184209097296,
      "mean_symmetric_bits": 1.7947895749630158,
      "se_symmetric_bits": 0.0016273803826452086
    },
    {
      "receive_antennas": 3,
      "users": 11,
      "snr_db": 15,
      "mean_sum_bits": 24.688810038017827,
      "se_sum_bits": 0.018082482492633715,
      "mean_symmetric_bits": 2.244437276183439,
      "se_symmetric_bits": 0.0016438620447848833
    },
    {
      "receive_antennas": 3,
      "users": 11,
      "snr_db": 20,
      "mean_sum_bits": 29.659983971960198,
      "se_sum_bits": 0.018140916279227617,
      "mean_symmetric_bits": 2.696362179269109,
      "se_symmetric_bits": 0.0016491742072025106
    },
    {
      "receive_antennas": 3,
      "users": 11,
      "snr_db": 25,
      "mean_sum_bits": 34.63916122188165,
      "se_sum_bits": 0.018159507850049775,
      "mean_symmetric_bits": 3.1490146565346957,
      "se_symmetric_bits": 0.001650864350004525
    },
    {
      "receive_antennas": 3,
      "users": 11,
      "snr_db": 30,
      "mean_sum_bits": 39.6208776807076,
      "se_sum_bits": 0.018165398436212815,
      "mean_symmetric_bits": 3.6018979709734182,
      "se_symmetric_bits": 0.0016513998578375287
    },
    {
      "receive_antennas": 3,
      "users": 12,
      "snr_db": 0,
      "mean_sum_bits": 10.611295121076974,
      "se_sum_bits": 0.015288658116079287,
      "mean_symmetric_bits": 0.8842745934230812,
      "se_symmetric_bits": 0.0012740548430066072
    },
    {
      "receive_antennas": 3,
      "users": 12,
      "snr_db": 5,
      "mean_sum_bits": 15.29250899060787,
      "se_sum_bits": 0.016542951220290095,
      "mean_symmetric_bits": 1.2743757492173224,
      "se_symmetric_bits": 0.0013785792683575079
    },
    {
      "receive_antennas": 3,
      "users": 12,
      "snr_db": 10,
      "mean_sum_bits": 20.1739509801109,
      "se_sum_bits": 0.017000816800320135,
      "mean_symmetric_bits": 1.6811625816759082,
      "se_symmetric_bits": 0.0014167347333600112
    },
    {
      "receive_antennas": 3,
      "users": 12,
      "snr_db": 15,
      "mean_sum_bits": 25.12408413781096,
      "se_sum_bits": 0.017153052063571834,
      "mean_symmetric_bits": 2.0936736781509135,
      "se_symmetric_bits": 0.0014294210052976529
    },
    {
      "receive_antennas": 3,
      "users": 12,
      "snr_db": 20,
      "mean_sum_bits": 30.096546530050567,
      "se_sum_bits": 0.01720199067062429,
      "mean_symmetric_bits": 2.5080455441708804,
      "se_symmetric_bits": 0.001433499222552024
    },
    {
      "receive_antennas": 3,
      "users": 12,
      "snr_db": 25,
      "mean_sum_bits": 35.076133361092175,
      "se_sum_bits": 0.017217548000806285,
      "mean_symmetric_bits": 2.923011113424348,
      "se_symmetric_bits": 0.0014347956667338571
    },
    {
      "receive_antennas": 3,
      "users": 12,
      "snr_db": 30,
      "mean_sum_bits": 40.05797955585635,
      "se_sum_bits": 0.017222475878287503,
      "mean_symmetric_bits": 3.3381649629880292,
      "se_symmetric_bits": 0.0014352063231906252
    },
    {
      "receive_antennas": 3,
      "users": 13,
      "snr_db": 0,
      "mean_sum_bits": 10.961944581111553,
      "se_sum_bits": 0.014753694131648447,
      "mean_symmetric_bits": 0.8432265062393502,
      "se_symmetric_bits": 0.001134899548588342
    },
    {
      "receive_antennas": 3,
      "users": 13,
      "snr_db": 5,
      "mean_sum_bits": 15.670412368871801,
      "se_sum_bits": 0.01583769966119189,
      "mean_symmetric_bits": 1.2054163360670616,
      "se_symmetric_bits": 0.001218284589322453
    },
    {
      "receive_antennas": 3,
      "users": 13,
      "snr_db": 10,
      "mean_sum_bits": 20.561659856098615,
      "se_sum_bits": 0.016226090462308045,
      "mean_symmetric_bits": 1.5816661427768166,
      "se_symmetric_bits": 0.0012481608047929264
    },
    {
      "receive_antennas": 3,
      "users": 13,
      "snr_db": 15,
      "mean_sum_bits": 25.515034916768215,
      "se_sum_bits": 0.01635429257370966,
      "mean_symmetric_bits": 1.962694993597555,
      "se_symmetric_bits": 0.0012580225056699737
    },
    {
      "receive_antennas": 3,
      "users": 13,
      "snr_db": 20,
      "mean_sum_bits": 30.48853747775192,
      "se_sum_bits": 0.016395403480609052,
      "mean_symmetric_bits": 2.3452721136732246,
      "se_symmetric_bits": 0.0012611848831237732
    },
    {
      "receive_antennas": 3,
      "users": 13,
      "snr_db": 25,
      "mean_sum_bits": 35.468454767758935,
      "se_sum_bits": 0.016408461944780198,
      "mean_symmetric_bits": 2.728342674442995,
      "se_symmetric_bits": 0.0012621893803677075
    },
    {
      "receive_antennas": 3,
      "users": 13,
      "snr_db": 30,
      "mean_sum_bits": 40.45040561666267,
      "se_sum_bits": 0.016412597233714465,
      "mean_symmetric_bits": 3.1115696628202056,
      "se_symmetric_bits": 0.0012625074795164974
    },
    {
      "receive_antennas": 3,
      "users": 14,
      "snr_db": 0,
      "mean_sum_bits": 11.290002651530502,
      "se_sum_bits": 0.014428361717581882,
      "mean_symmetric_bits": 0.8064287608236073,
      "se_symmetric_bits": 0.001030597265541563
    },
    {
      "receive_antennas": 3,
      "users": 14,
      "snr_db": 5,
      "mean_sum_bits": 16.021407740799646,
      "se_sum_bits": 0.015392003126192776,
      "mean_symmetric_bits": 1.1443862671999747,
      "se_symmetric_bits": 0.0010994287947280555
    },
    {
      "receive_antennas": 3,
      "users": 14,
      "snr_db": 10,
      "mean_sum_bits": 20.920776627634098,
      "se_sum_bits": 0.01573286819044,
      "mean_symmetric_bits": 1.4943411876881498,
      "se_symmetric_bits": 0.0011237762993171428
    },
    {
      "receive_antennas": 3,
      "users": 14,
      "snr_db": 15,
      "mean_sum_bits": 25.876820457028618,
      "se_sum_bits": 0.01584484880904592,
      "mean_symmetric_bits": 1.848344318359187,
      "se_symmetric_bits": 0.0011317749149318513
    },
    {
      "receive_antennas": 3,
      "users": 14,
      "snr_db": 20,
      "mean_sum_bits": 30.85117753014086,
      "se_sum_bits": 0.015880700848021546,
      "mean_symmetric_bits": 2.203655537867204,
      "se_symmetric_bits": 0.001134335774858682
    },
    {
      "receive_antennas": 3,
      "users": 14,
      "snr_db": 25,
      "mean_sum_bits": 35.83136611532116,
      "se_sum_bits": 0.015892083052406254,
      "mean_symmetric_bits": 2.5593832939515115,
      "se_symmetric_bits": 0.0011351487894575897
    },
    {
      "receive_antennas": 3,
      "users": 14,
      "snr_db": 30,
      "mean_sum_bits": 40.8134028633229,
      "se_sum_bits": 0.01589568692437619,
      "mean_symmetric_bits": 2.9152430616659215,
      "se_symmetric_bits": 0.0011354062088840134
    },
    {
      "receive_antennas": 3,
      "users": 15,
      "snr_db": 0,
      "mean_sum_bits": 11.601582781175498,
      "se_sum_bits": 0.013989651853394963,
      "mean_symmetric_bits": 0.7734388520783665,
      "se_symmetric_bits": 0.0009326434568929975
    },
    {
      "receive_antennas": 3,
      "users": 15,
      "snr_db": 5,
      "mean_sum_bits": 16.352817458104113,
      "se_sum_bits": 0.014848343396893527,
      "mean_symmetric_bits": 1.0901878305402741,
      "se_symmetric_bits": 0.0009898895597929018
    },
    {
      "receive_antennas": 3,
      "users": 15,
      "snr_db": 10,
      "mean_sum_bits": 21.25912539566707,
      "se_sum_bits": 0.015149082926606619,
      "mean_symmetric_bits": 1.4172750263778047,
      "se_symmetric_bits": 0.0010099388617737747
    },
    {
      "receive_antennas": 3,
      "users": 15,
      "snr_db": 15,
      "mean_sum_bits": 26.217439683581183,
      "se_sum_bits": 0.015247526644399566,
      "mean_symmetric_bits": 1.7478293122387456,
      "se_symmetric_bits": 0.0010165017762933043
    },
    {
      "receive_antennas": 3,
      "users": 15,
      "snr_db": 20,
      "mean_sum_bits": 31.192522695182134,
      "se_sum_bits": 0.015279007097961992,
      "mean_symmetric_bits": 2.079501513012142,
      "se_symmetric_bits": 0.0010186004731974662
    },
    {
      "receive_antennas": 3,
      "users": 15,
      "snr_db": 25,
      "mean_sum_bits": 36.172941649328166,
      "se_sum_bits": 0.015288997596368344,
      "mean_symmetric_bits": 2.4115294432885443,
      "se_symmetric_bits": 0.0010192665064245562
    },
    {
      "receive_antennas": 3,
      "users": 15,
      "snr_db": 30,
      "mean_sum_bits": 41.155051327466246,
      "se_sum_bits": 0.015292160436694563,
      "mean_symmetric_bits": 2.74367008849775,
      "se_symmetric_bits": 0.0010194773624463043
    },
    {
      "receive_antennas": 3,
      "users": 16,
      "snr_db": 0,
      "mean_sum_bits": 11.886553820584611,
      "se_sum_bits": 0.01370335111679336,
      "mean_symmetric_bits": 0.7429096137865382,
      "se_symmetric_bits": 0.000856459444799585
    },
    {
      "receive_antennas": 3,
      "users": 16,
      "snr_db": 5,
      "mean_sum_bits": 16.654443112686586,
      "se_sum_bits": 0.014475444804078464,
      "mean_symmetric_bits": 1.0409026945429116,
      "se_symmetric_bits": 0.000904715300254904
    },
    {
      "receive_antennas": 3,
      "users": 16,
      "snr_db": 10,
      "mean_sum_bits": 21.566529064371277,
      "se_sum_bits": 0.01474322550970689,
      "mean_symmetric_bits": 1.3479080665232048,
      "se_symmetric_bits": 0.0009214515943566806
    },
    {
      "receive_antennas": 3,
      "users": 16,
      "snr_db": 15,
      "mean_sum_bits": 26.52672813967701,
      "se_sum_bits": 0.014830570587815967,
      "mean_symmetric_bits": 1.6579205087298132,
      "se_symmetric_bits": 0.000926910661738498
    },
    {
      "receive_antennas": 3,
      "users": 16,
      "snr_db": 20,
      "mean_sum_bits": 31.502413171353236,
      "se_sum_bits": 0.014858469122293298,
      "mean_symmetric_bits": 1.9689008232095773,
      "se_symmetric_bits": 0.0009286543201433311
    },
    {
      "receive_antennas": 3,
      "users": 16,
      "snr_db": 25,
      "mean_sum_bits": 36.483023108590075,
      "se_sum_bits": 0.014867319540071929,
      "mean_symmetric_bits": 2.2801889442868797,
      "se_symmetric_bits": 0.0009292074712544955
    },
    {
      "receive_antennas": 3,
      "users": 16,
      "snr_db": 30,
      "mean_sum_bits": 41.465193241898504,
      "se_sum_bits": 0.014870121112357346,
      "mean_symmetric_bits": 2.5915745776186565,
      "se_symmetric_bits": 0.0009293825695223341
    },
    {
      "receive_antennas": 3,
      "users": 17,
      "snr_db": 0,
      "mean_sum_bits": 12.155412429140341,
      "se_sum_bits": 0.01331143498619419,
      "mean_symmetric_bits": 0.7150242605376671,
      "se_symmetric_bits": 0.0007830255874231876
    },
    {
      "receive_antennas": 3,
      "users": 17,
      "snr_db": 5,
      "mean_sum_bits": 16.937778434599174,
      "se_sum_bits": 0.014008499108766725,
      "mean_symmetric_bits": 0.9963399079175985,
      "se_symmetric_bits": 0.0008240293593392192
    },
    {
      "receive_antennas": 3,
      "users": 17,
      "snr_db": 10,
      "mean_sum_bits": 21.85484269751345,
      "se_sum_bits": 0.0142485509810355,
      "mean_symmetric_bits": 1.2855789822066737,
      "se_symmetric_bits": 0.0008381500577079705
    },
    {
      "receive_antennas": 3,
      "users": 17,
      "snr_db": 15,
      "mean_sum_bits": 26.81666056874468,
      "se_sum_bits": 0.014326655840314636,
      "mean_symmetric_bits": 1.5774506216908635,
      "se_symmetric_bits": 0.0008427444611949786
    },
    {
      "receive_antennas": 3,
      "users": 17,
      "snr_db": 20,
      "mean_sum_bits": 31.79286212040899,
      "se_sum_bits": 0.014351582519657258,
      "mean_symmetric_bits": 1.8701683600240582,
      "se_symmetric_bits": 0.000844210736450427
    },
    {
      "receive_antennas": 3,
      "users": 17,
      "snr_db": 25,
      "mean_sum_bits": 36.7736358620639,
      "se_sum_bits": 0.014359488080261626,
      "mean_symmetric_bits": 2.163155050709641,
      "se_symmetric_bits": 0.0008446757694271544
    },
    {
      "receive_antennas": 3,
      "users": 17,
      "snr_db": 30,
      "mean_sum_bits": 41.755857841692304,
      "se_sum_bits": 0.01436199035216916,
      "mean_symmetric_bits": 2.4562269318642533,
      "se_symmetric_bits": 0.0008448229618923035
    },
    {
      "receive_antennas": 3,
      "users": 18,
      "snr_db": 0,
      "mean_sum_bits": 12.409355387990809,
      "se_sum_bits": 0.013012768271658917,
      "mean_symmetric_bits": 0.689408632666156,
      "se_symmetric_bits": 0.0007229315706477176
    },
    {
      "receive_antennas": 3,
      "users": 18,
      "snr_db": 5,
      "mean_sum_bits": 17.204512716819355,
      "se_sum_bits": 0.013648641488477472,
      "mean_symmetric_bits": 0.9558062620455198,
      "se_symmetric_bits": 0.0007582578604709707
    },
    {
      "receive_antennas": 3,
      "users": 18,
      "snr_db": 10,
      "mean_sum_bits": 22.12595037173771,
      "se_sum_bits": 0.013866066985347402,
      "mean_symmetric_bits": 1.2292194650965393,
      "se_symmetric_bits": 0.0007703370547415224
    },
    {
      "receive_antennas": 3,
      "users": 18,
      "snr_db": 15,
      "mean_sum_bits": 27.08918749279681,
      "se_sum_bits": 0.013936629593527095,
      "mean_symmetric_bits": 1.504954860710934,
      "se_symmetric_bits": 0.0007742571996403942
    },
    {
      "receive_antennas": 3,
      "users": 18,
      "snr_db": 20,
      "mean_sum_bits": 32.06584159842683,
      "se_sum_bits": 0.013959130229943042,
      "mean_symmetric_bits": 1.781435644357046,
      "se_symmetric_bits": 0.0007755072349968357
    },
    {
      "receive_antennas": 3,
      "users": 18,
      "snr_db": 25,
      "mean_sum_bits": 37.04675882898607,
      "se_sum_bits": 0.013966264435098791,
      "mean_symmetric_bits": 2.058153268277004,
      "se_symmetric_bits": 0.0007759035797277106
    },
    {
      "receive_antennas": 3,
      "users": 18,
      "snr_db": 30,
      "mean_sum_bits": 42.029026221795675,
      "se_sum_bits": 0.013968522363214369,
      "mean_symmetric_bits": 2.3349459012108706,
      "se_symmetric_bits": 0.0007760290201785761
    },
    {
      "receive_antennas": 3,
      "users": 19,
      "snr_db": 0,
      "mean_sum_bits": 12.648080835773722,
      "se_sum_bits": 0.012568615646042497,
      "mean_symmetric_bits": 0.6656884650407222,
      "se_symmetric_bits": 0.0006615060866338156
    },
    {
      "receive_antennas": 3,
      "users": 19,
      "snr_db": 5,
      "mean_sum_bits": 17.45437937468482,
      "se_sum_bits": 0.01314337950404189,
      "mean_symmetric_bits": 0.9186515460360432,
      "se_symmetric_bits": 0.0006917568160022047
    },
    {
      "receive_antennas": 3,
      "users": 19,
      "snr_db": 10,
      "mean_sum_bits": 22.37960269426499,
      "se_sum_bits": 0.013338833229073782,
      "mean_symmetric_bits": 1.1778738260139467,
      "se_symmetric_bits": 0.000702043854161778
    },
    {
      "receive_antennas": 3,
      "users": 19,
      "snr_db": 15,
      "mean_sum_bits": 27.344065670705454,
      "se_sum_bits": 0.013402143934744077,
      "mean_symmetric_bits": 1.4391613510897607,
      "se_symmetric_bits": 0.0007053759965654778
    },
    {
      "receive_antennas": 3,
      "users": 19,
      "snr_db": 20,
      "mean_sum_bits": 32.32111038492564,
      "se_sum_bits": 0.013422319506109106,
      "mean_symmetric_bits": 1.7011110728908232,
      "se_symmetric_bits": 0.0007064378687425846
    },
    {
      "receive_antennas": 3,
      "users": 19,
      "snr_db": 25,
      "mean_sum_bits": 37.302151435515185,
      "se_sum_bits": 0.013428715232432347,
      "mean_symmetric_bits": 1.9632711281850097,
      "se_symmetric_bits": 0.000706774485917492
    },
    {
      "receive_antennas": 3,
      "users": 19,
      "snr_db": 30,
      "mean_sum_bits": 42.284458013622015,
      "se_sum_bits": 0.013430739308640206,
      "mean_symmetric_bits": 2.2254977901906323,
      "se_symmetric_bits": 0.0007068810162442214
    },
    {
      "receive_antennas": 3,
      "users": 20,
      "snr_db": 0,
      "mean_sum_bits": 12.870910981247558,
      "se_sum_bits": 0.012324407274937367,
      "mean_symmetric_bits": 0.6435455490623779,
      "se_symmetric_bits": 0.0006162203637468684
    },
    {
      "receive_antennas": 3,
      "users": 20,
      "snr_db": 5,
      "mean_sum_bits": 17.687041100049683,
      "se_sum_bits": 0.01285017142010497,
      "mean_symmetric_bits": 0.8843520550024841,
      "se_symmetric_bits": 0.0006425085710052485
    },
    {
      "receive_antennas": 3,
      "users": 20,
      "snr_db": 10,
      "mean_sum_bits": 22.61559078319108,
      "se_sum_bits": 0.013027910097816585,
      "mean_symmetric_bits": 1.130779539159554,
      "se_symmetric_bits": 0.0006513955048908293
    },
    {
      "receive_antennas": 3,
      "users": 20,
      "snr_db": 15,
      "mean_sum_bits": 27.581129300114647,
      "se_sum_bits": 0.013085364393111072,
      "mean_symmetric_bits": 1.3790564650057324,
      "se_symmetric_bits": 0.0006542682196555536
    },
    {
      "receive_antennas": 3,
      "users": 20,
      "snr_db": 20,
      "mean_sum_bits": 32.558516562182064,
      "se_sum_bits": 0.013103661381655416,
      "mean_symmetric_bits": 1.6279258281091031,
      "se_symmetric_bits": 0.0006551830690827708
    },
    {
      "receive_antennas": 3,
      "users": 20,
      "snr_db": 25,
      "mean_sum_bits": 37.5396661813053,
      "se_sum_bits": 0.013109460346446384,
      "mean_symmetric_bits": 1.876983309065265,
      "se_symmetric_bits": 0.0006554730173223192
    },
    {
      "receive_antennas": 3,
      "users": 20,
      "snr_db": 30,
      "mean_sum_bits": 42.52200711640615,
      "se_sum_bits": 0.01311129543868242,
      "mean_symmetric_bits": 2.1261003558203075,
      "se_symmetric_bits": 0.000655564771934121
    },
    {
      "receive_antennas": 3,
      "users": 21,
      "snr_db": 0,
      "mean_sum_bits": 13.085328320764752,
      "se_sum_bits": 0.012047881299788779,
      "mean_symmetric_bits": 0.6231108724173692,
      "se_symmetric_bits": 0.0005737086333232751
    },
    {
      "receive_antennas": 3,
      "users": 21,
      "snr_db": 5,
      "mean_sum_bits": 17.910309194901366,
      "se_sum_bits": 0.012533678918401823,
      "mean_symmetric_bits": 0.8528718664238746,
      "se_symmetric_bits": 0.0005968418532572297
    },
    {
      "receive_antennas": 3,
      "users": 21,
      "snr_db": 10,
      "mean_sum_bits": 22.841837138789213,
      "se_sum_bits": 0.01269722885706561,
      "mean_symmetric_bits": 1.087706530418534,
      "se_symmetric_bits": 0.0006046299455745529
    },
    {
      "receive_antennas": 3,
      "users": 21,
      "snr_db": 15,
      "mean_sum_bits": 27.808336828384626,
      "se_sum_bits": 0.012750021700786639,
      "mean_symmetric_bits": 1.324206515637363,
      "se_symmetric_bits": 0.0006071438905136495
    },
    {
      "receive_antennas": 3,
      "users": 21,
      "snr_db": 20,
      "mean_sum_bits": 32.78603002543613,
      "se_sum_bits": 0.012766826451866563,
      "mean_symmetric_bits": 1.5612395250207682,
      "se_symmetric_bits": 0.0006079441167555507
    },
    {
      "receive_antennas": 3,
      "users": 21,
      "snr_db": 25,
      "mean_sum_bits": 37.76727658984356,
      "se_sum_bits": 0.012772151691005448,
      "mean_symmetric_bits": 1.7984417423735028,
      "se_symmetric_bits": 0.000608197699571688
    },
    {
      "receive_antennas": 3,
      "users": 21,
      "snr_db": 30,
      "mean_sum_bits": 42.74964820180081,
      "se_sum_bits": 0.01277383679342583,
      "mean_symmetric_bits": 2.035697533419086,
      "se_symmetric_bits": 0.0006082779425440872
    },
    {
      "receive_antennas": 3,
      "users": 22,
      "snr_db": 0,
      "mean_sum_bits": 13.285238337608384,
      "se_sum_bits": 0.011763941230048931,
      "mean_symmetric_bits": 0.6038744698912901,
      "se_symmetric_bits": 0.0005347246013658605
    },
    {
      "receive_antennas": 3,
      "users": 22,
      "snr_db": 5,
      "mean_sum_bits": 18.11800457302718,
      "se_sum_bits": 0.012212401080344519,
      "mean_symmetric_bits": 0.8235456624103263,
      "se_symmetric_bits": 0.0005551091400156599
    },
    {
      "receive_antennas": 3,
      "users": 22,
      "snr_db": 10,
      "mean_sum_bits": 23.052142920984124,
      "se_sum_bits": 0.012362789739753138,
      "mean_symmetric_bits": 1.047824678226551,
      "se_symmetric_bits": 0.0005619449881705972
    },
    {
      "receive_antennas": 3,
      "users": 22,
      "snr_db": 15,
      "mean_sum_bits": 28.019484045866857,
      "se_sum_bits": 0.012411269143279433,
      "mean_symmetric_bits": 1.2736129111757661,
      "se_symmetric_bits": 0.0005641485974217924
    },
    {
      "receive_antennas": 3,
      "users": 22,
      "snr_db": 20,
      "mean_sum_bits": 32.99744496144113,
      "se_sum_bits": 0.012426694145923008,
      "mean_symmetric_bits": 1.4998838618836878,
      "se_symmetric_bits": 0.0005648497339055913
    },
    {
      "receive_antennas": 3,
      "users": 22,
      "snr_db": 25,
      "mean_sum_bits": 37.97877635044617,
      "se_sum_bits": 0.012431581479642288,
      "mean_symmetric_bits": 1.7263080159293713,
      "se_symmetric_bits": 0.0005650718854382858
    },
    {
      "receive_antennas": 3,
      "users": 22,
      "snr_db": 30,
      "mean_sum_bits": 42.961174802792534,
      "se_sum_bits": 0.012433127944543914,
      "mean_symmetric_bits": 1.952780672854206,
      "se_symmetric_bits": 0.0005651421792974506
    },
    {
      "receive_antennas": 3,
      "users": 23,
      "snr_db": 0,
      "mean_sum_bits": 13.483787645305618,
      "se_sum_bits": 0.011415867924873627,
      "mean_symmetric_bits": 0.5862516367524182,
      "se_symmetric_bits": 0.0004963420836901577
    },
    {
      "receive_antennas": 3,
      "users": 23,
      "snr_db": 5,
      "mean_sum_bits": 18.323876577676018,
      "se_sum_bits": 0.011826920421320575,
      "mean_symmetric_bits": 0.7966902859859138,
      "se_symmetric_bits": 0.0005142139313617641
    },
    {
      "receive_antennas": 3,
      "users": 23,
      "snr_db": 10,
      "mean_sum_bits": 23.260461912854385,
      "se_sum_bits": 0.011964250731825388,
      "mean_symmetric_bits": 1.0113244309936689,
      "se_symmetric_bits": 0.0005201848144271908
    },
    {
      "receive_antennas": 3,
      "users": 23,
      "snr_db": 15,
      "mean_sum_bits": 28.228590894252157,
      "se_sum_bits": 0.012008464365999848,
      "mean_symmetric_bits": 1.2273300388805286,
      "se_symmetric_bits": 0.0005221071463478194
    },
    {
      "receive_antennas": 3,
      "users": 23,
      "snr_db": 20,
      "mean_sum_bits": 33.20680238835004,
      "se_sum_bits": 0.012022526304234182,
      "mean_symmetric_bits": 1.4437740168847844,
      "se_symmetric_bits": 0.0005227185349667036
    },
    {
      "receive_antennas": 3,
      "users": 23,
      "snr_db": 25,
      "mean_sum_bits": 38.188213161898474,
      "se_sum_bits": 0.012026981172634631,
      "mean_symmetric_bits": 1.6603570939955858,
      "se_symmetric_bits": 0.0005229122248971579
    },
    {
      "receive_antennas": 3,
      "users": 23,
      "snr_db": 30,
      "mean_sum_bits": 43.17063673233967,
      "se_sum_bits": 0.012028390736847064,
      "mean_symmetric_bits": 1.8769842057538988,
      "se_symmetric_bits": 0.0005229735102976984
    },
    {
      "receive_antennas": 3,
      "users": 24,
      "snr_db": 0,
      "mean_sum_bits": 13.67030238767002,
      "se_sum_bits": 0.011177592133282564,
      "mean_symmetric_bits": 0.5695959328195842,
      "se_symmetric_bits": 0.00046573300555344016
    },
    {
      "receive_antennas": 3,
      "users": 24,
      "snr_db": 5,
      "mean_sum_bits": 18.51692165425964,
      "se_sum_bits": 0.01155951649915644,
      "mean_symmetric_bits": 0.7715384022608184,
      "se_symmetric_bits": 0.00048164652079818503
    },
    {
      "receive_antennas": 3,
      "users": 24,
      "snr_db": 10,
      "mean_sum_bits": 23.45568227031535,
      "se_sum_bits": 0.011686714045861496,
      "mean_symmetric_bits": 0.977320094596473,
      "se_symmetric_bits": 0.00048694641857756235
    },
    {
      "receive_antennas": 3,
      "users": 24,
      "snr_db": 15,
      "mean_sum_bits": 28.424510873998756,
      "se_sum_bits": 0.0117276218900472,
      "mean_symmetric_bits": 1.1843546197499482,
      "se_symmetric_bits": 0.0004886509120853
    },
    {
      "receive_antennas": 3,
      "users": 24,
      "snr_db": 20,
      "mean_sum_bits": 33.40294480625413,
      "se_sum_bits": 0.011740627965562477,
      "mean_symmetric_bits": 1.3917893669272556,
      "se_symmetric_bits": 0.0004891928318984366
    },
    {
      "receive_antennas": 3,
      "users": 24,
      "snr_db": 25,
      "mean_sum_bits": 38.38442604152907,
      "se_sum_bits": 0.011744747882146266,
      "mean_symmetric_bits": 1.5993510850637112,
      "se_symmetric_bits": 0.0004893644950894277
    },
    {
      "receive_antennas": 3,
      "users": 24,
      "snr_db": 30,
      "mean_sum_bits": 43.366871906010246,
      "se_sum_bits": 0.011746051419081457,
      "mean_symmetric_bits": 1.8069529960837603,
      "se_symmetric_bits": 0.0004894188091283941
    },
    {
      "receive_antennas": 3,
      "users": 25,
      "snr_db": 0,
      "mean_sum_bits": 13.8508644788648,
      "se_sum_bits": 0.010977318186242402,
      "mean_symmetric_bits": 0.554034579154592,
      "se_symmetric_bits": 0.00043909272744969605
    },
    {
      "receive_antennas": 3,
      "users": 25,
      "snr_db": 5,
      "mean_sum_bits": 18.70350593562351,
      "se_sum_bits": 0.011335382872069871,
      "mean_symmetric_bits": 0.7481402374249404,
      "se_symmetric_bits": 0.00045341531488279484
    },
    {
      "receive_antennas": 3,
      "users": 25,
      "snr_db": 10,
      "mean_sum_bits": 23.644267017621843,
      "se_sum_bits": 0.011454313588316277,
      "mean_symmetric_bits": 0.9457706807048737,
      "se_symmetric_bits": 0.0004581725435326511
    },
    {
      "receive_antennas": 3,
      "users": 25,
      "snr_db": 15,
      "mean_sum_bits": 28.613738420850915,
      "se_sum_bits": 0.01149252804342313,
      "mean_symmetric_bits": 1.1445495368340366,
      "se_symmetric_bits": 0.0004597011217369252
    },
    {
      "receive_antennas": 3,
      "users": 25,
      "snr_db": 20,
      "mean_sum_bits": 33.59237666373692,
      "se_sum_bits": 0.011504674231698262,
      "mean_symmetric_bits": 1.343695066549477,
      "se_symmetric_bits": 0.00046018696926793047
    },
    {
      "receive_antennas": 3,
      "users": 25,
      "snr_db": 25,
      "mean_sum_bits": 38.57392261230594,
      "se_sum_bits": 0.01150852140381498,
      "mean_symmetric_bits": 1.5429569044922378,
      "se_symmetric_bits": 0.00046034085615259923
    },
    {
      "receive_antennas": 3,
      "users": 25,
      "snr_db": 30,
      "mean_sum_bits": 43.556388951408,
      "se_sum_bits": 0.011509738608697695,
      "mean_symmetric_bits": 1.7422555580563202,
      "se_symmetric_bits": 0.0004603895443479078
    },
    {
      "receive_antennas": 3,
      "users": 26,
      "snr_db": 0,
      "mean_sum_bits": 14.020162394276014,
      "se_sum_bits": 0.010776068465883956,
      "mean_symmetric_bits": 0.5392370151644621,
      "se_symmetric_bits": 0.0004144641717647675
    },
    {
      "receive_antennas": 3,
      "users": 26,
      "snr_db": 5,
      "mean_sum_bits": 18.87820597180131,
      "se_sum_bits": 0.011111770232739961,
      "mean_symmetric_bits": 0.7260848450692812,
      "se_symmetric_bits": 0.0004273757781823062
    },
    {
      "receive_antennas": 3,
      "users": 26,
      "snr_db": 10,
      "mean_sum_bits": 23.82075732456631,
      "se_sum_bits": 0.011223002223575031,
      "mean_symmetric_bits": 0.9161829740217811,
      "se_symmetric_bits": 0.0004316539316759627
    },
    {
      "receive_antennas": 3,
      "users": 26,
      "snr_db": 15,
      "mean_sum_bits": 28.79080353213606,
      "se_sum_bits": 0.011258713856096288,
      "mean_symmetric_bits": 1.1073385973898484,
      "se_symmetric_bits": 0.0004330274560037034
    },
    {
      "receive_antennas": 3,
      "users": 26,
      "snr_db": 20,
      "mean_sum_bits": 33.76962442717827,
      "se_sum_bits": 0.011270061562833654,
      "mean_symmetric_bits": 1.2988317087376258,
      "se_symmetric_bits": 0.0004334639062628329
    },
    {
      "receive_antennas": 3,
      "users": 26,
      "snr_db": 25,
      "mean_sum_bits": 38.75122822425216,
      "se_sum_bits": 0.011273655524705472,
      "mean_symmetric_bits": 1.4904318547789293,
      "se_symmetric_bits": 0.0004336021355655951
    },
    {
      "receive_antennas": 3,
      "users": 26,
      "snr_db": 30,
      "mean_sum_bits": 43.73371286555623,
      "se_sum_bits": 0.011274792586457215,
      "mean_symmetric_bits": 1.6820658794444703,
      "se_symmetric_bits": 0.0004336458687098929
    },
    {
      "receive_antennas": 3,
      "users": 27,
      "snr_db": 0,
      "mean_sum_bits": 14.18622735926341,
      "se_sum_bits": 0.010459652702523976,
      "mean_symmetric_bits": 0.5254158281208671,
      "se_symmetric_bits": 0.00038739454453792506
    },
    {
      "receive_antennas": 3,
      "users": 27,
      "snr_db": 5,
      "mean_sum_bits": 19.04926216759636,
      "se_sum_bits": 0.010771092131928244,
      "mean_symmetric_bits": 0.7055282284294948,
      "se_symmetric_bits": 0.00039892933821956457
    },
    {
      "receive_antennas": 3,
      "users": 27,
      "snr_db": 10,
      "mean_sum_bits": 23.99346301667302,
      "se_sum_bits": 0.010874060511828484,
      "mean_symmetric_bits": 0.888646778395297,
      "se_symmetric_bits": 0.00040274298191957347
    },
    {
      "receive_antennas": 3,
      "users": 27,
      "snr_db": 15,
      "mean_sum_bits": 28.964038339881135,
      "se_sum_bits": 0.010907095075739212,
      "mean_symmetric_bits": 1.0727421607363383,
      "se_symmetric_bits": 0.0004039664842866375
    },
    {
      "receive_antennas": 3,
      "users": 27,
      "snr_db": 20,
      "mean_sum_bits": 33.94302731884232,
      "se_sum_bits": 0.010917589667121296,
      "mean_symmetric_bits": 1.257149159957123,
      "se_symmetric_bits": 0.00040435517285634427
    },
    {
      "receive_antennas": 3,
      "users": 27,
      "snr_db": 25,
      "mean_sum_bits": 38.9246843454222,
      "se_sum_bits": 0.010920913189732854,
      "mean_symmetric_bits": 1.4416549757563777,
      "se_symmetric_bits": 0.000404478266286402
    },
    {
      "receive_antennas": 3,
      "users": 27,
      "snr_db": 30,
      "mean_sum_bits": 43.907185827057695,
      "se_sum_bits": 0.010921964664862607,
      "mean_symmetric_bits": 1.6261920676688035,
      "se_symmetric_bits": 0.0004045172098097262
    },
    {
      "receive_antennas": 3,
      "users": 28,
      "snr_db": 0,
      "mean_sum_bits": 14.345481135244185,
      "se_sum_bits": 0.010256251310151366,
      "mean_symmetric_bits": 0.5123386119730066,
      "se_symmetric_bits": 0.00036629468964826306
    },
    {
      "receive_antennas": 3,
      "users": 28,
      "snr_db": 5,
      "mean_sum_bits": 19.21313336840673,
      "se_sum_bits": 0.010549404660978992,
      "mean_symmetric_bits": 0.6861833345859546,
      "se_symmetric_bits": 0.00037676445217782115
    },
    {
      "receive_antennas": 3,
      "users": 28,
      "snr_db": 10,
      "mean_sum_bits": 24.1588573659893,
      "se_sum_bits": 0.01064613801711958,
      "mean_symmetric_bits": 0.8628163344996178,
      "se_symmetric_bits": 0.0003802192148971278
    },
    {
      "receive_antennas": 3,
      "users": 28,
      "snr_db": 15,
      "mean_sum_bits": 29.129920975229197,
      "se_sum_bits": 0.01067715205002869,
      "mean_symmetric_bits": 1.0403543205438999,
      "se_symmetric_bits": 0.0003813268589295961
    },
    {
      "receive_antennas": 3,
      "users": 28,
      "snr_db": 20,
      "mean_sum_bits": 34.10906503708439,
      "se_sum_bits": 0.010687002686021156,
      "mean_symmetric_bits": 1.2181808941815855,
      "se_symmetric_bits": 0.0003816786673578984
    },
    {
      "receive_antennas": 3,
      "users": 28,
      "snr_db": 25,
      "mean_sum_bits": 39.09077117286089,
      "se_sum_bits": 0.010690122067328233,
      "mean_symmetric_bits": 1.3960989704593174,
      "se_symmetric_bits": 0.0003817900738331512
    },
    {
      "receive_antennas": 3,
      "users": 28,
      "snr_db": 30,
      "mean_sum_bits": 44.07328819096701,
      "se_sum_bits": 0.010691108936709036,
      "mean_symmetric_bits": 1.5740460068202504,
      "se_symmetric_bits": 0.00038182531916817987
    },
    {
      "receive_antennas": 3,
      "users": 29,
      "snr_db": 0,
      "mean_sum_bits": 14.497677684245236,
      "se_sum_bits": 0.010032071511732493,
      "mean_symmetric_bits": 0.4999199201463874,
      "se_symmetric_bits": 0.00034593350040456873
    },
    {
      "receive_antennas": 3,
      "users": 29,
      "snr_db": 5,
      "mean_sum_bits": 19.369591840687324,
      "se_sum_bits": 0.010308027843321688,
      "mean_symmetric_bits": 0.6679169600237008,
      "se_symmetric_bits": 0.0003554492359766099
    },
    {
      "receive_antennas": 3,
      "users": 29,
      "snr_db": 10,
      "mean_sum_bits": 24.31671952244168,
      "se_sum_bits": 0.01039892208708806,
      "mean_symmetric_bits": 0.8385075697393682,
      "se_symmetric_bits": 0.0003585835202444159
    },
    {
      "receive_antennas": 3,
      "users": 29,
      "snr_db": 15,
      "mean_sum_bits": 29.28823288711474,
      "se_sum_bits": 0.010428046514284358,
      "mean_symmetric_bits": 1.009939065072922,
      "se_symmetric_bits": 0.00035958781083739167
    },
    {
      "receive_antennas": 3,
      "users": 29,
      "snr_db": 20,
      "mean_sum_bits": 34.2675197705194,
      "se_sum_bits": 0.010437295189909969,
      "mean_symmetric_bits": 1.181638612776531,
      "se_symmetric_bits": 0.00035990673068655066
    },
    {
      "receive_antennas": 3,
      "users": 29,
      "snr_db": 25,
      "mean_sum_bits": 39.24927113037212,
      "se_sum_bits": 0.010440223769842641,
      "mean_symmetric_bits": 1.353423142426625,
      "se_symmetric_bits": 0.0003600077162014704
    },
    {
      "receive_antennas": 3,
      "users": 29,
      "snr_db": 30,
      "mean_sum_bits": 44.23180245558997,
      "se_sum_bits": 0.01044115025794555,
      "mean_symmetric_bits": 1.525234567434137,
      "se_symmetric_bits": 0.0003600396640670879
    },
    {
      "receive_antennas": 3,
      "users": 30,
      "snr_db": 0,
      "mean_sum_bits": 14.643902498382213,
      "se_sum_bits": 0.009816306620912246,
      "mean_symmetric_bits": 0.4881300832794071,
      "se_symmetric_bits": 0.00032721022069707485
    },
    {
      "receive_antennas": 3,
      "users": 30,
      "snr_db": 5,
      "mean_sum_bits": 19.519735449040915,
      "se_sum_bits": 0.010076297538549326,
      "mean_symmetric_bits": 0.6506578483013639,
      "se_symmetric_bits": 0.0003358765846183109
    },
    {
      "receive_antennas": 3,
      "users": 30,
      "snr_db": 10,
      "mean_sum_bits": 24.46815140028663,
      "se_sum_bits": 0.010161793959919304,
      "mean_symmetric_bits": 0.815605046676221,
      "se_symmetric_bits": 0.00033872646533064345
    },
    {
      "receive_antennas": 3,
      "users": 30,
      "snr_db": 15,
      "mean_sum_bits": 29.44007728605279,
      "se_sum_bits": 0.010189174061119811,
      "mean_symmetric_bits": 0.981335909535093,
      "se_symmetric_bits": 0.00033963913537066035
    },
    {
      "receive_antennas": 3,
      "users": 30,
      "snr_db": 20,
      "mean_sum_bits": 34.41949514120979,
      "se_sum_bits": 0.010197867310061183,
      "mean_symmetric_bits": 1.1473165047069929,
      "se_symmetric_bits": 0.00033992891033537276
    },
    {
      "receive_antennas": 3,
      "users": 30,
      "snr_db": 25,
      "mean_sum_bits": 39.401287970326855,
      "se_sum_bits": 0.010200619863702704,
      "mean_symmetric_bits": 1.3133762656775618,
      "se_symmetric_bits": 0.0003400206621234235
    },
    {
      "receive_antennas": 3,
      "users": 30,
      "snr_db": 30,
      "mean_sum_bits": 44.383832414521336,
      "se_sum_bits": 0.010201490648823171,
      "mean_symmetric_bits": 1.4794610804840445,
      "se_symmetric_bits": 0.0003400496882941057
    },
    {
      "receive_antennas": 4,
      "users": 1,
      "snr_db": 0,
      "mean_sum_bits": 2.1918219092471896,
      "se_sum_bits": 0.012714885331638925,
      "mean_symmetric_bits": 2.1918219092471896,
      "se_symmetric_bits": 0.012714885331638925
    },
    {
      "receive_antennas": 4,
      "users": 1,
      "snr_db": 5,
      "mean_sum_bits": 3.5923174921675467,
      "se_sum_bits": 0.01534969036561051,
      "mean_symmetric_bits": 3.5923174921675467,
      "se_symmetric_bits": 0.01534969036561051
    },
    {
      "receive_antennas": 4,
      "users": 1,
      "snr_db": 10,
      "mean_sum_bits": 5.156695058235648,
      "se_sum_bits": 0.016522901648087885,
      "mean_symmetric_bits": 5.156695058235648,
      "se_symmetric_bits": 0.016522901648087885
    },
    {
      "receive_antennas": 4,
      "users": 1,
      "snr_db": 15,
      "mean_sum_bits": 6.78516967626528,
      "se_sum_bits": 0.016950403500996195,
      "mean_symmetric_bits": 6.78516967626528,
      "se_symmetric_bits": 0.016950403500996195
    },
    {
      "receive_antennas": 4,
      "users": 1,
      "snr_db": 20,
      "mean_sum_bits": 8.435637857184112,
      "se_sum_bits": 0.01709266095993826,
      "mean_symmetric_bits": 8.435637857184112,
      "se_symmetric_bits": 0.01709266095993826
    },
    {
      "receive_antennas": 4,
      "users": 1,
      "snr_db": 25,
      "mean_sum_bits": 10.093259566819723,
      "se_sum_bits": 0.017138415361300962,
      "mean_symmetric_bits": 10.093259566819723,
      "se_symmetric_bits": 0.017138415361300962
    },
    {
      "receive_antennas": 4,
      "users": 1,
      "snr_db": 30,
      "mean_sum_bits": 11.753164312051922,
      "se_sum_bits": 0.01715296324022638,
      "mean_symmetric_bits": 11.753164312051922,
      "se_symmetric_bits": 0.01715296324022638
    },
    {
      "receive_antennas": 4,
      "users": 2,
      "snr_db": 0,
      "mean_sum_bits": 4.168841280200587,
      "se_sum_bits": 0.017327193402351556,
      "mean_symmetric_bits": 2.0844206401002934,
      "se_symmetric_bits": 0.008663596701175778
    },
    {
      "receive_antennas": 4,
      "users": 2,
      "snr_db": 5,
      "mean_sum_bits": 6.850492028679563,
      "se_sum_bits": 0.021903435007208486,
      "mean_symmetric_bits": 3.4252460143397814,
      "se_symmetric_bits": 0.010951717503604243
    },
    {
      "receive_antennas": 4,
      "users": 2,
      "snr_db": 10,
      "mean_sum_bits": 9.91348715224214,
      "se_sum_bits": 0.0243540725228682,
      "mean_symmetric_bits": 4.95674357612107,
      "se_symmetric_bits": 0.0121770362614341
    },
    {
      "receive_antennas": 4,
      "users": 2,
      "snr_db": 15,
      "mean_sum_bits": 13.143875098978409,
      "se_sum_bits": 0.025359587296101542,
      "mean_symmetric_bits": 6.5719375494892045,
      "se_symmetric_bits": 0.012679793648050771
    },
    {
      "receive_antennas": 4,
      "users": 2,
      "snr_db": 20,
      "mean_sum_bits": 16.43559269664845,
      "se_sum_bits": 0.025713340067276595,
      "mean_symmetric_bits": 8.217796348324224,
      "se_symmetric_bits": 0.012856670033638298
    },
    {
      "receive_antennas": 4,
      "users": 2,
      "snr_db": 25,
      "mean_sum_bits": 19.747826189807967,
      "se_sum_bits": 0.025829539378524693,
      "mean_symmetric_bits": 9.873913094903983,
      "se_symmetric_bits": 0.012914769689262346
    },
    {
      "receive_antennas": 4,
      "users": 2,
      "snr_db": 30,
      "mean_sum_bits": 23.066673883290164,
      "se_sum_bits": 0.02586674984733697,
      "mean_symmetric_bits": 11.533336941645082,
      "se_symmetric_bits": 0.012933374923668485
    },
    {
      "receive_antennas": 4,
      "users": 3,
      "snr_db": 0,
      "mean_sum_bits": 5.9019452316015295,
      "se_sum_bits": 0.020203327733749457,
      "mean_symmetric_bits": 1.96731507720051,
      "se_symmetric_bits": 0.006734442577916486
    },
    {
      "receive_antennas": 4,
      "users": 3,
      "snr_db": 5,
      "mean_sum_bits": 9.675669263207682,
      "se_sum_bits": 0.02679816117320428,
      "mean_symmetric_bits": 3.2252230877358943,
      "se_symmetric_bits": 0.008932720391068094
    },
    {
      "receive_antennas": 4,
      "users": 3,
      "snr_db": 10,
      "mean_sum_bits": 14.089187463691925,
      "se_sum_bits": 0.03155249195727485,
      "mean_symmetric_bits": 4.696395821230642,
      "se_symmetric_bits": 0.010517497319091617
    },
    {
      "receive_antennas": 4,
      "users": 3,
      "snr_db": 15,
      "mean_sum_bits": 18.842547819330107,
      "se_sum_bits": 0.034188563839384165,
      "mean_symmetric_bits": 6.280849273110036,
      "se_symmetric_bits": 0.011396187946461389
    },
    {
      "receive_antennas": 4,
      "users": 3,
      "snr_db": 20,
      "mean_sum_bits": 23.742920657358304,
      "se_sum_bits": 0.035352871588184454,
      "mean_symmetric_bits": 7.914306885786101,
      "se_symmetric_bits": 0.011784290529394817
    },
    {
      "receive_antennas": 4,
      "users": 3,
      "snr_db": 25,
      "mean_sum_bits": 28.698123281764747,
      "se_sum_bits": 0.03579214297223105,
      "mean_symmetric_bits": 9.566041093921582,
      "se_symmetric_bits": 0.011930714324077017
    },
    {
      "receive_antennas": 4,
      "users": 3,
      "snr_db": 30,
      "mean_sum_bits": 33.67204338860566,
      "se_sum_bits": 0.03594292069978501,
      "mean_symmetric_bits": 11.224014462868553,
      "se_symmetric_bits": 0.011980973566595004
    },
    {
      "receive_antennas": 4,
      "users": 4,
      "snr_db": 0,
      "mean_sum_bits": 7.365699568270723,
      "se_sum_bits": 0.02230431903306921,
      "mean_symmetric_bits": 1.8414248920676808,
      "se_symmetric_bits": 0.0055760797582673025
    },
    {
      "receive_antennas": 4,
      "users": 4,
      "snr_db": 5,
      "mean_sum_bits": 11.959131712272967,
      "se_sum_bits": 0.030280973056089813,
      "mean_symmetric_bits": 2.9897829280682418,
      "se_symmetric_bits": 0.007570243264022453
    },
    {
      "receive_antennas": 4,
      "users": 4,
      "snr_db": 10,
      "mean_sum_bits": 17.390916621786754,
      "se_sum_bits": 0.037977301517817814,
      "mean_symmetric_bits": 4.347729155446689,
      "se_symmetric_bits": 0.009494325379454454
    },
    {
      "receive_antennas": 4,
      "users": 4,
      "snr_db": 15,
      "mean_sum_bits": 23.38010063783162,
      "se_sum_bits": 0.044730111479789995,
      "mean_symmetric_bits": 5.845025159457905,
      "se_symmetric_bits": 0.011182527869947499
    },
    {
      "receive_antennas": 4,
      "users": 4,
      "snr_db": 20,
      "mean_sum_bits": 29.702590420886438,
      "se_sum_bits": 0.04976657920999445,
      "mean_symmetric_bits": 7.425647605221609,
      "se_symmetric_bits": 0.012441644802498613
    },
    {
      "receive_antennas": 4,
      "users": 4,
      "snr_db": 25,
      "mean_sum_bits": 36.20109208856977,
      "se_sum_bits": 0.05299867261949719,
      "mean_symmetric_bits": 9.050273022142443,
      "se_symmetric_bits": 0.013249668154874298
    },
    {
      "receive_antennas": 4,
      "users": 4,
      "snr_db": 30,
      "mean_sum_bits": 42.782608331040585,
      "se_sum_bits": 0.05487350648322636,
      "mean_symmetric_bits": 10.695652082760146,
      "se_symmetric_bits": 0.01371837662080659
    },
    {
      "receive_antennas": 4,
      "users": 5,
      "snr_db": 0,
      "mean_sum_bits": 8.61671517497334,
      "se_sum_bits": 0.022332186559763774,
      "mean_symmetric_bits": 1.723343034994668,
      "se_symmetric_bits": 0.004466437311952755
    },
    {
      "receive_antennas": 4,
      "users": 5,
      "snr_db": 5,
      "mean_sum_bits": 13.758479785420732,
      "se_sum_bits": 0.029192106936495554,
      "mean_symmetric_bits": 2.7516959570841464,
      "se_symmetric_bits": 0.005838421387299111
    },
    {
      "receive_antennas": 4,
      "users": 5,
      "snr_db": 10,
      "mean_sum_bits": 19.68420488634262,
      "se_sum_bits": 0.03439977354370891,
      "mean_symmetric_bits": 3.936840977268524,
      "se_symmetric_bits": 0.006879954708741783
    },
    {
      "receive_antennas": 4,
      "users": 5,
      "snr_db": 15,
      "mean_sum_bits": 26.031965949541856,
      "se_sum_bits": 0.03751864340306856,
      "mean_symmetric_bits": 5.206393189908371,
      "se_symmetric_bits": 0.007503728680613712
    },
    {
      "receive_antennas": 4,
      "users": 5,
      "snr_db": 20,
      "mean_sum_bits": 32.56692926969659,
      "se_sum_bits": 0.039012566304170375,
      "mean_symmetric_bits": 6.513385853939317,
      "se_symmetric_bits": 0.007802513260834075
    },
    {
      "receive_antennas": 4,
      "users": 5,
      "snr_db": 25,
      "mean_sum_bits": 39.1735883694448,
      "se_sum_bits": 0.03961470597751251,
      "mean_symmetric_bits": 7.83471767388896,
      "se_symmetric_bits": 0.007922941195502502
    },
    {
      "receive_antennas": 4,
      "users": 5,
      "snr_db": 30,
      "mean_sum_bits": 45.805264578040294,
      "se_sum_bits": 0.039829866159968606,
      "mean_symmetric_bits": 9.161052915608058,
      "se_symmetric_bits": 0.00796597323199372
    },
    {
      "receive_antennas": 4,
      "users": 6,
      "snr_db": 0,
      "mean_sum_bits": 9.677620316416078,
      "se_sum_bits": 0.02181260419668538,
      "mean_symmetric_bits": 1.6129367194026798,
      "se_symmetric_bits": 0.0036354340327808964
    },
    {
      "receive_antennas": 4,
      "users": 6,
      "snr_db": 5,
      "mean_sum_bits": 15.170020685385175,
      "se_sum_bits": 0.027247505024123004,
      "mean_symmetric_bits": 2.5283367808975292,
      "se_symmetric_bits": 0.004541250837353834
    },
    {
      "receive_antennas": 4,
      "users": 6,
      "snr_db": 10,
      "mean_sum_bits": 21.33152594505619,
      "se_sum_bits": 0.030512944554101952,
      "mean_symmetric_bits": 3.5552543241760315,
      "se_symmetric_bits": 0.005085490759016992
    },
    {
      "receive_antennas": 4,
      "users": 6,
      "snr_db": 15,
      "mean_sum_bits": 27.799324775814963,
      "se_sum_bits": 0.032020602875460734,
      "mean_symmetric_bits": 4.6332207959691605,
      "se_symmetric_bits": 0.005336767145910123
    },
    {
      "receive_antennas": 4,
      "users": 6,
      "snr_db": 20,
      "mean_sum_bits": 34.38390763432241,
      "se_sum_bits": 0.032599852521172173,
      "mean_symmetric_bits": 5.730651272387068,
      "se_symmetric_bits": 0.005433308753528696
    },
    {
      "receive_antennas": 4,
      "users": 6,
      "snr_db": 25,
      "mean_sum_bits": 41.00855823705719,
      "se_sum_bits": 0.032799773854887734,
      "mean_symmetric_bits": 6.8347597061761975,
      "se_symmetric_bits": 0.005466628975814622
    },
    {
      "receive_antennas": 4,
      "users": 6,
      "snr_db": 30,
      "mean_sum_bits": 47.64628864777288,
      "se_sum_bits": 0.03286516360558113,
      "mean_symmetric_bits": 7.941048107962146,
      "se_symmetric_bits": 0.005477527267596855
    },
    {
      "receive_antennas": 4,
      "users": 7,
      "snr_db": 0,
      "mean_sum_bits": 10.605687887021451,
      "se_sum_bits": 0.021167992501844313,
      "mean_symmetric_bits": 1.515098269574493,
      "se_symmetric_bits": 0.0030239989288349018
    },
    {
      "receive_antennas": 4,
      "users": 7,
      "snr_db": 5,
      "mean_sum_bits": 16.324991934362426,
      "se_sum_bits": 0.025438182743262202,
      "mean_symmetric_bits": 2.332141704908918,
      "se_symmetric_bits": 0.0036340261061803144
    },
    {
      "receive_antennas": 4,
      "users": 7,
      "snr_db": 10,
      "mean_sum_bits": 22.60965077764416,
      "se_sum_bits": 0.027631757748251808,
      "mean_symmetric_bits": 3.229950111092023,
      "se_symmetric_bits": 0.003947393964035972
    },
    {
      "receive_antennas": 4,
      "users": 7,
      "snr_db": 15,
      "mean_sum_bits": 29.12912639142302,
      "se_sum_bits": 0.028514409903726258,
      "mean_symmetric_bits": 4.161303770203289,
      "se_symmetric_bits": 0.004073487129103751
    },
    {
      "receive_antennas": 4,
      "users": 7,
      "snr_db": 20,
      "mean_sum_bits": 35.732281923066196,
      "se_sum_bits": 0.028822716309091372,
      "mean_symmetric_bits": 5.104611703295171,
      "se_symmetric_bits": 0.004117530901298768
    },
    {
      "receive_antennas": 4,
      "users": 7,
      "snr_db": 25,
      "mean_sum_bits": 42.363116260703045,
      "se_sum_bits": 0.028923762274707155,
      "mean_symmetric_bits": 6.051873751529007,
      "se_symmetric_bits": 0.004131966039243879
    },
    {
      "receive_antennas": 4,
      "users": 7,
      "snr_db": 30,
      "mean_sum_bits": 49.00283889938093,
      "se_sum_bits": 0.02895609835348071,
      "mean_symmetric_bits": 7.000405557054419,
      "se_symmetric_bits": 0.004136585479068673
    },
    {
      "receive_antennas": 4,
      "users": 8,
      "snr_db": 0,
      "mean_sum_bits": 11.417387961531425,
      "se_sum_bits": 0.020640744101062758,
      "mean_symmetric_bits": 1.427173495191428,
      "se_symmetric_bits": 0.0025800930126328447
    },
    {
      "receive_antennas": 4,
      "users": 8,
      "snr_db": 5,
      "mean_sum_bits": 17.29499170802841,
      "se_sum_bits": 0.024110096948394222,
      "mean_symmetric_bits": 2.161873963503551,
      "se_symmetric_bits": 0.0030137621185492777
    },
    {
      "receive_antennas": 4,
      "users": 8,
      "snr_db": 10,
      "mean_sum_bits": 23.654938998730394,
      "se_sum_bits": 0.02571831189508779,
      "mean_symmetric_bits": 2.9568673748412992,
      "se_symmetric_bits": 0.0032147889868859737
    },
    {
      "receive_antennas": 4,
      "users": 8,
      "snr_db": 15,
      "mean_sum_bits": 30.203068960676976,
      "se_sum_bits": 0.026321653209969632,
      "mean_symmetric_bits": 3.775383620084622,
      "se_symmetric_bits": 0.003290206651246204
    },
    {
      "receive_antennas": 4,
      "users": 8,
      "snr_db": 20,
      "mean_sum_bits": 36.81595698447844,
      "se_sum_bits": 0.02652520417446383,
      "mean_symmetric_bits": 4.601994623059805,
      "se_symmetric_bits": 0.0033156505218079786
    },
    {
      "receive_antennas": 4,
      "users": 8,
      "snr_db": 25,
      "mean_sum_bits": 43.44994612626303,
      "se_sum_bits": 0.026591012031987344,
      "mean_symmetric_bits": 5.431243265782879,
      "se_symmetric_bits": 0.003323876503998418
    },
    {
      "receive_antennas": 4,
      "users": 8,
      "snr_db": 30,
      "mean_sum_bits": 50.0906745192649,
      "se_sum_bits": 0.02661197254027821,
      "mean_symmetric_bits": 6.261334314908113,
      "se_symmetric_bits": 0.003326496567534776
    },
    {
      "receive_antennas": 4,
      "users": 9,
      "snr_db": 0,
      "mean_sum_bits": 12.139820187555312,
      "se_sum_bits": 0.02005222442950672,
      "mean_symmetric_bits": 1.348868909728368,
      "se_symmetric_bits": 0.002228024936611858
    },
    {
      "receive_antennas": 4,
      "users": 9,
      "snr_db": 5,
      "mean_sum_bits": 18.13323156968618,
      "se_sum_bits": 0.0228903384069012,
      "mean_symmetric_bits": 2.014803507742909,
      "se_symmetric_bits": 0.0025433709341001333
    },
    {
      "receive_antennas": 4,
      "users": 9,
      "snr_db": 10,
      "mean_sum_bits": 24.543770939601217,
      "se_sum_bits": 0.02410830858750276,
      "mean_symmetric_bits": 2.7270856599556907,
      "se_symmetric_bits": 0.0026787009541669733
    },
    {
      "receive_antennas": 4,
      "users": 9,
      "snr_db": 15,
      "mean_sum_bits": 31.11022268029778,
      "se_sum_bits": 0.02454481727776663,
      "mean_symmetric_bits": 3.4566914089219756,
      "se_symmetric_bits": 0.002727201919751848
    },
    {
      "receive_antennas": 4,
      "users": 9,
      "snr_db": 20,
      "mean_sum_bits": 37.7291977293089,
      "se_sum_bits": 0.02468911572299738,
      "mean_symmetric_bits": 4.1921330810343225,
      "se_symmetric_bits": 0.002743235080333042
    },
    {
      "receive_antennas": 4,
      "users": 9,
      "snr_db": 25,
      "mean_sum_bits": 44.365143880565824,
      "se_sum_bits": 0.024735419620970513,
      "mean_symmetric_bits": 4.929460431173981,
      "se_symmetric_bits": 0.0027483799578856124
    },
    {
      "receive_antennas": 4,
      "users": 9,
      "snr_db": 30,
      "mean_sum_bits": 51.00649445084696,
      "se_sum_bits": 0.02475013109308191,
      "mean_symmetric_bits": 5.6673882723163285,
      "se_symmetric_bits": 0.0027500145658979898
    },
    {
      "receive_antennas": 4,
      "users": 10,
      "snr_db": 0,
      "mean_sum_bits": 12.78566926366658,
      "se_sum_bits": 0.01915824096892801,
      "mean_symmetric_bits": 1.2785669263666581,
      "se_symmetric_bits": 0.001915824096892801
    },
    {
      "receive_antennas": 4,
      "users": 10,
      "snr_db": 5,
      "mean_sum_bits": 18.865998517174273,
      "se_sum_bits": 0.021473394149057624,
      "mean_symmetric_bits": 1.8865998517174272,
      "se_symmetric_bits": 0.0021473394149057624
    },
    {
      "receive_antennas": 4,
      "users": 10,
      "snr_db": 10,
      "mean_sum_bits": 25.312239577865206,
      "se_sum_bits": 0.022414672475221043,
      "mean_symmetric_bits": 2.5312239577865205,
      "se_symmetric_bits": 0.0022414672475221044
    },
    {
      "receive_antennas": 4,
      "users": 10,
      "snr_db": 15,
      "mean_sum_bits": 31.891199808461202,
      "se_sum_bits": 0.02274279011561491,
      "mean_symmetric_bits": 3.18911998084612,
      "se_symmetric_bits": 0.002274279011561491
    },
    {
      "receive_antennas": 4,
      "users": 10,
      "snr_db": 20,
      "mean_sum_bits": 38.514273472758944,
      "se_sum_bits": 0.02285008023125661,
      "mean_symmetric_bits": 3.8514273472758944,
      "se_symmetric_bits": 0.002285008023125661
    },
    {
      "receive_antennas": 4,
      "users": 10,
      "snr_db": 25,
      "mean_sum_bits": 45.15153086742701,
      "se_sum_bits": 0.022884379847496923,
      "mean_symmetric_bits": 4.515153086742702,
      "se_symmetric_bits": 0.0022884379847496923
    },
    {
      "receive_antennas": 4,
      "users": 10,
      "snr_db": 30,
      "mean_sum_bits": 51.793297632817094,
      "se_sum_bits": 0.022895264112768456,
      "mean_symmetric_bits": 5.179329763281709,
      "se_symmetric_bits": 0.0022895264112768455
    },
    {
      "receive_antennas": 4,
      "users": 11,
      "snr_db": 0,
      "mean_sum_bits": 13.365847791131115,
      "se_sum_bits": 0.018422815330717816,
      "mean_symmetric_bits": 1.2150770719210104,
      "se_symmetric_bits": 0.0016748013937016198
    },
    {
      "receive_antennas": 4,
      "users": 11,
      "snr_db": 5,
      "mean_sum_bits": 19.513223767253407,
      "se_sum_bits": 0.02034920004080077,
      "mean_symmetric_bits": 1.7739294333866733,
      "se_symmetric_bits": 0.0018499272764364338
    },
    {
      "receive_antennas": 4,
      "users": 11,
      "snr_db": 10,
      "mean_sum_bits": 25.985830913293043,
      "se_sum_bits": 0.021100018935273888,
      "mean_symmetric_bits": 2.362348264844822,
      "se_symmetric_bits": 0.0019181835395703534
    },
    {
      "receive_antennas": 4,
      "users": 11,
      "snr_db": 15,
      "mean_sum_bits": 32.573838062765105,
      "se_sum_bits": 0.02135668664102559,
      "mean_symmetric_bits": 2.961258005705919,
      "se_symmetric_bits": 0.0019415169673659626
    },
    {
      "receive_antennas": 4,
      "users": 11,
      "snr_db": 20,
      "mean_sum_bits": 39.19985267487719,
      "se_sum_bits": 0.021440011300281774,
      "mean_symmetric_bits": 3.5636229704433813,
      "se_symmetric_bits": 0.0019490919363892522
    },
    {
      "receive_antennas": 4,
      "users": 11,
      "snr_db": 25,
      "mean_sum_bits": 45.83804842332196,
      "se_sum_bits": 0.02146658541042873,
      "mean_symmetric_bits": 4.167095311211087,
      "se_symmetric_bits": 0.00195150776458443
    },
    {
      "receive_antennas": 4,
      "users": 11,
      "snr_db": 30,
      "mean_sum_bits": 52.480112767970056,
      "se_sum_bits": 0.021475011622370404,
      "mean_symmetric_bits": 4.770919342542732,
      "se_symmetric_bits": 0.001952273783851855
    },
    {
      "receive_antennas": 4,
      "users": 12,
      "snr_db": 0,
      "mean_sum_bits": 13.903383709642219,
      "se_sum_bits": 0.017808220466698225,
      "mean_symmetric_bits": 1.1586153091368516,
      "se_symmetric_bits": 0.001484018372224852
    },
    {
      "receive_antennas": 4,
      "users": 12,
      "snr_db": 5,
      "mean_sum_bits": 20.10464941664601,
      "se_sum_bits": 0.019443836584645668,
      "mean_symmetric_bits": 1.6753874513871674,
      "se_symmetric_bits": 0.001620319715387139
    },
    {
      "receive_antennas": 4,
      "users": 12,
      "snr_db": 10,
      "mean_sum_bits": 26.597685883116014,
      "se_sum_bits": 0.020062574323519388,
      "mean_symmetric_bits": 2.216473823593001,
      "se_symmetric_bits": 0.0016718811936266157
    },
    {
      "receive_antennas": 4,
      "users": 12,
      "snr_db": 15,
      "mean_sum_bits": 33.192590877244875,
      "se_sum_bits": 0.02027140087386613,
      "mean_symmetric_bits": 2.7660492397704064,
      "se_symmetric_bits": 0.0016892834061555109
    },
    {
      "receive_antennas": 4,
      "users": 12,
      "snr_db": 20,
      "mean_sum_bits": 39.82083483467254,
      "se_sum_bits": 0.020338885985401196,
      "mean_symmetric_bits": 3.3184029028893782,
      "se_symmetric_bits": 0.0016949071654500996
    },
    {
      "receive_antennas": 4,
      "users": 12,
      "snr_db": 25,
      "mean_sum_bits": 46.45974052291424,
      "se_sum_bits": 0.02036037619481567,
      "mean_symmetric_bits": 3.8716450435761867,
      "se_symmetric_bits": 0.0016966980162346392
    },
    {
      "receive_antennas": 4,
      "users": 12,
      "snr_db": 30,
      "mean_sum_bits": 53.10202987117971,
      "se_sum_bits": 0.02036718710512207,
      "mean_symmetric_bits": 4.425169155931642,
      "se_symmetric_bits": 0.0016972655920935058
    },
    {
      "receive_antennas": 4,
      "users": 13,
      "snr_db": 0,
      "mean_sum_bits": 14.405437595398704,
      "se_sum_bits": 0.01723426927593382,
      "mean_symmetric_bits": 1.1081105842614387,
      "se_symmetric_bits": 0.0013257130212256786
    },
    {
      "receive_antennas": 4,
      "users": 13,
      "snr_db": 5,
      "mean_sum_bits": 20.651636910903676,
      "se_sum_bits": 0.01863048997739967,
      "mean_symmetric_bits": 1.5885874546848981,
      "se_symmetric_bits": 0.0014331146136461286
    },
    {
      "receive_antennas": 4,
      "users": 13,
      "snr_db": 10,
      "mean_sum_bits": 27.161340345288927,
      "se_sum_bits": 0.01914452023196301,
      "mean_symmetric_bits": 2.089333872714533,
      "se_symmetric_bits": 0.0014726554024586931
    },
    {
      "receive_antennas": 4,
      "users": 13,
      "snr_db": 15,
      "mean_sum_bits": 33.761823255029704,
      "se_sum_bits": 0.019316050926352496,
      "mean_symmetric_bits": 2.5970633273099772,
      "se_symmetric_bits": 0.0014858500712578843
    },
    {
      "receive_antennas": 4,
      "users": 13,
      "snr_db": 20,
      "mean_sum_bits": 40.39186441710402,
      "se_sum_bits": 0.01937126265801205,
      "mean_symmetric_bits": 3.107066493623386,
      "se_symmetric_bits": 0.0014900971275393885
    },
    {
      "receive_antennas": 4,
      "users": 13,
      "snr_db": 25,
      "mean_sum_bits": 47.03134185293145,
      "se_sum_bits": 0.01938882149990295,
      "mean_symmetric_bits": 3.617795527148573,
      "se_symmetric_bits": 0.0014914478076848423
    },
    {
      "receive_antennas": 4,
      "users": 13,
      "snr_db": 30,
      "mean_sum_bits": 53.67381234877102,
      "se_sum_bits": 0.01939438410950689,
      "mean_symmetric_bits": 4.12875479605931,
      "se_symmetric_bits": 0.0014918757007312993
    },
    {
      "receive_antennas": 4,
      "users": 14,
      "snr_db": 0,
      "mean_sum_bits": 14.854464404938042,
      "se_sum_bits": 0.016642436664890514,
      "mean_symmetric_bits": 1.0610331717812886,
      "se_symmetric_bits": 0.0011887454760636082
    },
    {
      "receive_antennas": 4,
      "users": 14,
      "snr_db": 5,
      "mean_sum_bits": 21.1359319422382,
      "se_sum_bits": 0.017865849684068284,
      "mean_symmetric_bits": 1.5097094244455858,
      "se_symmetric_bits": 0.0012761321202905916
    },
    {
      "receive_antennas": 4,
      "users": 14,
      "snr_db": 10,
      "mean_sum_bits": 27.658414286285144,
      "se_sum_bits": 0.018308688331144546,
      "mean_symmetric_bits": 1.975601020448939,
      "se_symmetric_bits": 0.0013077634522246104
    },
    {
      "receive_antennas": 4,
      "users": 14,
      "snr_db": 15,
      "mean_sum_bits": 34.26313396816873,
      "se_sum_bits": 0.018455481911422527,
      "mean_symmetric_bits": 2.447366712012052,
      "se_symmetric_bits": 0.001318248707958752
    },
    {
      "receive_antennas": 4,
      "users": 14,
      "snr_db": 20,
      "mean_sum_bits": 40.89453579923699,
      "se_sum_bits": 0.01850262383344892,
      "mean_symmetric_bits": 2.9210382713740706,
      "se_symmetric_bits": 0.0013216159881034944
    },
    {
      "receive_antennas": 4,
      "users": 14,
      "snr_db": 25,
      "mean_sum_bits": 47.534445649674865,
      "se_sum_bits": 0.018517605172642067,
      "mean_symmetric_bits": 3.3953175464053476,
      "se_symmetric_bits": 0.0013226860837601477
    },
    {
      "receive_antennas": 4,
      "users": 14,
      "snr_db": 30,
      "mean_sum_bits": 54.17705310180732,
      "se_sum_bits": 0.018522350114932903,
      "mean_symmetric_bits": 3.869789507271951,
      "se_symmetric_bits": 0.001323025008209493
    },
    {
      "receive_antennas": 4,
      "users": 15,
      "snr_db": 0,
      "mean_sum_bits": 15.277673777584695,
      "se_sum_bits": 0.0161949152783342,
      "mean_symmetric_bits": 1.018511585172313,
      "se_symmetric_bits": 0.0010796610185556134
    },
    {
      "receive_antennas": 4,
      "users": 15,
      "snr_db": 5,
      "mean_sum_bits": 21.58895583654818,
      "se_sum_bits": 0.017288020564607143,
      "mean_symmetric_bits": 1.4392637224365454,
      "se_symmetric_bits": 0.001152534704307143
    },
    {
      "receive_antennas": 4,
      "users": 15,
      "snr_db": 10,
      "mean_sum_bits": 28.122070728487856,
      "se_sum_bits": 0.017678459802214577,
      "mean_symmetric_bits": 1.8748047152325238,
      "se_symmetric_bits": 0.001178563986814305
    },
    {
      "receive_antennas": 4,
      "users": 15,
      "snr_db": 15,
      "mean_sum_bits": 34.730294325820594,
      "se_sum_bits": 0.017807223304747388,
      "mean_symmetric_bits": 2.3153529550547063,
      "se_symmetric_bits": 0.0011871482203164925
    },
    {
      "receive_antennas": 4,
      "users": 15,
      "snr_db": 20,
      "mean_sum_bits": 41.36281916781505,
      "se_sum_bits": 0.01784850323901064,
      "mean_symmetric_bits": 2.7575212778543365,
      "se_symmetric_bits": 0.0011899002159340426
    },
    {
      "receive_antennas": 4,
      "users": 15,
      "snr_db": 25,
      "mean_sum_bits": 48.00308567063439,
      "se_sum_bits": 0.017861614313022387,
      "mean_symmetric_bits": 3.200205711375626,
      "se_symmetric_bits": 0.0011907742875348257
    },
    {
      "receive_antennas": 4,
      "users": 15,
      "snr_db": 30,
      "mean_sum_bits": 54.64580605955936,
      "se_sum_bits": 0.017865766154846432,
      "mean_symmetric_bits": 3.6430537373039575,
      "se_symmetric_bits": 0.0011910510769897623
    },
    {
      "receive_antennas": 4,
      "users": 16,
      "snr_db": 0,
      "mean_sum_bits": 15.663114697827915,
      "se_sum_bits": 0.015751768347996943,
      "mean_symmetric_bits": 0.9789446686142447,
      "se_symmetric_bits": 0.000984485521749809
    },
    {
      "receive_antennas": 4,
      "users": 16,
      "snr_db": 5,
      "mean_sum_bits": 21.999563087564503,
      "se_sum_bits": 0.01672349523365352,
      "mean_symmetric_bits": 1.3749726929727815,
      "se_symmetric_bits": 0.001045218452103345
    },
    {
      "receive_antennas": 4,
      "users": 16,
      "snr_db": 10,
      "mean_sum_bits": 28.541564692757703,
      "se_sum_bits": 0.01706602802650665,
      "mean_symmetric_bits": 1.7838477932973564,
      "se_symmetric_bits": 0.0010666267516566657
    },
    {
      "receive_antennas": 4,
      "users": 16,
      "snr_db": 15,
      "mean_sum_bits": 35.152706135599715,
      "se_sum_bits": 0.017178431283443384,
      "mean_symmetric_bits": 2.197044133474982,
      "se_symmetric_bits": 0.0010736519552152115
    },
    {
      "receive_antennas": 4,
      "users": 16,
      "snr_db": 20,
      "mean_sum_bits": 41.78616500191396,
      "se_sum_bits": 0.017214405980994805,
      "mean_symmetric_bits": 2.6116353126196223,
      "se_symmetric_bits": 0.0010759003738121753
    },
    {
      "receive_antennas": 4,
      "users": 16,
      "snr_db": 25,
      "mean_sum_bits": 48.42672801999669,
      "se_sum_bits": 0.01722582585819703,
      "mean_symmetric_bits": 3.026670501249793,
      "se_symmetric_bits": 0.0010766141161373144
    },
    {
      "receive_antennas": 4,
      "users": 16,
      "snr_db": 30,
      "mean_sum_bits": 55.06954229097097,
      "se_sum_bits": 0.01722944153133105,
      "mean_symmetric_bits": 3.4418463931856857,
      "se_symmetric_bits": 0.0010768400957081906
    },
    {
      "receive_antennas": 4,
      "users": 17,
      "snr_db": 0,
      "mean_sum_bits": 16.03102559025009,
      "se_sum_bits": 0.0154087988748252,
      "mean_symmetric_bits": 0.9430015053088288,
      "se_symmetric_bits": 0.000906399933813247
    },
    {
      "receive_antennas": 4,
      "users": 17,
      "snr_db": 5,
      "mean_sum_bits": 22.389294136090136,
      "se_sum_bits": 0.016284695380065706,
      "mean_symmetric_bits": 1.3170173021229492,
      "se_symmetric_bits": 0.0009579232576509239
    },
    {
      "receive_antennas": 4,
      "users": 17,
      "snr_db": 10,
      "mean_sum_bits": 28.938910194082933,
      "se_sum_bits": 0.016590336876791883,
      "mean_symmetric_bits": 1.7022888349460548,
      "se_symmetric_bits": 0.000975902169223052
    },
    {
      "receive_antennas": 4,
      "users": 17,
      "snr_db": 15,
      "mean_sum_bits": 35.552540903860105,
      "se_sum_bits": 0.01669025979494296,
      "mean_symmetric_bits": 2.0913259355211826,
      "se_symmetric_bits": 0.0009817799879378213
    },
    {
      "receive_antennas": 4,
      "users": 17,
      "snr_db": 20,
      "mean_sum_bits": 42.18679544941157,
      "se_sum_bits": 0.016722200239818654,
      "mean_symmetric_bits": 2.481576202906563,
      "se_symmetric_bits": 0.0009836588376363913
    },
    {
      "receive_antennas": 4,
      "users": 17,
      "snr_db": 25,
      "mean_sum_bits": 48.82761094600877,
      "se_sum_bits": 0.016732335399725917,
      "mean_symmetric_bits": 2.872212408588751,
      "se_symmetric_bits": 0.0009842550235132893
    },
    {
      "receive_antennas": 4,
      "users": 17,
      "snr_db": 30,
      "mean_sum_bits": 55.47050514435867,
      "se_sum_bits": 0.016735543905229237,
      "mean_symmetric_bits": 3.2629708908446275,
      "se_symmetric_bits": 0.0009844437591311316
    },
    {
      "receive_antennas": 4,
      "users": 18,
      "snr_db": 0,
      "mean_sum_bits": 16.380204835456766,
      "se_sum_bits": 0.0150441681430293,
      "mean_symmetric_bits": 0.9100113797475982,
      "se_symmetric_bits": 0.0008357871190571833
    },
    {
      "receive_antennas": 4,
      "users": 18,
      "snr_db": 5,
      "mean_sum_bits": 22.757887651824003,
      "se_sum_bits": 0.01583241206887244,
      "mean_symmetric_bits": 1.264327091768,
      "se_symmetric_bits": 0.0008795784482706911
    },
    {
      "receive_antennas": 4,
      "users": 18,
      "snr_db": 10,
      "mean_sum_bits": 29.314228678843826,
      "se_sum_bits": 0.01610487775109016,
      "mean_symmetric_bits": 1.628568259935768,
      "se_symmetric_bits": 0.0008947154306161199
    },
    {
      "receive_antennas": 4,
      "users": 18,
      "snr_db": 15,
      "mean_sum_bits": 35.930051977296166,
      "se_sum_bits": 0.016193648120879187,
      "mean_symmetric_bits": 1.996113998738676,
      "se_symmetric_bits": 0.0008996471178266215
    },
    {
      "receive_antennas": 4,
      "users": 18,
      "snr_db": 20,
      "mean_sum_bits": 42.565006746605974,
      "se_sum_bits": 0.016221991184584488,
      "mean_symmetric_bits": 2.364722597033665,
      "se_symmetric_bits": 0.000901221732476916
    },
    {
      "receive_antennas": 4,
      "users": 18,
      "snr_db": 25,
      "mean_sum_bits": 49.20604436897747,
      "se_sum_bits": 0.01623098153666345,
      "mean_symmetric_bits": 2.73366913160986,
      "se_symmetric_bits": 0.0009017211964813027
    },
    {
      "receive_antennas": 4,
      "users": 18,
      "snr_db": 30,
      "mean_sum_bits": 55.84900887951002,
      "se_sum_bits": 0.01623382729561018,
      "mean_symmetric_bits": 3.102722715528335,
      "se_symmetric_bits": 0.0009018792942005657
    },
    {
      "receive_antennas": 4,
      "users": 19,
      "snr_db": 0,
      "mean_sum_bits": 16.709456859118987,
      "se_sum_bits": 0.014663229094369682,
      "mean_symmetric_bits": 0.8794450978483678,
      "se_symmetric_bits": 0.0007717488997036675
    },
    {
      "receive_antennas": 4,
      "users": 19,
      "snr_db": 5,
      "mean_sum_bits": 23.10393697403729,
      "se_sum_bits": 0.015378146458248788,
      "mean_symmetric_bits": 1.2159966828440678,
      "se_symmetric_bits": 0.0008093761293815152
    },
    {
      "receive_antennas": 4,
      "users": 19,
      "snr_db": 10,
      "mean_sum_bits": 29.666044030541777,
      "se_sum_bits": 0.015623418733865028,
      "mean_symmetric_bits": 1.5613707384495672,
      "se_symmetric_bits": 0.000822285196519212
    },
    {
      "receive_antennas": 4,
      "users": 19,
      "snr_db": 15,
      "mean_sum_bits": 36.283741190282825,
      "se_sum_bits": 0.015703115365073125,
      "mean_symmetric_bits": 1.909670588962254,
      "se_symmetric_bits": 0.0008264797560564802
    },
    {
      "receive_antennas": 4,
      "users": 19,
      "snr_db": 20,
      "mean_sum_bits": 42.91929375577409,
      "se_sum_bits": 0.015728538825657168,
      "mean_symmetric_bits": 2.2589101976723205,
      "se_symmetric_bits": 0.0008278178329293246
    },
    {
      "receive_antennas": 4,
      "users": 19,
      "snr_db": 25,
      "mean_sum_bits": 49.56052094678138,
      "se_sum_bits": 0.01573660080086583,
      "mean_symmetric_bits": 2.6084484708832307,
      "se_symmetric_bits": 0.0008282421474139909
    },
    {
      "receive_antennas": 4,
      "users": 19,
      "snr_db": 30,
      "mean_sum_bits": 56.203545457259715,
      "se_sum_bits": 0.015739152466514517,
      "mean_symmetric_bits": 2.9580813398557746,
      "se_symmetric_bits": 0.0008283764456060273
    },
    {
      "receive_antennas": 4,
      "users": 20,
      "snr_db": 0,
      "mean_sum_bits": 17.017215763499745,
      "se_sum_bits": 0.014345069523735826,
      "mean_symmetric_bits": 0.8508607881749872,
      "se_symmetric_bits": 0.0007172534761867913
    },
    {
      "receive_antennas": 4,
      "users": 20,
      "snr_db": 5,
      "mean_sum_bits": 23.426393373780485,
      "se_sum_bits": 0.014997687488668485,
      "mean_symmetric_bits": 1.1713196686890242,
      "se_symmetric_bits": 0.0007498843744334243
    },
    {
      "receive_antennas": 4,
      "users": 20,
      "snr_db": 10,
      "mean_sum_bits": 29.993514639212684,
      "se_sum_bits": 0.015220182192101014,
      "mean_symmetric_bits": 1.4996757319606342,
      "se_symmetric_bits": 0.0007610091096050507
    },
    {
      "receive_antennas": 4,
      "users": 20,
      "snr_db": 15,
      "mean_sum_bits": 36.61283779233265,
      "se_sum_bits": 0.015292317778604375,
      "mean_symmetric_bits": 1.8306418896166323,
      "se_symmetric_bits": 0.0007646158889302188
    },
    {
      "receive_antennas": 4,
      "users": 20,
      "snr_db": 20,
      "mean_sum_bits": 43.24890870966341,
      "se_sum_bits": 0.01531531254221549,
      "mean_symmetric_bits": 2.1624454354831704,
      "se_symmetric_bits": 0.0007657656271107745
    },
    {
      "receive_antennas": 4,
      "users": 20,
      "snr_db": 25,
      "mean_sum_bits": 49.89030023898846,
      "se_sum_bits": 0.015322602665158166,
      "mean_symmetric_bits": 2.494515011949423,
      "se_symmetric_bits": 0.0007661301332579082
    },
    {
      "receive_antennas": 4,
      "users": 20,
      "snr_db": 30,
      "mean_sum_bits": 56.533376760051354,
      "se_sum_bits": 0.015324909864597544,
      "mean_symmetric_bits": 2.8266688380025675,
      "se_symmetric_bits": 0.0007662454932298772
    },
    {
      "receive_antennas": 4,
      "users": 21,
      "snr_db": 0,
      "mean_sum_bits": 17.310577758156846,
      "se_sum_bits": 0.013869122848193794,
      "mean_symmetric_bits": 0.8243132265788974,
      "se_symmetric_bits": 0.0006604344213425616
    },
    {
      "receive_antennas": 4,
      "users": 21,
      "snr_db": 5,
      "mean_sum_bits": 23.73287228555982,
      "se_sum_bits": 0.014462117473784866,
      "mean_symmetric_bits": 1.1301367755028486,
      "se_symmetric_bits": 0.0006886722606564222
    },
    {
      "receive_antennas": 4,
      "users": 21,
      "snr_db": 10,
      "mean_sum_bits": 30.30444486956321,
      "se_sum_bits": 0.014663228175566702,
      "mean_symmetric_bits": 1.4430688033125338,
      "se_symmetric_bits": 0.0006982489607412715
    },
    {
      "receive_antennas": 4,
      "users": 21,
      "snr_db": 15,
      "mean_sum_bits": 36.92520882264051,
      "se_sum_bits": 0.014728312004476699,
      "mean_symmetric_bits": 1.7583432772685959,
      "se_symmetric_bits": 0.0007013481906893666
    },
    {
      "receive_antennas": 4,
      "users": 21,
      "snr_db": 20,
      "mean_sum_bits": 43.56173877707646,
      "se_sum_bits": 0.014749046519625959,
      "mean_symmetric_bits": 2.074368513194117,
      "se_symmetric_bits": 0.000702335548553617
    },
    {
      "receive_antennas": 4,
      "users": 21,
      "snr_db": 25,
      "mean_sum_bits": 50.20327581154096,
      "se_sum_bits": 0.014755618816385659,
      "mean_symmetric_bits": 2.3906321815019504,
      "se_symmetric_bits": 0.0007026485150659837
    },
    {
      "receive_antennas": 4,
      "users": 21,
      "snr_db": 30,
      "mean_sum_bits": 56.84639837995893,
      "se_sum_bits": 0.014757698710550613,
      "mean_symmetric_bits": 2.7069713514266156,
      "se_symmetric_bits": 0.0007027475576452673
    },
    {
      "receive_antennas": 4,
      "users": 22,
      "snr_db": 0,
      "mean_sum_bits": 17.592732932902827,
      "se_sum_bits": 0.0134618272653032,
      "mean_symmetric_bits": 0.7996696787683103,
      "se_symmetric_bits": 0.0006119012393319636
    },
    {
      "receive_antennas": 4,
      "users": 22,
      "snr_db": 5,
      "mean_sum_bits": 24.026743624975296,
      "se_sum_bits": 0.014003423521839645,
      "mean_symmetric_bits": 1.0921247102261498,
      "se_symmetric_bits": 0.0006365192509927112
    },
    {
      "receive_antennas": 4,
      "users": 22,
      "snr_db": 10,
      "mean_sum_bits": 30.6022705926894,
      "se_sum_bits": 0.014186241354289295,
      "mean_symmetric_bits": 1.3910122996677001,
      "se_symmetric_bits": 0.0006448291524676952
    },
    {
      "receive_antennas": 4,
      "users": 22,
      "snr_db": 15,
      "mean_sum_bits": 37.22431210771319,
      "se_sum_bits": 0.014245308952815212,
      "mean_symmetric_bits": 1.6920141867142358,
      "se_symmetric_bits": 0.0006475140433097824
    },
    {
      "receive_antennas": 4,
      "users": 22,
      "snr_db": 20,
      "mean_sum_bits": 43.86124884454818,
      "se_sum_bits": 0.014264116819711367,
      "mean_symmetric_bits": 1.9936931292976445,
      "se_symmetric_bits": 0.0006483689463505167
    },
    {
      "receive_antennas": 4,
      "users": 22,
      "snr_db": 25,
      "mean_sum_bits": 50.50291479550798,
      "se_sum_bits": 0.014270077408902964,
      "mean_symmetric_bits": 2.2955870361594535,
      "se_symmetric_bits": 0.000648639882222862
    },
    {
      "receive_antennas": 4,
      "users": 22,
      "snr_db": 30,
      "mean_sum_bits": 57.146078159039206,
      "se_sum_bits": 0.014271963618302737,
      "mean_symmetric_bits": 2.597549007229055,
      "se_symmetric_bits": 0.0006487256190137608
    },
    {
      "receive_antennas": 4,
      "users": 23,
      "snr_db": 0,
      "mean_sum_bits": 17.858441523928605,
      "se_sum_bits": 0.01307965463032155,
      "mean_symmetric_bits": 0.7764539793012437,
      "se_symmetric_bits": 0.0005686806361009369
    },
    {
      "receive_antennas": 4,
      "users": 23,
      "snr_db": 5,
      "mean_sum_bits": 24.303044839498277,
      "se_sum_bits": 0.013574486578806236,
      "mean_symmetric_bits": 1.0566541234564468,
      "se_symmetric_bits": 0.0005901950686437494
    },
    {
      "receive_antennas": 4,
      "users": 23,
      "snr_db": 10,
      "mean_sum_bits": 30.88213514686145,
      "se_sum_bits": 0.013740767002476575,
      "mean_symmetric_bits": 1.342701528124411,
      "se_symmetric_bits": 0.0005974246522815902
    },
    {
      "receive_antennas": 4,
      "users": 23,
      "snr_db": 15,
      "mean_sum_bits": 37.50532656647362,
      "se_sum_bits": 0.01379440818173979,
      "mean_symmetric_bits": 1.6306663724553747,
      "se_symmetric_bits": 0.0005997568774669473
    },
    {
      "receive_antennas": 4,
      "users": 23,
      "snr_db": 20,
      "mean_sum_bits": 44.14262930195321,
      "se_sum_bits": 0.013811479597548953,
      "mean_symmetric_bits": 1.9192447522588352,
      "se_symmetric_bits": 0.000600499112936911
    },
    {
      "receive_antennas": 4,
      "users": 23,
      "snr_db": 25,
      "mean_sum_bits": 50.78441123045978,
      "se_sum_bits": 0.01381688900022111,
      "mean_symmetric_bits": 2.2080178795852077,
      "se_symmetric_bits": 0.0006007343043574395
    },
    {
      "receive_antennas": 4,
      "users": 23,
      "snr_db": 30,
      "mean_sum_bits": 57.427611293234264,
      "se_sum_bits": 0.013818600701065224,
      "mean_symmetric_bits": 2.496852664923229,
      "se_symmetric_bits": 0.0006008087261332706
    },
    {
      "receive_antennas": 4,
      "users": 24,
      "snr_db": 0,
      "mean_sum_bits": 18.112912312994936,
      "se_sum_bits": 0.012739716751317971,
      "mean_symmetric_bits": 0.7547046797081224,
      "se_symmetric_bits": 0.0005308215313049154
    },
    {
      "receive_antennas": 4,
      "users": 24,
      "snr_db": 5,
      "mean_sum_bits": 24.567103188911737,
      "se_sum_bits": 0.01319713050365471,
      "mean_symmetric_bits": 1.023629299537989,
      "se_symmetric_bits": 0.0005498804376522795
    },
    {
      "receive_antennas": 4,
      "users": 24,
      "snr_db": 10,
      "mean_sum_bits": 31.149406700243397,
      "se_sum_bits": 0.013350256802462117,
      "mean_symmetric_bits": 1.2978919458434748,
      "se_symmetric_bits": 0.0005562607001025883
    },
    {
      "receive_antennas": 4,
      "users": 24,
      "snr_db": 15,
      "mean_sum_bits": 37.77363371452695,
      "se_sum_bits": 0.01339959052434278,
      "mean_symmetric_bits": 1.5739014047719564,
      "se_symmetric_bits": 0.0005583162718476158
    },
    {
      "receive_antennas": 4,
      "users": 24,
      "snr_db": 20,
      "mean_sum_bits": 44.41126592935632,
      "se_sum_bits": 0.013415284472389637,
      "mean_symmetric_bits": 1.8504694137231799,
      "se_symmetric_bits": 0.0005589701863495683
    },
    {
      "receive_antennas": 4,
      "users": 24,
      "snr_db": 25,
      "mean_sum_bits": 51.05315224944902,
      "se_sum_bits": 0.013420256730281627,
      "mean_symmetric_bits": 2.1272146770603757,
      "se_symmetric_bits": 0.0005591773637617345
    },
    {
      "receive_antennas": 4,
      "users": 24,
      "snr_db": 30,
      "mean_sum_bits": 57.69638534389653,
      "se_sum_bits": 0.013421830038102723,
      "mean_symmetric_bits": 2.404016055995689,
      "se_symmetric_bits": 0.0005592429182542802
    },
    {
      "receive_antennas": 4,
      "users": 25,
      "snr_db": 0,
      "mean_sum_bits": 18.357346299819895,
      "se_sum_bits": 0.012453072939688737,
      "mean_symmetric_bits": 0.7342938519927958,
      "se_symmetric_bits": 0.0004981229175875495
    },
    {
      "receive_antennas": 4,
      "users": 25,
      "snr_db": 5,
      "mean_sum_bits": 24.820228119177887,
      "se_sum_bits": 0.012877586830975517,
      "mean_symmetric_bits": 0.9928091247671155,
      "se_symmetric_bits": 0.0005151034732390207
    },
    {
      "receive_antennas": 4,
      "users": 25,
      "snr_db": 10,
      "mean_sum_bits": 31.405433836981004,
      "se_sum_bits": 0.013019217012258603,
      "mean_symmetric_bits": 1.2562173534792402,
      "se_symmetric_bits": 0.0005207686804903441
    },
    {
      "receive_antennas": 4,
      "users": 25,
      "snr_db": 15,
      "mean_sum_bits": 38.03059506909865,
      "se_sum_bits": 0.013064794201360051,
      "mean_symmetric_bits": 1.521223802763946,
      "se_symmetric_bits": 0.0005225917680544021
    },
    {
      "receive_antennas": 4,
      "users": 25,
      "snr_db": 20,
      "mean_sum_bits": 44.66852439204746,
      "se_sum_bits": 0.013079287696220345,
      "mean_symmetric_bits": 1.7867409756818984,
      "se_symmetric_bits": 0.0005231715078488138
    },
    {
      "receive_antennas": 4,
      "users": 25,
      "snr_db": 25,
      "mean_sum_bits": 51.31050483541195,
      "se_sum_bits": 0.01308387907043631,
      "mean_symmetric_bits": 2.052420193416478,
      "se_symmetric_bits": 0.0005233551628174523
    },
    {
      "receive_antennas": 4,
      "users": 25,
      "snr_db": 30,
      "mean_sum_bits": 57.95376771123268,
      "se_sum_bits": 0.01308533180511985,
      "mean_symmetric_bits": 2.3181507084493074,
      "se_symmetric_bits": 0.000523413272204794
    },
    {
      "receive_antennas": 4,
      "users": 26,
      "snr_db": 0,
      "mean_sum_bits": 18.589042496275226,
      "se_sum_bits": 0.012267287311297358,
      "mean_symmetric_bits": 0.7149631729336625,
      "se_symmetric_bits": 0.00047181874274220605
    },
    {
      "receive_antennas": 4,
      "users": 26,
      "snr_db": 5,
      "mean_sum_bits": 25.059665501406727,
      "se_sum_bits": 0.012666798095724527,
      "mean_symmetric_bits": 0.9638332885156433,
      "se_symmetric_bits": 0.00048718454214325107
    },
    {
      "receive_antennas": 4,
      "users": 26,
      "snr_db": 10,
      "mean_sum_bits": 31.64744654277052,
      "se_sum_bits": 0.012799751331100699,
      "mean_symmetric_bits": 1.2172094824142508,
      "se_symmetric_bits": 0.0004922981281192577
    },
    {
      "receive_antennas": 4,
      "users": 26,
      "snr_db": 15,
      "mean_sum_bits": 38.27343571336743,
      "se_sum_bits": 0.012842500012977976,
      "mean_symmetric_bits": 1.472055219744901,
      "se_symmetric_bits": 0.0004939423081914607
    },
    {
      "receive_antennas": 4,
      "users": 26,
      "snr_db": 20,
      "mean_sum_bits": 44.91162823606143,
      "se_sum_bits": 0.012856090329422061,
      "mean_symmetric_bits": 1.7273703167715935,
      "se_symmetric_bits": 0.0004944650126700793
    },
    {
      "receive_antennas": 4,
      "users": 26,
      "snr_db": 25,
      "mean_sum_bits": 51.5536920496486,
      "se_sum_bits": 0.012860395212329507,
      "mean_symmetric_bits": 1.9828343096018695,
      "se_symmetric_bits": 0.0004946305850895964
    },
    {
      "receive_antennas": 4,
      "users": 26,
      "snr_db": 30,
      "mean_sum_bits": 58.196981303392626,
      "se_sum_bits": 0.012861757262109457,
      "mean_symmetric_bits": 2.23834543474587,
      "se_symmetric_bits": 0.0004946829716195945
    },
    {
      "receive_antennas": 4,
      "users": 27,
      "snr_db": 0,
      "mean_sum_bits": 18.81491722187856,
      "se_sum_bits": 0.01208983015927838,
      "mean_symmetric_bits": 0.6968487859955022,
      "se_symmetric_bits": 0.00044777148738068076
    },
    {
      "receive_antennas": 4,
      "users": 27,
      "snr_db": 5,
      "mean_sum_bits": 25.292779777798195,
      "se_sum_bits": 0.012466909203969052,
      "mean_symmetric_bits": 0.9367696213999331,
      "se_symmetric_bits": 0.0004617373779247797
    },
    {
      "receive_antennas": 4,
      "users": 27,
      "snr_db": 10,
      "mean_sum_bits": 31.882963685104777,
      "se_sum_bits": 0.012592091000451675,
      "mean_symmetric_bits": 1.1808505068557325,
      "se_symmetric_bits": 0.00046637374075746943
    },
    {
      "receive_antennas": 4,
      "users": 27,
      "snr_db": 15,
      "mean_sum_bits": 38.50972475092584,
      "se_sum_bits": 0.01263230784214958,
      "mean_symmetric_bits": 1.4262861018861424,
      "se_symmetric_bits": 0.0004678632534129474
    },
    {
      "receive_antennas": 4,
      "users": 27,
      "snr_db": 20,
      "mean_sum_bits": 45.14816259588541,
      "se_sum_bits": 0.01264508986507851,
      "mean_symmetric_bits": 1.672154170217978,
      "se_symmetric_bits": 0.00046833666166957446
    },
    {
      "receive_antennas": 4,
      "users": 27,
      "snr_db": 25,
      "mean_sum_bits": 51.79030411069491,
      "se_sum_bits": 0.012649138370236668,
      "mean_symmetric_bits": 1.918159411507219,
      "se_symmetric_bits": 0.0004684866063050618
    },
    {
      "receive_antennas": 4,
      "users": 27,
      "snr_db": 30,
      "mean_sum_bits": 58.43361794809793,
      "se_sum_bits": 0.012650419268728954,
      "mean_symmetric_bits": 2.164208072151775,
      "se_symmetric_bits": 0.00046853404698996124
    },
    {
      "receive_antennas": 4,
      "users": 28,
      "snr_db": 0,
      "mean_sum_bits": 19.031052482502016,
      "se_sum_bits": 0.012018725050386076,
      "mean_symmetric_bits": 0.6796804458036434,
      "se_symmetric_bits": 0.0004292401803709313
    },
    {
      "receive_antennas": 4,
      "users": 28,
      "snr_db": 5,
      "mean_sum_bits": 25.515568687390342,
      "se_sum_bits": 0.012378138687520147,
      "mean_symmetric_bits": 0.9112703102639408,
      "se_symmetric_bits": 0.00044207638169714813
    },
    {
      "receive_antennas": 4,
      "users": 28,
      "snr_db": 10,
      "mean_sum_bits": 32.10795642355881,
      "se_sum_bits": 0.012497180852128788,
      "mean_symmetric_bits": 1.1467127294128148,
      "se_symmetric_bits": 0.00044632788757602813
    },
    {
      "receive_antennas": 4,
      "users": 28,
      "snr_db": 15,
      "mean_sum_bits": 38.735424955326835,
      "se_sum_bits": 0.0125353956143793,
      "mean_symmetric_bits": 1.3834080341188155,
      "se_symmetric_bits": 0.00044769270051354644
    },
    {
      "receive_antennas": 4,
      "users": 28,
      "snr_db": 20,
      "mean_sum_bits": 45.37408759554352,
      "se_sum_bits": 0.01254753828762585,
      "mean_symmetric_bits": 1.6205031284122686,
      "se_symmetric_bits": 0.00044812636741520896
    },
    {
      "receive_antennas": 4,
      "users": 28,
      "snr_db": 25,
      "mean_sum_bits": 52.01630030497175,
      "se_sum_bits": 0.012551383983115045,
      "mean_symmetric_bits": 1.8577250108918482,
      "se_symmetric_bits": 0.0004482637136826802
    },
    {
      "receive_antennas": 4,
      "users": 28,
      "snr_db": 30,
      "mean_sum_bits": 58.659636666921685,
      "se_sum_bits": 0.012552600684416049,
      "mean_symmetric_bits": 2.0949870238186317,
      "se_symmetric_bits": 0.0004483071673005732
    },
    {
      "receive_antennas": 4,
      "users": 29,
      "snr_db": 0,
      "mean_sum_bits": 19.241613531132387,
      "se_sum_bits": 0.011838361335511204,
      "mean_symmetric_bits": 0.6635039148666341,
      "se_symmetric_bits": 0.0004082193563969381
    },
    {
      "receive_antennas": 4,
      "users": 29,
      "snr_db": 5,
      "mean_sum_bits": 25.732305415350687,
      "se_sum_bits": 0.01217825141051991,
      "mean_symmetric_bits": 0.887320876391403,
      "se_symmetric_bits": 0.0004199397038110314
    },
    {
      "receive_antennas": 4,
      "users": 29,
      "snr_db": 10,
      "mean_sum_bits": 32.32673368775625,
      "se_sum_bits": 0.01229059723266509,
      "mean_symmetric_bits": 1.1147149547502155,
      "se_symmetric_bits": 0.0004238136976781066
    },
    {
      "receive_antennas": 4,
      "users": 29,
      "snr_db": 15,
      "mean_sum_bits": 38.95485673391762,
      "se_sum_bits": 0.012326637703275653,
      "mean_symmetric_bits": 1.3432709218592285,
      "se_symmetric_bits": 0.0004250564725267466
    },
    {
      "receive_antennas": 4,
      "users": 29,
      "snr_db": 20,
      "mean_sum_bits": 45.59372728984597,
      "se_sum_bits": 0.01233808697888559,
      "mean_symmetric_bits": 1.5721974927533093,
      "se_symmetric_bits": 0.0004254512751339859
    },
    {
      "receive_antennas": 4,
      "users": 29,
      "snr_db": 25,
      "mean_sum_bits": 52.236005842522054,
      "se_sum_bits": 0.012341712815157937,
      "mean_symmetric_bits": 1.8012415807766227,
      "se_symmetric_bits": 0.00042557630397096336
    },
    {
      "receive_antennas": 4,
      "users": 29,
      "snr_db": 30,
      "mean_sum_bits": 58.87936303540434,
      "se_sum_bits": 0.012342859931947123,
      "mean_symmetric_bits": 2.030322863289805,
      "se_symmetric_bits": 0.00042561585972231456
    },
    {
      "receive_antennas": 4,
      "users": 30,
      "snr_db": 0,
      "mean_sum_bits": 19.439797247407565,
      "se_sum_bits": 0.011676055467283822,
      "mean_symmetric_bits": 0.6479932415802522,
      "se_symmetric_bits": 0.00038920184890946073
    },
    {
      "receive_antennas": 4,
      "users": 30,
      "snr_db": 5,
      "mean_sum_bits": 25.93606620010373,
      "se_sum_bits": 0.011998517080969598,
      "mean_symmetric_bits": 0.8645355400034577,
      "se_symmetric_bits": 0.00039995056936565325
    },
    {
      "receive_antennas": 4,
      "users": 30,
      "snr_db": 10,
      "mean_sum_bits": 32.53233383497793,
      "se_sum_bits": 0.012104896062160496,
      "mean_symmetric_bits": 1.0844111278325979,
      "se_symmetric_bits": 0.00040349653540534987
    },
    {
      "receive_antennas": 4,
      "users": 30,
      "snr_db": 15,
      "mean_sum_bits": 39.16104650809949,
      "se_sum_bits": 0.012139000326094551,
      "mean_symmetric_bits": 1.3053682169366496,
      "se_symmetric_bits": 0.0004046333442031517
    },
    {
      "receive_antennas": 4,
      "users": 30,
      "snr_db": 20,
      "mean_sum_bits": 45.80010433063874,
      "se_sum_bits": 0.012149832257223804,
      "mean_symmetric_bits": 1.5266701443546247,
      "se_symmetric_bits": 0.0004049944085741268
    },
    {
      "receive_antennas": 4,
      "users": 30,
      "snr_db": 25,
      "mean_sum_bits": 52.44244218366302,
      "se_sum_bits": 0.012153262361605851,
      "mean_symmetric_bits": 1.7480814061221006,
      "se_symmetric_bits": 0.0004051087453868617
    },
    {
      "receive_antennas": 4,
      "users": 30,
      "snr_db": 30,
      "mean_sum_bits": 59.08581813712013,
      "se_sum_bits": 0.012154347531360016,
      "mean_symmetric_bits": 1.9695272712373375,
      "se_symmetric_bits": 0.00040514491771200054
    },
    {
      "receive_antennas": 5,
      "users": 1,
      "snr_db": 0,
      "mean_sum_bits": 2.4874754199438334,
      "se_sum_bits": 0.011828484881682297,
      "mean_symmetric_bits": 2.4874754199438334,
      "se_symmetric_bits": 0.011828484881682297
    },
    {
      "receive_antennas": 5,
      "users": 1,
      "snr_db": 5,
      "mean_sum_bits": 3.943591096997654,
      "se_sum_bits": 0.013721398952439625,
      "mean_symmetric_bits": 3.943591096997654,
      "se_symmetric_bits": 0.013721398952439625
    },
    {
      "receive_antennas": 5,
      "users": 1,
      "snr_db": 10,
      "mean_sum_bits": 5.531650694212587,
      "se_sum_bits": 0.01449597855750171,
      "mean_symmetric_bits": 5.531650694212587,
      "se_symmetric_bits": 0.01449597855750171
    },
    {
      "receive_antennas": 5,
      "users": 1,
      "snr_db": 15,
      "mean_sum_bits": 7.168548018684694,
      "se_sum_bits": 0.014766356205125335,
      "mean_symmetric_bits": 7.168548018684694,
      "se_symmetric_bits": 0.014766356205125335
    },
    {
      "receive_antennas": 5,
      "users": 1,
      "snr_db": 20,
      "mean_sum_bits": 8.821791454856788,
      "se_sum_bits": 0.014854802830921459,
      "mean_symmetric_bits": 8.821791454856788,
      "se_symmetric_bits": 0.014854802830921459
    },
    {
      "receive_antennas": 5,
      "users": 1,
      "snr_db": 25,
      "mean_sum_bits": 10.480302707890935,
      "se_sum_bits": 0.014883082190261448,
      "mean_symmetric_bits": 10.480302707890935,
      "se_symmetric_bits": 0.014883082190261448
    },
    {
      "receive_antennas": 5,
      "users": 1,
      "snr_db": 30,
      "mean_sum_bits": 12.140489970823051,
      "se_sum_bits": 0.014892056442974299,
      "mean_symmetric_bits": 12.140489970823051,
      "se_symmetric_bits": 0.014892056442974299
    },
    {
      "receive_antennas": 5,
      "users": 2,
      "snr_db": 0,
      "mean_sum_bits": 4.749465351045425,
      "se_sum_bits": 0.01636352466218585,
      "mean_symmetric_bits": 2.3747326755227127,
      "se_symmetric_bits": 0.008181762331092924
    },
    {
      "receive_antennas": 5,
      "users": 2,
      "snr_db": 5,
      "mean_sum_bits": 7.576383418181273,
      "se_sum_bits": 0.019721056249930053,
      "mean_symmetric_bits": 3.7881917090906363,
      "se_symmetric_bits": 0.009860528124965027
    },
    {
      "receive_antennas": 5,
      "users": 2,
      "snr_db": 10,
      "mean_sum_bits": 10.711618331707577,
      "se_sum_bits": 0.021308934758207748,
      "mean_symmetric_bits": 5.355809165853788,
      "se_symmetric_bits": 0.010654467379103874
    },
    {
      "receive_antennas": 5,
      "users": 2,
      "snr_db": 15,
      "mean_sum_bits": 13.970089718411609,
      "se_sum_bits": 0.021912386842973804,
      "mean_symmetric_bits": 6.9850448592058045,
      "se_symmetric_bits": 0.010956193421486902
    },
    {
      "receive_antennas": 5,
      "users": 2,
      "snr_db": 20,
      "mean_sum_bits": 17.27142413546578,
      "se_sum_bits": 0.022117309920508386,
      "mean_symmetric_bits": 8.63571206773289,
      "se_symmetric_bits": 0.011058654960254193
    },
    {
      "receive_antennas": 5,
      "users": 2,
      "snr_db": 25,
      "mean_sum_bits": 20.586783480734653,
      "se_sum_bits": 0.022183729105496625,
      "mean_symmetric_bits": 10.293391740367326,
      "se_symmetric_bits": 0.011091864552748312
    },
    {
      "receive_antennas": 5,
      "users": 2,
      "snr_db": 30,
      "mean_sum_bits": 23.906628571526582,
      "se_sum_bits": 0.02220490250501985,
      "mean_symmetric_bits": 11.953314285763291,
      "se_symmetric_bits": 0.011102451252509925
    },
    {
      "receive_antennas": 5,
      "users": 3,
      "snr_db": 0,
      "mean_sum_bits": 6.804938850352399,
      "se_sum_bits": 0.019885181054723214,
      "mean_symmetric_bits": 2.2683129501174664,
      "se_symmetric_bits": 0.006628393684907738
    },
    {
      "receive_antennas": 5,
      "users": 3,
      "snr_db": 5,
      "mean_sum_bits": 10.880850214410174,
      "se_sum_bits": 0.02509333525436213,
      "mean_symmetric_bits": 3.6269500714700578,
      "se_symmetric_bits": 0.008364445084787377
    },
    {
      "receive_antennas": 5,
      "users": 3,
      "snr_db": 10,
      "mean_sum_bits": 15.488140191543867,
      "se_sum_bits": 0.02812464107689096,
      "mean_symmetric_bits": 5.162713397181289,
      "se_symmetric_bits": 0.009374880358963654
    },
    {
      "receive_antennas": 5,
      "users": 3,
      "snr_db": 15,
      "mean_sum_bits": 20.335371524913928,
      "se_sum_bits": 0.029466669228528097,
      "mean_symmetric_bits": 6.778457174971309,
      "se_symmetric_bits": 0.009822223076176032
    },
    {
      "receive_antennas": 5,
      "users": 3,
      "snr_db": 20,
      "mean_sum_bits": 25.27294577990672,
      "se_sum_bits": 0.02996078431466482,
      "mean_symmetric_bits": 8.424315259968907,
      "se_symmetric_bits": 0.009986928104888272
    },
    {
      "receive_antennas": 5,
      "users": 3,
      "snr_db": 25,
      "mean_sum_bits": 30.241221526749285,
      "se_sum_bits": 0.030126358885709623,
      "mean_symmetric_bits": 10.080407175583096,
      "se_symmetric_bits": 0.010042119628569874
    },
    {
      "receive_antennas": 5,
      "users": 3,
      "snr_db": 30,
      "mean_sum_bits": 35.21946109027928,
      "se_sum_bits": 0.030179765432712596,
      "mean_symmetric_bits": 11.739820363426427,
      "se_symmetric_bits": 0.0100599218109042
    },
    {
      "receive_antennas": 5,
      "users": 4,
      "snr_db": 0,
      "mean_sum_bits": 8.621125815576383,
      "se_sum_bits": 0.02182979510050225,
      "mean_symmetric_bits": 2.1552814538940956,
      "se_symmetric_bits": 0.005457448775125563
    },
    {
      "receive_antennas": 5,
      "users": 4,
      "snr_db": 5,
      "mean_sum_bits": 13.765732734654652,
      "se_sum_bits": 0.02869493962686332,
      "mean_symmetric_bits": 3.441433183663663,
      "se_symmetric_bits": 0.00717373490671583
    },
    {
      "receive_antennas": 5,
      "users": 4,
      "snr_db": 10,
      "mean_sum_bits": 19.69348338419433,
      "se_sum_bits": 0.03390250824147991,
      "mean_symmetric_bits": 4.9233708460485825,
      "se_symmetric_bits": 0.008475627060369978
    },
    {
      "receive_antennas": 5,
      "users": 4,
      "snr_db": 15,
      "mean_sum_bits": 26.042583085342073,
      "se_sum_bits": 0.036941986188919036,
      "mean_symmetric_bits": 6.510645771335518,
      "se_symmetric_bits": 0.009235496547229759
    },
    {
      "receive_antennas": 5,
      "users": 4,
      "snr_db": 20,
      "mean_sum_bits": 32.57871108747416,
      "se_sum_bits": 0.03832701315768487,
      "mean_symmetric_bits": 8.14467777186854,
      "se_symmetric_bits": 0.009581753289421218
    },
    {
      "receive_antennas": 5,
      "users": 4,
      "snr_db": 25,
      "mean_sum_bits": 39.18612291849169,
      "se_sum_bits": 0.038853382808936306,
      "mean_symmetric_bits": 9.796530729622923,
      "se_symmetric_bits": 0.009713345702234076
    },
    {
      "receive_antennas": 5,
      "users": 4,
      "snr_db": 30,
      "mean_sum_bits": 45.81814085635105,
      "se_sum_bits": 0.03903324573461325,
      "mean_symmetric_bits": 11.454535214087763,
      "se_symmetric_bits": 0.009758311433653313
    },
    {
      "receive_antennas": 5,
      "users": 5,
      "snr_db": 0,
      "mean_sum_bits": 10.209360619242357,
      "se_sum_bits": 0.023308919601259324,
      "mean_symmetric_bits": 2.0418721238484716,
      "se_symmetric_bits": 0.004661783920251865
    },
    {
      "receive_antennas": 5,
      "users": 5,
      "snr_db": 5,
      "mean_sum_bits": 16.180550960737868,
      "se_sum_bits": 0.031103808015248233,
      "mean_symmetric_bits": 3.2361101921475734,
      "se_symmetric_bits": 0.006220761603049647
    },
    {
      "receive_antennas": 5,
      "users": 5,
      "snr_db": 10,
      "mean_sum_bits": 23.115306547905462,
      "se_sum_bits": 0.038657267177297686,
      "mean_symmetric_bits": 4.623061309581092,
      "se_symmetric_bits": 0.0077314534354595375
    },
    {
      "receive_antennas": 5,
      "users": 5,
      "snr_db": 15,
      "mean_sum_bits": 30.678945411152597,
      "se_sum_bits": 0.04540923729703799,
      "mean_symmetric_bits": 6.135789082230519,
      "se_symmetric_bits": 0.009081847459407598
    },
    {
      "receive_antennas": 5,
      "users": 5,
      "snr_db": 20,
      "mean_sum_bits": 38.61904698858308,
      "se_sum_bits": 0.05052625031923716,
      "mean_symmetric_bits": 7.723809397716616,
      "se_symmetric_bits": 0.010105250063847432
    },
    {
      "receive_antennas": 5,
      "users": 5,
      "snr_db": 25,
      "mean_sum_bits": 46.76002496547177,
      "se_sum_bits": 0.053785794323132005,
      "mean_symmetric_bits": 9.352004993094354,
      "se_symmetric_bits": 0.010757158864626401
    },
    {
      "receive_antennas": 5,
      "users": 5,
      "snr_db": 30,
      "mean_sum_bits": 54.99646867725414,
      "se_sum_bits": 0.05558806181529681,
      "mean_symmetric_bits": 10.999293735450829,
      "se_symmetric_bits": 0.011117612363059363
    },
    {
      "receive_antennas": 5,
      "users": 6,
      "snr_db": 0,
      "mean_sum_bits": 11.580296126480546,
      "se_sum_bits": 0.02352123121060662,
      "mean_symmetric_bits": 1.9300493544134243,
      "se_symmetric_bits": 0.0039202052017677695
    },
    {
      "receive_antennas": 5,
      "users": 6,
      "snr_db": 5,
      "mean_sum_bits": 18.109952645197268,
      "se_sum_bits": 0.030406578393430524,
      "mean_symmetric_bits": 3.0183254408662115,
      "se_symmetric_bits": 0.005067763065571754
    },
    {
      "receive_antennas": 5,
      "users": 6,
      "snr_db": 10,
      "mean_sum_bits": 25.551630120562148,
      "se_sum_bits": 0.0358142634309694,
      "mean_symmetric_bits": 4.258605020093691,
      "se_symmetric_bits": 0.005969043905161567
    },
    {
      "receive_antennas": 5,
      "users": 6,
      "snr_db": 15,
      "mean_sum_bits": 33.492822662407065,
      "se_sum_bits": 0.039165890446814774,
      "mean_symmetric_bits": 5.582137110401177,
      "se_symmetric_bits": 0.006527648407802462
    },
    {
      "receive_antennas": 5,
      "users": 6,
      "snr_db": 20,
      "mean_sum_bits": 41.66211102830748,
      "se_sum_bits": 0.04077418672068467,
      "mean_symmetric_bits": 6.94368517138458,
      "se_symmetric_bits": 0.006795697786780778
    },
    {
      "receive_antennas": 5,
      "users": 6,
      "snr_db": 25,
      "mean_sum_bits": 49.92055592244543,
      "se_sum_bits": 0.04140307496658355,
      "mean_symmetric_bits": 8.320092653740906,
      "se_symmetric_bits": 0.006900512494430591
    },
    {
      "receive_antennas": 5,
      "users": 6,
      "snr_db": 30,
      "mean_sum_bits": 58.210240126148186,
      "se_sum_bits": 0.041620331121721366,
      "mean_symmetric_bits": 9.701706687691365,
      "se_symmetric_bits": 0.006936721853620227
    },
    {
      "receive_antennas": 5,
      "users": 7,
      "snr_db": 0,
      "mean_sum_bits": 12.786197833929446,
      "se_sum_bits": 0.023561599943454203,
      "mean_symmetric_bits": 1.8265996905613495,
      "se_symmetric_bits": 0.003365942849064886
    },
    {
      "receive_antennas": 5,
      "users": 7,
      "snr_db": 5,
      "mean_sum_bits": 19.699545081778815,
      "se_sum_bits": 0.029424891314219815,
      "mean_symmetric_bits": 2.814220725968402,
      "se_symmetric_bits": 0.004203555902031402
    },
    {
      "receive_antennas": 5,
      "users": 7,
      "snr_db": 10,
      "mean_sum_bits": 27.40766002326335,
      "se_sum_bits": 0.033128461901213054,
      "mean_symmetric_bits": 3.9153800033233357,
      "se_symmetric_bits": 0.0047326374144590075
    },
    {
      "receive_antennas": 5,
      "users": 7,
      "snr_db": 15,
      "mean_sum_bits": 35.490138120574805,
      "se_sum_bits": 0.034909828717651005,
      "mean_symmetric_bits": 5.070019731510686,
      "se_symmetric_bits": 0.004987118388235858
    },
    {
      "receive_antennas": 5,
      "users": 7,
      "snr_db": 20,
      "mean_sum_bits": 43.71926965108821,
      "se_sum_bits": 0.03560418555064442,
      "mean_symmetric_bits": 6.245609950155459,
      "se_symmetric_bits": 0.005086312221520632
    },
    {
      "receive_antennas": 5,
      "users": 7,
      "snr_db": 25,
      "mean_sum_bits": 51.999468791446205,
      "se_sum_bits": 0.03584348320905936,
      "mean_symmetric_bits": 7.428495541635172,
      "se_symmetric_bits": 0.005120497601294195
    },
    {
      "receive_antennas": 5,
      "users": 7,
      "snr_db": 30,
      "mean_sum_bits": 60.29642700606212,
      "se_sum_bits": 0.035921510269185684,
      "mean_symmetric_bits": 8.613775286580303,
      "se_symmetric_bits": 0.0051316443241693835
    },
    {
      "receive_antennas": 5,
      "users": 8,
      "snr_db": 0,
      "mean_sum_bits": 13.837396035898603,
      "se_sum_bits": 0.023370019205710604,
      "mean_symmetric_bits": 1.7296745044873254,
      "se_symmetric_bits": 0.0029212524007138255
    },
    {
      "receive_antennas": 5,
      "users": 8,
      "snr_db": 5,
      "mean_sum_bits": 21.01476371113571,
      "se_sum_bits": 0.02820885543080231,
      "mean_symmetric_bits": 2.626845463891964,
      "se_symmetric_bits": 0.0035261069288502886
    },
    {
      "receive_antennas": 5,
      "users": 8,
      "snr_db": 10,
      "mean_sum_bits": 28.873653712556766,
      "se_sum_bits": 0.030814014134019536,
      "mean_symmetric_bits": 3.609206714069596,
      "se_symmetric_bits": 0.003851751766752442
    },
    {
      "receive_antennas": 5,
      "users": 8,
      "snr_db": 15,
      "mean_sum_bits": 37.02203251940277,
      "se_sum_bits": 0.031902576985583804,
      "mean_symmetric_bits": 4.627754064925346,
      "se_symmetric_bits": 0.0039878221231979755
    },
    {
      "receive_antennas": 5,
      "users": 8,
      "snr_db": 20,
      "mean_sum_bits": 45.275321467470434,
      "se_sum_bits": 0.0322916314860478,
      "mean_symmetric_bits": 5.659415183433804,
      "se_symmetric_bits": 0.004036453935755975
    },
    {
      "receive_antennas": 5,
      "users": 8,
      "snr_db": 25,
      "mean_sum_bits": 53.563610922109845,
      "se_sum_bits": 0.032420497391285066,
      "mean_symmetric_bits": 6.695451365263731,
      "se_symmetric_bits": 0.004052562173910633
    },
    {
      "receive_antennas": 5,
      "users": 8,
      "snr_db": 30,
      "mean_sum_bits": 61.863178900256706,
      "se_sum_bits": 0.03246189943051298,
      "mean_symmetric_bits": 7.732897362532088,
      "se_symmetric_bits": 0.004057737428814123
    },
    {
      "receive_antennas": 5,
      "users": 9,
      "snr_db": 0,
      "mean_sum_bits": 14.777013622616176,
      "se_sum_bits": 0.02286171488190048,
      "mean_symmetric_bits": 1.6418904025129084,
      "se_symmetric_bits": 0.0025401905424333867
    },
    {
      "receive_antennas": 5,
      "users": 9,
      "snr_db": 5,
      "mean_sum_bits": 22.143153796747583,
      "se_sum_bits": 0.026791864809871703,
      "mean_symmetric_bits": 2.4603504218608427,
      "se_symmetric_bits": 0.0029768738677635226
    },
    {
      "receive_antennas": 5,
      "users": 9,
      "snr_db": 10,
      "mean_sum_bits": 30.096151453007778,
      "se_sum_bits": 0.02867090051343161,
      "mean_symmetric_bits": 3.3440168281119753,
      "se_symmetric_bits": 0.003185655612603512
    },
    {
      "receive_antennas": 5,
      "users": 9,
      "snr_db": 15,
      "mean_sum_bits": 38.28160234969643,
      "se_sum_bits": 0.029386666965572853,
      "mean_symmetric_bits": 4.253511372188492,
      "se_symmetric_bits": 0.0032651852183969835
    },
    {
      "receive_antennas": 5,
      "users": 9,
      "snr_db": 20,
      "mean_sum_bits": 46.54771274449697,
      "se_sum_bits": 0.029629368766497577,
      "mean_symmetric_bits": 5.171968082721886,
      "se_symmetric_bits": 0.0032921520851663974
    },
    {
      "receive_antennas": 5,
      "users": 9,
      "snr_db": 25,
      "mean_sum_bits": 54.840189397245304,
      "se_sum_bits": 0.029707949560465574,
      "mean_symmetric_bits": 6.093354377471701,
      "se_symmetric_bits": 0.003300883284496175
    },
    {
      "receive_antennas": 5,
      "users": 9,
      "snr_db": 30,
      "mean_sum_bits": 63.14109578470966,
      "se_sum_bits": 0.029732989377878563,
      "mean_symmetric_bits": 7.015677309412185,
      "se_symmetric_bits": 0.0033036654864309514
    },
    {
      "receive_antennas": 5,
      "users": 10,
      "snr_db": 0,
      "mean_sum_bits": 15.626990795087032,
      "se_sum_bits": 0.022033053976194907,
      "mean_symmetric_bits": 1.5626990795087032,
      "se_symmetric_bits": 0.0022033053976194907
    },
    {
      "receive_antennas": 5,
      "users": 10,
      "snr_db": 5,
      "mean_sum_bits": 23.13168254905495,
      "se_sum_bits": 0.025230263237401566,
      "mean_symmetric_bits": 2.313168254905495,
      "se_symmetric_bits": 0.0025230263237401565
    },
    {
      "receive_antennas": 5,
      "users": 10,
      "snr_db": 10,
      "mean_sum_bits": 31.14702780582776,
      "se_sum_bits": 0.02663605538608086,
      "mean_symmetric_bits": 3.114702780582776,
      "se_symmetric_bits": 0.002663605538608086
    },
    {
      "receive_antennas": 5,
      "users": 10,
      "snr_db": 15,
      "mean_sum_bits": 39.35541181565249,
      "se_sum_bits": 0.027145573751149402,
      "mean_symmetric_bits": 3.935541181565249,
      "se_symmetric_bits": 0.0027145573751149402
    },
    {
      "receive_antennas": 5,
      "users": 10,
      "snr_db": 20,
      "mean_sum_bits": 47.62918506655508,
      "se_sum_bits": 0.0273146934555169,
      "mean_symmetric_bits": 4.762918506655508,
      "se_symmetric_bits": 0.00273146934555169
    },
    {
      "receive_antennas": 5,
      "users": 10,
      "snr_db": 25,
      "mean_sum_bits": 55.92412993172497,
      "se_sum_bits": 0.027369034981881677,
      "mean_symmetric_bits": 5.592412993172497,
      "se_symmetric_bits": 0.0027369034981881675
    },
    {
      "receive_antennas": 5,
      "users": 10,
      "snr_db": 30,
      "mean_sum_bits": 64.22582147800341,
      "se_sum_bits": 0.02738630754009516,
      "mean_symmetric_bits": 6.422582147800341,
      "se_symmetric_bits": 0.002738630754009516
    },
    {
      "receive_antennas": 5,
      "users": 11,
      "snr_db": 0,
      "mean_sum_bits": 16.397467626004925,
      "se_sum_bits": 0.021179925149674664,
      "mean_symmetric_bits": 1.4906788750913569,
      "se_symmetric_bits": 0.001925447740879515
    },
    {
      "receive_antennas": 5,
      "users": 11,
      "snr_db": 5,
      "mean_sum_bits": 24.009080540451514,
      "se_sum_bits": 0.023752439063835933,
      "mean_symmetric_bits": 2.182643685495592,
      "se_symmetric_bits": 0.002159312642166903
    },
    {
      "receive_antennas": 5,
      "users": 11,
      "snr_db": 10,
      "mean_sum_bits": 32.06934296652301,
      "se_sum_bits": 0.024811735301013143,
      "mean_symmetric_bits": 2.9153948151384554,
      "se_symmetric_bits": 0.002255612300092104
    },
    {
      "receive_antennas": 5,
      "users": 11,
      "snr_db": 15,
      "mean_sum_bits": 40.293634274696636,
      "se_sum_bits": 0.025183050639981282,
      "mean_symmetric_bits": 3.6630576613360577,
      "se_symmetric_bits": 0.0022893682399982985
    },
    {
      "receive_antennas": 5,
      "users": 11,
      "snr_db": 20,
      "mean_sum_bits": 48.572640545593885,
      "se_sum_bits": 0.025304706836928238,
      "mean_symmetric_bits": 4.415694595053989,
      "se_symmetric_bits": 0.0023004278942662035
    },
    {
      "receive_antennas": 5,
      "users": 11,
      "snr_db": 25,
      "mean_sum_bits": 56.869261789968036,
      "se_sum_bits": 0.02534362457640209,
      "mean_symmetric_bits": 5.169932889997094,
      "se_symmetric_bits": 0.0023039658705820082
    },
    {
      "receive_antennas": 5,
      "users": 11,
      "snr_db": 30,
      "mean_sum_bits": 65.17148565322108,
      "se_sum_bits": 0.025355976893549126,
      "mean_symmetric_bits": 5.924680513929189,
      "se_symmetric_bits": 0.002305088808504466
    },
    {
      "receive_antennas": 5,
      "users": 12,
      "snr_db": 0,
      "mean_sum_bits": 17.09039150519255,
      "se_sum_bits": 0.020333154579162627,
      "mean_symmetric_bits": 1.4241992920993791,
      "se_symmetric_bits": 0.0016944295482635523
    },
    {
      "receive_antennas": 5,
      "users": 12,
      "snr_db": 5,
      "mean_sum_bits": 24.783219135205016,
      "se_sum_bits": 0.022489319364835992,
      "mean_symmetric_bits": 2.0652682612670845,
      "se_symmetric_bits": 0.001874109947069666
    },
    {
      "receive_antennas": 5,
      "users": 12,
      "snr_db": 10,
      "mean_sum_bits": 32.87585160852133,
      "se_sum_bits": 0.023340686716916397,
      "mean_symmetric_bits": 2.739654300710111,
      "se_symmetric_bits": 0.0019450572264096998
    },
    {
      "receive_antennas": 5,
      "users": 12,
      "snr_db": 15,
      "mean_sum_bits": 41.111317839222394,
      "se_sum_bits": 0.023633292068944132,
      "mean_symmetric_bits": 3.4259431532685327,
      "se_symmetric_bits": 0.0019694410057453445
    },
    {
      "receive_antennas": 5,
      "users": 12,
      "snr_db": 20,
      "mean_sum_bits": 49.3939648485554,
      "se_sum_bits": 0.023728459834479073,
      "mean_symmetric_bits": 4.116163737379616,
      "se_symmetric_bits": 0.0019773716528732562
    },
    {
      "receive_antennas": 5,
      "users": 12,
      "snr_db": 25,
      "mean_sum_bits": 57.691748574735755,
      "se_sum_bits": 0.023758829291907885,
      "mean_symmetric_bits": 4.807645714561313,
      "se_symmetric_bits": 0.001979902440992324
    },
    {
      "receive_antennas": 5,
      "users": 12,
      "snr_db": 30,
      "mean_sum_bits": 65.99434118126071,
      "se_sum_bits": 0.023768460799459202,
      "mean_symmetric_bits": 5.499528431771726,
      "se_symmetric_bits": 0.0019807050666216003
    },
    {
      "receive_antennas": 5,
      "users": 13,
      "snr_db": 0,
      "mean_sum_bits": 17.724873749621796,
      "se_sum_bits": 0.019635713717157124,
      "mean_symmetric_bits": 1.3634518268939844,
      "se_symmetric_bits": 0.0015104395167043943
    },
    {
      "receive_antennas": 5,
      "users": 13,
      "snr_db": 5,
      "mean_sum_bits": 25.482186880774293,
      "se_sum_bits": 0.021491737249007346,
      "mean_symmetric_bits": 1.9601682215980225,
      "se_symmetric_bits": 0.0016532105576159497
    },
    {
      "receive_antennas": 5,
      "users": 13,
      "snr_db": 10,
      "mean_sum_bits": 33.59957071123953,
      "se_sum_bits": 0.02220477524065039,
      "mean_symmetric_bits": 2.5845823624030406,
      "se_symmetric_bits": 0.0017080596338961839
    },
    {
      "receive_antennas": 5,
      "users": 13,
      "snr_db": 15,
      "mean_sum_bits": 41.843438365535164,
      "se_sum_bits": 0.022446992417491027,
      "mean_symmetric_bits": 3.2187260281180894,
      "se_symmetric_bits": 0.0017266917244223867
    },
    {
      "receive_antennas": 5,
      "users": 13,
      "snr_db": 20,
      "mean_sum_bits": 50.128805712701514,
      "se_sum_bits": 0.02252544612413883,
      "mean_symmetric_bits": 3.8560619779001164,
      "se_symmetric_bits": 0.001732726624933756
    },
    {
      "receive_antennas": 5,
      "users": 13,
      "snr_db": 25,
      "mean_sum_bits": 58.427456262786414,
      "se_sum_bits": 0.022550447791297678,
      "mean_symmetric_bits": 4.494419712522032,
      "se_symmetric_bits": 0.0017346498300998213
    },
    {
      "receive_antennas": 5,
      "users": 13,
      "snr_db": 30,
      "mean_sum_bits": 66.73032364811425,
      "se_sum_bits": 0.022558373474494773,
      "mean_symmetric_bits": 5.133101819085711,
      "se_symmetric_bits": 0.0017352594980380594
    },
    {
      "receive_antennas": 5,
      "users": 14,
      "snr_db": 0,
      "mean_sum_bits": 18.31228485691094,
      "se_sum_bits": 0.019179729456108227,
      "mean_symmetric_bits": 1.3080203469222098,
      "se_symmetric_bits": 0.001369980675436302
    },
    {
      "receive_antennas": 5,
      "users": 14,
      "snr_db": 5,
      "mean_sum_bits": 26.122791931043317,
      "se_sum_bits": 0.020804508341027393,
      "mean_symmetric_bits": 1.865913709360237,
      "se_symmetric_bits": 0.0014860363100733852
    },
    {
      "receive_antennas": 5,
      "users": 14,
      "snr_db": 10,
      "mean_sum_bits": 34.26012127330079,
      "se_sum_bits": 0.021412617435075214,
      "mean_symmetric_bits": 2.447151519521485,
      "se_symmetric_bits": 0.0015294726739339438
    },
    {
      "receive_antennas": 5,
      "users": 14,
      "snr_db": 15,
      "mean_sum_bits": 42.51069473178785,
      "se_sum_bits": 0.02161690745938069,
      "mean_symmetric_bits": 3.0364781951277036,
      "se_symmetric_bits": 0.0015440648185271921
    },
    {
      "receive_antennas": 5,
      "users": 14,
      "snr_db": 20,
      "mean_sum_bits": 50.79822617441787,
      "se_sum_bits": 0.021682816734283943,
      "mean_symmetric_bits": 3.6284447267441338,
      "se_symmetric_bits": 0.0015487726238774245
    },
    {
      "receive_antennas": 5,
      "users": 14,
      "snr_db": 25,
      "mean_sum_bits": 59.09756555530112,
      "se_sum_bits": 0.021703793587693785,
      "mean_symmetric_bits": 4.221254682521509,
      "se_symmetric_bits": 0.0015502709705495562
    },
    {
      "receive_antennas": 5,
      "users": 14,
      "snr_db": 30,
      "mean_sum_bits": 67.40065122070432,
      "se_sum_bits": 0.02171044062672803,
      "mean_symmetric_bits": 4.814332230050309,
      "se_symmetric_bits": 0.0015507457590520023
    },
    {
      "receive_antennas": 5,
      "users": 15,
      "snr_db": 0,
      "mean_sum_bits": 18.862843698517196,
      "se_sum_bits": 0.018824713781075225,
      "mean_symmetric_bits": 1.2575229132344796,
      "se_symmetric_bits": 0.0012549809187383484
    },
    {
      "receive_antennas": 5,
      "users": 15,
      "snr_db": 5,
      "mean_sum_bits": 26.717493715640583,
      "se_sum_bits": 0.02025037637522455,
      "mean_symmetric_bits": 1.7811662477093722,
      "se_symmetric_bits": 0.0013500250916816366
    },
    {
      "receive_antennas": 5,
      "users": 15,
      "snr_db": 10,
      "mean_sum_bits": 34.8710064375493,
      "se_sum_bits": 0.0207725669447771,
      "mean_symmetric_bits": 2.3247337625032864,
      "se_symmetric_bits": 0.0013848377963184733
    },
    {
      "receive_antennas": 5,
      "users": 15,
      "snr_db": 15,
      "mean_sum_bits": 43.126971197509384,
      "se_sum_bits": 0.02094648075123848,
      "mean_symmetric_bits": 2.8751314131672925,
      "se_symmetric_bits": 0.0013964320500825655
    },
    {
      "receive_antennas": 5,
      "users": 15,
      "snr_db": 20,
      "mean_sum_bits": 51.41623697539349,
      "se_sum_bits": 0.02100242241426074,
      "mean_symmetric_bits": 3.427749131692899,
      "se_symmetric_bits": 0.0014001614942840493
    },
    {
      "receive_antennas": 5,
      "users": 15,
      "snr_db": 25,
      "mean_sum_bits": 59.71612781919114,
      "se_sum_bits": 0.02102020956901057,
      "mean_symmetric_bits": 3.981075187946076,
      "se_symmetric_bits": 0.0014013473046007045
    },
    {
      "receive_antennas": 5,
      "users": 15,
      "snr_db": 30,
      "mean_sum_bits": 68.01938817663262,
      "se_sum_bits": 0.02102584412151969,
      "mean_symmetric_bits": 4.534625878442174,
      "se_symmetric_bits": 0.001401722941434646
    },
    {
      "receive_antennas": 5,
      "users": 16,
      "snr_db": 0,
      "mean_sum_bits": 19.370047791715994,
      "se_sum_bits": 0.018271312707860737,
      "mean_symmetric_bits": 1.2106279869822496,
      "se_symmetric_bits": 0.001141957044241296
    },
    {
      "receive_antennas": 5,
      "users": 16,
      "snr_db": 5,
      "mean_sum_bits": 27.261580086900114,
      "se_sum_bits": 0.01953526062657387,
      "mean_symmetric_bits": 1.7038487554312571,
      "se_symmetric_bits": 0.001220953789160867
    },
    {
      "receive_antennas": 5,
      "users": 16,
      "snr_db": 10,
      "mean_sum_bits": 35.42837533701416,
      "se_sum_bits": 0.019991601429831106,
      "mean_symmetric_bits": 2.214273458563385,
      "se_symmetric_bits": 0.0012494750893644441
    },
    {
      "receive_antennas": 5,
      "users": 16,
      "snr_db": 15,
      "mean_sum_bits": 43.68873399451302,
      "se_sum_bits": 0.020142737561949835,
      "mean_symmetric_bits": 2.730545874657064,
      "se_symmetric_bits": 0.0012589210976218647
    },
    {
      "receive_antennas": 5,
      "users": 16,
      "snr_db": 20,
      "mean_sum_bits": 51.97940984767248,
      "se_sum_bits": 0.020191260051454992,
      "mean_symmetric_bits": 3.24871311547953,
      "se_symmetric_bits": 0.001261953753215937
    },
    {
      "receive_antennas": 5,
      "users": 16,
      "snr_db": 25,
      "mean_sum_bits": 60.27974869914782,
      "se_sum_bits": 0.020206678697354694,
      "mean_symmetric_bits": 3.7674842936967385,
      "se_symmetric_bits": 0.0012629174185846683
    },
    {
      "receive_antennas": 5,
      "users": 16,
      "snr_db": 30,
      "mean_sum_bits": 68.58315094070466,
      "se_sum_bits": 0.020211562001428433,
      "mean_symmetric_bits": 4.286446933794041,
      "se_symmetric_bits": 0.001263222625089277
    },
    {
      "receive_antennas": 5,
      "users": 17,
      "snr_db": 0,
      "mean_sum_bits": 19.845143498850753,
      "se_sum_bits": 0.017556114663956533,
      "mean_symmetric_bits": 1.1673613822853384,
      "se_symmetric_bits": 0.0010327126272915608
    },
    {
      "receive_antennas": 5,
      "users": 17,
      "snr_db": 5,
      "mean_sum_bits": 27.768506560836954,
      "se_sum_bits": 0.01866410066911259,
      "mean_symmetric_bits": 1.6334415624021739,
      "se_symmetric_bits": 0.0010978882746536817
    },
    {
      "receive_antennas": 5,
      "users": 17,
      "snr_db": 10,
      "mean_sum_bits": 35.946627029210305,
      "se_sum_bits": 0.01905877411151885,
      "mean_symmetric_bits": 2.1145074723064887,
      "se_symmetric_bits": 0.001121104359501109
    },
    {
      "receive_antennas": 5,
      "users": 17,
      "snr_db": 15,
      "mean_sum_bits": 44.210714924920126,
      "se_sum_bits": 0.019188816341525042,
      "mean_symmetric_bits": 2.6006302897011837,
      "se_symmetric_bits": 0.0011287539024426496
    },
    {
      "receive_antennas": 5,
      "users": 17,
      "snr_db": 20,
      "mean_sum_bits": 52.50258569872402,
      "se_sum_bits": 0.01923049409481204,
      "mean_symmetric_bits": 3.088387394042589,
      "se_symmetric_bits": 0.0011312055349889435
    },
    {
      "receive_antennas": 5,
      "users": 17,
      "snr_db": 25,
      "mean_sum_bits": 60.80330400900545,
      "se_sum_bits": 0.019243730297067392,
      "mean_symmetric_bits": 3.576664941706203,
      "se_symmetric_bits": 0.0011319841351216113
    },
    {
      "receive_antennas": 5,
      "users": 17,
      "snr_db": 30,
      "mean_sum_bits": 69.10682640606696,
      "se_sum_bits": 0.019247921640006563,
      "mean_symmetric_bits": 4.065107435650997,
      "se_symmetric_bits": 0.0011322306847062684
    },
    {
      "receive_antennas": 5,
      "users": 18,
      "snr_db": 0,
      "mean_sum_bits": 20.296022350631436,
      "se_sum_bits": 0.017083620730009907,
      "mean_symmetric_bits": 1.127556797257302,
      "se_symmetric_bits": 0.000949090040556106
    },
    {
      "receive_antennas": 5,
      "users": 18,
      "snr_db": 5,
      "mean_sum_bits": 28.247191755966853,
      "se_sum_bits": 0.018066202069473136,
      "mean_symmetric_bits": 1.5692884308870474,
      "se_symmetric_bits": 0.0010036778927485076
    },
    {
      "receive_antennas": 5,
      "users": 18,
      "snr_db": 10,
      "mean_sum_bits": 36.435100142199,
      "se_sum_bits": 0.018411629265944116,
      "mean_symmetric_bits": 2.0241722301221667,
      "se_symmetric_bits": 0.001022868292552451
    },
    {
      "receive_antennas": 5,
      "users": 18,
      "snr_db": 15,
      "mean_sum_bits": 44.70239824200329,
      "se_sum_bits": 0.018524881998848466,
      "mean_symmetric_bits": 2.483466569000183,
      "se_symmetric_bits": 0.001029160111047137
    },
    {
      "receive_antennas": 5,
      "users": 18,
      "snr_db": 20,
      "mean_sum_bits": 52.995296255277125,
      "se_sum_bits": 0.01856111828075527,
      "mean_symmetric_bits": 2.944183125293174,
      "se_symmetric_bits": 0.0010311732378197372
    },
    {
      "receive_antennas": 5,
      "users": 18,
      "snr_db": 25,
      "mean_sum_bits": 61.2963406352148,
      "se_sum_bits": 0.018572620158167203,
      "mean_symmetric_bits": 3.4053522575119333,
      "se_symmetric_bits": 0.001031812231009289
    },
    {
      "receive_antennas": 5,
      "users": 18,
      "snr_db": 30,
      "mean_sum_bits": 69.59996626798981,
      "se_sum_bits": 0.018576261689534385,
      "mean_symmetric_bits": 3.866664792666101,
      "se_symmetric_bits": 0.0010320145383074658
    },
    {
      "receive_antennas": 5,
      "users": 19,
      "snr_db": 0,
      "mean_sum_bits": 20.714476065011738,
      "se_sum_bits": 0.0165787842299241,
      "mean_symmetric_bits": 1.0902355823690388,
      "se_symmetric_bits": 0.0008725675910486369
    },
    {
      "receive_antennas": 5,
      "users": 19,
      "snr_db": 5,
      "mean_sum_bits": 28.689132625298612,
      "se_sum_bits": 0.017459312348346818,
      "mean_symmetric_bits": 1.509954348699927,
      "se_symmetric_bits": 0.0009189111762287798
    },
    {
      "receive_antennas": 5,
      "users": 19,
      "snr_db": 10,
      "mean_sum_bits": 36.88521369327215,
      "se_sum_bits": 0.0177657888811918,
      "mean_symmetric_bits": 1.9413270364880078,
      "se_symmetric_bits": 0.0009350415200627263
    },
    {
      "receive_antennas": 5,
      "users": 19,
      "snr_db": 15,
      "mean_sum_bits": 45.15518088540726,
      "se_sum_bits": 0.017865904317941883,
      "mean_symmetric_bits": 2.3765884676530136,
      "se_symmetric_bits": 0.0009403107535758886
    },
    {
      "receive_antennas": 5,
      "users": 19,
      "snr_db": 20,
      "mean_sum_bits": 53.44893177871298,
      "se_sum_bits": 0.01789789824533256,
      "mean_symmetric_bits": 2.813101672563841,
      "se_symmetric_bits": 0.0009419946444911873
    },
    {
      "receive_antennas": 5,
      "users": 19,
      "snr_db": 25,
      "mean_sum_bits": 61.7502467592948,
      "se_sum_bits": 0.017908049571256048,
      "mean_symmetric_bits": 3.250012987331305,
      "se_symmetric_bits": 0.0009425289248029499
    },
    {
      "receive_antennas": 5,
      "users": 19,
      "snr_db": 30,
      "mean_sum_bits": 70.05395805353555,
      "se_sum_bits": 0.017911263114029886,
      "mean_symmetric_bits": 3.6870504238702924,
      "se_symmetric_bits": 0.0009426980586331519
    },
    {
      "receive_antennas": 5,
      "users": 20,
      "snr_db": 0,
      "mean_sum_bits": 21.10841553306341,
      "se_sum_bits": 0.01604866856987367,
      "mean_symmetric_bits": 1.0554207766531705,
      "se_symmetric_bits": 0.0008024334284936835
    },
    {
      "receive_antennas": 5,
      "users": 20,
      "snr_db": 5,
      "mean_sum_bits": 29.1035698378151,
      "se_sum_bits": 0.01683851058088812,
      "mean_symmetric_bits": 1.455178491890755,
      "se_symmetric_bits": 0.000841925529044406
    },
    {
      "receive_antennas": 5,
      "users": 20,
      "snr_db": 10,
      "mean_sum_bits": 37.30672521580071,
      "se_sum_bits": 0.017111073765173478,
      "mean_symmetric_bits": 1.8653362607900354,
      "se_symmetric_bits": 0.0008555536882586739
    },
    {
      "receive_antennas": 5,
      "users": 20,
      "snr_db": 15,
      "mean_sum_bits": 45.57899602226918,
      "se_sum_bits": 0.01719983106911779,
      "mean_symmetric_bits": 2.278949801113459,
      "se_symmetric_bits": 0.0008599915534558895
    },
    {
      "receive_antennas": 5,
      "users": 20,
      "snr_db": 20,
      "mean_sum_bits": 53.87348229956198,
      "se_sum_bits": 0.017228165529443274,
      "mean_symmetric_bits": 2.6936741149780987,
      "se_symmetric_bits": 0.0008614082764721637
    },
    {
      "receive_antennas": 5,
      "users": 20,
      "snr_db": 25,
      "mean_sum_bits": 62.175030529487856,
      "se_sum_bits": 0.017237152711434108,
      "mean_symmetric_bits": 3.108751526474393,
      "se_symmetric_bits": 0.0008618576355717055
    },
    {
      "receive_antennas": 5,
      "users": 20,
      "snr_db": 30,
      "mean_sum_bits": 70.4788156539808,
      "se_sum_bits": 0.017239997422895486,
      "mean_symmetric_bits": 3.5239407826990403,
      "se_symmetric_bits": 0.0008619998711447743
    },
    {
      "receive_antennas": 5,
      "users": 21,
      "snr_db": 0,
      "mean_sum_bits": 21.482465590886896,
      "se_sum_bits": 0.015713161330921616,
      "mean_symmetric_bits": 1.022974551946995,
      "se_symmetric_bits": 0.0007482457776629341
    },
    {
      "receive_antennas": 5,
      "users": 21,
      "snr_db": 5,
      "mean_sum_bits": 29.49561518059116,
      "se_sum_bits": 0.016440538419114206,
      "mean_symmetric_bits": 1.4045531038376742,
      "se_symmetric_bits": 0.0007828827818625812
    },
    {
      "receive_antennas": 5,
      "users": 21,
      "snr_db": 10,
      "mean_sum_bits": 37.704931695047335,
      "se_sum_bits": 0.01669001890672912,
      "mean_symmetric_bits": 1.795472937859397,
      "se_symmetric_bits": 0.0007947628050823391
    },
    {
      "receive_antennas": 5,
      "users": 21,
      "snr_db": 15,
      "mean_sum_bits": 45.9792030102962,
      "se_sum_bits": 0.01677108322972266,
      "mean_symmetric_bits": 2.1894858576331524,
      "se_symmetric_bits": 0.0007986230109391743
    },
    {
      "receive_antennas": 5,
      "users": 21,
      "snr_db": 20,
      "mean_sum_bits": 54.27432730604731,
      "se_sum_bits": 0.016796943307180956,
      "mean_symmetric_bits": 2.584491776478443,
      "se_symmetric_bits": 0.0007998544431990931
    },
    {
      "receive_antennas": 5,
      "users": 21,
      "snr_db": 25,
      "mean_sum_bits": 62.57607784136976,
      "se_sum_bits": 0.016805143778850343,
      "mean_symmetric_bits": 2.979813230541417,
      "se_symmetric_bits": 0.0008002449418500164
    },
    {
      "receive_antennas": 5,
      "users": 21,
      "snr_db": 30,
      "mean_sum_bits": 70.87992699526438,
      "se_sum_bits": 0.016807739284009617,
      "mean_symmetric_bits": 3.3752346188221134,
      "se_symmetric_bits": 0.0008003685373337913
    },
    {
      "receive_antennas": 5,
      "users": 22,
      "snr_db": 0,
      "mean_sum_bits": 21.835828095999894,
      "se_sum_bits": 0.01530230873200917,
      "mean_symmetric_bits": 0.9925376407272679,
      "se_symmetric_bits": 0.0006955594878185986
    },
    {
      "receive_antennas": 5,
      "users": 22,
      "snr_db": 5,
      "mean_sum_bits": 29.864975080447056,
      "se_sum_bits": 0.015966143177741074,
      "mean_symmetric_bits": 1.357498867293048,
      "se_symmetric_bits": 0.0007257337808064125
    },
    {
      "receive_antennas": 5,
      "users": 22,
      "snr_db": 10,
      "mean_sum_bits": 38.07974254457501,
      "se_sum_bits": 0.016192373271684192,
      "mean_symmetric_bits": 1.7308973883897734,
      "se_symmetric_bits": 0.000736016966894736
    },
    {
      "receive_antennas": 5,
      "users": 22,
      "snr_db": 15,
      "mean_sum_bits": 46.355780832853654,
      "se_sum_bits": 0.016265714568965285,
      "mean_symmetric_bits": 2.1070809469478933,
      "se_symmetric_bits": 0.0007393506622256948
    },
    {
      "receive_antennas": 5,
      "users": 22,
      "snr_db": 20,
      "mean_sum_bits": 54.65146836033411,
      "se_sum_bits": 0.016289093285181147,
      "mean_symmetric_bits": 2.4841576527424594,
      "se_symmetric_bits": 0.0007404133311445976
    },
    {
      "receive_antennas": 5,
      "users": 22,
      "snr_db": 25,
      "mean_sum_bits": 62.95339745643656,
      "se_sum_bits": 0.016296505099664824,
      "mean_symmetric_bits": 2.8615180662016617,
      "se_symmetric_bits": 0.0007407502318029466
    },
    {
      "receive_antennas": 5,
      "users": 22,
      "snr_db": 30,
      "mean_sum_bits": 71.25730312148472,
      "se_sum_bits": 0.016298850809105776,
      "mean_symmetric_bits": 3.238968323703851,
      "se_symmetric_bits": 0.0007408568549593534
    },
    {
      "receive_antennas": 5,
      "users": 23,
      "snr_db": 0,
      "mean_sum_bits": 22.16783229333693,
      "se_sum_bits": 0.01492469477202067,
      "mean_symmetric_bits": 0.9638187953624752,
      "se_symmetric_bits": 0.0006488997726965508
    },
    {
      "receive_antennas": 5,
      "users": 23,
      "snr_db": 5,
      "mean_sum_bits": 30.211140293734815,
      "se_sum_bits": 0.01553030542460081,
      "mean_symmetric_bits": 1.3135278388580354,
      "se_symmetric_bits": 0.0006752306706348178
    },
    {
      "receive_antennas": 5,
      "users": 23,
      "snr_db": 10,
      "mean_sum_bits": 38.43070897874963,
      "se_sum_bits": 0.01573547184216191,
      "mean_symmetric_bits": 1.6709003903804187,
      "se_symmetric_bits": 0.0006841509496592135
    },
    {
      "receive_antennas": 5,
      "users": 23,
      "snr_db": 15,
      "mean_sum_bits": 46.708300912651,
      "se_sum_bits": 0.015801845890364534,
      "mean_symmetric_bits": 2.030795691854391,
      "se_symmetric_bits": 0.0006870367778419363
    },
    {
      "receive_antennas": 5,
      "users": 23,
      "snr_db": 20,
      "mean_sum_bits": 55.00448339005568,
      "se_sum_bits": 0.01582298922013843,
      "mean_symmetric_bits": 2.391499277828508,
      "se_symmetric_bits": 0.000687956053049497
    },
    {
      "receive_antennas": 5,
      "users": 23,
      "snr_db": 25,
      "mean_sum_bits": 63.30656937098939,
      "se_sum_bits": 0.015829690878029618,
      "mean_symmetric_bits": 2.752459537869104,
      "se_symmetric_bits": 0.0006882474294795486
    },
    {
      "receive_antennas": 5,
      "users": 23,
      "snr_db": 30,
      "mean_sum_bits": 71.61052468428204,
      "se_sum_bits": 0.015831811688082783,
      "mean_symmetric_bits": 3.1135010732296537,
      "se_symmetric_bits": 0.0006883396386122949
    },
    {
      "receive_antennas": 5,
      "users": 24,
      "snr_db": 0,
      "mean_sum_bits": 22.491622232906973,
      "se_sum_bits": 0.014664343321766473,
      "mean_symmetric_bits": 0.9371509263711238,
      "se_symmetric_bits": 0.000611014305073603
    },
    {
      "receive_antennas": 5,
      "users": 24,
      "snr_db": 5,
      "mean_sum_bits": 30.547916252986678,
      "se_sum_bits": 0.015226796165742205,
      "mean_symmetric_bits": 1.272829843874445,
      "se_symmetric_bits": 0.0006344498402392585
    },
    {
      "receive_antennas": 5,
      "users": 24,
      "snr_db": 10,
      "mean_sum_bits": 38.7718649435555,
      "se_sum_bits": 0.01541649857309842,
      "mean_symmetric_bits": 1.6154943726481459,
      "se_symmetric_bits": 0.0006423541072124342
    },
    {
      "receive_antennas": 5,
      "users": 24,
      "snr_db": 15,
      "mean_sum_bits": 47.05087165063569,
      "se_sum_bits": 0.01547777550826092,
      "mean_symmetric_bits": 1.9604529854431538,
      "se_symmetric_bits": 0.000644907312844205
    },
    {
      "receive_antennas": 5,
      "users": 24,
      "snr_db": 20,
      "mean_sum_bits": 55.3475045696465,
      "se_sum_bits": 0.015497285375506051,
      "mean_symmetric_bits": 2.306146023735271,
      "se_symmetric_bits": 0.0006457202239794188
    },
    {
      "receive_antennas": 5,
      "users": 24,
      "snr_db": 25,
      "mean_sum_bits": 63.64973330049258,
      "se_sum_bits": 0.015503468295452197,
      "mean_symmetric_bits": 2.6520722208538574,
      "se_symmetric_bits": 0.0006459778456438416
    },
    {
      "receive_antennas": 5,
      "users": 24,
      "snr_db": 30,
      "mean_sum_bits": 71.95373378613318,
      "se_sum_bits": 0.015505424846016106,
      "mean_symmetric_bits": 2.9980722410888827,
      "se_symmetric_bits": 0.0006460593685840044
    },
    {
      "receive_antennas": 5,
      "users": 25,
      "snr_db": 0,
      "mean_sum_bits": 22.80290184716778,
      "se_sum_bits": 0.014336668445693127,
      "mean_symmetric_bits": 0.9121160738867112,
      "se_symmetric_bits": 0.000573466737827725
    },
    {
      "receive_antennas": 5,
      "users": 25,
      "snr_db": 5,
      "mean_sum_bits": 30.870999670487294,
      "se_sum_bits": 0.014856789802136432,
      "mean_symmetric_bits": 1.2348399868194917,
      "se_symmetric_bits": 0.0005942715920854573
    },
    {
      "receive_antennas": 5,
      "users": 25,
      "snr_db": 10,
      "mean_sum_bits": 39.098914721685006,
      "se_sum_bits": 0.015031499223049114,
      "mean_symmetric_bits": 1.5639565888674003,
      "se_symmetric_bits": 0.0006012599689219646
    },
    {
      "receive_antennas": 5,
      "users": 25,
      "snr_db": 15,
      "mean_sum_bits": 47.37920094469191,
      "se_sum_bits": 0.015087853881888793,
      "mean_symmetric_bits": 1.8951680377876763,
      "se_symmetric_bits": 0.0006035141552755517
    },
    {
      "receive_antennas": 5,
      "users": 25,
      "snr_db": 20,
      "mean_sum_bits": 55.67624107126088,
      "se_sum_bits": 0.015105788349319938,
      "mean_symmetric_bits": 2.227049642850435,
      "se_symmetric_bits": 0.0006042315339727975
    },
    {
      "receive_antennas": 5,
      "users": 25,
      "snr_db": 25,
      "mean_sum_bits": 63.97859883346425,
      "se_sum_bits": 0.015111471176052002,
      "mean_symmetric_bits": 2.55914395333857,
      "se_symmetric_bits": 0.0006044588470420801
    },
    {
      "receive_antennas": 5,
      "users": 25,
      "snr_db": 30,
      "mean_sum_bits": 72.28264014857221,
      "se_sum_bits": 0.015113269391678246,
      "mean_symmetric_bits": 2.8913056059428883,
      "se_symmetric_bits": 0.0006045307756671299
    },
    {
      "receive_antennas": 5,
      "users": 26,
      "snr_db": 0,
      "mean_sum_bits": 23.100379452282326,
      "se_sum_bits": 0.014064991594852434,
      "mean_symmetric_bits": 0.8884761327800894,
      "se_symmetric_bits": 0.000540961215186632
    },
    {
      "receive_antennas": 5,
      "users": 26,
      "snr_db": 5,
      "mean_sum_bits": 31.17918427585948,
      "se_sum_bits": 0.01454893995465867,
      "mean_symmetric_bits": 1.1991993952253646,
      "se_symmetric_bits": 0.0005595746136407181
    },
    {
      "receive_antennas": 5,
      "users": 26,
      "snr_db": 10,
      "mean_sum_bits": 39.41068382207055,
      "se_sum_bits": 0.014710935464936695,
      "mean_symmetric_bits": 1.5157955316180982,
      "se_symmetric_bits": 0.0005658052101898728
    },
    {
      "receive_antennas": 5,
      "users": 26,
      "snr_db": 15,
      "mean_sum_bits": 47.69212490682585,
      "se_sum_bits": 0.01476312717790645,
      "mean_symmetric_bits": 1.834312496416379,
      "se_symmetric_bits": 0.0005678125837656326
    },
    {
      "receive_antennas": 5,
      "users": 26,
      "snr_db": 20,
      "mean_sum_bits": 55.98953241808264,
      "se_sum_bits": 0.014779730429420417,
      "mean_symmetric_bits": 2.15344355454164,
      "se_symmetric_bits": 0.0005684511703623237
    },
    {
      "receive_antennas": 5,
      "users": 26,
      "snr_db": 25,
      "mean_sum_bits": 64.2920065777109,
      "se_sum_bits": 0.01478499079356585,
      "mean_symmetric_bits": 2.4727694837581113,
      "se_symmetric_bits": 0.0005686534920602249
    },
    {
      "receive_antennas": 5,
      "users": 26,
      "snr_db": 30,
      "mean_sum_bits": 72.59608472298777,
      "se_sum_bits": 0.014786655264717757,
      "mean_symmetric_bits": 2.7921571047302987,
      "se_symmetric_bits": 0.0005687175101814523
    },
    {
      "receive_antennas": 5,
      "users": 27,
      "snr_db": 0,
      "mean_sum_bits": 23.38530983627416,
      "se_sum_bits": 0.013851499241284456,
      "mean_symmetric_bits": 0.8661225865286726,
      "se_symmetric_bits": 0.0005130184904179428
    },
    {
      "receive_antennas": 5,
      "users": 27,
      "snr_db": 5,
      "mean_sum_bits": 31.473887033222642,
      "se_sum_bits": 0.014306980117988392,
      "mean_symmetric_bits": 1.1656995197489868,
      "se_symmetric_bits": 0.0005298881525180886
    },
    {
      "receive_antennas": 5,
      "users": 27,
      "snr_db": 10,
      "mean_sum_bits": 39.70864819184223,
      "se_sum_bits": 0.014459007570973077,
      "mean_symmetric_bits": 1.4706906737719345,
      "se_symmetric_bits": 0.0005355187989249288
    },
    {
      "receive_antennas": 5,
      "users": 27,
      "snr_db": 15,
      "mean_sum_bits": 47.991139020410294,
      "se_sum_bits": 0.014507939843714365,
      "mean_symmetric_bits": 1.7774495933485295,
      "se_symmetric_bits": 0.0005373311053227543
    },
    {
      "receive_antennas": 5,
      "users": 27,
      "snr_db": 20,
      "mean_sum_bits": 56.2888803639415,
      "se_sum_bits": 0.014523501267304863,
      "mean_symmetric_bits": 2.084773346812648,
      "se_symmetric_bits": 0.0005379074543446245
    },
    {
      "receive_antennas": 5,
      "users": 27,
      "snr_db": 25,
      "mean_sum_bits": 64.59146027934702,
      "se_sum_bits": 0.014528431053971738,
      "mean_symmetric_bits": 2.3922763066424824,
      "se_symmetric_bits": 0.0005380900390359903
    },
    {
      "receive_antennas": 5,
      "users": 27,
      "snr_db": 30,
      "mean_sum_bits": 72.89557188645377,
      "se_sum_bits": 0.014529990874695918,
      "mean_symmetric_bits": 2.699835995794584,
      "se_symmetric_bits": 0.0005381478101739228
    },
    {
      "receive_antennas": 5,
      "users": 28,
      "snr_db": 0,
      "mean_sum_bits": 23.6632596766676,
      "se_sum_bits": 0.013629657799850292,
      "mean_symmetric_bits": 0.8451164170238429,
      "se_symmetric_bits": 0.00048677349285179613
    },
    {
      "receive_antennas": 5,
      "users": 28,
      "snr_db": 5,
      "mean_sum_bits": 31.76092842302374,
      "se_sum_bits": 0.014057436354485702,
      "mean_symmetric_bits": 1.1343188722508477,
      "se_symmetric_bits": 0.0005020512983744894
    },
    {
      "receive_antennas": 5,
      "users": 28,
      "snr_db": 10,
      "mean_sum_bits": 39.99871589869804,
      "se_sum_bits": 0.014199783119149708,
      "mean_symmetric_bits": 1.428525567810644,
      "se_symmetric_bits": 0.0005071351113982038
    },
    {
      "receive_antennas": 5,
      "users": 28,
      "snr_db": 15,
      "mean_sum_bits": 48.28217987097949,
      "se_sum_bits": 0.014245551864107826,
      "mean_symmetric_bits": 1.724363566820696,
      "se_symmetric_bits": 0.0005087697094324224
    },
    {
      "receive_antennas": 5,
      "users": 28,
      "snr_db": 20,
      "mean_sum_bits": 56.580230597677044,
      "se_sum_bits": 0.014260102310201325,
      "mean_symmetric_bits": 2.0207225213456086,
      "se_symmetric_bits": 0.0005092893682214759
    },
    {
      "receive_antennas": 5,
      "users": 28,
      "snr_db": 25,
      "mean_sum_bits": 64.88290851455113,
      "se_sum_bits": 0.01426471132769875,
      "mean_symmetric_bits": 2.3172467326625403,
      "se_symmetric_bits": 0.000509453975989241
    },
    {
      "receive_antennas": 5,
      "users": 28,
      "snr_db": 30,
      "mean_sum_bits": 73.18705112907085,
      "se_sum_bits": 0.014266169604926205,
      "mean_symmetric_bits": 2.6138232546096734,
      "se_symmetric_bits": 0.000509506057318793
    },
    {
      "receive_antennas": 5,
      "users": 29,
      "snr_db": 0,
      "mean_sum_bits": 23.92800932766381,
      "se_sum_bits": 0.013399858640209216,
      "mean_symmetric_bits": 0.8251037699194417,
      "se_symmetric_bits": 0.0004620640910416971
    },
    {
      "receive_antennas": 5,
      "users": 29,
      "snr_db": 5,
      "mean_sum_bits": 32.0339989004153,
      "se_sum_bits": 0.01380200186943587,
      "mean_symmetric_bits": 1.1046206517384585,
      "se_symmetric_bits": 0.00047593109894606447
    },
    {
      "receive_antennas": 5,
      "users": 29,
      "snr_db": 10,
      "mean_sum_bits": 40.27454943872614,
      "se_sum_bits": 0.013935471929081006,
      "mean_symmetric_bits": 1.3887775668526254,
      "se_symmetric_bits": 0.0004805335147958968
    },
    {
      "receive_antennas": 5,
      "users": 29,
      "snr_db": 15,
      "mean_sum_bits": 48.55890117198654,
      "se_sum_bits": 0.013978348995568749,
      "mean_symmetric_bits": 1.6744448679995358,
      "se_symmetric_bits": 0.0004820120343299569
    },
    {
      "receive_antennas": 5,
      "users": 29,
      "snr_db": 20,
      "mean_sum_bits": 56.85723406170489,
      "se_sum_bits": 0.013991976285472085,
      "mean_symmetric_bits": 1.9605942779898238,
      "se_symmetric_bits": 0.00048248194087834777
    },
    {
      "receive_antennas": 5,
      "users": 29,
      "snr_db": 25,
      "mean_sum_bits": 65.16000135010013,
      "se_sum_bits": 0.013996292493966172,
      "mean_symmetric_bits": 2.246896598279315,
      "se_symmetric_bits": 0.00048263077565400593
    },
    {
      "receive_antennas": 5,
      "users": 29,
      "snr_db": 30,
      "mean_sum_bits": 73.46417224077908,
      "se_sum_bits": 0.013997658088441342,
      "mean_symmetric_bits": 2.5332473186475544,
      "se_symmetric_bits": 0.00048267786511866696
    },
    {
      "receive_antennas": 5,
      "users": 30,
      "snr_db": 0,
      "mean_sum_bits": 24.184215228482188,
      "se_sum_bits": 0.013227262183418602,
      "mean_symmetric_bits": 0.8061405076160729,
      "se_symmetric_bits": 0.0004409087394472867
    },
    {
      "receive_antennas": 5,
      "users": 30,
      "snr_db": 5,
      "mean_sum_bits": 32.297898695309165,
      "se_sum_bits": 0.013607029345701816,
      "mean_symmetric_bits": 1.0765966231769721,
      "se_symmetric_bits": 0.0004535676448567272
    },
    {
      "receive_antennas": 5,
      "users": 30,
      "snr_db": 10,
      "mean_sum_bits": 40.54099795831304,
      "se_sum_bits": 0.013732758683619941,
      "mean_symmetric_bits": 1.3513665986104348,
      "se_symmetric_bits": 0.00045775862278733137
    },
    {
      "receive_antennas": 5,
      "users": 30,
      "snr_db": 15,
      "mean_sum_bits": 48.826167925366306,
      "se_sum_bits": 0.013773115056419307,
      "mean_symmetric_bits": 1.6275389308455435,
      "se_symmetric_bits": 0.0004591038352139769
    },
    {
      "receive_antennas": 5,
      "users": 30,
      "snr_db": 20,
      "mean_sum_bits": 57.124760812125174,
      "se_sum_bits": 0.013785937724741728,
      "mean_symmetric_bits": 1.904158693737506,
      "se_symmetric_bits": 0.00045953125749139095
    },
    {
      "receive_antennas": 5,
      "users": 30,
      "snr_db": 25,
      "mean_sum_bits": 65.42761044443179,
      "se_sum_bits": 0.013789998731484034,
      "mean_symmetric_bits": 2.1809203481477266,
      "se_symmetric_bits": 0.0004596666243828011
    },
    {
      "receive_antennas": 5,
      "users": 30,
      "snr_db": 30,
      "mean_sum_bits": 73.73180738712851,
      "se_sum_bits": 0.013791283548041374,
      "mean_symmetric_bits": 2.457726912904284,
      "se_symmetric_bits": 0.00045970945160137916
    },
    {
      "receive_antennas": 6,
      "users": 1,
      "snr_db": 0,
      "mean_sum_bits": 2.7135258722288347,
      "se_sum_bits": 0.011469055056735452,
      "mean_symmetric_bits": 2.7135258722288347,
      "se_symmetric_bits": 0.011469055056735452
    },
    {
      "receive_antennas": 6,
      "users": 1,
      "snr_db": 5,
      "mean_sum_bits": 4.2023896464468224,
      "se_sum_bits": 0.013001746245414001,
      "mean_symmetric_bits": 4.2023896464468224,
      "se_symmetric_bits": 0.013001746245414001
    },
    {
      "receive_antennas": 6,
      "users": 1,
      "snr_db": 10,
      "mean_sum_bits": 5.8033862847733015,
      "se_sum_bits": 0.013602518152585919,
      "mean_symmetric_bits": 5.8033862847733015,
      "se_symmetric_bits": 0.013602518152585919
    },
    {
      "receive_antennas": 6,
      "users": 1,
      "snr_db": 15,
      "mean_sum_bits": 7.444724813032101,
      "se_sum_bits": 0.01380830565800258,
      "mean_symmetric_bits": 7.444724813032101,
      "se_symmetric_bits": 0.01380830565800258
    },
    {
      "receive_antennas": 6,
      "users": 1,
      "snr_db": 20,
      "mean_sum_bits": 9.099412042268568,
      "se_sum_bits": 0.013875163608052209,
      "mean_symmetric_bits": 9.099412042268568,
      "se_symmetric_bits": 0.013875163608052209
    },
    {
      "receive_antennas": 6,
      "users": 1,
      "snr_db": 25,
      "mean_sum_bits": 10.758383960146976,
      "se_sum_bits": 0.013896491706708354,
      "mean_symmetric_bits": 10.758383960146976,
      "se_symmetric_bits": 0.013896491706708354
    },
    {
      "receive_antennas": 6,
      "users": 1,
      "snr_db": 30,
      "mean_sum_bits": 12.418717313226344,
      "se_sum_bits": 0.013903255072227061,
      "mean_symmetric_bits": 12.418717313226344,
      "se_symmetric_bits": 0.013903255072227061
    },
    {
      "receive_antennas": 6,
      "users": 2,
      "snr_db": 0,
      "mean_sum_bits": 5.2439701328480215,
      "se_sum_bits": 0.01605461638014951,
      "mean_symmetric_bits": 2.6219850664240107,
      "se_symmetric_bits": 0.008027308190074755
    },
    {
      "receive_antennas": 6,
      "users": 2,
      "snr_db": 5,
      "mean_sum_bits": 8.16386840186136,
      "se_sum_bits": 0.018730942953346735,
      "mean_symmetric_bits": 4.08193420093068,
      "se_symmetric_bits": 0.009365471476673368
    },
    {
      "receive_antennas": 6,
      "users": 2,
      "snr_db": 10,
      "mean_sum_bits": 11.34020736355336,
      "se_sum_bits": 0.019890869465662188,
      "mean_symmetric_bits": 5.67010368177668,
      "se_symmetric_bits": 0.009945434732831094
    },
    {
      "receive_antennas": 6,
      "users": 2,
      "snr_db": 15,
      "mean_sum_bits": 14.61364872444005,
      "se_sum_bits": 0.02030879199227697,
      "mean_symmetric_bits": 7.306824362220025,
      "se_symmetric_bits": 0.010154395996138484
    },
    {
      "receive_antennas": 6,
      "users": 2,
      "snr_db": 20,
      "mean_sum_bits": 17.91996911999652,
      "se_sum_bits": 0.020447287927772704,
      "mean_symmetric_bits": 8.95998455999826,
      "se_symmetric_bits": 0.010223643963886352
    },
    {
      "receive_antennas": 6,
      "users": 2,
      "snr_db": 25,
      "mean_sum_bits": 21.236932974517153,
      "se_sum_bits": 0.020491770707262612,
      "mean_symmetric_bits": 10.618466487258576,
      "se_symmetric_bits": 0.010245885353631306
    },
    {
      "receive_antennas": 6,
      "users": 2,
      "snr_db": 30,
      "mean_sum_bits": 24.55728833365011,
      "se_sum_bits": 0.020505907927850626,
      "mean_symmetric_bits": 12.278644166825055,
      "se_symmetric_bits": 0.010252953963925313
    },
    {
      "receive_antennas": 6,
      "users": 3,
      "snr_db": 0,
      "mean_sum_bits": 7.565585590408204,
      "se_sum_bits": 0.019072273679033108,
      "mean_symmetric_bits": 2.521861863469401,
      "se_symmetric_bits": 0.006357424559677703
    },
    {
      "receive_antennas": 6,
      "users": 3,
      "snr_db": 5,
      "mean_sum_bits": 11.830420027424735,
      "se_sum_bits": 0.023025861446569533,
      "mean_symmetric_bits": 3.9434733424749115,
      "se_symmetric_bits": 0.007675287148856511
    },
    {
      "receive_antennas": 6,
      "users": 3,
      "snr_db": 10,
      "mean_sum_bits": 16.5374022279201,
      "se_sum_bits": 0.0250087425855927,
      "mean_symmetric_bits": 5.5124674093067005,
      "se_symmetric_bits": 0.0083362475285309
    },
    {
      "receive_antennas": 6,
      "users": 3,
      "snr_db": 15,
      "mean_sum_bits": 21.425410255061816,
      "se_sum_bits": 0.02579196096428891,
      "mean_symmetric_bits": 7.1418034183539385,
      "se_symmetric_bits": 0.008597320321429637
    },
    {
      "receive_antennas": 6,
      "users": 3,
      "snr_db": 20,
      "mean_sum_bits": 26.377350873351293,
      "se_sum_bits": 0.026062704894077752,
      "mean_symmetric_bits": 8.792450291117097,
      "se_symmetric_bits": 0.008687568298025918
    },
    {
      "receive_antennas": 6,
      "users": 3,
      "snr_db": 25,
      "mean_sum_bits": 31.350352040753563,
      "se_sum_bits": 0.026151040987221895,
      "mean_symmetric_bits": 10.450117346917855,
      "se_symmetric_bits": 0.008717013662407298
    },
    {
      "receive_antennas": 6,
      "users": 3,
      "snr_db": 30,
      "mean_sum_bits": 36.330105736044004,
      "se_sum_bits": 0.026179263854751843,
      "mean_symmetric_bits": 12.110035245348001,
      "se_symmetric_bits": 0.00872642128491728
    },
    {
      "receive_antennas": 6,
      "users": 4,
      "snr_db": 0,
      "mean_sum_bits": 9.691026356664045,
      "se_sum_bits": 0.021330869847854324,
      "mean_symmetric_bits": 2.422756589166011,
      "se_symmetric_bits": 0.005332717461963581
    },
    {
      "receive_antennas": 6,
      "users": 4,
      "snr_db": 5,
      "mean_sum_bits": 15.182516385064195,
      "se_sum_bits": 0.02660911852889245,
      "mean_symmetric_bits": 3.795629096266049,
      "se_symmetric_bits": 0.006652279632223113
    },
    {
      "receive_antennas": 6,
      "users": 4,
      "snr_db": 10,
      "mean_sum_bits": 21.342710018390243,
      "se_sum_bits": 0.029781020599586816,
      "mean_symmetric_bits": 5.335677504597561,
      "se_symmetric_bits": 0.007445255149896704
    },
    {
      "receive_antennas": 6,
      "users": 4,
      "snr_db": 15,
      "mean_sum_bits": 27.810093703042806,
      "se_sum_bits": 0.031224097525336152,
      "mean_symmetric_bits": 6.952523425760702,
      "se_symmetric_bits": 0.007806024381334038
    },
    {
      "receive_antennas": 6,
      "users": 4,
      "snr_db": 20,
      "mean_sum_bits": 34.394685897347486,
      "se_sum_bits": 0.03176405359151586,
      "mean_symmetric_bits": 8.598671474336872,
      "se_symmetric_bits": 0.007941013397878964
    },
    {
      "receive_antennas": 6,
      "users": 4,
      "snr_db": 25,
      "mean_sum_bits": 41.01938504396214,
      "se_sum_bits": 0.03194636260666204,
      "mean_symmetric_bits": 10.254846260990535,
      "se_symmetric_bits": 0.00798659065166551
    },
    {
      "receive_antennas": 6,
      "users": 4,
      "snr_db": 30,
      "mean_sum_bits": 47.65713840451258,
      "se_sum_bits": 0.03200533704986173,
      "mean_symmetric_bits": 11.914284601128145,
      "se_symmetric_bits": 0.008001334262465432
    },
    {
      "receive_antennas": 6,
      "users": 5,
      "snr_db": 0,
      "mean_sum_bits": 11.571622780661004,
      "se_sum_bits": 0.023105970788315035,
      "mean_symmetric_bits": 2.314324556132201,
      "se_symmetric_bits": 0.004621194157663007
    },
    {
      "receive_antennas": 6,
      "users": 5,
      "snr_db": 5,
      "mean_sum_bits": 18.10130528547277,
      "se_sum_bits": 0.029960557499792203,
      "mean_symmetric_bits": 3.6202610570945537,
      "se_symmetric_bits": 0.005992111499958441
    },
    {
      "receive_antennas": 6,
      "users": 5,
      "snr_db": 10,
      "mean_sum_bits": 25.544818468380306,
      "se_sum_bits": 0.03532244959399284,
      "mean_symmetric_bits": 5.108963693676062,
      "se_symmetric_bits": 0.007064489918798568
    },
    {
      "receive_antennas": 6,
      "users": 5,
      "snr_db": 15,
      "mean_sum_bits": 33.48771811873138,
      "se_sum_bits": 0.03863459554087094,
      "mean_symmetric_bits": 6.6975436237462755,
      "se_symmetric_bits": 0.007726919108174188
    },
    {
      "receive_antennas": 6,
      "users": 5,
      "snr_db": 20,
      "mean_sum_bits": 41.65730716313311,
      "se_sum_bits": 0.040263416343820344,
      "mean_symmetric_bits": 8.331461432626622,
      "se_symmetric_bits": 0.008052683268764068
    },
    {
      "receive_antennas": 6,
      "users": 5,
      "snr_db": 25,
      "mean_sum_bits": 49.91542336908408,
      "se_sum_bits": 0.04093563921209358,
      "mean_symmetric_bits": 9.983084673816816,
      "se_symmetric_bits": 0.008187127842418717
    },
    {
      "receive_antennas": 6,
      "users": 5,
      "snr_db": 30,
      "mean_sum_bits": 58.204854927499184,
      "se_sum_bits": 0.041179972117887965,
      "mean_symmetric_bits": 11.640970985499838,
      "se_symmetric_bits": 0.008235994423577593
    },
    {
      "receive_antennas": 6,
      "users": 6,
      "snr_db": 0,
      "mean_sum_bits": 13.257755140077395,
      "se_sum_bits": 0.024327191342204808,
      "mean_symmetric_bits": 2.209625856679566,
      "se_symmetric_bits": 0.004054531890367468
    },
    {
      "receive_antennas": 6,
      "users": 6,
      "snr_db": 5,
      "mean_sum_bits": 20.60960861439363,
      "se_sum_bits": 0.03184709874984416,
      "mean_symmetric_bits": 3.4349347690656047,
      "se_symmetric_bits": 0.005307849791640694
    },
    {
      "receive_antennas": 6,
      "users": 6,
      "snr_db": 10,
      "mean_sum_bits": 29.040552871145792,
      "se_sum_bits": 0.03909967512062649,
      "mean_symmetric_bits": 4.840092145190965,
      "se_symmetric_bits": 0.006516612520104415
    },
    {
      "receive_antennas": 6,
      "users": 6,
      "snr_db": 15,
      "mean_sum_bits": 38.17040537472248,
      "se_sum_bits": 0.04576878901615653,
      "mean_symmetric_bits": 6.361734229120413,
      "se_symmetric_bits": 0.007628131502692755
    },
    {
      "receive_antennas": 6,
      "users": 6,
      "snr_db": 20,
      "mean_sum_bits": 47.7199722049821,
      "se_sum_bits": 0.05104333759546327,
      "mean_symmetric_bits": 7.95332870083035,
      "se_symmetric_bits": 0.008507222932577212
    },
    {
      "receive_antennas": 6,
      "users": 6,
      "snr_db": 25,
      "mean_sum_bits": 57.496456288341804,
      "se_sum_bits": 0.05451851374859687,
      "mean_symmetric_bits": 9.582742714723635,
      "se_symmetric_bits": 0.009086418958099479
    },
    {
      "receive_antennas": 6,
      "users": 6,
      "snr_db": 30,
      "mean_sum_bits": 67.38255786953866,
      "se_sum_bits": 0.056478216360151025,
      "mean_symmetric_bits": 11.230426311589776,
      "se_symmetric_bits": 0.00941303606002517
    },
    {
      "receive_antennas": 6,
      "users": 7,
      "snr_db": 0,
      "mean_sum_bits": 14.752125110707997,
      "se_sum_bits": 0.02458306078649304,
      "mean_symmetric_bits": 2.1074464443868566,
      "se_symmetric_bits": 0.003511865826641863
    },
    {
      "receive_antennas": 6,
      "users": 7,
      "snr_db": 5,
      "mean_sum_bits": 22.694859046701545,
      "se_sum_bits": 0.03137508129588981,
      "mean_symmetric_bits": 3.2421227209573638,
      "se_symmetric_bits": 0.004482154470841402
    },
    {
      "receive_antennas": 6,
      "users": 7,
      "snr_db": 10,
      "mean_sum_bits": 31.670967336999233,
      "se_sum_bits": 0.03669179576446196,
      "mean_symmetric_bits": 4.524423905285604,
      "se_symmetric_bits": 0.005241685109208851
    },
    {
      "receive_antennas": 6,
      "users": 7,
      "snr_db": 15,
      "mean_sum_bits": 41.21744611536769,
      "se_sum_bits": 0.040005597049910836,
      "mean_symmetric_bits": 5.8882065879096706,
      "se_symmetric_bits": 0.005715085292844405
    },
    {
      "receive_antennas": 6,
      "users": 7,
      "snr_db": 20,
      "mean_sum_bits": 51.02644724671975,
      "se_sum_bits": 0.04161402406895128,
      "mean_symmetric_bits": 7.289492463817107,
      "se_symmetric_bits": 0.005944860581278755
    },
    {
      "receive_antennas": 6,
      "users": 7,
      "snr_db": 25,
      "mean_sum_bits": 60.93848457046503,
      "se_sum_bits": 0.04225021694727018,
      "mean_symmetric_bits": 8.705497795780719,
      "se_symmetric_bits": 0.006035745278181454
    },
    {
      "receive_antennas": 6,
      "users": 7,
      "snr_db": 30,
      "mean_sum_bits": 70.88670960459599,
      "se_sum_bits": 0.042471483597542554,
      "mean_symmetric_bits": 10.12667280065657,
      "se_symmetric_bits": 0.006067354799648936
    },
    {
      "receive_antennas": 6,
      "users": 8,
      "snr_db": 0,
      "mean_sum_bits": 16.076112332727504,
      "se_sum_bits": 0.024200652539372015,
      "mean_symmetric_bits": 2.009514041590938,
      "se_symmetric_bits": 0.003025081567421502
    },
    {
      "receive_antennas": 6,
      "users": 8,
      "snr_db": 5,
      "mean_sum_bits": 24.436603354698757,
      "se_sum_bits": 0.02993309270298928,
      "mean_symmetric_bits": 3.0545754193373447,
      "se_symmetric_bits": 0.00374163658787366
    },
    {
      "receive_antennas": 6,
      "users": 8,
      "snr_db": 10,
      "mean_sum_bits": 33.7082947848557,
      "se_sum_bits": 0.03364358164414371,
      "mean_symmetric_bits": 4.213536848106963,
      "se_symmetric_bits": 0.004205447705517964
    },
    {
      "receive_antennas": 6,
      "users": 8,
      "snr_db": 15,
      "mean_sum_bits": 43.41375835710765,
      "se_sum_bits": 0.035469650380255374,
      "mean_symmetric_bits": 5.426719794638457,
      "se_symmetric_bits": 0.004433706297531922
    },
    {
      "receive_antennas": 6,
      "users": 8,
      "snr_db": 20,
      "mean_sum_bits": 53.29063267912117,
      "se_sum_bits": 0.036192004232377686,
      "mean_symmetric_bits": 6.661329084890146,
      "se_symmetric_bits": 0.004524000529047211
    },
    {
      "receive_antennas": 6,
      "users": 8,
      "snr_db": 25,
      "mean_sum_bits": 63.22745239717373,
      "se_sum_bits": 0.036443171399369916,
      "mean_symmetric_bits": 7.903431549646716,
      "se_symmetric_bits": 0.0045553964249212394
    },
    {
      "receive_antennas": 6,
      "users": 8,
      "snr_db": 30,
      "mean_sum_bits": 73.18398216147314,
      "se_sum_bits": 0.03652541500664077,
      "mean_symmetric_bits": 9.147997770184142,
      "se_symmetric_bits": 0.004565676875830096
    },
    {
      "receive_antennas": 6,
      "users": 9,
      "snr_db": 0,
      "mean_sum_bits": 17.2537298939379,
      "se_sum_bits": 0.024074908705284174,
      "mean_symmetric_bits": 1.9170810993264336,
      "se_symmetric_bits": 0.002674989856142686
    },
    {
      "receive_antennas": 6,
      "users": 9,
      "snr_db": 5,
      "mean_sum_bits": 25.90809971901782,
      "se_sum_bits": 0.028747217504581365,
      "mean_symmetric_bits": 2.8786777465575355,
      "se_symmetric_bits": 0.0031941352782868184
    },
    {
      "receive_antennas": 6,
      "users": 9,
      "snr_db": 10,
      "mean_sum_bits": 35.351679885295425,
      "se_sum_bits": 0.03130211755179623,
      "mean_symmetric_bits": 3.9279644316994915,
      "se_symmetric_bits": 0.0034780130613106925
    },
    {
      "receive_antennas": 6,
      "users": 9,
      "snr_db": 15,
      "mean_sum_bits": 45.133543386347455,
      "se_sum_bits": 0.032385916136127145,
      "mean_symmetric_bits": 5.014838154038606,
      "se_symmetric_bits": 0.0035984351262363496
    },
    {
      "receive_antennas": 6,
      "users": 9,
      "snr_db": 20,
      "mean_sum_bits": 55.038653011956846,
      "se_sum_bits": 0.03277611386029608,
      "mean_symmetric_bits": 6.115405890217428,
      "se_symmetric_bits": 0.0036417904289217868
    },
    {
      "receive_antennas": 6,
      "users": 9,
      "snr_db": 25,
      "mean_sum_bits": 64.98496400476839,
      "se_sum_bits": 0.032905690677219435,
      "mean_symmetric_bits": 7.220551556085376,
      "se_symmetric_bits": 0.0036561878530243816
    },
    {
      "receive_antennas": 6,
      "users": 9,
      "snr_db": 30,
      "mean_sum_bits": 74.94456020207167,
      "se_sum_bits": 0.03294735466959008,
      "mean_symmetric_bits": 8.32717335578574,
      "se_symmetric_bits": 0.003660817185510009
    },
    {
      "receive_antennas": 6,
      "users": 10,
      "snr_db": 0,
      "mean_sum_bits": 18.30099906805731,
      "se_sum_bits": 0.02393110460377199,
      "mean_symmetric_bits": 1.8300999068057309,
      "se_symmetric_bits": 0.002393110460377199
    },
    {
      "receive_antennas": 6,
      "users": 10,
      "snr_db": 5,
      "mean_sum_bits": 27.16388487151637,
      "se_sum_bits": 0.027923869406179958,
      "mean_symmetric_bits": 2.716388487151637,
      "se_symmetric_bits": 0.002792386940617996
    },
    {
      "receive_antennas": 6,
      "users": 10,
      "snr_db": 10,
      "mean_sum_bits": 36.71236736641253,
      "se_sum_bits": 0.029878565043497667,
      "mean_symmetric_bits": 3.671236736641253,
      "se_symmetric_bits": 0.0029878565043497665
    },
    {
      "receive_antennas": 6,
      "users": 10,
      "snr_db": 15,
      "mean_sum_bits": 46.53574412685404,
      "se_sum_bits": 0.030637610309953767,
      "mean_symmetric_bits": 4.653574412685404,
      "se_symmetric_bits": 0.0030637610309953768
    },
    {
      "receive_antennas": 6,
      "users": 10,
      "snr_db": 20,
      "mean_sum_bits": 56.45523104047309,
      "se_sum_bits": 0.030897471118653035,
      "mean_symmetric_bits": 5.645523104047308,
      "se_symmetric_bits": 0.0030897471118653034
    },
    {
      "receive_antennas": 6,
      "users": 10,
      "snr_db": 25,
      "mean_sum_bits": 66.40623886303038,
      "se_sum_bits": 0.030981916743273875,
      "mean_symmetric_bits": 6.640623886303038,
      "se_symmetric_bits": 0.0030981916743273875
    },
    {
      "receive_antennas": 6,
      "users": 10,
      "snr_db": 30,
      "mean_sum_bits": 76.3673364833892,
      "se_sum_bits": 0.03100885879835934,
      "mean_symmetric_bits": 7.63673364833892,
      "se_symmetric_bits": 0.003100885879835934
    },
    {
      "receive_antennas": 6,
      "users": 11,
      "snr_db": 0,
      "mean_sum_bits": 19.24297350082066,
      "se_sum_bits": 0.02322674194172971,
      "mean_symmetric_bits": 1.7493612273473327,
      "se_symmetric_bits": 0.0021115219947027007
    },
    {
      "receive_antennas": 6,
      "users": 11,
      "snr_db": 5,
      "mean_sum_bits": 28.263573950014244,
      "se_sum_bits": 0.02651985719864959,
      "mean_symmetric_bits": 2.5694158136376584,
      "se_symmetric_bits": 0.0024108961089681444
    },
    {
      "receive_antennas": 6,
      "users": 11,
      "snr_db": 10,
      "mean_sum_bits": 37.88472243145688,
      "se_sum_bits": 0.027997410669468623,
      "mean_symmetric_bits": 3.444065675586989,
      "se_symmetric_bits": 0.002545219151769875
    },
    {
      "receive_antennas": 6,
      "users": 11,
      "snr_db": 15,
      "mean_sum_bits": 47.73521260290235,
      "se_sum_bits": 0.02854047106376425,
      "mean_symmetric_bits": 4.339564782082032,
      "se_symmetric_bits": 0.0025945882785240225
    },
    {
      "receive_antennas": 6,
      "users": 11,
      "snr_db": 20,
      "mean_sum_bits": 57.6638169209496,
      "se_sum_bits": 0.02872185288287356,
      "mean_symmetric_bits": 5.242165174631782,
      "se_symmetric_bits": 0.0026110775348066875
    },
    {
      "receive_antennas": 6,
      "users": 11,
      "snr_db": 25,
      "mean_sum_bits": 67.61776829104669,
      "se_sum_bits": 0.028780265661778315,
      "mean_symmetric_bits": 6.147069844640608,
      "se_symmetric_bits": 0.0026163877874343924
    },
    {
      "receive_antennas": 6,
      "users": 11,
      "snr_db": 30,
      "mean_sum_bits": 77.57980300238187,
      "se_sum_bits": 0.028798846076345013,
      "mean_symmetric_bits": 7.052709363852897,
      "se_symmetric_bits": 0.002618076916031365
    },
    {
      "receive_antennas": 6,
      "users": 12,
      "snr_db": 0,
      "mean_sum_bits": 20.103775570250782,
      "se_sum_bits": 0.022669403982800044,
      "mean_symmetric_bits": 1.675314630854232,
      "se_symmetric_bits": 0.0018891169985666703
    },
    {
      "receive_antennas": 6,
      "users": 12,
      "snr_db": 5,
      "mean_sum_bits": 29.243960315256565,
      "se_sum_bits": 0.02549482071211303,
      "mean_symmetric_bits": 2.436996692938047,
      "se_symmetric_bits": 0.002124568392676086
    },
    {
      "receive_antennas": 6,
      "users": 12,
      "snr_db": 10,
      "mean_sum_bits": 38.916033370623126,
      "se_sum_bits": 0.02669530436292358,
      "mean_symmetric_bits": 3.2430027808852606,
      "se_symmetric_bits": 0.0022246086969102984
    },
    {
      "receive_antennas": 6,
      "users": 12,
      "snr_db": 15,
      "mean_sum_bits": 48.78469395254346,
      "se_sum_bits": 0.02712383774538934,
      "mean_symmetric_bits": 4.065391162711955,
      "se_symmetric_bits": 0.002260319812115778
    },
    {
      "receive_antennas": 6,
      "users": 12,
      "snr_db": 20,
      "mean_sum_bits": 58.719294042856625,
      "se_sum_bits": 0.027265299415711052,
      "mean_symmetric_bits": 4.893274503571385,
      "se_symmetric_bits": 0.002272108284642588
    },
    {
      "receive_antennas": 6,
      "users": 12,
      "snr_db": 25,
      "mean_sum_bits": 68.67516817824384,
      "se_sum_bits": 0.02731067166195488,
      "mean_symmetric_bits": 5.72293068152032,
      "se_symmetric_bits": 0.002275889305162907
    },
    {
      "receive_antennas": 6,
      "users": 12,
      "snr_db": 30,
      "mean_sum_bits": 78.63781365589053,
      "se_sum_bits": 0.02732508494873288,
      "mean_symmetric_bits": 6.553151137990877,
      "se_symmetric_bits": 0.0022770904123944067
    },
    {
      "receive_antennas": 6,
      "users": 13,
      "snr_db": 0,
      "mean_sum_bits": 20.894243694541466,
      "se_sum_bits": 0.022076632338296105,
      "mean_symmetric_bits": 1.6072495149647281,
      "se_symmetric_bits": 0.0016982024875612388
    },
    {
      "receive_antennas": 6,
      "users": 13,
      "snr_db": 5,
      "mean_sum_bits": 30.129967249620734,
      "se_sum_bits": 0.024455975870944165,
      "mean_symmetric_bits": 2.317689788432364,
      "se_symmetric_bits": 0.0018812289131495512
    },
    {
      "receive_antennas": 6,
      "users": 13,
      "snr_db": 10,
      "mean_sum_bits": 39.84098344014981,
      "se_sum_bits": 0.02541735912337884,
      "mean_symmetric_bits": 3.064691033857678,
      "se_symmetric_bits": 0.0019551814710291413
    },
    {
      "receive_antennas": 6,
      "users": 13,
      "snr_db": 15,
      "mean_sum_bits": 49.72324416741188,
      "se_sum_bits": 0.02575194652467372,
      "mean_symmetric_bits": 3.8248649359547597,
      "se_symmetric_bits": 0.00198091896343644
    },
    {
      "receive_antennas": 6,
      "users": 13,
      "snr_db": 20,
      "mean_sum_bits": 59.66229516383742,
      "se_sum_bits": 0.025861312897570796,
      "mean_symmetric_bits": 4.589407320295186,
      "se_symmetric_bits": 0.0019893317613516
    },
    {
      "receive_antennas": 6,
      "users": 13,
      "snr_db": 25,
      "mean_sum_bits": 69.61959266070151,
      "se_sum_bits": 0.025896273196887865,
      "mean_symmetric_bits": 5.355353281592424,
      "se_symmetric_bits": 0.0019920210151452202
    },
    {
      "receive_antennas": 6,
      "users": 13,
      "snr_db": 30,
      "mean_sum_bits": 79.58268985973467,
      "se_sum_bits": 0.025907366841595145,
      "mean_symmetric_bits": 6.121745373825744,
      "se_symmetric_bits": 0.001992874372430396
    },
    {
      "receive_antennas": 6,
      "users": 14,
      "snr_db": 0,
      "mean_sum_bits": 21.615460559725932,
      "se_sum_bits": 0.02137854095498624,
      "mean_symmetric_bits": 1.5439614685518523,
      "se_symmetric_bits": 0.0015270386396418743
    },
    {
      "receive_antennas": 6,
      "users": 14,
      "snr_db": 5,
      "mean_sum_bits": 30.926941589440027,
      "se_sum_bits": 0.023429377595594113,
      "mean_symmetric_bits": 2.209067256388573,
      "se_symmetric_bits": 0.0016735269711138652
    },
    {
      "receive_antennas": 6,
      "users": 14,
      "snr_db": 10,
      "mean_sum_bits": 40.667608237309125,
      "se_sum_bits": 0.024230031065337422,
      "mean_symmetric_bits": 2.9048291598077944,
      "se_symmetric_bits": 0.0017307165046669588
    },
    {
      "receive_antennas": 6,
      "users": 14,
      "snr_db": 15,
      "mean_sum_bits": 50.56002841452699,
      "se_sum_bits": 0.02450422835707842,
      "mean_symmetric_bits": 3.6114306010376422,
      "se_symmetric_bits": 0.0017503020255056013
    },
    {
      "receive_antennas": 6,
      "users": 14,
      "snr_db": 20,
      "mean_sum_bits": 60.50238067866529,
      "se_sum_bits": 0.02459331797657418,
      "mean_symmetric_bits": 4.321598619904663,
      "se_symmetric_bits": 0.0017566655697552984
    },
    {
      "receive_antennas": 6,
      "users": 14,
      "snr_db": 25,
      "mean_sum_bits": 70.46073136799589,
      "se_sum_bits": 0.024621739159756118,
      "mean_symmetric_bits": 5.032909383428278,
      "se_symmetric_bits": 0.001758695654268294
    },
    {
      "receive_antennas": 6,
      "users": 14,
      "snr_db": 30,
      "mean_sum_bits": 80.42416255257794,
      "se_sum_bits": 0.024630751936218928,
      "mean_symmetric_bits": 5.744583039469853,
      "se_symmetric_bits": 0.0017593394240156377
    },
    {
      "receive_antennas": 6,
      "users": 15,
      "snr_db": 0,
      "mean_sum_bits": 22.287413304325007,
      "se_sum_bits": 0.020671152557543593,
      "mean_symmetric_bits": 1.4858275536216672,
      "se_symmetric_bits": 0.0013780768371695728
    },
    {
      "receive_antennas": 6,
      "users": 15,
      "snr_db": 5,
      "mean_sum_bits": 31.66146137743519,
      "se_sum_bits": 0.022444211073825257,
      "mean_symmetric_bits": 2.110764091829013,
      "se_symmetric_bits": 0.0014962807382550172
    },
    {
      "receive_antennas": 6,
      "users": 15,
      "snr_db": 10,
      "mean_sum_bits": 41.42589392767849,
      "se_sum_bits": 0.023116118449733308,
      "mean_symmetric_bits": 2.7617262618452325,
      "se_symmetric_bits": 0.0015410745633155538
    },
    {
      "receive_antennas": 6,
      "users": 15,
      "snr_db": 15,
      "mean_sum_bits": 51.32635130024734,
      "se_sum_bits": 0.023343148020232074,
      "mean_symmetric_bits": 3.4217567533498228,
      "se_symmetric_bits": 0.0015562098680154716
    },
    {
      "receive_antennas": 6,
      "users": 15,
      "snr_db": 20,
      "mean_sum_bits": 61.27130289909931,
      "se_sum_bits": 0.02341654907184921,
      "mean_symmetric_bits": 4.084753526606621,
      "se_symmetric_bits": 0.001561103271456614
    },
    {
      "receive_antennas": 6,
      "users": 15,
      "snr_db": 25,
      "mean_sum_bits": 71.23048154761109,
      "se_sum_bits": 0.02343992681134687,
      "mean_symmetric_bits": 4.74869876984074,
      "se_symmetric_bits": 0.0015626617874231247
    },
    {
      "receive_antennas": 6,
      "users": 15,
      "snr_db": 30,
      "mean_sum_bits": 81.1941751603232,
      "se_sum_bits": 0.02344733631191462,
      "mean_symmetric_bits": 5.4129450106882135,
      "se_symmetric_bits": 0.0015631557541276413
    },
    {
      "receive_antennas": 6,
      "users": 16,
      "snr_db": 0,
      "mean_sum_bits": 22.918247079038586,
      "se_sum_bits": 0.020110083853881855,
      "mean_symmetric_bits": 1.4323904424399116,
      "se_symmetric_bits": 0.001256880240867616
    },
    {
      "receive_antennas": 6,
      "users": 16,
      "snr_db": 5,
      "mean_sum_bits": 32.34445143967605,
      "se_sum_bits": 0.021656969451678502,
      "mean_symmetric_bits": 2.021528214979753,
      "se_symmetric_bits": 0.0013535605907299064
    },
    {
      "receive_antennas": 6,
      "users": 16,
      "snr_db": 10,
      "mean_sum_bits": 42.128236609706974,
      "se_sum_bits": 0.022228934647708417,
      "mean_symmetric_bits": 2.633014788106686,
      "se_symmetric_bits": 0.001389308415481776
    },
    {
      "receive_antennas": 6,
      "users": 16,
      "snr_db": 15,
      "mean_sum_bits": 52.03517431955238,
      "se_sum_bits": 0.022420167878286892,
      "mean_symmetric_bits": 3.252198394972024,
      "se_symmetric_bits": 0.0014012604923929308
    },
    {
      "receive_antennas": 6,
      "users": 16,
      "snr_db": 20,
      "mean_sum_bits": 61.982214395855216,
      "se_sum_bits": 0.022481763783522322,
      "mean_symmetric_bits": 3.873888399740951,
      "se_symmetric_bits": 0.0014051102364701451
    },
    {
      "receive_antennas": 6,
      "users": 16,
      "snr_db": 25,
      "mean_sum_bits": 71.94205751201275,
      "se_sum_bits": 0.02250135739824017,
      "mean_symmetric_bits": 4.496378594500797,
      "se_symmetric_bits": 0.0014063348373900106
    },
    {
      "receive_antennas": 6,
      "users": 16,
      "snr_db": 30,
      "mean_sum_bits": 81.90596165481378,
      "se_sum_bits": 0.02250756506963166,
      "mean_symmetric_bits": 5.119122603425861,
      "se_symmetric_bits": 0.0014067228168519786
    },
    {
      "receive_antennas": 6,
      "users": 17,
      "snr_db": 0,
      "mean_sum_bits": 23.507355659179794,
      "se_sum_bits": 0.019555751652641114,
      "mean_symmetric_bits": 1.382785627010576,
      "se_symmetric_bits": 0.001150338332508301
    },
    {
      "receive_antennas": 6,
      "users": 17,
      "snr_db": 5,
      "mean_sum_bits": 32.977767306290346,
      "se_sum_bits": 0.02092799383893282,
      "mean_symmetric_bits": 1.9398686650759027,
      "se_symmetric_bits": 0.0012310584611136953
    },
    {
      "receive_antennas": 6,
      "users": 17,
      "snr_db": 10,
      "mean_sum_bits": 42.77762559985349,
      "se_sum_bits": 0.021426913562909374,
      "mean_symmetric_bits": 2.5163309176384403,
      "se_symmetric_bits": 0.0012604066801711396
    },
    {
      "receive_antennas": 6,
      "users": 17,
      "snr_db": 15,
      "mean_sum_bits": 52.68990055028466,
      "se_sum_bits": 0.021592608250576687,
      "mean_symmetric_bits": 3.0994059147226274,
      "se_symmetric_bits": 0.001270153426504511
    },
    {
      "receive_antennas": 6,
      "users": 17,
      "snr_db": 20,
      "mean_sum_bits": 62.63865566773219,
      "se_sum_bits": 0.021645855024613456,
      "mean_symmetric_bits": 3.6846268039842465,
      "se_symmetric_bits": 0.0012732855896831444
    },
    {
      "receive_antennas": 6,
      "users": 17,
      "snr_db": 25,
      "mean_sum_bits": 72.59904391555253,
      "se_sum_bits": 0.02166278005589639,
      "mean_symmetric_bits": 4.270531995032502,
      "se_symmetric_bits": 0.0012742811797586111
    },
    {
      "receive_antennas": 6,
      "users": 17,
      "snr_db": 30,
      "mean_sum_bits": 82.56312072495001,
      "se_sum_bits": 0.02166814097713162,
      "mean_symmetric_bits": 4.8566541602911775,
      "se_symmetric_bits": 0.001274596528066566
    },
    {
      "receive_antennas": 6,
      "users": 18,
      "snr_db": 0,
      "mean_sum_bits": 24.053816627029605,
      "se_sum_bits": 0.018981826594870962,
      "mean_symmetric_bits": 1.3363231459460891,
      "se_symmetric_bits": 0.0010545459219372757
    },
    {
      "receive_antennas": 6,
      "users": 18,
      "snr_db": 5,
      "mean_sum_bits": 33.56131068416063,
      "se_sum_bits": 0.020210633831097724,
      "mean_symmetric_bits": 1.8645172602311462,
      "se_symmetric_bits": 0.0011228129906165401
    },
    {
      "receive_antennas": 6,
      "users": 18,
      "snr_db": 10,
      "mean_sum_bits": 43.37445152496429,
      "se_sum_bits": 0.020651623641956326,
      "mean_symmetric_bits": 2.409691751386905,
      "se_symmetric_bits": 0.0011473124245531291
    },
    {
      "receive_antennas": 6,
      "users": 18,
      "snr_db": 15,
      "mean_sum_bits": 53.291111719510646,
      "se_sum_bits": 0.02079734431005086,
      "mean_symmetric_bits": 2.9606173177505912,
      "se_symmetric_bits": 0.0011554080172250477
    },
    {
      "receive_antennas": 6,
      "users": 18,
      "snr_db": 20,
      "mean_sum_bits": 63.24127320950454,
      "se_sum_bits": 0.020844092316209428,
      "mean_symmetric_bits": 3.513404067194697,
      "se_symmetric_bits": 0.0011580051286783017
    },
    {
      "receive_antennas": 6,
      "users": 18,
      "snr_db": 25,
      "mean_sum_bits": 73.20210819392528,
      "se_sum_bits": 0.020858943418676664,
      "mean_symmetric_bits": 4.066783788551405,
      "se_symmetric_bits": 0.0011588301899264812
    },
    {
      "receive_antennas": 6,
      "users": 18,
      "snr_db": 30,
      "mean_sum_bits": 83.16632647535477,
      "se_sum_bits": 0.02086364660274989,
      "mean_symmetric_bits": 4.620351470853042,
      "se_symmetric_bits": 0.0011590914779305494
    },
    {
      "receive_antennas": 6,
      "users": 19,
      "snr_db": 0,
      "mean_sum_bits": 24.57138292746115,
      "se_sum_bits": 0.018343799166066297,
      "mean_symmetric_bits": 1.293230680392692,
      "se_symmetric_bits": 0.0009654631140034893
    },
    {
      "receive_antennas": 6,
      "users": 19,
      "snr_db": 5,
      "mean_sum_bits": 34.11175155704794,
      "se_sum_bits": 0.01943711038289119,
      "mean_symmetric_bits": 1.7953553451077862,
      "se_symmetric_bits": 0.0010230058096258523
    },
    {
      "receive_antennas": 6,
      "users": 19,
      "snr_db": 10,
      "mean_sum_bits": 43.93654377976536,
      "se_sum_bits": 0.019824854545329722,
      "mean_symmetric_bits": 2.312449672619229,
      "se_symmetric_bits": 0.0010434133971226169
    },
    {
      "receive_antennas": 6,
      "users": 19,
      "snr_db": 15,
      "mean_sum_bits": 53.85703519349843,
      "se_sum_bits": 0.019952407155117778,
      "mean_symmetric_bits": 2.8345807996578123,
      "se_symmetric_bits": 0.0010501266923746198
    },
    {
      "receive_antennas": 6,
      "users": 19,
      "snr_db": 20,
      "mean_sum_bits": 63.80842370231421,
      "se_sum_bits": 0.019993264879205715,
      "mean_symmetric_bits": 3.3583380895954846,
      "se_symmetric_bits": 0.001052277098905564
    },
    {
      "receive_antennas": 6,
      "users": 19,
      "snr_db": 25,
      "mean_sum_bits": 73.76964827951878,
      "se_sum_bits": 0.02000623838993769,
      "mean_symmetric_bits": 3.8826130673430934,
      "se_symmetric_bits": 0.0010529599152598783
    },
    {
      "receive_antennas": 6,
      "users": 19,
      "snr_db": 30,
      "mean_sum_bits": 83.73398991942109,
      "se_sum_bits": 0.02001034632166191,
      "mean_symmetric_bits": 4.407052101022162,
      "se_symmetric_bits": 0.0010531761221927321
    },
    {
      "receive_antennas": 6,
      "users": 20,
      "snr_db": 0,
      "mean_sum_bits": 25.053002479899483,
      "se_sum_bits": 0.017942015038275715,
      "mean_symmetric_bits": 1.252650123994974,
      "se_symmetric_bits": 0.0008971007519137858
    },
    {
      "receive_antennas": 6,
      "users": 20,
      "snr_db": 5,
      "mean_sum_bits": 34.62105638005639,
      "se_sum_bits": 0.018929948264639344,
      "mean_symmetric_bits": 1.7310528190028194,
      "se_symmetric_bits": 0.0009464974132319672
    },
    {
      "receive_antennas": 6,
      "users": 20,
      "snr_db": 10,
      "mean_sum_bits": 44.455551724455994,
      "se_sum_bits": 0.019276284181811584,
      "mean_symmetric_bits": 2.2227775862228,
      "se_symmetric_bits": 0.0009638142090905792
    },
    {
      "receive_antennas": 6,
      "users": 20,
      "snr_db": 15,
      "mean_sum_bits": 54.379220782173135,
      "se_sum_bits": 0.019389715821863454,
      "mean_symmetric_bits": 2.718961039108657,
      "se_symmetric_bits": 0.0009694857910931727
    },
    {
      "receive_antennas": 6,
      "users": 20,
      "snr_db": 20,
      "mean_sum_bits": 64.33162561700874,
      "se_sum_bits": 0.01942599653187302,
      "mean_symmetric_bits": 3.216581280850437,
      "se_symmetric_bits": 0.000971299826593651
    },
    {
      "receive_antennas": 6,
      "users": 20,
      "snr_db": 25,
      "mean_sum_bits": 74.29317274958674,
      "se_sum_bits": 0.01943751119791589,
      "mean_symmetric_bits": 3.7146586374793373,
      "se_symmetric_bits": 0.0009718755598957945
    },
    {
      "receive_antennas": 6,
      "users": 20,
      "snr_db": 30,
      "mean_sum_bits": 84.25761650752736,
      "se_sum_bits": 0.019441156645815676,
      "mean_symmetric_bits": 4.212880825376368,
      "se_symmetric_bits": 0.0009720578322907838
    },
    {
      "receive_antennas": 6,
      "users": 21,
      "snr_db": 0,
      "mean_sum_bits": 25.510813083171595,
      "se_sum_bits": 0.01742936055901059,
      "mean_symmetric_bits": 1.2148006230081712,
      "se_symmetric_bits": 0.0008299695504290756
    },
    {
      "receive_antennas": 6,
      "users": 21,
      "snr_db": 5,
      "mean_sum_bits": 35.10332325952275,
      "se_sum_bits": 0.018321441814729698,
      "mean_symmetric_bits": 1.6715868218820358,
      "se_symmetric_bits": 0.0008724496102252237
    },
    {
      "receive_antennas": 6,
      "users": 21,
      "snr_db": 10,
      "mean_sum_bits": 44.94630946577285,
      "se_sum_bits": 0.018631437903247377,
      "mean_symmetric_bits": 2.140300450751088,
      "se_symmetric_bits": 0.0008872113287260655
    },
    {
      "receive_antennas": 6,
      "users": 21,
      "snr_db": 15,
      "mean_sum_bits": 54.872749433877445,
      "se_sum_bits": 0.018732640276008364,
      "mean_symmetric_bits": 2.6129880682798783,
      "se_symmetric_bits": 0.0008920304893337316
    },
    {
      "receive_antennas": 6,
      "users": 21,
      "snr_db": 20,
      "mean_sum_bits": 64.82603946710144,
      "se_sum_bits": 0.018764974704780144,
      "mean_symmetric_bits": 3.086954260338164,
      "se_symmetric_bits": 0.0008935702240371497
    },
    {
      "receive_antennas": 6,
      "users": 21,
      "snr_db": 25,
      "mean_sum_bits": 74.78786743236539,
      "se_sum_bits": 0.018775233362320544,
      "mean_symmetric_bits": 3.561327020588828,
      "se_symmetric_bits": 0.0008940587315390736
    },
    {
      "receive_antennas": 6,
      "users": 21,
      "snr_db": 30,
      "mean_sum_bits": 84.75240008863587,
      "se_sum_bits": 0.01877848081114376,
      "mean_symmetric_bits": 4.035828575649327,
      "se_symmetric_bits": 0.0008942133719592267
    },
    {
      "receive_antennas": 6,
      "users": 22,
      "snr_db": 0,
      "mean_sum_bits": 25.94624630699189,
      "se_sum_bits": 0.01711032953803942,
      "mean_symmetric_bits": 1.179374832135995,
      "se_symmetric_bits": 0.0007777422517290645
    },
    {
      "receive_antennas": 6,
      "users": 22,
      "snr_db": 5,
      "mean_sum_bits": 35.56033414558161,
      "se_sum_bits": 0.017933007763068498,
      "mean_symmetric_bits": 1.6163788247991642,
      "se_symmetric_bits": 0.0008151367165031135
    },
    {
      "receive_antennas": 6,
      "users": 22,
      "snr_db": 10,
      "mean_sum_bits": 45.41075273216394,
      "se_sum_bits": 0.018216845545072628,
      "mean_symmetric_bits": 2.06412512418927,
      "se_symmetric_bits": 0.0008280384338669376
    },
    {
      "receive_antennas": 6,
      "users": 22,
      "snr_db": 15,
      "mean_sum_bits": 55.339611284629996,
      "se_sum_bits": 0.018309267183687434,
      "mean_symmetric_bits": 2.515436876574091,
      "se_symmetric_bits": 0.0008322394174403379
    },
    {
      "receive_antennas": 6,
      "users": 22,
      "snr_db": 20,
      "mean_sum_bits": 65.29367323417597,
      "se_sum_bits": 0.018338770643971877,
      "mean_symmetric_bits": 2.9678942379170894,
      "se_symmetric_bits": 0.0008335804838169035
    },
    {
      "receive_antennas": 6,
      "users": 22,
      "snr_db": 25,
      "mean_sum_bits": 75.25574601892716,
      "se_sum_bits": 0.01834812853058231,
      "mean_symmetric_bits": 3.4207157281330525,
      "se_symmetric_bits": 0.0008340058422991959
    },
    {
      "receive_antennas": 6,
      "users": 22,
      "snr_db": 30,
      "mean_sum_bits": 85.22035616601201,
      "se_sum_bits": 0.018351090572918373,
      "mean_symmetric_bits": 3.873652553000546,
      "se_symmetric_bits": 0.0008341404805871988
    },
    {
      "receive_antennas": 6,
      "users": 23,
      "snr_db": 0,
      "mean_sum_bits": 26.36499577998735,
      "se_sum_bits": 0.016801158827393994,
      "mean_symmetric_bits": 1.146304164347276,
      "se_symmetric_bits": 0.0007304851664084345
    },
    {
      "receive_antennas": 6,
      "users": 23,
      "snr_db": 5,
      "mean_sum_bits": 35.99841754178692,
      "se_sum_bits": 0.01755891548319749,
      "mean_symmetric_bits": 1.5651485887733443,
      "se_symmetric_bits": 0.0007634311079651083
    },
    {
      "receive_antennas": 6,
      "users": 23,
      "snr_db": 10,
      "mean_sum_bits": 45.85545209852785,
      "se_sum_bits": 0.017818625337637672,
      "mean_symmetric_bits": 1.9937153086316457,
      "se_symmetric_bits": 0.0007747228407668554
    },
    {
      "receive_antennas": 6,
      "users": 23,
      "snr_db": 15,
      "mean_sum_bits": 55.786458562547594,
      "se_sum_bits": 0.01790298962745965,
      "mean_symmetric_bits": 2.4254981983716344,
      "se_symmetric_bits": 0.0007783908533678109
    },
    {
      "receive_antennas": 6,
      "users": 23,
      "snr_db": 20,
      "mean_sum_bits": 65.74120551607896,
      "se_sum_bits": 0.01792989982529305,
      "mean_symmetric_bits": 2.858313283307781,
      "se_symmetric_bits": 0.000779560861969263
    },
    {
      "receive_antennas": 6,
      "users": 23,
      "snr_db": 25,
      "mean_sum_bits": 75.70349550213933,
      "se_sum_bits": 0.017938433033675778,
      "mean_symmetric_bits": 3.291456326179971,
      "se_symmetric_bits": 0.0007799318710293816
    },
    {
      "receive_antennas": 6,
      "users": 23,
      "snr_db": 30,
      "mean_sum_bits": 85.66817439292204,
      "se_sum_bits": 0.017941133825416455,
      "mean_symmetric_bits": 3.7247032344748714,
      "se_symmetric_bits": 0.0007800492967572372
    },
    {
      "receive_antennas": 6,
      "users": 24,
      "snr_db": 0,
      "mean_sum_bits": 26.765032585930285,
      "se_sum_bits": 0.016473700938633914,
      "mean_symmetric_bits": 1.1152096910804286,
      "se_symmetric_bits": 0.0006864042057764131
    },
    {
      "receive_antennas": 6,
      "users": 24,
      "snr_db": 5,
      "mean_sum_bits": 36.41590020719788,
      "se_sum_bits": 0.017166886890734957,
      "mean_symmetric_bits": 1.5173291752999116,
      "se_symmetric_bits": 0.0007152869537806233
    },
    {
      "receive_antennas": 6,
      "users": 24,
      "snr_db": 10,
      "mean_sum_bits": 46.278873094542476,
      "se_sum_bits": 0.01740299276897419,
      "mean_symmetric_bits": 1.92828637893927,
      "se_symmetric_bits": 0.0007251246987072579
    },
    {
      "receive_antennas": 6,
      "users": 24,
      "snr_db": 15,
      "mean_sum_bits": 56.211803858436184,
      "se_sum_bits": 0.017479521810395814,
      "mean_symmetric_bits": 2.3421584941015077,
      "se_symmetric_bits": 0.0007283134087664923
    },
    {
      "receive_antennas": 6,
      "users": 24,
      "snr_db": 20,
      "mean_sum_bits": 66.16716412449917,
      "se_sum_bits": 0.017503915234398707,
      "mean_symmetric_bits": 2.756965171854132,
      "se_symmetric_bits": 0.0007293298014332795
    },
    {
      "receive_antennas": 6,
      "users": 24,
      "snr_db": 25,
      "mean_sum_bits": 76.12964854155206,
      "se_sum_bits": 0.017511648598899754,
      "mean_symmetric_bits": 3.172068689231336,
      "se_symmetric_bits": 0.0007296520249541564
    },
    {
      "receive_antennas": 6,
      "users": 24,
      "snr_db": 30,
      "mean_sum_bits": 86.0943889654271,
      "se_sum_bits": 0.01751409605869217,
      "mean_symmetric_bits": 3.587266206892796,
      "se_symmetric_bits": 0.000729754002445507
    },
    {
      "receive_antennas": 6,
      "users": 25,
      "snr_db": 0,
      "mean_sum_bits": 27.147846881428926,
      "se_sum_bits": 0.01611355885829232,
      "mean_symmetric_bits": 1.085913875257157,
      "se_symmetric_bits": 0.0006445423543316928
    },
    {
      "receive_antennas": 6,
      "users": 25,
      "snr_db": 5,
      "mean_sum_bits": 36.81448115370232,
      "se_sum_bits": 0.016757096059644927,
      "mean_symmetric_bits": 1.4725792461480927,
      "se_symmetric_bits": 0.0006702838423857971
    },
    {
      "receive_antennas": 6,
      "users": 25,
      "snr_db": 10,
      "mean_sum_bits": 46.68279375789664,
      "se_sum_bits": 0.01697527105656737,
      "mean_symmetric_bits": 1.8673117503158656,
      "se_symmetric_bits": 0.0006790108422626948
    },
    {
      "receive_antennas": 6,
      "users": 25,
      "snr_db": 15,
      "mean_sum_bits": 56.61745177963075,
      "se_sum_bits": 0.01704587244390461,
      "mean_symmetric_bits": 2.26469807118523,
      "se_symmetric_bits": 0.0006818348977561845
    },
    {
      "receive_antennas": 6,
      "users": 25,
      "snr_db": 20,
      "mean_sum_bits": 66.57336223769161,
      "se_sum_bits": 0.01706836437637666,
      "mean_symmetric_bits": 2.6629344895076645,
      "se_symmetric_bits": 0.0006827345750550664
    },
    {
      "receive_antennas": 6,
      "users": 25,
      "snr_db": 25,
      "mean_sum_bits": 76.53602104303914,
      "se_sum_bits": 0.017075493694249003,
      "mean_symmetric_bits": 3.0614408417215655,
      "se_symmetric_bits": 0.0006830197477699601
    },
    {
      "receive_antennas": 6,
      "users": 25,
      "snr_db": 30,
      "mean_sum_bits": 86.50081665368725,
      "se_sum_bits": 0.017077749862156766,
      "mean_symmetric_bits": 3.46003266614749,
      "se_symmetric_bits": 0.0006831099944862707
    },
    {
      "receive_antennas": 6,
      "users": 26,
      "snr_db": 0,
      "mean_sum_bits": 27.511849164446296,
      "se_sum_bits": 0.015730363005002666,
      "mean_symmetric_bits": 1.058148044786396,
      "se_symmetric_bits": 0.0006050139617308718
    },
    {
      "receive_antennas": 6,
      "users": 26,
      "snr_db": 5,
      "mean_sum_bits": 37.19271068306557,
      "se_sum_bits": 0.016323264453109266,
      "mean_symmetric_bits": 1.4304888724255989,
      "se_symmetric_bits": 0.0006278178635811256
    },
    {
      "receive_antennas": 6,
      "users": 26,
      "snr_db": 10,
      "mean_sum_bits": 47.065822594391236,
      "se_sum_bits": 0.016523361190458535,
      "mean_symmetric_bits": 1.8102239459381244,
      "se_symmetric_bits": 0.0006355138919407129
    },
    {
      "receive_antennas": 6,
      "users": 26,
      "snr_db": 15,
      "mean_sum_bits": 57.00203093387151,
      "se_sum_bits": 0.01658801067850461,
      "mean_symmetric_bits": 2.1923858051489042,
      "se_symmetric_bits": 0.0006380004107117158
    },
    {
      "receive_antennas": 6,
      "users": 26,
      "snr_db": 20,
      "mean_sum_bits": 66.95843500103754,
      "se_sum_bits": 0.0166085959203532,
      "mean_symmetric_bits": 2.5753244231168284,
      "se_symmetric_bits": 0.0006387921507828154
    },
    {
      "receive_antennas": 6,
      "users": 26,
      "snr_db": 25,
      "mean_sum_bits": 76.92125023782738,
      "se_sum_bits": 0.016615119802183283,
      "mean_symmetric_bits": 2.958509624531822,
      "se_symmetric_bits": 0.0006390430693147416
    },
    {
      "receive_antennas": 6,
      "users": 26,
      "snr_db": 30,
      "mean_sum_bits": 86.88609535039,
      "se_sum_bits": 0.016617184264559194,
      "mean_symmetric_bits": 3.341772898091923,
      "se_symmetric_bits": 0.0006391224717138151
    },
    {
      "receive_antennas": 6,
      "users": 27,
      "snr_db": 0,
      "mean_sum_bits": 27.86166500962277,
      "se_sum_bits": 0.015460587142152454,
      "mean_symmetric_bits": 1.0319135188749173,
      "se_symmetric_bits": 0.000572614338598239
    },
    {
      "receive_antennas": 6,
      "users": 27,
      "snr_db": 5,
      "mean_sum_bits": 37.555430090446066,
      "se_sum_bits": 0.016014498209578603,
      "mean_symmetric_bits": 1.390941855201706,
      "se_symmetric_bits": 0.0005931295633177261
    },
    {
      "receive_antennas": 6,
      "users": 27,
      "snr_db": 10,
      "mean_sum_bits": 47.43287667982581,
      "se_sum_bits": 0.016200725658490404,
      "mean_symmetric_bits": 1.7567732103639189,
      "se_symmetric_bits": 0.0006000268762403853
    },
    {
      "receive_antennas": 6,
      "users": 27,
      "snr_db": 15,
      "mean_sum_bits": 57.37048324862776,
      "se_sum_bits": 0.016260814834261016,
      "mean_symmetric_bits": 2.124832712912139,
      "se_symmetric_bits": 0.0006022524012689266
    },
    {
      "receive_antennas": 6,
      "users": 27,
      "snr_db": 20,
      "mean_sum_bits": 67.3273322945378,
      "se_sum_bits": 0.016279939793150067,
      "mean_symmetric_bits": 2.4936048997976963,
      "se_symmetric_bits": 0.0006029607330796321
    },
    {
      "receive_antennas": 6,
      "users": 27,
      "snr_db": 25,
      "mean_sum_bits": 77.29028853027037,
      "se_sum_bits": 0.01628600004996451,
      "mean_symmetric_bits": 2.8626032788989026,
      "se_symmetric_bits": 0.0006031851870357226
    },
    {
      "receive_antennas": 6,
      "users": 27,
      "snr_db": 30,
      "mean_sum_bits": 87.25517825911882,
      "se_sum_bits": 0.01628791771615397,
      "mean_symmetric_bits": 3.2316732688562526,
      "se_symmetric_bits": 0.0006032562117094062
    },
    {
      "receive_antennas": 6,
      "users": 28,
      "snr_db": 0,
      "mean_sum_bits": 28.195898086135543,
      "se_sum_bits": 0.015215090536875866,
      "mean_symmetric_bits": 1.0069963602191265,
      "se_symmetric_bits": 0.0005433960906027095
    },
    {
      "receive_antennas": 6,
      "users": 28,
      "snr_db": 5,
      "mean_sum_bits": 37.90138938812373,
      "se_sum_bits": 0.015734004154070537,
      "mean_symmetric_bits": 1.3536210495758476,
      "se_symmetric_bits": 0.0005619287197882334
    },
    {
      "receive_antennas": 6,
      "users": 28,
      "snr_db": 10,
      "mean_sum_bits": 47.782760952780514,
      "se_sum_bits": 0.015907879014481617,
      "mean_symmetric_bits": 1.7065271768850183,
      "se_symmetric_bits": 0.0005681385362314863
    },
    {
      "receive_antennas": 6,
      "users": 28,
      "snr_db": 15,
      "mean_sum_bits": 57.721632024840446,
      "se_sum_bits": 0.015963917789969712,
      "mean_symmetric_bits": 2.061486858030016,
      "se_symmetric_bits": 0.0005701399210703468
    },
    {
      "receive_antennas": 6,
      "users": 28,
      "snr_db": 20,
      "mean_sum_bits": 67.67888332975693,
      "se_sum_bits": 0.015981746926260632,
      "mean_symmetric_bits": 2.4171029760627474,
      "se_symmetric_bits": 0.0005707766759378797
    },
    {
      "receive_antennas": 6,
      "users": 28,
      "snr_db": 25,
      "mean_sum_bits": 77.64196701158195,
      "se_sum_bits": 0.01598739589232239,
      "mean_symmetric_bits": 2.772927393270784,
      "se_symmetric_bits": 0.0005709784247257996
    },
    {
      "receive_antennas": 6,
      "users": 28,
      "snr_db": 30,
      "mean_sum_bits": 87.6068970665444,
      "se_sum_bits": 0.015989183344802812,
      "mean_symmetric_bits": 3.128817752376586,
      "se_symmetric_bits": 0.0005710422623143862
    },
    {
      "receive_antennas": 6,
      "users": 29,
      "snr_db": 0,
      "mean_sum_bits": 28.522002951697754,
      "se_sum_bits": 0.0150197609051087,
      "mean_symmetric_bits": 0.9835173431619915,
      "se_symmetric_bits": 0.0005179227898313344
    },
    {
      "receive_antennas": 6,
      "users": 29,
      "snr_db": 5,
      "mean_sum_bits": 38.23833504255809,
      "se_sum_bits": 0.015509824160873877,
      "mean_symmetric_bits": 1.3185632773295894,
      "se_symmetric_bits": 0.0005348215227887543
    },
    {
      "receive_antennas": 6,
      "users": 29,
      "snr_db": 10,
      "mean_sum_bits": 48.12332377679697,
      "se_sum_bits": 0.015673560524476205,
      "mean_symmetric_bits": 1.6594249578205853,
      "se_symmetric_bits": 0.000540467604292283
    },
    {
      "receive_antennas": 6,
      "users": 29,
      "snr_db": 15,
      "mean_sum_bits": 58.0633589375896,
      "se_sum_bits": 0.015726280066588407,
      "mean_symmetric_bits": 2.0021847909513655,
      "se_symmetric_bits": 0.0005422855195375313
    },
    {
      "receive_antennas": 6,
      "users": 29,
      "snr_db": 20,
      "mean_sum_bits": 68.02098042940423,
      "se_sum_bits": 0.015743047841622067,
      "mean_symmetric_bits": 2.345551049289801,
      "se_symmetric_bits": 0.000542863718676623
    },
    {
      "receive_antennas": 6,
      "users": 29,
      "snr_db": 25,
      "mean_sum_bits": 77.98418138306289,
      "se_sum_bits": 0.015748359989530385,
      "mean_symmetric_bits": 2.6891097028642377,
      "se_symmetric_bits": 0.000543046896190703
    },
    {
      "receive_antennas": 6,
      "users": 29,
      "snr_db": 30,
      "mean_sum_bits": 87.94914854352847,
      "se_sum_bits": 0.015750040811701102,
      "mean_symmetric_bits": 3.032729260121671,
      "se_symmetric_bits": 0.0005431048555759
    },
    {
      "receive_antennas": 6,
      "users": 30,
      "snr_db": 0,
      "mean_sum_bits": 28.834471821406012,
      "se_sum_bits": 0.01473697161475817,
      "mean_symmetric_bits": 0.9611490607135338,
      "se_symmetric_bits": 0.0004912323871586056
    },
    {
      "receive_antennas": 6,
      "users": 30,
      "snr_db": 5,
      "mean_sum_bits": 38.56080459586775,
      "se_sum_bits": 0.015196182701651921,
      "mean_symmetric_bits": 1.2853601531955916,
      "se_symmetric_bits": 0.0005065394233883973
    },
    {
      "receive_antennas": 6,
      "users": 30,
      "snr_db": 10,
      "mean_sum_bits": 48.44912271478661,
      "se_sum_bits": 0.015349143966010684,
      "mean_symmetric_bits": 1.6149707571595537,
      "se_symmetric_bits": 0.0005116381322003562
    },
    {
      "receive_antennas": 6,
      "users": 30,
      "snr_db": 15,
      "mean_sum_bits": 58.39022853784369,
      "se_sum_bits": 0.015398342908157028,
      "mean_symmetric_bits": 1.9463409512614562,
      "se_symmetric_bits": 0.0005132780969385676
    },
    {
      "receive_antennas": 6,
      "users": 30,
      "snr_db": 20,
      "mean_sum_bits": 68.34819042315252,
      "se_sum_bits": 0.015413985650336115,
      "mean_symmetric_bits": 2.2782730141050838,
      "se_symmetric_bits": 0.0005137995216778705
    },
    {
      "receive_antennas": 6,
      "users": 30,
      "snr_db": 25,
      "mean_sum_bits": 78.31149920196985,
      "se_sum_bits": 0.01541894084636717,
      "mean_symmetric_bits": 2.6103833067323285,
      "se_symmetric_bits": 0.0005139646948789056
    },
    {
      "receive_antennas": 6,
      "users": 30,
      "snr_db": 30,
      "mean_sum_bits": 88.27650047811272,
      "se_sum_bits": 0.015420508671498596,
      "mean_symmetric_bits": 2.942550015937091,
      "se_symmetric_bits": 0.0005140169557166198
    }
  ],
  "grouped": [
    {
      "snr_db": 0,
      "sdma": 0.8056153592536899,
      "grouped": 0.6632461381268394,
      "oma": 0.23538647962917017,
      "se": [
        0.0004305128712381242,
        0.0011610252843203266,
        0.0004997148201897282
      ]
    },
    {
      "snr_db": 1,
      "sdma": 0.8590829994026772,
      "grouped": 0.7102407753838696,
      "oma": 0.2463761309726263,
      "se": [
        0.00043423201415602856,
        0.0012102216379436897,
        0.000500679149599338
      ]
    },
    {
      "snr_db": 2,
      "sdma": 0.9129282233896728,
      "grouped": 0.758172909487776,
      "oma": 0.2573828077320119,
      "se": [
        0.00043724242720465816,
        0.001258665973845973,
        0.0005014489159418417
      ]
    },
    {
      "snr_db": 3,
      "sdma": 0.96707793331711,
      "grouped": 0.806962522273738,
      "oma": 0.26840305811311316,
      "se": [
        0.0004396702104417314,
        0.001306123323392961,
        0.0005020627664144757
      ]
    },
    {
      "snr_db": 4,
      "sdma": 1.021472451980031,
      "grouped": 0.8565336822469461,
      "oma": 0.2794341220831124,
      "se": [
        0.00044162227360426627,
        0.0013523287938310327,
        0.0005025518933920907
      ]
    },
    {
      "snr_db": 5,
      "sdma": 1.0760633245349787,
      "grouped": 0.9068143871650324,
      "oma": 0.2904737956925418,
      "se": [
        0.0004431880366845297,
        0.0013970036987513612,
        0.0005029413909984149
      ]
    },
    {
      "snr_db": 6,
      "sdma": 1.1308113809697138,
      "grouped": 0.9577364672478496,
      "oma": 0.30152032092141046,
      "se": [
        0.0004444414960486758,
        0.001439873606618257,
        0.0005032513951610693
      ]
    },
    {
      "snr_db": 7,
      "sdma": 1.1856850687382334,
      "grouped": 1.0092355542600817,
      "oma": 0.31257229665220193,
      "se": [
        0.00044544336937163913,
        0.00148068581730495,
        0.0005034980299310939
      ]
    },
    {
      "snr_db": 8,
      "sdma": 1.240659043313551,
      "grouped": 1.061251105950487,
      "oma": 0.32362860697517354,
      "se": [
        0.00044624314599123367,
        0.0015192242138264156,
        0.0005036941855580428
      ]
    },
    {
      "snr_db": 9,
      "sdma": 1.2957129928625022,
      "grouped": 1.1137264663082869,
      "oma": 0.33468836361523696,
      "se": [
        0.0004468809496880792,
        0.0015553201196313582,
        0.0005038501535365815
      ]
    },
    {
      "snr_db": 10,
      "sdma": 1.3508306683643956,
      "grouped": 1.1666089384314962,
      "oma": 0.34575085980278586,
      "se": [
        0.00044738917426419094,
        0.0015888585525384974,
        0.0005039741419476035
      ]
    },
    {
      "snr_db": 11,
      "sdma": 1.4059990897408843,
      "grouped": 1.2198498469666548,
      "oma": 0.356815533379589,
      "se": [
        0.0004477938854057669,
        0.001619779964303794,
        0.0005040726917808993
      ]
    },
    {
      "snr_db": 12,
      "sdma": 1.4612079001637983,
      "grouped": 1.2734045700076166,
      "oma": 0.3678819373326046,
      "se": [
        0.00044811600123976055,
        0.0016480780876168073,
        0.0005041510120780439
      ]
    },
    {
      "snr_db": 13,
      "sdma": 1.5164488434874916,
      "grouped": 1.3272325253587303,
      "oma": 0.37894971628665497,
      "se": [
        0.0004483722735200119,
        0.0016737948252254704,
        0.0005042132489747293
      ]
    },
    {
      "snr_db": 14,
      "sdma": 1.571715342977302,
      "grouped": 1.381297102501718,
      "oma": 0.3900185877676199,
      "se": [
        0.0004485760950082943,
        0.0016970132073158314,
        0.0005042627012055227
      ]
    },
    {
      "snr_db": 15,
      "sdma": 1.6270021627429572,
      "grouped": 1.4355655385157196,
      "oma": 0.4010883272785943,
      "se": [
        0.0004487381587662744,
        0.0017178493594885375,
        0.0005043019924251338
      ]
    },
    {
      "snr_db": 16,
      "sdma": 1.6823051363008779,
      "grouped": 1.4900087424523187,
      "oma": 0.4121587564197409,
      "se": [
        0.0004488669933389942,
        0.001736444239449974,
        0.0005043332088102382
      ]
    },
    {
      "snr_db": 17,
      "sdma": 1.7376209493733423,
      "grouped": 1.5446010772671095,
      "oma": 0.42322973343529763,
      "se": [
        0.00044896939519314504,
        0.0017529556916279629,
        0.0005043580088176805
      ]
    },
    {
      "snr_db": 18,
      "sdma": 1.7929469663514006,
      "grouped": 1.599320110846646,
      "oma": 0.4343011456945268,
      "se": [
        0.00044905077687726314,
        0.001767551187757306,
        0.0005043777106577507
      ]
    },
    {
      "snr_db": 19,
      "sdma": 1.8482810918107517,
      "grouped": 1.6541463480514245,
      "oma": 0.44537290371263333,
      "se": [
        0.00044911544653672945,
        0.0017804014868870522,
        0.00050439336195956
      ]
    },
    {
      "snr_db": 20,
      "sdma": 1.903621660105633,
      "grouped": 1.7090629545953886,
      "oma": 0.45644493639731337,
      "se": [
        0.0004491668318190245,
        0.0017916753521807582,
        0.0005044057952238019
      ]
    },
    {
      "snr_db": 21,
      "sdma": 1.9589673474144256,
      "grouped": 1.7640554817268537,
      "oma": 0.4675171872703662,
      "se": [
        0.00044920765891834146,
        0.0018015353859988795,
        0.0005044156719434717
      ]
    },
    {
      "snr_db": 22,
      "sdma": 2.0143171017133334,
      "grouped": 1.8191115986615483,
      "oma": 0.478589611464781,
      "se": [
        0.00044924009554936584,
        0.0018101349756787434,
        0.0005044235176963266
      ]
    },
    {
      "snr_db": 23,
      "sdma": 2.0696700870503446,
      "grouped": 1.874220837886669,
      "oma": 0.4896621733384073,
      "se": [
        0.00044926586499214835,
        0.001817616278054848,
        0.0005044297500489455
      ]
    },
    {
      "snr_db": 24,
      "sdma": 2.125025639215929,
      "grouped": 1.9293743569167994,
      "oma": 0.5007348445777747,
      "se": [
        0.00044928633698261566,
        0.0018241091177755863,
        0.0005044347007401008
      ]
    },
    {
      "snr_db": 25,
      "sdma": 2.1803832304902535,
      "grouped": 1.9845647188192743,
      "oma": 0.5118076026914924,
      "se": [
        0.00044930260009999487,
        0.0018297306414883112,
        0.0005044386333132501
      ]
    },
    {
      "snr_db": 26,
      "sdma": 2.2357424416151694,
      "grouped": 2.0397856927845424,
      "oma": 0.5228804298132559,
      "se": [
        0.0004493155193865647,
        0.0018345855609718667,
        0.0005044417571298474
      ]
    },
    {
      "snr_db": 27,
      "sdma": 2.2911029395145146,
      "grouped": 2.095032075165848,
      "oma": 0.5339533117508766,
      "se": [
        0.00044932578219267894,
        0.0018387668293706509,
        0.0005044442385051395
      ]
    },
    {
      "snr_db": 28,
      "sdma": 2.3464644595864663,
      "grouped": 2.150299530755572,
      "oma": 0.5450262372307962,
      "se": [
        0.0004493339346407812,
        0.0018423566153007867,
        0.000504446209556562
      ]
    },
    {
      "snr_db": 29,
      "sdma": 2.40182679163138,
      "grouped": 2.2055844536132447,
      "oma": 0.5560991972979192,
      "se": [
        0.00044934041062011154,
        0.0018454274580531947,
        0.0005044477752341124
      ]
    },
    {
      "snr_db": 30,
      "sdma": 2.4571897686697874,
      "grouped": 2.260883846489767,
      "oma": 0.5671721848388398,
      "se": [
        0.0004493455548371612,
        0.0018480434972332432,
        0.000504449018905937
      ]
    }
  ],
  "mc_realisations": 2048,
  "toeplitz": [
    {
      "n": 2,
      "per_symbol_logdet": 1.5582310371706525,
      "limit": 1.4660509696127646,
      "error": 0.09218006755788788,
      "upper_bound": 0.09475958069431158
    },
    {
      "n": 4,
      "per_symbol_logdet": 1.51339241397446,
      "limit": 1.4660509696127646,
      "error": 0.047341444361695295,
      "upper_bound": 0.04737979034715579
    },
    {
      "n": 8,
      "per_symbol_logdet": 1.4897408477548033,
      "limit": 1.4660509696127646,
      "error": 0.02368987814203871,
      "upper_bound": 0.023689895173577894
    },
    {
      "n": 16,
      "per_symbol_logdet": 1.477895917199547,
      "limit": 1.4660509696127646,
      "error": 0.01184494758678234,
      "upper_bound": 0.011844947586788947
    },
    {
      "n": 32,
      "per_symbol_logdet": 1.4719734434061598,
      "limit": 1.4660509696127646,
      "error": 0.0059224737933951666,
      "upper_bound": 0.0059224737933944735
    },
    {
      "n": 64,
      "per_symbol_logdet": 1.4690122065094628,
      "limit": 1.4660509696127646,
      "error": 0.0029612368966982494,
      "upper_bound": 0.0029612368966972368
    },
    {
      "n": 128,
      "per_symbol_logdet": 1.46753158806111,
      "limit": 1.4660509696127646,
      "error": 0.00148061844834535,
      "upper_bound": 0.0014806184483486184
    }
  ],
  "power": {
    "trajectory": [
      [
        0.0,
        3.0
      ],
      [
        2.0,
        0.5
      ],
      [
        0.75,
        1.5
      ],
      [
        1.25,
        0.875
      ],
      [
        0.9375,
        1.125
      ],
      [
        1.0625,
        0.96875
      ],
      [
        0.984375,
        1.03125
      ],
      [
        1.015625,
        0.9921875
      ],
      [
        0.99609375,
        1.0078125
      ],
      [
        1.00390625,
        0.998046875
      ],
      [
        0.9990234375,
        1.001953125
      ],
      [
        1.0009765625,
        0.99951171875
      ],
      [
        0.999755859375,
        1.00048828125
      ],
      [
        1.000244140625,
        0.9998779296875
      ],
      [
        0.99993896484375,
        1.0001220703125
      ],
      [
        1.00006103515625,
        0.999969482421875
      ],
      [
        0.9999847412109375,
        1.000030517578125
      ],
      [
        1.0000152587890625,
        0.9999923706054688
      ],
      [
        0.9999961853027344,
        1.0000076293945312
      ],
      [
        1.0000038146972656,
        0.9999980926513672
      ],
      [
        0.9999990463256836,
        1.0000019073486328
      ],
      [
        1.0000009536743164,
        0.9999995231628418
      ],
      [
        0.9999997615814209,
        1.0000004768371582
      ],
      [
        1.000000238418579,
        0.9999998807907104
      ],
      [
        0.9999999403953552,
        1.0000001192092896
      ],
      [
        1.0000000596046448,
        0.9999999701976776
      ]
    ],
    "policies": [
      {
        "assignment": [
          1,
          2
        ],
        "p": [
          0.5612244897959183,
          0.6122448979591837
        ]
      },
      {
        "assignment": [
          1,
          1
        ],
        "p": [
          1.0,
          5.0
        ]
      },
      {
        "assignment": [
          2,
          2
        ],
        "p": [
          2.5,
          1.0
        ]
      },
      {
        "assignment": [
          2,
          1
        ],
        "status": "infeasible"
      }
    ]
  },
  "diagonal_restriction_counterexample": {
    "best_diagonal": 0.9985774245179968,
    "nondiagonal": 1.0319849943301747,
    "delta": 0.01
  },
  "waterfilling": {
    "gains": [
      4.0,
      1.0,
      0.25,
      0.1
    ],
    "power": [
      1.875,
      1.125,
      0,
      0
    ],
    "capacity_nats": 2.8938379658726507,
    "equal_power_nats": 2.1900810675615987
  },
  "canonical_cascade": {
    "max_output_discrepancy": 3.3306690738754696e-16,
    "sampled_input_length": 5000,
    "peak_v": 0.8864199212423441,
    "peak_w": 0.04343958281465812
  }
}
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			row			probability_cold			probability_warm			actual_up			error			iterations_cold			iterations_warm			score_norm


			1			0.5713923205171542			0.5713923205203999			0.0			True			4.0			3.0			1.445965970629452e-08


			2			0.5703385975404829			0.5703385975431428			0.0			True			4.0			3.0			1.4260129510435434e-08


			3			0.5746448515264089			0.5746448515285761			1.0			False			4.0			3.0			1.2525577314275963e-08


			4			0.48044230273575217			0.4804423027278626			1.0			True			4.0			3.0			1.5894307222559566e-08


			5			0.5988008564888987			0.5988008564945314			1.0			False			4.0			3.0			1.1580627352464134e-08


			6			0.5550604127162558			0.5550604127172899			0.0			True			4.0			3.0			1.3682286528310103e-08


			7			0.5848761031504092			0.5848761031541598			1.0			False			4.0			3.0			1.213180845717909e-08


			8			0.5261505618567639			0.5261505618537528			1.0			False			4.0			3.0			1.3963508786186879e-08


			9			0.5662303412922061			0.5662303412942661			1.0			False			4.0			3.0			1.2572317837928786e-08


			10			0.544296928664171			0.544296928663776			0.0			True			4.0			3.0			1.320001157493877e-08


			11			0.6002211226497051			0.6002211226554157			0.0			True			4.0			3.0			1.5584961854060142e-08


			12			0.5308364858647387			0.5308364858613659			1.0			False			4.0			3.0			1.4028775517575797e-08


			13			0.49965623411808563			0.4996562341120641			1.0			True			4.0			3.0			1.4950434968648192e-08


			14			0.5563924856448107			0.5563924856471466			1.0			False			4.0			3.0			1.2485010040159148e-08


			15			0.6091105189981195			0.6091105189953583			0.0			True			5.0			3.0			3.271166214177094e-14


			16			0.5659427243831867			0.5659427243851926			1.0			False			4.0			3.0			1.2586572544519752e-08


			17			0.5325380871997105			0.5325380871982188			0.0			True			4.0			3.0			1.283083005316379e-08


			18			0.6013420730740391			0.6013420730794802			1.0			False			4.0			3.0			1.1665811275131554e-08


			19			0.5262322095947783			0.5262322095921084			0.0			True			4.0			3.0			1.2456628263228294e-08


			20			0.5910765085479468			0.591076508552145			1.0			False			4.0			3.0			1.200888460373378e-08


			21			0.516326806468099			0.5163268064635973			1.0			False			4.0			3.0			1.440672053992913e-08


			22			0.5644062014298638			0.5644062014317272			1.0			False			4.0			3.0			1.2623814367589472e-08


			23			0.533923151675202			0.533923151673903			0.0			True			4.0			3.0			1.2892812994082828e-08


			24			0.6074067807829112			0.6074067807900747			0.0			True			4.0			3.0			1.6226693352606086e-08


			25			0.5549782124914104			0.5549782124908975			0.0			True			4.0			3.0			1.3222604373169176e-08


			26			0.5464129061947339			0.5464129061929741			0.0			True			4.0			3.0			1.28196843958589e-08


			27			0.5468133378260017			0.5468133378240744			0.0			True			4.0			3.0			1.2796326349078491e-08


			28			0.5385326074677751			0.5385326074651315			0.0			True			4.0			3.0			1.2513477212219058e-08


			29			0.5656521569611016			0.565652156960598			1.0			False			4.0			3.0			1.2980118411567986e-08


			30			0.44227056228300904			0.44227056228300904			1.0			True			5.0			4.0			3.3504647350496673e-14


			31			0.606390587393975			0.6063905873921711			0.0			True			5.0			3.0			2.9440175640723586e-14


			32			0.5792423438257309			0.5792423438288516			0.0			True			4.0			3.0			1.4475707942520458e-08


			33			0.542767951859712			0.5427679518579135			0.0			True			4.0			3.0			1.276205378337769e-08


			34			0.5443763660173928			0.5443763660160001			1.0			False			4.0			3.0			1.3479910469925166e-08


			35			0.5135386951588417			0.513538695154971			0.0			True			4.0			3.0			1.2064682097352721e-08


			36			0.6142442840618628			0.6142442840676612			1.0			False			4.0			3.0			1.1491894346446149e-08


			37			0.4624676672916608			0.4624676672865672			0.0			False			4.0			3.0			1.0830678252483544e-08


			38			0.6365941044981104			0.6365941045053599			1.0			False			4.0			3.0			1.0799358345582082e-08


			39			0.4937314576416872			0.4937314576346374			1.0			True			4.0			3.0			1.5326236238426272e-08


			40			0.5831755203342903			0.5831755203384464			1.0			False			4.0			3.0			1.201792803249023e-08


			41			0.5544172265897644			0.5544172265906716			0.0			True			4.0			3.0			1.3639852803912425e-08


			42			0.576582232893916			0.5765822328969699			1.0			False			4.0			3.0			1.2314251366487882e-08


			43			0.5229789248511977			0.522978924848339			1.0			False			4.0			3.0			1.3930793481955001e-08


			44			0.5734734266007411			0.5734734266045909			0.0			True			4.0			3.0			1.4682614911501845e-08


			45			0.5825533161602318			0.5825533161640604			1.0			False			4.0			3.0			1.2110963384275234e-08


			46			0.5370403442099858			0.5370403442087452			0.0			True			4.0			3.0			1.2919511924122101e-08


			47			0.5868171847919057			0.5868171847967583			0.0			True			4.0			3.0			1.5074881055777112e-08


			48			0.5652033077010805			0.5652033077019258			0.0			True			4.0			3.0			1.3695608779369027e-08


			49			0.5359795092842378			0.5359795092816119			1.0			False			4.0			3.0			1.38172276033036e-08


			50			0.4728425849105021			0.47284258490381204			1.0			True			4.0			3.0			1.602712054158636e-08


			51			0.6206058444354624			0.620605844442153			1.0			False			4.0			3.0			1.0965156627401052e-08


			52			0.5516232119879299			0.5516232119889126			1.0			False			4.0			3.0			1.2854205164877345e-08


			53			0.5380265108259675			0.5380265108264496			1.0			False			4.0			3.0			1.3025894140852925e-08


			54			0.6028744152355723			0.6028744152319884			0.0			True			5.0			3.0			6.221579282185046e-14


			55			0.6025764708966367			0.6025764709022572			1.0			False			4.0			3.0			1.160984959311171e-08


			56			0.5279717707283882			0.5279717707258527			1.0			False			4.0			3.0			1.3829910871826836e-08


			57			0.5638927006430443			0.5638927006453427			0.0			True			4.0			3.0			1.4119354673443852e-08


			58			0.5770920120610991			0.5770920120647292			0.0			True			4.0			3.0			1.460846845868294e-08


			59			0.5646258340387967			0.564625834040089			1.0			False			4.0			3.0			1.2767014114351298e-08


			60			0.5092823775738705			0.5092823775689103			1.0			False			4.0			3.0			1.4570155452691606e-08


			61			0.5851558688502394			0.5851558688544394			1.0			False			4.0			3.0			1.2010329743609601e-08


			62			0.5422245565313754			0.5422245565308446			1.0			False			4.0			3.0			1.326642169241991e-08


			63			0.5662302378045896			0.5662302378071487			0.0			True			4.0			3.0			1.4212860766989159e-08


			64			0.5820524635118853			0.582052463515332			1.0			False			4.0			3.0			1.2211209273483878e-08


			65			0.5311153924128533			0.5311153924105221			0.0			True			4.0			3.0			1.2566606723997171e-08


			66			0.5754370472357084			0.5754370472386492			0.0			True			4.0			3.0			1.4378214915936092e-08


			67			0.5431158804951535			0.5431158804938961			1.0			False			4.0			3.0			1.345498677603436e-08


			68			0.5279461373933595			0.527946137390842			1.0			False			4.0			3.0			1.3825087544880216e-08


			69			0.5457734077606593			0.5457734077611751			0.0			True			4.0			3.0			1.347806189508398e-08


			70			0.6261404400307519			0.6261404400376339			1.0			False			4.0			3.0			1.1103434654572162e-08


			71			0.5090076400472788			0.5090076400426893			0.0			True			4.0			3.0			1.1812491155756408e-08


			72			0.5782692357503005			0.5782692357537377			0.0			True			4.0			3.0			1.4552769470821274e-08


			73			0.5532444712337482			0.5532444712335384			1.0			False			4.0			3.0			1.3160785294836056e-08


			74			0.5206286651042537			0.5206286651004182			1.0			False			4.0			3.0			1.4205717560980747e-08


			75			0.5503903096825933			0.5503903096832561			1.0			False			4.0			3.0			1.294127297984743e-08


			76			0.5704252665153636			0.570425266518551			0.0			True			4.0			3.0			1.4437188290361004e-08


			77			0.57814585764399			0.5781458576471524			1.0			False			4.0			3.0			1.2285994414607217e-08


			78			0.5272634533829892			0.5272634533805967			0.0			True			4.0			3.0			1.2545024881780757e-08


			79			0.5802475614450985			0.5802475614493412			0.0			True			4.0			3.0			1.4831673174392275e-08


			80			0.5582273491604954			0.5582273491614153			1.0			False			4.0			3.0			1.2871659674493972e-08


			81			0.5269168520496542			0.5269168520473522			1.0			False			4.0			3.0			1.3768607386899811e-08


			82			0.5859185620587137			0.5859185620638953			0.0			True			4.0			3.0			1.5200728427854464e-08


			83			0.5758827267608374			0.5758827267637037			0.0			True			4.0			3.0			1.4360929373950841e-08


			84			0.543897595907818			0.5438975959064685			1.0			False			4.0			3.0			1.3473281547485079e-08


			85			0.5238066652037664			0.5238066652008033			0.0			True			4.0			3.0			1.2361912547044447e-08


			86			0.5774098661227322			0.577409866126343			0.0			True			4.0			3.0			1.4603432378023559e-08


			87			0.5582608131656657			0.5582608131663072			1.0			False			4.0			3.0			1.2941475946785287e-08


			88			0.536009138287112			0.5360091382852211			1.0			False			4.0			3.0			1.3638528276802222e-08


			89			0.5291824987520409			0.5291824987503022			0.0			True			4.0			3.0			1.2744088160904375e-08


			90			0.6160867874717192			0.6160867874781243			1.0			False			4.0			3.0			1.1336311362629847e-08


			91			0.5044069506084772			0.5044069506026841			1.0			False			4.0			3.0			1.4840462793414487e-08


			92			0.5795125426387923			0.5795125426430813			0.0			True			4.0			3.0			1.4847555844696042e-08


			93			0.5870838091466896			0.5870838091505698			0.0			True			4.0			3.0			1.4818281597152055e-08


			94			0.5338602102084176			0.5338602102055634			0.0			True			4.0			3.0			1.2409688111950073e-08


			95			0.5313888012054643			0.5313888012027964			1.0			False			4.0			3.0			1.385551893496086e-08


			96			0.5410168299363928			0.5410168299355778			1.0			False			4.0			3.0			1.334404304482466e-08


			97			0.5563130695208239			0.556313069522151			1.0			False			4.0			3.0			1.2763625554499924e-08


			98			0.5691809186382708			0.5691809186408926			1.0			False			4.0			3.0			1.2424144840544482e-08


			99			0.5143155398949041			0.5143155398923861			1.0			False			4.0			3.0			1.394259705318361e-08


			100			0.6029477537188758			0.6029477537146226			0.0			True			5.0			3.0			4.872348803861935e-15


			101			0.609933833484829			0.6099338334910156			1.0			False			4.0			3.0			1.1420085509943424e-08


			102			0.5319232781267373			0.5319232781246545			0.0			True			4.0			3.0			1.2647073247401336e-08


			103			0.5768386715291245			0.5768386715325234			0.0			True			4.0			3.0			1.4530980165666294e-08


			104			0.5577688713707536			0.5577688713711849			1.0			False			4.0			3.0			1.29928371686387e-08


			105			0.5248175732819447			0.524817573278639			1.0			False			4.0			3.0			1.4047104496427922e-08


			106			0.5607901408079963			0.5607901408095155			0.0			True			4.0			3.0			1.3856047174189793e-08


			107			0.562116718765347			0.5621167187668035			1.0			False			4.0			3.0			1.2730414704060362e-08


			108			0.5488467375665551			0.5488467375664142			0.0			True			4.0			3.0			1.329043062782948e-08


			109			0.5779547593874882			0.5779547593902544			1.0			False			4.0			3.0			1.238220570021586e-08


			110			0.5209767740644154			0.5209767740604517			1.0			False			4.0			3.0			1.423937607071792e-08


			111			0.5480004327312504			0.5480004327313807			0.0			True			4.0			3.0			1.3374881691158337e-08


			112			0.5939073103337809			0.5939073103391779			0.0			True			4.0			3.0			1.5336224616650264e-08


			113			0.5305621119395331			0.5305621119366519			1.0			False			4.0			3.0			1.391380929719674e-08


			114			0.5408600126723935			0.5408600126714208			1.0			False			4.0			3.0			1.338640383472386e-08


			115			0.5386147404163455			0.53861474041579			0.0			True			4.0			3.0			1.3129843491035234e-08


			116			0.6123770303521581			0.6123770303583922			1.0			False			4.0			3.0			1.1404819540652253e-08


			117			0.5208262030070672			0.5208262030032903			1.0			False			4.0			3.0			1.4188893088815098e-08


			118			0.5603060625819763			0.5603060625836266			0.0			True			4.0			3.0			1.3896773587404925e-08


			119			0.5807077474291893			0.5807077474324582			1.0			False			4.0			3.0			1.2256941995979166e-08


			120			0.5237421296429468			0.5237421296396435			1.0			False			4.0			3.0			1.40498928538518e-08


			121			0.566830193620596			0.5668301936229807			0.0			True			4.0			3.0			1.4157408436537643e-08


			122			0.5647008905806213			0.56470089058238			0.0			True			4.0			3.0			1.3946371028707095e-08


			123			0.5576540573957733			0.5576540573963414			0.0			True			4.0			3.0			1.3540505423052498e-08


			124			0.5567950079595169			0.5567950079596943			0.0			True			4.0			3.0			1.3418290234053723e-08


			125			0.5327414764240425			0.5327414764216445			1.0			False			4.0			3.0			1.3780586561011674e-08


			126			0.5337565278049908			0.5337565278035875			1.0			False			4.0			3.0			1.3511348920155928e-08


			127			0.5783121692056203			0.5783121692092832			1.0			False			4.0			3.0			1.2149789289304753e-08


			128			0.5636105437845214			0.5636105437864063			0.0			True			4.0			3.0			1.398364827908325e-08


			129			0.5673839257525499			0.5673839257544107			1.0			False			4.0			3.0			1.262332280932115e-08


			130			0.512368574851444			0.5123685748478624			0.0			True			4.0			3.0			1.2144025286148734e-08


			131			0.6106926054483606			0.6106926054545573			1.0			False			4.0			3.0			1.1418156268470087e-08


			132			0.5346302040136351			0.5346302040116503			0.0			True			4.0			3.0			1.2679551198238703e-08


			133			0.5709143786864154			0.5709143786887431			0.0			True			4.0			3.0			1.4157472927991866e-08


			134			0.5365278750014889			0.5365278749996503			1.0			False			4.0			3.0			1.3623453979040734e-08


			135			0.5494527248056529			0.5494527248057787			1.0			False			4.0			3.0			1.3085938782422759e-08


			136			0.5569483960354015			0.556948396036512			1.0			False			4.0			3.0			1.2822166514892478e-08


			137			0.5569404581069827			0.5569404581081363			0.0			True			4.0			3.0			1.3726385746802376e-08


			138			0.587135206678255			0.5871352066825711			0.0			True			4.0			3.0			1.4918201851868317e-08


			139			0.5348253454780415			0.5348253454756362			0.0			True			4.0			3.0			1.2544333023155166e-08


			140			0.5585146678998891			0.5585146679003087			1.0			False			4.0			3.0			1.2991630467971601e-08


			141			0.5036814241599535			0.5036814241542357			1.0			False			4.0			3.0			1.4824342316743156e-08


			142			0.5821683136183051			0.5821683136223471			1.0			False			4.0			3.0			1.2049160979539382e-08


			143			0.5536945485280611			0.5536945485288791			0.0			True			4.0			3.0			1.3609257933313871e-08


			144			0.5734925942259936			0.5734925942288118			1.0			False			4.0			3.0			1.2375167795700774e-08


			145			0.539505345249998			0.5395053452490259			1.0			False			4.0			3.0			1.3387880986048966e-08


			146			0.5622447749097884			0.5622447749116962			1.0			False			4.0			3.0			1.2610728275405789e-08


			147			0.5615645164601908			0.5615645164619539			1.0			False			4.0			3.0			1.2649233859168654e-08


			148			0.5626377658486409			0.5626377658504023			1.0			False			4.0			3.0			1.2650270118396661e-08


			149			0.5575345101644312			0.55753451016554			1.0			False			4.0			3.0			1.2822645844422833e-08


			150			0.5449133167892308			0.5449133167890907			0.0			True			4.0			3.0			1.328142407305298e-08


			151			0.5848450964603502			0.5848450964651463			0.0			True			4.0			3.0			1.504565025099545e-08


			152			0.5594728132185156			0.5594728132193266			0.0			True			4.0			3.0			1.3624246396980532e-08


			153			0.5552402592163365			0.5552402592164704			1.0			False			4.0			3.0			1.3072610234467761e-08


			154			0.5149555383071481			0.5149555383034566			0.0			True			4.0			3.0			1.212346274632017e-08


			155			0.5846031816039188			0.584603181607981			1.0			False			4.0			3.0			1.2048775056901695e-08


			156			0.5452225894985315			0.5452225894981234			1.0			False			4.0			3.0			1.3231132152906884e-08


			157			0.5429990877314474			0.5429990877312548			0.0			True			4.0			3.0			1.3258511052645838e-08


			158			0.5993560713752067			0.5993560713817436			0.0			True			4.0			3.0			1.5815457080633725e-08


			159			0.5619500916159896			0.5619500916166847			1.0			False			4.0			3.0			1.2910789930370613e-08


			160			0.4985084723394646			0.49850847233294715			1.0			True			4.0			3.0			1.5106319204000003e-08


			161			0.5797294232855721			0.5797294232893657			1.0			False			4.0			3.0			1.211543083695794e-08


			162			0.5558052895950177			0.5558052895960688			1.0			False			4.0			3.0			1.2837916722148536e-08


			163			0.56728410142667			0.5672841014290235			0.0			True			4.0			3.0			1.414879759502934e-08


			164			0.5618958433470326			0.5618958433483539			0.0			True			4.0			3.0			1.3795613487456943e-08


			165			0.5601523430616131			0.5601523430624168			1.0			False			4.0			3.0			1.2896850025547678e-08


			166			0.532143109795283			0.5321431097928601			1.0			False			4.0			3.0			1.3788999845812957e-08


			167			0.5418873506473223			0.5418873506467379			0.0			True			4.0			3.0			1.3134824654160797e-08


			168			0.602677925262931			0.602677925268092			1.0			False			4.0			3.0			1.1733237264742956e-08


			169			0.5072056990730633			0.5072056990672082			1.0			False			4.0			3.0			1.4841979135986628e-08


			170			0.5617861017326199			0.561786101734338			0.0			True			4.0			3.0			1.3923558610918587e-08


			171			0.5677103029284594			0.5677103029304752			1.0			False			4.0			3.0			1.2583747619730798e-08


			172			0.5314587953940753			0.5314587953920862			1.0			False			4.0			3.0			1.3674345758043924e-08


			173			0.5677411993313422			0.5677411993341125			0.0			True			4.0			3.0			1.4288061363125418e-08


			174			0.5704253437698318			0.5704253437726045			0.0			True			4.0			3.0			1.4297536551275877e-08


			175			0.5611720778638931			0.561172077865074			0.0			True			4.0			3.0			1.3748003499498933e-08


			176			0.5529416441391881			0.5529416441392855			1.0			False			4.0			3.0			1.3088845972932684e-08


			177			0.5352614664934501			0.5352614664917691			0.0			True			4.0			3.0			1.2777957062191819e-08


			178			0.5714682119490292			0.5714682119515686			1.0			False			4.0			3.0			1.2447727092585625e-08


			179			0.5448828480049464			0.5448828480043567			0.0			True			4.0			3.0			1.3139132978380532e-08


			180			0.5672148014069761			0.5672148014089639			1.0			False			4.0			3.0			1.25911583880171e-08


			181			0.5438603545724411			0.5438603545717329			1.0			False			4.0			3.0			1.3312162991442578e-08


			182			0.5569769174667326			0.5569769174677152			1.0			False			4.0			3.0			1.285602281671419e-08


			183			0.5569158745804698			0.5569158745814066			1.0			False			4.0			3.0			1.2868077778554259e-08


			184			0.5533880309634568			0.5533880309640152			1.0			False			4.0			3.0			1.2969188028284886e-08


			185			0.5465861709861497			0.5465861709861983			1.0			False			4.0			3.0			1.3107812771182079e-08


			186			0.5652016297551641			0.5652016297574144			1.0			False			4.0			3.0			1.2520623236193489e-08


			187			0.5672131346643997			0.5672131346666228			1.0			False			4.0			3.0			1.2529624282529174e-08


			188			0.5574018413710577			0.5574018413719973			0.0			True			4.0			3.0			1.3658837992463883e-08


			189			0.562855623865429			0.5628556238668475			0.0			True			4.0			3.0			1.383023983362365e-08


			190			0.5477816371120218			0.5477816371116315			1.0			False			4.0			3.0			1.3223071953269985e-08


			191			0.5440780865659792			0.5440780865653906			0.0			True			4.0			3.0			1.3138196870890804e-08


			192			0.5684783979162248			0.5684783979184703			1.0			False			4.0			3.0			1.2524089495530764e-08


			193			0.5335796853239236			0.5335796853224171			0.0			True			4.0			3.0			1.2829778172176943e-08


			194			0.5962414374357079			0.5962414374406466			1.0			False			4.0			3.0			1.1811645244092978e-08


			195			0.5265033155622751			0.5265033155595746			0.0			True			4.0			3.0			1.2446875593215612e-08


			196			0.585675536883729			0.5856755368874429			1.0			False			4.0			3.0			1.213922750028566e-08


			197			0.5173380673603672			0.5173380673567356			0.0			True			4.0			3.0			1.2144164996096525e-08


			198			0.5789803754998926			0.5789803755032302			1.0			False			4.0			3.0			1.2240373188916776e-08


			199			0.5447365062660178			0.5447365062653517			1.0			False			4.0			3.0			1.3299776958406189e-08


			200			0.5532932835200906			0.5532932835205842			0.0			True			4.0			3.0			1.3504385708836837e-08


			201			0.562505671860365			0.562505671861886			1.0			False			4.0			3.0			1.271350876622343e-08


			202			0.5464996924499236			0.5464996924496546			1.0			False			4.0			3.0			1.3192958172339257e-08


			203			0.5614179785445921			0.5614179785461515			0.0			True			4.0			3.0			1.3871055624945473e-08


			204			0.5597461019720049			0.5597461019731855			1.0			False			4.0			3.0			1.280314598876875e-08


			205			0.5445677574104232			0.5445677574099757			1.0			False			4.0			3.0			1.3242217940764866e-08


			206			0.5565319656981215			0.5565319656993192			0.0			True			4.0			3.0			1.373918971000152e-08


			207			0.570799852592317			0.570799852594894			1.0			False			4.0			3.0			1.2437687261351273e-08


			208			0.5470078412491133			0.5470078412489255			0.0			True			4.0			3.0			1.327175152922466e-08


			209			0.5843829766711155			0.584382976674658			1.0			False			4.0			3.0			1.218317506330714e-08


			210			0.5274041864714292			0.5274041864685278			0.0			True			4.0			3.0			1.2380263636361401e-08


			211			0.5618816461874444			0.561881646188765			0.0			True			4.0			3.0			1.3795332769006177e-08


			212			0.5510801984007215			0.5510801984006246			0.0			True			4.0			3.0			1.3308888310028654e-08


			213			0.552208052163979			0.5522080521641649			1.0			False			4.0			3.0			1.3067539732901943e-08


			214			0.5468921190559786			0.5468921190557012			1.0			False			4.0			3.0			1.3194752516962457e-08


			215			0.5516390171859338			0.5516390171864264			0.0			True			4.0			3.0			1.3499759515655491e-08


			216			0.591890842703779			0.5918908427086731			0.0			True			4.0			3.0			1.5162227513947468e-08


			217			0.5509343051633004			0.5509343051621077			1.0			False			4.0			3.0			1.3363362636634398e-08


			218			0.5054436820980508			0.5054436820930729			0.0			True			4.0			3.0			1.1653040326681205e-08


			219			0.5610590697095749			0.5610590697109168			1.0			False			4.0			3.0			1.2760596033032081e-08


			220			0.5484714500249864			0.5484714500249035			1.0			False			4.0			3.0			1.3141881798446313e-08


			221			0.5534543646367502			0.5534543646373952			0.0			True			4.0			3.0			1.3553359323825574e-08


			222			0.5730902219519237			0.5730902219548145			0.0			True			4.0			3.0			1.4347096800552643e-08


			223			0.5522013211558787			0.552201321155871			1.0			False			4.0			3.0			1.3116803557584874e-08


			224			0.5184942159044968			0.5184942159010546			1.0			False			4.0			3.0			1.4105624543172773e-08


			225			0.5851016763980227			0.5851016764023562			1.0			False			4.0			3.0			1.1970167358203777e-08


			226			0.557666335057183			0.5576663350583672			0.0			True			4.0			3.0			1.3738436975479861e-08


			227			0.5677494151545903			0.5677494151568488			0.0			True			4.0			3.0			1.4119443211628855e-08


			228			0.5513549979431264			0.5513549979431844			0.0			True			4.0			3.0			1.335948506965068e-08


			229			0.5854760026652222			0.5854760026682977			1.0			False			4.0			3.0			1.2264332493162417e-08


			230			0.4948535913395415			0.494853591332047			1.0			True			4.0			3.0			1.547422181536909e-08


			231			0.5588547952530165			0.55885479525442			1.0			False			4.0			3.0			1.2744373343601366e-08


			232			0.5570822633686248			0.5570822633698843			0.0			True			4.0			3.0			1.3760722112751977e-08


			233			0.5720061485076446			0.5720061485103002			1.0			False			4.0			3.0			1.2417416400304525e-08


			234			0.5413277930813544			0.541327793080531			0.0			True			4.0			3.0			1.3058643467255114e-08


			235			0.5738700234924154			0.5738700234952799			1.0			False			4.0			3.0			1.236313351423347e-08


			236			0.540602988725557			0.540602988724696			1.0			False			4.0			3.0			1.3356788214085252e-08


			237			0.5667584209995835			0.5667584210018207			1.0			False			4.0			3.0			1.2525572965481968e-08


			238			0.5406573260022847			0.540657326001741			0.0			True			4.0			3.0			1.3143642436805648e-08


			239			0.593841849460332			0.5938418494663023			0.0			True			4.0			3.0			1.5537163693866442e-08


			240			0.5514598939988125			0.5514598939987883			1.0			False			4.0			3.0			1.3122660521306457e-08


			241			0.5405726855399592			0.5405726855388612			0.0			True			4.0			3.0			1.2969963451497005e-08


			242			0.5868898369541453			0.5868898369577651			1.0			False			4.0			3.0			1.2155083855115778e-08


			243			0.5131615839439454			0.5131615839397133			0.0			True			4.0			3.0			1.193920241766306e-08


			244			0.5798535736931139			0.5798535736962175			1.0			False			4.0			3.0			1.2298516816178524e-08


			245			0.5021735054971832			0.502173505492637			0.0			True			4.0			3.0			1.181270394534933e-08


			246			0.6075915224065502			0.6075915224125834			1.0			False			4.0			3.0			1.1473870787194997e-08


			247			0.5241273678666061			0.5241273678639351			0.0			True			4.0			3.0			1.2454210945777889e-08


			248			0.604956337690004			0.6049563376954447			1.0			False			4.0			3.0			1.1655928832142011e-08


			249			0.5197122373024374			0.5197122372986724			0.0			True			4.0			3.0			1.2093903298855633e-08


			250			0.5576499460841323			0.5576499460849975			0.0			True			4.0			3.0			1.363543109627844e-08


			251			0.57046775751324			0.5704677575151234			1.0			False			4.0			3.0			1.2609594669320804e-08


			252			0.5240715988284568			0.5240715988252272			0.0			True			4.0			3.0			1.2273134259146755e-08


			253			0.5711401823319373			0.5711401823341056			1.0			False			4.0			3.0			1.2541582949333851e-08


			254			0.5074450425589203			0.5074450425539435			1.0			False			4.0			3.0			1.4587593959304429e-08


			255			0.5931612048022822			0.5931612048083869			0.0			True			4.0			3.0			1.561505416202644e-08


			256			0.559162767962842			0.5591627679639762			1.0			False			4.0			3.0			1.281551709396824e-08


			257			0.5499023720963125			0.5499023720964114			1.0			False			4.0			3.0			1.3092683425073444e-08


			258			0.5492669040959846			0.5492669040962134			0.0			True			4.0			3.0			1.3409579144224022e-08


			259			0.5740306559415914			0.5740306559444744			1.0			False			4.0			3.0			1.2358284495702443e-08


			260			0.5391754048058963			0.5391754048048971			1.0			False			4.0			3.0			1.339551732434217e-08


			261			0.5555399466294247			0.5555399466307798			1.0			False			4.0			3.0			1.275526829355914e-08


			262			0.5748882278072068			0.5748882278104577			1.0			False			4.0			3.0			1.2259430916046916e-08


			263			0.562368331497578			0.56236833149919			1.0			False			4.0			3.0			1.2689770786945404e-08


			264			0.5450718126079517			0.5450718126076662			0.0			True			4.0			3.0			1.3236358563658684e-08


			265			0.5786476351097244			0.5786476351130397			1.0			False			4.0			3.0			1.2246183654684783e-08


			266			0.5381531349232741			0.5381531349219956			1.0			False			4.0			3.0			1.3471888827219798e-08


			267			0.5556419027332252			0.5556419027343944			1.0			False			4.0			3.0			1.2806056270589896e-08


			268			0.5633576638847049			0.5633576638868857			0.0			True			4.0			3.0			1.4079110023982623e-08


			269			0.5714110473239976			0.571411047326642			1.0			False			4.0			3.0			1.2420050622492193e-08


			270			0.5428782090445953			0.5428782090440738			1.0			False			4.0			3.0			1.3263431880220684e-08


			271			0.5673465175232251			0.5673465175257776			0.0			True			4.0			3.0			1.4214311061277332e-08


			272			0.5642829451456807			0.5642829451474413			1.0			False			4.0			3.0			1.2650752186943568e-08


			273			0.5406715004693021			0.5406715004685139			1.0			False			4.0			3.0			1.3337154469613312e-08


			274			0.5626514041744991			0.5626514041764743			1.0			False			4.0			3.0			1.2592702503373052e-08


			275			0.5614128240831232			0.5614128240850038			0.0			True			4.0			3.0			1.397490932039411e-08


			276			0.5814326996004168			0.5814326996038378			1.0			False			4.0			3.0			1.2218305956776374e-08


			277			0.5281162855798586			0.5281162855771555			1.0			False			4.0			3.0			1.387486463029397e-08


			278			0.5524746204470905			0.5524746204479544			0.0			True			4.0			3.0			1.36197224213411e-08


			279			0.5875593510070217			0.5875593510112148			1.0			False			4.0			3.0			1.201549818390279e-08


			280			0.5197026146010312			0.5197026145976881			1.0			False			4.0			3.0			1.4073980379479104e-08


			281			0.5723073607843919			0.5723073607881113			0.0			True			4.0			3.0			1.4633180089323036e-08


			282			0.5899523545424104			0.5899523545468397			1.0			False			4.0			3.0			1.1952008596134996e-08


			283			0.5202239502248586			0.5202239502215391			1.0			False			4.0			3.0			1.406562869458558e-08


			284			0.5815625067099391			0.5815625067146043			0.0			True			4.0			3.0			1.4993735181592962e-08


			285			0.5745884915871042			0.5745884915897724			1.0			False			4.0			3.0			1.2413613531655744e-08


			286			0.5229550298404866			0.5229550298376064			0.0			True			4.0			3.0			1.2387795196934663e-08


			287			0.5874583210669934			0.5874583210720266			0.0			True			4.0			3.0			1.5142610447713115e-08


			288			0.5505464248212365			0.55054642482106			1.0			False			4.0			3.0			1.3163057908641247e-08


			289			0.5372573101825986			0.5372573101811502			1.0			False			4.0			3.0			1.3518801890542472e-08


			290			0.564105614010481			0.5641056140123238			1.0			False			4.0			3.0			1.2629137831180703e-08


			291			0.5506198321768637			0.5506198321771892			1.0			False			4.0			3.0			1.3032197239709352e-08


			292			0.5494219837610512			0.5494219837615584			1.0			False			4.0			3.0			1.2983434188183903e-08


			293			0.5616125910210923			0.5616125910232982			0.0			True			4.0			3.0			1.4081648086186976e-08


			294			0.5846179329125584			0.5846179329166102			1.0			False			4.0			3.0			1.2051638517708494e-08


			295			0.5470509926664152			0.547050992666093			0.0			True			4.0			3.0			1.3228731607629058e-08


			296			0.5646373970000992			0.5646373970018406			1.0			False			4.0			3.0			1.2655690766513734e-08


			297			0.5464338447456351			0.5464338447452888			1.0			False			4.0			3.0			1.3213445291814823e-08


			298			0.5559066574768933			0.5559066574777906			0.0			True			4.0			3.0			1.3641091031689973e-08


			299			0.5745883538106233			0.5745883538132256			1.0			False			4.0			3.0			1.2429826495742808e-08


			300			0.5164041234648172			0.5164041234608161			1.0			False			4.0			3.0			1.4267412987692695e-08


			301			0.578735010067936			0.5787350100715449			1.0			False			4.0			3.0			1.2166191806142161e-08


			302			0.5492559885816419			0.5492559885819029			0.0			True			4.0			3.0			1.3419714241692778e-08


			303			0.5731251706471215			0.5731251706499769			1.0			False			4.0			3.0			1.2365037928660886e-08


			304			0.5431289986210645			0.5431289986205876			1.0			False			4.0			3.0			1.325127345364509e-08


			305			0.556786282219448			0.5567862822209246			0.0			True			4.0			3.0			1.3829022079868771e-08


			306			0.5831911651066443			0.5831911651112573			0.0			True			4.0			3.0			1.4973724550549704e-08


			307			0.5586588644004157			0.5586588644012807			1.0			False			4.0			3.0			1.2885169214865271e-08


			308			0.5377133931330887			0.5377133931316691			1.0			False			4.0			3.0			1.3510343601736175e-08


			309			0.5640687074462051			0.5640687074481106			0.0			True			4.0			3.0			1.3991806927078348e-08


			310			0.5790613892884886			0.5790613892912359			1.0			False			4.0			3.0			1.2380645000030718e-08


			311			0.501612308963967			0.5016123089576915			1.0			False			4.0			3.0			1.500535146284328e-08


			312			0.5637810964852074			0.5637810964875098			1.0			False			4.0			3.0			1.2504064905148911e-08


			313			0.5560612998044407			0.5560612998060572			1.0			False			4.0			3.0			1.2683296285426565e-08


			314			0.5601832904222809			0.5601832904247446			0.0			True			4.0			3.0			1.4157932114155292e-08


			315			0.613195857054585			0.613195857060954			1.0			False			4.0			3.0			1.1353043987269555e-08


			316			0.520319614603495			0.5203196146003279			0.0			True			4.0			3.0			1.2295014327152622e-08


			317			0.6026182242633435			0.602618224269691			0.0			True			4.0			3.0			1.5810490629124548e-08


			318			0.5367498478619988			0.5367498478595306			1.0			False			4.0			3.0			1.377620681482089e-08


			319			0.5169606687332232			0.516960668729035			1.0			False			4.0			3.0			1.4316929631338829e-08


			320			0.5608112917709002			0.5608112917728388			0.0			True			4.0			3.0			1.3991724184974695e-08


			321			0.5831581028478943			0.5831581028516367			1.0			False			4.0			3.0			1.2134700643626797e-08


			322			0.5286287795419915			0.5286287795397493			0.0			True			4.0			3.0			1.259369461536273e-08


			323			0.6050292518990551			0.6050292519043441			1.0			False			4.0			3.0			1.168822081494044e-08


			324			0.49724591343574714			0.49724591342873486			1.0			True			4.0			3.0			1.5277159361902972e-08


			325			0.562960113893286			0.5629601138954841			0.0			True			4.0			3.0			1.4083386580321749e-08


			326			0.5906711362145646			0.5906711362187993			1.0			False			4.0			3.0			1.2001604873889318e-08


			327			0.5113322052018654			0.5113322051969982			1.0			False			4.0			3.0			1.4532455558830947e-08


			328			0.553607825107688			0.5536078251091113			1.0			False			4.0			3.0			1.2734065471967495e-08


			329			0.5809022440658435			0.5809022440706445			0.0			True			4.0			3.0			1.5059648223786357e-08


			330			0.5887068222130868			0.5887068222172449			1.0			False			4.0			3.0			1.202428720009859e-08


			331			0.5290857236865963			0.5290857236840777			0.0			True			4.0			3.0			1.2505745858197327e-08


			332			0.5743741329351048			0.5743741329377516			1.0			False			4.0			3.0			1.2419063325257122e-08


			333			0.5365515223299256			0.5365515223281487			1.0			False			4.0			3.0			1.360726141317142e-08


			334			0.5523914768758303			0.5523914768762669			0.0			True			4.0			3.0			1.3483855933488459e-08


			335			0.5831359441932571			0.5831359441970075			0.0			True			4.0			3.0			1.4701505648381848e-08


			336			0.5434341964381367			0.5434341964364369			0.0			True			4.0			3.0			1.2793739829034948e-08


			337			0.5416279398746007			0.5416279398729384			0.0			True			4.0			3.0			1.2792332976867998e-08


			338			0.5415191370465892			0.5415191370452802			1.0			False			4.0			3.0			1.3473127567429544e-08


			339			0.5100508191331451			0.5100508191297706			0.0			True			4.0			3.0			1.2160083285991079e-08


			340			0.6152703002940029			0.6152703003006282			1.0			False			4.0			3.0			1.1205168252332188e-08


			341			0.5492757431044146			0.5492757431044912			1.0			False			4.0			3.0			1.3099010267559327e-08


			342			0.5599804383614345			0.5599804383628132			0.0			True			4.0			3.0			1.3808151538067686e-08


			343			0.5797599224236394			0.5797599224265252			1.0			False			4.0			3.0			1.2347858784417635e-08


			344			0.5149160830292268			0.5149160830244477			1.0			False			4.0			3.0			1.4490715896418718e-08


			345			0.525562856951273			0.5255628569495151			1.0			False			4.0			3.0			1.3631184809789864e-08


			346			0.6037415970357172			0.6037415970426259			0.0			True			4.0			3.0			1.6369709064258682e-08


			347			0.5699356566941315			0.5699356566965794			1.0			False			4.0			3.0			1.2471313004837599e-08


			348			0.5327684852561677			0.5327684852546383			0.0			True			4.0			3.0			1.282046490097211e-08


			349			0.5882813814913062			0.5882813814957858			1.0			False			4.0			3.0			1.1935251679785666e-08


			350			0.5401259898526136			0.5401259898517462			0.0			True			4.0			3.0			1.3042354794678771e-08


			351			0.5890060622374864			0.5890060622416734			1.0			False			4.0			3.0			1.2016614541459148e-08


			352			0.5297175757656281			0.5297175757629754			1.0			False			4.0			3.0			1.385694341400835e-08


			353			0.522635743059194			0.5226357430570516			1.0			False			4.0			3.0			1.3745826846023137e-08


			354			0.6013691652837712			0.6013691652896299			1.0			False			4.0			3.0			1.1493982495002375e-08


			355			0.5539082462488649			0.5539082462499226			1.0			False			4.0			3.0			1.2835392467349858e-08


			356			0.567679823748536			0.5676798237513458			0.0			True			4.0			3.0			1.430113596402187e-08


			357			0.5943611083915948			0.5943611083967942			0.0			True			4.0			3.0			1.5295745288089522e-08


			358			0.533767235264146			0.5337672352613322			1.0			False			4.0			3.0			1.3878169012155098e-08


			359			0.5048864588608994			0.5048864588556089			1.0			False			4.0			3.0			1.4694977987754072e-08


			360			0.5873589545810378			0.5873589545865959			0.0			True			4.0			3.0			1.5383468540869113e-08


			361			0.58115526882893			0.5811552688323364			1.0			False			4.0			3.0			1.2222232340678767e-08


			362			0.5222879662664611			0.522287966263185			1.0			False			4.0			3.0			1.404706683527503e-08


			363			0.5580302854788239			0.5580302854806388			0.0			True			4.0			3.0			1.3941713279429032e-08


			364			0.5935707141769612			0.5935707141818019			1.0			False			4.0			3.0			1.1838498778565926e-08


			365			0.5238964630716979			0.5238964630688722			1.0			False			4.0			3.0			1.3919178939385733e-08


			366			0.5803268385050547			0.5803268385088576			1.0			False			4.0			3.0			1.2114300415757885e-08


			367			0.5395179712101664			0.5395179712095491			0.0			True			4.0			3.0			1.3117004619891941e-08


			368			0.5992751378726439			0.5992751378792133			0.0			True			4.0			3.0			1.583206060103054e-08


			369			0.555122067453033			0.5551220674532112			1.0			False			4.0			3.0			1.3062729468268227e-08


			370			0.5183000438714025			0.5183000438680374			0.0			True			4.0			3.0			1.2230542066775761e-08


			371			0.5963156720975706			0.5963156721035286			0.0			True			4.0			3.0			1.5550863783729626e-08


			372			0.5451145971696123			0.5451145971683978			0.0			True			4.0			3.0			1.294110416121757e-08


			373			0.5514054738906685			0.5514054738902056			0.0			True			4.0			3.0			1.3196203564820037e-08


			374			0.5566611411757841			0.5566611411756245			0.0			True			4.0			3.0			1.3328725321453199e-08


			375			0.5484294046316922			0.5484294046304352			1.0			False			4.0			3.0			1.3411661399110792e-08


			376			0.47956823421845646			0.4795682342129081			0.0			False			4.0			3.0			1.123274495785247e-08


			377			0.6118582492464754			0.6118582492529109			1.0			False			4.0			3.0			1.1301184887920489e-08


			378			0.4895097048886683			0.48950970488451906			1.0			True			4.0			3.0			1.4949305063051963e-08


			379			0.6289895373930774			0.6289895373995782			1.0			False			4.0			3.0			1.0712226298170364e-08


			380			0.570329032808589			0.5703290328113232			1.0			False			4.0			3.0			1.2394967135782039e-08


			381			0.5433718678126396			0.543371867812554			1.0			False			4.0			3.0			1.314475319434737e-08


			382			0.5837790314308777			0.5837790314349653			1.0			False			4.0			3.0			1.2039919614743832e-08


			383			0.5458023839955325			0.5458023839954048			1.0			False			4.0			3.0			1.3155659808967028e-08


			384			0.5309372967746293			0.5309372967737881			1.0			False			4.0			3.0			1.3375089702704228e-08


			385			0.6117387782958033			0.611738778292559			0.0			True			5.0			3.0			4.5569076658697276e-14


			386			0.5755955136845597			0.5755955136872968			1.0			False			4.0			3.0			1.2395214704382716e-08


			387			0.5053644876464142			0.5053644876422417			0.0			True			4.0			3.0			1.1936007576989999e-08


			388			0.6058768246426661			0.6058768246498677			0.0			True			4.0			3.0			1.6367390534886277e-08


			389			0.5557177973034497			0.5557177973041372			1.0			False			4.0			3.0			1.2933951017338135e-08


			390			0.52725455939428			0.5272545593921747			1.0			False			4.0			3.0			1.3714188173222205e-08


			391			0.5857330207337871			0.5857330207391004			0.0			True			4.0			3.0			1.5266566593761448e-08


			392			0.582680218846244			0.582680218850225			0.0			True			4.0			3.0			1.4759473790196519e-08


			393			0.5655853337481525			0.5655853337487671			1.0			False			4.0			3.0			1.2880354146923556e-08


			394			0.48001844318471176			0.48001844317890896			0.0			False			4.0			3.0			1.1137529094401967e-08


			395			0.6152225600513802			0.6152225600576068			1.0			False			4.0			3.0			1.1393672813881456e-08


			396			0.4860372490599617			0.4860372490544318			0.0			False			4.0			3.0			1.1359216052625954e-08


			397			0.6074216978273771			0.6074216978334597			1.0			False			4.0			3.0			1.145212430823856e-08


			398			0.5202612957686235			0.5202612957658327			0.0			True			4.0			3.0			1.2405196463813153e-08


			399			0.6016985332004887			0.6016985332061157			1.0			False			4.0			3.0			1.1605110145802975e-08


			400			0.5258303026188197			0.5258303026163036			1.0			False			4.0			3.0			1.3829555273492863e-08


			401			0.5850368581941889			0.5850368581992084			0.0			True			4.0			3.0			1.513353826188912e-08


			402			0.5816395759117716			0.5816395759150309			0.0			True			4.0			3.0			1.4554642499492055e-08


			403			0.5234143947425255			0.5234143947390627			0.0			True			4.0			3.0			1.2193756317820122e-08


			404			0.5773450541732631			0.577345054175634			1.0			False			4.0			3.0			1.2465319989394926e-08


			405			0.4970942135991092			0.49709421359211325			1.0			True			4.0			3.0			1.52727213214774e-08


			406			0.5745653979136655			0.5745653979167211			1.0			False			4.0			3.0			1.2312561683727816e-08


			407			0.5220710288959767			0.5220710288937125			0.0			True			4.0			3.0			1.2549254880274962e-08


			408			0.6159657073521513			0.6159657073587594			1.0			False			4.0			3.0			1.124339789419496e-08


			409			0.5157394014731578			0.5157394014699			0.0			True			4.0			3.0			1.2252239041048518e-08


			410			0.6294854157896439			0.6294854157840862			0.0			True			5.0			3.0			2.957843338895815e-14


			411			0.5169860571972126			0.5169860571929678			0.0			True			4.0			3.0			1.191996533688153e-08


			412			0.5546012809809666			0.5546012809811767			1.0			False			4.0			3.0			1.3056743423964206e-08


			413			0.5008967139721034			0.5008967139678469			0.0			True			4.0			3.0			1.185856685071823e-08


			414			0.6563227850991885			0.656322785106022			1.0			False			4.0			3.0			1.0359876925732934e-08


			415			0.45019205458987227			0.4501920545863066			0.0			False			4.0			3.0			1.0518631642692146e-08


			416			0.6110693320143618			0.611069332020718			1.0			False			4.0			3.0			1.1343967326995478e-08


			417			0.5253539606907578			0.5253539606882921			1.0			False			4.0			3.0			1.3816968488337354e-08


			418			0.5573427646305736			0.5573427646327198			1.0			False			4.0			3.0			1.253598874054447e-08


			419			0.5951509623825015			0.59515096238784			1.0			False			4.0			3.0			1.1675080293875642e-08


			420			0.5524993647952625			0.552499364796096			1.0			False			4.0			3.0			1.2895645035099185e-08


			421			0.5610082420636279			0.5610082420655492			1.0			False			4.0			3.0			1.2605554869620549e-08


			422			0.5704556837725847			0.5704556837753343			1.0			False			4.0			3.0			1.2390881722304864e-08


			423			0.5518537880813125			0.5518537880820037			1.0			False			4.0			3.0			1.2934025829392604e-08


			424			0.5472680739172876			0.5472680739178547			0.0			True			4.0			3.0			1.3504745226602068e-08


			425			0.5993903118979393			0.5993903119034156			1.0			False			4.0			3.0			1.1649936293405317e-08


			426			0.5270922466587211			0.5270922466565906			0.0			True			4.0			3.0			1.2623543598900718e-08


			427			0.6009059471533655			0.6009059471588053			1.0			False			4.0			3.0			1.166594785748139e-08


			428			0.5293155708677894			0.5293155708654542			0.0			True			4.0			3.0			1.2564974207313462e-08


			429			0.5830456620952641			0.5830456620988299			1.0			False			4.0			3.0			1.218025700638835e-08


			430			0.5247219141283337			0.5247219141254926			0.0			True			4.0			3.0			1.2401356863438079e-08


			431			0.5828570116417904			0.5828570116453893			1.0			False			4.0			3.0			1.2172093298084691e-08


			432			0.5368818803746852			0.5368818803729178			1.0			False			4.0			3.0			1.3603953465104164e-08


			433			0.5548826750813751			0.5548826750819948			0.0			True			4.0			3.0			1.3548902294118213e-08


			434			0.5735930531174829			0.5735930531198173			1.0			False			4.0			3.0			1.2495870542185874e-08


			435			0.5092893888959459			0.5092893888917523			0.0			True			4.0			3.0			1.1954312608213458e-08


			436			0.5980886501908861			0.598088650195996			1.0			False			4.0			3.0			1.1762971789221122e-08


			437			0.5327423691980707			0.5327423691957586			1.0			False			4.0			3.0			1.3758059462129374e-08


			438			0.5280621217188111			0.5280621217169965			1.0			False			4.0			3.0			1.3633699860056285e-08


			439			0.5865984201475213			0.5865984201521711			1.0			False			4.0			3.0			1.1873231885175603e-08


			440			0.5568539578921902			0.5568539578936375			1.0			False			4.0			3.0			1.2731187717826207e-08


			441			0.5609415309555538			0.5609415309576863			0.0			True			4.0			3.0			1.4055247434100501e-08


			442			0.6218854367439388			0.6218854367401224			0.0			True			5.0			3.0			2.8857684331512444e-14


			443			0.5164161494327859			0.5164161494281648			0.0			True			4.0			3.0			1.1774567646757583e-08


			444			0.5572126936006341			0.5572126936000179			0.0			True			4.0			3.0			1.3246418072935776e-08


			445			0.5352623001086018			0.5352623001055724			1.0			False			4.0			3.0			1.3904433958646283e-08


			446			0.5027727669633726			0.5027727669584988			0.0			True			4.0			3.0			1.171189865780288e-08


			447			0.6305361144927829			0.6305361144843189			0.0			True			5.0			3.0			3.05216443422721e-14


			448			0.5248453054857882			0.5248453054786515			1.0			False			4.0			3.0			1.4572061757182408e-08


			449			0.43833427278181414			0.43833427278181414			1.0			True			5.0			4.0			2.2024149814451718e-14


			450			0.5965578958955714			0.5965578959010884			1.0			False			4.0			3.0			1.160857084230259e-08


			451			0.5493181931953218			0.5493181931960103			0.0			True			4.0			3.0			1.355254977940019e-08


			452			0.630627875537347			0.6306278755309045			0.0			True			5.0			3.0			3.363261188752765e-14


			453			0.5097566742583947			0.509756674251971			1.0			False			4.0			3.0			1.4994648625868992e-08


			454			0.4517326406202211			0.45173264063311536			1.0			True			5.0			3.0			2.1634825807762578e-14


			455			0.6444996457119944			0.6444996457175277			1.0			False			4.0			3.0			1.0271029182280584e-08


			456			0.5491173646305162			0.549117364631389			1.0			False			4.0			3.0			1.2882798164203586e-08


			457			0.5596496281460988			0.5596496281487142			0.0			True			4.0			3.0			1.419321113415623e-08


			458			0.6224079320075611			0.6224079320144476			1.0			False			4.0			3.0			1.1110698072748777e-08


			459			0.501105231096518			0.5011052310909889			1.0			False			4.0			3.0			1.4801363919439696e-08


			460			0.5834503880458218			0.5834503880510956			0.0			True			4.0			3.0			1.5329373487149878e-08


			461			0.604971340040206			0.6049713400472316			0.0			True			4.0			3.0			1.6112110882790226e-08


			462			0.543265335421321			0.543265335420091			1.0			False			4.0			3.0			1.3447616565391914e-08


			463			0.5234806115222536			0.5234806115192885			1.0			False			4.0			3.0			1.3958461084693707e-08


			464			0.5503967276169576			0.5503967276182344			1.0			False			4.0			3.0			1.277244634787534e-08


			465			0.59907539076341			0.5990753907689798			1.0			False			4.0			3.0			1.1611990051826133e-08


			466			0.5244391074147334			0.5244391074127402			0.0			True			4.0			3.0			1.2637331003367344e-08


			467			0.634939753369787			0.634939753361305			0.0			True			5.0			3.0			3.4518117585211306e-14


			468			0.5304786236727064			0.5304786236694252			1.0			False			4.0			3.0			1.401197540780892e-08


			469			0.4925548438889584			0.49255484388422405			0.0			False			4.0			3.0			1.1632254087317355e-08


			470			0.6515653391423646			0.6515653391423646			0.0			True			5.0			4.0			1.222556704762988e-14


			471			0.5137024222924953			0.5137024222870257			1.0			False			4.0			3.0			1.469275050429857e-08


			472			0.5374152191230636			0.5374152191216002			0.0			True			4.0			3.0			1.284947317263002e-08


			473			0.5663030149811898			0.5663030149832206			1.0			False			4.0			3.0			1.2580102920521928e-08


			474			0.5240719152523802			0.5240719152500164			1.0			False			4.0			3.0			1.3793558513549469e-08


			475			0.5840065680818751			0.5840065680863562			1.0			False			4.0			3.0			1.1915845261885796e-08


			476			0.574547193009101			0.574547193012642			0.0			True			4.0			3.0			1.4569675422345197e-08


			477			0.5720003680118483			0.5720003680141624			1.0			False			4.0			3.0			1.250452663239816e-08


			478			0.5272943125561971			0.5272943125533711			1.0			False			4.0			3.0			1.391022615056132e-08


			479			0.5292821435712256			0.5292821435700314			0.0			True			4.0			3.0			1.2867983440188672e-08


			480			0.6348722409631203			0.6348722409703553			1.0			False			4.0			3.0			1.0826539293536705e-08


			481			0.4962172359894159			0.49621723598434025			0.0			False			4.0			3.0			1.161421808475517e-08


			482			0.611061829511047			0.611061829517203			1.0			False			4.0			3.0			1.1433379799478293e-08


			483			0.5248993557758275			0.5248993557728595			0.0			True			4.0			3.0			1.2360043053969603e-08


			484			0.5716753504983606			0.5716753505011061			0.0			True			4.0			3.0			1.4293481794458399e-08


			485			0.5530939724588813			0.5530939724589685			0.0			True			4.0			3.0			1.3372889229189694e-08


			486			0.566317363410302			0.5663173634116214			1.0			False			4.0			3.0			1.2752893725062366e-08


			487			0.5049959802196925			0.50499598021507			0.0			True			4.0			3.0			1.1804658615067058e-08


			488			0.6073790679209352			0.6073790679265455			1.0			False			4.0			3.0			1.1600941456526868e-08


			489			0.4818649578298236			0.4818649578243016			0.0			False			4.0			3.0			1.1286725730423356e-08


			490			0.6280326014296764			0.6280326014367312			1.0			False			4.0			3.0			1.1008463857361388e-08


			491			0.4649200987320616			0.46492009872600915			1.0			True			4.0			3.0			1.644086261070431e-08


			492			0.6284001894164596			0.6284001894232213			1.0			False			4.0			3.0			1.0776744852858558e-08


			493			0.5580741045168968			0.5580741045183258			0.0			True			4.0			3.0			1.3818298815356283e-08


			494			0.6148519659722056			0.6148519659767973			0.0			True			4.0			3.0			1.618887993428249e-08


			495			0.512630226456825			0.5126302264518439			0.0			True			4.0			3.0			1.1613256430411883e-08


			496			0.54330029164674			0.5433002916450101			1.0			False			4.0			3.0			1.355977482589125e-08


			497			0.501492753386876			0.5014927533807758			1.0			False			4.0			3.0			1.4953769195502088e-08


			498			0.5791282047605526			0.5791282047642984			1.0			False			4.0			3.0			1.2127837234326782e-08


			499			0.5562812556892739			0.5562812556903988			1.0			False			4.0			3.0			1.2818226420411637e-08


			500			0.5622879083457638			0.5622879083476252			0.0			True			4.0			3.0			1.3971640471261365e-08


			501			0.5694413078741765			0.569441307876644			0.0			True			4.0			3.0			1.4193885959209326e-08


			502			0.5611769999502013			0.5611769999511251			0.0			True			4.0			3.0			1.3667799302960497e-08


			503			0.5766364048872307			0.5766364048887243			1.0			False			4.0			3.0			1.2590023686374264e-08


			504			0.4833906312927208			0.4833906312841908			1.0			True			4.0			3.0			1.6162383743477067e-08


			505			0.5235017794042084			0.5235017794022879			0.0			True			4.0			3.0			1.263777062884894e-08


			506			0.6711229516961963			0.6711229517017075			1.0			False			4.0			3.0			9.963647477625877e-09


			507			0.40763581996621523			0.40763581996621523			1.0			True			5.0			4.0			2.2375883352003356e-14


			508			0.5712912085493727			0.5712912085535118			1.0			False			4.0			3.0			1.1958597705543538e-08


			509			0.6170214521041618			0.6170214521108568			1.0			False			4.0			3.0			1.1111392743779994e-08


			510			0.5443366624904267			0.5443366624903906			1.0			False			4.0			3.0			1.3131144671006985e-08


			511			0.5664697540249072			0.5664697540278046			0.0			True			4.0			3.0			1.4328337911962444e-08


			512			0.5854819109241313			0.5854819109282456			1.0			False			4.0			3.0			1.20354227852918e-08


			513			0.538757588713485			0.5387575887123464			0.0			True			4.0			3.0			1.29545734929336e-08


			514			0.5826640567037026			0.582664056707284			1.0			False			4.0			3.0			1.2176633983578868e-08


			515			0.5348742746731391			0.5348742746711767			1.0			False			4.0			3.0			1.3660170880048767e-08


			516			0.53315581042473			0.5331558104234819			1.0			False			4.0			3.0			1.3469740167200455e-08


			517			0.5879460067806569			0.5879460067862253			0.0			True			4.0			3.0			1.5376986798434632e-08


			518			0.5833813465451896			0.5833813465486096			1.0			False			4.0			3.0			1.221460581793753e-08


			519			0.5119207107807148			0.5119207107766404			0.0			True			4.0			3.0			1.1996727474898826e-08


			520			0.5956759992927271			0.5956759992985213			0.0			True			4.0			3.0			1.548674059715739e-08


			521			0.5815275263545682			0.5815275263554933			1.0			False			4.0			3.0			1.2523899754152346e-08


			522			0.42941720748976686			0.4294172074911017			0.0			False			4.0			3.0			1.0144693632673048e-08


			523			0.6506373255844192			0.6506373255844192			0.0			True			5.0			4.0			3.0070652446550424e-14


			524			0.5466679249299233			0.5466679249277502			0.0			True			4.0			3.0			1.2753512647684654e-08


			525			0.5185084445593524			0.5185084445545105			1.0			False			4.0			3.0			1.4488508773515977e-08


			526			0.48906862010299684			0.4890686200989066			0.0			False			4.0			3.0			1.161995594232775e-08


			527			0.6441289712252276			0.6441289712322217			1.0			False			4.0			3.0			1.0469916004163528e-08


			528			0.4895071942369631			0.48950719423110295			1.0			True			4.0			3.0			1.5156851421830236e-08


			529			0.5925270421694058			0.5925270421747345			0.0			True			4.0			3.0			1.6059261563697183e-08


			530			0.633414597193446			0.6334145972006616			1.0			False			4.0			3.0			1.0847362196023307e-08


			531			0.5162586917789814			0.5162586917752119			0.0			True			4.0			3.0			1.2098555711201606e-08


			532			0.662160792558217			0.6621607925576923			1.0			False			4.0			3.0			1.049582957867926e-08


			533			0.3310164145826708			0.3310164145826707			1.0			True			5.0			4.0			3.146400257750812e-14


			534			0.6310041346805388			0.6310041346805388			0.0			True			5.0			4.0			3.602344396417711e-14


			535			0.5872766598362001			0.5872766598409113			0.0			True			4.0			3.0			1.5032421622658205e-08


			536			0.5433838204944114			0.5433838204931158			0.0			True			4.0			3.0			1.2910261068156736e-08


			537			0.5531171950505425			0.5531171950504524			0.0			True			4.0			3.0			1.331713449073333e-08


			538			0.5591740226986992			0.5591740226991454			1.0			False			4.0			3.0			1.2981819205539746e-08


			539			0.4592772059112324			0.4592772059088924			0.0			False			4.0			3.0			1.0948013996263128e-08


			540			0.6671109462041376			0.6671109462092988			1.0			False			4.0			3.0			9.733905259421599e-09


			541			0.5302844406727193			0.5302844406703047			0.0			True			4.0			3.0			1.2539453146291013e-08


			542			0.5770132152583642			0.5770132152611671			1.0			False			4.0			3.0			1.2376704927263227e-08


			543			0.5221285262512552			0.5221285262476933			1.0			False			4.0			3.0			1.412559806782002e-08


			544			0.5519942429046069			0.5519942429054833			1.0			False			4.0			3.0			1.2883718404983071e-08


			545			0.5609792871093445			0.560979287111543			0.0			True			4.0			3.0			1.407703907337067e-08


			546			0.605851166967604			0.6058511669744561			0.0			True			4.0			3.0			1.6057422906019122e-08


			547			0.5625173264155977			0.5625173264154485			1.0			False			4.0			3.0			1.3022733961408229e-08


			548			0.4618757363296604			0.46187573633530116			1.0			True			5.0			3.0			1.6852366357019667e-14


			549			0.5929581483221402			0.5929581483272541			1.0			False			4.0			3.0			1.1746644551094715e-08


			550			0.5506728774082952			0.550672877408882			1.0			False			4.0			3.0			1.296203731154125e-08


			551			0.5651457456132364			0.5651457456154894			1.0			False			4.0			3.0			1.2519804753175411e-08


			552			0.5613225780556357			0.5613225780574683			0.0			True			4.0			3.0			1.3959111654343002e-08


			553			0.5864347651557965			0.5864347651601881			0.0			True			4.0			3.0			1.4926647167434364e-08


			554			0.5490235759886108			0.5490235759875156			0.0			True			4.0			3.0			1.3004655879249262e-08


			555			0.5386928934017261			0.5386928933996936			0.0			True			4.0			3.0			1.2669960799529661e-08


			556			0.5465519096133421			0.5465519096124433			0.0			True			4.0			3.0			1.3042846402272421e-08


			557			0.5618993650691698			0.561899365069825			0.0			True			4.0			3.0			1.3599343373959064e-08


			558			0.5488682973694125			0.5488682973683104			1.0			False			4.0			3.0			1.3379036973201294e-08


			559			0.5032748054938269			0.503274805488973			0.0			True			4.0			3.0			1.1719581349341152e-08


			560			0.5905868069436383			0.5905868069480347			1.0			False			4.0			3.0			1.1960872100437444e-08


			561			0.5050460538095188			0.5050460538053448			0.0			True			4.0			3.0			1.1932289342108035e-08


			562			0.6418228189943764			0.6418228190014125			1.0			False			4.0			3.0			1.0766990162580523e-08


			563			0.4921113425438636			0.49211134253824446			0.0			False			4.0			3.0			1.1245198770878434e-08


			564			0.575952192636111			0.57595219263882			0.0			True			4.0			3.0			1.4318969902759459e-08


			565			0.5446074280122332			0.5446074280107558			1.0			False			4.0			3.0			1.3496037472271742e-08


			566			0.4873643136072565			0.48736431360208454			0.0			False			4.0			3.0			1.1462858136847243e-08


			567			0.657590796196209			0.657590796196209			0.0			True			5.0			4.0			6.030892523530755e-14


			568			0.49418205478139704			0.4941820547735327			1.0			True			4.0			3.0			1.5661209417210817e-08


			569			0.5380992873411583			0.5380992873399081			0.0			True			4.0			3.0			1.2918180250315284e-08


			570			0.5863554623885134			0.5863554623923346			1.0			False			4.0			3.0			1.2111849106913673e-08


			571			0.5143580525013278			0.5143580524968809			1.0			False			4.0			3.0			1.4399938846211525e-08


			572			0.5600435780081665			0.560043578010098			1.0			False			4.0			3.0			1.2601371752935978e-08


			573			0.5741098894393943			0.5741098894430777			0.0			True			4.0			3.0			1.4619168413376805e-08


			574			0.5732324189853518			0.5732324189883856			0.0			True			4.0			3.0			1.4394430798342077e-08


			575			0.5748780232232433			0.5748780232253276			0.0			True			4.0			3.0			1.4154844474877595e-08


			576			0.5276058144027803			0.527605814399515			0.0			True			4.0			3.0			1.2259488145888166e-08


			577			0.5834898531447014			0.5834898531456608			0.0			True			4.0			3.0			1.432410685099415e-08


			578			0.5023052027688386			0.5023052027635327			0.0			True			4.0			3.0			1.1426696428994803e-08


			579			0.5422997569499248			0.5422997569487868			0.0			True			4.0			3.0			1.2958886702318593e-08


			580			0.6225648671706029			0.6225648671615346			0.0			True			4.0			3.0			1.61725835665638e-08


			581			0.45801049260310955			0.4580104926169638			1.0			True			5.0			3.0			2.96130010251908e-14


			582			0.5246776548587476			0.524677654856104			0.0			True			4.0			3.0			1.2463569845454758e-08


			583			0.606270969661063			0.6062709696665203			1.0			False			4.0			3.0			1.1643146684176797e-08


			584			0.4635440919732687			0.46354409197806584			1.0			True			5.0			3.0			3.494029021899698e-14


			585			0.5755560327335891			0.5755560327381759			1.0			False			4.0			3.0			1.180373418025176e-08


			586			0.6188285859398815			0.6188285859466036			1.0			False			4.0			3.0			1.1041077944240312e-08


			587			0.5574332137835406			0.5574332137848707			0.0			True			4.0			3.0			1.3784521055924586e-08


			588			0.5860644122234783			0.5860644122272703			1.0			False			4.0			3.0			1.2119507735778328e-08


			589			0.4961830590187778			0.4961830590139779			0.0			False			4.0			3.0			1.1682813171829561e-08


			590			0.6214501863196089			0.6214501863154842			0.0			True			5.0			3.0			2.7816349302260566e-14


			591			0.5510433914752508			0.5510433914748979			1.0			False			4.0			3.0			1.3204621337814767e-08


			592			0.5323669566985965			0.5323669566963701			0.0			True			4.0			3.0			1.2600741379281424e-08


			593			0.5963516496421807			0.5963516496461574			1.0			False			4.0			3.0			1.1996698895586907e-08


			594			0.4882315646915026			0.4882315646857736			0.0			False			4.0			3.0			1.121352849217134e-08


			595			0.5698412717505643			0.5698412717532301			0.0			True			4.0			3.0			1.4260201761522047e-08


			596			0.5791415003743555			0.5791415003769812			1.0			False			4.0			3.0			1.2403601268157022e-08


			597			0.4947868410737123			0.49478684106835635			0.0			False			4.0			3.0			1.1506219392763818e-08


			598			0.5908473116795322			0.5908473116851648			0.0			True			4.0			3.0			1.5387560248497104e-08


			599			0.5526784392550542			0.552678439255255			1.0			False			4.0			3.0			1.3063084517752695e-08


			600			0.5426668023904108			0.5426668023896054			0.0			True			4.0			3.0			1.3066563004769072e-08


			601			0.5854302509962718			0.5854302510003538			0.0			True			4.0			3.0			1.4826889638315278e-08


			602			0.5467653376989594			0.5467653376976125			1.0			False			4.0			3.0			1.3448341676803922e-08


			603			0.5017479882810215			0.5017479882761244			0.0			True			4.0			3.0			1.1702131929641326e-08


			604			0.6272130891211329			0.6272130891153435			0.0			True			5.0			3.0			1.365664579340582e-14


			605			0.5351540735547191			0.5351540735493939			0.0			True			4.0			3.0			1.2106634324666911e-08


			606			0.5867719259084364			0.5867719258909811			1.0			False			4.0			3.0			1.2631595232335137e-08


			607			0.30303041356291727			0.30303041356291727			1.0			True			5.0			4.0			5.030890834327209e-14


			608			0.6359430935861488			0.6359430935909862			1.0			False			4.0			3.0			1.0389413328639525e-08


			609			0.5819911954539879			0.581991195459025			0.0			True			4.0			3.0			1.5177457421765717e-08


			610			0.5978311871814046			0.5978311871864032			1.0			False			4.0			3.0			1.1793530108905562e-08


			611			0.5035177497358075			0.5035177497313214			0.0			True			4.0			3.0			1.1839659744245396e-08


			612			0.6112925586720571			0.6112925586782346			1.0			False			4.0			3.0			1.1425696456323898e-08


			613			0.5007096753305701			0.5007096753248135			1.0			False			4.0			3.0			1.4865701164019397e-08


			614			0.5833298453777978			0.5833298453822475			1.0			False			4.0			3.0			1.1922354820534897e-08


			615			0.5704025250875489			0.570402525090727			0.0			True			4.0			3.0			1.4433841024347366e-08


			616			0.5787451468950324			0.5787451468982342			1.0			False			4.0			3.0			1.2275749409614505e-08


			617			0.5257786764565742			0.5257786764540114			0.0			True			4.0			3.0			1.2490148156206553e-08


			618			0.6068158008687975			0.6068158008742055			1.0			False			4.0			3.0			1.1648405199292582e-08


			619			0.48911747707558223			0.48911747706782305			1.0			True			4.0			3.0			1.5633519166566285e-08


			620			0.5696579572814			0.5696579572843231			1.0			False			4.0			3.0			1.2340922653073838e-08


			621			0.5673089275964796			0.5673089275991923			0.0			True			4.0			3.0			1.426739822253713e-08


			622			0.5925795025233273			0.592579502528273			0.0			True			4.0			3.0			1.5191062246080518e-08


			623			0.5347121633747989			0.5347121633720844			1.0			False			4.0			3.0			1.384805941246831e-08


			624			0.5274525355314736			0.527452535528723			0.0			True			4.0			3.0			1.2430273041106255e-08


			625			0.5725544093030535			0.5725544093057318			0.0			True			4.0			3.0			1.4276557920637446e-08


			626			0.5616769872674731			0.5616769872681392			1.0			False			4.0			3.0			1.2918697787200481e-08


			627			0.5144382243093296			0.51443822430524			0.0			True			4.0			3.0			1.1988929340052834e-08


			628			0.5776126847316295			0.5776126847345896			1.0			False			4.0			3.0			1.2337505879946547e-08


			629			0.49672210663788186			0.4967221066320336			1.0			True			4.0			3.0			1.4953291987375204e-08


			630			0.5826539606841405			0.5826539606888057			1.0			False			4.0			3.0			1.1825672893618306e-08


			631			0.5971600662759355			0.5971600662824773			0.0			True			4.0			3.0			1.5848872365010675e-08


			632			0.5724868898946076			0.5724868898970222			0.0			True			4.0			3.0			1.4196415588537704e-08


			633			0.5345665798983181			0.5345665798961953			0.0			True			4.0			3.0			1.2634542387117749e-08


			634			0.574905892101519			0.5749058921039144			0.0			True			4.0			3.0			1.4223801570383708e-08


			635			0.5319915578981751			0.5319915578952806			1.0			False			4.0			3.0			1.3909761832569473e-08


			636			0.5279273135703757			0.5279273135679395			0.0			True			4.0			3.0			1.2532007732156287e-08


			637			0.6171416697825454			0.6171416697872973			0.0			True			4.0			3.0			1.6340882921787714e-08


			638			0.4947468929535926			0.49474689294805096			0.0			False			4.0			3.0			1.1278946395268258e-08


			639			0.5667951536349967			0.566795153636528			1.0			False			4.0			3.0			1.2703962037317205e-08


			640			0.4845977308677392			0.48459773086281405			0.0			False			4.0			3.0			1.1440067788024768e-08


			641			0.6479535137793139			0.6479535137793139			0.0			True			5.0			4.0			1.9328405738197072e-14


			642			0.5403901098515226			0.5403901098495285			0.0			True			4.0			3.0			1.2690448560899964e-08


			643			0.5699614599047024			0.569961459904773			0.0			True			4.0			3.0			1.3712739926313965e-08


			644			0.5208097876907135			0.5208097876863758			0.0			True			4.0			3.0			1.1897544162933845e-08


			645			0.5418033459626971			0.5418033459609012			1.0			False			4.0			3.0			1.3587542039193801e-08


			646			0.5283377769464839			0.5283377769436867			0.0			True			4.0			3.0			1.2414244232585888e-08


			647			0.5573940851693824			0.5573940851702562			0.0			True			4.0			3.0			1.3637549966641819e-08


			648			0.6235703416307914			0.6235703416388525			0.0			True			4.0			4.0			1.6210094787703392e-08


			649			0.519031005400255			0.5190310053827203			1.0			False			4.0			3.0			1.50240384724592e-08


			650			0.4225221042376715			0.4225221042376715			1.0			True			5.0			4.0			1.3234491787082448e-14


			651			0.5506762068950115			0.5506762068955934			1.0			False			4.0			3.0			1.296334392279728e-08


			652			0.523043713227145			0.5230437132259299			1.0			False			4.0			3.0			1.3554636224220347e-08


			653			0.6070797478957894			0.607079747901978			1.0			False			4.0			3.0			1.1233460940390399e-08


			654			0.5765977291151886			0.576597729119356			0.0			True			4.0			3.0			1.4802685507579578e-08


			655			0.6005169989205412			0.6005169989263272			0.0			True			4.0			3.0			1.561067460401713e-08


			656			0.5408675131949877			0.5408675131925407			0.0			True			4.0			3.0			1.2590173700368045e-08


			657			0.5244599931907268			0.5244599931873127			0.0			True			4.0			3.0			1.2209207929473495e-08


			658			0.5987643156279676			0.5987643156289286			0.0			True			4.0			3.0			1.5060536173640126e-08


			659			0.5041321110508488			0.5041321110455423			0.0			True			4.0			3.0			1.134613628782177e-08


			660			0.5525617389881752			0.5525617389871961			1.0			False			4.0			3.0			1.3306243083840175e-08


			661			0.4615762715219216			0.4615762715272249			1.0			True			5.0			3.0			4.025534576484191e-14


			662			0.5590373220241796			0.5590373220278875			1.0			False			4.0			3.0			1.2187616703159613e-08


			663			0.6239183113589294			0.6239183113655171			1.0			False			4.0			3.0			1.0847409679875238e-08


			664			0.5744906549288618			0.5744906549323967			0.0			True			4.0			3.0			1.456744997720444e-08


			665			0.5666806367184613			0.5666806367203298			1.0			False			4.0			3.0			1.2622028059478655e-08


			666			0.5278809324933467			0.5278809324909521			1.0			False			4.0			3.0			1.3791734377244366e-08


			667			0.5574444921735151			0.5574444921752968			1.0			False			4.0			3.0			1.2639114048325398e-08


			668			0.5838669723502931			0.5838669723552793			0.0			True			4.0			3.0			1.512310705779037e-08


			669			0.5898640186045262			0.5898640186088575			0.0			True			4.0			3.0			1.4985368081286923e-08


			670			0.5389789330178878			0.5389789330153776			1.0			False			4.0			3.0			1.3758531912464001e-08


			671			0.5120116708573241			0.5120116708529951			0.0			True			4.0			3.0			1.1905672155572141e-08


			672			0.586249371681256			0.5862493716848654			1.0			False			4.0			3.0			1.2160757840305733e-08


			673			0.482294704196949			0.4822947041893763			1.0			True			4.0			3.0			1.574439262970156e-08


			674			0.5934982844686759			0.5934982844748456			0.0			True			4.0			3.0			1.587904083161481e-08


			675			0.6135062130392511			0.6135062130462103			0.0			True			4.0			3.0			1.6405538050538485e-08


			676			0.5600848010127939			0.5600848010098944			0.0			True			4.0			3.0			1.3106948349897906e-08


			677			0.49668132231717493			0.4966813223117003			0.0			False			4.0			3.0			1.1293007579693586e-08


			678			0.5730149045829983			0.5730149045847764			1.0			False			4.0			3.0			1.2610057078315267e-08


			679			0.502100331890693			0.50210033188408			1.0			False			4.0			3.0			1.51102981404635e-08


			680			0.5499206337615926			0.5499206337620709			0.0			True			4.0			3.0			1.3490040624515908e-08


			681			0.5872390505112378			0.5872390505161893			0.0			True			4.0			3.0			1.511205774083178e-08


			682			0.556010405139729			0.5560104051399893			1.0			False			4.0			3.0			1.3039907478702318e-08


			683			0.5275507998592506			0.5275507998563311			1.0			False			4.0			3.0			1.393466817356996e-08


			684			0.49571446981458045			0.49571446981377615			0.0			False			4.0			3.0			1.1930057730931795e-08


			685			0.6894354454134677			0.6894354454166075			1.0			False			4.0			3.0			8.988472314714452e-09


			686			0.4855969714800175			0.48559697147424136			0.0			False			4.0			3.0			1.1221260312454267e-08


			687			0.5919540281313146			0.5919540281358632			1.0			False			4.0			3.0			1.1919721362271668e-08


			688			0.5078387266469591			0.5078387266421703			1.0			False			4.0			3.0			1.4533703780130464e-08


			689			0.5914829417735834			0.591482941778556			1.0			False			4.0			3.0			1.1788864982431333e-08


			690			0.5290447659901582			0.5290447659887282			1.0			False			4.0			3.0			1.3529514564995652e-08


			691			0.6016350218749005			0.6016350218806967			1.0			False			4.0			3.0			1.1534047929958003e-08


			692			0.549852235967628			0.549852235967943			0.0			True			4.0			3.0			1.3438459194707449e-08


			693			0.5828796035818116			0.5828796035854048			1.0			False			4.0			3.0			1.2173463220782512e-08


			694			0.5047576417689954			0.5047576417639339			1.0			False			4.0			3.0			1.4635785330542774e-08


			695			0.5778156205307232			0.5778156205348528			1.0			False			4.0			3.0			1.199670689776239e-08


			696			0.5904501488929594			0.5904501488977091			1.0			False			4.0			3.0			1.1858791592848236e-08


			697			0.5500454326383093			0.5500454326384832			0.0			True			4.0			3.0			1.3394007438638966e-08


			698			0.58349921413482			0.583499214138232			1.0			False			4.0			3.0			1.2216037365959607e-08


			699			0.5155956651616863			0.5155956651571754			1.0			False			4.0			3.0			1.4412429431463398e-08


			700			0.5581690941370745			0.5581690941385754			0.0			True			4.0			3.0			1.3841639234470249e-08


			701			0.5778360157394193			0.5778360157426645			1.0			False			4.0			3.0			1.2264384143976716e-08


			702			0.5432494751562231			0.543249475155432			0.0			True			4.0			3.0			1.3071949038002411e-08


			703			0.5816218368808913			0.5816218368844802			0.0			True			4.0			3.0			1.4634843001092613e-08


			704			0.5290708265490904			0.5290708265460794			1.0			False			4.0			3.0			1.3953628094469806e-08


			705			0.5378006944309947			0.5378006944298581			1.0			False			4.0			3.0			1.3434167834438077e-08


			706			0.5721066955458805			0.572106695548702			1.0			False			4.0			3.0			1.2373264397973405e-08


			707			0.543684925078185			0.5436849250779134			1.0			False			4.0			3.0			1.3195435675608009e-08


			708			0.5656175131777481			0.5656175131803387			0.0			True			4.0			3.0			1.4221549370921898e-08


			709			0.5767812516796809			0.5767812516828738			1.0			False			4.0			3.0			1.2277631838774263e-08


			710			0.535120178405757			0.5351201784043533			0.0			True			4.0			3.0			1.2864939876601514e-08


			711			0.6146845333137001			0.6146845333194826			1.0			False			4.0			3.0			1.148818245934471e-08


			712			0.4632503845327416			0.46325038453776324			1.0			True			5.0			3.0			1.000618334855244e-14


			713			0.5951251298029164			0.5951251298082613			1.0			False			4.0			3.0			1.1672177339667988e-08


			714			0.5663217335947158			0.5663217335969462			0.0			True			4.0			3.0			1.4105180774290225e-08


			715			0.5659336791358143			0.5659336791374864			1.0			False			4.0			3.0			1.2672315417195979e-08


			716			0.5188410849870145			0.5188410849834844			1.0			False			4.0			3.0			1.4128269433158053e-08


			717			0.5850452314147447			0.5850452314197774			0.0			True			4.0			3.0			1.5139007755622058e-08


			718			0.5617526244431048			0.5617526244445149			0.0			True			4.0			3.0			1.3823746760658257e-08


			719			0.5641273497258114			0.5641273497271119			1.0			False			4.0			3.0			1.2766660675735582e-08


			720			0.5112712981748977			0.5112712981702834			1.0			False			4.0			3.0			1.4462097663997917e-08


			721			0.5841121552769253			0.5841121552810951			1.0			False			4.0			3.0			1.201664831027459e-08


			722			0.5478197684475888			0.5478197684477442			1.0			False			4.0			3.0			1.3078745530965272e-08


			723			0.5592579198328557			0.5592579198345238			1.0			False			4.0			3.0			1.267310425203326e-08


			724			0.5682700736546134			0.5682700736571269			1.0			False			4.0			3.0			1.2452488349153267e-08


			725			0.553459154074993			0.5534591540758617			1.0			False			4.0			3.0			1.2886448850261444e-08


			726			0.5600516524346528			0.5600516524363666			1.0			False			4.0			3.0			1.2661421007105081e-08


			727			0.5570507584413067			0.5570507584427931			1.0			False			4.0			3.0			1.2720686990031858e-08


			728			0.5780934989374871			0.5780934989414737			0.0			True			4.0			3.0			1.4734895688980643e-08


			729			0.5655455276255756			0.5655455276272303			1.0			False			4.0			3.0			1.2677171756861994e-08


			730			0.5309841361971921			0.5309841361949718			1.0			False			4.0			3.0			1.3737851364865804e-08


			731			0.5683903224397295			0.5683903224423217			0.0			True			4.0			3.0			1.4230871078432818e-08


			732			0.5600483499404917			0.5600483499417277			1.0			False			4.0			3.0			1.2788532359849405e-08


			733			0.5517575764555408			0.5517575764557969			1.0			False			4.0			3.0			1.304975568199147e-08


			734			0.5467744058660698			0.5467744058659256			0.0			True			4.0			3.0			1.328503883475807e-08


			735			0.6016621100072207			0.6016621100126587			0.0			True			4.0			3.0			1.5591308428280077e-08


			736			0.5189809903447375			0.5189809903405985			0.0			True			4.0			3.0			1.1956739922989992e-08


			737			0.5416688552885702			0.5416688552873904			1.0			False			4.0			3.0			1.3439528485216504e-08


			738			0.5247006952104679			0.5247006952082466			0.0			True			4.0			3.0			1.258540549140572e-08


			739			0.6032641195706585			0.6032641195777138			0.0			True			4.0			3.0			1.6173560992410977e-08


			740			0.555339776287014			0.5553397762875601			1.0			False			4.0			3.0			1.2970836519847974e-08


			741			0.5444041126481566			0.5444041126475113			0.0			True			4.0			3.0			1.31205465493173e-08


			742			0.5919934450951246			0.591993445099453			0.0			True			4.0			3.0			1.504948266481072e-08


			743			0.5202822278333269			0.5202822278293732			0.0			True			4.0			3.0			1.202355037039732e-08


			744			0.5467217420374879			0.5467217420368417			0.0			True			4.0			3.0			1.3123573542418151e-08


			745			0.5524452099947506			0.5524452099949997			1.0			False			4.0			3.0			1.3050864005326173e-08


			746			0.5274556391876041			0.5274556391854894			1.0			False			4.0			3.0			1.3716306045699855e-08


			747			0.5893362518706282			0.5893362518752883			1.0			False			4.0			3.0			1.1883225216002762e-08


			748			0.5461828464179528			0.546182846417804			0.0			True			4.0			3.0			1.3282174638073136e-08


			749			0.575389605750477			0.5753896057539489			0.0			True			4.0			3.0			1.4548715500815926e-08


			750			0.55419816783123			0.5541981678316731			0.0			True			4.0			3.0			1.3490224352677355e-08


			751			0.5625408021583198			0.5625408021596189			0.0			True			4.0			3.0			1.3791005344074179e-08


			752			0.5546539636048234			0.5546539636048833			0.0			True			4.0			3.0			1.3370077422730736e-08


			753			0.5490700079028011			0.5490700079021539			0.0			True			4.0			3.0			1.3129340074698422e-08


			754			0.5522860003801537			0.5522860003799545			1.0			False			4.0			3.0			1.3163178208175733e-08


			755			0.5215059787483463			0.5215059787452206			0.0			True			4.0			3.0			1.230905410380216e-08


			756			0.6069964989688115			0.6069964989740932			1.0			False			4.0			3.0			1.1669390591150321e-08


			757			0.5013703347716065			0.5013703347647092			1.0			False			4.0			3.0			1.5213457522682702e-08


			758			0.5247864146599599			0.5247864146577705			1.0			False			4.0			3.0			1.374464707115515e-08


			759			0.5922991863285624			0.592299186333672			1.0			False			4.0			3.0			1.174350361463362e-08


			760			0.5623187591478274			0.56231875914958			1.0			False			4.0			3.0			1.2652476651647261e-08


			761			0.553644081312247			0.5536440813130564			1.0			False			4.0			3.0			1.2902398525930129e-08


			762			0.5654588782145411			0.565458878216762			0.0			True			4.0			3.0			1.4099157694566696e-08


			763			0.5760987442863598			0.5760987442890347			1.0			False			4.0			3.0			1.2409249907887304e-08


			764			0.5130360076788486			0.5130360076749708			0.0			True			4.0			3.0			1.206174553196713e-08


			765			0.5922415037601894			0.592241503765859			0.0			True			4.0			3.0			1.540606399959451e-08


			766			0.5554577829042632			0.5554577829043752			0.0			True			4.0			3.0			1.3390080413361775e-08


			767			0.5466240241307423			0.5466240241298782			1.0			False			4.0			3.0			1.3345150757336653e-08


			768			0.5066197603512559			0.5066197603464083			1.0			False			4.0			3.0			1.4560547674485073e-08


			769			0.5695593287249369			0.569559328728416			1.0			False			4.0			3.0			1.2169568525202214e-08


			770			0.5891081752509846			0.5891081752568081			0.0			True			4.0			3.0			1.554867019015482e-08


			771			0.5882916703984515			0.5882916704026305			1.0			False			4.0			3.0			1.2019271724310869e-08


			772			0.5268693263959389			0.5268693263931333			1.0			False			4.0			3.0			1.3905865951284906e-08


			773			0.564470693979923			0.5644706939821205			0.0			True			4.0			3.0			1.4088274033024924e-08


			774			0.5678609352634791			0.5678609352656321			1.0			False			4.0			3.0			1.2548203421519279e-08


			775			0.5456725129896265			0.5456725129892447			1.0			False			4.0			3.0			1.3223664040631347e-08


			776			0.549547312285605			0.5495473122860398			1.0			False			4.0			3.0			1.3003054124660495e-08


			777			0.5741023203565777			0.5741023203599687			0.0			True			4.0			3.0			1.4516854232990079e-08


			778			0.5784957999437849			0.5784957999467345			0.0			True			4.0			3.0			1.4420538257892818e-08


			779			0.5256471506754744			0.5256471506722992			0.0			True			4.0			3.0			1.228964352786179e-08


			780			0.5658086946914909			0.5658086946930095			1.0			False			4.0			3.0			1.2710037422092828e-08


			781			0.5305636904798926			0.5305636904773195			1.0			False			4.0			3.0			1.3833310690669287e-08


			782			0.532625730510982			0.5326257305096942			1.0			False			4.0			3.0			1.3481422168437844e-08


			783			0.5943168254786858			0.5943168254849202			0.0			True			4.0			3.0			1.5679857627249718e-08


			784			0.5604090068349129			0.5604090068361386			1.0			False			4.0			3.0			1.2791027597879283e-08


			785			0.5422123235607912			0.5422123235600539			1.0			False			4.0			3.0			1.3321955246965964e-08


			786			0.5593256473205926			0.5593256473221165			0.0			True			4.0			3.0			1.3852883934679983e-08


			787			0.5862322620340523			0.5862322620383698			0.0			True			4.0			3.0			1.4903017735130984e-08


			788			0.537467461430992			0.5374674614289338			0.0			True			4.0			3.0			1.2658224499827328e-08


			789			0.5560821351174742			0.5560821351177166			1.0			False			4.0			3.0			1.3043781632604129e-08


			790			0.5302873523462928			0.530287352343612			1.0			False			4.0			3.0			1.3862661335655826e-08


			791			0.5507672575002636			0.5507672575005312			0.0			True			4.0			3.0			1.3425798817708275e-08


			792			0.5951752433674982			0.5951752433716926			1.0			False			4.0			3.0			1.1980338878049888e-08


			793			0.4965635906784618			0.4965635906711938			1.0			True			4.0			3.0			1.5374600432888213e-08


			794			0.563052648621765			0.5630526486235662			1.0			False			4.0			3.0			1.2639822100569984e-08


			795			0.5498386355295447			0.5498386355298893			0.0			True			4.0			3.0			1.3447781144477557e-08


			796			0.5869292392105121			0.5869292392144525			1.0			False			4.0			3.0			1.2081507587241133e-08


			797			0.5021492549380981			0.5021492549325518			1.0			False			4.0			3.0			1.4792391693515407e-08


			798			0.5939455079938724			0.5939455080001494			0.0			True			4.0			3.0			1.574162132686372e-08


			799			0.5686822468486711			0.5686822468509343			1.0			False			4.0			3.0			1.2519509781805861e-08


			800			0.5495527370674942			0.5495527370674986			1.0			False			4.0			3.0			1.3117815500773225e-08


			801			0.5432998913708771			0.5432998913704652			0.0			True			4.0			3.0			1.319224071263163e-08


			802			0.5970930349989618			0.5970930350037648			1.0			False			4.0			3.0			1.1844633448842603e-08


			803			0.5206818612399642			0.5206818612359142			1.0			False			4.0			3.0			1.4264029171641347e-08


			804			0.5441466239918202			0.544146623991592			1.0			False			4.0			3.0			1.3183491889446404e-08


			805			0.5634357206408533			0.563435720643019			1.0			False			4.0			3.0			1.2541629715717046e-08


			806			0.5697430472322782			0.5697430472348997			1.0			False			4.0			3.0			1.2424914516897584e-08


			807			0.5621890599760129			0.5621890599776131			0.0			True			4.0			3.0			1.3886694492597666e-08


			808			0.561243698474606			0.5612436984758252			1.0			False			4.0			3.0			1.2792035166307264e-08


			809			0.5431515952288759			0.5431515952279923			0.0			True			4.0			3.0			1.304205585281472e-08


			810			0.5687891787136004			0.568789178715772			0.0			True			4.0			3.0			1.4096033403687414e-08


			811			0.5529780379296574			0.5529780379296159			1.0			False			4.0			3.0			1.3122909074667195e-08


			812			0.5262158910585143			0.5262158910556216			1.0			False			4.0			3.0			1.3931276896724204e-08


			813			0.5535216084393143			0.553521608440406			0.0			True			4.0			3.0			1.3695131645641385e-08


			814			0.5871035502008143			0.5871035502059588			0.0			True			4.0			3.0			1.5183744609983488e-08


			815			0.5675187066755161			0.5675187066770977			1.0			False			4.0			3.0			1.2689647726048104e-08


			816			0.5179062690338856			0.5179062690302669			0.0			True			4.0			3.0			1.214825265219029e-08


			817			0.5981505066983985			0.5981505067038317			0.0			True			4.0			3.0			1.545876579531811e-08


			818			0.5238268940884011			0.5238268940848096			0.0			True			4.0			3.0			1.214873493704183e-08


			819			0.54855790575712			0.5485579057567143			1.0			False			4.0			3.0			1.322549037894089e-08


			820			0.5303356065336812			0.5303356065316005			1.0			False			4.0			3.0			1.3701329689389915e-08


			821			0.5606731339345948			0.5606731339366002			1.0			False			4.0			3.0			1.2581744041679815e-08


			822			0.5698723449325126			0.5698723449353897			1.0			False			4.0			3.0			1.235447173101599e-08


			823			0.5617949087877803			0.5617949087896678			1.0			False			4.0			3.0			1.2615748965123205e-08


			824			0.5569104399381902			0.556910439939638			0.0			True			4.0			3.0			1.382022365617044e-08


			825			0.5818759475423958			0.5818759475467888			0.0			True			4.0			3.0			1.4890057671597873e-08


			826			0.5552214187651187			0.555221418765636			1.0			False			4.0			3.0			1.2978329550687503e-08


			827			0.5418365339899746			0.5418365339891158			1.0			False			4.0			3.0			1.3354763907170639e-08


			828			0.5639852655232638			0.5639852655251487			0.0			True			4.0			3.0			1.3984857870413277e-08


			829			0.5713263437937095			0.5713263437958299			1.0			False			4.0			3.0			1.2552523485684846e-08


			830			0.5009405305621092			0.5009405305563501			1.0			False			4.0			3.0			1.486352885631806e-08


			831			0.5986303416306027			0.5986303416372903			0.0			True			4.0			3.0			1.5940660279117626e-08


			832			0.5761340159988537			0.576134016001398			1.0			False			4.0			3.0			1.2438892446255331e-08


			833			0.5087638227052359			0.5087638227008912			0.0			True			4.0			3.0			1.1904050455826394e-08


			834			0.5947856740511367			0.5947856740558742			1.0			False			4.0			3.0			1.1867081004123834e-08


			835			0.5292342795595306			0.529234279556739			1.0			False			4.0			3.0			1.3895333930874105e-08


			836			0.5426654787263939			0.5426654787260224			1.0			False			4.0			3.0			1.3223013957658878e-08


			837			0.5778540768464523			0.5778540768504106			0.0			True			4.0			3.0			1.4724262743812712e-08


			838			0.5597701993123191			0.5597701993134895			0.0			True			4.0			3.0			1.374015160605512e-08


			839			0.5564022108245055			0.5564022108251744			1.0			False			4.0			3.0			1.2938039202787364e-08


			840			0.5297877174768914			0.5297877174749263			0.0			True			4.0			3.0			1.2681072239055109e-08


			841			0.588840265567402			0.588840265572779			0.0			True			4.0			3.0			1.527913494869425e-08


			842			0.555638365187791			0.5556383651883023			1.0			False			4.0			3.0			1.2979287722298557e-08


			843			0.5459300677532791			0.5459300677526535			0.0			True			4.0			3.0			1.3129033399291216e-08


			844			0.5600695942563613			0.5600695942574808			1.0			False			4.0			3.0			1.2818712227872542e-08


			845			0.5319538827956918			0.5319538827938906			0.0			True			4.0			3.0			1.2735834767056934e-08


			846			0.58040581473742			0.5804058147410852			1.0			False			4.0			3.0			1.2153251652303162e-08


			847			0.5438358314740589			0.5438358314735684			0.0			True			4.0			3.0			1.3168892049221643e-08


			848			0.598066062495944			0.5980660625014288			0.0			True			4.0			3.0			1.5466552859889777e-08


			849			0.5327496135129692			0.5327496135098406			1.0			False			4.0			3.0			1.3956374753651915e-08


			850			0.5161912823661579			0.5161912823617633			1.0			False			4.0			3.0			1.4377448482284646e-08


			851			0.5650784057054269			0.5650784057076779			0.0			True			4.0			3.0			1.4107683197512404e-08


			852			0.5921715413354317			0.5921715413399141			0.0			True			4.0			3.0			1.5082915507057222e-08


			853			0.5151617575450559			0.5151617575408167			0.0			True			4.0			3.0			1.1929108953561492e-08


			854			0.5591025695612275			0.5591025695622007			1.0			False			4.0			3.0			1.2857119726680399e-08


			855			0.5276572325397743			0.5276572325375696			0.0			True			4.0			3.0			1.2603385731389202e-08


			856			0.589981445473898			0.5899814454794197			0.0			True			4.0			3.0			1.5340018266480287e-08


			857			0.5707403771046707			0.570740377106468			1.0			False			4.0			3.0			1.2626306847489333e-08


			858			0.5162849037991376			0.5162849037944679			1.0			False			4.0			3.0			1.4453829187911104e-08


			859			0.5292547582490827			0.5292547582474951			1.0			False			4.0			3.0			1.3569763937505313e-08


			860			0.6012351882455693			0.6012351882524778			0.0			True			4.0			3.0			1.6087419640687282e-08


			861			0.5649235021223828			0.5649235021239364			1.0			False			4.0			3.0			1.2703293313593735e-08


			862			0.5144546227981225			0.5144546227946718			0.0			True			4.0			3.0			1.2192557483767029e-08


			863			0.6006545000338382			0.6006545000393764			1.0			False			4.0			3.0			1.1632883605534973e-08


			864			0.5356441164751791			0.5356441164736664			0.0			True			4.0			3.0			1.2831765057379008e-08


			865			0.581453539223669			0.5814535392271823			1.0			False			4.0			3.0			1.2194677012385113e-08


			866			0.5266964022889815			0.5266964022865074			0.0			True			4.0			3.0			1.2518913938320939e-08


			867			0.5816389144773076			0.5816389144810108			1.0			False			4.0			3.0			1.2144319928967361e-08


			868			0.5335496193817792			0.5335496193801572			1.0			False			4.0			3.0			1.357120961198192e-08


			869			0.568420182083226			0.5684201820858797			1.0			False			4.0			3.0			1.2414278594814784e-08


			870			0.55847085963429			0.5584708596358022			1.0			False			4.0			3.0			1.2714857138641382e-08


			871			0.5701348115065935			0.5701348115091774			1.0			False			4.0			3.0			1.243532017466517e-08


			872			0.5527469005163254			0.5527469005168375			0.0			True			4.0			3.0			1.3508958897454354e-08


			873			0.5730654545863169			0.573065454588863			1.0			False			4.0			3.0			1.2445571396320873e-08


			874			0.5286150182401402			0.5286150182376561			1.0			False			4.0			3.0			1.3814446987609874e-08


			875			0.559938977718862			0.5599389777206899			0.0			True			4.0			3.0			1.3952877911717204e-08


			876			0.5777129693416988			0.5777129693455627			0.0			True			4.0			3.0			1.4690711599122843e-08


			877			0.5572818855494426			0.5572818855502757			1.0			False			4.0			3.0			1.2894870429174932e-08


			878			0.541061465761296			0.5410614657604507			1.0			False			4.0			3.0			1.3352143679285752e-08


			879			0.5580577413069384			0.5580577413084096			0.0			True			4.0			3.0			1.3831726361162748e-08


			880			0.5834391967094422			0.5834391967131061			1.0			False			4.0			3.0			1.2155116428653496e-08


			881			0.5335128464649438			0.5335128464629247			0.0			True			4.0			3.0			1.2668219680249185e-08


			882			0.5683267931640668			0.5683267931661621			1.0			False			4.0			3.0			1.2563057110454049e-08


			883			0.5323970535621404			0.532397053560316			0.0			True			4.0			3.0			1.2729333233272193e-08


			884			0.5780086598988832			0.578008659902792			0.0			True			4.0			3.0			1.4707290959062063e-08


			885			0.5599522353822864			0.55995223538336			1.0			False			4.0			3.0			1.2830540277279688e-08


			886			0.5294488323361894			0.5294488323341253			0.0			True			4.0			3.0			1.2650126194831102e-08


			887			0.5883875829404183			0.58838758294474			1.0			False			4.0			3.0			1.1980742345165756e-08


			888			0.5334014712125417			0.5334014712107463			0.0			True			4.0			3.0			1.2739753986856801e-08


			889			0.5765855585287416			0.5765855585323223			0.0			True			4.0			3.0			1.458985880521373e-08


			890			0.5906138877938925			0.5906138877970046			1.0			False			4.0			3.0			1.2183845884142909e-08


			891			0.48014364452640773			0.48014364452069447			0.0			False			4.0			3.0			1.1021827745190863e-08


			892			0.5819715599377029			0.5819715599412081			1.0			False			4.0			3.0			1.2196551546742737e-08


			893			0.5054910931623446			0.5054910931582596			0.0			True			4.0			3.0			1.195740702884355e-08


			894			0.6156193199856121			0.615619319992169			1.0			False			4.0			3.0			1.127240488466297e-08


			895			0.5229701270871772			0.5229701270840352			1.0			False			4.0			3.0			1.4008255192887488e-08


			896			0.5723859121084803			0.5723859121114607			1.0			False			4.0			3.0			1.233027212015872e-08


			897			0.5429291089842676			0.5429291089841571			1.0			False			4.0			3.0			1.3151610748498305e-08


			898			0.5801932462412583			0.5801932462451134			1.0			False			4.0			3.0			1.2098720698085987e-08


			899			0.5569722732752326			0.5569722732764086			1.0			False			4.0			3.0			1.2804683529538187e-08


			900			0.5659772090077336			0.5659772090097543			1.0			False			4.0			3.0			1.2582623366435094e-08


			901			0.5451429013014187			0.5451429013010879			0.0			True			4.0			3.0			1.3222230175607813e-08


			902			0.5755891939777227			0.575589193980719			1.0			False			4.0			3.0			1.2329107688611824e-08


			903			0.5357925108715645			0.5357925108701157			0.0			True			4.0			3.0			1.2852139693028457e-08


			904			0.5920329488880547			0.5920329488924139			1.0			False			4.0			3.0			1.1967853783094779e-08


			905			0.5119961122082923			0.5119961122042344			0.0			True			4.0			3.0			1.2002299655641073e-08


			906			0.5975812653366284			0.5975812653415111			1.0			False			4.0			3.0			1.1823570894996693e-08


			907			0.5241313305535168			0.5241313305499037			1.0			False			4.0			3.0			1.4132204079176523e-08


			908			0.5379428223776135			0.5379428223766826			1.0			False			4.0			3.0			1.3378159786764636e-08


			909			0.5690538600989711			0.5690538601020989			0.0			True			4.0			3.0			1.4413701138848223e-08


			910			0.5884368369378492			0.5884368369428186			0.0			True			4.0			3.0			1.512724591684283e-08


			911			0.5873791388970008			0.587379138896746			0.0			True			4.0			3.0			1.4422115164597762e-08


			912			0.4955557238656888			0.49555572385772934			1.0			True			4.0			3.0			1.573073961001273e-08


			913			0.5155908150045563			0.5155908150007928			0.0			True			4.0			3.0			1.2100787267600222e-08


			914			0.580804267028748			0.5808042670323103			1.0			False			4.0			3.0			1.2181562339576273e-08


			915			0.5258504497523988			0.5258504497500621			0.0			True			4.0			3.0			1.255891807104902e-08


			916			0.5936082634065726			0.5936082634125842			0.0			True			4.0			3.0			1.555718193768942e-08


			917			0.5623079573543862			0.5623079573554762			1.0			False			4.0			3.0			1.2822095685934028e-08


			918			0.5130283547532147			0.5130283547488161			1.0			False			4.0			3.0			1.4392913820977882e-08


			919			0.5584880092722251			0.5584880092743237			1.0			False			4.0			3.0			1.2551158111689794e-08


			920			0.594734237205513			0.5947342372106643			1.0			False			4.0			3.0			1.1743271364231402e-08


			921			0.5359757797972814			0.5359757797961686			1.0			False			4.0			3.0			1.3429486223620639e-08


			922			0.5832551062705559			0.5832551062753434			0.0			True			4.0			3.0			1.5040854214676406e-08


			923			0.5946001745410678			0.5946001745449025			1.0			False			4.0			3.0			1.2039851514665548e-08


			924			0.4760756571848893			0.47607565717911754			0.0			False			4.0			3.0			1.101966826505397e-08


			925			0.6059889090406392			0.6059889090476384			0.0			True			4.0			3.0			1.6117218319163667e-08


			926			0.5638508933007029			0.563850893300975			1.0			False			4.0			3.0			1.2951941980331813e-08


			927			0.4978736781726733			0.49787367816724			0.0			False			4.0			3.0			1.1430387525711607e-08


			928			0.5714670972797546			0.5714670972820162			1.0			False			4.0			3.0			1.2518311672947111e-08


			929			0.5083275819975726			0.5083275819928039			1.0			False			4.0			3.0			1.4524322434877108e-08


			930			0.5829731506209899			0.5829731506260959			0.0			True			4.0			3.0			1.5196572489160064e-08


			931			0.6004981808147694			0.6004981808197929			1.0			False			4.0			3.0			1.1777263639034898e-08


			932			0.508781826265792			0.5087818262612763			0.0			True			4.0			3.0			1.1842538848892552e-08


			933			0.5762109979600438			0.576210997963525			0.0			True			4.0			3.0			1.455500973658595e-08


			934			0.5947347269326271			0.5947347269345751			0.0			True			4.0			3.0			1.491526870409692e-08


			935			0.4969449003016503			0.49694490029618754			0.0			False			4.0			3.0			1.1291037565528105e-08


			936			0.5926328313030652			0.592632831305611			1.0			False			4.0			3.0			1.2188814753220443e-08


			937			0.4665085093563558			0.4665085093627802			1.0			True			5.0			3.0			2.9961009335189145e-14


			938			0.5167753371947051			0.5167753371924175			0.0			True			4.0			3.0			1.2448938828730704e-08


			939			0.6640670828798357			0.6640670828864054			1.0			False			4.0			3.0			1.0081468581956972e-08


			940			0.4698626422901849			0.4698626422944127			1.0			True			5.0			3.0			1.7274585068913693e-14


			941			0.5743818137318938			0.574381813735359			0.0			True			4.0			3.0			1.4543127510791182e-08


			942			0.5751592634301834			0.5751592634329087			0.0			True			4.0			3.0			1.4313050631612643e-08


			943			0.5588644489629901			0.5588644489625884			0.0			True			4.0			3.0			1.3321137024438416e-08


			944			0.5158114034411231			0.515811403436094			1.0			False			4.0			3.0			1.455653311290152e-08


			945			0.5194384538143675			0.519438453811601			0.0			True			4.0			3.0			1.240567602575963e-08


			946			0.6111171166190713			0.6111171166253313			1.0			False			4.0			3.0			1.1393391591595647e-08


			947			0.5004428088499988			0.5004428088457384			0.0			True			4.0			3.0			1.1850345991085415e-08


			948			0.6394187549010125			0.6394187549082824			1.0			False			4.0			3.0			1.0735687295349312e-08


			949			0.4695803211248734			0.4695803211170548			1.0			True			4.0			3.0			1.64127940675903e-08


			950			0.611560955969486			0.6115609559759448			1.0			False			4.0			3.0			1.125606962434773e-08


			951			0.5527504005342948			0.5527504005349986			0.0			True			4.0			3.0			1.3570111856945583e-08


			952			0.5884905931072341			0.5884905931112374			1.0			False			4.0			3.0			1.2062868118973701e-08


			953			0.503460087103664			0.5034600870991016			0.0			True			4.0			3.0			1.1817749714891056e-08


			954			0.6248307576509644			0.6248307576575767			1.0			False			4.0			3.0			1.1192791431999827e-08


			955			0.48760660281158147			0.4876066028058528			0.0			False			4.0			3.0			1.1275427089978497e-08


			956			0.6094621190002439			0.6094621190068581			0.0			True			4.0			3.0			1.6135250358187845e-08


			957			0.5143508764021442			0.5143508763978326			0.0			True			4.0			3.0			1.190337290753556e-08


			958			0.5853411031710314			0.5853411031741856			0.0			True			4.0			3.0			1.4637310077355191e-08


			959			0.5401783217587454			0.5401783217557282			0.0			True			4.0			3.0			1.2479730762940009e-08


			960			0.5234188140596209			0.5234188140558337			0.0			True			4.0			3.0			1.2082443988494078e-08


			961			0.5539074008106322			0.5539074008104682			1.0			False			4.0			3.0			1.314663359883295e-08


			962			0.5118329194074273			0.5118329194033637			0.0			True			4.0			3.0			1.200029608420358e-08


			963			0.5819785795075134			0.5819785795112954			1.0			False			4.0			3.0			1.2123146288088438e-08


			964			0.5492541045593952			0.5492541045593706			1.0			False			4.0			3.0			1.312572093597964e-08


			965			0.5296437975546946			0.5296437975530578			1.0			False			4.0			3.0			1.3581863715444388e-08


			966			0.5970339457622237			0.5970339457687506			0.0			True			4.0			3.0			1.5839129259987927e-08


			967			0.562203372670481			0.5622033726718763			0.0			True			4.0			3.0			1.3820410082925764e-08


			968			0.5557690420299939			0.5557690420303774			0.0			True			4.0			3.0			1.3475278915048554e-08


			969			0.5731480326790797			0.5731480326808202			1.0			False			4.0			3.0			1.2614588381968932e-08


			970			0.4989762875602881			0.49897628755330253			1.0			True			4.0			3.0			1.5256466212829582e-08


			971			0.5642915529323			0.5642915529342952			0.0			True			4.0			3.0			1.4021643664739342e-08


			972			0.5923447575561501			0.5923447575600609			0.0			True			4.0			3.0			1.4997356760402844e-08


			973			0.6062910678523047			0.6062910678557215			0.0			True			4.0			4.0			1.4500680510739318e-08


			974			0.5547619151694945			0.5547619151653693			1.0			False			4.0			4.0			1.3808048727471362e-08


			975			0.2716955860887755			0.27169558608022204			0.0			False			4.0			4.0			3.616323299885733e-09


			976			0.6781158111666705			0.6781158111716507			1.0			False			4.0			3.0			9.706625935386319e-09


			977			0.36459536146727584			0.36459536145340343			0.0			False			4.0			4.0			8.841552580706049e-09


			978			0.7445108100310354			0.7445108100310354			0.0			True			5.0			4.0			1.4705322017681554e-14


			979			0.56261738214147			0.5626173821309937			0.0			True			4.0			3.0			1.2918570262000032e-08


			980			0.5329941490223066			0.5329941490057135			1.0			False			4.0			3.0			1.4414698588277193e-08


			981			0.3312383566564868			0.3312383566427628			0.0			False			4.0			4.0			7.650029132098338e-09


			982			0.731998022503297			0.7319980224930309			1.0			False			4.0			3.0			6.42824044332662e-09


			983			0.5164165419369765			0.5164165419323615			1.0			False			4.0			3.0			1.4437965652737344e-08


			984			0.5530213642468063			0.5530213642474643			0.0			True			4.0			3.0			1.3556355232371917e-08


			985			0.5842088585434158			0.5842088585469903			1.0			False			4.0			3.0			1.2176043310550553e-08


			986			0.46842133686024046			0.46842133685689236			0.0			False			4.0			3.0			1.1141297204212018e-08


			987			0.6970971355923727			0.6970971355923727			0.0			True			5.0			4.0			4.574132335016197e-14


			988			0.5367260290201109			0.5367260290142584			0.0			True			4.0			3.0			1.2120585063673022e-08


			989			0.5109386225777047			0.5109386225726167			0.0			True			4.0			3.0			1.1552850106908943e-08


			990			0.5292022508152378			0.529202250812061			1.0			False			4.0			3.0			1.399548473983129e-08


			991			0.4968552812825481			0.4968552812785681			0.0			False			4.0			3.0			1.1813514633437246e-08


			992			0.6778610250198078			0.6778610250198078			0.0			True			5.0			4.0			4.031974811787807e-14


			993			0.5571815914384459			0.5571815914214778			0.0			True			4.0			3.0			1.2552440822807499e-08


			994			0.5028712722227772			0.5028712722166546			0.0			True			4.0			3.0			1.101329657478466e-08


			995			0.5483844328836592			0.5483844328763935			1.0			False			4.0			3.0			1.3718661574051108e-08


			996			0.33388391270262513			0.33388391270262513			1.0			True			5.0			4.0			3.967754430199296e-14


			997			0.6852722404521147			0.6852722404486689			1.0			False			4.0			3.0			8.73571650859821e-09


			998			0.515742835024328			0.5157428350233051			1.0			False			4.0			3.0			1.3711401117720321e-08


			999			0.6111572896478702			0.6111572896538596			1.0			False			4.0			3.0			1.103399349317742e-08


			1000			0.5860088235681754			0.5860088235728889			1.0			False			4.0			3.0			1.1844944465816237e-08


			1001			0.5662905445984792			0.5662905446012361			0.0			True			4.0			3.0			1.4279579316718201e-08


			1002			0.5807214647640594			0.5807214647676563			1.0			False			4.0			3.0			1.2172279789403991e-08


			1003			0.5362318184403979			0.5362318184390298			1.0			False			4.0			3.0			1.349868734120674e-08


			1004			0.5214966658770052			0.5214966658761222			0.0			True			4.0			3.0			1.2699196629180214e-08


			1005			0.6804171604794799			0.6804171604845922			1.0			False			4.0			3.0			9.488102599313485e-09


			1006			0.4727688923045859			0.47276889230876656			1.0			True			5.0			3.0			3.477409216704733e-14


			1007			0.5258057525231348			0.5258057525213232			1.0			False			4.0			3.0			1.3642749706728904e-08


			1008			0.5853070469050536			0.5853070469098343			1.0			False			4.0			3.0			1.180858648856365e-08


			1009			0.583599291914214			0.5835992919191725			0.0			True			4.0			3.0			1.5112027572197704e-08


			1010			0.5910083926907642			0.5910083926952078			0.0			True			4.0			3.0			1.5040326137963316e-08


			1011			0.5191945166418731			0.5191945166379732			0.0			True			4.0			3.0			1.2045798462099257e-08


			1012			0.5758266058180312			0.5758266058203544			0.0			True			4.0			3.0			1.4225382338428958e-08


			1013			0.5356997769658919			0.5356997769631688			1.0			False			4.0			3.0			1.3840384884422982e-08


			1014			0.4538375479884245			0.4538375479992915			1.0			True			5.0			3.0			4.9285149758237887e-14


			1015			0.6134032626335367			0.6134032626390218			1.0			False			4.0			3.0			1.0894122497123222e-08


			1016			0.6062692093648733			0.6062692093710489			1.0			False			4.0			3.0			1.1371664048335912e-08


			1017			0.546281296448612			0.5462812964488604			0.0			True			4.0			3.0			1.3405455006044549e-08


			1018			0.5945936296261627			0.5945936296311276			1.0			False			4.0			3.0			1.1802987969534884e-08


			1019			0.5237051258174183			0.5237051258146368			1.0			False			4.0			3.0			1.3907633226692111e-08


			1020			0.5858614286319422			0.5858614286371011			0.0			True			4.0			3.0			1.5190935796683713e-08


			1021			0.5701979951755691			0.5701979951776853			1.0			False			4.0			3.0			1.2556018367352555e-08


			1022			0.5108026740206267			0.5108026740161197			1.0			False			4.0			3.0			1.443558009814336e-08


			1023			0.5718245343156644			0.5718245343194905			0.0			True			4.0			3.0			1.4678824311999061e-08


			1024			0.6135973264369154			0.6135973264351924			0.0			True			5.0			3.0			3.3130625105132226e-14


			1025			0.5380311289524842			0.538031128950137			1.0			False			4.0			3.0			1.3738441790829248e-08


			1026			0.4815342468897599			0.4815342468826497			1.0			True			4.0			3.0			1.567143738927591e-08


			1027			0.6097621484416483			0.6097621484377809			0.0			True			5.0			3.0			3.6339924782460764e-14


			1028			0.5852323514362263			0.5852323514409169			0.0			True			4.0			3.0			1.500917426205132e-08


			1029			0.5805879519924914			0.5805879519946805			1.0			False			4.0			3.0			1.244907603118448e-08


			1030			0.4610454453971995			0.4610454454030458			1.0			True			5.0			3.0			1.2710477890265748e-14


			1031			0.5828046450854415			0.5828046450906265			0.0			True			4.0			3.0			1.5267724991982515e-08


			1032			0.5895271241381442			0.5895271241427282			1.0			False			4.0			3.0			1.1907082197893024e-08


			1033			0.5517017848166305			0.5517017848168565			1.0			False			4.0			3.0			1.3057617817618197e-08


			1034			0.5419672340586292			0.5419672340580579			1.0			False			4.0			3.0			1.3277605708650514e-08


			1035			0.5750453630409844			0.5750453630444725			0.0			True			4.0			3.0			1.4552993701355709e-08


			1036			0.5586336126183676			0.5586336126193536			1.0			False			4.0			3.0			1.285431061555545e-08


			1037			0.5296991751226572			0.5296991751207357			0.0			True			4.0			3.0			1.2693960648902001e-08


			1038			0.59593008974563			0.5959300897506243			1.0			False			4.0			3.0			1.1795946559432098e-08


			1039			0.5152715635490066			0.5152715635456004			0.0			True			4.0			3.0			1.2209314095530736e-08


			1040			0.6030678898947167			0.6030678899016915			0.0			True			4.0			3.0			1.607556095320252e-08


			1041			0.5828138387520436			0.5828138387536838			0.0			True			4.0			3.0			1.4356026996826675e-08


			1042			0.5147855012488439			0.5147855012441394			0.0			True			4.0			3.0			1.1735931325407436e-08


			1043			0.5367104012599024			0.5367104012578154			1.0			False			4.0			3.0			1.3686598536332753e-08


			1044			0.5354894938439796			0.5354894938423368			1.0			False			4.0			3.0			1.3573809101676574e-08


			1045			0.5394849574983993			0.5394849574980368			0.0			True			4.0			3.0			1.3188693341758026e-08


			1046			0.6039858878559554			0.6039858878617977			1.0			False			4.0			3.0			1.1533483541653165e-08


			1047			0.5177897706774484			0.5177897706742203			1.0			False			4.0			3.0			1.4051717079101118e-08


			1048			0.5902690282487532			0.5902690282537074			1.0			False			4.0			3.0			1.1787481360264974e-08


			1049			0.5610703004028718			0.561070300404588			1.0			False			4.0			3.0			1.2661529635428139e-08


			1050			0.5619166431746596			0.5619166431763798			1.0			False			4.0			3.0			1.266101133817306e-08


			1051			0.5537446619635166			0.553744661964362			1.0			False			4.0			3.0			1.2892715675405322e-08


			1052			0.5572991173746791			0.5572991173761013			0.0			True			4.0			3.0			1.3813452689663475e-08


			1053			0.5767946126473829			0.5767946126506033			1.0			False			4.0			3.0			1.2270366537262598e-08


			1054			0.5328476677954769			0.5328476677939182			0.0			True			4.0			3.0			1.2811932820734074e-08


			1055			0.6112099388859491			0.6112099388929546			0.0			True			4.0			3.0			1.6305219433780117e-08


			1056			0.5745234266678569			0.5745234266666897			1.0			False			4.0			3.0			1.278230454773393e-08


			1057			0.4416558482823245			0.4416558482821431			0.0			False			4.0			3.0			1.023189528459485e-08


			1058			0.6252946317484721			0.6252946317548314			1.0			False			4.0			3.0			1.122910124146949e-08


			1059			0.4922250424447391			0.4922250424391196			0.0			False			4.0			3.0			1.1251395690883488e-08


			1060			0.5780247961354474			0.5780247961381337			1.0			False			4.0			3.0			1.239919317712839e-08


			1061			0.4957074002993524			0.4957074002926361			1.0			True			4.0			3.0			1.519821388736904e-08


			1062			0.5712754270013548			0.5712754270050854			0.0			True			4.0			3.0			1.4640589707608091e-08


			1063			0.6261745948714941			0.626174594866845			0.0			True			5.0			3.0			3.4212347099743397e-14


			1064			0.545117549760227			0.545117549756576			1.0			False			4.0			3.0			1.3715337569852806e-08


			1065			0.43173212613839707			0.4317321261387921			0.0			False			4.0			3.0			1.0237812223506923e-08


			1066			0.6424140407841934			0.6424140407913048			1.0			False			4.0			3.0			1.0537312510089817e-08


			1067			0.5042615615931695			0.504261561588973			0.0			True			4.0			3.0			1.19182905384005e-08


			1068			0.6068266688997118			0.606826668905823			1.0			False			4.0			3.0			1.1432336989299574e-08


			1069			0.5369385535166465			0.5369385535155007			0.0			True			4.0			3.0			1.2948616156058719e-08


			1070			0.6194040549921329			0.6194040549888964			0.0			True			5.0			3.0			1.8171743024400766e-14


			1071			0.5070982806299337			0.5070982806249018			0.0			True			4.0			3.0			1.1598216579552648e-08


			1072			0.5504739524692973			0.5504739524691191			1.0			False			4.0			3.0			1.3163643889611876e-08


			1073			0.5074448293203041			0.5074448293159138			1.0			False			4.0			3.0			1.4437363776204102e-08


			1074			0.6045106812604562			0.6045106812664788			1.0			False			4.0			3.0			1.1449606529737024e-08


			1075			0.5474691695915274			0.5474691695917339			1.0			False			4.0			3.0			1.3064961075159732e-08


			1076			0.5580414099382419			0.5580414099400081			0.0			True			4.0			3.0			1.3926147267634352e-08


			1077			0.5866896590033642			0.586689659007653			1.0			False			4.0			3.0			1.1987799029292413e-08


			1078			0.5354655168265113			0.5354655168251766			1.0			False			4.0			3.0			1.349060491117469e-08


			1079			0.5698856754495114			0.5698856754523084			1.0			False			4.0			3.0			1.2376958597293173e-08


			1080			0.5630960932607461			0.5630960932626133			1.0			False			4.0			3.0			1.2622249668375404e-08


			1081			0.5632203650343327			0.563220365036018			1.0			False			4.0			3.0			1.267050546937284e-08


			1082			0.5222191326675706			0.5222191326652661			0.0			True			4.0			3.0			1.2542233194495747e-08


			1083			0.62632196628004			0.6263219662870111			1.0			False			4.0			3.0			1.106408210296588e-08


			1084			0.5231234259988501			0.5231234259954571			0.0			True			4.0			3.0			1.2218478825074183e-08


			1085			0.5634552056886162			0.563455205690031			1.0			False			4.0			3.0			1.2740028694129972e-08


			1086			0.5124240947335728			0.512424094729491			1.0			False			4.0			3.0			1.4310527737237343e-08


			1087			0.5856763754263288			0.5856763754309179			1.0			False			4.0			3.0			1.1888765255638725e-08


			1088			0.5708750422357612			0.5708750422384533			1.0			False			4.0			3.0			1.2406932448702704e-08


			1089			0.5489179875125929			0.5489179875128328			1.0			False			4.0			3.0			1.3055707214114084e-08
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    "exercise": "18.12",
    "book_section": "18 High-Dimensional Problems:p≫N / Exercises",
    "recorded_proof_status": "written exposition; no kernel acceptance established",
    "page": 126,
    "url": "publications/phi_analytic_algorithms_and_statistical_computation.pdf#page=126",
    "title": "One exact row-space reduction across cross-validation"
  },
  {
    "case_id": "AC-147",
    "volume": "volume_02",
    "book_title": "The Elements of Statistical Learning",
    "authors": "Trevor Hastie; Robert Tibshirani; Jerome Friedman",
    "edition": "Second edition; corrected twelfth printing; 13 January 2017",
    "exercise": "18.13",
    "book_section": "18 High-Dimensional Problems:p≫N / Exercises",
    "recorded_proof_status": "written exposition; no kernel acceptance established",
    "page": 127,
    "url": "publications/phi_analytic_algorithms_and_statistical_computation.pdf#page=127",
    "title": "Kernel logistic regression from an empirical square-root"
  },
  {
    "case_id": "AC-148",
    "volume": "volume_02",
    "book_title": "The Elements of Statistical Learning",
    "authors": "Trevor Hastie; Robert Tibshirani; Jerome Friedman",
    "edition": "Second edition; corrected twelfth printing; 13 January 2017",
    "exercise": "6.7",
    "book_section": "6 Kernel Smoothing Methods / Exercises",
    "recorded_proof_status": "written exposition; no kernel acceptance established",
    "page": 128,
    "url": "publications/phi_analytic_algorithms_and_statistical_computation.pdf#page=128",
    "title": "Leave-one-out local polynomial regression"
  },
  {
    "case_id": "AC-149",
    "volume": "volume_02",
    "book_title": "The Elements of Statistical Learning",
    "authors": "Trevor Hastie; Robert Tibshirani; Jerome Friedman",
    "edition": "Second edition; corrected twelfth printing; 13 January 2017",
    "exercise": "7.3",
    "book_section": "7 Model Assessment and Selection / Exercises",
    "recorded_proof_status": "written exposition; no kernel acceptance established",
    "page": 128,
    "url": "publications/phi_analytic_algorithms_and_statistical_computation.pdf#page=128",
    "title": "When the PRESS identity holds for a linear smoother"
  },
  {
    "case_id": "AC-150",
    "volume": "volume_02",
    "book_title": "An Introduction to Statistical Learning: with Applications in Python",
    "authors": "Gareth James; Daniela Witten; Trevor Hastie; Robert Tibshirani; Jonathan Taylor",
    "edition": "First printing; 5 July 2023",
    "exercise": "8",
    "book_section": "5 Resampling Methods / 5.4 Exercises",
    "recorded_proof_status": "written exposition; no kernel acceptance established",
    "page": 130,
    "url": "publications/phi_analytic_algorithms_and_statistical_computation.pdf#page=130",
    "title": "Polynomial regression, exact PRESS and the Python-seeded sample"
  },
  {
    "case_id": "AC-151",
    "volume": "volume_02",
    "book_title": "An Introduction to Statistical Learning: with Applications in Python",
    "authors": "Gareth James; Daniela Witten; Trevor Hastie; Robert Tibshirani; Jonathan Taylor",
    "edition": "First printing; 5 July 2023",
    "exercise": "7",
    "book_section": "5 Resampling Methods / 5.4 Exercises",
    "recorded_proof_status": "written exposition; no kernel acceptance established",
    "page": 132,
    "url": "publications/phi_analytic_algorithms_and_statistical_computation.pdf#page=132",
    "title": "Complete Weekly logistic leave-one-out calculation: Python edition"
  },
  {
    "case_id": "AC-152",
    "volume": "volume_02",
    "book_title": "An Introduction to Statistical Learning: with Applications in R",
    "authors": "Gareth James; Daniela Witten; Trevor Hastie; Robert Tibshirani",
    "edition": "Second edition; corrected printing; 21 June 2023",
    "exercise": "8",
    "book_section": "Resampling Methods / Exercises",
    "recorded_proof_status": "written exposition; no kernel acceptance established",
    "page": 135,
    "url": "publications/phi_analytic_algorithms_and_statistical_computation.pdf#page=135",
    "title": "Polynomial regression, exact PRESS and the R-seeded sample"
  },
  {
    "case_id": "AC-153",
    "volume": "volume_02",
    "book_title": "An Introduction to Statistical Learning: with Applications in R",
    "authors": "Gareth James; Daniela Witten; Trevor Hastie; Robert Tibshirani",
    "edition": "Second edition; corrected printing; 21 June 2023",
    "exercise": "7",
    "book_section": "Resampling Methods / Exercises",
    "recorded_proof_status": "written exposition; no kernel acceptance established",
    "page": 137,
    "url": "publications/phi_analytic_algorithms_and_statistical_computation.pdf#page=137",
    "title": "Complete Weekly logistic leave-one-out calculation: R edition"
  },
  {
    "case_id": "AC-154",
    "volume": "volume_02",
    "book_title": "Introduction to Natural Language Processing",
    "authors": "Jacob Eisenstein",
    "edition": "2019; fixed-layout EPUB",
    "exercise": "3.4",
    "book_section": "3 Nonlinear Classification / Exercises",
    "recorded_proof_status": "written exposition; no kernel acceptance established",
    "page": 139,
    "url": "publications/phi_analytic_algorithms_and_statistical_computation.pdf#page=139",
    "title": "An exact two-ReLU XOR network"
  },
  {
    "case_id": "AC-155",
    "volume": "volume_02",
    "book_title": "Introduction to Natural Language Processing",
    "authors": "Jacob Eisenstein",
    "edition": "2019; fixed-layout EPUB",
    "exercise": "3.8",
    "book_section": "3 Nonlinear Classification / Exercises",
    "recorded_proof_status": "written exposition; no kernel acceptance established",
    "page": 140,
    "url": "publications/phi_analytic_algorithms_and_statistical_computation.pdf#page=140",
    "title": "A complete certificate for a dead ReLU on the Boolean"
  }
]
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PHI_volume_02_verification/replay.py

#!/usr/bin/env python3
"""Replay selected local checks without modifying preserved historical records.

The default task set is offline. A replay is an executable check and does not
constitute proof-assistant acceptance. Use --list to inspect the exact commands.
"""
from __future__ import annotations
import argparse, concurrent.futures, hashlib, importlib.metadata, json, os
from pathlib import Path
import platform, shutil, subprocess, sys, time

ROOT = Path(__file__).resolve().parent
TASKS = {'finite_observables': ('verification/finite_observables', [['python', 'code/run_lab.py']]), 'covering_arithmetic': ('verification/coverings', [['python', 'code/run_checks.py']]), 'covering_branches': ('verification/coverings', [['python', 'code/branch_checks.py']]), 'covering_polynomials': ('verification/coverings', [['python', 'code/polynomial_kernel.py']]), 'mapping_polynomials': ('verification/normal_families', [['python', 'code/independent_certificates.py']]), 'FIR_certificates': ('publication/reproduction', [['python', 'code/certify_fir.py']]), 'fixed_point_rows': ('publication/reproduction', [['python', 'code/fixed_point_rows.py']]), 'finite_algorithm_kernels': ('verification/analytic_models', [['python', 'monograph_kernels.py']]), 'algorithm_controls': ('verification/algorithm_comparisons', [['python', 'code/supplementary_checks.py']]), 'host_reference': ('publication/reproduction', [['cc', '-std=c11', '-Wall', '-Wextra', '-Werror', 'code/host_reference.c', '-o', 'host_reference'], ['./host_reference']])}

def digest(path: Path) -> str:
    return hashlib.sha256(path.read_bytes()).hexdigest()

def snapshot(root: Path) -> dict[str,str]:
    return {p.relative_to(root).as_posix():digest(p) for p in root.rglob('*')
            if p.is_file() and p.suffix in {'.json','.csv','.npz','.txt','.smt2'}
            and '.cache' not in p.parts}

def one(name: str, output: Path, timeout: int) -> dict:
    module, commands = TASKS[name]
    job = output / name
    if job.exists():
        raise FileExistsError(f'Replay directory already exists: {job.name}; choose a new --output.')
    work = job / 'work'
    work.parent.mkdir(parents=True,exist_ok=True)
    shutil.copytree(ROOT/module,work)
    for sub in ['data','figures','metrics','registers','results','results_v2','new_results']:
        (work/sub).mkdir(parents=True,exist_ok=True)
    before=snapshot(work)
    env=os.environ.copy()
    env.update({'PYTHONDONTWRITEBYTECODE':'1','MPLCONFIGDIR':str(job/'.cache'),
                'OPENBLAS_NUM_THREADS':'1','OMP_NUM_THREADS':'1','MKL_NUM_THREADS':'1'})
    runs=[]; start=time.perf_counter()
    for i,command in enumerate(commands,1):
        cmd=[sys.executable if t=='python' else t for t in command]
        try:
            r=subprocess.run(cmd,cwd=work,env=env,text=True,stdout=subprocess.PIPE,
                             stderr=subprocess.STDOUT,timeout=timeout,check=False)
            text=r.stdout; code=r.returncode
        except (OSError,subprocess.TimeoutExpired) as error:
            text=str(error);code=-1
        # Runtime directory names are not relevant to the mathematical record.
        text=text.replace(str(work),'[replay-work]').replace(str(ROOT),'[package]')
        (job/f'command_{i:02d}.log').write_text(text,encoding='utf-8')
        runs.append({'command':command,'exit_code':code,'log':f'command_{i:02d}.log'})
        if code!=0:break
    after=snapshot(work)
    changed=[k for k,v in after.items() if before.get(k)!=v]
    report={'task':name,'module':module,'passed':all(x['exit_code']==0 for x in runs),
            'seconds':time.perf_counter()-start,'commands':runs,
            'changed_or_new_record_files':changed,
            'scope':'Local executable checks; no proof-assistant kernel invoked.'}
    (job/'run.json').write_text(json.dumps(report,indent=2)+'\n')
    return report

def main() -> int:
    p=argparse.ArgumentParser(description=__doc__)
    p.add_argument('--list',action='store_true')
    p.add_argument('--tasks',nargs='+',choices=list(TASKS),default=list(TASKS))
    p.add_argument('--output',type=Path,default=ROOT/'local_replay')
    p.add_argument('--jobs',type=int,default=2)
    p.add_argument('--timeout',type=int,default=180)
    a=p.parse_args()
    if a.list:
        print(json.dumps({k:{'module':m,'commands':c} for k,(m,c) in TASKS.items()},indent=2));return 0
    out=a.output.resolve();out.mkdir(parents=True,exist_ok=True)
    with concurrent.futures.ThreadPoolExecutor(max_workers=max(1,a.jobs)) as ex:
        records=list(ex.map(lambda n:one(n,out,a.timeout),a.tasks))
    versions={}
    for package in ['numpy','scipy','sympy','pandas','scikit-learn','threadpoolctl','pycairo','torch','PyMuPDF']:
        try:versions[package]=importlib.metadata.version(package)
        except importlib.metadata.PackageNotFoundError:versions[package]=None
    summary={'tasks':len(records),'passed':sum(r['passed'] for r in records),
             'python':platform.python_version(),'packages':versions,'runs':records,
             'timing_scope':'Replay durations include setup and imports; not algorithm benchmarks.',
             'proof_assistant_kernel_invoked':False}
    (out/'summary.json').write_text(json.dumps(summary,indent=2)+'\n')
    print(json.dumps(summary,indent=2));return int(summary['passed']!=summary['tasks'])
if __name__=='__main__':raise SystemExit(main())







PHI_volume_02_verification/verification/algorithm_comparisons/code/exact_filter_certificate.py

"""Rational interval certification of three classical analog prototype orders.
The order formula is an analytic theorem; its evaluated inequalities use exact rationals.
No floating-point decision or proof-assistant kernel is used.
"""
from fractions import Fraction as F
from math import isqrt
from pathlib import Path
import json
ROOT=Path(__file__).resolve().parents[1]
B=160; Q=1<<B

def sqrtb(x):
 if x<0:raise ValueError('negative square-root argument')
 n=isqrt((x.numerator*Q*Q)//x.denominator)
 l=F(n,Q);u=F(n+1,Q)
 assert l*l<=x<=u*u
 return l,u

def add(a,b):return a[0]+b[0],a[1]+b[1]
def mul(a,b):
 assert min(*a,*b)>=0
 return a[0]*b[0],a[1]*b[1]
def div(a,b):
 assert b[0]>0
 return a[0]/b[1],a[1]/b[0]
def sqrti(a):return sqrtb(a[0])[0],sqrtb(a[1])[1]
def agmbounds(a,b,it=14):
 # Positive interval inputs. AGM is monotone in each input. Arithmetic
 # iterates bound the limit from above and geometric iterates from below.
 for _ in range(it):
  aa=((a[0]+b[0])/2,(a[1]+b[1])/2)
  bb=sqrti(mul(a,b));a,b=aa,bb
 return min(a[0],b[0]),max(a[1],b[1])

y=(F(125892541179,10**11),F(125892541180,10**11))
assert y[0]**10 < 10 < y[1]**10
k=(F(2,3),F(2,3));kp=sqrti((F(5,9),F(5,9)))
k1sq=((y[0]-1)/9999,(y[1]-1)/9999)
k1=sqrti(k1sq);k1p=sqrti((1-k1sq[1],1-k1sq[0]))
one=(F(1),F(1))
A={name:agmbounds(one,z) for name,z in [('k',k),('kp',kp),('k1',k1),('k1p',k1p)]}
n=div(mul(A['k'],A['k1p']),mul(A['kp'],A['k1']))
assert F(403,100)<n[0]<n[1]<F(404,100)
G=(9999/(y[1]-1),9999/(y[0]-1))
assert F(3,2)**26<G[0] and F(3,2)**28>G[1]
x=F(3,2);T=[F(1),x]
for j in range(2,8):T.append(2*x*T[-1]-T[-2])
assert T[6]**2<G[0] and T[7]**2>G[1]
def pair(x):return {'lower':str(x[0]),'upper':str(x[1]),'display_lower':float(x[0]),'display_upper':float(x[1])}
D={'input':{'passband_hz':500,'stopband_hz':750,'passband_loss_db':1,'stopband_attenuation_db':40},'epsilon_squared_interval':pair((y[0]-1,y[1]-1)),'discrimination_squared_interval':pair(G),'AGM_intervals':{k:pair(v) for k,v in A.items()},'elliptic_real_order_interval':pair(n),'certified_coarse_interval':'4.03 < elliptic real order < 4.04','orders':{'Butterworth':14,'Chebyshev_I':7,'elliptic':5},'square_root_fraction_bits':B,'AGM_iterations':14,'checks':7,'status':'exact rational inequalities; classical order formulas remain written analytic prerequisites'}
(ROOT/'results/exact_filter_certificate.json').write_text(json.dumps(D,indent=2))
print(D['certified_coarse_interval'],D['orders'])







PHI_volume_02_verification/verification/algorithm_comparisons/code/experiments.py

"""Exact checks and matched-output experiments. No proof-assistant acceptance is implied.
Uses synthetic inputs except the literal source instances and ISLP seed-1 problem.
Recommended invocation: OPENBLAS_NUM_THREADS=1 OMP_NUM_THREADS=1 python code/experiments.py
"""
from pathlib import Path
import json,math,time,platform,sys,hashlib,os
from fractions import Fraction as F
from collections import Counter
import numpy as np
import scipy
from scipy import fft,signal,linalg,sparse,special,optimize
import sympy as sp
import mpmath as mp
from threadpoolctl import threadpool_limits,threadpool_info
ROOT=Path(__file__).resolve().parents[1];OUT=ROOT/'results'
CHECKS=[];BENCH=[];OBS={}
def check(name,condition,kind='exact finite',detail=''):
 if not bool(condition):raise AssertionError(name+': '+str(detail))
 CHECKS.append(dict(name=name,kind=kind,passed=True,detail=str(detail)))
def approx(name,a,b,tol=1e-9):check(name,np.allclose(a,b,rtol=tol,atol=tol),'floating-point diagnostic',float(np.max(np.abs(np.asarray(a)-np.asarray(b)))))
def timeit(f,reps=7):
 f();t=time.perf_counter();f();elapsed=time.perf_counter()-t
 loops=max(1,min(40,int(.012/max(elapsed,1e-9))))
 times=[]
 for _ in range(reps):
  t=time.perf_counter()
  for j in range(loops):z=f()
  times.append((time.perf_counter()-t)/loops)
 return dict(median_seconds=float(np.median(times)),min_seconds=min(times),max_seconds=max(times),repeat_means_seconds=times,inner_loops=loops)
def bench(family,n,method,f,error,metadata=None):
 t=timeit(f);BENCH.append(dict(family=family,n=n,method=method,**t,max_absolute_discrepancy=float(error),metadata=metadata or {}))

def cat_dp(n):
 a=[1]
 for j in range(1,n+1):a.append(sum(a[k]*a[j-1-k] for k in range(j)))
 return a

def cat_mul(n):
 a=[1]
 for k in range(n):a.append(a[-1]*2*(2*k+1)//(k+2))
 return a

def cat_comb(n):return [math.comb(2*k,k)//(k+1) for k in range(n+1)]
for n in range(31):check('Catalan prefix '+str(n),cat_dp(n)==cat_mul(n)==cat_comb(n))
for n in [64,128,256,512]:
 for name,fun in [('quadratic DP',cat_dp),('multiplicative prefix',cat_mul),('comb for each prefix',cat_comb)]:bench('Catalan prefix',n,name,lambda f=fun,n=n:f(n),0,{'output':'all C_0,...,C_n as exact Python integers'})
OBS['catalan']={'n':512,'convolution_products':512*513//2,'multiplicative_updates':512,'product_update_ratio':513/2,'C512_bits':cat_mul(512)[-1].bit_length(),'C50':str(cat_mul(50)[-1])}
# Exact cyclic counting; automaton state is residue of number of b's.
for n in range(31):
 a=[1,0,0]
 for _ in range(n):a=[a[j]+a[(j-1)%3] for j in range(3)]
 direct=sum(math.comb(n,j) for j in range(0,n+1,3))
 # 2cos(n*pi/3) is the exact periodic integer sequence.
 closed=(2**n+[2,1,-1,-2,-1,1][n%6])//3
 check('mod3 word count '+str(n),a[0]==direct==closed)
OBS['mod3']={'n':100,'count':str((2**100+[2,1,-1,-2,-1,1][100%6])//3)}
# exact NTT, with positive-exponent convention matching CLRS.
def ntt(a,p,g,inverse=False):
 a=list(map(int,a));n=len(a)
 if n==0 or n&(n-1) or (p-1)%n:raise ValueError('power-of-two length must divide p-1')
 j=0
 for i in range(1,n):
  bit=n>>1
  while j&bit:j^=bit;bit>>=1
  j^=bit
  if i<j:a[i],a[j]=a[j],a[i]
 m=2
 while m<=n:
  wm=pow(g,(p-1)//m,p)
  if inverse:wm=pow(wm,-1,p)
  for start in range(0,n,m):
   w=1
   for k in range(start,start+m//2):
    u=a[k];v=w*a[k+m//2]%p;a[k]=(u+v)%p;a[k+m//2]=(u-v)%p;w=w*wm%p
  m*=2
 if inverse:a=[x*pow(n,-1,p)%p for x in a]
 return a
x=[0,5,3,7,7,2,1,6];X=ntt(x,17,3)
check('CLRS NTT inverse',ntt(X,17,3,True)==x)
check('CLRS NTT direct orthogonality',X==[sum(x[j]*pow(9,k*j,17) for j in range(8))%17 for k in range(8)])
OBS['ntt17']={'input':x,'transform':X,'inverse':ntt(X,17,3,True),'root':9}
rng=np.random.default_rng(20261006)
for n in [2,4,8,16,32]:
 for t in range(5):
  a=rng.integers(0,97,size=n).tolist();check(f'NTT round trip {n}/{t}',ntt(ntt(a,97,5),97,5,True)==a)
# Convolution tests and benchmarks.
for n in [128,512,2048]:
 a=rng.normal(size=n);b=rng.normal(size=n);ref=np.convolve(a,b)
 for name,fun in [('numpy direct',lambda:np.convolve(a,b)),('scipy fftconvolve',lambda:signal.fftconvolve(a,b))]:
  v=fun();approx(f'convolution {n}/{name}',v,ref,1e-10);bench('Linear convolution',n,name,fun,np.max(np.abs(v-ref)),{'output_length':2*n-1,'dtype':'float64'})
# arbitrary length DFT, all setup included.
def direct_dft(x):
 n=len(x);j=np.arange(n);out=np.empty(n,dtype=complex)
 for k in range(0,n,64):out[k:k+64]=np.exp(-2j*np.pi*np.outer(np.arange(k,min(k+64,n)),j)/n)@x
 return out

def bluestein(x):
 x=np.asarray(x,dtype=complex);n=len(x);m=fft.next_fast_len(2*n-1);j=np.arange(n,dtype=np.int64)
 phase=np.exp(-1j*np.pi*(j*j%(2*n))/n);a=np.zeros(m,complex);b=np.zeros(m,complex)
 a[:n]=x*phase;b[:n]=np.conj(phase);b[m-n+1:]=np.conj(phase[1:][::-1])
 return phase*fft.ifft(fft.fft(a)*fft.fft(b))[:n]
for n in [1,2,3,7,8,17,31,127,257,509,1021]:
 x=rng.normal(size=n)+1j*rng.normal(size=n);v=bluestein(x);ref=fft.fft(x);approx('Bluestein '+str(n),v,ref,1e-10)
 if n in [127,257,509,1021]:
  for name,fun in [('direct blocked DFT',lambda:direct_dft(x)),('explicit Bluestein',lambda:bluestein(x)),('scipy FFT control',lambda:fft.fft(x))]:bench('Prime-length DFT',n,name,fun,np.max(np.abs(fun()-ref)),{'all_setup_included':True,'length_padding_for_bluestein':int(fft.next_fast_len(2*n-1))})
# Sine energy with removable singularity represented by sinc.
def energy_formula(n,w):return n/2-.5*n*np.sinc(n*w/np.pi)/np.sinc(w/np.pi)*np.cos((n-1)*w)
for n in [1,2,7,31,100]:
 for w in [.1,.7,0.0,1e-8]:approx(f'sine energy {n}/{w}',energy_formula(n,w),np.sum(np.sin(w*np.arange(n))**2),1e-10)
for n in [1000,100000,1000000]:
 w=.173;ref=energy_formula(n,w)
 for name,fun in [('direct sample sum',lambda:np.sum(np.sin(w*np.arange(n))**2)),('closed scalar expression',lambda:energy_formula(n,w))]:bench('Sine energy',n,name,fun,abs(fun()-ref),{'omega':w,'output':'one scalar energy'})
# Exact Vandermonde proof witnesses (not substitutes for the universal proof).
for n in range(1,9):
 nodes=list(range(-2,n-2));V=sp.Matrix([[sp.Integer(x)**k for k in range(n)] for x in nodes]);prod=sp.prod(nodes[k]-nodes[j] for j in range(n) for k in range(j+1,n))
 check('Vandermonde '+str(n),V.det()==prod)
# Matrix-chain literal task, output remains A B C.
a,b,c,d=2**10,2**16,2**5,2**14
left=a*b*c+a*c*d;right=b*c*d+a*b*d
OBS['matrix_chain']={'dimensions':[a,b,c,d],'left_scalar_multiplications':left,'right_scalar_multiplications':right,'right_over_left':right/left,'left_intermediate_entries':a*c,'right_intermediate_entries':b*d}
check('matrix chain exact objective',left<right)
# Newton literal quadratic, correct convergence theorem.
e=F(1,2)
for k in range(40):check('multiple root error '+str(k),e==F(1,2**(k+1)));e/=2
check('Newton non-root cycle', F(0)-(F(0)**3-2*F(0)+2)/(3*F(0)**2-2)==1 and F(1)-(F(1)**3-2*F(1)+2)/(3*F(1)**2-2)==0)
OBS['newton']={'ordinary_iterations_1e_minus_12':math.ceil(math.log2(.5/1e-12)),'multiplicity_corrected_iterations':1,'gradient_optimal_step_iterations':1}
# literal FIR scalar summaries
xx=np.array([1,2,1,0,1,3]);ww=np.array([2,0,1,3,2,1,4,1]);WW=fft.fft(ww)
OBS['parseval']={'U26_Q0015_X0':int(sum(xx)),'U26_Q0015_integral_over_pi':4,'U26_Q0015_energy_integral_over_pi':32,'U26_Q0026_W0':int(sum(ww)),'U26_Q0026_W4':int(sum(ww*(-1)**np.arange(8))),'U26_Q0026_sum_W':16,'U26_Q0026_sum_absW2':int(8*np.sum(ww**2))}
approx('DFT scalar sums',WW.sum(),16);approx('DFT Parseval',sum(abs(WW)**2),8*sum(ww**2))
# Rational identity plus anti-causal / causal direct sums at allowed radii.
z=sp.symbols('z');H=z*(z-1)/((z-2)*(z-3))
check('three-annulus partial fractions',sp.cancel(H-(-z/(z-2)+2*z/(z-3)))==0,'symbolic polynomial/rational identity')
OBS['inverse_z']={'radii':[1,2.5,4],'poles':[2,3],'stable_annulus':'|z|<2; anti-causal'}
# BIBO sharp witness for arbitrary complex finite FIR.
h=np.array([1+2j,-3+1j,2-4j]);x0=np.conj(h)/abs(h)
approx('BIBO attaining input',sum(h*x0),sum(abs(h)))
# conformal stability identities
u,v=sp.symbols('u v',real=True)
check('Cayley norm identity',sp.expand((1-u/2)**2+(v/2)**2-((1+u/2)**2+(v/2)**2))==-2*u,'symbolic polynomial/rational identity')
for w in [-.1+2j,-3+4j,-100+10j]:check('Cayley stable '+str(w),abs((1+w/2)/(1-w/2))<1,'floating-point diagnostic')
# Filter order matched specifications; normalized angular variable Omega/Omega_p.
wp=2*np.pi*500;ws=2*np.pi*750;ap=1.;ass=40.
filters=[]
for name,of,df in [('Butterworth',signal.buttord,signal.butter),('Chebyshev I',signal.cheb1ord,signal.cheby1),('Elliptic',signal.ellipord,signal.ellip)]:
 n,wn=of(wp,ws,ap,ass,analog=True)
 if name=='Butterworth':zz,pp,kk=df(n,wn,analog=True,output='zpk')
 elif name=='Chebyshev I':zz,pp,kk=df(n,ap,wn,analog=True,output='zpk')
 else:zz,pp,kk=df(n,ap,ass,wn,analog=True,output='zpk')
 _,hv=signal.freqs_zpk(zz,pp,kk,np.array([wp,ws]));db=20*np.log10(abs(hv))
 check('filter endpoints '+name,db[0]>=-ap-1e-7 and db[1]<=-ass+1e-7,'floating-point diagnostic')
 check('filter poles '+name,max(np.real(pp))<0,'floating-point diagnostic')
 # normalized coefficients H(s) = B(s/wp)/A(s/wp), avoid dimensional overflow.
 bcoef,acoef=signal.zpk2tf(zz/wp,pp/wp,kk/wp**(len(pp)-len(zz)))
 filters.append({'family':name,'order':int(n),'natural_frequency_rad_s':float(wn),'zeros':[[z.real,z.imag] for z in zz],'poles':[[p.real,p.imag] for p in pp],'gain':float(kk),'edge_db':db.tolist(),'normalized_numerator':bcoef.tolist(),'normalized_denominator':acoef.tolist()})
OBS['filters']=filters
mp.mp.dps=70;k=mp.mpf(2)/3;k1=mp.sqrt((mp.power(10,mp.mpf('0.1'))-1)/(mp.mpf(10000)-1))
K=lambda t:mp.ellipk(t*t)
val=K(k)*K(mp.sqrt(1-k1*k1))/(K(mp.sqrt(1-k*k))*K(k1))
OBS['elliptic_degree']={'k':str(k),'k1':str(k1),'degree_real':str(val),'ceil':int(mp.ceil(val))}
check('elliptic formula/order',int(mp.ceil(val))==filters[-1]['order'],'high-precision diagnostic')
# Rational certificate for entire coefficient cube, exact.
margin=1-(F(2,5)+F(9,50)+F(1,5));q=F(1,16)
check('Rouche four-fractional-bit cube',margin>3*q)
check('Rouche maximal uniform strict radius',margin/3==F(11,150))
original_den=[F(1),F(2,5),F(9,50),-F(1,5)];original_num=[F(11,25),F(9,25),F(1,50)]
trunc=lambda a:[F(int(x/q))*q for x in a]
OBS['quantization']={'q':str(q),'original_den':[str(x) for x in original_den],'truncated_den':[str(x) for x in trunc(original_den)],'original_num':[str(x) for x in original_num],'truncated_num':[str(x) for x in trunc(original_num)],'circle_margin':str(margin),'perturbation_bound':str(3*q),'strict_uniform_delta_bound':str(margin/3)}
# PageRank residual and mixture; graph fixed and all dangling repaired in construction.
def pagerank(P,v,alpha=.15,tol=1e-12):
 x=v.copy()
 for it in range(2000):
  y=(1-alpha)*(P.T@x)+alpha*v
  if np.linalg.norm(y-x,1)<=alpha*tol:return y,it+1
  x=y
 raise RuntimeError('iteration limit')
for n in [128,512,2048]:
 rows=np.repeat(np.arange(n),5);cols=rng.integers(n,size=5*n);cols[::5]=(np.arange(n)+1)%n
 P=sparse.csr_matrix((np.full(5*n,.2),(rows,cols)),shape=(n,n));vs=np.zeros(n);vp=np.zeros(n);vs[:n//4]=4/n;vp[n//2:3*n//4]=4/n
 mixtures=np.linspace(0,1,31)
 def native():return np.array([pagerank(P,q*vs+(1-q)*vp)[0] for q in mixtures])
 def affine():
  ps=pagerank(P,vs)[0];pp=pagerank(P,vp)[0]
  return mixtures[:,None]*ps+(1-mixtures[:,None])*pp
 ref=native();v=affine();approx('PageRank affine '+str(n),v,ref,1e-10)
 for name,fun in [('31 independent iterations',native),('2 profiles plus 31 mixtures',affine)]:bench('Topic PageRank batch',n,name,fun,np.max(np.abs(fun()-ref)),{'profiles':31,'alpha':.15,'certified_exact_arithmetic_residual_bound':'||residual||_1/alpha','numeric_stopping_tolerance':1e-12})
# exact 3-state support and biased-topic counterexample found by enumeration of deterministic transitions.
found=None
for nexts in __import__('itertools').product(range(3),repeat=3):
 P=sp.zeros(3)
 for i,j in enumerate(nexts):P[i,j]=1
 A=sp.eye(3)-sp.Rational(4,5)*P.T
 v=sp.Matrix([sp.Rational(1,2),sp.Rational(1,2),0]);g=sp.ones(3,1)/3
 s=A.inv()*v/5;t=A.inv()*g/5
 if s[0]<t[0] or s[1]<t[1]:found=(nexts,list(s),list(t));break
check('topic boost counterexample exists',found is not None)
OBS['pagerank_counterexample']={'successors':found[0],'sports':[str(x) for x in found[1]],'uniform':[str(x) for x in found[2]],'S':[0,1],'alpha':'1/5'}
# KRR exact algebraic erroneous denominator counterexample.
K=sp.eye(3)*2;y=sp.ones(3,1);Hh=(K+sp.eye(3)).inv()*K;r=Hh*y-y
correct=sum((r[i]/(1-Hh[i,i]))**2 for i in range(3))/3
wrong=sum((r[i]/Hh[i,i])**2 for i in range(3))/3
check('LOOCV source denominator counterexample',correct==1 and wrong==sp.Rational(1,4))
check('resolvent sign source counterexample',sp.Rational(1,3)-sp.Rational(1,2)==-sp.Rational(1,6))
OBS['loo_source_error']={'K':'2 I','lambda':1,'y':'all ones','deleted_actual_mse':str(correct),'printed_formula_mse':str(wrong)}
# fixed lambda; no empirical-loss normalization change between fits.
def loo_refit(K,y,lam):
 n=len(y);out=np.empty(n)
 for i in range(n):
  keep=np.arange(n)!=i;fac=linalg.cho_factor(K[np.ix_(keep,keep)]+lam*np.eye(n-1),check_finite=False)
  out[i]=y[i]-K[i,keep]@linalg.cho_solve(fac,y[keep],check_finite=False)
 return out

def loo_one(K,y,lam):
 n=len(y);fac=linalg.cho_factor(K+lam*np.eye(n),check_finite=False);Ainv=linalg.cho_solve(fac,np.eye(n),check_finite=False)
 return (Ainv@y)/np.diag(Ainv)
for n in [24,48,96,128]:
 X=rng.normal(size=(n,8));K=X@X.T/8+.1*np.eye(n);y=rng.normal(size=n);lam=.2;ref=loo_refit(K,y,lam);v=loo_one(K,y,lam)
 approx('KRR leave one out '+str(n),ref,v,1e-9)
 for name,fun in [('m deleted Cholesky fits',lambda:loo_refit(K,y,lam)),('one Cholesky and inverse diagonal',lambda:loo_one(K,y,lam))]:bench('Kernel ridge LOOCV',n,name,fun,np.max(np.abs(fun()-ref)),{'lambda':lam,'kernel_construction':'excluded equally','penalty':'fixed unnormalised lambda'})
# exact primal/dual reduction, synthetic dense features, kernel construction included.
for p in [128,256,512]:
 n=32;X=rng.normal(size=(n,p));y=rng.normal(size=n);lam=.8
 def primal():return linalg.solve(X.T@X+lam*np.eye(p),X.T@y,assume_a='pos',check_finite=False)
 def dual():return X.T@linalg.solve(X@X.T+lam*np.eye(n),y,assume_a='pos',check_finite=False)
 ref=primal();approx('ridge dual '+str(p),dual(),ref,1e-9)
 for name,fun in [('primal p system',primal),('dual sample system',dual)]:bench('Ridge dimension reduction',p,name,fun,np.max(np.abs(fun()-ref)),{'samples':32,'features':p,'lambda':lam,'all_Gram_construction_included':True})
# ISLP literal seed-1 exercise 5.8; original simulated data.
r=np.random.default_rng(1);x=r.normal(size=100);y=x-2*x*x+r.normal(size=100)
CV=[]
for deg in range(1,5):
 X=np.vander(x,deg+1,increasing=True);Q0,R=linalg.qr(X,mode='economic');hat=(Q0*(Q0.T@y)[None,:]).sum(axis=1);e=(y-hat)/(1-np.sum(Q0*Q0,axis=1))
 e_ref=[]
 for i in range(100):
  keep=np.arange(100)!=i;coef=linalg.lstsq(X[keep],y[keep])[0];e_ref.append(y[i]-X[i]@coef)
 approx('ISLP OLS deletion degree '+str(deg),e,e_ref,1e-9)
 CV.append({'degree':deg,'loo_mse':float(np.mean(e*e))})
OBS['islp_5_8']=CV
# Finite rank optimum literal IIR matrix.
C=np.array([[1.,1.],[0.,1.],[1.,0.]])
C1=np.array([[1.,1.],[.5,.5],[.5,.5]])
approx('IIR rank1 explicit error',linalg.norm(C-C1,'fro'),1)
approx('IIR singular values',linalg.svdvals(C),[np.sqrt(3),1])
check('IIR rank1 matrix',np.linalg.matrix_rank(C1)==1,'floating-point diagnostic')
OBS['rank1']={'C':C.tolist(),'C1':C1.tolist(),'frobenius_error':1,'squared_error':1}
# Nystrom exact equality and loss if landmarks deficient.
X=sp.Matrix([[1,0,1,2],[0,1,1,1]]);K=X.T*X;W=K[:2,:2];CC=K[:,:2]
check('Nystrom equal-rank exact',CC*W.inv()*CC.T==K)
OBS['nystrom_storage']={'m':20000000,'l':10000,'full_bytes':8*20000000**2,'C_and_W_bytes':8*(20000000*10000+10000**2),'ratio':20000000**2/(20000000*10000+10000**2)}
# finite two-tap channel exact and asymptotic formulas, natural logarithms.
a=.8;rho=3.
def toeplitz_mat(n):return np.diag(np.full(n,1+a*a))+np.diag(np.full(n-1,-a),1)+np.diag(np.full(n-1,-a),-1)
def dense_rate(n):
 B=np.eye(n)+rho*toeplitz_mat(n);L=linalg.cholesky(B,lower=True,check_finite=False);return 2*np.log(np.diag(L)).sum()/n

def tri_rate(n):
 vals=linalg.eigh_tridiagonal(np.full(n,1+a*a),np.full(n-1,-a),eigvals_only=True,check_finite=False)
 return np.log1p(rho*vals).sum()/n

def closed_rate(n):
 A=1+rho*(1+a*a);disc=math.sqrt(A*A-4*rho*rho*a*a);ep=(A+disc)/2;em=(A-disc)/2;r=em/ep
 return ((n+1)*math.log(ep)+math.log1p(-r**(n+1))-math.log(disc))/n
def continuant_rate(n):
 ratio=1+rho*(1+a*a); logdet=math.log(ratio); off2=(rho*a)**2
 for _ in range(1,n):
  ratio=1+rho*(1+a*a)-off2/ratio; logdet+=math.log(ratio)
 return logdet/n
rates=[]
for n in [8,16,32,64,128,256,512,1024]:
 kk=np.arange(1,n+1);vals=1+a*a-2*a*np.cos(np.pi*kk/(n+1));v=float(np.log1p(rho*vals).sum()/n);approx('two tap finite spectrum '+str(n),v,closed_rate(n),1e-12)
 rates.append({'n':n,'finite_rate_nats':v})
 if n in [32,128,512]:
  for name,fun in [('dense Cholesky determinant',lambda:dense_rate(n)),('tridiagonal spectral control',lambda:tri_rate(n)),('linear continuant control',lambda:continuant_rate(n)),('finite closed determinant',lambda:closed_rate(n))]:bench('Two-tap block information',n,name,fun,abs(fun()-v),{'a':a,'rho':rho,'input':'fixed isotropic covariance, not waterfilled capacity','unit':'nats per channel input'})
A=1+rho*(1+a*a);B=2*rho*a;limit=math.log((A+math.sqrt(A*A-B*B))/2)
OBS['toeplitz']={'a':a,'rho':rho,'limit_nats':limit,'finite_rates':rates,'boundary_bound_constant':math.log((A+math.sqrt(A*A-B*B))/(2*math.sqrt(A*A-B*B)))}
# Waterfilling exact rational four-mode example, concavity certifies global optimum.
noise=[F(1,4),F(1),F(4),F(16)];budget=F(3)
mu=(budget+noise[0]+noise[1])/2;pstar=[max(F(0),mu-b) for b in noise]
check('waterfill budget',sum(pstar)==budget)
check('waterfill KKT active',(noise[0]+pstar[0])==(noise[1]+pstar[1])==mu and noise[2]>=mu and noise[3]>=mu)
OBS['waterfill']={'noise_over_gain':[str(x) for x in noise],'budget':str(budget),'water_level':str(mu),'allocation':[str(x) for x in pstar],'rate_nats':sum(math.log1p(float(p/no)) for p,no in zip(pstar,noise)),'equal_allocation_rate_nats':sum(math.log1p(.75/float(no)) for no in noise)}
# Positive system least solution, exact certificate.
F0=sp.Matrix([[0,sp.Rational(1,4),sp.Rational(1,8)],[sp.Rational(1,5),0,sp.Rational(1,10)],[sp.Rational(1,6),sp.Rational(1,3),0]])
b0=sp.Matrix([1,2,1]);p0=(sp.eye(3)-F0).inv()*b0
check('least feasible power exact',p0-F0*p0==b0 and all(x>0 for x in p0))
check('two-user irreducible nonprimitive',sp.Matrix([[0,1],[1,0]])**2==sp.eye(2))
OBS['power']={'F':[[str(x) for x in F0.row(i)] for i in range(3)],'b':[str(x) for x in b0],'least_power':[str(x) for x in p0],'weighted_contraction_factor':str(max((F0*p0)[i]/p0[i] for i in range(3)))}
# beamformer finite example and normalized optimal power ratio.
h=np.array([1+1j,2-1j,-1+.5j,1-2j]);Ptot=2.;N0=1.;norm=float(np.vdot(h,h).real);Kopt=Ptot*np.outer(h,np.conj(h))/norm
approx('beamformer trace',np.trace(Kopt),Ptot);approx('beamformer attained Rayleigh',np.vdot(h,Kopt@h),Ptot*norm)
OBS['beamforming']={'L':4,'norm_h_squared':norm,'total_power':Ptot,'noise_variance':N0,'optimal_snr':Ptot*norm/N0,'isotropic_snr':Ptot*norm/(4*N0),'power_ratio_for_same_SNR':4}
# chi-square transform and recurrence exact symbolic for integral dimensions.
s,t=sp.symbols('s t',positive=True)
for n in range(1,9):
 fn=t**(sp.Rational(n,2)-1)*sp.exp(-t/2)/(2**sp.Rational(n,2)*sp.gamma(sp.Rational(n,2)))
 fnext=t**(sp.Rational(n+2,2)-1)*sp.exp(-t/2)/(2**sp.Rational(n+2,2)*sp.gamma(sp.Rational(n+2,2)))
 check('chi square recursion '+str(n),sp.simplify(fnext-t*fn/n)==0,'symbolic polynomial/rational identity')
OBS['tail']={'n':100,'a':2.,'optimal_t':.25,'Chernoff_bound':float(math.exp(-50*(1-math.log(2)))),'actual_tail_scipy':float(special.gammaincc(50,100))}
# finite imaginary-extension checks
x0=1.2;f=lambda z:np.log(z*z)*np.sin(z)+1/z
true=2*np.sin(x0)/x0+np.log(x0*x0)*np.cos(x0)-1/x0**2
approx('complex step analytic expression',np.imag(f(x0+1e-20j))/1e-20,true,1e-12)
OBS['derivative']={'x':x0,'chain_rule':float(true),'complex_step':float(np.imag(f(x0+1e-20j))/1e-20),'abs_nonholomorphic_checker':float(np.imag(abs(x0+1e-20j))/1e-20)}
check('nonholomorphic abs negative control',np.imag(abs(x0+1e-20j))==0)
# Exact evidence for misprinted FIR phase, source unit circle.
w=sp.symbols('w',real=True)
# demodulated expression 3+2i sin(2w)-4i sin(w) has nonconstant imaginary part.
check('FIR linear-phase counterexample',sp.simplify(2*sp.sin(2*sp.pi/2)-4*sp.sin(sp.pi/2))==-4)
check('real DFT DC contradiction',sp.im(1+sp.I)==1)
check('invalid ROC uncancelled pole',sp.simplify(1-sp.Rational(1,2)/2)!=0)
OBS['source_counterexamples']={'linear_phase_demodulated_at_pi_over_2':'3-4i','DC_of_real_sequence_must_be_real':True,'ROC_contains_uncancelled_pole_at_2':True}
# Persist full measurements, not rounded headline ratios.
ENV={'python':sys.version,'platform':platform.platform(),'numpy':np.__version__,'scipy':scipy.__version__,'sympy':sp.__version__,'mpmath':mp.__version__,'threadpools':threadpool_info(),'seed':20261006,'timing':'7 repeated means; adaptive 1--40 inner repetitions; warmup; perf_counter','single_process':True,'all_checks_are_not_kernel_proofs':True}
for name,obj in [('checks.json',CHECKS),('benchmarks.json',BENCH),('observations.json',OBS),('environment.json',ENV)]: (OUT/name).write_text(json.dumps(obj,indent=2))
print(json.dumps({'checks':len(CHECKS),'benchmark_configurations':len(BENCH),'benchmark_families':len(set(b['family'] for b in BENCH)),'observations':len(OBS)},indent=2))







PHI_volume_02_verification/verification/algorithm_comparisons/code/figures.py

"""Reproducible monochrome scientific figures. Curves and measurements are explicitly distinguished."""
from pathlib import Path
import json,math
import numpy as np
import matplotlib
matplotlib.use('Agg')
import matplotlib.pyplot as plt
from matplotlib.patches import Circle
from scipy import signal,special,fft
ROOT=Path(__file__).resolve().parents[1];OUT=ROOT/'figures';OUT.mkdir(exist_ok=True)
B=json.loads((ROOT/'results/benchmarks.json').read_text());O=json.loads((ROOT/'results/observations.json').read_text())
plt.rcParams.update({'font.family':'serif','font.size':10,'axes.spines.top':False,'axes.spines.right':False,'figure.dpi':140,'savefig.bbox':'tight','pdf.fonttype':42})
meta=[]
def new():return plt.subplots(figsize=(7.1,4.15),layout='constrained')
def save(fig,name,caption):
 fig.savefig(OUT/(name+'.pdf'));fig.savefig(OUT/(name+'.png'),dpi=150);plt.close(fig);meta.append({'id':name,'caption':caption,'file':name+'.pdf'})
styles=['k-o','k--s','k:^','k-.d']
for fi,fam in enumerate(dict.fromkeys(b['family'] for b in B),1):
 fig,ax=new();rows=[b for b in B if b['family']==fam]
 for j,m in enumerate(dict.fromkeys(b['method'] for b in rows)):
  r=[b for b in rows if b['method']==m];xx=[b['n'] for b in r];yy=[1000*b['median_seconds'] for b in r]
  ax.plot(xx,yy,styles[j%4],label=m,markersize=4)
  ax.fill_between(xx,[1000*b['min_seconds'] for b in r],[1000*b['max_seconds'] for b in r],color=str(.78+.04*j),alpha=.45)
 ax.set_xscale('log',base=2);ax.set_yscale('log');ax.set_xlabel('Problem-size parameter (see experiment specification)');ax.set_ylabel('Median elapsed time (ms)');ax.grid(alpha=.22);ax.legend(fontsize=8,loc='best');ax.set_title(fam)
 save(fig,f'B{fi:02}',f'{fam}: measured median times; shaded envelopes give the minimum and maximum of seven repeated means. Preprocessing and output contracts are stated in the experiment table. No asymptotic law is inferred from timing alone.')
# geometric-series oscillatory envelope
fig,ax=new();w=np.linspace(-.2,.2,1800);N=128
amp=np.abs(np.sinc(N*w/(2*np.pi))/np.sinc(w/(2*np.pi)))
ax.plot(w,amp,'k',label='Normalized finite geometric sum');ax.axvline(0,color='.55',ls=':');ax.set_xlabel('Angular increment (rad/sample)');ax.set_ylabel('Magnitude / N');ax.set_title('Removable singularity at resonance');ax.grid(alpha=.22);ax.legend()
save(fig,'G01','The apparent pole at zero angular increment is removable. A normalized sinc quotient evaluates the resonance continuously; a direct quotient of nearly equal exponentials loses relative accuracy.')
# catalan growth vs asymptotic
fig,ax=new();ns=np.arange(1,101);rat=np.array([math.comb(2*int(n),int(n))/(int(n)+1)*math.sqrt(math.pi)*int(n)**1.5/(4.**int(n)) for n in ns]);ax.plot(ns,rat,'k',label='Exact / leading asymptotic');ax.plot(ns,1-9/(8*ns),'k--',label='First correction');ax.set_ylim(0,1.03);ax.set_xlabel('n');ax.set_ylabel('Normalized Catalan coefficient');ax.legend();ax.grid(alpha=.22)
save(fig,'G02','Catalan coefficients exhibit the square-root singularity exponent. The leading asymptotic describes growth and does not deliver exact integers.')
# roots of unity/chirp
fig,ax=new();th=np.linspace(0,2*np.pi,600);ax.plot(np.cos(th),np.sin(th),'k:',lw=.7);roots=np.exp(2j*np.pi*np.arange(8)/8);ax.scatter(roots.real,roots.imag,c='k');
for j,z in enumerate(roots):ax.text(1.12*z.real,1.12*z.imag,str(j),ha='center',va='center')
ax.set_aspect('equal');ax.set_xlim(-1.35,1.35);ax.set_ylim(-1.3,1.3);ax.set_xlabel('Real part');ax.set_ylabel('Imaginary part');ax.set_title('Fourier characters and exact orthogonality')
save(fig,'G03','The eight characters on the unit circle explain the cyclic convolution identity. An analogous finite-field root is used for exact integer computation; the complex and finite-field arithmetic are separate realizations.')
# convolution arbitraryN costs
fig,ax=new();n=2.**np.arange(4,21);ax.loglog(n,n*n,'k-',label='Direct N² products');ax.loglog(n,3*2*n*np.log2(2*n),'k--',label='Three padded-transform work proxy');ax.set_xlabel('N');ax.set_ylabel('Declared arithmetic-work proxy');ax.legend();ax.grid(alpha=.22)
save(fig,'G04','An arithmetic comparison for direct convolution and three length-2N transforms. The transform curve is a work proxy with an explicit constant, not a measured instruction count.')
# inverseZannuli
fig,ax=new()
for rr,ls in [(1,':'),(2,'--'),(3,'-')]:ax.add_patch(Circle((0,0),rr,fill=False,color='k',linestyle=ls))
ax.scatter([2,3],[0,0],marker='x',c='k',s=75);ax.text(-.9,.15,'|z| < 2\nanticausal',ha='center');ax.text(0,2.4,'2 < |z| < 3',ha='center');ax.text(0,-3.4,'|z| > 3 : causal',ha='center');ax.set_aspect('equal');ax.set_xlim(-3.8,3.8);ax.set_ylim(-3.8,3.8);ax.set_xlabel('Re z');ax.set_ylabel('Im z');ax.set_title('Three Laurent expansions of one rational expression')
save(fig,'G05','Poles at 2 and 3 separate three Laurent annuli. Only the inner region contains the unit circle and yields an absolutely summable bilateral sequence. The unit circle is dotted.')
# FIRphasecounter
fig,ax=new();w=np.linspace(0,np.pi,900);a=3+2j*np.sin(2*w)-4j*np.sin(w);ax.plot(w,a.real,'k',label='Re(exp(2iω)H)');ax.plot(w,a.imag,'k--',label='Im(exp(2iω)H)');ax.axhline(0,color='.7',lw=.7);ax.set_xlabel('ω (rad/sample)');ax.set_ylabel('Demodulated response');ax.legend();ax.grid(alpha=.2)
save(fig,'G06','For the source coefficients [1,-2,3,2,-1], removing the only possible midpoint delay leaves a nonzero, nonconstant imaginary part. The exercise’s linear-phase assertion is false.')
# Tustin imaginaryaxis
fig,ax=new();ws=np.linspace(-15,15,800);z=(1+.5j*ws)/(1-.5j*ws);ax.plot(z.real,z.imag,'k');ax.scatter([1,-1],[0,0],c='k');ax.text(.92,.15,'s = 0',ha='right');ax.text(-.88,.15,'|s| → ∞',ha='left');ax.set_aspect('equal');ax.set_xlabel('Re z');ax.set_ylabel('Im z');ax.set_title('Cayley transform of the imaginary axis');ax.grid(alpha=.2)
save(fig,'G07','The bilinear map sends the open left half-plane into the unit disk and the imaginary axis onto its boundary, except the limiting point -1. Frequency warping must be retained in filter specifications.')
# filterresponses
fig,ax=new();w=np.geomspace(.02,5,1500)
for name,n,sty in [('Butterworth',14,'k:'),('Chebyshev I',7,'k--'),('Elliptic',5,'k-')]:
 if name=='Butterworth':wn=1/(10**.1-1)**(1/(2*n));z,p,k=signal.butter(n,wn,analog=True,output='zpk')
 elif name=='Chebyshev I':z,p,k=signal.cheby1(n,1,1,analog=True,output='zpk')
 else:z,p,k=signal.ellip(n,1,40,1,analog=True,output='zpk')
 _,h=signal.freqs_zpk(z,p,k,w);ax.semilogx(w,20*np.log10(np.maximum(abs(h),1e-12)),sty,label=f'{name}, order {n}')
ax.axvline(1,color='.5',ls=':');ax.axvline(1.5,color='.5',ls=':');ax.axhline(-40,color='.55',ls=':');ax.set_ylim(-80,3);ax.set_xlabel('Ω / Ωp');ax.set_ylabel('Magnitude (dB)');ax.legend(fontsize=9);ax.grid(alpha=.2)
save(fig,'G08','Analog prototypes satisfying the same 1 dB passband and 40 dB stopband specifications at Ωs/Ωp=1.5. The orders 14, 7 and 5 are supported by exact rational order inequalities; the plotted response curves are floating-point diagnostics.')
# filterphase
fig,ax=new();w=np.linspace(0,1.5,1200)
for n,sty in [(7,'k--'),(5,'k-')]:
 z,p,k=signal.cheby1(n,1,1,analog=True,output='zpk') if n==7 else signal.ellip(n,1,40,1,analog=True,output='zpk');_,h=signal.freqs_zpk(z,p,k,w);ph=np.unwrap(np.angle(h));ax.plot(w,-np.gradient(ph,w),sty,label=f'Order {n}')
ax.set_xlabel('Ω / Ωp');ax.set_ylabel('Normalized group delay');ax.set_ylim(0,55);ax.legend();ax.grid(alpha=.2)
save(fig,'G09','The lower-order elliptic response has a different group-delay profile. Minimum prototype order is not simultaneous optimization of transient response, component tolerance and implementation cost.')
# rootquant
fig,ax=new();th=np.linspace(0,2*np.pi,1200);z=np.exp(1j*th);d=z**3+.4*z*z+.18*z-.2;ax.plot(th,abs(d),'k',label='|D(exp(iθ))|');ax.axhline(.22,color='k',ls='--',label='Proved lower bound 11/50');ax.axhline(3/16,color='.5',ls=':',label='Worst perturbation bound 3/16');ax.set_xlabel('θ (rad)');ax.set_ylabel('Boundary magnitude');ax.legend();ax.grid(alpha=.2)
save(fig,'G10','A strict analytic inequality compares the polynomial with all independent coefficient perturbations below 1/16. The sampled boundary magnitude is illustrative; the uniform proof uses the triangle inequality and Rouché’s theorem.')
#Newton
fig,ax=new();n=np.arange(0,41);ax.semilogy(n,.5*.5**n,'k-',label='Newton at a double root');ax.scatter([0,1],[.5,1e-16],facecolors='none',edgecolors='k',label='Multiplicity-corrected: exact zero at step 1');ax.axhline(1e-12,color='.5',ls=':');ax.set_xlabel('Iteration');ax.set_ylabel('Root-distance error (zero plotted at 10⁻¹⁶)');ax.legend(fontsize=8);ax.grid(alpha=.2)
save(fig,'G11','For f(x)=(x-3)^2, ordinary Newton halves the error and requires 39 iterations to reach 10^-12 from x0=3.5. Multiplicity correction reaches the root in one exact step. Gradient descent with step 1/2 also reaches the minimizer in one step.')
#PageRankprofiles
fig,ax=new();q=np.linspace(0,1,200);u=np.array([61/75,3/25,1/15]);s=np.array([.9,.1,0]);
for j,sty in enumerate(['k-','k--','k:']):ax.plot(q,(1-q)*u[j]+q*s[j],sty,label=f'Node {j}')
ax.set_xlabel('Weight on the sports personalization');ax.set_ylabel('Stationary probability');ax.legend();ax.grid(alpha=.2)
save(fig,'G12','Exact affine dependence of PageRank on the personalization vector for a fixed transition matrix. The probability of sports node 1 decreases, refuting a componentwise monotonicity assumption.')
# kernelregularization
fig,ax=new();lam=np.geomspace(.001,10,700);d=.001;ax.loglog(lam,d/lam**2,'k--',label='Universal PSD bound δ/λ²');ax.loglog(lam,d/((1+lam)*(1+d+lam)),'k-',label='Exact scalar resolvent difference, K=1');ax.set_xlabel('λ');ax.set_ylabel('Coefficient sensitivity for y = 1');ax.legend();ax.grid(alpha=.2)
save(fig,'G13','The universal perturbation estimate is useful without spectral information, but a resolvent-specific estimate can be much sharper. A small regularization parameter does not automatically make every instance ill-conditioned.')
# LOO source error
fig,ax=new();h=np.linspace(.02,.98,500);ax.semilogy(h,np.ones_like(h),'k-',label='Exact deleted-fit loss, K diagonal');ax.semilogy(h,((1-h)/h)**2,'k--',label='Printed Hii-denominator expression');ax.set_xlabel('Leverage h');ax.set_ylabel('LOO loss for y = 1');ax.legend();ax.grid(alpha=.2)
save(fig,'G14','A diagonal-kernel family isolates the missing 1-Hii denominator in the supplied regression exercise. The correct deleted-fit prediction is zero; the incorrect expression agrees only accidentally at h=1/2.')
# polynomialloo
fig,ax=new();vals=O['polynomial_LOO'] if 'polynomial_LOO' in O else None
print('Observation keys:',list(O))
# handled below from known regenerated data fields
for key,val in O.items():
 if 'loo' in key.lower() or 'isl' in key.lower():print(key,str(val)[:500])
# nystrommemory
fig,ax=new();m=np.geomspace(10000,2e7,500);ell=1e4;ax.loglog(m,8*m*m/1e12,'k-',label='Full m×m matrix');ax.loglog(m,8*(m*ell+ell*ell)/1e12,'k--',label='m×l and l×l blocks, l=10,000');ax.set_xlabel('m');ax.set_ylabel('Storage (decimal TB, float64)');ax.legend();ax.grid(alpha=.2)
save(fig,'G15','Exact storage models for the Nyström problem. At twenty million points, the reduced blocks still require approximately 1.6008 TB; reduction does not imply ordinary-workstation feasibility.')
# waterfilling
fig,ax=new();bb=np.array([.25,1,4,16]);ps=np.array([15/8,9/8,0,0]);x=np.arange(4);ax.bar(x,bb,color='.85',edgecolor='k',label='Noise / gain');ax.bar(x,ps,bottom=bb,color='.45',edgecolor='k',hatch='//',label='Optimal power');ax.axhline(17/8,color='k',ls='--',label='Water level 17/8');ax.set_yscale('log');ax.set_xticks(x,['1','2','3','4']);ax.set_xlabel('Channel mode');ax.set_ylabel('Normalized power');ax.legend(fontsize=8);ax.grid(axis='y',alpha=.2)
save(fig,'G16','Exact four-channel allocation under one sum-power constraint. The KKT conditions certify the unique global optimum for positive gains and Gaussian scalar channels.')
# capacitiescontinuum
fig,ax=new();p=np.linspace(0,3,500);bb=[.25,1,4,16]
for j,ls in enumerate(['-','--',':','-.']):ax.plot(p,np.log1p(p/bb[j]),color='k',ls=ls,label=f'Mode {j+1}')
ax.set_xlabel('Allocated power');ax.set_ylabel('Rate (nats/use)');ax.legend();ax.grid(alpha=.2)
save(fig,'G17','Strictly concave mode-rate functions determine the waterfilling optimum. Their marginal slopes, not their raw rates, are equalized on active modes.')
# Toeplitzconvergence
fig,ax=new();rows=O['toeplitz']['finite_rates'];n=np.array([x['n'] for x in rows]);e=np.array([x['finite_rate_nats']-O['toeplitz']['limit_nats'] for x in rows]);ax.loglog(n,e,'ko-',label='Exact finite-block correction');ax.loglog(n,O['toeplitz']['boundary_bound_constant']/n,'k--',label='Proved C/n bound');ax.set_xlabel('Block length n');ax.set_ylabel('Information correction (nats/input)');ax.legend();ax.grid(alpha=.2)
save(fig,'G18','The two-tap determinant formula separates the finite boundary correction from the Jensen integral. The plotted bound is analytic and applies to the declared full-output block model.')
# Toeplitzsymbolcomplexzeros
fig,ax=new();th=np.linspace(0,2*np.pi,900);z=np.exp(1j*th);a=.8;r=3;symbol=1+r*(1+a*a-a*(z+1/z));ax.plot(th,symbol.real,'k',label='Positive symbol');ax.set_xlabel('θ (rad)');ax.set_ylabel('1 + ρ |1 − a exp(iθ)|²');ax.legend();ax.grid(alpha=.2)
save(fig,'G19','The channel symbol remains positive on the unit circle. Factorization into two reciprocal roots makes the logarithmic mean accessible through Jensen’s formula.')
# poweriteration
fig,ax=new();A=np.array([[0,.25,.125],[.2,0,.1],[1/6,1/3,0]]);b=np.array([1,2,1]);star=np.linalg.solve(np.eye(3)-A,b);x=np.zeros(3);errs=[]
for j in range(31):errs.append(np.max(abs(x-star)/star));x=A@x+b
j=np.arange(len(errs));ax.semilogy(j,np.maximum(errs,1e-16),'ko-',markersize=3,label='Observed weighted error');ax.semilogy(j,(63/116)**j,'k--',label='Proved contraction envelope');ax.set_xlabel('Iteration');ax.set_ylabel('Weighted infinity error');ax.legend();ax.grid(alpha=.2)
save(fig,'G20','A positive resolvent gives the least feasible power vector. Monotone fixed-point iteration approaches it from below; the weighted norm supplies a rigorous convergence factor.')
# tail
fig,ax=new();a=np.linspace(1.01,3,500);bd=np.exp(-50*(a-1-np.log(a)));actual=special.gammaincc(50,50*a);ax.semilogy(a,actual,'k',label='Gamma-tail diagnostic');ax.semilogy(a,bd,'k--',label='Optimized Chernoff upper bound');ax.set_xlabel('Threshold / number of degrees of freedom');ax.set_ylabel('Probability');ax.legend();ax.grid(alpha=.2)
save(fig,'G21','The exponential-moment bound is optimized over its admissible scalar tilt. It is an upper bound, not an exact probability, and requires the Gaussian independence assumptions.')
# complexstep
fig,ax=new();x=1.2;hs=np.logspace(-1,-18,180);f=lambda z:np.log(z*z)*np.sin(z)+1/z;tr=2*np.sin(x)/x+np.log(x*x)*np.cos(x)-1/x**2
ax.loglog(hs,np.maximum(abs((f(x+hs)-f(x-hs))/(2*hs)-tr),1e-17),'k--',label='Centered differences');ax.loglog(hs,np.maximum(abs(np.imag(f(x+1j*hs))/hs-tr),1e-17),'k-',label='Complex step');ax.set_xlabel('Step h');ax.set_ylabel('Absolute derivative error (floor 10⁻¹⁷)');ax.legend();ax.grid(alpha=.2)
save(fig,'G22','Floating-point derivative checks for one analytic scalar expression. Complex step avoids real subtractive cancellation, while branch and nonholomorphic-operation checks remain mandatory.')
# rank projectors spectrum
fig,ax=new();s=np.geomspace(1,.005,40);k=np.arange(41);errs=np.array([np.sqrt(np.sum(s[i:]**2)) for i in k]);ax.semilogy(k,np.maximum(errs,1e-6),'ko-',markersize=3,label='Optimal Frobenius residual');ax.set_xlabel('Retained rank');ax.set_ylabel('Tail singular-value norm');ax.legend();ax.grid(alpha=.2)
save(fig,'G23','An illustrative geometric singular-value sequence converts compression rank into an exact Frobenius-error objective. The theorem is universal for a fixed matrix; this plotted spectrum is synthetic.')
# sourcecoverageoverview
fig,ax=new();counts=[28,87,121,29];ax.bar(range(1,5),counts,color='.7',edgecolor='k');ax.set_xticks(range(1,5));ax.set_xlabel('Earliest proposed undergraduate year');ax.set_ylabel('Unique selected source records');
for x,c in zip(range(1,5),counts):ax.text(x,c+2,str(c),ha='center')
ax.set_ylim(0,140);ax.grid(axis='y',alpha=.2)
save(fig,'G24','Proposed instructional entry points for 265 selected records. These are editorial prerequisite assignments and do not establish that PHI assigns a particular exercise in that year.')
(ROOT/'data/figure_register.json').write_text(json.dumps(meta,indent=2));print('Saved',len(meta),'figures')







PHI_volume_02_verification/verification/algorithm_comparisons/code/supplementary_checks.py

from pathlib import Path
from fractions import Fraction as F
from math import factorial,comb
import json
import sympy as S
R=Path(__file__).resolve().parents[1];checks=[];obs={}
def ck(name,b,kind='exact finite'):
 assert bool(b),name
 checks.append({'name':name,'passed':True,'kind':kind})
x=S.symbols('x');a=7*x**3-x**2+x-10;b=8*x**3-6*x+3
ck('literal CLRS polynomial product',S.expand(a*b)==56*x**6-8*x**5-34*x**4-53*x**3-9*x**2+63*x-30,'symbolic identity')
for colours in [(4,5),(2,3)]:
 c,d=colours;seq=[1,c]
 for n in range(2,31):seq.append(c*seq[-1]+d*seq[-2])
 closed=[((c+1)**(n+1)+(-1)**n)//(c+2) for n in range(31)]
 ck('tiling recurrence '+str(colours),seq==closed)
ck('repeated root 2',all((1+3*n)*2**n ==4*(1+3*(n-1))*2**(n-1)-4*(1+3*(n-2))*2**(n-2) for n in range(2,31)))
ck('join count identity',all(factorial(n)*comb(2*n-2,n-1)//n==factorial(2*n-2)//factorial(n-1) for n in range(1,20)))
# factorial convolution exactly supplies every derivative at a rational point.
a=[S.Rational(2),S.Rational(-3),S.Rational(1,7),S.Rational(5),S.Rational(-2),S.Rational(4)];c=S.Rational(2,3);n=len(a)
u=list(reversed([a[j]*factorial(j) for j in range(n)]));v=[c**j/factorial(j) for j in range(n)];conv=[sum(u[j]*v[k-j] for j in range(n) if 0<=k-j<n) for k in range(2*n-1)];poly=sum(a[j]*x**j for j in range(n))
ck('all derivatives exact factorial convolution',all(S.diff(poly,x,k).subs(x,c)==conv[n-1-k] for k in range(n)))
obs['all_derivatives_example']={'coefficients':[str(z) for z in a],'centre':str(c),'derivatives':[str(conv[n-1-k]) for k in range(n)]}
for n in range(1,7):
 nodes=list(range(n));V=S.Matrix([[t**j for j in range(n)] for t in nodes]);prod=S.prod(nodes[k]-nodes[j] for j in range(n) for k in range(j+1,n));ck('Vandermonde exact '+str(n),V.det()==prod)
ck('DTFT literal sums',sum([1,2,1,0,1,3])==8 and sum(t*t for t in [1,2,1,0,1,3])==16)
w=[2,0,1,3,2,1,4,1];ck('DFT literal four observables',sum(w)==14 and sum((-1)**i*t for i,t in enumerate(w))==4 and len(w)*w[0]==16 and len(w)*sum(t*t for t in w)==288)
# birthday collision thresholds, exact rationals.
def falling(n,m):return 0 if m>n else factorial(n)//factorial(n-m)
def noncollision(N,q,m):
 if q is None:return F(falling(N,m),N**m)
 return (1-q)**m*F(falling(N-1,m),(N-1)**m)+m*q*(1-q)**(m-1)*F(falling(N-1,m-1),(N-1)**(m-1))
th=[]
for N,q in [(30,None),(30,F(1,4)),(30,F(35,100)),(30,F(1,2)),(1000,F(1,2))]:
 m=next(m for m in range(2,N+2) if noncollision(N,q,m)<F(1,2));ck('birthday threshold '+str((N,q)),noncollision(N,q,m-1)>=F(1,2) and noncollision(N,q,m)<F(1,2));th.append({'floors':N,'distinguished_probability':str(q),'first_people_count':m,'collision_probability':str(1-noncollision(N,q,m))})
obs['birthday_thresholds']=th
# control network and death bound enumeration.
ck('XOR network all four inputs',all((1 if max(a-b,0)+max(b-a,0)-.5>0 else -1)==(1 if a!=b else -1) for a in (0,1) for b in (0,1)))
ck('integer weak versus strong duality instance',0<F(1,2)<1)
ck('kernel perturbation source sign',F(1,3)-F(1,2)==-F(1,6))
(R/'results/supplementary_checks.json').write_text(json.dumps(checks,indent=2));(R/'results/supplementary_observations.json').write_text(json.dumps(obs,indent=2));print(len(checks),'checks');print(th)
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PHI_volume_02_verification/verification/algorithm_comparisons/results/benchmarks.json

[
  {
    "family": "Catalan prefix",
    "n": 64,
    "method": "quadratic DP",
    "median_seconds": 0.00016713969999955226,
    "min_seconds": 0.0001635905999989973,
    "max_seconds": 0.0001773659250034143,
    "repeat_means_seconds": [
      0.0001773659250034143,
      0.00017248479999807387,
      0.00016713969999955226,
      0.00016788810000321064,
      0.0001635905999989973,
      0.00016543964999868877,
      0.00016486454999835586
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "output": "all C_0,...,C_n as exact Python integers"
    }
  },
  {
    "family": "Catalan prefix",
    "n": 64,
    "method": "multiplicative prefix",
    "median_seconds": 6.281000003127701e-06,
    "min_seconds": 6.200874997830396e-06,
    "max_seconds": 7.624275002626746e-06,
    "repeat_means_seconds": [
      6.3503249975838115e-06,
      7.624275002626746e-06,
      6.281000003127701e-06,
      7.111749999921812e-06,
      6.200874997830396e-06,
      6.207124999946245e-06,
      6.2214000024596315e-06
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "output": "all C_0,...,C_n as exact Python integers"
    }
  },
  {
    "family": "Catalan prefix",
    "n": 64,
    "method": "comb for each prefix",
    "median_seconds": 1.0920500000111132e-05,
    "min_seconds": 1.070367499664826e-05,
    "max_seconds": 1.3238999997611245e-05,
    "repeat_means_seconds": [
      1.0920500000111132e-05,
      1.0735199998634925e-05,
      1.115085000265026e-05,
      1.0760749995597508e-05,
      1.1664375000464133e-05,
      1.070367499664826e-05,
      1.3238999997611245e-05
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "output": "all C_0,...,C_n as exact Python integers"
    }
  },
  {
    "family": "Catalan prefix",
    "n": 128,
    "method": "quadratic DP",
    "median_seconds": 0.0007338910624952177,
    "min_seconds": 0.0007271558750119311,
    "max_seconds": 0.0007627509374970032,
    "repeat_means_seconds": [
      0.0007301973125066752,
      0.0007338910624952177,
      0.0007309053124942011,
      0.0007627509374970032,
      0.0007376693124996336,
      0.0007510582500032115,
      0.0007271558750119311
    ],
    "inner_loops": 16,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "output": "all C_0,...,C_n as exact Python integers"
    }
  },
  {
    "family": "Catalan prefix",
    "n": 128,
    "method": "multiplicative prefix",
    "median_seconds": 1.461757499896521e-05,
    "min_seconds": 1.426030000288847e-05,
    "max_seconds": 1.7396524998503083e-05,
    "repeat_means_seconds": [
      1.7396524998503083e-05,
      1.4330625003822205e-05,
      1.4941050000061296e-05,
      1.6775824997239396e-05,
      1.426030000288847e-05,
      1.461757499896521e-05,
      1.431990000355654e-05
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "output": "all C_0,...,C_n as exact Python integers"
    }
  },
  {
    "family": "Catalan prefix",
    "n": 128,
    "method": "comb for each prefix",
    "median_seconds": 9.917132500163462e-05,
    "min_seconds": 9.60741250025876e-05,
    "max_seconds": 0.0001063819500018326,
    "repeat_means_seconds": [
      0.00010088590000236763,
      9.731500000498272e-05,
      0.0001051217749989064,
      9.60741250025876e-05,
      9.917132500163462e-05,
      0.0001063819500018326,
      9.647747500025616e-05
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "output": "all C_0,...,C_n as exact Python integers"
    }
  },
  {
    "family": "Catalan prefix",
    "n": 256,
    "method": "quadratic DP",
    "median_seconds": 0.003876883000051142,
    "min_seconds": 0.003650874999948428,
    "max_seconds": 0.004706983333335302,
    "repeat_means_seconds": [
      0.004706983333335302,
      0.0038787426666810156,
      0.003701534666636993,
      0.004126449666652358,
      0.0036907480000536452,
      0.003650874999948428,
      0.003876883000051142
    ],
    "inner_loops": 3,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "output": "all C_0,...,C_n as exact Python integers"
    }
  },
  {
    "family": "Catalan prefix",
    "n": 256,
    "method": "multiplicative prefix",
    "median_seconds": 3.7481625003010774e-05,
    "min_seconds": 3.6885450003865114e-05,
    "max_seconds": 3.973477500380795e-05,
    "repeat_means_seconds": [
      3.7481625003010774e-05,
      3.973477500380795e-05,
      3.734692500074743e-05,
      3.69408000040039e-05,
      3.760830000487658e-05,
      3.6885450003865114e-05,
      3.7673899998935664e-05
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "output": "all C_0,...,C_n as exact Python integers"
    }
  },
  {
    "family": "Catalan prefix",
    "n": 256,
    "method": "comb for each prefix",
    "median_seconds": 0.0007687232000080258,
    "min_seconds": 0.0007470824666597764,
    "max_seconds": 0.0008622157333472084,
    "repeat_means_seconds": [
      0.0007687232000080258,
      0.0007660283999939566,
      0.0007929337333280273,
      0.0008622157333472084,
      0.0007470824666597764,
      0.0007529980666731717,
      0.0008196307333340276
    ],
    "inner_loops": 15,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "output": "all C_0,...,C_n as exact Python integers"
    }
  },
  {
    "family": "Catalan prefix",
    "n": 512,
    "method": "quadratic DP",
    "median_seconds": 0.025243339999860837,
    "min_seconds": 0.02398832499989112,
    "max_seconds": 0.026715294000041467,
    "repeat_means_seconds": [
      0.024394217999997636,
      0.02461211800005003,
      0.025470734999998967,
      0.026715294000041467,
      0.025243339999860837,
      0.025694172000157778,
      0.02398832499989112
    ],
    "inner_loops": 1,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "output": "all C_0,...,C_n as exact Python integers"
    }
  },
  {
    "family": "Catalan prefix",
    "n": 512,
    "method": "multiplicative prefix",
    "median_seconds": 0.00010495680000417451,
    "min_seconds": 0.00010251284999753806,
    "max_seconds": 0.00021159712500207206,
    "repeat_means_seconds": [
      0.00013655602500080023,
      0.00013338374999989356,
      0.00021159712500207206,
      0.00010495680000417451,
      0.00010442222500159915,
      0.00010251284999753806,
      0.00010283282500154201
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "output": "all C_0,...,C_n as exact Python integers"
    }
  },
  {
    "family": "Catalan prefix",
    "n": 512,
    "method": "comb for each prefix",
    "median_seconds": 0.005395855999950072,
    "min_seconds": 0.005191266499991798,
    "max_seconds": 0.0055057160000160366,
    "repeat_means_seconds": [
      0.005355565000058959,
      0.0055057160000160366,
      0.005358514000022296,
      0.005395855999950072,
      0.005191266499991798,
      0.0054559315000233255,
      0.005397663500048111
    ],
    "inner_loops": 2,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "output": "all C_0,...,C_n as exact Python integers"
    }
  },
  {
    "family": "Linear convolution",
    "n": 128,
    "method": "numpy direct",
    "median_seconds": 3.982525004175841e-06,
    "min_seconds": 3.95147499716586e-06,
    "max_seconds": 4.509050000933712e-06,
    "repeat_means_seconds": [
      4.0533749995574905e-06,
      4.509050000933712e-06,
      3.991774997302855e-06,
      3.982275001135349e-06,
      3.967499998225321e-06,
      3.982525004175841e-06,
      3.95147499716586e-06
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "output_length": 255,
      "dtype": "float64"
    }
  },
  {
    "family": "Linear convolution",
    "n": 128,
    "method": "scipy fftconvolve",
    "median_seconds": 3.295602500088535e-05,
    "min_seconds": 2.958467500207007e-05,
    "max_seconds": 4.7289674995454334e-05,
    "repeat_means_seconds": [
      4.7289674995454334e-05,
      2.9725899997856688e-05,
      2.958467500207007e-05,
      3.295602500088535e-05,
      3.3321324997359626e-05,
      3.3805300000722126e-05,
      3.073392500141381e-05
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 1.0658141036401503e-14,
    "metadata": {
      "output_length": 255,
      "dtype": "float64"
    }
  },
  {
    "family": "Linear convolution",
    "n": 512,
    "method": "numpy direct",
    "median_seconds": 3.049055000019507e-05,
    "min_seconds": 2.9685100003007392e-05,
    "max_seconds": 3.2373900000948194e-05,
    "repeat_means_seconds": [
      3.2373900000948194e-05,
      3.1716399996639665e-05,
      2.9685100003007392e-05,
      3.049055000019507e-05,
      3.0278974998054763e-05,
      3.0677824997837885e-05,
      3.0270199999904435e-05
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "output_length": 1023,
      "dtype": "float64"
    }
  },
  {
    "family": "Linear convolution",
    "n": 512,
    "method": "scipy fftconvolve",
    "median_seconds": 3.801264999765408e-05,
    "min_seconds": 3.6782075000019177e-05,
    "max_seconds": 4.4207775005133954e-05,
    "repeat_means_seconds": [
      4.4207775005133954e-05,
      3.8883499996700266e-05,
      3.8016675000562826e-05,
      3.7453074997984e-05,
      3.6782075000019177e-05,
      3.801264999765408e-05,
      3.691575000175362e-05
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 2.1316282072803006e-14,
    "metadata": {
      "output_length": 1023,
      "dtype": "float64"
    }
  },
  {
    "family": "Linear convolution",
    "n": 2048,
    "method": "numpy direct",
    "median_seconds": 0.00047169480769053526,
    "min_seconds": 0.00045677650000295846,
    "max_seconds": 0.00048274688461228483,
    "repeat_means_seconds": [
      0.00047242323076856195,
      0.00047169480769053526,
      0.0004778980384641657,
      0.00048274688461228483,
      0.00046188538461732463,
      0.00045677650000295846,
      0.00046389726922440715
    ],
    "inner_loops": 26,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "output_length": 4095,
      "dtype": "float64"
    }
  },
  {
    "family": "Linear convolution",
    "n": 2048,
    "method": "scipy fftconvolve",
    "median_seconds": 8.295330000009926e-05,
    "min_seconds": 7.740670000089267e-05,
    "max_seconds": 8.697890000348707e-05,
    "repeat_means_seconds": [
      8.367162500348968e-05,
      7.787287499922968e-05,
      8.603972499940938e-05,
      8.295330000009926e-05,
      8.697890000348707e-05,
      7.811125000216635e-05,
      7.740670000089267e-05
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 8.526512829121202e-14,
    "metadata": {
      "output_length": 4095,
      "dtype": "float64"
    }
  },
  {
    "family": "Prime-length DFT",
    "n": 127,
    "method": "direct blocked DFT",
    "median_seconds": 0.00039179851851427145,
    "min_seconds": 0.0003724681851896026,
    "max_seconds": 0.0004227853333355193,
    "repeat_means_seconds": [
      0.00041078677777814273,
      0.00039173062962752874,
      0.00037622792592628684,
      0.00040997962962676494,
      0.0004227853333355193,
      0.0003724681851896026,
      0.00039179851851427145
    ],
    "inner_loops": 27,
    "max_absolute_discrepancy": 1.3541575509987664e-12,
    "metadata": {
      "all_setup_included": true,
      "length_padding_for_bluestein": 256
    }
  },
  {
    "family": "Prime-length DFT",
    "n": 127,
    "method": "explicit Bluestein",
    "median_seconds": 2.4153725001951897e-05,
    "min_seconds": 2.3572349999767538e-05,
    "max_seconds": 2.731175000008079e-05,
    "repeat_means_seconds": [
      2.731175000008079e-05,
      2.371857499952057e-05,
      2.5677300004645077e-05,
      2.4178025000765047e-05,
      2.4153725001951897e-05,
      2.3612649999904534e-05,
      2.3572349999767538e-05
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 2.3803347352315634e-14,
    "metadata": {
      "all_setup_included": true,
      "length_padding_for_bluestein": 256
    }
  },
  {
    "family": "Prime-length DFT",
    "n": 127,
    "method": "scipy FFT control",
    "median_seconds": 5.844825000167475e-06,
    "min_seconds": 5.500299999994241e-06,
    "max_seconds": 8.361375000731641e-06,
    "repeat_means_seconds": [
      5.5573999986791025e-06,
      8.361375000731641e-06,
      6.263725003918807e-06,
      5.500299999994241e-06,
      5.505575001052421e-06,
      6.124775001126181e-06,
      5.844825000167475e-06
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "all_setup_included": true,
      "length_padding_for_bluestein": 256
    }
  },
  {
    "family": "Prime-length DFT",
    "n": 257,
    "method": "direct blocked DFT",
    "median_seconds": 0.0016444368571423443,
    "min_seconds": 0.0015656750000029465,
    "max_seconds": 0.0017798128571290103,
    "repeat_means_seconds": [
      0.0015656750000029465,
      0.0017798128571290103,
      0.0017378865714233274,
      0.0017463665714266036,
      0.0016444368571423443,
      0.0016221001428675663,
      0.0015854491428594234
    ],
    "inner_loops": 7,
    "max_absolute_discrepancy": 2.9990085795927303e-12,
    "metadata": {
      "all_setup_included": true,
      "length_padding_for_bluestein": 525
    }
  },
  {
    "family": "Prime-length DFT",
    "n": 257,
    "method": "explicit Bluestein",
    "median_seconds": 3.4920999996757016e-05,
    "min_seconds": 3.29395250048492e-05,
    "max_seconds": 4.333797500066794e-05,
    "repeat_means_seconds": [
      4.333797500066794e-05,
      3.982690000157163e-05,
      3.454367499671207e-05,
      3.445077500145999e-05,
      3.4920999996757016e-05,
      3.6478599997735725e-05,
      3.29395250048492e-05
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 4.4143897099397604e-14,
    "metadata": {
      "all_setup_included": true,
      "length_padding_for_bluestein": 525
    }
  },
  {
    "family": "Prime-length DFT",
    "n": 257,
    "method": "scipy FFT control",
    "median_seconds": 9.24520000467055e-06,
    "min_seconds": 8.99284999604788e-06,
    "max_seconds": 1.2219724999340542e-05,
    "repeat_means_seconds": [
      9.24520000467055e-06,
      1.2219724999340542e-05,
      9.320075002960948e-06,
      9.224174999644674e-06,
      1.0494350004819352e-05,
      8.99284999604788e-06,
      9.006100003716711e-06
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "all_setup_included": true,
      "length_padding_for_bluestein": 525
    }
  },
  {
    "family": "Prime-length DFT",
    "n": 509,
    "method": "direct blocked DFT",
    "median_seconds": 0.00634158900015791,
    "min_seconds": 0.00617334599996866,
    "max_seconds": 0.007125482999981614,
    "repeat_means_seconds": [
      0.006975005999947825,
      0.00617334599996866,
      0.006364744000165956,
      0.00634158900015791,
      0.007125482999981614,
      0.006270711999832201,
      0.0062135460000263265
    ],
    "inner_loops": 1,
    "max_absolute_discrepancy": 1.6513240954747727e-11,
    "metadata": {
      "all_setup_included": true,
      "length_padding_for_bluestein": 1024
    }
  },
  {
    "family": "Prime-length DFT",
    "n": 509,
    "method": "explicit Bluestein",
    "median_seconds": 4.695167500017306e-05,
    "min_seconds": 4.631069999732063e-05,
    "max_seconds": 5.4076175001682716e-05,
    "repeat_means_seconds": [
      4.720982500430182e-05,
      5.4076175001682716e-05,
      5.0026050001861225e-05,
      4.6453649997602045e-05,
      4.660565000449424e-05,
      4.695167500017306e-05,
      4.631069999732063e-05
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 8.58552054239295e-14,
    "metadata": {
      "all_setup_included": true,
      "length_padding_for_bluestein": 1024
    }
  },
  {
    "family": "Prime-length DFT",
    "n": 509,
    "method": "scipy FFT control",
    "median_seconds": 1.4622349999626749e-05,
    "min_seconds": 1.4226999996935775e-05,
    "max_seconds": 1.752547499904722e-05,
    "repeat_means_seconds": [
      1.5383499999188643e-05,
      1.4323400000648689e-05,
      1.4622349999626749e-05,
      1.4335650001839895e-05,
      1.752547499904722e-05,
      1.5012175003903394e-05,
      1.4226999996935775e-05
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "all_setup_included": true,
      "length_padding_for_bluestein": 1024
    }
  },
  {
    "family": "Prime-length DFT",
    "n": 1021,
    "method": "direct blocked DFT",
    "median_seconds": 0.024318794999999227,
    "min_seconds": 0.02367423000009694,
    "max_seconds": 0.02550030800011882,
    "repeat_means_seconds": [
      0.02367423000009694,
      0.0251654830001371,
      0.024294187999885253,
      0.023968454999931055,
      0.024318794999999227,
      0.02541146400017169,
      0.02550030800011882
    ],
    "inner_loops": 1,
    "max_absolute_discrepancy": 2.790166363085405e-11,
    "metadata": {
      "all_setup_included": true,
      "length_padding_for_bluestein": 2048
    }
  },
  {
    "family": "Prime-length DFT",
    "n": 1021,
    "method": "explicit Bluestein",
    "median_seconds": 8.79323250046582e-05,
    "min_seconds": 8.65116749992012e-05,
    "max_seconds": 0.00010273292500073694,
    "repeat_means_seconds": [
      9.935157499967318e-05,
      9.046992499861517e-05,
      8.659832499802178e-05,
      8.705824999992729e-05,
      0.00010273292500073694,
      8.65116749992012e-05,
      8.79323250046582e-05
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 1.0845964142784047e-13,
    "metadata": {
      "all_setup_included": true,
      "length_padding_for_bluestein": 2048
    }
  },
  {
    "family": "Prime-length DFT",
    "n": 1021,
    "method": "scipy FFT control",
    "median_seconds": 3.711054999939733e-05,
    "min_seconds": 3.4187124998652504e-05,
    "max_seconds": 5.248102499990637e-05,
    "repeat_means_seconds": [
      3.6627824999868605e-05,
      3.711054999939733e-05,
      3.4187124998652504e-05,
      5.248102499990637e-05,
      3.987547499946231e-05,
      4.232894999631753e-05,
      3.478830000176458e-05
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "all_setup_included": true,
      "length_padding_for_bluestein": 2048
    }
  },
  {
    "family": "Sine energy",
    "n": 1000,
    "method": "direct sample sum",
    "median_seconds": 1.4888499998733096e-05,
    "min_seconds": 1.4081274997579385e-05,
    "max_seconds": 1.7504700002746178e-05,
    "repeat_means_seconds": [
      1.4888499998733096e-05,
      1.5781100000822334e-05,
      1.5327900001693706e-05,
      1.4081274997579385e-05,
      1.4576025000678782e-05,
      1.4791099999911239e-05,
      1.7504700002746178e-05
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 1.1368683772161603e-13,
    "metadata": {
      "omega": 0.173,
      "output": "one scalar energy"
    }
  },
  {
    "family": "Sine energy",
    "n": 1000,
    "method": "closed scalar expression",
    "median_seconds": 8.240950000981684e-06,
    "min_seconds": 7.659574998797325e-06,
    "max_seconds": 1.2631074997671022e-05,
    "repeat_means_seconds": [
      8.851874997617416e-06,
      7.789274997094254e-06,
      8.240950000981684e-06,
      1.1312350000025618e-05,
      7.678850005277127e-06,
      1.2631074997671022e-05,
      7.659574998797325e-06
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "omega": 0.173,
      "output": "one scalar energy"
    }
  },
  {
    "family": "Sine energy",
    "n": 100000,
    "method": "direct sample sum",
    "median_seconds": 0.0011369052999953056,
    "min_seconds": 0.001088805700010198,
    "max_seconds": 0.00145416049999767,
    "repeat_means_seconds": [
      0.001088805700010198,
      0.0011190043000169681,
      0.0011369052999953056,
      0.001222580800003925,
      0.0011117392999949517,
      0.00145416049999767,
      0.0011924021999902834
    ],
    "inner_loops": 10,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "omega": 0.173,
      "output": "one scalar energy"
    }
  },
  {
    "family": "Sine energy",
    "n": 100000,
    "method": "closed scalar expression",
    "median_seconds": 7.79477500145731e-06,
    "min_seconds": 7.62375000249449e-06,
    "max_seconds": 1.3185174998397997e-05,
    "repeat_means_seconds": [
      7.728924998673392e-06,
      8.393675000206712e-06,
      1.3185174998397997e-05,
      7.62375000249449e-06,
      8.754449999059943e-06,
      7.79477500145731e-06,
      7.651074997738761e-06
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "omega": 0.173,
      "output": "one scalar energy"
    }
  },
  {
    "family": "Sine energy",
    "n": 1000000,
    "method": "direct sample sum",
    "median_seconds": 0.012390175000064119,
    "min_seconds": 0.011966565999955492,
    "max_seconds": 0.012931523999895944,
    "repeat_means_seconds": [
      0.011966565999955492,
      0.012931523999895944,
      0.01270125599990024,
      0.012390175000064119,
      0.012241270000004079,
      0.012095080000108283,
      0.012550388000136081
    ],
    "inner_loops": 1,
    "max_absolute_discrepancy": 1.7462298274040222e-10,
    "metadata": {
      "omega": 0.173,
      "output": "one scalar energy"
    }
  },
  {
    "family": "Sine energy",
    "n": 1000000,
    "method": "closed scalar expression",
    "median_seconds": 7.652824996284835e-06,
    "min_seconds": 7.613249999849359e-06,
    "max_seconds": 9.621524998237874e-06,
    "repeat_means_seconds": [
      7.652824996284835e-06,
      8.386424997297582e-06,
      9.621524998237874e-06,
      7.650300000250354e-06,
      7.613249999849359e-06,
      8.375400000204536e-06,
      7.648049995623296e-06
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "omega": 0.173,
      "output": "one scalar energy"
    }
  },
  {
    "family": "Topic PageRank batch",
    "n": 128,
    "method": "31 independent iterations",
    "median_seconds": 0.01586180999993303,
    "min_seconds": 0.01540814500003762,
    "max_seconds": 0.01707288900001913,
    "repeat_means_seconds": [
      0.01707288900001913,
      0.0162750539998342,
      0.015923131999898033,
      0.01540814500003762,
      0.01586180999993303,
      0.015555527000060465,
      0.015452952000032383
    ],
    "inner_loops": 1,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "profiles": 31,
      "alpha": 0.15,
      "certified_exact_arithmetic_residual_bound": "||residual||_1/alpha",
      "numeric_stopping_tolerance": 1e-12
    }
  },
  {
    "family": "Topic PageRank batch",
    "n": 128,
    "method": "2 profiles plus 31 mixtures",
    "median_seconds": 0.001078866700004255,
    "min_seconds": 0.0010170521999953053,
    "max_seconds": 0.0011063731999911397,
    "repeat_means_seconds": [
      0.0010724258999971425,
      0.0010170521999953053,
      0.0011032065000108559,
      0.001072519099989222,
      0.0011063731999911397,
      0.0010857600999997885,
      0.001078866700004255
    ],
    "inner_loops": 10,
    "max_absolute_discrepancy": 1.7381929229287607e-15,
    "metadata": {
      "profiles": 31,
      "alpha": 0.15,
      "certified_exact_arithmetic_residual_bound": "||residual||_1/alpha",
      "numeric_stopping_tolerance": 1e-12
    }
  },
  {
    "family": "Topic PageRank batch",
    "n": 512,
    "method": "31 independent iterations",
    "median_seconds": 0.017891394999878685,
    "min_seconds": 0.017423397999891677,
    "max_seconds": 0.02261399900021388,
    "repeat_means_seconds": [
      0.017635388999906354,
      0.017423397999891677,
      0.02261399900021388,
      0.019850224000037997,
      0.017560414999934437,
      0.019000530999846887,
      0.017891394999878685
    ],
    "inner_loops": 1,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "profiles": 31,
      "alpha": 0.15,
      "certified_exact_arithmetic_residual_bound": "||residual||_1/alpha",
      "numeric_stopping_tolerance": 1e-12
    }
  },
  {
    "family": "Topic PageRank batch",
    "n": 512,
    "method": "2 profiles plus 31 mixtures",
    "median_seconds": 0.0012213679000069532,
    "min_seconds": 0.001139937900006771,
    "max_seconds": 0.0012628554999992048,
    "repeat_means_seconds": [
      0.001170248699986587,
      0.001247035699998378,
      0.0012213679000069532,
      0.0012628554999992048,
      0.0012440502000117704,
      0.0012060868999924424,
      0.001139937900006771
    ],
    "inner_loops": 10,
    "max_absolute_discrepancy": 2.6020852139652106e-18,
    "metadata": {
      "profiles": 31,
      "alpha": 0.15,
      "certified_exact_arithmetic_residual_bound": "||residual||_1/alpha",
      "numeric_stopping_tolerance": 1e-12
    }
  },
  {
    "family": "Topic PageRank batch",
    "n": 2048,
    "method": "31 independent iterations",
    "median_seconds": 0.02834136999990733,
    "min_seconds": 0.02505371400002332,
    "max_seconds": 0.029283133000035377,
    "repeat_means_seconds": [
      0.02505371400002332,
      0.025307478000058836,
      0.02834136999990733,
      0.028921556999875975,
      0.028559309999991456,
      0.029283133000035377,
      0.027871519999962402
    ],
    "inner_loops": 1,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "profiles": 31,
      "alpha": 0.15,
      "certified_exact_arithmetic_residual_bound": "||residual||_1/alpha",
      "numeric_stopping_tolerance": 1e-12
    }
  },
  {
    "family": "Topic PageRank batch",
    "n": 2048,
    "method": "2 profiles plus 31 mixtures",
    "median_seconds": 0.00192035750001196,
    "min_seconds": 0.0017840315000133462,
    "max_seconds": 0.0020663713333230285,
    "repeat_means_seconds": [
      0.0017840315000133462,
      0.0018021738333497221,
      0.0020661660000011275,
      0.00192035750001196,
      0.001926560166642351,
      0.0020663713333230285,
      0.0018898228333152172
    ],
    "inner_loops": 6,
    "max_absolute_discrepancy": 6.505213034913027e-19,
    "metadata": {
      "profiles": 31,
      "alpha": 0.15,
      "certified_exact_arithmetic_residual_bound": "||residual||_1/alpha",
      "numeric_stopping_tolerance": 1e-12
    }
  },
  {
    "family": "Kernel ridge LOOCV",
    "n": 24,
    "method": "m deleted Cholesky fits",
    "median_seconds": 0.0007182338421156793,
    "min_seconds": 0.0006766352631577894,
    "max_seconds": 0.0009317948947443112,
    "repeat_means_seconds": [
      0.0008420108421025935,
      0.0007182338421156793,
      0.000785269368419138,
      0.0006902432105322843,
      0.0006766352631577894,
      0.0009317948947443112,
      0.0006964709999991962
    ],
    "inner_loops": 19,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "lambda": 0.2,
      "kernel_construction": "excluded equally",
      "penalty": "fixed unnormalised lambda"
    }
  },
  {
    "family": "Kernel ridge LOOCV",
    "n": 24,
    "method": "one Cholesky and inverse diagonal",
    "median_seconds": 2.4066600002470295e-05,
    "min_seconds": 2.1970199998122553e-05,
    "max_seconds": 3.5383950000777985e-05,
    "repeat_means_seconds": [
      2.7297999997699664e-05,
      2.2806700002320213e-05,
      3.5383950000777985e-05,
      2.1970199998122553e-05,
      2.4066600002470295e-05,
      2.231395000080738e-05,
      3.049632499596555e-05
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 1.4988010832439613e-15,
    "metadata": {
      "lambda": 0.2,
      "kernel_construction": "excluded equally",
      "penalty": "fixed unnormalised lambda"
    }
  },
  {
    "family": "Kernel ridge LOOCV",
    "n": 48,
    "method": "m deleted Cholesky fits",
    "median_seconds": 0.0019262296666890204,
    "min_seconds": 0.0018193131666445577,
    "max_seconds": 0.0022967810000030417,
    "repeat_means_seconds": [
      0.0022967810000030417,
      0.0020522715000197422,
      0.001972381833335627,
      0.0018296871666431496,
      0.0018193131666445577,
      0.0019262296666890204,
      0.0018522329999844562
    ],
    "inner_loops": 6,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "lambda": 0.2,
      "kernel_construction": "excluded equally",
      "penalty": "fixed unnormalised lambda"
    }
  },
  {
    "family": "Kernel ridge LOOCV",
    "n": 48,
    "method": "one Cholesky and inverse diagonal",
    "median_seconds": 5.2048374999458244e-05,
    "min_seconds": 4.71745250024469e-05,
    "max_seconds": 5.830582500152559e-05,
    "repeat_means_seconds": [
      5.6019099997683955e-05,
      5.830582500152559e-05,
      5.2907400004187366e-05,
      4.7578875000908735e-05,
      4.819205000217153e-05,
      4.71745250024469e-05,
      5.2048374999458244e-05
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 3.0531133177191805e-15,
    "metadata": {
      "lambda": 0.2,
      "kernel_construction": "excluded equally",
      "penalty": "fixed unnormalised lambda"
    }
  },
  {
    "family": "Kernel ridge LOOCV",
    "n": 96,
    "method": "m deleted Cholesky fits",
    "median_seconds": 0.008747663999884026,
    "min_seconds": 0.008309812000106831,
    "max_seconds": 0.009461570999974356,
    "repeat_means_seconds": [
      0.008572870000080002,
      0.008747663999884026,
      0.00871752800003378,
      0.009461570999974356,
      0.008841775999826496,
      0.009148117999984606,
      0.008309812000106831
    ],
    "inner_loops": 1,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "lambda": 0.2,
      "kernel_construction": "excluded equally",
      "penalty": "fixed unnormalised lambda"
    }
  },
  {
    "family": "Kernel ridge LOOCV",
    "n": 96,
    "method": "one Cholesky and inverse diagonal",
    "median_seconds": 0.00018738504999760153,
    "min_seconds": 0.00017767864999882477,
    "max_seconds": 0.000209813675002124,
    "repeat_means_seconds": [
      0.00017767864999882477,
      0.00019068529999799466,
      0.000209813675002124,
      0.00019166477500220935,
      0.00018738504999760153,
      0.00018336147500122024,
      0.00018549142499750814
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 9.43689570931383e-15,
    "metadata": {
      "lambda": 0.2,
      "kernel_construction": "excluded equally",
      "penalty": "fixed unnormalised lambda"
    }
  },
  {
    "family": "Kernel ridge LOOCV",
    "n": 128,
    "method": "m deleted Cholesky fits",
    "median_seconds": 0.02136656499988021,
    "min_seconds": 0.019293103000109113,
    "max_seconds": 0.024809004999951867,
    "repeat_means_seconds": [
      0.02027382400001443,
      0.019695750999972006,
      0.019293103000109113,
      0.02258539199988263,
      0.0241130230001545,
      0.02136656499988021,
      0.024809004999951867
    ],
    "inner_loops": 1,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "lambda": 0.2,
      "kernel_construction": "excluded equally",
      "penalty": "fixed unnormalised lambda"
    }
  },
  {
    "family": "Kernel ridge LOOCV",
    "n": 128,
    "method": "one Cholesky and inverse diagonal",
    "median_seconds": 0.000421504878790019,
    "min_seconds": 0.00039240760606568955,
    "max_seconds": 0.0005256613030310705,
    "repeat_means_seconds": [
      0.0005256613030310705,
      0.00041628124242351714,
      0.0004839667878761909,
      0.00039240760606568955,
      0.0004176636060547577,
      0.000421504878790019,
      0.0004281752424255749
    ],
    "inner_loops": 33,
    "max_absolute_discrepancy": 1.2059797604990763e-14,
    "metadata": {
      "lambda": 0.2,
      "kernel_construction": "excluded equally",
      "penalty": "fixed unnormalised lambda"
    }
  },
  {
    "family": "Ridge dimension reduction",
    "n": 128,
    "method": "primal p system",
    "median_seconds": 0.00021822559459586636,
    "min_seconds": 0.0001907630000054318,
    "max_seconds": 0.00024467337837794166,
    "repeat_means_seconds": [
      0.00024368378378337207,
      0.00023291670270343792,
      0.00024467337837794166,
      0.00021822559459586636,
      0.0001907630000054318,
      0.00021376481081583856,
      0.00020747908108107268
    ],
    "inner_loops": 37,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "samples": 32,
      "features": 128,
      "lambda": 0.8,
      "all_Gram_construction_included": true
    }
  },
  {
    "family": "Ridge dimension reduction",
    "n": 128,
    "method": "dual sample system",
    "median_seconds": 4.2893275002597873e-05,
    "min_seconds": 3.851569999824278e-05,
    "max_seconds": 5.95211750010094e-05,
    "repeat_means_seconds": [
      4.824362500244206e-05,
      4.261312500375425e-05,
      4.5715799996060016e-05,
      5.95211750010094e-05,
      4.2893275002597873e-05,
      3.851569999824278e-05,
      4.286852500285931e-05
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 8.416878305439468e-15,
    "metadata": {
      "samples": 32,
      "features": 128,
      "lambda": 0.8,
      "all_Gram_construction_included": true
    }
  },
  {
    "family": "Ridge dimension reduction",
    "n": 256,
    "method": "primal p system",
    "median_seconds": 0.0009924681000029524,
    "min_seconds": 0.0009622014000115087,
    "max_seconds": 0.0011285887999974876,
    "repeat_means_seconds": [
      0.001007383700016362,
      0.0009861386000011407,
      0.0009932282999898234,
      0.0011285887999974876,
      0.0009778801000038585,
      0.0009924681000029524,
      0.0009622014000115087
    ],
    "inner_loops": 10,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "samples": 32,
      "features": 256,
      "lambda": 0.8,
      "all_Gram_construction_included": true
    }
  },
  {
    "family": "Ridge dimension reduction",
    "n": 256,
    "method": "dual sample system",
    "median_seconds": 4.912770000373712e-05,
    "min_seconds": 4.482994999648327e-05,
    "max_seconds": 6.376482500058955e-05,
    "repeat_means_seconds": [
      4.6113150000337554e-05,
      5.185357499613019e-05,
      4.482994999648327e-05,
      4.912770000373712e-05,
      6.376482500058955e-05,
      5.788992500015411e-05,
      4.561689999604823e-05
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 1.3079815008865125e-14,
    "metadata": {
      "samples": 32,
      "features": 256,
      "lambda": 0.8,
      "all_Gram_construction_included": true
    }
  },
  {
    "family": "Ridge dimension reduction",
    "n": 512,
    "method": "primal p system",
    "median_seconds": 0.005415711000068768,
    "min_seconds": 0.005218377500000315,
    "max_seconds": 0.0057475620000104755,
    "repeat_means_seconds": [
      0.005218377500000315,
      0.005587941000044339,
      0.00522331000001941,
      0.0055076994999581075,
      0.0057475620000104755,
      0.005415711000068768,
      0.005229634499983149
    ],
    "inner_loops": 2,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "samples": 32,
      "features": 512,
      "lambda": 0.8,
      "all_Gram_construction_included": true
    }
  },
  {
    "family": "Ridge dimension reduction",
    "n": 512,
    "method": "dual sample system",
    "median_seconds": 7.902512500095327e-05,
    "min_seconds": 7.194642499825931e-05,
    "max_seconds": 8.614712500047972e-05,
    "repeat_means_seconds": [
      8.383487500509545e-05,
      7.636112500222225e-05,
      7.194642499825931e-05,
      8.614712500047972e-05,
      7.902512500095327e-05,
      8.07865250010309e-05,
      7.438262500158999e-05
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 2.6943725028871768e-14,
    "metadata": {
      "samples": 32,
      "features": 512,
      "lambda": 0.8,
      "all_Gram_construction_included": true
    }
  },
  {
    "family": "Two-tap block information",
    "n": 32,
    "method": "dense Cholesky determinant",
    "median_seconds": 2.27941749983529e-05,
    "min_seconds": 1.9533275002459048e-05,
    "max_seconds": 2.399197500153605e-05,
    "repeat_means_seconds": [
      2.27941749983529e-05,
      2.0363024998459877e-05,
      1.9533275002459048e-05,
      2.0394800003487035e-05,
      2.380469999820889e-05,
      2.399197500153605e-05,
      2.3863550001124168e-05
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "a": 0.8,
      "rho": 3.0,
      "input": "fixed isotropic covariance, not waterfilled capacity",
      "unit": "nats per channel input"
    }
  },
  {
    "family": "Two-tap block information",
    "n": 32,
    "method": "tridiagonal spectral control",
    "median_seconds": 3.3104999999977736e-05,
    "min_seconds": 2.7434424998773467e-05,
    "max_seconds": 3.533462499945017e-05,
    "repeat_means_seconds": [
      3.3104999999977736e-05,
      2.7434424998773467e-05,
      3.4079975000622655e-05,
      3.533462499945017e-05,
      3.259824999872763e-05,
      3.330482499563914e-05,
      3.1519600003093726e-05
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "a": 0.8,
      "rho": 3.0,
      "input": "fixed isotropic covariance, not waterfilled capacity",
      "unit": "nats per channel input"
    }
  },
  {
    "family": "Two-tap block information",
    "n": 32,
    "method": "linear continuant control",
    "median_seconds": 2.891874999022548e-06,
    "min_seconds": 2.7473999978155915e-06,
    "max_seconds": 5.851349999375088e-06,
    "repeat_means_seconds": [
      3.0646250024801704e-06,
      2.893124997171981e-06,
      2.891874999022548e-06,
      5.851349999375088e-06,
      2.7473999978155915e-06,
      2.756150001914648e-06,
      2.7666749986110515e-06
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 4.440892098500626e-16,
    "metadata": {
      "a": 0.8,
      "rho": 3.0,
      "input": "fixed isotropic covariance, not waterfilled capacity",
      "unit": "nats per channel input"
    }
  },
  {
    "family": "Two-tap block information",
    "n": 32,
    "method": "finite closed determinant",
    "median_seconds": 3.530500009674142e-07,
    "min_seconds": 3.4677499911595077e-07,
    "max_seconds": 3.89849998327918e-07,
    "repeat_means_seconds": [
      3.89849998327918e-07,
      3.600500008360541e-07,
      3.6254999713492e-07,
      3.4677499911595077e-07,
      3.477749999092339e-07,
      3.495250041396503e-07,
      3.530500009674142e-07
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "a": 0.8,
      "rho": 3.0,
      "input": "fixed isotropic covariance, not waterfilled capacity",
      "unit": "nats per channel input"
    }
  },
  {
    "family": "Two-tap block information",
    "n": 128,
    "method": "dense Cholesky determinant",
    "median_seconds": 0.00012680077500135667,
    "min_seconds": 0.00011839009999903283,
    "max_seconds": 0.0001435107750012321,
    "repeat_means_seconds": [
      0.00012647355000012795,
      0.0001435107750012321,
      0.00013395960000366357,
      0.00012680077500135667,
      0.00013410832499971548,
      0.00011839009999903283,
      0.00011915447499859511
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 8.881784197001252e-16,
    "metadata": {
      "a": 0.8,
      "rho": 3.0,
      "input": "fixed isotropic covariance, not waterfilled capacity",
      "unit": "nats per channel input"
    }
  },
  {
    "family": "Two-tap block information",
    "n": 128,
    "method": "tridiagonal spectral control",
    "median_seconds": 0.0002830615750042398,
    "min_seconds": 0.00027014705000283357,
    "max_seconds": 0.00033830149999971584,
    "repeat_means_seconds": [
      0.0002830615750042398,
      0.0002877776749983241,
      0.0002787916249985756,
      0.0002757818250017863,
      0.00027014705000283357,
      0.00028580144999637016,
      0.00033830149999971584
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 0.0,
    "metadata": {
      "a": 0.8,
      "rho": 3.0,
      "input": "fixed isotropic covariance, not waterfilled capacity",
      "unit": "nats per channel input"
    }
  },
  {
    "family": "Two-tap block information",
    "n": 128,
    "method": "linear continuant control",
    "median_seconds": 1.2278299999479714e-05,
    "min_seconds": 1.1203424998029732e-05,
    "max_seconds": 1.664662499933911e-05,
    "repeat_means_seconds": [
      1.1203424998029732e-05,
      1.172169999676953e-05,
      1.4647124999100924e-05,
      1.664662499933911e-05,
      1.1496099995156328e-05,
      1.2278299999479714e-05,
      1.3393749998158456e-05
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 1.5543122344752192e-15,
    "metadata": {
      "a": 0.8,
      "rho": 3.0,
      "input": "fixed isotropic covariance, not waterfilled capacity",
      "unit": "nats per channel input"
    }
  },
  {
    "family": "Two-tap block information",
    "n": 128,
    "method": "finite closed determinant",
    "median_seconds": 3.6330000057205326e-07,
    "min_seconds": 3.563000007034134e-07,
    "max_seconds": 4.296499980682711e-07,
    "repeat_means_seconds": [
      3.7607500189551504e-07,
      3.6880000493511033e-07,
      3.563000007034134e-07,
      4.296499980682711e-07,
      3.615500020259788e-07,
      3.6330000057205326e-07,
      3.6054999554835374e-07
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 2.220446049250313e-16,
    "metadata": {
      "a": 0.8,
      "rho": 3.0,
      "input": "fixed isotropic covariance, not waterfilled capacity",
      "unit": "nats per channel input"
    }
  },
  {
    "family": "Two-tap block information",
    "n": 512,
    "method": "dense Cholesky determinant",
    "median_seconds": 0.0034693873333253578,
    "min_seconds": 0.003350457666707977,
    "max_seconds": 0.004052004333364796,
    "repeat_means_seconds": [
      0.0034561206665936575,
      0.0034693873333253578,
      0.004052004333364796,
      0.003350457666707977,
      0.0034194050000072216,
      0.0034767083333614814,
      0.0036148436666583925
    ],
    "inner_loops": 3,
    "max_absolute_discrepancy": 8.881784197001252e-16,
    "metadata": {
      "a": 0.8,
      "rho": 3.0,
      "input": "fixed isotropic covariance, not waterfilled capacity",
      "unit": "nats per channel input"
    }
  },
  {
    "family": "Two-tap block information",
    "n": 512,
    "method": "tridiagonal spectral control",
    "median_seconds": 0.0036609900000712514,
    "min_seconds": 0.003495309666656491,
    "max_seconds": 0.004029823666617934,
    "repeat_means_seconds": [
      0.003495309666656491,
      0.003558040999981434,
      0.0036609900000712514,
      0.0036596079999829576,
      0.004029823666617934,
      0.003686491666636963,
      0.003852883333365753
    ],
    "inner_loops": 3,
    "max_absolute_discrepancy": 4.440892098500626e-16,
    "metadata": {
      "a": 0.8,
      "rho": 3.0,
      "input": "fixed isotropic covariance, not waterfilled capacity",
      "unit": "nats per channel input"
    }
  },
  {
    "family": "Two-tap block information",
    "n": 512,
    "method": "linear continuant control",
    "median_seconds": 5.0972999997611626e-05,
    "min_seconds": 4.4661449999239265e-05,
    "max_seconds": 6.265889999781393e-05,
    "repeat_means_seconds": [
      4.9168750001626905e-05,
      4.4661449999239265e-05,
      5.325292499946954e-05,
      6.265889999781393e-05,
      4.804607499977465e-05,
      5.307442499997705e-05,
      5.0972999997611626e-05
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 1.3322676295501878e-14,
    "metadata": {
      "a": 0.8,
      "rho": 3.0,
      "input": "fixed isotropic covariance, not waterfilled capacity",
      "unit": "nats per channel input"
    }
  },
  {
    "family": "Two-tap block information",
    "n": 512,
    "method": "finite closed determinant",
    "median_seconds": 3.6679999766420223e-07,
    "min_seconds": 3.5805000493382976e-07,
    "max_seconds": 4.3389999859755335e-07,
    "repeat_means_seconds": [
      3.9684999819655786e-07,
      3.6679999766420223e-07,
      4.3389999859755335e-07,
      3.6905000229126016e-07,
      3.6632499700317567e-07,
      3.5805000493382976e-07,
      3.6027500414093085e-07
    ],
    "inner_loops": 40,
    "max_absolute_discrepancy": 6.661338147750939e-16,
    "metadata": {
      "a": 0.8,
      "rho": 3.0,
      "input": "fixed isotropic covariance, not waterfilled capacity",
      "unit": "nats per channel input"
    }
  }
]






PHI_volume_02_verification/verification/algorithm_comparisons/results/checks.json

[
  {
    "name": "Catalan prefix 0",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 1",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 2",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 3",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 4",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 5",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 6",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 7",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 8",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 9",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 10",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 11",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 12",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 13",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 14",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 15",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 16",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 17",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 18",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 19",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 20",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 21",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 22",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 23",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 24",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 25",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 26",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 27",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 28",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 29",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Catalan prefix 30",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 0",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 1",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 2",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 3",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 4",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 5",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 6",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 7",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 8",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 9",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 10",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 11",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 12",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 13",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 14",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 15",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 16",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 17",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 18",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 19",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 20",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 21",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 22",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 23",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 24",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 25",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 26",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 27",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 28",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 29",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "mod3 word count 30",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "CLRS NTT inverse",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "CLRS NTT direct orthogonality",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "NTT round trip 2/0",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "NTT round trip 2/1",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "NTT round trip 2/2",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "NTT round trip 2/3",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "NTT round trip 2/4",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "NTT round trip 4/0",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "NTT round trip 4/1",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "NTT round trip 4/2",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "NTT round trip 4/3",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "NTT round trip 4/4",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "NTT round trip 8/0",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "NTT round trip 8/1",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "NTT round trip 8/2",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "NTT round trip 8/3",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "NTT round trip 8/4",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "NTT round trip 16/0",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "NTT round trip 16/1",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "NTT round trip 16/2",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "NTT round trip 16/3",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "NTT round trip 16/4",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "NTT round trip 32/0",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "NTT round trip 32/1",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "NTT round trip 32/2",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "NTT round trip 32/3",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "NTT round trip 32/4",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "convolution 128/numpy direct",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "0.0"
  },
  {
    "name": "convolution 128/scipy fftconvolve",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "1.0658141036401503e-14"
  },
  {
    "name": "convolution 512/numpy direct",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "0.0"
  },
  {
    "name": "convolution 512/scipy fftconvolve",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "2.1316282072803006e-14"
  },
  {
    "name": "convolution 2048/numpy direct",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "0.0"
  },
  {
    "name": "convolution 2048/scipy fftconvolve",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "8.526512829121202e-14"
  },
  {
    "name": "Bluestein 1",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "0.0"
  },
  {
    "name": "Bluestein 2",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "1.1102230246251565e-16"
  },
  {
    "name": "Bluestein 3",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "4.0029660424867215e-16"
  },
  {
    "name": "Bluestein 7",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "6.0402662910232525e-15"
  },
  {
    "name": "Bluestein 8",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "1.6504651808933462e-15"
  },
  {
    "name": "Bluestein 17",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "5.617333549722722e-15"
  },
  {
    "name": "Bluestein 31",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "7.944109290391274e-15"
  },
  {
    "name": "Bluestein 127",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "2.3803347352315634e-14"
  },
  {
    "name": "Bluestein 257",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "4.4143897099397604e-14"
  },
  {
    "name": "Bluestein 509",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "8.58552054239295e-14"
  },
  {
    "name": "Bluestein 1021",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "1.0845964142784047e-13"
  },
  {
    "name": "sine energy 1/0.1",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "0.0"
  },
  {
    "name": "sine energy 1/0.7",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "0.0"
  },
  {
    "name": "sine energy 1/0.0",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "0.0"
  },
  {
    "name": "sine energy 1/1e-08",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "0.0"
  },
  {
    "name": "sine energy 2/0.1",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "1.734723475976807e-18"
  },
  {
    "name": "sine energy 2/0.7",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "5.551115123125783e-17"
  },
  {
    "name": "sine energy 2/0.0",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "0.0"
  },
  {
    "name": "sine energy 2/1e-08",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "1.0000000000000001e-16"
  },
  {
    "name": "sine energy 7/0.1",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "0.0"
  },
  {
    "name": "sine energy 7/0.7",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "4.440892098500626e-16"
  },
  {
    "name": "sine energy 7/0.0",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "0.0"
  },
  {
    "name": "sine energy 7/1e-08",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "2.1821580299874172e-16"
  },
  {
    "name": "sine energy 31/0.1",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "0.0"
  },
  {
    "name": "sine energy 31/0.7",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "7.105427357601002e-15"
  },
  {
    "name": "sine energy 31/0.0",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "0.0"
  },
  {
    "name": "sine energy 31/1e-08",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "4.78161439049143e-16"
  },
  {
    "name": "sine energy 100/0.1",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "7.105427357601002e-15"
  },
  {
    "name": "sine energy 100/0.7",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "0.0"
  },
  {
    "name": "sine energy 100/0.0",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "0.0"
  },
  {
    "name": "sine energy 100/1e-08",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "8.201805192714481e-16"
  },
  {
    "name": "Vandermonde 1",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Vandermonde 2",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Vandermonde 3",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Vandermonde 4",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Vandermonde 5",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Vandermonde 6",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Vandermonde 7",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Vandermonde 8",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "matrix chain exact objective",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 0",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 1",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 2",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 3",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 4",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 5",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 6",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 7",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 8",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 9",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 10",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 11",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 12",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 13",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 14",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 15",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 16",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 17",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 18",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 19",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 20",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 21",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 22",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 23",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 24",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 25",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 26",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 27",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 28",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 29",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 30",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 31",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 32",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 33",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 34",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 35",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 36",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 37",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 38",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "multiple root error 39",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Newton non-root cycle",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "DFT scalar sums",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "0.0"
  },
  {
    "name": "DFT Parseval",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "0.0"
  },
  {
    "name": "three-annulus partial fractions",
    "kind": "symbolic polynomial/rational identity",
    "passed": true,
    "detail": ""
  },
  {
    "name": "BIBO attaining input",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "1.7772239894833365e-15"
  },
  {
    "name": "Cayley norm identity",
    "kind": "symbolic polynomial/rational identity",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Cayley stable (-0.1+2j)",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Cayley stable (-3+4j)",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Cayley stable (-100+10j)",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": ""
  },
  {
    "name": "filter endpoints Butterworth",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": ""
  },
  {
    "name": "filter poles Butterworth",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": ""
  },
  {
    "name": "filter endpoints Chebyshev I",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": ""
  },
  {
    "name": "filter poles Chebyshev I",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": ""
  },
  {
    "name": "filter endpoints Elliptic",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": ""
  },
  {
    "name": "filter poles Elliptic",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": ""
  },
  {
    "name": "elliptic formula/order",
    "kind": "high-precision diagnostic",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Rouche four-fractional-bit cube",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Rouche maximal uniform strict radius",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "PageRank affine 128",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "1.7381929229287607e-15"
  },
  {
    "name": "PageRank affine 512",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "2.6020852139652106e-18"
  },
  {
    "name": "PageRank affine 2048",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "6.505213034913027e-19"
  },
  {
    "name": "topic boost counterexample exists",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "LOOCV source denominator counterexample",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "resolvent sign source counterexample",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "KRR leave one out 24",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "1.4988010832439613e-15"
  },
  {
    "name": "KRR leave one out 48",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "3.0531133177191805e-15"
  },
  {
    "name": "KRR leave one out 96",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "9.43689570931383e-15"
  },
  {
    "name": "KRR leave one out 128",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "1.2059797604990763e-14"
  },
  {
    "name": "ridge dual 128",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "8.416878305439468e-15"
  },
  {
    "name": "ridge dual 256",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "1.3079815008865125e-14"
  },
  {
    "name": "ridge dual 512",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "2.6943725028871768e-14"
  },
  {
    "name": "ISLP OLS deletion degree 1",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "2.4147350785597155e-15"
  },
  {
    "name": "ISLP OLS deletion degree 2",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "7.549516567451064e-15"
  },
  {
    "name": "ISLP OLS deletion degree 3",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "1.9539925233402755e-14"
  },
  {
    "name": "ISLP OLS deletion degree 4",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "3.730349362740526e-14"
  },
  {
    "name": "IIR rank1 explicit error",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "0.0"
  },
  {
    "name": "IIR singular values",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "2.220446049250313e-16"
  },
  {
    "name": "IIR rank1 matrix",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": ""
  },
  {
    "name": "Nystrom equal-rank exact",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "two tap finite spectrum 8",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "0.0"
  },
  {
    "name": "two tap finite spectrum 16",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "2.220446049250313e-16"
  },
  {
    "name": "two tap finite spectrum 32",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "0.0"
  },
  {
    "name": "two tap finite spectrum 64",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "2.220446049250313e-16"
  },
  {
    "name": "two tap finite spectrum 128",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "2.220446049250313e-16"
  },
  {
    "name": "two tap finite spectrum 256",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "2.220446049250313e-16"
  },
  {
    "name": "two tap finite spectrum 512",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "6.661338147750939e-16"
  },
  {
    "name": "two tap finite spectrum 1024",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "2.220446049250313e-16"
  },
  {
    "name": "waterfill budget",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "waterfill KKT active",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "least feasible power exact",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "two-user irreducible nonprimitive",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "beamformer trace",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "0.0"
  },
  {
    "name": "beamformer attained Rayleigh",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "0.0"
  },
  {
    "name": "chi square recursion 1",
    "kind": "symbolic polynomial/rational identity",
    "passed": true,
    "detail": ""
  },
  {
    "name": "chi square recursion 2",
    "kind": "symbolic polynomial/rational identity",
    "passed": true,
    "detail": ""
  },
  {
    "name": "chi square recursion 3",
    "kind": "symbolic polynomial/rational identity",
    "passed": true,
    "detail": ""
  },
  {
    "name": "chi square recursion 4",
    "kind": "symbolic polynomial/rational identity",
    "passed": true,
    "detail": ""
  },
  {
    "name": "chi square recursion 5",
    "kind": "symbolic polynomial/rational identity",
    "passed": true,
    "detail": ""
  },
  {
    "name": "chi square recursion 6",
    "kind": "symbolic polynomial/rational identity",
    "passed": true,
    "detail": ""
  },
  {
    "name": "chi square recursion 7",
    "kind": "symbolic polynomial/rational identity",
    "passed": true,
    "detail": ""
  },
  {
    "name": "chi square recursion 8",
    "kind": "symbolic polynomial/rational identity",
    "passed": true,
    "detail": ""
  },
  {
    "name": "complex step analytic expression",
    "kind": "floating-point diagnostic",
    "passed": true,
    "detail": "3.3306690738754696e-16"
  },
  {
    "name": "nonholomorphic abs negative control",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "FIR linear-phase counterexample",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "real DFT DC contradiction",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  },
  {
    "name": "invalid ROC uncancelled pole",
    "kind": "exact finite",
    "passed": true,
    "detail": ""
  }
]






PHI_volume_02_verification/verification/algorithm_comparisons/results/environment.json

{
  "python": "3.13.5 (main, Jul 15 2026, 20:25:40) [GCC 14.2.0]",
  "platform": "Linux-6.18.44-x86_64-with-glibc2.41",
  "numpy": "2.3.5",
  "scipy": "1.17.0",
  "sympy": "1.14.0",
  "mpmath": "1.3.0",
  "threadpools": [
    {
      "user_api": "blas",
      "internal_api": "openblas",
      "num_threads": 1,
      "prefix": "libscipy_openblas",
      "filepath": "/opt/pyvenv/lib/python3.13/site-packages/numpy.libs/libscipy_openblas64_-fdde5778.so",
      "version": "0.3.30",
      "threading_layer": "pthreads",
      "architecture": "SkylakeX"
    },
    {
      "user_api": "blas",
      "internal_api": "openblas",
      "num_threads": 1,
      "prefix": "libscipy_openblas",
      "filepath": "/opt/pyvenv/lib/python3.13/site-packages/scipy.libs/libscipy_openblas-6cdc3b4a.so",
      "version": "0.3.30",
      "threading_layer": "pthreads",
      "architecture": "SkylakeX"
    }
  ],
  "seed": 20261006,
  "timing": "7 repeated means; adaptive 1--40 inner repetitions; warmup; perf_counter",
  "single_process": true,
  "all_checks_are_not_kernel_proofs": true
}






PHI_volume_02_verification/verification/algorithm_comparisons/results/exact_filter_certificate.json

{
  "input": {
    "passband_hz": 500,
    "stopband_hz": 750,
    "passband_loss_db": 1,
    "stopband_attenuation_db": 40
  },
  "epsilon_squared_interval": {
    "lower": "25892541179/100000000000",
    "upper": "1294627059/5000000000",
    "display_lower": 0.25892541179,
    "display_upper": 0.2589254118
  },
  "discrimination_squared_interval": {
    "lower": "505000000000/13077041",
    "upper": "999900000000000/25892541179",
    "display_lower": 38617.29882165239,
    "display_upper": 38617.298823143836
  },
  "AGM_intervals": {
    "k": {
      "lower": "1205583169810037356300733084214873289014788652959/1461501637330902918203684832716283019655932542976",
      "upper": "602791584905018678150366542107436644507394326481/730750818665451459101842416358141509827966271488",
      "display_lower": 0.8248934787454348,
      "display_upper": 0.8248934787454348
    },
    "kp": {
      "lower": "634293705680675173392011065976151151652826833267/730750818665451459101842416358141509827966271488",
      "upper": "1268587411361350346784022131952302303305653666539/1461501637330902918203684832716283019655932542976",
      "display_lower": 0.86800273017698,
      "display_upper": 0.86800273017698
    },
    "k1": {
      "lower": "43042244220957770551574056894102147259385418535/182687704666362864775460604089535377456991567872",
      "upper": "344337953768659443880510266833694988804236755603/1461501637330902918203684832716283019655932542976",
      "display_lower": 0.23560558878094476,
      "display_upper": 0.23560558878162713
    },
    "k1p": {
      "lower": "365373043952590239501263066009547650023449688035/365375409332725729550921208179070754913983135744",
      "upper": "1461492175810361323422916912047825601242672708675/1461501637330902918203684832716283019655932542976",
      "display_lower": 0.9999935261649386,
      "display_upper": 0.9999935261649389
    }
  },
  "elliptic_real_order_interval": {
    "lower": "83902398569810636434916086852627705334771868973176089484802174123760480135404796716827891361060/20801085400230857898013427780460187889603397370604541685340916985341726094675741588404123898477",
    "upper": "176195036996602380567486539146782814378142421540685717454068703178991784532701296470894310184535/43682279340358287967967230182706091923638938269132249692423706149768729592202351058943130246152",
    "display_lower": 4.033558680013854,
    "display_upper": 4.033558680025537
  },
  "certified_coarse_interval": "4.03 < elliptic real order < 4.04",
  "orders": {
    "Butterworth": 14,
    "Chebyshev_I": 7,
    "elliptic": 5
  },
  "square_root_fraction_bits": 160,
  "AGM_iterations": 14,
  "checks": 7,
  "status": "exact rational inequalities; classical order formulas remain written analytic prerequisites"
}






PHI_volume_02_verification/verification/algorithm_comparisons/results/observations.json

{
  "catalan": {
    "n": 512,
    "convolution_products": 131328,
    "multiplicative_updates": 512,
    "product_update_ratio": 256.5,
    "C512_bits": 1010,
    "C50": "1978261657756160653623774456"
  },
  "mod3": {
    "n": 100,
    "count": "422550200076076467165567735125"
  },
  "ntt17": {
    "input": [
      0,
      5,
      3,
      7,
      7,
      2,
      1,
      6
    ],
    "transform": [
      14,
      10,
      10,
      4,
      8,
      11,
      13,
      15
    ],
    "inverse": [
      0,
      5,
      3,
      7,
      7,
      2,
      1,
      6
    ],
    "root": 9
  },
  "matrix_chain": {
    "dimensions": [
      1024,
      65536,
      32,
      16384
    ],
    "left_scalar_multiplications": 2684354560,
    "right_scalar_multiplications": 1133871366144,
    "right_over_left": 422.4,
    "left_intermediate_entries": 32768,
    "right_intermediate_entries": 1073741824
  },
  "newton": {
    "ordinary_iterations_1e_minus_12": 39,
    "multiplicity_corrected_iterations": 1,
    "gradient_optimal_step_iterations": 1
  },
  "parseval": {
    "U26_Q0015_X0": 8,
    "U26_Q0015_integral_over_pi": 4,
    "U26_Q0015_energy_integral_over_pi": 32,
    "U26_Q0026_W0": 14,
    "U26_Q0026_W4": 4,
    "U26_Q0026_sum_W": 16,
    "U26_Q0026_sum_absW2": 288
  },
  "inverse_z": {
    "radii": [
      1,
      2.5,
      4
    ],
    "poles": [
      2,
      3
    ],
    "stable_annulus": "|z|<2; anti-causal"
  },
  "filters": [
    {
      "family": "Butterworth",
      "order": 14,
      "natural_frequency_rad_s": 3296.9162870987006,
      "zeros": [],
      "poles": [
        [
          -369.13750484146914,
          3276.185969485874
        ],
        [
          -1088.902418647672,
          3111.9043248146195
        ],
        [
          -1754.0652183223553,
          2791.578803116335
        ],
        [
          -2331.2718636118657,
          2331.2718636118652
        ],
        [
          -2791.578803116335,
          1754.0652183223553
        ],
        [
          -3111.9043248146195,
          1088.9024186476713
        ],
        [
          -3276.185969485874,
          369.1375048414689
        ],
        [
          -3276.185969485874,
          -369.1375048414689
        ],
        [
          -3111.9043248146195,
          -1088.9024186476713
        ],
        [
          -2791.578803116335,
          -1754.0652183223553
        ],
        [
          -2331.2718636118657,
          -2331.2718636118652
        ],
        [
          -1754.0652183223553,
          -2791.578803116335
        ],
        [
          -1088.902418647672,
          -3111.9043248146195
        ],
        [
          -369.13750484146914,
          -3276.185969485874
        ]
      ],
      "gain": 1.792713462706143e+49,
      "edge_db": [
        -1.0000000000000115,
        -43.43749610060243
      ],
      "normalized_numerator": [
        1.9652267283602711
      ],
      "normalized_denominator": [
        1.0,
        9.37298225854753,
        43.92639820952336,
        136.07398501076108,
        310.6548175249169,
        552.0877461293976,
        786.8261276804299,
        912.98779622817,
        866.5524758859983,
        669.63831829127,
        414.97924544887087,
        200.18866433336564,
        71.17149151815045,
        16.725317182567,
        1.965226728360271
      ]
    },
    {
      "family": "Chebyshev I",
      "order": 7,
      "natural_frequency_rad_s": 3141.592653589793,
      "zeros": [],
      "poles": [
        [
          -143.5989999221651,
          3126.776769948892
        ],
        [
          -402.3554567057504,
          2507.48028325998
        ],
        [
          -581.4204807229163,
          1391.5465742438707
        ],
        [
          -645.3280478786621,
          -0.0
        ],
        [
          -581.4204807229163,
          -1391.5465742438707
        ],
        [
          -402.3554567057504,
          -2507.48028325998
        ],
        [
          -143.5989999221651,
          -3126.776769948892
        ]
      ],
      "gain": 9.274314029238228e+22,
      "edge_db": [
        -0.9999999999999942,
        -46.627792743622756
      ],
      "normalized_numerator": [
        0.030706667630629243
      ],
      "normalized_denominator": [
        1.0,
        0.9231234734606677,
        2.1760784736270447,
        1.4287943081955907,
        1.3575448029508423,
        0.5486198107743607,
        0.21367139021182507,
        0.030706667630629243
      ]
    },
    {
      "family": "Elliptic",
      "order": 5,
      "natural_frequency_rad_s": 3141.592653589793,
      "zeros": [
        [
          0.0,
          5542.675604771813
        ],
        [
          0.0,
          3938.9526477215395
        ],
        [
          0.0,
          -5542.675604771813
        ],
        [
          0.0,
          -3938.9526477215395
        ]
      ],
      "poles": [
        [
          -1210.5949485122576,
          0.0
        ],
        [
          -688.3440912661442,
          -2328.02684841138
        ],
        [
          -156.83053230189745,
          -3135.9316625239553
        ],
        [
          -688.3440912661442,
          2328.02684841138
        ],
        [
          -156.83053230189745,
          3135.9316625239553
        ]
      ],
      "gain": 147.5678305837639,
      "edge_db": [
        -0.9999999999999953,
        -42.031122567387115
      ],
      "normalized_numerator": [
        0.0469722993575068,
        0.0,
        0.22005334426422676,
        0.0,
        0.22984908120440767
      ],
      "normalized_denominator": [
        1.0,
        0.9233992167423516,
        1.8471187701849932,
        1.1292277348522641,
        0.788126922436302,
        0.22984908120440758
      ]
    }
  ],
  "elliptic_degree": {
    "k": "0.6666666666666666666666666666666666666666666666666666666666666666666667",
    "k1": "0.005088725841749186790174934256952914845477891780577598939176027350732934",
    "degree_real": "4.033558680020668854498245087415902808623030042995077254471410935575605",
    "ceil": 5
  },
  "quantization": {
    "q": "1/16",
    "original_den": [
      "1",
      "2/5",
      "9/50",
      "-1/5"
    ],
    "truncated_den": [
      "1",
      "3/8",
      "1/8",
      "-3/16"
    ],
    "original_num": [
      "11/25",
      "9/25",
      "1/50"
    ],
    "truncated_num": [
      "7/16",
      "5/16",
      "0"
    ],
    "circle_margin": "11/50",
    "perturbation_bound": "3/16",
    "strict_uniform_delta_bound": "11/150"
  },
  "pagerank_counterexample": {
    "successors": [
      0,
      0,
      1
    ],
    "sports": [
      "9/10",
      "1/10",
      "0"
    ],
    "uniform": [
      "61/75",
      "3/25",
      "1/15"
    ],
    "S": [
      0,
      1
    ],
    "alpha": "1/5"
  },
  "loo_source_error": {
    "K": "2 I",
    "lambda": 1,
    "y": "all ones",
    "deleted_actual_mse": "1",
    "printed_formula_mse": "1/4"
  },
  "islp_5_8": [
    {
      "degree": 1,
      "loo_mse": 6.633029839181983
    },
    {
      "degree": 2,
      "loo_mse": 1.1229368563419682
    },
    {
      "degree": 3,
      "loo_mse": 1.3017965489358883
    },
    {
      "degree": 4,
      "loo_mse": 1.3323942694179345
    }
  ],
  "rank1": {
    "C": [
      [
        1.0,
        1.0
      ],
      [
        0.0,
        1.0
      ],
      [
        1.0,
        0.0
      ]
    ],
    "C1": [
      [
        1.0,
        1.0
      ],
      [
        0.5,
        0.5
      ],
      [
        0.5,
        0.5
      ]
    ],
    "frobenius_error": 1,
    "squared_error": 1
  },
  "nystrom_storage": {
    "m": 20000000,
    "l": 10000,
    "full_bytes": 3200000000000000,
    "C_and_W_bytes": 1600800000000,
    "ratio": 1999.0004997501248
  },
  "toeplitz": {
    "a": 0.8,
    "rho": 3.0,
    "limit_nats": 1.5459681801976808,
    "finite_rates": [
      {
        "n": 8,
        "finite_rate_nats": 1.5838734958341283
      },
      {
        "n": 16,
        "finite_rate_nats": 1.5649211964225018
      },
      {
        "n": 32,
        "finite_rate_nats": 1.55544468831402
      },
      {
        "n": 64,
        "finite_rate_nats": 1.5507064342558505
      },
      {
        "n": 128,
        "finite_rate_nats": 1.5483373072267659
      },
      {
        "n": 256,
        "finite_rate_nats": 1.5471527437122234
      },
      {
        "n": 512,
        "finite_rate_nats": 1.5465604619549524
      },
      {
        "n": 1024,
        "finite_rate_nats": 1.5462643210763165
      }
    ],
    "boundary_bound_constant": 0.30324825972285163
  },
  "waterfill": {
    "noise_over_gain": [
      "1/4",
      "1",
      "4",
      "16"
    ],
    "budget": "3",
    "water_level": "17/8",
    "allocation": [
      "15/8",
      "9/8",
      "0",
      "0"
    ],
    "rate_nats": 2.8938379658726507,
    "equal_allocation_rate_nats": 2.163569942013267
  },
  "power": {
    "F": [
      [
        "0",
        "1/4",
        "1/8"
      ],
      [
        "1/5",
        "0",
        "1/10"
      ],
      [
        "1/6",
        "1/3",
        "0"
      ]
    ],
    "b": [
      "1",
      "2",
      "1"
    ],
    "least_power": [
      "102/53",
      "138/53",
      "116/53"
    ],
    "weighted_contraction_factor": "63/116"
  },
  "beamforming": {
    "L": 4,
    "norm_h_squared": 13.25,
    "total_power": 2.0,
    "noise_variance": 1.0,
    "optimal_snr": 26.5,
    "isotropic_snr": 6.625,
    "power_ratio_for_same_SNR": 4
  },
  "tail": {
    "n": 100,
    "a": 2.0,
    "optimal_t": 0.25,
    "Chernoff_bound": 2.1715792741452982e-07,
    "actual_tail_scipy": 1.1784500720979781e-08
  },
  "derivative": {
    "x": 1.2,
    "chain_rule": 0.9910852919926969,
    "complex_step": 0.9910852919926972,
    "abs_nonholomorphic_checker": 0.0
  },
  "source_counterexamples": {
    "linear_phase_demodulated_at_pi_over_2": "3-4i",
    "DC_of_real_sequence_must_be_real": true,
    "ROC_contains_uncancelled_pole_at_2": true
  }
}






PHI_volume_02_verification/verification/algorithm_comparisons/results/supplementary_checks.json

[
  {
    "name": "literal CLRS polynomial product",
    "passed": true,
    "kind": "symbolic identity"
  },
  {
    "name": "tiling recurrence (4, 5)",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "tiling recurrence (2, 3)",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "repeated root 2",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "join count identity",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "all derivatives exact factorial convolution",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "Vandermonde exact 1",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "Vandermonde exact 2",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "Vandermonde exact 3",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "Vandermonde exact 4",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "Vandermonde exact 5",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "Vandermonde exact 6",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "DTFT literal sums",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "DFT literal four observables",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "birthday threshold (30, None)",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "birthday threshold (30, Fraction(1, 4))",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "birthday threshold (30, Fraction(7, 20))",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "birthday threshold (30, Fraction(1, 2))",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "birthday threshold (1000, Fraction(1, 2))",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "XOR network all four inputs",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "integer weak versus strong duality instance",
    "passed": true,
    "kind": "exact finite"
  },
  {
    "name": "kernel perturbation source sign",
    "passed": true,
    "kind": "exact finite"
  }
]






PHI_volume_02_verification/verification/algorithm_comparisons/results/supplementary_observations.json

{
  "all_derivatives_example": {
    "coefficients": [
      "2",
      "-3",
      "1/7",
      "5",
      "-2",
      "4"
    ],
    "centre": "2/3",
    "derivatives": [
      "2852/1701",
      "3083/567",
      "6298/189",
      "314/3",
      "272",
      "480"
    ]
  },
  "birthday_thresholds": [
    {
      "floors": 30,
      "distinguished_probability": "None",
      "first_people_count": 7,
      "collision_probability": "2986/5625"
    },
    {
      "floors": 30,
      "distinguished_probability": "1/4",
      "first_people_count": 5,
      "collision_probability": "11687057/22632992"
    },
    {
      "floors": 30,
      "distinguished_probability": "7/20",
      "first_people_count": 4,
      "collision_probability": "9960841/19511200"
    },
    {
      "floors": 30,
      "distinguished_probability": "1/2",
      "first_people_count": 3,
      "collision_probability": "442/841"
    },
    {
      "floors": 1000,
      "distinguished_probability": "1/2",
      "first_people_count": 3,
      "collision_probability": "999499/1996002"
    }
  ]
}






PHI_volume_02_verification/verification/analytic_models/experiments.py

"""Reproducible constructed benchmarks for the PHI monograph.
All data below are synthetic. No institutional student/dataset measurements are used.
Run: OPENBLAS_NUM_THREADS=1 OMP_NUM_THREADS=1 python experiments.py
Timings are descriptive in-process measurements, not cross-machine guarantees.
"""
from __future__ import annotations
import os
os.environ.setdefault('OPENBLAS_NUM_THREADS','1'); os.environ.setdefault('OMP_NUM_THREADS','1')
import sys, platform, json, time, gc, math, random, statistics, itertools, hashlib
from pathlib import Path
from fractions import Fraction as F
from collections import deque, Counter
from bisect import bisect_left
import numpy as np, scipy, scipy.linalg as la, scipy.sparse as sp, scipy.sparse.linalg as sla
import sympy as sy
import mpmath as mp
W=Path(__file__).resolve().parent; OUT=W/'results'; OUT.mkdir(exist_ok=True)
checks=[]; timings=[]; exact={}; diagnostics={}; seed=731904
rng=random.Random(seed); nrng=np.random.default_rng(seed)
def check(name,condition,detail=''):
 if not bool(condition): raise AssertionError((name,detail))
 checks.append({'name':name,'passed':True,'detail':detail})
def bench(group,method,n,fun,repeats=7,metadata=None):
 expected=fun(); t=time.perf_counter_ns(); fun(); dt=max(1,time.perf_counter_ns()-t)
 number=max(1,min(4000,int(2_000_000/dt)))
 was=gc.isenabled(); gc.disable(); samples=[]
 try:
  for _ in range(repeats):
   t=time.perf_counter_ns()
   for __ in range(number): fun()
   samples.append((time.perf_counter_ns()-t)/number)
 finally:
  if was:gc.enable()
 row={'group':group,'method':method,'n':n,'repeats':repeats,'number':number,'raw_ns':samples,'min_ns':min(samples),'median_ns':statistics.median(samples),'q25_ns':float(np.percentile(samples,25)),'q75_ns':float(np.percentile(samples,75)), 'metadata':metadata or {}}
 timings.append(row); return expected

def stable_unique_quadratic(xs):
 out=[]
 for x in xs:
  if x not in out: out.append(x)
 return out

def stable_unique_hash(xs):
 seen=set(); out=[]
 for x in xs:
  if x not in seen:seen.add(x);out.append(x)
 return out
for n in [64,256,1024,4096]:
 xs=[rng.randrange(max(1,n//2)) for _ in range(n)]
 a=bench('duplicates','nested membership',n,lambda:stable_unique_quadratic(xs))
 b=bench('duplicates','hash-assisted stable',n,lambda:stable_unique_hash(xs))
 check(f'duplicate outputs n={n}',a==b)

def sequential(xs,qs):return [q in xs for q in qs]
def binary(xs,qs):
 return [((i:=bisect_left(xs,q))<len(xs) and xs[i]==q) for q in qs]
for n in [128,512,2048,8192]:
 xs=rng.sample(range(4*n),n); sx=sorted(xs); st=set(xs)
 for qn in [1,16,256]:
  qs=[rng.randrange(4*n) for _ in range(qn)]
  a=bench('attendance','linear query',n,lambda:sequential(xs,qs),metadata={'queries':qn,'setup_included':False})
  b=bench('attendance','binary query',n,lambda:binary(sx,qs),metadata={'queries':qn,'setup_included':False})
  c=bench('attendance','set query',n,lambda:[q in st for q in qs],metadata={'queries':qn,'setup_included':False})
  d=bench('attendance','sort + binary',n,lambda:binary(sorted(xs),qs),metadata={'queries':qn,'setup_included':True})
  e=bench('attendance','set build + query',n,lambda:(lambda s:[q in s for q in qs])(set(xs)),metadata={'queries':qn,'setup_included':True})
  check(f'attendance outputs n={n}, q={qn}',a==b==c==d==e)

def transpose_naive(entries,cols):
 return [(j,i,v) for j in range(cols) for i,k,v in entries if k==j]
def transpose_fast(entries,cols):
 counts=[0]*cols
 for i,j,v in entries:counts[j]+=1
 offsets=[0]*cols
 for j in range(1,cols):offsets[j]=offsets[j-1]+counts[j-1]
 out=[None]*len(entries); nxt=offsets[:]
 for i,j,v in entries:out[nxt[j]]=(j,i,v);nxt[j]+=1
 return out
for n in [32,64,128,256]:
 pos=sorted(rng.sample(range(n*n), min(8*n,n*n)))
 entries=[(p//n,p%n,rng.randint(1,9)) for p in pos]
 a=bench('sparse transpose','column scans',n,lambda:transpose_naive(entries,n),metadata={'nnz':len(entries)})
 b=bench('sparse transpose','count-prefix-scatter',n,lambda:transpose_fast(entries,n),metadata={'nnz':len(entries)})
 check(f'transpose exact equality n={n}',a==b)

def qlist(n):
 q=list(range(n));r=[]
 while q:r.append(q.pop(0))
 return r

def qdeque(n):
 q=deque(range(n));r=[]
 while q:r.append(q.popleft())
 return r

def qtwo(n):
 left=list(range(n));right=[];out=[]
 while left or right:
  if not right:
   while left:right.append(left.pop())
  out.append(right.pop())
 return out
for n in [256,1024,4096,16384]:
 a=bench('queues','list front deletion',n,lambda:qlist(n))
 b=bench('queues','deque',n,lambda:qdeque(n))
 c=bench('queues','two stacks',n,lambda:qtwo(n))
 check(f'queue ordering n={n}',a==b==c==list(range(n)))

def fib_rec(n):return n if n<2 else fib_rec(n-1)+fib_rec(n-2)
def fib_iter(n):
 a,b=0,1
 for _ in range(n):a,b=b,a+b
 return a

def fib_pair(n):
 if n==0:return (0,1)
 a,b=fib_pair(n//2);c=a*(2*b-a);d=a*a+b*b
 return (d,c+d) if n%2 else(c,d)
for n in [8,16,24,28]:
 a=bench('Fibonacci small','naive recursion',n,lambda:fib_rec(n),repeats=5)
 b=bench('Fibonacci small','iteration',n,lambda:fib_iter(n),repeats=5)
 c=bench('Fibonacci small','doubling',n,lambda:fib_pair(n)[0],repeats=5)
 check(f'Fibonacci exact n={n}',a==b==c)
for n in [100,1000,10000,100000]:
 a=bench('Fibonacci large','iteration',n,lambda:fib_iter(n),repeats=5)
 b=bench('Fibonacci large','doubling',n,lambda:fib_pair(n)[0],repeats=5)
 check(f'Fibonacci large n={n}',a==b)
 exact.setdefault('fibonacci_bits',[]).append({'n':n,'bits':a.bit_length()})
# Complete finite checks for decimal remainder recognition through length four.
for n in range(5):
 counts=[0,0,0]
 for ds in itertools.product(range(10),repeat=n):
  r=0
  for d in ds:r=(10*r+d)%3
  value=sum(d*10**(n-1-i) for i,d in enumerate(ds))
  if r!=value%3: raise AssertionError('FSM invariant')
  counts[r]+=1
 check(f'FSM enumeration length={n}',counts[0]==(10**n+2)//3,detail=f'{10**n} strings')
 exact.setdefault('fsm_counts',[]).append({'length':n,'counts':counts,'accepted':(10**n+2)//3})
# Root formula, symbolic identities and elementary invariant controls.
a,b,c,d=sy.symbols('a b c d',real=True); k1=a*(c+d);k2=d*(a+b);k3=c*(b-a)
check('Gauss complex real polynomial identity',sy.expand(k1-k2-(a*c-b*d))==0)
check('Gauss complex imaginary polynomial identity',sy.expand(k1+k3-(a*d+b*c))==0)
lam,t=sy.symbols('lam t');A=sy.Matrix([[0,1],[lam,0]])
check('quotient relation A²=lambda I',A*A==lam*sy.eye(2))
x,y,h=sy.symbols('x y h',real=True);u=x**4-6*x*x*y*y+y**4
lap=sy.diff(u,x,2)+sy.diff(u,y,2)
ld=sy.cancel((u.subs(x,x+h)+u.subs(x,x-h)+u.subs(y,y+h)+u.subs(y,y-h)-4*u)/h**2)
check('harmonic quartic Laplacian',sy.simplify(lap)==0)
check('quartic discrete residual',sy.simplify(ld-4*h*h)==0)
exact['symbolic_identities']=['Gauss real','Gauss imaginary','A²=lambda I','harmonic quartic','discrete residual 4h²']
# Finite algebra matrix exponential. Reference uses 80-digit mpmath power-series matrix formula.
mp.mp.dps=80
matrix_rows=[]
def quotient_exponential(z,terms=24):
 ec=1.0;es=1.0;tc=1.0;ts=1.0
 for k in range(1,terms):
  tc*=z/((2*k-1)*(2*k));ts*=z/((2*k)*(2*k+1));ec+=tc;es+=ts
 return np.array([[ec,es],[z*es,ec]])
def eigen_exponential(z):
 aa=np.array([[0.,1.],[z,0.]]);ev,v=np.linalg.eig(aa)
 return v@np.diag(np.exp(ev))@np.linalg.inv(v)
for z in [1.,1e-2,1e-4,1e-8,1e-12,1e-16,0.]:
 zmp=mp.mpf(str(z));sr=mp.sqrt(zmp);ec=mp.cosh(sr);es=mp.sinh(sr)/sr if z else mp.mpf(1)
 ref=mp.matrix([[ec,es],[zmp*es,ec]])
 out={};aa=np.array([[0.,1.],[z,0.]])
 for name,fn in [('quotient series',lambda:quotient_exponential(z)),('scipy expm',lambda:la.expm(aa))]+([('diagonalization',lambda:eigen_exponential(z))] if z else []):
  val=bench('matrix exponential',name,z,fn)
  err=max(float(abs(mp.mpf(float(val[i,j]))-ref[i,j])) for i in range(2) for j in range(2))
  out[name]=err
 matrix_rows.append({'lambda':z,'errors':out,'eigenvector_condition':float(1/math.sqrt(z)) if z else None})
check('matrix diagnostic accuracy of robust methods',all(r['errors']['quotient series']<2e-14 and r['errors']['scipy expm']<2e-14 for r in matrix_rows))
diagnostics['matrix']=matrix_rows
# Derivative checks; absolute-value mutation intentionally fails.
f=lambda z:np.exp(z)*np.sin(z)
true=mp.e*(mp.sin(1)+mp.cos(1));dr=[]
for h0 in np.logspace(-1,-20,40):
 forward=(f(1+h0)-f(1))/h0;central=(f(1+h0)-f(1-h0))/(2*h0);cs=f(1+1j*h0).imag/h0
 dr.append({'h':float(h0),'forward_error':float(abs(mp.mpf(float(forward))-true)),'central_error':float(abs(mp.mpf(float(central))-true)),'complex_step_error':float(abs(mp.mpf(float(cs))-true))})
diagnostics['derivatives']=dr
check('nonholomorphic complex-step negative control',abs((abs(1+1j*1e-12)).imag/1e-12-1)>0.9)
# Exact sampling aliases and deterministic finite tolerance choices.
q=F(3,4)
exact['rank_restriction']={'r':'3/4','tolerance':'1/1000','required_rank':25,'rank24_error':str(q**24),'rank25_error':str(q**25)}
check('rank 25 is exact minimum for r=3/4',q**24>F(1,1000)>=q**25)
# Optimal contour radius signs: eliminate positive factors in B'(q).
def stationary(q): return 64*2*q**72-8*F(1,10**12)*(1-q**64)**2
lo=F(6555554687,10**10);hi=F(6555554688,10**10)
check('optimal radius rational sign bracket',stationary(lo)<0<stationary(hi))
Blow=F(1,10**12)/hi**8+2*lo**64/(1-lo**64)
Bhigh=F(1,10**12)/lo**8+2*hi**64/(1-hi**64)
exact['cauchy_optimum']={'q_interval':[str(lo),str(hi)],'B_interval_exact':[str(Blow),str(Bhigh)],'B_interval_decimal':[float(Blow),float(Bhigh)]}
# Precision allocation: exhaustive bounded witness, with an independent AM–GM proof in the text.
weights=[F(1,64),F(1,16),F(1,4),F(1)]
alloc=[]
for bs in itertools.product(range(2,15),repeat=4):
 if sum(bs)>20:continue
 e=sum(w/F(2)**b for w,b in zip(weights,bs))
 if e<=F(1,64):alloc.append((sum(bs),list(bs),str(e)))
check('precision optimum among all nonworse budgets',len(alloc)==1 and alloc[0][0]==20)
exact['precision_allocation']={'optimum':alloc[0],'uniform_minimum':next(b for b in range(2,20) if sum(weights)/F(2)**b<=F(1,64)),'tested_box':'2 <= b_i <=14, sum<=20; coordinates above14 cannot occur at total<=20 with other coordinates>=2'}
# Matched discrete Dirichlet problem. Grid residual in exact arithmetic is 4h².
def solve_square(n):
 hh=2/(n+1);grid=np.linspace(-1+hh,1-hh,n);X,Y=np.meshgrid(grid,grid,indexing='ij');U=X**4-6*X**2*Y**2+Y**4
 T=sp.diags([-np.ones(n-1),2*np.ones(n),-np.ones(n-1)],[-1,0,1],format='csc');M=(sp.kronsum(T,T,format='csc'))/hh**2
 rhs=np.zeros((n,n))
 fun=lambda x,y:x**4-6*x*x*y*y+y**4
 rhs[0,:]+=fun(-1,grid)/hh**2;rhs[-1,:]+=fun(1,grid)/hh**2;rhs[:,0]+=fun(grid,-1)/hh**2;rhs[:,-1]+=fun(grid,1)/hh**2
 vv=sla.spsolve(M,rhs.ravel()).reshape(n,n)
 return vv,U,hh,float(np.max(np.abs(M@vv.ravel()-rhs.ravel())))
pde=[]
for n in [15,31,63,127]:
 vv,uu,hh,res=bench('Dirichlet square','assemble and sparse solve',n,lambda:solve_square(n),repeats=5,metadata={'grid_generation_included':True,'timing_scope':'grid generation, reference values, matrix assembly, solve and residual diagnostic'})
 grid=np.linspace(-1+hh,1-hh,n);X,Y=np.meshgrid(grid,grid,indexing='ij')
 zz=bench('Dirichlet square','evaluate harmonic polynomial',n,lambda:X**4-6*X**2*Y**2+Y**4,repeats=5,metadata={'grid_generation_excluded':True,'timing_scope':'evaluation on preconstructed grid; not a matched full-workflow timing'})
 err=float(np.max(np.abs(vv-uu)));pde.append({'n':n,'unknowns':n*n,'h':hh,'error_inf':err,'exact_arithmetic_error_bound':2*hh*hh,'residual_inf':res})
 check(f'discrete quartic bound n={n}',err<=2*hh*hh+1e-10)
diagnostics['dirichlet']=pde
# Analytic finite Fourier boundary extension and unresolved variance.
haar=[]
for n in range(10):
 lengths=F(1,3**n);left=[]
 for bits in itertools.product((0,1),repeat=n):left.append(sum(F(2*b,3**(i+1)) for i,b in enumerate(bits)))
 values=[l+lengths/2 for l in left]
 mean=sum(values,F(0))/len(values);var=sum((v-mean)**2 for v in values)/len(values);tail=F(1,8*9**n)
 check(f'conditional moment identity n={n}',mean==F(1,2) and var+tail==F(1,8))
 haar.append({'depth':n,'cells':2**n,'resolved_variance':str(var),'unresolved_variance':str(tail)})
exact['haar']=haar
# Aggregation: two unequal partitions, plus exact per-record oracle.
parts=[[2,4],[10,10,10,10,10,10]]
mean=F(sum(map(sum,parts)),sum(map(len,parts)));bad=sum(F(sum(x),len(x)) for x in parts)/2
check('weighted partition aggregate',mean==F(33,4) and bad==F(13,2))
exact['partition_means']={'correct':str(mean),'unweighted':str(bad),'records':parts}
# FK/join/group semantics exercised with synthetic records; no DB-engine portability claim.
left=[{'id':1,'name':'A'},{'id':2,'name':'B'},{'id':3,'name':'C'}];right=[(1,7),(1,9),(3,2)]
joined=[(r['id'],v) for r in left for k,v in right if k==r['id']]
check('join multiplicities',joined==[(1,7),(1,9),(3,2)])
# FD closure comparison over a reversed chain. Direct scans are intentionally a declared baseline.
def close_scan(fds):
 got={0};tests=0;change=True
 while change:
  change=False
  for lhs,rhs in fds:
   tests+=1
   if lhs<=got and not rhs<=got:got|=rhs;change=True
 return got,tests

def close_work(fds):
 # Build an explicit occurrence index for the same supplied FD list.
 got={0};q=deque([0]);occ={};pending=[];tests=0
 for j,(lhs,rhs) in enumerate(fds):
  pending.append(len(lhs))
  for a in lhs:occ.setdefault(a,[]).append(j)
  if not lhs:
   for b in rhs:
    if b not in got:got.add(b);q.append(b)
 while q:
  a=q.popleft()
  for j in occ.get(a,[]):
   tests+=1;pending[j]-=1
   if pending[j]==0:
    for b in fds[j][1]:
     if b not in got:got.add(b);q.append(b)
 return got,tests
for n in [32,128,512,1024]:
 fds=[(frozenset([i]),frozenset([i+1])) for i in range(n-1)][::-1]
 a=bench('FD closure','repeated reversed scans',n,lambda:close_scan(fds),repeats=5,metadata={'common_fd_input':True,'input_construction_excluded':True})
 b=bench('FD closure','dependency worklist',n,lambda:close_work(fds),repeats=5,metadata={'common_fd_input':True,'occurrence_index_construction_included':True})
 check(f'FD closure exact n={n}',a[0]==b[0]==set(range(n)))
 exact.setdefault('closure_counts',[]).append({'attributes':n,'scan_tests':a[1],'worklist_tests':b[1]})
# Cauchy coefficients: alias expression independent of floating diagnostic.
cr=[]
for N in [8,16,32,64]:
 for r in [F(1,4),F(1,2),F(3,4)]:
  k=min(5,N-1);c=F(2,5);alias=c**k*(c*r)**N/(1-(c*r)**N)
  rr=float(r);z=rr*np.exp(2j*np.pi*np.arange(N)/N);samples=1/(1-.4*z);coef=np.fft.fft(samples)[k]/N/rr**k
  cr.append({'N':N,'radius':str(r),'k':k,'alias_exact':str(alias),'observed_abs_error':float(abs(coef-float(c**k)))})
exact['cauchy_alias']=cr
# Source engineering-science numerical instances, with declared elastic kernel.
exact['engineering_source_instances']={'point_load_kN':1000,'depth_m':4,'sigma_axis_kPa':3000/(32*math.pi),'sigma_offset3_kPa':3000*64/(2*math.pi*3125),'gravity_m_s2':12/4.893,'gravity_exact':str(F(12000,4893))}
# A small exact resistor system.
G=sy.Matrix([[sy.Rational(1,2)+sy.Rational(1,3),-sy.Rational(1,3)],[-sy.Rational(1,3),sy.Rational(1,3)+sy.Rational(1,6)]])
J=sy.Matrix([1,0]);V=G.inv()*J
check('resistor KCL exact',G*V==J)
exact['resistor']={'G':str(G),'I':str(J),'V':list(map(str,V)),'source_power':str((V.T*J)[0]),'dissipated_power':str((V.T*G*V)[0])}
# Robust quadratic examples at widely separated root scales.
quad=[]
for beta in [1e2,1e4,1e8,1e12,1e16]:
 disc=beta*beta-4;large=(beta+math.sqrt(disc))/2;small=1/large;naive=(beta-math.sqrt(disc))/2
 bb=mp.mpf(str(beta));refsmall=2/(bb+mp.sqrt(bb*bb-4))
 quad.append({'beta':beta,'naive_small':naive,'stable_small':small,'naive_relative_error':float(abs(mp.mpf(naive)-refsmall)/refsmall),'stable_relative_error':float(abs(mp.mpf(small)-refsmall)/refsmall)})
diagnostics['quadratic']=quad
# Reproducibility material.
env={'python':sys.version,'platform':platform.platform(),'machine':platform.machine(),'processor':platform.processor(),'numpy':np.__version__,'scipy':scipy.__version__,'sympy':sy.__version__,'mpmath':mp.__version__,'seed':seed,'timer':'time.perf_counter_ns','gc':'disabled only inside measured loops','thread_environment':{k:os.environ.get(k) for k in ['OPENBLAS_NUM_THREADS','OMP_NUM_THREADS']},'timestamp_utc':time.strftime('%Y-%m-%dT%H:%M:%SZ',time.gmtime())}
(OUT/'benchmarks.json').write_text(json.dumps({'environment':env,'timings':timings,'diagnostics':diagnostics},indent=2))
(OUT/'exact_results.json').write_text(json.dumps(exact,indent=2))
(OUT/'verification.json').write_text(json.dumps({'checks':checks,'check_count':len(checks),'all_passed':True,'kernel_checked_lean_theorems':0,'scope':'Finite tests and exact identities only; universal results are proved separately in the monograph.'},indent=2))
print(json.dumps({'timing_records':len(timings),'timing_repetitions':sum(r['repeats'] for r in timings),'checks':len(checks),'groups':len(set(r['group'] for r in timings)),'pde':pde,'precision':exact['precision_allocation'],'gravity':exact['engineering_source_instances']},indent=2))







PHI_volume_02_verification/verification/analytic_models/experiments_fouryear.py

"""Reproducible four-year analytic comparisons. No external data or network calls.
Numerical reference agreements are diagnostics, not interval certificates.
"""
from __future__ import annotations
import os
for key in ['OPENBLAS_NUM_THREADS','OMP_NUM_THREADS','MKL_NUM_THREADS']:
    os.environ[key]='1'
from pathlib import Path
import json,time,platform,sys,math,statistics
from fractions import Fraction as F
import numpy as np
import scipy
from scipy import signal, linalg, special, integrate, sparse
from scipy.sparse.linalg import expm_multiply
import sympy as sp
import mpmath as mp
P=Path(__file__).resolve().parent
O=P/'new_results'; O.mkdir(exist_ok=True)
rng=np.random.default_rng(481729)
checks=[]; timings=[]; observations={}
def check(name,value,kind='floating diagnostic',detail=''):
    ok=bool(value)
    checks.append(dict(name=name,kind=kind,passed=ok,detail=detail))
    if not ok:raise AssertionError(name+': '+detail)
def bench(family,method,n,fun,reference,tol,params=None):
    result=fun(); err=float(np.max(np.abs(np.asarray(result)-np.asarray(reference))))
    check(f'{family}/{method}/{n}/output',err <= tol,detail=f'max absolute difference={err}; tolerance={tol}')
    t=time.perf_counter_ns();fun(); dt=(time.perf_counter_ns()-t)/1e9
    batch=max(1,min(100,int(.008/max(dt,1e-7))))
    reps=[]
    for _ in range(7):
        t=time.perf_counter_ns()
        for j in range(batch):fun()
        reps.append((time.perf_counter_ns()-t)/batch/1e6)
    timings.append(dict(family=family,method=method,n=n,parameters=params or {},batch=batch,repetitions_ms=reps,median_ms=float(np.median(reps)),q25_ms=float(np.quantile(reps,.25)),q75_ms=float(np.quantile(reps,.75)),max_abs_difference=err))
# 1. Matched full linear convolution; generation excluded, padding/transforms included.
for n in [64,256,1024,4096]:
    a=rng.normal(size=n);b=rng.normal(size=n);ref=np.convolve(a,b)
    tol=2e-11*max(1,float(np.max(abs(ref))))
    for name,fn in [('direct',lambda:np.convolve(a,b)),('fft',lambda:signal.fftconvolve(a,b)),('overlap-add',lambda:signal.oaconvolve(a,b))]:
        bench('linear_convolution',name,n,fn,ref,tol)
# 2. Cauchy one-cluster expansion. Every timed call constructs moments.
def direct_cauchy(src,w,tar,block=128):
    out=np.empty(len(tar),complex)
    for i in range(0,len(tar),block):out[i:i+block]=(1/(tar[i:i+block,None]-src[None,:]))@w
    return out
def multipole(src,w,tar,p):
    powers=np.ones(len(src),complex); moments=[]
    for _ in range(p):
        moments.append(np.dot(w,powers)); powers*=src
    out=np.zeros(len(tar),complex)
    for a in reversed(moments):out=(out+a)/tar
    return out
for n in [64,256,1024,4096]:
    src=.2*np.sqrt(rng.random(n))*np.exp(2j*np.pi*rng.random(n));w=np.ones(n)/n
    tar=(1+.3*rng.random(n))*np.exp(2j*np.pi*rng.random(n));ref=direct_cauchy(src,w,tar)
    p=14;bound=.2**p/(1-.2)
    for name,fn in [('blocked direct',lambda:direct_cauchy(src,w,tar)),('14-term moments',lambda:multipole(src,w,tar,p))]:
        bench('cauchy_cluster',name,n,fn,ref,bound+2e-14,dict(order=p,theoretical_abs_bound=bound))
observations['multipole_tail']=[dict(p=p,bound=.2**p/.8) for p in range(2,23,2)]
# 3. Heat evolution of a periodic graph; the sparse matrix is common preprocessed input.
for n in [32,128,512,2048]:
    A=sparse.diags([np.full(n-1,-1.),np.full(n,2.),np.full(n-1,-1.)],[-1,0,1],shape=(n,n),format='lil');A[0,-1]=-1;A[-1,0]=-1;A=A.tocsr()
    x=rng.normal(size=n);t=.7; lam=2-2*np.cos(2*np.pi*np.arange(n)/n)
    fftfun=lambda:np.fft.ifft(np.exp(-t*lam)*np.fft.fft(x)).real
    ref=fftfun()
    bench('periodic_graph_heat','FFT spectral action',n,fftfun,ref,1e-11)
    bench('periodic_graph_heat','sparse expm_multiply',n,lambda:expm_multiply(-t*A,x,traceA=-2*t*n),ref,1e-11)
    if n<=128:bench('periodic_graph_heat','dense expm action',n,lambda:linalg.expm(-t*A.toarray())@x,ref,1e-11)
# 4. AGM / quadrature / robust library elliptic integral. Parameter is complementary modulus.
def agm_k(kp):
    a=1.;b=float(kp)
    for i in range(40):
        an=(a+b)/2;bn=math.sqrt(a*b)
        a,b=an,bn
        if a-b<=3e-16*a:break
    return math.pi/(a+b)
observations['elliptic']=[]
for kp in [.8,.2,.01,.00001]:
    mp.mp.dps=70;kpmp=mp.mpf(str(kp));ref=float(mp.ellipk(1-kpmp**2))
    q=lambda:integrate.quad(lambda x:1/math.sqrt(math.cos(x)**2+kp*kp*math.sin(x)**2),0,math.pi/2,epsabs=1e-10,epsrel=1e-10,limit=300)[0]
    for name,fn in [('quadrature',q),('AGM',lambda:agm_k(kp)),('ellipkm1',lambda:special.ellipkm1(kp*kp))]:
        bench('complete_elliptic',name,kp,fn,ref,2e-9)
    observations['elliptic'].append(dict(kp=kp,K=ref,log_asymptotic=math.log(4/kp),small_angle=math.pi/2))
# 5. Circulant Wiener inverse. All outputs solve the same noncausal circular model.
for n in [32,128,512]:
    w=2*np.pi*np.arange(n)/n; sx=1/(2-1.6*np.cos(w));nv=.15
    C=linalg.circulant(np.fft.ifft(sx).real);y=rng.normal(size=n)
    fast=lambda:np.fft.ifft(sx/(sx+nv)*np.fft.fft(y)).real
    ref=fast()
    bench('circular_wiener','dense positive solve',n,lambda:linalg.solve(C+nv*np.eye(n),C@y,assume_a='pos'),ref,3e-12)
    bench('circular_wiener','FFT diagonal filter',n,fast,ref,3e-12)
# 6. Full gradients: exact analytic baseline, complex step and centered differences.
def fval(x):return np.sum(np.sin(x))+np.exp(np.mean(x))
def grad_closed(x):return np.cos(x)+np.exp(np.mean(x))/len(x)
def grad_cs(x):
    out=np.empty(len(x));z=x.astype(complex)
    for j in range(len(x)):
        z[j]+=1e-20j;out[j]=np.imag(fval(z))/1e-20;z[j]-=1e-20j
    return out
def grad_cd(x):
    h=1e-5;out=np.empty(len(x))
    for j in range(len(x)):
        u=x.copy();v=x.copy();u[j]+=h;v[j]-=h;out[j]=(fval(u)-fval(v))/(2*h)
    return out
for n in [8,32,128,512]:
    x=np.linspace(-.7,.9,n);ref=grad_closed(x)
    bench('full_gradient','analytic vector gradient',n,lambda:grad_closed(x),ref,1e-14)
    bench('full_gradient','coordinate complex steps',n,lambda:grad_cs(x),ref,3e-14)
    bench('full_gradient','centered finite differences',n,lambda:grad_cd(x),ref,2e-7)
# 7. Contour functional calculus. Matrix/contour geometry satisfies ||A|| < R.
def contour_exp(A,N=64,R=2.):
    dim=A.shape[0];out=np.zeros(A.shape,complex);I=np.eye(dim)
    for k in range(N):
        z=R*np.exp(2j*np.pi*k/N)
        out+=np.exp(z)*z*linalg.solve(z*I-A,I)/N
    return out.real
for n in [4,12,24]:
    A=np.diag(np.linspace(-.8,.7,n));A+=np.diag(np.full(n-1,.05),1);ref=linalg.expm(A)
    bench('matrix_exponential','general expm',n,lambda:linalg.expm(A),ref,1e-12)
    bench('matrix_exponential','64-point contour',n,lambda:contour_exp(A),ref,1e-12)
# 8. Exact algebra and scalar analytic checks.
x,z,a,b,q=sp.symbols('x z a b q')
identities={
 'cauchy_geometric_remainder':sp.together(1/(z-a)-sum(a**k/z**(k+1) for k in range(6))-a**6/(z**6*(z-a))),
 'pade_reciprocal_symmetry':sp.together(((1+z/2)/(1-z/2))*((1-z/2)/(1+z/2))-1),
 'pade_second_order':sp.series((1+z/2)/(1-z/2)-sp.exp(z),z,0,4).removeO()-z**3/12,
 'spectral_factor':sp.expand((1-sp.Rational(1,2)*z)*(1-sp.Rational(1,2)/z)-(sp.Rational(5,4)-(z+1/z)/2)),
 'lagrange_tree_equation':sp.expand((z+3*z**2+12*z**3+55*z**4)-z*(1+z+3*z**2+12*z**3)**3),
 'joukowski_reciprocity':sp.together((z+1/z)/2-(1/z+z)/2),
 'wirtinger_modulus':sp.diff(x**2+a**2,x)/2-sp.I*sp.diff(x**2+a**2,a)/2-(x-sp.I*a),
 'fractional_ode_borel':sp.simplify(x**2*sp.diff(sp.exp(-1/x),x)-sp.exp(-1/x)),
 'wiener_filter':sp.together((1/(2-z-1/z))/(1/(2-z-1/z)+a)-1/(1+a*(2-z-1/z))),
 'schur_step':sp.together((a+z*b)/(1+a*z*b)-a-z*b*(1-a*a)/(1+a*z*b)),
 'residue_transient':sp.simplify(sp.diff(sp.exp(-x)-sp.exp(-2*x),x)+2*(sp.exp(-x)-sp.exp(-2*x))-sp.exp(-x)),
 'capacity_radial_flux':sp.simplify(sp.diff(sp.log(x/a)/sp.log(b/a),x)*x-1/sp.log(b/a))}
# Lagrange identity is a truncated formal equality, record modulus explicitly.
for name,v in identities.items():
    if name=='lagrange_tree_equation':v=sp.series(v,z,0,5).removeO()
    check(name,sp.simplify(v)==0,'symbolic identity')
# 9. Rational certification of several inequalities and coefficient recurrences.
for d in [2,3,5,10,30,100]:
    check(f'rouche_radius2_degree{d}',F(2)**d>F(3,2)+F(1,4),'exact rational inequality')
    check(f'rouche_radius1_linear_degree{d}',F(3)>F(1)+F(1,4),'exact rational inequality')
# Zero-free logarithm for Z=1+3lambda+lambda^2; reciprocal root power sums.
s=[2,-3]
for k in range(2,81):s.append(-3*s[-1]-s[-2])
zero=[]
for l in [F(1,20),F(1,10),F(1,5),F(1,4)]:
    for m in [4,8,16,32]:
        val=-sum(F(s[k],k)*l**k for k in range(1,m+1));q=3*l; bound=2*q**(m+1)/((m+1)*(1-q))
        true=mp.log(1+3*mp.mpf(l.numerator)/l.denominator+(mp.mpf(l.numerator)/l.denominator)**2)
        obs=abs(mp.mpf(val.numerator)/val.denominator-true)
        check(f'zero_free_tail/{l}/{m}',obs <= mp.mpf(bound.numerator)/bound.denominator,'high-precision diagnostic with proved rational tail')
        zero.append(dict(lam=float(l),m=m,error=float(obs),bound=float(bound)))
observations['zero_free']=zero
# Exact circular convolution alias counterexample.
check('linear_vs_circular_alias',np.array_equal(np.convolve([1,2],[3,4]),[3,10,8]),'exact integer calculation')
check('circular_alias_fails_unpadded',np.array_equal([11,10], [3+8,10]),'exact integer counterexample')
# Pick PSD threshold on nodes (0,r), targets (0,w): determinant sign r^2-w^2.
for rv,wv,expected in [(F(1,2),F(1,3),True),(F(1,2),F(3,4),False),(F(1,2),F(1,2),True)]:
    det=(rv*rv-wv*wv)/(1-rv*rv)
    check(f'pick_feasible_{rv}_{wv}',(det>=0)==expected,'exact rational calculation')
# finite Fourier coefficients, exact Catalan generalization a_n=1/(2n+1) binom(3n,n)
coeff=[1]
for n in range(1,18):coeff.append(math.comb(3*n,n)//(2*n+1))
check('ternary_tree_coefficients',[1,1,3,12,55,273]==coeff[:6],'exact integer calculation')
check('near_critical_contraction',F(3)*F(1,4)**2<F(1),'exact rational inequality')
# saddle-point multiplicative Stirling enclosure
sad=[]
for n in [30,100,500,2000]:
 for frac in [.3,.5,.7]:
    k=round(n*frac);xk=k/n;p=.4
    logexact=float(mp.log(math.comb(n,k))+k*mp.log(p)+(n-k)*mp.log(1-p))
    saddle=-n*(xk*math.log(xk/p)+(1-xk)*math.log((1-xk)/(1-p)))-.5*math.log(2*math.pi*n*xk*(1-xk))
    lo=1/(12*n+1)-1/(12*k)-1/(12*(n-k));hi=1/(12*n)-1/(12*k+1)-1/(12*(n-k)+1)
    check(f'stirling_saddle_{n}_{k}',lo-1e-12<=logexact-saddle<=hi+1e-12,'floating diagnostic of proved log bounds')
    sad.append(dict(n=n,k=k,log_exact=logexact,log_saddle=saddle,log_ratio=logexact-saddle,lower=lo,upper=hi))
observations['saddle']=sad
# semigroup gain controls and contraction constants
for t in [0.,.2,1.,3.]:
    A=np.array([[-1.,20.],[0,-2.]])
    explicit=np.array([[math.exp(-t),20*(math.exp(-t)-math.exp(-2*t))],[0,math.exp(-2*t)]])
    check(f'nonnormal_semigroup_{t}',np.max(abs(linalg.expm(t*A)-explicit))<2e-14)
# Mutation tests: exact certificate must reject altered inequality / relation.
mutations=[]
for p in range(2,14):
    # Incorrect finite geometric formula has nonzero residual at z=2,a=1/3.
    za=F(2);aa=F(1,3);v=1/(za-aa)-sum(aa**k/za**(k+1) for k in range(p))
    wrong=aa**p/za**p # omitted final denominator
    reject=(v!=wrong);mutations.append(dict(name=f'geometric_missing_denominator_order{p}',rejected=reject))
    check(f'mutation_missing_denominator_{p}',reject,'exact mutation rejection')
# Multi-point finite sampling cannot certify an entire function: zero polynomial grid product.
points=[F(-1),F(0),F(1)];v=F(1,2)
check('finite_sample_counterexample',all(np.prod([p-q for q in points])==0 for p in points) and math.prod([v-q for q in points])!=0,'exact rational counterexample')
env=dict(python=sys.version,numpy=np.__version__,scipy=scipy.__version__,sympy=sp.__version__,mpmath=mp.__version__,platform=platform.platform(),processor=platform.processor(),seed=481729,threads={k:os.environ.get(k) for k in ['OPENBLAS_NUM_THREADS','OMP_NUM_THREADS','MKL_NUM_THREADS']})
(O/'benchmarks.json').write_text(json.dumps(dict(environment=env,scope='Warm in-process seven-batch timings; input generation excluded. Per-family preprocessing boundaries stated in text.',timings=timings),indent=2))
(O/'checks.json').write_text(json.dumps(dict(checks=checks,total=len(checks),passed=sum(c['passed'] for c in checks),kernel_acceptances=0),indent=2))
(O/'observations.json').write_text(json.dumps(observations,indent=2))
(O/'mutations.json').write_text(json.dumps(mutations,indent=2))
print(json.dumps(dict(timing_configurations=len(timings),named_checks=len(checks),passed=all(c['passed'] for c in checks),families=sorted(set(t['family'] for t in timings))),indent=2))







PHI_volume_02_verification/verification/analytic_models/figures_fouryear.py

"""Original monochrome figures for the four-year monograph."""
from pathlib import Path
import json, math
import numpy as np
import matplotlib
matplotlib.use('Agg')
import matplotlib.pyplot as plt
from scipy import special
P=Path(__file__).resolve().parent; F=P/'figures';F.mkdir(exist_ok=True)
plt.rcParams.update({'font.family':'serif','font.size':10,'mathtext.fontset':'cm','axes.labelsize':11,'axes.titlesize':11,'legend.fontsize':9,'figure.figsize':(7.4,4.6),'savefig.bbox':'tight','axes.spines.top':False,'axes.spines.right':False,'pdf.fonttype':42})
reg=[]
styles=['-','--',':','-.'];grays=['0','0.25','0.5','0.65']
def done(name,caption):
    plt.tight_layout(pad=1.3)
    plt.savefig(F/(name+'.pdf'));plt.savefig(F/(name+'.png'),dpi=145)
    plt.close();reg.append(dict(file=name+'.pdf',kind='Original scientific figure',description=caption))
def axnew():
    fig,ax=plt.subplots();ax.grid(True,alpha=.2);return ax
# six measured performance plots
b=json.load(open(P/'new_results/benchmarks.json'))['timings']
for family,name,label in [('linear_convolution','new_convolution','Array length'),('cauchy_cluster','new_multipole_time','Sources = targets'),('periodic_graph_heat','new_graph_heat','Cycle vertices'),('circular_wiener','new_wiener_time','Circular model dimension'),('full_gradient','new_gradient_time','Gradient dimension'),('matrix_exponential','new_matrix_time','Matrix dimension')]:
 ax=axnew();methods=list(dict.fromkeys(t['method'] for t in b if t['family']==family))
 for j,m in enumerate(methods):
  rows=sorted([t for t in b if t['family']==family and t['method']==m],key=lambda t:t['n']);x=np.array([r['n'] for r in rows]);y=np.array([r['median_ms'] for r in rows]);lo=np.array([r['q25_ms'] for r in rows]);hi=np.array([r['q75_ms'] for r in rows]);
  ax.plot(x,y,styles[j],color=grays[j],marker=['o','s','^','D'][j],ms=4,label=m);ax.fill_between(x,lo,hi,color=grays[j],alpha=.12)
 ax.set_xscale('log',base=2);ax.set_yscale('log');ax.set_xlabel(label);ax.set_ylabel('Median kernel time (ms)');ax.legend();done(name,f'Fresh {family} timings; bands show the recorded interquartile ranges')
# pole-controlled Chebyshev tails
ax=axnew();m=np.arange(0,55)
for j,c in enumerate([1.05,1.25,2.]):
 q=c-np.sqrt(c*c-1);err=2*q**(m+1)/(np.sqrt(c*c-1)*(1-q));ax.semilogy(m,err,styles[j],color=grays[j],label=f'c={c:g}; q={q:.3f}')
ax.set_xlabel('Retained polynomial degree m');ax.set_ylabel('Proved uniform remainder bound');ax.legend();done('new_chebyshev','Exact coefficient-tail envelopes for a pole outside the interval')
# binomial saddle error
obs=json.load(open(P/'new_results/observations.json'));ax=axnew()
for j,frac in enumerate([.3,.5,.7]):
 r=[v for v in obs['saddle'] if abs(v['k']/v['n']-frac)<1e-8];x=[v['n'] for v in r];y=[v['log_ratio'] for v in r];lo=[v['lower'] for v in r];hi=[v['upper'] for v in r]
 ax.errorbar(x,y,yerr=[np.array(y)-np.array(lo),np.array(hi)-np.array(y)],fmt=['o','s','^'][j],color=grays[j],capsize=4,label=f'k/n={frac}')
ax.set_xscale('log');ax.set_xlabel('n');ax.set_ylabel(r'$\log(\mathrm{exact}/\mathrm{saddle})$');ax.legend();done('new_saddle','Binomial saddle correction and rigorous Stirling-log envelope')
ax=axnew()
for j,l in enumerate([.05,.1,.2,.25]):
 r=[v for v in obs['zero_free'] if v['lam']==l];ax.semilogy([v['m'] for v in r],[v['error'] for v in r],styles[j],color=grays[j],marker='o',label=f'lambda={l}: observed');ax.semilogy([v['m'] for v in r],[v['bound'] for v in r],styles[j],color=grays[j],alpha=.5)
ax.set_xlabel('Logarithmic truncation order');ax.set_ylabel('Absolute logarithmic error');ax.legend(ncol=2,fontsize=8);done('new_zero_free','Observed logarithmic errors (markers) and zero-free upper envelopes (unmarked)')
ax=axnew();kp=np.logspace(-6,-.01,300);kval=special.ellipkm1(kp*kp)
ax.semilogx(kp,kval,color='0',label='Complete elliptic integral');ax.semilogx(kp,np.log(4/kp),'--',color='.4',label='Separatrix logarithm');ax.axhline(np.pi/2,ls=':',color='.6',label='Small-amplitude value');ax.set_xlabel('Complementary modulus');ax.set_ylabel('K');ax.legend();done('new_elliptic','Elliptic integral across amplitude regimes')
# Cauchy geometry and its own uniform error curves
ax=axnew();theta=np.linspace(0,2*np.pi,600);rng=np.random.default_rng(481729);s=.2*np.sqrt(rng.random(120))*np.exp(2j*np.pi*rng.random(120));t=(1+.3*rng.random(120))*np.exp(2j*np.pi*rng.random(120))
ax.scatter(s.real,s.imag,s=6,c='.2',label='Sources');ax.scatter(t.real,t.imag,s=12,facecolors='none',edgecolors='.45',label='Targets');ax.plot(.2*np.cos(theta),.2*np.sin(theta),color='0');ax.plot(np.cos(theta),np.sin(theta),'--',color='.5');ax.set_aspect('equal');ax.set_xlabel('Real coordinate');ax.set_ylabel('Imaginary coordinate');ax.legend(loc='upper right');done('new_multipole','Separated source and target disks used by the one-cluster experiment')
ax=axnew();p=np.arange(1,41)
for j,r in enumerate([.2,.5,.8]):ax.semilogy(p,r**p/(1-r),styles[j],color=grays[j],label=f'r/R={r}')
ax.set_xlabel('Number of moments');ax.set_ylabel('Absolute truncation envelope, Q=R=1');ax.legend();done('new_multipole_tail','Exact Cauchy-moment tails at three separations')
ax=axnew()
for j,mu in enumerate([0,.33,.65,.85]):
 z=np.exp(1j*theta);w=z+mu*z.conj();ax.plot(w.real,w.imag,styles[j],color=grays[j],label=f'mu={mu:g}; K={(1+mu)/(1-mu):.2f}')
ax.set_aspect('equal');ax.set_xlabel('Real coordinate');ax.set_ylabel('Imaginary coordinate');ax.legend(loc='upper center',bbox_to_anchor=(.5,1.24),ncol=2);done('new_beltrami','Exact anisotropic images of a unit circle')
ax=axnew();lam=np.linspace(0,.24999,400);u=(1-np.sqrt(1-4*lam))/2
ax.plot(lam,u,color='0',label='Branch through 0');ax.plot(lam,1-u,'--',color='.45',label='Second branch');ax.plot(lam,1/np.sqrt(1-4*lam)/50,':',color='.6',label='Derivative / 50');ax.set_ylim(0,2);ax.set_xlabel('lambda');ax.set_ylabel('Equilibrium value; scaled derivative');ax.legend();done('new_implicit','Algebraic equilibrium branches and sensitivity')
ax=axnew();rho=np.linspace(.01,.95,400)
ax.plot(rho,rho/(1-rho),color='0',label='M/M/1 waiting; mean service 1');ax.plot(rho,rho/(2*(1-rho)),'--',color='.5',label='M/D/1 waiting; service 1');ax.set_xlabel('Utilization');ax.set_ylabel('Mean waiting time');ax.legend();done('new_queues','Queue waiting time depends on the service-time second moment')
ax=axnew();t=np.linspace(-6,6,600);ax.plot(t,np.exp(-abs(t)),color='0',label='Cauchy characteristic function');ax.plot(t,np.exp(-t*t/2),'--',color='.5',label='Standard Gaussian characteristic function');ax.set_xlabel('Frequency t');ax.set_ylabel('Characteristic-function value');ax.legend();done('new_characteristic','Transforms distinguish two centred symmetric probability laws without assuming moments')
ax=axnew();om=np.linspace(-np.pi,np.pi,500);sx=1/(2-1.6*np.cos(om))
for j,nv in enumerate([.05,.15,.6]):ax.plot(om,sx/(sx+nv),styles[j],color=grays[j],label=f'Noise variance {nv}')
ax.set_xlabel('Circular frequency');ax.set_ylabel('Wiener multiplier');ax.legend();done('new_wiener_response','Noncausal circular Wiener multipliers under three noise models')
ax=axnew();beta=np.linspace(1.001,5,600);tau=np.arccos(-1/beta)/np.sqrt(beta*beta-1);ax.plot(beta,tau,color='0',label='First imaginary-root crossing');ax.axvspan(0,1,color='.9',label='Delay-independent sufficient region');ax.set_xlim(0,5);ax.set_ylim(0,8);ax.set_xlabel('Delayed coefficient b (a=1)');ax.set_ylabel('Delay tau');ax.legend();done('new_delay','Sufficient all-delay margin and derived first-crossing curve')
ax=axnew()
for j,v in enumerate([0,.3,.7]):
 r=.5;c=(1-r*r)*v/(1-r*r*v*v);rad=r*(1-v*v)/(1-r*r*v*v)
 ax.plot(c+rad*np.cos(theta),rad*np.sin(theta),styles[j],color=grays[j],label=f'f(0)={v:g}')
ax.plot(np.cos(theta),np.sin(theta),':',color='.7');ax.set_aspect('equal');ax.set_xlabel('Real part of f(1/2)');ax.set_ylabel('Imaginary part');ax.legend();done('new_pick','Two-point Schwarz-Pick feasible output disks')
ax=axnew();u=np.linspace(-np.pi,np.pi,1000);g=np.abs((1+np.exp(1j*u))**3/8)**2;ax.plot(u,g,color='0',label='Four-element binomial taper');ax.plot(u,np.abs(sum(np.exp(1j*j*u) for j in range(4))/4)**2,'--',color='.5',label='Four uniform elements');ax.set_xlabel('Inter-element phase');ax.set_ylabel('Normalized array-factor power');ax.legend();done('new_antenna','Polynomial array factors under a declared ideal element model')
ax=axnew();t=np.linspace(-10,10,800)
for j,D in enumerate([0,1,3,8]):ax.plot(t,np.exp(-t*t/(1+D*D))/np.sqrt(1+D*D),styles[j],color=grays[j],label=f'D={D}')
ax.set_xlabel('Time / input width');ax.set_ylabel('Normalized intensity');ax.legend();done('new_fibre','Gaussian pulse broadening from a quadratic spectral phase')
ax=axnew();w=np.logspace(-3,3,500);truth=(1j*w)**(-.5)
for j,N in enumerate([24,48,96]):
 xs=np.linspace(-18,18,N);dx=xs[1]-xs[0];wt=dx/np.pi*np.exp(xs/2);wt[[0,-1]]*=.5;ap=(wt[None,:]/(1j*w[:,None]+np.exp(xs)[None,:])).sum(axis=1);ax.loglog(w,abs(ap-truth)/abs(truth),styles[j],color=grays[j],label=f'{N} positive relaxation terms')
ax.set_xlabel('Angular frequency');ax.set_ylabel('Observed relative rational error');ax.legend();done('new_fractional','Positive-residue approximation of a fractional impedance; finite numerical diagnostic')
ax=axnew();K=np.linspace(0,35,500);tau=.1;q=K*tau;lam=(2+q*q+np.sqrt((2+q*q)**2-4))/2*np.exp(-2*tau);ax.plot(K,lam,color='0');ax.axhline(1,ls='--',color='.5');ax.set_xlabel('Off-diagonal coupling K');ax.set_ylabel('Largest one-period Floquet multiplier');done('new_floquet','Alternating stable linear flows can have an unstable product')
ax=axnew();xx=np.linspace(-.8,1.2,700);scale=10**(2/3);ay=special.airy(scale*xx)[0];ax.plot(xx,ay,color='0',label='Ai(10^(2/3) x)');xp=np.linspace(.002,1.2,500);asym=np.exp(-2*10*xp**1.5/3)/(2*np.sqrt(np.pi)*(scale*xp)**.25);ax.plot(xp,asym,'--',color='.5',label='Positive-side WKB term');ax.axvline(0,ls=':',color='.7');ax.set_ylim(-.5,1.2);ax.set_xlabel('x');ax.set_ylabel('Scaled turning-point solution');ax.legend();done('new_airy','Canonical Airy representation and a nonuniform WKB approximation')
ax=axnew();N=np.arange(1,80)
for j,eps in enumerate([.02,.05,.1]):
 logs=special.gammaln(N+1)+N*np.log(eps);ax.semilogy(N,np.exp(logs),styles[j],color=grays[j],label=f'epsilon={eps}')
ax.set_ylim(1e-24,1e8);ax.set_xlabel('Asymptotic truncation order N');ax.set_ylabel('Proved remainder bound N! epsilon^N');ax.legend();done('new_borel','An exact alternating-integral remainder exposes optimal truncation')
ax=axnew();N=12;diag=np.ones(N+1);diag[-1]=-N;ax.bar(np.arange(N+1),diag,color='.55',edgecolor='0');ax.axhline(1,ls='--',color='0');ax.set_xlabel('Number-state index');ax.set_ylabel('Diagonal of truncated [a, a*]');done('new_fock','Finite oscillator truncation has a boundary commutator defect')
ax=axnew();r=np.linspace(.05,.95,400)
for j,bound in enumerate([1,3,6]):ax.plot(r,bound/np.log(1/r),styles[j],color=grays[j],label=f'log M - log |f(0)| = {bound}')
ax.set_ylim(0,65);ax.set_xlabel('Counting radius r, outer radius 1');ax.set_ylabel('Jensen upper bound on zero count');ax.legend();done('new_jensen','Zero-count bounds weaken near the boundary or at small normalization values')
# nonnormal resolvent contours, all points explicit finite matrix calculations.
ax=axnew();X,Y=np.meshgrid(np.linspace(-3,1,280),np.linspace(-2,2,260));Z=X+1j*Y
with np.errstate(divide='ignore',invalid='ignore'):
 a=1/(Z+1);d=1/(Z+2);b=10/((Z+1)*(Z+2));tr=abs(a)**2+abs(b)**2+abs(d)**2;det=abs(a*d)**2;val=np.sqrt((tr+np.sqrt(np.maximum(tr*tr-4*det,0)))/2)
cs=ax.contour(X,Y,np.log10(val),levels=[0,.5,1,1.5,2],colors=['.7','.55','.35','.15','0']);ax.clabel(cs,fontsize=8,fmt=lambda v:f'10^{v:g}');ax.scatter([-1,-2],[0,0],c='0',marker='x');ax.set_aspect('equal');ax.set_xlabel('Real z');ax.set_ylabel('Imaginary z');done('new_resolvent','Resolvent norm contours for a nonnormal triangular matrix')
(F/'new_figure_register.json').write_text(json.dumps(reg,indent=2))
print('new figures',len(reg))







PHI_volume_02_verification/verification/analytic_models/make_figures.py

"""Monochrome mathematical and experimental figures. All plotted data are constructed."""
from pathlib import Path
from fractions import Fraction as F
import json, math
import numpy as np
import matplotlib
matplotlib.use('Agg')
import matplotlib.pyplot as plt
from matplotlib.patches import Circle, FancyArrowPatch, Rectangle
from matplotlib.ticker import ScalarFormatter
W=Path(__file__).resolve().parent; OUT=W/'figures';OUT.mkdir(exist_ok=True)
R=json.loads((W/'results/benchmarks.json').read_text()); E=json.loads((W/'results/exact_results.json').read_text())
plt.rcParams.update({'font.family':'serif','font.serif':['DejaVu Serif'],'mathtext.fontset':'cm','font.size':11,'axes.titlesize':13,'axes.labelsize':11,'legend.fontsize':9,'figure.dpi':130,'savefig.dpi':180,'axes.spines.top':False,'axes.spines.right':False,'pdf.fonttype':42})
count=[]
def base(size=(7.2,4.2)):
 f,a=plt.subplots(figsize=size);a.grid(True,which='major',color='.85',linewidth=.5);return f,a
def save(f,n):
 f.tight_layout(pad=1.2);f.savefig(OUT/(n+'.pdf'),bbox_inches='tight');f.savefig(OUT/(n+'.png'),bbox_inches='tight');plt.close(f);count.append(n)
def timing(group,name,ylabel='Median time (ms)',selected=None):
 f,a=base();rows=[r for r in R['timings'] if r['group']==group and (selected is None or selected(r))];methods=list(dict.fromkeys(r['method'] for r in rows));styles=['-o','--s',':^','-.d','-x']
 for m,sty in zip(methods,styles):
  rr=[r for r in rows if r['method']==m];xx=[r['n'] for r in rr];yy=[r['median_ns']/1e6 for r in rr];a.loglog(xx,yy,sty,color='black',label=m,markersize=4)
 a.set(xlabel='Input size',ylabel=ylabel);a.legend();save(f,name)
timing('duplicates','duplicates');timing('sparse transpose','sparse_transpose');timing('queues','queues');timing('Fibonacci large','fibonacci');timing('FD closure','fd_closure')
f,a=base();rows=[r for r in R['timings'] if r['group']=='attendance' and r['n']==8192 and r['method'] in ['linear query','sort + binary','set build + query']]
for m,sty in zip(['linear query','sort + binary','set build + query'],['-o','--s',':^']):
 rr=[r for r in rows if r['method']==m];a.loglog([r['metadata']['queries'] for r in rr],[r['median_ns']/1e6 for r in rr],sty,color='black',label=m)
a.set(xlabel='Queries in batch',ylabel='Median batch time (ms)');a.legend();save(f,'attendance')
# Prefix partition diagram.
f,a=plt.subplots(figsize=(7.2,4.3));a.axis('off');a.set(xlim=(-.5,7.5),ylim=(-.8,3.8))
for depth in range(4):
 for j in range(2**depth):
  xx=(j+.5)*8/(2**depth)-.5;yy=3-depth
  if depth:a.plot([((j//2+.5)*8/(2**(depth-1))-.5),xx],[yy+1,yy],color='.6',lw=.8)
  a.scatter(xx,yy,s=18,color='black');txt=format(j,f'0{depth}b') if depth else 'root';a.text(xx,yy+.11,txt,ha='center',va='bottom',fontsize=9)
for left,right,lab in [(-.45,3.45,'bucket 0 (local depth 1)'),(3.55,5.45,'bucket 10'),(5.55,6.45,'bucket 110'),(6.55,7.45,'bucket 111')]:
 a.add_patch(Rectangle((left,-.55),right-left,.28,fill=False,lw=.8));a.text((left+right)/2,-.66,lab,ha='center',fontsize=7.5)
a.set_title('Directory depth 3; unequal bucket depths');save(f,'prefix_directory')
# Small shortest path certificate.
f,a=plt.subplots(figsize=(7.2,3.8));a.axis('off');pos={0:(0,0),1:(1.8,1),2:(1.8,-1),3:(4,0)};edges=[(0,1,2),(0,2,5),(1,2,1),(1,3,7),(2,3,2)];labels=['s: 0','a: 2','b: 3','t: 5']
for k,(u,v,w) in enumerate(edges):
 p,q=np.array(pos[u]),np.array(pos[v]);d=q-p;d=d/np.linalg.norm(d);p=p+.25*d;q=q-.25*d
 a.add_patch(FancyArrowPatch(p,q,arrowstyle='-|>',mutation_scale=13,color='black' if k in [0,2,4] else '.6',lw=1.7 if k in [0,2,4] else .8));mid=(p+q)/2;a.text(mid[0]+.08,mid[1]+.10,str(w),bbox=dict(facecolor='white',edgecolor='none',pad=1),fontsize=10)
for v,p in pos.items():a.add_patch(Circle(p,.28,facecolor='white',edgecolor='black'));a.text(*p,labels[v],ha='center',va='center',fontsize=10)
a.set(xlim=(-.5,4.5),ylim=(-1.6,1.6));a.set_title('Tight edges: s→a→b→t');save(f,'shortest_certificate')
# Decimal FSM weighted edges.
f,a=plt.subplots(figsize=(7.2,4.2));a.axis('off');pos=[(-1.8,-.7),(1.8,-.7),(0,1.4)]
for i,p in enumerate(pos):
 a.add_patch(Circle(p,.34,facecolor='white',edgecolor='black',lw=1.2));a.text(*p,f'r = {i}',ha='center',va='center')
 if i==0:a.add_patch(Circle(p,.29,fill=False,edgecolor='black',lw=.7))
 for j,q in enumerate(pos):
  if i==j:
   a.add_patch(FancyArrowPatch((p[0]-.18,p[1]+.28),(p[0]+.18,p[1]+.28),connectionstyle='arc3,rad=-2',arrowstyle='-|>',mutation_scale=10,color='black'))
   a.text(p[0],p[1]+.95,'4 symbols',ha='center',fontsize=8)
  else:
   u=np.array(p);v=np.array(q);d=v-u;d=d/np.linalg.norm(d);a.add_patch(FancyArrowPatch(u+.37*d,v-.37*d,connectionstyle='arc3,rad=.13',arrowstyle='-|>',mutation_scale=9,color='.35',lw=.8))
a.text(0,-1.5,'Every off-diagonal edge has multiplicity 3.\nM = I + 3J; accepted count = (10ⁿ + 2)/3.',ha='center',fontsize=10)
a.set(xlim=(-3.1,3.1),ylim=(-1.8,2.65));save(f,'fsm')
f,a=base();n=np.arange(1,61);c=np.array([math.comb(2*int(k),int(k))/(int(k)+1) for k in n],float);a.semilogy(n,c,'-',color='black',label='Exact Catalan numbers');a.semilogy(n,4.**n,'--',color='.5',label=r'$4^n$');a.set(xlabel='Internal nodes n',ylabel='Count');a.legend();save(f,'catalan')
# Quadratic diagnostics.
f,a=base();rr=R['diagnostics']['quadratic'];print('quadratic keys',rr[0]);x=[r.get('beta',r.get('B')) for r in rr]
keys=[k for k in rr[0] if 'error' in k]
for key,sty in zip(keys,['-o','--s',':^']):a.loglog(x,[max(r[key],1e-35) for r in rr],sty,color='black',label=key.replace('_',' '))
a.set(xlabel=r'$\beta$',ylabel='Relative forward error');a.legend();save(f,'quadratic_roots')
# matrix errors nonzero parameters.
f,a=base();rr=[r for r in R['diagnostics']['matrix'] if r['lambda']>0]
for m,sty in zip(['diagonalization','scipy expm','quotient series'],[':o','--s','-^']):a.loglog([r['lambda'] for r in rr],[max(r['errors'][m],1e-20) for r in rr],sty,color='black',label=m,markersize=4)
a.invert_xaxis();a.set(xlabel=r'$\lambda\downarrow0$',ylabel='Maximum-entry absolute error');a.legend();save(f,'matrix_errors')
f,a=base();rr=R['diagnostics']['derivatives']
for k,sty in [('forward_error','-'),('central_error','--'),('complex_step_error',':')]:a.loglog([r['h'] for r in rr],[max(r[k],1e-20) for r in rr],sty,color='black',label=k.replace('_error','').replace('_',' '))
a.invert_xaxis();a.set(xlabel='Step size h',ylabel='Absolute derivative error');a.legend();save(f,'derivative_errors')
# Taylor versus Chebyshev diagnostics on [-1,1].
f,a=base();x=np.linspace(-1,1,4001);true=1/(1+25*x*x);degrees=np.arange(2,41,2);te=[];ce=[]
for n in degrees:
 tv=sum((-25*x*x)**j for j in range(n//2+1));te.append(np.max(np.abs(tv-true)))
 nodes=np.cos(np.pi*(np.arange(n+1)+.5)/(n+1));coef=np.polynomial.chebyshev.chebfit(nodes,1/(1+25*nodes*nodes),n);cv=np.polynomial.chebyshev.chebval(x,coef);ce.append(np.max(np.abs(cv-true)))
a.semilogy(degrees,te,'-o',color='black',label='Taylor about 0');a.semilogy(degrees,ce,'--s',color='black',label='Chebyshev interpolation');a.set(xlabel='Polynomial degree',ylabel='Maximum error on 4001 diagnostic points');a.legend();save(f,'taylor_singularity')
f,a=base();q=np.linspace(.3,.93,700);eta=1e-12;noise=eta*q**-8;alias=2*q**64/(1-q**64);a.semilogy(q,noise,'--',color='.45',label='Noise term');a.semilogy(q,alias,':',color='.2',label='Aliasing term');a.semilogy(q,noise+alias,'-',color='black',label='Total bound');a.axvline(.65555546875,color='black',lw=.8);a.set(xlabel='Sampling radius q',ylabel='Declared absolute-error bound',ylim=(1e-15,1e-2));a.legend();save(f,'sampling_radius')
f,a=base();t=np.arange(13);orb=t%2;a.plot(t,orb,'-o',color='black',label='Newton iterate');a.plot(t,np.where(orb==0,2,1),'--s',color='.4',label='Polynomial residual');a.axhline(0,color='.7',lw=.6);a.set(xlabel='Iteration',ylabel='Value',ylim=(-.15,2.4));a.legend();save(f,'newton_cycle')
f,a=base();n=np.arange(1,81);a.loglog(n,2/n,'-',color='black',label='Boundary squared-L² tail bound')
for r,sty in zip([.5,.75,.95],['--',':','-.']):a.loglog(n,2*r**(n+1)/((n+1)*(1-r)),sty,color='black',label=f'Interior uniform bound r={r}')
a.set(xlabel='Retained modes N',ylabel='Bound (distinct norms stated in labels)',ylim=(1e-18,100));a.legend();save(f,'fourier_interior')
f,a=base();n=np.arange(10);a.semilogy(2**n,3.**(-2*n)/8,'-o',color='black');a.set(xlabel='Stored cell averages',ylabel=r'Exact mean-square error $3^{-2n}/8$');a.set_xscale('log',base=2);save(f,'haar_energy')
f,a=base();rs=np.linspace(.05,.99,150);ranks=[next(n for n in range(3000) if r**n<=.001) for r in rs];a.step(rs,ranks,where='mid',color='black');a.scatter([.5,.75],[10,25],facecolor='white',edgecolor='black',zorder=5);a.annotate('r=3/4, N=25',(.75,25),xytext=(.45,180),arrowprops=dict(arrowstyle='->',color='black'));a.set(xlabel='Restriction radius r',ylabel='Least rank for error ≤ 0.001');save(f,'rank_frontier')
# Harmonic field.
f,a=plt.subplots(figsize=(6,5));x=np.linspace(-1,1,280);X,Y=np.meshgrid(x,x);U=3+2*(X*X-Y*Y)-3*X*X*Y+Y**3;mask=X*X+Y*Y>1;Um=np.ma.array(U,mask=mask);cs=a.contour(X,Y,Um,levels=np.linspace(1,5,17),colors='black',linewidths=.65);a.clabel(cs,levels=cs.levels[::4],fontsize=8);a.add_patch(Circle((0,0),1,fill=False,edgecolor='black',lw=1.2));gx=4*X-6*X*Y;gy=-4*Y-3*X*X+3*Y*Y;step=22;a.quiver(X[::step,::step],Y[::step,::step],np.ma.array(gx,mask=mask)[::step,::step],np.ma.array(gy,mask=mask)[::step,::step],color='.55',scale=90,width=.002);a.set(aspect='equal',xlabel='x',ylabel='y');save(f,'harmonic_field')
f,a=base();rr=R['diagnostics']['dirichlet'];a.loglog([r['h'] for r in rr],[r['error_inf'] for r in rr],'-o',color='black',label='Observed continuum error');a.loglog([r['h'] for r in rr],[r['exact_arithmetic_error_bound'] for r in rr],'--s',color='.3',label=r'Exact-arithmetic bound $2h^2$');a.set(xlabel='Grid spacing h',ylabel='Maximum error');a.legend();save(f,'pde_convergence')
f,a=plt.subplots(figsize=(6.3,5));th=np.linspace(0,2*np.pi,500)
for r in np.linspace(.1,.6,6):z=r*np.exp(1j*th);w=z+z*z/5;a.plot(w.real,w.imag,color='black',lw=.7)
for th0 in np.linspace(0,2*np.pi,24,endpoint=False):z=np.linspace(0,.6,140)*np.exp(1j*th0);w=z+z*z/5;a.plot(w.real,w.imag,color='.4',lw=.6)
a.set(aspect='equal',xlabel='Re φ(z)',ylabel='Im φ(z)');a.grid(color='.9');save(f,'conformal_grid')
f,a=base();r=np.linspace(.01,.95,250);a.semilogy(r,((1+r)/(1-r))**4,'-',color='black',label='Universal normalized univalent class');a.semilogy(r,(1+.4*r)/(1-.4*r),'--',color='black',label=r'Known chart $z+z^2/5$');a.scatter([.6,.6],[256,31/19],color='black',s=18);a.set(xlabel='Source radius r',ylabel='Derivative-ratio upper bound');a.legend();save(f,'distortion_bounds')
f,a=plt.subplots(figsize=(6.3,5));th=np.linspace(0,2*np.pi,400);ra,rb=.3,1
for lev in np.linspace(0,1,11):r=ra*(rb/ra)**lev;a.plot(r*np.cos(th),r*np.sin(th),color='black',lw=.6+.5*(lev in [0,1]))
for theta in np.linspace(0,2*np.pi,20,endpoint=False):r=np.linspace(ra,rb,30);a.plot(r*np.cos(theta),r*np.sin(theta),color='.65',lw=.5)
a.text(0,0,'inner boundary\nu = 0',ha='center',va='center',fontsize=10);a.text(.7,.85,'u = 1',fontsize=10);a.set(aspect='equal',xlabel='x',ylabel='y');save(f,'annular_potential')
f,a=base();h=np.logspace(-5,0,100);a.loglog(h,(2/3)*h**(-1/3),'-',color='black',label='Nearest-point gradient');a.loglog(h,(np.pi/2)*h**(4/3),'--',color='black',label='Energy inside radius h');a.invert_xaxis();a.set(xlabel='Observation radius h',ylabel='Declared nondimensional quantity');a.legend();save(f,'corner_scaling')
f,a=plt.subplots(figsize=(7.2,4));a.axis('off');p1=(-1.5,.8);p2=(1.5,.8);g=(0,-1.2)
for p,q,label in [(p1,p2,'3 Ω'),(p1,g,'2 Ω'),(p2,g,'6 Ω')]:a.plot([p[0],q[0]],[p[1],q[1]],color='black');mid=((p[0]+q[0])/2,(p[1]+q[1])/2);a.text(mid[0]+.13,mid[1]+.15,label,bbox=dict(facecolor='white',edgecolor='none',pad=1))
for p,lab in [(p1,'v₁ = 18/11 V'),(p2,'v₂ = 12/11 V'),(g,'ground')]:a.scatter(*p,s=22,color='black');a.text(p[0],p[1]+.28 if p!=g else p[1]-.3,lab,ha='center')
a.annotate('1 A input',p1,xytext=(-2.8,1.5),arrowprops=dict(arrowstyle='->',color='black'));a.set(xlim=(-3,2.6),ylim=(-1.8,1.9));save(f,'resistor_network')
f,a=plt.subplots(figsize=(6.3,5));th=np.linspace(0,2*np.pi,500);a.plot(np.cos(th),np.sin(th),color='black',lw=1.3)
for x in [.05,.1,.25,.5,1,2,4,8]:z=x+1j*np.linspace(-15,15,700);g=(z-1)/(z+1);a.plot(g.real,g.imag,color='.35',lw=.6)
for y in [-5,-2,-1,-.5,0,.5,1,2,5]:z=np.linspace(0,20,600)+1j*y;g=(z-1)/(z+1);a.plot(g.real,g.imag,color='.5',lw=.6)
a.scatter([.4],[.2],s=25,color='black');a.annotate('0.4 + 0.2i',(.4,.2),(.25,.65),arrowprops=dict(arrowstyle='->',color='black'),fontsize=9);a.set(aspect='equal',xlabel='Re Γ',ylabel='Im Γ',xlim=(-1.05,1.05),ylim=(-1.05,1.05));save(f,'impedance_map')
f,a=base();om=np.linspace(-np.pi,np.pi,1400)
for av,sty in zip([0,.5,.8,.95],['-', '--', ':','-.']):a.plot(om,(1-av*av)/(1+av*av-2*av*np.cos(om)),sty,color='black',label=f'a={av}')
a.set(xlabel='Angular frequency (rad/sample)',ylabel='Group delay (samples)');a.legend();save(f,'allpass_delay')
f,a=plt.subplots(figsize=(7.2,3.1));a.set(ylim=(-.65,1.8),xlim=(-.5,9.5));a.set_yticks([0,1],['Rouché: margin > 1/5','Routh: Hurwitz']);a.plot([0,9],[1,1],color='black',lw=3);a.scatter([0,9],[1,1],facecolors='white',edgecolors='black',zorder=4);a.plot([.5,1.5],[0,0],color='black',lw=5);a.scatter([.5,1.5],[0,0],color='black');a.set_xlabel('Parameter k');a.grid(axis='x',color='.85');save(f,'stability_regions')
f,a=base();best={};bslist=[]
for b1 in range(2,13):
 for b2 in range(2,13):
  for b3 in range(2,13):
   for b4 in range(2,13):
    b=b1+b2+b3+b4;e=2**(-b1)/64+2**(-b2)/16+2**(-b3)/4+2**(-b4)
    best[b]=min(best.get(b,float('inf')),e)
xx=sorted(best);a.semilogy(xx,[best[b] for b in xx],'-',color='black',label='Best in displayed bounded grid');uni=np.arange(2,13);a.semilogy(4*uni,(85/64)*2.**(-uni),'--s',color='.5',label='Uniform allocation');a.axhline(1/64,color='black',ls=':');a.scatter([20],[1/64],color='black',zorder=4);a.annotate('(2,4,6,8)',(20,1/64),xytext=(25,.1),arrowprops=dict(arrowstyle='->',color='black'));a.set(xlabel='Total allocated bits',ylabel='Worst-case propagated error');a.legend();save(f,'precision_frontier')
f,a=base();xi=np.linspace(0,3,400);a.plot(xi,(1+xi*xi)**(-2.5),color='black');a.scatter([0,.75],[1,(4/5)**5],facecolor='white',edgecolor='black',zorder=4);a.annotate('r=3 m, z=4 m',(.75,(4/5)**5),xytext=(1.3,.65),arrowprops=dict(arrowstyle='->',color='black'));a.set(xlabel='Horizontal offset / depth',ylabel='Vertical stress / axial stress');save(f,'engineering_load')
( W/'results/figure_register.json').write_text(json.dumps({'count':len(count),'names':count},indent=2));print('figures',len(count))







PHI_volume_02_verification/verification/analytic_models/monograph_kernels.py

"""Small exact kernels printed in the monograph's reproducibility appendix.

These functions operate on the declared finite models. Their executable tests
are not proof-assistant acceptance of the accompanying analytical theorems.
"""
from __future__ import annotations
from collections import defaultdict, deque
from fractions import Fraction
from typing import Hashable, Iterable, Mapping, Sequence, TypeVar
import json
from pathlib import Path

T = TypeVar("T", bound=Hashable)


def stable_unique(values: Iterable[T]) -> list[T]:
    """First-occurrence order; equality and hashing must be consistent."""
    seen: set[T] = set()
    result: list[T] = []
    for value in values:
        if value not in seen:
            seen.add(value)
            result.append(value)
    return result


def sparse_transpose(entries: Sequence[tuple[int, int, T]],
                     rows: int, cols: int) -> list[tuple[int, int, T]]:
    """Stable column grouping of triples; no merging of duplicate entries."""
    if rows < 0 or cols < 0:
        raise ValueError("matrix dimensions must be nonnegative")
    count = [0] * cols
    for i, j, _ in entries:
        if not (0 <= i < rows and 0 <= j < cols):
            raise ValueError("entry index outside the declared matrix")
        count[j] += 1
    next_slot = [0] * cols
    for j in range(1, cols):
        next_slot[j] = next_slot[j - 1] + count[j - 1]
    output: list[tuple[int, int, T] | None] = [None] * len(entries)
    for i, j, value in entries:
        output[next_slot[j]] = (j, i, value)
        next_slot[j] += 1
    assert all(item is not None for item in output)
    return [item for item in output if item is not None]


def fd_closure(seed: Iterable[T],
               dependencies: Sequence[tuple[frozenset[T], frozenset[T]]]
               ) -> frozenset[T]:
    """Attribute closure using an explicit generic dependency worklist."""
    incidence: dict[T, list[int]] = defaultdict(list)
    pending: list[int] = []
    for i, (lhs, _) in enumerate(dependencies):
        pending.append(len(lhs))
        for attribute in lhs:
            incidence[attribute].append(i)
    reached = set(seed)
    events = deque(reached)

    def activate(index: int) -> None:
        for attribute in dependencies[index][1]:
            if attribute not in reached:
                reached.add(attribute)
                events.append(attribute)

    # Empty antecedents hold without a seed attribute.
    for i, missing in enumerate(pending):
        if missing == 0:
            activate(i)
    while events:
        attribute = events.popleft()
        for i in incidence[attribute]:
            pending[i] -= 1
            if pending[i] == 0:
                activate(i)
    return frozenset(reached)


def check_shortest_paths(vertices: Sequence[T],
                         edges: Sequence[tuple[T, T, Fraction]], source: T,
                         distance: Mapping[T, Fraction],
                         parent: Mapping[T, T]) -> bool:
    """Verify finite distances and a tight source-rooted predecessor tree.

    Every supplied vertex is asserted reachable. Parallel edges are allowed.
    Exact arithmetic avoids a tolerance-dependent interpretation of tightness.
    """
    vertex_set = set(vertices)
    if len(vertex_set) != len(vertices) or source not in vertex_set:
        return False
    if set(distance) != vertex_set or distance[source] != 0:
        return False
    if set(parent) != vertex_set - {source}:
        return False
    tight_edges: set[tuple[T, T]] = set()
    for u, v, weight in edges:
        if u not in vertex_set or v not in vertex_set:
            return False
        if distance[v] > distance[u] + weight:
            return False
        if distance[v] == distance[u] + weight:
            tight_edges.add((u, v))
    for v in parent:
        if (parent[v], v) not in tight_edges:
            return False
    # Each predecessor chain must terminate at the declared source.
    settled = {source}
    for start in vertices:
        current = start
        path: set[T] = set()
        while current not in settled:
            if current in path or current not in parent:
                return False
            path.add(current)
            current = parent[current]
        settled.update(path)
    return True


def minimum_restriction_rank(radius: Fraction, tolerance: Fraction) -> int:
    """Least N >= 0 with radius**N <= tolerance, for 0 < radius < 1."""
    if not 0 < radius < 1 or tolerance <= 0:
        raise ValueError("require 0 < radius < 1 and positive tolerance")
    rank, bound = 0, Fraction(1)
    while bound > tolerance:
        rank += 1
        bound *= radius
    return rank


def precision_error(bits: Sequence[int]) -> Fraction:
    """Four-stage exact upper bound used in the stated allocation problem."""
    if len(bits) != 4 or any(type(b) is not int or b < 2 for b in bits):
        raise ValueError("four integer precisions, each at least two, required")
    return sum((Fraction(1, 2 ** (a + b))
                for a, b in zip((6, 4, 2, 0), bits)), Fraction(0))


def quadratic_rouche(a: Fraction, centre: Fraction,
                     radius: Fraction) -> bool:
    """Sufficient one-zero certificate for z**2-a in a real-centred disk."""
    if radius <= 0:
        return False
    return abs(centre * centre - a) + radius * radius < 2 * abs(centre) * radius


def self_test() -> dict:
    """Ten acceptance/rejection checks for the printed implementations."""
    F = Fraction
    checks = []

    def record(name: str, condition: bool) -> None:
        if not condition:
            raise AssertionError(name)
        checks.append({"name": name, "passed": True})

    record("stable first occurrences", stable_unique([3, 1, 3, 2, 1]) == [3, 1, 2])
    record("stable sparse transpose", sparse_transpose([(0, 1, 4), (1, 0, 5),
        (1, 1, 6)], 2, 2) == [(0, 1, 5), (1, 0, 4), (1, 1, 6)])
    try:
        sparse_transpose([(2, 0, 1)], 2, 2)
    except ValueError:
        rejected = True
    else:
        rejected = False
    record("out-of-domain matrix index rejected", rejected)
    dependencies = [(frozenset(), frozenset("A")),
                    (frozenset("AB"), frozenset("C")),
                    (frozenset("C"), frozenset("D"))]
    record("empty and multi-attribute antecedents", fd_closure("B", dependencies) == frozenset("ABCD"))
    vertices = [0, 1, 2]
    edges = [(0, 1, F(2)), (1, 2, F(3)), (0, 2, F(9))]
    distance = {0: F(0), 1: F(2), 2: F(5)}
    record("valid shortest-path certificate", check_shortest_paths(vertices, edges, 0, distance, {1: 0, 2: 1}))
    record("wrong distance certificate rejected", not check_shortest_paths(vertices, edges, 0, {0: F(0), 1: F(2), 2: F(6)}, {1: 0, 2: 1}))
    record("least exact rank", minimum_restriction_rank(F(3, 4), F(1, 1000)) == 25)
    record("precision allocation", precision_error((2, 4, 6, 8)) == F(1, 64))
    record("valid quadratic disk", quadratic_rouche(F(2), F(7, 5), F(1, 50)))
    record("invalid quadratic disk rejected", not quadratic_rouche(F(2), F(0), F(1, 50)))
    return {"check_count": len(checks), "all_passed": True, "checks": checks,
            "scope": "Tests of the separately printed finite kernels; no proof-assistant kernel invoked."}


if __name__ == "__main__":
    result = self_test()
    output = Path(__file__).resolve().parent / "results" / "printed_kernel_checks.json"
    output.parent.mkdir(exist_ok=True)
    output.write_text(json.dumps(result, indent=2))
    print(json.dumps(result, indent=2))







PHI_volume_02_verification/verification/analytic_models/new_results/benchmarks.json

{
  "environment": {
    "python": "3.13.5 (main, Jul 15 2026, 20:25:40) [GCC 14.2.0]",
    "numpy": "2.3.5",
    "scipy": "1.17.0",
    "sympy": "1.14.0",
    "mpmath": "1.3.0",
    "platform": "Linux-6.18.44-x86_64-with-glibc2.41",
    "processor": "",
    "seed": 481729,
    "threads": {
      "OPENBLAS_NUM_THREADS": "1",
      "OMP_NUM_THREADS": "1",
      "MKL_NUM_THREADS": "1"
    }
  },
  "scope": "Warm in-process seven-batch timings; input generation excluded. Per-family preprocessing boundaries stated in text.",
  "timings": [
    {
      "family": "linear_convolution",
      "method": "direct",
      "n": 64,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.00223046,
        0.0022593,
        0.00241623,
        0.00240502,
        0.00220812,
        0.00219841,
        0.00233431
      ],
      "median_ms": 0.0022593,
      "q25_ms": 0.00221929,
      "q75_ms": 0.002369665,
      "max_abs_difference": 0.0
    },
    {
      "family": "linear_convolution",
      "method": "fft",
      "n": 64,
      "parameters": {},
      "batch": 95,
      "repetitions_ms": [
        0.03150602105263158,
        0.02959421052631579,
        0.02975497894736842,
        0.030162842105263158,
        0.03134894736842105,
        0.030088842105263157,
        0.029633
      ],
      "median_ms": 0.030088842105263157,
      "q25_ms": 0.02969398947368421,
      "q75_ms": 0.030755894736842107,
      "max_abs_difference": 5.329070518200751e-15
    },
    {
      "family": "linear_convolution",
      "method": "overlap-add",
      "n": 64,
      "parameters": {},
      "batch": 21,
      "repetitions_ms": [
        0.03295195238095238,
        0.03361438095238095,
        0.031438238095238095,
        0.03016442857142857,
        0.031149714285714288,
        0.031095333333333332,
        0.030161571428571426
      ],
      "median_ms": 0.031149714285714288,
      "q25_ms": 0.03062988095238095,
      "q75_ms": 0.03219509523809524,
      "max_abs_difference": 5.329070518200751e-15
    },
    {
      "family": "linear_convolution",
      "method": "direct",
      "n": 256,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.01081927,
        0.01058583,
        0.0104977,
        0.01065964,
        0.01061117,
        0.010559190000000001,
        0.01073505
      ],
      "median_ms": 0.01061117,
      "q25_ms": 0.01057251,
      "q75_ms": 0.010697345,
      "max_abs_difference": 0.0
    },
    {
      "family": "linear_convolution",
      "method": "fft",
      "n": 256,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.03465574,
        0.034896800000000006,
        0.034529239999999996,
        0.03313875,
        0.03323059,
        0.0333059,
        0.03296279
      ],
      "median_ms": 0.0333059,
      "q25_ms": 0.03318467,
      "q75_ms": 0.03459249,
      "max_abs_difference": 1.5987211554602254e-14
    },
    {
      "family": "linear_convolution",
      "method": "overlap-add",
      "n": 256,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.03564432,
        0.03432965,
        0.03731764,
        0.035483970000000004,
        0.03409259,
        0.03448988,
        0.03655719
      ],
      "median_ms": 0.035483970000000004,
      "q25_ms": 0.034409765,
      "q75_ms": 0.036100755,
      "max_abs_difference": 1.5987211554602254e-14
    },
    {
      "family": "linear_convolution",
      "method": "direct",
      "n": 1024,
      "parameters": {},
      "batch": 62,
      "repetitions_ms": [
        0.1334205483870968,
        0.12906851612903225,
        0.1320360483870968,
        0.12877112903225807,
        0.13566229032258065,
        0.1326413064516129,
        0.13374959677419354
      ],
      "median_ms": 0.1326413064516129,
      "q25_ms": 0.13055228225806453,
      "q75_ms": 0.13358507258064517,
      "max_abs_difference": 0.0
    },
    {
      "family": "linear_convolution",
      "method": "fft",
      "n": 1024,
      "parameters": {},
      "batch": 87,
      "repetitions_ms": [
        0.05767434482758621,
        0.052354275862068964,
        0.053444758620689654,
        0.0522390459770115,
        0.05171226436781609,
        0.051545241379310346,
        0.05441380459770115
      ],
      "median_ms": 0.052354275862068964,
      "q25_ms": 0.051975655172413794,
      "q75_ms": 0.0539292816091954,
      "max_abs_difference": 4.263256414560601e-14
    },
    {
      "family": "linear_convolution",
      "method": "overlap-add",
      "n": 1024,
      "parameters": {},
      "batch": 61,
      "repetitions_ms": [
        0.05637183606557377,
        0.05197424590163935,
        0.054914573770491804,
        0.05328885245901639,
        0.05220640983606558,
        0.05459096721311475,
        0.05484445901639344
      ],
      "median_ms": 0.05459096721311475,
      "q25_ms": 0.05274763114754098,
      "q75_ms": 0.05487951639344262,
      "max_abs_difference": 4.263256414560601e-14
    },
    {
      "family": "linear_convolution",
      "method": "direct",
      "n": 4096,
      "parameters": {},
      "batch": 2,
      "repetitions_ms": [
        2.2995895,
        2.276815,
        2.23686,
        2.2772405,
        2.2187725,
        2.254331,
        2.209609
      ],
      "median_ms": 2.254331,
      "q25_ms": 2.22781625,
      "q75_ms": 2.2770277500000002,
      "max_abs_difference": 0.0
    },
    {
      "family": "linear_convolution",
      "method": "fft",
      "n": 4096,
      "parameters": {},
      "batch": 41,
      "repetitions_ms": [
        0.16865297560975612,
        0.15431141463414635,
        0.15008578048780488,
        0.14873202439024388,
        0.1468719024390244,
        0.15024160975609754,
        0.1475619756097561
      ],
      "median_ms": 0.15008578048780488,
      "q25_ms": 0.14814699999999997,
      "q75_ms": 0.15227651219512195,
      "max_abs_difference": 1.2079226507921703e-13
    },
    {
      "family": "linear_convolution",
      "method": "overlap-add",
      "n": 4096,
      "parameters": {},
      "batch": 49,
      "repetitions_ms": [
        0.16086567346938774,
        0.15743377551020407,
        0.14967248979591838,
        0.15321824489795918,
        0.20799002040816325,
        0.15172251020408162,
        0.16006936734693877
      ],
      "median_ms": 0.15743377551020407,
      "q25_ms": 0.1524703775510204,
      "q75_ms": 0.16046752040816326,
      "max_abs_difference": 1.2079226507921703e-13
    },
    {
      "family": "cauchy_cluster",
      "method": "blocked direct",
      "n": 64,
      "parameters": {
        "order": 14,
        "theoretical_abs_bound": 2.0480000000000016e-10
      },
      "batch": 100,
      "repetitions_ms": [
        0.0228025,
        0.02252909,
        0.02148682,
        0.020877,
        0.02158156,
        0.02082263,
        0.02533911
      ],
      "median_ms": 0.02158156,
      "q25_ms": 0.021181909999999998,
      "q75_ms": 0.022665795000000002,
      "max_abs_difference": 0.0
    },
    {
      "family": "cauchy_cluster",
      "method": "14-term moments",
      "n": 64,
      "parameters": {
        "order": 14,
        "theoretical_abs_bound": 2.0480000000000016e-10
      },
      "batch": 100,
      "repetitions_ms": [
        0.03645765,
        0.03717332,
        0.03811474,
        0.03811283,
        0.03665424,
        0.03757222,
        0.036492699999999996
      ],
      "median_ms": 0.03717332,
      "q25_ms": 0.03657347,
      "q75_ms": 0.037842525,
      "max_abs_difference": 2.2948351277055135e-12
    },
    {
      "family": "cauchy_cluster",
      "method": "blocked direct",
      "n": 256,
      "parameters": {
        "order": 14,
        "theoretical_abs_bound": 2.0480000000000016e-10
      },
      "batch": 23,
      "repetitions_ms": [
        0.28425021739130435,
        0.30241404347826084,
        0.2845489130434783,
        0.28677404347826085,
        0.28406252173913044,
        0.29763773913043473,
        0.2875921739130435
      ],
      "median_ms": 0.28677404347826085,
      "q25_ms": 0.2843995652173913,
      "q75_ms": 0.2926149565217391,
      "max_abs_difference": 0.0
    },
    {
      "family": "cauchy_cluster",
      "method": "14-term moments",
      "n": 256,
      "parameters": {
        "order": 14,
        "theoretical_abs_bound": 2.0480000000000016e-10
      },
      "batch": 100,
      "repetitions_ms": [
        0.0511876,
        0.05012961,
        0.04924007,
        0.0492553,
        0.04968985,
        0.0570413,
        0.049898559999999995
      ],
      "median_ms": 0.049898559999999995,
      "q25_ms": 0.049472575000000005,
      "q75_ms": 0.050658604999999995,
      "max_abs_difference": 4.577646631937394e-12
    },
    {
      "family": "cauchy_cluster",
      "method": "blocked direct",
      "n": 1024,
      "parameters": {
        "order": 14,
        "theoretical_abs_bound": 2.0480000000000016e-10
      },
      "batch": 1,
      "repetitions_ms": [
        9.968094,
        10.487226,
        9.938891,
        10.525584,
        10.341226,
        10.581077,
        10.691834
      ],
      "median_ms": 10.487226,
      "q25_ms": 10.15466,
      "q75_ms": 10.553330500000001,
      "max_abs_difference": 0.0
    },
    {
      "family": "cauchy_cluster",
      "method": "14-term moments",
      "n": 1024,
      "parameters": {
        "order": 14,
        "theoretical_abs_bound": 2.0480000000000016e-10
      },
      "batch": 67,
      "repetitions_ms": [
        0.10003180597014925,
        0.1224394776119403,
        0.1090355223880597,
        0.10776376119402985,
        0.0995640895522388,
        0.10643114925373134,
        0.1045010895522388
      ],
      "median_ms": 0.10643114925373134,
      "q25_ms": 0.10226644776119403,
      "q75_ms": 0.10839964179104478,
      "max_abs_difference": 7.808658460852668e-13
    },
    {
      "family": "cauchy_cluster",
      "method": "blocked direct",
      "n": 4096,
      "parameters": {
        "order": 14,
        "theoretical_abs_bound": 2.0480000000000016e-10
      },
      "batch": 1,
      "repetitions_ms": [
        130.933524,
        124.200846,
        123.408644,
        120.84963,
        140.429648,
        130.964951,
        132.205688
      ],
      "median_ms": 130.933524,
      "q25_ms": 123.804745,
      "q75_ms": 131.58531950000003,
      "max_abs_difference": 0.0
    },
    {
      "family": "cauchy_cluster",
      "method": "14-term moments",
      "n": 4096,
      "parameters": {
        "order": 14,
        "theoretical_abs_bound": 2.0480000000000016e-10
      },
      "batch": 14,
      "repetitions_ms": [
        0.28191842857142857,
        0.28760914285714284,
        0.2941932857142857,
        0.29063935714285716,
        0.27935671428571424,
        0.2751124285714286,
        0.28709907142857144
      ],
      "median_ms": 0.28709907142857144,
      "q25_ms": 0.2806375714285714,
      "q75_ms": 0.28912424999999997,
      "max_abs_difference": 4.1185038090932233e-13
    },
    {
      "family": "periodic_graph_heat",
      "method": "FFT spectral action",
      "n": 32,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.01315158,
        0.01049018,
        0.01012283,
        0.009858229999999999,
        0.01165243,
        0.01069079,
        0.010109110000000001
      ],
      "median_ms": 0.01049018,
      "q25_ms": 0.01011597,
      "q75_ms": 0.01117161,
      "max_abs_difference": 0.0
    },
    {
      "family": "periodic_graph_heat",
      "method": "sparse expm_multiply",
      "n": 32,
      "parameters": {},
      "batch": 11,
      "repetitions_ms": [
        0.5215309090909092,
        0.5317872727272727,
        0.5082746363636363,
        0.5414508181818183,
        0.5336746363636363,
        0.48901009090909087,
        0.5000103636363636
      ],
      "median_ms": 0.5215309090909092,
      "q25_ms": 0.5041424999999999,
      "q75_ms": 0.5327309545454545,
      "max_abs_difference": 4.440892098500626e-16
    },
    {
      "family": "periodic_graph_heat",
      "method": "dense expm action",
      "n": 32,
      "parameters": {},
      "batch": 73,
      "repetitions_ms": [
        0.051529986301369866,
        0.05365084931506849,
        0.05077994520547945,
        0.051926068493150686,
        0.04765593150684932,
        0.05172328767123288,
        0.05346083561643836
      ],
      "median_ms": 0.05172328767123288,
      "q25_ms": 0.05115496575342466,
      "q75_ms": 0.05269345205479452,
      "max_abs_difference": 1.887379141862766e-15
    },
    {
      "family": "periodic_graph_heat",
      "method": "FFT spectral action",
      "n": 128,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.016416490000000002,
        0.0143622,
        0.012932260000000001,
        0.012285379999999999,
        0.0143579,
        0.013807469999999999,
        0.013011479999999999
      ],
      "median_ms": 0.013807469999999999,
      "q25_ms": 0.01297187,
      "q75_ms": 0.01436005,
      "max_abs_difference": 0.0
    },
    {
      "family": "periodic_graph_heat",
      "method": "sparse expm_multiply",
      "n": 128,
      "parameters": {},
      "batch": 9,
      "repetitions_ms": [
        0.5343405555555555,
        0.5132142222222222,
        0.4990696666666667,
        0.519033,
        0.5312313333333334,
        0.5229098888888889,
        0.5043553333333333
      ],
      "median_ms": 0.519033,
      "q25_ms": 0.5087847777777778,
      "q75_ms": 0.5270706111111112,
      "max_abs_difference": 4.440892098500626e-16
    },
    {
      "family": "periodic_graph_heat",
      "method": "dense expm action",
      "n": 128,
      "parameters": {},
      "batch": 5,
      "repetitions_ms": [
        1.3350743999999999,
        1.3254618,
        1.349522,
        1.3054278000000001,
        1.3039996,
        1.3508362,
        1.2739844
      ],
      "median_ms": 1.3254618,
      "q25_ms": 1.3047137000000002,
      "q75_ms": 1.3422982,
      "max_abs_difference": 2.9698465908722937e-15
    },
    {
      "family": "periodic_graph_heat",
      "method": "FFT spectral action",
      "n": 512,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.01965627,
        0.021803700000000002,
        0.018917959999999998,
        0.019244650000000002,
        0.01954349,
        0.01922682,
        0.020675799999999998
      ],
      "median_ms": 0.01954349,
      "q25_ms": 0.019235735,
      "q75_ms": 0.020166035,
      "max_abs_difference": 0.0
    },
    {
      "family": "periodic_graph_heat",
      "method": "sparse expm_multiply",
      "n": 512,
      "parameters": {},
      "batch": 13,
      "repetitions_ms": [
        0.5679597692307693,
        0.5560210769230769,
        0.5690590769230769,
        0.5673973846153846,
        0.5323184615384615,
        0.5956660769230768,
        0.553233
      ],
      "median_ms": 0.5673973846153846,
      "q25_ms": 0.5546270384615384,
      "q75_ms": 0.5685094230769231,
      "max_abs_difference": 6.661338147750939e-16
    },
    {
      "family": "periodic_graph_heat",
      "method": "FFT spectral action",
      "n": 2048,
      "parameters": {},
      "batch": 53,
      "repetitions_ms": [
        0.0702596603773585,
        0.07337377358490567,
        0.08143024528301887,
        0.06976854716981133,
        0.06846883018867925,
        0.06955539622641509,
        0.07533954716981132
      ],
      "median_ms": 0.0702596603773585,
      "q25_ms": 0.06966197169811321,
      "q75_ms": 0.0743566603773585,
      "max_abs_difference": 0.0
    },
    {
      "family": "periodic_graph_heat",
      "method": "sparse expm_multiply",
      "n": 2048,
      "parameters": {},
      "batch": 9,
      "repetitions_ms": [
        0.8090214444444445,
        0.7527502222222222,
        0.7512122222222223,
        0.7168294444444445,
        0.7995538888888889,
        0.7624781111111111,
        0.756261
      ],
      "median_ms": 0.756261,
      "q25_ms": 0.7519812222222222,
      "q75_ms": 0.7810159999999999,
      "max_abs_difference": 8.881784197001252e-16
    },
    {
      "family": "complete_elliptic",
      "method": "quadrature",
      "n": 0.8,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.00778721,
        0.0066519,
        0.00720424,
        0.00652021,
        0.0068029300000000004,
        0.007176,
        0.00712933
      ],
      "median_ms": 0.00712933,
      "q25_ms": 0.0067274150000000005,
      "q75_ms": 0.0071901199999999995,
      "max_abs_difference": 0.0
    },
    {
      "family": "complete_elliptic",
      "method": "AGM",
      "n": 0.8,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.00049374,
        0.00047581,
        0.0004699,
        0.00047382,
        0.00048002,
        0.00047282,
        0.00047391
      ],
      "median_ms": 0.00047391,
      "q25_ms": 0.00047332,
      "q75_ms": 0.000477915,
      "max_abs_difference": 2.220446049250313e-16
    },
    {
      "family": "complete_elliptic",
      "method": "ellipkm1",
      "n": 0.8,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.00054152,
        0.00053641,
        0.0005302000000000001,
        0.0005309,
        0.00052439,
        0.0005321,
        0.0005445199999999999
      ],
      "median_ms": 0.0005321,
      "q25_ms": 0.0005305500000000001,
      "q75_ms": 0.000538965,
      "max_abs_difference": 0.0
    },
    {
      "family": "complete_elliptic",
      "method": "quadrature",
      "n": 0.2,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.03061675,
        0.02621483,
        0.02677027,
        0.02685349,
        0.026617540000000002,
        0.02662615,
        0.02682736
      ],
      "median_ms": 0.02677027,
      "q25_ms": 0.026621845,
      "q75_ms": 0.026840425,
      "max_abs_difference": 8.881784197001252e-16
    },
    {
      "family": "complete_elliptic",
      "method": "AGM",
      "n": 0.2,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.0005703500000000001,
        0.00055574,
        0.00054802,
        0.00055283,
        0.0005489199999999999,
        0.00054742,
        0.0005490299999999999
      ],
      "median_ms": 0.0005490299999999999,
      "q25_ms": 0.0005484699999999999,
      "q75_ms": 0.0005542850000000001,
      "max_abs_difference": 8.881784197001252e-16
    },
    {
      "family": "complete_elliptic",
      "method": "ellipkm1",
      "n": 0.2,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.0005387100000000001,
        0.0005327,
        0.0005265,
        0.00052749,
        0.0007321000000000001,
        0.0005303899999999999,
        0.0005305
      ],
      "median_ms": 0.0005305,
      "q25_ms": 0.00052894,
      "q75_ms": 0.000535705,
      "max_abs_difference": 8.881784197001252e-16
    },
    {
      "family": "complete_elliptic",
      "method": "quadrature",
      "n": 0.01,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.07171266999999999,
        0.0676012,
        0.07258769,
        0.06494119,
        0.06703092999999999,
        0.06686318,
        0.06550504
      ],
      "median_ms": 0.06703092999999999,
      "q25_ms": 0.06618410999999999,
      "q75_ms": 0.069656935,
      "max_abs_difference": 3.552713678800501e-15
    },
    {
      "family": "complete_elliptic",
      "method": "AGM",
      "n": 0.01,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.00066831,
        0.00063846,
        0.0006355499999999999,
        0.00063956,
        0.00063315,
        0.00063546,
        0.00063976
      ],
      "median_ms": 0.00063846,
      "q25_ms": 0.000635505,
      "q75_ms": 0.00063966,
      "max_abs_difference": 0.0
    },
    {
      "family": "complete_elliptic",
      "method": "ellipkm1",
      "n": 0.01,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.0005403099999999999,
        0.00077677,
        0.0005326,
        0.00053411,
        0.0005377100000000001,
        0.0005326,
        0.0010928399999999999
      ],
      "median_ms": 0.0005377100000000001,
      "q25_ms": 0.000533355,
      "q75_ms": 0.00065854,
      "max_abs_difference": 0.0
    },
    {
      "family": "complete_elliptic",
      "method": "quadrature",
      "n": 1e-05,
      "parameters": {},
      "batch": 35,
      "repetitions_ms": [
        0.1669954857142857,
        0.16300320000000001,
        0.16320522857142858,
        0.1724239714285714,
        0.16788971428571428,
        0.1645629714285714,
        0.1685732857142857
      ],
      "median_ms": 0.1669954857142857,
      "q25_ms": 0.16388409999999998,
      "q75_ms": 0.16823149999999998,
      "max_abs_difference": 5.60440582830779e-12
    },
    {
      "family": "complete_elliptic",
      "method": "AGM",
      "n": 1e-05,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.00075885,
        0.0007360099999999999,
        0.0007327000000000001,
        0.0007292,
        0.0014796199999999999,
        0.00073501,
        0.0010683
      ],
      "median_ms": 0.0007360099999999999,
      "q25_ms": 0.000733855,
      "q75_ms": 0.000913575,
      "max_abs_difference": 0.0
    },
    {
      "family": "complete_elliptic",
      "method": "ellipkm1",
      "n": 1e-05,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.0005402100000000001,
        0.0005326,
        0.00052519,
        0.00052289,
        0.0005305,
        0.0005230800000000001,
        0.00052759
      ],
      "median_ms": 0.00052759,
      "q25_ms": 0.000524135,
      "q75_ms": 0.00053155,
      "max_abs_difference": 1.7763568394002505e-15
    },
    {
      "family": "circular_wiener",
      "method": "dense positive solve",
      "n": 32,
      "parameters": {},
      "batch": 95,
      "repetitions_ms": [
        0.035004021052631576,
        0.03495427368421053,
        0.03785156842105263,
        0.03491105263157895,
        0.03529498947368421,
        0.036503021052631576,
        0.03559228421052632
      ],
      "median_ms": 0.03529498947368421,
      "q25_ms": 0.03497914736842105,
      "q75_ms": 0.03604765263157895,
      "max_abs_difference": 2.220446049250313e-15
    },
    {
      "family": "circular_wiener",
      "method": "FFT diagonal filter",
      "n": 32,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.01184932,
        0.00965843,
        0.00964361,
        0.01208718,
        0.01098302,
        0.01051001,
        0.00978612
      ],
      "median_ms": 0.01051001,
      "q25_ms": 0.009722275,
      "q75_ms": 0.01141617,
      "max_abs_difference": 0.0
    },
    {
      "family": "circular_wiener",
      "method": "dense positive solve",
      "n": 128,
      "parameters": {},
      "batch": 31,
      "repetitions_ms": [
        0.18461932258064515,
        0.1853361935483871,
        0.17699787096774194,
        0.18410274193548387,
        0.18589025806451612,
        0.17450574193548388,
        0.18249938709677418
      ],
      "median_ms": 0.18410274193548387,
      "q25_ms": 0.17974862903225808,
      "q75_ms": 0.1849777580645161,
      "max_abs_difference": 1.5543122344752192e-15
    },
    {
      "family": "circular_wiener",
      "method": "FFT diagonal filter",
      "n": 128,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.01227927,
        0.01359045,
        0.01367326,
        0.01190982,
        0.01167176,
        0.0159531,
        0.01186295
      ],
      "median_ms": 0.01227927,
      "q25_ms": 0.011886385,
      "q75_ms": 0.013631855,
      "max_abs_difference": 0.0
    },
    {
      "family": "circular_wiener",
      "method": "dense positive solve",
      "n": 512,
      "parameters": {},
      "batch": 1,
      "repetitions_ms": [
        4.359999,
        4.187319,
        4.123212,
        4.426749,
        4.153007,
        4.216914,
        4.093528
      ],
      "median_ms": 4.187319,
      "q25_ms": 4.1381095,
      "q75_ms": 4.288456500000001,
      "max_abs_difference": 2.6645352591003757e-15
    },
    {
      "family": "circular_wiener",
      "method": "FFT diagonal filter",
      "n": 512,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.02128802,
        0.01892426,
        0.020373150000000003,
        0.01980059,
        0.020492029999999998,
        0.01919077,
        0.02074941
      ],
      "median_ms": 0.020373150000000003,
      "q25_ms": 0.01949568,
      "q75_ms": 0.02062072,
      "max_abs_difference": 0.0
    },
    {
      "family": "full_gradient",
      "method": "analytic vector gradient",
      "n": 8,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.00421955,
        0.00439762,
        0.00411699,
        0.0073586599999999995,
        0.00512922,
        0.00429386,
        0.00497068
      ],
      "median_ms": 0.00439762,
      "q25_ms": 0.0042567049999999995,
      "q75_ms": 0.00504995,
      "max_abs_difference": 0.0
    },
    {
      "family": "full_gradient",
      "method": "coordinate complex steps",
      "n": 8,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.06063982,
        0.057265050000000005,
        0.05481205,
        0.05512282,
        0.055173900000000005,
        0.05378961,
        0.0574996
      ],
      "median_ms": 0.055173900000000005,
      "q25_ms": 0.054967435,
      "q75_ms": 0.057382325,
      "max_abs_difference": 2.220446049250313e-16
    },
    {
      "family": "full_gradient",
      "method": "centered finite differences",
      "n": 8,
      "parameters": {},
      "batch": 83,
      "repetitions_ms": [
        0.09997207228915662,
        0.10105140963855422,
        0.09793586746987952,
        0.1024332530120482,
        0.09846330120481928,
        0.09904586746987952,
        0.09651518072289157
      ],
      "median_ms": 0.09904586746987952,
      "q25_ms": 0.0981995843373494,
      "q75_ms": 0.10051174096385543,
      "max_abs_difference": 2.3720136965721395e-11
    },
    {
      "family": "full_gradient",
      "method": "analytic vector gradient",
      "n": 32,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.005253399999999999,
        0.0047848000000000005,
        0.005481649999999999,
        0.00431899,
        0.0054017200000000005,
        0.00428104,
        0.00428435
      ],
      "median_ms": 0.0047848000000000005,
      "q25_ms": 0.0043016700000000005,
      "q75_ms": 0.00532756,
      "max_abs_difference": 0.0
    },
    {
      "family": "full_gradient",
      "method": "coordinate complex steps",
      "n": 32,
      "parameters": {},
      "batch": 27,
      "repetitions_ms": [
        0.23598462962962963,
        0.23085840740740743,
        0.23466451851851852,
        0.2329904814814815,
        0.23458211111111113,
        0.2307244814814815,
        0.23414
      ],
      "median_ms": 0.23414,
      "q25_ms": 0.23192444444444446,
      "q75_ms": 0.23462331481481483,
      "max_abs_difference": 2.220446049250313e-16
    },
    {
      "family": "full_gradient",
      "method": "centered finite differences",
      "n": 32,
      "parameters": {},
      "batch": 18,
      "repetitions_ms": [
        0.4111551666666667,
        0.41796822222222224,
        0.40377572222222224,
        0.409644,
        0.41609144444444446,
        0.4103506111111111,
        0.4437463888888889
      ],
      "median_ms": 0.4111551666666667,
      "q25_ms": 0.4099973055555556,
      "q75_ms": 0.4170298333333333,
      "max_abs_difference": 5.6612159404778595e-11
    },
    {
      "family": "full_gradient",
      "method": "analytic vector gradient",
      "n": 128,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.00749217,
        0.00550508,
        0.00646752,
        0.00597219,
        0.0051171,
        0.00550348,
        0.0060364799999999995
      ],
      "median_ms": 0.00597219,
      "q25_ms": 0.00550428,
      "q75_ms": 0.006252,
      "max_abs_difference": 0.0
    },
    {
      "family": "full_gradient",
      "method": "coordinate complex steps",
      "n": 128,
      "parameters": {},
      "batch": 5,
      "repetitions_ms": [
        1.1392416,
        1.1582721999999999,
        1.144788,
        1.1309593999999998,
        1.1757408,
        1.2003318,
        1.2094053999999999
      ],
      "median_ms": 1.1582721999999999,
      "q25_ms": 1.1420148,
      "q75_ms": 1.1880363,
      "max_abs_difference": 2.220446049250313e-16
    },
    {
      "family": "full_gradient",
      "method": "centered finite differences",
      "n": 128,
      "parameters": {},
      "batch": 4,
      "repetitions_ms": [
        1.9088415,
        1.838989,
        2.084363,
        1.9005415,
        1.9304065,
        1.8739765,
        1.86084675
      ],
      "median_ms": 1.9005415,
      "q25_ms": 1.867411625,
      "q75_ms": 1.919624,
      "max_abs_difference": 1.7365564541904632e-10
    },
    {
      "family": "full_gradient",
      "method": "analytic vector gradient",
      "n": 512,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.00904792,
        0.01041627,
        0.00941076,
        0.010836,
        0.008885559999999999,
        0.00874616,
        0.01029528
      ],
      "median_ms": 0.00941076,
      "q25_ms": 0.008966739999999999,
      "q75_ms": 0.010355775000000001,
      "max_abs_difference": 0.0
    },
    {
      "family": "full_gradient",
      "method": "coordinate complex steps",
      "n": 512,
      "parameters": {},
      "batch": 1,
      "repetitions_ms": [
        8.560468,
        8.390782,
        9.090206,
        8.616512,
        8.992498,
        8.097091,
        8.711806
      ],
      "median_ms": 8.616512,
      "q25_ms": 8.475625,
      "q75_ms": 8.852152,
      "max_abs_difference": 2.220446049250313e-16
    },
    {
      "family": "full_gradient",
      "method": "centered finite differences",
      "n": 512,
      "parameters": {},
      "batch": 1,
      "repetitions_ms": [
        12.194884,
        11.433559,
        11.680762,
        11.926592,
        12.037448,
        12.442468,
        12.015396
      ],
      "median_ms": 12.015396,
      "q25_ms": 11.803677,
      "q75_ms": 12.116166,
      "max_abs_difference": 1.2193448473141189e-09
    },
    {
      "family": "matrix_exponential",
      "method": "general expm",
      "n": 4,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.01404593,
        0.012438010000000001,
        0.01451153,
        0.01443952,
        0.01564964,
        0.01352044,
        0.0144937
      ],
      "median_ms": 0.01443952,
      "q25_ms": 0.013783185,
      "q75_ms": 0.014502615,
      "max_abs_difference": 0.0
    },
    {
      "family": "matrix_exponential",
      "method": "64-point contour",
      "n": 4,
      "parameters": {},
      "batch": 3,
      "repetitions_ms": [
        1.818432,
        1.9407496666666668,
        1.737387,
        1.9656873333333333,
        1.8557416666666668,
        1.8070616666666668,
        2.08504
      ],
      "median_ms": 1.8557416666666668,
      "q25_ms": 1.8127468333333334,
      "q75_ms": 1.9532185000000002,
      "max_abs_difference": 8.881784197001252e-16
    },
    {
      "family": "matrix_exponential",
      "method": "general expm",
      "n": 12,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.02152288,
        0.01753858,
        0.02063073,
        0.017556810000000003,
        0.019856369999999998,
        0.01888811,
        0.01766247
      ],
      "median_ms": 0.01888811,
      "q25_ms": 0.017609640000000003,
      "q75_ms": 0.02024355,
      "max_abs_difference": 0.0
    },
    {
      "family": "matrix_exponential",
      "method": "64-point contour",
      "n": 12,
      "parameters": {},
      "batch": 3,
      "repetitions_ms": [
        2.1085583333333333,
        1.9535723333333332,
        1.9401153333333332,
        2.0041646666666666,
        2.011933,
        1.906518,
        2.1949953333333334
      ],
      "median_ms": 2.0041646666666666,
      "q25_ms": 1.9468438333333333,
      "q75_ms": 2.060245666666667,
      "max_abs_difference": 1.1102230246251565e-15
    },
    {
      "family": "matrix_exponential",
      "method": "general expm",
      "n": 24,
      "parameters": {},
      "batch": 100,
      "repetitions_ms": [
        0.03021715,
        0.033984730000000005,
        0.02901485,
        0.03010018,
        0.02926443,
        0.029063119999999998,
        0.031183810000000003
      ],
      "median_ms": 0.03010018,
      "q25_ms": 0.029163775,
      "q75_ms": 0.030700480000000002,
      "max_abs_difference": 0.0
    },
    {
      "family": "matrix_exponential",
      "method": "64-point contour",
      "n": 24,
      "parameters": {},
      "batch": 2,
      "repetitions_ms": [
        3.0522365,
        3.5636555,
        3.045176,
        3.0862725,
        3.0767735,
        2.9498275,
        2.8543485
      ],
      "median_ms": 3.0522365,
      "q25_ms": 2.99750175,
      "q75_ms": 3.081523,
      "max_abs_difference": 1.1102230246251565e-15
    }
  ]
}






PHI_volume_02_verification/verification/analytic_models/new_results/checks.json

{
  "checks": [
    {
      "name": "linear_convolution/direct/64/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=2.918583566557716e-10"
    },
    {
      "name": "linear_convolution/fft/64/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=5.329070518200751e-15; tolerance=2.918583566557716e-10"
    },
    {
      "name": "linear_convolution/overlap-add/64/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=5.329070518200751e-15; tolerance=2.918583566557716e-10"
    },
    {
      "name": "linear_convolution/direct/256/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=1.0588721341420267e-09"
    },
    {
      "name": "linear_convolution/fft/256/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=1.5987211554602254e-14; tolerance=1.0588721341420267e-09"
    },
    {
      "name": "linear_convolution/overlap-add/256/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=1.5987211554602254e-14; tolerance=1.0588721341420267e-09"
    },
    {
      "name": "linear_convolution/direct/1024/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=1.8441349913682798e-09"
    },
    {
      "name": "linear_convolution/fft/1024/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=4.263256414560601e-14; tolerance=1.8441349913682798e-09"
    },
    {
      "name": "linear_convolution/overlap-add/1024/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=4.263256414560601e-14; tolerance=1.8441349913682798e-09"
    },
    {
      "name": "linear_convolution/direct/4096/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=3.9876061097010436e-09"
    },
    {
      "name": "linear_convolution/fft/4096/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=1.2079226507921703e-13; tolerance=3.9876061097010436e-09"
    },
    {
      "name": "linear_convolution/overlap-add/4096/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=1.2079226507921703e-13; tolerance=3.9876061097010436e-09"
    },
    {
      "name": "cauchy_cluster/blocked direct/64/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=2.0482000000000015e-10"
    },
    {
      "name": "cauchy_cluster/14-term moments/64/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=2.2948351277055135e-12; tolerance=2.0482000000000015e-10"
    },
    {
      "name": "cauchy_cluster/blocked direct/256/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=2.0482000000000015e-10"
    },
    {
      "name": "cauchy_cluster/14-term moments/256/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=4.577646631937394e-12; tolerance=2.0482000000000015e-10"
    },
    {
      "name": "cauchy_cluster/blocked direct/1024/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=2.0482000000000015e-10"
    },
    {
      "name": "cauchy_cluster/14-term moments/1024/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=7.808658460852668e-13; tolerance=2.0482000000000015e-10"
    },
    {
      "name": "cauchy_cluster/blocked direct/4096/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=2.0482000000000015e-10"
    },
    {
      "name": "cauchy_cluster/14-term moments/4096/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=4.1185038090932233e-13; tolerance=2.0482000000000015e-10"
    },
    {
      "name": "periodic_graph_heat/FFT spectral action/32/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=1e-11"
    },
    {
      "name": "periodic_graph_heat/sparse expm_multiply/32/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=4.440892098500626e-16; tolerance=1e-11"
    },
    {
      "name": "periodic_graph_heat/dense expm action/32/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=1.887379141862766e-15; tolerance=1e-11"
    },
    {
      "name": "periodic_graph_heat/FFT spectral action/128/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=1e-11"
    },
    {
      "name": "periodic_graph_heat/sparse expm_multiply/128/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=4.440892098500626e-16; tolerance=1e-11"
    },
    {
      "name": "periodic_graph_heat/dense expm action/128/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=2.9698465908722937e-15; tolerance=1e-11"
    },
    {
      "name": "periodic_graph_heat/FFT spectral action/512/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=1e-11"
    },
    {
      "name": "periodic_graph_heat/sparse expm_multiply/512/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=6.661338147750939e-16; tolerance=1e-11"
    },
    {
      "name": "periodic_graph_heat/FFT spectral action/2048/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=1e-11"
    },
    {
      "name": "periodic_graph_heat/sparse expm_multiply/2048/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=8.881784197001252e-16; tolerance=1e-11"
    },
    {
      "name": "complete_elliptic/quadrature/0.8/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=2e-09"
    },
    {
      "name": "complete_elliptic/AGM/0.8/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=2.220446049250313e-16; tolerance=2e-09"
    },
    {
      "name": "complete_elliptic/ellipkm1/0.8/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=2e-09"
    },
    {
      "name": "complete_elliptic/quadrature/0.2/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=8.881784197001252e-16; tolerance=2e-09"
    },
    {
      "name": "complete_elliptic/AGM/0.2/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=8.881784197001252e-16; tolerance=2e-09"
    },
    {
      "name": "complete_elliptic/ellipkm1/0.2/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=8.881784197001252e-16; tolerance=2e-09"
    },
    {
      "name": "complete_elliptic/quadrature/0.01/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=3.552713678800501e-15; tolerance=2e-09"
    },
    {
      "name": "complete_elliptic/AGM/0.01/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=2e-09"
    },
    {
      "name": "complete_elliptic/ellipkm1/0.01/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=2e-09"
    },
    {
      "name": "complete_elliptic/quadrature/1e-05/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=5.60440582830779e-12; tolerance=2e-09"
    },
    {
      "name": "complete_elliptic/AGM/1e-05/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=2e-09"
    },
    {
      "name": "complete_elliptic/ellipkm1/1e-05/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=1.7763568394002505e-15; tolerance=2e-09"
    },
    {
      "name": "circular_wiener/dense positive solve/32/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=2.220446049250313e-15; tolerance=3e-12"
    },
    {
      "name": "circular_wiener/FFT diagonal filter/32/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=3e-12"
    },
    {
      "name": "circular_wiener/dense positive solve/128/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=1.5543122344752192e-15; tolerance=3e-12"
    },
    {
      "name": "circular_wiener/FFT diagonal filter/128/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=3e-12"
    },
    {
      "name": "circular_wiener/dense positive solve/512/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=2.6645352591003757e-15; tolerance=3e-12"
    },
    {
      "name": "circular_wiener/FFT diagonal filter/512/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=3e-12"
    },
    {
      "name": "full_gradient/analytic vector gradient/8/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=1e-14"
    },
    {
      "name": "full_gradient/coordinate complex steps/8/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=2.220446049250313e-16; tolerance=3e-14"
    },
    {
      "name": "full_gradient/centered finite differences/8/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=2.3720136965721395e-11; tolerance=2e-07"
    },
    {
      "name": "full_gradient/analytic vector gradient/32/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=1e-14"
    },
    {
      "name": "full_gradient/coordinate complex steps/32/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=2.220446049250313e-16; tolerance=3e-14"
    },
    {
      "name": "full_gradient/centered finite differences/32/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=5.6612159404778595e-11; tolerance=2e-07"
    },
    {
      "name": "full_gradient/analytic vector gradient/128/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=1e-14"
    },
    {
      "name": "full_gradient/coordinate complex steps/128/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=2.220446049250313e-16; tolerance=3e-14"
    },
    {
      "name": "full_gradient/centered finite differences/128/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=1.7365564541904632e-10; tolerance=2e-07"
    },
    {
      "name": "full_gradient/analytic vector gradient/512/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=1e-14"
    },
    {
      "name": "full_gradient/coordinate complex steps/512/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=2.220446049250313e-16; tolerance=3e-14"
    },
    {
      "name": "full_gradient/centered finite differences/512/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=1.2193448473141189e-09; tolerance=2e-07"
    },
    {
      "name": "matrix_exponential/general expm/4/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=1e-12"
    },
    {
      "name": "matrix_exponential/64-point contour/4/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=8.881784197001252e-16; tolerance=1e-12"
    },
    {
      "name": "matrix_exponential/general expm/12/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=1e-12"
    },
    {
      "name": "matrix_exponential/64-point contour/12/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=1.1102230246251565e-15; tolerance=1e-12"
    },
    {
      "name": "matrix_exponential/general expm/24/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=0.0; tolerance=1e-12"
    },
    {
      "name": "matrix_exponential/64-point contour/24/output",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": "max absolute difference=1.1102230246251565e-15; tolerance=1e-12"
    },
    {
      "name": "cauchy_geometric_remainder",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "pade_reciprocal_symmetry",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "pade_second_order",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "spectral_factor",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "lagrange_tree_equation",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "joukowski_reciprocity",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "wirtinger_modulus",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "fractional_ode_borel",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "wiener_filter",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "schur_step",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "residue_transient",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "capacity_radial_flux",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "rouche_radius2_degree2",
      "kind": "exact rational inequality",
      "passed": true,
      "detail": ""
    },
    {
      "name": "rouche_radius1_linear_degree2",
      "kind": "exact rational inequality",
      "passed": true,
      "detail": ""
    },
    {
      "name": "rouche_radius2_degree3",
      "kind": "exact rational inequality",
      "passed": true,
      "detail": ""
    },
    {
      "name": "rouche_radius1_linear_degree3",
      "kind": "exact rational inequality",
      "passed": true,
      "detail": ""
    },
    {
      "name": "rouche_radius2_degree5",
      "kind": "exact rational inequality",
      "passed": true,
      "detail": ""
    },
    {
      "name": "rouche_radius1_linear_degree5",
      "kind": "exact rational inequality",
      "passed": true,
      "detail": ""
    },
    {
      "name": "rouche_radius2_degree10",
      "kind": "exact rational inequality",
      "passed": true,
      "detail": ""
    },
    {
      "name": "rouche_radius1_linear_degree10",
      "kind": "exact rational inequality",
      "passed": true,
      "detail": ""
    },
    {
      "name": "rouche_radius2_degree30",
      "kind": "exact rational inequality",
      "passed": true,
      "detail": ""
    },
    {
      "name": "rouche_radius1_linear_degree30",
      "kind": "exact rational inequality",
      "passed": true,
      "detail": ""
    },
    {
      "name": "rouche_radius2_degree100",
      "kind": "exact rational inequality",
      "passed": true,
      "detail": ""
    },
    {
      "name": "rouche_radius1_linear_degree100",
      "kind": "exact rational inequality",
      "passed": true,
      "detail": ""
    },
    {
      "name": "zero_free_tail/1/20/4",
      "kind": "high-precision diagnostic with proved rational tail",
      "passed": true,
      "detail": ""
    },
    {
      "name": "zero_free_tail/1/20/8",
      "kind": "high-precision diagnostic with proved rational tail",
      "passed": true,
      "detail": ""
    },
    {
      "name": "zero_free_tail/1/20/16",
      "kind": "high-precision diagnostic with proved rational tail",
      "passed": true,
      "detail": ""
    },
    {
      "name": "zero_free_tail/1/20/32",
      "kind": "high-precision diagnostic with proved rational tail",
      "passed": true,
      "detail": ""
    },
    {
      "name": "zero_free_tail/1/10/4",
      "kind": "high-precision diagnostic with proved rational tail",
      "passed": true,
      "detail": ""
    },
    {
      "name": "zero_free_tail/1/10/8",
      "kind": "high-precision diagnostic with proved rational tail",
      "passed": true,
      "detail": ""
    },
    {
      "name": "zero_free_tail/1/10/16",
      "kind": "high-precision diagnostic with proved rational tail",
      "passed": true,
      "detail": ""
    },
    {
      "name": "zero_free_tail/1/10/32",
      "kind": "high-precision diagnostic with proved rational tail",
      "passed": true,
      "detail": ""
    },
    {
      "name": "zero_free_tail/1/5/4",
      "kind": "high-precision diagnostic with proved rational tail",
      "passed": true,
      "detail": ""
    },
    {
      "name": "zero_free_tail/1/5/8",
      "kind": "high-precision diagnostic with proved rational tail",
      "passed": true,
      "detail": ""
    },
    {
      "name": "zero_free_tail/1/5/16",
      "kind": "high-precision diagnostic with proved rational tail",
      "passed": true,
      "detail": ""
    },
    {
      "name": "zero_free_tail/1/5/32",
      "kind": "high-precision diagnostic with proved rational tail",
      "passed": true,
      "detail": ""
    },
    {
      "name": "zero_free_tail/1/4/4",
      "kind": "high-precision diagnostic with proved rational tail",
      "passed": true,
      "detail": ""
    },
    {
      "name": "zero_free_tail/1/4/8",
      "kind": "high-precision diagnostic with proved rational tail",
      "passed": true,
      "detail": ""
    },
    {
      "name": "zero_free_tail/1/4/16",
      "kind": "high-precision diagnostic with proved rational tail",
      "passed": true,
      "detail": ""
    },
    {
      "name": "zero_free_tail/1/4/32",
      "kind": "high-precision diagnostic with proved rational tail",
      "passed": true,
      "detail": ""
    },
    {
      "name": "linear_vs_circular_alias",
      "kind": "exact integer calculation",
      "passed": true,
      "detail": ""
    },
    {
      "name": "circular_alias_fails_unpadded",
      "kind": "exact integer counterexample",
      "passed": true,
      "detail": ""
    },
    {
      "name": "pick_feasible_1/2_1/3",
      "kind": "exact rational calculation",
      "passed": true,
      "detail": ""
    },
    {
      "name": "pick_feasible_1/2_3/4",
      "kind": "exact rational calculation",
      "passed": true,
      "detail": ""
    },
    {
      "name": "pick_feasible_1/2_1/2",
      "kind": "exact rational calculation",
      "passed": true,
      "detail": ""
    },
    {
      "name": "ternary_tree_coefficients",
      "kind": "exact integer calculation",
      "passed": true,
      "detail": ""
    },
    {
      "name": "near_critical_contraction",
      "kind": "exact rational inequality",
      "passed": true,
      "detail": ""
    },
    {
      "name": "stirling_saddle_30_9",
      "kind": "floating diagnostic of proved log bounds",
      "passed": true,
      "detail": ""
    },
    {
      "name": "stirling_saddle_30_15",
      "kind": "floating diagnostic of proved log bounds",
      "passed": true,
      "detail": ""
    },
    {
      "name": "stirling_saddle_30_21",
      "kind": "floating diagnostic of proved log bounds",
      "passed": true,
      "detail": ""
    },
    {
      "name": "stirling_saddle_100_30",
      "kind": "floating diagnostic of proved log bounds",
      "passed": true,
      "detail": ""
    },
    {
      "name": "stirling_saddle_100_50",
      "kind": "floating diagnostic of proved log bounds",
      "passed": true,
      "detail": ""
    },
    {
      "name": "stirling_saddle_100_70",
      "kind": "floating diagnostic of proved log bounds",
      "passed": true,
      "detail": ""
    },
    {
      "name": "stirling_saddle_500_150",
      "kind": "floating diagnostic of proved log bounds",
      "passed": true,
      "detail": ""
    },
    {
      "name": "stirling_saddle_500_250",
      "kind": "floating diagnostic of proved log bounds",
      "passed": true,
      "detail": ""
    },
    {
      "name": "stirling_saddle_500_350",
      "kind": "floating diagnostic of proved log bounds",
      "passed": true,
      "detail": ""
    },
    {
      "name": "stirling_saddle_2000_600",
      "kind": "floating diagnostic of proved log bounds",
      "passed": true,
      "detail": ""
    },
    {
      "name": "stirling_saddle_2000_1000",
      "kind": "floating diagnostic of proved log bounds",
      "passed": true,
      "detail": ""
    },
    {
      "name": "stirling_saddle_2000_1400",
      "kind": "floating diagnostic of proved log bounds",
      "passed": true,
      "detail": ""
    },
    {
      "name": "nonnormal_semigroup_0.0",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": ""
    },
    {
      "name": "nonnormal_semigroup_0.2",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": ""
    },
    {
      "name": "nonnormal_semigroup_1.0",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": ""
    },
    {
      "name": "nonnormal_semigroup_3.0",
      "kind": "floating diagnostic",
      "passed": true,
      "detail": ""
    },
    {
      "name": "mutation_missing_denominator_2",
      "kind": "exact mutation rejection",
      "passed": true,
      "detail": ""
    },
    {
      "name": "mutation_missing_denominator_3",
      "kind": "exact mutation rejection",
      "passed": true,
      "detail": ""
    },
    {
      "name": "mutation_missing_denominator_4",
      "kind": "exact mutation rejection",
      "passed": true,
      "detail": ""
    },
    {
      "name": "mutation_missing_denominator_5",
      "kind": "exact mutation rejection",
      "passed": true,
      "detail": ""
    },
    {
      "name": "mutation_missing_denominator_6",
      "kind": "exact mutation rejection",
      "passed": true,
      "detail": ""
    },
    {
      "name": "mutation_missing_denominator_7",
      "kind": "exact mutation rejection",
      "passed": true,
      "detail": ""
    },
    {
      "name": "mutation_missing_denominator_8",
      "kind": "exact mutation rejection",
      "passed": true,
      "detail": ""
    },
    {
      "name": "mutation_missing_denominator_9",
      "kind": "exact mutation rejection",
      "passed": true,
      "detail": ""
    },
    {
      "name": "mutation_missing_denominator_10",
      "kind": "exact mutation rejection",
      "passed": true,
      "detail": ""
    },
    {
      "name": "mutation_missing_denominator_11",
      "kind": "exact mutation rejection",
      "passed": true,
      "detail": ""
    },
    {
      "name": "mutation_missing_denominator_12",
      "kind": "exact mutation rejection",
      "passed": true,
      "detail": ""
    },
    {
      "name": "mutation_missing_denominator_13",
      "kind": "exact mutation rejection",
      "passed": true,
      "detail": ""
    },
    {
      "name": "finite_sample_counterexample",
      "kind": "exact rational counterexample",
      "passed": true,
      "detail": ""
    }
  ],
  "total": 142,
  "passed": 142,
  "kernel_acceptances": 0
}






PHI_volume_02_verification/verification/analytic_models/new_results/observations.json

{
  "multipole_tail": [
    {
      "p": 2,
      "bound": 0.05000000000000001
    },
    {
      "p": 4,
      "bound": 0.002
    },
    {
      "p": 6,
      "bound": 8.000000000000002e-05
    },
    {
      "p": 8,
      "bound": 3.2000000000000015e-06
    },
    {
      "p": 10,
      "bound": 1.2800000000000006e-07
    },
    {
      "p": 12,
      "bound": 5.120000000000003e-09
    },
    {
      "p": 14,
      "bound": 2.0480000000000016e-10
    },
    {
      "p": 16,
      "bound": 8.192000000000007e-12
    },
    {
      "p": 18,
      "bound": 3.2768000000000033e-13
    },
    {
      "p": 20,
      "bound": 1.3107200000000014e-14
    },
    {
      "p": 22,
      "bound": 5.242880000000006e-16
    }
  ],
  "elliptic": [
    {
      "kp": 0.8,
      "K": 1.7507538029157526,
      "log_asymptotic": 1.6094379124341003,
      "small_angle": 1.5707963267948966
    },
    {
      "kp": 0.2,
      "K": 3.0161124924776477,
      "log_asymptotic": 2.995732273553991,
      "small_angle": 1.5707963267948966
    },
    {
      "kp": 0.01,
      "K": 5.991589340506996,
      "log_asymptotic": 5.991464547107982,
      "small_angle": 1.5707963267948966
    },
    {
      "kp": 1e-05,
      "K": 12.899219826387599,
      "log_asymptotic": 12.89921982609012,
      "small_angle": 1.5707963267948966
    }
  ],
  "zero_free": [
    {
      "lam": 0.05,
      "m": 4,
      "error": 6.933388666531502e-06,
      "bound": 3.5735294117647056e-05
    },
    {
      "lam": 0.05,
      "m": 8,
      "error": 1.121878957097516e-09,
      "bound": 1.0050551470588235e-08
    },
    {
      "lam": 0.05,
      "m": 16,
      "error": 5.093476221966274e-17,
      "bound": 1.3636833956497351e-15
    },
    {
      "lam": 0.05,
      "m": 32,
      "error": 1.9442022817786896e-31,
      "bound": 4.614330302395606e-29
    },
    {
      "lam": 0.1,
      "m": 4,
      "error": 0.0002021372130601761,
      "bound": 0.0013885714285714285
    },
    {
      "lam": 0.1,
      "m": 8,
      "error": 5.197725839856372e-07,
      "bound": 6.248571428571429e-06
    },
    {
      "lam": 0.1,
      "m": 16,
      "error": 6.014896403567642e-12,
      "bound": 2.1704229075630253e-10
    },
    {
      "lam": 0.1,
      "m": 32,
      "error": 1.5009029655510575e-21,
      "bound": 4.8130394515632235e-19
    },
    {
      "lam": 0.2,
      "m": 4,
      "error": 0.005496241836107055,
      "bound": 0.07776
    },
    {
      "lam": 0.2,
      "m": 8,
      "error": 0.00022366278848800705,
      "bound": 0.00559872
    },
    {
      "lam": 0.2,
      "m": 16,
      "error": 6.581000075744121e-07,
      "bound": 4.978429248451765e-05
    },
    {
      "lam": 0.2,
      "m": 32,
      "error": 1.0721186168410855e-11,
      "bound": 7.235146463587637e-09
    },
    {
      "lam": 0.25,
      "m": 4,
      "error": 0.01560554524669279,
      "bound": 0.3796875
    },
    {
      "lam": 0.25,
      "m": 8,
      "error": 0.0015434630468695008,
      "bound": 0.066741943359375
    },
    {
      "lam": 0.25,
      "m": 16,
      "error": 2.699584492893096e-05,
      "bound": 0.0035373867379830163
    },
    {
      "lam": 0.25,
      "m": 32,
      "error": 1.5601352304236276e-08,
      "bound": 1.8264077403751506e-05
    }
  ],
  "saddle": [
    {
      "n": 30,
      "k": 9,
      "log_exact": -2.4976847156814133,
      "log_saddle": -2.487238974209812,
      "log_ratio": -0.010445741471601266,
      "lower": -0.010457430125020152,
      "upper": -0.0103491033187882
    },
    {
      "n": 30,
      "k": 15,
      "log_exact": -2.547051753453805,
      "log_saddle": -2.5387199612796327,
      "log_ratio": -0.008331792174172126,
      "lower": -0.008341028008618037,
      "upper": -0.008271945979128299
    },
    {
      "n": 30,
      "k": 21,
      "log_exact": -7.363266012979385,
      "log_saddle": -7.352820271507782,
      "log_ratio": -0.010445741471603043,
      "lower": -0.010457430125020152,
      "upper": -0.0103491033187882
    },
    {
      "n": 100,
      "k": 30,
      "log_exact": -4.604419978887627,
      "log_saddle": -4.601285166421038,
      "log_ratio": -0.0031348124665893096,
      "lower": -0.0031356145011432273,
      "upper": -0.003125810411252488
    },
    {
      "n": 100,
      "k": 50,
      "log_exact": -4.571976129989861,
      "log_saddle": -4.569476171651532,
      "log_ratio": -0.0024999583383289448,
      "lower": -0.0025006938662225924,
      "upper": -0.0024944536882972822
    },
    {
      "n": 100,
      "k": 70,
      "log_exact": -20.8230243032142,
      "log_saddle": -20.819889490747606,
      "log_ratio": -0.0031348124665946386,
      "lower": -0.0031356145011432273,
      "upper": -0.003125810411252488
    },
    {
      "n": 500,
      "k": 150,
      "log_exact": -14.04697276331809,
      "log_saddle": -14.046345780056704,
      "log_ratio": -0.0006269832613856607,
      "lower": -0.0006270119001330466,
      "upper": -0.0006266189805332215
    },
    {
      "n": 500,
      "k": 250,
      "log_exact": -13.53909403158627,
      "log_saddle": -13.538594031919617,
      "log_ratio": -0.0004999996666530393,
      "lower": -0.0005000277731489196,
      "upper": -0.0004997778518271688
    },
    {
      "n": 500,
      "k": 350,
      "log_exact": -95.13999438495095,
      "log_saddle": -95.13936740168954,
      "log_ratio": -0.0006269832614123061,
      "lower": -0.0006270119001330466,
      "upper": -0.0006266189805332215
    },
    {
      "n": 2000,
      "k": 600,
      "log_exact": -47.14093092195469,
      "log_saddle": -47.14077417593646,
      "log_ratio": -0.00015674601823434386,
      "lower": -0.0001567477677848079,
      "upper": -0.00015672320142837178
    },
    {
      "n": 2000,
      "k": 1000,
      "log_exact": -44.84836210266567,
      "log_saddle": -44.84823710267094,
      "log_ratio": -0.00012499999472481704,
      "lower": -0.00012500173603877617,
      "upper": -0.0001249861122684221
    },
    {
      "n": 2000,
      "k": 1400,
      "log_exact": -371.5130174084861,
      "log_saddle": -371.5128606624678,
      "log_ratio": -0.000156746018319609,
      "lower": -0.0001567477677848079,
      "upper": -0.00015672320142837178
    }
  ]
}






PHI_volume_02_verification/verification/analytic_models/new_results/supplementary_checks.json

{
  "total": 77,
  "passed": 77,
  "checks": [
    {
      "name": "N01_deterministic_workload",
      "kind": "exact rational instance",
      "passed": true,
      "detail": ""
    },
    {
      "name": "N01_exponential_workload",
      "kind": "exact rational instance",
      "passed": true,
      "detail": ""
    },
    {
      "name": "N02_three_stage_mean_variance",
      "kind": "exact symbolic moments",
      "passed": true,
      "detail": ""
    },
    {
      "name": "N02_erlang_survival_derivative",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "N03_absorption_solution",
      "kind": "exact rational linear algebra",
      "passed": true,
      "detail": ""
    },
    {
      "name": "N03_selected_absorption",
      "kind": "exact rational linear algebra",
      "passed": true,
      "detail": ""
    },
    {
      "name": "N04_sum_probability",
      "kind": "exact polynomial coefficient",
      "passed": true,
      "detail": ""
    },
    {
      "name": "N04_normalization",
      "kind": "exact polynomial coefficient",
      "passed": true,
      "detail": ""
    },
    {
      "name": "N06_mixture_mean",
      "kind": "exact rational instance",
      "passed": true,
      "detail": ""
    },
    {
      "name": "N06_transform_mean",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "N09_identity_graph_derivative",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "N10_weighted_aggregate",
      "kind": "exact counterexample",
      "passed": true,
      "detail": ""
    },
    {
      "name": "N11_reassociation",
      "kind": "floating counterexample",
      "passed": true,
      "detail": ""
    },
    {
      "name": "N12_threshold_10",
      "kind": "exact integer instance",
      "passed": true,
      "detail": ""
    },
    {
      "name": "N12_threshold_11",
      "kind": "exact integer instance",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T01_impulse_ode",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T01_initial_value",
      "kind": "symbolic endpoint identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T01_initial_slope",
      "kind": "symbolic endpoint identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T02_characteristic_factor",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T05_schur_modulus_identity",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T06_pick_center_radius",
      "kind": "exact rational instance",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T07_spectral_factor",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T07_reciprocal_factor",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T09_binomial_weights",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T09_uniform_roots",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T11_four_tone_orthogonality_0",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T11_four_tone_orthogonality_1",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T11_four_tone_orthogonality_2",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T11_four_tone_orthogonality_3",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T12_bessel_low_order_residual",
      "kind": "exact polynomial identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T12_bessel_final_residual",
      "kind": "exact polynomial identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T14_debye_complex_pair",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T15_laplacian_chain_example",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T18_flow_product",
      "kind": "exact polynomial matrix identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T18_determinant",
      "kind": "exact polynomial matrix identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T18_eigenvalue_polynomial",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T19_state_domain",
      "kind": "exhaustive finite transition check",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T19_fixed_points",
      "kind": "exhaustive finite transition check",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T19_descent",
      "kind": "exhaustive finite transition check",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T19_terminal_-8",
      "kind": "finite orbit check",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T19_terminal_-7",
      "kind": "finite orbit check",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T19_terminal_-6",
      "kind": "finite orbit check",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T19_terminal_-5",
      "kind": "finite orbit check",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T19_terminal_-4",
      "kind": "finite orbit check",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T19_terminal_-3",
      "kind": "finite orbit check",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T19_terminal_-2",
      "kind": "finite orbit check",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T19_terminal_-1",
      "kind": "finite orbit check",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T19_terminal_0",
      "kind": "finite orbit check",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T19_terminal_1",
      "kind": "finite orbit check",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T19_terminal_2",
      "kind": "finite orbit check",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T19_terminal_3",
      "kind": "finite orbit check",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T19_terminal_4",
      "kind": "finite orbit check",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T19_terminal_5",
      "kind": "finite orbit check",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T19_terminal_6",
      "kind": "finite orbit check",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T19_terminal_7",
      "kind": "finite orbit check",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T19_terminal_8",
      "kind": "finite orbit check",
      "passed": true,
      "detail": ""
    },
    {
      "name": "T20_allocation_gain",
      "kind": "exact rational instance",
      "passed": true,
      "detail": ""
    },
    {
      "name": "X02_moment_recurrence",
      "kind": "exact integer identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "X02_hankel_determinant",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "X03_monomial_0",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "X03_monomial_1",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "X03_monomial_2",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "X03_monomial_3",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "X03_conjugate",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "X05_constant_resolvent",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "X05_linear_resolvent",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "X06_truncated_commutator_1",
      "kind": "exact symbolic matrix identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "X06_truncated_commutator_3",
      "kind": "exact symbolic matrix identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "X06_truncated_commutator_7",
      "kind": "exact symbolic matrix identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "X07_geometric_remainder_1",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "X07_geometric_remainder_4",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "X07_geometric_remainder_10",
      "kind": "symbolic identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "X07_bound_instance",
      "kind": "exact rational instance",
      "passed": true,
      "detail": ""
    },
    {
      "name": "mutated_schur_sign_rejected",
      "kind": "exact mutation rejection",
      "passed": true,
      "detail": ""
    },
    {
      "name": "mutated_moment_recurrence_rejected",
      "kind": "exact mutation rejection",
      "passed": true,
      "detail": ""
    },
    {
      "name": "mutated_rounding_rule_rejected",
      "kind": "exact mutation rejection",
      "passed": true,
      "detail": ""
    },
    {
      "name": "mutated_spectral_sign_rejected",
      "kind": "symbolic mutation rejection",
      "passed": true,
      "detail": ""
    }
  ],
  "kernel_acceptances": 0
}
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PHI_volume_02_verification/verification/analytic_models/results/benchmarks.json

{
  "environment": {
    "python": "3.13.5 (main, Jul 15 2026, 20:25:40) [GCC 14.2.0]",
    "platform": "Linux-6.18.44-x86_64-with-glibc2.41",
    "machine": "x86_64",
    "processor": "",
    "numpy": "2.3.5",
    "scipy": "1.17.0",
    "sympy": "1.14.0",
    "mpmath": "1.3.0",
    "seed": 731904,
    "timer": "time.perf_counter_ns",
    "gc": "disabled only inside measured loops",
    "thread_environment": {
      "OPENBLAS_NUM_THREADS": "1",
      "OMP_NUM_THREADS": "1"
    },
    "timestamp_utc": "2026-10-03T02:23:15Z"
  },
  "timings": [
    {
      "group": "duplicates",
      "method": "nested membership",
      "n": 64,
      "repeats": 7,
      "number": 298,
      "raw_ns": [
        5418.718120805369,
        5218.214765100671,
        5048.9295302013425,
        5135.708053691275,
        5061.46644295302,
        5110.1308724832215,
        5089.228187919463
      ],
      "min_ns": 5048.9295302013425,
      "median_ns": 5110.1308724832215,
      "q25_ns": 5075.347315436242,
      "q75_ns": 5176.9614093959735,
      "metadata": {}
    },
    {
      "group": "duplicates",
      "method": "hash-assisted stable",
      "n": 64,
      "repeats": 7,
      "number": 531,
      "raw_ns": [
        2009.4369114877588,
        1979.4482109227872,
        2029.0527306967986,
        1989.9717514124293,
        1984.4670433145009,
        1987.2372881355932,
        2018.6214689265537
      ],
      "min_ns": 1979.4482109227872,
      "median_ns": 1989.9717514124293,
      "q25_ns": 1985.8521657250471,
      "q75_ns": 2014.0291902071563,
      "metadata": {}
    },
    {
      "group": "duplicates",
      "method": "nested membership",
      "n": 256,
      "repeats": 7,
      "number": 29,
      "raw_ns": [
        73327.58620689655,
        68952.03448275862,
        73441.20689655172,
        73382.1724137931,
        68184.3448275862,
        75214.93103448275,
        68370.13793103448
      ],
      "min_ns": 68184.3448275862,
      "median_ns": 73327.58620689655,
      "q25_ns": 68661.08620689655,
      "q75_ns": 73411.6896551724,
      "metadata": {}
    },
    {
      "group": "duplicates",
      "method": "hash-assisted stable",
      "n": 256,
      "repeats": 7,
      "number": 200,
      "raw_ns": [
        7491.41,
        7455.755,
        7516.6,
        7484.1,
        7409.79,
        7545.495,
        7423.205
      ],
      "min_ns": 7409.79,
      "median_ns": 7484.1,
      "q25_ns": 7439.48,
      "q75_ns": 7504.005,
      "metadata": {}
    },
    {
      "group": "duplicates",
      "method": "nested membership",
      "n": 1024,
      "repeats": 7,
      "number": 1,
      "raw_ns": [
        1283337.0,
        1284559.0,
        1268305.0,
        1274735.0,
        1297149.0,
        1343448.0,
        1280474.0
      ],
      "min_ns": 1268305.0,
      "median_ns": 1283337.0,
      "q25_ns": 1277604.5,
      "q75_ns": 1290854.0,
      "metadata": {}
    },
    {
      "group": "duplicates",
      "method": "hash-assisted stable",
      "n": 1024,
      "repeats": 7,
      "number": 47,
      "raw_ns": [
        34811.48936170213,
        32861.95744680851,
        32646.510638297874,
        32501.191489361703,
        32167.936170212764,
        33026.46808510638,
        32673.59574468085
      ],
      "min_ns": 32167.936170212764,
      "median_ns": 32673.59574468085,
      "q25_ns": 32573.85106382979,
      "q75_ns": 32944.21276595745,
      "metadata": {}
    },
    {
      "group": "duplicates",
      "method": "nested membership",
      "n": 4096,
      "repeats": 7,
      "number": 1,
      "raw_ns": [
        19132547.0,
        18733194.0,
        18675617.0,
        19157816.0,
        19008409.0,
        18757912.0,
        29073757.0
      ],
      "min_ns": 18675617.0,
      "median_ns": 19008409.0,
      "q25_ns": 18745553.0,
      "q75_ns": 19145181.5,
      "metadata": {}
    },
    {
      "group": "duplicates",
      "method": "hash-assisted stable",
      "n": 4096,
      "repeats": 7,
      "number": 11,
      "raw_ns": [
        190730.72727272726,
        159579.0909090909,
        144358.0,
        141427.18181818182,
        145452.27272727274,
        138520.0,
        143728.81818181818
      ],
      "min_ns": 138520.0,
      "median_ns": 144358.0,
      "q25_ns": 142578.0,
      "q75_ns": 152515.68181818182,
      "metadata": {}
    },
    {
      "group": "attendance",
      "method": "linear query",
      "n": 128,
      "repeats": 7,
      "number": 1636,
      "raw_ns": [
        188.28606356968214,
        168.14547677261615,
        161.93765281173594,
        163.18704156479217,
        182.00488997555013,
        162.8380195599022,
        162.87408312958436
      ],
      "min_ns": 161.93765281173594,
      "median_ns": 163.18704156479217,
      "q25_ns": 162.85605134474326,
      "q75_ns": 175.07518337408314,
      "metadata": {
        "queries": 1,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "binary query",
      "n": 128,
      "repeats": 7,
      "number": 1447,
      "raw_ns": [
        204.21976503109883,
        180.89564616447822,
        179.0884588804423,
        217.01036627505184,
        173.7456807187284,
        173.89080856945404,
        173.8977194194886
      ],
      "min_ns": 173.7456807187284,
      "median_ns": 179.0884588804423,
      "q25_ns": 173.89426399447132,
      "q75_ns": 192.55770559778853,
      "metadata": {
        "queries": 1,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "set query",
      "n": 128,
      "repeats": 7,
      "number": 3273,
      "raw_ns": [
        110.42346471127406,
        94.07393828292086,
        92.9725022914757,
        103.01222120378857,
        92.9789184234647,
        118.10999083409716,
        106.2985029025359
      ],
      "min_ns": 92.9725022914757,
      "median_ns": 103.01222120378857,
      "q25_ns": 93.52642835319278,
      "q75_ns": 108.36098380690498,
      "metadata": {
        "queries": 1,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "sort + binary",
      "n": 128,
      "repeats": 7,
      "number": 299,
      "raw_ns": [
        3822.294314381271,
        3461.6153846153848,
        3438.769230769231,
        3441.2842809364547,
        3535.3377926421404,
        3482.0802675585282,
        3512.127090301003
      ],
      "min_ns": 3438.769230769231,
      "median_ns": 3482.0802675585282,
      "q25_ns": 3451.4498327759197,
      "q75_ns": 3523.7324414715717,
      "metadata": {
        "queries": 1,
        "setup_included": true
      }
    },
    {
      "group": "attendance",
      "method": "set build + query",
      "n": 128,
      "repeats": 7,
      "number": 418,
      "raw_ns": [
        1688.2416267942583,
        2022.1674641148325,
        1917.2966507177034,
        2339.9665071770337,
        1833.1985645933014,
        2038.8684210526317,
        1681.4401913875597
      ],
      "min_ns": 1681.4401913875597,
      "median_ns": 1917.2966507177034,
      "q25_ns": 1760.72009569378,
      "q75_ns": 2030.517942583732,
      "metadata": {
        "queries": 1,
        "setup_included": true
      }
    },
    {
      "group": "attendance",
      "method": "linear query",
      "n": 128,
      "repeats": 7,
      "number": 192,
      "raw_ns": [
        9693.177083333334,
        9716.286458333334,
        9589.635416666666,
        9746.432291666666,
        9640.494791666666,
        9519.161458333334,
        9574.71875
      ],
      "min_ns": 9519.161458333334,
      "median_ns": 9640.494791666666,
      "q25_ns": 9582.177083333332,
      "q75_ns": 9704.731770833334,
      "metadata": {
        "queries": 16,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "binary query",
      "n": 128,
      "repeats": 7,
      "number": 501,
      "raw_ns": [
        1498.2914171656687,
        1537.5908183632735,
        1582.5888223552895,
        1533.6926147704592,
        1492.9520958083833,
        1537.7105788423153,
        1536.630738522954
      ],
      "min_ns": 1492.9520958083833,
      "median_ns": 1536.630738522954,
      "q25_ns": 1515.992015968064,
      "q75_ns": 1537.6506986027944,
      "metadata": {
        "queries": 16,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "set query",
      "n": 128,
      "repeats": 7,
      "number": 1976,
      "raw_ns": [
        400.07287449392715,
        379.58603238866397,
        366.46912955465586,
        383.0480769230769,
        381.1067813765182,
        394.3001012145749,
        372.61234817813767
      ],
      "min_ns": 366.46912955465586,
      "median_ns": 381.1067813765182,
      "q25_ns": 376.09919028340084,
      "q75_ns": 388.6740890688259,
      "metadata": {
        "queries": 16,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "sort + binary",
      "n": 128,
      "repeats": 7,
      "number": 270,
      "raw_ns": [
        5107.377777777778,
        5532.018518518518,
        4996.72962962963,
        4812.748148148148,
        5065.537037037037,
        4892.903703703703,
        4770.274074074074
      ],
      "min_ns": 4770.274074074074,
      "median_ns": 4996.72962962963,
      "q25_ns": 4852.825925925926,
      "q75_ns": 5086.457407407408,
      "metadata": {
        "queries": 16,
        "setup_included": true
      }
    },
    {
      "group": "attendance",
      "method": "set build + query",
      "n": 128,
      "repeats": 7,
      "number": 459,
      "raw_ns": [
        1871.4967320261437,
        1918.0588235294117,
        1847.954248366013,
        1861.5032679738563,
        1830.3877995642702,
        1868.681917211329,
        1866.3246187363834
      ],
      "min_ns": 1830.3877995642702,
      "median_ns": 1866.3246187363834,
      "q25_ns": 1854.7287581699347,
      "q75_ns": 1870.0893246187363,
      "metadata": {
        "queries": 16,
        "setup_included": true
      }
    },
    {
      "group": "attendance",
      "method": "linear query",
      "n": 128,
      "repeats": 7,
      "number": 13,
      "raw_ns": [
        144490.46153846153,
        144958.84615384616,
        144492.76923076922,
        145394.92307692306,
        145119.07692307694,
        157475.46153846153,
        151364.6923076923
      ],
      "min_ns": 144490.46153846153,
      "median_ns": 145119.07692307694,
      "q25_ns": 144725.8076923077,
      "q75_ns": 148379.8076923077,
      "metadata": {
        "queries": 256,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "binary query",
      "n": 128,
      "repeats": 7,
      "number": 66,
      "raw_ns": [
        25239.78787878788,
        24601.545454545456,
        24460.560606060608,
        24895.469696969696,
        30133.378787878788,
        23970.742424242424,
        25081.5
      ],
      "min_ns": 23970.742424242424,
      "median_ns": 24895.469696969696,
      "q25_ns": 24531.053030303032,
      "q75_ns": 25160.64393939394,
      "metadata": {
        "queries": 256,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "set query",
      "n": 128,
      "repeats": 7,
      "number": 317,
      "raw_ns": [
        5111.2208201892745,
        4983.107255520505,
        5155.952681388013,
        5071.126182965299,
        4966.583596214511,
        5078.236593059937,
        5002.381703470031
      ],
      "min_ns": 4966.583596214511,
      "median_ns": 5071.126182965299,
      "q25_ns": 4992.744479495268,
      "q75_ns": 5094.728706624606,
      "metadata": {
        "queries": 256,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "sort + binary",
      "n": 128,
      "repeats": 7,
      "number": 50,
      "raw_ns": [
        27880.7,
        28350.82,
        27701.44,
        34002.14,
        29043.86,
        27672.58,
        31945.22
      ],
      "min_ns": 27672.58,
      "median_ns": 28350.82,
      "q25_ns": 27791.07,
      "q75_ns": 30494.54,
      "metadata": {
        "queries": 256,
        "setup_included": true
      }
    },
    {
      "group": "attendance",
      "method": "set build + query",
      "n": 128,
      "repeats": 7,
      "number": 172,
      "raw_ns": [
        7325.302325581395,
        5952.186046511628,
        5956.959302325581,
        5761.837209302325,
        6627.802325581395,
        5761.313953488372,
        5883.476744186047
      ],
      "min_ns": 5761.313953488372,
      "median_ns": 5952.186046511628,
      "q25_ns": 5822.656976744186,
      "q75_ns": 6292.3808139534885,
      "metadata": {
        "queries": 256,
        "setup_included": true
      }
    },
    {
      "group": "attendance",
      "method": "linear query",
      "n": 512,
      "repeats": 7,
      "number": 478,
      "raw_ns": [
        3607.225941422594,
        3210.3912133891213,
        3008.7887029288704,
        3007.784518828452,
        3060.7719665271966,
        3005.897489539749,
        3043.466527196653
      ],
      "min_ns": 3005.897489539749,
      "median_ns": 3043.466527196653,
      "q25_ns": 3008.286610878661,
      "q75_ns": 3135.581589958159,
      "metadata": {
        "queries": 1,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "binary query",
      "n": 512,
      "repeats": 7,
      "number": 2378,
      "raw_ns": [
        228.0273338940286,
        203.32211942809084,
        237.174936921783,
        206.36291000841044,
        213.00883095037847,
        205.6005046257359,
        210.21194280908327
      ],
      "min_ns": 203.32211942809084,
      "median_ns": 210.21194280908327,
      "q25_ns": 205.9817073170732,
      "q75_ns": 220.51808242220352,
      "metadata": {
        "queries": 1,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "set query",
      "n": 512,
      "repeats": 7,
      "number": 4000,
      "raw_ns": [
        82.71975,
        81.791,
        103.51875,
        82.0865,
        82.98275,
        85.8045,
        82.8025
      ],
      "min_ns": 81.791,
      "median_ns": 82.8025,
      "q25_ns": 82.403125,
      "q75_ns": 84.393625,
      "metadata": {
        "queries": 1,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "sort + binary",
      "n": 512,
      "repeats": 7,
      "number": 71,
      "raw_ns": [
        16684.76056338028,
        18073.478873239437,
        16675.042253521126,
        17618.154929577464,
        16762.61971830986,
        16536.38028169014,
        16975.901408450703
      ],
      "min_ns": 16536.38028169014,
      "median_ns": 16762.61971830986,
      "q25_ns": 16679.901408450703,
      "q75_ns": 17297.028169014084,
      "metadata": {
        "queries": 1,
        "setup_included": true
      }
    },
    {
      "group": "attendance",
      "method": "set build + query",
      "n": 512,
      "repeats": 7,
      "number": 176,
      "raw_ns": [
        6857.681818181818,
        6290.465909090909,
        6294.846590909091,
        6277.318181818182,
        6380.602272727273,
        6292.568181818182,
        6286.193181818182
      ],
      "min_ns": 6277.318181818182,
      "median_ns": 6292.568181818182,
      "q25_ns": 6288.329545454546,
      "q75_ns": 6337.724431818182,
      "metadata": {
        "queries": 1,
        "setup_included": true
      }
    },
    {
      "group": "attendance",
      "method": "linear query",
      "n": 512,
      "repeats": 7,
      "number": 32,
      "raw_ns": [
        42118.90625,
        41459.78125,
        42207.15625,
        42290.71875,
        44831.4375,
        42532.03125,
        42798.6875
      ],
      "min_ns": 41459.78125,
      "median_ns": 42290.71875,
      "q25_ns": 42163.03125,
      "q75_ns": 42665.359375,
      "metadata": {
        "queries": 16,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "binary query",
      "n": 512,
      "repeats": 7,
      "number": 628,
      "raw_ns": [
        2113.734076433121,
        2086.1592356687897,
        2017.6480891719746,
        1944.2261146496814,
        1962.2308917197452,
        2017.4092356687897,
        1950.2372611464968
      ],
      "min_ns": 1944.2261146496814,
      "median_ns": 2017.4092356687897,
      "q25_ns": 1956.2340764331211,
      "q75_ns": 2051.9036624203823,
      "metadata": {
        "queries": 16,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "set query",
      "n": 512,
      "repeats": 7,
      "number": 2244,
      "raw_ns": [
        381.39126559714794,
        380.1372549019608,
        389.2464349376114,
        376.3614081996435,
        380.86942959001783,
        371.62611408199643,
        383.7121212121212
      ],
      "min_ns": 371.62611408199643,
      "median_ns": 380.86942959001783,
      "q25_ns": 378.24933155080214,
      "q75_ns": 382.55169340463453,
      "metadata": {
        "queries": 16,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "sort + binary",
      "n": 512,
      "repeats": 7,
      "number": 40,
      "raw_ns": [
        18608.35,
        18582.8,
        18606.85,
        18174.425,
        18567.025,
        19150.4,
        18629.625
      ],
      "min_ns": 18174.425,
      "median_ns": 18606.85,
      "q25_ns": 18574.9125,
      "q75_ns": 18618.9875,
      "metadata": {
        "queries": 16,
        "setup_included": true
      }
    },
    {
      "group": "attendance",
      "method": "set build + query",
      "n": 512,
      "repeats": 7,
      "number": 202,
      "raw_ns": [
        6812.762376237623,
        6853.811881188119,
        6641.415841584158,
        6659.559405940594,
        6825.653465346535,
        6940.678217821782,
        6658.866336633663
      ],
      "min_ns": 6641.415841584158,
      "median_ns": 6812.762376237623,
      "q25_ns": 6659.212871287129,
      "q75_ns": 6839.732673267326,
      "metadata": {
        "queries": 16,
        "setup_included": true
      }
    },
    {
      "group": "attendance",
      "method": "linear query",
      "n": 512,
      "repeats": 7,
      "number": 2,
      "raw_ns": [
        674523.5,
        682875.5,
        684448.5,
        683071.5,
        673321.5,
        681539.0,
        679245.5
      ],
      "min_ns": 673321.5,
      "median_ns": 681539.0,
      "q25_ns": 676884.5,
      "q75_ns": 682973.5,
      "metadata": {
        "queries": 256,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "binary query",
      "n": 512,
      "repeats": 7,
      "number": 52,
      "raw_ns": [
        31634.884615384617,
        34058.153846153844,
        30994.5,
        31110.44230769231,
        35830.442307692305,
        31299.0,
        32461.903846153848
      ],
      "min_ns": 30994.5,
      "median_ns": 31634.884615384617,
      "q25_ns": 31204.721153846156,
      "q75_ns": 33260.028846153844,
      "metadata": {
        "queries": 256,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "set query",
      "n": 512,
      "repeats": 7,
      "number": 313,
      "raw_ns": [
        4733.728434504792,
        4856.277955271566,
        5621.875399361023,
        4615.274760383387,
        4592.814696485623,
        4559.728434504792,
        4602.539936102236
      ],
      "min_ns": 4559.728434504792,
      "median_ns": 4615.274760383387,
      "q25_ns": 4597.67731629393,
      "q75_ns": 4795.003194888179,
      "metadata": {
        "queries": 256,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "sort + binary",
      "n": 512,
      "repeats": 7,
      "number": 30,
      "raw_ns": [
        51033.066666666666,
        51480.4,
        51953.433333333334,
        48078.26666666667,
        48898.833333333336,
        47349.8,
        49438.63333333333
      ],
      "min_ns": 47349.8,
      "median_ns": 49438.63333333333,
      "q25_ns": 48488.55,
      "q75_ns": 51256.73333333334,
      "metadata": {
        "queries": 256,
        "setup_included": true
      }
    },
    {
      "group": "attendance",
      "method": "set build + query",
      "n": 512,
      "repeats": 7,
      "number": 115,
      "raw_ns": [
        10928.756521739131,
        10720.095652173914,
        10808.4,
        11451.808695652175,
        10709.46956521739,
        10747.617391304348,
        10900.278260869565
      ],
      "min_ns": 10709.46956521739,
      "median_ns": 10808.4,
      "q25_ns": 10733.85652173913,
      "q75_ns": 10914.517391304347,
      "metadata": {
        "queries": 256,
        "setup_included": true
      }
    },
    {
      "group": "attendance",
      "method": "linear query",
      "n": 2048,
      "repeats": 7,
      "number": 141,
      "raw_ns": [
        13557.702127659575,
        13587.18439716312,
        13593.929078014184,
        13653.737588652482,
        14023.014184397163,
        13589.524822695035,
        13816.751773049646
      ],
      "min_ns": 13557.702127659575,
      "median_ns": 13593.929078014184,
      "q25_ns": 13588.354609929078,
      "q75_ns": 13735.244680851065,
      "metadata": {
        "queries": 1,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "binary query",
      "n": 2048,
      "repeats": 7,
      "number": 2980,
      "raw_ns": [
        235.50335570469798,
        215.8258389261745,
        224.9234899328859,
        254.4748322147651,
        223.64295302013423,
        239.65738255033557,
        242.45973154362417
      ],
      "min_ns": 215.8258389261745,
      "median_ns": 235.50335570469798,
      "q25_ns": 224.28322147651005,
      "q75_ns": 241.05855704697987,
      "metadata": {
        "queries": 1,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "set query",
      "n": 2048,
      "repeats": 7,
      "number": 4000,
      "raw_ns": [
        83.163,
        87.64475,
        82.95025,
        82.55975,
        87.00375,
        81.60075,
        82.1665
      ],
      "min_ns": 81.60075,
      "median_ns": 82.95025,
      "q25_ns": 82.363125,
      "q75_ns": 85.08337499999999,
      "metadata": {
        "queries": 1,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "sort + binary",
      "n": 2048,
      "repeats": 7,
      "number": 14,
      "raw_ns": [
        82577.5,
        77507.0,
        84775.14285714286,
        78736.71428571429,
        85727.28571428571,
        77572.85714285714,
        77606.42857142857
      ],
      "min_ns": 77507.0,
      "median_ns": 78736.71428571429,
      "q25_ns": 77589.64285714286,
      "q75_ns": 83676.32142857142,
      "metadata": {
        "queries": 1,
        "setup_included": true
      }
    },
    {
      "group": "attendance",
      "method": "set build + query",
      "n": 2048,
      "repeats": 7,
      "number": 48,
      "raw_ns": [
        28941.416666666668,
        32629.270833333332,
        27540.333333333332,
        27228.8125,
        26337.25,
        26169.9375,
        26415.083333333332
      ],
      "min_ns": 26169.9375,
      "median_ns": 27228.8125,
      "q25_ns": 26376.166666666664,
      "q75_ns": 28240.875,
      "metadata": {
        "queries": 1,
        "setup_included": true
      }
    },
    {
      "group": "attendance",
      "method": "linear query",
      "n": 2048,
      "repeats": 7,
      "number": 10,
      "raw_ns": [
        197950.9,
        199431.2,
        197342.0,
        199266.8,
        198234.3,
        199955.9,
        199389.0
      ],
      "min_ns": 197342.0,
      "median_ns": 199266.8,
      "q25_ns": 198092.59999999998,
      "q75_ns": 199410.1,
      "metadata": {
        "queries": 16,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "binary query",
      "n": 2048,
      "repeats": 7,
      "number": 589,
      "raw_ns": [
        2309.1239388794565,
        2281.390492359932,
        2387.9694397283533,
        2318.2037351443123,
        2308.869269949066,
        2277.497453310696,
        2327.9983022071306
      ],
      "min_ns": 2277.497453310696,
      "median_ns": 2309.1239388794565,
      "q25_ns": 2295.1298811544993,
      "q75_ns": 2323.101018675721,
      "metadata": {
        "queries": 16,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "set query",
      "n": 2048,
      "repeats": 7,
      "number": 2403,
      "raw_ns": [
        451.572201414898,
        362.1822721598003,
        390.652101539742,
        363.6496046608406,
        396.916354556804,
        360.7985851019559,
        367.94215563878487
      ],
      "min_ns": 360.7985851019559,
      "median_ns": 367.94215563878487,
      "q25_ns": 362.91593841032045,
      "q75_ns": 393.784228048273,
      "metadata": {
        "queries": 16,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "sort + binary",
      "n": 2048,
      "repeats": 7,
      "number": 14,
      "raw_ns": [
        83317.21428571429,
        100599.71428571429,
        84069.07142857143,
        79642.35714285714,
        79460.0,
        85685.78571428571,
        81152.5
      ],
      "min_ns": 79460.0,
      "median_ns": 83317.21428571429,
      "q25_ns": 80397.42857142858,
      "q75_ns": 84877.42857142858,
      "metadata": {
        "queries": 16,
        "setup_included": true
      }
    },
    {
      "group": "attendance",
      "method": "set build + query",
      "n": 2048,
      "repeats": 7,
      "number": 45,
      "raw_ns": [
        33838.88888888889,
        27447.444444444445,
        29424.2,
        27045.48888888889,
        27438.088888888888,
        27327.266666666666,
        35849.46666666667
      ],
      "min_ns": 27045.48888888889,
      "median_ns": 27447.444444444445,
      "q25_ns": 27382.677777777775,
      "q75_ns": 31631.544444444444,
      "metadata": {
        "queries": 16,
        "setup_included": true
      }
    },
    {
      "group": "attendance",
      "method": "linear query",
      "n": 2048,
      "repeats": 7,
      "number": 1,
      "raw_ns": [
        3061322.0,
        3031798.0,
        3326262.0,
        3260352.0,
        3274845.0,
        3139129.0,
        3096305.0
      ],
      "min_ns": 3031798.0,
      "median_ns": 3139129.0,
      "q25_ns": 3078813.5,
      "q75_ns": 3267598.5,
      "metadata": {
        "queries": 256,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "binary query",
      "n": 2048,
      "repeats": 7,
      "number": 45,
      "raw_ns": [
        37992.26666666667,
        35144.4,
        36116.97777777778,
        36233.37777777778,
        35222.73333333333,
        36993.62222222222,
        35328.88888888889
      ],
      "min_ns": 35144.4,
      "median_ns": 36116.97777777778,
      "q25_ns": 35275.81111111111,
      "q75_ns": 36613.5,
      "metadata": {
        "queries": 256,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "set query",
      "n": 2048,
      "repeats": 7,
      "number": 298,
      "raw_ns": [
        5445.067114093959,
        5374.355704697987,
        5046.778523489933,
        4974.758389261745,
        4936.077181208054,
        5191.932885906041,
        4930.194630872483
      ],
      "min_ns": 4930.194630872483,
      "median_ns": 5046.778523489933,
      "q25_ns": 4955.417785234899,
      "q75_ns": 5283.144295302014,
      "metadata": {
        "queries": 256,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "sort + binary",
      "n": 2048,
      "repeats": 7,
      "number": 10,
      "raw_ns": [
        135352.3,
        118591.1,
        116037.2,
        119172.9,
        120877.5,
        115895.0,
        119104.9
      ],
      "min_ns": 115895.0,
      "median_ns": 119104.9,
      "q25_ns": 117314.15,
      "q75_ns": 120025.2,
      "metadata": {
        "queries": 256,
        "setup_included": true
      }
    },
    {
      "group": "attendance",
      "method": "set build + query",
      "n": 2048,
      "repeats": 7,
      "number": 41,
      "raw_ns": [
        31932.853658536584,
        31244.0,
        30825.80487804878,
        31272.09756097561,
        34564.39024390244,
        32422.365853658535,
        32768.73170731707
      ],
      "min_ns": 30825.80487804878,
      "median_ns": 31932.853658536584,
      "q25_ns": 31258.048780487807,
      "q75_ns": 32595.548780487803,
      "metadata": {
        "queries": 256,
        "setup_included": true
      }
    },
    {
      "group": "attendance",
      "method": "linear query",
      "n": 8192,
      "repeats": 7,
      "number": 36,
      "raw_ns": [
        59938.0,
        56149.77777777778,
        55774.77777777778,
        54531.77777777778,
        53850.75,
        63345.916666666664,
        58203.416666666664
      ],
      "min_ns": 53850.75,
      "median_ns": 56149.77777777778,
      "q25_ns": 55153.27777777778,
      "q75_ns": 59070.70833333333,
      "metadata": {
        "queries": 1,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "binary query",
      "n": 8192,
      "repeats": 7,
      "number": 2081,
      "raw_ns": [
        232.11917347429122,
        252.97212878423835,
        229.69341662662183,
        236.06054781355118,
        230.43921191734742,
        240.95963479096588,
        268.2085535800096
      ],
      "min_ns": 229.69341662662183,
      "median_ns": 236.06054781355118,
      "q25_ns": 231.27919269581932,
      "q75_ns": 246.96588178760211,
      "metadata": {
        "queries": 1,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "set query",
      "n": 8192,
      "repeats": 7,
      "number": 4000,
      "raw_ns": [
        83.7565,
        82.60725,
        94.57775,
        82.92525,
        84.63025,
        85.89475,
        101.328
      ],
      "min_ns": 82.60725,
      "median_ns": 84.63025,
      "q25_ns": 83.34087500000001,
      "q75_ns": 90.23625,
      "metadata": {
        "queries": 1,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "sort + binary",
      "n": 8192,
      "repeats": 7,
      "number": 2,
      "raw_ns": [
        842382.0,
        820308.5,
        829247.0,
        815656.5,
        803633.0,
        811470.0,
        797875.0
      ],
      "min_ns": 797875.0,
      "median_ns": 815656.5,
      "q25_ns": 807551.5,
      "q75_ns": 824777.75,
      "metadata": {
        "queries": 1,
        "setup_included": true
      }
    },
    {
      "group": "attendance",
      "method": "set build + query",
      "n": 8192,
      "repeats": 7,
      "number": 6,
      "raw_ns": [
        159378.83333333334,
        133671.83333333334,
        135534.66666666666,
        133883.83333333334,
        136841.66666666666,
        129607.33333333333,
        133982.33333333334
      ],
      "min_ns": 129607.33333333333,
      "median_ns": 133982.33333333334,
      "q25_ns": 133777.83333333334,
      "q75_ns": 136188.16666666666,
      "metadata": {
        "queries": 1,
        "setup_included": true
      }
    },
    {
      "group": "attendance",
      "method": "linear query",
      "n": 8192,
      "repeats": 7,
      "number": 2,
      "raw_ns": [
        826347.5,
        805256.0,
        854124.5,
        814219.0,
        798621.0,
        820208.5,
        844209.5
      ],
      "min_ns": 798621.0,
      "median_ns": 820208.5,
      "q25_ns": 809737.5,
      "q75_ns": 835278.5,
      "metadata": {
        "queries": 16,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "binary query",
      "n": 8192,
      "repeats": 7,
      "number": 412,
      "raw_ns": [
        2740.0606796116504,
        2463.5242718446602,
        2499.6966019417478,
        2490.240291262136,
        2513.016990291262,
        2495.029126213592,
        2482.53640776699
      ],
      "min_ns": 2463.5242718446602,
      "median_ns": 2495.029126213592,
      "q25_ns": 2486.388349514563,
      "q75_ns": 2506.356796116505,
      "metadata": {
        "queries": 16,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "set query",
      "n": 8192,
      "repeats": 7,
      "number": 2123,
      "raw_ns": [
        358.34620819594915,
        380.0555817239755,
        363.67687235044747,
        365.32783796514366,
        357.3363165332077,
        414.26189354686767,
        384.2256241168158
      ],
      "min_ns": 357.3363165332077,
      "median_ns": 365.32783796514366,
      "q25_ns": 361.0115402731983,
      "q75_ns": 382.1406029203956,
      "metadata": {
        "queries": 16,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "sort + binary",
      "n": 8192,
      "repeats": 7,
      "number": 2,
      "raw_ns": [
        864670.0,
        860314.0,
        813703.5,
        832181.5,
        813017.5,
        811710.5,
        806212.5
      ],
      "min_ns": 806212.5,
      "median_ns": 813703.5,
      "q25_ns": 812364.0,
      "q75_ns": 846247.75,
      "metadata": {
        "queries": 16,
        "setup_included": true
      }
    },
    {
      "group": "attendance",
      "method": "set build + query",
      "n": 8192,
      "repeats": 7,
      "number": 8,
      "raw_ns": [
        180815.5,
        135415.625,
        134345.375,
        149873.75,
        134281.5,
        134210.125,
        168690.875
      ],
      "min_ns": 134210.125,
      "median_ns": 135415.625,
      "q25_ns": 134313.4375,
      "q75_ns": 159282.3125,
      "metadata": {
        "queries": 16,
        "setup_included": true
      }
    },
    {
      "group": "attendance",
      "method": "linear query",
      "n": 8192,
      "repeats": 7,
      "number": 1,
      "raw_ns": [
        12239099.0,
        12048190.0,
        12056594.0,
        13210105.0,
        12533784.0,
        13264257.0,
        12710981.0
      ],
      "min_ns": 12048190.0,
      "median_ns": 12533784.0,
      "q25_ns": 12147846.5,
      "q75_ns": 12960543.0,
      "metadata": {
        "queries": 256,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "binary query",
      "n": 8192,
      "repeats": 7,
      "number": 35,
      "raw_ns": [
        42262.68571428571,
        40795.6,
        39031.8,
        39915.4,
        46647.28571428572,
        39532.54285714286,
        41364.45714285714
      ],
      "min_ns": 39031.8,
      "median_ns": 40795.6,
      "q25_ns": 39723.97142857143,
      "q75_ns": 41813.57142857143,
      "metadata": {
        "queries": 256,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "set query",
      "n": 8192,
      "repeats": 7,
      "number": 263,
      "raw_ns": [
        5010.152091254753,
        4993.775665399239,
        5100.703422053232,
        4973.593155893536,
        5442.057034220532,
        5097.3536121673005,
        4989.889733840304
      ],
      "min_ns": 4973.593155893536,
      "median_ns": 5010.152091254753,
      "q25_ns": 4991.832699619772,
      "q75_ns": 5099.028517110266,
      "metadata": {
        "queries": 256,
        "setup_included": false
      }
    },
    {
      "group": "attendance",
      "method": "sort + binary",
      "n": 8192,
      "repeats": 7,
      "number": 2,
      "raw_ns": [
        924431.0,
        968036.5,
        880254.5,
        874966.5,
        881000.0,
        885031.5,
        932598.5
      ],
      "min_ns": 874966.5,
      "median_ns": 885031.5,
      "q25_ns": 880627.25,
      "q75_ns": 928514.75,
      "metadata": {
        "queries": 256,
        "setup_included": true
      }
    },
    {
      "group": "attendance",
      "method": "set build + query",
      "n": 8192,
      "repeats": 7,
      "number": 8,
      "raw_ns": [
        161154.625,
        142202.125,
        139145.125,
        137152.125,
        133348.875,
        141317.125,
        137959.5
      ],
      "min_ns": 133348.875,
      "median_ns": 139145.125,
      "q25_ns": 137555.8125,
      "q75_ns": 141759.625,
      "metadata": {
        "queries": 256,
        "setup_included": true
      }
    },
    {
      "group": "sparse transpose",
      "method": "column scans",
      "n": 32,
      "repeats": 7,
      "number": 13,
      "raw_ns": [
        152024.15384615384,
        148247.6923076923,
        143251.6923076923,
        148629.0,
        143822.53846153847,
        146971.92307692306,
        142819.46153846153
      ],
      "min_ns": 142819.46153846153,
      "median_ns": 146971.92307692306,
      "q25_ns": 143537.11538461538,
      "q75_ns": 148438.34615384616,
      "metadata": {
        "nnz": 256
      }
    },
    {
      "group": "sparse transpose",
      "method": "count-prefix-scatter",
      "n": 32,
      "repeats": 7,
      "number": 64,
      "raw_ns": [
        22290.0625,
        21227.53125,
        21487.921875,
        21714.34375,
        21599.953125,
        21464.59375,
        21934.53125
      ],
      "min_ns": 21227.53125,
      "median_ns": 21599.953125,
      "q25_ns": 21476.2578125,
      "q75_ns": 21824.4375,
      "metadata": {
        "nnz": 256
      }
    },
    {
      "group": "sparse transpose",
      "method": "column scans",
      "n": 64,
      "repeats": 7,
      "number": 2,
      "raw_ns": [
        579980.5,
        559099.0,
        561493.0,
        558243.0,
        567647.0,
        560676.5,
        558638.5
      ],
      "min_ns": 558243.0,
      "median_ns": 560676.5,
      "q25_ns": 558868.75,
      "q75_ns": 564570.0,
      "metadata": {
        "nnz": 512
      }
    },
    {
      "group": "sparse transpose",
      "method": "count-prefix-scatter",
      "n": 64,
      "repeats": 7,
      "number": 34,
      "raw_ns": [
        48299.67647058824,
        47622.5,
        48277.58823529412,
        47441.029411764706,
        47776.82352941176,
        47780.382352941175,
        47796.26470588235
      ],
      "min_ns": 47441.029411764706,
      "median_ns": 47780.382352941175,
      "q25_ns": 47699.66176470588,
      "q75_ns": 48036.92647058824,
      "metadata": {
        "nnz": 512
      }
    },
    {
      "group": "sparse transpose",
      "method": "column scans",
      "n": 128,
      "repeats": 7,
      "number": 1,
      "raw_ns": [
        2331791.0,
        2289336.0,
        2307534.0,
        2488868.0,
        2322416.0,
        2882032.0,
        2354295.0
      ],
      "min_ns": 2289336.0,
      "median_ns": 2331791.0,
      "q25_ns": 2314975.0,
      "q75_ns": 2421581.5,
      "metadata": {
        "nnz": 1024
      }
    },
    {
      "group": "sparse transpose",
      "method": "count-prefix-scatter",
      "n": 128,
      "repeats": 7,
      "number": 14,
      "raw_ns": [
        94474.07142857143,
        94504.07142857143,
        96362.64285714286,
        94880.42857142857,
        94222.28571428571,
        96849.78571428571,
        94808.85714285714
      ],
      "min_ns": 94222.28571428571,
      "median_ns": 94808.85714285714,
      "q25_ns": 94489.07142857143,
      "q75_ns": 95621.53571428571,
      "metadata": {
        "nnz": 1024
      }
    },
    {
      "group": "sparse transpose",
      "method": "column scans",
      "n": 256,
      "repeats": 7,
      "number": 1,
      "raw_ns": [
        9066568.0,
        9149314.0,
        8937053.0,
        8989813.0,
        8839897.0,
        9085146.0,
        9395516.0
      ],
      "min_ns": 8839897.0,
      "median_ns": 9066568.0,
      "q25_ns": 8963433.0,
      "q75_ns": 9117230.0,
      "metadata": {
        "nnz": 2048
      }
    },
    {
      "group": "sparse transpose",
      "method": "count-prefix-scatter",
      "n": 256,
      "repeats": 7,
      "number": 5,
      "raw_ns": [
        200891.2,
        203010.4,
        197135.6,
        198654.0,
        199148.8,
        199429.2,
        196620.8
      ],
      "min_ns": 196620.8,
      "median_ns": 199148.8,
      "q25_ns": 197894.8,
      "q75_ns": 200160.2,
      "metadata": {
        "nnz": 2048
      }
    },
    {
      "group": "queues",
      "method": "list front deletion",
      "n": 256,
      "repeats": 7,
      "number": 125,
      "raw_ns": [
        11935.536,
        12169.896,
        14197.832,
        12236.712,
        11872.8,
        12623.864,
        13222.36
      ],
      "min_ns": 11872.8,
      "median_ns": 12236.712,
      "q25_ns": 12052.716,
      "q75_ns": 12923.112000000001,
      "metadata": {}
    },
    {
      "group": "queues",
      "method": "deque",
      "n": 256,
      "repeats": 7,
      "number": 34,
      "raw_ns": [
        8489.29411764706,
        9460.441176470587,
        8466.0,
        8376.764705882353,
        8377.941176470587,
        8858.676470588236,
        8415.941176470587
      ],
      "min_ns": 8376.764705882353,
      "median_ns": 8466.0,
      "q25_ns": 8396.941176470587,
      "q75_ns": 8673.985294117647,
      "metadata": {}
    },
    {
      "group": "queues",
      "method": "two stacks",
      "n": 256,
      "repeats": 7,
      "number": 101,
      "raw_ns": [
        17232.950495049507,
        16439.673267326732,
        16298.574257425742,
        16976.62376237624,
        16631.346534653465,
        16673.188118811882,
        16383.643564356436
      ],
      "min_ns": 16298.574257425742,
      "median_ns": 16631.346534653465,
      "q25_ns": 16411.658415841586,
      "q75_ns": 16824.90594059406,
      "metadata": {}
    },
    {
      "group": "queues",
      "method": "list front deletion",
      "n": 1024,
      "repeats": 7,
      "number": 5,
      "raw_ns": [
        80675.8,
        79239.6,
        96301.4,
        79846.6,
        84623.8,
        79453.8,
        82196.0
      ],
      "min_ns": 79239.6,
      "median_ns": 80675.8,
      "q25_ns": 79650.20000000001,
      "q75_ns": 83409.9,
      "metadata": {}
    },
    {
      "group": "queues",
      "method": "deque",
      "n": 1024,
      "repeats": 7,
      "number": 31,
      "raw_ns": [
        36372.032258064515,
        35161.16129032258,
        35623.45161290323,
        35471.290322580644,
        37484.0,
        36991.32258064516,
        35608.903225806454
      ],
      "min_ns": 35161.16129032258,
      "median_ns": 35623.45161290323,
      "q25_ns": 35540.096774193546,
      "q75_ns": 36681.67741935483,
      "metadata": {}
    },
    {
      "group": "queues",
      "method": "two stacks",
      "n": 1024,
      "repeats": 7,
      "number": 20,
      "raw_ns": [
        68735.8,
        68481.9,
        64960.1,
        69159.9,
        66261.55,
        64998.15,
        65945.1
      ],
      "min_ns": 64960.1,
      "median_ns": 66261.55,
      "q25_ns": 65471.625,
      "q75_ns": 68608.85,
      "metadata": {}
    },
    {
      "group": "queues",
      "method": "list front deletion",
      "n": 4096,
      "repeats": 7,
      "number": 2,
      "raw_ns": [
        863418.5,
        850949.5,
        851951.5,
        952453.0,
        920119.5,
        883489.0,
        904531.0
      ],
      "min_ns": 850949.5,
      "median_ns": 883489.0,
      "q25_ns": 857685.0,
      "q75_ns": 912325.25,
      "metadata": {}
    },
    {
      "group": "queues",
      "method": "deque",
      "n": 4096,
      "repeats": 7,
      "number": 10,
      "raw_ns": [
        137532.7,
        137019.9,
        141212.2,
        137503.6,
        137018.8,
        158774.7,
        138612.3
      ],
      "min_ns": 137018.8,
      "median_ns": 137532.7,
      "q25_ns": 137261.75,
      "q75_ns": 139912.25,
      "metadata": {}
    },
    {
      "group": "queues",
      "method": "two stacks",
      "n": 4096,
      "repeats": 7,
      "number": 7,
      "raw_ns": [
        302159.14285714284,
        280539.14285714284,
        279363.28571428574,
        271990.71428571426,
        293722.0,
        269846.0,
        266574.0
      ],
      "min_ns": 266574.0,
      "median_ns": 279363.28571428574,
      "q25_ns": 270918.35714285716,
      "q75_ns": 287130.5714285714,
      "metadata": {}
    },
    {
      "group": "queues",
      "method": "list front deletion",
      "n": 16384,
      "repeats": 7,
      "number": 1,
      "raw_ns": [
        13130725.0,
        13099929.0,
        12874809.0,
        13002692.0,
        13951604.0,
        18541926.0,
        15096233.0
      ],
      "min_ns": 12874809.0,
      "median_ns": 13130725.0,
      "q25_ns": 13051310.5,
      "q75_ns": 14523918.5,
      "metadata": {}
    },
    {
      "group": "queues",
      "method": "deque",
      "n": 16384,
      "repeats": 7,
      "number": 2,
      "raw_ns": [
        585564.5,
        783803.0,
        648113.5,
        669025.0,
        567271.5,
        611413.5,
        592134.0
      ],
      "min_ns": 567271.5,
      "median_ns": 611413.5,
      "q25_ns": 588849.25,
      "q75_ns": 658569.25,
      "metadata": {}
    },
    {
      "group": "queues",
      "method": "two stacks",
      "n": 16384,
      "repeats": 7,
      "number": 1,
      "raw_ns": [
        1164749.0,
        1043536.0,
        1111027.0,
        1101824.0,
        1169656.0,
        1502999.0,
        1150688.0
      ],
      "min_ns": 1043536.0,
      "median_ns": 1150688.0,
      "q25_ns": 1106425.5,
      "q75_ns": 1167202.5,
      "metadata": {}
    },
    {
      "group": "Fibonacci small",
      "method": "naive recursion",
      "n": 8,
      "repeats": 5,
      "number": 731,
      "raw_ns": [
        2143.043775649795,
        2793.9452804377565,
        2822.5116279069766,
        2752.856361149111,
        2672.4883720930234
      ],
      "min_ns": 2143.043775649795,
      "median_ns": 2752.856361149111,
      "q25_ns": 2672.4883720930234,
      "q75_ns": 2793.9452804377565,
      "metadata": {}
    },
    {
      "group": "Fibonacci small",
      "method": "iteration",
      "n": 8,
      "repeats": 5,
      "number": 1103,
      "raw_ns": [
        174.03445149592022,
        344.6545784224841,
        200.35720761559384,
        328.4650951949229,
        173.87941976427925
      ],
      "min_ns": 173.87941976427925,
      "median_ns": 200.35720761559384,
      "q25_ns": 174.03445149592022,
      "q75_ns": 328.4650951949229,
      "metadata": {}
    },
    {
      "group": "Fibonacci small",
      "method": "doubling",
      "n": 8,
      "repeats": 5,
      "number": 1067,
      "raw_ns": [
        546.1668228678537,
        522.9634489222118,
        469.1808809746954,
        1021.0356138706654,
        666.4517338331772
      ],
      "min_ns": 469.1808809746954,
      "median_ns": 546.1668228678537,
      "q25_ns": 522.9634489222118,
      "q75_ns": 666.4517338331772,
      "metadata": {}
    },
    {
      "group": "Fibonacci small",
      "method": "naive recursion",
      "n": 16,
      "repeats": 5,
      "number": 6,
      "raw_ns": [
        129816.0,
        108791.0,
        115048.83333333333,
        112498.16666666667,
        115856.66666666667
      ],
      "min_ns": 108791.0,
      "median_ns": 115048.83333333333,
      "q25_ns": 112498.16666666667,
      "q75_ns": 115856.66666666667,
      "metadata": {}
    },
    {
      "group": "Fibonacci small",
      "method": "iteration",
      "n": 16,
      "repeats": 5,
      "number": 1996,
      "raw_ns": [
        300.8952905811623,
        321.0756513026052,
        298.31112224448896,
        339.7815631262525,
        313.03256513026054
      ],
      "min_ns": 298.31112224448896,
      "median_ns": 313.03256513026054,
      "q25_ns": 300.8952905811623,
      "q75_ns": 321.0756513026052,
      "metadata": {}
    },
    {
      "group": "Fibonacci small",
      "method": "doubling",
      "n": 16,
      "repeats": 5,
      "number": 1085,
      "raw_ns": [
        601.4986175115207,
        575.7170506912443,
        611.6608294930876,
        588.3907834101383,
        621.3714285714286
      ],
      "min_ns": 575.7170506912443,
      "median_ns": 601.4986175115207,
      "q25_ns": 588.3907834101383,
      "q75_ns": 611.6608294930876,
      "metadata": {}
    },
    {
      "group": "Fibonacci small",
      "method": "naive recursion",
      "n": 24,
      "repeats": 5,
      "number": 1,
      "raw_ns": [
        4788770.0,
        4728940.0,
        4676110.0,
        4711504.0,
        5045177.0
      ],
      "min_ns": 4676110.0,
      "median_ns": 4728940.0,
      "q25_ns": 4711504.0,
      "q75_ns": 4788770.0,
      "metadata": {}
    },
    {
      "group": "Fibonacci small",
      "method": "iteration",
      "n": 24,
      "repeats": 5,
      "number": 1386,
      "raw_ns": [
        487.020202020202,
        469.1933621933622,
        615.7200577200578,
        478.3484848484849,
        462.81240981240984
      ],
      "min_ns": 462.81240981240984,
      "median_ns": 478.3484848484849,
      "q25_ns": 469.1933621933622,
      "q75_ns": 487.020202020202,
      "metadata": {}
    },
    {
      "group": "Fibonacci small",
      "method": "doubling",
      "n": 24,
      "repeats": 5,
      "number": 1349,
      "raw_ns": [
        676.1578947368421,
        610.0014825796886,
        597.885100074129,
        608.3165307635286,
        606.6389918458117
      ],
      "min_ns": 597.885100074129,
      "median_ns": 608.3165307635286,
      "q25_ns": 606.6389918458117,
      "q75_ns": 610.0014825796886,
      "metadata": {}
    },
    {
      "group": "Fibonacci small",
      "method": "naive recursion",
      "n": 28,
      "repeats": 5,
      "number": 1,
      "raw_ns": [
        32250613.0,
        31044561.0,
        31383914.0,
        32070361.0,
        31314670.0
      ],
      "min_ns": 31044561.0,
      "median_ns": 31383914.0,
      "q25_ns": 31314670.0,
      "q75_ns": 32070361.0,
      "metadata": {}
    },
    {
      "group": "Fibonacci small",
      "method": "iteration",
      "n": 28,
      "repeats": 5,
      "number": 1079,
      "raw_ns": [
        589.8897126969416,
        516.822984244671,
        526.9582947173309,
        552.4374420759963,
        518.5773864689527
      ],
      "min_ns": 516.822984244671,
      "median_ns": 526.9582947173309,
      "q25_ns": 518.5773864689527,
      "q75_ns": 552.4374420759963,
      "metadata": {}
    },
    {
      "group": "Fibonacci small",
      "method": "doubling",
      "n": 28,
      "repeats": 5,
      "number": 1358,
      "raw_ns": [
        659.2054491899853,
        652.1627393225332,
        655.9315169366715,
        671.1759941089838,
        658.2695139911634
      ],
      "min_ns": 652.1627393225332,
      "median_ns": 658.2695139911634,
      "q25_ns": 655.9315169366715,
      "q75_ns": 659.2054491899853,
      "metadata": {}
    },
    {
      "group": "Fibonacci large",
      "method": "iteration",
      "n": 100,
      "repeats": 5,
      "number": 608,
      "raw_ns": [
        2244.7055921052633,
        2397.189144736842,
        2127.751644736842,
        2130.8815789473683,
        2255.065789473684
      ],
      "min_ns": 2127.751644736842,
      "median_ns": 2244.7055921052633,
      "q25_ns": 2130.8815789473683,
      "q75_ns": 2255.065789473684,
      "metadata": {}
    },
    {
      "group": "Fibonacci large",
      "method": "doubling",
      "n": 100,
      "repeats": 5,
      "number": 698,
      "raw_ns": [
        1000.1346704871061,
        969.3581661891118,
        989.2879656160459,
        992.961318051576,
        1155.8137535816618
      ],
      "min_ns": 969.3581661891118,
      "median_ns": 992.961318051576,
      "q25_ns": 989.2879656160459,
      "q75_ns": 1000.1346704871061,
      "metadata": {}
    },
    {
      "group": "Fibonacci large",
      "method": "iteration",
      "n": 1000,
      "repeats": 5,
      "number": 56,
      "raw_ns": [
        35417.21428571428,
        36140.46428571428,
        33504.16071428572,
        34225.607142857145,
        33622.732142857145
      ],
      "min_ns": 33504.16071428572,
      "median_ns": 34225.607142857145,
      "q25_ns": 33622.732142857145,
      "q75_ns": 35417.21428571428,
      "metadata": {}
    },
    {
      "group": "Fibonacci large",
      "method": "doubling",
      "n": 1000,
      "repeats": 5,
      "number": 469,
      "raw_ns": [
        2238.368869936034,
        2255.236673773987,
        2106.272921108742,
        2099.7590618336885,
        2096.83368869936
      ],
      "min_ns": 2096.83368869936,
      "median_ns": 2106.272921108742,
      "q25_ns": 2099.7590618336885,
      "q75_ns": 2238.368869936034,
      "metadata": {}
    },
    {
      "group": "Fibonacci large",
      "method": "iteration",
      "n": 10000,
      "repeats": 5,
      "number": 2,
      "raw_ns": [
        957501.0,
        1005643.5,
        989299.0,
        967075.0,
        955983.5
      ],
      "min_ns": 955983.5,
      "median_ns": 967075.0,
      "q25_ns": 957501.0,
      "q75_ns": 989299.0,
      "metadata": {}
    },
    {
      "group": "Fibonacci large",
      "method": "doubling",
      "n": 10000,
      "repeats": 5,
      "number": 75,
      "raw_ns": [
        24577.506666666668,
        26128.64,
        25087.346666666668,
        26391.44,
        24620.773333333334
      ],
      "min_ns": 24577.506666666668,
      "median_ns": 25087.346666666668,
      "q25_ns": 24620.773333333334,
      "q75_ns": 26128.64,
      "metadata": {}
    },
    {
      "group": "Fibonacci large",
      "method": "iteration",
      "n": 100000,
      "repeats": 5,
      "number": 1,
      "raw_ns": [
        75601375.0,
        74119678.0,
        74243245.0,
        74536968.0,
        79089511.0
      ],
      "min_ns": 74119678.0,
      "median_ns": 74536968.0,
      "q25_ns": 74243245.0,
      "q75_ns": 75601375.0,
      "metadata": {}
    },
    {
      "group": "Fibonacci large",
      "method": "doubling",
      "n": 100000,
      "repeats": 5,
      "number": 1,
      "raw_ns": [
        966800.0,
        959048.0,
        1017276.0,
        1022153.0,
        953049.0
      ],
      "min_ns": 953049.0,
      "median_ns": 966800.0,
      "q25_ns": 959048.0,
      "q75_ns": 1017276.0,
      "metadata": {}
    },
    {
      "group": "matrix exponential",
      "method": "quotient series",
      "n": 1.0,
      "repeats": 7,
      "number": 270,
      "raw_ns": [
        3654.777777777778,
        3507.5185185185187,
        3783.0814814814817,
        3584.262962962963,
        3433.222222222222,
        3516.0851851851853,
        3442.788888888889
      ],
      "min_ns": 3433.222222222222,
      "median_ns": 3516.0851851851853,
      "q25_ns": 3475.1537037037037,
      "q75_ns": 3619.52037037037,
      "metadata": {}
    },
    {
      "group": "matrix exponential",
      "method": "scipy expm",
      "n": 1.0,
      "repeats": 7,
      "number": 55,
      "raw_ns": [
        7202.327272727272,
        7417.563636363637,
        7625.872727272727,
        7730.945454545455,
        6440.818181818182,
        6432.981818181818,
        6749.836363636364
      ],
      "min_ns": 6432.981818181818,
      "median_ns": 7202.327272727272,
      "q25_ns": 6595.327272727272,
      "q75_ns": 7521.718181818182,
      "metadata": {}
    },
    {
      "group": "matrix exponential",
      "method": "diagonalization",
      "n": 1.0,
      "repeats": 7,
      "number": 39,
      "raw_ns": [
        19502.02564102564,
        18357.17948717949,
        19137.871794871793,
        17743.97435897436,
        18264.25641025641,
        18308.94871794872,
        17878.79487179487
      ],
      "min_ns": 17743.97435897436,
      "median_ns": 18308.94871794872,
      "q25_ns": 18071.52564102564,
      "q75_ns": 18747.52564102564,
      "metadata": {}
    },
    {
      "group": "matrix exponential",
      "method": "quotient series",
      "n": 0.01,
      "repeats": 7,
      "number": 450,
      "raw_ns": [
        3599.657777777778,
        4100.057777777778,
        3512.0133333333333,
        3800.6044444444447,
        3588.44,
        3460.402222222222,
        3396.7733333333335
      ],
      "min_ns": 3396.7733333333335,
      "median_ns": 3588.44,
      "q25_ns": 3486.2077777777777,
      "q75_ns": 3700.1311111111113,
      "metadata": {}
    },
    {
      "group": "matrix exponential",
      "method": "scipy expm",
      "n": 0.01,
      "repeats": 7,
      "number": 110,
      "raw_ns": [
        9414.945454545454,
        6167.409090909091,
        6277.663636363636,
        9030.363636363636,
        6896.863636363636,
        8347.872727272726,
        6098.3
      ],
      "min_ns": 6098.3,
      "median_ns": 6896.863636363636,
      "q25_ns": 6222.536363636364,
      "q75_ns": 8689.118181818181,
      "metadata": {}
    },
    {
      "group": "matrix exponential",
      "method": "diagonalization",
      "n": 0.01,
      "repeats": 7,
      "number": 62,
      "raw_ns": [
        20642.129032258064,
        19547.90322580645,
        18659.790322580644,
        18236.08064516129,
        21162.91935483871,
        19891.822580645163,
        17802.370967741936
      ],
      "min_ns": 17802.370967741936,
      "median_ns": 19547.90322580645,
      "q25_ns": 18447.93548387097,
      "q75_ns": 20266.975806451614,
      "metadata": {}
    },
    {
      "group": "matrix exponential",
      "method": "quotient series",
      "n": 0.0001,
      "repeats": 7,
      "number": 430,
      "raw_ns": [
        3583.246511627907,
        3653.0744186046513,
        3570.0186046511626,
        3623.9372093023258,
        3561.0279069767444,
        3596.26511627907,
        4113.069767441861
      ],
      "min_ns": 3561.0279069767444,
      "median_ns": 3596.26511627907,
      "q25_ns": 3576.632558139535,
      "q75_ns": 3638.5058139534885,
      "metadata": {}
    },
    {
      "group": "matrix exponential",
      "method": "scipy expm",
      "n": 0.0001,
      "repeats": 7,
      "number": 136,
      "raw_ns": [
        6488.25,
        6754.463235294118,
        6251.058823529412,
        5925.345588235294,
        6086.389705882353,
        6047.220588235294,
        6766.316176470588
      ],
      "min_ns": 5925.345588235294,
      "median_ns": 6251.058823529412,
      "q25_ns": 6066.805147058823,
      "q75_ns": 6621.3566176470595,
      "metadata": {}
    },
    {
      "group": "matrix exponential",
      "method": "diagonalization",
      "n": 0.0001,
      "repeats": 7,
      "number": 65,
      "raw_ns": [
        20571.061538461538,
        17963.123076923075,
        17924.6,
        19438.43076923077,
        20841.76923076923,
        20188.33846153846,
        18351.092307692306
      ],
      "min_ns": 17924.6,
      "median_ns": 19438.43076923077,
      "q25_ns": 18157.10769230769,
      "q75_ns": 20379.699999999997,
      "metadata": {}
    },
    {
      "group": "matrix exponential",
      "method": "quotient series",
      "n": 1e-08,
      "repeats": 7,
      "number": 439,
      "raw_ns": [
        4307.095671981777,
        4016.3143507972663,
        3859.9521640091116,
        3564.5854214123005,
        3685.473804100228,
        3631.246013667426,
        3650.9111617312074
      ],
      "min_ns": 3564.5854214123005,
      "median_ns": 3685.473804100228,
      "q25_ns": 3641.078587699317,
      "q75_ns": 3938.133257403189,
      "metadata": {}
    },
    {
      "group": "matrix exponential",
      "method": "scipy expm",
      "n": 1e-08,
      "repeats": 7,
      "number": 98,
      "raw_ns": [
        7117.7959183673465,
        6338.34693877551,
        6070.489795918367,
        5941.938775510204,
        6342.122448979592,
        5994.867346938776,
        6128.030612244898
      ],
      "min_ns": 5941.938775510204,
      "median_ns": 6128.030612244898,
      "q25_ns": 6032.678571428572,
      "q75_ns": 6340.234693877552,
      "metadata": {}
    },
    {
      "group": "matrix exponential",
      "method": "diagonalization",
      "n": 1e-08,
      "repeats": 7,
      "number": 66,
      "raw_ns": [
        19120.090909090908,
        18804.28787878788,
        18020.242424242424,
        24219.60606060606,
        18322.196969696968,
        17637.833333333332,
        18999.89393939394
      ],
      "min_ns": 17637.833333333332,
      "median_ns": 18804.28787878788,
      "q25_ns": 18171.219696969696,
      "q75_ns": 19059.992424242424,
      "metadata": {}
    },
    {
      "group": "matrix exponential",
      "method": "quotient series",
      "n": 1e-12,
      "repeats": 7,
      "number": 437,
      "raw_ns": [
        3627.6521739130435,
        3558.7368421052633,
        3520.279176201373,
        3702.890160183066,
        3567.9725400457664,
        3578.9061784897026,
        3618.8741418764303
      ],
      "min_ns": 3520.279176201373,
      "median_ns": 3578.9061784897026,
      "q25_ns": 3563.354691075515,
      "q75_ns": 3623.2631578947367,
      "metadata": {}
    },
    {
      "group": "matrix exponential",
      "method": "scipy expm",
      "n": 1e-12,
      "repeats": 7,
      "number": 139,
      "raw_ns": [
        6311.978417266187,
        6302.323741007194,
        6093.517985611511,
        5999.63309352518,
        6141.136690647482,
        6095.820143884892,
        8283.079136690647
      ],
      "min_ns": 5999.63309352518,
      "median_ns": 6141.136690647482,
      "q25_ns": 6094.669064748201,
      "q75_ns": 6307.151079136691,
      "metadata": {}
    },
    {
      "group": "matrix exponential",
      "method": "diagonalization",
      "n": 1e-12,
      "repeats": 7,
      "number": 64,
      "raw_ns": [
        20008.03125,
        17718.46875,
        18098.109375,
        17551.8125,
        21556.296875,
        18234.078125,
        19221.359375
      ],
      "min_ns": 17551.8125,
      "median_ns": 18234.078125,
      "q25_ns": 17908.2890625,
      "q75_ns": 19614.6953125,
      "metadata": {}
    },
    {
      "group": "matrix exponential",
      "method": "quotient series",
      "n": 1e-16,
      "repeats": 7,
      "number": 454,
      "raw_ns": [
        3685.1674008810573,
        3630.3259911894274,
        3564.215859030837,
        4082.1123348017622,
        4217.469162995595,
        3788.671806167401,
        3512.5925110132157
      ],
      "min_ns": 3512.5925110132157,
      "median_ns": 3685.1674008810573,
      "q25_ns": 3597.2709251101323,
      "q75_ns": 3935.3920704845814,
      "metadata": {}
    },
    {
      "group": "matrix exponential",
      "method": "scipy expm",
      "n": 1e-16,
      "repeats": 7,
      "number": 138,
      "raw_ns": [
        7049.050724637681,
        6199.869565217391,
        5955.079710144928,
        5992.673913043478,
        6035.275362318841,
        6057.188405797101,
        6203.355072463768
      ],
      "min_ns": 5955.079710144928,
      "median_ns": 6057.188405797101,
      "q25_ns": 6013.97463768116,
      "q75_ns": 6201.61231884058,
      "metadata": {}
    },
    {
      "group": "matrix exponential",
      "method": "diagonalization",
      "n": 1e-16,
      "repeats": 7,
      "number": 64,
      "raw_ns": [
        19106.8125,
        18773.8125,
        18848.140625,
        19440.296875,
        18191.515625,
        18146.15625,
        19889.5625
      ],
      "min_ns": 18146.15625,
      "median_ns": 18848.140625,
      "q25_ns": 18482.6640625,
      "q75_ns": 19273.5546875,
      "metadata": {}
    },
    {
      "group": "matrix exponential",
      "method": "quotient series",
      "n": 0.0,
      "repeats": 7,
      "number": 452,
      "raw_ns": [
        3558.471238938053,
        3549.119469026549,
        3518.7632743362833,
        3772.221238938053,
        3496.163716814159,
        3620.2898230088495,
        3468.112831858407
      ],
      "min_ns": 3468.112831858407,
      "median_ns": 3549.119469026549,
      "q25_ns": 3507.4634955752213,
      "q75_ns": 3589.380530973451,
      "metadata": {}
    },
    {
      "group": "matrix exponential",
      "method": "scipy expm",
      "n": 0.0,
      "repeats": 7,
      "number": 64,
      "raw_ns": [
        11184.703125,
        11090.65625,
        10868.59375,
        11354.171875,
        10498.515625,
        13045.015625,
        11105.6875
      ],
      "min_ns": 10498.515625,
      "median_ns": 11105.6875,
      "q25_ns": 10979.625,
      "q75_ns": 11269.4375,
      "metadata": {}
    },
    {
      "group": "Dirichlet square",
      "method": "assemble and sparse solve",
      "n": 15,
      "repeats": 5,
      "number": 1,
      "raw_ns": [
        1222575.0,
        1144879.0,
        1108464.0,
        1189916.0,
        1113982.0
      ],
      "min_ns": 1108464.0,
      "median_ns": 1144879.0,
      "q25_ns": 1113982.0,
      "q75_ns": 1189916.0,
      "metadata": {
        "grid_generation_included": true,
        "timing_scope": "grid generation, reference values, matrix assembly, solve and residual diagnostic"
      }
    },
    {
      "group": "Dirichlet square",
      "method": "evaluate harmonic polynomial",
      "n": 15,
      "repeats": 5,
      "number": 65,
      "raw_ns": [
        28663.446153846155,
        28642.476923076923,
        29418.415384615386,
        28603.03076923077,
        28754.03076923077
      ],
      "min_ns": 28603.03076923077,
      "median_ns": 28663.446153846155,
      "q25_ns": 28642.476923076923,
      "q75_ns": 28754.03076923077,
      "metadata": {
        "grid_generation_excluded": true,
        "timing_scope": "evaluation on preconstructed grid; not a matched full-workflow timing"
      }
    },
    {
      "group": "Dirichlet square",
      "method": "assemble and sparse solve",
      "n": 31,
      "repeats": 5,
      "number": 1,
      "raw_ns": [
        2518883.0,
        2404671.0,
        2428987.0,
        2811104.0,
        2657443.0
      ],
      "min_ns": 2404671.0,
      "median_ns": 2518883.0,
      "q25_ns": 2428987.0,
      "q75_ns": 2657443.0,
      "metadata": {
        "grid_generation_included": true,
        "timing_scope": "grid generation, reference values, matrix assembly, solve and residual diagnostic"
      }
    },
    {
      "group": "Dirichlet square",
      "method": "evaluate harmonic polynomial",
      "n": 31,
      "repeats": 5,
      "number": 12,
      "raw_ns": [
        111268.0,
        111017.66666666667,
        131877.41666666666,
        111927.33333333333,
        136986.0
      ],
      "min_ns": 111017.66666666667,
      "median_ns": 111927.33333333333,
      "q25_ns": 111268.0,
      "q75_ns": 131877.41666666666,
      "metadata": {
        "grid_generation_excluded": true,
        "timing_scope": "evaluation on preconstructed grid; not a matched full-workflow timing"
      }
    },
    {
      "group": "Dirichlet square",
      "method": "assemble and sparse solve",
      "n": 63,
      "repeats": 5,
      "number": 1,
      "raw_ns": [
        8681398.0,
        9085347.0,
        8901670.0,
        8925215.0,
        8622859.0
      ],
      "min_ns": 8622859.0,
      "median_ns": 8901670.0,
      "q25_ns": 8681398.0,
      "q75_ns": 8925215.0,
      "metadata": {
        "grid_generation_included": true,
        "timing_scope": "grid generation, reference values, matrix assembly, solve and residual diagnostic"
      }
    },
    {
      "group": "Dirichlet square",
      "method": "evaluate harmonic polynomial",
      "n": 63,
      "repeats": 5,
      "number": 4,
      "raw_ns": [
        462448.25,
        453432.0,
        449969.25,
        460936.0,
        453427.25
      ],
      "min_ns": 449969.25,
      "median_ns": 453432.0,
      "q25_ns": 453427.25,
      "q75_ns": 460936.0,
      "metadata": {
        "grid_generation_excluded": true,
        "timing_scope": "evaluation on preconstructed grid; not a matched full-workflow timing"
      }
    },
    {
      "group": "Dirichlet square",
      "method": "assemble and sparse solve",
      "n": 127,
      "repeats": 5,
      "number": 1,
      "raw_ns": [
        45229600.0,
        42173354.0,
        43512266.0,
        46461679.0,
        44627189.0
      ],
      "min_ns": 42173354.0,
      "median_ns": 44627189.0,
      "q25_ns": 43512266.0,
      "q75_ns": 45229600.0,
      "metadata": {
        "grid_generation_included": true,
        "timing_scope": "grid generation, reference values, matrix assembly, solve and residual diagnostic"
      }
    },
    {
      "group": "Dirichlet square",
      "method": "evaluate harmonic polynomial",
      "n": 127,
      "repeats": 5,
      "number": 1,
      "raw_ns": [
        1844304.0,
        1893639.0,
        1850625.0,
        1857435.0,
        1837054.0
      ],
      "min_ns": 1837054.0,
      "median_ns": 1850625.0,
      "q25_ns": 1844304.0,
      "q75_ns": 1857435.0,
      "metadata": {
        "grid_generation_excluded": true,
        "timing_scope": "evaluation on preconstructed grid; not a matched full-workflow timing"
      }
    },
    {
      "group": "FD closure",
      "method": "repeated reversed scans",
      "n": 32,
      "repeats": 5,
      "number": 38,
      "raw_ns": [
        51913.39473684211,
        53331.31578947369,
        50261.65789473684,
        50048.44736842105,
        51346.47368421053
      ],
      "min_ns": 50048.44736842105,
      "median_ns": 51346.47368421053,
      "q25_ns": 50261.65789473684,
      "q75_ns": 51913.39473684211,
      "metadata": {
        "common_fd_input": true,
        "input_construction_excluded": true
      }
    },
    {
      "group": "FD closure",
      "method": "dependency worklist",
      "n": 32,
      "repeats": 5,
      "number": 121,
      "raw_ns": [
        11085.0,
        10692.173553719009,
        10792.90909090909,
        10671.487603305784,
        10864.173553719009
      ],
      "min_ns": 10671.487603305784,
      "median_ns": 10792.90909090909,
      "q25_ns": 10692.173553719009,
      "q75_ns": 10864.173553719009,
      "metadata": {
        "common_fd_input": true,
        "occurrence_index_construction_included": true
      }
    },
    {
      "group": "FD closure",
      "method": "repeated reversed scans",
      "n": 128,
      "repeats": 5,
      "number": 2,
      "raw_ns": [
        819311.5,
        822211.5,
        836157.5,
        870694.5,
        856348.0
      ],
      "min_ns": 819311.5,
      "median_ns": 836157.5,
      "q25_ns": 822211.5,
      "q75_ns": 856348.0,
      "metadata": {
        "common_fd_input": true,
        "input_construction_excluded": true
      }
    },
    {
      "group": "FD closure",
      "method": "dependency worklist",
      "n": 128,
      "repeats": 5,
      "number": 41,
      "raw_ns": [
        42567.19512195122,
        42268.70731707317,
        42301.65853658537,
        42213.0,
        42914.31707317073
      ],
      "min_ns": 42213.0,
      "median_ns": 42301.65853658537,
      "q25_ns": 42268.70731707317,
      "q75_ns": 42567.19512195122,
      "metadata": {
        "common_fd_input": true,
        "occurrence_index_construction_included": true
      }
    },
    {
      "group": "FD closure",
      "method": "repeated reversed scans",
      "n": 512,
      "repeats": 5,
      "number": 1,
      "raw_ns": [
        14258988.0,
        14712624.0,
        13747116.0,
        13717842.0,
        14098126.0
      ],
      "min_ns": 13717842.0,
      "median_ns": 14098126.0,
      "q25_ns": 13747116.0,
      "q75_ns": 14258988.0,
      "metadata": {
        "common_fd_input": true,
        "input_construction_excluded": true
      }
    },
    {
      "group": "FD closure",
      "method": "dependency worklist",
      "n": 512,
      "repeats": 5,
      "number": 9,
      "raw_ns": [
        185566.77777777778,
        178162.33333333334,
        173810.22222222222,
        180283.22222222222,
        179031.44444444444
      ],
      "min_ns": 173810.22222222222,
      "median_ns": 179031.44444444444,
      "q25_ns": 178162.33333333334,
      "q75_ns": 180283.22222222222,
      "metadata": {
        "common_fd_input": true,
        "occurrence_index_construction_included": true
      }
    },
    {
      "group": "FD closure",
      "method": "repeated reversed scans",
      "n": 1024,
      "repeats": 5,
      "number": 1,
      "raw_ns": [
        58131008.0,
        57995593.0,
        58760569.0,
        59265361.0,
        58605785.0
      ],
      "min_ns": 57995593.0,
      "median_ns": 58605785.0,
      "q25_ns": 58131008.0,
      "q75_ns": 58760569.0,
      "metadata": {
        "common_fd_input": true,
        "input_construction_excluded": true
      }
    },
    {
      "group": "FD closure",
      "method": "dependency worklist",
      "n": 1024,
      "repeats": 5,
      "number": 4,
      "raw_ns": [
        386829.0,
        412931.0,
        371340.5,
        413920.0,
        381561.0
      ],
      "min_ns": 371340.5,
      "median_ns": 386829.0,
      "q25_ns": 381561.0,
      "q75_ns": 412931.0,
      "metadata": {
        "common_fd_input": true,
        "occurrence_index_construction_included": true
      }
    }
  ],
  "diagnostics": {
    "matrix": [
      {
        "lambda": 1.0,
        "errors": {
          "quotient series": 1.55976637174963e-16,
          "scipy expm": 1.55976637174963e-16,
          "diagonalization": 7.849672142285669e-17
        },
        "eigenvector_condition": 1.0
      },
      {
        "lambda": 0.01,
        "errors": {
          "quotient series": 3.170431740037054e-16,
          "scipy expm": 9.499856907867408e-17,
          "diagonalization": 2.0483319970142194e-15
        },
        "eigenvector_condition": 10.0
      },
      {
        "lambda": 0.0001,
        "errors": {
          "quotient series": 1.3971339558394974e-16,
          "scipy expm": 1.3971339558394974e-16,
          "diagonalization": 1.2516829085142835e-14
        },
        "eigenvector_condition": 100.0
      },
      {
        "lambda": 1e-08,
        "errors": {
          "quotient series": 8.497731992674576e-17,
          "scipy expm": 1.3706728499828553e-16,
          "diagonalization": 6.936289405653652e-14
        },
        "eigenvector_condition": 10000.0
      },
      {
        "lambda": 1e-12,
        "errors": {
          "quotient series": 8.883163202351237e-17,
          "scipy expm": 8.883163202351237e-17,
          "diagonalization": 4.6442871756789985e-11
        },
        "eigenvector_condition": 1000000.0
      },
      {
        "lambda": 1e-16,
        "errors": {
          "quotient series": 5e-17,
          "scipy expm": 5e-17,
          "diagonalization": 3.0387355021277414e-09
        },
        "eigenvector_condition": 100000000.0
      },
      {
        "lambda": 0.0,
        "errors": {
          "quotient series": 0.0,
          "scipy expm": 0.0
        },
        "eigenvector_condition": null
      }
    ],
    "derivatives": [
      {
        "h": 0.1,
        "forward_error": 0.14374661499244945,
        "central_error": 0.002741390020513211,
        "complex_step_error": 0.002716349695646049
      },
      {
        "h": 0.03257020655659783,
        "forward_error": 0.04753286807658996,
        "central_error": 0.0002896245535836106,
        "complex_step_error": 0.0002893427658604575
      },
      {
        "h": 0.010608183551394482,
        "forward_error": 0.015549009251045633,
        "central_error": 3.0710543667765676e-05,
        "complex_step_error": 3.070737260813087e-05
      },
      {
        "h": 0.003455107294592218,
        "forward_error": 0.0050712217408700475,
        "central_error": 3.257680467715317e-06,
        "complex_step_error": 3.257644802691119e-06
      },
      {
        "h": 0.0011253355826007646,
        "forward_error": 0.001652427428409432,
        "central_error": 3.455790534833901e-07,
        "complex_step_error": 3.455786327111533e-07
      },
      {
        "h": 0.000366524123707963,
        "forward_error": 0.0005382750803758508,
        "central_error": 3.6659459577946695e-08,
        "complex_step_error": 3.6659634329340275e-08
      },
      {
        "h": 0.00011937766417144369,
        "forward_error": 0.0001753253627619922,
        "central_error": 3.887062781614434e-09,
        "complex_step_error": 3.888921519291768e-09
      },
      {
        "h": 3.888155180308085e-05,
        "forward_error": 5.7104691507327034e-05,
        "central_error": 4.1165837291068157e-10,
        "complex_step_error": 4.1254366704002394e-10
      },
      {
        "h": 1.2663801734674022e-05,
        "forward_error": 1.8599182229351898e-05,
        "central_error": 4.478250988803947e-11,
        "complex_step_error": 4.3763105396334965e-11
      },
      {
        "h": 4.124626382901356e-06,
        "forward_error": 6.0577560730979204e-06,
        "central_error": 6.177114261085362e-11,
        "complex_step_error": 4.642398722223248e-12
      },
      {
        "h": 1.3433993325989015e-06,
        "forward_error": 1.9734703221596995e-06,
        "central_error": 1.251864179331341e-10,
        "complex_step_error": 4.919409669645625e-13
      },
      {
        "h": 4.375479375074189e-07,
        "forward_error": 6.426932545056453e-07,
        "central_error": 2.774701568163374e-10,
        "complex_step_error": 5.18485600031505e-14
      },
      {
        "h": 1.4251026703029992e-07,
        "forward_error": 2.0704359593563106e-07,
        "central_error": 1.8310475243687787e-10,
        "complex_step_error": 5.219192968893925e-15
      },
      {
        "h": 4.641588833612782e-08,
        "forward_error": 6.156136744931551e-08,
        "central_error": 5.411916358354249e-09,
        "complex_step_error": 1.0987754930682622e-16
      },
      {
        "h": 1.511775070615663e-08,
        "forward_error": 1.5374597704919e-08,
        "central_error": 1.5374597704919e-08,
        "complex_step_error": 7.78300870393299e-16
      },
      {
        "h": 4.923882631706752e-09,
        "forward_error": 1.1656028476893068e-08,
        "central_error": 1.1656028476893068e-08,
        "complex_step_error": 3.342116605432364e-16
      },
      {
        "h": 1.6037187437513277e-09,
        "forward_error": 4.828440103184939e-08,
        "central_error": 4.828440103184939e-08,
        "complex_step_error": 1.0987754930682622e-16
      },
      {
        "h": 5.223345074266854e-10,
        "forward_error": 7.281321267027173e-07,
        "central_error": 3.0303173270570403e-07,
        "complex_step_error": 3.342116605432364e-16
      },
      {
        "h": 1.7012542798525926e-10,
        "forward_error": 2.2142987610277566e-07,
        "central_error": 2.2142987610277566e-07,
        "complex_step_error": 1.0987754930682622e-16
      },
      {
        "h": 5.541020330009503e-11,
        "forward_error": 1.0810157810346964e-05,
        "central_error": 6.80287049325986e-06,
        "complex_step_error": 5.539667591568888e-16
      },
      {
        "h": 1.8047217668271738e-11,
        "forward_error": 2.554314007208066e-05,
        "central_error": 1.3239603371516493e-05,
        "complex_step_error": 1.0987754930682622e-16
      },
      {
        "h": 5.878016072274924e-12,
        "forward_error": 3.787968933954718e-05,
        "central_error": 3.787968933954718e-05,
        "complex_step_error": 5.539667591568888e-16
      },
      {
        "h": 1.9144819761699614e-12,
        "forward_error": 0.00012955369921508034,
        "central_error": 1.3572139874963342e-05,
        "complex_step_error": 1.0987754930682622e-16
      },
      {
        "h": 6.235507341273925e-13,
        "forward_error": 6.292956377096484e-05,
        "central_error": 0.0002931675310963155,
        "complex_step_error": 1.0987754930682622e-16
      },
      {
        "h": 2.0309176209047388e-13,
        "forward_error": 0.0027903431295971406,
        "central_error": 0.000603699982287932,
        "complex_step_error": 1.0987754930682622e-16
      },
      {
        "h": 6.614740641230159e-14,
        "forward_error": 0.0035835537573668543,
        "central_error": 0.0035835537573668543,
        "complex_step_error": 1.0987754930682622e-16
      },
      {
        "h": 2.1544346900318866e-14,
        "forward_error": 0.00452050512102231,
        "central_error": 0.00452050512102231,
        "complex_step_error": 1.0987754930682622e-16
      },
      {
        "h": 7.017038286703837e-15,
        "forward_error": 0.10447435764671142,
        "central_error": 0.04118708576570407,
        "complex_step_error": 1.0987754930682622e-16
      },
      {
        "h": 2.285463864134993e-15,
        "forward_error": 0.06415318815004467,
        "central_error": 0.06415318815004467,
        "complex_step_error": 1.0987754930682622e-16
      },
      {
        "h": 7.443803013251696e-16,
        "forward_error": 0.7731034864599954,
        "central_error": 0.17651433833304886,
        "complex_step_error": 1.0987754930682622e-16
      },
      {
        "h": 2.424462017082331e-16,
        "forward_error": 0.09264508447596509,
        "central_error": 0.09264508447596509,
        "complex_step_error": 3.342116605432364e-16
      },
      {
        "h": 7.896522868499733e-17,
        "forward_error": 3.7560492270947274,
        "central_error": 0.9441203740701082,
        "complex_step_error": 3.342116605432364e-16
      },
      {
        "h": 2.5719138090593366e-17,
        "forward_error": 3.7560492270947274,
        "central_error": 3.7560492270947274,
        "complex_step_error": 1.0987754930682622e-16
      },
      {
        "h": 8.376776400682923e-18,
        "forward_error": 3.7560492270947274,
        "central_error": 3.7560492270947274,
        "complex_step_error": 1.0987754930682622e-16
      },
      {
        "h": 2.7283333764867806e-18,
        "forward_error": 3.7560492270947274,
        "central_error": 3.7560492270947274,
        "complex_step_error": 3.342116605432364e-16
      },
      {
        "h": 8.886238162743407e-19,
        "forward_error": 3.7560492270947274,
        "central_error": 3.7560492270947274,
        "complex_step_error": 3.342116605432364e-16
      },
      {
        "h": 2.894266124716764e-19,
        "forward_error": 3.7560492270947274,
        "central_error": 3.7560492270947274,
        "complex_step_error": 1.0987754930682622e-16
      },
      {
        "h": 9.426684551178854e-20,
        "forward_error": 3.7560492270947274,
        "central_error": 3.7560492270947274,
        "complex_step_error": 1.0987754930682622e-16
      },
      {
        "h": 3.070290629757862e-20,
        "forward_error": 3.7560492270947274,
        "central_error": 3.7560492270947274,
        "complex_step_error": 7.78300870393299e-16
      },
      {
        "h": 1e-20,
        "forward_error": 3.7560492270947274,
        "central_error": 3.7560492270947274,
        "complex_step_error": 1.0987754930682622e-16
      }
    ],
    "dirichlet": [
      {
        "n": 15,
        "unknowns": 225,
        "h": 0.125,
        "error_inf": 0.018361441644729783,
        "exact_arithmetic_error_bound": 0.03125,
        "residual_inf": 1.1368683772161603e-13
      },
      {
        "n": 31,
        "unknowns": 961,
        "h": 0.0625,
        "error_inf": 0.004600921084657887,
        "exact_arithmetic_error_bound": 0.0078125,
        "residual_inf": 6.252776074688882e-13
      },
      {
        "n": 63,
        "unknowns": 3969,
        "h": 0.03125,
        "error_inf": 0.001150893523294542,
        "exact_arithmetic_error_bound": 0.001953125,
        "residual_inf": 3.637978807091713e-12
      },
      {
        "n": 127,
        "unknowns": 16129,
        "h": 0.015625,
        "error_inf": 0.00028776488464649774,
        "exact_arithmetic_error_bound": 0.00048828125,
        "residual_inf": 2.1827872842550278e-11
      }
    ],
    "quadratic": [
      {
        "beta": 100.0,
        "naive_small": 0.010001000200048793,
        "stable_small": 0.010001000200050014,
        "naive_relative_error": 1.2209057823605684e-13,
        "stable_relative_error": 2.1740797949856077e-17
      },
      {
        "beta": 10000.0,
        "naive_small": 0.00010000000111176632,
        "stable_small": 0.00010000000100000001,
        "naive_relative_error": 1.1176630232956394e-09,
        "stable_relative_error": 5.651102484784234e-17
      },
      {
        "beta": 100000000.0,
        "naive_small": 7.450580596923828e-09,
        "stable_small": 1e-08,
        "naive_relative_error": 0.25494194030761724,
        "stable_relative_error": 7.907743916987154e-17
      },
      {
        "beta": 1000000000000.0,
        "naive_small": 0.0,
        "stable_small": 1e-12,
        "naive_relative_error": 1.0,
        "stable_relative_error": 2.0113353370744386e-17
      },
      {
        "beta": 1e+16,
        "naive_small": 0.0,
        "stable_small": 1e-16,
        "naive_relative_error": 1.0,
        "stable_relative_error": 2.0902213275965406e-17
      }
    ]
  }
}






PHI_volume_02_verification/verification/analytic_models/results/exact_results.json

{
  "fibonacci_bits": [
    {
      "n": 100,
      "bits": 69
    },
    {
      "n": 1000,
      "bits": 694
    },
    {
      "n": 10000,
      "bits": 6942
    },
    {
      "n": 100000,
      "bits": 69424
    }
  ],
  "fsm_counts": [
    {
      "length": 0,
      "counts": [
        1,
        0,
        0
      ],
      "accepted": 1
    },
    {
      "length": 1,
      "counts": [
        4,
        3,
        3
      ],
      "accepted": 4
    },
    {
      "length": 2,
      "counts": [
        34,
        33,
        33
      ],
      "accepted": 34
    },
    {
      "length": 3,
      "counts": [
        334,
        333,
        333
      ],
      "accepted": 334
    },
    {
      "length": 4,
      "counts": [
        3334,
        3333,
        3333
      ],
      "accepted": 3334
    }
  ],
  "symbolic_identities": [
    "Gauss real",
    "Gauss imaginary",
    "A\u00b2=lambda I",
    "harmonic quartic",
    "discrete residual 4h\u00b2"
  ],
  "rank_restriction": {
    "r": "3/4",
    "tolerance": "1/1000",
    "required_rank": 25,
    "rank24_error": "282429536481/281474976710656",
    "rank25_error": "847288609443/1125899906842624"
  },
  "cauchy_optimum": {
    "q_interval": [
      "6555554687/10000000000",
      "51215271/78125000"
    ],
    "B_interval_exact": [
      "306127672143317545291753609073678622280674540273301090763197015134846550950689565820313378170571127456228941566333507245907368377108249761134463333091630485368504967116558071289450343391468987221224829258798403932624716687305474468260419884493876300313638144358382151679117128676654843440537069179366173286076659116438375365435608471710046853916001492199389524192588977324979860977441726681069589530789633058578695280688960476534457599553682913769800442980223716693754242912563430051455722235393410974044323738256470863739210208925061396545325323607755386742319217830655062343277018994217104365055859403716739542840899688626384536627037025344111951779500137056588272155393493230000702567542/9281659337030603392191868413161357197291003848167840714679741527583674266238691347742591891992108065224722513480010623070578457729558257832988718080433076967673641031898000166289010902905201958190750900409006106800327412990467504493840368910160834949685798465816487513517975190754832221525897515420839475458633058063069268295763134224328910445876320254259004026161600392691155967113474995058270221974367110485461315652248611398415343285388768321983827351383206254360627243547034285990621384008276973937390101520757353148941138249585504298025557748376151135789808172849936249685761890955134104878626736317594096170273239978241719601072708721090728198945029831798704155734092424362366729947499648716229",
      "1927520119810970773769700469082309046671674817207348837950248831962078972860834726637128152566819746405086844377883470432077373909936394216958679027638183083583312259565647032961528486199812350034582974329292502213785683826662624694723094460907503844580464762408608478920233723556838413868493090394340295186318564624697684491100297491033808415788728297791470266387316591690814816847531898459490073471667694686725584940377245472788929732529225554137766478803568018069054980906627632387432907944510709284896139193802331205864232402268972037897334910922528332595563481978134/58441580773425351733744267642056340049659287945261612922556098210819326745183834230672284814529680514036879459102322129235667687549293692803895560214460759321835610499531485192165280809594070150319057670287777447399571898059822262286360516753464395389215863495690807701598446742048425056878766460774306212184809090398183389353368607727629245076534270634996490221831749682868814738425443662214510674500046354280600552357452699869193836880333351098585662095197966968992148951715099450631669604237693137206406195456201930403098834397067883798865513981051332544538735833702218259010933"
    ],
    "B_interval_decimal": [
      3.298199826425155e-11,
      3.2981998335805727e-11
    ]
  },
  "precision_allocation": {
    "optimum": [
      20,
      [
        2,
        4,
        6,
        8
      ],
      "1/64"
    ],
    "uniform_minimum": 7,
    "tested_box": "2 <= b_i <=14, sum<=20; coordinates above14 cannot occur at total<=20 with other coordinates>=2"
  },
  "haar": [
    {
      "depth": 0,
      "cells": 1,
      "resolved_variance": "0",
      "unresolved_variance": "1/8"
    },
    {
      "depth": 1,
      "cells": 2,
      "resolved_variance": "1/9",
      "unresolved_variance": "1/72"
    },
    {
      "depth": 2,
      "cells": 4,
      "resolved_variance": "10/81",
      "unresolved_variance": "1/648"
    },
    {
      "depth": 3,
      "cells": 8,
      "resolved_variance": "91/729",
      "unresolved_variance": "1/5832"
    },
    {
      "depth": 4,
      "cells": 16,
      "resolved_variance": "820/6561",
      "unresolved_variance": "1/52488"
    },
    {
      "depth": 5,
      "cells": 32,
      "resolved_variance": "7381/59049",
      "unresolved_variance": "1/472392"
    },
    {
      "depth": 6,
      "cells": 64,
      "resolved_variance": "66430/531441",
      "unresolved_variance": "1/4251528"
    },
    {
      "depth": 7,
      "cells": 128,
      "resolved_variance": "597871/4782969",
      "unresolved_variance": "1/38263752"
    },
    {
      "depth": 8,
      "cells": 256,
      "resolved_variance": "5380840/43046721",
      "unresolved_variance": "1/344373768"
    },
    {
      "depth": 9,
      "cells": 512,
      "resolved_variance": "48427561/387420489",
      "unresolved_variance": "1/3099363912"
    }
  ],
  "partition_means": {
    "correct": "33/4",
    "unweighted": "13/2",
    "records": [
      [
        2,
        4
      ],
      [
        10,
        10,
        10,
        10,
        10,
        10
      ]
    ]
  },
  "closure_counts": [
    {
      "attributes": 32,
      "scan_tests": 992,
      "worklist_tests": 31
    },
    {
      "attributes": 128,
      "scan_tests": 16256,
      "worklist_tests": 127
    },
    {
      "attributes": 512,
      "scan_tests": 261632,
      "worklist_tests": 511
    },
    {
      "attributes": 1024,
      "scan_tests": 1047552,
      "worklist_tests": 1023
    }
  ],
  "cauchy_alias": [
    {
      "N": 8,
      "radius": "1/4",
      "k": 5,
      "alias_exact": "32/312499996875",
      "observed_abs_error": 1.0241365915861808e-10
    },
    {
      "N": 8,
      "radius": "1/2",
      "k": 5,
      "alias_exact": "1/38146875",
      "observed_abs_error": 2.621446706756181e-08
    },
    {
      "N": 8,
      "radius": "3/4",
      "k": 5,
      "alias_exact": "209952/312479496875",
      "observed_abs_error": 6.718904827247157e-07
    },
    {
      "N": 16,
      "radius": "1/4",
      "k": 5,
      "alias_exact": "32/31249999999999996875",
      "observed_abs_error": 2.0928666859103203e-14
    },
    {
      "N": 16,
      "radius": "1/2",
      "k": 5,
      "alias_exact": "1/14901161193750",
      "observed_abs_error": 6.786233187022077e-14
    },
    {
      "N": 16,
      "radius": "3/4",
      "k": 5,
      "alias_exact": "1377495072/31249999865478996875",
      "observed_abs_error": 4.4079935881971556e-11
    },
    {
      "N": 32,
      "radius": "1/4",
      "k": 5,
      "alias_exact": "32/312499999999999999999999999999996875",
      "observed_abs_error": 5.399393633568944e-15
    },
    {
      "N": 32,
      "radius": "1/2",
      "k": 5,
      "alias_exact": "1/2273736754432320594787500",
      "observed_abs_error": 4.3529457954382174e-16
    },
    {
      "N": 32,
      "radius": "3/4",
      "k": 5,
      "alias_exact": "59296646043258912/312499999999999994209311909837996875",
      "observed_abs_error": 1.49114440534464e-16
    },
    {
      "N": 64,
      "radius": "1/4",
      "k": 5,
      "alias_exact": "32/31249999999999999999999999999999999999999999999999999999999999996875",
      "observed_abs_error": 7.196416369640168e-15
    },
    {
      "N": 64,
      "radius": "1/2",
      "k": 5,
      "alias_exact": "1/52939559203393771191770156292477622628211975000",
      "observed_abs_error": 1.5789840939177616e-16
    },
    {
      "N": 64,
      "radius": "3/4",
      "k": 5,
      "alias_exact": "109877882249360399509051170856992/31249999999999999999999999999999989269738061585898485444221595996875",
      "observed_abs_error": 7.442674919731886e-17
    }
  ],
  "engineering_source_instances": {
    "point_load_kN": 1000,
    "depth_m": 4,
    "sigma_axis_kPa": 29.841551829730378,
    "sigma_offset3_kPa": 9.77847970356605,
    "gravity_m_s2": 2.452483139178418,
    "gravity_exact": "4000/1631"
  },
  "resistor": {
    "G": "Matrix([[5/6, -1/3], [-1/3, 1/2]])",
    "I": "Matrix([[1], [0]])",
    "V": [
      "18/11",
      "12/11"
    ],
    "source_power": "18/11",
    "dissipated_power": "18/11"
  }
}






PHI_volume_02_verification/verification/analytic_models/results/printed_kernel_checks.json

{
  "check_count": 10,
  "all_passed": true,
  "checks": [
    {
      "name": "stable first occurrences",
      "passed": true
    },
    {
      "name": "stable sparse transpose",
      "passed": true
    },
    {
      "name": "out-of-domain matrix index rejected",
      "passed": true
    },
    {
      "name": "empty and multi-attribute antecedents",
      "passed": true
    },
    {
      "name": "valid shortest-path certificate",
      "passed": true
    },
    {
      "name": "wrong distance certificate rejected",
      "passed": true
    },
    {
      "name": "least exact rank",
      "passed": true
    },
    {
      "name": "precision allocation",
      "passed": true
    },
    {
      "name": "valid quadratic disk",
      "passed": true
    },
    {
      "name": "invalid quadratic disk rejected",
      "passed": true
    }
  ],
  "scope": "Tests of the separately printed finite kernels; no proof-assistant kernel invoked."
}






PHI_volume_02_verification/verification/analytic_models/results/supplementary_verification.json

{
  "checks": [
    {
      "name": "knapsack optimum 29",
      "passed": true,
      "detail": "All 32 item subsets considered"
    },
    {
      "name": "four-unit jug target minimum six",
      "passed": true,
      "detail": ""
    },
    {
      "name": "either jug target minimum four",
      "passed": true,
      "detail": ""
    },
    {
      "name": "D4 unrestricted board orbits 2862",
      "passed": true,
      "detail": "19683 three-symbol colourings; illegal game states included"
    },
    {
      "name": "FD candidate keys",
      "passed": true,
      "detail": ""
    },
    {
      "name": "lossless common attribute closure",
      "passed": true,
      "detail": ""
    },
    {
      "name": "weighted public edit example",
      "passed": true,
      "detail": ""
    },
    {
      "name": "shortest-path potential inequalities",
      "passed": true,
      "detail": ""
    },
    {
      "name": "shortest predecessor equalities",
      "passed": true,
      "detail": ""
    },
    {
      "name": "Rouche cubic strict margin",
      "passed": true,
      "detail": ""
    },
    {
      "name": "Boussinesq source stress ratio",
      "passed": true,
      "detail": ""
    },
    {
      "name": "toy salary endpoint tests",
      "passed": true,
      "detail": ""
    },
    {
      "name": "reflection coefficient value",
      "passed": true,
      "detail": ""
    },
    {
      "name": "quadratic chart exact constants",
      "passed": true,
      "detail": ""
    }
  ],
  "check_count": 14,
  "all_passed": true,
  "kernel_checked_lean_theorems": 0
}






PHI_volume_02_verification/verification/analytic_models/results/verification.json

{
  "checks": [
    {
      "name": "duplicate outputs n=64",
      "passed": true,
      "detail": ""
    },
    {
      "name": "duplicate outputs n=256",
      "passed": true,
      "detail": ""
    },
    {
      "name": "duplicate outputs n=1024",
      "passed": true,
      "detail": ""
    },
    {
      "name": "duplicate outputs n=4096",
      "passed": true,
      "detail": ""
    },
    {
      "name": "attendance outputs n=128, q=1",
      "passed": true,
      "detail": ""
    },
    {
      "name": "attendance outputs n=128, q=16",
      "passed": true,
      "detail": ""
    },
    {
      "name": "attendance outputs n=128, q=256",
      "passed": true,
      "detail": ""
    },
    {
      "name": "attendance outputs n=512, q=1",
      "passed": true,
      "detail": ""
    },
    {
      "name": "attendance outputs n=512, q=16",
      "passed": true,
      "detail": ""
    },
    {
      "name": "attendance outputs n=512, q=256",
      "passed": true,
      "detail": ""
    },
    {
      "name": "attendance outputs n=2048, q=1",
      "passed": true,
      "detail": ""
    },
    {
      "name": "attendance outputs n=2048, q=16",
      "passed": true,
      "detail": ""
    },
    {
      "name": "attendance outputs n=2048, q=256",
      "passed": true,
      "detail": ""
    },
    {
      "name": "attendance outputs n=8192, q=1",
      "passed": true,
      "detail": ""
    },
    {
      "name": "attendance outputs n=8192, q=16",
      "passed": true,
      "detail": ""
    },
    {
      "name": "attendance outputs n=8192, q=256",
      "passed": true,
      "detail": ""
    },
    {
      "name": "transpose exact equality n=32",
      "passed": true,
      "detail": ""
    },
    {
      "name": "transpose exact equality n=64",
      "passed": true,
      "detail": ""
    },
    {
      "name": "transpose exact equality n=128",
      "passed": true,
      "detail": ""
    },
    {
      "name": "transpose exact equality n=256",
      "passed": true,
      "detail": ""
    },
    {
      "name": "queue ordering n=256",
      "passed": true,
      "detail": ""
    },
    {
      "name": "queue ordering n=1024",
      "passed": true,
      "detail": ""
    },
    {
      "name": "queue ordering n=4096",
      "passed": true,
      "detail": ""
    },
    {
      "name": "queue ordering n=16384",
      "passed": true,
      "detail": ""
    },
    {
      "name": "Fibonacci exact n=8",
      "passed": true,
      "detail": ""
    },
    {
      "name": "Fibonacci exact n=16",
      "passed": true,
      "detail": ""
    },
    {
      "name": "Fibonacci exact n=24",
      "passed": true,
      "detail": ""
    },
    {
      "name": "Fibonacci exact n=28",
      "passed": true,
      "detail": ""
    },
    {
      "name": "Fibonacci large n=100",
      "passed": true,
      "detail": ""
    },
    {
      "name": "Fibonacci large n=1000",
      "passed": true,
      "detail": ""
    },
    {
      "name": "Fibonacci large n=10000",
      "passed": true,
      "detail": ""
    },
    {
      "name": "Fibonacci large n=100000",
      "passed": true,
      "detail": ""
    },
    {
      "name": "FSM enumeration length=0",
      "passed": true,
      "detail": "1 strings"
    },
    {
      "name": "FSM enumeration length=1",
      "passed": true,
      "detail": "10 strings"
    },
    {
      "name": "FSM enumeration length=2",
      "passed": true,
      "detail": "100 strings"
    },
    {
      "name": "FSM enumeration length=3",
      "passed": true,
      "detail": "1000 strings"
    },
    {
      "name": "FSM enumeration length=4",
      "passed": true,
      "detail": "10000 strings"
    },
    {
      "name": "Gauss complex real polynomial identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "Gauss complex imaginary polynomial identity",
      "passed": true,
      "detail": ""
    },
    {
      "name": "quotient relation A\u00b2=lambda I",
      "passed": true,
      "detail": ""
    },
    {
      "name": "harmonic quartic Laplacian",
      "passed": true,
      "detail": ""
    },
    {
      "name": "quartic discrete residual",
      "passed": true,
      "detail": ""
    },
    {
      "name": "matrix diagnostic accuracy of robust methods",
      "passed": true,
      "detail": ""
    },
    {
      "name": "nonholomorphic complex-step negative control",
      "passed": true,
      "detail": ""
    },
    {
      "name": "rank 25 is exact minimum for r=3/4",
      "passed": true,
      "detail": ""
    },
    {
      "name": "optimal radius rational sign bracket",
      "passed": true,
      "detail": ""
    },
    {
      "name": "precision optimum among all nonworse budgets",
      "passed": true,
      "detail": ""
    },
    {
      "name": "discrete quartic bound n=15",
      "passed": true,
      "detail": ""
    },
    {
      "name": "discrete quartic bound n=31",
      "passed": true,
      "detail": ""
    },
    {
      "name": "discrete quartic bound n=63",
      "passed": true,
      "detail": ""
    },
    {
      "name": "discrete quartic bound n=127",
      "passed": true,
      "detail": ""
    },
    {
      "name": "conditional moment identity n=0",
      "passed": true,
      "detail": ""
    },
    {
      "name": "conditional moment identity n=1",
      "passed": true,
      "detail": ""
    },
    {
      "name": "conditional moment identity n=2",
      "passed": true,
      "detail": ""
    },
    {
      "name": "conditional moment identity n=3",
      "passed": true,
      "detail": ""
    },
    {
      "name": "conditional moment identity n=4",
      "passed": true,
      "detail": ""
    },
    {
      "name": "conditional moment identity n=5",
      "passed": true,
      "detail": ""
    },
    {
      "name": "conditional moment identity n=6",
      "passed": true,
      "detail": ""
    },
    {
      "name": "conditional moment identity n=7",
      "passed": true,
      "detail": ""
    },
    {
      "name": "conditional moment identity n=8",
      "passed": true,
      "detail": ""
    },
    {
      "name": "conditional moment identity n=9",
      "passed": true,
      "detail": ""
    },
    {
      "name": "weighted partition aggregate",
      "passed": true,
      "detail": ""
    },
    {
      "name": "join multiplicities",
      "passed": true,
      "detail": ""
    },
    {
      "name": "FD closure exact n=32",
      "passed": true,
      "detail": ""
    },
    {
      "name": "FD closure exact n=128",
      "passed": true,
      "detail": ""
    },
    {
      "name": "FD closure exact n=512",
      "passed": true,
      "detail": ""
    },
    {
      "name": "FD closure exact n=1024",
      "passed": true,
      "detail": ""
    },
    {
      "name": "resistor KCL exact",
      "passed": true,
      "detail": ""
    }
  ],
  "check_count": 68,
  "all_passed": true,
  "kernel_checked_lean_theorems": 0,
  "scope": "Finite tests and exact identities only; universal results are proved separately in the monograph."
}






PHI_volume_02_verification/verification/analytic_models/supplementary_checks.py

"""Exact finite checks for additional monograph examples; no source application is implied."""
from pathlib import Path
from fractions import Fraction as F
from collections import deque
from itertools import product, combinations
import json
W=Path(__file__).resolve().parent
checks=[]
def check(n,c,d=''):
 if not c:raise AssertionError(n)
 checks.append({'name':n,'passed':True,'detail':d})
weights=[2,3,4,5,9];values=[3,4,8,8,10]
valid=[(sum(v*b for v,b in zip(values,bits)),bits) for bits in product([0,1],repeat=5) if sum(w*b for w,b in zip(weights,bits))<=20]
check('knapsack optimum 29',max(x[0] for x in valid)==29,'All 32 item subsets considered')
start=(0,0);dist={start:0};Q=deque([start])
while Q:
 a,b=Q.popleft();ab=min(a,3-b);ba=min(b,4-a)
 for v in [(4,b),(0,b),(a,3),(a,0),(a-ab,b+ab),(a+ba,b-ba)]:
  if v not in dist:dist[v]=dist[(a,b)]+1;Q.append(v)
check('four-unit jug target minimum six',min(d for (a,b),d in dist.items() if a==2)==6)
check('either jug target minimum four',min(d for (a,b),d in dist.items() if 2 in (a,b))==4)
# Dihedral transforms as permutations of nine cells.
perms=[]
for flip in [False,True]:
 for rot in range(4):
  pm=[]
  for i in range(3):
   for j in range(3):
    x,y=i,j
    if flip:y=2-y
    for _ in range(rot):x,y=y,2-x
    pm.append(3*x+y)
  perms.append(pm)
canon=set()
for b in product(range(3),repeat=9):canon.add(min(tuple(b[j] for j in p) for p in perms))
check('D4 unrestricted board orbits 2862',len(canon)==2862,'19683 three-symbol colourings; illegal game states included')
attrs=set('ABCDE');fds=[(set('A'),set('BC')),(set('CD'),set('E')),(set('B'),set('D')),(set('E'),set('A'))]
def closure(a):
 a=set(a)
 while True:
  old=a.copy()
  for l,r in fds:
   if l<=a:a|=r
  if a==old:return a
keys=[]
for n in range(6):
 for ss in combinations(sorted(attrs),n):
  s=set(ss)
  if closure(s)==attrs and not any(k<=s for k in keys):keys.append(s)
check('FD candidate keys',sorted(''.join(sorted(k)) for k in keys)==['A','BC','CD','E'])
check('lossless common attribute closure',set('ABC')<=closure('A'))
x='algorithm';y='alligator';L=[[0]*(len(y)+1) for _ in range(len(x)+1)]
for i,a in enumerate(x,1):
 for j,b in enumerate(y,1):L[i][j]=L[i-1][j-1]+1 if a==b else max(L[i-1][j],L[i][j-1])
check('weighted public edit example',L[-1][-1]==5 and 20*(len(x)+len(y))-35*L[-1][-1]==185)
edges=[(0,1,2),(0,2,5),(1,2,1),(1,3,7),(2,3,2)];ds=[0,2,3,5]
check('shortest-path potential inequalities',all(ds[v]<=ds[u]+w for u,v,w in edges))
check('shortest predecessor equalities',all(ds[v]==ds[u]+w for u,v,w in [edges[0],edges[2],edges[4]]))
check('Rouche cubic strict margin',F(4,5)**3>F(1,2) and 1-F(4,5)==F(1,5))
check('Boussinesq source stress ratio',F(1024,3125)==F(4,5)**5)
check('toy salary endpoint tests',max(F(0),F(1,10)*(100000-100000))==0 and F(1,10)*(150000-100000)==5000)
check('reflection coefficient value',F(50*150+50*50,150**2+50**2)==F(2,5) and F(50*150-50*50,150**2+50**2)==F(1,5))
check('quadratic chart exact constants',(1+2*F(1,5)*F(3,5))/(1-2*F(1,5)*F(3,5))==F(31,19))
(W/'results/supplementary_verification.json').write_text(json.dumps({'checks':checks,'check_count':len(checks),'all_passed':True,'kernel_checked_lean_theorems':0},indent=2))
print(len(checks),'supplementary exact checks passed')







PHI_volume_02_verification/verification/analytic_models/supplementary_fouryear.py

"""Independent finite checks for the new network, telecom and specialist examples.
Symbolic simplification here is not proof-assistant kernel verification.
"""
from __future__ import annotations
from pathlib import Path
from fractions import Fraction as F
import json, math
import sympy as s
P=Path(__file__).resolve().parent
records=[]
def ck(name, proposition, kind, detail=''):
    ok=bool(proposition)
    records.append(dict(name=name,kind=kind,passed=ok,detail=detail))
    if not ok: raise AssertionError(name)
def ident(name, expr): ck(name,s.simplify(expr)==0,'symbolic identity')
x,t,z,a,b,q=s.symbols('x t z a b q', real=True)
# Distributional instances.
ck('N01_deterministic_workload',F(4,5)/(2*(1-F(4,5)))==2,'exact rational instance')
ck('N01_exponential_workload',F(4,5)*2/(2*(1-F(4,5)))==4,'exact rational instance')
LT=(2/(z+2))**3
ck('N02_three_stage_mean_variance',-s.diff(LT,z).subs(z,0)==s.Rational(3,2) and s.diff(LT,z,2).subs(z,0)-s.Rational(3,2)**2==s.Rational(3,4),'exact symbolic moments')
# Derivative of the stated survival is minus the density.
ident('N02_erlang_survival_derivative',s.diff(s.exp(-2*t)*(1+2*t+2*t*t),t)+4*t*t*s.exp(-2*t))
Q=s.Matrix([[s.Rational(1,2),s.Rational(1,4)],[0,s.Rational(1,2)]])
r=s.Matrix([s.Rational(1,4),s.Rational(1,2)])
ck('N03_absorption_solution',(s.eye(2)-Q).inv()*r==s.Matrix([1,1]),'exact rational linear algebra')
ck('N03_selected_absorption',(s.eye(2)-Q).inv()*s.Matrix([0,s.Rational(1,2)])==s.Matrix([s.Rational(1,2),1]),'exact rational linear algebra')
poly=s.expand(((1+z)**2/4)**3)
ck('N04_sum_probability',poly.coeff(z,3)==s.Rational(5,16),'exact polynomial coefficient')
ck('N04_normalization',poly.subs(z,1)==1,'exact polynomial coefficient')
ck('N06_mixture_mean',F(99,100)+F(1,100)*100==F(199,100),'exact rational instance')
ident('N06_transform_mean',-s.diff(s.Rational(99,100)/(z+1)+s.Rational(1,100)/(100*z+1),z).subs(z,0)-s.Rational(199,100))
ident('N09_identity_graph_derivative',s.diff((1-a)/(1-a),a))
ck('N10_weighted_aggregate',F(2,3)!=F(1,2),'exact counterexample')
ck('N11_reassociation',((1e16 + -1e16)+1.) != (1e16+(-1e16+1.)),'floating counterexample')
ck('N12_threshold_10',10*5==30+10+10,'exact integer instance')
ck('N12_threshold_11',11*5>30+10+11,'exact integer instance')
# Electrical rational identities.
pos=s.symbols('d',nonzero=True,real=True)
h=s.exp(-a*t)*s.sinh(pos*t)/pos
ident('T01_impulse_ode',s.diff(h,t,2)+2*a*s.diff(h,t)+(a*a-pos*pos)*h)
ck('T01_initial_value',s.simplify(h.subs(t,0))==0,'symbolic endpoint identity')
ck('T01_initial_slope',s.simplify(s.diff(h,t).subs(t,0))==1,'symbolic endpoint identity')
ident('T02_characteristic_factor',(1+q/(z+a))*(z+a)-(z+a+q))
# Schur algebra in real components, no assumption about complex-valued symbolic conjugation.
ar,ai,wr,wi=s.symbols('ar ai wr wi',real=True)
ac=ar+s.I*ai;w=wr+s.I*wi
D=1+s.conjugate(ac)*w;N=ac+w
ident('T05_schur_modulus_identity',s.expand(D*s.conjugate(D)-N*s.conjugate(N)-(1-ac*s.conjugate(ac))*(1-w*s.conjugate(w))))
ck('T06_pick_center_radius',F(1,2)*(1-F(1,4))/(1-F(1,16))==F(2,5) and F(1,2)*(1-F(1,4))/(1-F(1,16))==F(2,5),'exact rational instance')
# Use z times reversed polynomials to keep the algebra polynomial.
ident('T07_spectral_factor',s.expand((1-z/2)*(1-1/(2*z))-(s.Rational(5,4)-(z+1/z)/2)))
ident('T07_reciprocal_factor',s.expand((s.Rational(1,2)-z)*(s.Rational(1,2)-1/z)-(s.Rational(5,4)-(z+1/z)/2)))
ident('T09_binomial_weights',s.expand((1+z)**3/8-(1+3*z+3*z*z+z**3)/8))
ident('T09_uniform_roots',1+(-1)+(-1)**2+(-1)**3)
# Exact root-of-unity orthogonality on the fourth roots.
for k in [0,1,2,3]:
 ident(f'T11_four_tone_orthogonality_{k}',sum((s.I**j)**k for j in range(4))-(4 if k==0 else 0))
# Bessel truncated polynomial: regular ODE residual starts at the final noncancelled term.
y=sum((-1)**k*x**(2*k)/(4**k*s.factorial(k)**2) for k in range(6))
res=s.expand(x*x*s.diff(y,x,2)+x*s.diff(y,x)+x*x*y)
ck('T12_bessel_low_order_residual',all(res.coeff(x,j)==0 for j in range(12)),'exact polynomial identity')
ck('T12_bessel_final_residual',s.degree(res,x)==12,'exact polynomial identity')
# Debye pair, and its time-domain normalization.
ident('T14_debye_complex_pair',1/(1+s.I*x)-(1-s.I*x)/(1+x*x))
# A specific conformal map z=w^2 verifies the Laplacian scaling on u=X^2+Y^2.
u,v=s.symbols('u v',real=True)
U=u*u-v*v;V=2*u*v
pull=U*U+V*V
ident('T15_laplacian_chain_example',s.diff(pull,u,2)+s.diff(pull,v,2)-4*4*(u*u+v*v))
# Switched flow polynomial portion.
B1=s.Matrix([[1,q],[0,1]]);B2=s.Matrix([[1,0],[q,1]])
ck('T18_flow_product',B1*B2==s.Matrix([[1+q*q,q],[q,1]]),'exact polynomial matrix identity')
ck('T18_determinant',s.expand((B1*B2).det())==1,'exact polynomial matrix identity')
ident('T18_eigenvalue_polynomial',((2+q*q+q*s.sqrt(q*q+4))/2)**2-(2+q*q)*((2+q*q+q*s.sqrt(q*q+4))/2)+1)
def rounded(k):
    # ties away from zero, exact rational input 3*k/4
    return (1 if k>=0 else -1)*((3*abs(k)+2)//4)
states=list(range(-8,9)); edges={k:rounded(k) for k in states}
ck('T19_state_domain',all(v in states for v in edges.values()),'exhaustive finite transition check')
ck('T19_fixed_points',[k for k in states if edges[k]==k]==[-2,-1,0,1,2],'exhaustive finite transition check')
ck('T19_descent',all(abs(edges[k])<abs(k) for k in states if abs(k)>=3),'exhaustive finite transition check')
for k in states:
    qk=k
    for _ in range(17):qk=edges[qk]
    ck(f'T19_terminal_{k}',edges[qk]==qk,'finite orbit check')
ck('T20_allocation_gain',((F(3,4)**2+F(1,4)**2)*2)==F(5,4),'exact rational instance')
# Two-pole moment reconstruction.
m=[2,3,5,9]
ck('X02_moment_recurrence',all(m[k+2]==3*m[k+1]-2*m[k] for k in [0,1]),'exact integer identity')
rr1,rr2,aa1,aa2=s.symbols('r1 r2 a1 a2')
mm=[rr1*aa1**k+rr2*aa2**k for k in range(3)]
ident('X02_hankel_determinant',mm[0]*mm[2]-mm[1]**2-rr1*rr2*(aa1-aa2)**2)
hh=s.symbols('h',positive=True)
for degree,expected in [(0,0),(1,0),(2,0),(3,s.I*hh**2)]:
 f=lambda zz:zz**degree
 d1=(f(hh+s.I*hh)-f(0))/(hh+s.I*hh)
 d2=(f(s.I*hh)-f(hh))/(s.I*hh-hh)
 ident(f'X03_monomial_{degree}',d1-d2-expected)
ident('X03_conjugate',((hh-s.I*hh)/(hh+s.I*hh))-((-s.I*hh-hh)/(s.I*hh-hh))+2*s.I)
# Finite-rank inverse component identities; projections are supplied by the written proof.
ident('X05_constant_resolvent',(1-2*a*z)/(1-2*a*z)-1)
ident('X05_linear_resolvent',(1-2*b*z/3)/(1-2*b*z/3)-1)
for N in [1,3,7]:
  down=s.zeros(N+1)
  for k in range(1,N+1):down[k-1,k]=s.sqrt(k)
  comm=down*down.T-down.T*down
  target=s.eye(N+1);target[N,N]-=N+1
  ck(f'X06_truncated_commutator_{N}',comm==target,'exact symbolic matrix identity')
for N in [1,4,10]:
 ident(f'X07_geometric_remainder_{N}',sum((-x)**k for k in range(N))+(-x)**N/(1+x)-1/(1+x))
ck('X07_bound_instance',F(math.factorial(10),10**10)==F(567,1562500),'exact rational instance')
# Minimal mutation controls: each deliberately wrong expression fails its identity.
ck('mutated_schur_sign_rejected',s.simplify((1-F(1,4))*(1-F(1,9))-(1+F(1,4))*(1-F(1,9)))!=0,'exact mutation rejection')
ck('mutated_moment_recurrence_rejected',m[2]!=3*m[1]+2*m[0],'exact mutation rejection')
ck('mutated_rounding_rule_rejected',int(F(3,4))!=rounded(1),'exact mutation rejection')
ck('mutated_spectral_sign_rejected',s.expand((1+z/2)*(1+1/(2*z))-(s.Rational(5,4)-(z+1/z)/2))!=0,'symbolic mutation rejection')
(P/'new_results/supplementary_checks.json').write_text(json.dumps(dict(total=len(records),passed=sum(r['passed'] for r in records),checks=records,kernel_acceptances=0),indent=2))
print(len(records),'checks passed')







PHI_volume_02_verification/verification/comparative_case_graphs/code/figures.py

"""Monochrome vector figures, with monospace text at the final 122 mm width."""
from pathlib import Path
import json,re
import numpy as np, pandas as pd
import scipy.signal as sig
from scipy.special import gammainc
import matplotlib;matplotlib.use('Agg')
import matplotlib.pyplot as plt
from matplotlib.patches import FancyArrowPatch,Rectangle
R=Path(__file__).resolve().parents[1];O=R/'figures';O.mkdir(exist_ok=True)
plt.rcParams.update({'font.family':'DejaVu Sans Mono','font.size':8.0,'axes.labelsize':8,'axes.titlesize':8.5,'xtick.labelsize':7,'ytick.labelsize':7,'legend.fontsize':7,'mathtext.fontset':'custom','mathtext.rm':'DejaVu Sans Mono','mathtext.it':'DejaVu Sans Mono','mathtext.bf':'DejaVu Sans Mono','mathtext.default':'regular','pdf.fonttype':42,'ps.fonttype':42,'axes.prop_cycle':matplotlib.cycler(color=['black','0.35','0.6','0.15']),'axes.spines.top':False,'axes.spines.right':False,'lines.linewidth':1.15,'savefig.facecolor':'white'})
reg=[];mapping={}
def new(x,y,title=None):
 f,a=plt.subplots(figsize=(4.8,2.8));a.set_xlabel(x);a.set_ylabel(y);a.grid(True,alpha=.22,lw=.45)
 if title:a.set_title(title,pad=9)
 return f,a
def save(f,file,caption,qs=()):
 f.tight_layout(pad=.9);f.savefig(O/file,bbox_inches='tight',pad_inches=.045);plt.close(f)
 reg.append({'file':file,'caption':caption,'question_ids':list(qs),'font':'DejaVu Sans Mono','nominal_width_inches':4.8,'placement_width_mm':122,'kind':'vector figure'})
 for q in qs:mapping.setdefault(q,[]).append(file)
V=json.load(open(R/'results/verification_experiments.json'));D=json.load(open(R/'results/filter_designs.json'));S=json.load(open(R/'results/statistical_experiments.json'))
# All filter magnitude and phase charts use original physical frequencies.
for path in sorted((R/'results').glob('SC-*_response.npz')):
 q=path.name.split('_')[0];z=np.load(path);f=z['frequency'];h=z['response'];info=D[q]
 if q=='SC-069':continue
 if q=='SC-060':axis=f/np.pi;xlab='Frequency / pi (rad/sample)'
 else:axis=f;xlab='Frequency (Hz)'
 fig,ax=new(xlab,'Magnitude (dB)');ax.plot(axis,20*np.log10(np.maximum(abs(h),1e-9)),color='black');ax.set_ylim(-100,4)
 if 'bands' in info:
  for j,des in enumerate(info['desired']):
   aa,bb=info['bands'][2*j:2*j+2];ax.plot([aa,bb],[-.1,-.1] if des else [-50,-50],ls='--',color='.5')
 elif 'wp_hz' in info:
  for vv in np.atleast_1d(info['wp_hz']):ax.axvline(vv,color='.65',ls=':',lw=.7)
  for vv in np.atleast_1d(info['ws_hz']):ax.axvline(vv,color='.45',ls='--',lw=.7)
  ax.axhline(-info.get('rp_db',1),color='.6',ls=':',lw=.7);ax.axhline(-info.get('rs_db',40),color='.6',ls='--',lw=.7)
 
 zoom={'SC-048':(0,1500),'SC-049':(0,1500),'SC-050':(350000,750000),'SC-051':(430000,480000),'SC-052':(20,80),'SC-039':(3000,6000),'SC-040':(1200,5200),'SC-041':(350,950)}
 if q in zoom:ax.set_xlim(*zoom[q])
 save(fig,q+'_magnitude.pdf',f'{q}: magnitude of the specified factored transfer function or delivered tap array. Dashed constraints and grid samples do not replace the accompanying analytic or rational certificate.',[q])
 fig,ax=new(xlab,'Unwrapped phase (rad)');phase=np.unwrap(np.angle(h));phase[abs(h)<1e-7]=np.nan;ax.plot(axis,phase,color='black');
 if q in zoom:ax.set_xlim(*zoom[q])
 save(fig,q+'_phase.pdf',f'{q}: unwrapped phase on the stored frequency grid. Samples with magnitude below 10^-7 are excluded because phase is undefined at a zero.',[q])
# Quantization original vs truncated.
z=np.load(R/'results/SC-069_response.npz');fig,ax=new('Frequency / pi (rad/sample)','Magnitude (dB)')
for key,label,style in [('response','Original coefficients','-'),('quantized','Four fractional bits','--')]:ax.plot(z['frequency']/np.pi,20*np.log10(np.maximum(abs(z[key]),1e-9)),style,label=label)
ax.legend(frameon=False);save(fig,'quantized_magnitude.pdf','Original decimal transfer function and the explicitly specified four-fractional-bit truncation. The pole certificate in the solution covers a full perturbation region.', ['SC-069'])
def unitplot(title):
 f,a=new('Real part','Imaginary part',title);t=np.linspace(0,2*np.pi,501);a.plot(np.cos(t),np.sin(t),':',color='.6');a.axhline(0,lw=.5,color='.75');a.axvline(0,lw=.5,color='.75');a.set_aspect('equal');return f,a
fig,ax=unitplot('Pole displacement under truncation')
for key,m,lab in [('poles','x','Original'),('quantized_poles','+','Truncated')]:
 p=np.array(D['SC-069'][key]);ax.scatter(p[:,0],p[:,1],marker=m,color='black',label=lab,s=40)
ax.legend(frameon=False,loc='lower left');save(fig,'quantized_poles.pdf','Original and quantized poles remain strictly inside the unit circle; exact stability is proved separately.', ['SC-069'])
fig,ax=unitplot('Source rational filter: noncancelled boundary poles');p=np.array([complex(.5,np.sqrt(3)/2),complex(.5,-np.sqrt(3)/2),-.8]);ax.scatter(p.real,p.imag,marker='x',color='black',s=38,label='Poles');ax.scatter([0,1],[0,0],facecolor='white',edgecolor='black',marker='o',s=36,label='Zeros');ax.legend(frameon=False,loc='lower left');save(fig,'source_poles_4811.pdf','Exact pole-zero diagram for part (i). The literal nonlinear recurrence in part (ii) has no fixed transfer function.', ['SC-063'])
fig,ax=new('Frequency / pi (rad/sample)','Real part of H');zz=np.load(R/'results/SC-060_response.npz');ax.plot(zz['frequency']/np.pi,zz['response'].real);save(fig,'iir_real.pdf','Real part computed from the three supplied sections without intermediate rounded polynomial expansion.', ['SC-060'])
fig,ax=new('Frequency / pi (rad/sample)','Imaginary part of H');ax.plot(zz['frequency']/np.pi,zz['response'].imag);save(fig,'iir_imag.pdf','Imaginary part computed using the same section representation.', ['SC-060'])
fig,ax=new('Real pole coordinate / cutoff','Imaginary coordinate / cutoff');th=np.arange(2)*np.pi/2+3*np.pi/4;p=np.exp(1j*th);ax.scatter(p.real,p.imag,marker='x',c='black',s=45);ax.set_aspect('equal');ax.axvline(0,color='.5',lw=.6);save(fig,'butterworth_poles.pdf','The two second-order Butterworth poles have negative real part; the semicircle normalization fixes the cutoff.', ['SC-047'])
fig,ax=new('Normalized prototype frequency','Magnitude (dB)');b,a=sig.ellip(8,.5,50,1,analog=True);ww=np.logspace(-2,1.5,3000);_,hh=sig.freqs(b,a,ww);ax.semilogx(ww,20*np.log10(np.maximum(abs(hh),1e-10)));ax.set_ylim(-95,3);save(fig,'elliptic_hp_prototype.pdf','Lowpass elliptic prototype for the literal high-frequency highpass specification; frequency inversion gives the requested analog highpass.', ['SC-050'])
# Signal-flow graphs with no cross-text collision.
def diagram(name,nodes,edges,caption,qs):
 fig,ax=plt.subplots(figsize=(4.8,3.0));ax.axis('off');ax.set_xlim(-.12,1.12);ax.set_ylim(-.1,1.1)
 for a,b,label in edges:
  xa,ya=nodes[a][:2];xb,yb=nodes[b][:2];ax.annotate('',(xb,yb),(xa,ya),arrowprops={'arrowstyle':'->','shrinkA':22,'shrinkB':22,'lw':.8,'color':'0.35'})
  if label:ax.text((xa+xb)/2+.015,(ya+yb)/2+.035,label,fontsize=7,ha='center',bbox={'facecolor':'white','edgecolor':'none','pad':.2})
 for k,(x,y,label) in nodes.items():ax.text(x,y,label,ha='center',va='center',fontsize=8,bbox={'boxstyle':'round,pad=.35','fc':'white','ec':'black','lw':.8})
 save(fig,name,caption,qs)
diagram('dependency_graph.pdf',{'x':(.07,.5,'x'),'a':(.33,.87,'v1=x^2'),'b':(.55,.87,'v2=log(v1)'),'c':(.55,.5,'v3=sin(x)'),'d':(.55,.13,'v4=1/x'),'e':(.80,.72,'v5=v2*v3'),'f':(1,.5,'f=v5+v4')},[('x','a','2x'),('a','b','1/v1'),('x','c','cos x'),('x','d','-1/x^2'),('b','e','v3'),('c','e','v2'),('e','f','1'),('d','f','1')],'Dependency graph with local derivative labels. Forward tangent products and reverse adjoint products use the same eight edges.', ['AC-012','AC-013','AC-014'])
# Canonical realization uses two sections; register equations printed below establish internal scales.
fig,ax=plt.subplots(figsize=(4.8,2.2));ax.axis('off');ax.set_xlim(0,1);ax.set_ylim(0,1)
for x,label in [(.06,'x[n]'),(.34,'S1: 1 state'),(.64,'S2: 2 states'),(.93,'y_t[n]')]:ax.text(x,.78,label,ha='center',va='center',fontsize=7.5,bbox={'fc':'white','ec':'black','pad':4})
for aa,bb in [(.105,.22),(.46,.52),(.77,.86)]:ax.annotate('',(bb,.78),(aa,.78),arrowprops={'arrowstyle':'->','lw':.9})
ax.text(.05,.48,'S1(q) = 0.6 / (1 - 0.4q)',fontsize=8)
ax.text(.05,.30,'S2(q) = (0.55 + 0.45q + 0.025q^2)',fontsize=8)
ax.text(.05,.14,'        / [24(1 + 0.8q + 0.5q^2)]',fontsize=8)
save(fig,'cascade_realization.pdf','Canonical cascade with three delay states, q a unit delay. The solution gives explicit state equations and proves the internal magnitude bounds; physical output is 32 y_t.', ['SC-034'])
# Butterfly graph labels only at nodes and small twiddle on one edge.
fig,ax=plt.subplots(figsize=(4.8,3.0));ax.axis('off');yy=np.array([.9,.65,.4,.15]);xx=[.05,.47,.92]
for j,label in enumerate(['x0','x2','x1','x3']):ax.text(xx[0],yy[j],label,ha='center',va='center',bbox={'fc':'white','ec':'none','pad':2})
for j,label in enumerate(['a=x0+x2','b=x0-x2','c=x1+x3','d=x1-x3']):ax.text(xx[1],yy[j],label,ha='center',va='center',fontsize=7.6,bbox={'fc':'white','ec':'black','pad':3})
for j,label in enumerate(['X0=a+c','X2=a-c','X1=b-i*d','X3=b+i*d']):ax.text(xx[2],yy[j],label,ha='center',va='center',fontsize=7.6,bbox={'fc':'white','ec':'black','pad':3})
for src,dst in [(0,0),(1,0),(0,1),(1,1),(2,2),(3,2),(2,3),(3,3)]:ax.annotate('',(xx[1]-.105,yy[dst]),(xx[0]+.04,yy[src]),arrowprops={'arrowstyle':'->','lw':.7,'color':'.4'})
for src,dst in [(0,0),(2,0),(0,1),(2,1),(1,2),(3,2),(1,3),(3,3)]:ax.annotate('',(xx[2]-.08,yy[dst]),(xx[1]+.11,yy[src]),arrowprops={'arrowstyle':'->','lw':.7,'color':'.4'})
ax.set_xlim(0,1.07);ax.set_ylim(.05,1);save(fig,'fft4_flow.pdf','Four-point decimation in time: each labelled intermediate records its exact sign convention. Eight additions/subtractions and a quarter-turn implement the stated butterfly.', ['SC-009'])
# Calculus and algorithms.
fig,ax=new('x','y');
for interval in [(-1.5,-.15),(.15,1.9)]:
 x=np.linspace(*interval,301);ax.plot(x,x**3-1/x,color='black')
x=np.linspace(-.2,1.9,200);ax.plot(x,4*(x-1),'--',label='Tangent at x=1');ax.scatter([1],[0],color='black',s=14);ax.set_ylim(-8,8);ax.legend(frameon=False);save(fig,'tangent_curve.pdf','Both branches of x^3-1/x and the exact tangent 4(x-1); the plot is deliberately disconnected at the pole.', ['AC-006'])
z=np.load(R/'results/autograd_sine.npz');fig,ax=new('x (rad)','Function / derivative');ax.plot(z['x'],z['y'],label='Function');ax.plot(z['x'],z['dy'],'--',label='Autograd derivative');ax.legend(frameon=False);save(fig,'autograd_sine.pdf','The derivative curve comes from the executed automatic-differentiation output array, not a separately inserted cosine curve.', ['AC-011'])
for family,file,qids in [('Catalan exact prefix','catalan_runtime.pdf',['AC-052']),('Kernel ridge LOO','kernel_loo_runtime.pdf',['AC-123']),('Linear convolution','convolution_runtime.pdf',['AC-059','SC-009'])]:
 rows=[a for a in V['benchmarks'] if a['family']==family];fig,ax=new('Input size','Elapsed time (ms)')
 for key,label,style in [('baseline_ms','Conventional computation','-o'),('structural_ms','Structural computation','--s')]:
  med=np.array([np.median(x[key]) for x in rows]);lo=np.array([min(x[key]) for x in rows]);hi=np.array([max(x[key]) for x in rows]);ax.errorbar([x['n'] for x in rows],med,yerr=[med-lo,hi-med],fmt=style,markersize=3,capsize=2,label=label)
 ax.set_xscale('log',base=2);ax.set_yscale('log');ax.legend(frameon=False);save(fig,file,f'{family}: medians and min/max ranges of seven complete calls; both methods return the same full output. Setup in each implementation is included.',qids)
fig,ax=new('Matrix-chain association','Classical scalar multiplications');vals=[2**31+2**29,2**35+2**40];ax.bar(['(AB)C','A(BC)'],vals,color='white',edgecolor='black',hatch='///');ax.set_yscale('log');save(fig,'matrix_chain.pdf','The two exact multiplication counts differ by factor 422.4; the intermediate arrays differ by factor 32,768 in entries.', ['AC-020'])
fig,ax=new('Iteration','Absolute root error');k=np.arange(0,18);ax.semilogy(k,.5*.5**k,'-o',ms=3,label='Newton, double root');ax.semilogy(k,.5*.8**k,'--s',ms=3,label='Gradient step 0.1');ax.scatter([1],[1e-8],marker='v',color='black',label='Corrected / step 0.5: exact zero');ax.legend(frameon=False);save(fig,'newton_error.pdf','The square (x-3)^2 has a multiple root, so ordinary Newton is linear. The marker represents exact termination, not a nonzero error of 10^-8.', ['AC-070'])
n=np.arange(1,3001);fig,ax=new('Sample size m','Upper tail bound');ax.semilogy(n,np.minimum(1,100/n),label='Chebyshev');ax.semilogy(n,np.minimum(1,2*np.exp(-n/200)),'--',label='Hoeffding');ax.legend(frameon=False);save(fig,'tail_bounds.pdf','Independent Bernoulli observations at tolerance 0.05. The clipped bounds can exchange order; dependence invalidates the source’s unqualified formulas.', ['AC-128'])
# Statistical worked data: both exact source conventions.
weekly=pd.read_csv(R/'results/weekly_loo_rows.csv');print('weekly columns',weekly.columns.tolist())
fig,ax=new('Held-out observation index','Predicted Up probability');key=[c for c in weekly if 'cold' in c and 'prob' in c][0] if any('cold' in c and 'prob' in c for c in weekly) else 'probability_cold';
if key not in weekly: key=[c for c in weekly if 'prob' in c][0]
ax.plot(np.arange(1,len(weekly)+1),weekly[key],lw=.5);ax.axhline(.5,ls='--',color='.4');save(fig,'weekly_probabilities.pdf','All 1,089 held-out probabilities, each from a model trained without its row. Exact prediction/error arrays are supplied.', ['AC-151','AC-153'])
fig,ax=new('Initialization','Total Newton iterations');ax.bar(['Cold','Full-fit warm'],[4398,3288],color='white',edgecolor='black',hatch='//');save(fig,'weekly_iteration_counts.pdf','All deleted nonlinear fits converge under both starts; the warm starts save 1,110 iterations while preserving all 490 error labels.', ['AC-151','AC-153'])
for label,file,qid in [('Python_default_rng_1','polynomial_python.pdf','AC-150'),('R_seed1_reconstructed','polynomial_r.pdf','AC-152')]:
 z=np.load(R/'data'/f'{label}.npz');print(label,z.files);x=z['x'];y=z['y'];f,a=new('x','y');a.scatter(x,y,facecolor='white',edgecolor='black',s=12,lw=.5);gx=np.linspace(x.min(),x.max(),401);a.plot(gx,gx-2*gx*gx,'--',label='Conditional mean');a.legend(frameon=False);save(f,file,'The exact stored predictor and response sample for '+label+'. The dashed curve is the specified conditional mean.', [qid])
fig,ax=new('Polynomial degree','LOO mean-square error')
for label,style in [('Python_default_rng_1','-o'),('R_seed1_reconstructed','--s')]:ax.plot(range(1,5),[z['loocv_mse'] for z in S['polynomial'][label]['models']],style,ms=4,label='Python seed' if label.startswith('Python') else 'R-compatible seed')
ax.set_xticks([1,2,3,4]);ax.legend(frameon=False);save(fig,'polynomial_cv.pdf','Both source-specific samples select degree two among the four candidates; identical response data are used for explicit refits and PRESS.', ['AC-150','AC-152'])
# MAC figures: all requested sample antenna counts and SNRs, separated for readability.
for r in [3,4,5,6]:
 for typ in ['sum','symmetric']:
  fig,ax=new('Number of users K',('Sum rate' if typ=='sum' else 'Rate per user')+' (bits/use)',f'{r} receive antennas')
  for j,db in enumerate(range(0,31,5)):
   rows=[d for d in V['mac'] if d['receive_antennas']==r and d['snr_db']==db];xx=[d['users'] for d in rows];yy=[d['mean_'+typ+'_bits'] for d in rows]
   line=ax.plot(xx,yy,color=str(.05+.09*j),ls=['-','--',':','-.','-','--',':'][j],label=f'{db} dB')[0]
  ax.axvline(r,color='.6',lw=.6,ls=':');ax.legend(frameon=False,ncol=2,loc='best');save(fig,f'mac_{typ}_{r}.pdf',f'Rayleigh MAC, r={r}: 2,048 shared realizations per curve; standard errors for every point are in the experiment register. The line K=r is a heuristic operating reference, not an exact threshold.', ['SC-096'])
fig,ax=new('SNR (dB)','Symmetric rate (bits/use)', '30 users; 5 receive antennas')
for key,label,style in [('sdma','Joint SDMA','-'),('grouped','Six groups of five','--'),('oma','Orthogonal users',':')]:ax.plot([z['snr_db'] for z in V['grouped']],[z[key] for z in V['grouped']],style,label=label)
ax.legend(frameon=False);save(fig,'grouped_access.pdf','Equal per-user average power, including the appropriate instantaneous-power scaling during orthogonal resource fractions.', ['SC-098'])
fig,ax=new('SNR (dB)','Rate gap (bits/use)');db=np.linspace(-20,40,200);rr=10**(db/10)
for Dd,lab,sty in [(0,'Collinear','-'),(.25,'Squared area 0.25','--'),(1,'Orthogonal',':')]:ax.plot(db,np.log1p(rr*rr*Dd/(1+2*rr))/np.log(2),sty,label=lab)
ax.legend(frameon=False);save(fig,'two_user_gap.pdf','Unit-norm signatures: the exact Gram-area invariant determines the gain of simultaneous reception.', ['SC-095'])
ps=np.array(V['power']['trajectory']);fig,ax=new('Synchronous iteration','Transmit power');ax.plot(np.arange(len(ps)),ps[:,0],'-o',ms=2.5,label='User 1');ax.plot(np.arange(len(ps)),ps[:,1],'--s',ms=2.5,label='User 2');ax.axhline(1,ls=':',c='.5');ax.legend(frameon=False);save(fig,'power_iteration.pdf','The source example starts at (0,3); alternating coordinate errors decay by 1/2, and two iterations scale the error by 1/4.', ['SC-108'])
fig,ax=new('p1','p2');xx=np.linspace(0,3,200);ax.plot(xx,.5+.5*xx,label='p2 >= 0.5+0.5p1');ax.plot(xx,2*xx-1,'--',label='p2 <= 2p1-1');ax.fill_between(xx,.5+.5*xx,2*xx-1,where=xx>=1,color='.92');ax.scatter([1],[1],c='black',s=24);ax.set_ylim(0,4);ax.legend(frameon=False,fontsize=6.8);save(fig,'power_feasible.pdf','The feasible region for tau=1/2 has componentwise minimal point (1,1). At tau=1 the two affine inequalities contradict each other.', ['SC-108'])
fig,ax=new('Real dimension n','Probability outside relative shell');nn=np.arange(1,151);eps=.25;prob=gammainc(nn/2,nn*(1-eps)**2/2)+1-gammainc(nn/2,nn*(1+eps)**2/2);ax.semilogy(nn,np.maximum(prob,1e-16));save(fig,'sphere_hardening.pdf','Exact chi-square radial probabilities for the shell [(1-epsilon)sqrt(n),(1+epsilon)sqrt(n)] with epsilon=0.25; the solution provides the asymptotic and finite moment reasoning.', ['SC-110'])
fig,ax=new('Block length n','Per-symbol logdet error (nats)');ax.loglog([x['n'] for x in V['toeplitz']],[x['error'] for x in V['toeplitz']],'-o',ms=3,label='Exact continuant error');ax.loglog([x['n'] for x in V['toeplitz']],[x['upper_bound'] for x in V['toeplitz']],'--',label='Proved bound');ax.legend(frameon=False);save(fig,'toeplitz_limit.pdf','A two-tap numerical check of the general finite-memory theorem. The complete solution treats arbitrary fixed finite tap length and optimized spectral power.', ['SC-102'])
# Small arbitrary-length DFT plot, finite example explicitly separate from universal routine.
seq=np.array([1.,2.,0.,-1.,3.,1.,-2.]);X=np.fft.fft(seq);omega=np.arange(7)*2*np.pi/7
for what,vals in [('magnitude',abs(X)),('phase',np.angle(X))]:
 fig,ax=new('Digital frequency / pi',what.title());marker,stems,base=ax.stem(omega/np.pi,vals,linefmt='k-',markerfmt='ko',basefmt='k-');plt.setp(stems,linewidth=.8);plt.setp(marker,markersize=3);save(fig,'dft7_'+what+'.pdf','Seven-point example for the general source routine; the output length is seven, with no change to the transform by zero-padding.', ['SC-011'])
# Additional representation geometry.
fig,ax=new('Feature coordinate 1','Feature coordinate 2','Rank-two trigonometric kernel');tt=np.linspace(0,2*np.pi,180);ax.plot(np.cos(tt),np.sin(tt),c='.6');ang=np.array([.2,.9,2.0,4.4]);ax.scatter(np.cos(ang),np.sin(ang),c='black');ax.set_aspect('equal');save(fig,'kernel_feature_circle.pdf','The feature map (cos x, sin x) makes all Gram matrices PSD and of rank at most two.', ['AC-112'])
fig,ax=new('Retained rank','Squared residual');sing=np.array([6,3,1,.3,.1]);res=[sum(sing[k:]**2) for k in range(6)];ax.step(range(6),res,where='post');ax.scatter(range(6),res,c='black',s=15);save(fig,'spectral_projection.pdf','Declared illustrative singular spectrum (6,3,1,0.3,0.1). Each retained singular direction removes exactly its squared singular value from the Frobenius residual.', ['AC-109','AC-110'])
z=np.load(R/'data/PCA_factor_sample.npz');fig,ax=new('Variable','Standardized direction / loading');ix=np.arange(3);ax.bar(ix-.18,z['leading_pc'],width=.34,facecolor='white',edgecolor='black',label='Leading sample PC');ax.bar(ix+.18,z['standardized_loadings'],width=.34,facecolor='0.8',edgecolor='black',hatch='//',label='Standardized factor loadings');ax.set_xticks(ix,['X1','X2','X3']);ax.legend(frameon=False,fontsize=6.8);save(fig,'pca_factor_comparison.pdf','Population and finite-sample objectives differ: the PC follows the high-variance third coordinate; standardized common-factor loadings chiefly select the first two.', ['AC-130'])
# Write figure records in this verification module.
(R/'data/figure_register.json').write_text(json.dumps(reg,indent=2));(R/'data/question_figures.json').write_text(json.dumps(mapping,indent=2));print('Produced',len(reg),'vector figures for',len(mapping),'question records')
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PHI_volume_02_verification/verification/comparative_case_graphs/data/Python_default_rng_1.npz




x.npy








y.npy









PHI_volume_02_verification/verification/comparative_case_graphs/data/R_seed1_reconstructed.npz




x.npy








y.npy









PHI_volume_02_verification/verification/comparative_case_graphs/results/SC-037_response.npz
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response.npy









PHI_volume_02_verification/verification/comparative_case_graphs/results/SC-038_response.npz
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PHI_volume_02_verification/verification/comparative_case_graphs/results/SC-039_response.npz
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PHI_volume_02_verification/verification/comparative_case_graphs/results/SC-040_response.npz




frequency.npy
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PHI_volume_02_verification/verification/comparative_case_graphs/results/SC-041_response.npz
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PHI_volume_02_verification/verification/comparative_case_graphs/results/SC-046_response.npz
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PHI_volume_02_verification/verification/comparative_case_graphs/results/SC-048_response.npz
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PHI_volume_02_verification/verification/comparative_case_graphs/results/SC-049_response.npz
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PHI_volume_02_verification/verification/comparative_case_graphs/results/SC-050_response.npz
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PHI_volume_02_verification/verification/comparative_case_graphs/results/SC-051_response.npz
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PHI_volume_02_verification/verification/comparative_case_graphs/results/SC-052_response.npz
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PHI_volume_02_verification/verification/comparative_case_graphs/results/SC-053_response.npz




frequency.npy
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PHI_volume_02_verification/verification/comparative_case_graphs/results/SC-054_response.npz
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PHI_volume_02_verification/verification/comparative_case_graphs/results/SC-060_response.npz
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PHI_volume_02_verification/verification/comparative_case_graphs/results/SC-069_response.npz
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quantized.npy









PHI_volume_02_verification/verification/comparative_case_graphs/results/autograd_sine.npz




x.npy








y.npy








dy.npy









PHI_volume_02_verification/verification/comparative_case_graphs/results/auxiliary_checks.json

{
  "checks": [
    {
      "name": "PCA direction source calculation",
      "passed": true
    },
    {
      "name": "one factor source loading",
      "passed": true
    },
    {
      "name": "DFT defining sum length 1",
      "passed": true
    },
    {
      "name": "DFT defining sum length 2",
      "passed": true
    },
    {
      "name": "DFT defining sum length 3",
      "passed": true
    },
    {
      "name": "DFT defining sum length 4",
      "passed": true
    },
    {
      "name": "DFT defining sum length 5",
      "passed": true
    },
    {
      "name": "DFT defining sum length 7",
      "passed": true
    },
    {
      "name": "DFT defining sum length 8",
      "passed": true
    },
    {
      "name": "DFT defining sum length 11",
      "passed": true
    },
    {
      "name": "DFT defining sum length 16",
      "passed": true
    },
    {
      "name": "DFT defining sum length 17",
      "passed": true
    },
    {
      "name": "DFT defining sum length 31",
      "passed": true
    },
    {
      "name": "DFT defining sum length 64",
      "passed": true
    },
    {
      "name": "length metadata (2, 3, 4)",
      "passed": true
    },
    {
      "name": "length metadata (0, 3)",
      "passed": true
    },
    {
      "name": "length metadata (1,)",
      "passed": true
    },
    {
      "name": "length metadata (4, 3)",
      "passed": true
    },
    {
      "name": "scalar len exception",
      "passed": true
    },
    {
      "name": "stack axis2 shape",
      "passed": true
    },
    {
      "name": "stack slice B",
      "passed": true
    },
    {
      "name": "double transpose view",
      "passed": true
    }
  ],
  "factor_analysis": {
    "seed": 20261006,
    "pca_direction": [
      -0.010537131247693001,
      -0.010532791655546023,
      0.9998890084229399
    ],
    "loadings": [
      0.9559842379830821,
      0.9559486711735582,
      -1.0949461545235095
    ],
    "standardized_loadings": [
      0.9999997342704824,
      0.9999997342546043,
      -0.10886901542456659
    ],
    "uniqueness": [
      4.858111717347424e-07,
      4.858018302209999e-07,
      99.95366600994646
    ],
    "iterations": 33,
    "tolerance": 0.0001,
    "loglike": [
      -819.5127986327625,
      -750.1220361947497,
      -680.8091413097734,
      -611.4950761812224,
      -542.1812534594349,
      -472.86824642149395,
      -403.5569328602462,
      -334.24901943862085,
      -264.9479086182175,
      -195.66040062341443,
      -126.40008597341534,
      -57.19410815010253,
      11.903395247491488,
      80.78474360896948,
      149.2369322812774,
      216.84320725470945,
      282.8057603509233,
      345.66189988503527,
      402.94872082913145,
      451.1590119560424,
      486.76035872909506,
      508.5559625844585,
      519.2079357729667,
      523.3820153585772,
      524.7522326424818,
      525.1513161001892,
      525.2595474034014,
      525.2877685456458,
      525.2949765695017,
      525.2967981506916,
      525.2972560255987,
      525.2973708071121,
      525.2973995426402
    ]
  }
}






PHI_volume_02_verification/verification/comparative_case_graphs/results/convergence.csv

			n			intervals			mesh			hausdorff_stage			stage_length			moment_lower			moment_upper			moment_midpoint			left_error			midpoint_error			reciprocal_lower			reciprocal_upper			reciprocal_lower_decimal			reciprocal_upper_decimal			automaton_count


			0			1			1			1/6			1			0			1			1/4			3/8			1/8			1/2			1			0.500000000000			1.000000000000			1


			1			2			1/3			1/18			2/3			2/9			5/9			13/36			11/72			1/72			5/8			4/5			0.625000000000			0.800000000000			2


			2			4			1/9			1/54			4/9			26/81			35/81			121/324			35/648			1/648			217/320			689/935			0.678125000000			0.736898395722			3


			3			8			1/27			1/162			8/27			260/729			287/729			1093/2916			107/5832			1/5832			15875077/22771840			338880008/472804255			0.697136331539			0.716744835556			5


			4			16			1/81			1/486			16/81			2420/6561			2501/6561			9841/26244			323/52488			1/52488			49439863683929/70266155814400			618860276118479023813/871455843994259253457			0.703608488481			0.710145304990			8


			5			32			1/243			1/1458			32/243			22022/59049			22265/59049			88573/236196			971/472392			1/472392			51392709285826280251936377612834438149/72816861927347581435861841087940224000			72923065783854478800214546082220732759072000560825684/103004601942355825069935270562910166432501741293922175			0.705780336114			0.707959298990			13


			6			64			1/729			1/4374			64/729			198926/531441			199655/531441			797161/2125764			2915/4251528			1/4251528			918531429891339743747259533887020575294904635721990159164360519118930999138606091/1300104456132576951645408740770566755135754146089062879023214522926474446694912000			48135805637412787418819340876387868552364852419246870176066460961026379954976919349456378383947268750891442575559/68062237821040997312714042168533525995900396322898081224396806420448297377041343888190634943268512075941361390725			0.706505870016			0.707232191865			21


			7			128			1/2187			1/13122			128/2187			1792520/4782969			1794707/4782969			7174453/19131876			8747/38263752			1/38263752			50222040236146165813602609159410144275225783561539670528192051292054229364515858527754180211060694312406041512292821551703427269734781469234822330078254951667534318491487841201479/71060757244887690270015135443705707872158799674939294583525679426516584140345466895218934924201688792992864940355412708069043188438638276226742501392652793218760175342161376256000			5534743392091995461191037693012158331185265044642772097142963015596663545517398039032480907455743763373817280441373363091283850753359651745097964392780520229889535792895181802779922686001591156964426671301826615555697406416614816519447404961593665165438907514962802515749808/7828602121724174109545797453319659409367372137127991396944583682308474500654736973948809589554619503031258696349302446491943930859747763497983869734540690245184455049071408600460620015727338402330924903764791185109828018200544916309754126637899283676251734421867578328496625			0.706747889881			0.706989997197			34


			8			256			1/6561			1/39366			256/6561			16139240/43046721			16145801/43046721			64570081/172186884			26243/344373768			1/344373768			1477040252364523068894440044341193952629020849869885004707893259811029034333153360277965972629259737365173003294712220365190681663310796395576960007961123543732952052128065018448309438485938166880157352531245822320618418503574520507643484850566438990235633082436673280060363622087661082123192451510585042652076095598242896036528202684692937269961735356170552958634666079383572297118966846096819/2089672501522011642227166364270662855424220195460791886578310023819964722169433119976729433093232671357740764523347994803653458817689687914796104714948185846478311948737015681728249372374514158729879928012996010154180968636872267027847207197931094382937306747334652091211883171835468595452076222625012754667720806764997858732042025453989305261653013232691595745024055782660062625701286273024000			751457483924974433271485663690626928491649235093121274688782656644334672437191694935027344117519594149075945209342834777686756310370347575998071358312642848395420129447144694802517948568315036476735324243557039477857717537632029628556614724876922077631686851620981174963836039476817776458617383525912130662403648046052810796740492663505317760570248985371233343318132079610872538753467174398174206759659215606693259839631264932920116331873486697137331008265856597609459430365438512726225004567590020973768918522048034913225775550727345656397909356678583840319/1063018268142644566804016582679989591584341434598185889327027748642070693576349843335385700197763213579198432527997800303143180586041369986076003620228018544025443308401888084630863005278973677722358425245284193947040983404887112352953256814862859550727490819722113664961720607751644610724158755931056644305052445640645694701142583605431719658497120377286998036495463170663348018792051617480569098596213553718927535806482934823248161183685563227376595482348939064213953646379274772325861459294095303033730692666949656938450452908664804228111822117219707330375			0.706828582607			0.706909285047			55


			9			512			1/19683			1/118098			512/19683			145272842/387420489			145292525/387420489			581130733/1549681956			78731/3099363912			1/3099363912			993280423477448914155876190300342049222522620309314661260524515601071811644400524509336292872093281482868971195003599662850789358122241664993884685909307187402457626985619660646349366616335689324421880081994260498115817504491670696204409569554696476247688197394448376705518068326166867777306180889496009001336271444834126816793035130835816597863740502808913578695725138743920853007203934523068649840034232198198495090739604616578851078712580252810986078417434339272217317944966907632700228678356834618231856530297074078531572729073314348669604213383376834236797419813758855943420413847644200189651516056255060559590669392207266338744158616249036555548239494924486481217799358754651503335246185926220200359347819316067180855278032886618658213939373052756565265505043346455202822343108787837860791171230696260162301368247077336932749048232528878746283806776401/1405210044048755994163126835934915487334854612592038412207765759487339951207266803328561869179187498363479438898075603778771993749272434269771551018509687750536324791786059870210948403006630065203485980748471980203151948148295181162391849399545423314773559122457880454295862737439782686589571758848685519789590054390504964195187865143921267256731191775130714060443886051885543251155770682253754376622964850616951312001539838729823022836193167254282214471606484107025864843061309370108730838885290889677653667222574582392542326773768826644296748349644831319656481355719582127812507031321594812870373677337386947842398605130644698678993537193102326882486536105128796098724845947282407715791691941146952926103417031956225842025863527638809069485403997987821117956893949312893510795831693117769557259181503306998415882776715315951207145803047812363232095043584000			19114780073197870723299516198934054988968502796283960749258727222720821466665336944499975079701907461754451408198661644941346865610336203917144468181119542518961466673321655644286477456234318754287878826187672385720992867751107226502906313582990643809198982570999989390525215024107131738206996918684022494757861899782370366109668663645463783974314620972215999665796500539359164644918634638007732565583116562182580422095833122115058163907027462335353559322999398650794502452688309459039553836960861967696301033788856208747755808349463542642839853264296180701538654639340808419101279973990860373642060015195117437159402167241707990477621963662411184348597521696026754858819787373682041903841356393196248407816524886801974499882632099417988320981532523161225742358589668602088728716883581221574077357871328106384325272725483475792191450898052186971916622664957422233841863754964211708099153436325475452607750204291740641987522662400541626043250695450037277728923239852489936943349114568160784831323156711278256114670248282068702468895222541221947186794205021862986726268682834621546683413187927254463698687565276347997065975058278427604989295081948826431326608477239712250859582119910289789847864298602229838554641996507871170390647187156/27040962582605374958036943580039337127781136463202811595299031380511846167534680960028547617474741147801620084407337357025107591137002120800980202242647476986593970814646549075936091931123490596571272466489835228704556763460793808126981606739284406564614140713071573544289163151350128099902763871099358553286232929385312137357794522239001283995991570790666097803418076206844102662676487533745568280068254808916213274852976576733765180885671095085419128400328872428803827941772438476192821113417018660351507608278511709105513729250183087313312677816647434475394001114540652069183166921983869426079301515760415078692184074259886981918019922579207496183591372152013803145415690424770074340116055974600921056343142191160395626527290591275511551869846143438125072397948349112684555561824280444921132972747801319481618971609536939888449496146396132088457923534222100201619159109040387900334698116020460277274740104112556438857205809852981664944766283332830606842054680426089955572255047928552115719088030854164266506792386385092826638713280750801821613486709230405453900465660511907603741469336058708826029516636582332266952665648887568787693260968888659260179677855149041460011083098222751267852761257390892911691322642599704808985676544125			0.706855482342			0.706882383155			89









PHI_volume_02_verification/verification/comparative_case_graphs/results/filter_designs.json

{
  "SC-046": {
    "question_id": "SC-046",
    "family": "butter",
    "bandtype": "lowpass",
    "prototype_order": 5,
    "realized_degree": 5,
    "analog": true,
    "fs": null,
    "reference_hz": 500,
    "wp_hz": 499.99999999999994,
    "ws_hz": 1250.0,
    "rp_db": 1,
    "rs_db": 30,
    "wn": 3596.1053415116594,
    "zeros": [],
    "poles": [
      [
        -0.3537243005772343,
        1.0886514565853846
      ],
      [
        -0.9260622415579832,
        0.6728236020718483
      ],
      [
        -1.1446758819614982,
        0.0
      ],
      [
        -0.9260622415579832,
        -0.6728236020718483
      ],
      [
        -0.3537243005772343,
        -1.0886514565853846
      ]
    ],
    "gain": 1.9652267283602713,
    "numerator": [
      1.9652267283602713
    ],
    "denominator": [
      1.0,
      3.7042489662319333,
      6.860730201915173,
      7.853312394777137,
      5.555814868114132,
      1.9652267283602705
    ],
    "sampled_pass_min_db": -1.0000000000000018,
    "sampled_stop_max_db": -33.92750603939617,
    "stability": true,
    "coefficient_digits": "binary64; decimal display rounded; exact design uses the specified prototype construction",
    "response_status": "grid diagnostic, not proof"
  },
  "SC-048": {
    "question_id": "SC-048",
    "family": "cheby1",
    "bandtype": "lowpass",
    "prototype_order": 7,
    "realized_degree": 7,
    "analog": true,
    "fs": null,
    "reference_hz": 500,
    "wp_hz": 499.99999999999994,
    "ws_hz": 750.0,
    "rp_db": 1,
    "rs_db": 40,
    "wn": 3141.592653589793,
    "zeros": [],
    "poles": [
      [
        -0.04570898132133054,
        0.9952839577645525
      ],
      [
        -0.12807371962943453,
        0.7981557635725834
      ],
      [
        -0.18507188704383637,
        0.4429430316670104
      ],
      [
        -0.20541429747146478,
        0.0
      ],
      [
        -0.18507188704383637,
        -0.4429430316670104
      ],
      [
        -0.12807371962943453,
        -0.7981557635725834
      ],
      [
        -0.04570898132133054,
        -0.9952839577645525
      ]
    ],
    "gain": 0.030706667630629243,
    "numerator": [
      0.030706667630629243
    ],
    "denominator": [
      1.0,
      0.9231234734606677,
      2.1760784736270447,
      1.4287943081955907,
      1.3575448029508423,
      0.5486198107743607,
      0.21367139021182507,
      0.030706667630629243
    ],
    "sampled_pass_min_db": -0.9999999999999942,
    "sampled_stop_max_db": -46.627792743622756,
    "stability": true,
    "coefficient_digits": "binary64; decimal display rounded; exact design uses the specified prototype construction",
    "response_status": "grid diagnostic, not proof"
  },
  "SC-049": {
    "question_id": "SC-049",
    "family": "ellip",
    "bandtype": "lowpass",
    "prototype_order": 5,
    "realized_degree": 5,
    "analog": true,
    "fs": null,
    "reference_hz": 500,
    "wp_hz": 499.99999999999994,
    "ws_hz": 750.0,
    "rp_db": 1,
    "rs_db": 40,
    "wn": 3141.592653589793,
    "zeros": [
      [
        0.0,
        1.764288440908589
      ],
      [
        0.0,
        1.2538075689795842
      ],
      [
        0.0,
        -1.764288440908589
      ],
      [
        0.0,
        -1.2538075689795842
      ]
    ],
    "poles": [
      [
        -0.38534434027560865,
        0.0
      ],
      [
        -0.2191067293462112,
        -0.7410339611506352
      ],
      [
        -0.04992070888716029,
        -0.9981980505781458
      ],
      [
        -0.2191067293462112,
        0.7410339611506352
      ],
      [
        -0.04992070888716029,
        0.9981980505781458
      ]
    ],
    "gain": 0.0469722993575068,
    "numerator": [
      0.0469722993575068,
      0.0,
      0.22005334426422676,
      0.0,
      0.22984908120440767
    ],
    "denominator": [
      1.0,
      0.9233992167423516,
      1.8471187701849932,
      1.1292277348522641,
      0.788126922436302,
      0.22984908120440758
    ],
    "sampled_pass_min_db": -0.9999999999999953,
    "sampled_stop_max_db": -40.000000032716954,
    "stability": true,
    "coefficient_digits": "binary64; decimal display rounded; exact design uses the specified prototype construction",
    "response_status": "grid diagnostic, not proof"
  },
  "SC-050": {
    "question_id": "SC-050",
    "family": "ellip",
    "bandtype": "highpass",
    "prototype_order": 8,
    "realized_degree": 8,
    "analog": true,
    "fs": null,
    "reference_hz": 550000,
    "wp_hz": 550000.0,
    "ws_hz": 500000.0,
    "rp_db": 0.5,
    "rs_db": 50,
    "wn": 3455751.9189487724,
    "zeros": [
      [
        0.0,
        -0.28292965143686816
      ],
      [
        0.0,
        -0.6944871728775405
      ],
      [
        0.0,
        -0.8749664446013774
      ],
      [
        0.0,
        -0.9317060604828772
      ],
      [
        0.0,
        0.28292965143686816
      ],
      [
        0.0,
        0.6944871728775405
      ],
      [
        0.0,
        0.8749664446013774
      ],
      [
        0.0,
        0.9317060604828772
      ]
    ],
    "poles": [
      [
        -1.4874969073331197,
        1.5123006354044826
      ],
      [
        -0.25872662209983394,
        1.2217809264490405
      ],
      [
        -0.06316008992399076,
        1.045434804873466
      ],
      [
        -0.012973379881765775,
        0.99741870723709
      ],
      [
        -1.4874969073331197,
        -1.5123006354044826
      ],
      [
        -0.25872662209983394,
        -1.2217809264490405
      ],
      [
        -0.06316008992399076,
        -1.045434804873466
      ],
      [
        -0.012973379881765775,
        -0.99741870723709
      ]
    ],
    "gain": 0.9440608762859235,
    "numerator": [
      0.9440608762859235,
      0.0,
      2.0731615391817257,
      0.0,
      1.5311500509016223,
      0.0,
      0.4123671332374406,
      0.0,
      0.02422289370319383
    ],
    "denominator": [
      1.0,
      3.64471399847742,
      10.225805898361891,
      15.59706688517708,
      25.630135275338198,
      20.652218695114705,
      24.072409590633338,
      8.68758285954718,
      7.659951562224335
    ],
    "sampled_pass_min_db": -0.4999999999999918,
    "sampled_stop_max_db": -50.00000000000003,
    "stability": true,
    "coefficient_digits": "binary64; decimal display rounded; exact design uses the specified prototype construction",
    "response_status": "grid diagnostic, not proof"
  },
  "SC-051": {
    "question_id": "SC-051",
    "family": "cheby2",
    "bandtype": "bandpass",
    "prototype_order": 5,
    "realized_degree": 10,
    "analog": true,
    "fs": null,
    "reference_hz": 455000,
    "wp_hz": [
      450000.0,
      459999.99999999994
    ],
    "ws_hz": [
      445000.0,
      465000.00000000006
    ],
    "rp_db": 1,
    "rs_db": 40,
    "wn": [
      2802601.320782646,
      2915874.0429837126
    ],
    "zeros": [
      [
        0.0,
        -1.0209869682899457
      ],
      [
        0.0,
        -1.03421178838511
      ],
      [
        0.0,
        1.03421178838511
      ],
      [
        0.0,
        1.0209869682899457
      ],
      [
        0.0,
        0.9793261546836238
      ],
      [
        0.0,
        0.9668031759711074
      ],
      [
        0.0,
        -0.9668031759711074
      ],
      [
        0.0,
        -0.9793261546836238
      ],
      [
        0.0,
        0.0
      ]
    ],
    "poles": [
      [
        -0.00305144701269271,
        0.987906191706081
      ],
      [
        -0.010296765073596484,
        0.9903158206404031
      ],
      [
        -0.015606433353278354,
        -0.9998178238436606
      ],
      [
        -0.010296765073596484,
        -0.9903158206404031
      ],
      [
        -0.00305144701269271,
        -0.987906191706081
      ],
      [
        -0.00312620768899678,
        -1.0121099660825368
      ],
      [
        -0.010496728744059939,
        -1.009547801267122
      ],
      [
        -0.015606433353278354,
        0.9998178238436606
      ],
      [
        -0.010496728744059939,
        1.009547801267122
      ],
      [
        -0.00312620768899678,
        1.0121099660825368
      ]
    ],
    "gain": 0.0019811884746228484,
    "numerator": [
      0.0019811884746228484,
      0.0,
      0.007936237879213933,
      0.0,
      0.011909154622236412,
      0.0,
      0.007934321260763103,
      0.0,
      0.0019802316676498263,
      0.0
    ],
    "denominator": [
      1.0,
      0.08515516374524854,
      5.003019946589771,
      0.3406759381514547,
      10.008456500921625,
      0.5110004158092165,
      10.007247896103257,
      0.3405936641825096,
      5.001207695962643,
      0.08511403840280689,
      0.9993963539956293
    ],
    "sampled_pass_min_db": -1.0000000000000677,
    "sampled_stop_max_db": -40.00000438332587,
    "stability": true,
    "coefficient_digits": "binary64; decimal display rounded; exact design uses the specified prototype construction",
    "response_status": "grid diagnostic, not proof"
  },
  "SC-052": {
    "question_id": "SC-052",
    "family": "ellip",
    "bandtype": "bandstop",
    "prototype_order": 5,
    "realized_degree": 10,
    "analog": true,
    "fs": null,
    "reference_hz": 50,
    "wp_hz": [
      45.0,
      55.0
    ],
    "ws_hz": [
      47.5,
      52.5
    ],
    "rp_db": 0.5,
    "rs_db": 50,
    "wn": [
      284.8853349962708,
      345.57517825016924
    ],
    "zeros": [
      [
        0.0,
        -1.0415791661131217
      ],
      [
        0.0,
        -1.0633941603634045
      ],
      [
        0.0,
        -0.9576804118270547
      ],
      [
        0.0,
        -0.9380340817489622
      ],
      [
        0.0,
        0.9576804118270547
      ],
      [
        0.0,
        0.9380340817489622
      ],
      [
        0.0,
        1.0415791661131217
      ],
      [
        0.0,
        1.0633941603634045
      ],
      [
        0.0,
        0.9987492001266858
      ],
      [
        0.0,
        -0.9987492001266858
      ]
    ],
    "poles": [
      [
        -0.22574102799216322,
        0.9729033626392376
      ],
      [
        -0.04194847867527344,
        -0.8868289876225673
      ],
      [
        -0.00686419038683913,
        -0.9084193161654647
      ],
      [
        -0.04194847867527344,
        0.8868289876225673
      ],
      [
        -0.00686419038683913,
        0.9084193161654647
      ],
      [
        -0.22574102799216322,
        -0.9729033626392376
      ],
      [
        -0.05308584297617118,
        1.1222829973902886
      ],
      [
        -0.008296686754699375,
        1.0979984649892125
      ],
      [
        -0.05308584297617118,
        -1.1222829973902886
      ],
      [
        -0.008296686754699375,
        -1.0979984649892125
      ]
    ],
    "gain": 1.0,
    "numerator": [
      1.0,
      0.0,
      5.010253974049443,
      0.0,
      10.018264208097278,
      0.0,
      9.99321819447024,
      0.0,
      4.972770406087648,
      0.0,
      0.9875621694694182
    ],
    "denominator": [
      1.0,
      0.6718724535702927,
      5.193405567160823,
      2.737639885848813,
      10.572553031457328,
      4.125609699620114,
      10.546121276235253,
      2.723968604167935,
      5.154551774211777,
      0.66517878827039,
      0.9875621694694182
    ],
    "sampled_pass_min_db": -0.4999999876259237,
    "sampled_stop_max_db": -50.00000788534408,
    "stability": true,
    "coefficient_digits": "binary64; decimal display rounded; exact design uses the specified prototype construction",
    "response_status": "grid diagnostic, not proof"
  },
  "SC-039": {
    "question_id": "SC-039",
    "family": "ellip",
    "bandtype": "highpass",
    "prototype_order": 6,
    "realized_degree": 6,
    "analog": false,
    "fs": 20000,
    "reference_hz": null,
    "wp_hz": 4500.0,
    "ws_hz": 4000.0,
    "rp_db": 0.5,
    "rs_db": 40,
    "wn": 4500.0,
    "zeros": [
      [
        0.8635886289148624,
        -0.5041970646572114
      ],
      [
        0.43566646959301564,
        -0.9001081753169216
      ],
      [
        0.28448724729430813,
        -0.9586798246165958
      ],
      [
        0.8635886289148624,
        0.5041970646572114
      ],
      [
        0.43566646959301564,
        0.9001081753169216
      ],
      [
        0.28448724729430813,
        0.9586798246165958
      ]
    ],
    "poles": [
      [
        -0.24161648128095908,
        0.4123042943759459
      ],
      [
        0.037512637012863545,
        0.8404431372703922
      ],
      [
        0.15824767490520597,
        0.9556229373658892
      ],
      [
        -0.24161648128095908,
        -0.4123042943759459
      ],
      [
        0.037512637012863545,
        -0.8404431372703922
      ],
      [
        0.15824767490520597,
        -0.9556229373658892
      ]
    ],
    "gain": 0.10285152108039629,
    "numerator": [
      0.10285152108039629,
      -0.3257806185303796,
      0.615405130059249,
      -0.7396305403317314,
      0.6154051300592491,
      -0.32578061853037954,
      0.10285152108039627
    ],
    "denominator": [
      1.0,
      0.09171233872577911,
      1.7089322245276781,
      0.42307435278088346,
      0.9031204606702024,
      0.25366098316082586,
      0.15165212881468373
    ],
    "sampled_pass_min_db": -0.5000000000000305,
    "sampled_stop_max_db": -40.00000000000004,
    "stability": true,
    "coefficient_digits": "binary64; decimal display rounded; exact design uses the specified prototype construction",
    "response_status": "grid diagnostic, not proof",
    "sos": [
      [
        0.10285152108039629,
        -0.177642808143255,
        0.10285152108039632,
        1.0,
        0.48323296256191817,
        0.2283733551874387
      ],
      [
        1.0,
        -0.8713329391860313,
        1.0,
        1.0,
        -0.07502527402572709,
        0.7077518649205582
      ],
      [
        1.0,
        -0.5689744945886163,
        0.9999999999999998,
        1.0,
        -0.31649534981041194,
        0.938257525032714
      ]
    ]
  },
  "SC-040": {
    "question_id": "SC-040",
    "family": "butter",
    "bandtype": "bandpass",
    "prototype_order": 22,
    "realized_degree": 44,
    "analog": false,
    "fs": 20000,
    "reference_hz": null,
    "wp_hz": [
      2000.0,
      4000.0
    ],
    "ws_hz": [
      1800.0,
      4500.0
    ],
    "rp_db": 0.5,
    "rs_db": 40,
    "wn": [
      1965.3919943422754,
      4056.581077183223
    ],
    "zeros": [
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ],
      [
        -1.0,
        0.0
      ]
    ],
    "poles": [
      [
        0.801885733156124,
        -0.5697542463166799
      ],
      [
        0.7744963270371024,
        -0.5531631820454032
      ],
      [
        0.7464053812071412,
        -0.5388146425322425
      ],
      [
        0.7174412661958776,
        -0.5266073767793101
      ],
      [
        0.6874070841170821,
        -0.5165618887401835
      ],
      [
        0.6561024264487492,
        -0.508831783991134
      ],
      [
        0.623357246998644,
        -0.5037205372203788
      ],
      [
        0.5890871714072892,
        -0.5016951317374942
      ],
      [
        0.5533760770568732,
        -0.5033775808288279
      ],
      [
        0.5165755292599432,
        -0.5094840385566618
      ],
      [
        0.47937693976226436,
        -0.5206865228402826
      ],
      [
        0.47937693976226436,
        0.5206865228402826
      ],
      [
        0.5165755292599432,
        0.5094840385566618
      ],
      [
        0.5533760770568732,
        0.5033775808288279
      ],
      [
        0.5890871714072892,
        0.5016951317374942
      ],
      [
        0.623357246998644,
        0.5037205372203788
      ],
      [
        0.6561024264487492,
        0.508831783991134
      ],
      [
        0.6874070841170821,
        0.5165618887401835
      ],
      [
        0.7174412661958776,
        0.5266073767793101
      ],
      [
        0.7464053812071412,
        0.5388146425322425
      ],
      [
        0.7744963270371024,
        0.5531631820454032
      ],
      [
        0.801885733156124,
        0.5697542463166799
      ],
      [
        0.2851059685800132,
        0.9305189275614643
      ],
      [
        0.2766955567059191,
        0.879603921611109
      ],
      [
        0.2749413360812298,
        0.8302595638473826
      ],
      [
        0.2791760721591981,
        0.7828760300622466
      ],
      [
        0.2888941886823191,
        0.7377639332204285
      ],
      [
        0.3037214598715548,
        0.6952303209505241
      ],
      [
        0.32336758852474196,
        0.6556401967280319
      ],
      [
        0.3475567526793324,
        0.6194608249686415
      ],
      [
        0.3759323589376015,
        0.5872741907907196
      ],
      [
        0.40794727601967645,
        0.5597304738038295
      ],
      [
        0.44278395358020206,
        0.5374198094364713
      ],
      [
        0.44278395358020206,
        -0.5374198094364713
      ],
      [
        0.40794727601967645,
        -0.5597304738038295
      ],
      [
        0.3759323589376015,
        -0.5872741907907196
      ],
      [
        0.3475567526793324,
        -0.6194608249686415
      ],
      [
        0.32336758852474196,
        -0.6556401967280319
      ],
      [
        0.3037214598715548,
        -0.6952303209505241
      ],
      [
        0.2888941886823191,
        -0.7377639332204285
      ],
      [
        0.2791760721591981,
        -0.7828760300622466
      ],
      [
        0.2749413360812298,
        -0.8302595638473826
      ],
      [
        0.2766955567059191,
        -0.879603921611109
      ],
      [
        0.2851059685800132,
        -0.9305189275614643
      ]
    ],
    "gain": 4.643599538088147e-13,
    "numerator": [
      4.643599538088147e-13,
      0.0,
      -1.0215918983793924e-11,
      0.0,
      1.0726714932983621e-10,
      0.0,
      -7.151143288655747e-10,
      0.0,
      3.39679306211148e-09,
      0.0,
      -1.2228455023601327e-08,
      0.0,
      3.46472892335371e-08,
      0.0,
      -7.91938039623705e-08,
      0.0,
      1.4848838242944468e-07,
      0.0,
      -2.3098192822358062e-07,
      0.0,
      3.002765066906548e-07,
      0.0,
      -3.2757437093525983e-07,
      0.0,
      3.002765066906548e-07,
      0.0,
      -2.3098192822358062e-07,
      0.0,
      1.4848838242944468e-07,
      0.0,
      -7.91938039623705e-08,
      0.0,
      3.46472892335371e-08,
      0.0,
      -1.2228455023601327e-08,
      0.0,
      3.39679306211148e-09,
      0.0,
      -7.151143288655747e-10,
      0.0,
      1.0726714932983621e-10,
      0.0,
      -1.0215918983793924e-11,
      0.0,
      4.643599538088147e-13
    ],
    "denominator": [
      1.0,
      -21.50326738893776,
      233.96636293509695,
      -1711.6579747274588,
      9446.186539254904,
      -41849.392086061955,
      154723.28383957729,
      -490106.63036842685,
      1355540.8970025876,
      -3320257.255150366,
      7281268.549781966,
      -14419525.96508933,
      25965132.97675141,
      -42750720.78776766,
      64651792.887197435,
      -90139183.5221322,
      116214086.89667256,
      -138894119.57058802,
      154185459.9239728,
      -159222660.4192947,
      153132651.09991476,
      -137270672.74031496,
      114745494.34911042,
      -89454678.7122101,
      65028574.61260837,
      -44057959.24600184,
      27797423.325196784,
      -16312952.950349769,
      8890570.851630216,
      -4490877.766403454,
      2097304.4410097254,
      -902814.5260354611,
      356884.84359920083,
      -128967.521623111,
      42368.52557428862,
      -12567.290426006974,
      3337.042409155729,
      -784.6800072129164,
      161.1106941786098,
      -28.34613554867135,
      4.163347995838567,
      -0.49117295502285363,
      0.04375181963139633,
      -0.0026240392775202835,
      7.979751039630765e-05
    ],
    "sampled_pass_min_db": -0.5000000000000653,
    "sampled_stop_max_db": -40.96848145276098,
    "stability": true,
    "coefficient_digits": "binary64; decimal display rounded; exact design uses the specified prototype construction",
    "response_status": "grid diagnostic, not proof",
    "sos": [
      [
        4.643599538088147e-13,
        9.287199076176295e-13,
        4.643599538088147e-13,
        1.0,
        -0.8158945520393529,
        0.4797191833165335
      ],
      [
        1.0,
        2.0,
        1.0,
        1.0,
        -0.8855679071604041,
        0.4848776811228477
      ],
      [
        1.0,
        2.0,
        1.0,
        1.0,
        -0.751864717875203,
        0.4862161136652842
      ],
      [
        1.0,
        2.0,
        1.0,
        1.0,
        -0.9587538795245287,
        0.5009167054433378
      ],
      [
        1.0,
        2.0,
        1.0,
        1.0,
        -0.6951135053586648,
        0.5045274100038325
      ],
      [
        1.0,
        2.0,
        1.0,
        1.0,
        -1.0331510585198864,
        0.5264242629741965
      ],
      [
        1.0,
        2.0,
        1.0,
        1.0,
        -0.6467351770494839,
        0.5344306648738791
      ],
      [
        1.0,
        2.0,
        1.0,
        1.0,
        -1.1067521541137464,
        0.5596140715399376
      ],
      [
        1.0,
        2.0,
        1.0,
        1.0,
        -0.6074429197431096,
        0.5755919243554771
      ],
      [
        1.0,
        2.0,
        1.0,
        1.0,
        -1.1781743428145783,
        0.5987217007257426
      ],
      [
        1.0,
        2.0,
        1.0,
        1.0,
        -0.5777883773646382,
        0.6277554734152924
      ],
      [
        1.0,
        -2.0,
        1.0,
        1.0,
        -1.246714493997288,
        0.6423086370033155
      ],
      [
        1.0,
        -2.0,
        1.0,
        1.0,
        -1.3122048528974983,
        0.6893801783915364
      ],
      [
        1.0,
        -2.0,
        1.0,
        1.0,
        -0.5583521443183962,
        0.6908341577122614
      ],
      [
        1.0,
        -2.0,
        1.0,
        1.0,
        -1.3748141682341641,
        0.7393646841931749
      ],
      [
        1.0,
        -2.0,
        1.0,
        1.0,
        -0.5498826721624596,
        0.7649236816461779
      ],
      [
        1.0,
        -2.0,
        1.0,
        1.0,
        -1.4348825323917551,
        0.7920372997191304
      ],
      [
        1.0,
        -2.0,
        1.0,
        1.0,
        -1.4928107624142823,
        0.8474422121021261
      ],
      [
        1.0,
        -2.0,
        1.0,
        1.0,
        -0.5533911134118382,
        0.8502634900144405
      ],
      [
        1.0,
        -2.0,
        1.0,
        1.0,
        -1.5489926540742047,
        0.905834066564558
      ],
      [
        1.0,
        -2.0,
        1.0,
        1.0,
        -0.5702119371600264,
        0.947150887870085
      ],
      [
        1.0,
        -2.0,
        1.0,
        1.0,
        -1.603771466312248,
        0.9676406302352225
      ]
    ]
  },
  "SC-041": {
    "question_id": "SC-041",
    "family": "cheby2",
    "bandtype": "bandstop",
    "prototype_order": 6,
    "realized_degree": 12,
    "analog": false,
    "fs": 4000,
    "reference_hz": null,
    "wp_hz": [
      500.0,
      750.0
    ],
    "ws_hz": [
      550.0,
      650.0
    ],
    "rp_db": 1,
    "rs_db": 50,
    "wn": [
      541.6889572272502,
      659.4213419935054
    ],
    "zeros": [
      [
        0.6571163381650799,
        -0.7537891735203658
      ],
      [
        0.6399823040695334,
        -0.7683896475603061
      ],
      [
        0.608641486551039,
        -0.7934453609726012
      ],
      [
        0.5698762801634158,
        -0.8217305064965691
      ],
      [
        0.5341660243415043,
        -0.8453795942883833
      ],
      [
        0.5126948322664908,
        -0.8585709108554953
      ],
      [
        0.5126948322664908,
        0.8585709108554953
      ],
      [
        0.5341660243415043,
        0.8453795942883833
      ],
      [
        0.5698762801634158,
        0.8217305064965691
      ],
      [
        0.608641486551039,
        0.7934453609726012
      ],
      [
        0.6399823040695334,
        0.7683896475603061
      ],
      [
        0.6571163381650799,
        0.7537891735203658
      ]
    ],
    "poles": [
      [
        0.6765991701048298,
        -0.699457493561197
      ],
      [
        0.6216023131228623,
        -0.6855859202488812
      ],
      [
        0.5579811735347188,
        -0.6975493372179397
      ],
      [
        0.5579811735347188,
        0.6975493372179397
      ],
      [
        0.6216023131228623,
        0.6855859202488812
      ],
      [
        0.6765991701048298,
        0.699457493561197
      ],
      [
        0.44444005482050175,
        0.8587415371621085
      ],
      [
        0.45483118284411916,
        0.7919976275347484
      ],
      [
        0.49740976057225655,
        0.7346743390084198
      ],
      [
        0.49740976057225655,
        -0.7346743390084198
      ],
      [
        0.45483118284411916,
        -0.7919976275347484
      ],
      [
        0.44444005482050175,
        -0.8587415371621085
      ]
    ],
    "gain": 0.6303041730369433,
    "numerator": [
      0.6303041730369433,
      -4.440464239816757,
      16.795178391353097,
      -42.508909475048746,
      79.30266707498363,
      -113.62715367074745,
      127.88703900199846,
      -113.62715367074746,
      79.30266707498363,
      -42.50890947504874,
      16.795178391353094,
      -4.440464239816755,
      0.6303041730369432
    ],
    "denominator": [
      1.0,
      -6.505727309998577,
      22.705197787477733,
      -53.06327438028812,
      91.46879082073329,
      -121.20442055847798,
      126.26205675094502,
      -103.92364347870861,
      67.24274807971717,
      -33.44291990616317,
      12.267261491309764,
      -3.0130691375897247,
      0.39728335056307346
    ],
    "sampled_pass_min_db": -0.9992638340286393,
    "sampled_stop_max_db": -50.000125401317234,
    "stability": true,
    "coefficient_digits": "binary64; decimal display rounded; exact design uses the specified prototype construction",
    "response_status": "grid diagnostic, not proof",
    "sos": [
      [
        0.6303041730369433,
        -0.7183907950035425,
        0.6303041730369433,
        1.0,
        -0.9948195211445131,
        0.7871628543100082
      ],
      [
        1.0,
        -1.217282973102078,
        1.0,
        1.0,
        -1.1159623470694375,
        0.7979180678723687
      ],
      [
        1.0,
        -1.0683320486830086,
        1.0,
        1.0,
        -0.9096623656882383,
        0.8341316469080506
      ],
      [
        1.0,
        -1.2799646081390668,
        1.0000000000000002,
        1.0,
        -1.2432046262457246,
        0.8564174897231982
      ],
      [
        1.0,
        -1.0253896645329816,
        1.0,
        1.0,
        -0.8888801096410035,
        0.9349639899763916
      ],
      [
        1.0,
        -1.3142326763301597,
        0.9999999999999998,
        1.0,
        -1.3531983402096597,
        0.9470272222854564
      ]
    ]
  },
  "SC-037": {
    "question_id": "SC-037",
    "prototype_order": 2,
    "realized_degree": 2,
    "family": "butter",
    "bandtype": "lowpass",
    "analog": false,
    "fs": 40000,
    "numerator": [
      0.0674552738890719,
      0.1349105477781438,
      0.0674552738890719
    ],
    "denominator": [
      1.0,
      -1.1429805025399011,
      0.41280159809618877
    ],
    "poles": [
      [
        0.5714902512699505,
        0.29359920095190567
      ],
      [
        0.5714902512699505,
        -0.29359920095190567
      ]
    ],
    "sos": [
      [
        0.0674552738890719,
        0.1349105477781438,
        0.0674552738890719,
        1.0,
        -1.142980502539901,
        0.41280159809618855
      ]
    ]
  },
  "SC-038": {
    "question_id": "SC-038",
    "prototype_order": 2,
    "realized_degree": 2,
    "family": "butter",
    "bandtype": "highpass",
    "analog": false,
    "fs": 40000,
    "numerator": [
      0.6389455251590224,
      -1.2778910503180447,
      0.6389455251590224
    ],
    "denominator": [
      1.0,
      -1.1429805025399011,
      0.41280159809618877
    ],
    "poles": [
      [
        0.5714902512699505,
        0.29359920095190567
      ],
      [
        0.5714902512699505,
        -0.29359920095190567
      ]
    ],
    "sos": [
      [
        0.6389455251590224,
        -1.2778910503180447,
        0.6389455251590224,
        1.0,
        -1.142980502539901,
        0.41280159809618855
      ]
    ]
  },
  "SC-053": {
    "question_id": "SC-053",
    "numtaps": 101,
    "degree": 100,
    "fs": 10000,
    "taps": [
      -5.361763845331745e-05,
      -7.511796663861222e-06,
      8.564111320509737e-05,
      5.574620156501574e-05,
      -0.00012270304912228528,
      -0.00013866916687642675,
      0.00014988416039945517,
      0.000282595084182797,
      -0.00011840117499181697,
      -0.00046855292309119285,
      1.3155241404571084e-06,
      0.0006857342204600466,
      0.0002569212676960048,
      -0.0008702485920496203,
      -0.0006756821977024601,
      0.0009534477877759063,
      0.0012695500503778036,
      -0.0008228046210500877,
      -0.0019894661813683085,
      0.0003764290466952421,
      0.0027480387607900134,
      0.0004908978986449088,
      -0.0033791622332611845,
      -0.0018261486972158127,
      0.0036748592097979307,
      0.003617046087431772,
      -0.003375475507929005,
      -0.005737454812072245,
      0.0022270231573141655,
      0.007953205870357777,
      1.1038124925088001e-06,
      -0.009893797620142617,
      -0.0034494410126740655,
      0.011081122923954185,
      0.008146945779307344,
      -0.010928013351772984,
      -0.013963662898605312,
      0.008768854063237417,
      0.02061779695672082,
      -0.00382036447909256,
      -0.02767409643585086,
      -0.0049400064323156315,
      0.034596927895137505,
      0.01927293261342521,
      -0.04079533332558609,
      -0.04344523855974636,
      0.04570752288030122,
      0.09328019359383462,
      -0.04886137590209097,
      -0.3136438723222669,
      0.5494497739799031,
      -0.3136438723222669,
      -0.04886137590209097,
      0.09328019359383462,
      0.04570752288030122,
      -0.04344523855974636,
      -0.04079533332558609,
      0.01927293261342521,
      0.034596927895137505,
      -0.0049400064323156315,
      -0.02767409643585086,
      -0.00382036447909256,
      0.02061779695672082,
      0.008768854063237417,
      -0.013963662898605312,
      -0.010928013351772984,
      0.008146945779307344,
      0.011081122923954185,
      -0.0034494410126740655,
      -0.009893797620142617,
      1.1038124925088001e-06,
      0.007953205870357777,
      0.0022270231573141655,
      -0.005737454812072245,
      -0.003375475507929005,
      0.003617046087431772,
      0.0036748592097979307,
      -0.0018261486972158127,
      -0.0033791622332611845,
      0.0004908978986449088,
      0.0027480387607900134,
      0.0003764290466952421,
      -0.0019894661813683085,
      -0.0008228046210500877,
      0.0012695500503778036,
      0.0009534477877759063,
      -0.0006756821977024601,
      -0.0008702485920496203,
      0.0002569212676960048,
      0.0006857342204600466,
      1.3155241404571084e-06,
      -0.00046855292309119285,
      -0.00011840117499181697,
      0.000282595084182797,
      0.00014988416039945517,
      -0.00013866916687642675,
      -0.00012270304912228528,
      5.574620156501574e-05,
      8.564111320509737e-05,
      -7.511796663861222e-06,
      -5.361763845331745e-05
    ],
    "bands": [
      0,
      2000,
      2500,
      5000
    ],
    "desired": [
      0,
      1
    ],
    "symmetry_exact": true,
    "group_delay_samples": 50,
    "group_delay_seconds": 0.005,
    "minimum_order_claim": false,
    "grid_bands": [
      {
        "interval_hz": [
          0,
          2000
        ],
        "minimum_magnitude": 2.936222181671183e-08,
        "maximum_magnitude": 5.126363615673783e-05
      },
      {
        "interval_hz": [
          2500,
          5000
        ],
        "minimum_magnitude": 0.9989489079162176,
        "maximum_magnitude": 0.9990511606023759
      }
    ]
  },
  "SC-054": {
    "question_id": "SC-054",
    "numtaps": 101,
    "degree": 100,
    "fs": 10000,
    "taps": [
      9.501098821011237e-05,
      -3.850511903356335e-05,
      4.46087870953396e-06,
      -0.00014327787239157866,
      -8.394561869783957e-05,
      0.0002837972171881169,
      1.0061868369111158e-06,
      0.0003633193918332944,
      -0.0006644039010621033,
      -0.00018249761331659667,
      -8.386307480325632e-06,
      0.00034143686082428574,
      0.0013183139787594932,
      -0.0011510434436992538,
      1.009400701054895e-05,
      -0.0019322944652802054,
      0.001051497619791515,
      0.002041761200268559,
      1.551452861628066e-05,
      0.0009957366173739767,
      -0.005525893513633787,
      0.0014538880363467541,
      -2.590095948874973e-05,
      0.004695753134054667,
      0.0026747807309914725,
      -0.00723179825005891,
      -4.502748912266798e-06,
      -0.007339260800569567,
      0.011798208383887487,
      0.0033796749806706745,
      4.648418725198252e-05,
      -0.0045375856682687,
      -0.01795737317782257,
      0.01431906932481047,
      -2.180801497759776e-05,
      0.021920163800316056,
      -0.01092731750409603,
      -0.02196706620359847,
      -4.604455635156845e-05,
      -0.010505722251923878,
      0.05537311062607006,
      -0.013994460978068491,
      5.671257031467195e-05,
      -0.048745168113470294,
      -0.03087140028189053,
      0.08685041864798863,
      2.035794691950209e-05,
      0.11968942224709686,
      -0.2560428626438478,
      -0.13854059322153275,
      0.49942857318978345,
      -0.13854059322153275,
      -0.2560428626438478,
      0.11968942224709686,
      2.035794691950209e-05,
      0.08685041864798863,
      -0.03087140028189053,
      -0.048745168113470294,
      5.671257031467195e-05,
      -0.013994460978068491,
      0.05537311062607006,
      -0.010505722251923878,
      -4.604455635156845e-05,
      -0.02196706620359847,
      -0.01092731750409603,
      0.021920163800316056,
      -2.180801497759776e-05,
      0.01431906932481047,
      -0.01795737317782257,
      -0.0045375856682687,
      4.648418725198252e-05,
      0.0033796749806706745,
      0.011798208383887487,
      -0.007339260800569567,
      -4.502748912266798e-06,
      -0.00723179825005891,
      0.0026747807309914725,
      0.004695753134054667,
      -2.590095948874973e-05,
      0.0014538880363467541,
      -0.005525893513633787,
      0.0009957366173739767,
      1.551452861628066e-05,
      0.002041761200268559,
      0.001051497619791515,
      -0.0019322944652802054,
      1.009400701054895e-05,
      -0.0011510434436992538,
      0.0013183139787594932,
      0.00034143686082428574,
      -8.386307480325632e-06,
      -0.00018249761331659667,
      -0.0006644039010621033,
      0.0003633193918332944,
      1.0061868369111158e-06,
      0.0002837972171881169,
      -8.394561869783957e-05,
      -0.00014327787239157866,
      4.46087870953396e-06,
      -3.850511903356335e-05,
      9.501098821011237e-05
    ],
    "bands": [
      0,
      1500,
      2000,
      4000,
      4500,
      5000
    ],
    "desired": [
      0,
      1,
      0
    ],
    "symmetry_exact": true,
    "group_delay_samples": 50,
    "group_delay_seconds": 0.005,
    "minimum_order_claim": false,
    "grid_bands": [
      {
        "interval_hz": [
          0,
          1500
        ],
        "minimum_magnitude": 2.6983617536289377e-08,
        "maximum_magnitude": 5.089459094366026e-05
      },
      {
        "interval_hz": [
          2000,
          4000
        ],
        "minimum_magnitude": 0.998949578939323,
        "maximum_magnitude": 0.9990504877462933
      },
      {
        "interval_hz": [
          4500,
          5000
        ],
        "minimum_magnitude": 7.2806802181314e-08,
        "maximum_magnitude": 5.0457539097073075e-05
      }
    ]
  },
  "sampling_dependence": {
    "SC-039": [
      {
        "fs": 10000,
        "prototype_order": 4
      },
      {
        "fs": 20000,
        "prototype_order": 6
      },
      {
        "fs": 40000,
        "prototype_order": 6
      }
    ],
    "SC-040": [
      {
        "fs": 10000,
        "prototype_order": 28
      },
      {
        "fs": 20000,
        "prototype_order": 22
      },
      {
        "fs": 40000,
        "prototype_order": 21
      }
    ],
    "SC-041": [
      {
        "fs": 2000,
        "prototype_order": 6
      },
      {
        "fs": 4000,
        "prototype_order": 6
      },
      {
        "fs": 8000,
        "prototype_order": 6
      }
    ]
  },
  "SC-069": {
    "b": [
      0.44,
      0.36,
      0.02
    ],
    "a": [
      1.0,
      0.4,
      0.18,
      -0.2
    ],
    "b_quantized": [
      0.4375,
      0.3125,
      0.0
    ],
    "a_quantized": [
      1.0,
      0.375,
      0.125,
      -0.1875
    ],
    "poles": [
      [
        -0.4000000000000002,
        0.5830951894845304
      ],
      [
        -0.4000000000000002,
        -0.5830951894845304
      ],
      [
        0.4,
        0.0
      ]
    ],
    "quantized_poles": [
      [
        -0.3947727604380249,
        0.5444786743510301
      ],
      [
        -0.3947727604380249,
        -0.5444786743510301
      ],
      [
        0.4145455208760492,
        0.0
      ]
    ],
    "fractional_bits": 4,
    "mode": "truncate magnitude toward zero; leading coefficient fixed at 1",
    "dc_gain": 0.5942028985507247,
    "quantized_dc_gain": 0.5714285714285714
  },
  "SC-034": {
    "real_pole": 0.4,
    "den2": [
      1.0,
      0.8000000000000004,
      0.5000000000000007
    ],
    "numerator_first_factor": [
      1,
      0.7582338976303913
    ],
    "numerator_second_factor": [
      0.44,
      0.026377085042627837
    ],
    "allpole_l1_bounds": [
      1.6666666666666667,
      11.65685424949241
    ],
    "numerator_l1_bounds": [
      1.7582338976303913,
      0.4663770850426278
    ],
    "factor_check_max_error": 4.996003610813204e-16
  },
  "SC-060": {
    "sos": [
      [
        0.0124,
        0.0124,
        0.0,
        1.0,
        -0.6386,
        0.0
      ],
      [
        1.0,
        1.5975,
        1.0,
        1.0,
        -0.9621,
        0.5708
      ],
      [
        1.0,
        1.12724,
        1.0,
        1.0,
        -0.5811,
        0.8547
      ]
    ],
    "poles": [
      [
        0.6386,
        0.0
      ],
      [
        0.0,
        0.0
      ],
      [
        0.4810500000000001,
        0.5825726542672598
      ],
      [
        0.4810500000000001,
        -0.5825726542672598
      ],
      [
        0.29055,
        0.8776563664099976
      ],
      [
        0.29055,
        -0.8776563664099976
      ]
    ],
    "max_pole_radius": 0.9244998647917694
  },
  "environment": {
    "numpy": "2.3.5",
    "scipy": "1.17.0"
  }
}
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{
  "SC-053": {
    "coefficient_arithmetic": "exact rational values of delivered binary64 coefficients",
    "endpoint_enclosures": "exact algebraic radical bounds via integer-square-root inequalities",
    "polynomial_degree": 50,
    "bands": [
      {
        "leaves": [
          {
            "a": "16778709516339254781201362717707/20282409603651670423947251286016",
            "b": "1",
            "coefficient_min": "-10487563680258424990364173685987347723783947557518424808573199219968341655015264321/29747117412206476398454260448235133257961854722985886419168377524126971867204755128320",
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            "depth": 2
          },
          {
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            "coefficient_min": "-1953648571698250146498940744688885946145372039731682123057418349717388386394612685481594374361946393646318697672882444705142064868421049091481846716769063765103705704235276440234430322881793800284271109231469312936051796675004539385981631659121820888061263578434142855892766163327764823309992084677912789506296151177281682065638125642160977899098400695175471430386172314527709203681781866606520758303287905964447414964255691796876580065205485727361157747962069903546685603342789838298029504852414055688613098311287981270429257420282326424121689397727465028382155696622585002178371177584974615843468684178329635533301476434126162645170867887376763118556085343043093111921778097972403861745174473130383780802154362432190966771059797478776016135631600765647772473748948024943973554256767700726853536166275410421035775072268631592913576391602564508260536021947987220706492477420863927313594035900791258634418734770604583682385021783493378844387232594551849924903713447003711692483650107821950622523405596200964689034562315579884246480055766803107529893320525807595450189129679856353375449613665124775863391073252324158041949939298830047248116734375423862663828358610951602247671670650675984934325841577525635329816548615948993669351973559096910834698575584390692332883028706856809324673910757319404159862112630480912069377495175077006625435233093136136690718139728560176038742774646983253221783620813948534070174423636722930731808436712511155954757784425393739284420233637047328871814695827744505691915237696949566441298891675796336404215366050675832283511007408689904977279/24141456978045690366967541313256130417362312667841357852685502118364771354321412865141304272490248438374976274414889903122561083196533954813723071922544111795847025939495512245424649997160072878332702175614079244851572957244064340209634911956053876210771159214084270930862527590495899423977018718542230256785093261271808443765950698288028638794121003933352282355782523531745187167887447257722188009259830203647084563194424823176491095224852760755645136863256919102418694101832394929436929290201697738948202787675106149067208050869325449396097173465000528107582203326848126296135347237073250211276938798979247810976658117447507650973156385377857724125224133893859256712752816943355626696897231575638784541677532902598006484871821294864986426107925107930624742052852329941790890802709991228352444277860673614716804510225554016845039914372156737094116583629335862125812585725509493938606162046265150864624795454492466115045970200051609500821135174528500099044717230600361968239950557491665555549790472549923328139734518779538092787896933572402979441285806962037194808019086693894704094837757641498745189305146109391714795522594106005387226676590445554666060648078445213020478639271319568721719277365743899242175600043536607983620618566485924939852324723529603350342476865774604976193503552365396556538147201122626557295953477722129830825803296850205946537356938709143670873994275357824907418192147815718709911143322482288107186091579790459722194680617988049358231391038215296908351872454584760326544187905003959115481006702231870222412613496729866267437854400565820389536563200",
            "coefficient_max": "1540806730072634032385130921622454372032328849772898127127708508099886298106629339380688632937143018873952431827975963848800254719293324072595953327440031550337350816073079673718602971500560757744375132763813341998357349219264270615661261054388384407287822858281499446599722806184560197544279042220015059557072615152417200797211623790074519739047853269999449143537112967888389891439678648339887875646284279595159691735264005023204552915148877823005352210703554188164506528301193401148839713350680372496966872849311764211041595102432589859436696449088886814641755382452463042992423477915324557182737697682474202118966934929973317784251507669134649153753108257008631404075154324637620362251773167208865478508326640232727341598646296520403601572086212872328509004325048568684110498330330605476431678943822859542097538474844463257520861028061876144956787004120738879889365061161757765272530669157950519750858900110378304873283846052986564606162476801865208702887560871467212619090344909613211150452847586048761513916372166953469968551597352129916137138101443169354020360526784356118800217493544664098193743671465691890733341970319429116341656157892299838101660299993248265191926148671831020671403990572571472791793828168776924591101684565469117193122384334535342690352389232606783719932711967096074463585953116268306997477247247307873231920597285009045948946183029170571913561423415596375554420793785548701538859469012531272183812315447514821214417062702439873634860442379018606450286641941243714567566425004731632716094902558346334841349250694339646724408437524376697559027013/20136090028316327848897616266889765681648884568698962801085796779017362169249916868958717551329200919275939204259776799568515589930010412621963299177027808945573148077563779652713114217948120581881349918287405578975099123003228077300520237616757944003365451061308746002441399340942831391307787795569479092541002447903073656820014438164982962752476458169856376750837669879167922302672167751097085681058085551108344039170077866306806425386726770186434540549235996673444802583859785167164720622952054646423957817429930848898018259585112221247643489206908026694884892828191266244184555944871266711172217687376748638282055522200093762756152478247841187797480516734194391552425596548645522235491422858004563684969610146351867149864532278837918072406678827022664314206424573012100880043845458629623445638418112049398682976089119694109884848467041330789882650093428231632722502071084422038395143041489468462458938431202096322254783062219374897117331103409896462854282244337175724965068024363150859500213679367045834599428742478318624539553444567469644854095252909278844790775107300051357588053603898376496714392882054425870774312795137573417929713055182293320421523368736796801692349171005127992814009300730672850107502166415861385600043543484908815442007615811398218151079753423572099882345792434084947422446253002724907495343205664343772109183719852572150240650105851029418438139702313741569749770676312694005704972419554434558263727397683640708602895135847597821465514842327841161089585649500885794975965623922482118673559603296058046760439121015199247499031854613975460340983398400",
            "depth": 2
          },
          {
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            "depth": 1
          }
        ],
        "accepted_intervals": 3,
        "depth": 2,
        "range": [
          -0.0003525573095010188,
          0.0003362844133816723
        ],
        "required": [
          "-3/1000",
          "3/1000"
        ]
      },
      {
        "leaves": [
          {
            "a": "-1/2",
            "b": "0",
            "coefficient_min": "25474238378484644665754739903365267/25510991919695121499036914160762880",
            "coefficient_max": "418864522713293852897237729640027811/419109152966419853198463589783961600",
            "depth": 1
          },
          {
            "a": "-3/4",
            "b": "-1/2",
            "coefficient_min": "806452154355922178742634846917654059975969/807342894450533949722298479140280509399040",
            "coefficient_max": "233161580184314539646047806707052835506471/233372555427107469841601904126487334748160",
            "depth": 2
          },
          {
            "a": "-1",
            "b": "-3/4",
            "coefficient_min": "5769857546459496661773459/5784898941515315386777600",
            "coefficient_max": "17402951548343991001746759167/17400976016078068683427020800",
            "depth": 2
          }
        ],
        "accepted_intervals": 3,
        "depth": 2,
        "range": [
          0.9973998862887864,
          1.0001135299688992
        ],
        "required": [
          "99/100",
          "1001/1000"
        ]
      }
    ],
    "elapsed_seconds": 0.22788047790527344,
    "minimum_order_claim": false
  },
  "SC-054": {
    "coefficient_arithmetic": "exact rational values of delivered binary64 coefficients",
    "endpoint_enclosures": "exact algebraic radical bounds via integer-square-root inequalities",
    "polynomial_degree": 50,
    "bands": [
      {
        "leaves": [
          {
            "a": "8051027712408336862042362591851/10141204801825835211973625643008",
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            "coefficient_max": "773764666018289487023984079400018421386283634395044263430384339602736213964506187/758855036025675418327914807352937072907190171504742000488989222554259486408284569600",
            "depth": 1
          },
          {
            "a": "2980425311495419256055549770347/5070602400912917605986812821504",
            "b": "8051027712408336862042362591851/10141204801825835211973625643008",
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            "depth": 1
          }
        ],
        "accepted_intervals": 2,
        "depth": 1,
        "range": [
          -0.0008097085230317635,
          0.0010196475338303081
        ],
        "required": [
          "-3/1000",
          "3/1000"
        ]
      },
      {
        "leaves": [
          {
            "a": "-1/4",
            "b": "391725578400125490810231063299/1267650600228229401496703205376",
            "coefficient_min": "23651223344415536155618590720229066869782075867282223134358543680665221493601536200648743487392525997333183138683190666561145407042736859045391686795032366553275420682408477063276943855546168689522175455441084620473737528114616435711852154444683090262932961155270807146252479790161460633217449019834858103474991089325342017677108124070894563547950369123571724354620770508037142671799276211774300927034279726740102540668902342734169594777099263053231905448743821181455538798031913504192901727814853886980070845477223307888676222387411205737259983735314141354799991848642590827798370865310611508763476626412077385797543493150997229121238426092164717529725251264050066441191441927756496400655468973453593740416921945197775500072584363809129111273685800511371490328987380450433625255386857625372634651753639376232426672025122272609141041441876557902528767505519729411994876291938880747055275614576771743914717738687985522935293404500334220949368243941677414346615764118114026767368158655875411146098821927183623402601711196181052177265299991701769177659698313637788545398468369093704435776773157612909607698028081644735883761045820893046003016157505666809863290660583729471729298835855596580203367/23684983962335898247132586497877862853100310840494794753811281268745868315823798222973902147381790746478904489757189123816312606461751654029037772407114815741534117409316162251568952972255676097806109634552612273462079702561269525936104296306603407809125591894234362900781628180336195838749588723129815965516611442939299624803511869997180636060714306543666649151317660397003252027647503631369224900575728917497701558435479618677365661900937981384902199125118639789498885979862452375727421798744385297863530526152194591464749818370735474708948498186688327613550068461641507828958247794041164655945101249159623023872200998640558620244985660816583006181751791395041426521413997699364232187133847419200234849066610682016650992767388411636668724573082018097161185663150548891854702149809655070104093624582043730286973089266359464988462178330464720544289355721017060127528647918216805208608397751335528372036245471441385096029629280213448601657531476499487435295678837574819329483361561806416180196463436148116277949292239962476619316409601426963584554970727621916788225855271296869471122451404003753658638276156080050133098273500946390037155085639479998040743262807219491009790562438753548658278400",
            "coefficient_max": "162685362919991896891397594108275322216802482729622929424826532436263559557884401852773095925842301467743829217054946772600959290944783976067280687727449206990208982378690980691476755630605808903659789544920370100763864190318955243927401348180029513086927281129111631507357464450031089811324538353840300970876728899057541208728744164894508642070275412348946131839994323371546121280424931945613560930131354902447152766867194889342885970519730053284058887300910343253865514287464107272263582605131898388629858057726747638616180656039434387079941509063048321237375262011959505891219042615512667920777817743532258599513988821262595467458067895261006258512369025121628790738498456130150130572473265851034730425414603315342817371700957418010750219761484113823178162155527031111973151821715190678333716466445340715060818599062756036520933741601001610176339224374342744804832827480140934965515157850671369371869795781193507402232634735488850662793314777222568254389250857238357286232704844597804055615832264527303241909004910457426323164307431536798659101/162772324797240817474277365160330131601091837093585621442023139580389023813739952297513099865413664002878904868955929185215232202660334451170213408521390681081722067217337939490205745689065440253166597326639137844579125377445704418107231817698382343710194437778858223579383974057485264413670445190162849933476654679836713683250146821671650107569066353310805358728452373922466930562868864942365148171635517054579880217284058190961581663714373853888907541937026574695400229241819914164509208887414078815270241013370130908629487087184362956587258342312841628637546648684086741973476870953149411343655896037147279144778584625303184772081591060471467365110176605395880631535300495690351647992635746280053310465941066936513219273947421186252164013828126083855380910591931081501323930480915324551350360321699143723254304834260350421416601146965521433642212450077994069169154802236756241086509101074747353277616892304760326124428647519564378474458063137885509260646761936633170983017072483606527618733106736976889911650280798354940477969325724015158886400",
            "depth": 1
          },
          {
            "a": "-1025550878514240191558582665987/1267650600228229401496703205376",
            "b": "-1/4",
            "coefficient_min": "521430605155575907228150345315299213533663349190379411112745198914558773864878636194442462482327868425664233249018532110257523659123290856366896952281914672186743641869999282401669705844344974174441100970030055971039499722019690442846913919286488399253507545466588788666902906068508249104737330091422531794886503164037964159442673248019192977138651201065189795024420007710436166203666024914923296573761293088819540643459150534902567998773191652614885283136889685337547533965525254254437313786162281582373415830260462032888479449602847200547415387599980870352306661138022541961498969570042050375867757243221674283475283010396921378798336970892851518854776401757768486184230028691620485851143474874028661357199500991705096918482310194782400564408368040464557699018230883294360891375429060371637202929461204770282278135198329806317430595271286601602047808255288839408457348795776433158524760287079984444106890872885468165303194966897856341928381651781037787977085094550278961241461421132744361125361013457111452698285324718292171301004548408602854372288018705796700731681453862571325336622787046458973946933697/523130082538334610157838875530900975022071873744924677640240865980274509943485301134209128727114976690943462441626316560031267198768239114064043505097618001561996090802753093315342619093957710862622593320715240476875698502044991998931094072138201257130584801722608486519925986452655866204279302695859577648123885551314157150130498958666537245955564556039945041769711921674351470109072221102508064529288965791032182440420647738378914440701905253035169449038930682400967412063002689408601927043645529417031026296540084277278654079523135466015170343313370233826167873337308963184429189375519738879813671215532257442077033604868239684226108715107078684747640669741165120200807069992922915359635132805128809475076620598650216965676116756318891002003182950384525484298142016139871574256845096521073892500637160426977824957720819476159713775967132969878367494831411379095669482079425090113965743722268112286472648015912326200982849490940963914650995313756858790938465724032771961720134363129117727801455639223628529149853727466239530320509810333656503151137523142776305225109032182272857354728624522582937095372800",
            "coefficient_max": "8226049351892698387392596183426972272229658378833079598862809889673057478548036978029787687246829260777340892088198584251990182112414854454895756559420796696123326141947338253428222036308320377439177155399448899714895175546070829184486554766520079027974528550767809321199669513254544931169315318919676336252159881114652700323523116384240250066493196630705884666199341488184584555325797422669207527757424224047614346428858514749447573877032667519634739887425982893415922600590746386705633201724344300576599642000854029003154216931018626341269013173224296610210321799241959777757372861778567095398437845609044053066502924802445858705374877479024071720412627504038874946755465587169248985362482958334670359964514637343932657462711655539335337613912537019933467347451343764362471024254691293899617350457268747805008813830431530291950390577997950126079518271477207085172461451140744879496077739546297587384950279869684217697416206844167192373186102053219971586496730668581539974592805573688566752574492537702020359787162657/8217902303006716041612846358244526657344033487221363649783582091989766220342553532220530490408251284911891404381726730378289970166156118349147024865477059645926835544038746663950063696649267998673239095026799610934004288148307906113556445789274725825926282721372755216164349140831069840319337831779190767125394680506792979722322345965939932001426362965655430485006575131962248674792924178136244713942285841000860111441672181442479526095503258918080156414282020619580229575347263363984502943137590076462324061594418134564793110887290517692254004065583234802705380311713670082948972040930833901556844943882852504197634943347162013254469595309869073323900946525053404875634411268445413429720636060991431431700025848163049103535268829598674538807516982876221520245424176369250695601589486169083772544022626306539843740319052388691241309373836846984844338182480175275559057502117142318837180303336570374048158465691080197992537976728423605141717795249337728897192006056282942401061806578426727021583438419546027652127129600",
            "depth": 1
          }
        ],
        "accepted_intervals": 2,
        "depth": 1,
        "range": [
          0.9967513292783461,
          1.0009913781626487
        ],
        "required": [
          "99/100",
          "1001/1000"
        ]
      },
      {
        "leaves": [
          {
            "a": "-1",
            "b": "-2411214727465040524578260099853/2535301200456458802993406410752",
            "coefficient_min": "-51246166371794250181454478276075387624050138042574932074906364303446186362959742359598187303413593910740927514409389215251435429916441130027573405072922349489939876231917109999096789531956339790822767554188144286320835082536137011811496591539324487038332135837875312667379861296442258529151987697/568232451287127083656991933523059623282394188750280909022685283755029637264688472103028481798714384924132417859533923508106621364463808911559350901535502140828250795136685057447083823673627238990919065387034390716264725882110473437006164039090031424012096444325122829512428218344476493757551948595200",
            "coefficient_max": "7148288222792878559274330736608100921579084542564904733819446074193245603467850794062252480957213942953735148344465349459761344132657612884512446421723658417783479790751641795630046581423821447294192542395080757315356804164957589061891647536370339864421787062472420200831058016935798566580876982545829006877382122529879125080669321244949913105063400801077426307173664536245926586467282796321106814253907881726223300224648027755473113660512776964752837333491122017882860436388617250671991844748501742536771500659065218649733241262712847092986451507283073025377433764278127/80149422193718848957734600400329413881684478634403030190594082581695084228607855608552009481162142203942050450823213409101717197320896495019687530070681414562110236451400389315346066186944532441006707043597456189120049826801503813528967002673366917231037340671183295390901295878726886147453438707019239960603866686714698623652722295005891316308177504130974078189141511696118175079709498250112221267135505952261406351136703930854586762112390260640427291978911184646789810358740207067411720234935506715275211061045078330849903345268754786989942417198799927274003312014681702400",
            "depth": 0
          }
        ],
        "accepted_intervals": 1,
        "depth": 0,
        "range": [
          -9.018521602508694e-05,
          8.918702128027413e-05
        ],
        "required": [
          "-3/1000",
          "3/1000"
        ]
      }
    ],
    "elapsed_seconds": 0.3521239757537842,
    "minimum_order_claim": false
  },
  "endpoint_intervals": {
    "cos72": [
      "1566902313600501963240924253195/5070602400912917605986812821504",
      "391725578400125490810231063299/1267650600228229401496703205376"
    ],
    "cos144": [
      "-1025550878514240191558582665987/1267650600228229401496703205376",
      "-4102203514056960766234330663947/5070602400912917605986812821504"
    ],
    "cos54": [
      "2980425311495419256055549770347/5070602400912917605986812821504",
      "2980425311495419256055549770349/5070602400912917605986812821504"
    ],
    "cos162": [
      "-4822429454930081049156520199707/5070602400912917605986812821504",
      "-2411214727465040524578260099853/2535301200456458802993406410752"
    ]
  }
}






PHI_volume_02_verification/verification/comparative_case_graphs/results/host_oracles.json

{
  "C_build_command": "cc -std=c11 -O2 -Wall -Wextra code/host_reference.c -o host_reference",
  "C_build_warnings": "",
  "C_exit_code": 0,
  "impulse_output": "0 1\n1 2\n2 1\n3 0\n4 0\n5 0\n6 0\n",
  "response_time_ms": [
    "3/10",
    "2/5"
  ],
  "fixed_point_ms": "2/5",
  "memory_regions": [
    {
      "name": "text",
      "start": "0x80000000",
      "end": "0x80000600",
      "alignment": 256
    },
    {
      "name": "data",
      "start": "0x80000600",
      "end": "0x80000800",
      "alignment": 64
    },
    {
      "name": "stack",
      "start": "0x80000800",
      "end": "0x80000c00",
      "alignment": 16
    }
  ],
  "memory_checks_passed": true,
  "overallocation_rejected": true,
  "partial_binary_products": [
    {
      "nonzero_rows": 1,
      "sum": "5/32",
      "remainder": "5/96"
    },
    {
      "nonzero_rows": 2,
      "sum": "25/128",
      "remainder": "5/384"
    },
    {
      "nonzero_rows": 3,
      "sum": "105/512",
      "remainder": "5/1536"
    },
    {
      "nonzero_rows": 4,
      "sum": "425/2048",
      "remainder": "5/6144"
    },
    {
      "nonzero_rows": 5,
      "sum": "1705/8192",
      "remainder": "5/24576"
    },
    {
      "nonzero_rows": 6,
      "sum": "6825/32768",
      "remainder": "5/98304"
    },
    {
      "nonzero_rows": 7,
      "sum": "27305/131072",
      "remainder": "5/393216"
    },
    {
      "nonzero_rows": 8,
      "sum": "109225/524288",
      "remainder": "5/1572864"
    }
  ],
  "original_target_execution": false
}






PHI_volume_02_verification/verification/comparative_case_graphs/results/optimal_radius_certificate.json

{
  "q_lower": "6555554687/10000000000",
  "q_upper": "51215271/78125000",
  "width": "1/10000000000",
  "P_lower_sign": -1,
  "P_upper_sign": 1,
  "bound_lower": "306127672143317545291753609073678622280674540273301090763197015134846550950689565820313378170571127456228941566333507245907368377108249761134463333091630485368504967116558071289450343391468987221224829258798403932624716687305474468260419884493876300313638144358382151679117128676654843440537069179366173286076659116438375365435608471710046853916001492199389524192588977324979860977441726681069589530789633058578695280688960476534457599553682913769800442980223716693754242912563430051455722235393410974044323738256470863739210208925061396545325323607755386742319217830655062343277018994217104365055859403716739542840899688626384536627037025344111951779500137056588272155393493230000702567542/9281659337030603392191868413161357197291003848167840714679741527583674266238691347742591891992108065224722513480010623070578457729558257832988718080433076967673641031898000166289010902905201958190750900409006106800327412990467504493840368910160834949685798465816487513517975190754832221525897515420839475458633058063069268295763134224328910445876320254259004026161600392691155967113474995058270221974367110485461315652248611398415343285388768321983827351383206254360627243547034285990621384008276973937390101520757353148941138249585504298025557748376151135789808172849936249685761890955134104878626736317594096170273239978241719601072708721090728198945029831798704155734092424362366729947499648716229",
  "bound_upper": "1124999999524490496082791086587133666457589703092688023500988365522323823169970423821613635368802203556441313638331864709381171806443495561827711738503540620385643738114872479328397501878424462224721542612959035204617860546688787547469643857411677016457951463268758405979208751541786921797176733373358528406183719188157476400886615485698836794053549029681258850578836249122547220330142525993202719220605967164687619562882537863361549828643548509114674825943999827711123122246028144740831196175388510010699673108766212434283200483065194566298211681315939050397638593614931591014591398546336263821374352562400240824262865103661048636042989736800653380700434338810059088075510958970472569074400533675067819100162/34109516024185645237514274068691014842265695519615750909527558458100408994499049037877868948159654562136235915277960886504686715642188658972823662422919731899377894428476872988791552327545056290364058948293533470503615595212005862844810543057070947579261728339042624033090043744662601208989815356953724633302094824163878095189454639798974386812737589902216149018813731766595556071849431842545422655666610572643823746740442915822776114735889049539995642878696128173631431265278310790311456734290943415489096054065573984737159179337594933964586937931030038732689450957241344571959680955214535402921864004304634546881011581196052223630235721451365019563549673309649782830594970455962244520514763715462799733162466090449919",
  "float_bound_lower": 3.298199826425155e-11,
  "float_bound_upper": 3.298199830002864e-11,
  "hypothesis": "Strict-convexity and derivative-equivalence theorems are written proofs in C03; this certificate checks rational signs and interval arithmetic."
}
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{
  "weekly": {
    "source": "https://github.com/cran/ISLR2/blob/master/data/Weekly.rda",
    "git_blob_sha1": "70ad4a8749e3ed49f27da3573ab0818f8988f225",
    "source_rows": 1089,
    "source_transport": "GitHub connector base64; blob SHA-1 verified before deserialization",
    "columns": [
      "Year",
      "Lag1",
      "Lag2",
      "Lag3",
      "Lag4",
      "Lag5",
      "Volume",
      "Today",
      "Direction"
    ],
    "factor_levels": [
      "Down",
      "Up"
    ],
    "full_fit_coefficients": [
      0.22122405426994077,
      -0.0387222224699497,
      0.06024830276028222
    ],
    "full_fit_score_norm": 1.3219160029459196e-08,
    "omitting_first": {
      "coefficients": [
        0.2232430464743332,
        -0.03843316878046714,
        0.06084762640722559
      ],
      "probability_up": 0.5713923205171542,
      "predicted_class": "Up",
      "actual_class": "Down",
      "error": true
    },
    "loo_error_count": 490,
    "loo_error_rate": 0.44995408631772266,
    "minimum_probability_margin": 0.00034376588191437074,
    "cold_total_iterations": 4398,
    "warm_total_iterations": 3288,
    "cold_seconds_single_run": 0.4988077820003127,
    "warm_seconds_single_run": 0.3856785499997386,
    "max_probability_difference": 1.753475142862726e-11,
    "maximum_score_norm": 1.644086261070431e-08,
    "minimum_observed_hessian_eigenvalue": 263.25139210301177,
    "status": "executed binary64 optimizations; finite convergence diagnostics, not interval-arithmetic root certificates",
    "native_R_executed": false
  },
  "polynomial": {
    "Python_default_rng_1": {
      "models": [
        {
          "degree": 1,
          "coefficients": [
            -1.4649630065205748,
            1.9493685655821977
          ],
          "standard_errors": [
            0.2467526052038069,
            0.2886898656813819
          ],
          "t_pvalues": [
            4.40962098403568e-08,
            1.0365062391097479e-09
          ],
          "loocv_mse": 6.633029839181983,
          "maximum_press_refit_difference": 1.970645868709653e-15,
          "max_leverage": 0.10593439604277707
        },
        {
          "degree": 2,
          "coefficients": [
            -0.07275529077971879,
            0.966272759496647,
            -2.004709015820712
          ],
          "standard_errors": [
            0.119133593131275,
            0.12635317461019888,
            0.09082581457782679
          ],
          "t_pvalues": [
            0.5428242911378258,
            1.4949127104686435e-11,
            1.340067770001465e-39
          ],
          "loocv_mse": 1.122936856341968,
          "maximum_press_refit_difference": 1.2878587085651816e-14,
          "max_leverage": 0.3367746914299513
        },
        {
          "degree": 3,
          "coefficients": [
            -0.05719669120968653,
            1.11458420106416,
            -2.047093569240038,
            -0.06430032710664275
          ],
          "standard_errors": [
            0.11992880367150141,
            0.18747156941159904,
            0.09902229672742122,
            0.06008117370150836
          ],
          "t_pvalues": [
            0.6345015009461868,
            4.448515571498009e-08,
            3.968905542529695e-37,
            0.2872018312500664
          ],
          "loocv_mse": 1.3017965489358874,
          "maximum_press_refit_difference": 2.930988785010413e-14,
          "max_leverage": 0.6302131166144628
        },
        {
          "degree": 4,
          "coefficients": [
            0.10084765527919508,
            0.9049978643917201,
            -2.505923082881097,
            0.033768371908847856,
            0.10421699396517169
          ],
          "standard_errors": [
            0.1358183859022878,
            0.20461355461178887,
            0.22105779300882725,
            0.07250986614200602,
            0.04513364589608599
          ],
          "t_pvalues": [
            0.4596053342575588,
            2.5912962860712316e-05,
            2.396025934428609e-19,
            0.6424909798530273,
            0.02310661043617223
          ],
          "loocv_mse": 1.3323942694179345,
          "maximum_press_refit_difference": 3.730349362740526e-14,
          "max_leverage": 0.8356478577601811
        }
      ],
      "n": 100,
      "p_original": 1,
      "p_expanded_max": 4,
      "responses_model": "y=x-2x^2+epsilon, independent unit normals",
      "generator": "Python_default_rng_1",
      "native_R_executed": null
    },
    "R_seed1_reconstructed": {
      "models": [
        {
          "degree": 1,
          "coefficients": [
            -1.625426741095501,
            0.692497014484434
          ],
          "standard_errors": [
            0.26193663398327943,
            0.2909417781469206
          ],
          "t_pvalues": [
            1.3092997288089733e-08,
            0.019238464507281186
          ],
          "loocv_mse": 7.288161606672813,
          "maximum_press_refit_difference": 1.7763568394002505e-15,
          "max_leverage": 0.0775985365907588
        },
        {
          "degree": 2,
          "coefficients": [
            0.056715008916282984,
            1.0171608744539262,
            -2.1189211987163845
          ],
          "standard_errors": [
            0.11765549402705139,
            0.10798269374431911,
            0.08476570299927101
          ],
          "t_pvalues": [
            0.6308612862365923,
            2.4032867417629336e-15,
            4.58433015088062e-44
          ],
          "loocv_mse": 0.9374236376155521,
          "maximum_press_refit_difference": 6.8833827526759706e-15,
          "max_leverage": 0.24189347193704475
        },
        {
          "degree": 3,
          "coefficients": [
            0.061507179842838336,
            0.9752802703302909,
            -2.123790993845403,
            0.017638575357318113
          ],
          "standard_errors": [
            0.1195037397947816,
            0.18728148981338605,
            0.08700251305205599,
            0.06429036590248975
          ],
          "t_pvalues": [
            0.6079537967385923,
            1.0893498336918503e-06,
            5.8734437754123946e-43,
            0.7843990399024271
          ],
          "loocv_mse": 0.9566218301089396,
          "maximum_press_refit_difference": 1.0151601781416275e-14,
          "max_leverage": 0.44989852677270215
        },
        {
          "degree": 4,
          "coefficients": [
            0.15670295250673352,
            1.0308256428959721,
            -2.4098981827888597,
            -0.009132903878248617,
            0.0697854208786412
          ],
          "standard_errors": [
            0.13946192485559214,
            0.1913365486914136,
            0.2348550567040809,
            0.0672288073440236,
            0.053240055559854144
          ],
          "t_pvalues": [
            0.2640033891098213,
            5.174326357244834e-07,
            4.575229353407069e-17,
            0.8922288340687816,
            0.19309564304033353
          ],
          "loocv_mse": 0.9539048927448035,
          "maximum_press_refit_difference": 2.55351295663786e-14,
          "max_leverage": 0.6270602627098938
        }
      ],
      "n": 100,
      "p_original": 1,
      "p_expanded_max": 4,
      "responses_model": "y=x-2x^2+epsilon, independent unit normals",
      "generator": "R_seed1_reconstructed",
      "native_R_executed": false
    }
  }
}
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{
  "environment": {
    "python": "3.13.5",
    "numpy": "2.3.5",
    "scipy": "1.17.0",
    "seed": 20261007,
    "blas_threads": 1,
    "timing_repetitions": 7
  },
  "checks": [
    {
      "name": "power control F squared = one quarter identity",
      "passed": true,
      "kind": "exact dyadic"
    },
    {
      "name": "nonmonotone feasible trajectory approaches (1,1)",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "two-station fixed point [1, 2]",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "two-station fixed point [1, 1]",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "two-station fixed point [2, 2]",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "uncorrelated-channel diagonal restriction counterexample",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=3 db=0",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=3 db=5",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=3 db=10",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=3 db=15",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=3 db=20",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=3 db=25",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=3 db=30",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=4 db=0",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=4 db=5",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=4 db=10",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=4 db=15",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=4 db=20",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=4 db=25",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=4 db=30",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=5 db=0",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=5 db=5",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=5 db=10",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=5 db=15",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=5 db=20",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=5 db=25",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=5 db=30",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=6 db=0",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=6 db=5",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=6 db=10",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=6 db=15",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=6 db=20",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=6 db=25",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "MAC common-sample sum monotonicity r=6 db=30",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "continuant identity n2",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "finite Toeplitz error enclosure n2",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "continuant identity n4",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "finite Toeplitz error enclosure n4",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "continuant identity n8",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "finite Toeplitz error enclosure n8",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "continuant identity n16",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "finite Toeplitz error enclosure n16",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "continuant identity n32",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "finite Toeplitz error enclosure n32",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "continuant identity n64",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "finite Toeplitz error enclosure n64",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "continuant identity n128",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "finite Toeplitz error enclosure n128",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill budget and active stationarity",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 0",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 1",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 2",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 3",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 4",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 5",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 6",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 7",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 8",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 9",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 10",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 11",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 12",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 13",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 14",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 15",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 16",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 17",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 18",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 19",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 20",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 21",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 22",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 23",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 24",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 25",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 26",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 27",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 28",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 29",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 30",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 31",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 32",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 33",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 34",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 35",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 36",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 37",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 38",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 39",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 40",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 41",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 42",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 43",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 44",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 45",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 46",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 47",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 48",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 49",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 50",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 51",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 52",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 53",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 54",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 55",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 56",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 57",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 58",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 59",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 60",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 61",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 62",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 63",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 64",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 65",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 66",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 67",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 68",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 69",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 70",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 71",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 72",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 73",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 74",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 75",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 76",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 77",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 78",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 79",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 80",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 81",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 82",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 83",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 84",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 85",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 86",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 87",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 88",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 89",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 90",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 91",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 92",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 93",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 94",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 95",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 96",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 97",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 98",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "waterfill finite comparison 99",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "cubic factorization",
      "passed": true,
      "kind": "symbolic identity"
    },
    {
      "name": "three independent delay states",
      "passed": true,
      "kind": "symbolic identity"
    },
    {
      "name": "scaled canonical cascade equals original H/32",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "cascade sampled state magnitudes respect proof bounds",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "SC-046 stable generated poles",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "SC-048 stable generated poles",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "SC-049 stable generated poles",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "SC-050 stable generated poles",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "SC-051 stable generated poles",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "SC-052 stable generated poles",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "SC-039 stable generated poles",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "SC-040 stable generated poles",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "SC-041 stable generated poles",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "SC-037 stable generated poles",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "SC-038 stable generated poles",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "SC-069 stable generated poles",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "SC-060 stable generated poles",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "Catalan same exact prefix 64",
      "passed": true,
      "kind": "exact integer"
    },
    {
      "name": "Catalan same exact prefix 128",
      "passed": true,
      "kind": "exact integer"
    },
    {
      "name": "Catalan same exact prefix 256",
      "passed": true,
      "kind": "exact integer"
    },
    {
      "name": "Catalan same exact prefix 512",
      "passed": true,
      "kind": "exact integer"
    },
    {
      "name": "KRR independent refits vs inverse diagonal 32",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "KRR independent refits vs inverse diagonal 64",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "KRR independent refits vs inverse diagonal 128",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "convolution matched full output 64",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "convolution matched full output 256",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "convolution matched full output 1024",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "convolution matched full output 4096",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "array length",
      "passed": true,
      "kind": "exact integer"
    },
    {
      "name": "sum axis shapes",
      "passed": true,
      "kind": "exact shape"
    },
    {
      "name": "tensor Frobenius square",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "autograd sine derivative diagnostic",
      "passed": true,
      "kind": "numerical"
    },
    {
      "name": "modular FFT example",
      "passed": true,
      "kind": "exact modular"
    },
    {
      "name": "matrix chain 422.4 multiplier ratio",
      "passed": true,
      "kind": "exact rational"
    }
  ],
  "passed_named_checks": 183,
  "benchmarks": [
    {
      "family": "Catalan exact prefix",
      "n": 64,
      "baseline_ms": [
        0.16571,
        0.162154,
        0.164387,
        0.162434,
        0.159239,
        0.174933,
        0.159971
      ],
      "structural_ms": [
        0.007712,
        0.00668,
        0.00659,
        0.00651,
        0.006199,
        0.006449,
        0.006309
      ],
      "speedup_median": 24.951459293394777
    },
    {
      "family": "Catalan exact prefix",
      "n": 128,
      "baseline_ms": [
        0.723098,
        0.708586,
        0.712051,
        0.720464,
        0.71057,
        0.708386,
        0.690369
      ],
      "structural_ms": [
        0.030406,
        0.014883,
        0.014441,
        0.014391,
        0.014402,
        0.014873,
        0.014912
      ],
      "speedup_median": 47.7758354064412
    },
    {
      "family": "Catalan exact prefix",
      "n": 256,
      "baseline_ms": [
        3.421729,
        3.627589,
        3.513948,
        3.561109,
        3.398785,
        3.643523,
        3.512375
      ],
      "structural_ms": [
        0.040191,
        0.037717,
        0.038328,
        0.037887,
        0.037146,
        0.037737,
        0.036946
      ],
      "speedup_median": 93.1167819381509
    },
    {
      "family": "Catalan exact prefix",
      "n": 512,
      "baseline_ms": [
        23.882081,
        24.339729,
        23.94787,
        22.589365,
        22.548814,
        23.830874,
        22.385719
      ],
      "structural_ms": [
        0.105449,
        0.103786,
        0.101092,
        0.100621,
        0.100171,
        0.100341,
        0.102935
      ],
      "speedup_median": 235.73451905195267
    },
    {
      "family": "Kernel ridge LOO",
      "n": 32,
      "baseline_ms": [
        1.026374,
        1.001548,
        1.547028,
        1.027716,
        0.99026,
        1.036049,
        1.127367
      ],
      "structural_ms": [
        0.045318,
        0.041131,
        0.03977,
        0.062895,
        0.038858,
        0.038398,
        0.038698
      ],
      "speedup_median": 25.84148855921549
    },
    {
      "family": "Kernel ridge LOO",
      "n": 64,
      "baseline_ms": [
        3.421169,
        3.522622,
        3.62804,
        3.370522,
        3.698907,
        3.476702,
        3.68756
      ],
      "structural_ms": [
        0.099399,
        0.09338,
        0.091037,
        0.09302,
        0.137607,
        0.091738,
        0.090396
      ],
      "speedup_median": 37.86951193291765
    },
    {
      "family": "Kernel ridge LOO",
      "n": 128,
      "baseline_ms": [
        17.945205,
        19.610092,
        19.450852,
        18.729926,
        18.89149,
        17.998757,
        22.244317
      ],
      "structural_ms": [
        0.413812,
        0.409806,
        0.401695,
        0.375505,
        0.389747,
        0.372921,
        0.368605
      ],
      "speedup_median": 48.471162061542486
    },
    {
      "family": "Linear convolution",
      "n": 64,
      "baseline_ms": [
        0.003836,
        0.002814,
        0.002574,
        0.002593,
        0.002584,
        0.002564,
        0.002303
      ],
      "structural_ms": [
        0.045208,
        0.039169,
        0.078268,
        0.040751,
        0.035623,
        0.032959,
        0.0332
      ],
      "speedup_median": 0.06597053792540018
    },
    {
      "family": "Linear convolution",
      "n": 256,
      "baseline_ms": [
        0.011437,
        0.010956,
        0.049976,
        0.011297,
        0.010426,
        0.010616,
        0.010476
      ],
      "structural_ms": [
        0.046039,
        0.040471,
        0.03976,
        0.038288,
        0.035754,
        0.035153,
        0.034472
      ],
      "speedup_median": 0.28614709569577934
    },
    {
      "family": "Linear convolution",
      "n": 1024,
      "baseline_ms": [
        0.116445,
        0.115254,
        0.115133,
        0.115143,
        0.116355,
        0.134923,
        0.115985
      ],
      "structural_ms": [
        0.057717,
        0.05303,
        0.053291,
        0.052489,
        0.05345,
        0.051577,
        0.052078
      ],
      "speedup_median": 2.187158212332642
    },
    {
      "family": "Linear convolution",
      "n": 4096,
      "baseline_ms": [
        4.256085,
        4.240151,
        4.299781,
        2.657239,
        2.396206,
        2.231398,
        2.267382
      ],
      "structural_ms": [
        0.181784,
        0.147341,
        0.162865,
        0.143486,
        0.138618,
        0.138879,
        0.154933
      ],
      "speedup_median": 18.034620370433213
    }
  ],
  "mac": [
    {
      "receive_antennas": 3,
      "users": 1,
      "snr_db": 0,
      "mean_sum_bits": 1.8875628567099598,
      "se_sum_bits": 0.013354573676727308,
      "mean_symmetric_bits": 1.8875628567099598,
      "se_symmetric_bits": 0.013354573676727308
    },
    {
      "receive_antennas": 3,
      "users": 1,
      "snr_db": 5,
      "mean_sum_bits": 3.2143609630154057,
      "se_sum_bits": 0.01690458627323214,
      "mean_symmetric_bits": 3.2143609630154057,
      "se_symmetric_bits": 0.01690458627323214
    },
    {
      "receive_antennas": 3,
      "users": 1,
      "snr_db": 10,
      "mean_sum_bits": 4.744281274519153,
      "se_sum_bits": 0.01865920707814476,
      "mean_symmetric_bits": 4.744281274519153,
      "se_symmetric_bits": 0.01865920707814476
    },
    {
      "receive_antennas": 3,
      "users": 1,
      "snr_db": 15,
      "mean_sum_bits": 6.359862209269983,
      "se_sum_bits": 0.019338839746405406,
      "mean_symmetric_bits": 6.359862209269983,
      "se_symmetric_bits": 0.019338839746405406
    },
    {
      "receive_antennas": 3,
      "users": 1,
      "snr_db": 20,
      "mean_sum_bits": 8.005990914135102,
      "se_sum_bits": 0.019571147093632307,
      "mean_symmetric_bits": 8.005990914135102,
      "se_symmetric_bits": 0.019571147093632307
    },
    {
      "receive_antennas": 3,
      "users": 1,
      "snr_db": 25,
      "mean_sum_bits": 9.66221120892827,
      "se_sum_bits": 0.01964659610517512,
      "mean_symmetric_bits": 9.66221120892827,
      "se_symmetric_bits": 0.01964659610517512
    },
    {
      "receive_antennas": 3,
      "users": 1,
      "snr_db": 30,
      "mean_sum_bits": 11.321669763481275,
      "se_sum_bits": 0.019670663386132454,
      "mean_symmetric_bits": 11.321669763481275,
      "se_symmetric_bits": 0.019670663386132454
    },
    {
      "receive_antennas": 3,
      "users": 2,
      "snr_db": 0,
      "mean_sum_bits": 3.4746538198462806,
      "se_sum_bits": 0.01811012930374509,
      "mean_symmetric_bits": 1.7373269099231403,
      "se_symmetric_bits": 0.009055064651872545
    },
    {
      "receive_antennas": 3,
      "users": 2,
      "snr_db": 5,
      "mean_sum_bits": 5.919711824529873,
      "se_sum_bits": 0.024531375622535396,
      "mean_symmetric_bits": 2.9598559122649366,
      "se_symmetric_bits": 0.012265687811267698
    },
    {
      "receive_antennas": 3,
      "users": 2,
      "snr_db": 10,
      "mean_sum_bits": 8.836090022015611,
      "se_sum_bits": 0.028925317193732838,
      "mean_symmetric_bits": 4.4180450110078056,
      "se_symmetric_bits": 0.014462658596866419
    },
    {
      "receive_antennas": 3,
      "users": 2,
      "snr_db": 15,
      "mean_sum_bits": 11.997875246125764,
      "se_sum_bits": 0.031202858444840827,
      "mean_symmetric_bits": 5.998937623062882,
      "se_symmetric_bits": 0.015601429222420414
    },
    {
      "receive_antennas": 3,
      "users": 2,
      "snr_db": 20,
      "mean_sum_bits": 15.263120819987796,
      "se_sum_bits": 0.03215487441103551,
      "mean_symmetric_bits": 7.631560409993898,
      "se_symmetric_bits": 0.016077437205517756
    },
    {
      "receive_antennas": 3,
      "users": 2,
      "snr_db": 25,
      "mean_sum_bits": 18.566211904978502,
      "se_sum_bits": 0.03249983293320834,
      "mean_symmetric_bits": 9.283105952489251,
      "se_symmetric_bits": 0.01624991646660417
    },
    {
      "receive_antennas": 3,
      "users": 2,
      "snr_db": 30,
      "mean_sum_bits": 21.882068494101013,
      "se_sum_bits": 0.032615214615064586,
      "mean_symmetric_bits": 10.941034247050506,
      "se_symmetric_bits": 0.016307607307532293
    },
    {
      "receive_antennas": 3,
      "users": 3,
      "snr_db": 0,
      "mean_sum_bits": 4.812412342626912,
      "se_sum_bits": 0.02037754591641595,
      "mean_symmetric_bits": 1.604137447542304,
      "se_symmetric_bits": 0.0067925153054719835
    },
    {
      "receive_antennas": 3,
      "users": 3,
      "snr_db": 5,
      "mean_sum_bits": 8.092306641258803,
      "se_sum_bits": 0.028533551060442964,
      "mean_symmetric_bits": 2.697435547086268,
      "se_symmetric_bits": 0.009511183686814322
    },
    {
      "receive_antennas": 3,
      "users": 3,
      "snr_db": 10,
      "mean_sum_bits": 12.075740832368302,
      "se_sum_bits": 0.03634452073946906,
      "mean_symmetric_bits": 4.025246944122768,
      "se_symmetric_bits": 0.012114840246489686
    },
    {
      "receive_antennas": 3,
      "users": 3,
      "snr_db": 15,
      "mean_sum_bits": 16.532465375922705,
      "se_sum_bits": 0.04278761920539033,
      "mean_symmetric_bits": 5.510821791974235,
      "se_symmetric_bits": 0.014262539735130109
    },
    {
      "receive_antennas": 3,
      "users": 3,
      "snr_db": 20,
      "mean_sum_bits": 21.266610116321377,
      "se_sum_bits": 0.04720286386280104,
      "mean_symmetric_bits": 7.088870038773792,
      "se_symmetric_bits": 0.015734287954267012
    },
    {
      "receive_antennas": 3,
      "users": 3,
      "snr_db": 25,
      "mean_sum_bits": 26.142359709768687,
      "se_sum_bits": 0.04975976645300006,
      "mean_symmetric_bits": 8.714119903256229,
      "se_symmetric_bits": 0.016586588817666687
    },
    {
      "receive_antennas": 3,
      "users": 3,
      "snr_db": 30,
      "mean_sum_bits": 31.082559900154152,
      "se_sum_bits": 0.05104191955548828,
      "mean_symmetric_bits": 10.360853300051383,
      "se_symmetric_bits": 0.01701397318516276
    },
    {
      "receive_antennas": 3,
      "users": 4,
      "snr_db": 0,
      "mean_sum_bits": 5.903403810444836,
      "se_sum_bits": 0.020825474773505367,
      "mean_symmetric_bits": 1.475850952611209,
      "se_symmetric_bits": 0.005206368693376342
    },
    {
      "receive_antennas": 3,
      "users": 4,
      "snr_db": 5,
      "mean_sum_bits": 9.684521943909619,
      "se_sum_bits": 0.027583085029405437,
      "mean_symmetric_bits": 2.4211304859774048,
      "se_symmetric_bits": 0.006895771257351359
    },
    {
      "receive_antennas": 3,
      "users": 4,
      "snr_db": 10,
      "mean_sum_bits": 14.10289060890716,
      "se_sum_bits": 0.03247558778545144,
      "mean_symmetric_bits": 3.52572265222679,
      "se_symmetric_bits": 0.00811889694636286
    },
    {
      "receive_antennas": 3,
      "users": 4,
      "snr_db": 15,
      "mean_sum_bits": 18.857516131778006,
      "se_sum_bits": 0.03523197199070172,
      "mean_symmetric_bits": 4.7143790329445014,
      "se_symmetric_bits": 0.00880799299767543
    },
    {
      "receive_antennas": 3,
      "users": 4,
      "snr_db": 20,
      "mean_sum_bits": 23.7578010828817,
      "se_sum_bits": 0.036475266560566925,
      "mean_symmetric_bits": 5.939450270720425,
      "se_symmetric_bits": 0.009118816640141731
    },
    {
      "receive_antennas": 3,
      "users": 4,
      "snr_db": 25,
      "mean_sum_bits": 28.712824443476947,
      "se_sum_bits": 0.036950718405164784,
      "mean_symmetric_bits": 7.178206110869237,
      "se_symmetric_bits": 0.009237679601291196
    },
    {
      "receive_antennas": 3,
      "users": 4,
      "snr_db": 30,
      "mean_sum_bits": 33.68666303096887,
      "se_sum_bits": 0.037114711257788806,
      "mean_symmetric_bits": 8.421665757742218,
      "se_symmetric_bits": 0.009278677814447201
    },
    {
      "receive_antennas": 3,
      "users": 5,
      "snr_db": 0,
      "mean_sum_bits": 6.796833278988659,
      "se_sum_bits": 0.020656202501483024,
      "mean_symmetric_bits": 1.3593666557977317,
      "se_symmetric_bits": 0.004131240500296605
    },
    {
      "receive_antennas": 3,
      "users": 5,
      "snr_db": 5,
      "mean_sum_bits": 10.87044441528457,
      "se_sum_bits": 0.02593884584324913,
      "mean_symmetric_bits": 2.174088883056914,
      "se_symmetric_bits": 0.005187769168649826
    },
    {
      "receive_antennas": 3,
      "users": 5,
      "snr_db": 10,
      "mean_sum_bits": 15.476959503925963,
      "se_sum_bits": 0.02897816888465039,
      "mean_symmetric_bits": 3.0953919007851924,
      "se_symmetric_bits": 0.005795633776930078
    },
    {
      "receive_antennas": 3,
      "users": 5,
      "snr_db": 15,
      "mean_sum_bits": 20.32386908582447,
      "se_sum_bits": 0.030322223768323407,
      "mean_symmetric_bits": 4.064773817164894,
      "se_symmetric_bits": 0.0060644447536646814
    },
    {
      "receive_antennas": 3,
      "users": 5,
      "snr_db": 20,
      "mean_sum_bits": 25.26128560259086,
      "se_sum_bits": 0.03081980532430742,
      "mean_symmetric_bits": 5.052257120518172,
      "se_symmetric_bits": 0.006163961064861484
    },
    {
      "receive_antennas": 3,
      "users": 5,
      "snr_db": 25,
      "mean_sum_bits": 30.229498454072612,
      "se_sum_bits": 0.030987272360555297,
      "mean_symmetric_bits": 6.045899690814522,
      "se_symmetric_bits": 0.006197454472111059
    },
    {
      "receive_antennas": 3,
      "users": 5,
      "snr_db": 30,
      "mean_sum_bits": 35.207716333538045,
      "se_sum_bits": 0.031041393052326838,
      "mean_symmetric_bits": 7.041543266707609,
      "se_symmetric_bits": 0.006208278610465368
    },
    {
      "receive_antennas": 3,
      "users": 6,
      "snr_db": 0,
      "mean_sum_bits": 7.574356868158992,
      "se_sum_bits": 0.01988136485319348,
      "mean_symmetric_bits": 1.262392811359832,
      "se_symmetric_bits": 0.00331356080886558
    },
    {
      "receive_antennas": 3,
      "users": 6,
      "snr_db": 5,
      "mean_sum_bits": 11.840075771377101,
      "se_sum_bits": 0.023970968495775676,
      "mean_symmetric_bits": 1.9733459618961835,
      "se_symmetric_bits": 0.003995161415962613
    },
    {
      "receive_antennas": 3,
      "users": 6,
      "snr_db": 10,
      "mean_sum_bits": 16.547494139742156,
      "se_sum_bits": 0.02600777049494449,
      "mean_symmetric_bits": 2.757915689957026,
      "se_symmetric_bits": 0.004334628415824082
    },
    {
      "receive_antennas": 3,
      "users": 6,
      "snr_db": 15,
      "mean_sum_bits": 21.4356455649594,
      "se_sum_bits": 0.026810704619754544,
      "mean_symmetric_bits": 3.5726075941599,
      "se_symmetric_bits": 0.004468450769959091
    },
    {
      "receive_antennas": 3,
      "users": 6,
      "snr_db": 20,
      "mean_sum_bits": 26.387627032977086,
      "se_sum_bits": 0.02708835637360155,
      "mean_symmetric_bits": 4.397937838829514,
      "se_symmetric_bits": 0.004514726062266925
    },
    {
      "receive_antennas": 3,
      "users": 6,
      "snr_db": 25,
      "mean_sum_bits": 31.36064016702149,
      "se_sum_bits": 0.027178984710991214,
      "mean_symmetric_bits": 5.226773361170248,
      "se_symmetric_bits": 0.004529830785165202
    },
    {
      "receive_antennas": 3,
      "users": 6,
      "snr_db": 30,
      "mean_sum_bits": 36.340397525776844,
      "se_sum_bits": 0.027207945335755653,
      "mean_symmetric_bits": 6.056732920962808,
      "se_symmetric_bits": 0.004534657555959275
    },
    {
      "receive_antennas": 3,
      "users": 7,
      "snr_db": 0,
      "mean_sum_bits": 8.233682647706795,
      "se_sum_bits": 0.01918206350537793,
      "mean_symmetric_bits": 1.1762403782438278,
      "se_symmetric_bits": 0.0027402947864825613
    },
    {
      "receive_antennas": 3,
      "users": 7,
      "snr_db": 5,
      "mean_sum_bits": 12.62607862541032,
      "se_sum_bits": 0.022425389157526506,
      "mean_symmetric_bits": 1.80372551791576,
      "se_symmetric_bits": 0.0032036270225037867
    },
    {
      "receive_antennas": 3,
      "users": 7,
      "snr_db": 10,
      "mean_sum_bits": 17.39202878044251,
      "se_sum_bits": 0.02389351662177119,
      "mean_symmetric_bits": 2.4845755400632155,
      "se_symmetric_bits": 0.0034133595173958843
    },
    {
      "receive_antennas": 3,
      "users": 7,
      "snr_db": 15,
      "mean_sum_bits": 22.302090191110096,
      "se_sum_bits": 0.024438456480299648,
      "mean_symmetric_bits": 3.1860128844442994,
      "se_symmetric_bits": 0.0034912080686142354
    },
    {
      "receive_antennas": 3,
      "users": 7,
      "snr_db": 20,
      "mean_sum_bits": 27.26145983183433,
      "se_sum_bits": 0.024621656438617877,
      "mean_symmetric_bits": 3.8944942616906184,
      "se_symmetric_bits": 0.0035173794912311254
    },
    {
      "receive_antennas": 3,
      "users": 7,
      "snr_db": 25,
      "mean_sum_bits": 32.23686142829065,
      "se_sum_bits": 0.02468081912420288,
      "mean_symmetric_bits": 4.605265918327236,
      "se_symmetric_bits": 0.0035258313034575543
    },
    {
      "receive_antennas": 3,
      "users": 7,
      "snr_db": 30,
      "mean_sum_bits": 37.217379538745476,
      "se_sum_bits": 0.024699656476793112,
      "mean_symmetric_bits": 5.316768505535068,
      "se_symmetric_bits": 0.0035285223538275875
    },
    {
      "receive_antennas": 3,
      "users": 8,
      "snr_db": 0,
      "mean_sum_bits": 8.821579122912219,
      "se_sum_bits": 0.018268367450711292,
      "mean_symmetric_bits": 1.1026973903640274,
      "se_symmetric_bits": 0.0022835459313389115
    },
    {
      "receive_antennas": 3,
      "users": 8,
      "snr_db": 5,
      "mean_sum_bits": 13.307241834699177,
      "se_sum_bits": 0.020847705995923605,
      "mean_symmetric_bits": 1.663405229337397,
      "se_symmetric_bits": 0.0026059632494904506
    },
    {
      "receive_antennas": 3,
      "users": 8,
      "snr_db": 10,
      "mean_sum_bits": 18.113172941799053,
      "se_sum_bits": 0.021928695276132646,
      "mean_symmetric_bits": 2.2641466177248817,
      "se_symmetric_bits": 0.0027410869095165808
    },
    {
      "receive_antennas": 3,
      "users": 8,
      "snr_db": 15,
      "mean_sum_bits": 23.037582364463915,
      "se_sum_bits": 0.022311318231043098,
      "mean_symmetric_bits": 2.8796977955579894,
      "se_symmetric_bits": 0.0027889147788803872
    },
    {
      "receive_antennas": 3,
      "users": 8,
      "snr_db": 20,
      "mean_sum_bits": 28.001702890356043,
      "se_sum_bits": 0.02243718702480408,
      "mean_symmetric_bits": 3.5002128612945054,
      "se_symmetric_bits": 0.00280464837810051
    },
    {
      "receive_antennas": 3,
      "users": 8,
      "snr_db": 25,
      "mean_sum_bits": 32.978630208416234,
      "se_sum_bits": 0.02247750948472366,
      "mean_symmetric_bits": 4.122328776052029,
      "se_symmetric_bits": 0.0028096886855904575
    },
    {
      "receive_antennas": 3,
      "users": 8,
      "snr_db": 30,
      "mean_sum_bits": 37.95963320439773,
      "se_sum_bits": 0.022490313594812933,
      "mean_symmetric_bits": 4.744954150549717,
      "se_symmetric_bits": 0.0028112891993516166
    },
    {
      "receive_antennas": 3,
      "users": 9,
      "snr_db": 0,
      "mean_sum_bits": 9.342725387844304,
      "se_sum_bits": 0.017324013078681665,
      "mean_symmetric_bits": 1.038080598649367,
      "se_symmetric_bits": 0.0019248903420757404
    },
    {
      "receive_antennas": 3,
      "users": 9,
      "snr_db": 5,
      "mean_sum_bits": 13.898046524843027,
      "se_sum_bits": 0.019385374953153837,
      "mean_symmetric_bits": 1.5442273916492253,
      "se_symmetric_bits": 0.0021539305503504263
    },
    {
      "receive_antennas": 3,
      "users": 9,
      "snr_db": 10,
      "mean_sum_bits": 18.73211378660792,
      "se_sum_bits": 0.020201728823384515,
      "mean_symmetric_bits": 2.081345976289769,
      "se_symmetric_bits": 0.002244636535931613
    },
    {
      "receive_antennas": 3,
      "users": 9,
      "snr_db": 15,
      "mean_sum_bits": 23.66629741409011,
      "se_sum_bits": 0.020482671748305644,
      "mean_symmetric_bits": 2.6295886015655676,
      "se_symmetric_bits": 0.002275852416478405
    },
    {
      "receive_antennas": 3,
      "users": 9,
      "snr_db": 20,
      "mean_sum_bits": 28.633610085097814,
      "se_sum_bits": 0.020574094873990898,
      "mean_symmetric_bits": 3.181512231677535,
      "se_symmetric_bits": 0.002286010541554544
    },
    {
      "receive_antennas": 3,
      "users": 9,
      "snr_db": 25,
      "mean_sum_bits": 33.61155749963641,
      "se_sum_bits": 0.02060327473056187,
      "mean_symmetric_bits": 3.7346174999596013,
      "se_symmetric_bits": 0.0022892527478402076
    },
    {
      "receive_antennas": 3,
      "users": 9,
      "snr_db": 30,
      "mean_sum_bits": 38.59288416141624,
      "se_sum_bits": 0.020612529518396084,
      "mean_symmetric_bits": 4.2880982401573595,
      "se_symmetric_bits": 0.002290281057599565
    },
    {
      "receive_antennas": 3,
      "users": 10,
      "snr_db": 0,
      "mean_sum_bits": 9.808316825481098,
      "se_sum_bits": 0.016534561495876232,
      "mean_symmetric_bits": 0.9808316825481098,
      "se_symmetric_bits": 0.0016534561495876233
    },
    {
      "receive_antennas": 3,
      "users": 10,
      "snr_db": 5,
      "mean_sum_bits": 14.415487975854669,
      "se_sum_bits": 0.018258047690329054,
      "mean_symmetric_bits": 1.4415487975854668,
      "se_symmetric_bits": 0.0018258047690329054
    },
    {
      "receive_antennas": 3,
      "users": 10,
      "snr_db": 10,
      "mean_sum_bits": 19.269493359945407,
      "se_sum_bits": 0.018919183059239945,
      "mean_symmetric_bits": 1.9269493359945407,
      "se_symmetric_bits": 0.0018919183059239945
    },
    {
      "receive_antennas": 3,
      "users": 10,
      "snr_db": 15,
      "mean_sum_bits": 24.21044881359981,
      "se_sum_bits": 0.019143549148054564,
      "mean_symmetric_bits": 2.421044881359981,
      "se_symmetric_bits": 0.0019143549148054565
    },
    {
      "receive_antennas": 3,
      "users": 10,
      "snr_db": 20,
      "mean_sum_bits": 29.1799546690915,
      "se_sum_bits": 0.019216193841601736,
      "mean_symmetric_bits": 2.91799546690915,
      "se_symmetric_bits": 0.0019216193841601736
    },
    {
      "receive_antennas": 3,
      "users": 10,
      "snr_db": 25,
      "mean_sum_bits": 34.158600986914166,
      "se_sum_bits": 0.019239341406796867,
      "mean_symmetric_bits": 3.4158600986914167,
      "se_symmetric_bits": 0.0019239341406796866
    },
    {
      "receive_antennas": 3,
      "users": 10,
      "snr_db": 30,
      "mean_sum_bits": 39.14014920311914,
      "se_sum_bits": 0.019246679034255813,
      "mean_symmetric_bits": 3.9140149203119137,
      "se_symmetric_bits": 0.0019246679034255812
    },
    {
      "receive_antennas": 3,
      "users": 11,
      "snr_db": 0,
      "mean_sum_bits": 10.225137033699575,
      "se_sum_bits": 0.015905860442043156,
      "mean_symmetric_bits": 0.9295579121545068,
      "se_symmetric_bits": 0.0014459873129130142
    },
    {
      "receive_antennas": 3,
      "users": 11,
      "snr_db": 5,
      "mean_sum_bits": 14.873302315248509,
      "se_sum_bits": 0.017360039852386214,
      "mean_symmetric_bits": 1.352118392295319,
      "se_symmetric_bits": 0.0015781854411260196
    },
    {
      "receive_antennas": 3,
      "users": 11,
      "snr_db": 10,
      "mean_sum_bits": 19.742685324593175,
      "se_sum_bits": 0.017901184209097296,
      "mean_symmetric_bits": 1.7947895749630158,
      "se_symmetric_bits": 0.0016273803826452086
    },
    {
      "receive_antennas": 3,
      "users": 11,
      "snr_db": 15,
      "mean_sum_bits": 24.688810038017827,
      "se_sum_bits": 0.018082482492633715,
      "mean_symmetric_bits": 2.244437276183439,
      "se_symmetric_bits": 0.0016438620447848833
    },
    {
      "receive_antennas": 3,
      "users": 11,
      "snr_db": 20,
      "mean_sum_bits": 29.659983971960198,
      "se_sum_bits": 0.018140916279227617,
      "mean_symmetric_bits": 2.696362179269109,
      "se_symmetric_bits": 0.0016491742072025106
    },
    {
      "receive_antennas": 3,
      "users": 11,
      "snr_db": 25,
      "mean_sum_bits": 34.63916122188165,
      "se_sum_bits": 0.018159507850049775,
      "mean_symmetric_bits": 3.1490146565346957,
      "se_symmetric_bits": 0.001650864350004525
    },
    {
      "receive_antennas": 3,
      "users": 11,
      "snr_db": 30,
      "mean_sum_bits": 39.6208776807076,
      "se_sum_bits": 0.018165398436212815,
      "mean_symmetric_bits": 3.6018979709734182,
      "se_symmetric_bits": 0.0016513998578375287
    },
    {
      "receive_antennas": 3,
      "users": 12,
      "snr_db": 0,
      "mean_sum_bits": 10.611295121076974,
      "se_sum_bits": 0.015288658116079287,
      "mean_symmetric_bits": 0.8842745934230812,
      "se_symmetric_bits": 0.0012740548430066072
    },
    {
      "receive_antennas": 3,
      "users": 12,
      "snr_db": 5,
      "mean_sum_bits": 15.29250899060787,
      "se_sum_bits": 0.016542951220290095,
      "mean_symmetric_bits": 1.2743757492173224,
      "se_symmetric_bits": 0.0013785792683575079
    },
    {
      "receive_antennas": 3,
      "users": 12,
      "snr_db": 10,
      "mean_sum_bits": 20.1739509801109,
      "se_sum_bits": 0.017000816800320135,
      "mean_symmetric_bits": 1.6811625816759082,
      "se_symmetric_bits": 0.0014167347333600112
    },
    {
      "receive_antennas": 3,
      "users": 12,
      "snr_db": 15,
      "mean_sum_bits": 25.12408413781096,
      "se_sum_bits": 0.017153052063571834,
      "mean_symmetric_bits": 2.0936736781509135,
      "se_symmetric_bits": 0.0014294210052976529
    },
    {
      "receive_antennas": 3,
      "users": 12,
      "snr_db": 20,
      "mean_sum_bits": 30.096546530050567,
      "se_sum_bits": 0.01720199067062429,
      "mean_symmetric_bits": 2.5080455441708804,
      "se_symmetric_bits": 0.001433499222552024
    },
    {
      "receive_antennas": 3,
      "users": 12,
      "snr_db": 25,
      "mean_sum_bits": 35.076133361092175,
      "se_sum_bits": 0.017217548000806285,
      "mean_symmetric_bits": 2.923011113424348,
      "se_symmetric_bits": 0.0014347956667338571
    },
    {
      "receive_antennas": 3,
      "users": 12,
      "snr_db": 30,
      "mean_sum_bits": 40.05797955585635,
      "se_sum_bits": 0.017222475878287503,
      "mean_symmetric_bits": 3.3381649629880292,
      "se_symmetric_bits": 0.0014352063231906252
    },
    {
      "receive_antennas": 3,
      "users": 13,
      "snr_db": 0,
      "mean_sum_bits": 10.961944581111553,
      "se_sum_bits": 0.014753694131648447,
      "mean_symmetric_bits": 0.8432265062393502,
      "se_symmetric_bits": 0.001134899548588342
    },
    {
      "receive_antennas": 3,
      "users": 13,
      "snr_db": 5,
      "mean_sum_bits": 15.670412368871801,
      "se_sum_bits": 0.01583769966119189,
      "mean_symmetric_bits": 1.2054163360670616,
      "se_symmetric_bits": 0.001218284589322453
    },
    {
      "receive_antennas": 3,
      "users": 13,
      "snr_db": 10,
      "mean_sum_bits": 20.561659856098615,
      "se_sum_bits": 0.016226090462308045,
      "mean_symmetric_bits": 1.5816661427768166,
      "se_symmetric_bits": 0.0012481608047929264
    },
    {
      "receive_antennas": 3,
      "users": 13,
      "snr_db": 15,
      "mean_sum_bits": 25.515034916768215,
      "se_sum_bits": 0.01635429257370966,
      "mean_symmetric_bits": 1.962694993597555,
      "se_symmetric_bits": 0.0012580225056699737
    },
    {
      "receive_antennas": 3,
      "users": 13,
      "snr_db": 20,
      "mean_sum_bits": 30.48853747775192,
      "se_sum_bits": 0.016395403480609052,
      "mean_symmetric_bits": 2.3452721136732246,
      "se_symmetric_bits": 0.0012611848831237732
    },
    {
      "receive_antennas": 3,
      "users": 13,
      "snr_db": 25,
      "mean_sum_bits": 35.468454767758935,
      "se_sum_bits": 0.016408461944780198,
      "mean_symmetric_bits": 2.728342674442995,
      "se_symmetric_bits": 0.0012621893803677075
    },
    {
      "receive_antennas": 3,
      "users": 13,
      "snr_db": 30,
      "mean_sum_bits": 40.45040561666267,
      "se_sum_bits": 0.016412597233714465,
      "mean_symmetric_bits": 3.1115696628202056,
      "se_symmetric_bits": 0.0012625074795164974
    },
    {
      "receive_antennas": 3,
      "users": 14,
      "snr_db": 0,
      "mean_sum_bits": 11.290002651530502,
      "se_sum_bits": 0.014428361717581882,
      "mean_symmetric_bits": 0.8064287608236073,
      "se_symmetric_bits": 0.001030597265541563
    },
    {
      "receive_antennas": 3,
      "users": 14,
      "snr_db": 5,
      "mean_sum_bits": 16.021407740799646,
      "se_sum_bits": 0.015392003126192776,
      "mean_symmetric_bits": 1.1443862671999747,
      "se_symmetric_bits": 0.0010994287947280555
    },
    {
      "receive_antennas": 3,
      "users": 14,
      "snr_db": 10,
      "mean_sum_bits": 20.920776627634098,
      "se_sum_bits": 0.01573286819044,
      "mean_symmetric_bits": 1.4943411876881498,
      "se_symmetric_bits": 0.0011237762993171428
    },
    {
      "receive_antennas": 3,
      "users": 14,
      "snr_db": 15,
      "mean_sum_bits": 25.876820457028618,
      "se_sum_bits": 0.01584484880904592,
      "mean_symmetric_bits": 1.848344318359187,
      "se_symmetric_bits": 0.0011317749149318513
    },
    {
      "receive_antennas": 3,
      "users": 14,
      "snr_db": 20,
      "mean_sum_bits": 30.85117753014086,
      "se_sum_bits": 0.015880700848021546,
      "mean_symmetric_bits": 2.203655537867204,
      "se_symmetric_bits": 0.001134335774858682
    },
    {
      "receive_antennas": 3,
      "users": 14,
      "snr_db": 25,
      "mean_sum_bits": 35.83136611532116,
      "se_sum_bits": 0.015892083052406254,
      "mean_symmetric_bits": 2.5593832939515115,
      "se_symmetric_bits": 0.0011351487894575897
    },
    {
      "receive_antennas": 3,
      "users": 14,
      "snr_db": 30,
      "mean_sum_bits": 40.8134028633229,
      "se_sum_bits": 0.01589568692437619,
      "mean_symmetric_bits": 2.9152430616659215,
      "se_symmetric_bits": 0.0011354062088840134
    },
    {
      "receive_antennas": 3,
      "users": 15,
      "snr_db": 0,
      "mean_sum_bits": 11.601582781175498,
      "se_sum_bits": 0.013989651853394963,
      "mean_symmetric_bits": 0.7734388520783665,
      "se_symmetric_bits": 0.0009326434568929975
    },
    {
      "receive_antennas": 3,
      "users": 15,
      "snr_db": 5,
      "mean_sum_bits": 16.352817458104113,
      "se_sum_bits": 0.014848343396893527,
      "mean_symmetric_bits": 1.0901878305402741,
      "se_symmetric_bits": 0.0009898895597929018
    },
    {
      "receive_antennas": 3,
      "users": 15,
      "snr_db": 10,
      "mean_sum_bits": 21.25912539566707,
      "se_sum_bits": 0.015149082926606619,
      "mean_symmetric_bits": 1.4172750263778047,
      "se_symmetric_bits": 0.0010099388617737747
    },
    {
      "receive_antennas": 3,
      "users": 15,
      "snr_db": 15,
      "mean_sum_bits": 26.217439683581183,
      "se_sum_bits": 0.015247526644399566,
      "mean_symmetric_bits": 1.7478293122387456,
      "se_symmetric_bits": 0.0010165017762933043
    },
    {
      "receive_antennas": 3,
      "users": 15,
      "snr_db": 20,
      "mean_sum_bits": 31.192522695182134,
      "se_sum_bits": 0.015279007097961992,
      "mean_symmetric_bits": 2.079501513012142,
      "se_symmetric_bits": 0.0010186004731974662
    },
    {
      "receive_antennas": 3,
      "users": 15,
      "snr_db": 25,
      "mean_sum_bits": 36.172941649328166,
      "se_sum_bits": 0.015288997596368344,
      "mean_symmetric_bits": 2.4115294432885443,
      "se_symmetric_bits": 0.0010192665064245562
    },
    {
      "receive_antennas": 3,
      "users": 15,
      "snr_db": 30,
      "mean_sum_bits": 41.155051327466246,
      "se_sum_bits": 0.015292160436694563,
      "mean_symmetric_bits": 2.74367008849775,
      "se_symmetric_bits": 0.0010194773624463043
    },
    {
      "receive_antennas": 3,
      "users": 16,
      "snr_db": 0,
      "mean_sum_bits": 11.886553820584611,
      "se_sum_bits": 0.01370335111679336,
      "mean_symmetric_bits": 0.7429096137865382,
      "se_symmetric_bits": 0.000856459444799585
    },
    {
      "receive_antennas": 3,
      "users": 16,
      "snr_db": 5,
      "mean_sum_bits": 16.654443112686586,
      "se_sum_bits": 0.014475444804078464,
      "mean_symmetric_bits": 1.0409026945429116,
      "se_symmetric_bits": 0.000904715300254904
    },
    {
      "receive_antennas": 3,
      "users": 16,
      "snr_db": 10,
      "mean_sum_bits": 21.566529064371277,
      "se_sum_bits": 0.01474322550970689,
      "mean_symmetric_bits": 1.3479080665232048,
      "se_symmetric_bits": 0.0009214515943566806
    },
    {
      "receive_antennas": 3,
      "users": 16,
      "snr_db": 15,
      "mean_sum_bits": 26.52672813967701,
      "se_sum_bits": 0.014830570587815967,
      "mean_symmetric_bits": 1.6579205087298132,
      "se_symmetric_bits": 0.000926910661738498
    },
    {
      "receive_antennas": 3,
      "users": 16,
      "snr_db": 20,
      "mean_sum_bits": 31.502413171353236,
      "se_sum_bits": 0.014858469122293298,
      "mean_symmetric_bits": 1.9689008232095773,
      "se_symmetric_bits": 0.0009286543201433311
    },
    {
      "receive_antennas": 3,
      "users": 16,
      "snr_db": 25,
      "mean_sum_bits": 36.483023108590075,
      "se_sum_bits": 0.014867319540071929,
      "mean_symmetric_bits": 2.2801889442868797,
      "se_symmetric_bits": 0.0009292074712544955
    },
    {
      "receive_antennas": 3,
      "users": 16,
      "snr_db": 30,
      "mean_sum_bits": 41.465193241898504,
      "se_sum_bits": 0.014870121112357346,
      "mean_symmetric_bits": 2.5915745776186565,
      "se_symmetric_bits": 0.0009293825695223341
    },
    {
      "receive_antennas": 3,
      "users": 17,
      "snr_db": 0,
      "mean_sum_bits": 12.155412429140341,
      "se_sum_bits": 0.01331143498619419,
      "mean_symmetric_bits": 0.7150242605376671,
      "se_symmetric_bits": 0.0007830255874231876
    },
    {
      "receive_antennas": 3,
      "users": 17,
      "snr_db": 5,
      "mean_sum_bits": 16.937778434599174,
      "se_sum_bits": 0.014008499108766725,
      "mean_symmetric_bits": 0.9963399079175985,
      "se_symmetric_bits": 0.0008240293593392192
    },
    {
      "receive_antennas": 3,
      "users": 17,
      "snr_db": 10,
      "mean_sum_bits": 21.85484269751345,
      "se_sum_bits": 0.0142485509810355,
      "mean_symmetric_bits": 1.2855789822066737,
      "se_symmetric_bits": 0.0008381500577079705
    },
    {
      "receive_antennas": 3,
      "users": 17,
      "snr_db": 15,
      "mean_sum_bits": 26.81666056874468,
      "se_sum_bits": 0.014326655840314636,
      "mean_symmetric_bits": 1.5774506216908635,
      "se_symmetric_bits": 0.0008427444611949786
    },
    {
      "receive_antennas": 3,
      "users": 17,
      "snr_db": 20,
      "mean_sum_bits": 31.79286212040899,
      "se_sum_bits": 0.014351582519657258,
      "mean_symmetric_bits": 1.8701683600240582,
      "se_symmetric_bits": 0.000844210736450427
    },
    {
      "receive_antennas": 3,
      "users": 17,
      "snr_db": 25,
      "mean_sum_bits": 36.7736358620639,
      "se_sum_bits": 0.014359488080261626,
      "mean_symmetric_bits": 2.163155050709641,
      "se_symmetric_bits": 0.0008446757694271544
    },
    {
      "receive_antennas": 3,
      "users": 17,
      "snr_db": 30,
      "mean_sum_bits": 41.755857841692304,
      "se_sum_bits": 0.01436199035216916,
      "mean_symmetric_bits": 2.4562269318642533,
      "se_symmetric_bits": 0.0008448229618923035
    },
    {
      "receive_antennas": 3,
      "users": 18,
      "snr_db": 0,
      "mean_sum_bits": 12.409355387990809,
      "se_sum_bits": 0.013012768271658917,
      "mean_symmetric_bits": 0.689408632666156,
      "se_symmetric_bits": 0.0007229315706477176
    },
    {
      "receive_antennas": 3,
      "users": 18,
      "snr_db": 5,
      "mean_sum_bits": 17.204512716819355,
      "se_sum_bits": 0.013648641488477472,
      "mean_symmetric_bits": 0.9558062620455198,
      "se_symmetric_bits": 0.0007582578604709707
    },
    {
      "receive_antennas": 3,
      "users": 18,
      "snr_db": 10,
      "mean_sum_bits": 22.12595037173771,
      "se_sum_bits": 0.013866066985347402,
      "mean_symmetric_bits": 1.2292194650965393,
      "se_symmetric_bits": 0.0007703370547415224
    },
    {
      "receive_antennas": 3,
      "users": 18,
      "snr_db": 15,
      "mean_sum_bits": 27.08918749279681,
      "se_sum_bits": 0.013936629593527095,
      "mean_symmetric_bits": 1.504954860710934,
      "se_symmetric_bits": 0.0007742571996403942
    },
    {
      "receive_antennas": 3,
      "users": 18,
      "snr_db": 20,
      "mean_sum_bits": 32.06584159842683,
      "se_sum_bits": 0.013959130229943042,
      "mean_symmetric_bits": 1.781435644357046,
      "se_symmetric_bits": 0.0007755072349968357
    },
    {
      "receive_antennas": 3,
      "users": 18,
      "snr_db": 25,
      "mean_sum_bits": 37.04675882898607,
      "se_sum_bits": 0.013966264435098791,
      "mean_symmetric_bits": 2.058153268277004,
      "se_symmetric_bits": 0.0007759035797277106
    },
    {
      "receive_antennas": 3,
      "users": 18,
      "snr_db": 30,
      "mean_sum_bits": 42.029026221795675,
      "se_sum_bits": 0.013968522363214369,
      "mean_symmetric_bits": 2.3349459012108706,
      "se_symmetric_bits": 0.0007760290201785761
    },
    {
      "receive_antennas": 3,
      "users": 19,
      "snr_db": 0,
      "mean_sum_bits": 12.648080835773722,
      "se_sum_bits": 0.012568615646042497,
      "mean_symmetric_bits": 0.6656884650407222,
      "se_symmetric_bits": 0.0006615060866338156
    },
    {
      "receive_antennas": 3,
      "users": 19,
      "snr_db": 5,
      "mean_sum_bits": 17.45437937468482,
      "se_sum_bits": 0.01314337950404189,
      "mean_symmetric_bits": 0.9186515460360432,
      "se_symmetric_bits": 0.0006917568160022047
    },
    {
      "receive_antennas": 3,
      "users": 19,
      "snr_db": 10,
      "mean_sum_bits": 22.37960269426499,
      "se_sum_bits": 0.013338833229073782,
      "mean_symmetric_bits": 1.1778738260139467,
      "se_symmetric_bits": 0.000702043854161778
    },
    {
      "receive_antennas": 3,
      "users": 19,
      "snr_db": 15,
      "mean_sum_bits": 27.344065670705454,
      "se_sum_bits": 0.013402143934744077,
      "mean_symmetric_bits": 1.4391613510897607,
      "se_symmetric_bits": 0.0007053759965654778
    },
    {
      "receive_antennas": 3,
      "users": 19,
      "snr_db": 20,
      "mean_sum_bits": 32.32111038492564,
      "se_sum_bits": 0.013422319506109106,
      "mean_symmetric_bits": 1.7011110728908232,
      "se_symmetric_bits": 0.0007064378687425846
    },
    {
      "receive_antennas": 3,
      "users": 19,
      "snr_db": 25,
      "mean_sum_bits": 37.302151435515185,
      "se_sum_bits": 0.013428715232432347,
      "mean_symmetric_bits": 1.9632711281850097,
      "se_symmetric_bits": 0.000706774485917492
    },
    {
      "receive_antennas": 3,
      "users": 19,
      "snr_db": 30,
      "mean_sum_bits": 42.284458013622015,
      "se_sum_bits": 0.013430739308640206,
      "mean_symmetric_bits": 2.2254977901906323,
      "se_symmetric_bits": 0.0007068810162442214
    },
    {
      "receive_antennas": 3,
      "users": 20,
      "snr_db": 0,
      "mean_sum_bits": 12.870910981247558,
      "se_sum_bits": 0.012324407274937367,
      "mean_symmetric_bits": 0.6435455490623779,
      "se_symmetric_bits": 0.0006162203637468684
    },
    {
      "receive_antennas": 3,
      "users": 20,
      "snr_db": 5,
      "mean_sum_bits": 17.687041100049683,
      "se_sum_bits": 0.01285017142010497,
      "mean_symmetric_bits": 0.8843520550024841,
      "se_symmetric_bits": 0.0006425085710052485
    },
    {
      "receive_antennas": 3,
      "users": 20,
      "snr_db": 10,
      "mean_sum_bits": 22.61559078319108,
      "se_sum_bits": 0.013027910097816585,
      "mean_symmetric_bits": 1.130779539159554,
      "se_symmetric_bits": 0.0006513955048908293
    },
    {
      "receive_antennas": 3,
      "users": 20,
      "snr_db": 15,
      "mean_sum_bits": 27.581129300114647,
      "se_sum_bits": 0.013085364393111072,
      "mean_symmetric_bits": 1.3790564650057324,
      "se_symmetric_bits": 0.0006542682196555536
    },
    {
      "receive_antennas": 3,
      "users": 20,
      "snr_db": 20,
      "mean_sum_bits": 32.558516562182064,
      "se_sum_bits": 0.013103661381655416,
      "mean_symmetric_bits": 1.6279258281091031,
      "se_symmetric_bits": 0.0006551830690827708
    },
    {
      "receive_antennas": 3,
      "users": 20,
      "snr_db": 25,
      "mean_sum_bits": 37.5396661813053,
      "se_sum_bits": 0.013109460346446384,
      "mean_symmetric_bits": 1.876983309065265,
      "se_symmetric_bits": 0.0006554730173223192
    },
    {
      "receive_antennas": 3,
      "users": 20,
      "snr_db": 30,
      "mean_sum_bits": 42.52200711640615,
      "se_sum_bits": 0.01311129543868242,
      "mean_symmetric_bits": 2.1261003558203075,
      "se_symmetric_bits": 0.000655564771934121
    },
    {
      "receive_antennas": 3,
      "users": 21,
      "snr_db": 0,
      "mean_sum_bits": 13.085328320764752,
      "se_sum_bits": 0.012047881299788779,
      "mean_symmetric_bits": 0.6231108724173692,
      "se_symmetric_bits": 0.0005737086333232751
    },
    {
      "receive_antennas": 3,
      "users": 21,
      "snr_db": 5,
      "mean_sum_bits": 17.910309194901366,
      "se_sum_bits": 0.012533678918401823,
      "mean_symmetric_bits": 0.8528718664238746,
      "se_symmetric_bits": 0.0005968418532572297
    },
    {
      "receive_antennas": 3,
      "users": 21,
      "snr_db": 10,
      "mean_sum_bits": 22.841837138789213,
      "se_sum_bits": 0.01269722885706561,
      "mean_symmetric_bits": 1.087706530418534,
      "se_symmetric_bits": 0.0006046299455745529
    },
    {
      "receive_antennas": 3,
      "users": 21,
      "snr_db": 15,
      "mean_sum_bits": 27.808336828384626,
      "se_sum_bits": 0.012750021700786639,
      "mean_symmetric_bits": 1.324206515637363,
      "se_symmetric_bits": 0.0006071438905136495
    },
    {
      "receive_antennas": 3,
      "users": 21,
      "snr_db": 20,
      "mean_sum_bits": 32.78603002543613,
      "se_sum_bits": 0.012766826451866563,
      "mean_symmetric_bits": 1.5612395250207682,
      "se_symmetric_bits": 0.0006079441167555507
    },
    {
      "receive_antennas": 3,
      "users": 21,
      "snr_db": 25,
      "mean_sum_bits": 37.76727658984356,
      "se_sum_bits": 0.012772151691005448,
      "mean_symmetric_bits": 1.7984417423735028,
      "se_symmetric_bits": 0.000608197699571688
    },
    {
      "receive_antennas": 3,
      "users": 21,
      "snr_db": 30,
      "mean_sum_bits": 42.74964820180081,
      "se_sum_bits": 0.01277383679342583,
      "mean_symmetric_bits": 2.035697533419086,
      "se_symmetric_bits": 0.0006082779425440872
    },
    {
      "receive_antennas": 3,
      "users": 22,
      "snr_db": 0,
      "mean_sum_bits": 13.285238337608384,
      "se_sum_bits": 0.011763941230048931,
      "mean_symmetric_bits": 0.6038744698912901,
      "se_symmetric_bits": 0.0005347246013658605
    },
    {
      "receive_antennas": 3,
      "users": 22,
      "snr_db": 5,
      "mean_sum_bits": 18.11800457302718,
      "se_sum_bits": 0.012212401080344519,
      "mean_symmetric_bits": 0.8235456624103263,
      "se_symmetric_bits": 0.0005551091400156599
    },
    {
      "receive_antennas": 3,
      "users": 22,
      "snr_db": 10,
      "mean_sum_bits": 23.052142920984124,
      "se_sum_bits": 0.012362789739753138,
      "mean_symmetric_bits": 1.047824678226551,
      "se_symmetric_bits": 0.0005619449881705972
    },
    {
      "receive_antennas": 3,
      "users": 22,
      "snr_db": 15,
      "mean_sum_bits": 28.019484045866857,
      "se_sum_bits": 0.012411269143279433,
      "mean_symmetric_bits": 1.2736129111757661,
      "se_symmetric_bits": 0.0005641485974217924
    },
    {
      "receive_antennas": 3,
      "users": 22,
      "snr_db": 20,
      "mean_sum_bits": 32.99744496144113,
      "se_sum_bits": 0.012426694145923008,
      "mean_symmetric_bits": 1.4998838618836878,
      "se_symmetric_bits": 0.0005648497339055913
    },
    {
      "receive_antennas": 3,
      "users": 22,
      "snr_db": 25,
      "mean_sum_bits": 37.97877635044617,
      "se_sum_bits": 0.012431581479642288,
      "mean_symmetric_bits": 1.7263080159293713,
      "se_symmetric_bits": 0.0005650718854382858
    },
    {
      "receive_antennas": 3,
      "users": 22,
      "snr_db": 30,
      "mean_sum_bits": 42.961174802792534,
      "se_sum_bits": 0.012433127944543914,
      "mean_symmetric_bits": 1.952780672854206,
      "se_symmetric_bits": 0.0005651421792974506
    },
    {
      "receive_antennas": 3,
      "users": 23,
      "snr_db": 0,
      "mean_sum_bits": 13.483787645305618,
      "se_sum_bits": 0.011415867924873627,
      "mean_symmetric_bits": 0.5862516367524182,
      "se_symmetric_bits": 0.0004963420836901577
    },
    {
      "receive_antennas": 3,
      "users": 23,
      "snr_db": 5,
      "mean_sum_bits": 18.323876577676018,
      "se_sum_bits": 0.011826920421320575,
      "mean_symmetric_bits": 0.7966902859859138,
      "se_symmetric_bits": 0.0005142139313617641
    },
    {
      "receive_antennas": 3,
      "users": 23,
      "snr_db": 10,
      "mean_sum_bits": 23.260461912854385,
      "se_sum_bits": 0.011964250731825388,
      "mean_symmetric_bits": 1.0113244309936689,
      "se_symmetric_bits": 0.0005201848144271908
    },
    {
      "receive_antennas": 3,
      "users": 23,
      "snr_db": 15,
      "mean_sum_bits": 28.228590894252157,
      "se_sum_bits": 0.012008464365999848,
      "mean_symmetric_bits": 1.2273300388805286,
      "se_symmetric_bits": 0.0005221071463478194
    },
    {
      "receive_antennas": 3,
      "users": 23,
      "snr_db": 20,
      "mean_sum_bits": 33.20680238835004,
      "se_sum_bits": 0.012022526304234182,
      "mean_symmetric_bits": 1.4437740168847844,
      "se_symmetric_bits": 0.0005227185349667036
    },
    {
      "receive_antennas": 3,
      "users": 23,
      "snr_db": 25,
      "mean_sum_bits": 38.188213161898474,
      "se_sum_bits": 0.012026981172634631,
      "mean_symmetric_bits": 1.6603570939955858,
      "se_symmetric_bits": 0.0005229122248971579
    },
    {
      "receive_antennas": 3,
      "users": 23,
      "snr_db": 30,
      "mean_sum_bits": 43.17063673233967,
      "se_sum_bits": 0.012028390736847064,
      "mean_symmetric_bits": 1.8769842057538988,
      "se_symmetric_bits": 0.0005229735102976984
    },
    {
      "receive_antennas": 3,
      "users": 24,
      "snr_db": 0,
      "mean_sum_bits": 13.67030238767002,
      "se_sum_bits": 0.011177592133282564,
      "mean_symmetric_bits": 0.5695959328195842,
      "se_symmetric_bits": 0.00046573300555344016
    },
    {
      "receive_antennas": 3,
      "users": 24,
      "snr_db": 5,
      "mean_sum_bits": 18.51692165425964,
      "se_sum_bits": 0.01155951649915644,
      "mean_symmetric_bits": 0.7715384022608184,
      "se_symmetric_bits": 0.00048164652079818503
    },
    {
      "receive_antennas": 3,
      "users": 24,
      "snr_db": 10,
      "mean_sum_bits": 23.45568227031535,
      "se_sum_bits": 0.011686714045861496,
      "mean_symmetric_bits": 0.977320094596473,
      "se_symmetric_bits": 0.00048694641857756235
    },
    {
      "receive_antennas": 3,
      "users": 24,
      "snr_db": 15,
      "mean_sum_bits": 28.424510873998756,
      "se_sum_bits": 0.0117276218900472,
      "mean_symmetric_bits": 1.1843546197499482,
      "se_symmetric_bits": 0.0004886509120853
    },
    {
      "receive_antennas": 3,
      "users": 24,
      "snr_db": 20,
      "mean_sum_bits": 33.40294480625413,
      "se_sum_bits": 0.011740627965562477,
      "mean_symmetric_bits": 1.3917893669272556,
      "se_symmetric_bits": 0.0004891928318984366
    },
    {
      "receive_antennas": 3,
      "users": 24,
      "snr_db": 25,
      "mean_sum_bits": 38.38442604152907,
      "se_sum_bits": 0.011744747882146266,
      "mean_symmetric_bits": 1.5993510850637112,
      "se_symmetric_bits": 0.0004893644950894277
    },
    {
      "receive_antennas": 3,
      "users": 24,
      "snr_db": 30,
      "mean_sum_bits": 43.366871906010246,
      "se_sum_bits": 0.011746051419081457,
      "mean_symmetric_bits": 1.8069529960837603,
      "se_symmetric_bits": 0.0004894188091283941
    },
    {
      "receive_antennas": 3,
      "users": 25,
      "snr_db": 0,
      "mean_sum_bits": 13.8508644788648,
      "se_sum_bits": 0.010977318186242402,
      "mean_symmetric_bits": 0.554034579154592,
      "se_symmetric_bits": 0.00043909272744969605
    },
    {
      "receive_antennas": 3,
      "users": 25,
      "snr_db": 5,
      "mean_sum_bits": 18.70350593562351,
      "se_sum_bits": 0.011335382872069871,
      "mean_symmetric_bits": 0.7481402374249404,
      "se_symmetric_bits": 0.00045341531488279484
    },
    {
      "receive_antennas": 3,
      "users": 25,
      "snr_db": 10,
      "mean_sum_bits": 23.644267017621843,
      "se_sum_bits": 0.011454313588316277,
      "mean_symmetric_bits": 0.9457706807048737,
      "se_symmetric_bits": 0.0004581725435326511
    },
    {
      "receive_antennas": 3,
      "users": 25,
      "snr_db": 15,
      "mean_sum_bits": 28.613738420850915,
      "se_sum_bits": 0.01149252804342313,
      "mean_symmetric_bits": 1.1445495368340366,
      "se_symmetric_bits": 0.0004597011217369252
    },
    {
      "receive_antennas": 3,
      "users": 25,
      "snr_db": 20,
      "mean_sum_bits": 33.59237666373692,
      "se_sum_bits": 0.011504674231698262,
      "mean_symmetric_bits": 1.343695066549477,
      "se_symmetric_bits": 0.00046018696926793047
    },
    {
      "receive_antennas": 3,
      "users": 25,
      "snr_db": 25,
      "mean_sum_bits": 38.57392261230594,
      "se_sum_bits": 0.01150852140381498,
      "mean_symmetric_bits": 1.5429569044922378,
      "se_symmetric_bits": 0.00046034085615259923
    },
    {
      "receive_antennas": 3,
      "users": 25,
      "snr_db": 30,
      "mean_sum_bits": 43.556388951408,
      "se_sum_bits": 0.011509738608697695,
      "mean_symmetric_bits": 1.7422555580563202,
      "se_symmetric_bits": 0.0004603895443479078
    },
    {
      "receive_antennas": 3,
      "users": 26,
      "snr_db": 0,
      "mean_sum_bits": 14.020162394276014,
      "se_sum_bits": 0.010776068465883956,
      "mean_symmetric_bits": 0.5392370151644621,
      "se_symmetric_bits": 0.0004144641717647675
    },
    {
      "receive_antennas": 3,
      "users": 26,
      "snr_db": 5,
      "mean_sum_bits": 18.87820597180131,
      "se_sum_bits": 0.011111770232739961,
      "mean_symmetric_bits": 0.7260848450692812,
      "se_symmetric_bits": 0.0004273757781823062
    },
    {
      "receive_antennas": 3,
      "users": 26,
      "snr_db": 10,
      "mean_sum_bits": 23.82075732456631,
      "se_sum_bits": 0.011223002223575031,
      "mean_symmetric_bits": 0.9161829740217811,
      "se_symmetric_bits": 0.0004316539316759627
    },
    {
      "receive_antennas": 3,
      "users": 26,
      "snr_db": 15,
      "mean_sum_bits": 28.79080353213606,
      "se_sum_bits": 0.011258713856096288,
      "mean_symmetric_bits": 1.1073385973898484,
      "se_symmetric_bits": 0.0004330274560037034
    },
    {
      "receive_antennas": 3,
      "users": 26,
      "snr_db": 20,
      "mean_sum_bits": 33.76962442717827,
      "se_sum_bits": 0.011270061562833654,
      "mean_symmetric_bits": 1.2988317087376258,
      "se_symmetric_bits": 0.0004334639062628329
    },
    {
      "receive_antennas": 3,
      "users": 26,
      "snr_db": 25,
      "mean_sum_bits": 38.75122822425216,
      "se_sum_bits": 0.011273655524705472,
      "mean_symmetric_bits": 1.4904318547789293,
      "se_symmetric_bits": 0.0004336021355655951
    },
    {
      "receive_antennas": 3,
      "users": 26,
      "snr_db": 30,
      "mean_sum_bits": 43.73371286555623,
      "se_sum_bits": 0.011274792586457215,
      "mean_symmetric_bits": 1.6820658794444703,
      "se_symmetric_bits": 0.0004336458687098929
    },
    {
      "receive_antennas": 3,
      "users": 27,
      "snr_db": 0,
      "mean_sum_bits": 14.18622735926341,
      "se_sum_bits": 0.010459652702523976,
      "mean_symmetric_bits": 0.5254158281208671,
      "se_symmetric_bits": 0.00038739454453792506
    },
    {
      "receive_antennas": 3,
      "users": 27,
      "snr_db": 5,
      "mean_sum_bits": 19.04926216759636,
      "se_sum_bits": 0.010771092131928244,
      "mean_symmetric_bits": 0.7055282284294948,
      "se_symmetric_bits": 0.00039892933821956457
    },
    {
      "receive_antennas": 3,
      "users": 27,
      "snr_db": 10,
      "mean_sum_bits": 23.99346301667302,
      "se_sum_bits": 0.010874060511828484,
      "mean_symmetric_bits": 0.888646778395297,
      "se_symmetric_bits": 0.00040274298191957347
    },
    {
      "receive_antennas": 3,
      "users": 27,
      "snr_db": 15,
      "mean_sum_bits": 28.964038339881135,
      "se_sum_bits": 0.010907095075739212,
      "mean_symmetric_bits": 1.0727421607363383,
      "se_symmetric_bits": 0.0004039664842866375
    },
    {
      "receive_antennas": 3,
      "users": 27,
      "snr_db": 20,
      "mean_sum_bits": 33.94302731884232,
      "se_sum_bits": 0.010917589667121296,
      "mean_symmetric_bits": 1.257149159957123,
      "se_symmetric_bits": 0.00040435517285634427
    },
    {
      "receive_antennas": 3,
      "users": 27,
      "snr_db": 25,
      "mean_sum_bits": 38.9246843454222,
      "se_sum_bits": 0.010920913189732854,
      "mean_symmetric_bits": 1.4416549757563777,
      "se_symmetric_bits": 0.000404478266286402
    },
    {
      "receive_antennas": 3,
      "users": 27,
      "snr_db": 30,
      "mean_sum_bits": 43.907185827057695,
      "se_sum_bits": 0.010921964664862607,
      "mean_symmetric_bits": 1.6261920676688035,
      "se_symmetric_bits": 0.0004045172098097262
    },
    {
      "receive_antennas": 3,
      "users": 28,
      "snr_db": 0,
      "mean_sum_bits": 14.345481135244185,
      "se_sum_bits": 0.010256251310151366,
      "mean_symmetric_bits": 0.5123386119730066,
      "se_symmetric_bits": 0.00036629468964826306
    },
    {
      "receive_antennas": 3,
      "users": 28,
      "snr_db": 5,
      "mean_sum_bits": 19.21313336840673,
      "se_sum_bits": 0.010549404660978992,
      "mean_symmetric_bits": 0.6861833345859546,
      "se_symmetric_bits": 0.00037676445217782115
    },
    {
      "receive_antennas": 3,
      "users": 28,
      "snr_db": 10,
      "mean_sum_bits": 24.1588573659893,
      "se_sum_bits": 0.01064613801711958,
      "mean_symmetric_bits": 0.8628163344996178,
      "se_symmetric_bits": 0.0003802192148971278
    },
    {
      "receive_antennas": 3,
      "users": 28,
      "snr_db": 15,
      "mean_sum_bits": 29.129920975229197,
      "se_sum_bits": 0.01067715205002869,
      "mean_symmetric_bits": 1.0403543205438999,
      "se_symmetric_bits": 0.0003813268589295961
    },
    {
      "receive_antennas": 3,
      "users": 28,
      "snr_db": 20,
      "mean_sum_bits": 34.10906503708439,
      "se_sum_bits": 0.010687002686021156,
      "mean_symmetric_bits": 1.2181808941815855,
      "se_symmetric_bits": 0.0003816786673578984
    },
    {
      "receive_antennas": 3,
      "users": 28,
      "snr_db": 25,
      "mean_sum_bits": 39.09077117286089,
      "se_sum_bits": 0.010690122067328233,
      "mean_symmetric_bits": 1.3960989704593174,
      "se_symmetric_bits": 0.0003817900738331512
    },
    {
      "receive_antennas": 3,
      "users": 28,
      "snr_db": 30,
      "mean_sum_bits": 44.07328819096701,
      "se_sum_bits": 0.010691108936709036,
      "mean_symmetric_bits": 1.5740460068202504,
      "se_symmetric_bits": 0.00038182531916817987
    },
    {
      "receive_antennas": 3,
      "users": 29,
      "snr_db": 0,
      "mean_sum_bits": 14.497677684245236,
      "se_sum_bits": 0.010032071511732493,
      "mean_symmetric_bits": 0.4999199201463874,
      "se_symmetric_bits": 0.00034593350040456873
    },
    {
      "receive_antennas": 3,
      "users": 29,
      "snr_db": 5,
      "mean_sum_bits": 19.369591840687324,
      "se_sum_bits": 0.010308027843321688,
      "mean_symmetric_bits": 0.6679169600237008,
      "se_symmetric_bits": 0.0003554492359766099
    },
    {
      "receive_antennas": 3,
      "users": 29,
      "snr_db": 10,
      "mean_sum_bits": 24.31671952244168,
      "se_sum_bits": 0.01039892208708806,
      "mean_symmetric_bits": 0.8385075697393682,
      "se_symmetric_bits": 0.0003585835202444159
    },
    {
      "receive_antennas": 3,
      "users": 29,
      "snr_db": 15,
      "mean_sum_bits": 29.28823288711474,
      "se_sum_bits": 0.010428046514284358,
      "mean_symmetric_bits": 1.009939065072922,
      "se_symmetric_bits": 0.00035958781083739167
    },
    {
      "receive_antennas": 3,
      "users": 29,
      "snr_db": 20,
      "mean_sum_bits": 34.2675197705194,
      "se_sum_bits": 0.010437295189909969,
      "mean_symmetric_bits": 1.181638612776531,
      "se_symmetric_bits": 0.00035990673068655066
    },
    {
      "receive_antennas": 3,
      "users": 29,
      "snr_db": 25,
      "mean_sum_bits": 39.24927113037212,
      "se_sum_bits": 0.010440223769842641,
      "mean_symmetric_bits": 1.353423142426625,
      "se_symmetric_bits": 0.0003600077162014704
    },
    {
      "receive_antennas": 3,
      "users": 29,
      "snr_db": 30,
      "mean_sum_bits": 44.23180245558997,
      "se_sum_bits": 0.01044115025794555,
      "mean_symmetric_bits": 1.525234567434137,
      "se_symmetric_bits": 0.0003600396640670879
    },
    {
      "receive_antennas": 3,
      "users": 30,
      "snr_db": 0,
      "mean_sum_bits": 14.643902498382213,
      "se_sum_bits": 0.009816306620912246,
      "mean_symmetric_bits": 0.4881300832794071,
      "se_symmetric_bits": 0.00032721022069707485
    },
    {
      "receive_antennas": 3,
      "users": 30,
      "snr_db": 5,
      "mean_sum_bits": 19.519735449040915,
      "se_sum_bits": 0.010076297538549326,
      "mean_symmetric_bits": 0.6506578483013639,
      "se_symmetric_bits": 0.0003358765846183109
    },
    {
      "receive_antennas": 3,
      "users": 30,
      "snr_db": 10,
      "mean_sum_bits": 24.46815140028663,
      "se_sum_bits": 0.010161793959919304,
      "mean_symmetric_bits": 0.815605046676221,
      "se_symmetric_bits": 0.00033872646533064345
    },
    {
      "receive_antennas": 3,
      "users": 30,
      "snr_db": 15,
      "mean_sum_bits": 29.44007728605279,
      "se_sum_bits": 0.010189174061119811,
      "mean_symmetric_bits": 0.981335909535093,
      "se_symmetric_bits": 0.00033963913537066035
    },
    {
      "receive_antennas": 3,
      "users": 30,
      "snr_db": 20,
      "mean_sum_bits": 34.41949514120979,
      "se_sum_bits": 0.010197867310061183,
      "mean_symmetric_bits": 1.1473165047069929,
      "se_symmetric_bits": 0.00033992891033537276
    },
    {
      "receive_antennas": 3,
      "users": 30,
      "snr_db": 25,
      "mean_sum_bits": 39.401287970326855,
      "se_sum_bits": 0.010200619863702704,
      "mean_symmetric_bits": 1.3133762656775618,
      "se_symmetric_bits": 0.0003400206621234235
    },
    {
      "receive_antennas": 3,
      "users": 30,
      "snr_db": 30,
      "mean_sum_bits": 44.383832414521336,
      "se_sum_bits": 0.010201490648823171,
      "mean_symmetric_bits": 1.4794610804840445,
      "se_symmetric_bits": 0.0003400496882941057
    },
    {
      "receive_antennas": 4,
      "users": 1,
      "snr_db": 0,
      "mean_sum_bits": 2.1918219092471896,
      "se_sum_bits": 0.012714885331638925,
      "mean_symmetric_bits": 2.1918219092471896,
      "se_symmetric_bits": 0.012714885331638925
    },
    {
      "receive_antennas": 4,
      "users": 1,
      "snr_db": 5,
      "mean_sum_bits": 3.5923174921675467,
      "se_sum_bits": 0.01534969036561051,
      "mean_symmetric_bits": 3.5923174921675467,
      "se_symmetric_bits": 0.01534969036561051
    },
    {
      "receive_antennas": 4,
      "users": 1,
      "snr_db": 10,
      "mean_sum_bits": 5.156695058235648,
      "se_sum_bits": 0.016522901648087885,
      "mean_symmetric_bits": 5.156695058235648,
      "se_symmetric_bits": 0.016522901648087885
    },
    {
      "receive_antennas": 4,
      "users": 1,
      "snr_db": 15,
      "mean_sum_bits": 6.78516967626528,
      "se_sum_bits": 0.016950403500996195,
      "mean_symmetric_bits": 6.78516967626528,
      "se_symmetric_bits": 0.016950403500996195
    },
    {
      "receive_antennas": 4,
      "users": 1,
      "snr_db": 20,
      "mean_sum_bits": 8.435637857184112,
      "se_sum_bits": 0.01709266095993826,
      "mean_symmetric_bits": 8.435637857184112,
      "se_symmetric_bits": 0.01709266095993826
    },
    {
      "receive_antennas": 4,
      "users": 1,
      "snr_db": 25,
      "mean_sum_bits": 10.093259566819723,
      "se_sum_bits": 0.017138415361300962,
      "mean_symmetric_bits": 10.093259566819723,
      "se_symmetric_bits": 0.017138415361300962
    },
    {
      "receive_antennas": 4,
      "users": 1,
      "snr_db": 30,
      "mean_sum_bits": 11.753164312051922,
      "se_sum_bits": 0.01715296324022638,
      "mean_symmetric_bits": 11.753164312051922,
      "se_symmetric_bits": 0.01715296324022638
    },
    {
      "receive_antennas": 4,
      "users": 2,
      "snr_db": 0,
      "mean_sum_bits": 4.168841280200587,
      "se_sum_bits": 0.017327193402351556,
      "mean_symmetric_bits": 2.0844206401002934,
      "se_symmetric_bits": 0.008663596701175778
    },
    {
      "receive_antennas": 4,
      "users": 2,
      "snr_db": 5,
      "mean_sum_bits": 6.850492028679563,
      "se_sum_bits": 0.021903435007208486,
      "mean_symmetric_bits": 3.4252460143397814,
      "se_symmetric_bits": 0.010951717503604243
    },
    {
      "receive_antennas": 4,
      "users": 2,
      "snr_db": 10,
      "mean_sum_bits": 9.91348715224214,
      "se_sum_bits": 0.0243540725228682,
      "mean_symmetric_bits": 4.95674357612107,
      "se_symmetric_bits": 0.0121770362614341
    },
    {
      "receive_antennas": 4,
      "users": 2,
      "snr_db": 15,
      "mean_sum_bits": 13.143875098978409,
      "se_sum_bits": 0.025359587296101542,
      "mean_symmetric_bits": 6.5719375494892045,
      "se_symmetric_bits": 0.012679793648050771
    },
    {
      "receive_antennas": 4,
      "users": 2,
      "snr_db": 20,
      "mean_sum_bits": 16.43559269664845,
      "se_sum_bits": 0.025713340067276595,
      "mean_symmetric_bits": 8.217796348324224,
      "se_symmetric_bits": 0.012856670033638298
    },
    {
      "receive_antennas": 4,
      "users": 2,
      "snr_db": 25,
      "mean_sum_bits": 19.747826189807967,
      "se_sum_bits": 0.025829539378524693,
      "mean_symmetric_bits": 9.873913094903983,
      "se_symmetric_bits": 0.012914769689262346
    },
    {
      "receive_antennas": 4,
      "users": 2,
      "snr_db": 30,
      "mean_sum_bits": 23.066673883290164,
      "se_sum_bits": 0.02586674984733697,
      "mean_symmetric_bits": 11.533336941645082,
      "se_symmetric_bits": 0.012933374923668485
    },
    {
      "receive_antennas": 4,
      "users": 3,
      "snr_db": 0,
      "mean_sum_bits": 5.9019452316015295,
      "se_sum_bits": 0.020203327733749457,
      "mean_symmetric_bits": 1.96731507720051,
      "se_symmetric_bits": 0.006734442577916486
    },
    {
      "receive_antennas": 4,
      "users": 3,
      "snr_db": 5,
      "mean_sum_bits": 9.675669263207682,
      "se_sum_bits": 0.02679816117320428,
      "mean_symmetric_bits": 3.2252230877358943,
      "se_symmetric_bits": 0.008932720391068094
    },
    {
      "receive_antennas": 4,
      "users": 3,
      "snr_db": 10,
      "mean_sum_bits": 14.089187463691925,
      "se_sum_bits": 0.03155249195727485,
      "mean_symmetric_bits": 4.696395821230642,
      "se_symmetric_bits": 0.010517497319091617
    },
    {
      "receive_antennas": 4,
      "users": 3,
      "snr_db": 15,
      "mean_sum_bits": 18.842547819330107,
      "se_sum_bits": 0.034188563839384165,
      "mean_symmetric_bits": 6.280849273110036,
      "se_symmetric_bits": 0.011396187946461389
    },
    {
      "receive_antennas": 4,
      "users": 3,
      "snr_db": 20,
      "mean_sum_bits": 23.742920657358304,
      "se_sum_bits": 0.035352871588184454,
      "mean_symmetric_bits": 7.914306885786101,
      "se_symmetric_bits": 0.011784290529394817
    },
    {
      "receive_antennas": 4,
      "users": 3,
      "snr_db": 25,
      "mean_sum_bits": 28.698123281764747,
      "se_sum_bits": 0.03579214297223105,
      "mean_symmetric_bits": 9.566041093921582,
      "se_symmetric_bits": 0.011930714324077017
    },
    {
      "receive_antennas": 4,
      "users": 3,
      "snr_db": 30,
      "mean_sum_bits": 33.67204338860566,
      "se_sum_bits": 0.03594292069978501,
      "mean_symmetric_bits": 11.224014462868553,
      "se_symmetric_bits": 0.011980973566595004
    },
    {
      "receive_antennas": 4,
      "users": 4,
      "snr_db": 0,
      "mean_sum_bits": 7.365699568270723,
      "se_sum_bits": 0.02230431903306921,
      "mean_symmetric_bits": 1.8414248920676808,
      "se_symmetric_bits": 0.0055760797582673025
    },
    {
      "receive_antennas": 4,
      "users": 4,
      "snr_db": 5,
      "mean_sum_bits": 11.959131712272967,
      "se_sum_bits": 0.030280973056089813,
      "mean_symmetric_bits": 2.9897829280682418,
      "se_symmetric_bits": 0.007570243264022453
    },
    {
      "receive_antennas": 4,
      "users": 4,
      "snr_db": 10,
      "mean_sum_bits": 17.390916621786754,
      "se_sum_bits": 0.037977301517817814,
      "mean_symmetric_bits": 4.347729155446689,
      "se_symmetric_bits": 0.009494325379454454
    },
    {
      "receive_antennas": 4,
      "users": 4,
      "snr_db": 15,
      "mean_sum_bits": 23.38010063783162,
      "se_sum_bits": 0.044730111479789995,
      "mean_symmetric_bits": 5.845025159457905,
      "se_symmetric_bits": 0.011182527869947499
    },
    {
      "receive_antennas": 4,
      "users": 4,
      "snr_db": 20,
      "mean_sum_bits": 29.702590420886438,
      "se_sum_bits": 0.04976657920999445,
      "mean_symmetric_bits": 7.425647605221609,
      "se_symmetric_bits": 0.012441644802498613
    },
    {
      "receive_antennas": 4,
      "users": 4,
      "snr_db": 25,
      "mean_sum_bits": 36.20109208856977,
      "se_sum_bits": 0.05299867261949719,
      "mean_symmetric_bits": 9.050273022142443,
      "se_symmetric_bits": 0.013249668154874298
    },
    {
      "receive_antennas": 4,
      "users": 4,
      "snr_db": 30,
      "mean_sum_bits": 42.782608331040585,
      "se_sum_bits": 0.05487350648322636,
      "mean_symmetric_bits": 10.695652082760146,
      "se_symmetric_bits": 0.01371837662080659
    },
    {
      "receive_antennas": 4,
      "users": 5,
      "snr_db": 0,
      "mean_sum_bits": 8.61671517497334,
      "se_sum_bits": 0.022332186559763774,
      "mean_symmetric_bits": 1.723343034994668,
      "se_symmetric_bits": 0.004466437311952755
    },
    {
      "receive_antennas": 4,
      "users": 5,
      "snr_db": 5,
      "mean_sum_bits": 13.758479785420732,
      "se_sum_bits": 0.029192106936495554,
      "mean_symmetric_bits": 2.7516959570841464,
      "se_symmetric_bits": 0.005838421387299111
    },
    {
      "receive_antennas": 4,
      "users": 5,
      "snr_db": 10,
      "mean_sum_bits": 19.68420488634262,
      "se_sum_bits": 0.03439977354370891,
      "mean_symmetric_bits": 3.936840977268524,
      "se_symmetric_bits": 0.006879954708741783
    },
    {
      "receive_antennas": 4,
      "users": 5,
      "snr_db": 15,
      "mean_sum_bits": 26.031965949541856,
      "se_sum_bits": 0.03751864340306856,
      "mean_symmetric_bits": 5.206393189908371,
      "se_symmetric_bits": 0.007503728680613712
    },
    {
      "receive_antennas": 4,
      "users": 5,
      "snr_db": 20,
      "mean_sum_bits": 32.56692926969659,
      "se_sum_bits": 0.039012566304170375,
      "mean_symmetric_bits": 6.513385853939317,
      "se_symmetric_bits": 0.007802513260834075
    },
    {
      "receive_antennas": 4,
      "users": 5,
      "snr_db": 25,
      "mean_sum_bits": 39.1735883694448,
      "se_sum_bits": 0.03961470597751251,
      "mean_symmetric_bits": 7.83471767388896,
      "se_symmetric_bits": 0.007922941195502502
    },
    {
      "receive_antennas": 4,
      "users": 5,
      "snr_db": 30,
      "mean_sum_bits": 45.805264578040294,
      "se_sum_bits": 0.039829866159968606,
      "mean_symmetric_bits": 9.161052915608058,
      "se_symmetric_bits": 0.00796597323199372
    },
    {
      "receive_antennas": 4,
      "users": 6,
      "snr_db": 0,
      "mean_sum_bits": 9.677620316416078,
      "se_sum_bits": 0.02181260419668538,
      "mean_symmetric_bits": 1.6129367194026798,
      "se_symmetric_bits": 0.0036354340327808964
    },
    {
      "receive_antennas": 4,
      "users": 6,
      "snr_db": 5,
      "mean_sum_bits": 15.170020685385175,
      "se_sum_bits": 0.027247505024123004,
      "mean_symmetric_bits": 2.5283367808975292,
      "se_symmetric_bits": 0.004541250837353834
    },
    {
      "receive_antennas": 4,
      "users": 6,
      "snr_db": 10,
      "mean_sum_bits": 21.33152594505619,
      "se_sum_bits": 0.030512944554101952,
      "mean_symmetric_bits": 3.5552543241760315,
      "se_symmetric_bits": 0.005085490759016992
    },
    {
      "receive_antennas": 4,
      "users": 6,
      "snr_db": 15,
      "mean_sum_bits": 27.799324775814963,
      "se_sum_bits": 0.032020602875460734,
      "mean_symmetric_bits": 4.6332207959691605,
      "se_symmetric_bits": 0.005336767145910123
    },
    {
      "receive_antennas": 4,
      "users": 6,
      "snr_db": 20,
      "mean_sum_bits": 34.38390763432241,
      "se_sum_bits": 0.032599852521172173,
      "mean_symmetric_bits": 5.730651272387068,
      "se_symmetric_bits": 0.005433308753528696
    },
    {
      "receive_antennas": 4,
      "users": 6,
      "snr_db": 25,
      "mean_sum_bits": 41.00855823705719,
      "se_sum_bits": 0.032799773854887734,
      "mean_symmetric_bits": 6.8347597061761975,
      "se_symmetric_bits": 0.005466628975814622
    },
    {
      "receive_antennas": 4,
      "users": 6,
      "snr_db": 30,
      "mean_sum_bits": 47.64628864777288,
      "se_sum_bits": 0.03286516360558113,
      "mean_symmetric_bits": 7.941048107962146,
      "se_symmetric_bits": 0.005477527267596855
    },
    {
      "receive_antennas": 4,
      "users": 7,
      "snr_db": 0,
      "mean_sum_bits": 10.605687887021451,
      "se_sum_bits": 0.021167992501844313,
      "mean_symmetric_bits": 1.515098269574493,
      "se_symmetric_bits": 0.0030239989288349018
    },
    {
      "receive_antennas": 4,
      "users": 7,
      "snr_db": 5,
      "mean_sum_bits": 16.324991934362426,
      "se_sum_bits": 0.025438182743262202,
      "mean_symmetric_bits": 2.332141704908918,
      "se_symmetric_bits": 0.0036340261061803144
    },
    {
      "receive_antennas": 4,
      "users": 7,
      "snr_db": 10,
      "mean_sum_bits": 22.60965077764416,
      "se_sum_bits": 0.027631757748251808,
      "mean_symmetric_bits": 3.229950111092023,
      "se_symmetric_bits": 0.003947393964035972
    },
    {
      "receive_antennas": 4,
      "users": 7,
      "snr_db": 15,
      "mean_sum_bits": 29.12912639142302,
      "se_sum_bits": 0.028514409903726258,
      "mean_symmetric_bits": 4.161303770203289,
      "se_symmetric_bits": 0.004073487129103751
    },
    {
      "receive_antennas": 4,
      "users": 7,
      "snr_db": 20,
      "mean_sum_bits": 35.732281923066196,
      "se_sum_bits": 0.028822716309091372,
      "mean_symmetric_bits": 5.104611703295171,
      "se_symmetric_bits": 0.004117530901298768
    },
    {
      "receive_antennas": 4,
      "users": 7,
      "snr_db": 25,
      "mean_sum_bits": 42.363116260703045,
      "se_sum_bits": 0.028923762274707155,
      "mean_symmetric_bits": 6.051873751529007,
      "se_symmetric_bits": 0.004131966039243879
    },
    {
      "receive_antennas": 4,
      "users": 7,
      "snr_db": 30,
      "mean_sum_bits": 49.00283889938093,
      "se_sum_bits": 0.02895609835348071,
      "mean_symmetric_bits": 7.000405557054419,
      "se_symmetric_bits": 0.004136585479068673
    },
    {
      "receive_antennas": 4,
      "users": 8,
      "snr_db": 0,
      "mean_sum_bits": 11.417387961531425,
      "se_sum_bits": 0.020640744101062758,
      "mean_symmetric_bits": 1.427173495191428,
      "se_symmetric_bits": 0.0025800930126328447
    },
    {
      "receive_antennas": 4,
      "users": 8,
      "snr_db": 5,
      "mean_sum_bits": 17.29499170802841,
      "se_sum_bits": 0.024110096948394222,
      "mean_symmetric_bits": 2.161873963503551,
      "se_symmetric_bits": 0.0030137621185492777
    },
    {
      "receive_antennas": 4,
      "users": 8,
      "snr_db": 10,
      "mean_sum_bits": 23.654938998730394,
      "se_sum_bits": 0.02571831189508779,
      "mean_symmetric_bits": 2.9568673748412992,
      "se_symmetric_bits": 0.0032147889868859737
    },
    {
      "receive_antennas": 4,
      "users": 8,
      "snr_db": 15,
      "mean_sum_bits": 30.203068960676976,
      "se_sum_bits": 0.026321653209969632,
      "mean_symmetric_bits": 3.775383620084622,
      "se_symmetric_bits": 0.003290206651246204
    },
    {
      "receive_antennas": 4,
      "users": 8,
      "snr_db": 20,
      "mean_sum_bits": 36.81595698447844,
      "se_sum_bits": 0.02652520417446383,
      "mean_symmetric_bits": 4.601994623059805,
      "se_symmetric_bits": 0.0033156505218079786
    },
    {
      "receive_antennas": 4,
      "users": 8,
      "snr_db": 25,
      "mean_sum_bits": 43.44994612626303,
      "se_sum_bits": 0.026591012031987344,
      "mean_symmetric_bits": 5.431243265782879,
      "se_symmetric_bits": 0.003323876503998418
    },
    {
      "receive_antennas": 4,
      "users": 8,
      "snr_db": 30,
      "mean_sum_bits": 50.0906745192649,
      "se_sum_bits": 0.02661197254027821,
      "mean_symmetric_bits": 6.261334314908113,
      "se_symmetric_bits": 0.003326496567534776
    },
    {
      "receive_antennas": 4,
      "users": 9,
      "snr_db": 0,
      "mean_sum_bits": 12.139820187555312,
      "se_sum_bits": 0.02005222442950672,
      "mean_symmetric_bits": 1.348868909728368,
      "se_symmetric_bits": 0.002228024936611858
    },
    {
      "receive_antennas": 4,
      "users": 9,
      "snr_db": 5,
      "mean_sum_bits": 18.13323156968618,
      "se_sum_bits": 0.0228903384069012,
      "mean_symmetric_bits": 2.014803507742909,
      "se_symmetric_bits": 0.0025433709341001333
    },
    {
      "receive_antennas": 4,
      "users": 9,
      "snr_db": 10,
      "mean_sum_bits": 24.543770939601217,
      "se_sum_bits": 0.02410830858750276,
      "mean_symmetric_bits": 2.7270856599556907,
      "se_symmetric_bits": 0.0026787009541669733
    },
    {
      "receive_antennas": 4,
      "users": 9,
      "snr_db": 15,
      "mean_sum_bits": 31.11022268029778,
      "se_sum_bits": 0.02454481727776663,
      "mean_symmetric_bits": 3.4566914089219756,
      "se_symmetric_bits": 0.002727201919751848
    },
    {
      "receive_antennas": 4,
      "users": 9,
      "snr_db": 20,
      "mean_sum_bits": 37.7291977293089,
      "se_sum_bits": 0.02468911572299738,
      "mean_symmetric_bits": 4.1921330810343225,
      "se_symmetric_bits": 0.002743235080333042
    },
    {
      "receive_antennas": 4,
      "users": 9,
      "snr_db": 25,
      "mean_sum_bits": 44.365143880565824,
      "se_sum_bits": 0.024735419620970513,
      "mean_symmetric_bits": 4.929460431173981,
      "se_symmetric_bits": 0.0027483799578856124
    },
    {
      "receive_antennas": 4,
      "users": 9,
      "snr_db": 30,
      "mean_sum_bits": 51.00649445084696,
      "se_sum_bits": 0.02475013109308191,
      "mean_symmetric_bits": 5.6673882723163285,
      "se_symmetric_bits": 0.0027500145658979898
    },
    {
      "receive_antennas": 4,
      "users": 10,
      "snr_db": 0,
      "mean_sum_bits": 12.78566926366658,
      "se_sum_bits": 0.01915824096892801,
      "mean_symmetric_bits": 1.2785669263666581,
      "se_symmetric_bits": 0.001915824096892801
    },
    {
      "receive_antennas": 4,
      "users": 10,
      "snr_db": 5,
      "mean_sum_bits": 18.865998517174273,
      "se_sum_bits": 0.021473394149057624,
      "mean_symmetric_bits": 1.8865998517174272,
      "se_symmetric_bits": 0.0021473394149057624
    },
    {
      "receive_antennas": 4,
      "users": 10,
      "snr_db": 10,
      "mean_sum_bits": 25.312239577865206,
      "se_sum_bits": 0.022414672475221043,
      "mean_symmetric_bits": 2.5312239577865205,
      "se_symmetric_bits": 0.0022414672475221044
    },
    {
      "receive_antennas": 4,
      "users": 10,
      "snr_db": 15,
      "mean_sum_bits": 31.891199808461202,
      "se_sum_bits": 0.02274279011561491,
      "mean_symmetric_bits": 3.18911998084612,
      "se_symmetric_bits": 0.002274279011561491
    },
    {
      "receive_antennas": 4,
      "users": 10,
      "snr_db": 20,
      "mean_sum_bits": 38.514273472758944,
      "se_sum_bits": 0.02285008023125661,
      "mean_symmetric_bits": 3.8514273472758944,
      "se_symmetric_bits": 0.002285008023125661
    },
    {
      "receive_antennas": 4,
      "users": 10,
      "snr_db": 25,
      "mean_sum_bits": 45.15153086742701,
      "se_sum_bits": 0.022884379847496923,
      "mean_symmetric_bits": 4.515153086742702,
      "se_symmetric_bits": 0.0022884379847496923
    },
    {
      "receive_antennas": 4,
      "users": 10,
      "snr_db": 30,
      "mean_sum_bits": 51.793297632817094,
      "se_sum_bits": 0.022895264112768456,
      "mean_symmetric_bits": 5.179329763281709,
      "se_symmetric_bits": 0.0022895264112768455
    },
    {
      "receive_antennas": 4,
      "users": 11,
      "snr_db": 0,
      "mean_sum_bits": 13.365847791131115,
      "se_sum_bits": 0.018422815330717816,
      "mean_symmetric_bits": 1.2150770719210104,
      "se_symmetric_bits": 0.0016748013937016198
    },
    {
      "receive_antennas": 4,
      "users": 11,
      "snr_db": 5,
      "mean_sum_bits": 19.513223767253407,
      "se_sum_bits": 0.02034920004080077,
      "mean_symmetric_bits": 1.7739294333866733,
      "se_symmetric_bits": 0.0018499272764364338
    },
    {
      "receive_antennas": 4,
      "users": 11,
      "snr_db": 10,
      "mean_sum_bits": 25.985830913293043,
      "se_sum_bits": 0.021100018935273888,
      "mean_symmetric_bits": 2.362348264844822,
      "se_symmetric_bits": 0.0019181835395703534
    },
    {
      "receive_antennas": 4,
      "users": 11,
      "snr_db": 15,
      "mean_sum_bits": 32.573838062765105,
      "se_sum_bits": 0.02135668664102559,
      "mean_symmetric_bits": 2.961258005705919,
      "se_symmetric_bits": 0.0019415169673659626
    },
    {
      "receive_antennas": 4,
      "users": 11,
      "snr_db": 20,
      "mean_sum_bits": 39.19985267487719,
      "se_sum_bits": 0.021440011300281774,
      "mean_symmetric_bits": 3.5636229704433813,
      "se_symmetric_bits": 0.0019490919363892522
    },
    {
      "receive_antennas": 4,
      "users": 11,
      "snr_db": 25,
      "mean_sum_bits": 45.83804842332196,
      "se_sum_bits": 0.02146658541042873,
      "mean_symmetric_bits": 4.167095311211087,
      "se_symmetric_bits": 0.00195150776458443
    },
    {
      "receive_antennas": 4,
      "users": 11,
      "snr_db": 30,
      "mean_sum_bits": 52.480112767970056,
      "se_sum_bits": 0.021475011622370404,
      "mean_symmetric_bits": 4.770919342542732,
      "se_symmetric_bits": 0.001952273783851855
    },
    {
      "receive_antennas": 4,
      "users": 12,
      "snr_db": 0,
      "mean_sum_bits": 13.903383709642219,
      "se_sum_bits": 0.017808220466698225,
      "mean_symmetric_bits": 1.1586153091368516,
      "se_symmetric_bits": 0.001484018372224852
    },
    {
      "receive_antennas": 4,
      "users": 12,
      "snr_db": 5,
      "mean_sum_bits": 20.10464941664601,
      "se_sum_bits": 0.019443836584645668,
      "mean_symmetric_bits": 1.6753874513871674,
      "se_symmetric_bits": 0.001620319715387139
    },
    {
      "receive_antennas": 4,
      "users": 12,
      "snr_db": 10,
      "mean_sum_bits": 26.597685883116014,
      "se_sum_bits": 0.020062574323519388,
      "mean_symmetric_bits": 2.216473823593001,
      "se_symmetric_bits": 0.0016718811936266157
    },
    {
      "receive_antennas": 4,
      "users": 12,
      "snr_db": 15,
      "mean_sum_bits": 33.192590877244875,
      "se_sum_bits": 0.02027140087386613,
      "mean_symmetric_bits": 2.7660492397704064,
      "se_symmetric_bits": 0.0016892834061555109
    },
    {
      "receive_antennas": 4,
      "users": 12,
      "snr_db": 20,
      "mean_sum_bits": 39.82083483467254,
      "se_sum_bits": 0.020338885985401196,
      "mean_symmetric_bits": 3.3184029028893782,
      "se_symmetric_bits": 0.0016949071654500996
    },
    {
      "receive_antennas": 4,
      "users": 12,
      "snr_db": 25,
      "mean_sum_bits": 46.45974052291424,
      "se_sum_bits": 0.02036037619481567,
      "mean_symmetric_bits": 3.8716450435761867,
      "se_symmetric_bits": 0.0016966980162346392
    },
    {
      "receive_antennas": 4,
      "users": 12,
      "snr_db": 30,
      "mean_sum_bits": 53.10202987117971,
      "se_sum_bits": 0.02036718710512207,
      "mean_symmetric_bits": 4.425169155931642,
      "se_symmetric_bits": 0.0016972655920935058
    },
    {
      "receive_antennas": 4,
      "users": 13,
      "snr_db": 0,
      "mean_sum_bits": 14.405437595398704,
      "se_sum_bits": 0.01723426927593382,
      "mean_symmetric_bits": 1.1081105842614387,
      "se_symmetric_bits": 0.0013257130212256786
    },
    {
      "receive_antennas": 4,
      "users": 13,
      "snr_db": 5,
      "mean_sum_bits": 20.651636910903676,
      "se_sum_bits": 0.01863048997739967,
      "mean_symmetric_bits": 1.5885874546848981,
      "se_symmetric_bits": 0.0014331146136461286
    },
    {
      "receive_antennas": 4,
      "users": 13,
      "snr_db": 10,
      "mean_sum_bits": 27.161340345288927,
      "se_sum_bits": 0.01914452023196301,
      "mean_symmetric_bits": 2.089333872714533,
      "se_symmetric_bits": 0.0014726554024586931
    },
    {
      "receive_antennas": 4,
      "users": 13,
      "snr_db": 15,
      "mean_sum_bits": 33.761823255029704,
      "se_sum_bits": 0.019316050926352496,
      "mean_symmetric_bits": 2.5970633273099772,
      "se_symmetric_bits": 0.0014858500712578843
    },
    {
      "receive_antennas": 4,
      "users": 13,
      "snr_db": 20,
      "mean_sum_bits": 40.39186441710402,
      "se_sum_bits": 0.01937126265801205,
      "mean_symmetric_bits": 3.107066493623386,
      "se_symmetric_bits": 0.0014900971275393885
    },
    {
      "receive_antennas": 4,
      "users": 13,
      "snr_db": 25,
      "mean_sum_bits": 47.03134185293145,
      "se_sum_bits": 0.01938882149990295,
      "mean_symmetric_bits": 3.617795527148573,
      "se_symmetric_bits": 0.0014914478076848423
    },
    {
      "receive_antennas": 4,
      "users": 13,
      "snr_db": 30,
      "mean_sum_bits": 53.67381234877102,
      "se_sum_bits": 0.01939438410950689,
      "mean_symmetric_bits": 4.12875479605931,
      "se_symmetric_bits": 0.0014918757007312993
    },
    {
      "receive_antennas": 4,
      "users": 14,
      "snr_db": 0,
      "mean_sum_bits": 14.854464404938042,
      "se_sum_bits": 0.016642436664890514,
      "mean_symmetric_bits": 1.0610331717812886,
      "se_symmetric_bits": 0.0011887454760636082
    },
    {
      "receive_antennas": 4,
      "users": 14,
      "snr_db": 5,
      "mean_sum_bits": 21.1359319422382,
      "se_sum_bits": 0.017865849684068284,
      "mean_symmetric_bits": 1.5097094244455858,
      "se_symmetric_bits": 0.0012761321202905916
    },
    {
      "receive_antennas": 4,
      "users": 14,
      "snr_db": 10,
      "mean_sum_bits": 27.658414286285144,
      "se_sum_bits": 0.018308688331144546,
      "mean_symmetric_bits": 1.975601020448939,
      "se_symmetric_bits": 0.0013077634522246104
    },
    {
      "receive_antennas": 4,
      "users": 14,
      "snr_db": 15,
      "mean_sum_bits": 34.26313396816873,
      "se_sum_bits": 0.018455481911422527,
      "mean_symmetric_bits": 2.447366712012052,
      "se_symmetric_bits": 0.001318248707958752
    },
    {
      "receive_antennas": 4,
      "users": 14,
      "snr_db": 20,
      "mean_sum_bits": 40.89453579923699,
      "se_sum_bits": 0.01850262383344892,
      "mean_symmetric_bits": 2.9210382713740706,
      "se_symmetric_bits": 0.0013216159881034944
    },
    {
      "receive_antennas": 4,
      "users": 14,
      "snr_db": 25,
      "mean_sum_bits": 47.534445649674865,
      "se_sum_bits": 0.018517605172642067,
      "mean_symmetric_bits": 3.3953175464053476,
      "se_symmetric_bits": 0.0013226860837601477
    },
    {
      "receive_antennas": 4,
      "users": 14,
      "snr_db": 30,
      "mean_sum_bits": 54.17705310180732,
      "se_sum_bits": 0.018522350114932903,
      "mean_symmetric_bits": 3.869789507271951,
      "se_symmetric_bits": 0.001323025008209493
    },
    {
      "receive_antennas": 4,
      "users": 15,
      "snr_db": 0,
      "mean_sum_bits": 15.277673777584695,
      "se_sum_bits": 0.0161949152783342,
      "mean_symmetric_bits": 1.018511585172313,
      "se_symmetric_bits": 0.0010796610185556134
    },
    {
      "receive_antennas": 4,
      "users": 15,
      "snr_db": 5,
      "mean_sum_bits": 21.58895583654818,
      "se_sum_bits": 0.017288020564607143,
      "mean_symmetric_bits": 1.4392637224365454,
      "se_symmetric_bits": 0.001152534704307143
    },
    {
      "receive_antennas": 4,
      "users": 15,
      "snr_db": 10,
      "mean_sum_bits": 28.122070728487856,
      "se_sum_bits": 0.017678459802214577,
      "mean_symmetric_bits": 1.8748047152325238,
      "se_symmetric_bits": 0.001178563986814305
    },
    {
      "receive_antennas": 4,
      "users": 15,
      "snr_db": 15,
      "mean_sum_bits": 34.730294325820594,
      "se_sum_bits": 0.017807223304747388,
      "mean_symmetric_bits": 2.3153529550547063,
      "se_symmetric_bits": 0.0011871482203164925
    },
    {
      "receive_antennas": 4,
      "users": 15,
      "snr_db": 20,
      "mean_sum_bits": 41.36281916781505,
      "se_sum_bits": 0.01784850323901064,
      "mean_symmetric_bits": 2.7575212778543365,
      "se_symmetric_bits": 0.0011899002159340426
    },
    {
      "receive_antennas": 4,
      "users": 15,
      "snr_db": 25,
      "mean_sum_bits": 48.00308567063439,
      "se_sum_bits": 0.017861614313022387,
      "mean_symmetric_bits": 3.200205711375626,
      "se_symmetric_bits": 0.0011907742875348257
    },
    {
      "receive_antennas": 4,
      "users": 15,
      "snr_db": 30,
      "mean_sum_bits": 54.64580605955936,
      "se_sum_bits": 0.017865766154846432,
      "mean_symmetric_bits": 3.6430537373039575,
      "se_symmetric_bits": 0.0011910510769897623
    },
    {
      "receive_antennas": 4,
      "users": 16,
      "snr_db": 0,
      "mean_sum_bits": 15.663114697827915,
      "se_sum_bits": 0.015751768347996943,
      "mean_symmetric_bits": 0.9789446686142447,
      "se_symmetric_bits": 0.000984485521749809
    },
    {
      "receive_antennas": 4,
      "users": 16,
      "snr_db": 5,
      "mean_sum_bits": 21.999563087564503,
      "se_sum_bits": 0.01672349523365352,
      "mean_symmetric_bits": 1.3749726929727815,
      "se_symmetric_bits": 0.001045218452103345
    },
    {
      "receive_antennas": 4,
      "users": 16,
      "snr_db": 10,
      "mean_sum_bits": 28.541564692757703,
      "se_sum_bits": 0.01706602802650665,
      "mean_symmetric_bits": 1.7838477932973564,
      "se_symmetric_bits": 0.0010666267516566657
    },
    {
      "receive_antennas": 4,
      "users": 16,
      "snr_db": 15,
      "mean_sum_bits": 35.152706135599715,
      "se_sum_bits": 0.017178431283443384,
      "mean_symmetric_bits": 2.197044133474982,
      "se_symmetric_bits": 0.0010736519552152115
    },
    {
      "receive_antennas": 4,
      "users": 16,
      "snr_db": 20,
      "mean_sum_bits": 41.78616500191396,
      "se_sum_bits": 0.017214405980994805,
      "mean_symmetric_bits": 2.6116353126196223,
      "se_symmetric_bits": 0.0010759003738121753
    },
    {
      "receive_antennas": 4,
      "users": 16,
      "snr_db": 25,
      "mean_sum_bits": 48.42672801999669,
      "se_sum_bits": 0.01722582585819703,
      "mean_symmetric_bits": 3.026670501249793,
      "se_symmetric_bits": 0.0010766141161373144
    },
    {
      "receive_antennas": 4,
      "users": 16,
      "snr_db": 30,
      "mean_sum_bits": 55.06954229097097,
      "se_sum_bits": 0.01722944153133105,
      "mean_symmetric_bits": 3.4418463931856857,
      "se_symmetric_bits": 0.0010768400957081906
    },
    {
      "receive_antennas": 4,
      "users": 17,
      "snr_db": 0,
      "mean_sum_bits": 16.03102559025009,
      "se_sum_bits": 0.0154087988748252,
      "mean_symmetric_bits": 0.9430015053088288,
      "se_symmetric_bits": 0.000906399933813247
    },
    {
      "receive_antennas": 4,
      "users": 17,
      "snr_db": 5,
      "mean_sum_bits": 22.389294136090136,
      "se_sum_bits": 0.016284695380065706,
      "mean_symmetric_bits": 1.3170173021229492,
      "se_symmetric_bits": 0.0009579232576509239
    },
    {
      "receive_antennas": 4,
      "users": 17,
      "snr_db": 10,
      "mean_sum_bits": 28.938910194082933,
      "se_sum_bits": 0.016590336876791883,
      "mean_symmetric_bits": 1.7022888349460548,
      "se_symmetric_bits": 0.000975902169223052
    },
    {
      "receive_antennas": 4,
      "users": 17,
      "snr_db": 15,
      "mean_sum_bits": 35.552540903860105,
      "se_sum_bits": 0.01669025979494296,
      "mean_symmetric_bits": 2.0913259355211826,
      "se_symmetric_bits": 0.0009817799879378213
    },
    {
      "receive_antennas": 4,
      "users": 17,
      "snr_db": 20,
      "mean_sum_bits": 42.18679544941157,
      "se_sum_bits": 0.016722200239818654,
      "mean_symmetric_bits": 2.481576202906563,
      "se_symmetric_bits": 0.0009836588376363913
    },
    {
      "receive_antennas": 4,
      "users": 17,
      "snr_db": 25,
      "mean_sum_bits": 48.82761094600877,
      "se_sum_bits": 0.016732335399725917,
      "mean_symmetric_bits": 2.872212408588751,
      "se_symmetric_bits": 0.0009842550235132893
    },
    {
      "receive_antennas": 4,
      "users": 17,
      "snr_db": 30,
      "mean_sum_bits": 55.47050514435867,
      "se_sum_bits": 0.016735543905229237,
      "mean_symmetric_bits": 3.2629708908446275,
      "se_symmetric_bits": 0.0009844437591311316
    },
    {
      "receive_antennas": 4,
      "users": 18,
      "snr_db": 0,
      "mean_sum_bits": 16.380204835456766,
      "se_sum_bits": 0.0150441681430293,
      "mean_symmetric_bits": 0.9100113797475982,
      "se_symmetric_bits": 0.0008357871190571833
    },
    {
      "receive_antennas": 4,
      "users": 18,
      "snr_db": 5,
      "mean_sum_bits": 22.757887651824003,
      "se_sum_bits": 0.01583241206887244,
      "mean_symmetric_bits": 1.264327091768,
      "se_symmetric_bits": 0.0008795784482706911
    },
    {
      "receive_antennas": 4,
      "users": 18,
      "snr_db": 10,
      "mean_sum_bits": 29.314228678843826,
      "se_sum_bits": 0.01610487775109016,
      "mean_symmetric_bits": 1.628568259935768,
      "se_symmetric_bits": 0.0008947154306161199
    },
    {
      "receive_antennas": 4,
      "users": 18,
      "snr_db": 15,
      "mean_sum_bits": 35.930051977296166,
      "se_sum_bits": 0.016193648120879187,
      "mean_symmetric_bits": 1.996113998738676,
      "se_symmetric_bits": 0.0008996471178266215
    },
    {
      "receive_antennas": 4,
      "users": 18,
      "snr_db": 20,
      "mean_sum_bits": 42.565006746605974,
      "se_sum_bits": 0.016221991184584488,
      "mean_symmetric_bits": 2.364722597033665,
      "se_symmetric_bits": 0.000901221732476916
    },
    {
      "receive_antennas": 4,
      "users": 18,
      "snr_db": 25,
      "mean_sum_bits": 49.20604436897747,
      "se_sum_bits": 0.01623098153666345,
      "mean_symmetric_bits": 2.73366913160986,
      "se_symmetric_bits": 0.0009017211964813027
    },
    {
      "receive_antennas": 4,
      "users": 18,
      "snr_db": 30,
      "mean_sum_bits": 55.84900887951002,
      "se_sum_bits": 0.01623382729561018,
      "mean_symmetric_bits": 3.102722715528335,
      "se_symmetric_bits": 0.0009018792942005657
    },
    {
      "receive_antennas": 4,
      "users": 19,
      "snr_db": 0,
      "mean_sum_bits": 16.709456859118987,
      "se_sum_bits": 0.014663229094369682,
      "mean_symmetric_bits": 0.8794450978483678,
      "se_symmetric_bits": 0.0007717488997036675
    },
    {
      "receive_antennas": 4,
      "users": 19,
      "snr_db": 5,
      "mean_sum_bits": 23.10393697403729,
      "se_sum_bits": 0.015378146458248788,
      "mean_symmetric_bits": 1.2159966828440678,
      "se_symmetric_bits": 0.0008093761293815152
    },
    {
      "receive_antennas": 4,
      "users": 19,
      "snr_db": 10,
      "mean_sum_bits": 29.666044030541777,
      "se_sum_bits": 0.015623418733865028,
      "mean_symmetric_bits": 1.5613707384495672,
      "se_symmetric_bits": 0.000822285196519212
    },
    {
      "receive_antennas": 4,
      "users": 19,
      "snr_db": 15,
      "mean_sum_bits": 36.283741190282825,
      "se_sum_bits": 0.015703115365073125,
      "mean_symmetric_bits": 1.909670588962254,
      "se_symmetric_bits": 0.0008264797560564802
    },
    {
      "receive_antennas": 4,
      "users": 19,
      "snr_db": 20,
      "mean_sum_bits": 42.91929375577409,
      "se_sum_bits": 0.015728538825657168,
      "mean_symmetric_bits": 2.2589101976723205,
      "se_symmetric_bits": 0.0008278178329293246
    },
    {
      "receive_antennas": 4,
      "users": 19,
      "snr_db": 25,
      "mean_sum_bits": 49.56052094678138,
      "se_sum_bits": 0.01573660080086583,
      "mean_symmetric_bits": 2.6084484708832307,
      "se_symmetric_bits": 0.0008282421474139909
    },
    {
      "receive_antennas": 4,
      "users": 19,
      "snr_db": 30,
      "mean_sum_bits": 56.203545457259715,
      "se_sum_bits": 0.015739152466514517,
      "mean_symmetric_bits": 2.9580813398557746,
      "se_symmetric_bits": 0.0008283764456060273
    },
    {
      "receive_antennas": 4,
      "users": 20,
      "snr_db": 0,
      "mean_sum_bits": 17.017215763499745,
      "se_sum_bits": 0.014345069523735826,
      "mean_symmetric_bits": 0.8508607881749872,
      "se_symmetric_bits": 0.0007172534761867913
    },
    {
      "receive_antennas": 4,
      "users": 20,
      "snr_db": 5,
      "mean_sum_bits": 23.426393373780485,
      "se_sum_bits": 0.014997687488668485,
      "mean_symmetric_bits": 1.1713196686890242,
      "se_symmetric_bits": 0.0007498843744334243
    },
    {
      "receive_antennas": 4,
      "users": 20,
      "snr_db": 10,
      "mean_sum_bits": 29.993514639212684,
      "se_sum_bits": 0.015220182192101014,
      "mean_symmetric_bits": 1.4996757319606342,
      "se_symmetric_bits": 0.0007610091096050507
    },
    {
      "receive_antennas": 4,
      "users": 20,
      "snr_db": 15,
      "mean_sum_bits": 36.61283779233265,
      "se_sum_bits": 0.015292317778604375,
      "mean_symmetric_bits": 1.8306418896166323,
      "se_symmetric_bits": 0.0007646158889302188
    },
    {
      "receive_antennas": 4,
      "users": 20,
      "snr_db": 20,
      "mean_sum_bits": 43.24890870966341,
      "se_sum_bits": 0.01531531254221549,
      "mean_symmetric_bits": 2.1624454354831704,
      "se_symmetric_bits": 0.0007657656271107745
    },
    {
      "receive_antennas": 4,
      "users": 20,
      "snr_db": 25,
      "mean_sum_bits": 49.89030023898846,
      "se_sum_bits": 0.015322602665158166,
      "mean_symmetric_bits": 2.494515011949423,
      "se_symmetric_bits": 0.0007661301332579082
    },
    {
      "receive_antennas": 4,
      "users": 20,
      "snr_db": 30,
      "mean_sum_bits": 56.533376760051354,
      "se_sum_bits": 0.015324909864597544,
      "mean_symmetric_bits": 2.8266688380025675,
      "se_symmetric_bits": 0.0007662454932298772
    },
    {
      "receive_antennas": 4,
      "users": 21,
      "snr_db": 0,
      "mean_sum_bits": 17.310577758156846,
      "se_sum_bits": 0.013869122848193794,
      "mean_symmetric_bits": 0.8243132265788974,
      "se_symmetric_bits": 0.0006604344213425616
    },
    {
      "receive_antennas": 4,
      "users": 21,
      "snr_db": 5,
      "mean_sum_bits": 23.73287228555982,
      "se_sum_bits": 0.014462117473784866,
      "mean_symmetric_bits": 1.1301367755028486,
      "se_symmetric_bits": 0.0006886722606564222
    },
    {
      "receive_antennas": 4,
      "users": 21,
      "snr_db": 10,
      "mean_sum_bits": 30.30444486956321,
      "se_sum_bits": 0.014663228175566702,
      "mean_symmetric_bits": 1.4430688033125338,
      "se_symmetric_bits": 0.0006982489607412715
    },
    {
      "receive_antennas": 4,
      "users": 21,
      "snr_db": 15,
      "mean_sum_bits": 36.92520882264051,
      "se_sum_bits": 0.014728312004476699,
      "mean_symmetric_bits": 1.7583432772685959,
      "se_symmetric_bits": 0.0007013481906893666
    },
    {
      "receive_antennas": 4,
      "users": 21,
      "snr_db": 20,
      "mean_sum_bits": 43.56173877707646,
      "se_sum_bits": 0.014749046519625959,
      "mean_symmetric_bits": 2.074368513194117,
      "se_symmetric_bits": 0.000702335548553617
    },
    {
      "receive_antennas": 4,
      "users": 21,
      "snr_db": 25,
      "mean_sum_bits": 50.20327581154096,
      "se_sum_bits": 0.014755618816385659,
      "mean_symmetric_bits": 2.3906321815019504,
      "se_symmetric_bits": 0.0007026485150659837
    },
    {
      "receive_antennas": 4,
      "users": 21,
      "snr_db": 30,
      "mean_sum_bits": 56.84639837995893,
      "se_sum_bits": 0.014757698710550613,
      "mean_symmetric_bits": 2.7069713514266156,
      "se_symmetric_bits": 0.0007027475576452673
    },
    {
      "receive_antennas": 4,
      "users": 22,
      "snr_db": 0,
      "mean_sum_bits": 17.592732932902827,
      "se_sum_bits": 0.0134618272653032,
      "mean_symmetric_bits": 0.7996696787683103,
      "se_symmetric_bits": 0.0006119012393319636
    },
    {
      "receive_antennas": 4,
      "users": 22,
      "snr_db": 5,
      "mean_sum_bits": 24.026743624975296,
      "se_sum_bits": 0.014003423521839645,
      "mean_symmetric_bits": 1.0921247102261498,
      "se_symmetric_bits": 0.0006365192509927112
    },
    {
      "receive_antennas": 4,
      "users": 22,
      "snr_db": 10,
      "mean_sum_bits": 30.6022705926894,
      "se_sum_bits": 0.014186241354289295,
      "mean_symmetric_bits": 1.3910122996677001,
      "se_symmetric_bits": 0.0006448291524676952
    },
    {
      "receive_antennas": 4,
      "users": 22,
      "snr_db": 15,
      "mean_sum_bits": 37.22431210771319,
      "se_sum_bits": 0.014245308952815212,
      "mean_symmetric_bits": 1.6920141867142358,
      "se_symmetric_bits": 0.0006475140433097824
    },
    {
      "receive_antennas": 4,
      "users": 22,
      "snr_db": 20,
      "mean_sum_bits": 43.86124884454818,
      "se_sum_bits": 0.014264116819711367,
      "mean_symmetric_bits": 1.9936931292976445,
      "se_symmetric_bits": 0.0006483689463505167
    },
    {
      "receive_antennas": 4,
      "users": 22,
      "snr_db": 25,
      "mean_sum_bits": 50.50291479550798,
      "se_sum_bits": 0.014270077408902964,
      "mean_symmetric_bits": 2.2955870361594535,
      "se_symmetric_bits": 0.000648639882222862
    },
    {
      "receive_antennas": 4,
      "users": 22,
      "snr_db": 30,
      "mean_sum_bits": 57.146078159039206,
      "se_sum_bits": 0.014271963618302737,
      "mean_symmetric_bits": 2.597549007229055,
      "se_symmetric_bits": 0.0006487256190137608
    },
    {
      "receive_antennas": 4,
      "users": 23,
      "snr_db": 0,
      "mean_sum_bits": 17.858441523928605,
      "se_sum_bits": 0.01307965463032155,
      "mean_symmetric_bits": 0.7764539793012437,
      "se_symmetric_bits": 0.0005686806361009369
    },
    {
      "receive_antennas": 4,
      "users": 23,
      "snr_db": 5,
      "mean_sum_bits": 24.303044839498277,
      "se_sum_bits": 0.013574486578806236,
      "mean_symmetric_bits": 1.0566541234564468,
      "se_symmetric_bits": 0.0005901950686437494
    },
    {
      "receive_antennas": 4,
      "users": 23,
      "snr_db": 10,
      "mean_sum_bits": 30.88213514686145,
      "se_sum_bits": 0.013740767002476575,
      "mean_symmetric_bits": 1.342701528124411,
      "se_symmetric_bits": 0.0005974246522815902
    },
    {
      "receive_antennas": 4,
      "users": 23,
      "snr_db": 15,
      "mean_sum_bits": 37.50532656647362,
      "se_sum_bits": 0.01379440818173979,
      "mean_symmetric_bits": 1.6306663724553747,
      "se_symmetric_bits": 0.0005997568774669473
    },
    {
      "receive_antennas": 4,
      "users": 23,
      "snr_db": 20,
      "mean_sum_bits": 44.14262930195321,
      "se_sum_bits": 0.013811479597548953,
      "mean_symmetric_bits": 1.9192447522588352,
      "se_symmetric_bits": 0.000600499112936911
    },
    {
      "receive_antennas": 4,
      "users": 23,
      "snr_db": 25,
      "mean_sum_bits": 50.78441123045978,
      "se_sum_bits": 0.01381688900022111,
      "mean_symmetric_bits": 2.2080178795852077,
      "se_symmetric_bits": 0.0006007343043574395
    },
    {
      "receive_antennas": 4,
      "users": 23,
      "snr_db": 30,
      "mean_sum_bits": 57.427611293234264,
      "se_sum_bits": 0.013818600701065224,
      "mean_symmetric_bits": 2.496852664923229,
      "se_symmetric_bits": 0.0006008087261332706
    },
    {
      "receive_antennas": 4,
      "users": 24,
      "snr_db": 0,
      "mean_sum_bits": 18.112912312994936,
      "se_sum_bits": 0.012739716751317971,
      "mean_symmetric_bits": 0.7547046797081224,
      "se_symmetric_bits": 0.0005308215313049154
    },
    {
      "receive_antennas": 4,
      "users": 24,
      "snr_db": 5,
      "mean_sum_bits": 24.567103188911737,
      "se_sum_bits": 0.01319713050365471,
      "mean_symmetric_bits": 1.023629299537989,
      "se_symmetric_bits": 0.0005498804376522795
    },
    {
      "receive_antennas": 4,
      "users": 24,
      "snr_db": 10,
      "mean_sum_bits": 31.149406700243397,
      "se_sum_bits": 0.013350256802462117,
      "mean_symmetric_bits": 1.2978919458434748,
      "se_symmetric_bits": 0.0005562607001025883
    },
    {
      "receive_antennas": 4,
      "users": 24,
      "snr_db": 15,
      "mean_sum_bits": 37.77363371452695,
      "se_sum_bits": 0.01339959052434278,
      "mean_symmetric_bits": 1.5739014047719564,
      "se_symmetric_bits": 0.0005583162718476158
    },
    {
      "receive_antennas": 4,
      "users": 24,
      "snr_db": 20,
      "mean_sum_bits": 44.41126592935632,
      "se_sum_bits": 0.013415284472389637,
      "mean_symmetric_bits": 1.8504694137231799,
      "se_symmetric_bits": 0.0005589701863495683
    },
    {
      "receive_antennas": 4,
      "users": 24,
      "snr_db": 25,
      "mean_sum_bits": 51.05315224944902,
      "se_sum_bits": 0.013420256730281627,
      "mean_symmetric_bits": 2.1272146770603757,
      "se_symmetric_bits": 0.0005591773637617345
    },
    {
      "receive_antennas": 4,
      "users": 24,
      "snr_db": 30,
      "mean_sum_bits": 57.69638534389653,
      "se_sum_bits": 0.013421830038102723,
      "mean_symmetric_bits": 2.404016055995689,
      "se_symmetric_bits": 0.0005592429182542802
    },
    {
      "receive_antennas": 4,
      "users": 25,
      "snr_db": 0,
      "mean_sum_bits": 18.357346299819895,
      "se_sum_bits": 0.012453072939688737,
      "mean_symmetric_bits": 0.7342938519927958,
      "se_symmetric_bits": 0.0004981229175875495
    },
    {
      "receive_antennas": 4,
      "users": 25,
      "snr_db": 5,
      "mean_sum_bits": 24.820228119177887,
      "se_sum_bits": 0.012877586830975517,
      "mean_symmetric_bits": 0.9928091247671155,
      "se_symmetric_bits": 0.0005151034732390207
    },
    {
      "receive_antennas": 4,
      "users": 25,
      "snr_db": 10,
      "mean_sum_bits": 31.405433836981004,
      "se_sum_bits": 0.013019217012258603,
      "mean_symmetric_bits": 1.2562173534792402,
      "se_symmetric_bits": 0.0005207686804903441
    },
    {
      "receive_antennas": 4,
      "users": 25,
      "snr_db": 15,
      "mean_sum_bits": 38.03059506909865,
      "se_sum_bits": 0.013064794201360051,
      "mean_symmetric_bits": 1.521223802763946,
      "se_symmetric_bits": 0.0005225917680544021
    },
    {
      "receive_antennas": 4,
      "users": 25,
      "snr_db": 20,
      "mean_sum_bits": 44.66852439204746,
      "se_sum_bits": 0.013079287696220345,
      "mean_symmetric_bits": 1.7867409756818984,
      "se_symmetric_bits": 0.0005231715078488138
    },
    {
      "receive_antennas": 4,
      "users": 25,
      "snr_db": 25,
      "mean_sum_bits": 51.31050483541195,
      "se_sum_bits": 0.01308387907043631,
      "mean_symmetric_bits": 2.052420193416478,
      "se_symmetric_bits": 0.0005233551628174523
    },
    {
      "receive_antennas": 4,
      "users": 25,
      "snr_db": 30,
      "mean_sum_bits": 57.95376771123268,
      "se_sum_bits": 0.01308533180511985,
      "mean_symmetric_bits": 2.3181507084493074,
      "se_symmetric_bits": 0.000523413272204794
    },
    {
      "receive_antennas": 4,
      "users": 26,
      "snr_db": 0,
      "mean_sum_bits": 18.589042496275226,
      "se_sum_bits": 0.012267287311297358,
      "mean_symmetric_bits": 0.7149631729336625,
      "se_symmetric_bits": 0.00047181874274220605
    },
    {
      "receive_antennas": 4,
      "users": 26,
      "snr_db": 5,
      "mean_sum_bits": 25.059665501406727,
      "se_sum_bits": 0.012666798095724527,
      "mean_symmetric_bits": 0.9638332885156433,
      "se_symmetric_bits": 0.00048718454214325107
    },
    {
      "receive_antennas": 4,
      "users": 26,
      "snr_db": 10,
      "mean_sum_bits": 31.64744654277052,
      "se_sum_bits": 0.012799751331100699,
      "mean_symmetric_bits": 1.2172094824142508,
      "se_symmetric_bits": 0.0004922981281192577
    },
    {
      "receive_antennas": 4,
      "users": 26,
      "snr_db": 15,
      "mean_sum_bits": 38.27343571336743,
      "se_sum_bits": 0.012842500012977976,
      "mean_symmetric_bits": 1.472055219744901,
      "se_symmetric_bits": 0.0004939423081914607
    },
    {
      "receive_antennas": 4,
      "users": 26,
      "snr_db": 20,
      "mean_sum_bits": 44.91162823606143,
      "se_sum_bits": 0.012856090329422061,
      "mean_symmetric_bits": 1.7273703167715935,
      "se_symmetric_bits": 0.0004944650126700793
    },
    {
      "receive_antennas": 4,
      "users": 26,
      "snr_db": 25,
      "mean_sum_bits": 51.5536920496486,
      "se_sum_bits": 0.012860395212329507,
      "mean_symmetric_bits": 1.9828343096018695,
      "se_symmetric_bits": 0.0004946305850895964
    },
    {
      "receive_antennas": 4,
      "users": 26,
      "snr_db": 30,
      "mean_sum_bits": 58.196981303392626,
      "se_sum_bits": 0.012861757262109457,
      "mean_symmetric_bits": 2.23834543474587,
      "se_symmetric_bits": 0.0004946829716195945
    },
    {
      "receive_antennas": 4,
      "users": 27,
      "snr_db": 0,
      "mean_sum_bits": 18.81491722187856,
      "se_sum_bits": 0.01208983015927838,
      "mean_symmetric_bits": 0.6968487859955022,
      "se_symmetric_bits": 0.00044777148738068076
    },
    {
      "receive_antennas": 4,
      "users": 27,
      "snr_db": 5,
      "mean_sum_bits": 25.292779777798195,
      "se_sum_bits": 0.012466909203969052,
      "mean_symmetric_bits": 0.9367696213999331,
      "se_symmetric_bits": 0.0004617373779247797
    },
    {
      "receive_antennas": 4,
      "users": 27,
      "snr_db": 10,
      "mean_sum_bits": 31.882963685104777,
      "se_sum_bits": 0.012592091000451675,
      "mean_symmetric_bits": 1.1808505068557325,
      "se_symmetric_bits": 0.00046637374075746943
    },
    {
      "receive_antennas": 4,
      "users": 27,
      "snr_db": 15,
      "mean_sum_bits": 38.50972475092584,
      "se_sum_bits": 0.01263230784214958,
      "mean_symmetric_bits": 1.4262861018861424,
      "se_symmetric_bits": 0.0004678632534129474
    },
    {
      "receive_antennas": 4,
      "users": 27,
      "snr_db": 20,
      "mean_sum_bits": 45.14816259588541,
      "se_sum_bits": 0.01264508986507851,
      "mean_symmetric_bits": 1.672154170217978,
      "se_symmetric_bits": 0.00046833666166957446
    },
    {
      "receive_antennas": 4,
      "users": 27,
      "snr_db": 25,
      "mean_sum_bits": 51.79030411069491,
      "se_sum_bits": 0.012649138370236668,
      "mean_symmetric_bits": 1.918159411507219,
      "se_symmetric_bits": 0.0004684866063050618
    },
    {
      "receive_antennas": 4,
      "users": 27,
      "snr_db": 30,
      "mean_sum_bits": 58.43361794809793,
      "se_sum_bits": 0.012650419268728954,
      "mean_symmetric_bits": 2.164208072151775,
      "se_symmetric_bits": 0.00046853404698996124
    },
    {
      "receive_antennas": 4,
      "users": 28,
      "snr_db": 0,
      "mean_sum_bits": 19.031052482502016,
      "se_sum_bits": 0.012018725050386076,
      "mean_symmetric_bits": 0.6796804458036434,
      "se_symmetric_bits": 0.0004292401803709313
    },
    {
      "receive_antennas": 4,
      "users": 28,
      "snr_db": 5,
      "mean_sum_bits": 25.515568687390342,
      "se_sum_bits": 0.012378138687520147,
      "mean_symmetric_bits": 0.9112703102639408,
      "se_symmetric_bits": 0.00044207638169714813
    },
    {
      "receive_antennas": 4,
      "users": 28,
      "snr_db": 10,
      "mean_sum_bits": 32.10795642355881,
      "se_sum_bits": 0.012497180852128788,
      "mean_symmetric_bits": 1.1467127294128148,
      "se_symmetric_bits": 0.00044632788757602813
    },
    {
      "receive_antennas": 4,
      "users": 28,
      "snr_db": 15,
      "mean_sum_bits": 38.735424955326835,
      "se_sum_bits": 0.0125353956143793,
      "mean_symmetric_bits": 1.3834080341188155,
      "se_symmetric_bits": 0.00044769270051354644
    },
    {
      "receive_antennas": 4,
      "users": 28,
      "snr_db": 20,
      "mean_sum_bits": 45.37408759554352,
      "se_sum_bits": 0.01254753828762585,
      "mean_symmetric_bits": 1.6205031284122686,
      "se_symmetric_bits": 0.00044812636741520896
    },
    {
      "receive_antennas": 4,
      "users": 28,
      "snr_db": 25,
      "mean_sum_bits": 52.01630030497175,
      "se_sum_bits": 0.012551383983115045,
      "mean_symmetric_bits": 1.8577250108918482,
      "se_symmetric_bits": 0.0004482637136826802
    },
    {
      "receive_antennas": 4,
      "users": 28,
      "snr_db": 30,
      "mean_sum_bits": 58.659636666921685,
      "se_sum_bits": 0.012552600684416049,
      "mean_symmetric_bits": 2.0949870238186317,
      "se_symmetric_bits": 0.0004483071673005732
    },
    {
      "receive_antennas": 4,
      "users": 29,
      "snr_db": 0,
      "mean_sum_bits": 19.241613531132387,
      "se_sum_bits": 0.011838361335511204,
      "mean_symmetric_bits": 0.6635039148666341,
      "se_symmetric_bits": 0.0004082193563969381
    },
    {
      "receive_antennas": 4,
      "users": 29,
      "snr_db": 5,
      "mean_sum_bits": 25.732305415350687,
      "se_sum_bits": 0.01217825141051991,
      "mean_symmetric_bits": 0.887320876391403,
      "se_symmetric_bits": 0.0004199397038110314
    },
    {
      "receive_antennas": 4,
      "users": 29,
      "snr_db": 10,
      "mean_sum_bits": 32.32673368775625,
      "se_sum_bits": 0.01229059723266509,
      "mean_symmetric_bits": 1.1147149547502155,
      "se_symmetric_bits": 0.0004238136976781066
    },
    {
      "receive_antennas": 4,
      "users": 29,
      "snr_db": 15,
      "mean_sum_bits": 38.95485673391762,
      "se_sum_bits": 0.012326637703275653,
      "mean_symmetric_bits": 1.3432709218592285,
      "se_symmetric_bits": 0.0004250564725267466
    },
    {
      "receive_antennas": 4,
      "users": 29,
      "snr_db": 20,
      "mean_sum_bits": 45.59372728984597,
      "se_sum_bits": 0.01233808697888559,
      "mean_symmetric_bits": 1.5721974927533093,
      "se_symmetric_bits": 0.0004254512751339859
    },
    {
      "receive_antennas": 4,
      "users": 29,
      "snr_db": 25,
      "mean_sum_bits": 52.236005842522054,
      "se_sum_bits": 0.012341712815157937,
      "mean_symmetric_bits": 1.8012415807766227,
      "se_symmetric_bits": 0.00042557630397096336
    },
    {
      "receive_antennas": 4,
      "users": 29,
      "snr_db": 30,
      "mean_sum_bits": 58.87936303540434,
      "se_sum_bits": 0.012342859931947123,
      "mean_symmetric_bits": 2.030322863289805,
      "se_symmetric_bits": 0.00042561585972231456
    },
    {
      "receive_antennas": 4,
      "users": 30,
      "snr_db": 0,
      "mean_sum_bits": 19.439797247407565,
      "se_sum_bits": 0.011676055467283822,
      "mean_symmetric_bits": 0.6479932415802522,
      "se_symmetric_bits": 0.00038920184890946073
    },
    {
      "receive_antennas": 4,
      "users": 30,
      "snr_db": 5,
      "mean_sum_bits": 25.93606620010373,
      "se_sum_bits": 0.011998517080969598,
      "mean_symmetric_bits": 0.8645355400034577,
      "se_symmetric_bits": 0.00039995056936565325
    },
    {
      "receive_antennas": 4,
      "users": 30,
      "snr_db": 10,
      "mean_sum_bits": 32.53233383497793,
      "se_sum_bits": 0.012104896062160496,
      "mean_symmetric_bits": 1.0844111278325979,
      "se_symmetric_bits": 0.00040349653540534987
    },
    {
      "receive_antennas": 4,
      "users": 30,
      "snr_db": 15,
      "mean_sum_bits": 39.16104650809949,
      "se_sum_bits": 0.012139000326094551,
      "mean_symmetric_bits": 1.3053682169366496,
      "se_symmetric_bits": 0.0004046333442031517
    },
    {
      "receive_antennas": 4,
      "users": 30,
      "snr_db": 20,
      "mean_sum_bits": 45.80010433063874,
      "se_sum_bits": 0.012149832257223804,
      "mean_symmetric_bits": 1.5266701443546247,
      "se_symmetric_bits": 0.0004049944085741268
    },
    {
      "receive_antennas": 4,
      "users": 30,
      "snr_db": 25,
      "mean_sum_bits": 52.44244218366302,
      "se_sum_bits": 0.012153262361605851,
      "mean_symmetric_bits": 1.7480814061221006,
      "se_symmetric_bits": 0.0004051087453868617
    },
    {
      "receive_antennas": 4,
      "users": 30,
      "snr_db": 30,
      "mean_sum_bits": 59.08581813712013,
      "se_sum_bits": 0.012154347531360016,
      "mean_symmetric_bits": 1.9695272712373375,
      "se_symmetric_bits": 0.00040514491771200054
    },
    {
      "receive_antennas": 5,
      "users": 1,
      "snr_db": 0,
      "mean_sum_bits": 2.4874754199438334,
      "se_sum_bits": 0.011828484881682297,
      "mean_symmetric_bits": 2.4874754199438334,
      "se_symmetric_bits": 0.011828484881682297
    },
    {
      "receive_antennas": 5,
      "users": 1,
      "snr_db": 5,
      "mean_sum_bits": 3.943591096997654,
      "se_sum_bits": 0.013721398952439625,
      "mean_symmetric_bits": 3.943591096997654,
      "se_symmetric_bits": 0.013721398952439625
    },
    {
      "receive_antennas": 5,
      "users": 1,
      "snr_db": 10,
      "mean_sum_bits": 5.531650694212587,
      "se_sum_bits": 0.01449597855750171,
      "mean_symmetric_bits": 5.531650694212587,
      "se_symmetric_bits": 0.01449597855750171
    },
    {
      "receive_antennas": 5,
      "users": 1,
      "snr_db": 15,
      "mean_sum_bits": 7.168548018684694,
      "se_sum_bits": 0.014766356205125335,
      "mean_symmetric_bits": 7.168548018684694,
      "se_symmetric_bits": 0.014766356205125335
    },
    {
      "receive_antennas": 5,
      "users": 1,
      "snr_db": 20,
      "mean_sum_bits": 8.821791454856788,
      "se_sum_bits": 0.014854802830921459,
      "mean_symmetric_bits": 8.821791454856788,
      "se_symmetric_bits": 0.014854802830921459
    },
    {
      "receive_antennas": 5,
      "users": 1,
      "snr_db": 25,
      "mean_sum_bits": 10.480302707890935,
      "se_sum_bits": 0.014883082190261448,
      "mean_symmetric_bits": 10.480302707890935,
      "se_symmetric_bits": 0.014883082190261448
    },
    {
      "receive_antennas": 5,
      "users": 1,
      "snr_db": 30,
      "mean_sum_bits": 12.140489970823051,
      "se_sum_bits": 0.014892056442974299,
      "mean_symmetric_bits": 12.140489970823051,
      "se_symmetric_bits": 0.014892056442974299
    },
    {
      "receive_antennas": 5,
      "users": 2,
      "snr_db": 0,
      "mean_sum_bits": 4.749465351045425,
      "se_sum_bits": 0.01636352466218585,
      "mean_symmetric_bits": 2.3747326755227127,
      "se_symmetric_bits": 0.008181762331092924
    },
    {
      "receive_antennas": 5,
      "users": 2,
      "snr_db": 5,
      "mean_sum_bits": 7.576383418181273,
      "se_sum_bits": 0.019721056249930053,
      "mean_symmetric_bits": 3.7881917090906363,
      "se_symmetric_bits": 0.009860528124965027
    },
    {
      "receive_antennas": 5,
      "users": 2,
      "snr_db": 10,
      "mean_sum_bits": 10.711618331707577,
      "se_sum_bits": 0.021308934758207748,
      "mean_symmetric_bits": 5.355809165853788,
      "se_symmetric_bits": 0.010654467379103874
    },
    {
      "receive_antennas": 5,
      "users": 2,
      "snr_db": 15,
      "mean_sum_bits": 13.970089718411609,
      "se_sum_bits": 0.021912386842973804,
      "mean_symmetric_bits": 6.9850448592058045,
      "se_symmetric_bits": 0.010956193421486902
    },
    {
      "receive_antennas": 5,
      "users": 2,
      "snr_db": 20,
      "mean_sum_bits": 17.27142413546578,
      "se_sum_bits": 0.022117309920508386,
      "mean_symmetric_bits": 8.63571206773289,
      "se_symmetric_bits": 0.011058654960254193
    },
    {
      "receive_antennas": 5,
      "users": 2,
      "snr_db": 25,
      "mean_sum_bits": 20.586783480734653,
      "se_sum_bits": 0.022183729105496625,
      "mean_symmetric_bits": 10.293391740367326,
      "se_symmetric_bits": 0.011091864552748312
    },
    {
      "receive_antennas": 5,
      "users": 2,
      "snr_db": 30,
      "mean_sum_bits": 23.906628571526582,
      "se_sum_bits": 0.02220490250501985,
      "mean_symmetric_bits": 11.953314285763291,
      "se_symmetric_bits": 0.011102451252509925
    },
    {
      "receive_antennas": 5,
      "users": 3,
      "snr_db": 0,
      "mean_sum_bits": 6.804938850352399,
      "se_sum_bits": 0.019885181054723214,
      "mean_symmetric_bits": 2.2683129501174664,
      "se_symmetric_bits": 0.006628393684907738
    },
    {
      "receive_antennas": 5,
      "users": 3,
      "snr_db": 5,
      "mean_sum_bits": 10.880850214410174,
      "se_sum_bits": 0.02509333525436213,
      "mean_symmetric_bits": 3.6269500714700578,
      "se_symmetric_bits": 0.008364445084787377
    },
    {
      "receive_antennas": 5,
      "users": 3,
      "snr_db": 10,
      "mean_sum_bits": 15.488140191543867,
      "se_sum_bits": 0.02812464107689096,
      "mean_symmetric_bits": 5.162713397181289,
      "se_symmetric_bits": 0.009374880358963654
    },
    {
      "receive_antennas": 5,
      "users": 3,
      "snr_db": 15,
      "mean_sum_bits": 20.335371524913928,
      "se_sum_bits": 0.029466669228528097,
      "mean_symmetric_bits": 6.778457174971309,
      "se_symmetric_bits": 0.009822223076176032
    },
    {
      "receive_antennas": 5,
      "users": 3,
      "snr_db": 20,
      "mean_sum_bits": 25.27294577990672,
      "se_sum_bits": 0.02996078431466482,
      "mean_symmetric_bits": 8.424315259968907,
      "se_symmetric_bits": 0.009986928104888272
    },
    {
      "receive_antennas": 5,
      "users": 3,
      "snr_db": 25,
      "mean_sum_bits": 30.241221526749285,
      "se_sum_bits": 0.030126358885709623,
      "mean_symmetric_bits": 10.080407175583096,
      "se_symmetric_bits": 0.010042119628569874
    },
    {
      "receive_antennas": 5,
      "users": 3,
      "snr_db": 30,
      "mean_sum_bits": 35.21946109027928,
      "se_sum_bits": 0.030179765432712596,
      "mean_symmetric_bits": 11.739820363426427,
      "se_symmetric_bits": 0.0100599218109042
    },
    {
      "receive_antennas": 5,
      "users": 4,
      "snr_db": 0,
      "mean_sum_bits": 8.621125815576383,
      "se_sum_bits": 0.02182979510050225,
      "mean_symmetric_bits": 2.1552814538940956,
      "se_symmetric_bits": 0.005457448775125563
    },
    {
      "receive_antennas": 5,
      "users": 4,
      "snr_db": 5,
      "mean_sum_bits": 13.765732734654652,
      "se_sum_bits": 0.02869493962686332,
      "mean_symmetric_bits": 3.441433183663663,
      "se_symmetric_bits": 0.00717373490671583
    },
    {
      "receive_antennas": 5,
      "users": 4,
      "snr_db": 10,
      "mean_sum_bits": 19.69348338419433,
      "se_sum_bits": 0.03390250824147991,
      "mean_symmetric_bits": 4.9233708460485825,
      "se_symmetric_bits": 0.008475627060369978
    },
    {
      "receive_antennas": 5,
      "users": 4,
      "snr_db": 15,
      "mean_sum_bits": 26.042583085342073,
      "se_sum_bits": 0.036941986188919036,
      "mean_symmetric_bits": 6.510645771335518,
      "se_symmetric_bits": 0.009235496547229759
    },
    {
      "receive_antennas": 5,
      "users": 4,
      "snr_db": 20,
      "mean_sum_bits": 32.57871108747416,
      "se_sum_bits": 0.03832701315768487,
      "mean_symmetric_bits": 8.14467777186854,
      "se_symmetric_bits": 0.009581753289421218
    },
    {
      "receive_antennas": 5,
      "users": 4,
      "snr_db": 25,
      "mean_sum_bits": 39.18612291849169,
      "se_sum_bits": 0.038853382808936306,
      "mean_symmetric_bits": 9.796530729622923,
      "se_symmetric_bits": 0.009713345702234076
    },
    {
      "receive_antennas": 5,
      "users": 4,
      "snr_db": 30,
      "mean_sum_bits": 45.81814085635105,
      "se_sum_bits": 0.03903324573461325,
      "mean_symmetric_bits": 11.454535214087763,
      "se_symmetric_bits": 0.009758311433653313
    },
    {
      "receive_antennas": 5,
      "users": 5,
      "snr_db": 0,
      "mean_sum_bits": 10.209360619242357,
      "se_sum_bits": 0.023308919601259324,
      "mean_symmetric_bits": 2.0418721238484716,
      "se_symmetric_bits": 0.004661783920251865
    },
    {
      "receive_antennas": 5,
      "users": 5,
      "snr_db": 5,
      "mean_sum_bits": 16.180550960737868,
      "se_sum_bits": 0.031103808015248233,
      "mean_symmetric_bits": 3.2361101921475734,
      "se_symmetric_bits": 0.006220761603049647
    },
    {
      "receive_antennas": 5,
      "users": 5,
      "snr_db": 10,
      "mean_sum_bits": 23.115306547905462,
      "se_sum_bits": 0.038657267177297686,
      "mean_symmetric_bits": 4.623061309581092,
      "se_symmetric_bits": 0.0077314534354595375
    },
    {
      "receive_antennas": 5,
      "users": 5,
      "snr_db": 15,
      "mean_sum_bits": 30.678945411152597,
      "se_sum_bits": 0.04540923729703799,
      "mean_symmetric_bits": 6.135789082230519,
      "se_symmetric_bits": 0.009081847459407598
    },
    {
      "receive_antennas": 5,
      "users": 5,
      "snr_db": 20,
      "mean_sum_bits": 38.61904698858308,
      "se_sum_bits": 0.05052625031923716,
      "mean_symmetric_bits": 7.723809397716616,
      "se_symmetric_bits": 0.010105250063847432
    },
    {
      "receive_antennas": 5,
      "users": 5,
      "snr_db": 25,
      "mean_sum_bits": 46.76002496547177,
      "se_sum_bits": 0.053785794323132005,
      "mean_symmetric_bits": 9.352004993094354,
      "se_symmetric_bits": 0.010757158864626401
    },
    {
      "receive_antennas": 5,
      "users": 5,
      "snr_db": 30,
      "mean_sum_bits": 54.99646867725414,
      "se_sum_bits": 0.05558806181529681,
      "mean_symmetric_bits": 10.999293735450829,
      "se_symmetric_bits": 0.011117612363059363
    },
    {
      "receive_antennas": 5,
      "users": 6,
      "snr_db": 0,
      "mean_sum_bits": 11.580296126480546,
      "se_sum_bits": 0.02352123121060662,
      "mean_symmetric_bits": 1.9300493544134243,
      "se_symmetric_bits": 0.0039202052017677695
    },
    {
      "receive_antennas": 5,
      "users": 6,
      "snr_db": 5,
      "mean_sum_bits": 18.109952645197268,
      "se_sum_bits": 0.030406578393430524,
      "mean_symmetric_bits": 3.0183254408662115,
      "se_symmetric_bits": 0.005067763065571754
    },
    {
      "receive_antennas": 5,
      "users": 6,
      "snr_db": 10,
      "mean_sum_bits": 25.551630120562148,
      "se_sum_bits": 0.0358142634309694,
      "mean_symmetric_bits": 4.258605020093691,
      "se_symmetric_bits": 0.005969043905161567
    },
    {
      "receive_antennas": 5,
      "users": 6,
      "snr_db": 15,
      "mean_sum_bits": 33.492822662407065,
      "se_sum_bits": 0.039165890446814774,
      "mean_symmetric_bits": 5.582137110401177,
      "se_symmetric_bits": 0.006527648407802462
    },
    {
      "receive_antennas": 5,
      "users": 6,
      "snr_db": 20,
      "mean_sum_bits": 41.66211102830748,
      "se_sum_bits": 0.04077418672068467,
      "mean_symmetric_bits": 6.94368517138458,
      "se_symmetric_bits": 0.006795697786780778
    },
    {
      "receive_antennas": 5,
      "users": 6,
      "snr_db": 25,
      "mean_sum_bits": 49.92055592244543,
      "se_sum_bits": 0.04140307496658355,
      "mean_symmetric_bits": 8.320092653740906,
      "se_symmetric_bits": 0.006900512494430591
    },
    {
      "receive_antennas": 5,
      "users": 6,
      "snr_db": 30,
      "mean_sum_bits": 58.210240126148186,
      "se_sum_bits": 0.041620331121721366,
      "mean_symmetric_bits": 9.701706687691365,
      "se_symmetric_bits": 0.006936721853620227
    },
    {
      "receive_antennas": 5,
      "users": 7,
      "snr_db": 0,
      "mean_sum_bits": 12.786197833929446,
      "se_sum_bits": 0.023561599943454203,
      "mean_symmetric_bits": 1.8265996905613495,
      "se_symmetric_bits": 0.003365942849064886
    },
    {
      "receive_antennas": 5,
      "users": 7,
      "snr_db": 5,
      "mean_sum_bits": 19.699545081778815,
      "se_sum_bits": 0.029424891314219815,
      "mean_symmetric_bits": 2.814220725968402,
      "se_symmetric_bits": 0.004203555902031402
    },
    {
      "receive_antennas": 5,
      "users": 7,
      "snr_db": 10,
      "mean_sum_bits": 27.40766002326335,
      "se_sum_bits": 0.033128461901213054,
      "mean_symmetric_bits": 3.9153800033233357,
      "se_symmetric_bits": 0.0047326374144590075
    },
    {
      "receive_antennas": 5,
      "users": 7,
      "snr_db": 15,
      "mean_sum_bits": 35.490138120574805,
      "se_sum_bits": 0.034909828717651005,
      "mean_symmetric_bits": 5.070019731510686,
      "se_symmetric_bits": 0.004987118388235858
    },
    {
      "receive_antennas": 5,
      "users": 7,
      "snr_db": 20,
      "mean_sum_bits": 43.71926965108821,
      "se_sum_bits": 0.03560418555064442,
      "mean_symmetric_bits": 6.245609950155459,
      "se_symmetric_bits": 0.005086312221520632
    },
    {
      "receive_antennas": 5,
      "users": 7,
      "snr_db": 25,
      "mean_sum_bits": 51.999468791446205,
      "se_sum_bits": 0.03584348320905936,
      "mean_symmetric_bits": 7.428495541635172,
      "se_symmetric_bits": 0.005120497601294195
    },
    {
      "receive_antennas": 5,
      "users": 7,
      "snr_db": 30,
      "mean_sum_bits": 60.29642700606212,
      "se_sum_bits": 0.035921510269185684,
      "mean_symmetric_bits": 8.613775286580303,
      "se_symmetric_bits": 0.0051316443241693835
    },
    {
      "receive_antennas": 5,
      "users": 8,
      "snr_db": 0,
      "mean_sum_bits": 13.837396035898603,
      "se_sum_bits": 0.023370019205710604,
      "mean_symmetric_bits": 1.7296745044873254,
      "se_symmetric_bits": 0.0029212524007138255
    },
    {
      "receive_antennas": 5,
      "users": 8,
      "snr_db": 5,
      "mean_sum_bits": 21.01476371113571,
      "se_sum_bits": 0.02820885543080231,
      "mean_symmetric_bits": 2.626845463891964,
      "se_symmetric_bits": 0.0035261069288502886
    },
    {
      "receive_antennas": 5,
      "users": 8,
      "snr_db": 10,
      "mean_sum_bits": 28.873653712556766,
      "se_sum_bits": 0.030814014134019536,
      "mean_symmetric_bits": 3.609206714069596,
      "se_symmetric_bits": 0.003851751766752442
    },
    {
      "receive_antennas": 5,
      "users": 8,
      "snr_db": 15,
      "mean_sum_bits": 37.02203251940277,
      "se_sum_bits": 0.031902576985583804,
      "mean_symmetric_bits": 4.627754064925346,
      "se_symmetric_bits": 0.0039878221231979755
    },
    {
      "receive_antennas": 5,
      "users": 8,
      "snr_db": 20,
      "mean_sum_bits": 45.275321467470434,
      "se_sum_bits": 0.0322916314860478,
      "mean_symmetric_bits": 5.659415183433804,
      "se_symmetric_bits": 0.004036453935755975
    },
    {
      "receive_antennas": 5,
      "users": 8,
      "snr_db": 25,
      "mean_sum_bits": 53.563610922109845,
      "se_sum_bits": 0.032420497391285066,
      "mean_symmetric_bits": 6.695451365263731,
      "se_symmetric_bits": 0.004052562173910633
    },
    {
      "receive_antennas": 5,
      "users": 8,
      "snr_db": 30,
      "mean_sum_bits": 61.863178900256706,
      "se_sum_bits": 0.03246189943051298,
      "mean_symmetric_bits": 7.732897362532088,
      "se_symmetric_bits": 0.004057737428814123
    },
    {
      "receive_antennas": 5,
      "users": 9,
      "snr_db": 0,
      "mean_sum_bits": 14.777013622616176,
      "se_sum_bits": 0.02286171488190048,
      "mean_symmetric_bits": 1.6418904025129084,
      "se_symmetric_bits": 0.0025401905424333867
    },
    {
      "receive_antennas": 5,
      "users": 9,
      "snr_db": 5,
      "mean_sum_bits": 22.143153796747583,
      "se_sum_bits": 0.026791864809871703,
      "mean_symmetric_bits": 2.4603504218608427,
      "se_symmetric_bits": 0.0029768738677635226
    },
    {
      "receive_antennas": 5,
      "users": 9,
      "snr_db": 10,
      "mean_sum_bits": 30.096151453007778,
      "se_sum_bits": 0.02867090051343161,
      "mean_symmetric_bits": 3.3440168281119753,
      "se_symmetric_bits": 0.003185655612603512
    },
    {
      "receive_antennas": 5,
      "users": 9,
      "snr_db": 15,
      "mean_sum_bits": 38.28160234969643,
      "se_sum_bits": 0.029386666965572853,
      "mean_symmetric_bits": 4.253511372188492,
      "se_symmetric_bits": 0.0032651852183969835
    },
    {
      "receive_antennas": 5,
      "users": 9,
      "snr_db": 20,
      "mean_sum_bits": 46.54771274449697,
      "se_sum_bits": 0.029629368766497577,
      "mean_symmetric_bits": 5.171968082721886,
      "se_symmetric_bits": 0.0032921520851663974
    },
    {
      "receive_antennas": 5,
      "users": 9,
      "snr_db": 25,
      "mean_sum_bits": 54.840189397245304,
      "se_sum_bits": 0.029707949560465574,
      "mean_symmetric_bits": 6.093354377471701,
      "se_symmetric_bits": 0.003300883284496175
    },
    {
      "receive_antennas": 5,
      "users": 9,
      "snr_db": 30,
      "mean_sum_bits": 63.14109578470966,
      "se_sum_bits": 0.029732989377878563,
      "mean_symmetric_bits": 7.015677309412185,
      "se_symmetric_bits": 0.0033036654864309514
    },
    {
      "receive_antennas": 5,
      "users": 10,
      "snr_db": 0,
      "mean_sum_bits": 15.626990795087032,
      "se_sum_bits": 0.022033053976194907,
      "mean_symmetric_bits": 1.5626990795087032,
      "se_symmetric_bits": 0.0022033053976194907
    },
    {
      "receive_antennas": 5,
      "users": 10,
      "snr_db": 5,
      "mean_sum_bits": 23.13168254905495,
      "se_sum_bits": 0.025230263237401566,
      "mean_symmetric_bits": 2.313168254905495,
      "se_symmetric_bits": 0.0025230263237401565
    },
    {
      "receive_antennas": 5,
      "users": 10,
      "snr_db": 10,
      "mean_sum_bits": 31.14702780582776,
      "se_sum_bits": 0.02663605538608086,
      "mean_symmetric_bits": 3.114702780582776,
      "se_symmetric_bits": 0.002663605538608086
    },
    {
      "receive_antennas": 5,
      "users": 10,
      "snr_db": 15,
      "mean_sum_bits": 39.35541181565249,
      "se_sum_bits": 0.027145573751149402,
      "mean_symmetric_bits": 3.935541181565249,
      "se_symmetric_bits": 0.0027145573751149402
    },
    {
      "receive_antennas": 5,
      "users": 10,
      "snr_db": 20,
      "mean_sum_bits": 47.62918506655508,
      "se_sum_bits": 0.0273146934555169,
      "mean_symmetric_bits": 4.762918506655508,
      "se_symmetric_bits": 0.00273146934555169
    },
    {
      "receive_antennas": 5,
      "users": 10,
      "snr_db": 25,
      "mean_sum_bits": 55.92412993172497,
      "se_sum_bits": 0.027369034981881677,
      "mean_symmetric_bits": 5.592412993172497,
      "se_symmetric_bits": 0.0027369034981881675
    },
    {
      "receive_antennas": 5,
      "users": 10,
      "snr_db": 30,
      "mean_sum_bits": 64.22582147800341,
      "se_sum_bits": 0.02738630754009516,
      "mean_symmetric_bits": 6.422582147800341,
      "se_symmetric_bits": 0.002738630754009516
    },
    {
      "receive_antennas": 5,
      "users": 11,
      "snr_db": 0,
      "mean_sum_bits": 16.397467626004925,
      "se_sum_bits": 0.021179925149674664,
      "mean_symmetric_bits": 1.4906788750913569,
      "se_symmetric_bits": 0.001925447740879515
    },
    {
      "receive_antennas": 5,
      "users": 11,
      "snr_db": 5,
      "mean_sum_bits": 24.009080540451514,
      "se_sum_bits": 0.023752439063835933,
      "mean_symmetric_bits": 2.182643685495592,
      "se_symmetric_bits": 0.002159312642166903
    },
    {
      "receive_antennas": 5,
      "users": 11,
      "snr_db": 10,
      "mean_sum_bits": 32.06934296652301,
      "se_sum_bits": 0.024811735301013143,
      "mean_symmetric_bits": 2.9153948151384554,
      "se_symmetric_bits": 0.002255612300092104
    },
    {
      "receive_antennas": 5,
      "users": 11,
      "snr_db": 15,
      "mean_sum_bits": 40.293634274696636,
      "se_sum_bits": 0.025183050639981282,
      "mean_symmetric_bits": 3.6630576613360577,
      "se_symmetric_bits": 0.0022893682399982985
    },
    {
      "receive_antennas": 5,
      "users": 11,
      "snr_db": 20,
      "mean_sum_bits": 48.572640545593885,
      "se_sum_bits": 0.025304706836928238,
      "mean_symmetric_bits": 4.415694595053989,
      "se_symmetric_bits": 0.0023004278942662035
    },
    {
      "receive_antennas": 5,
      "users": 11,
      "snr_db": 25,
      "mean_sum_bits": 56.869261789968036,
      "se_sum_bits": 0.02534362457640209,
      "mean_symmetric_bits": 5.169932889997094,
      "se_symmetric_bits": 0.0023039658705820082
    },
    {
      "receive_antennas": 5,
      "users": 11,
      "snr_db": 30,
      "mean_sum_bits": 65.17148565322108,
      "se_sum_bits": 0.025355976893549126,
      "mean_symmetric_bits": 5.924680513929189,
      "se_symmetric_bits": 0.002305088808504466
    },
    {
      "receive_antennas": 5,
      "users": 12,
      "snr_db": 0,
      "mean_sum_bits": 17.09039150519255,
      "se_sum_bits": 0.020333154579162627,
      "mean_symmetric_bits": 1.4241992920993791,
      "se_symmetric_bits": 0.0016944295482635523
    },
    {
      "receive_antennas": 5,
      "users": 12,
      "snr_db": 5,
      "mean_sum_bits": 24.783219135205016,
      "se_sum_bits": 0.022489319364835992,
      "mean_symmetric_bits": 2.0652682612670845,
      "se_symmetric_bits": 0.001874109947069666
    },
    {
      "receive_antennas": 5,
      "users": 12,
      "snr_db": 10,
      "mean_sum_bits": 32.87585160852133,
      "se_sum_bits": 0.023340686716916397,
      "mean_symmetric_bits": 2.739654300710111,
      "se_symmetric_bits": 0.0019450572264096998
    },
    {
      "receive_antennas": 5,
      "users": 12,
      "snr_db": 15,
      "mean_sum_bits": 41.111317839222394,
      "se_sum_bits": 0.023633292068944132,
      "mean_symmetric_bits": 3.4259431532685327,
      "se_symmetric_bits": 0.0019694410057453445
    },
    {
      "receive_antennas": 5,
      "users": 12,
      "snr_db": 20,
      "mean_sum_bits": 49.3939648485554,
      "se_sum_bits": 0.023728459834479073,
      "mean_symmetric_bits": 4.116163737379616,
      "se_symmetric_bits": 0.0019773716528732562
    },
    {
      "receive_antennas": 5,
      "users": 12,
      "snr_db": 25,
      "mean_sum_bits": 57.691748574735755,
      "se_sum_bits": 0.023758829291907885,
      "mean_symmetric_bits": 4.807645714561313,
      "se_symmetric_bits": 0.001979902440992324
    },
    {
      "receive_antennas": 5,
      "users": 12,
      "snr_db": 30,
      "mean_sum_bits": 65.99434118126071,
      "se_sum_bits": 0.023768460799459202,
      "mean_symmetric_bits": 5.499528431771726,
      "se_symmetric_bits": 0.0019807050666216003
    },
    {
      "receive_antennas": 5,
      "users": 13,
      "snr_db": 0,
      "mean_sum_bits": 17.724873749621796,
      "se_sum_bits": 0.019635713717157124,
      "mean_symmetric_bits": 1.3634518268939844,
      "se_symmetric_bits": 0.0015104395167043943
    },
    {
      "receive_antennas": 5,
      "users": 13,
      "snr_db": 5,
      "mean_sum_bits": 25.482186880774293,
      "se_sum_bits": 0.021491737249007346,
      "mean_symmetric_bits": 1.9601682215980225,
      "se_symmetric_bits": 0.0016532105576159497
    },
    {
      "receive_antennas": 5,
      "users": 13,
      "snr_db": 10,
      "mean_sum_bits": 33.59957071123953,
      "se_sum_bits": 0.02220477524065039,
      "mean_symmetric_bits": 2.5845823624030406,
      "se_symmetric_bits": 0.0017080596338961839
    },
    {
      "receive_antennas": 5,
      "users": 13,
      "snr_db": 15,
      "mean_sum_bits": 41.843438365535164,
      "se_sum_bits": 0.022446992417491027,
      "mean_symmetric_bits": 3.2187260281180894,
      "se_symmetric_bits": 0.0017266917244223867
    },
    {
      "receive_antennas": 5,
      "users": 13,
      "snr_db": 20,
      "mean_sum_bits": 50.128805712701514,
      "se_sum_bits": 0.02252544612413883,
      "mean_symmetric_bits": 3.8560619779001164,
      "se_symmetric_bits": 0.001732726624933756
    },
    {
      "receive_antennas": 5,
      "users": 13,
      "snr_db": 25,
      "mean_sum_bits": 58.427456262786414,
      "se_sum_bits": 0.022550447791297678,
      "mean_symmetric_bits": 4.494419712522032,
      "se_symmetric_bits": 0.0017346498300998213
    },
    {
      "receive_antennas": 5,
      "users": 13,
      "snr_db": 30,
      "mean_sum_bits": 66.73032364811425,
      "se_sum_bits": 0.022558373474494773,
      "mean_symmetric_bits": 5.133101819085711,
      "se_symmetric_bits": 0.0017352594980380594
    },
    {
      "receive_antennas": 5,
      "users": 14,
      "snr_db": 0,
      "mean_sum_bits": 18.31228485691094,
      "se_sum_bits": 0.019179729456108227,
      "mean_symmetric_bits": 1.3080203469222098,
      "se_symmetric_bits": 0.001369980675436302
    },
    {
      "receive_antennas": 5,
      "users": 14,
      "snr_db": 5,
      "mean_sum_bits": 26.122791931043317,
      "se_sum_bits": 0.020804508341027393,
      "mean_symmetric_bits": 1.865913709360237,
      "se_symmetric_bits": 0.0014860363100733852
    },
    {
      "receive_antennas": 5,
      "users": 14,
      "snr_db": 10,
      "mean_sum_bits": 34.26012127330079,
      "se_sum_bits": 0.021412617435075214,
      "mean_symmetric_bits": 2.447151519521485,
      "se_symmetric_bits": 0.0015294726739339438
    },
    {
      "receive_antennas": 5,
      "users": 14,
      "snr_db": 15,
      "mean_sum_bits": 42.51069473178785,
      "se_sum_bits": 0.02161690745938069,
      "mean_symmetric_bits": 3.0364781951277036,
      "se_symmetric_bits": 0.0015440648185271921
    },
    {
      "receive_antennas": 5,
      "users": 14,
      "snr_db": 20,
      "mean_sum_bits": 50.79822617441787,
      "se_sum_bits": 0.021682816734283943,
      "mean_symmetric_bits": 3.6284447267441338,
      "se_symmetric_bits": 0.0015487726238774245
    },
    {
      "receive_antennas": 5,
      "users": 14,
      "snr_db": 25,
      "mean_sum_bits": 59.09756555530112,
      "se_sum_bits": 0.021703793587693785,
      "mean_symmetric_bits": 4.221254682521509,
      "se_symmetric_bits": 0.0015502709705495562
    },
    {
      "receive_antennas": 5,
      "users": 14,
      "snr_db": 30,
      "mean_sum_bits": 67.40065122070432,
      "se_sum_bits": 0.02171044062672803,
      "mean_symmetric_bits": 4.814332230050309,
      "se_symmetric_bits": 0.0015507457590520023
    },
    {
      "receive_antennas": 5,
      "users": 15,
      "snr_db": 0,
      "mean_sum_bits": 18.862843698517196,
      "se_sum_bits": 0.018824713781075225,
      "mean_symmetric_bits": 1.2575229132344796,
      "se_symmetric_bits": 0.0012549809187383484
    },
    {
      "receive_antennas": 5,
      "users": 15,
      "snr_db": 5,
      "mean_sum_bits": 26.717493715640583,
      "se_sum_bits": 0.02025037637522455,
      "mean_symmetric_bits": 1.7811662477093722,
      "se_symmetric_bits": 0.0013500250916816366
    },
    {
      "receive_antennas": 5,
      "users": 15,
      "snr_db": 10,
      "mean_sum_bits": 34.8710064375493,
      "se_sum_bits": 0.0207725669447771,
      "mean_symmetric_bits": 2.3247337625032864,
      "se_symmetric_bits": 0.0013848377963184733
    },
    {
      "receive_antennas": 5,
      "users": 15,
      "snr_db": 15,
      "mean_sum_bits": 43.126971197509384,
      "se_sum_bits": 0.02094648075123848,
      "mean_symmetric_bits": 2.8751314131672925,
      "se_symmetric_bits": 0.0013964320500825655
    },
    {
      "receive_antennas": 5,
      "users": 15,
      "snr_db": 20,
      "mean_sum_bits": 51.41623697539349,
      "se_sum_bits": 0.02100242241426074,
      "mean_symmetric_bits": 3.427749131692899,
      "se_symmetric_bits": 0.0014001614942840493
    },
    {
      "receive_antennas": 5,
      "users": 15,
      "snr_db": 25,
      "mean_sum_bits": 59.71612781919114,
      "se_sum_bits": 0.02102020956901057,
      "mean_symmetric_bits": 3.981075187946076,
      "se_symmetric_bits": 0.0014013473046007045
    },
    {
      "receive_antennas": 5,
      "users": 15,
      "snr_db": 30,
      "mean_sum_bits": 68.01938817663262,
      "se_sum_bits": 0.02102584412151969,
      "mean_symmetric_bits": 4.534625878442174,
      "se_symmetric_bits": 0.001401722941434646
    },
    {
      "receive_antennas": 5,
      "users": 16,
      "snr_db": 0,
      "mean_sum_bits": 19.370047791715994,
      "se_sum_bits": 0.018271312707860737,
      "mean_symmetric_bits": 1.2106279869822496,
      "se_symmetric_bits": 0.001141957044241296
    },
    {
      "receive_antennas": 5,
      "users": 16,
      "snr_db": 5,
      "mean_sum_bits": 27.261580086900114,
      "se_sum_bits": 0.01953526062657387,
      "mean_symmetric_bits": 1.7038487554312571,
      "se_symmetric_bits": 0.001220953789160867
    },
    {
      "receive_antennas": 5,
      "users": 16,
      "snr_db": 10,
      "mean_sum_bits": 35.42837533701416,
      "se_sum_bits": 0.019991601429831106,
      "mean_symmetric_bits": 2.214273458563385,
      "se_symmetric_bits": 0.0012494750893644441
    },
    {
      "receive_antennas": 5,
      "users": 16,
      "snr_db": 15,
      "mean_sum_bits": 43.68873399451302,
      "se_sum_bits": 0.020142737561949835,
      "mean_symmetric_bits": 2.730545874657064,
      "se_symmetric_bits": 0.0012589210976218647
    },
    {
      "receive_antennas": 5,
      "users": 16,
      "snr_db": 20,
      "mean_sum_bits": 51.97940984767248,
      "se_sum_bits": 0.020191260051454992,
      "mean_symmetric_bits": 3.24871311547953,
      "se_symmetric_bits": 0.001261953753215937
    },
    {
      "receive_antennas": 5,
      "users": 16,
      "snr_db": 25,
      "mean_sum_bits": 60.27974869914782,
      "se_sum_bits": 0.020206678697354694,
      "mean_symmetric_bits": 3.7674842936967385,
      "se_symmetric_bits": 0.0012629174185846683
    },
    {
      "receive_antennas": 5,
      "users": 16,
      "snr_db": 30,
      "mean_sum_bits": 68.58315094070466,
      "se_sum_bits": 0.020211562001428433,
      "mean_symmetric_bits": 4.286446933794041,
      "se_symmetric_bits": 0.001263222625089277
    },
    {
      "receive_antennas": 5,
      "users": 17,
      "snr_db": 0,
      "mean_sum_bits": 19.845143498850753,
      "se_sum_bits": 0.017556114663956533,
      "mean_symmetric_bits": 1.1673613822853384,
      "se_symmetric_bits": 0.0010327126272915608
    },
    {
      "receive_antennas": 5,
      "users": 17,
      "snr_db": 5,
      "mean_sum_bits": 27.768506560836954,
      "se_sum_bits": 0.01866410066911259,
      "mean_symmetric_bits": 1.6334415624021739,
      "se_symmetric_bits": 0.0010978882746536817
    },
    {
      "receive_antennas": 5,
      "users": 17,
      "snr_db": 10,
      "mean_sum_bits": 35.946627029210305,
      "se_sum_bits": 0.01905877411151885,
      "mean_symmetric_bits": 2.1145074723064887,
      "se_symmetric_bits": 0.001121104359501109
    },
    {
      "receive_antennas": 5,
      "users": 17,
      "snr_db": 15,
      "mean_sum_bits": 44.210714924920126,
      "se_sum_bits": 0.019188816341525042,
      "mean_symmetric_bits": 2.6006302897011837,
      "se_symmetric_bits": 0.0011287539024426496
    },
    {
      "receive_antennas": 5,
      "users": 17,
      "snr_db": 20,
      "mean_sum_bits": 52.50258569872402,
      "se_sum_bits": 0.01923049409481204,
      "mean_symmetric_bits": 3.088387394042589,
      "se_symmetric_bits": 0.0011312055349889435
    },
    {
      "receive_antennas": 5,
      "users": 17,
      "snr_db": 25,
      "mean_sum_bits": 60.80330400900545,
      "se_sum_bits": 0.019243730297067392,
      "mean_symmetric_bits": 3.576664941706203,
      "se_symmetric_bits": 0.0011319841351216113
    },
    {
      "receive_antennas": 5,
      "users": 17,
      "snr_db": 30,
      "mean_sum_bits": 69.10682640606696,
      "se_sum_bits": 0.019247921640006563,
      "mean_symmetric_bits": 4.065107435650997,
      "se_symmetric_bits": 0.0011322306847062684
    },
    {
      "receive_antennas": 5,
      "users": 18,
      "snr_db": 0,
      "mean_sum_bits": 20.296022350631436,
      "se_sum_bits": 0.017083620730009907,
      "mean_symmetric_bits": 1.127556797257302,
      "se_symmetric_bits": 0.000949090040556106
    },
    {
      "receive_antennas": 5,
      "users": 18,
      "snr_db": 5,
      "mean_sum_bits": 28.247191755966853,
      "se_sum_bits": 0.018066202069473136,
      "mean_symmetric_bits": 1.5692884308870474,
      "se_symmetric_bits": 0.0010036778927485076
    },
    {
      "receive_antennas": 5,
      "users": 18,
      "snr_db": 10,
      "mean_sum_bits": 36.435100142199,
      "se_sum_bits": 0.018411629265944116,
      "mean_symmetric_bits": 2.0241722301221667,
      "se_symmetric_bits": 0.001022868292552451
    },
    {
      "receive_antennas": 5,
      "users": 18,
      "snr_db": 15,
      "mean_sum_bits": 44.70239824200329,
      "se_sum_bits": 0.018524881998848466,
      "mean_symmetric_bits": 2.483466569000183,
      "se_symmetric_bits": 0.001029160111047137
    },
    {
      "receive_antennas": 5,
      "users": 18,
      "snr_db": 20,
      "mean_sum_bits": 52.995296255277125,
      "se_sum_bits": 0.01856111828075527,
      "mean_symmetric_bits": 2.944183125293174,
      "se_symmetric_bits": 0.0010311732378197372
    },
    {
      "receive_antennas": 5,
      "users": 18,
      "snr_db": 25,
      "mean_sum_bits": 61.2963406352148,
      "se_sum_bits": 0.018572620158167203,
      "mean_symmetric_bits": 3.4053522575119333,
      "se_symmetric_bits": 0.001031812231009289
    },
    {
      "receive_antennas": 5,
      "users": 18,
      "snr_db": 30,
      "mean_sum_bits": 69.59996626798981,
      "se_sum_bits": 0.018576261689534385,
      "mean_symmetric_bits": 3.866664792666101,
      "se_symmetric_bits": 0.0010320145383074658
    },
    {
      "receive_antennas": 5,
      "users": 19,
      "snr_db": 0,
      "mean_sum_bits": 20.714476065011738,
      "se_sum_bits": 0.0165787842299241,
      "mean_symmetric_bits": 1.0902355823690388,
      "se_symmetric_bits": 0.0008725675910486369
    },
    {
      "receive_antennas": 5,
      "users": 19,
      "snr_db": 5,
      "mean_sum_bits": 28.689132625298612,
      "se_sum_bits": 0.017459312348346818,
      "mean_symmetric_bits": 1.509954348699927,
      "se_symmetric_bits": 0.0009189111762287798
    },
    {
      "receive_antennas": 5,
      "users": 19,
      "snr_db": 10,
      "mean_sum_bits": 36.88521369327215,
      "se_sum_bits": 0.0177657888811918,
      "mean_symmetric_bits": 1.9413270364880078,
      "se_symmetric_bits": 0.0009350415200627263
    },
    {
      "receive_antennas": 5,
      "users": 19,
      "snr_db": 15,
      "mean_sum_bits": 45.15518088540726,
      "se_sum_bits": 0.017865904317941883,
      "mean_symmetric_bits": 2.3765884676530136,
      "se_symmetric_bits": 0.0009403107535758886
    },
    {
      "receive_antennas": 5,
      "users": 19,
      "snr_db": 20,
      "mean_sum_bits": 53.44893177871298,
      "se_sum_bits": 0.01789789824533256,
      "mean_symmetric_bits": 2.813101672563841,
      "se_symmetric_bits": 0.0009419946444911873
    },
    {
      "receive_antennas": 5,
      "users": 19,
      "snr_db": 25,
      "mean_sum_bits": 61.7502467592948,
      "se_sum_bits": 0.017908049571256048,
      "mean_symmetric_bits": 3.250012987331305,
      "se_symmetric_bits": 0.0009425289248029499
    },
    {
      "receive_antennas": 5,
      "users": 19,
      "snr_db": 30,
      "mean_sum_bits": 70.05395805353555,
      "se_sum_bits": 0.017911263114029886,
      "mean_symmetric_bits": 3.6870504238702924,
      "se_symmetric_bits": 0.0009426980586331519
    },
    {
      "receive_antennas": 5,
      "users": 20,
      "snr_db": 0,
      "mean_sum_bits": 21.10841553306341,
      "se_sum_bits": 0.01604866856987367,
      "mean_symmetric_bits": 1.0554207766531705,
      "se_symmetric_bits": 0.0008024334284936835
    },
    {
      "receive_antennas": 5,
      "users": 20,
      "snr_db": 5,
      "mean_sum_bits": 29.1035698378151,
      "se_sum_bits": 0.01683851058088812,
      "mean_symmetric_bits": 1.455178491890755,
      "se_symmetric_bits": 0.000841925529044406
    },
    {
      "receive_antennas": 5,
      "users": 20,
      "snr_db": 10,
      "mean_sum_bits": 37.30672521580071,
      "se_sum_bits": 0.017111073765173478,
      "mean_symmetric_bits": 1.8653362607900354,
      "se_symmetric_bits": 0.0008555536882586739
    },
    {
      "receive_antennas": 5,
      "users": 20,
      "snr_db": 15,
      "mean_sum_bits": 45.57899602226918,
      "se_sum_bits": 0.01719983106911779,
      "mean_symmetric_bits": 2.278949801113459,
      "se_symmetric_bits": 0.0008599915534558895
    },
    {
      "receive_antennas": 5,
      "users": 20,
      "snr_db": 20,
      "mean_sum_bits": 53.87348229956198,
      "se_sum_bits": 0.017228165529443274,
      "mean_symmetric_bits": 2.6936741149780987,
      "se_symmetric_bits": 0.0008614082764721637
    },
    {
      "receive_antennas": 5,
      "users": 20,
      "snr_db": 25,
      "mean_sum_bits": 62.175030529487856,
      "se_sum_bits": 0.017237152711434108,
      "mean_symmetric_bits": 3.108751526474393,
      "se_symmetric_bits": 0.0008618576355717055
    },
    {
      "receive_antennas": 5,
      "users": 20,
      "snr_db": 30,
      "mean_sum_bits": 70.4788156539808,
      "se_sum_bits": 0.017239997422895486,
      "mean_symmetric_bits": 3.5239407826990403,
      "se_symmetric_bits": 0.0008619998711447743
    },
    {
      "receive_antennas": 5,
      "users": 21,
      "snr_db": 0,
      "mean_sum_bits": 21.482465590886896,
      "se_sum_bits": 0.015713161330921616,
      "mean_symmetric_bits": 1.022974551946995,
      "se_symmetric_bits": 0.0007482457776629341
    },
    {
      "receive_antennas": 5,
      "users": 21,
      "snr_db": 5,
      "mean_sum_bits": 29.49561518059116,
      "se_sum_bits": 0.016440538419114206,
      "mean_symmetric_bits": 1.4045531038376742,
      "se_symmetric_bits": 0.0007828827818625812
    },
    {
      "receive_antennas": 5,
      "users": 21,
      "snr_db": 10,
      "mean_sum_bits": 37.704931695047335,
      "se_sum_bits": 0.01669001890672912,
      "mean_symmetric_bits": 1.795472937859397,
      "se_symmetric_bits": 0.0007947628050823391
    },
    {
      "receive_antennas": 5,
      "users": 21,
      "snr_db": 15,
      "mean_sum_bits": 45.9792030102962,
      "se_sum_bits": 0.01677108322972266,
      "mean_symmetric_bits": 2.1894858576331524,
      "se_symmetric_bits": 0.0007986230109391743
    },
    {
      "receive_antennas": 5,
      "users": 21,
      "snr_db": 20,
      "mean_sum_bits": 54.27432730604731,
      "se_sum_bits": 0.016796943307180956,
      "mean_symmetric_bits": 2.584491776478443,
      "se_symmetric_bits": 0.0007998544431990931
    },
    {
      "receive_antennas": 5,
      "users": 21,
      "snr_db": 25,
      "mean_sum_bits": 62.57607784136976,
      "se_sum_bits": 0.016805143778850343,
      "mean_symmetric_bits": 2.979813230541417,
      "se_symmetric_bits": 0.0008002449418500164
    },
    {
      "receive_antennas": 5,
      "users": 21,
      "snr_db": 30,
      "mean_sum_bits": 70.87992699526438,
      "se_sum_bits": 0.016807739284009617,
      "mean_symmetric_bits": 3.3752346188221134,
      "se_symmetric_bits": 0.0008003685373337913
    },
    {
      "receive_antennas": 5,
      "users": 22,
      "snr_db": 0,
      "mean_sum_bits": 21.835828095999894,
      "se_sum_bits": 0.01530230873200917,
      "mean_symmetric_bits": 0.9925376407272679,
      "se_symmetric_bits": 0.0006955594878185986
    },
    {
      "receive_antennas": 5,
      "users": 22,
      "snr_db": 5,
      "mean_sum_bits": 29.864975080447056,
      "se_sum_bits": 0.015966143177741074,
      "mean_symmetric_bits": 1.357498867293048,
      "se_symmetric_bits": 0.0007257337808064125
    },
    {
      "receive_antennas": 5,
      "users": 22,
      "snr_db": 10,
      "mean_sum_bits": 38.07974254457501,
      "se_sum_bits": 0.016192373271684192,
      "mean_symmetric_bits": 1.7308973883897734,
      "se_symmetric_bits": 0.000736016966894736
    },
    {
      "receive_antennas": 5,
      "users": 22,
      "snr_db": 15,
      "mean_sum_bits": 46.355780832853654,
      "se_sum_bits": 0.016265714568965285,
      "mean_symmetric_bits": 2.1070809469478933,
      "se_symmetric_bits": 0.0007393506622256948
    },
    {
      "receive_antennas": 5,
      "users": 22,
      "snr_db": 20,
      "mean_sum_bits": 54.65146836033411,
      "se_sum_bits": 0.016289093285181147,
      "mean_symmetric_bits": 2.4841576527424594,
      "se_symmetric_bits": 0.0007404133311445976
    },
    {
      "receive_antennas": 5,
      "users": 22,
      "snr_db": 25,
      "mean_sum_bits": 62.95339745643656,
      "se_sum_bits": 0.016296505099664824,
      "mean_symmetric_bits": 2.8615180662016617,
      "se_symmetric_bits": 0.0007407502318029466
    },
    {
      "receive_antennas": 5,
      "users": 22,
      "snr_db": 30,
      "mean_sum_bits": 71.25730312148472,
      "se_sum_bits": 0.016298850809105776,
      "mean_symmetric_bits": 3.238968323703851,
      "se_symmetric_bits": 0.0007408568549593534
    },
    {
      "receive_antennas": 5,
      "users": 23,
      "snr_db": 0,
      "mean_sum_bits": 22.16783229333693,
      "se_sum_bits": 0.01492469477202067,
      "mean_symmetric_bits": 0.9638187953624752,
      "se_symmetric_bits": 0.0006488997726965508
    },
    {
      "receive_antennas": 5,
      "users": 23,
      "snr_db": 5,
      "mean_sum_bits": 30.211140293734815,
      "se_sum_bits": 0.01553030542460081,
      "mean_symmetric_bits": 1.3135278388580354,
      "se_symmetric_bits": 0.0006752306706348178
    },
    {
      "receive_antennas": 5,
      "users": 23,
      "snr_db": 10,
      "mean_sum_bits": 38.43070897874963,
      "se_sum_bits": 0.01573547184216191,
      "mean_symmetric_bits": 1.6709003903804187,
      "se_symmetric_bits": 0.0006841509496592135
    },
    {
      "receive_antennas": 5,
      "users": 23,
      "snr_db": 15,
      "mean_sum_bits": 46.708300912651,
      "se_sum_bits": 0.015801845890364534,
      "mean_symmetric_bits": 2.030795691854391,
      "se_symmetric_bits": 0.0006870367778419363
    },
    {
      "receive_antennas": 5,
      "users": 23,
      "snr_db": 20,
      "mean_sum_bits": 55.00448339005568,
      "se_sum_bits": 0.01582298922013843,
      "mean_symmetric_bits": 2.391499277828508,
      "se_symmetric_bits": 0.000687956053049497
    },
    {
      "receive_antennas": 5,
      "users": 23,
      "snr_db": 25,
      "mean_sum_bits": 63.30656937098939,
      "se_sum_bits": 0.015829690878029618,
      "mean_symmetric_bits": 2.752459537869104,
      "se_symmetric_bits": 0.0006882474294795486
    },
    {
      "receive_antennas": 5,
      "users": 23,
      "snr_db": 30,
      "mean_sum_bits": 71.61052468428204,
      "se_sum_bits": 0.015831811688082783,
      "mean_symmetric_bits": 3.1135010732296537,
      "se_symmetric_bits": 0.0006883396386122949
    },
    {
      "receive_antennas": 5,
      "users": 24,
      "snr_db": 0,
      "mean_sum_bits": 22.491622232906973,
      "se_sum_bits": 0.014664343321766473,
      "mean_symmetric_bits": 0.9371509263711238,
      "se_symmetric_bits": 0.000611014305073603
    },
    {
      "receive_antennas": 5,
      "users": 24,
      "snr_db": 5,
      "mean_sum_bits": 30.547916252986678,
      "se_sum_bits": 0.015226796165742205,
      "mean_symmetric_bits": 1.272829843874445,
      "se_symmetric_bits": 0.0006344498402392585
    },
    {
      "receive_antennas": 5,
      "users": 24,
      "snr_db": 10,
      "mean_sum_bits": 38.7718649435555,
      "se_sum_bits": 0.01541649857309842,
      "mean_symmetric_bits": 1.6154943726481459,
      "se_symmetric_bits": 0.0006423541072124342
    },
    {
      "receive_antennas": 5,
      "users": 24,
      "snr_db": 15,
      "mean_sum_bits": 47.05087165063569,
      "se_sum_bits": 0.01547777550826092,
      "mean_symmetric_bits": 1.9604529854431538,
      "se_symmetric_bits": 0.000644907312844205
    },
    {
      "receive_antennas": 5,
      "users": 24,
      "snr_db": 20,
      "mean_sum_bits": 55.3475045696465,
      "se_sum_bits": 0.015497285375506051,
      "mean_symmetric_bits": 2.306146023735271,
      "se_symmetric_bits": 0.0006457202239794188
    },
    {
      "receive_antennas": 5,
      "users": 24,
      "snr_db": 25,
      "mean_sum_bits": 63.64973330049258,
      "se_sum_bits": 0.015503468295452197,
      "mean_symmetric_bits": 2.6520722208538574,
      "se_symmetric_bits": 0.0006459778456438416
    },
    {
      "receive_antennas": 5,
      "users": 24,
      "snr_db": 30,
      "mean_sum_bits": 71.95373378613318,
      "se_sum_bits": 0.015505424846016106,
      "mean_symmetric_bits": 2.9980722410888827,
      "se_symmetric_bits": 0.0006460593685840044
    },
    {
      "receive_antennas": 5,
      "users": 25,
      "snr_db": 0,
      "mean_sum_bits": 22.80290184716778,
      "se_sum_bits": 0.014336668445693127,
      "mean_symmetric_bits": 0.9121160738867112,
      "se_symmetric_bits": 0.000573466737827725
    },
    {
      "receive_antennas": 5,
      "users": 25,
      "snr_db": 5,
      "mean_sum_bits": 30.870999670487294,
      "se_sum_bits": 0.014856789802136432,
      "mean_symmetric_bits": 1.2348399868194917,
      "se_symmetric_bits": 0.0005942715920854573
    },
    {
      "receive_antennas": 5,
      "users": 25,
      "snr_db": 10,
      "mean_sum_bits": 39.098914721685006,
      "se_sum_bits": 0.015031499223049114,
      "mean_symmetric_bits": 1.5639565888674003,
      "se_symmetric_bits": 0.0006012599689219646
    },
    {
      "receive_antennas": 5,
      "users": 25,
      "snr_db": 15,
      "mean_sum_bits": 47.37920094469191,
      "se_sum_bits": 0.015087853881888793,
      "mean_symmetric_bits": 1.8951680377876763,
      "se_symmetric_bits": 0.0006035141552755517
    },
    {
      "receive_antennas": 5,
      "users": 25,
      "snr_db": 20,
      "mean_sum_bits": 55.67624107126088,
      "se_sum_bits": 0.015105788349319938,
      "mean_symmetric_bits": 2.227049642850435,
      "se_symmetric_bits": 0.0006042315339727975
    },
    {
      "receive_antennas": 5,
      "users": 25,
      "snr_db": 25,
      "mean_sum_bits": 63.97859883346425,
      "se_sum_bits": 0.015111471176052002,
      "mean_symmetric_bits": 2.55914395333857,
      "se_symmetric_bits": 0.0006044588470420801
    },
    {
      "receive_antennas": 5,
      "users": 25,
      "snr_db": 30,
      "mean_sum_bits": 72.28264014857221,
      "se_sum_bits": 0.015113269391678246,
      "mean_symmetric_bits": 2.8913056059428883,
      "se_symmetric_bits": 0.0006045307756671299
    },
    {
      "receive_antennas": 5,
      "users": 26,
      "snr_db": 0,
      "mean_sum_bits": 23.100379452282326,
      "se_sum_bits": 0.014064991594852434,
      "mean_symmetric_bits": 0.8884761327800894,
      "se_symmetric_bits": 0.000540961215186632
    },
    {
      "receive_antennas": 5,
      "users": 26,
      "snr_db": 5,
      "mean_sum_bits": 31.17918427585948,
      "se_sum_bits": 0.01454893995465867,
      "mean_symmetric_bits": 1.1991993952253646,
      "se_symmetric_bits": 0.0005595746136407181
    },
    {
      "receive_antennas": 5,
      "users": 26,
      "snr_db": 10,
      "mean_sum_bits": 39.41068382207055,
      "se_sum_bits": 0.014710935464936695,
      "mean_symmetric_bits": 1.5157955316180982,
      "se_symmetric_bits": 0.0005658052101898728
    },
    {
      "receive_antennas": 5,
      "users": 26,
      "snr_db": 15,
      "mean_sum_bits": 47.69212490682585,
      "se_sum_bits": 0.01476312717790645,
      "mean_symmetric_bits": 1.834312496416379,
      "se_symmetric_bits": 0.0005678125837656326
    },
    {
      "receive_antennas": 5,
      "users": 26,
      "snr_db": 20,
      "mean_sum_bits": 55.98953241808264,
      "se_sum_bits": 0.014779730429420417,
      "mean_symmetric_bits": 2.15344355454164,
      "se_symmetric_bits": 0.0005684511703623237
    },
    {
      "receive_antennas": 5,
      "users": 26,
      "snr_db": 25,
      "mean_sum_bits": 64.2920065777109,
      "se_sum_bits": 0.01478499079356585,
      "mean_symmetric_bits": 2.4727694837581113,
      "se_symmetric_bits": 0.0005686534920602249
    },
    {
      "receive_antennas": 5,
      "users": 26,
      "snr_db": 30,
      "mean_sum_bits": 72.59608472298777,
      "se_sum_bits": 0.014786655264717757,
      "mean_symmetric_bits": 2.7921571047302987,
      "se_symmetric_bits": 0.0005687175101814523
    },
    {
      "receive_antennas": 5,
      "users": 27,
      "snr_db": 0,
      "mean_sum_bits": 23.38530983627416,
      "se_sum_bits": 0.013851499241284456,
      "mean_symmetric_bits": 0.8661225865286726,
      "se_symmetric_bits": 0.0005130184904179428
    },
    {
      "receive_antennas": 5,
      "users": 27,
      "snr_db": 5,
      "mean_sum_bits": 31.473887033222642,
      "se_sum_bits": 0.014306980117988392,
      "mean_symmetric_bits": 1.1656995197489868,
      "se_symmetric_bits": 0.0005298881525180886
    },
    {
      "receive_antennas": 5,
      "users": 27,
      "snr_db": 10,
      "mean_sum_bits": 39.70864819184223,
      "se_sum_bits": 0.014459007570973077,
      "mean_symmetric_bits": 1.4706906737719345,
      "se_symmetric_bits": 0.0005355187989249288
    },
    {
      "receive_antennas": 5,
      "users": 27,
      "snr_db": 15,
      "mean_sum_bits": 47.991139020410294,
      "se_sum_bits": 0.014507939843714365,
      "mean_symmetric_bits": 1.7774495933485295,
      "se_symmetric_bits": 0.0005373311053227543
    },
    {
      "receive_antennas": 5,
      "users": 27,
      "snr_db": 20,
      "mean_sum_bits": 56.2888803639415,
      "se_sum_bits": 0.014523501267304863,
      "mean_symmetric_bits": 2.084773346812648,
      "se_symmetric_bits": 0.0005379074543446245
    },
    {
      "receive_antennas": 5,
      "users": 27,
      "snr_db": 25,
      "mean_sum_bits": 64.59146027934702,
      "se_sum_bits": 0.014528431053971738,
      "mean_symmetric_bits": 2.3922763066424824,
      "se_symmetric_bits": 0.0005380900390359903
    },
    {
      "receive_antennas": 5,
      "users": 27,
      "snr_db": 30,
      "mean_sum_bits": 72.89557188645377,
      "se_sum_bits": 0.014529990874695918,
      "mean_symmetric_bits": 2.699835995794584,
      "se_symmetric_bits": 0.0005381478101739228
    },
    {
      "receive_antennas": 5,
      "users": 28,
      "snr_db": 0,
      "mean_sum_bits": 23.6632596766676,
      "se_sum_bits": 0.013629657799850292,
      "mean_symmetric_bits": 0.8451164170238429,
      "se_symmetric_bits": 0.00048677349285179613
    },
    {
      "receive_antennas": 5,
      "users": 28,
      "snr_db": 5,
      "mean_sum_bits": 31.76092842302374,
      "se_sum_bits": 0.014057436354485702,
      "mean_symmetric_bits": 1.1343188722508477,
      "se_symmetric_bits": 0.0005020512983744894
    },
    {
      "receive_antennas": 5,
      "users": 28,
      "snr_db": 10,
      "mean_sum_bits": 39.99871589869804,
      "se_sum_bits": 0.014199783119149708,
      "mean_symmetric_bits": 1.428525567810644,
      "se_symmetric_bits": 0.0005071351113982038
    },
    {
      "receive_antennas": 5,
      "users": 28,
      "snr_db": 15,
      "mean_sum_bits": 48.28217987097949,
      "se_sum_bits": 0.014245551864107826,
      "mean_symmetric_bits": 1.724363566820696,
      "se_symmetric_bits": 0.0005087697094324224
    },
    {
      "receive_antennas": 5,
      "users": 28,
      "snr_db": 20,
      "mean_sum_bits": 56.580230597677044,
      "se_sum_bits": 0.014260102310201325,
      "mean_symmetric_bits": 2.0207225213456086,
      "se_symmetric_bits": 0.0005092893682214759
    },
    {
      "receive_antennas": 5,
      "users": 28,
      "snr_db": 25,
      "mean_sum_bits": 64.88290851455113,
      "se_sum_bits": 0.01426471132769875,
      "mean_symmetric_bits": 2.3172467326625403,
      "se_symmetric_bits": 0.000509453975989241
    },
    {
      "receive_antennas": 5,
      "users": 28,
      "snr_db": 30,
      "mean_sum_bits": 73.18705112907085,
      "se_sum_bits": 0.014266169604926205,
      "mean_symmetric_bits": 2.6138232546096734,
      "se_symmetric_bits": 0.000509506057318793
    },
    {
      "receive_antennas": 5,
      "users": 29,
      "snr_db": 0,
      "mean_sum_bits": 23.92800932766381,
      "se_sum_bits": 0.013399858640209216,
      "mean_symmetric_bits": 0.8251037699194417,
      "se_symmetric_bits": 0.0004620640910416971
    },
    {
      "receive_antennas": 5,
      "users": 29,
      "snr_db": 5,
      "mean_sum_bits": 32.0339989004153,
      "se_sum_bits": 0.01380200186943587,
      "mean_symmetric_bits": 1.1046206517384585,
      "se_symmetric_bits": 0.00047593109894606447
    },
    {
      "receive_antennas": 5,
      "users": 29,
      "snr_db": 10,
      "mean_sum_bits": 40.27454943872614,
      "se_sum_bits": 0.013935471929081006,
      "mean_symmetric_bits": 1.3887775668526254,
      "se_symmetric_bits": 0.0004805335147958968
    },
    {
      "receive_antennas": 5,
      "users": 29,
      "snr_db": 15,
      "mean_sum_bits": 48.55890117198654,
      "se_sum_bits": 0.013978348995568749,
      "mean_symmetric_bits": 1.6744448679995358,
      "se_symmetric_bits": 0.0004820120343299569
    },
    {
      "receive_antennas": 5,
      "users": 29,
      "snr_db": 20,
      "mean_sum_bits": 56.85723406170489,
      "se_sum_bits": 0.013991976285472085,
      "mean_symmetric_bits": 1.9605942779898238,
      "se_symmetric_bits": 0.00048248194087834777
    },
    {
      "receive_antennas": 5,
      "users": 29,
      "snr_db": 25,
      "mean_sum_bits": 65.16000135010013,
      "se_sum_bits": 0.013996292493966172,
      "mean_symmetric_bits": 2.246896598279315,
      "se_symmetric_bits": 0.00048263077565400593
    },
    {
      "receive_antennas": 5,
      "users": 29,
      "snr_db": 30,
      "mean_sum_bits": 73.46417224077908,
      "se_sum_bits": 0.013997658088441342,
      "mean_symmetric_bits": 2.5332473186475544,
      "se_symmetric_bits": 0.00048267786511866696
    },
    {
      "receive_antennas": 5,
      "users": 30,
      "snr_db": 0,
      "mean_sum_bits": 24.184215228482188,
      "se_sum_bits": 0.013227262183418602,
      "mean_symmetric_bits": 0.8061405076160729,
      "se_symmetric_bits": 0.0004409087394472867
    },
    {
      "receive_antennas": 5,
      "users": 30,
      "snr_db": 5,
      "mean_sum_bits": 32.297898695309165,
      "se_sum_bits": 0.013607029345701816,
      "mean_symmetric_bits": 1.0765966231769721,
      "se_symmetric_bits": 0.0004535676448567272
    },
    {
      "receive_antennas": 5,
      "users": 30,
      "snr_db": 10,
      "mean_sum_bits": 40.54099795831304,
      "se_sum_bits": 0.013732758683619941,
      "mean_symmetric_bits": 1.3513665986104348,
      "se_symmetric_bits": 0.00045775862278733137
    },
    {
      "receive_antennas": 5,
      "users": 30,
      "snr_db": 15,
      "mean_sum_bits": 48.826167925366306,
      "se_sum_bits": 0.013773115056419307,
      "mean_symmetric_bits": 1.6275389308455435,
      "se_symmetric_bits": 0.0004591038352139769
    },
    {
      "receive_antennas": 5,
      "users": 30,
      "snr_db": 20,
      "mean_sum_bits": 57.124760812125174,
      "se_sum_bits": 0.013785937724741728,
      "mean_symmetric_bits": 1.904158693737506,
      "se_symmetric_bits": 0.00045953125749139095
    },
    {
      "receive_antennas": 5,
      "users": 30,
      "snr_db": 25,
      "mean_sum_bits": 65.42761044443179,
      "se_sum_bits": 0.013789998731484034,
      "mean_symmetric_bits": 2.1809203481477266,
      "se_symmetric_bits": 0.0004596666243828011
    },
    {
      "receive_antennas": 5,
      "users": 30,
      "snr_db": 30,
      "mean_sum_bits": 73.73180738712851,
      "se_sum_bits": 0.013791283548041374,
      "mean_symmetric_bits": 2.457726912904284,
      "se_symmetric_bits": 0.00045970945160137916
    },
    {
      "receive_antennas": 6,
      "users": 1,
      "snr_db": 0,
      "mean_sum_bits": 2.7135258722288347,
      "se_sum_bits": 0.011469055056735452,
      "mean_symmetric_bits": 2.7135258722288347,
      "se_symmetric_bits": 0.011469055056735452
    },
    {
      "receive_antennas": 6,
      "users": 1,
      "snr_db": 5,
      "mean_sum_bits": 4.2023896464468224,
      "se_sum_bits": 0.013001746245414001,
      "mean_symmetric_bits": 4.2023896464468224,
      "se_symmetric_bits": 0.013001746245414001
    },
    {
      "receive_antennas": 6,
      "users": 1,
      "snr_db": 10,
      "mean_sum_bits": 5.8033862847733015,
      "se_sum_bits": 0.013602518152585919,
      "mean_symmetric_bits": 5.8033862847733015,
      "se_symmetric_bits": 0.013602518152585919
    },
    {
      "receive_antennas": 6,
      "users": 1,
      "snr_db": 15,
      "mean_sum_bits": 7.444724813032101,
      "se_sum_bits": 0.01380830565800258,
      "mean_symmetric_bits": 7.444724813032101,
      "se_symmetric_bits": 0.01380830565800258
    },
    {
      "receive_antennas": 6,
      "users": 1,
      "snr_db": 20,
      "mean_sum_bits": 9.099412042268568,
      "se_sum_bits": 0.013875163608052209,
      "mean_symmetric_bits": 9.099412042268568,
      "se_symmetric_bits": 0.013875163608052209
    },
    {
      "receive_antennas": 6,
      "users": 1,
      "snr_db": 25,
      "mean_sum_bits": 10.758383960146976,
      "se_sum_bits": 0.013896491706708354,
      "mean_symmetric_bits": 10.758383960146976,
      "se_symmetric_bits": 0.013896491706708354
    },
    {
      "receive_antennas": 6,
      "users": 1,
      "snr_db": 30,
      "mean_sum_bits": 12.418717313226344,
      "se_sum_bits": 0.013903255072227061,
      "mean_symmetric_bits": 12.418717313226344,
      "se_symmetric_bits": 0.013903255072227061
    },
    {
      "receive_antennas": 6,
      "users": 2,
      "snr_db": 0,
      "mean_sum_bits": 5.2439701328480215,
      "se_sum_bits": 0.01605461638014951,
      "mean_symmetric_bits": 2.6219850664240107,
      "se_symmetric_bits": 0.008027308190074755
    },
    {
      "receive_antennas": 6,
      "users": 2,
      "snr_db": 5,
      "mean_sum_bits": 8.16386840186136,
      "se_sum_bits": 0.018730942953346735,
      "mean_symmetric_bits": 4.08193420093068,
      "se_symmetric_bits": 0.009365471476673368
    },
    {
      "receive_antennas": 6,
      "users": 2,
      "snr_db": 10,
      "mean_sum_bits": 11.34020736355336,
      "se_sum_bits": 0.019890869465662188,
      "mean_symmetric_bits": 5.67010368177668,
      "se_symmetric_bits": 0.009945434732831094
    },
    {
      "receive_antennas": 6,
      "users": 2,
      "snr_db": 15,
      "mean_sum_bits": 14.61364872444005,
      "se_sum_bits": 0.02030879199227697,
      "mean_symmetric_bits": 7.306824362220025,
      "se_symmetric_bits": 0.010154395996138484
    },
    {
      "receive_antennas": 6,
      "users": 2,
      "snr_db": 20,
      "mean_sum_bits": 17.91996911999652,
      "se_sum_bits": 0.020447287927772704,
      "mean_symmetric_bits": 8.95998455999826,
      "se_symmetric_bits": 0.010223643963886352
    },
    {
      "receive_antennas": 6,
      "users": 2,
      "snr_db": 25,
      "mean_sum_bits": 21.236932974517153,
      "se_sum_bits": 0.020491770707262612,
      "mean_symmetric_bits": 10.618466487258576,
      "se_symmetric_bits": 0.010245885353631306
    },
    {
      "receive_antennas": 6,
      "users": 2,
      "snr_db": 30,
      "mean_sum_bits": 24.55728833365011,
      "se_sum_bits": 0.020505907927850626,
      "mean_symmetric_bits": 12.278644166825055,
      "se_symmetric_bits": 0.010252953963925313
    },
    {
      "receive_antennas": 6,
      "users": 3,
      "snr_db": 0,
      "mean_sum_bits": 7.565585590408204,
      "se_sum_bits": 0.019072273679033108,
      "mean_symmetric_bits": 2.521861863469401,
      "se_symmetric_bits": 0.006357424559677703
    },
    {
      "receive_antennas": 6,
      "users": 3,
      "snr_db": 5,
      "mean_sum_bits": 11.830420027424735,
      "se_sum_bits": 0.023025861446569533,
      "mean_symmetric_bits": 3.9434733424749115,
      "se_symmetric_bits": 0.007675287148856511
    },
    {
      "receive_antennas": 6,
      "users": 3,
      "snr_db": 10,
      "mean_sum_bits": 16.5374022279201,
      "se_sum_bits": 0.0250087425855927,
      "mean_symmetric_bits": 5.5124674093067005,
      "se_symmetric_bits": 0.0083362475285309
    },
    {
      "receive_antennas": 6,
      "users": 3,
      "snr_db": 15,
      "mean_sum_bits": 21.425410255061816,
      "se_sum_bits": 0.02579196096428891,
      "mean_symmetric_bits": 7.1418034183539385,
      "se_symmetric_bits": 0.008597320321429637
    },
    {
      "receive_antennas": 6,
      "users": 3,
      "snr_db": 20,
      "mean_sum_bits": 26.377350873351293,
      "se_sum_bits": 0.026062704894077752,
      "mean_symmetric_bits": 8.792450291117097,
      "se_symmetric_bits": 0.008687568298025918
    },
    {
      "receive_antennas": 6,
      "users": 3,
      "snr_db": 25,
      "mean_sum_bits": 31.350352040753563,
      "se_sum_bits": 0.026151040987221895,
      "mean_symmetric_bits": 10.450117346917855,
      "se_symmetric_bits": 0.008717013662407298
    },
    {
      "receive_antennas": 6,
      "users": 3,
      "snr_db": 30,
      "mean_sum_bits": 36.330105736044004,
      "se_sum_bits": 0.026179263854751843,
      "mean_symmetric_bits": 12.110035245348001,
      "se_symmetric_bits": 0.00872642128491728
    },
    {
      "receive_antennas": 6,
      "users": 4,
      "snr_db": 0,
      "mean_sum_bits": 9.691026356664045,
      "se_sum_bits": 0.021330869847854324,
      "mean_symmetric_bits": 2.422756589166011,
      "se_symmetric_bits": 0.005332717461963581
    },
    {
      "receive_antennas": 6,
      "users": 4,
      "snr_db": 5,
      "mean_sum_bits": 15.182516385064195,
      "se_sum_bits": 0.02660911852889245,
      "mean_symmetric_bits": 3.795629096266049,
      "se_symmetric_bits": 0.006652279632223113
    },
    {
      "receive_antennas": 6,
      "users": 4,
      "snr_db": 10,
      "mean_sum_bits": 21.342710018390243,
      "se_sum_bits": 0.029781020599586816,
      "mean_symmetric_bits": 5.335677504597561,
      "se_symmetric_bits": 0.007445255149896704
    },
    {
      "receive_antennas": 6,
      "users": 4,
      "snr_db": 15,
      "mean_sum_bits": 27.810093703042806,
      "se_sum_bits": 0.031224097525336152,
      "mean_symmetric_bits": 6.952523425760702,
      "se_symmetric_bits": 0.007806024381334038
    },
    {
      "receive_antennas": 6,
      "users": 4,
      "snr_db": 20,
      "mean_sum_bits": 34.394685897347486,
      "se_sum_bits": 0.03176405359151586,
      "mean_symmetric_bits": 8.598671474336872,
      "se_symmetric_bits": 0.007941013397878964
    },
    {
      "receive_antennas": 6,
      "users": 4,
      "snr_db": 25,
      "mean_sum_bits": 41.01938504396214,
      "se_sum_bits": 0.03194636260666204,
      "mean_symmetric_bits": 10.254846260990535,
      "se_symmetric_bits": 0.00798659065166551
    },
    {
      "receive_antennas": 6,
      "users": 4,
      "snr_db": 30,
      "mean_sum_bits": 47.65713840451258,
      "se_sum_bits": 0.03200533704986173,
      "mean_symmetric_bits": 11.914284601128145,
      "se_symmetric_bits": 0.008001334262465432
    },
    {
      "receive_antennas": 6,
      "users": 5,
      "snr_db": 0,
      "mean_sum_bits": 11.571622780661004,
      "se_sum_bits": 0.023105970788315035,
      "mean_symmetric_bits": 2.314324556132201,
      "se_symmetric_bits": 0.004621194157663007
    },
    {
      "receive_antennas": 6,
      "users": 5,
      "snr_db": 5,
      "mean_sum_bits": 18.10130528547277,
      "se_sum_bits": 0.029960557499792203,
      "mean_symmetric_bits": 3.6202610570945537,
      "se_symmetric_bits": 0.005992111499958441
    },
    {
      "receive_antennas": 6,
      "users": 5,
      "snr_db": 10,
      "mean_sum_bits": 25.544818468380306,
      "se_sum_bits": 0.03532244959399284,
      "mean_symmetric_bits": 5.108963693676062,
      "se_symmetric_bits": 0.007064489918798568
    },
    {
      "receive_antennas": 6,
      "users": 5,
      "snr_db": 15,
      "mean_sum_bits": 33.48771811873138,
      "se_sum_bits": 0.03863459554087094,
      "mean_symmetric_bits": 6.6975436237462755,
      "se_symmetric_bits": 0.007726919108174188
    },
    {
      "receive_antennas": 6,
      "users": 5,
      "snr_db": 20,
      "mean_sum_bits": 41.65730716313311,
      "se_sum_bits": 0.040263416343820344,
      "mean_symmetric_bits": 8.331461432626622,
      "se_symmetric_bits": 0.008052683268764068
    },
    {
      "receive_antennas": 6,
      "users": 5,
      "snr_db": 25,
      "mean_sum_bits": 49.91542336908408,
      "se_sum_bits": 0.04093563921209358,
      "mean_symmetric_bits": 9.983084673816816,
      "se_symmetric_bits": 0.008187127842418717
    },
    {
      "receive_antennas": 6,
      "users": 5,
      "snr_db": 30,
      "mean_sum_bits": 58.204854927499184,
      "se_sum_bits": 0.041179972117887965,
      "mean_symmetric_bits": 11.640970985499838,
      "se_symmetric_bits": 0.008235994423577593
    },
    {
      "receive_antennas": 6,
      "users": 6,
      "snr_db": 0,
      "mean_sum_bits": 13.257755140077395,
      "se_sum_bits": 0.024327191342204808,
      "mean_symmetric_bits": 2.209625856679566,
      "se_symmetric_bits": 0.004054531890367468
    },
    {
      "receive_antennas": 6,
      "users": 6,
      "snr_db": 5,
      "mean_sum_bits": 20.60960861439363,
      "se_sum_bits": 0.03184709874984416,
      "mean_symmetric_bits": 3.4349347690656047,
      "se_symmetric_bits": 0.005307849791640694
    },
    {
      "receive_antennas": 6,
      "users": 6,
      "snr_db": 10,
      "mean_sum_bits": 29.040552871145792,
      "se_sum_bits": 0.03909967512062649,
      "mean_symmetric_bits": 4.840092145190965,
      "se_symmetric_bits": 0.006516612520104415
    },
    {
      "receive_antennas": 6,
      "users": 6,
      "snr_db": 15,
      "mean_sum_bits": 38.17040537472248,
      "se_sum_bits": 0.04576878901615653,
      "mean_symmetric_bits": 6.361734229120413,
      "se_symmetric_bits": 0.007628131502692755
    },
    {
      "receive_antennas": 6,
      "users": 6,
      "snr_db": 20,
      "mean_sum_bits": 47.7199722049821,
      "se_sum_bits": 0.05104333759546327,
      "mean_symmetric_bits": 7.95332870083035,
      "se_symmetric_bits": 0.008507222932577212
    },
    {
      "receive_antennas": 6,
      "users": 6,
      "snr_db": 25,
      "mean_sum_bits": 57.496456288341804,
      "se_sum_bits": 0.05451851374859687,
      "mean_symmetric_bits": 9.582742714723635,
      "se_symmetric_bits": 0.009086418958099479
    },
    {
      "receive_antennas": 6,
      "users": 6,
      "snr_db": 30,
      "mean_sum_bits": 67.38255786953866,
      "se_sum_bits": 0.056478216360151025,
      "mean_symmetric_bits": 11.230426311589776,
      "se_symmetric_bits": 0.00941303606002517
    },
    {
      "receive_antennas": 6,
      "users": 7,
      "snr_db": 0,
      "mean_sum_bits": 14.752125110707997,
      "se_sum_bits": 0.02458306078649304,
      "mean_symmetric_bits": 2.1074464443868566,
      "se_symmetric_bits": 0.003511865826641863
    },
    {
      "receive_antennas": 6,
      "users": 7,
      "snr_db": 5,
      "mean_sum_bits": 22.694859046701545,
      "se_sum_bits": 0.03137508129588981,
      "mean_symmetric_bits": 3.2421227209573638,
      "se_symmetric_bits": 0.004482154470841402
    },
    {
      "receive_antennas": 6,
      "users": 7,
      "snr_db": 10,
      "mean_sum_bits": 31.670967336999233,
      "se_sum_bits": 0.03669179576446196,
      "mean_symmetric_bits": 4.524423905285604,
      "se_symmetric_bits": 0.005241685109208851
    },
    {
      "receive_antennas": 6,
      "users": 7,
      "snr_db": 15,
      "mean_sum_bits": 41.21744611536769,
      "se_sum_bits": 0.040005597049910836,
      "mean_symmetric_bits": 5.8882065879096706,
      "se_symmetric_bits": 0.005715085292844405
    },
    {
      "receive_antennas": 6,
      "users": 7,
      "snr_db": 20,
      "mean_sum_bits": 51.02644724671975,
      "se_sum_bits": 0.04161402406895128,
      "mean_symmetric_bits": 7.289492463817107,
      "se_symmetric_bits": 0.005944860581278755
    },
    {
      "receive_antennas": 6,
      "users": 7,
      "snr_db": 25,
      "mean_sum_bits": 60.93848457046503,
      "se_sum_bits": 0.04225021694727018,
      "mean_symmetric_bits": 8.705497795780719,
      "se_symmetric_bits": 0.006035745278181454
    },
    {
      "receive_antennas": 6,
      "users": 7,
      "snr_db": 30,
      "mean_sum_bits": 70.88670960459599,
      "se_sum_bits": 0.042471483597542554,
      "mean_symmetric_bits": 10.12667280065657,
      "se_symmetric_bits": 0.006067354799648936
    },
    {
      "receive_antennas": 6,
      "users": 8,
      "snr_db": 0,
      "mean_sum_bits": 16.076112332727504,
      "se_sum_bits": 0.024200652539372015,
      "mean_symmetric_bits": 2.009514041590938,
      "se_symmetric_bits": 0.003025081567421502
    },
    {
      "receive_antennas": 6,
      "users": 8,
      "snr_db": 5,
      "mean_sum_bits": 24.436603354698757,
      "se_sum_bits": 0.02993309270298928,
      "mean_symmetric_bits": 3.0545754193373447,
      "se_symmetric_bits": 0.00374163658787366
    },
    {
      "receive_antennas": 6,
      "users": 8,
      "snr_db": 10,
      "mean_sum_bits": 33.7082947848557,
      "se_sum_bits": 0.03364358164414371,
      "mean_symmetric_bits": 4.213536848106963,
      "se_symmetric_bits": 0.004205447705517964
    },
    {
      "receive_antennas": 6,
      "users": 8,
      "snr_db": 15,
      "mean_sum_bits": 43.41375835710765,
      "se_sum_bits": 0.035469650380255374,
      "mean_symmetric_bits": 5.426719794638457,
      "se_symmetric_bits": 0.004433706297531922
    },
    {
      "receive_antennas": 6,
      "users": 8,
      "snr_db": 20,
      "mean_sum_bits": 53.29063267912117,
      "se_sum_bits": 0.036192004232377686,
      "mean_symmetric_bits": 6.661329084890146,
      "se_symmetric_bits": 0.004524000529047211
    },
    {
      "receive_antennas": 6,
      "users": 8,
      "snr_db": 25,
      "mean_sum_bits": 63.22745239717373,
      "se_sum_bits": 0.036443171399369916,
      "mean_symmetric_bits": 7.903431549646716,
      "se_symmetric_bits": 0.0045553964249212394
    },
    {
      "receive_antennas": 6,
      "users": 8,
      "snr_db": 30,
      "mean_sum_bits": 73.18398216147314,
      "se_sum_bits": 0.03652541500664077,
      "mean_symmetric_bits": 9.147997770184142,
      "se_symmetric_bits": 0.004565676875830096
    },
    {
      "receive_antennas": 6,
      "users": 9,
      "snr_db": 0,
      "mean_sum_bits": 17.2537298939379,
      "se_sum_bits": 0.024074908705284174,
      "mean_symmetric_bits": 1.9170810993264336,
      "se_symmetric_bits": 0.002674989856142686
    },
    {
      "receive_antennas": 6,
      "users": 9,
      "snr_db": 5,
      "mean_sum_bits": 25.90809971901782,
      "se_sum_bits": 0.028747217504581365,
      "mean_symmetric_bits": 2.8786777465575355,
      "se_symmetric_bits": 0.0031941352782868184
    },
    {
      "receive_antennas": 6,
      "users": 9,
      "snr_db": 10,
      "mean_sum_bits": 35.351679885295425,
      "se_sum_bits": 0.03130211755179623,
      "mean_symmetric_bits": 3.9279644316994915,
      "se_symmetric_bits": 0.0034780130613106925
    },
    {
      "receive_antennas": 6,
      "users": 9,
      "snr_db": 15,
      "mean_sum_bits": 45.133543386347455,
      "se_sum_bits": 0.032385916136127145,
      "mean_symmetric_bits": 5.014838154038606,
      "se_symmetric_bits": 0.0035984351262363496
    },
    {
      "receive_antennas": 6,
      "users": 9,
      "snr_db": 20,
      "mean_sum_bits": 55.038653011956846,
      "se_sum_bits": 0.03277611386029608,
      "mean_symmetric_bits": 6.115405890217428,
      "se_symmetric_bits": 0.0036417904289217868
    },
    {
      "receive_antennas": 6,
      "users": 9,
      "snr_db": 25,
      "mean_sum_bits": 64.98496400476839,
      "se_sum_bits": 0.032905690677219435,
      "mean_symmetric_bits": 7.220551556085376,
      "se_symmetric_bits": 0.0036561878530243816
    },
    {
      "receive_antennas": 6,
      "users": 9,
      "snr_db": 30,
      "mean_sum_bits": 74.94456020207167,
      "se_sum_bits": 0.03294735466959008,
      "mean_symmetric_bits": 8.32717335578574,
      "se_symmetric_bits": 0.003660817185510009
    },
    {
      "receive_antennas": 6,
      "users": 10,
      "snr_db": 0,
      "mean_sum_bits": 18.30099906805731,
      "se_sum_bits": 0.02393110460377199,
      "mean_symmetric_bits": 1.8300999068057309,
      "se_symmetric_bits": 0.002393110460377199
    },
    {
      "receive_antennas": 6,
      "users": 10,
      "snr_db": 5,
      "mean_sum_bits": 27.16388487151637,
      "se_sum_bits": 0.027923869406179958,
      "mean_symmetric_bits": 2.716388487151637,
      "se_symmetric_bits": 0.002792386940617996
    },
    {
      "receive_antennas": 6,
      "users": 10,
      "snr_db": 10,
      "mean_sum_bits": 36.71236736641253,
      "se_sum_bits": 0.029878565043497667,
      "mean_symmetric_bits": 3.671236736641253,
      "se_symmetric_bits": 0.0029878565043497665
    },
    {
      "receive_antennas": 6,
      "users": 10,
      "snr_db": 15,
      "mean_sum_bits": 46.53574412685404,
      "se_sum_bits": 0.030637610309953767,
      "mean_symmetric_bits": 4.653574412685404,
      "se_symmetric_bits": 0.0030637610309953768
    },
    {
      "receive_antennas": 6,
      "users": 10,
      "snr_db": 20,
      "mean_sum_bits": 56.45523104047309,
      "se_sum_bits": 0.030897471118653035,
      "mean_symmetric_bits": 5.645523104047308,
      "se_symmetric_bits": 0.0030897471118653034
    },
    {
      "receive_antennas": 6,
      "users": 10,
      "snr_db": 25,
      "mean_sum_bits": 66.40623886303038,
      "se_sum_bits": 0.030981916743273875,
      "mean_symmetric_bits": 6.640623886303038,
      "se_symmetric_bits": 0.0030981916743273875
    },
    {
      "receive_antennas": 6,
      "users": 10,
      "snr_db": 30,
      "mean_sum_bits": 76.3673364833892,
      "se_sum_bits": 0.03100885879835934,
      "mean_symmetric_bits": 7.63673364833892,
      "se_symmetric_bits": 0.003100885879835934
    },
    {
      "receive_antennas": 6,
      "users": 11,
      "snr_db": 0,
      "mean_sum_bits": 19.24297350082066,
      "se_sum_bits": 0.02322674194172971,
      "mean_symmetric_bits": 1.7493612273473327,
      "se_symmetric_bits": 0.0021115219947027007
    },
    {
      "receive_antennas": 6,
      "users": 11,
      "snr_db": 5,
      "mean_sum_bits": 28.263573950014244,
      "se_sum_bits": 0.02651985719864959,
      "mean_symmetric_bits": 2.5694158136376584,
      "se_symmetric_bits": 0.0024108961089681444
    },
    {
      "receive_antennas": 6,
      "users": 11,
      "snr_db": 10,
      "mean_sum_bits": 37.88472243145688,
      "se_sum_bits": 0.027997410669468623,
      "mean_symmetric_bits": 3.444065675586989,
      "se_symmetric_bits": 0.002545219151769875
    },
    {
      "receive_antennas": 6,
      "users": 11,
      "snr_db": 15,
      "mean_sum_bits": 47.73521260290235,
      "se_sum_bits": 0.02854047106376425,
      "mean_symmetric_bits": 4.339564782082032,
      "se_symmetric_bits": 0.0025945882785240225
    },
    {
      "receive_antennas": 6,
      "users": 11,
      "snr_db": 20,
      "mean_sum_bits": 57.6638169209496,
      "se_sum_bits": 0.02872185288287356,
      "mean_symmetric_bits": 5.242165174631782,
      "se_symmetric_bits": 0.0026110775348066875
    },
    {
      "receive_antennas": 6,
      "users": 11,
      "snr_db": 25,
      "mean_sum_bits": 67.61776829104669,
      "se_sum_bits": 0.028780265661778315,
      "mean_symmetric_bits": 6.147069844640608,
      "se_symmetric_bits": 0.0026163877874343924
    },
    {
      "receive_antennas": 6,
      "users": 11,
      "snr_db": 30,
      "mean_sum_bits": 77.57980300238187,
      "se_sum_bits": 0.028798846076345013,
      "mean_symmetric_bits": 7.052709363852897,
      "se_symmetric_bits": 0.002618076916031365
    },
    {
      "receive_antennas": 6,
      "users": 12,
      "snr_db": 0,
      "mean_sum_bits": 20.103775570250782,
      "se_sum_bits": 0.022669403982800044,
      "mean_symmetric_bits": 1.675314630854232,
      "se_symmetric_bits": 0.0018891169985666703
    },
    {
      "receive_antennas": 6,
      "users": 12,
      "snr_db": 5,
      "mean_sum_bits": 29.243960315256565,
      "se_sum_bits": 0.02549482071211303,
      "mean_symmetric_bits": 2.436996692938047,
      "se_symmetric_bits": 0.002124568392676086
    },
    {
      "receive_antennas": 6,
      "users": 12,
      "snr_db": 10,
      "mean_sum_bits": 38.916033370623126,
      "se_sum_bits": 0.02669530436292358,
      "mean_symmetric_bits": 3.2430027808852606,
      "se_symmetric_bits": 0.0022246086969102984
    },
    {
      "receive_antennas": 6,
      "users": 12,
      "snr_db": 15,
      "mean_sum_bits": 48.78469395254346,
      "se_sum_bits": 0.02712383774538934,
      "mean_symmetric_bits": 4.065391162711955,
      "se_symmetric_bits": 0.002260319812115778
    },
    {
      "receive_antennas": 6,
      "users": 12,
      "snr_db": 20,
      "mean_sum_bits": 58.719294042856625,
      "se_sum_bits": 0.027265299415711052,
      "mean_symmetric_bits": 4.893274503571385,
      "se_symmetric_bits": 0.002272108284642588
    },
    {
      "receive_antennas": 6,
      "users": 12,
      "snr_db": 25,
      "mean_sum_bits": 68.67516817824384,
      "se_sum_bits": 0.02731067166195488,
      "mean_symmetric_bits": 5.72293068152032,
      "se_symmetric_bits": 0.002275889305162907
    },
    {
      "receive_antennas": 6,
      "users": 12,
      "snr_db": 30,
      "mean_sum_bits": 78.63781365589053,
      "se_sum_bits": 0.02732508494873288,
      "mean_symmetric_bits": 6.553151137990877,
      "se_symmetric_bits": 0.0022770904123944067
    },
    {
      "receive_antennas": 6,
      "users": 13,
      "snr_db": 0,
      "mean_sum_bits": 20.894243694541466,
      "se_sum_bits": 0.022076632338296105,
      "mean_symmetric_bits": 1.6072495149647281,
      "se_symmetric_bits": 0.0016982024875612388
    },
    {
      "receive_antennas": 6,
      "users": 13,
      "snr_db": 5,
      "mean_sum_bits": 30.129967249620734,
      "se_sum_bits": 0.024455975870944165,
      "mean_symmetric_bits": 2.317689788432364,
      "se_symmetric_bits": 0.0018812289131495512
    },
    {
      "receive_antennas": 6,
      "users": 13,
      "snr_db": 10,
      "mean_sum_bits": 39.84098344014981,
      "se_sum_bits": 0.02541735912337884,
      "mean_symmetric_bits": 3.064691033857678,
      "se_symmetric_bits": 0.0019551814710291413
    },
    {
      "receive_antennas": 6,
      "users": 13,
      "snr_db": 15,
      "mean_sum_bits": 49.72324416741188,
      "se_sum_bits": 0.02575194652467372,
      "mean_symmetric_bits": 3.8248649359547597,
      "se_symmetric_bits": 0.00198091896343644
    },
    {
      "receive_antennas": 6,
      "users": 13,
      "snr_db": 20,
      "mean_sum_bits": 59.66229516383742,
      "se_sum_bits": 0.025861312897570796,
      "mean_symmetric_bits": 4.589407320295186,
      "se_symmetric_bits": 0.0019893317613516
    },
    {
      "receive_antennas": 6,
      "users": 13,
      "snr_db": 25,
      "mean_sum_bits": 69.61959266070151,
      "se_sum_bits": 0.025896273196887865,
      "mean_symmetric_bits": 5.355353281592424,
      "se_symmetric_bits": 0.0019920210151452202
    },
    {
      "receive_antennas": 6,
      "users": 13,
      "snr_db": 30,
      "mean_sum_bits": 79.58268985973467,
      "se_sum_bits": 0.025907366841595145,
      "mean_symmetric_bits": 6.121745373825744,
      "se_symmetric_bits": 0.001992874372430396
    },
    {
      "receive_antennas": 6,
      "users": 14,
      "snr_db": 0,
      "mean_sum_bits": 21.615460559725932,
      "se_sum_bits": 0.02137854095498624,
      "mean_symmetric_bits": 1.5439614685518523,
      "se_symmetric_bits": 0.0015270386396418743
    },
    {
      "receive_antennas": 6,
      "users": 14,
      "snr_db": 5,
      "mean_sum_bits": 30.926941589440027,
      "se_sum_bits": 0.023429377595594113,
      "mean_symmetric_bits": 2.209067256388573,
      "se_symmetric_bits": 0.0016735269711138652
    },
    {
      "receive_antennas": 6,
      "users": 14,
      "snr_db": 10,
      "mean_sum_bits": 40.667608237309125,
      "se_sum_bits": 0.024230031065337422,
      "mean_symmetric_bits": 2.9048291598077944,
      "se_symmetric_bits": 0.0017307165046669588
    },
    {
      "receive_antennas": 6,
      "users": 14,
      "snr_db": 15,
      "mean_sum_bits": 50.56002841452699,
      "se_sum_bits": 0.02450422835707842,
      "mean_symmetric_bits": 3.6114306010376422,
      "se_symmetric_bits": 0.0017503020255056013
    },
    {
      "receive_antennas": 6,
      "users": 14,
      "snr_db": 20,
      "mean_sum_bits": 60.50238067866529,
      "se_sum_bits": 0.02459331797657418,
      "mean_symmetric_bits": 4.321598619904663,
      "se_symmetric_bits": 0.0017566655697552984
    },
    {
      "receive_antennas": 6,
      "users": 14,
      "snr_db": 25,
      "mean_sum_bits": 70.46073136799589,
      "se_sum_bits": 0.024621739159756118,
      "mean_symmetric_bits": 5.032909383428278,
      "se_symmetric_bits": 0.001758695654268294
    },
    {
      "receive_antennas": 6,
      "users": 14,
      "snr_db": 30,
      "mean_sum_bits": 80.42416255257794,
      "se_sum_bits": 0.024630751936218928,
      "mean_symmetric_bits": 5.744583039469853,
      "se_symmetric_bits": 0.0017593394240156377
    },
    {
      "receive_antennas": 6,
      "users": 15,
      "snr_db": 0,
      "mean_sum_bits": 22.287413304325007,
      "se_sum_bits": 0.020671152557543593,
      "mean_symmetric_bits": 1.4858275536216672,
      "se_symmetric_bits": 0.0013780768371695728
    },
    {
      "receive_antennas": 6,
      "users": 15,
      "snr_db": 5,
      "mean_sum_bits": 31.66146137743519,
      "se_sum_bits": 0.022444211073825257,
      "mean_symmetric_bits": 2.110764091829013,
      "se_symmetric_bits": 0.0014962807382550172
    },
    {
      "receive_antennas": 6,
      "users": 15,
      "snr_db": 10,
      "mean_sum_bits": 41.42589392767849,
      "se_sum_bits": 0.023116118449733308,
      "mean_symmetric_bits": 2.7617262618452325,
      "se_symmetric_bits": 0.0015410745633155538
    },
    {
      "receive_antennas": 6,
      "users": 15,
      "snr_db": 15,
      "mean_sum_bits": 51.32635130024734,
      "se_sum_bits": 0.023343148020232074,
      "mean_symmetric_bits": 3.4217567533498228,
      "se_symmetric_bits": 0.0015562098680154716
    },
    {
      "receive_antennas": 6,
      "users": 15,
      "snr_db": 20,
      "mean_sum_bits": 61.27130289909931,
      "se_sum_bits": 0.02341654907184921,
      "mean_symmetric_bits": 4.084753526606621,
      "se_symmetric_bits": 0.001561103271456614
    },
    {
      "receive_antennas": 6,
      "users": 15,
      "snr_db": 25,
      "mean_sum_bits": 71.23048154761109,
      "se_sum_bits": 0.02343992681134687,
      "mean_symmetric_bits": 4.74869876984074,
      "se_symmetric_bits": 0.0015626617874231247
    },
    {
      "receive_antennas": 6,
      "users": 15,
      "snr_db": 30,
      "mean_sum_bits": 81.1941751603232,
      "se_sum_bits": 0.02344733631191462,
      "mean_symmetric_bits": 5.4129450106882135,
      "se_symmetric_bits": 0.0015631557541276413
    },
    {
      "receive_antennas": 6,
      "users": 16,
      "snr_db": 0,
      "mean_sum_bits": 22.918247079038586,
      "se_sum_bits": 0.020110083853881855,
      "mean_symmetric_bits": 1.4323904424399116,
      "se_symmetric_bits": 0.001256880240867616
    },
    {
      "receive_antennas": 6,
      "users": 16,
      "snr_db": 5,
      "mean_sum_bits": 32.34445143967605,
      "se_sum_bits": 0.021656969451678502,
      "mean_symmetric_bits": 2.021528214979753,
      "se_symmetric_bits": 0.0013535605907299064
    },
    {
      "receive_antennas": 6,
      "users": 16,
      "snr_db": 10,
      "mean_sum_bits": 42.128236609706974,
      "se_sum_bits": 0.022228934647708417,
      "mean_symmetric_bits": 2.633014788106686,
      "se_symmetric_bits": 0.001389308415481776
    },
    {
      "receive_antennas": 6,
      "users": 16,
      "snr_db": 15,
      "mean_sum_bits": 52.03517431955238,
      "se_sum_bits": 0.022420167878286892,
      "mean_symmetric_bits": 3.252198394972024,
      "se_symmetric_bits": 0.0014012604923929308
    },
    {
      "receive_antennas": 6,
      "users": 16,
      "snr_db": 20,
      "mean_sum_bits": 61.982214395855216,
      "se_sum_bits": 0.022481763783522322,
      "mean_symmetric_bits": 3.873888399740951,
      "se_symmetric_bits": 0.0014051102364701451
    },
    {
      "receive_antennas": 6,
      "users": 16,
      "snr_db": 25,
      "mean_sum_bits": 71.94205751201275,
      "se_sum_bits": 0.02250135739824017,
      "mean_symmetric_bits": 4.496378594500797,
      "se_symmetric_bits": 0.0014063348373900106
    },
    {
      "receive_antennas": 6,
      "users": 16,
      "snr_db": 30,
      "mean_sum_bits": 81.90596165481378,
      "se_sum_bits": 0.02250756506963166,
      "mean_symmetric_bits": 5.119122603425861,
      "se_symmetric_bits": 0.0014067228168519786
    },
    {
      "receive_antennas": 6,
      "users": 17,
      "snr_db": 0,
      "mean_sum_bits": 23.507355659179794,
      "se_sum_bits": 0.019555751652641114,
      "mean_symmetric_bits": 1.382785627010576,
      "se_symmetric_bits": 0.001150338332508301
    },
    {
      "receive_antennas": 6,
      "users": 17,
      "snr_db": 5,
      "mean_sum_bits": 32.977767306290346,
      "se_sum_bits": 0.02092799383893282,
      "mean_symmetric_bits": 1.9398686650759027,
      "se_symmetric_bits": 0.0012310584611136953
    },
    {
      "receive_antennas": 6,
      "users": 17,
      "snr_db": 10,
      "mean_sum_bits": 42.77762559985349,
      "se_sum_bits": 0.021426913562909374,
      "mean_symmetric_bits": 2.5163309176384403,
      "se_symmetric_bits": 0.0012604066801711396
    },
    {
      "receive_antennas": 6,
      "users": 17,
      "snr_db": 15,
      "mean_sum_bits": 52.68990055028466,
      "se_sum_bits": 0.021592608250576687,
      "mean_symmetric_bits": 3.0994059147226274,
      "se_symmetric_bits": 0.001270153426504511
    },
    {
      "receive_antennas": 6,
      "users": 17,
      "snr_db": 20,
      "mean_sum_bits": 62.63865566773219,
      "se_sum_bits": 0.021645855024613456,
      "mean_symmetric_bits": 3.6846268039842465,
      "se_symmetric_bits": 0.0012732855896831444
    },
    {
      "receive_antennas": 6,
      "users": 17,
      "snr_db": 25,
      "mean_sum_bits": 72.59904391555253,
      "se_sum_bits": 0.02166278005589639,
      "mean_symmetric_bits": 4.270531995032502,
      "se_symmetric_bits": 0.0012742811797586111
    },
    {
      "receive_antennas": 6,
      "users": 17,
      "snr_db": 30,
      "mean_sum_bits": 82.56312072495001,
      "se_sum_bits": 0.02166814097713162,
      "mean_symmetric_bits": 4.8566541602911775,
      "se_symmetric_bits": 0.001274596528066566
    },
    {
      "receive_antennas": 6,
      "users": 18,
      "snr_db": 0,
      "mean_sum_bits": 24.053816627029605,
      "se_sum_bits": 0.018981826594870962,
      "mean_symmetric_bits": 1.3363231459460891,
      "se_symmetric_bits": 0.0010545459219372757
    },
    {
      "receive_antennas": 6,
      "users": 18,
      "snr_db": 5,
      "mean_sum_bits": 33.56131068416063,
      "se_sum_bits": 0.020210633831097724,
      "mean_symmetric_bits": 1.8645172602311462,
      "se_symmetric_bits": 0.0011228129906165401
    },
    {
      "receive_antennas": 6,
      "users": 18,
      "snr_db": 10,
      "mean_sum_bits": 43.37445152496429,
      "se_sum_bits": 0.020651623641956326,
      "mean_symmetric_bits": 2.409691751386905,
      "se_symmetric_bits": 0.0011473124245531291
    },
    {
      "receive_antennas": 6,
      "users": 18,
      "snr_db": 15,
      "mean_sum_bits": 53.291111719510646,
      "se_sum_bits": 0.02079734431005086,
      "mean_symmetric_bits": 2.9606173177505912,
      "se_symmetric_bits": 0.0011554080172250477
    },
    {
      "receive_antennas": 6,
      "users": 18,
      "snr_db": 20,
      "mean_sum_bits": 63.24127320950454,
      "se_sum_bits": 0.020844092316209428,
      "mean_symmetric_bits": 3.513404067194697,
      "se_symmetric_bits": 0.0011580051286783017
    },
    {
      "receive_antennas": 6,
      "users": 18,
      "snr_db": 25,
      "mean_sum_bits": 73.20210819392528,
      "se_sum_bits": 0.020858943418676664,
      "mean_symmetric_bits": 4.066783788551405,
      "se_symmetric_bits": 0.0011588301899264812
    },
    {
      "receive_antennas": 6,
      "users": 18,
      "snr_db": 30,
      "mean_sum_bits": 83.16632647535477,
      "se_sum_bits": 0.02086364660274989,
      "mean_symmetric_bits": 4.620351470853042,
      "se_symmetric_bits": 0.0011590914779305494
    },
    {
      "receive_antennas": 6,
      "users": 19,
      "snr_db": 0,
      "mean_sum_bits": 24.57138292746115,
      "se_sum_bits": 0.018343799166066297,
      "mean_symmetric_bits": 1.293230680392692,
      "se_symmetric_bits": 0.0009654631140034893
    },
    {
      "receive_antennas": 6,
      "users": 19,
      "snr_db": 5,
      "mean_sum_bits": 34.11175155704794,
      "se_sum_bits": 0.01943711038289119,
      "mean_symmetric_bits": 1.7953553451077862,
      "se_symmetric_bits": 0.0010230058096258523
    },
    {
      "receive_antennas": 6,
      "users": 19,
      "snr_db": 10,
      "mean_sum_bits": 43.93654377976536,
      "se_sum_bits": 0.019824854545329722,
      "mean_symmetric_bits": 2.312449672619229,
      "se_symmetric_bits": 0.0010434133971226169
    },
    {
      "receive_antennas": 6,
      "users": 19,
      "snr_db": 15,
      "mean_sum_bits": 53.85703519349843,
      "se_sum_bits": 0.019952407155117778,
      "mean_symmetric_bits": 2.8345807996578123,
      "se_symmetric_bits": 0.0010501266923746198
    },
    {
      "receive_antennas": 6,
      "users": 19,
      "snr_db": 20,
      "mean_sum_bits": 63.80842370231421,
      "se_sum_bits": 0.019993264879205715,
      "mean_symmetric_bits": 3.3583380895954846,
      "se_symmetric_bits": 0.001052277098905564
    },
    {
      "receive_antennas": 6,
      "users": 19,
      "snr_db": 25,
      "mean_sum_bits": 73.76964827951878,
      "se_sum_bits": 0.02000623838993769,
      "mean_symmetric_bits": 3.8826130673430934,
      "se_symmetric_bits": 0.0010529599152598783
    },
    {
      "receive_antennas": 6,
      "users": 19,
      "snr_db": 30,
      "mean_sum_bits": 83.73398991942109,
      "se_sum_bits": 0.02001034632166191,
      "mean_symmetric_bits": 4.407052101022162,
      "se_symmetric_bits": 0.0010531761221927321
    },
    {
      "receive_antennas": 6,
      "users": 20,
      "snr_db": 0,
      "mean_sum_bits": 25.053002479899483,
      "se_sum_bits": 0.017942015038275715,
      "mean_symmetric_bits": 1.252650123994974,
      "se_symmetric_bits": 0.0008971007519137858
    },
    {
      "receive_antennas": 6,
      "users": 20,
      "snr_db": 5,
      "mean_sum_bits": 34.62105638005639,
      "se_sum_bits": 0.018929948264639344,
      "mean_symmetric_bits": 1.7310528190028194,
      "se_symmetric_bits": 0.0009464974132319672
    },
    {
      "receive_antennas": 6,
      "users": 20,
      "snr_db": 10,
      "mean_sum_bits": 44.455551724455994,
      "se_sum_bits": 0.019276284181811584,
      "mean_symmetric_bits": 2.2227775862228,
      "se_symmetric_bits": 0.0009638142090905792
    },
    {
      "receive_antennas": 6,
      "users": 20,
      "snr_db": 15,
      "mean_sum_bits": 54.379220782173135,
      "se_sum_bits": 0.019389715821863454,
      "mean_symmetric_bits": 2.718961039108657,
      "se_symmetric_bits": 0.0009694857910931727
    },
    {
      "receive_antennas": 6,
      "users": 20,
      "snr_db": 20,
      "mean_sum_bits": 64.33162561700874,
      "se_sum_bits": 0.01942599653187302,
      "mean_symmetric_bits": 3.216581280850437,
      "se_symmetric_bits": 0.000971299826593651
    },
    {
      "receive_antennas": 6,
      "users": 20,
      "snr_db": 25,
      "mean_sum_bits": 74.29317274958674,
      "se_sum_bits": 0.01943751119791589,
      "mean_symmetric_bits": 3.7146586374793373,
      "se_symmetric_bits": 0.0009718755598957945
    },
    {
      "receive_antennas": 6,
      "users": 20,
      "snr_db": 30,
      "mean_sum_bits": 84.25761650752736,
      "se_sum_bits": 0.019441156645815676,
      "mean_symmetric_bits": 4.212880825376368,
      "se_symmetric_bits": 0.0009720578322907838
    },
    {
      "receive_antennas": 6,
      "users": 21,
      "snr_db": 0,
      "mean_sum_bits": 25.510813083171595,
      "se_sum_bits": 0.01742936055901059,
      "mean_symmetric_bits": 1.2148006230081712,
      "se_symmetric_bits": 0.0008299695504290756
    },
    {
      "receive_antennas": 6,
      "users": 21,
      "snr_db": 5,
      "mean_sum_bits": 35.10332325952275,
      "se_sum_bits": 0.018321441814729698,
      "mean_symmetric_bits": 1.6715868218820358,
      "se_symmetric_bits": 0.0008724496102252237
    },
    {
      "receive_antennas": 6,
      "users": 21,
      "snr_db": 10,
      "mean_sum_bits": 44.94630946577285,
      "se_sum_bits": 0.018631437903247377,
      "mean_symmetric_bits": 2.140300450751088,
      "se_symmetric_bits": 0.0008872113287260655
    },
    {
      "receive_antennas": 6,
      "users": 21,
      "snr_db": 15,
      "mean_sum_bits": 54.872749433877445,
      "se_sum_bits": 0.018732640276008364,
      "mean_symmetric_bits": 2.6129880682798783,
      "se_symmetric_bits": 0.0008920304893337316
    },
    {
      "receive_antennas": 6,
      "users": 21,
      "snr_db": 20,
      "mean_sum_bits": 64.82603946710144,
      "se_sum_bits": 0.018764974704780144,
      "mean_symmetric_bits": 3.086954260338164,
      "se_symmetric_bits": 0.0008935702240371497
    },
    {
      "receive_antennas": 6,
      "users": 21,
      "snr_db": 25,
      "mean_sum_bits": 74.78786743236539,
      "se_sum_bits": 0.018775233362320544,
      "mean_symmetric_bits": 3.561327020588828,
      "se_symmetric_bits": 0.0008940587315390736
    },
    {
      "receive_antennas": 6,
      "users": 21,
      "snr_db": 30,
      "mean_sum_bits": 84.75240008863587,
      "se_sum_bits": 0.01877848081114376,
      "mean_symmetric_bits": 4.035828575649327,
      "se_symmetric_bits": 0.0008942133719592267
    },
    {
      "receive_antennas": 6,
      "users": 22,
      "snr_db": 0,
      "mean_sum_bits": 25.94624630699189,
      "se_sum_bits": 0.01711032953803942,
      "mean_symmetric_bits": 1.179374832135995,
      "se_symmetric_bits": 0.0007777422517290645
    },
    {
      "receive_antennas": 6,
      "users": 22,
      "snr_db": 5,
      "mean_sum_bits": 35.56033414558161,
      "se_sum_bits": 0.017933007763068498,
      "mean_symmetric_bits": 1.6163788247991642,
      "se_symmetric_bits": 0.0008151367165031135
    },
    {
      "receive_antennas": 6,
      "users": 22,
      "snr_db": 10,
      "mean_sum_bits": 45.41075273216394,
      "se_sum_bits": 0.018216845545072628,
      "mean_symmetric_bits": 2.06412512418927,
      "se_symmetric_bits": 0.0008280384338669376
    },
    {
      "receive_antennas": 6,
      "users": 22,
      "snr_db": 15,
      "mean_sum_bits": 55.339611284629996,
      "se_sum_bits": 0.018309267183687434,
      "mean_symmetric_bits": 2.515436876574091,
      "se_symmetric_bits": 0.0008322394174403379
    },
    {
      "receive_antennas": 6,
      "users": 22,
      "snr_db": 20,
      "mean_sum_bits": 65.29367323417597,
      "se_sum_bits": 0.018338770643971877,
      "mean_symmetric_bits": 2.9678942379170894,
      "se_symmetric_bits": 0.0008335804838169035
    },
    {
      "receive_antennas": 6,
      "users": 22,
      "snr_db": 25,
      "mean_sum_bits": 75.25574601892716,
      "se_sum_bits": 0.01834812853058231,
      "mean_symmetric_bits": 3.4207157281330525,
      "se_symmetric_bits": 0.0008340058422991959
    },
    {
      "receive_antennas": 6,
      "users": 22,
      "snr_db": 30,
      "mean_sum_bits": 85.22035616601201,
      "se_sum_bits": 0.018351090572918373,
      "mean_symmetric_bits": 3.873652553000546,
      "se_symmetric_bits": 0.0008341404805871988
    },
    {
      "receive_antennas": 6,
      "users": 23,
      "snr_db": 0,
      "mean_sum_bits": 26.36499577998735,
      "se_sum_bits": 0.016801158827393994,
      "mean_symmetric_bits": 1.146304164347276,
      "se_symmetric_bits": 0.0007304851664084345
    },
    {
      "receive_antennas": 6,
      "users": 23,
      "snr_db": 5,
      "mean_sum_bits": 35.99841754178692,
      "se_sum_bits": 0.01755891548319749,
      "mean_symmetric_bits": 1.5651485887733443,
      "se_symmetric_bits": 0.0007634311079651083
    },
    {
      "receive_antennas": 6,
      "users": 23,
      "snr_db": 10,
      "mean_sum_bits": 45.85545209852785,
      "se_sum_bits": 0.017818625337637672,
      "mean_symmetric_bits": 1.9937153086316457,
      "se_symmetric_bits": 0.0007747228407668554
    },
    {
      "receive_antennas": 6,
      "users": 23,
      "snr_db": 15,
      "mean_sum_bits": 55.786458562547594,
      "se_sum_bits": 0.01790298962745965,
      "mean_symmetric_bits": 2.4254981983716344,
      "se_symmetric_bits": 0.0007783908533678109
    },
    {
      "receive_antennas": 6,
      "users": 23,
      "snr_db": 20,
      "mean_sum_bits": 65.74120551607896,
      "se_sum_bits": 0.01792989982529305,
      "mean_symmetric_bits": 2.858313283307781,
      "se_symmetric_bits": 0.000779560861969263
    },
    {
      "receive_antennas": 6,
      "users": 23,
      "snr_db": 25,
      "mean_sum_bits": 75.70349550213933,
      "se_sum_bits": 0.017938433033675778,
      "mean_symmetric_bits": 3.291456326179971,
      "se_symmetric_bits": 0.0007799318710293816
    },
    {
      "receive_antennas": 6,
      "users": 23,
      "snr_db": 30,
      "mean_sum_bits": 85.66817439292204,
      "se_sum_bits": 0.017941133825416455,
      "mean_symmetric_bits": 3.7247032344748714,
      "se_symmetric_bits": 0.0007800492967572372
    },
    {
      "receive_antennas": 6,
      "users": 24,
      "snr_db": 0,
      "mean_sum_bits": 26.765032585930285,
      "se_sum_bits": 0.016473700938633914,
      "mean_symmetric_bits": 1.1152096910804286,
      "se_symmetric_bits": 0.0006864042057764131
    },
    {
      "receive_antennas": 6,
      "users": 24,
      "snr_db": 5,
      "mean_sum_bits": 36.41590020719788,
      "se_sum_bits": 0.017166886890734957,
      "mean_symmetric_bits": 1.5173291752999116,
      "se_symmetric_bits": 0.0007152869537806233
    },
    {
      "receive_antennas": 6,
      "users": 24,
      "snr_db": 10,
      "mean_sum_bits": 46.278873094542476,
      "se_sum_bits": 0.01740299276897419,
      "mean_symmetric_bits": 1.92828637893927,
      "se_symmetric_bits": 0.0007251246987072579
    },
    {
      "receive_antennas": 6,
      "users": 24,
      "snr_db": 15,
      "mean_sum_bits": 56.211803858436184,
      "se_sum_bits": 0.017479521810395814,
      "mean_symmetric_bits": 2.3421584941015077,
      "se_symmetric_bits": 0.0007283134087664923
    },
    {
      "receive_antennas": 6,
      "users": 24,
      "snr_db": 20,
      "mean_sum_bits": 66.16716412449917,
      "se_sum_bits": 0.017503915234398707,
      "mean_symmetric_bits": 2.756965171854132,
      "se_symmetric_bits": 0.0007293298014332795
    },
    {
      "receive_antennas": 6,
      "users": 24,
      "snr_db": 25,
      "mean_sum_bits": 76.12964854155206,
      "se_sum_bits": 0.017511648598899754,
      "mean_symmetric_bits": 3.172068689231336,
      "se_symmetric_bits": 0.0007296520249541564
    },
    {
      "receive_antennas": 6,
      "users": 24,
      "snr_db": 30,
      "mean_sum_bits": 86.0943889654271,
      "se_sum_bits": 0.01751409605869217,
      "mean_symmetric_bits": 3.587266206892796,
      "se_symmetric_bits": 0.000729754002445507
    },
    {
      "receive_antennas": 6,
      "users": 25,
      "snr_db": 0,
      "mean_sum_bits": 27.147846881428926,
      "se_sum_bits": 0.01611355885829232,
      "mean_symmetric_bits": 1.085913875257157,
      "se_symmetric_bits": 0.0006445423543316928
    },
    {
      "receive_antennas": 6,
      "users": 25,
      "snr_db": 5,
      "mean_sum_bits": 36.81448115370232,
      "se_sum_bits": 0.016757096059644927,
      "mean_symmetric_bits": 1.4725792461480927,
      "se_symmetric_bits": 0.0006702838423857971
    },
    {
      "receive_antennas": 6,
      "users": 25,
      "snr_db": 10,
      "mean_sum_bits": 46.68279375789664,
      "se_sum_bits": 0.01697527105656737,
      "mean_symmetric_bits": 1.8673117503158656,
      "se_symmetric_bits": 0.0006790108422626948
    },
    {
      "receive_antennas": 6,
      "users": 25,
      "snr_db": 15,
      "mean_sum_bits": 56.61745177963075,
      "se_sum_bits": 0.01704587244390461,
      "mean_symmetric_bits": 2.26469807118523,
      "se_symmetric_bits": 0.0006818348977561845
    },
    {
      "receive_antennas": 6,
      "users": 25,
      "snr_db": 20,
      "mean_sum_bits": 66.57336223769161,
      "se_sum_bits": 0.01706836437637666,
      "mean_symmetric_bits": 2.6629344895076645,
      "se_symmetric_bits": 0.0006827345750550664
    },
    {
      "receive_antennas": 6,
      "users": 25,
      "snr_db": 25,
      "mean_sum_bits": 76.53602104303914,
      "se_sum_bits": 0.017075493694249003,
      "mean_symmetric_bits": 3.0614408417215655,
      "se_symmetric_bits": 0.0006830197477699601
    },
    {
      "receive_antennas": 6,
      "users": 25,
      "snr_db": 30,
      "mean_sum_bits": 86.50081665368725,
      "se_sum_bits": 0.017077749862156766,
      "mean_symmetric_bits": 3.46003266614749,
      "se_symmetric_bits": 0.0006831099944862707
    },
    {
      "receive_antennas": 6,
      "users": 26,
      "snr_db": 0,
      "mean_sum_bits": 27.511849164446296,
      "se_sum_bits": 0.015730363005002666,
      "mean_symmetric_bits": 1.058148044786396,
      "se_symmetric_bits": 0.0006050139617308718
    },
    {
      "receive_antennas": 6,
      "users": 26,
      "snr_db": 5,
      "mean_sum_bits": 37.19271068306557,
      "se_sum_bits": 0.016323264453109266,
      "mean_symmetric_bits": 1.4304888724255989,
      "se_symmetric_bits": 0.0006278178635811256
    },
    {
      "receive_antennas": 6,
      "users": 26,
      "snr_db": 10,
      "mean_sum_bits": 47.065822594391236,
      "se_sum_bits": 0.016523361190458535,
      "mean_symmetric_bits": 1.8102239459381244,
      "se_symmetric_bits": 0.0006355138919407129
    },
    {
      "receive_antennas": 6,
      "users": 26,
      "snr_db": 15,
      "mean_sum_bits": 57.00203093387151,
      "se_sum_bits": 0.01658801067850461,
      "mean_symmetric_bits": 2.1923858051489042,
      "se_symmetric_bits": 0.0006380004107117158
    },
    {
      "receive_antennas": 6,
      "users": 26,
      "snr_db": 20,
      "mean_sum_bits": 66.95843500103754,
      "se_sum_bits": 0.0166085959203532,
      "mean_symmetric_bits": 2.5753244231168284,
      "se_symmetric_bits": 0.0006387921507828154
    },
    {
      "receive_antennas": 6,
      "users": 26,
      "snr_db": 25,
      "mean_sum_bits": 76.92125023782738,
      "se_sum_bits": 0.016615119802183283,
      "mean_symmetric_bits": 2.958509624531822,
      "se_symmetric_bits": 0.0006390430693147416
    },
    {
      "receive_antennas": 6,
      "users": 26,
      "snr_db": 30,
      "mean_sum_bits": 86.88609535039,
      "se_sum_bits": 0.016617184264559194,
      "mean_symmetric_bits": 3.341772898091923,
      "se_symmetric_bits": 0.0006391224717138151
    },
    {
      "receive_antennas": 6,
      "users": 27,
      "snr_db": 0,
      "mean_sum_bits": 27.86166500962277,
      "se_sum_bits": 0.015460587142152454,
      "mean_symmetric_bits": 1.0319135188749173,
      "se_symmetric_bits": 0.000572614338598239
    },
    {
      "receive_antennas": 6,
      "users": 27,
      "snr_db": 5,
      "mean_sum_bits": 37.555430090446066,
      "se_sum_bits": 0.016014498209578603,
      "mean_symmetric_bits": 1.390941855201706,
      "se_symmetric_bits": 0.0005931295633177261
    },
    {
      "receive_antennas": 6,
      "users": 27,
      "snr_db": 10,
      "mean_sum_bits": 47.43287667982581,
      "se_sum_bits": 0.016200725658490404,
      "mean_symmetric_bits": 1.7567732103639189,
      "se_symmetric_bits": 0.0006000268762403853
    },
    {
      "receive_antennas": 6,
      "users": 27,
      "snr_db": 15,
      "mean_sum_bits": 57.37048324862776,
      "se_sum_bits": 0.016260814834261016,
      "mean_symmetric_bits": 2.124832712912139,
      "se_symmetric_bits": 0.0006022524012689266
    },
    {
      "receive_antennas": 6,
      "users": 27,
      "snr_db": 20,
      "mean_sum_bits": 67.3273322945378,
      "se_sum_bits": 0.016279939793150067,
      "mean_symmetric_bits": 2.4936048997976963,
      "se_symmetric_bits": 0.0006029607330796321
    },
    {
      "receive_antennas": 6,
      "users": 27,
      "snr_db": 25,
      "mean_sum_bits": 77.29028853027037,
      "se_sum_bits": 0.01628600004996451,
      "mean_symmetric_bits": 2.8626032788989026,
      "se_symmetric_bits": 0.0006031851870357226
    },
    {
      "receive_antennas": 6,
      "users": 27,
      "snr_db": 30,
      "mean_sum_bits": 87.25517825911882,
      "se_sum_bits": 0.01628791771615397,
      "mean_symmetric_bits": 3.2316732688562526,
      "se_symmetric_bits": 0.0006032562117094062
    },
    {
      "receive_antennas": 6,
      "users": 28,
      "snr_db": 0,
      "mean_sum_bits": 28.195898086135543,
      "se_sum_bits": 0.015215090536875866,
      "mean_symmetric_bits": 1.0069963602191265,
      "se_symmetric_bits": 0.0005433960906027095
    },
    {
      "receive_antennas": 6,
      "users": 28,
      "snr_db": 5,
      "mean_sum_bits": 37.90138938812373,
      "se_sum_bits": 0.015734004154070537,
      "mean_symmetric_bits": 1.3536210495758476,
      "se_symmetric_bits": 0.0005619287197882334
    },
    {
      "receive_antennas": 6,
      "users": 28,
      "snr_db": 10,
      "mean_sum_bits": 47.782760952780514,
      "se_sum_bits": 0.015907879014481617,
      "mean_symmetric_bits": 1.7065271768850183,
      "se_symmetric_bits": 0.0005681385362314863
    },
    {
      "receive_antennas": 6,
      "users": 28,
      "snr_db": 15,
      "mean_sum_bits": 57.721632024840446,
      "se_sum_bits": 0.015963917789969712,
      "mean_symmetric_bits": 2.061486858030016,
      "se_symmetric_bits": 0.0005701399210703468
    },
    {
      "receive_antennas": 6,
      "users": 28,
      "snr_db": 20,
      "mean_sum_bits": 67.67888332975693,
      "se_sum_bits": 0.015981746926260632,
      "mean_symmetric_bits": 2.4171029760627474,
      "se_symmetric_bits": 0.0005707766759378797
    },
    {
      "receive_antennas": 6,
      "users": 28,
      "snr_db": 25,
      "mean_sum_bits": 77.64196701158195,
      "se_sum_bits": 0.01598739589232239,
      "mean_symmetric_bits": 2.772927393270784,
      "se_symmetric_bits": 0.0005709784247257996
    },
    {
      "receive_antennas": 6,
      "users": 28,
      "snr_db": 30,
      "mean_sum_bits": 87.6068970665444,
      "se_sum_bits": 0.015989183344802812,
      "mean_symmetric_bits": 3.128817752376586,
      "se_symmetric_bits": 0.0005710422623143862
    },
    {
      "receive_antennas": 6,
      "users": 29,
      "snr_db": 0,
      "mean_sum_bits": 28.522002951697754,
      "se_sum_bits": 0.0150197609051087,
      "mean_symmetric_bits": 0.9835173431619915,
      "se_symmetric_bits": 0.0005179227898313344
    },
    {
      "receive_antennas": 6,
      "users": 29,
      "snr_db": 5,
      "mean_sum_bits": 38.23833504255809,
      "se_sum_bits": 0.015509824160873877,
      "mean_symmetric_bits": 1.3185632773295894,
      "se_symmetric_bits": 0.0005348215227887543
    },
    {
      "receive_antennas": 6,
      "users": 29,
      "snr_db": 10,
      "mean_sum_bits": 48.12332377679697,
      "se_sum_bits": 0.015673560524476205,
      "mean_symmetric_bits": 1.6594249578205853,
      "se_symmetric_bits": 0.000540467604292283
    },
    {
      "receive_antennas": 6,
      "users": 29,
      "snr_db": 15,
      "mean_sum_bits": 58.0633589375896,
      "se_sum_bits": 0.015726280066588407,
      "mean_symmetric_bits": 2.0021847909513655,
      "se_symmetric_bits": 0.0005422855195375313
    },
    {
      "receive_antennas": 6,
      "users": 29,
      "snr_db": 20,
      "mean_sum_bits": 68.02098042940423,
      "se_sum_bits": 0.015743047841622067,
      "mean_symmetric_bits": 2.345551049289801,
      "se_symmetric_bits": 0.000542863718676623
    },
    {
      "receive_antennas": 6,
      "users": 29,
      "snr_db": 25,
      "mean_sum_bits": 77.98418138306289,
      "se_sum_bits": 0.015748359989530385,
      "mean_symmetric_bits": 2.6891097028642377,
      "se_symmetric_bits": 0.000543046896190703
    },
    {
      "receive_antennas": 6,
      "users": 29,
      "snr_db": 30,
      "mean_sum_bits": 87.94914854352847,
      "se_sum_bits": 0.015750040811701102,
      "mean_symmetric_bits": 3.032729260121671,
      "se_symmetric_bits": 0.0005431048555759
    },
    {
      "receive_antennas": 6,
      "users": 30,
      "snr_db": 0,
      "mean_sum_bits": 28.834471821406012,
      "se_sum_bits": 0.01473697161475817,
      "mean_symmetric_bits": 0.9611490607135338,
      "se_symmetric_bits": 0.0004912323871586056
    },
    {
      "receive_antennas": 6,
      "users": 30,
      "snr_db": 5,
      "mean_sum_bits": 38.56080459586775,
      "se_sum_bits": 0.015196182701651921,
      "mean_symmetric_bits": 1.2853601531955916,
      "se_symmetric_bits": 0.0005065394233883973
    },
    {
      "receive_antennas": 6,
      "users": 30,
      "snr_db": 10,
      "mean_sum_bits": 48.44912271478661,
      "se_sum_bits": 0.015349143966010684,
      "mean_symmetric_bits": 1.6149707571595537,
      "se_symmetric_bits": 0.0005116381322003562
    },
    {
      "receive_antennas": 6,
      "users": 30,
      "snr_db": 15,
      "mean_sum_bits": 58.39022853784369,
      "se_sum_bits": 0.015398342908157028,
      "mean_symmetric_bits": 1.9463409512614562,
      "se_symmetric_bits": 0.0005132780969385676
    },
    {
      "receive_antennas": 6,
      "users": 30,
      "snr_db": 20,
      "mean_sum_bits": 68.34819042315252,
      "se_sum_bits": 0.015413985650336115,
      "mean_symmetric_bits": 2.2782730141050838,
      "se_symmetric_bits": 0.0005137995216778705
    },
    {
      "receive_antennas": 6,
      "users": 30,
      "snr_db": 25,
      "mean_sum_bits": 78.31149920196985,
      "se_sum_bits": 0.01541894084636717,
      "mean_symmetric_bits": 2.6103833067323285,
      "se_symmetric_bits": 0.0005139646948789056
    },
    {
      "receive_antennas": 6,
      "users": 30,
      "snr_db": 30,
      "mean_sum_bits": 88.27650047811272,
      "se_sum_bits": 0.015420508671498596,
      "mean_symmetric_bits": 2.942550015937091,
      "se_symmetric_bits": 0.0005140169557166198
    }
  ],
  "grouped": [
    {
      "snr_db": 0,
      "sdma": 0.8056153592536899,
      "grouped": 0.6632461381268394,
      "oma": 0.23538647962917017,
      "se": [
        0.0004305128712381242,
        0.0011610252843203266,
        0.0004997148201897282
      ]
    },
    {
      "snr_db": 1,
      "sdma": 0.8590829994026772,
      "grouped": 0.7102407753838696,
      "oma": 0.2463761309726263,
      "se": [
        0.00043423201415602856,
        0.0012102216379436897,
        0.000500679149599338
      ]
    },
    {
      "snr_db": 2,
      "sdma": 0.9129282233896728,
      "grouped": 0.758172909487776,
      "oma": 0.2573828077320119,
      "se": [
        0.00043724242720465816,
        0.001258665973845973,
        0.0005014489159418417
      ]
    },
    {
      "snr_db": 3,
      "sdma": 0.96707793331711,
      "grouped": 0.806962522273738,
      "oma": 0.26840305811311316,
      "se": [
        0.0004396702104417314,
        0.001306123323392961,
        0.0005020627664144757
      ]
    },
    {
      "snr_db": 4,
      "sdma": 1.021472451980031,
      "grouped": 0.8565336822469461,
      "oma": 0.2794341220831124,
      "se": [
        0.00044162227360426627,
        0.0013523287938310327,
        0.0005025518933920907
      ]
    },
    {
      "snr_db": 5,
      "sdma": 1.0760633245349787,
      "grouped": 0.9068143871650324,
      "oma": 0.2904737956925418,
      "se": [
        0.0004431880366845297,
        0.0013970036987513612,
        0.0005029413909984149
      ]
    },
    {
      "snr_db": 6,
      "sdma": 1.1308113809697138,
      "grouped": 0.9577364672478496,
      "oma": 0.30152032092141046,
      "se": [
        0.0004444414960486758,
        0.001439873606618257,
        0.0005032513951610693
      ]
    },
    {
      "snr_db": 7,
      "sdma": 1.1856850687382334,
      "grouped": 1.0092355542600817,
      "oma": 0.31257229665220193,
      "se": [
        0.00044544336937163913,
        0.00148068581730495,
        0.0005034980299310939
      ]
    },
    {
      "snr_db": 8,
      "sdma": 1.240659043313551,
      "grouped": 1.061251105950487,
      "oma": 0.32362860697517354,
      "se": [
        0.00044624314599123367,
        0.0015192242138264156,
        0.0005036941855580428
      ]
    },
    {
      "snr_db": 9,
      "sdma": 1.2957129928625022,
      "grouped": 1.1137264663082869,
      "oma": 0.33468836361523696,
      "se": [
        0.0004468809496880792,
        0.0015553201196313582,
        0.0005038501535365815
      ]
    },
    {
      "snr_db": 10,
      "sdma": 1.3508306683643956,
      "grouped": 1.1666089384314962,
      "oma": 0.34575085980278586,
      "se": [
        0.00044738917426419094,
        0.0015888585525384974,
        0.0005039741419476035
      ]
    },
    {
      "snr_db": 11,
      "sdma": 1.4059990897408843,
      "grouped": 1.2198498469666548,
      "oma": 0.356815533379589,
      "se": [
        0.0004477938854057669,
        0.001619779964303794,
        0.0005040726917808993
      ]
    },
    {
      "snr_db": 12,
      "sdma": 1.4612079001637983,
      "grouped": 1.2734045700076166,
      "oma": 0.3678819373326046,
      "se": [
        0.00044811600123976055,
        0.0016480780876168073,
        0.0005041510120780439
      ]
    },
    {
      "snr_db": 13,
      "sdma": 1.5164488434874916,
      "grouped": 1.3272325253587303,
      "oma": 0.37894971628665497,
      "se": [
        0.0004483722735200119,
        0.0016737948252254704,
        0.0005042132489747293
      ]
    },
    {
      "snr_db": 14,
      "sdma": 1.571715342977302,
      "grouped": 1.381297102501718,
      "oma": 0.3900185877676199,
      "se": [
        0.0004485760950082943,
        0.0016970132073158314,
        0.0005042627012055227
      ]
    },
    {
      "snr_db": 15,
      "sdma": 1.6270021627429572,
      "grouped": 1.4355655385157196,
      "oma": 0.4010883272785943,
      "se": [
        0.0004487381587662744,
        0.0017178493594885375,
        0.0005043019924251338
      ]
    },
    {
      "snr_db": 16,
      "sdma": 1.6823051363008779,
      "grouped": 1.4900087424523187,
      "oma": 0.4121587564197409,
      "se": [
        0.0004488669933389942,
        0.001736444239449974,
        0.0005043332088102382
      ]
    },
    {
      "snr_db": 17,
      "sdma": 1.7376209493733423,
      "grouped": 1.5446010772671095,
      "oma": 0.42322973343529763,
      "se": [
        0.00044896939519314504,
        0.0017529556916279629,
        0.0005043580088176805
      ]
    },
    {
      "snr_db": 18,
      "sdma": 1.7929469663514006,
      "grouped": 1.599320110846646,
      "oma": 0.4343011456945268,
      "se": [
        0.00044905077687726314,
        0.001767551187757306,
        0.0005043777106577507
      ]
    },
    {
      "snr_db": 19,
      "sdma": 1.8482810918107517,
      "grouped": 1.6541463480514245,
      "oma": 0.44537290371263333,
      "se": [
        0.00044911544653672945,
        0.0017804014868870522,
        0.00050439336195956
      ]
    },
    {
      "snr_db": 20,
      "sdma": 1.903621660105633,
      "grouped": 1.7090629545953886,
      "oma": 0.45644493639731337,
      "se": [
        0.0004491668318190245,
        0.0017916753521807582,
        0.0005044057952238019
      ]
    },
    {
      "snr_db": 21,
      "sdma": 1.9589673474144256,
      "grouped": 1.7640554817268537,
      "oma": 0.4675171872703662,
      "se": [
        0.00044920765891834146,
        0.0018015353859988795,
        0.0005044156719434717
      ]
    },
    {
      "snr_db": 22,
      "sdma": 2.0143171017133334,
      "grouped": 1.8191115986615483,
      "oma": 0.478589611464781,
      "se": [
        0.00044924009554936584,
        0.0018101349756787434,
        0.0005044235176963266
      ]
    },
    {
      "snr_db": 23,
      "sdma": 2.0696700870503446,
      "grouped": 1.874220837886669,
      "oma": 0.4896621733384073,
      "se": [
        0.00044926586499214835,
        0.001817616278054848,
        0.0005044297500489455
      ]
    },
    {
      "snr_db": 24,
      "sdma": 2.125025639215929,
      "grouped": 1.9293743569167994,
      "oma": 0.5007348445777747,
      "se": [
        0.00044928633698261566,
        0.0018241091177755863,
        0.0005044347007401008
      ]
    },
    {
      "snr_db": 25,
      "sdma": 2.1803832304902535,
      "grouped": 1.9845647188192743,
      "oma": 0.5118076026914924,
      "se": [
        0.00044930260009999487,
        0.0018297306414883112,
        0.0005044386333132501
      ]
    },
    {
      "snr_db": 26,
      "sdma": 2.2357424416151694,
      "grouped": 2.0397856927845424,
      "oma": 0.5228804298132559,
      "se": [
        0.0004493155193865647,
        0.0018345855609718667,
        0.0005044417571298474
      ]
    },
    {
      "snr_db": 27,
      "sdma": 2.2911029395145146,
      "grouped": 2.095032075165848,
      "oma": 0.5339533117508766,
      "se": [
        0.00044932578219267894,
        0.0018387668293706509,
        0.0005044442385051395
      ]
    },
    {
      "snr_db": 28,
      "sdma": 2.3464644595864663,
      "grouped": 2.150299530755572,
      "oma": 0.5450262372307962,
      "se": [
        0.0004493339346407812,
        0.0018423566153007867,
        0.000504446209556562
      ]
    },
    {
      "snr_db": 29,
      "sdma": 2.40182679163138,
      "grouped": 2.2055844536132447,
      "oma": 0.5560991972979192,
      "se": [
        0.00044934041062011154,
        0.0018454274580531947,
        0.0005044477752341124
      ]
    },
    {
      "snr_db": 30,
      "sdma": 2.4571897686697874,
      "grouped": 2.260883846489767,
      "oma": 0.5671721848388398,
      "se": [
        0.0004493455548371612,
        0.0018480434972332432,
        0.000504449018905937
      ]
    }
  ],
  "mc_realisations": 2048,
  "toeplitz": [
    {
      "n": 2,
      "per_symbol_logdet": 1.5582310371706525,
      "limit": 1.4660509696127646,
      "error": 0.09218006755788788,
      "upper_bound": 0.09475958069431158
    },
    {
      "n": 4,
      "per_symbol_logdet": 1.51339241397446,
      "limit": 1.4660509696127646,
      "error": 0.047341444361695295,
      "upper_bound": 0.04737979034715579
    },
    {
      "n": 8,
      "per_symbol_logdet": 1.4897408477548033,
      "limit": 1.4660509696127646,
      "error": 0.02368987814203871,
      "upper_bound": 0.023689895173577894
    },
    {
      "n": 16,
      "per_symbol_logdet": 1.477895917199547,
      "limit": 1.4660509696127646,
      "error": 0.01184494758678234,
      "upper_bound": 0.011844947586788947
    },
    {
      "n": 32,
      "per_symbol_logdet": 1.4719734434061598,
      "limit": 1.4660509696127646,
      "error": 0.0059224737933951666,
      "upper_bound": 0.0059224737933944735
    },
    {
      "n": 64,
      "per_symbol_logdet": 1.4690122065094628,
      "limit": 1.4660509696127646,
      "error": 0.0029612368966982494,
      "upper_bound": 0.0029612368966972368
    },
    {
      "n": 128,
      "per_symbol_logdet": 1.46753158806111,
      "limit": 1.4660509696127646,
      "error": 0.00148061844834535,
      "upper_bound": 0.0014806184483486184
    }
  ],
  "power": {
    "trajectory": [
      [
        0.0,
        3.0
      ],
      [
        2.0,
        0.5
      ],
      [
        0.75,
        1.5
      ],
      [
        1.25,
        0.875
      ],
      [
        0.9375,
        1.125
      ],
      [
        1.0625,
        0.96875
      ],
      [
        0.984375,
        1.03125
      ],
      [
        1.015625,
        0.9921875
      ],
      [
        0.99609375,
        1.0078125
      ],
      [
        1.00390625,
        0.998046875
      ],
      [
        0.9990234375,
        1.001953125
      ],
      [
        1.0009765625,
        0.99951171875
      ],
      [
        0.999755859375,
        1.00048828125
      ],
      [
        1.000244140625,
        0.9998779296875
      ],
      [
        0.99993896484375,
        1.0001220703125
      ],
      [
        1.00006103515625,
        0.999969482421875
      ],
      [
        0.9999847412109375,
        1.000030517578125
      ],
      [
        1.0000152587890625,
        0.9999923706054688
      ],
      [
        0.9999961853027344,
        1.0000076293945312
      ],
      [
        1.0000038146972656,
        0.9999980926513672
      ],
      [
        0.9999990463256836,
        1.0000019073486328
      ],
      [
        1.0000009536743164,
        0.9999995231628418
      ],
      [
        0.9999997615814209,
        1.0000004768371582
      ],
      [
        1.000000238418579,
        0.9999998807907104
      ],
      [
        0.9999999403953552,
        1.0000001192092896
      ],
      [
        1.0000000596046448,
        0.9999999701976776
      ]
    ],
    "policies": [
      {
        "assignment": [
          1,
          2
        ],
        "p": [
          0.5612244897959183,
          0.6122448979591837
        ]
      },
      {
        "assignment": [
          1,
          1
        ],
        "p": [
          1.0,
          5.0
        ]
      },
      {
        "assignment": [
          2,
          2
        ],
        "p": [
          2.5,
          1.0
        ]
      },
      {
        "assignment": [
          2,
          1
        ],
        "status": "infeasible"
      }
    ]
  },
  "diagonal_restriction_counterexample": {
    "best_diagonal": 0.9985774245179968,
    "nondiagonal": 1.0319849943301747,
    "delta": 0.01
  },
  "waterfilling": {
    "gains": [
      4.0,
      1.0,
      0.25,
      0.1
    ],
    "power": [
      1.875,
      1.125,
      0,
      0
    ],
    "capacity_nats": 2.8938379658726507,
    "equal_power_nats": 2.1900810675615987
  },
  "canonical_cascade": {
    "max_output_discrepancy": 3.3306690738754696e-16,
    "sampled_input_length": 5000,
    "peak_v": 0.8864199212423441,
    "peak_w": 0.04343958281465812
  }
}






PHI_volume_02_verification/verification/comparative_case_graphs/results/weekly_loo_rows.csv

			row			probability_cold			probability_warm			actual_up			error			iterations_cold			iterations_warm			score_norm


			1			0.5713923205171542			0.5713923205203999			0.0			True			4.0			3.0			1.445965970629452e-08


			2			0.5703385975404829			0.5703385975431428			0.0			True			4.0			3.0			1.4260129510435434e-08


			3			0.5746448515264089			0.5746448515285761			1.0			False			4.0			3.0			1.2525577314275963e-08


			4			0.48044230273575217			0.4804423027278626			1.0			True			4.0			3.0			1.5894307222559566e-08


			5			0.5988008564888987			0.5988008564945314			1.0			False			4.0			3.0			1.1580627352464134e-08


			6			0.5550604127162558			0.5550604127172899			0.0			True			4.0			3.0			1.3682286528310103e-08


			7			0.5848761031504092			0.5848761031541598			1.0			False			4.0			3.0			1.213180845717909e-08


			8			0.5261505618567639			0.5261505618537528			1.0			False			4.0			3.0			1.3963508786186879e-08


			9			0.5662303412922061			0.5662303412942661			1.0			False			4.0			3.0			1.2572317837928786e-08


			10			0.544296928664171			0.544296928663776			0.0			True			4.0			3.0			1.320001157493877e-08


			11			0.6002211226497051			0.6002211226554157			0.0			True			4.0			3.0			1.5584961854060142e-08


			12			0.5308364858647387			0.5308364858613659			1.0			False			4.0			3.0			1.4028775517575797e-08


			13			0.49965623411808563			0.4996562341120641			1.0			True			4.0			3.0			1.4950434968648192e-08


			14			0.5563924856448107			0.5563924856471466			1.0			False			4.0			3.0			1.2485010040159148e-08


			15			0.6091105189981195			0.6091105189953583			0.0			True			5.0			3.0			3.271166214177094e-14


			16			0.5659427243831867			0.5659427243851926			1.0			False			4.0			3.0			1.2586572544519752e-08


			17			0.5325380871997105			0.5325380871982188			0.0			True			4.0			3.0			1.283083005316379e-08


			18			0.6013420730740391			0.6013420730794802			1.0			False			4.0			3.0			1.1665811275131554e-08


			19			0.5262322095947783			0.5262322095921084			0.0			True			4.0			3.0			1.2456628263228294e-08


			20			0.5910765085479468			0.591076508552145			1.0			False			4.0			3.0			1.200888460373378e-08


			21			0.516326806468099			0.5163268064635973			1.0			False			4.0			3.0			1.440672053992913e-08


			22			0.5644062014298638			0.5644062014317272			1.0			False			4.0			3.0			1.2623814367589472e-08


			23			0.533923151675202			0.533923151673903			0.0			True			4.0			3.0			1.2892812994082828e-08


			24			0.6074067807829112			0.6074067807900747			0.0			True			4.0			3.0			1.6226693352606086e-08


			25			0.5549782124914104			0.5549782124908975			0.0			True			4.0			3.0			1.3222604373169176e-08


			26			0.5464129061947339			0.5464129061929741			0.0			True			4.0			3.0			1.28196843958589e-08


			27			0.5468133378260017			0.5468133378240744			0.0			True			4.0			3.0			1.2796326349078491e-08


			28			0.5385326074677751			0.5385326074651315			0.0			True			4.0			3.0			1.2513477212219058e-08


			29			0.5656521569611016			0.565652156960598			1.0			False			4.0			3.0			1.2980118411567986e-08


			30			0.44227056228300904			0.44227056228300904			1.0			True			5.0			4.0			3.3504647350496673e-14


			31			0.606390587393975			0.6063905873921711			0.0			True			5.0			3.0			2.9440175640723586e-14


			32			0.5792423438257309			0.5792423438288516			0.0			True			4.0			3.0			1.4475707942520458e-08


			33			0.542767951859712			0.5427679518579135			0.0			True			4.0			3.0			1.276205378337769e-08


			34			0.5443763660173928			0.5443763660160001			1.0			False			4.0			3.0			1.3479910469925166e-08


			35			0.5135386951588417			0.513538695154971			0.0			True			4.0			3.0			1.2064682097352721e-08


			36			0.6142442840618628			0.6142442840676612			1.0			False			4.0			3.0			1.1491894346446149e-08


			37			0.4624676672916608			0.4624676672865672			0.0			False			4.0			3.0			1.0830678252483544e-08


			38			0.6365941044981104			0.6365941045053599			1.0			False			4.0			3.0			1.0799358345582082e-08


			39			0.4937314576416872			0.4937314576346374			1.0			True			4.0			3.0			1.5326236238426272e-08


			40			0.5831755203342903			0.5831755203384464			1.0			False			4.0			3.0			1.201792803249023e-08


			41			0.5544172265897644			0.5544172265906716			0.0			True			4.0			3.0			1.3639852803912425e-08


			42			0.576582232893916			0.5765822328969699			1.0			False			4.0			3.0			1.2314251366487882e-08


			43			0.5229789248511977			0.522978924848339			1.0			False			4.0			3.0			1.3930793481955001e-08


			44			0.5734734266007411			0.5734734266045909			0.0			True			4.0			3.0			1.4682614911501845e-08


			45			0.5825533161602318			0.5825533161640604			1.0			False			4.0			3.0			1.2110963384275234e-08


			46			0.5370403442099858			0.5370403442087452			0.0			True			4.0			3.0			1.2919511924122101e-08


			47			0.5868171847919057			0.5868171847967583			0.0			True			4.0			3.0			1.5074881055777112e-08


			48			0.5652033077010805			0.5652033077019258			0.0			True			4.0			3.0			1.3695608779369027e-08


			49			0.5359795092842378			0.5359795092816119			1.0			False			4.0			3.0			1.38172276033036e-08


			50			0.4728425849105021			0.47284258490381204			1.0			True			4.0			3.0			1.602712054158636e-08


			51			0.6206058444354624			0.620605844442153			1.0			False			4.0			3.0			1.0965156627401052e-08


			52			0.5516232119879299			0.5516232119889126			1.0			False			4.0			3.0			1.2854205164877345e-08


			53			0.5380265108259675			0.5380265108264496			1.0			False			4.0			3.0			1.3025894140852925e-08


			54			0.6028744152355723			0.6028744152319884			0.0			True			5.0			3.0			6.221579282185046e-14


			55			0.6025764708966367			0.6025764709022572			1.0			False			4.0			3.0			1.160984959311171e-08


			56			0.5279717707283882			0.5279717707258527			1.0			False			4.0			3.0			1.3829910871826836e-08


			57			0.5638927006430443			0.5638927006453427			0.0			True			4.0			3.0			1.4119354673443852e-08


			58			0.5770920120610991			0.5770920120647292			0.0			True			4.0			3.0			1.460846845868294e-08


			59			0.5646258340387967			0.564625834040089			1.0			False			4.0			3.0			1.2767014114351298e-08


			60			0.5092823775738705			0.5092823775689103			1.0			False			4.0			3.0			1.4570155452691606e-08


			61			0.5851558688502394			0.5851558688544394			1.0			False			4.0			3.0			1.2010329743609601e-08


			62			0.5422245565313754			0.5422245565308446			1.0			False			4.0			3.0			1.326642169241991e-08


			63			0.5662302378045896			0.5662302378071487			0.0			True			4.0			3.0			1.4212860766989159e-08


			64			0.5820524635118853			0.582052463515332			1.0			False			4.0			3.0			1.2211209273483878e-08


			65			0.5311153924128533			0.5311153924105221			0.0			True			4.0			3.0			1.2566606723997171e-08


			66			0.5754370472357084			0.5754370472386492			0.0			True			4.0			3.0			1.4378214915936092e-08


			67			0.5431158804951535			0.5431158804938961			1.0			False			4.0			3.0			1.345498677603436e-08


			68			0.5279461373933595			0.527946137390842			1.0			False			4.0			3.0			1.3825087544880216e-08


			69			0.5457734077606593			0.5457734077611751			0.0			True			4.0			3.0			1.347806189508398e-08


			70			0.6261404400307519			0.6261404400376339			1.0			False			4.0			3.0			1.1103434654572162e-08


			71			0.5090076400472788			0.5090076400426893			0.0			True			4.0			3.0			1.1812491155756408e-08


			72			0.5782692357503005			0.5782692357537377			0.0			True			4.0			3.0			1.4552769470821274e-08


			73			0.5532444712337482			0.5532444712335384			1.0			False			4.0			3.0			1.3160785294836056e-08


			74			0.5206286651042537			0.5206286651004182			1.0			False			4.0			3.0			1.4205717560980747e-08


			75			0.5503903096825933			0.5503903096832561			1.0			False			4.0			3.0			1.294127297984743e-08


			76			0.5704252665153636			0.570425266518551			0.0			True			4.0			3.0			1.4437188290361004e-08


			77			0.57814585764399			0.5781458576471524			1.0			False			4.0			3.0			1.2285994414607217e-08


			78			0.5272634533829892			0.5272634533805967			0.0			True			4.0			3.0			1.2545024881780757e-08


			79			0.5802475614450985			0.5802475614493412			0.0			True			4.0			3.0			1.4831673174392275e-08


			80			0.5582273491604954			0.5582273491614153			1.0			False			4.0			3.0			1.2871659674493972e-08


			81			0.5269168520496542			0.5269168520473522			1.0			False			4.0			3.0			1.3768607386899811e-08


			82			0.5859185620587137			0.5859185620638953			0.0			True			4.0			3.0			1.5200728427854464e-08


			83			0.5758827267608374			0.5758827267637037			0.0			True			4.0			3.0			1.4360929373950841e-08


			84			0.543897595907818			0.5438975959064685			1.0			False			4.0			3.0			1.3473281547485079e-08


			85			0.5238066652037664			0.5238066652008033			0.0			True			4.0			3.0			1.2361912547044447e-08


			86			0.5774098661227322			0.577409866126343			0.0			True			4.0			3.0			1.4603432378023559e-08


			87			0.5582608131656657			0.5582608131663072			1.0			False			4.0			3.0			1.2941475946785287e-08


			88			0.536009138287112			0.5360091382852211			1.0			False			4.0			3.0			1.3638528276802222e-08


			89			0.5291824987520409			0.5291824987503022			0.0			True			4.0			3.0			1.2744088160904375e-08


			90			0.6160867874717192			0.6160867874781243			1.0			False			4.0			3.0			1.1336311362629847e-08


			91			0.5044069506084772			0.5044069506026841			1.0			False			4.0			3.0			1.4840462793414487e-08


			92			0.5795125426387923			0.5795125426430813			0.0			True			4.0			3.0			1.4847555844696042e-08


			93			0.5870838091466896			0.5870838091505698			0.0			True			4.0			3.0			1.4818281597152055e-08


			94			0.5338602102084176			0.5338602102055634			0.0			True			4.0			3.0			1.2409688111950073e-08


			95			0.5313888012054643			0.5313888012027964			1.0			False			4.0			3.0			1.385551893496086e-08


			96			0.5410168299363928			0.5410168299355778			1.0			False			4.0			3.0			1.334404304482466e-08


			97			0.5563130695208239			0.556313069522151			1.0			False			4.0			3.0			1.2763625554499924e-08


			98			0.5691809186382708			0.5691809186408926			1.0			False			4.0			3.0			1.2424144840544482e-08


			99			0.5143155398949041			0.5143155398923861			1.0			False			4.0			3.0			1.394259705318361e-08


			100			0.6029477537188758			0.6029477537146226			0.0			True			5.0			3.0			4.872348803861935e-15


			101			0.609933833484829			0.6099338334910156			1.0			False			4.0			3.0			1.1420085509943424e-08


			102			0.5319232781267373			0.5319232781246545			0.0			True			4.0			3.0			1.2647073247401336e-08


			103			0.5768386715291245			0.5768386715325234			0.0			True			4.0			3.0			1.4530980165666294e-08


			104			0.5577688713707536			0.5577688713711849			1.0			False			4.0			3.0			1.29928371686387e-08


			105			0.5248175732819447			0.524817573278639			1.0			False			4.0			3.0			1.4047104496427922e-08


			106			0.5607901408079963			0.5607901408095155			0.0			True			4.0			3.0			1.3856047174189793e-08


			107			0.562116718765347			0.5621167187668035			1.0			False			4.0			3.0			1.2730414704060362e-08


			108			0.5488467375665551			0.5488467375664142			0.0			True			4.0			3.0			1.329043062782948e-08


			109			0.5779547593874882			0.5779547593902544			1.0			False			4.0			3.0			1.238220570021586e-08


			110			0.5209767740644154			0.5209767740604517			1.0			False			4.0			3.0			1.423937607071792e-08


			111			0.5480004327312504			0.5480004327313807			0.0			True			4.0			3.0			1.3374881691158337e-08


			112			0.5939073103337809			0.5939073103391779			0.0			True			4.0			3.0			1.5336224616650264e-08


			113			0.5305621119395331			0.5305621119366519			1.0			False			4.0			3.0			1.391380929719674e-08


			114			0.5408600126723935			0.5408600126714208			1.0			False			4.0			3.0			1.338640383472386e-08


			115			0.5386147404163455			0.53861474041579			0.0			True			4.0			3.0			1.3129843491035234e-08


			116			0.6123770303521581			0.6123770303583922			1.0			False			4.0			3.0			1.1404819540652253e-08


			117			0.5208262030070672			0.5208262030032903			1.0			False			4.0			3.0			1.4188893088815098e-08


			118			0.5603060625819763			0.5603060625836266			0.0			True			4.0			3.0			1.3896773587404925e-08


			119			0.5807077474291893			0.5807077474324582			1.0			False			4.0			3.0			1.2256941995979166e-08


			120			0.5237421296429468			0.5237421296396435			1.0			False			4.0			3.0			1.40498928538518e-08


			121			0.566830193620596			0.5668301936229807			0.0			True			4.0			3.0			1.4157408436537643e-08


			122			0.5647008905806213			0.56470089058238			0.0			True			4.0			3.0			1.3946371028707095e-08


			123			0.5576540573957733			0.5576540573963414			0.0			True			4.0			3.0			1.3540505423052498e-08


			124			0.5567950079595169			0.5567950079596943			0.0			True			4.0			3.0			1.3418290234053723e-08


			125			0.5327414764240425			0.5327414764216445			1.0			False			4.0			3.0			1.3780586561011674e-08


			126			0.5337565278049908			0.5337565278035875			1.0			False			4.0			3.0			1.3511348920155928e-08


			127			0.5783121692056203			0.5783121692092832			1.0			False			4.0			3.0			1.2149789289304753e-08


			128			0.5636105437845214			0.5636105437864063			0.0			True			4.0			3.0			1.398364827908325e-08


			129			0.5673839257525499			0.5673839257544107			1.0			False			4.0			3.0			1.262332280932115e-08


			130			0.512368574851444			0.5123685748478624			0.0			True			4.0			3.0			1.2144025286148734e-08


			131			0.6106926054483606			0.6106926054545573			1.0			False			4.0			3.0			1.1418156268470087e-08


			132			0.5346302040136351			0.5346302040116503			0.0			True			4.0			3.0			1.2679551198238703e-08


			133			0.5709143786864154			0.5709143786887431			0.0			True			4.0			3.0			1.4157472927991866e-08


			134			0.5365278750014889			0.5365278749996503			1.0			False			4.0			3.0			1.3623453979040734e-08


			135			0.5494527248056529			0.5494527248057787			1.0			False			4.0			3.0			1.3085938782422759e-08


			136			0.5569483960354015			0.556948396036512			1.0			False			4.0			3.0			1.2822166514892478e-08


			137			0.5569404581069827			0.5569404581081363			0.0			True			4.0			3.0			1.3726385746802376e-08


			138			0.587135206678255			0.5871352066825711			0.0			True			4.0			3.0			1.4918201851868317e-08


			139			0.5348253454780415			0.5348253454756362			0.0			True			4.0			3.0			1.2544333023155166e-08


			140			0.5585146678998891			0.5585146679003087			1.0			False			4.0			3.0			1.2991630467971601e-08


			141			0.5036814241599535			0.5036814241542357			1.0			False			4.0			3.0			1.4824342316743156e-08


			142			0.5821683136183051			0.5821683136223471			1.0			False			4.0			3.0			1.2049160979539382e-08


			143			0.5536945485280611			0.5536945485288791			0.0			True			4.0			3.0			1.3609257933313871e-08


			144			0.5734925942259936			0.5734925942288118			1.0			False			4.0			3.0			1.2375167795700774e-08


			145			0.539505345249998			0.5395053452490259			1.0			False			4.0			3.0			1.3387880986048966e-08


			146			0.5622447749097884			0.5622447749116962			1.0			False			4.0			3.0			1.2610728275405789e-08


			147			0.5615645164601908			0.5615645164619539			1.0			False			4.0			3.0			1.2649233859168654e-08


			148			0.5626377658486409			0.5626377658504023			1.0			False			4.0			3.0			1.2650270118396661e-08


			149			0.5575345101644312			0.55753451016554			1.0			False			4.0			3.0			1.2822645844422833e-08


			150			0.5449133167892308			0.5449133167890907			0.0			True			4.0			3.0			1.328142407305298e-08


			151			0.5848450964603502			0.5848450964651463			0.0			True			4.0			3.0			1.504565025099545e-08


			152			0.5594728132185156			0.5594728132193266			0.0			True			4.0			3.0			1.3624246396980532e-08


			153			0.5552402592163365			0.5552402592164704			1.0			False			4.0			3.0			1.3072610234467761e-08


			154			0.5149555383071481			0.5149555383034566			0.0			True			4.0			3.0			1.212346274632017e-08


			155			0.5846031816039188			0.584603181607981			1.0			False			4.0			3.0			1.2048775056901695e-08


			156			0.5452225894985315			0.5452225894981234			1.0			False			4.0			3.0			1.3231132152906884e-08


			157			0.5429990877314474			0.5429990877312548			0.0			True			4.0			3.0			1.3258511052645838e-08


			158			0.5993560713752067			0.5993560713817436			0.0			True			4.0			3.0			1.5815457080633725e-08


			159			0.5619500916159896			0.5619500916166847			1.0			False			4.0			3.0			1.2910789930370613e-08


			160			0.4985084723394646			0.49850847233294715			1.0			True			4.0			3.0			1.5106319204000003e-08


			161			0.5797294232855721			0.5797294232893657			1.0			False			4.0			3.0			1.211543083695794e-08


			162			0.5558052895950177			0.5558052895960688			1.0			False			4.0			3.0			1.2837916722148536e-08


			163			0.56728410142667			0.5672841014290235			0.0			True			4.0			3.0			1.414879759502934e-08


			164			0.5618958433470326			0.5618958433483539			0.0			True			4.0			3.0			1.3795613487456943e-08


			165			0.5601523430616131			0.5601523430624168			1.0			False			4.0			3.0			1.2896850025547678e-08


			166			0.532143109795283			0.5321431097928601			1.0			False			4.0			3.0			1.3788999845812957e-08


			167			0.5418873506473223			0.5418873506467379			0.0			True			4.0			3.0			1.3134824654160797e-08


			168			0.602677925262931			0.602677925268092			1.0			False			4.0			3.0			1.1733237264742956e-08


			169			0.5072056990730633			0.5072056990672082			1.0			False			4.0			3.0			1.4841979135986628e-08


			170			0.5617861017326199			0.561786101734338			0.0			True			4.0			3.0			1.3923558610918587e-08


			171			0.5677103029284594			0.5677103029304752			1.0			False			4.0			3.0			1.2583747619730798e-08


			172			0.5314587953940753			0.5314587953920862			1.0			False			4.0			3.0			1.3674345758043924e-08


			173			0.5677411993313422			0.5677411993341125			0.0			True			4.0			3.0			1.4288061363125418e-08


			174			0.5704253437698318			0.5704253437726045			0.0			True			4.0			3.0			1.4297536551275877e-08


			175			0.5611720778638931			0.561172077865074			0.0			True			4.0			3.0			1.3748003499498933e-08


			176			0.5529416441391881			0.5529416441392855			1.0			False			4.0			3.0			1.3088845972932684e-08


			177			0.5352614664934501			0.5352614664917691			0.0			True			4.0			3.0			1.2777957062191819e-08


			178			0.5714682119490292			0.5714682119515686			1.0			False			4.0			3.0			1.2447727092585625e-08


			179			0.5448828480049464			0.5448828480043567			0.0			True			4.0			3.0			1.3139132978380532e-08


			180			0.5672148014069761			0.5672148014089639			1.0			False			4.0			3.0			1.25911583880171e-08


			181			0.5438603545724411			0.5438603545717329			1.0			False			4.0			3.0			1.3312162991442578e-08


			182			0.5569769174667326			0.5569769174677152			1.0			False			4.0			3.0			1.285602281671419e-08


			183			0.5569158745804698			0.5569158745814066			1.0			False			4.0			3.0			1.2868077778554259e-08


			184			0.5533880309634568			0.5533880309640152			1.0			False			4.0			3.0			1.2969188028284886e-08


			185			0.5465861709861497			0.5465861709861983			1.0			False			4.0			3.0			1.3107812771182079e-08


			186			0.5652016297551641			0.5652016297574144			1.0			False			4.0			3.0			1.2520623236193489e-08


			187			0.5672131346643997			0.5672131346666228			1.0			False			4.0			3.0			1.2529624282529174e-08


			188			0.5574018413710577			0.5574018413719973			0.0			True			4.0			3.0			1.3658837992463883e-08


			189			0.562855623865429			0.5628556238668475			0.0			True			4.0			3.0			1.383023983362365e-08


			190			0.5477816371120218			0.5477816371116315			1.0			False			4.0			3.0			1.3223071953269985e-08


			191			0.5440780865659792			0.5440780865653906			0.0			True			4.0			3.0			1.3138196870890804e-08


			192			0.5684783979162248			0.5684783979184703			1.0			False			4.0			3.0			1.2524089495530764e-08


			193			0.5335796853239236			0.5335796853224171			0.0			True			4.0			3.0			1.2829778172176943e-08


			194			0.5962414374357079			0.5962414374406466			1.0			False			4.0			3.0			1.1811645244092978e-08


			195			0.5265033155622751			0.5265033155595746			0.0			True			4.0			3.0			1.2446875593215612e-08


			196			0.585675536883729			0.5856755368874429			1.0			False			4.0			3.0			1.213922750028566e-08


			197			0.5173380673603672			0.5173380673567356			0.0			True			4.0			3.0			1.2144164996096525e-08


			198			0.5789803754998926			0.5789803755032302			1.0			False			4.0			3.0			1.2240373188916776e-08


			199			0.5447365062660178			0.5447365062653517			1.0			False			4.0			3.0			1.3299776958406189e-08


			200			0.5532932835200906			0.5532932835205842			0.0			True			4.0			3.0			1.3504385708836837e-08


			201			0.562505671860365			0.562505671861886			1.0			False			4.0			3.0			1.271350876622343e-08


			202			0.5464996924499236			0.5464996924496546			1.0			False			4.0			3.0			1.3192958172339257e-08


			203			0.5614179785445921			0.5614179785461515			0.0			True			4.0			3.0			1.3871055624945473e-08


			204			0.5597461019720049			0.5597461019731855			1.0			False			4.0			3.0			1.280314598876875e-08


			205			0.5445677574104232			0.5445677574099757			1.0			False			4.0			3.0			1.3242217940764866e-08


			206			0.5565319656981215			0.5565319656993192			0.0			True			4.0			3.0			1.373918971000152e-08


			207			0.570799852592317			0.570799852594894			1.0			False			4.0			3.0			1.2437687261351273e-08


			208			0.5470078412491133			0.5470078412489255			0.0			True			4.0			3.0			1.327175152922466e-08


			209			0.5843829766711155			0.584382976674658			1.0			False			4.0			3.0			1.218317506330714e-08


			210			0.5274041864714292			0.5274041864685278			0.0			True			4.0			3.0			1.2380263636361401e-08


			211			0.5618816461874444			0.561881646188765			0.0			True			4.0			3.0			1.3795332769006177e-08


			212			0.5510801984007215			0.5510801984006246			0.0			True			4.0			3.0			1.3308888310028654e-08


			213			0.552208052163979			0.5522080521641649			1.0			False			4.0			3.0			1.3067539732901943e-08


			214			0.5468921190559786			0.5468921190557012			1.0			False			4.0			3.0			1.3194752516962457e-08


			215			0.5516390171859338			0.5516390171864264			0.0			True			4.0			3.0			1.3499759515655491e-08


			216			0.591890842703779			0.5918908427086731			0.0			True			4.0			3.0			1.5162227513947468e-08


			217			0.5509343051633004			0.5509343051621077			1.0			False			4.0			3.0			1.3363362636634398e-08


			218			0.5054436820980508			0.5054436820930729			0.0			True			4.0			3.0			1.1653040326681205e-08


			219			0.5610590697095749			0.5610590697109168			1.0			False			4.0			3.0			1.2760596033032081e-08


			220			0.5484714500249864			0.5484714500249035			1.0			False			4.0			3.0			1.3141881798446313e-08


			221			0.5534543646367502			0.5534543646373952			0.0			True			4.0			3.0			1.3553359323825574e-08


			222			0.5730902219519237			0.5730902219548145			0.0			True			4.0			3.0			1.4347096800552643e-08


			223			0.5522013211558787			0.552201321155871			1.0			False			4.0			3.0			1.3116803557584874e-08


			224			0.5184942159044968			0.5184942159010546			1.0			False			4.0			3.0			1.4105624543172773e-08


			225			0.5851016763980227			0.5851016764023562			1.0			False			4.0			3.0			1.1970167358203777e-08


			226			0.557666335057183			0.5576663350583672			0.0			True			4.0			3.0			1.3738436975479861e-08


			227			0.5677494151545903			0.5677494151568488			0.0			True			4.0			3.0			1.4119443211628855e-08


			228			0.5513549979431264			0.5513549979431844			0.0			True			4.0			3.0			1.335948506965068e-08


			229			0.5854760026652222			0.5854760026682977			1.0			False			4.0			3.0			1.2264332493162417e-08


			230			0.4948535913395415			0.494853591332047			1.0			True			4.0			3.0			1.547422181536909e-08


			231			0.5588547952530165			0.55885479525442			1.0			False			4.0			3.0			1.2744373343601366e-08


			232			0.5570822633686248			0.5570822633698843			0.0			True			4.0			3.0			1.3760722112751977e-08


			233			0.5720061485076446			0.5720061485103002			1.0			False			4.0			3.0			1.2417416400304525e-08


			234			0.5413277930813544			0.541327793080531			0.0			True			4.0			3.0			1.3058643467255114e-08


			235			0.5738700234924154			0.5738700234952799			1.0			False			4.0			3.0			1.236313351423347e-08


			236			0.540602988725557			0.540602988724696			1.0			False			4.0			3.0			1.3356788214085252e-08


			237			0.5667584209995835			0.5667584210018207			1.0			False			4.0			3.0			1.2525572965481968e-08


			238			0.5406573260022847			0.540657326001741			0.0			True			4.0			3.0			1.3143642436805648e-08


			239			0.593841849460332			0.5938418494663023			0.0			True			4.0			3.0			1.5537163693866442e-08


			240			0.5514598939988125			0.5514598939987883			1.0			False			4.0			3.0			1.3122660521306457e-08


			241			0.5405726855399592			0.5405726855388612			0.0			True			4.0			3.0			1.2969963451497005e-08


			242			0.5868898369541453			0.5868898369577651			1.0			False			4.0			3.0			1.2155083855115778e-08


			243			0.5131615839439454			0.5131615839397133			0.0			True			4.0			3.0			1.193920241766306e-08


			244			0.5798535736931139			0.5798535736962175			1.0			False			4.0			3.0			1.2298516816178524e-08


			245			0.5021735054971832			0.502173505492637			0.0			True			4.0			3.0			1.181270394534933e-08


			246			0.6075915224065502			0.6075915224125834			1.0			False			4.0			3.0			1.1473870787194997e-08


			247			0.5241273678666061			0.5241273678639351			0.0			True			4.0			3.0			1.2454210945777889e-08


			248			0.604956337690004			0.6049563376954447			1.0			False			4.0			3.0			1.1655928832142011e-08


			249			0.5197122373024374			0.5197122372986724			0.0			True			4.0			3.0			1.2093903298855633e-08


			250			0.5576499460841323			0.5576499460849975			0.0			True			4.0			3.0			1.363543109627844e-08


			251			0.57046775751324			0.5704677575151234			1.0			False			4.0			3.0			1.2609594669320804e-08


			252			0.5240715988284568			0.5240715988252272			0.0			True			4.0			3.0			1.2273134259146755e-08


			253			0.5711401823319373			0.5711401823341056			1.0			False			4.0			3.0			1.2541582949333851e-08


			254			0.5074450425589203			0.5074450425539435			1.0			False			4.0			3.0			1.4587593959304429e-08


			255			0.5931612048022822			0.5931612048083869			0.0			True			4.0			3.0			1.561505416202644e-08


			256			0.559162767962842			0.5591627679639762			1.0			False			4.0			3.0			1.281551709396824e-08


			257			0.5499023720963125			0.5499023720964114			1.0			False			4.0			3.0			1.3092683425073444e-08


			258			0.5492669040959846			0.5492669040962134			0.0			True			4.0			3.0			1.3409579144224022e-08


			259			0.5740306559415914			0.5740306559444744			1.0			False			4.0			3.0			1.2358284495702443e-08


			260			0.5391754048058963			0.5391754048048971			1.0			False			4.0			3.0			1.339551732434217e-08


			261			0.5555399466294247			0.5555399466307798			1.0			False			4.0			3.0			1.275526829355914e-08


			262			0.5748882278072068			0.5748882278104577			1.0			False			4.0			3.0			1.2259430916046916e-08


			263			0.562368331497578			0.56236833149919			1.0			False			4.0			3.0			1.2689770786945404e-08


			264			0.5450718126079517			0.5450718126076662			0.0			True			4.0			3.0			1.3236358563658684e-08


			265			0.5786476351097244			0.5786476351130397			1.0			False			4.0			3.0			1.2246183654684783e-08


			266			0.5381531349232741			0.5381531349219956			1.0			False			4.0			3.0			1.3471888827219798e-08


			267			0.5556419027332252			0.5556419027343944			1.0			False			4.0			3.0			1.2806056270589896e-08


			268			0.5633576638847049			0.5633576638868857			0.0			True			4.0			3.0			1.4079110023982623e-08


			269			0.5714110473239976			0.571411047326642			1.0			False			4.0			3.0			1.2420050622492193e-08


			270			0.5428782090445953			0.5428782090440738			1.0			False			4.0			3.0			1.3263431880220684e-08


			271			0.5673465175232251			0.5673465175257776			0.0			True			4.0			3.0			1.4214311061277332e-08


			272			0.5642829451456807			0.5642829451474413			1.0			False			4.0			3.0			1.2650752186943568e-08


			273			0.5406715004693021			0.5406715004685139			1.0			False			4.0			3.0			1.3337154469613312e-08


			274			0.5626514041744991			0.5626514041764743			1.0			False			4.0			3.0			1.2592702503373052e-08


			275			0.5614128240831232			0.5614128240850038			0.0			True			4.0			3.0			1.397490932039411e-08


			276			0.5814326996004168			0.5814326996038378			1.0			False			4.0			3.0			1.2218305956776374e-08


			277			0.5281162855798586			0.5281162855771555			1.0			False			4.0			3.0			1.387486463029397e-08


			278			0.5524746204470905			0.5524746204479544			0.0			True			4.0			3.0			1.36197224213411e-08


			279			0.5875593510070217			0.5875593510112148			1.0			False			4.0			3.0			1.201549818390279e-08


			280			0.5197026146010312			0.5197026145976881			1.0			False			4.0			3.0			1.4073980379479104e-08


			281			0.5723073607843919			0.5723073607881113			0.0			True			4.0			3.0			1.4633180089323036e-08


			282			0.5899523545424104			0.5899523545468397			1.0			False			4.0			3.0			1.1952008596134996e-08


			283			0.5202239502248586			0.5202239502215391			1.0			False			4.0			3.0			1.406562869458558e-08


			284			0.5815625067099391			0.5815625067146043			0.0			True			4.0			3.0			1.4993735181592962e-08


			285			0.5745884915871042			0.5745884915897724			1.0			False			4.0			3.0			1.2413613531655744e-08


			286			0.5229550298404866			0.5229550298376064			0.0			True			4.0			3.0			1.2387795196934663e-08


			287			0.5874583210669934			0.5874583210720266			0.0			True			4.0			3.0			1.5142610447713115e-08


			288			0.5505464248212365			0.55054642482106			1.0			False			4.0			3.0			1.3163057908641247e-08


			289			0.5372573101825986			0.5372573101811502			1.0			False			4.0			3.0			1.3518801890542472e-08


			290			0.564105614010481			0.5641056140123238			1.0			False			4.0			3.0			1.2629137831180703e-08


			291			0.5506198321768637			0.5506198321771892			1.0			False			4.0			3.0			1.3032197239709352e-08


			292			0.5494219837610512			0.5494219837615584			1.0			False			4.0			3.0			1.2983434188183903e-08


			293			0.5616125910210923			0.5616125910232982			0.0			True			4.0			3.0			1.4081648086186976e-08


			294			0.5846179329125584			0.5846179329166102			1.0			False			4.0			3.0			1.2051638517708494e-08


			295			0.5470509926664152			0.547050992666093			0.0			True			4.0			3.0			1.3228731607629058e-08


			296			0.5646373970000992			0.5646373970018406			1.0			False			4.0			3.0			1.2655690766513734e-08


			297			0.5464338447456351			0.5464338447452888			1.0			False			4.0			3.0			1.3213445291814823e-08


			298			0.5559066574768933			0.5559066574777906			0.0			True			4.0			3.0			1.3641091031689973e-08


			299			0.5745883538106233			0.5745883538132256			1.0			False			4.0			3.0			1.2429826495742808e-08


			300			0.5164041234648172			0.5164041234608161			1.0			False			4.0			3.0			1.4267412987692695e-08


			301			0.578735010067936			0.5787350100715449			1.0			False			4.0			3.0			1.2166191806142161e-08


			302			0.5492559885816419			0.5492559885819029			0.0			True			4.0			3.0			1.3419714241692778e-08


			303			0.5731251706471215			0.5731251706499769			1.0			False			4.0			3.0			1.2365037928660886e-08


			304			0.5431289986210645			0.5431289986205876			1.0			False			4.0			3.0			1.325127345364509e-08


			305			0.556786282219448			0.5567862822209246			0.0			True			4.0			3.0			1.3829022079868771e-08


			306			0.5831911651066443			0.5831911651112573			0.0			True			4.0			3.0			1.4973724550549704e-08


			307			0.5586588644004157			0.5586588644012807			1.0			False			4.0			3.0			1.2885169214865271e-08


			308			0.5377133931330887			0.5377133931316691			1.0			False			4.0			3.0			1.3510343601736175e-08


			309			0.5640687074462051			0.5640687074481106			0.0			True			4.0			3.0			1.3991806927078348e-08


			310			0.5790613892884886			0.5790613892912359			1.0			False			4.0			3.0			1.2380645000030718e-08


			311			0.501612308963967			0.5016123089576915			1.0			False			4.0			3.0			1.500535146284328e-08


			312			0.5637810964852074			0.5637810964875098			1.0			False			4.0			3.0			1.2504064905148911e-08


			313			0.5560612998044407			0.5560612998060572			1.0			False			4.0			3.0			1.2683296285426565e-08


			314			0.5601832904222809			0.5601832904247446			0.0			True			4.0			3.0			1.4157932114155292e-08


			315			0.613195857054585			0.613195857060954			1.0			False			4.0			3.0			1.1353043987269555e-08


			316			0.520319614603495			0.5203196146003279			0.0			True			4.0			3.0			1.2295014327152622e-08


			317			0.6026182242633435			0.602618224269691			0.0			True			4.0			3.0			1.5810490629124548e-08


			318			0.5367498478619988			0.5367498478595306			1.0			False			4.0			3.0			1.377620681482089e-08


			319			0.5169606687332232			0.516960668729035			1.0			False			4.0			3.0			1.4316929631338829e-08


			320			0.5608112917709002			0.5608112917728388			0.0			True			4.0			3.0			1.3991724184974695e-08


			321			0.5831581028478943			0.5831581028516367			1.0			False			4.0			3.0			1.2134700643626797e-08


			322			0.5286287795419915			0.5286287795397493			0.0			True			4.0			3.0			1.259369461536273e-08


			323			0.6050292518990551			0.6050292519043441			1.0			False			4.0			3.0			1.168822081494044e-08


			324			0.49724591343574714			0.49724591342873486			1.0			True			4.0			3.0			1.5277159361902972e-08


			325			0.562960113893286			0.5629601138954841			0.0			True			4.0			3.0			1.4083386580321749e-08


			326			0.5906711362145646			0.5906711362187993			1.0			False			4.0			3.0			1.2001604873889318e-08


			327			0.5113322052018654			0.5113322051969982			1.0			False			4.0			3.0			1.4532455558830947e-08


			328			0.553607825107688			0.5536078251091113			1.0			False			4.0			3.0			1.2734065471967495e-08


			329			0.5809022440658435			0.5809022440706445			0.0			True			4.0			3.0			1.5059648223786357e-08


			330			0.5887068222130868			0.5887068222172449			1.0			False			4.0			3.0			1.202428720009859e-08


			331			0.5290857236865963			0.5290857236840777			0.0			True			4.0			3.0			1.2505745858197327e-08


			332			0.5743741329351048			0.5743741329377516			1.0			False			4.0			3.0			1.2419063325257122e-08


			333			0.5365515223299256			0.5365515223281487			1.0			False			4.0			3.0			1.360726141317142e-08


			334			0.5523914768758303			0.5523914768762669			0.0			True			4.0			3.0			1.3483855933488459e-08


			335			0.5831359441932571			0.5831359441970075			0.0			True			4.0			3.0			1.4701505648381848e-08


			336			0.5434341964381367			0.5434341964364369			0.0			True			4.0			3.0			1.2793739829034948e-08


			337			0.5416279398746007			0.5416279398729384			0.0			True			4.0			3.0			1.2792332976867998e-08


			338			0.5415191370465892			0.5415191370452802			1.0			False			4.0			3.0			1.3473127567429544e-08


			339			0.5100508191331451			0.5100508191297706			0.0			True			4.0			3.0			1.2160083285991079e-08


			340			0.6152703002940029			0.6152703003006282			1.0			False			4.0			3.0			1.1205168252332188e-08


			341			0.5492757431044146			0.5492757431044912			1.0			False			4.0			3.0			1.3099010267559327e-08


			342			0.5599804383614345			0.5599804383628132			0.0			True			4.0			3.0			1.3808151538067686e-08


			343			0.5797599224236394			0.5797599224265252			1.0			False			4.0			3.0			1.2347858784417635e-08


			344			0.5149160830292268			0.5149160830244477			1.0			False			4.0			3.0			1.4490715896418718e-08


			345			0.525562856951273			0.5255628569495151			1.0			False			4.0			3.0			1.3631184809789864e-08


			346			0.6037415970357172			0.6037415970426259			0.0			True			4.0			3.0			1.6369709064258682e-08


			347			0.5699356566941315			0.5699356566965794			1.0			False			4.0			3.0			1.2471313004837599e-08


			348			0.5327684852561677			0.5327684852546383			0.0			True			4.0			3.0			1.282046490097211e-08


			349			0.5882813814913062			0.5882813814957858			1.0			False			4.0			3.0			1.1935251679785666e-08


			350			0.5401259898526136			0.5401259898517462			0.0			True			4.0			3.0			1.3042354794678771e-08


			351			0.5890060622374864			0.5890060622416734			1.0			False			4.0			3.0			1.2016614541459148e-08


			352			0.5297175757656281			0.5297175757629754			1.0			False			4.0			3.0			1.385694341400835e-08


			353			0.522635743059194			0.5226357430570516			1.0			False			4.0			3.0			1.3745826846023137e-08


			354			0.6013691652837712			0.6013691652896299			1.0			False			4.0			3.0			1.1493982495002375e-08


			355			0.5539082462488649			0.5539082462499226			1.0			False			4.0			3.0			1.2835392467349858e-08


			356			0.567679823748536			0.5676798237513458			0.0			True			4.0			3.0			1.430113596402187e-08


			357			0.5943611083915948			0.5943611083967942			0.0			True			4.0			3.0			1.5295745288089522e-08


			358			0.533767235264146			0.5337672352613322			1.0			False			4.0			3.0			1.3878169012155098e-08


			359			0.5048864588608994			0.5048864588556089			1.0			False			4.0			3.0			1.4694977987754072e-08


			360			0.5873589545810378			0.5873589545865959			0.0			True			4.0			3.0			1.5383468540869113e-08


			361			0.58115526882893			0.5811552688323364			1.0			False			4.0			3.0			1.2222232340678767e-08


			362			0.5222879662664611			0.522287966263185			1.0			False			4.0			3.0			1.404706683527503e-08


			363			0.5580302854788239			0.5580302854806388			0.0			True			4.0			3.0			1.3941713279429032e-08


			364			0.5935707141769612			0.5935707141818019			1.0			False			4.0			3.0			1.1838498778565926e-08


			365			0.5238964630716979			0.5238964630688722			1.0			False			4.0			3.0			1.3919178939385733e-08


			366			0.5803268385050547			0.5803268385088576			1.0			False			4.0			3.0			1.2114300415757885e-08


			367			0.5395179712101664			0.5395179712095491			0.0			True			4.0			3.0			1.3117004619891941e-08


			368			0.5992751378726439			0.5992751378792133			0.0			True			4.0			3.0			1.583206060103054e-08


			369			0.555122067453033			0.5551220674532112			1.0			False			4.0			3.0			1.3062729468268227e-08


			370			0.5183000438714025			0.5183000438680374			0.0			True			4.0			3.0			1.2230542066775761e-08


			371			0.5963156720975706			0.5963156721035286			0.0			True			4.0			3.0			1.5550863783729626e-08


			372			0.5451145971696123			0.5451145971683978			0.0			True			4.0			3.0			1.294110416121757e-08


			373			0.5514054738906685			0.5514054738902056			0.0			True			4.0			3.0			1.3196203564820037e-08


			374			0.5566611411757841			0.5566611411756245			0.0			True			4.0			3.0			1.3328725321453199e-08


			375			0.5484294046316922			0.5484294046304352			1.0			False			4.0			3.0			1.3411661399110792e-08


			376			0.47956823421845646			0.4795682342129081			0.0			False			4.0			3.0			1.123274495785247e-08


			377			0.6118582492464754			0.6118582492529109			1.0			False			4.0			3.0			1.1301184887920489e-08


			378			0.4895097048886683			0.48950970488451906			1.0			True			4.0			3.0			1.4949305063051963e-08


			379			0.6289895373930774			0.6289895373995782			1.0			False			4.0			3.0			1.0712226298170364e-08


			380			0.570329032808589			0.5703290328113232			1.0			False			4.0			3.0			1.2394967135782039e-08


			381			0.5433718678126396			0.543371867812554			1.0			False			4.0			3.0			1.314475319434737e-08


			382			0.5837790314308777			0.5837790314349653			1.0			False			4.0			3.0			1.2039919614743832e-08


			383			0.5458023839955325			0.5458023839954048			1.0			False			4.0			3.0			1.3155659808967028e-08


			384			0.5309372967746293			0.5309372967737881			1.0			False			4.0			3.0			1.3375089702704228e-08


			385			0.6117387782958033			0.611738778292559			0.0			True			5.0			3.0			4.5569076658697276e-14


			386			0.5755955136845597			0.5755955136872968			1.0			False			4.0			3.0			1.2395214704382716e-08


			387			0.5053644876464142			0.5053644876422417			0.0			True			4.0			3.0			1.1936007576989999e-08


			388			0.6058768246426661			0.6058768246498677			0.0			True			4.0			3.0			1.6367390534886277e-08


			389			0.5557177973034497			0.5557177973041372			1.0			False			4.0			3.0			1.2933951017338135e-08


			390			0.52725455939428			0.5272545593921747			1.0			False			4.0			3.0			1.3714188173222205e-08


			391			0.5857330207337871			0.5857330207391004			0.0			True			4.0			3.0			1.5266566593761448e-08


			392			0.582680218846244			0.582680218850225			0.0			True			4.0			3.0			1.4759473790196519e-08


			393			0.5655853337481525			0.5655853337487671			1.0			False			4.0			3.0			1.2880354146923556e-08


			394			0.48001844318471176			0.48001844317890896			0.0			False			4.0			3.0			1.1137529094401967e-08


			395			0.6152225600513802			0.6152225600576068			1.0			False			4.0			3.0			1.1393672813881456e-08


			396			0.4860372490599617			0.4860372490544318			0.0			False			4.0			3.0			1.1359216052625954e-08


			397			0.6074216978273771			0.6074216978334597			1.0			False			4.0			3.0			1.145212430823856e-08


			398			0.5202612957686235			0.5202612957658327			0.0			True			4.0			3.0			1.2405196463813153e-08


			399			0.6016985332004887			0.6016985332061157			1.0			False			4.0			3.0			1.1605110145802975e-08


			400			0.5258303026188197			0.5258303026163036			1.0			False			4.0			3.0			1.3829555273492863e-08


			401			0.5850368581941889			0.5850368581992084			0.0			True			4.0			3.0			1.513353826188912e-08


			402			0.5816395759117716			0.5816395759150309			0.0			True			4.0			3.0			1.4554642499492055e-08


			403			0.5234143947425255			0.5234143947390627			0.0			True			4.0			3.0			1.2193756317820122e-08


			404			0.5773450541732631			0.577345054175634			1.0			False			4.0			3.0			1.2465319989394926e-08


			405			0.4970942135991092			0.49709421359211325			1.0			True			4.0			3.0			1.52727213214774e-08


			406			0.5745653979136655			0.5745653979167211			1.0			False			4.0			3.0			1.2312561683727816e-08


			407			0.5220710288959767			0.5220710288937125			0.0			True			4.0			3.0			1.2549254880274962e-08


			408			0.6159657073521513			0.6159657073587594			1.0			False			4.0			3.0			1.124339789419496e-08


			409			0.5157394014731578			0.5157394014699			0.0			True			4.0			3.0			1.2252239041048518e-08


			410			0.6294854157896439			0.6294854157840862			0.0			True			5.0			3.0			2.957843338895815e-14


			411			0.5169860571972126			0.5169860571929678			0.0			True			4.0			3.0			1.191996533688153e-08


			412			0.5546012809809666			0.5546012809811767			1.0			False			4.0			3.0			1.3056743423964206e-08


			413			0.5008967139721034			0.5008967139678469			0.0			True			4.0			3.0			1.185856685071823e-08


			414			0.6563227850991885			0.656322785106022			1.0			False			4.0			3.0			1.0359876925732934e-08


			415			0.45019205458987227			0.4501920545863066			0.0			False			4.0			3.0			1.0518631642692146e-08


			416			0.6110693320143618			0.611069332020718			1.0			False			4.0			3.0			1.1343967326995478e-08


			417			0.5253539606907578			0.5253539606882921			1.0			False			4.0			3.0			1.3816968488337354e-08


			418			0.5573427646305736			0.5573427646327198			1.0			False			4.0			3.0			1.253598874054447e-08


			419			0.5951509623825015			0.59515096238784			1.0			False			4.0			3.0			1.1675080293875642e-08


			420			0.5524993647952625			0.552499364796096			1.0			False			4.0			3.0			1.2895645035099185e-08


			421			0.5610082420636279			0.5610082420655492			1.0			False			4.0			3.0			1.2605554869620549e-08


			422			0.5704556837725847			0.5704556837753343			1.0			False			4.0			3.0			1.2390881722304864e-08


			423			0.5518537880813125			0.5518537880820037			1.0			False			4.0			3.0			1.2934025829392604e-08


			424			0.5472680739172876			0.5472680739178547			0.0			True			4.0			3.0			1.3504745226602068e-08


			425			0.5993903118979393			0.5993903119034156			1.0			False			4.0			3.0			1.1649936293405317e-08


			426			0.5270922466587211			0.5270922466565906			0.0			True			4.0			3.0			1.2623543598900718e-08


			427			0.6009059471533655			0.6009059471588053			1.0			False			4.0			3.0			1.166594785748139e-08


			428			0.5293155708677894			0.5293155708654542			0.0			True			4.0			3.0			1.2564974207313462e-08


			429			0.5830456620952641			0.5830456620988299			1.0			False			4.0			3.0			1.218025700638835e-08


			430			0.5247219141283337			0.5247219141254926			0.0			True			4.0			3.0			1.2401356863438079e-08


			431			0.5828570116417904			0.5828570116453893			1.0			False			4.0			3.0			1.2172093298084691e-08


			432			0.5368818803746852			0.5368818803729178			1.0			False			4.0			3.0			1.3603953465104164e-08


			433			0.5548826750813751			0.5548826750819948			0.0			True			4.0			3.0			1.3548902294118213e-08


			434			0.5735930531174829			0.5735930531198173			1.0			False			4.0			3.0			1.2495870542185874e-08


			435			0.5092893888959459			0.5092893888917523			0.0			True			4.0			3.0			1.1954312608213458e-08


			436			0.5980886501908861			0.598088650195996			1.0			False			4.0			3.0			1.1762971789221122e-08


			437			0.5327423691980707			0.5327423691957586			1.0			False			4.0			3.0			1.3758059462129374e-08


			438			0.5280621217188111			0.5280621217169965			1.0			False			4.0			3.0			1.3633699860056285e-08


			439			0.5865984201475213			0.5865984201521711			1.0			False			4.0			3.0			1.1873231885175603e-08


			440			0.5568539578921902			0.5568539578936375			1.0			False			4.0			3.0			1.2731187717826207e-08


			441			0.5609415309555538			0.5609415309576863			0.0			True			4.0			3.0			1.4055247434100501e-08


			442			0.6218854367439388			0.6218854367401224			0.0			True			5.0			3.0			2.8857684331512444e-14


			443			0.5164161494327859			0.5164161494281648			0.0			True			4.0			3.0			1.1774567646757583e-08


			444			0.5572126936006341			0.5572126936000179			0.0			True			4.0			3.0			1.3246418072935776e-08


			445			0.5352623001086018			0.5352623001055724			1.0			False			4.0			3.0			1.3904433958646283e-08


			446			0.5027727669633726			0.5027727669584988			0.0			True			4.0			3.0			1.171189865780288e-08


			447			0.6305361144927829			0.6305361144843189			0.0			True			5.0			3.0			3.05216443422721e-14


			448			0.5248453054857882			0.5248453054786515			1.0			False			4.0			3.0			1.4572061757182408e-08


			449			0.43833427278181414			0.43833427278181414			1.0			True			5.0			4.0			2.2024149814451718e-14


			450			0.5965578958955714			0.5965578959010884			1.0			False			4.0			3.0			1.160857084230259e-08


			451			0.5493181931953218			0.5493181931960103			0.0			True			4.0			3.0			1.355254977940019e-08


			452			0.630627875537347			0.6306278755309045			0.0			True			5.0			3.0			3.363261188752765e-14


			453			0.5097566742583947			0.509756674251971			1.0			False			4.0			3.0			1.4994648625868992e-08


			454			0.4517326406202211			0.45173264063311536			1.0			True			5.0			3.0			2.1634825807762578e-14


			455			0.6444996457119944			0.6444996457175277			1.0			False			4.0			3.0			1.0271029182280584e-08


			456			0.5491173646305162			0.549117364631389			1.0			False			4.0			3.0			1.2882798164203586e-08


			457			0.5596496281460988			0.5596496281487142			0.0			True			4.0			3.0			1.419321113415623e-08


			458			0.6224079320075611			0.6224079320144476			1.0			False			4.0			3.0			1.1110698072748777e-08


			459			0.501105231096518			0.5011052310909889			1.0			False			4.0			3.0			1.4801363919439696e-08


			460			0.5834503880458218			0.5834503880510956			0.0			True			4.0			3.0			1.5329373487149878e-08


			461			0.604971340040206			0.6049713400472316			0.0			True			4.0			3.0			1.6112110882790226e-08


			462			0.543265335421321			0.543265335420091			1.0			False			4.0			3.0			1.3447616565391914e-08


			463			0.5234806115222536			0.5234806115192885			1.0			False			4.0			3.0			1.3958461084693707e-08


			464			0.5503967276169576			0.5503967276182344			1.0			False			4.0			3.0			1.277244634787534e-08


			465			0.59907539076341			0.5990753907689798			1.0			False			4.0			3.0			1.1611990051826133e-08


			466			0.5244391074147334			0.5244391074127402			0.0			True			4.0			3.0			1.2637331003367344e-08


			467			0.634939753369787			0.634939753361305			0.0			True			5.0			3.0			3.4518117585211306e-14


			468			0.5304786236727064			0.5304786236694252			1.0			False			4.0			3.0			1.401197540780892e-08


			469			0.4925548438889584			0.49255484388422405			0.0			False			4.0			3.0			1.1632254087317355e-08


			470			0.6515653391423646			0.6515653391423646			0.0			True			5.0			4.0			1.222556704762988e-14


			471			0.5137024222924953			0.5137024222870257			1.0			False			4.0			3.0			1.469275050429857e-08


			472			0.5374152191230636			0.5374152191216002			0.0			True			4.0			3.0			1.284947317263002e-08


			473			0.5663030149811898			0.5663030149832206			1.0			False			4.0			3.0			1.2580102920521928e-08


			474			0.5240719152523802			0.5240719152500164			1.0			False			4.0			3.0			1.3793558513549469e-08


			475			0.5840065680818751			0.5840065680863562			1.0			False			4.0			3.0			1.1915845261885796e-08


			476			0.574547193009101			0.574547193012642			0.0			True			4.0			3.0			1.4569675422345197e-08


			477			0.5720003680118483			0.5720003680141624			1.0			False			4.0			3.0			1.250452663239816e-08


			478			0.5272943125561971			0.5272943125533711			1.0			False			4.0			3.0			1.391022615056132e-08


			479			0.5292821435712256			0.5292821435700314			0.0			True			4.0			3.0			1.2867983440188672e-08


			480			0.6348722409631203			0.6348722409703553			1.0			False			4.0			3.0			1.0826539293536705e-08


			481			0.4962172359894159			0.49621723598434025			0.0			False			4.0			3.0			1.161421808475517e-08


			482			0.611061829511047			0.611061829517203			1.0			False			4.0			3.0			1.1433379799478293e-08


			483			0.5248993557758275			0.5248993557728595			0.0			True			4.0			3.0			1.2360043053969603e-08


			484			0.5716753504983606			0.5716753505011061			0.0			True			4.0			3.0			1.4293481794458399e-08


			485			0.5530939724588813			0.5530939724589685			0.0			True			4.0			3.0			1.3372889229189694e-08


			486			0.566317363410302			0.5663173634116214			1.0			False			4.0			3.0			1.2752893725062366e-08


			487			0.5049959802196925			0.50499598021507			0.0			True			4.0			3.0			1.1804658615067058e-08


			488			0.6073790679209352			0.6073790679265455			1.0			False			4.0			3.0			1.1600941456526868e-08


			489			0.4818649578298236			0.4818649578243016			0.0			False			4.0			3.0			1.1286725730423356e-08


			490			0.6280326014296764			0.6280326014367312			1.0			False			4.0			3.0			1.1008463857361388e-08


			491			0.4649200987320616			0.46492009872600915			1.0			True			4.0			3.0			1.644086261070431e-08


			492			0.6284001894164596			0.6284001894232213			1.0			False			4.0			3.0			1.0776744852858558e-08


			493			0.5580741045168968			0.5580741045183258			0.0			True			4.0			3.0			1.3818298815356283e-08


			494			0.6148519659722056			0.6148519659767973			0.0			True			4.0			3.0			1.618887993428249e-08


			495			0.512630226456825			0.5126302264518439			0.0			True			4.0			3.0			1.1613256430411883e-08


			496			0.54330029164674			0.5433002916450101			1.0			False			4.0			3.0			1.355977482589125e-08


			497			0.501492753386876			0.5014927533807758			1.0			False			4.0			3.0			1.4953769195502088e-08


			498			0.5791282047605526			0.5791282047642984			1.0			False			4.0			3.0			1.2127837234326782e-08


			499			0.5562812556892739			0.5562812556903988			1.0			False			4.0			3.0			1.2818226420411637e-08


			500			0.5622879083457638			0.5622879083476252			0.0			True			4.0			3.0			1.3971640471261365e-08


			501			0.5694413078741765			0.569441307876644			0.0			True			4.0			3.0			1.4193885959209326e-08


			502			0.5611769999502013			0.5611769999511251			0.0			True			4.0			3.0			1.3667799302960497e-08


			503			0.5766364048872307			0.5766364048887243			1.0			False			4.0			3.0			1.2590023686374264e-08


			504			0.4833906312927208			0.4833906312841908			1.0			True			4.0			3.0			1.6162383743477067e-08


			505			0.5235017794042084			0.5235017794022879			0.0			True			4.0			3.0			1.263777062884894e-08


			506			0.6711229516961963			0.6711229517017075			1.0			False			4.0			3.0			9.963647477625877e-09


			507			0.40763581996621523			0.40763581996621523			1.0			True			5.0			4.0			2.2375883352003356e-14


			508			0.5712912085493727			0.5712912085535118			1.0			False			4.0			3.0			1.1958597705543538e-08


			509			0.6170214521041618			0.6170214521108568			1.0			False			4.0			3.0			1.1111392743779994e-08


			510			0.5443366624904267			0.5443366624903906			1.0			False			4.0			3.0			1.3131144671006985e-08


			511			0.5664697540249072			0.5664697540278046			0.0			True			4.0			3.0			1.4328337911962444e-08


			512			0.5854819109241313			0.5854819109282456			1.0			False			4.0			3.0			1.20354227852918e-08


			513			0.538757588713485			0.5387575887123464			0.0			True			4.0			3.0			1.29545734929336e-08


			514			0.5826640567037026			0.582664056707284			1.0			False			4.0			3.0			1.2176633983578868e-08


			515			0.5348742746731391			0.5348742746711767			1.0			False			4.0			3.0			1.3660170880048767e-08


			516			0.53315581042473			0.5331558104234819			1.0			False			4.0			3.0			1.3469740167200455e-08


			517			0.5879460067806569			0.5879460067862253			0.0			True			4.0			3.0			1.5376986798434632e-08


			518			0.5833813465451896			0.5833813465486096			1.0			False			4.0			3.0			1.221460581793753e-08


			519			0.5119207107807148			0.5119207107766404			0.0			True			4.0			3.0			1.1996727474898826e-08


			520			0.5956759992927271			0.5956759992985213			0.0			True			4.0			3.0			1.548674059715739e-08


			521			0.5815275263545682			0.5815275263554933			1.0			False			4.0			3.0			1.2523899754152346e-08


			522			0.42941720748976686			0.4294172074911017			0.0			False			4.0			3.0			1.0144693632673048e-08


			523			0.6506373255844192			0.6506373255844192			0.0			True			5.0			4.0			3.0070652446550424e-14


			524			0.5466679249299233			0.5466679249277502			0.0			True			4.0			3.0			1.2753512647684654e-08


			525			0.5185084445593524			0.5185084445545105			1.0			False			4.0			3.0			1.4488508773515977e-08


			526			0.48906862010299684			0.4890686200989066			0.0			False			4.0			3.0			1.161995594232775e-08


			527			0.6441289712252276			0.6441289712322217			1.0			False			4.0			3.0			1.0469916004163528e-08


			528			0.4895071942369631			0.48950719423110295			1.0			True			4.0			3.0			1.5156851421830236e-08


			529			0.5925270421694058			0.5925270421747345			0.0			True			4.0			3.0			1.6059261563697183e-08


			530			0.633414597193446			0.6334145972006616			1.0			False			4.0			3.0			1.0847362196023307e-08


			531			0.5162586917789814			0.5162586917752119			0.0			True			4.0			3.0			1.2098555711201606e-08


			532			0.662160792558217			0.6621607925576923			1.0			False			4.0			3.0			1.049582957867926e-08


			533			0.3310164145826708			0.3310164145826707			1.0			True			5.0			4.0			3.146400257750812e-14


			534			0.6310041346805388			0.6310041346805388			0.0			True			5.0			4.0			3.602344396417711e-14


			535			0.5872766598362001			0.5872766598409113			0.0			True			4.0			3.0			1.5032421622658205e-08


			536			0.5433838204944114			0.5433838204931158			0.0			True			4.0			3.0			1.2910261068156736e-08


			537			0.5531171950505425			0.5531171950504524			0.0			True			4.0			3.0			1.331713449073333e-08


			538			0.5591740226986992			0.5591740226991454			1.0			False			4.0			3.0			1.2981819205539746e-08


			539			0.4592772059112324			0.4592772059088924			0.0			False			4.0			3.0			1.0948013996263128e-08


			540			0.6671109462041376			0.6671109462092988			1.0			False			4.0			3.0			9.733905259421599e-09


			541			0.5302844406727193			0.5302844406703047			0.0			True			4.0			3.0			1.2539453146291013e-08


			542			0.5770132152583642			0.5770132152611671			1.0			False			4.0			3.0			1.2376704927263227e-08


			543			0.5221285262512552			0.5221285262476933			1.0			False			4.0			3.0			1.412559806782002e-08


			544			0.5519942429046069			0.5519942429054833			1.0			False			4.0			3.0			1.2883718404983071e-08


			545			0.5609792871093445			0.560979287111543			0.0			True			4.0			3.0			1.407703907337067e-08


			546			0.605851166967604			0.6058511669744561			0.0			True			4.0			3.0			1.6057422906019122e-08


			547			0.5625173264155977			0.5625173264154485			1.0			False			4.0			3.0			1.3022733961408229e-08


			548			0.4618757363296604			0.46187573633530116			1.0			True			5.0			3.0			1.6852366357019667e-14


			549			0.5929581483221402			0.5929581483272541			1.0			False			4.0			3.0			1.1746644551094715e-08


			550			0.5506728774082952			0.550672877408882			1.0			False			4.0			3.0			1.296203731154125e-08


			551			0.5651457456132364			0.5651457456154894			1.0			False			4.0			3.0			1.2519804753175411e-08


			552			0.5613225780556357			0.5613225780574683			0.0			True			4.0			3.0			1.3959111654343002e-08


			553			0.5864347651557965			0.5864347651601881			0.0			True			4.0			3.0			1.4926647167434364e-08


			554			0.5490235759886108			0.5490235759875156			0.0			True			4.0			3.0			1.3004655879249262e-08


			555			0.5386928934017261			0.5386928933996936			0.0			True			4.0			3.0			1.2669960799529661e-08


			556			0.5465519096133421			0.5465519096124433			0.0			True			4.0			3.0			1.3042846402272421e-08


			557			0.5618993650691698			0.561899365069825			0.0			True			4.0			3.0			1.3599343373959064e-08


			558			0.5488682973694125			0.5488682973683104			1.0			False			4.0			3.0			1.3379036973201294e-08


			559			0.5032748054938269			0.503274805488973			0.0			True			4.0			3.0			1.1719581349341152e-08


			560			0.5905868069436383			0.5905868069480347			1.0			False			4.0			3.0			1.1960872100437444e-08


			561			0.5050460538095188			0.5050460538053448			0.0			True			4.0			3.0			1.1932289342108035e-08


			562			0.6418228189943764			0.6418228190014125			1.0			False			4.0			3.0			1.0766990162580523e-08


			563			0.4921113425438636			0.49211134253824446			0.0			False			4.0			3.0			1.1245198770878434e-08


			564			0.575952192636111			0.57595219263882			0.0			True			4.0			3.0			1.4318969902759459e-08


			565			0.5446074280122332			0.5446074280107558			1.0			False			4.0			3.0			1.3496037472271742e-08


			566			0.4873643136072565			0.48736431360208454			0.0			False			4.0			3.0			1.1462858136847243e-08


			567			0.657590796196209			0.657590796196209			0.0			True			5.0			4.0			6.030892523530755e-14


			568			0.49418205478139704			0.4941820547735327			1.0			True			4.0			3.0			1.5661209417210817e-08


			569			0.5380992873411583			0.5380992873399081			0.0			True			4.0			3.0			1.2918180250315284e-08


			570			0.5863554623885134			0.5863554623923346			1.0			False			4.0			3.0			1.2111849106913673e-08


			571			0.5143580525013278			0.5143580524968809			1.0			False			4.0			3.0			1.4399938846211525e-08


			572			0.5600435780081665			0.560043578010098			1.0			False			4.0			3.0			1.2601371752935978e-08


			573			0.5741098894393943			0.5741098894430777			0.0			True			4.0			3.0			1.4619168413376805e-08


			574			0.5732324189853518			0.5732324189883856			0.0			True			4.0			3.0			1.4394430798342077e-08


			575			0.5748780232232433			0.5748780232253276			0.0			True			4.0			3.0			1.4154844474877595e-08


			576			0.5276058144027803			0.527605814399515			0.0			True			4.0			3.0			1.2259488145888166e-08


			577			0.5834898531447014			0.5834898531456608			0.0			True			4.0			3.0			1.432410685099415e-08


			578			0.5023052027688386			0.5023052027635327			0.0			True			4.0			3.0			1.1426696428994803e-08


			579			0.5422997569499248			0.5422997569487868			0.0			True			4.0			3.0			1.2958886702318593e-08


			580			0.6225648671706029			0.6225648671615346			0.0			True			4.0			3.0			1.61725835665638e-08


			581			0.45801049260310955			0.4580104926169638			1.0			True			5.0			3.0			2.96130010251908e-14


			582			0.5246776548587476			0.524677654856104			0.0			True			4.0			3.0			1.2463569845454758e-08


			583			0.606270969661063			0.6062709696665203			1.0			False			4.0			3.0			1.1643146684176797e-08


			584			0.4635440919732687			0.46354409197806584			1.0			True			5.0			3.0			3.494029021899698e-14


			585			0.5755560327335891			0.5755560327381759			1.0			False			4.0			3.0			1.180373418025176e-08


			586			0.6188285859398815			0.6188285859466036			1.0			False			4.0			3.0			1.1041077944240312e-08


			587			0.5574332137835406			0.5574332137848707			0.0			True			4.0			3.0			1.3784521055924586e-08


			588			0.5860644122234783			0.5860644122272703			1.0			False			4.0			3.0			1.2119507735778328e-08


			589			0.4961830590187778			0.4961830590139779			0.0			False			4.0			3.0			1.1682813171829561e-08


			590			0.6214501863196089			0.6214501863154842			0.0			True			5.0			3.0			2.7816349302260566e-14


			591			0.5510433914752508			0.5510433914748979			1.0			False			4.0			3.0			1.3204621337814767e-08


			592			0.5323669566985965			0.5323669566963701			0.0			True			4.0			3.0			1.2600741379281424e-08


			593			0.5963516496421807			0.5963516496461574			1.0			False			4.0			3.0			1.1996698895586907e-08


			594			0.4882315646915026			0.4882315646857736			0.0			False			4.0			3.0			1.121352849217134e-08


			595			0.5698412717505643			0.5698412717532301			0.0			True			4.0			3.0			1.4260201761522047e-08


			596			0.5791415003743555			0.5791415003769812			1.0			False			4.0			3.0			1.2403601268157022e-08


			597			0.4947868410737123			0.49478684106835635			0.0			False			4.0			3.0			1.1506219392763818e-08


			598			0.5908473116795322			0.5908473116851648			0.0			True			4.0			3.0			1.5387560248497104e-08


			599			0.5526784392550542			0.552678439255255			1.0			False			4.0			3.0			1.3063084517752695e-08


			600			0.5426668023904108			0.5426668023896054			0.0			True			4.0			3.0			1.3066563004769072e-08


			601			0.5854302509962718			0.5854302510003538			0.0			True			4.0			3.0			1.4826889638315278e-08


			602			0.5467653376989594			0.5467653376976125			1.0			False			4.0			3.0			1.3448341676803922e-08


			603			0.5017479882810215			0.5017479882761244			0.0			True			4.0			3.0			1.1702131929641326e-08


			604			0.6272130891211329			0.6272130891153435			0.0			True			5.0			3.0			1.365664579340582e-14


			605			0.5351540735547191			0.5351540735493939			0.0			True			4.0			3.0			1.2106634324666911e-08


			606			0.5867719259084364			0.5867719258909811			1.0			False			4.0			3.0			1.2631595232335137e-08


			607			0.30303041356291727			0.30303041356291727			1.0			True			5.0			4.0			5.030890834327209e-14


			608			0.6359430935861488			0.6359430935909862			1.0			False			4.0			3.0			1.0389413328639525e-08


			609			0.5819911954539879			0.581991195459025			0.0			True			4.0			3.0			1.5177457421765717e-08


			610			0.5978311871814046			0.5978311871864032			1.0			False			4.0			3.0			1.1793530108905562e-08


			611			0.5035177497358075			0.5035177497313214			0.0			True			4.0			3.0			1.1839659744245396e-08


			612			0.6112925586720571			0.6112925586782346			1.0			False			4.0			3.0			1.1425696456323898e-08


			613			0.5007096753305701			0.5007096753248135			1.0			False			4.0			3.0			1.4865701164019397e-08


			614			0.5833298453777978			0.5833298453822475			1.0			False			4.0			3.0			1.1922354820534897e-08


			615			0.5704025250875489			0.570402525090727			0.0			True			4.0			3.0			1.4433841024347366e-08


			616			0.5787451468950324			0.5787451468982342			1.0			False			4.0			3.0			1.2275749409614505e-08


			617			0.5257786764565742			0.5257786764540114			0.0			True			4.0			3.0			1.2490148156206553e-08


			618			0.6068158008687975			0.6068158008742055			1.0			False			4.0			3.0			1.1648405199292582e-08


			619			0.48911747707558223			0.48911747706782305			1.0			True			4.0			3.0			1.5633519166566285e-08


			620			0.5696579572814			0.5696579572843231			1.0			False			4.0			3.0			1.2340922653073838e-08


			621			0.5673089275964796			0.5673089275991923			0.0			True			4.0			3.0			1.426739822253713e-08


			622			0.5925795025233273			0.592579502528273			0.0			True			4.0			3.0			1.5191062246080518e-08


			623			0.5347121633747989			0.5347121633720844			1.0			False			4.0			3.0			1.384805941246831e-08


			624			0.5274525355314736			0.527452535528723			0.0			True			4.0			3.0			1.2430273041106255e-08


			625			0.5725544093030535			0.5725544093057318			0.0			True			4.0			3.0			1.4276557920637446e-08


			626			0.5616769872674731			0.5616769872681392			1.0			False			4.0			3.0			1.2918697787200481e-08


			627			0.5144382243093296			0.51443822430524			0.0			True			4.0			3.0			1.1988929340052834e-08


			628			0.5776126847316295			0.5776126847345896			1.0			False			4.0			3.0			1.2337505879946547e-08


			629			0.49672210663788186			0.4967221066320336			1.0			True			4.0			3.0			1.4953291987375204e-08


			630			0.5826539606841405			0.5826539606888057			1.0			False			4.0			3.0			1.1825672893618306e-08


			631			0.5971600662759355			0.5971600662824773			0.0			True			4.0			3.0			1.5848872365010675e-08


			632			0.5724868898946076			0.5724868898970222			0.0			True			4.0			3.0			1.4196415588537704e-08


			633			0.5345665798983181			0.5345665798961953			0.0			True			4.0			3.0			1.2634542387117749e-08


			634			0.574905892101519			0.5749058921039144			0.0			True			4.0			3.0			1.4223801570383708e-08


			635			0.5319915578981751			0.5319915578952806			1.0			False			4.0			3.0			1.3909761832569473e-08


			636			0.5279273135703757			0.5279273135679395			0.0			True			4.0			3.0			1.2532007732156287e-08


			637			0.6171416697825454			0.6171416697872973			0.0			True			4.0			3.0			1.6340882921787714e-08


			638			0.4947468929535926			0.49474689294805096			0.0			False			4.0			3.0			1.1278946395268258e-08


			639			0.5667951536349967			0.566795153636528			1.0			False			4.0			3.0			1.2703962037317205e-08


			640			0.4845977308677392			0.48459773086281405			0.0			False			4.0			3.0			1.1440067788024768e-08


			641			0.6479535137793139			0.6479535137793139			0.0			True			5.0			4.0			1.9328405738197072e-14


			642			0.5403901098515226			0.5403901098495285			0.0			True			4.0			3.0			1.2690448560899964e-08


			643			0.5699614599047024			0.569961459904773			0.0			True			4.0			3.0			1.3712739926313965e-08


			644			0.5208097876907135			0.5208097876863758			0.0			True			4.0			3.0			1.1897544162933845e-08


			645			0.5418033459626971			0.5418033459609012			1.0			False			4.0			3.0			1.3587542039193801e-08


			646			0.5283377769464839			0.5283377769436867			0.0			True			4.0			3.0			1.2414244232585888e-08


			647			0.5573940851693824			0.5573940851702562			0.0			True			4.0			3.0			1.3637549966641819e-08


			648			0.6235703416307914			0.6235703416388525			0.0			True			4.0			4.0			1.6210094787703392e-08


			649			0.519031005400255			0.5190310053827203			1.0			False			4.0			3.0			1.50240384724592e-08


			650			0.4225221042376715			0.4225221042376715			1.0			True			5.0			4.0			1.3234491787082448e-14


			651			0.5506762068950115			0.5506762068955934			1.0			False			4.0			3.0			1.296334392279728e-08


			652			0.523043713227145			0.5230437132259299			1.0			False			4.0			3.0			1.3554636224220347e-08


			653			0.6070797478957894			0.607079747901978			1.0			False			4.0			3.0			1.1233460940390399e-08


			654			0.5765977291151886			0.576597729119356			0.0			True			4.0			3.0			1.4802685507579578e-08


			655			0.6005169989205412			0.6005169989263272			0.0			True			4.0			3.0			1.561067460401713e-08


			656			0.5408675131949877			0.5408675131925407			0.0			True			4.0			3.0			1.2590173700368045e-08


			657			0.5244599931907268			0.5244599931873127			0.0			True			4.0			3.0			1.2209207929473495e-08


			658			0.5987643156279676			0.5987643156289286			0.0			True			4.0			3.0			1.5060536173640126e-08


			659			0.5041321110508488			0.5041321110455423			0.0			True			4.0			3.0			1.134613628782177e-08


			660			0.5525617389881752			0.5525617389871961			1.0			False			4.0			3.0			1.3306243083840175e-08


			661			0.4615762715219216			0.4615762715272249			1.0			True			5.0			3.0			4.025534576484191e-14


			662			0.5590373220241796			0.5590373220278875			1.0			False			4.0			3.0			1.2187616703159613e-08


			663			0.6239183113589294			0.6239183113655171			1.0			False			4.0			3.0			1.0847409679875238e-08


			664			0.5744906549288618			0.5744906549323967			0.0			True			4.0			3.0			1.456744997720444e-08


			665			0.5666806367184613			0.5666806367203298			1.0			False			4.0			3.0			1.2622028059478655e-08


			666			0.5278809324933467			0.5278809324909521			1.0			False			4.0			3.0			1.3791734377244366e-08


			667			0.5574444921735151			0.5574444921752968			1.0			False			4.0			3.0			1.2639114048325398e-08


			668			0.5838669723502931			0.5838669723552793			0.0			True			4.0			3.0			1.512310705779037e-08


			669			0.5898640186045262			0.5898640186088575			0.0			True			4.0			3.0			1.4985368081286923e-08


			670			0.5389789330178878			0.5389789330153776			1.0			False			4.0			3.0			1.3758531912464001e-08


			671			0.5120116708573241			0.5120116708529951			0.0			True			4.0			3.0			1.1905672155572141e-08


			672			0.586249371681256			0.5862493716848654			1.0			False			4.0			3.0			1.2160757840305733e-08


			673			0.482294704196949			0.4822947041893763			1.0			True			4.0			3.0			1.574439262970156e-08


			674			0.5934982844686759			0.5934982844748456			0.0			True			4.0			3.0			1.587904083161481e-08


			675			0.6135062130392511			0.6135062130462103			0.0			True			4.0			3.0			1.6405538050538485e-08


			676			0.5600848010127939			0.5600848010098944			0.0			True			4.0			3.0			1.3106948349897906e-08


			677			0.49668132231717493			0.4966813223117003			0.0			False			4.0			3.0			1.1293007579693586e-08


			678			0.5730149045829983			0.5730149045847764			1.0			False			4.0			3.0			1.2610057078315267e-08


			679			0.502100331890693			0.50210033188408			1.0			False			4.0			3.0			1.51102981404635e-08


			680			0.5499206337615926			0.5499206337620709			0.0			True			4.0			3.0			1.3490040624515908e-08


			681			0.5872390505112378			0.5872390505161893			0.0			True			4.0			3.0			1.511205774083178e-08


			682			0.556010405139729			0.5560104051399893			1.0			False			4.0			3.0			1.3039907478702318e-08


			683			0.5275507998592506			0.5275507998563311			1.0			False			4.0			3.0			1.393466817356996e-08


			684			0.49571446981458045			0.49571446981377615			0.0			False			4.0			3.0			1.1930057730931795e-08


			685			0.6894354454134677			0.6894354454166075			1.0			False			4.0			3.0			8.988472314714452e-09


			686			0.4855969714800175			0.48559697147424136			0.0			False			4.0			3.0			1.1221260312454267e-08


			687			0.5919540281313146			0.5919540281358632			1.0			False			4.0			3.0			1.1919721362271668e-08


			688			0.5078387266469591			0.5078387266421703			1.0			False			4.0			3.0			1.4533703780130464e-08


			689			0.5914829417735834			0.591482941778556			1.0			False			4.0			3.0			1.1788864982431333e-08


			690			0.5290447659901582			0.5290447659887282			1.0			False			4.0			3.0			1.3529514564995652e-08


			691			0.6016350218749005			0.6016350218806967			1.0			False			4.0			3.0			1.1534047929958003e-08


			692			0.549852235967628			0.549852235967943			0.0			True			4.0			3.0			1.3438459194707449e-08


			693			0.5828796035818116			0.5828796035854048			1.0			False			4.0			3.0			1.2173463220782512e-08


			694			0.5047576417689954			0.5047576417639339			1.0			False			4.0			3.0			1.4635785330542774e-08


			695			0.5778156205307232			0.5778156205348528			1.0			False			4.0			3.0			1.199670689776239e-08


			696			0.5904501488929594			0.5904501488977091			1.0			False			4.0			3.0			1.1858791592848236e-08


			697			0.5500454326383093			0.5500454326384832			0.0			True			4.0			3.0			1.3394007438638966e-08


			698			0.58349921413482			0.583499214138232			1.0			False			4.0			3.0			1.2216037365959607e-08


			699			0.5155956651616863			0.5155956651571754			1.0			False			4.0			3.0			1.4412429431463398e-08


			700			0.5581690941370745			0.5581690941385754			0.0			True			4.0			3.0			1.3841639234470249e-08


			701			0.5778360157394193			0.5778360157426645			1.0			False			4.0			3.0			1.2264384143976716e-08


			702			0.5432494751562231			0.543249475155432			0.0			True			4.0			3.0			1.3071949038002411e-08


			703			0.5816218368808913			0.5816218368844802			0.0			True			4.0			3.0			1.4634843001092613e-08


			704			0.5290708265490904			0.5290708265460794			1.0			False			4.0			3.0			1.3953628094469806e-08


			705			0.5378006944309947			0.5378006944298581			1.0			False			4.0			3.0			1.3434167834438077e-08


			706			0.5721066955458805			0.572106695548702			1.0			False			4.0			3.0			1.2373264397973405e-08


			707			0.543684925078185			0.5436849250779134			1.0			False			4.0			3.0			1.3195435675608009e-08


			708			0.5656175131777481			0.5656175131803387			0.0			True			4.0			3.0			1.4221549370921898e-08


			709			0.5767812516796809			0.5767812516828738			1.0			False			4.0			3.0			1.2277631838774263e-08


			710			0.535120178405757			0.5351201784043533			0.0			True			4.0			3.0			1.2864939876601514e-08


			711			0.6146845333137001			0.6146845333194826			1.0			False			4.0			3.0			1.148818245934471e-08


			712			0.4632503845327416			0.46325038453776324			1.0			True			5.0			3.0			1.000618334855244e-14


			713			0.5951251298029164			0.5951251298082613			1.0			False			4.0			3.0			1.1672177339667988e-08


			714			0.5663217335947158			0.5663217335969462			0.0			True			4.0			3.0			1.4105180774290225e-08


			715			0.5659336791358143			0.5659336791374864			1.0			False			4.0			3.0			1.2672315417195979e-08


			716			0.5188410849870145			0.5188410849834844			1.0			False			4.0			3.0			1.4128269433158053e-08


			717			0.5850452314147447			0.5850452314197774			0.0			True			4.0			3.0			1.5139007755622058e-08


			718			0.5617526244431048			0.5617526244445149			0.0			True			4.0			3.0			1.3823746760658257e-08


			719			0.5641273497258114			0.5641273497271119			1.0			False			4.0			3.0			1.2766660675735582e-08


			720			0.5112712981748977			0.5112712981702834			1.0			False			4.0			3.0			1.4462097663997917e-08


			721			0.5841121552769253			0.5841121552810951			1.0			False			4.0			3.0			1.201664831027459e-08


			722			0.5478197684475888			0.5478197684477442			1.0			False			4.0			3.0			1.3078745530965272e-08


			723			0.5592579198328557			0.5592579198345238			1.0			False			4.0			3.0			1.267310425203326e-08


			724			0.5682700736546134			0.5682700736571269			1.0			False			4.0			3.0			1.2452488349153267e-08


			725			0.553459154074993			0.5534591540758617			1.0			False			4.0			3.0			1.2886448850261444e-08


			726			0.5600516524346528			0.5600516524363666			1.0			False			4.0			3.0			1.2661421007105081e-08


			727			0.5570507584413067			0.5570507584427931			1.0			False			4.0			3.0			1.2720686990031858e-08


			728			0.5780934989374871			0.5780934989414737			0.0			True			4.0			3.0			1.4734895688980643e-08


			729			0.5655455276255756			0.5655455276272303			1.0			False			4.0			3.0			1.2677171756861994e-08


			730			0.5309841361971921			0.5309841361949718			1.0			False			4.0			3.0			1.3737851364865804e-08


			731			0.5683903224397295			0.5683903224423217			0.0			True			4.0			3.0			1.4230871078432818e-08


			732			0.5600483499404917			0.5600483499417277			1.0			False			4.0			3.0			1.2788532359849405e-08


			733			0.5517575764555408			0.5517575764557969			1.0			False			4.0			3.0			1.304975568199147e-08


			734			0.5467744058660698			0.5467744058659256			0.0			True			4.0			3.0			1.328503883475807e-08


			735			0.6016621100072207			0.6016621100126587			0.0			True			4.0			3.0			1.5591308428280077e-08


			736			0.5189809903447375			0.5189809903405985			0.0			True			4.0			3.0			1.1956739922989992e-08


			737			0.5416688552885702			0.5416688552873904			1.0			False			4.0			3.0			1.3439528485216504e-08


			738			0.5247006952104679			0.5247006952082466			0.0			True			4.0			3.0			1.258540549140572e-08


			739			0.6032641195706585			0.6032641195777138			0.0			True			4.0			3.0			1.6173560992410977e-08


			740			0.555339776287014			0.5553397762875601			1.0			False			4.0			3.0			1.2970836519847974e-08


			741			0.5444041126481566			0.5444041126475113			0.0			True			4.0			3.0			1.31205465493173e-08


			742			0.5919934450951246			0.591993445099453			0.0			True			4.0			3.0			1.504948266481072e-08


			743			0.5202822278333269			0.5202822278293732			0.0			True			4.0			3.0			1.202355037039732e-08


			744			0.5467217420374879			0.5467217420368417			0.0			True			4.0			3.0			1.3123573542418151e-08


			745			0.5524452099947506			0.5524452099949997			1.0			False			4.0			3.0			1.3050864005326173e-08


			746			0.5274556391876041			0.5274556391854894			1.0			False			4.0			3.0			1.3716306045699855e-08


			747			0.5893362518706282			0.5893362518752883			1.0			False			4.0			3.0			1.1883225216002762e-08


			748			0.5461828464179528			0.546182846417804			0.0			True			4.0			3.0			1.3282174638073136e-08


			749			0.575389605750477			0.5753896057539489			0.0			True			4.0			3.0			1.4548715500815926e-08


			750			0.55419816783123			0.5541981678316731			0.0			True			4.0			3.0			1.3490224352677355e-08


			751			0.5625408021583198			0.5625408021596189			0.0			True			4.0			3.0			1.3791005344074179e-08


			752			0.5546539636048234			0.5546539636048833			0.0			True			4.0			3.0			1.3370077422730736e-08


			753			0.5490700079028011			0.5490700079021539			0.0			True			4.0			3.0			1.3129340074698422e-08


			754			0.5522860003801537			0.5522860003799545			1.0			False			4.0			3.0			1.3163178208175733e-08


			755			0.5215059787483463			0.5215059787452206			0.0			True			4.0			3.0			1.230905410380216e-08


			756			0.6069964989688115			0.6069964989740932			1.0			False			4.0			3.0			1.1669390591150321e-08


			757			0.5013703347716065			0.5013703347647092			1.0			False			4.0			3.0			1.5213457522682702e-08


			758			0.5247864146599599			0.5247864146577705			1.0			False			4.0			3.0			1.374464707115515e-08


			759			0.5922991863285624			0.592299186333672			1.0			False			4.0			3.0			1.174350361463362e-08


			760			0.5623187591478274			0.56231875914958			1.0			False			4.0			3.0			1.2652476651647261e-08


			761			0.553644081312247			0.5536440813130564			1.0			False			4.0			3.0			1.2902398525930129e-08


			762			0.5654588782145411			0.565458878216762			0.0			True			4.0			3.0			1.4099157694566696e-08


			763			0.5760987442863598			0.5760987442890347			1.0			False			4.0			3.0			1.2409249907887304e-08


			764			0.5130360076788486			0.5130360076749708			0.0			True			4.0			3.0			1.206174553196713e-08


			765			0.5922415037601894			0.592241503765859			0.0			True			4.0			3.0			1.540606399959451e-08


			766			0.5554577829042632			0.5554577829043752			0.0			True			4.0			3.0			1.3390080413361775e-08


			767			0.5466240241307423			0.5466240241298782			1.0			False			4.0			3.0			1.3345150757336653e-08


			768			0.5066197603512559			0.5066197603464083			1.0			False			4.0			3.0			1.4560547674485073e-08


			769			0.5695593287249369			0.569559328728416			1.0			False			4.0			3.0			1.2169568525202214e-08


			770			0.5891081752509846			0.5891081752568081			0.0			True			4.0			3.0			1.554867019015482e-08


			771			0.5882916703984515			0.5882916704026305			1.0			False			4.0			3.0			1.2019271724310869e-08


			772			0.5268693263959389			0.5268693263931333			1.0			False			4.0			3.0			1.3905865951284906e-08


			773			0.564470693979923			0.5644706939821205			0.0			True			4.0			3.0			1.4088274033024924e-08


			774			0.5678609352634791			0.5678609352656321			1.0			False			4.0			3.0			1.2548203421519279e-08


			775			0.5456725129896265			0.5456725129892447			1.0			False			4.0			3.0			1.3223664040631347e-08


			776			0.549547312285605			0.5495473122860398			1.0			False			4.0			3.0			1.3003054124660495e-08


			777			0.5741023203565777			0.5741023203599687			0.0			True			4.0			3.0			1.4516854232990079e-08


			778			0.5784957999437849			0.5784957999467345			0.0			True			4.0			3.0			1.4420538257892818e-08


			779			0.5256471506754744			0.5256471506722992			0.0			True			4.0			3.0			1.228964352786179e-08


			780			0.5658086946914909			0.5658086946930095			1.0			False			4.0			3.0			1.2710037422092828e-08


			781			0.5305636904798926			0.5305636904773195			1.0			False			4.0			3.0			1.3833310690669287e-08


			782			0.532625730510982			0.5326257305096942			1.0			False			4.0			3.0			1.3481422168437844e-08


			783			0.5943168254786858			0.5943168254849202			0.0			True			4.0			3.0			1.5679857627249718e-08


			784			0.5604090068349129			0.5604090068361386			1.0			False			4.0			3.0			1.2791027597879283e-08


			785			0.5422123235607912			0.5422123235600539			1.0			False			4.0			3.0			1.3321955246965964e-08


			786			0.5593256473205926			0.5593256473221165			0.0			True			4.0			3.0			1.3852883934679983e-08


			787			0.5862322620340523			0.5862322620383698			0.0			True			4.0			3.0			1.4903017735130984e-08


			788			0.537467461430992			0.5374674614289338			0.0			True			4.0			3.0			1.2658224499827328e-08


			789			0.5560821351174742			0.5560821351177166			1.0			False			4.0			3.0			1.3043781632604129e-08


			790			0.5302873523462928			0.530287352343612			1.0			False			4.0			3.0			1.3862661335655826e-08


			791			0.5507672575002636			0.5507672575005312			0.0			True			4.0			3.0			1.3425798817708275e-08


			792			0.5951752433674982			0.5951752433716926			1.0			False			4.0			3.0			1.1980338878049888e-08


			793			0.4965635906784618			0.4965635906711938			1.0			True			4.0			3.0			1.5374600432888213e-08


			794			0.563052648621765			0.5630526486235662			1.0			False			4.0			3.0			1.2639822100569984e-08


			795			0.5498386355295447			0.5498386355298893			0.0			True			4.0			3.0			1.3447781144477557e-08


			796			0.5869292392105121			0.5869292392144525			1.0			False			4.0			3.0			1.2081507587241133e-08


			797			0.5021492549380981			0.5021492549325518			1.0			False			4.0			3.0			1.4792391693515407e-08


			798			0.5939455079938724			0.5939455080001494			0.0			True			4.0			3.0			1.574162132686372e-08


			799			0.5686822468486711			0.5686822468509343			1.0			False			4.0			3.0			1.2519509781805861e-08


			800			0.5495527370674942			0.5495527370674986			1.0			False			4.0			3.0			1.3117815500773225e-08


			801			0.5432998913708771			0.5432998913704652			0.0			True			4.0			3.0			1.319224071263163e-08


			802			0.5970930349989618			0.5970930350037648			1.0			False			4.0			3.0			1.1844633448842603e-08


			803			0.5206818612399642			0.5206818612359142			1.0			False			4.0			3.0			1.4264029171641347e-08


			804			0.5441466239918202			0.544146623991592			1.0			False			4.0			3.0			1.3183491889446404e-08


			805			0.5634357206408533			0.563435720643019			1.0			False			4.0			3.0			1.2541629715717046e-08


			806			0.5697430472322782			0.5697430472348997			1.0			False			4.0			3.0			1.2424914516897584e-08


			807			0.5621890599760129			0.5621890599776131			0.0			True			4.0			3.0			1.3886694492597666e-08


			808			0.561243698474606			0.5612436984758252			1.0			False			4.0			3.0			1.2792035166307264e-08


			809			0.5431515952288759			0.5431515952279923			0.0			True			4.0			3.0			1.304205585281472e-08


			810			0.5687891787136004			0.568789178715772			0.0			True			4.0			3.0			1.4096033403687414e-08


			811			0.5529780379296574			0.5529780379296159			1.0			False			4.0			3.0			1.3122909074667195e-08


			812			0.5262158910585143			0.5262158910556216			1.0			False			4.0			3.0			1.3931276896724204e-08


			813			0.5535216084393143			0.553521608440406			0.0			True			4.0			3.0			1.3695131645641385e-08


			814			0.5871035502008143			0.5871035502059588			0.0			True			4.0			3.0			1.5183744609983488e-08


			815			0.5675187066755161			0.5675187066770977			1.0			False			4.0			3.0			1.2689647726048104e-08


			816			0.5179062690338856			0.5179062690302669			0.0			True			4.0			3.0			1.214825265219029e-08


			817			0.5981505066983985			0.5981505067038317			0.0			True			4.0			3.0			1.545876579531811e-08


			818			0.5238268940884011			0.5238268940848096			0.0			True			4.0			3.0			1.214873493704183e-08


			819			0.54855790575712			0.5485579057567143			1.0			False			4.0			3.0			1.322549037894089e-08


			820			0.5303356065336812			0.5303356065316005			1.0			False			4.0			3.0			1.3701329689389915e-08


			821			0.5606731339345948			0.5606731339366002			1.0			False			4.0			3.0			1.2581744041679815e-08


			822			0.5698723449325126			0.5698723449353897			1.0			False			4.0			3.0			1.235447173101599e-08


			823			0.5617949087877803			0.5617949087896678			1.0			False			4.0			3.0			1.2615748965123205e-08


			824			0.5569104399381902			0.556910439939638			0.0			True			4.0			3.0			1.382022365617044e-08


			825			0.5818759475423958			0.5818759475467888			0.0			True			4.0			3.0			1.4890057671597873e-08


			826			0.5552214187651187			0.555221418765636			1.0			False			4.0			3.0			1.2978329550687503e-08


			827			0.5418365339899746			0.5418365339891158			1.0			False			4.0			3.0			1.3354763907170639e-08


			828			0.5639852655232638			0.5639852655251487			0.0			True			4.0			3.0			1.3984857870413277e-08


			829			0.5713263437937095			0.5713263437958299			1.0			False			4.0			3.0			1.2552523485684846e-08


			830			0.5009405305621092			0.5009405305563501			1.0			False			4.0			3.0			1.486352885631806e-08


			831			0.5986303416306027			0.5986303416372903			0.0			True			4.0			3.0			1.5940660279117626e-08


			832			0.5761340159988537			0.576134016001398			1.0			False			4.0			3.0			1.2438892446255331e-08


			833			0.5087638227052359			0.5087638227008912			0.0			True			4.0			3.0			1.1904050455826394e-08


			834			0.5947856740511367			0.5947856740558742			1.0			False			4.0			3.0			1.1867081004123834e-08


			835			0.5292342795595306			0.529234279556739			1.0			False			4.0			3.0			1.3895333930874105e-08


			836			0.5426654787263939			0.5426654787260224			1.0			False			4.0			3.0			1.3223013957658878e-08


			837			0.5778540768464523			0.5778540768504106			0.0			True			4.0			3.0			1.4724262743812712e-08


			838			0.5597701993123191			0.5597701993134895			0.0			True			4.0			3.0			1.374015160605512e-08


			839			0.5564022108245055			0.5564022108251744			1.0			False			4.0			3.0			1.2938039202787364e-08


			840			0.5297877174768914			0.5297877174749263			0.0			True			4.0			3.0			1.2681072239055109e-08


			841			0.588840265567402			0.588840265572779			0.0			True			4.0			3.0			1.527913494869425e-08


			842			0.555638365187791			0.5556383651883023			1.0			False			4.0			3.0			1.2979287722298557e-08


			843			0.5459300677532791			0.5459300677526535			0.0			True			4.0			3.0			1.3129033399291216e-08


			844			0.5600695942563613			0.5600695942574808			1.0			False			4.0			3.0			1.2818712227872542e-08


			845			0.5319538827956918			0.5319538827938906			0.0			True			4.0			3.0			1.2735834767056934e-08


			846			0.58040581473742			0.5804058147410852			1.0			False			4.0			3.0			1.2153251652303162e-08


			847			0.5438358314740589			0.5438358314735684			0.0			True			4.0			3.0			1.3168892049221643e-08


			848			0.598066062495944			0.5980660625014288			0.0			True			4.0			3.0			1.5466552859889777e-08


			849			0.5327496135129692			0.5327496135098406			1.0			False			4.0			3.0			1.3956374753651915e-08


			850			0.5161912823661579			0.5161912823617633			1.0			False			4.0			3.0			1.4377448482284646e-08


			851			0.5650784057054269			0.5650784057076779			0.0			True			4.0			3.0			1.4107683197512404e-08


			852			0.5921715413354317			0.5921715413399141			0.0			True			4.0			3.0			1.5082915507057222e-08


			853			0.5151617575450559			0.5151617575408167			0.0			True			4.0			3.0			1.1929108953561492e-08


			854			0.5591025695612275			0.5591025695622007			1.0			False			4.0			3.0			1.2857119726680399e-08


			855			0.5276572325397743			0.5276572325375696			0.0			True			4.0			3.0			1.2603385731389202e-08


			856			0.589981445473898			0.5899814454794197			0.0			True			4.0			3.0			1.5340018266480287e-08


			857			0.5707403771046707			0.570740377106468			1.0			False			4.0			3.0			1.2626306847489333e-08


			858			0.5162849037991376			0.5162849037944679			1.0			False			4.0			3.0			1.4453829187911104e-08


			859			0.5292547582490827			0.5292547582474951			1.0			False			4.0			3.0			1.3569763937505313e-08


			860			0.6012351882455693			0.6012351882524778			0.0			True			4.0			3.0			1.6087419640687282e-08


			861			0.5649235021223828			0.5649235021239364			1.0			False			4.0			3.0			1.2703293313593735e-08


			862			0.5144546227981225			0.5144546227946718			0.0			True			4.0			3.0			1.2192557483767029e-08


			863			0.6006545000338382			0.6006545000393764			1.0			False			4.0			3.0			1.1632883605534973e-08


			864			0.5356441164751791			0.5356441164736664			0.0			True			4.0			3.0			1.2831765057379008e-08


			865			0.581453539223669			0.5814535392271823			1.0			False			4.0			3.0			1.2194677012385113e-08


			866			0.5266964022889815			0.5266964022865074			0.0			True			4.0			3.0			1.2518913938320939e-08


			867			0.5816389144773076			0.5816389144810108			1.0			False			4.0			3.0			1.2144319928967361e-08


			868			0.5335496193817792			0.5335496193801572			1.0			False			4.0			3.0			1.357120961198192e-08


			869			0.568420182083226			0.5684201820858797			1.0			False			4.0			3.0			1.2414278594814784e-08


			870			0.55847085963429			0.5584708596358022			1.0			False			4.0			3.0			1.2714857138641382e-08


			871			0.5701348115065935			0.5701348115091774			1.0			False			4.0			3.0			1.243532017466517e-08


			872			0.5527469005163254			0.5527469005168375			0.0			True			4.0			3.0			1.3508958897454354e-08


			873			0.5730654545863169			0.573065454588863			1.0			False			4.0			3.0			1.2445571396320873e-08


			874			0.5286150182401402			0.5286150182376561			1.0			False			4.0			3.0			1.3814446987609874e-08


			875			0.559938977718862			0.5599389777206899			0.0			True			4.0			3.0			1.3952877911717204e-08


			876			0.5777129693416988			0.5777129693455627			0.0			True			4.0			3.0			1.4690711599122843e-08


			877			0.5572818855494426			0.5572818855502757			1.0			False			4.0			3.0			1.2894870429174932e-08


			878			0.541061465761296			0.5410614657604507			1.0			False			4.0			3.0			1.3352143679285752e-08


			879			0.5580577413069384			0.5580577413084096			0.0			True			4.0			3.0			1.3831726361162748e-08


			880			0.5834391967094422			0.5834391967131061			1.0			False			4.0			3.0			1.2155116428653496e-08


			881			0.5335128464649438			0.5335128464629247			0.0			True			4.0			3.0			1.2668219680249185e-08


			882			0.5683267931640668			0.5683267931661621			1.0			False			4.0			3.0			1.2563057110454049e-08


			883			0.5323970535621404			0.532397053560316			0.0			True			4.0			3.0			1.2729333233272193e-08


			884			0.5780086598988832			0.578008659902792			0.0			True			4.0			3.0			1.4707290959062063e-08


			885			0.5599522353822864			0.55995223538336			1.0			False			4.0			3.0			1.2830540277279688e-08


			886			0.5294488323361894			0.5294488323341253			0.0			True			4.0			3.0			1.2650126194831102e-08


			887			0.5883875829404183			0.58838758294474			1.0			False			4.0			3.0			1.1980742345165756e-08


			888			0.5334014712125417			0.5334014712107463			0.0			True			4.0			3.0			1.2739753986856801e-08


			889			0.5765855585287416			0.5765855585323223			0.0			True			4.0			3.0			1.458985880521373e-08


			890			0.5906138877938925			0.5906138877970046			1.0			False			4.0			3.0			1.2183845884142909e-08


			891			0.48014364452640773			0.48014364452069447			0.0			False			4.0			3.0			1.1021827745190863e-08


			892			0.5819715599377029			0.5819715599412081			1.0			False			4.0			3.0			1.2196551546742737e-08


			893			0.5054910931623446			0.5054910931582596			0.0			True			4.0			3.0			1.195740702884355e-08


			894			0.6156193199856121			0.615619319992169			1.0			False			4.0			3.0			1.127240488466297e-08


			895			0.5229701270871772			0.5229701270840352			1.0			False			4.0			3.0			1.4008255192887488e-08


			896			0.5723859121084803			0.5723859121114607			1.0			False			4.0			3.0			1.233027212015872e-08


			897			0.5429291089842676			0.5429291089841571			1.0			False			4.0			3.0			1.3151610748498305e-08


			898			0.5801932462412583			0.5801932462451134			1.0			False			4.0			3.0			1.2098720698085987e-08


			899			0.5569722732752326			0.5569722732764086			1.0			False			4.0			3.0			1.2804683529538187e-08


			900			0.5659772090077336			0.5659772090097543			1.0			False			4.0			3.0			1.2582623366435094e-08


			901			0.5451429013014187			0.5451429013010879			0.0			True			4.0			3.0			1.3222230175607813e-08


			902			0.5755891939777227			0.575589193980719			1.0			False			4.0			3.0			1.2329107688611824e-08


			903			0.5357925108715645			0.5357925108701157			0.0			True			4.0			3.0			1.2852139693028457e-08


			904			0.5920329488880547			0.5920329488924139			1.0			False			4.0			3.0			1.1967853783094779e-08


			905			0.5119961122082923			0.5119961122042344			0.0			True			4.0			3.0			1.2002299655641073e-08


			906			0.5975812653366284			0.5975812653415111			1.0			False			4.0			3.0			1.1823570894996693e-08


			907			0.5241313305535168			0.5241313305499037			1.0			False			4.0			3.0			1.4132204079176523e-08


			908			0.5379428223776135			0.5379428223766826			1.0			False			4.0			3.0			1.3378159786764636e-08


			909			0.5690538600989711			0.5690538601020989			0.0			True			4.0			3.0			1.4413701138848223e-08


			910			0.5884368369378492			0.5884368369428186			0.0			True			4.0			3.0			1.512724591684283e-08


			911			0.5873791388970008			0.587379138896746			0.0			True			4.0			3.0			1.4422115164597762e-08


			912			0.4955557238656888			0.49555572385772934			1.0			True			4.0			3.0			1.573073961001273e-08


			913			0.5155908150045563			0.5155908150007928			0.0			True			4.0			3.0			1.2100787267600222e-08


			914			0.580804267028748			0.5808042670323103			1.0			False			4.0			3.0			1.2181562339576273e-08


			915			0.5258504497523988			0.5258504497500621			0.0			True			4.0			3.0			1.255891807104902e-08


			916			0.5936082634065726			0.5936082634125842			0.0			True			4.0			3.0			1.555718193768942e-08


			917			0.5623079573543862			0.5623079573554762			1.0			False			4.0			3.0			1.2822095685934028e-08


			918			0.5130283547532147			0.5130283547488161			1.0			False			4.0			3.0			1.4392913820977882e-08


			919			0.5584880092722251			0.5584880092743237			1.0			False			4.0			3.0			1.2551158111689794e-08


			920			0.594734237205513			0.5947342372106643			1.0			False			4.0			3.0			1.1743271364231402e-08


			921			0.5359757797972814			0.5359757797961686			1.0			False			4.0			3.0			1.3429486223620639e-08


			922			0.5832551062705559			0.5832551062753434			0.0			True			4.0			3.0			1.5040854214676406e-08


			923			0.5946001745410678			0.5946001745449025			1.0			False			4.0			3.0			1.2039851514665548e-08


			924			0.4760756571848893			0.47607565717911754			0.0			False			4.0			3.0			1.101966826505397e-08


			925			0.6059889090406392			0.6059889090476384			0.0			True			4.0			3.0			1.6117218319163667e-08


			926			0.5638508933007029			0.563850893300975			1.0			False			4.0			3.0			1.2951941980331813e-08


			927			0.4978736781726733			0.49787367816724			0.0			False			4.0			3.0			1.1430387525711607e-08


			928			0.5714670972797546			0.5714670972820162			1.0			False			4.0			3.0			1.2518311672947111e-08


			929			0.5083275819975726			0.5083275819928039			1.0			False			4.0			3.0			1.4524322434877108e-08


			930			0.5829731506209899			0.5829731506260959			0.0			True			4.0			3.0			1.5196572489160064e-08


			931			0.6004981808147694			0.6004981808197929			1.0			False			4.0			3.0			1.1777263639034898e-08


			932			0.508781826265792			0.5087818262612763			0.0			True			4.0			3.0			1.1842538848892552e-08


			933			0.5762109979600438			0.576210997963525			0.0			True			4.0			3.0			1.455500973658595e-08


			934			0.5947347269326271			0.5947347269345751			0.0			True			4.0			3.0			1.491526870409692e-08


			935			0.4969449003016503			0.49694490029618754			0.0			False			4.0			3.0			1.1291037565528105e-08


			936			0.5926328313030652			0.592632831305611			1.0			False			4.0			3.0			1.2188814753220443e-08


			937			0.4665085093563558			0.4665085093627802			1.0			True			5.0			3.0			2.9961009335189145e-14


			938			0.5167753371947051			0.5167753371924175			0.0			True			4.0			3.0			1.2448938828730704e-08


			939			0.6640670828798357			0.6640670828864054			1.0			False			4.0			3.0			1.0081468581956972e-08


			940			0.4698626422901849			0.4698626422944127			1.0			True			5.0			3.0			1.7274585068913693e-14


			941			0.5743818137318938			0.574381813735359			0.0			True			4.0			3.0			1.4543127510791182e-08


			942			0.5751592634301834			0.5751592634329087			0.0			True			4.0			3.0			1.4313050631612643e-08


			943			0.5588644489629901			0.5588644489625884			0.0			True			4.0			3.0			1.3321137024438416e-08


			944			0.5158114034411231			0.515811403436094			1.0			False			4.0			3.0			1.455653311290152e-08


			945			0.5194384538143675			0.519438453811601			0.0			True			4.0			3.0			1.240567602575963e-08


			946			0.6111171166190713			0.6111171166253313			1.0			False			4.0			3.0			1.1393391591595647e-08


			947			0.5004428088499988			0.5004428088457384			0.0			True			4.0			3.0			1.1850345991085415e-08


			948			0.6394187549010125			0.6394187549082824			1.0			False			4.0			3.0			1.0735687295349312e-08


			949			0.4695803211248734			0.4695803211170548			1.0			True			4.0			3.0			1.64127940675903e-08


			950			0.611560955969486			0.6115609559759448			1.0			False			4.0			3.0			1.125606962434773e-08


			951			0.5527504005342948			0.5527504005349986			0.0			True			4.0			3.0			1.3570111856945583e-08


			952			0.5884905931072341			0.5884905931112374			1.0			False			4.0			3.0			1.2062868118973701e-08


			953			0.503460087103664			0.5034600870991016			0.0			True			4.0			3.0			1.1817749714891056e-08


			954			0.6248307576509644			0.6248307576575767			1.0			False			4.0			3.0			1.1192791431999827e-08


			955			0.48760660281158147			0.4876066028058528			0.0			False			4.0			3.0			1.1275427089978497e-08


			956			0.6094621190002439			0.6094621190068581			0.0			True			4.0			3.0			1.6135250358187845e-08


			957			0.5143508764021442			0.5143508763978326			0.0			True			4.0			3.0			1.190337290753556e-08


			958			0.5853411031710314			0.5853411031741856			0.0			True			4.0			3.0			1.4637310077355191e-08


			959			0.5401783217587454			0.5401783217557282			0.0			True			4.0			3.0			1.2479730762940009e-08


			960			0.5234188140596209			0.5234188140558337			0.0			True			4.0			3.0			1.2082443988494078e-08


			961			0.5539074008106322			0.5539074008104682			1.0			False			4.0			3.0			1.314663359883295e-08


			962			0.5118329194074273			0.5118329194033637			0.0			True			4.0			3.0			1.200029608420358e-08


			963			0.5819785795075134			0.5819785795112954			1.0			False			4.0			3.0			1.2123146288088438e-08


			964			0.5492541045593952			0.5492541045593706			1.0			False			4.0			3.0			1.312572093597964e-08


			965			0.5296437975546946			0.5296437975530578			1.0			False			4.0			3.0			1.3581863715444388e-08


			966			0.5970339457622237			0.5970339457687506			0.0			True			4.0			3.0			1.5839129259987927e-08


			967			0.562203372670481			0.5622033726718763			0.0			True			4.0			3.0			1.3820410082925764e-08


			968			0.5557690420299939			0.5557690420303774			0.0			True			4.0			3.0			1.3475278915048554e-08


			969			0.5731480326790797			0.5731480326808202			1.0			False			4.0			3.0			1.2614588381968932e-08


			970			0.4989762875602881			0.49897628755330253			1.0			True			4.0			3.0			1.5256466212829582e-08


			971			0.5642915529323			0.5642915529342952			0.0			True			4.0			3.0			1.4021643664739342e-08


			972			0.5923447575561501			0.5923447575600609			0.0			True			4.0			3.0			1.4997356760402844e-08


			973			0.6062910678523047			0.6062910678557215			0.0			True			4.0			4.0			1.4500680510739318e-08


			974			0.5547619151694945			0.5547619151653693			1.0			False			4.0			4.0			1.3808048727471362e-08


			975			0.2716955860887755			0.27169558608022204			0.0			False			4.0			4.0			3.616323299885733e-09


			976			0.6781158111666705			0.6781158111716507			1.0			False			4.0			3.0			9.706625935386319e-09


			977			0.36459536146727584			0.36459536145340343			0.0			False			4.0			4.0			8.841552580706049e-09


			978			0.7445108100310354			0.7445108100310354			0.0			True			5.0			4.0			1.4705322017681554e-14


			979			0.56261738214147			0.5626173821309937			0.0			True			4.0			3.0			1.2918570262000032e-08


			980			0.5329941490223066			0.5329941490057135			1.0			False			4.0			3.0			1.4414698588277193e-08


			981			0.3312383566564868			0.3312383566427628			0.0			False			4.0			4.0			7.650029132098338e-09


			982			0.731998022503297			0.7319980224930309			1.0			False			4.0			3.0			6.42824044332662e-09


			983			0.5164165419369765			0.5164165419323615			1.0			False			4.0			3.0			1.4437965652737344e-08


			984			0.5530213642468063			0.5530213642474643			0.0			True			4.0			3.0			1.3556355232371917e-08


			985			0.5842088585434158			0.5842088585469903			1.0			False			4.0			3.0			1.2176043310550553e-08


			986			0.46842133686024046			0.46842133685689236			0.0			False			4.0			3.0			1.1141297204212018e-08


			987			0.6970971355923727			0.6970971355923727			0.0			True			5.0			4.0			4.574132335016197e-14


			988			0.5367260290201109			0.5367260290142584			0.0			True			4.0			3.0			1.2120585063673022e-08


			989			0.5109386225777047			0.5109386225726167			0.0			True			4.0			3.0			1.1552850106908943e-08


			990			0.5292022508152378			0.529202250812061			1.0			False			4.0			3.0			1.399548473983129e-08


			991			0.4968552812825481			0.4968552812785681			0.0			False			4.0			3.0			1.1813514633437246e-08


			992			0.6778610250198078			0.6778610250198078			0.0			True			5.0			4.0			4.031974811787807e-14


			993			0.5571815914384459			0.5571815914214778			0.0			True			4.0			3.0			1.2552440822807499e-08


			994			0.5028712722227772			0.5028712722166546			0.0			True			4.0			3.0			1.101329657478466e-08


			995			0.5483844328836592			0.5483844328763935			1.0			False			4.0			3.0			1.3718661574051108e-08


			996			0.33388391270262513			0.33388391270262513			1.0			True			5.0			4.0			3.967754430199296e-14


			997			0.6852722404521147			0.6852722404486689			1.0			False			4.0			3.0			8.73571650859821e-09


			998			0.515742835024328			0.5157428350233051			1.0			False			4.0			3.0			1.3711401117720321e-08


			999			0.6111572896478702			0.6111572896538596			1.0			False			4.0			3.0			1.103399349317742e-08


			1000			0.5860088235681754			0.5860088235728889			1.0			False			4.0			3.0			1.1844944465816237e-08


			1001			0.5662905445984792			0.5662905446012361			0.0			True			4.0			3.0			1.4279579316718201e-08


			1002			0.5807214647640594			0.5807214647676563			1.0			False			4.0			3.0			1.2172279789403991e-08


			1003			0.5362318184403979			0.5362318184390298			1.0			False			4.0			3.0			1.349868734120674e-08


			1004			0.5214966658770052			0.5214966658761222			0.0			True			4.0			3.0			1.2699196629180214e-08


			1005			0.6804171604794799			0.6804171604845922			1.0			False			4.0			3.0			9.488102599313485e-09


			1006			0.4727688923045859			0.47276889230876656			1.0			True			5.0			3.0			3.477409216704733e-14


			1007			0.5258057525231348			0.5258057525213232			1.0			False			4.0			3.0			1.3642749706728904e-08


			1008			0.5853070469050536			0.5853070469098343			1.0			False			4.0			3.0			1.180858648856365e-08


			1009			0.583599291914214			0.5835992919191725			0.0			True			4.0			3.0			1.5112027572197704e-08


			1010			0.5910083926907642			0.5910083926952078			0.0			True			4.0			3.0			1.5040326137963316e-08


			1011			0.5191945166418731			0.5191945166379732			0.0			True			4.0			3.0			1.2045798462099257e-08


			1012			0.5758266058180312			0.5758266058203544			0.0			True			4.0			3.0			1.4225382338428958e-08


			1013			0.5356997769658919			0.5356997769631688			1.0			False			4.0			3.0			1.3840384884422982e-08


			1014			0.4538375479884245			0.4538375479992915			1.0			True			5.0			3.0			4.9285149758237887e-14


			1015			0.6134032626335367			0.6134032626390218			1.0			False			4.0			3.0			1.0894122497123222e-08


			1016			0.6062692093648733			0.6062692093710489			1.0			False			4.0			3.0			1.1371664048335912e-08


			1017			0.546281296448612			0.5462812964488604			0.0			True			4.0			3.0			1.3405455006044549e-08


			1018			0.5945936296261627			0.5945936296311276			1.0			False			4.0			3.0			1.1802987969534884e-08


			1019			0.5237051258174183			0.5237051258146368			1.0			False			4.0			3.0			1.3907633226692111e-08


			1020			0.5858614286319422			0.5858614286371011			0.0			True			4.0			3.0			1.5190935796683713e-08


			1021			0.5701979951755691			0.5701979951776853			1.0			False			4.0			3.0			1.2556018367352555e-08


			1022			0.5108026740206267			0.5108026740161197			1.0			False			4.0			3.0			1.443558009814336e-08


			1023			0.5718245343156644			0.5718245343194905			0.0			True			4.0			3.0			1.4678824311999061e-08


			1024			0.6135973264369154			0.6135973264351924			0.0			True			5.0			3.0			3.3130625105132226e-14


			1025			0.5380311289524842			0.538031128950137			1.0			False			4.0			3.0			1.3738441790829248e-08


			1026			0.4815342468897599			0.4815342468826497			1.0			True			4.0			3.0			1.567143738927591e-08


			1027			0.6097621484416483			0.6097621484377809			0.0			True			5.0			3.0			3.6339924782460764e-14


			1028			0.5852323514362263			0.5852323514409169			0.0			True			4.0			3.0			1.500917426205132e-08


			1029			0.5805879519924914			0.5805879519946805			1.0			False			4.0			3.0			1.244907603118448e-08


			1030			0.4610454453971995			0.4610454454030458			1.0			True			5.0			3.0			1.2710477890265748e-14


			1031			0.5828046450854415			0.5828046450906265			0.0			True			4.0			3.0			1.5267724991982515e-08


			1032			0.5895271241381442			0.5895271241427282			1.0			False			4.0			3.0			1.1907082197893024e-08


			1033			0.5517017848166305			0.5517017848168565			1.0			False			4.0			3.0			1.3057617817618197e-08


			1034			0.5419672340586292			0.5419672340580579			1.0			False			4.0			3.0			1.3277605708650514e-08


			1035			0.5750453630409844			0.5750453630444725			0.0			True			4.0			3.0			1.4552993701355709e-08


			1036			0.5586336126183676			0.5586336126193536			1.0			False			4.0			3.0			1.285431061555545e-08


			1037			0.5296991751226572			0.5296991751207357			0.0			True			4.0			3.0			1.2693960648902001e-08


			1038			0.59593008974563			0.5959300897506243			1.0			False			4.0			3.0			1.1795946559432098e-08


			1039			0.5152715635490066			0.5152715635456004			0.0			True			4.0			3.0			1.2209314095530736e-08


			1040			0.6030678898947167			0.6030678899016915			0.0			True			4.0			3.0			1.607556095320252e-08


			1041			0.5828138387520436			0.5828138387536838			0.0			True			4.0			3.0			1.4356026996826675e-08


			1042			0.5147855012488439			0.5147855012441394			0.0			True			4.0			3.0			1.1735931325407436e-08


			1043			0.5367104012599024			0.5367104012578154			1.0			False			4.0			3.0			1.3686598536332753e-08


			1044			0.5354894938439796			0.5354894938423368			1.0			False			4.0			3.0			1.3573809101676574e-08


			1045			0.5394849574983993			0.5394849574980368			0.0			True			4.0			3.0			1.3188693341758026e-08


			1046			0.6039858878559554			0.6039858878617977			1.0			False			4.0			3.0			1.1533483541653165e-08


			1047			0.5177897706774484			0.5177897706742203			1.0			False			4.0			3.0			1.4051717079101118e-08


			1048			0.5902690282487532			0.5902690282537074			1.0			False			4.0			3.0			1.1787481360264974e-08


			1049			0.5610703004028718			0.561070300404588			1.0			False			4.0			3.0			1.2661529635428139e-08


			1050			0.5619166431746596			0.5619166431763798			1.0			False			4.0			3.0			1.266101133817306e-08


			1051			0.5537446619635166			0.553744661964362			1.0			False			4.0			3.0			1.2892715675405322e-08


			1052			0.5572991173746791			0.5572991173761013			0.0			True			4.0			3.0			1.3813452689663475e-08


			1053			0.5767946126473829			0.5767946126506033			1.0			False			4.0			3.0			1.2270366537262598e-08


			1054			0.5328476677954769			0.5328476677939182			0.0			True			4.0			3.0			1.2811932820734074e-08


			1055			0.6112099388859491			0.6112099388929546			0.0			True			4.0			3.0			1.6305219433780117e-08


			1056			0.5745234266678569			0.5745234266666897			1.0			False			4.0			3.0			1.278230454773393e-08


			1057			0.4416558482823245			0.4416558482821431			0.0			False			4.0			3.0			1.023189528459485e-08


			1058			0.6252946317484721			0.6252946317548314			1.0			False			4.0			3.0			1.122910124146949e-08


			1059			0.4922250424447391			0.4922250424391196			0.0			False			4.0			3.0			1.1251395690883488e-08


			1060			0.5780247961354474			0.5780247961381337			1.0			False			4.0			3.0			1.239919317712839e-08


			1061			0.4957074002993524			0.4957074002926361			1.0			True			4.0			3.0			1.519821388736904e-08


			1062			0.5712754270013548			0.5712754270050854			0.0			True			4.0			3.0			1.4640589707608091e-08


			1063			0.6261745948714941			0.626174594866845			0.0			True			5.0			3.0			3.4212347099743397e-14


			1064			0.545117549760227			0.545117549756576			1.0			False			4.0			3.0			1.3715337569852806e-08


			1065			0.43173212613839707			0.4317321261387921			0.0			False			4.0			3.0			1.0237812223506923e-08


			1066			0.6424140407841934			0.6424140407913048			1.0			False			4.0			3.0			1.0537312510089817e-08


			1067			0.5042615615931695			0.504261561588973			0.0			True			4.0			3.0			1.19182905384005e-08


			1068			0.6068266688997118			0.606826668905823			1.0			False			4.0			3.0			1.1432336989299574e-08


			1069			0.5369385535166465			0.5369385535155007			0.0			True			4.0			3.0			1.2948616156058719e-08


			1070			0.6194040549921329			0.6194040549888964			0.0			True			5.0			3.0			1.8171743024400766e-14


			1071			0.5070982806299337			0.5070982806249018			0.0			True			4.0			3.0			1.1598216579552648e-08


			1072			0.5504739524692973			0.5504739524691191			1.0			False			4.0			3.0			1.3163643889611876e-08


			1073			0.5074448293203041			0.5074448293159138			1.0			False			4.0			3.0			1.4437363776204102e-08


			1074			0.6045106812604562			0.6045106812664788			1.0			False			4.0			3.0			1.1449606529737024e-08


			1075			0.5474691695915274			0.5474691695917339			1.0			False			4.0			3.0			1.3064961075159732e-08


			1076			0.5580414099382419			0.5580414099400081			0.0			True			4.0			3.0			1.3926147267634352e-08


			1077			0.5866896590033642			0.586689659007653			1.0			False			4.0			3.0			1.1987799029292413e-08


			1078			0.5354655168265113			0.5354655168251766			1.0			False			4.0			3.0			1.349060491117469e-08


			1079			0.5698856754495114			0.5698856754523084			1.0			False			4.0			3.0			1.2376958597293173e-08


			1080			0.5630960932607461			0.5630960932626133			1.0			False			4.0			3.0			1.2622249668375404e-08


			1081			0.5632203650343327			0.563220365036018			1.0			False			4.0			3.0			1.267050546937284e-08


			1082			0.5222191326675706			0.5222191326652661			0.0			True			4.0			3.0			1.2542233194495747e-08


			1083			0.62632196628004			0.6263219662870111			1.0			False			4.0			3.0			1.106408210296588e-08


			1084			0.5231234259988501			0.5231234259954571			0.0			True			4.0			3.0			1.2218478825074183e-08


			1085			0.5634552056886162			0.563455205690031			1.0			False			4.0			3.0			1.2740028694129972e-08


			1086			0.5124240947335728			0.512424094729491			1.0			False			4.0			3.0			1.4310527737237343e-08


			1087			0.5856763754263288			0.5856763754309179			1.0			False			4.0			3.0			1.1888765255638725e-08


			1088			0.5708750422357612			0.5708750422384533			1.0			False			4.0			3.0			1.2406932448702704e-08


			1089			0.5489179875125929			0.5489179875128328			1.0			False			4.0			3.0			1.3055707214114084e-08









PHI_volume_02_verification/verification/coverings/code/branch_checks.py

#!/usr/bin/env python3
"""Independent finite checks of worked educational variants; not infinite proofs."""
from pathlib import Path
from fractions import Fraction as F
from math import comb
from collections import Counter
import json,copy
import sympy as S
from certificates import Q,realpoly,box,generate,verify,witness,controls
R=Path(__file__).resolve().parents[1];counts=Counter();rows=[]
def ck(group,ok):
 counts[group]+=1
 if not ok: raise AssertionError(group)
def rnd(q):
 if q<0:return -rnd(-q)
 return (2*q.numerator+q.denominator)//(2*q.denominator)
# A fresh hand-checkable root certificate, independent of the six main cases.
ps=[realpoly([-2,0,1])];con=box(1,2,F(-1,2),F(1,2));c=generate(ps,con);v=verify(c,ps,con)
ck('teaching_root_certificate',v['winding']==1 and v['arcs']==4)
(R/'proofs/certificates/teaching_sqrt2.json').write_text(json.dumps(c,indent=2))
for mode in range(4):
 q=copy.deepcopy(c)
 if mode==0:q['winding']=0
 if mode==1:q['pieces'][1]['sign']*=-1
 if mode==2:q['pieces'].pop()
 if mode==3:q['contour'][0][0]='0'
 try:verify(q,ps,con);rejected=False
 except (ValueError,KeyError,IndexError):rejected=True
 ck('teaching_certificate_mutants',rejected)
# Matrix algebra over rationals, with multiplicity retained.
z,t,u,vv=S.symbols('z t u v')
M=S.Matrix([[0,0,-2],[1,0,3],[0,1,0]]) # (z-1)^2(z+2)=z^3-3z+2
ck('quotient_algebra',S.trace(M)==0)
ck('quotient_algebra',S.trace(M**2)==6)
ck('quotient_algebra',(M-3*S.eye(3)).det()==-20)
N=S.Matrix([[0,1,0],[0,0,1],[0,0,0]]);A=2*S.eye(3)+N
ck('nilpotent_algebra',N**3==S.zeros(3))
ck('nilpotent_algebra',S.trace(A**2)==12)
# Exact Gram spectrum and conditioning at four rational sites.
for a in [F(1,10),F(1,5),F(1,2),F(3,4)]:
 diagonal=1/(1-a*a);off=1/(1+a*a)
 ck('hardy_gram',diagonal+off==2/(1-a**4))
 ck('hardy_gram',diagonal-off==2*a*a/(1-a**4))
 ck('hardy_gram',(diagonal+off)/(diagonal-off)==1/(a*a))
# Compare the native four-state DP to binomial class counting.
state=[1,0,0,0]
for n in range(21):
 exact=[sum(comb(n,k) for k in range(j,n+1,4)) for j in range(4)]
 ck('four_sheet_dp',state==exact)
 state=[state[j]+state[(j-1)%4] for j in range(4)]
ck('four_sheet_dp',sum(comb(8,k) for k in range(0,9,4))==72)
# CP2: failure of the axis witness despite a separating oblique functional.
a=Q(F(-2),F(1));b=Q(F(1),F(-2));mid=(a+b)*F(1,2)
ck('parameter_witness_counterexample',witness([a,b]) is None)
ck('parameter_witness_counterexample',mid.r**2+mid.i**2==F(1,2))
ck('parameter_witness_counterexample',(-a.r-a.i)==1 and (-b.r-b.i)==1)
ck('parameter_witness_counterexample',witness([a,mid])==('r',-1))
ck('parameter_witness_counterexample',witness([mid,b])==('i',-1))
for n in range(5):
 for k in range(2**n):
  # Constants do not acquire a better axis witness on any source subinterval.
  ck('parameter_source_subdivision_invariance',witness(controls([a],Q(F(k,2**n)),Q(F(k+1,2**n)))+controls([b],Q(F(k,2**n)),Q(F(k+1,2**n)))) is None)
# Realizable electrical variants, units and exact tail energy.
L=F(2,1000);C=F(5,10**6)
ck('lc_units',L*5000-1/(C*5000)==-30)
ck('lc_units',L*20000-1/(C*20000)==30)
ck('lc_units',1/(L*C)==10**8)
a=F(-1,3)
ck('allpass_variants',(1-a*a)/(1+a*a-2*a)==F(1,2))
ck('allpass_variants',(1-a*a)/(1+a*a+2*a)==2)
ck('allpass_variants',(1-a*a)*a**6==F(8,6561))
ck('routh_variants',S.expand((z+4)*(z*z+5)-(z**3+4*z*z+5*z+20))==0)
ck('routh_variants',S.expand((5+t)*(8+t)-(40+10*t))==3*t+t*t)
ck('correlated_routh',S.expand((2+u)*(3+vv)-(5+u+vv+u*vv))==1+2*u+vv)
for i in range(5):
 for j in range(5):
  u0=F(i,4);v0=F(j,4)
  ck('correlated_routh_samples',(2+u0)*(3+v0)-(5+u0+v0+u0*v0)>=1)
# Pick two-point arithmetic and the one-datum disk.
a=F(1,5);r=F(1,2)
ck('pick_variants',(F(4,5)-a)/(1-a*F(4,5))==F(5,7)>r)
ck('pick_variants',(F(3,5)-a)/(1-a*F(3,5))==F(5,11)<r)
cc=F(10,11)
ck('pick_variants',(a+cc*r)/(1+a*cc*r)==F(3,5))
a=F(1,3)
ck('pick_variants',(1-r*r)*a/(1-r*r*a*a)==F(9,35))
ck('pick_variants',r*(1-a*a)/(1-r*r*a*a)==F(16,35))
# Every state in the published EP6 five-state model is fixed.
for k in range(-2,3):ck('five_state_fixed_points',rnd(F(3,4)*k)==k)
ck('rounded_ug_fixed_point',rnd(F(2,3))==1)
# Error weights and an interior optimal allocation, no measured cost claim.
weights=[F(1,16),F(1,4),F(1)];E=F(1,1000);etas=[E/(3*w) for w in weights]
ck('precision_allocation',sum(w*e for w,e in zip(weights,etas))==E)
ck('precision_allocation',etas==[16*E/3,4*E/3,E/3])
for w,e in zip(weights,etas):ck('precision_allocation',1/(w*e)==3/E)
ck('error_weights',sum(weights)==F(21,16))
# The discriminator for z^3-3z-w and the collision-free unit circle.
w=S.symbols('w');delta=S.discriminant(z**3-3*z-w,z)
ck('discriminant_identity',S.expand(delta)==108-27*w*w)
ck('discriminant_identity',108-27==81)
result={'scope':'Educational worked variants only; no new infinite-dimensional kernel proofs','counts':dict(counts),'total_assertions':sum(counts.values()),'teaching_certificate':verify(c,ps,con),'arithmetic':'Fraction and exact SymPy polynomial/matrix arithmetic','proof_assistant_kernel_checked':False}
(R/'metrics/branch_checks.json').write_text(json.dumps(result,indent=2));print(json.dumps(result,indent=2))







PHI_volume_02_verification/verification/coverings/code/certificates.py

#!/usr/bin/env python3
"""Exact rational Bernstein/half-plane certificates for polynomial winding.

The generator is untrusted. verify() re-derives every control point, validates
complete contour partitions, checks nonzero half-plane witnesses, and recomputes
the polygon winding with exact arithmetic. No floating point enters acceptance.
"""
from __future__ import annotations
from fractions import Fraction as F
from dataclasses import dataclass
from math import comb
from typing import Sequence
import json

@dataclass(frozen=True)
class Q:
    r:F=F(0); i:F=F(0)
    def __add__(self,b):
        if not isinstance(b,Q):b=Q(F(b))
        return Q(self.r+b.r,self.i+b.i)
    __radd__=__add__
    def __neg__(self):return Q(-self.r,-self.i)
    def __sub__(self,b):return self+-b
    def __mul__(self,b):
        if not isinstance(b,Q):b=Q(F(b))
        return Q(self.r*b.r-self.i*b.i,self.r*b.i+self.i*b.r)
    __rmul__=__mul__
    def dump(self):return [str(self.r),str(self.i)]
    @staticmethod
    def load(v):return Q(F(v[0]),F(v[1]))
ZERO=Q()
def evalp(p:Sequence[Q],z:Q)->Q:
    q=ZERO
    for a in reversed(p):q=q*z+a
    return q

def controls(p:Sequence[Q],a:Q,b:Q)->list[Q]:
    """Power coefficients of p(a+(b-a)t), then exact power-to-Bernstein."""
    c=[ZERO]; dz=b-a
    for coeff in reversed(p):
        n=[ZERO]*(len(c)+1)
        for j,v in enumerate(c):n[j]=n[j]+v*a;n[j+1]=n[j+1]+v*dz
        n[0]=n[0]+coeff;c=n
    while len(c)>1 and c[-1]==ZERO:c.pop()
    m=len(c)-1
    return [sum((c[j]*F(comb(k,j),comb(m,j)) for j in range(k+1)),ZERO) for k in range(m+1)]

def witness(vs:list[Q]):
    for axis in ['r','i']:
        for sign in [1,-1]:
            if all(sign*getattr(v,axis)>0 for v in vs):return axis,sign
    return None

def winding(vertices:Sequence[Q])->int:
    if len(vertices)<4 or vertices[0]!=vertices[-1]:raise ValueError('not closed')
    w=0
    for a,b in zip(vertices,vertices[1:]):
        cross=a.r*b.i-a.i*b.r
        if a==ZERO or b==ZERO:raise ValueError('zero vertex')
        # Half-plane validation in verify already proves zero-free chords.
        if a.i<=0<b.i and cross>0:w+=1
        elif b.i<=0<a.i and cross<0:w-=1
    return w

def generate(polys:Sequence[Sequence[Q]],contour:Sequence[Q],max_depth:int=18)->dict:
    """One polynomial, or the entire convex hull of several polynomials."""
    if not polys or len(contour)<4 or contour[0]!=contour[-1]:raise ValueError('bad input')
    pieces=[]
    def rec(edge,l,r,depth):
        a=contour[edge]+(contour[edge+1]-contour[edge])*l
        b=contour[edge]+(contour[edge+1]-contour[edge])*r
        vs=[v for p in polys for v in controls(p,a,b)]
        wh=witness(vs)
        if wh:
            pieces.append(dict(edge=edge,left=str(l),right=str(r),axis=wh[0],sign=wh[1]));return
        if depth>=max_depth:raise ValueError('not certified at configured maximum depth')
        m=(l+r)/2;rec(edge,l,m,depth+1);rec(edge,m,r,depth+1)
    for edge in range(len(contour)-1):rec(edge,F(0),F(1),0)
    out={'schema':'phi.polynomial-winding.v1','arithmetic':'rational','polynomials':[[v.dump() for v in p] for p in polys],'contour':[v.dump() for v in contour],'pieces':pieces,'winding':0}
    pts=[]
    for s in pieces:
        e=s['edge'];t=F(s['left']);pts.append(evalp(polys[0],contour[e]+(contour[e+1]-contour[e])*t))
    pts.append(pts[0]);out['winding']=winding(pts)
    return out

def verify(c:dict,expected_polys=None,expected_contour=None)->dict:
    if c.get('schema')!='phi.polynomial-winding.v1':raise ValueError('schema')
    polys=[[Q.load(z) for z in p] for p in c['polynomials']]
    con=[Q.load(z) for z in c['contour']]
    if expected_polys is not None and polys!=expected_polys:raise ValueError('polynomial binding')
    if expected_contour is not None and con!=expected_contour:raise ValueError('contour binding')
    if not polys or len(con)<4 or con[0]!=con[-1]:raise ValueError('input')
    if not c['pieces']:raise ValueError('no pieces')
    expected_edge=0;expected_left=F(0);pts=[];margins=[];control_count=0
    for s in c['pieces']:
        e=s['edge'];l=F(s['left']);r=F(s['right']);axis=s['axis'];sign=s['sign']
        if e!=expected_edge or l!=expected_left or not (0<=l<r<=1):raise ValueError('partition')
        if axis not in ('r','i') or sign not in (-1,1):raise ValueError('witness format')
        a=con[e]+(con[e+1]-con[e])*l;b=con[e]+(con[e+1]-con[e])*r
        vs=[v for p in polys for v in controls(p,a,b)];control_count+=len(vs)
        margin=min(sign*getattr(v,axis) for v in vs)
        if margin<=0:raise ValueError('half-plane witness')
        margins.append(margin);pts.append(evalp(polys[0],a))
        if r==1:expected_edge+=1;expected_left=F(0)
        else:expected_left=r
    if expected_edge!=len(con)-1 or expected_left!=0:raise ValueError('incomplete partition')
    pts.append(pts[0]);w=winding(pts)
    if type(c['winding']) is not int or c['winding']!=w:raise ValueError('winding mismatch')
    return {'accepted':True,'winding':w,'arcs':len(c['pieces']),'checked_control_points':control_count,'minimum_coordinate_halfplane_margin':str(min(margins)),'parameter_scope':'entire convex hull of declared polynomials'}

def box(x0,x1,y0,y1):
    return [Q(F(x0),F(y0)),Q(F(x1),F(y0)),Q(F(x1),F(y1)),Q(F(x0),F(y1)),Q(F(x0),F(y0))]
def realpoly(vs):return [Q(F(v)) for v in vs]







PHI_volume_02_verification/verification/coverings/code/compare_certificates.py

#!/usr/bin/env python3
"""Version-2 rational separating-hyperplane winding certificates.

Only Fraction arithmetic is used for acceptance. Candidate normals are computed
by exact closest-point projections onto the convex hull edges. The checker is
separate: it recomputes control points and checks the supplied rational normal.
Benchmarks compare identical polynomial/contour/family contracts. Numerical
root solvers are never treated as certified baselines.
"""
from __future__ import annotations
from fractions import Fraction as F
from pathlib import Path
import copy,csv,json,time,statistics,platform
from certificates import Q,ZERO,controls,evalp,winding,box,realpoly
ROOT=Path(__file__).resolve().parents[1]

def dot(a:Q,b:Q): return a.r*b.r+a.i*b.i

def cross(a,b,c):
 u=b-a;v=c-a;return u.r*v.i-u.i*v.r

def hull(vs):
 p=sorted(set(vs),key=lambda v:(v.r,v.i))
 if len(p)<2:return p
 lo=[];hi=[]
 for v in p:
  while len(lo)>=2 and cross(lo[-2],lo[-1],v)<=0:lo.pop()
  lo.append(v)
 for v in reversed(p):
  while len(hi)>=2 and cross(hi[-2],hi[-1],v)<=0:hi.pop()
  hi.append(v)
 return lo[:-1]+hi[:-1]

def find_normal(vs,mode='rotated'):
 if mode=='axis': candidates=[Q(F(1)),Q(F(-1)),Q(F(0),F(1)),Q(F(0),F(-1))]
 else:
  h=hull(vs);candidates=list(h)
  for a,b in zip(h,h[1:]+h[:1]):
   d=b-a;s=dot(d,d)
   if s:
    t=max(F(0),min(F(1),-dot(a,d)/s));candidates.append(a+d*t)
 for q in candidates:
  if q==ZERO:continue
  if min(dot(v,q) for v in vs)>0:
   m=max(abs(q.r),abs(q.i));return Q(q.r/m,q.i/m)
 return None

def generate_v2(polys,contour,mode='rotated',uniform_depth=None,max_depth=18):
 pieces=[];tested=0
 def rec(e,l,r,depth):
  nonlocal tested
  a=contour[e]+(contour[e+1]-contour[e])*l;b=contour[e]+(contour[e+1]-contour[e])*r
  vs=[v for p in polys for v in controls(p,a,b)];tested+=1;n=find_normal(vs,mode)
  if n is not None:
   pieces.append(dict(edge=e,left=str(l),right=str(r),normal=n.dump()));return
  if uniform_depth is not None or depth>=max_depth:raise ValueError('no strict separation at requested depth')
  mid=(l+r)/2;rec(e,l,mid,depth+1);rec(e,mid,r,depth+1)
 for e in range(len(contour)-1):
  if uniform_depth is None:rec(e,F(0),F(1),0)
  else:
   N=2**uniform_depth
   for j in range(N):rec(e,F(j,N),F(j+1,N),uniform_depth)
 pts=[evalp(polys[0],contour[s['edge']]+(contour[s['edge']+1]-contour[s['edge']])*F(s['left'])) for s in pieces]
 pts.append(pts[0]);w=winding(pts)
 return dict(schema='phi.winding.separating.v2',polynomials=[[q.dump() for q in p] for p in polys],contour=[q.dump() for q in contour],pieces=pieces,winding=w,generator={'mode':mode,'tested_nodes':tested,'uniform_depth':uniform_depth})

def verify_v2(c,expected_polys,expected_contour):
 if c.get('schema')!='phi.winding.separating.v2':raise ValueError('schema')
 ps=[[Q.load(z) for z in p] for p in c['polynomials']];con=[Q.load(q) for q in c['contour']]
 if ps!=expected_polys or con!=expected_contour:raise ValueError('binding')
 if not ps or len(con)<4 or con[0]!=con[-1]:raise ValueError('input')
 e=0;t=F(0);pts=[];margins=[];N=0
 if not c['pieces']:raise ValueError('empty')
 for s in c['pieces']:
  if type(s['edge']) is not int or s['edge']!=e:raise ValueError('edge')
  l=F(s['left']);r=F(s['right']);n=Q.load(s['normal'])
  if e>=len(con)-1 or l!=t or not (0<=l<r<=1) or n==ZERO:raise ValueError('partition/normal')
  a=con[e]+(con[e+1]-con[e])*l;b=con[e]+(con[e+1]-con[e])*r
  vs=[v for p in ps for v in controls(p,a,b)];N+=len(vs);m=min(dot(v,n) for v in vs)
  if m<=0:raise ValueError('separation')
  margins.append(m/(abs(n.r)+abs(n.i)));pts.append(evalp(ps[0],a))
  if r==1:e+=1;t=F(0)
  else:t=r
 if e!=len(con)-1 or t!=0:raise ValueError('incomplete')
 pts.append(pts[0]);w=winding(pts)
 if type(c['winding']) is not int or w!=c['winding']:raise ValueError('count')
 return dict(accepted=True,winding=w,arcs=len(c['pieces']),control_points=N,euclidean_exclusion_lower_bound=str(min(margins)),family_scope='entire coefficient convex hull')

def mul(p,q):
 r=[ZERO]*(len(p)+len(q)-1)
 for i,x in enumerate(p):
  for j,y in enumerate(q):r[i+j]=r[i+j]+x*y
 return r

def median_timing(fn,repeats=9):
 fn(); times=[]
 for _ in range(repeats):
  st=time.perf_counter_ns();fn();times.append((time.perf_counter_ns()-st)/1e6)
 return {'median_ms':statistics.median(times),'min_ms':min(times),'max_ms':max(times),'raw_ms':times}

def main():
 out=ROOT/'results_v2';out.mkdir(exist_ok=True);(ROOT/'proofs'/'v2').mkdir(exist_ok=True)
 workloads=[('cubic', [realpoly([0,-3,0,1])],box(-2,2,-2,2)),
 ('eighth_power',[realpoly([-F(1,4)]+[0]*7+[1])],box(-1,1,-1,1)),
 ('near_edge_double',[mul(realpoly([-F(99,100),1]),realpoly([-F(99,100),1]))],box(-1,1,-1,1)),
 ('gain_family',[realpoly([6,11,6,1]),realpoly([56,11,6,1])],box(-10,0,-10,10)),
 ('shifted_quartic',[mul(realpoly([-F(3,4),1]),realpoly([F(1,20),0,0,1]))],box(-1,1,-1,1))]
 rows=[];certs=[];mut=[]
 for name,ps,con in workloads:
  for mode in ['axis','rotated']:
   for policy in ['adaptive','uniform']:
    dep=None
    if policy=='uniform':
     for n in range(13):
      try:c=generate_v2(ps,con,mode,uniform_depth=n);dep=n;break
      except ValueError:continue
     else:raise RuntimeError('no uniform certificate')
    c=generate_v2(ps,con,mode,uniform_depth=dep)
    res=verify_v2(c,ps,con)
    fname=f'{name}_{mode}_{policy}.json';(ROOT/'proofs'/'v2'/fname).write_text(json.dumps(c,indent=2))
    tm=median_timing(lambda:verify_v2(c,ps,con),7)
    gen=median_timing(lambda:generate_v2(ps,con,mode,uniform_depth=dep),5)
    rows.append(dict(case=name,mode=mode,policy=policy,uniform_depth=dep,arcs=res['arcs'],control_points=res['control_points'],winding=res['winding'],bytes=len(json.dumps(c)),generation_median_ms=gen['median_ms'],verification_median_ms=tm['median_ms'],timing_verification=tm,timing_generation=gen,exclusion_bound=res['euclidean_exclusion_lower_bound']))
    certs.append(fname)
    for attack in ['delete','wrong_count','normal_sign','binding','gap','normal_zero','edge_type']:
     bad=copy.deepcopy(c)
     if attack=='delete':bad['pieces'].pop()
     elif attack=='wrong_count':bad['winding']+=1
     elif attack=='normal_sign':bad['pieces'][0]['normal']=[str(-F(q)) for q in bad['pieces'][0]['normal']]
     elif attack=='binding':bad['polynomials'][0][0][0]=str(F(bad['polynomials'][0][0][0])+1)
     elif attack=='gap':bad['pieces'][0]['left']='1/1000000'
     elif attack=='normal_zero':bad['pieces'][0]['normal']=['0','0']
     else:bad['pieces'][0]['edge']=True
     try:verify_v2(bad,ps,con);raise RuntimeError('accepted mutation '+attack)
     except ValueError:mut.append(dict(certificate=fname,attack=attack,rejected=True))
 # Axis cannot separate a nonzero segment through (1,0) and (0,1), but x+y does.
 vs=[Q(F(1),F(0)),Q(F(0),F(1))];assert find_normal(vs,'axis') is None
 n=find_normal(vs);assert n is not None and min(dot(v,n) for v in vs)>0
 R=dict(rows=rows,certificates=certs,mutations=mut,mutations_rejected=len(mut),environment={'python':platform.python_version(),'platform':platform.platform(),'timing_clock':'perf_counter_ns','single_process':True,'no_concurrent_rendering_during_measurement':True},semantic_scope='Polynomial contour winding for rational coefficient families; timing intervals are observed ranges, not confidence intervals.',axis_counterexample={'vertices':[v.dump() for v in vs],'rotated_normal':n.dump()})
 (out/'certificate_benchmark.json').write_text(json.dumps(R,indent=2))
 with (out/'certificate_benchmark.csv').open('w') as f:
  keys=[k for k in rows[0] if not k.startswith('timing')];w=csv.DictWriter(f,keys);w.writeheader();w.writerows({k:r[k] for k in keys} for r in rows)
 print(json.dumps([{k:r[k] for k in ['case','mode','policy','arcs','verification_median_ms']} for r in rows],indent=2))
if __name__=='__main__':main()







PHI_volume_02_verification/verification/coverings/code/experiments_v2.py

#!/usr/bin/env python3
"""Matched diagnostic experiments; exact counts separate from floating timings."""
from pathlib import Path
from fractions import Fraction as F
import json,csv,math,time,statistics,platform,itertools
import numpy as np,scipy,scipy.linalg as la,mpmath as mp
R=Path(__file__).resolve().parents[1];O=R/'results_v2';O.mkdir(exist_ok=True)
mp.mp.dps=90

def timing(fn,n=11,batch=30):
 fn();v=[]
 for _ in range(n):
  t=time.perf_counter_ns()
  for j in range(batch):fn()
  v.append((time.perf_counter_ns()-t)/1e6/batch)
 return dict(median_ms=statistics.median(v),min_ms=min(v),max_ms=max(v),raw_ms=v,iterations_per_sample=batch)

def quotient(lam,m=14):
 c=0j;s=0j
 for k in reversed(range(m+1)):
  c=c*lam+1/math.factorial(2*k);s=s*lam+1/math.factorial(2*k+1)
 return np.array([[c,s],[lam*s,c]],dtype=complex)

def reference(lam):
 l=mp.mpc(lam);c=mp.fsum(l**k/mp.factorial(2*k) for k in range(80));s=mp.fsum(l**k/mp.factorial(2*k+1) for k in range(80))
 return [[c,s],[l*s,c]]

def err(y,ref):
 return float(mp.sqrt(mp.fsum(abs(mp.mpc(y[i,j])-ref[i][j])**2 for i in range(2) for j in range(2)))/mp.sqrt(mp.fsum(abs(ref[i][j])**2 for i in range(2) for j in range(2))))

def diagonalize(A):
 w,V=la.eig(A);return V@np.diag(np.exp(w))@la.inv(V)

matrix=[]
for lam in [1,1e-2,1e-4,1e-8,1e-12,1e-16,1e-24,1e-32,0,-1e-8,1e-8j]:
 A=np.array([[0,1],[lam,0]],dtype=complex);ref=reference(lam)
 for name,fn in [('eigendecomposition',lambda:diagonalize(A)),('scipy_expm',lambda:la.expm(A)),('quotient_series',lambda:quotient(lam))]:
  try:
   Y=fn();E=err(Y,ref);t=timing(fn);ok=True;reason=''
  except Exception as ex:E=None;t=None;ok=False;reason=type(ex).__name__
  matrix.append(dict(lam_real=float(np.real(lam)),lam_imag=float(np.imag(lam)),method=name,success=ok,relative_frobenius_error=E,timing=t,reason=reason))
(O/'matrix_benchmark.json').write_text(json.dumps(matrix,indent=2))
phase=[]
for a in [.2,.8,.98]:
 for N in [32,64,128,256,512,1024,2048,4096]:
  th=np.linspace(-np.pi,np.pi,N+1);z=np.exp(1j*th);B=(z-a)/(1-a*z)
  ph=np.unwrap(np.angle(B));num=np.gradient(ph,th,edge_order=2);true=(1-a*a)/(1+a*a-2*a*np.cos(th))
  er=float(np.max(abs(num[1:-1]-true[1:-1])))
  phase.append(dict(a=a,N=N,step=float(th[1]-th[0]),max_grid_error=er,phase_turns=float((ph[-1]-ph[0])/(2*np.pi)),exact_peak=(1+a)/(1-a)))
(O/'phase_diagnostics.json').write_text(json.dumps(phase,indent=2))
# Exact integer dynamic program. Weights = [1,4,16,64]/64, b_j >= 2.
# A known feasible cost-20 candidate bounds every optimal b_j by 14.
weights=[1,4,16,64];scale=64*2**14;target=scale//64
D={0:(0,[])};layers=[]
for w in weights:
 N={}
 for total,(erru,bits) in D.items():
  for b in range(2,15):
   key=total+b;val=erru+w*2**(14-b)
   if key not in N or val<N[key][0]:N[key]=(val,bits+[b])
 D=N;layers.append({str(k):{'error_units':v[0],'bits':v[1]} for k,v in D.items()})
feasible=[(k,*v) for k,v in D.items() if v[0]<=target];best=min(feasible,key=lambda x:x[0]);assert best[0]==20
for k in range(8,20):assert D[k][0]>target
uniform=next(b for b in range(2,15) if sum(weights)*2**(14-b)<=target)
alloc=dict(weights=[str(F(w,64)) for w in weights],target=str(F(1,64)),integer_scale=scale,target_units=target,optimal_total_bits=best[0],optimal_bits=best[2],exact_error=str(F(best[1],scale)),uniform_bits_per_stage=uniform,uniform_total_bits=4*uniform,saved_bits=4*uniform-best[0],frontier=[dict(total_bits=k,error=str(F(v[0],scale)),bits=v[1]) for k,v in sorted(D.items())],dp_layers=layers,upper_bound_justification='Cost 20 feasible; b>=2 for other three stages forces each coordinate <=14 in any no-more-expensive allocation.')
(O/'precision_optimum.json').write_text(json.dumps(alloc,indent=2))
# independent enumeration of all 13^4 candidates for the optimum cost, not a reused DP
found=[];mincost=100;checked=0
for bs in itertools.product(range(2,15),repeat=4):
 checked+=1;cu=sum(w*2**(14-b) for w,b in zip(weights,bs));cost=sum(bs)
 if cu<=target:
  if cost<mincost:mincost=cost;found=[bs]
  elif cost==mincost:found.append(bs)
assert mincost==best[0]
# Exact corner versus continuous-family comparison.
margin_tests=[]
for t in [F(k,8) for k in range(8,33)]:
 a1=a2=t;a3=t*t/2;assert a1*a2-a3==t*t/2>0
 margin_tests.append(str(a1*a2-a3))
# Pointwise analytic labels vs a certified continued branch, all using same path.
continuation=[]
for N in [4,8,16,32,64,128]:
 th=np.linspace(0,2*np.pi,N+1);exact=np.exp(.5j*th);z=np.exp(1j*th);point=np.sqrt(z)
 tracked=[1+0j]
 for v in z[1:]:
  r=np.sqrt(v);tracked.append(r if abs(r-tracked[-1])<abs(-r-tracked[-1]) else -r)
 continuation.append(dict(N=N,max_principal_error=float(np.max(abs(point-exact))),max_tracked_error=float(np.max(abs(np.array(tracked)-exact))),analytic_step_bound='2*pi/N < pi',step_condition=N>2))
(O/'continuation_diagnostics.json').write_text(json.dumps(continuation,indent=2))
# Resolved-vs-padded series quotient tail bound on |lambda|<=1, operator infinity norm.
m=14;tail=2*F(1,math.factorial(2*m+2))/(1-F(1,(2*m+3)*(2*m+4)))
results=dict(matrix_cases=len(matrix),phase_cases=len(phase),continuation_cases=len(continuation),precision_candidates_enumerated=checked,precision_optimum_independently_confirmed=True,structured_stability_checks=len(margin_tests),quotient_tail_bound_infinity_norm=str(tail),quotient_tail_bound_decimal=float(tail),tail_bound_excludes_roundoff=True,python=platform.python_version(),numpy=np.__version__,scipy=scipy.__version__,mpmath=mp.__version__,time_measurement_not_general_speed_theorem=True)
(O/'experiments_summary.json').write_text(json.dumps(results,indent=2));print(json.dumps(results,indent=2))







PHI_volume_02_verification/verification/coverings/code/figures.py

#!/usr/bin/env python3
"""Original reproducible monochrome mathematical figures; no external artwork."""
from pathlib import Path
import math,sys,json
import numpy as np
import matplotlib
matplotlib.use('Agg')
import matplotlib.pyplot as plt
import mpmath as mp
from matplotlib.patches import Circle,Polygon
ROOT=Path(__file__).resolve().parents[1];OUT=ROOT/'figures';OUT.mkdir(exist_ok=True)
plt.rcParams.update({'font.family':'DejaVu Serif','font.size':10,'mathtext.fontset':'cm','axes.spines.top':False,'axes.spines.right':False,'axes.grid':False,'savefig.bbox':'tight'})
manifest=[]
def save(fig,name,model,kind='formula display'):
 fig.savefig(OUT/(name+'.pdf'));fig.savefig(OUT/(name+'.png'),dpi=180);plt.close(fig)
 manifest.append({'id':name,'formula_or_model':model,'role':kind,'format':'vector PDF + PNG preview','original_geometry':True})
def axfig(w=8,h=4.3):
 fig,ax=plt.subplots(figsize=(w,h));return fig,ax
# Disk grid diagram on a single coordinate canvas (not independent statistical panels).
fig,ax=axfig(10,4.5);a=.5;B=lambda z:z*(z-a)/(1-a*z)
t=np.linspace(0,2*np.pi,401)
for center,fn,label in [(-1.45,lambda z:z,r'$z$'),(1.45,B,r'$B(z)=z(z-1/2)/(1-z/2)$')]:
 for r in np.linspace(.12,.96,8):
  zz=fn(r*np.exp(1j*t));ax.plot(zz.real+center,zz.imag,color='.55',lw=.65)
 for theta in np.linspace(0,2*np.pi,24,endpoint=False):
  zz=fn(np.linspace(0,1,180)*np.exp(1j*theta));ax.plot(zz.real+center,zz.imag,color='.45',lw=.7)
 ax.add_patch(Circle((center,0),1,fill=False,color='black',lw=1.3));ax.text(center,1.16,label,ha='center')
 ax.plot([center-1,center+1],[0,0],color='.8',lw=.5);ax.plot([center,center],[-1,1],color='.8',lw=.5)
crit=(1-np.sqrt(1-a*a))/a
ax.scatter([-1.45,-1.45+a], [0,0],c='black',s=25);ax.scatter([-1.45+crit],[0],s=60,facecolors='white',edgecolors='black',marker='D')
ax.annotate('',xy=(.25,0),xytext=(-.25,0),arrowprops={'arrowstyle':'->','color':'black'})
ax.text(0,-1.22,'Degree 2; critical point marked by a diamond; grid images can overlap.',ha='center',fontsize=9)
ax.set_aspect('equal');ax.set_xlim(-2.6,2.6);ax.set_ylim(-1.4,1.4);ax.axis('off');save(fig,'blaschke_grid','degree-two finite Blaschke product; a=1/2','geometric diagram')
# RH contributions.
fig,ax=axfig();labels=['power d=2','power d=3','double cover g=1','double cover g=2','cubic regular closure'];degree=np.array([2,3,2,2,6]);R=np.array([2,4,4,6,10]);x=np.arange(5)
ax.bar(x-.25,2*degree,width=.25,color='white',edgecolor='black',label=r'$d\chi(Y)=2d$');ax.bar(x,R,width=.25,color='.6',edgecolor='black',label=r'$R=\sum(e-1)$');ax.bar(x+.25,2*degree-R,width=.25,color='black',label=r'$\chi(X)$')
ax.set_xticks(x,labels,rotation=14,ha='right');ax.set_ylabel('Integer contributions');ax.axhline(0,color='black',lw=.6);ax.legend(ncol=3,fontsize=9);save(fig,'ramification_budget','Euler characteristic and ramification for five explicitly stated sphere covers','exact integer data')
# Exact cubic contour / control polygons.
sys.path.insert(0,str(ROOT/'code'));from certificates import Q,realpoly,box,controls
from fractions import Fraction as F
cert=json.loads((ROOT/'proofs/certificates/cubic_three_roots.json').read_text());con=box(-2,2,-2,2);p=realpoly([0,-3,0,1]);fig,ax=axfig(7,6)
for j,row in enumerate(cert['pieces']):
 a0=con[row['edge']];b0=con[(row['edge']+1)%4];u=a0+(b0-a0)*F(row['left']);v=a0+(b0-a0)*F(row['right']);z0=complex(float(u.r),float(u.i));z1=complex(float(v.r),float(v.i));z=np.linspace(z0,z1,65);f=z**3-3*z
 ax.plot(f.real,f.imag,color='black',lw=1.4)
 if j in [0,5,10,15]:
  bc=controls(p,u,v);q=np.array([complex(float(a.r),float(a.i)) for a in bc]);ax.plot(q.real,q.imag,'--o',color='.5',lw=.8,ms=3)
ax.scatter([0],[0],c='black',s=20);ax.annotate('0',(0,0),xytext=(7,6),textcoords='offset points');ax.set_aspect('equal');ax.set_xlabel(r'$\mathrm{Re}\,p(z)$');ax.set_ylabel(r'$\mathrm{Im}\,p(z)$');ax.set_title('Exact certificate: 20 rational pieces, winding +3');save(fig,'winding_certificate','cubic p=z^3-3z on square [-2,2]^2; four selected Bernstein polygons','certificate-linked geometry')
# Root continuation helix.
fig=plt.figure(figsize=(8,5.8));ax=fig.add_subplot(111,projection='3d');theta=np.linspace(0,4*np.pi,1000);ax.plot(np.cos(theta),np.sin(theta),theta/(2*np.pi),color='black',lw=1.8)
for t0 in [0,2*np.pi,4*np.pi]:ax.scatter([np.cos(t0)],[np.sin(t0)],[t0/(2*np.pi)],c='black',s=25)
ax.set_xlabel(r'$\mathrm{Re}\,w$');ax.set_ylabel(r'$\mathrm{Im}\,w$');ax.set_zlabel('');ax.text2D(1.18,.5,r'continued $\arg z/\pi$',transform=ax.transAxes,rotation=90,va='center');ax.set_title(r'$w=e^{i\theta},\ z=e^{i\theta/2}$; two base turns close the lift');ax.view_init(22,-53);save(fig,'monodromy_lift','square-root path lift; height encodes continued angle, not a metric embedding','topological diagram')
# S3 graph.
fig,ax=axfig(7,5);perms=[(0,1,2),(1,0,2),(0,2,1),(1,2,0),(2,0,1),(2,1,0)];gens=[(1,0,2),(0,2,1)];theta=np.arange(6)*np.pi/3+np.pi/2;nodes=np.column_stack([np.cos(theta),np.sin(theta)])
for j,a0 in enumerate(perms):
 for k,g in enumerate(gens):
  b0=tuple(a0[g[h]] for h in range(3));l=perms.index(b0)
  if j<l:ax.plot(*nodes[[j,l]].T,color='black' if k==0 else '.5',ls='-' if k==0 else '--',lw=1.4)
for p0,xy in zip(perms,nodes):
 ax.add_patch(Circle(xy,.14,color='white',ec='black',zorder=3));ax.text(*xy,''.join(str(i+1) for i in p0),ha='center',va='center',zorder=4)
ax.text(0,-1.35,'Solid: right multiplication by (12); dashed: by (23).',ha='center',fontsize=9);ax.set_xlim(-1.6,1.6);ax.set_ylim(-1.45,1.4);ax.set_aspect('equal');ax.axis('off');save(fig,'galois_graph','Cayley graph S3, explicit right action','exact combinatorial diagram')
# Pullback nested disks.
fig,ax=axfig(7,5);theta=np.linspace(0,2*np.pi,400)
for k in range(7):
 r=.65**k;ax.plot(r*np.cos(theta),r*np.sin(theta),color=str(.12+.09*k),lw=1.1);ax.annotate(r'$E_'+str(k)+'$',xy=(r*np.cos(.4+k*.2),r*np.sin(.4+k*.2)),xytext=(1.25,.95-.29*k),arrowprops={'arrowstyle':'-','lw':.6},va='center')
ax.text(0,-1.25,r'$E_{j+1}=F_j^{-1}(\phi_j^{-1}(U_{j+1}))$',ha='center');ax.set_xlim(-1.3,1.75);ax.set_ylim(-1.4,1.2);ax.set_aspect('equal');ax.axis('off');save(fig,'telescope_domains','exact affine model phi=(20/13)z with target unit disks and radii (13/20)^j; illustrates corrected indices','geometric diagram')
# Scalar formula charts.
fig,ax=axfig();om=np.linspace(-np.pi,np.pi,1201)
for a,ls,g in [(.2,':','.55'),(.5,'--','.3'),(.8,'-','black')]:ax.plot(om,(1-a*a)/(1-2*a*np.cos(om)+a*a),ls,color=g,label=f'a={a}')
ax.set_xticks([-np.pi,0,np.pi],[r'$-\pi$','0',r'$\pi$']);ax.set_xlabel('Angular frequency (radians/sample)');ax.set_ylabel('Group delay (samples)');ax.legend();save(fig,'allpass_delay','Poisson-kernel group delays for a=.2,.5,.8')
fig,ax=axfig();l=np.linspace(0,.248,600);s=np.sqrt(1-4*l);ax.plot(l,(1+s)/2,color='black',label=r'$V_+$');ax.plot(l,(1-s)/2,color='.5',ls='--',label=r'$V_-$');ax.set_xlabel(r'$\lambda$');ax.set_ylabel('Normalized voltage');ax.legend(loc='center left');ax2=ax.twinx();ax2.plot(l,1/s,color='.3',ls=':',label=r'$|V_+^{\prime}|$');ax2.set_ylabel('High-branch derivative magnitude');ax2.legend(loc='upper center');save(fig,'fold_conditioning','normalized quadratic fold and exact derivative magnitude')
fig,ax=axfig();a=np.geomspace(.005,.8,400);ax.loglog(a,2/(1-a**4),color='.4',ls='--',label=r'$\lambda_+$');ax.loglog(a,2*a*a/(1-a**4),color='.6',ls=':',label=r'$\lambda_-$');ax.loglog(a,1/a**2,color='black',label=r'$\kappa_2(G)=a^{-2}$');ax.set_xlabel('Site separation parameter a');ax.set_ylabel('Dimensionless eigenvalues / condition number');ax.legend();save(fig,'kernel_conditioning','Hardy two-site Gram eigenvalues and exact condition number')
fig,ax=axfig(8,3.5)
for y in [.65,-.65]:
 ax.plot([.5,6.5],[y,y],color='.6',lw=1);ax.scatter(range(1,7),[y]*6,facecolors='white',edgecolors='black',s=42,zorder=3)
 for j in [1,3,5]:ax.plot([j,j+1],[y,y],color='black',lw=4)
for j in range(1,7):ax.plot([j,j],[.65,-.65],color='.6',ls=':',lw=.8);ax.text(j,1,str(j),ha='center')
ax.text(.2,.65,'sheet +',ha='right');ax.text(.2,-.65,'sheet -',ha='right');ax.text(3.5,-1.28,'Six simple finite branch values; two unbranched infinity points; genus 2.',ha='center',fontsize=9);ax.axis('off');ax.set_ylim(-1.5,1.4);ax.set_xlim(-.5,7);save(fig,'hyperelliptic_passport','schematic two sheets with paired cuts for six real branch values','topological diagram')
fig,ax=axfig();eps=np.geomspace(1e-5,.5,160);mp.mp.dps=45;K=np.array([float(mp.ellipk(1-mp.mpf(str(e))**2)) for e in eps]);low=np.arcsinh(1/(2*eps));const=9/32+2/np.sqrt(3)*np.log(2+np.sqrt(3));ax.semilogx(eps,K,color='black',label='elliptic integral (45-digit evaluation)');ax.semilogx(eps,low,color='.45',ls='--',label='proved lower bound');ax.semilogx(eps,low+const,color='.5',ls=':',label='proved upper bound');ax.set_xlabel(r'$\epsilon=\sqrt{1-k^2}$');ax.set_ylabel('Period integral');ax.legend(fontsize=9);save(fig,'period_logarithm','elliptic K and explicit derived uniform logarithmic envelopes','formula bounds + numerical display')
fig,ax=axfig();v=np.array([1,0,0,0],dtype=object);rows=[]
for n in range(25):rows.append([float(q/2**n) for q in v]);v=v+np.roll(v,1)
rows=np.array(rows)
for j,ls in enumerate(['-','--',':','-.']):ax.plot(range(25),rows[:,j],ls,color=str(.1+.18*j),label=f'sheet {j}')
ax.axhline(.25,color='.7',lw=.7);ax.set_xlabel('Word length n');ax.set_ylabel(r'Exact count divided by $2^n$');ax.legend(ncol=4);save(fig,'four_sheet_counts','integer DP for action words, stay or advance modulo four','exact finite data')
fig,ax=axfig(6,5);b=np.array([1,1+.5j,1j]);t=np.linspace(0,1,400);q=1+1j*t-t*t;ax.fill(b.real,b.imag,color='.92');ax.plot(np.r_[b.real,b.real[0]],np.r_[b.imag,b.imag[0]],'--',color='.5');ax.plot(q.real,q.imag,color='black',lw=2)
for j,z in enumerate(b):ax.scatter([z.real],[z.imag],c='black');ax.annotate(f'b{j}',(z.real,z.imag),xytext=(7,7),textcoords='offset points')
x=np.linspace(-.3,1.4,100);ax.plot(x,-x,color='.65',ls=':',label='Re + Im = 0');ax.scatter([0],[0],c='black');ax.set_xlim(-.3,1.4);ax.set_ylim(-.3,1.3);ax.set_aspect('equal');ax.set_xlabel('Real part');ax.set_ylabel('Imaginary part');ax.legend();save(fig,'bernstein_rotated_witness','quadratic curve q=1+it-t² and rotated half-plane witness','certificate geometry')
fig,ax=axfig(6,5);t=np.linspace(0,1,100);z=(-2+1j)*(1-t)+(1-2j)*t;ax.plot(z.real,z.imag,color='black',lw=2);ax.scatter([-2,1,-.5],[1,-2,-.5],c=['.2','.2','.6']);ax.scatter([0],[0],facecolor='white',edgecolor='black',s=50);ax.annotate('excluded origin',(0,0),xytext=(.15,.2));ax.annotate('t=1/2',(-.5,-.5),xytext=(-1.7,-.7),arrowprops={'arrowstyle':'->','lw':.7});ax.axhline(0,color='.75',lw=.7);ax.axvline(0,color='.75',lw=.7);ax.set_aspect('equal');ax.set_xlabel('Real part');ax.set_ylabel('Imaginary part');ax.set_title(r'$\mathrm{Re}\,p_t+\mathrm{Im}\,p_t=-1$');save(fig,'axis_witness_failure','nonzero affine family defeating a single coordinate half-plane witness','adversarial counterexample')
fig,ax=axfig();om=np.linspace(1000,25000,800);react=.002*om-1/(5e-6*om);ax.plot(om,react,color='black');ax.axhline(0,color='.6',lw=.7);ax.axvline(10000,color='.6',ls=':',lw=.8);ax.scatter([5000,20000],[-30,30],c='black');ax.annotate('resonance: 10,000 rad/s',(10000,0),xytext=(13000,-60),arrowprops={'arrowstyle':'->'});ax.set_xlabel('Angular frequency (rad/s)');ax.set_ylabel('Reactance (ohms)');save(fig,'lc_reactance','L=.002 H; C=.000005 F ideal series reactance','ideal physical model')
fig,ax=axfig();ds=np.arange(1,13);source=2*np.pi/np.log(2);ax.plot(ds,np.full(len(ds),source),color='black',label='source annulus energy');ax.plot(ds,source/ds,color='.4',ls='--',marker='o',ms=3,label='target annulus energy');ax.set_xlabel('Cover degree d');ax.set_ylabel('Unit-voltage Dirichlet energy');ax.legend();save(fig,'annular_energy','source radius1/2, target radius(1/2)^d; exact energy formulas','geometric physical model')
fig,ax=axfig(6,5);c=5/33;rad=16/33;ax.add_patch(Circle((c,0),rad,color='.94',ec='black',lw=1.2));ax.add_patch(Circle((0,0),1,fill=False,color='.7',ls=':'));ax.scatter([.6,.8],[0,0],c='black',marker='x',s=70);ax.annotate('feasible 3/5',(.6,0),xytext=(.2,.25),arrowprops={'arrowstyle':'->'});ax.annotate('infeasible 4/5',(.8,0),xytext=(.35,-.32),arrowprops={'arrowstyle':'->'});ax.scatter([c],[0],c='black',s=15);ax.set_aspect('equal');ax.set_xlim(-.7,1.1);ax.set_ylim(-.75,.75);ax.set_xlabel(r'$\mathrm{Re}\,F(1/2)$');ax.set_ylabel(r'$\mathrm{Im}\,F(1/2)$');ax.set_title(r'Admissible values given $F(0)=1/5$');save(fig,'pick_feasibility','sharp two-point Schur feasibility disk; c=5/33,R=16/33','analytic uncertainty geometry')
(ROOT/'metrics'/'figure_manifest.json').write_text(json.dumps(manifest,indent=2));print('generated',len(manifest),'original vector figures')







PHI_volume_02_verification/verification/coverings/code/figures_v2.py

#!/usr/bin/env python3
"""Reproducible monochrome scientific figures; no pictorial data are inferred."""
from pathlib import Path
from fractions import Fraction as F
import json,math,itertools,sys
import numpy as np
import matplotlib
matplotlib.use('Agg')
import matplotlib.pyplot as plt
from matplotlib.patches import Polygon,Circle,FancyArrowPatch,Rectangle
from scipy.integrate import quad
from certificates import Q,controls,box,realpoly
from compare_certificates import hull,find_normal,dot
R=Path(__file__).resolve().parents[1];O=R/'figures';O.mkdir(exist_ok=True);D=R/'results_v2'
plt.rcParams.update({'font.family':'DejaVu Serif','font.size':10,'axes.spines.top':False,'axes.spines.right':False,'axes.labelsize':11,'legend.fontsize':8,'lines.linewidth':1.5,'pdf.fonttype':42,'savefig.bbox':'tight','axes.grid':True,'grid.alpha':.18,'axes.prop_cycle':matplotlib.cycler(color=['black','.38','.65','.15'])})
manifest=[]
def new(w=8,h=4.6,projection=None):
 f=plt.figure(figsize=(w,h));a=f.add_subplot(111,projection=projection);return f,a

def save(name,title,caption,owner,kind='scientific'):
 f=plt.gcf();f.axes[0].set_title(title,fontsize=12,pad=12)
 f.savefig(O/f'v2_{name}.pdf');f.savefig(O/f'v2_{name}.png',dpi=170)
 manifest.append(dict(id='V2-'+str(len(manifest)+1).zfill(2),file=f'v2_{name}',title=title,caption=caption,canonical_owner=owner,kind=kind,generator='code/figures_v2.py'))
 plt.close(f)

# 1. Local inverse conditioning.
f,a=new();w=np.logspace(-10,0,300)
for e,ls in [(2,'-'),(3,'--'),(5,':')]:a.loglog(w,w**(1/e-1)/e,ls,label=f'local degree e={e}')
a.set(xlabel='Positive target value |w|',ylabel='Inverse sensitivity |dz/dw|');a.legend()
save('local_condition','Multiplicity changes the inverse error law','For z^e=w, inverse sensitivity is |w|^(1/e-1)/e away from zero; the local-degree invariant remains e while pointwise conditioning diverges.','core')
#2. Blaschke model-space concentration.
f,a=new();th=np.linspace(-np.pi,np.pi,2001)
for p,ls in [(.2,'-'),(.7,'--'),(.95,':')]:a.plot(th,(1-p*p)/(1-2*p*np.cos(th)+p*p),ls,label=f'a={p}')
a.set(xlabel='Boundary angle (radians)',ylabel='Normalized kernel modulus squared',yscale='log');a.legend()
save('kernel_concentration','A unit-norm defect vector concentrates at the boundary','The normalized reproducing kernel sqrt(1-a^2)/(1-az) has unit H2 norm. Pointwise interior decay as a approaches one does not imply operator-norm disappearance of its rank-one projection.','math_pg')
#3. Surface of group delay.
f,a=new(8,5,projection='3d');ts=np.linspace(-np.pi,np.pi,150);rs=np.linspace(0,.96,75);T,A=np.meshgrid(ts,rs);Z=(1-A*A)/(1+A*A-2*A*np.cos(T))
a.plot_surface(T,A,np.log10(Z),cmap='Greys',linewidth=0,antialiased=True,rstride=2,cstride=3);a.view_init(24,-55);a.set(xlabel='Angle',ylabel='Pole radius a',zlabel='log10 delay')
save('delay_surface','Phase concentration in a two-parameter family','The plotted height is logarithmic group delay, not gain. The phase integral is fixed while local delay concentrates near the boundary as a tends to one.','ee')
#4.RH passport lattice.
f,a=new();degs=np.arange(1,10);ram=np.arange(0,25)
for d in degs:
 for r in ram:
  g=1-d+r/2
  valid=(r%2==0 and g>=0)
  a.scatter(d,r,c=str(.15+.65*min(g/8,1)) if valid else '.92',marker='o' if valid else 'x',s=45 if valid else 10)
for g in range(4):
 xs=np.arange(1,10);a.plot(xs,2*(xs+g-1),'--',color='.45');a.text(9.1,2*(8+g),f'g={g}',fontsize=8)
a.set(xlabel='Degree d to a sphere',ylabel='Total ramification R',xlim=(.5,10),ylim=(-1,25))
save('rh_lattice','Euler arithmetic filters possible surface data','Dots satisfy genus integrality and nonnegativity for a connected compact orientable source over the sphere. They are necessary arithmetic candidates, not a proof that every labelled branch passport is realizable.','core')
#5. Exact Bernstein hull.
f,a=new();vs=[Q(F(-1,4),F(5,4)),Q(F(1,3),F(5,3)),Q(F(5,4),F(-1,4))];h=hull(vs);xy=np.array([[float(v.r),float(v.i)] for v in h]);a.add_patch(Polygon(xy,facecolor='.9',edgecolor='black',hatch='///'))
a.scatter(xy[:,0],xy[:,1],c='black');a.scatter([0],[0],c='black',marker='x');n=find_normal(vs);nx,ny=float(n.r),float(n.i);m=float(min(dot(v,n) for v in vs));x=np.linspace(-.8,1.9);a.plot(x,(m-nx*x)/ny,'--',label='Supporting line');a.arrow(0,0,.6*nx,.6*ny,width=.008,head_width=.07,color='.25');a.set(xlim=(-.7,1.9),ylim=(-.7,2),xlabel='Real part',ylabel='Imaginary part',aspect='equal');a.legend()
save('separating_hull','An oblique witness can certify what axis tests miss','Every Bernstein control point has a positive inner product with the displayed rational normal, even though neither coordinate is strictly positive for all controls. Convexity extends the inequality to the whole curve.','cse')
#6. Workload arc counts.
bench=json.loads((D/'certificate_benchmark.json').read_text())['rows'];cases=list(dict.fromkeys(r['case'] for r in bench));f,a=new(9,5)
for k,(mode,pol,mark,ls) in enumerate([('axis','uniform','x',':'),('axis','adaptive','s','--'),('rotated','uniform','^','-.'),('rotated','adaptive','o','-')]):
 ys=[next(r['arcs'] for r in bench if r['case']==c and r['mode']==mode and r['policy']==pol) for c in cases];a.plot(np.arange(len(cases))+(k-1.5)*.07,ys,ls,marker=mark,label=mode+' / '+pol)
a.set_xticks(range(len(cases)),[c.replace('_','\n') for c in cases]);a.set(ylabel='Accepted contour arcs (log scale)',yscale='log');a.legend(ncol=2)
save('certificate_work','Same count contract; different certificate size','All four methods independently certify the same contour and coefficient family for each workload. Uniform means the first successful dyadic depth, not an arbitrary over-refined grid.','cse')
#7. timing scatter.
f,a=new()
for mode,mark in [('axis','s'),('rotated','o')]:
 for pol,fill in [('uniform','none'),('adaptive','black')]:
  rr=[r for r in bench if r['mode']==mode and r['policy']==pol]
  a.scatter([r['control_points'] for r in rr],[r['verification_median_ms'] for r in rr],marker=mark,facecolors=fill,edgecolors='black',s=50,label=mode+' / '+pol)
a.set(xscale='log',yscale='log',xlabel='Recomputed rational control points',ylabel='Median verification time (ms)');a.legend()
save('certificate_time','Timing tracks arithmetic work, not a theorem of speed','Seven repeated single-process verifier timings per accepted certificate. Symbols distinguish enclosure direction and partition policy; medians are local measurements, not hardware-independent complexity constants.','cse_g')
#8. partition locality.
f,a=new(7.7,5.7);names=[('axis','uniform',.0),('axis','adaptive',.13),('rotated','adaptive',.26)]
for mode,pol,shift in names:
 c=json.loads((R/'proofs'/'v2'/f'near_edge_double_{mode}_{pol}.json').read_text());con=[complex(float(F(q[0])),float(F(q[1]))) for q in c['contour']]
 pts=[]
 for p in c['pieces']:
  e=p['edge'];z=con[e]+(con[e+1]-con[e])*float(F(p['left']));pts.append((1-shift)*z)
 a.plot([z.real for z in con],[z.imag for z in con],color='.8',lw=.5)
 a.scatter([z.real for z in pts],[z.imag for z in pts],s=8,label=f'{mode}/{pol}: {len(pts)} arcs')
a.scatter([.99],[0],s=70,marker='x',c='black');a.text(.88,.10,'double root',ha='right',fontsize=8);a.set(aspect='equal',xlabel='Real coordinate',ylabel='Imaginary coordinate');a.legend(loc='upper left',bbox_to_anchor=(1,1))
save('partition_locality','Refinement follows difficulty rather than covering everything','The three contour point sets are scaled inward only for visual separation. The certified contour is the same unit square in every method. A near-edge double zero exposes the cost of global refinement.','cse_ug')
#9. quotient method errors.
mat=json.loads((D/'matrix_benchmark.json').read_text());f,a=new()
for meth,ls,mark in [('eigendecomposition','--','s'),('scipy_expm','-.','^'),('quotient_series','-','o')]:
 rr=[r for r in mat if r['method']==meth and r['lam_real']>0 and r['lam_imag']==0 and r['success']]
 a.loglog([r['lam_real'] for r in rr],[max(r['relative_frobenius_error'],1e-35) for r in rr],ls,marker=mark,label=meth)
a.set(xlabel='Positive parameter lambda',ylabel='Relative Frobenius error vs 90-digit series');a.legend()
save('matrix_accuracy','Compare with a robust matrix-function baseline as well','The special quotient series uses A(lambda)^2=lambda I. Scaling-and-squaring expm remains a strong general baseline; diagonalization alone would be a weak comparator near a defective matrix. Values refer to actual float64 computations.','cse_g')
#10. matrix conditioning.
f,a=new();r=np.logspace(-32,0,300);a.loglog(r,1/np.sqrt(r),label='Eigenvector condition number');a.loglog(r,np.ones_like(r),'--',label='Matrix entries remain bounded');a.set(xlabel='lambda > 0',ylabel='Scale / condition number');a.legend()
save('mode_condition','Ill-conditioned labels need not imply an ill-conditioned observable','For columns (1,sqrt(lambda)) and (1,-sqrt(lambda)), the spectral condition number is lambda^(-1/2) on 0<lambda<=1. The entire propagator is not singular at lambda=0.','math_g')
#11. phase errors.
p=json.loads((D/'phase_diagnostics.json').read_text());f,a=new()
for x,ls,mark in [(.2,'-','o'),(.8,'--','s'),(.98,':','^')]:
 rr=[v for v in p if v['a']==x];a.loglog([v['N'] for v in rr],[v['max_grid_error'] for v in rr],ls,marker=mark,label=f'a={x}')
a.set(xlabel='Uniform angular intervals N',ylabel='Maximum derivative error on interior grid');a.legend()
save('phase_error','A correct phase unwrap still leaves derivative error','Second-order differentiation of the unwrapped sampled phase is compared against the analytic Poisson kernel. Error is evaluated on grid points, not claimed to be an interval-enclosed continuum supremum.','ee_ug')
#12. exact phase step condition.
f,a=new();r=np.linspace(.05,.99,350);bound=2*(1+r)/(1-r);a.semilogy(r,bound,label='N > 2 max delay: sufficient no-alias condition');a.set(xlabel='Real pole radius a',ylabel='Sufficient uniform interval count N');a.legend()
save('phase_resolution','A derivative bound turns phase sampling into a design rule','A phase increment less than pi is ensured when N>2(1+a)/(1-a). This sufficient condition is conservative and addresses phase branch recovery, not differentiation accuracy.','ee_g')
#13. optimal precision frontier.
alloc=json.loads((D/'precision_optimum.json').read_text());f,a=new()
rr=[v for v in alloc['frontier'] if v['total_bits']<=35];a.semilogy([v['total_bits'] for v in rr],[float(F(v['error'])) for v in rr],'-o',label='Exact integer optimum at each total cost')
bs=range(2,9);a.semilogy([4*b for b in bs],[85/64*2**(-b) for b in bs],'--s',label='Uniform precision');a.axhline(1/64,color='.5',ls=':');a.annotate('target 1/64',xy=(30,1/64),xytext=(27,.045),arrowprops={'arrowstyle':'->','color':'black'});a.set(xlabel='Sum of four bit allocations',ylabel='Weighted error bound');a.legend()
save('precision_frontier','Integer allocation: 20 bits instead of 28 in this model','A dynamic program minimizes the exact weighted dyadic error for every total cost; all 28,561 bounded candidates independently confirm the optimum. Domain caps b_j>=2 and weights are part of the contract.','math_pg')
#14. error budget bars.
f,a=new();w=np.array([1,4,16,64])/64;opt=np.array(alloc['optimal_bits']);uni=alloc['uniform_bits_per_stage'];x=np.arange(4)
a.bar(x-.18,w*2.**(-uni),.34,color='.75',edgecolor='black',label=f'uniform: total {4*uni} bits');a.bar(x+.18,w*2.**(-opt),.34,color='.28',edgecolor='black',label=f'allocated: total {sum(opt)} bits');a.set_xticks(x,[f'stage {j+1}\nb={opt[j]}' for j in x]);a.set(ylabel='Contribution to terminal error');a.legend()
save('weighted_budget','Allocate precision to downstream amplification','Tolerances differ because errors enter at different positions. This compares certified bounds, not measured physical errors; both allocations satisfy the target.','math_ug')
#15. continued roots.
f,a=new();th=np.linspace(0,2*np.pi,801);a.plot(th,np.imag(np.exp(.5j*th)),label='Continued branch Im z');a.plot(th,np.imag(np.sqrt(np.exp(1j*th))),'--',label='Pointwise principal root Im z');a.axvline(np.pi,color='.5',ls=':');a.set(xlabel='Base angle theta',ylabel='Imaginary coordinate');a.legend()
save('branch_continuity','Two exact square roots answer different questions','Pointwise principal evaluation and continued lifting both satisfy z^2=w, but only the continued branch solves the specified initial-value path problem across the negative-axis cut.','math_ug')
#16. cover degree grows state cost.
f,a=new();d=np.arange(2,10);a.semilogy(d,d,'-o',label='Cyclic monodromy order d');a.semilogy(d[1:],2*d[1:],'--s',label='Dihedral order 2d (d>=3)');a.semilogy(d,[math.factorial(int(k)) for k in d],':^',label='Worst-case symmetric order d!');a.set(xlabel='Number of sheets d',ylabel='Regular-closure states');a.legend()
save('closure_cost','The factorial bound is not a universal allocation request','Group closure should use the actual generated monodromy subgroup. Full symmetric, cyclic and dihedral actions have different state costs even at the same sheet degree.','cse_pg')
#17. powers quotient.
f,a=new();J=np.array([[0,0,2],[1,0,0],[0,1,0]],dtype=int);blocks=np.concatenate([np.linalg.matrix_power(J,k) for k in range(1,7)],axis=1)
im=a.imshow(blocks,cmap='Greys',aspect='auto');a.set_xticks([1+3*k for k in range(6)],[f'M^{k+1}' for k in range(6)]);a.set_yticks([0,1,2],['1','z','z^2']);a.set(xlabel='Power blocks in Q[z]/(z^3-2)',ylabel='Basis row');a.grid(False)
for i in range(3):
 for j in range(18):a.text(j,i,str(blocks[i,j]),ha='center',va='center',color='white' if blocks[i,j]>=4 else 'black',fontsize=8)
save('quotient_powers','Finite algebra retains all coordinate moments','Each block is multiplication by z^k modulo z^3-2. Powers and traces can be computed without choosing a root ordering; basis dimension stays three.','cse_ug')
#18. holomorphic forms.
f,a=new();g=np.arange(1,8);k=np.arange(0,10);A=np.array([[2*gg-2-2*kk for kk in k] for gg in g]);im=a.imshow(A,cmap='Greys',aspect='auto',vmin=-18,vmax=12);a.set_xticks(k);a.set_yticks(range(7),g);a.set(xlabel='Exponent k in x^k dx/y',ylabel='Genus g');a.grid(False)
for i in range(7):
 for j in range(10):a.text(j,i,str(A[i,j]),ha='center',va='center',fontsize=8,color='white' if A[i,j]>5 else 'black')
save('differential_orders','Infinity determines the admissible differential basis','For odd-degree y^2=P_(2g+1)(x), use x=t^(-2), y asymptotic to t^(-(2g+1)); the order of x^k dx/y is 2g-2-2k. Nonnegative orders select k=0,...,g-1.','math_g')
#19. discriminant bound conservatism.
f,a=new();eps=np.logspace(-8,-.3,180);roots=lambda e:np.array([0,e,1,2]);sep=[];bound=[]
for e in eps:
 rr=roots(e);dif=[abs(x-y) for x,y in itertools.combinations(rr,2)];sep.append(min(dif));disc=np.prod(np.array(dif)**2);bound.append(np.sqrt(disc/4**10))
a.loglog(eps,sep,label='Exact minimum separation');a.loglog(eps,bound,'--',label='Discriminant bound with root radius R=2');a.set(xlabel='Collision parameter epsilon',ylabel='Separation');a.legend()
save('discriminant_margin','A valid global bound can be conservative','For four monic roots in |z|<=2, the other five pair distances are at most four. The discriminant therefore gives sep >= sqrt(|Disc|/4^10), a sound but nonsharp certificate.','core')
#20. logarithmic period.
f,a=new();eps=np.logspace(-5,-.3,90);I=[np.arcsinh(1/e) for e in eps];a.semilogx(eps,I,label='Integral 0..1 of (x^2+epsilon^2)^(-1/2)');a.semilogx(eps,np.log(2/eps),'--',label='Leading logarithm log(2/epsilon)');a.set(xlabel='Positive gap parameter epsilon',ylabel='Local neck integral');a.legend()
save('neck_period','Branch collision can produce a logarithmic scale','The model integral is exactly asinh(1/epsilon). It isolates a local degeneration mechanism; it is not substituted for every global period of a degenerating algebraic curve.','core')
#21. correlated robust stability.
f,a=new();t=np.linspace(1,4,250);a.plot(t,t*t,label='a1*a2=t^2');a.plot(t,t*t/2,'--',label='a3=t^2/2');a.fill_between(t,t*t/2,t*t,color='.87',label='Positive Routh margin');a.axhline(8,color='.4',ls=':',label='Box upper bound a3=8');a.set(xlabel='Common physical parameter t',ylabel='Coefficient product / margin');a.legend()
save('correlated_stability','An independent box can destroy useful correlations','The actual family has margin t^2/2>=1/2 on [1,4]. Its independent coefficient hull contains (a1,a2,a3)=(1,1,8), which is unstable; interval-box failure is not family instability.','ee_pg')
#22. cubic locus.
f,a=new();ks=np.linspace(0,90,451);rr=np.array([np.roots([1,6,11,6+k]) for k in ks]);
for j in range(3):a.scatter(rr[:,j].real,rr[:,j].imag,c=ks,cmap='Greys',s=3,vmin=-30,vmax=100)
a.axvline(0,color='black',ls='--');a.scatter([0,0],[np.sqrt(11),-np.sqrt(11)],marker='x',s=60,c='black');a.set(xlabel='Real part of pole',ylabel='Imaginary part of pole');a.text(.2,3.4,'K=60 crossing',fontsize=9)
save('gain_locus','The Routh boundary predicts the root-locus crossing','For s^3+6s^2+11s+6+K, the exact loss of strict stability occurs at K=60, with factors (s+6)(s^2+11). Dots are numerical illustrations; the factorization establishes the boundary.','ee')
#23. annular field energy.
f,a=new();r=np.geomspace(.2,1,350)
for d,ls in [(1,'-'),(2,'--'),(4,':')]:a.plot(r,d/(r*np.log(5)),ls,label=f'd={d}')
a.set(xlabel='Radius r',ylabel='Radial gradient magnitude');a.legend()
save('annular_flux','A covering changes energy and physical gradients','For log(r^d/0.2^d)/log(5), the radial derivative is d/(r log5). Equal-looking level sets do not preserve flux; the domain and boundary normalization must accompany an energy statement.','ee_g')
#24. allpass tail energy.
f,a=new();rs=np.linspace(.1,.995,180);ns=np.arange(1,121);A,N=np.meshgrid(rs,ns);Z=(1-A*A)*A**(2*N);im=a.contourf(A,N,np.log10(np.maximum(Z,1e-16)),levels=np.arange(-16,1,2),cmap='Greys');f.colorbar(im,ax=a,label='log10 omitted impulse energy');a.set(xlabel='Pole radius a',ylabel='Last retained impulse index N')
save('tail_energy','Truncation is a separate error budget from exact all-pass structure','For h0=-a and h_n=(1-a^2)a^(n-1), the squared impulse tail beyond N is (1-a^2)a^(2N). The parameter dependence is not monotone at every fixed N.','ee_ug')
#25. Pick uncertainty circles.
f,a=new(7,5);a.add_patch(Circle((0,0),1,fill=False,color='black'));th=np.linspace(0,2*np.pi,501)
for r,ls in [(.2,'-'),(.5,'--'),(.8,':')]:
 b=.3;w=(b+r*np.exp(1j*th))/(1+b*r*np.exp(1j*th));a.plot(w.real,w.imag,ls,label=f'input pseudohyperbolic radius {r}')
a.scatter([.3],[0],c='black');a.set(aspect='equal',xlabel='Real response',ylabel='Imaginary response');a.legend(loc='upper left',bbox_to_anchor=(1,1))
save('pick_feasible','One bounded analytic datum gives a disk of possible outputs','For f(0)=0.3, Schwarz-Pick constrains f(z) to a pseudohyperbolic disk of radius |z|. This is a class-feasibility envelope, not a probability interval or a unique fitted response.','ee_pg')
#26. quantized transition graph.
f,a=new(9,3.8);states=np.arange(-6,7);xs=np.arange(13);y=np.zeros(13);a.scatter(xs,y,s=330,c=['.3' if abs(k)<=2 else '.88' for k in states],edgecolors='black')
for idx,k in enumerate(states):
 out=int(np.floor(.75*k+.5));j=int(out+6)
 if j==idx:a.add_patch(FancyArrowPatch((idx-.12,.1),(idx+.12,.1),connectionstyle='arc3,rad=-2.3',arrowstyle='->',mutation_scale=10,color='black'))
 else:a.add_patch(FancyArrowPatch((idx,.1),(j,.1),connectionstyle='arc3,rad=-.65',arrowstyle='->',mutation_scale=10,color='.3'))
 a.text(idx,0,str(k),ha='center',va='center',color='white' if abs(k)<=2 else 'black',fontsize=9)
a.set(xlim=(-.8,12.8),ylim=(-.2,1),xticks=[],yticks=[]);a.grid(False)
save('quantized_graph','The rounded recurrence has fixed points absent from the real model','Transition k -> floor(3k/4+1/2) on displayed integer states. Tie handling is part of the definition. The shaded set [-2,2] is invariant; the linear pole alone does not enumerate these fixed points.','ee')
#27. sample aliasing helix.
f,a=new(8,5,projection='3d');w=np.linspace(-6*np.pi,6*np.pi,1001);a.plot(np.cos(w),np.sin(w),w/(2*np.pi),color='black');
for k in range(-3,4):a.scatter([1],[0],[k],c='black',s=30)
a.set(xlabel='Re sampled pole',ylabel='Im sampled pole',zlabel='Frequency / sampling rate');a.view_init(22,-65)
save('sampling_cover','A sampled pole forgets an integer logarithmic sheet','For p=exp(i omega T), frequencies differing by 2*pi/T map to the same pole. Height is an unwrapped frequency coordinate, not a spatial dimension of the device.','ee_ug')
#28. continued root tubes.
f,a=new();th=np.linspace(0,2*np.pi,200);r=.65;z=r*np.exp(.5j*th);a.plot(z.real,z.imag,'-');a.plot(-z.real,-z.imag,'--')
for j in range(0,200,20):a.add_patch(Circle((z[j].real,z[j].imag),.13,fill=False,edgecolor='.6',linewidth=1))
a.set(aspect='equal',xlabel='Root real coordinate',ylabel='Root imaginary coordinate');a.text(-.7,-.85,'Tubes must remain disjoint and avoid critical values.',fontsize=9)
save('root_tubes','Continuation requires a separation budget','Displayed circles illustrate fixed-radius local enclosures along a square-root lift. The certified inequality comes from the local Rouche bound; circles drawn by a floating renderer do not certify themselves.','cse')
#29. false sampled winding.
f,a=new();M=np.arange(1,65)
for N,ls in [(8,'-'),(16,'--'),(32,':')]:
 est=[]
 for m in M:
  z=np.exp(2j*np.pi*m*np.arange(N+1)/N);ang=np.unwrap(np.angle(z));est.append((ang[-1]-ang[0])/(2*np.pi))
 a.plot(M,est,ls,label=f'{N} equal intervals')
a.plot(M,M,color='.7',label='true degree');a.set(xlabel='Map degree m in z^m',ylabel='Sampled phase winding');a.legend()
save('winding_alias','A large sample count is not a universal degree certificate','Equally spaced samples alias high-degree maps; the true winding is m. Near pi phase increments, floating tie choices vary. A whole-arc exclusion/homotopy proof removes dependence on such unwrap guesses.','math_ug')
#30. coverage directed dependency.
f,a=new(10,5.5);a.axis('off');nodes={'source':(.08,.5),'local algebra':(.30,.82),'homology':(.30,.5),'operators':(.30,.18),'exact witnesses':(.56,.65),'domains':(.56,.28),'applications':(.80,.5),'lectures':(.97,.5)}
for x,y in [('source','local algebra'),('source','homology'),('source','operators'),('local algebra','exact witnesses'),('homology','exact witnesses'),('operators','domains'),('exact witnesses','applications'),('domains','applications'),('applications','lectures')]:
 a.annotate('',xy=nodes[y],xytext=nodes[x],arrowprops=dict(arrowstyle='->',color='.45'),xycoords='axes fraction')
for name,(x,y) in nodes.items():a.text(x,y,name.replace(' ','\n'),ha='center',va='center',transform=a.transAxes,bbox=dict(boxstyle='round,pad=.4',facecolor='white',edgecolor='black'),fontsize=9)
save('typed_dependency','One source claim; several explicitly typed uses','Edges indicate mathematical dependency or transformation of a proved claim, not statistical independence. Reusing a canonical result in a branch is navigation, not a newly counted theorem.','framework','audit')
#31. evidence lattice.
f,a=new(9,4.5);a.axis('off');labels=['Source statement','Written proof','Exact finite witness','Checker implementation','Kernel-accepted formal theorem'];ys=np.linspace(.86,.14,5)
for i,(s,y) in enumerate(zip(labels,ys)):
 a.text(.15,y,s,transform=a.transAxes,ha='left',va='center',fontsize=12)
 a.plot([.09],[y],'o',color='black',transform=a.transAxes)
 if i<4:a.annotate('',xy=(.09,ys[i+1]+.04),xytext=(.09,y-.04),xycoords='axes fraction',arrowprops=dict(arrowstyle='->',color='.5'))
a.text(.72,.50,'Each step requires\na separate obligation.\nNo automatic promotion.',transform=a.transAxes,ha='center',va='center',bbox=dict(facecolor='.94',edgecolor='black'),fontsize=11)
save('trust_boundary','A proof-status hierarchy is not a count of assertions','The diagram lists different obligations; a finite witness does not formalize the analytic theorem that makes the witness sound. Candidate Lean/Coq files remain uncompiled in this environment.','framework','audit')
#32. lattice minimum bit proof.
f,a=new();front=alloc['frontier'];rr=[r for r in front if 14<=r['total_bits']<=24];a.bar([r['total_bits'] for r in rr],[float(F(r['error']))*64 for r in rr],color='.65',edgecolor='black');a.axhline(1,color='black',ls='--');a.set(xlabel='Total integer precision cost',ylabel='Minimum error / target');a.set_yscale('log')
save('integer_lower_bound','Cost 19 fails; cost 20 reaches the target','Every bar is a minimum over all allocations with that total cost and b_j>=2. The recurrence plus independent enumeration certifies a finite optimization problem, not global optimality of this document family.','cse_pg')
#33. norm budget and derivatives.
f,a=new();delta=np.geomspace(.005,.5,200);a.loglog(delta,1/delta,label='Cauchy derivative penalty 1/delta');a.loglog(delta,1/delta**2,'--',label='Second derivative penalty 2/delta^2 (scaled /2)');a.set(xlabel='Distance to boundary delta',ylabel='Amplification per uniform function-error unit');a.legend()
save('cauchy_precision','An observable changes the tolerance that must be certified','Uniform function error epsilon controls the first derivative by epsilon/delta on a disk of radius delta. Higher derivatives cost factorial powers. State error and observable error are not interchangeable.','math_pg')
#34. reflection paired-pole fit.
f,a=new();s=1j*np.linspace(.01,8,1200);sig=.08;ss=s+sig;Z=ss+1/ss+2*ss/(ss*ss+9);a.plot(ss.imag,Z.real,label='Positive-real part at sigma=0.08');a.set(xlabel='Frequency omega',ylabel='Real part of impedance',yscale='log');a.legend()
save('foster_profile','Residue signs certify more than finite frequency samples','Z(s)=s+1/s+2s/(s^2+9) is positive real in the right half-plane; the proof uses the paired-pole representation. The plotted line illustrates one vertical slice, not the full-domain certificate.','ee_g')
#35. directed action.
f,a=new(8,5);a.axis('off');perms=list(itertools.permutations(range(3)));th=np.arange(6)*np.pi/3;xy=np.c_[np.cos(th),np.sin(th)];gens=[(1,0,2),(0,2,1)]
for i,p in enumerate(perms):
 for j,g in enumerate(gens):
  q=tuple(p[g[k]] for k in range(3));idx=perms.index(q)
  if i<idx:a.plot([xy[i,0],xy[idx,0]],[xy[i,1],xy[idx,1]],'--' if j else '-',color='.3',lw=1.5)
for i,p in enumerate(perms):a.text(*xy[i],''.join(str(k+1) for k in p),ha='center',va='center',bbox=dict(boxstyle='circle',fc='white',ec='black'))
a.set(xlim=(-1.3,1.3),ylim=(-1.2,1.2),aspect='equal')
save('regular_action','A six-state regular action with two generator types','Vertices are root orderings. Solid and dashed edges are right multiplication by two transpositions. The projection to one sheet forgets stabilizer information; edge conventions are explicit.','cse_ug')
#36. uniform family bound trace rate.
f,a=new();e=np.arange(2,15);r=np.geomspace(.001,.9,200)
for d,ls in [(2,'-'),(3,'--'),(6,':')]:a.loglog(r,d*r**(1/d),ls,label=f'd={d}: d*r^(1/d)')
a.set(xlabel='Residual magnitude r near repeated root',ylabel='Illustrative sum of coordinate error radii');a.legend()
save('root_residual','A small residual has a degree-dependent interpretation','At a pure d-fold zero, coordinate radius is r^(1/d), not r. The displayed d times radius is the sum over all d sheets and illustrates why distinct-root lists require multiplicity-aware error contracts.','core')
#37. topology precision counterexample curves.
f,a=new();th=np.linspace(0,2*np.pi,700)
for eps,ls in [(.15,'-'),(.04,'--'),(.01,':')]:
 z=1-eps+np.exp(1j*th);a.plot(z.real,z.imag,ls,label=f'clearance {eps}')
a.scatter([0],[0],marker='x',c='black');a.set(aspect='equal',xlabel='Real image coordinate',ylabel='Imaginary image coordinate');a.legend()
save('clearance','Topological degree survives only perturbations below clearance','The circles all wind once, but their smallest distance to zero tends to zero. A common perturbation tolerance cannot be inferred from winding alone; the exclusion margin is quantitative data.','core')
#38. partial program admissibility.
f,a=new();x=np.linspace(-1,1,900);terminal=6*x;a.plot(x,terminal,label='Composite value 6x');a.fill_between(x,-.5,.5,where=(abs(x)<1/12),color='.75');a.axhline(.5,color='.4',ls='--');a.axhline(-.5,color='.4',ls='--');a.axvline(1/12,color='.5',ls=':');a.axvline(-1/12,color='.5',ls=':');a.set(xlabel='Initial real coordinate x',ylabel='Terminal value');a.legend()
save('partial_domain','An exact value is not proof of an admissible execution','For terminal requirement |6x|<1/2, only |x|<1/12 is accepted. The full polynomial formula exists outside that set but no longer answers the typed composition problem.','cse')
#39. cubical convex coefficient integration geometry.
f,a=new(7.5,5);th=np.linspace(0,2*np.pi,250)
for l in np.linspace(0,1,13):
 z=(1-l)+1j*l + .08*np.exp(1j*th);a.plot(z.real,z.imag,color=str(.35+.4*l),lw=.8)
a.plot([1,0],[0,1],color='black',lw=2);a.scatter([0],[0],marker='x',c='black');a.plot([-.15,1.15],[1.15,-.15],'--',color='black');a.set(aspect='equal',xlabel='Real part',ylabel='Imaginary part');a.text(.30,.15,'a nonzero convex family',fontsize=9)
save('family_witness','Rotate the witness before refining the parameter domain','The centre segment (1-lambda)+i lambda is uniformly separated from zero by 1/sqrt2. A strict positive x+y witness captures the family, while strict axis witnesses fail at its endpoints.','cse_pg')
#40. zero derivative local map coordinate graph.
f,a=new();r=np.linspace(0,.6,200);a.plot(r,r*r*(1+r),label='Original residual f(r)');a.plot(r,r*np.sqrt(1+r),'--',label='Local coordinate u(r)');a.plot(r,r*r,':',label='Canonical power r^2');a.set(xlabel='Positive real local input',ylabel='Value');a.legend()
save('local_coordinate','Normalize the map, not the information it carries','For f(z)=z^2(1+z), u=z sqrt(1+z) is locally invertible and f=u^2. The plot is a real slice of a holomorphic coordinate change, not evidence of global invertibility.','core')
(D/'figure_manifest.json').write_text(json.dumps(manifest,indent=2));print('generated',len(manifest),'new figures')







PHI_volume_02_verification/verification/coverings/code/polynomial_kernel.py

#!/usr/bin/env python3
"""Small exact polynomial identity checker, independent of SymPy.

Expressions are a deliberately restricted JSON AST: integer/rational strings,
variables, and add/sub/mul/pow nodes with nonnegative integer exponents.  The
checker expands to a sparse coefficient dictionary over Q.  This is an
executable universal polynomial-identity check, not a proof-assistant kernel.
"""
from __future__ import annotations
from fractions import Fraction
from pathlib import Path
import json, copy
from typing import Any
MAX_NODES=100000

def normal(expr: Any, variables: tuple[str,...], budget: list[int]|None=None) -> dict[tuple[int,...],Fraction]:
    if budget is None: budget=[MAX_NODES]
    budget[0]-=1
    if budget[0]<0: raise ValueError('AST too large')
    zero=(0,)*len(variables)
    def add(a,b):
        out=dict(a)
        for k,v in b.items():
            out[k]=out.get(k,Fraction(0))+v
            if not out[k]:del out[k]
        return out
    def mul(a,b):
        out={}
        for k,v in a.items():
            for l,w in b.items():
                m=tuple(x+y for x,y in zip(k,l))
                out[m]=out.get(m,Fraction(0))+v*w
        return {k:v for k,v in out.items() if v}
    if isinstance(expr,str):
        if expr in variables:
            k=list(zero);k[variables.index(expr)]=1;return {tuple(k):Fraction(1)}
        try:q=Fraction(expr)
        except (ValueError,ZeroDivisionError) as exc:raise ValueError('Unknown symbol or rational') from exc
        return {zero:q} if q else {}
    if not isinstance(expr,list) or not expr:raise ValueError('Invalid AST')
    op=expr[0]
    if op=='pow':
        if len(expr)!=3 or type(expr[2]) is not int or not 0<=expr[2]<=32:raise ValueError('Invalid exponent')
        a=normal(expr[1],variables,budget);result={zero:Fraction(1)}
        for _ in range(expr[2]):result=mul(result,a)
        return result
    if len(expr)!=3 or op not in ('add','sub','mul'):raise ValueError('Unknown operation')
    a=normal(expr[1],variables,budget);b=normal(expr[2],variables,budget)
    if op=='add':return add(a,b)
    if op=='sub':return add(a,{k:-v for k,v in b.items()})
    return mul(a,b)

def check(certificate:dict,expected:dict)->bool:
    if certificate!=expected: raise ValueError('Statement binding failed')
    vs=tuple(certificate['variables'])
    if len(vs)!=len(set(vs)) or any(not x.isidentifier() for x in vs):raise ValueError('Invalid variables')
    return not normal(['sub',certificate['lhs'],certificate['rhs']],vs)

class E:
    def __init__(self,node):self.n=node
    def __add__(self,b):return E(['add',self.n,coerce(b).n])
    def __radd__(self,b):return coerce(b)+self
    def __sub__(self,b):return E(['sub',self.n,coerce(b).n])
    def __rsub__(self,b):return coerce(b)-self
    def __mul__(self,b):return E(['mul',self.n,coerce(b).n])
    def __rmul__(self,b):return coerce(b)*self
    def __pow__(self,n):return E(['pow',self.n,n])
    def __neg__(self):return E(['sub','0',self.n])
def coerce(x):return x if isinstance(x,E) else E(str(x))

def obligations():
    names='x y a b d e v t r u k q'.split();x,y,a,b,d,e,v,t,r,u,k,q=map(E,names)
    terms=[
     ('difference_of_squares',(u-v)*(u+v),u*u-v*v),
     ('ramification_composition',d*e-1,(d-1)+d*(e-1)),
     ('euler_defect',d*v-r-d*e+d*t,d*(v-e+t)-r),
     ('blaschke_disk',(1-a*x-b*y)**2+(b*x-a*y)**2-(x-a)**2-(y-b)**2,(1-a*a-b*b)*(1-x*x-y*y)),
     ('routh_crossing',(u+6)*(u*u+11),u**3+6*u*u+11*u+66),
     ('fold_discriminant',(2*v-1)**2,1-4*(v-v*v)),
     ('dihedral_cubic',(u*u+1)**3-3*u*u*(u*u+1),u**6+1),
     ('storage_balance',u*u-(u-b*x)**2,2*x*(-b*b*x*coerce('1/2')+b*u)),
     ('poisson_denominator',(1-a)**2+2*a*(1-x),1+a*a-2*a*x),
     ('variance_pair',(u-v)**2+(u+v)**2,2*u*u+2*v*v),
     ('error_step',q*(q*e+k)+k,q*q*e+(q+1)*k),
     ('parameter_affinity',(1-t)*(u**3+6*u*u+11*u+6)+t*(u**3+6*u*u+11*u+56),u**3+6*u*u+11*u+6+50*t),
    ]
    return [{'schema':'phi.polynomial-identity.v1','id':name,'variables':names,'lhs':lhs.n,'rhs':rhs.n} for name,lhs,rhs in terms]

def main():
    root=Path(__file__).resolve().parents[1];out=root/'proofs'/'polynomial_identities';out.mkdir(exist_ok=True)
    rows=[];rejected=0
    for p in obligations():
        assert check(p,p);(out/(p['id']+'.json')).write_text(json.dumps(p,indent=2))
        # Independent bad identity, even when rebound as the intended statement.
        bad=copy.deepcopy(p);bad['rhs']=['add',bad['rhs'],'1']
        assert not check(bad,bad);rejected+=1
        # A changed task cannot be replayed against the previous statement.
        try:check(bad,p);raise AssertionError('statement mutation accepted')
        except ValueError:rejected+=1
        rows.append({'id':p['id'],'status':'exact_coefficient_normalization_pass','nonzero_residual_coefficients':0})
    result={'universal_polynomial_identities':len(rows),'rejected_mutations':rejected,'identity_rows':rows,'backend':'stdlib Fraction; no SymPy in acceptance','not_proof_assistant_kernel':True}
    (root/'metrics'/'polynomial_identity_checks.json').write_text(json.dumps(result,indent=2));print(json.dumps(result,indent=2))
if __name__=='__main__':main()







PHI_volume_02_verification/verification/coverings/code/run_checks.py

#!/usr/bin/env python3
"""Execute exact finite checks and record evidence at its actual scope."""
from pathlib import Path
from fractions import Fraction as F
import itertools,math,json,time,copy,platform,subprocess,shutil,csv
import sympy as S
from certificates import *
ROOT=Path(__file__).resolve().parents[1];OUT=ROOT/'metrics';COUT=ROOT/'proofs'/'certificates';COUT.mkdir(exist_ok=True)
counts={};failures=[]
def check(kind,condition):
 counts[kind]=counts.get(kind,0)+1
 if not condition:raise AssertionError(kind)

def compose(a,b):return tuple(a[b[j]] for j in range(len(a)))
def inv(a):
 b=[0]*len(a)
 for i,j in enumerate(a):b[j]=i
 return tuple(b)
def cycles(a):
 unseen=set(range(len(a)));out=[]
 while unseen:
  j=min(unseen);cy=[]
  while j in unseen:cy.append(j);unseen.remove(j);j=a[j]
  out.append(cy)
 return out

def group(gs):
 n=len(gs[0]);I=tuple(range(n));G={I};todo=[I]
 while todo:
  a=todo.pop()
  for g in gs:
   b=compose(a,g)
   if b not in G:G.add(b);todo.append(b)
 return sorted(G)

# Exact winding certificates, including a continuum of gain parameters.
cases=[('cubic_three_roots',[realpoly([0,-3,0,1])],box(-2,2,-2,2),3),('cubic_central_root',[realpoly([0,-3,0,1])],box(F(-1,2),F(1,2),F(-1,2),F(1,2)),1),('cubic_right_root',[realpoly([0,-3,0,1])],box(F(3,2),2,F(-1,4),F(1,4)),1),('quadratic_repeated_root',[realpoly([0,0,1])],box(-1,1,-1,1),2),('gain_0_to_50',[realpoly([6,11,6,1]),realpoly([56,11,6,1])],box(0,10,-10,10),0),('gain_61',[realpoly([67,11,6,1])],box(0,10,-10,10),2)]
bench=[]
for name,ps,con,expected in cases:
 t=time.perf_counter();cert=generate(ps,con);gen=time.perf_counter()-t
 t=time.perf_counter();v=verify(cert,ps,con);ver=time.perf_counter()-t
 check('complete_winding_certificates',v['winding']==expected)
 (COUT/f'{name}.json').write_text(json.dumps(cert,indent=2))
 v.update(case=name,generation_seconds=gen,checking_seconds=ver);bench.append(v)
 # Each mutation is independently checked, and acceptance is an error.
 mutations=[]
 q=copy.deepcopy(cert);q['winding']+=1;mutations.append(q)
 q=copy.deepcopy(cert);q['pieces'][0]['sign']*=-1;mutations.append(q)
 q=copy.deepcopy(cert);q['pieces']=q['pieces'][1:];mutations.append(q)
 q=copy.deepcopy(cert);q['polynomials'][0][0][0]=str(F(q['polynomials'][0][0][0])+1);mutations.append(q)
 for q in mutations:
  try:verify(q,ps,con);ok=False
  except (ValueError,KeyError,IndexError):ok=True
  check('rejected_mutated_winding_certificates',ok)
try:
 generate([realpoly([66,11,6,1])],box(0,10,-10,10),max_depth=9);boundary_rejected=False
except ValueError:boundary_rejected=True
check('boundary_hypothesis_negative_control',boundary_rejected)

# Finite monodromy and ramification passports.
a=(1,0,2);b=(0,2,1);G=group([a,b]);check('permutation_structure',len(G)==6)
for x in G:
 check('permutation_structure',compose(x,inv(x))==tuple(range(3)))
 for y in G:
  check('permutation_structure',compose(x,y) in G)
  # Hurwitz move preserves the ordered product.
  check('hurwitz_moves',compose(compose(compose(x,y),inv(x)),x)==compose(x,y))
  for z in G:check('permutation_associativity',compose(compose(x,y),z)==compose(x,compose(y,z)))
passports=[]
for name,gs in [('degree5_3_3',[(1,2,0,3,4),(0,1,3,4,2)]),('degree5_4_2',[(1,2,3,0,4),(0,1,2,4,3)])]:
 gr=group(gs);n=5;product=compose(gs[0],gs[1]);defect=sum(n-len(cycles(g)) for g in gs)
 check('passport_tests',len(cycles(product))==1);check('passport_tests',defect==4)
 check('passport_tests',{g[0] for g in gr}==set(range(n)))
 passports.append({'name':name,'degree':n,'cycle_lengths':[[len(c) for c in cycles(g)] for g in gs],'defect':defect,'group_order':len(gr),'boundary_cycles':len(cycles(product)),'disk_euler_characteristic':n-defect})

# Exact finite invariants; loop counts are reported as tests, not new theorems.
for d in range(1,25):
 check('euler_and_ramification',2*d-(2*d-2)==2)
 for e in range(1,25):check('euler_and_ramification',d*e-1==(d-1)+d*(e-1))
for a in [F(1,5),F(1,2),F(3,4),F(-2,3)]:
 for N in range(1,25):
  energy=a*a+sum((1-a*a)**2*a**(2*(j-1)) for j in range(1,N+1))
  check('hardy_tail_energy',energy+(1-a*a)*a**(2*N)==1)
for q in [F(1,2),F(2,3),F(3,4)]:
 for n in range(1,30):
  e=F(2);eta=F(1,100)
  for j in range(n):e=q*e+eta
  check('compositional_error_identity',e==2*q**n+eta*(1-q**n)/(1-q))
for n in range(1,31):
 A=S.Matrix([[0,1,1],[1,0,1],[1,1,0]])**n
 check('closed_walk_counts',A[0,0]==(2**n+2*(-1)**n)//3)
# Exact round-to-nearest, ties away from zero, on scalar stored integers.
def rnd(q):
 if q<0:return -rnd(-q)
 return (2*q.numerator+q.denominator)//(2*q.denominator)
for k in range(-100,101):
 y=rnd(F(3,4)*k)
 check('rounded_state_enclosure',abs(F(y)-F(3,4)*k)<=F(1,2))
 if abs(k)<=2:check('rounded_state_invariance',abs(y)<=2)
check('rounded_nonzero_fixed_point',rnd(F(3,4))==1)

# Symbolic polynomial identities; separate from the independent small checker.
x,y,ar,ai,lam,u,v,e,d,V,E,T,R=S.symbols('x y ar ai lam u v e d V E T R')
identities={
 'blaschke_disk':((1-ar*x-ai*y)**2+(ai*x-ar*y)**2)-((x-ar)**2+(y-ai)**2)-(1-ar**2-ai**2)*(1-x*x-y*y),
 'euler_defect':(d*V-R)-d*E+d*T-(d*(V-E+T)-R),
 'ramification_composition':e*d-1-((e-1)+e*(d-1)),
 'square_difference':(u-v)*(u+v)-(u*u-v*v),
 'cubic_trace_parameter':(u*u+1)**3-3*u*u*(u*u+1)-(u**6+1),
 'quadratic_discriminant':(2*u-1)**2-(1-4*(u-u*u)),
 'routh_boundary_factor':(u+6)*(u*u+11)-(u**3+6*u*u+11*u+66),
 'lossless_storage':u*u-(u-ar*x)**2-2*x*(-ar*ar*x/2+ar*u),
 'telescoping_square':(u+v)**2-(u*u+2*u*v+v*v),
 'phase_denominator':(1-ar)**2+2*ar*(1-x)-(1+ar*ar-2*ar*x),
}
for k,expr in identities.items():check('sympy_symbolic_identity',S.expand(expr)==0)

result={'scope':'New section-3 test release only. Counts below are assertions, not independent theorems.','counts':counts,'total_finite_assertions':sum(counts.values()),'winding_certificates':bench,'passports':passports,'formal_assistants':{name:{'executable':shutil.which(exe),'status':'not_run_compiler_unavailable' if not shutil.which(exe) else 'available_not_yet_run'} for name,exe in [('Lean','lean'),('Coq/Rocq','coqc')]},'written_proofs_not_kernel_checked':True,'floating_point_used_in_certificate_acceptance':False,'timings_are_single_run_diagnostics_not_benchmarks':True,'python':platform.python_version(),'sympy':S.__version__,'platform':platform.platform()}
(OUT/'verification.json').write_text(json.dumps(result,indent=2))
with (OUT/'certificate_timings.csv').open('w',newline='') as f:
 w=csv.DictWriter(f,fieldnames=list(bench[0]));w.writeheader();w.writerows(bench)
print(json.dumps(result,indent=2))







PHI_volume_02_verification/verification/coverings/metrics/branch_checks.json

{
  "scope": "Educational worked variants only; no new infinite-dimensional kernel proofs",
  "counts": {
    "teaching_root_certificate": 1,
    "teaching_certificate_mutants": 4,
    "quotient_algebra": 3,
    "nilpotent_algebra": 2,
    "hardy_gram": 12,
    "four_sheet_dp": 22,
    "parameter_witness_counterexample": 5,
    "parameter_source_subdivision_invariance": 31,
    "lc_units": 3,
    "allpass_variants": 3,
    "routh_variants": 2,
    "correlated_routh": 1,
    "correlated_routh_samples": 25,
    "pick_variants": 5,
    "five_state_fixed_points": 5,
    "rounded_ug_fixed_point": 1,
    "precision_allocation": 5,
    "error_weights": 1,
    "discriminant_identity": 2
  },
  "total_assertions": 133,
  "teaching_certificate": {
    "accepted": true,
    "winding": 1,
    "arcs": 4,
    "checked_control_points": 12,
    "minimum_coordinate_halfplane_margin": "3/4",
    "parameter_scope": "entire convex hull of declared polynomials"
  },
  "arithmetic": "Fraction and exact SymPy polynomial/matrix arithmetic",
  "proof_assistant_kernel_checked": false
}






PHI_volume_02_verification/verification/coverings/metrics/certificate_timings.csv

accepted,winding,arcs,checked_control_points,minimum_coordinate_halfplane_margin,parameter_scope,case,generation_seconds,checking_seconds

True,3,20,80,1/2,entire convex hull of declared polynomials,cubic_three_roots,0.007424224000033064,0.004007829000101992

True,1,4,16,5/4,entire convex hull of declared polynomials,cubic_central_root,0.0008100550001017837,0.0008029640000586369

True,1,4,16,59/64,entire convex hull of declared polynomials,cubic_right_root,0.0008196290000341833,0.0008007310000266443

True,2,16,48,3/4,entire convex hull of declared polynomials,quadratic_repeated_root,0.003449535000072501,0.0021684079999886308

True,0,20,160,83/32,entire convex hull of declared polynomials,gain_0_to_50,0.012492355999938809,0.0072087979999651

True,2,24,96,170425/2097152,entire convex hull of declared polynomials,gain_61,0.008650788000068133,0.004849541000112367








PHI_volume_02_verification/verification/coverings/metrics/environment.json

{
  "python": "3.13.5",
  "platform": "Linux-6.18.44-x86_64-with-glibc2.41",
  "python_packages": {
    "numpy": "2.3.5",
    "matplotlib": "3.10.8",
    "mpmath": "1.3.0",
    "sympy": "1.14.0",
    "pycairo": "1.29.0",
    "PyMuPDF": "1.26.7",
    "Pillow": "12.3.0"
  },
  "external_tools": {
    "pdflatex": {
      "executable": "/usr/bin/pdflatex",
      "version_excerpt": [
        "pdfTeX 3.141592653-2.6-1.40.26 (TeX Live 2025/dev/Debian)",
        "kpathsea version 6.4.0/dev",
        "Copyright 2024 Han The Thanh (pdfTeX) et al."
      ]
    },
    "lualatex": {
      "executable": "/usr/bin/lualatex",
      "version_excerpt": [
        "This is LuaHBTeX, Version 1.18.0 (TeX Live 2025/dev/Debian)",
        "Development id: 7611",
        ""
      ]
    },
    "latexmk": {
      "executable": "/usr/bin/latexmk",
      "version_excerpt": [
        "Latexmk, John Collins, 11 Dec. 2024. Version 4.86"
      ]
    },
    "ffmpeg": {
      "executable": "/usr/bin/ffmpeg",
      "version_excerpt": [
        "ffmpeg version 7.1.5-0+deb13u1 Copyright (c) 2000-2026 the FFmpeg developers",
        "built with gcc 14 (Debian 14.2.0-19)",
        "configuration: --prefix=/usr --extra-version=0+deb13u1 --toolchain=hardened --libdir=/usr/lib/x86_64-linux-gnu --incdir=/usr/include/x86_64-linux-gnu --arch=amd64 --enable-gpl --disable-stripping --disable-libmfx --disable-omx --enable-gnutls --enable-libaom --enable-libass --enable-libbs2b --enable-libcdio --enable-libcodec2 --enable-libdav1d --enable-libflite --enable-libfontconfig --enable-libfreetype --enable-libfribidi --enable-libglslang --enable-libgme --enable-libgsm --enable-libharfbuzz --enable-libmp3lame --enable-libmysofa --enable-libopenjpeg --enable-libopenmpt --enable-libopus --enable-librubberband --enable-libshine --enable-libsnappy --enable-libsoxr --enable-libspeex --enable-libtheora --enable-libtwolame --enable-libvidstab --enable-libvorbis --enable-libvpx --enable-libwebp --enable-libx265 --enable-libxml2 --enable-libxvid --enable-libzimg --enable-openal --enable-opencl --enable-opengl --disable-sndio --enable-libvpl --enable-libdc1394 --enable-libdrm --enable-libiec61883 --enable-chromaprint --enable-frei0r --enable-ladspa --enable-libbluray --enable-libcaca --enable-libdvdnav --enable-libdvdread --enable-libjack --enable-libpulse --enable-librabbitmq --enable-librist --enable-libsrt --enable-libssh --enable-libsvtav1 --enable-libx264 --enable-libzmq --enable-libzvbi --enable-lv2 --enable-sdl2 --enable-libplacebo --enable-librav1e --enable-pocketsphinx --enable-librsvg --enable-libjxl --enable-shared"
      ]
    },
    "ffprobe": {
      "executable": "/usr/bin/ffprobe",
      "version_excerpt": [
        "ffprobe version 7.1.5-0+deb13u1 Copyright (c) 2007-2026 the FFmpeg developers",
        "built with gcc 14 (Debian 14.2.0-19)",
        "configuration: --prefix=/usr --extra-version=0+deb13u1 --toolchain=hardened --libdir=/usr/lib/x86_64-linux-gnu --incdir=/usr/include/x86_64-linux-gnu --arch=amd64 --enable-gpl --disable-stripping --disable-libmfx --disable-omx --enable-gnutls --enable-libaom --enable-libass --enable-libbs2b --enable-libcdio --enable-libcodec2 --enable-libdav1d --enable-libflite --enable-libfontconfig --enable-libfreetype --enable-libfribidi --enable-libglslang --enable-libgme --enable-libgsm --enable-libharfbuzz --enable-libmp3lame --enable-libmysofa --enable-libopenjpeg --enable-libopenmpt --enable-libopus --enable-librubberband --enable-libshine --enable-libsnappy --enable-libsoxr --enable-libspeex --enable-libtheora --enable-libtwolame --enable-libvidstab --enable-libvorbis --enable-libvpx --enable-libwebp --enable-libx265 --enable-libxml2 --enable-libxvid --enable-libzimg --enable-openal --enable-opencl --enable-opengl --disable-sndio --enable-libvpl --enable-libdc1394 --enable-libdrm --enable-libiec61883 --enable-chromaprint --enable-frei0r --enable-ladspa --enable-libbluray --enable-libcaca --enable-libdvdnav --enable-libdvdread --enable-libjack --enable-libpulse --enable-librabbitmq --enable-librist --enable-libsrt --enable-libssh --enable-libsvtav1 --enable-libx264 --enable-libzmq --enable-libzvbi --enable-lv2 --enable-sdl2 --enable-libplacebo --enable-librav1e --enable-pocketsphinx --enable-librsvg --enable-libjxl --enable-shared"
      ]
    },
    "lean": {
      "executable": null
    },
    "lake": {
      "executable": null
    },
    "coqc": {
      "executable": null
    }
  }
}






PHI_volume_02_verification/verification/coverings/metrics/polynomial_identity_checks.json

{
  "universal_polynomial_identities": 12,
  "rejected_mutations": 24,
  "identity_rows": [
    {
      "id": "difference_of_squares",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "ramification_composition",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "euler_defect",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "blaschke_disk",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "routh_crossing",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "fold_discriminant",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "dihedral_cubic",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "storage_balance",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "poisson_denominator",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "variance_pair",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "error_step",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "parameter_affinity",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    }
  ],
  "backend": "stdlib Fraction; no SymPy in acceptance",
  "not_proof_assistant_kernel": true
}






PHI_volume_02_verification/verification/coverings/metrics/verification.json

{
  "scope": "New section-3 test release only. Counts below are assertions, not independent theorems.",
  "counts": {
    "complete_winding_certificates": 6,
    "rejected_mutated_winding_certificates": 24,
    "boundary_hypothesis_negative_control": 1,
    "permutation_structure": 43,
    "hurwitz_moves": 36,
    "permutation_associativity": 216,
    "passport_tests": 6,
    "euler_and_ramification": 600,
    "hardy_tail_energy": 96,
    "compositional_error_identity": 87,
    "closed_walk_counts": 30,
    "rounded_state_enclosure": 201,
    "rounded_state_invariance": 5,
    "rounded_nonzero_fixed_point": 1,
    "sympy_symbolic_identity": 10
  },
  "total_finite_assertions": 1362,
  "winding_certificates": [
    {
      "accepted": true,
      "winding": 3,
      "arcs": 20,
      "checked_control_points": 80,
      "minimum_coordinate_halfplane_margin": "1/2",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "cubic_three_roots",
      "generation_seconds": 0.007424224000033064,
      "checking_seconds": 0.004007829000101992
    },
    {
      "accepted": true,
      "winding": 1,
      "arcs": 4,
      "checked_control_points": 16,
      "minimum_coordinate_halfplane_margin": "5/4",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "cubic_central_root",
      "generation_seconds": 0.0008100550001017837,
      "checking_seconds": 0.0008029640000586369
    },
    {
      "accepted": true,
      "winding": 1,
      "arcs": 4,
      "checked_control_points": 16,
      "minimum_coordinate_halfplane_margin": "59/64",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "cubic_right_root",
      "generation_seconds": 0.0008196290000341833,
      "checking_seconds": 0.0008007310000266443
    },
    {
      "accepted": true,
      "winding": 2,
      "arcs": 16,
      "checked_control_points": 48,
      "minimum_coordinate_halfplane_margin": "3/4",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "quadratic_repeated_root",
      "generation_seconds": 0.003449535000072501,
      "checking_seconds": 0.0021684079999886308
    },
    {
      "accepted": true,
      "winding": 0,
      "arcs": 20,
      "checked_control_points": 160,
      "minimum_coordinate_halfplane_margin": "83/32",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "gain_0_to_50",
      "generation_seconds": 0.012492355999938809,
      "checking_seconds": 0.0072087979999651
    },
    {
      "accepted": true,
      "winding": 2,
      "arcs": 24,
      "checked_control_points": 96,
      "minimum_coordinate_halfplane_margin": "170425/2097152",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "gain_61",
      "generation_seconds": 0.008650788000068133,
      "checking_seconds": 0.004849541000112367
    }
  ],
  "passports": [
    {
      "name": "degree5_3_3",
      "degree": 5,
      "cycle_lengths": [
        [
          3,
          1,
          1
        ],
        [
          1,
          1,
          3
        ]
      ],
      "defect": 4,
      "group_order": 60,
      "boundary_cycles": 1,
      "disk_euler_characteristic": 1
    },
    {
      "name": "degree5_4_2",
      "degree": 5,
      "cycle_lengths": [
        [
          4,
          1
        ],
        [
          1,
          1,
          1,
          2
        ]
      ],
      "defect": 4,
      "group_order": 120,
      "boundary_cycles": 1,
      "disk_euler_characteristic": 1
    }
  ],
  "formal_assistants": {
    "Lean": {
      "executable": null,
      "status": "not_run_compiler_unavailable"
    },
    "Coq/Rocq": {
      "executable": null,
      "status": "not_run_compiler_unavailable"
    }
  },
  "written_proofs_not_kernel_checked": true,
  "floating_point_used_in_certificate_acceptance": false,
  "timings_are_single_run_diagnostics_not_benchmarks": true,
  "python": "3.13.5",
  "sympy": "1.14.0",
  "platform": "Linux-6.18.44-x86_64-with-glibc2.41"
}






PHI_volume_02_verification/verification/coverings/proofs/FiniteIdentities.lean

import Mathlib
/- Candidate only: no Lean compiler was available in the authoring runtime.
   These statements concern real polynomial identities, not the analytic theorems.
   Build in a pinned mathlib project, then inspect every printed assumption list. -/
namespace PhiSection3
 theorem difference_of_squares (u v : ℝ) : (u-v)*(u+v)=u*u-v*v := by ring
 theorem ramification_composition (d e : ℝ) : d*e-1=(d-1)+d*(e-1) := by ring
 theorem euler_defect (d v e t r : ℝ) : d*v-r-d*e+d*t=d*(v-e+t)-r := by ring
 theorem blaschke_disk (a b x y : ℝ) :
 (1-a*x-b*y)^2+(b*x-a*y)^2-(x-a)^2-(y-b)^2
 = (1-a*a-b*b)*(1-x*x-y*y) := by ring
 theorem routh_crossing (u : ℝ) : (u+6)*(u*u+11)=u^3+6*u*u+11*u+66 := by ring
 theorem fold_discriminant (v : ℝ) : (2*v-1)^2=1-4*(v-v*v) := by ring
 theorem dihedral_cubic (u : ℝ) : (u*u+1)^3-3*u*u*(u*u+1)=u^6+1 := by ring
 theorem storage_balance (u b x : ℝ) : u*u-(u-b*x)^2=2*x*(-b*b*x/2+b*u) := by ring
 theorem poisson_denominator (a x : ℝ) : (1-a)^2+2*a*(1-x)=1+a*a-2*a*x := by ring
 theorem variance_pair (u v : ℝ) : (u-v)^2+(u+v)^2=2*u*u+2*v*v := by ring
 theorem error_step (q e k : ℝ) : q*(q*e+k)+k=q*q*e+(q+1)*k := by ring
 theorem parameter_affinity (t u : ℝ) :
 (1-t)*(u^3+6*u*u+11*u+6)+t*(u^3+6*u*u+11*u+56)
 = u^3+6*u*u+11*u+6+50*t := by ring
#print axioms difference_of_squares
#print axioms ramification_composition
#print axioms euler_defect
#print axioms blaschke_disk
#print axioms routh_crossing
#print axioms fold_discriminant
#print axioms dihedral_cubic
#print axioms storage_balance
#print axioms poisson_denominator
#print axioms variance_pair
#print axioms error_step
#print axioms parameter_affinity
end PhiSection3







PHI_volume_02_verification/verification/coverings/proofs/FiniteIdentities.v

(* Candidate only: coqc/Rocq was not available in the authoring runtime. *)
From Coq Require Import Reals Ring Field.
Open Scope R_scope.
Lemma difference_of_squares (u v:R): (u-v)*(u+v)=u*u-v*v. Proof. ring. Qed.
Lemma ramification_composition (d e:R): d*e-1=(d-1)+d*(e-1). Proof. ring. Qed.
Lemma euler_defect (d v e t r:R): d*v-r-d*e+d*t=d*(v-e+t)-r. Proof. ring. Qed.
Lemma blaschke_disk (a b x y:R):
 (1-a*x-b*y)^2+(b*x-a*y)^2-(x-a)^2-(y-b)^2
 = (1-a*a-b*b)*(1-x*x-y*y). Proof. ring. Qed.
Lemma routh_crossing (u:R): (u+6)*(u*u+11)=u^3+6*u*u+11*u+66. Proof. ring. Qed.
Lemma fold_discriminant (v:R): (2*v-1)^2=1-4*(v-v*v). Proof. ring. Qed.
Lemma dihedral_cubic (u:R): (u*u+1)^3-3*u*u*(u*u+1)=u^6+1. Proof. ring. Qed.
Lemma storage_balance (u b x:R): u*u-(u-b*x)^2=2*x*(-b*b*x/2+b*u). Proof. field; ring. Qed.
Lemma poisson_denominator (a x:R): (1-a)^2+2*a*(1-x)=1+a*a-2*a*x. Proof. ring. Qed.
Lemma variance_pair (u v:R): (u-v)^2+(u+v)^2=2*u*u+2*v*v. Proof. ring. Qed.
Lemma error_step (q e k:R): q*(q*e+k)+k=q*q*e+(q+1)*k. Proof. ring. Qed.
Lemma parameter_affinity (t u:R):
 (1-t)*(u^3+6*u*u+11*u+6)+t*(u^3+6*u*u+11*u+56)
 = u^3+6*u*u+11*u+6+50*t. Proof. ring. Qed.
Print Assumptions difference_of_squares.
Print Assumptions ramification_composition.
Print Assumptions euler_defect.
Print Assumptions blaschke_disk.
Print Assumptions routh_crossing.
Print Assumptions fold_discriminant.
Print Assumptions dihedral_cubic.
Print Assumptions storage_balance.
Print Assumptions poisson_denominator.
Print Assumptions variance_pair.
Print Assumptions error_step.
Print Assumptions parameter_affinity.







PHI_volume_02_verification/verification/coverings/proofs/certificates/cubic_central_root.json

{
  "schema": "phi.polynomial-winding.v1",
  "arithmetic": "rational",
  "polynomials": [
    [
      [
        "0",
        "0"
      ],
      [
        "-3",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1/2",
      "-1/2"
    ],
    [
      "1/2",
      "-1/2"
    ],
    [
      "1/2",
      "1/2"
    ],
    [
      "-1/2",
      "1/2"
    ],
    [
      "-1/2",
      "-1/2"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1",
      "axis": "r",
      "sign": 1
    }
  ],
  "winding": 1
}






PHI_volume_02_verification/verification/coverings/proofs/certificates/cubic_right_root.json

{
  "schema": "phi.polynomial-winding.v1",
  "arithmetic": "rational",
  "polynomials": [
    [
      [
        "0",
        "0"
      ],
      [
        "-3",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "3/2",
      "-1/4"
    ],
    [
      "2",
      "-1/4"
    ],
    [
      "2",
      "1/4"
    ],
    [
      "3/2",
      "1/4"
    ],
    [
      "3/2",
      "-1/4"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1",
      "axis": "r",
      "sign": -1
    }
  ],
  "winding": 1
}






PHI_volume_02_verification/verification/coverings/proofs/certificates/cubic_three_roots.json

{
  "schema": "phi.polynomial-winding.v1",
  "arithmetic": "rational",
  "polynomials": [
    [
      [
        "0",
        "0"
      ],
      [
        "-3",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-2",
      "-2"
    ],
    [
      "2",
      "-2"
    ],
    [
      "2",
      "2"
    ],
    [
      "-2",
      "2"
    ],
    [
      "-2",
      "-2"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/4",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "1/2",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "3/4",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "1",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/4",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "3/8",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "1/2",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "5/8",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "3/4",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "1",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/4",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "1/2",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "3/4",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "1",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/4",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "3/8",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "1/2",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "5/8",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "3/4",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "1",
      "axis": "r",
      "sign": 1
    }
  ],
  "winding": 3
}






PHI_volume_02_verification/verification/coverings/proofs/certificates/gain_0_to_50.json

{
  "schema": "phi.polynomial-winding.v1",
  "arithmetic": "rational",
  "polynomials": [
    [
      [
        "6",
        "0"
      ],
      [
        "11",
        "0"
      ],
      [
        "6",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ],
    [
      [
        "56",
        "0"
      ],
      [
        "11",
        "0"
      ],
      [
        "6",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "0",
      "-10"
    ],
    [
      "10",
      "-10"
    ],
    [
      "10",
      "10"
    ],
    [
      "0",
      "10"
    ],
    [
      "0",
      "-10"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/4",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "1/2",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "3/4",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "1",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/4",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "5/16",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "5/16",
      "right": "11/32",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "11/32",
      "right": "3/8",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "7/16",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "7/16",
      "right": "15/32",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "15/32",
      "right": "1/2",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "17/32",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "17/32",
      "right": "9/16",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "9/16",
      "right": "5/8",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "21/32",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "21/32",
      "right": "11/16",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "11/16",
      "right": "3/4",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "1",
      "axis": "r",
      "sign": -1
    }
  ],
  "winding": 0
}






PHI_volume_02_verification/verification/coverings/proofs/certificates/gain_61.json

{
  "schema": "phi.polynomial-winding.v1",
  "arithmetic": "rational",
  "polynomials": [
    [
      [
        "67",
        "0"
      ],
      [
        "11",
        "0"
      ],
      [
        "6",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "0",
      "-10"
    ],
    [
      "10",
      "-10"
    ],
    [
      "10",
      "10"
    ],
    [
      "0",
      "10"
    ],
    [
      "0",
      "-10"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/4",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "1/2",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "3/4",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "1",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/4",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "5/16",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "5/16",
      "right": "21/64",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "21/64",
      "right": "85/256",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "85/256",
      "right": "171/512",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "171/512",
      "right": "43/128",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "43/128",
      "right": "11/32",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "11/32",
      "right": "3/8",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "1/2",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "5/8",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "21/32",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "21/32",
      "right": "85/128",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "85/128",
      "right": "341/512",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "341/512",
      "right": "171/256",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "171/256",
      "right": "43/64",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "43/64",
      "right": "11/16",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "11/16",
      "right": "3/4",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "1",
      "axis": "r",
      "sign": -1
    }
  ],
  "winding": 2
}






PHI_volume_02_verification/verification/coverings/proofs/certificates/quadratic_repeated_root.json

{
  "schema": "phi.polynomial-winding.v1",
  "arithmetic": "rational",
  "polynomials": [
    [
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1",
      "-1"
    ],
    [
      "1",
      "-1"
    ],
    [
      "1",
      "1"
    ],
    [
      "-1",
      "1"
    ],
    [
      "-1",
      "-1"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/4",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "1/2",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "3/4",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "1",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/4",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "1/2",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "3/4",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "1",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/4",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "1/2",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "3/4",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "1",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/4",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "1/2",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "3/4",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "1",
      "axis": "i",
      "sign": 1
    }
  ],
  "winding": 2
}






PHI_volume_02_verification/verification/coverings/proofs/certificates/teaching_sqrt2.json

{
  "schema": "phi.polynomial-winding.v1",
  "arithmetic": "rational",
  "polynomials": [
    [
      [
        "-2",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "1",
      "-1/2"
    ],
    [
      "2",
      "-1/2"
    ],
    [
      "2",
      "1/2"
    ],
    [
      "1",
      "1/2"
    ],
    [
      "1",
      "-1/2"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1",
      "axis": "r",
      "sign": -1
    }
  ],
  "winding": 1
}






PHI_volume_02_verification/verification/coverings/proofs/polynomial_identities/blaschke_disk.json

{
  "schema": "phi.polynomial-identity.v1",
  "id": "blaschke_disk",
  "variables": [
    "x",
    "y",
    "a",
    "b",
    "d",
    "e",
    "v",
    "t",
    "r",
    "u",
    "k",
    "q"
  ],
  "lhs": [
    "sub",
    [
      "sub",
      [
        "add",
        [
          "pow",
          [
            "sub",
            [
              "sub",
              "1",
              [
                "mul",
                "a",
                "x"
              ]
            ],
            [
              "mul",
              "b",
              "y"
            ]
          ],
          2
        ],
        [
          "pow",
          [
            "sub",
            [
              "mul",
              "b",
              "x"
            ],
            [
              "mul",
              "a",
              "y"
            ]
          ],
          2
        ]
      ],
      [
        "pow",
        [
          "sub",
          "x",
          "a"
        ],
        2
      ]
    ],
    [
      "pow",
      [
        "sub",
        "y",
        "b"
      ],
      2
    ]
  ],
  "rhs": [
    "mul",
    [
      "sub",
      [
        "sub",
        "1",
        [
          "mul",
          "a",
          "a"
        ]
      ],
      [
        "mul",
        "b",
        "b"
      ]
    ],
    [
      "sub",
      [
        "sub",
        "1",
        [
          "mul",
          "x",
          "x"
        ]
      ],
      [
        "mul",
        "y",
        "y"
      ]
    ]
  ]
}






PHI_volume_02_verification/verification/coverings/proofs/polynomial_identities/difference_of_squares.json

{
  "schema": "phi.polynomial-identity.v1",
  "id": "difference_of_squares",
  "variables": [
    "x",
    "y",
    "a",
    "b",
    "d",
    "e",
    "v",
    "t",
    "r",
    "u",
    "k",
    "q"
  ],
  "lhs": [
    "mul",
    [
      "sub",
      "u",
      "v"
    ],
    [
      "add",
      "u",
      "v"
    ]
  ],
  "rhs": [
    "sub",
    [
      "mul",
      "u",
      "u"
    ],
    [
      "mul",
      "v",
      "v"
    ]
  ]
}






PHI_volume_02_verification/verification/coverings/proofs/polynomial_identities/dihedral_cubic.json

{
  "schema": "phi.polynomial-identity.v1",
  "id": "dihedral_cubic",
  "variables": [
    "x",
    "y",
    "a",
    "b",
    "d",
    "e",
    "v",
    "t",
    "r",
    "u",
    "k",
    "q"
  ],
  "lhs": [
    "sub",
    [
      "pow",
      [
        "add",
        [
          "mul",
          "u",
          "u"
        ],
        "1"
      ],
      3
    ],
    [
      "mul",
      [
        "mul",
        [
          "mul",
          "3",
          "u"
        ],
        "u"
      ],
      [
        "add",
        [
          "mul",
          "u",
          "u"
        ],
        "1"
      ]
    ]
  ],
  "rhs": [
    "add",
    [
      "pow",
      "u",
      6
    ],
    "1"
  ]
}






PHI_volume_02_verification/verification/coverings/proofs/polynomial_identities/error_step.json

{
  "schema": "phi.polynomial-identity.v1",
  "id": "error_step",
  "variables": [
    "x",
    "y",
    "a",
    "b",
    "d",
    "e",
    "v",
    "t",
    "r",
    "u",
    "k",
    "q"
  ],
  "lhs": [
    "add",
    [
      "mul",
      "q",
      [
        "add",
        [
          "mul",
          "q",
          "e"
        ],
        "k"
      ]
    ],
    "k"
  ],
  "rhs": [
    "add",
    [
      "mul",
      [
        "mul",
        "q",
        "q"
      ],
      "e"
    ],
    [
      "mul",
      [
        "add",
        "q",
        "1"
      ],
      "k"
    ]
  ]
}






PHI_volume_02_verification/verification/coverings/proofs/polynomial_identities/euler_defect.json

{
  "schema": "phi.polynomial-identity.v1",
  "id": "euler_defect",
  "variables": [
    "x",
    "y",
    "a",
    "b",
    "d",
    "e",
    "v",
    "t",
    "r",
    "u",
    "k",
    "q"
  ],
  "lhs": [
    "add",
    [
      "sub",
      [
        "sub",
        [
          "mul",
          "d",
          "v"
        ],
        "r"
      ],
      [
        "mul",
        "d",
        "e"
      ]
    ],
    [
      "mul",
      "d",
      "t"
    ]
  ],
  "rhs": [
    "sub",
    [
      "mul",
      "d",
      [
        "add",
        [
          "sub",
          "v",
          "e"
        ],
        "t"
      ]
    ],
    "r"
  ]
}






PHI_volume_02_verification/verification/coverings/proofs/polynomial_identities/fold_discriminant.json

{
  "schema": "phi.polynomial-identity.v1",
  "id": "fold_discriminant",
  "variables": [
    "x",
    "y",
    "a",
    "b",
    "d",
    "e",
    "v",
    "t",
    "r",
    "u",
    "k",
    "q"
  ],
  "lhs": [
    "pow",
    [
      "sub",
      [
        "mul",
        "2",
        "v"
      ],
      "1"
    ],
    2
  ],
  "rhs": [
    "sub",
    "1",
    [
      "mul",
      "4",
      [
        "sub",
        "v",
        [
          "mul",
          "v",
          "v"
        ]
      ]
    ]
  ]
}






PHI_volume_02_verification/verification/coverings/proofs/polynomial_identities/parameter_affinity.json

{
  "schema": "phi.polynomial-identity.v1",
  "id": "parameter_affinity",
  "variables": [
    "x",
    "y",
    "a",
    "b",
    "d",
    "e",
    "v",
    "t",
    "r",
    "u",
    "k",
    "q"
  ],
  "lhs": [
    "add",
    [
      "mul",
      [
        "sub",
        "1",
        "t"
      ],
      [
        "add",
        [
          "add",
          [
            "add",
            [
              "pow",
              "u",
              3
            ],
            [
              "mul",
              [
                "mul",
                "6",
                "u"
              ],
              "u"
            ]
          ],
          [
            "mul",
            "11",
            "u"
          ]
        ],
        "6"
      ]
    ],
    [
      "mul",
      "t",
      [
        "add",
        [
          "add",
          [
            "add",
            [
              "pow",
              "u",
              3
            ],
            [
              "mul",
              [
                "mul",
                "6",
                "u"
              ],
              "u"
            ]
          ],
          [
            "mul",
            "11",
            "u"
          ]
        ],
        "56"
      ]
    ]
  ],
  "rhs": [
    "add",
    [
      "add",
      [
        "add",
        [
          "add",
          [
            "pow",
            "u",
            3
          ],
          [
            "mul",
            [
              "mul",
              "6",
              "u"
            ],
            "u"
          ]
        ],
        [
          "mul",
          "11",
          "u"
        ]
      ],
      "6"
    ],
    [
      "mul",
      "50",
      "t"
    ]
  ]
}






PHI_volume_02_verification/verification/coverings/proofs/polynomial_identities/poisson_denominator.json

{
  "schema": "phi.polynomial-identity.v1",
  "id": "poisson_denominator",
  "variables": [
    "x",
    "y",
    "a",
    "b",
    "d",
    "e",
    "v",
    "t",
    "r",
    "u",
    "k",
    "q"
  ],
  "lhs": [
    "add",
    [
      "pow",
      [
        "sub",
        "1",
        "a"
      ],
      2
    ],
    [
      "mul",
      [
        "mul",
        "2",
        "a"
      ],
      [
        "sub",
        "1",
        "x"
      ]
    ]
  ],
  "rhs": [
    "sub",
    [
      "add",
      "1",
      [
        "mul",
        "a",
        "a"
      ]
    ],
    [
      "mul",
      [
        "mul",
        "2",
        "a"
      ],
      "x"
    ]
  ]
}






PHI_volume_02_verification/verification/coverings/proofs/polynomial_identities/ramification_composition.json

{
  "schema": "phi.polynomial-identity.v1",
  "id": "ramification_composition",
  "variables": [
    "x",
    "y",
    "a",
    "b",
    "d",
    "e",
    "v",
    "t",
    "r",
    "u",
    "k",
    "q"
  ],
  "lhs": [
    "sub",
    [
      "mul",
      "d",
      "e"
    ],
    "1"
  ],
  "rhs": [
    "add",
    [
      "sub",
      "d",
      "1"
    ],
    [
      "mul",
      "d",
      [
        "sub",
        "e",
        "1"
      ]
    ]
  ]
}






PHI_volume_02_verification/verification/coverings/proofs/polynomial_identities/routh_crossing.json

{
  "schema": "phi.polynomial-identity.v1",
  "id": "routh_crossing",
  "variables": [
    "x",
    "y",
    "a",
    "b",
    "d",
    "e",
    "v",
    "t",
    "r",
    "u",
    "k",
    "q"
  ],
  "lhs": [
    "mul",
    [
      "add",
      "u",
      "6"
    ],
    [
      "add",
      [
        "mul",
        "u",
        "u"
      ],
      "11"
    ]
  ],
  "rhs": [
    "add",
    [
      "add",
      [
        "add",
        [
          "pow",
          "u",
          3
        ],
        [
          "mul",
          [
            "mul",
            "6",
            "u"
          ],
          "u"
        ]
      ],
      [
        "mul",
        "11",
        "u"
      ]
    ],
    "66"
  ]
}






PHI_volume_02_verification/verification/coverings/proofs/polynomial_identities/storage_balance.json

{
  "schema": "phi.polynomial-identity.v1",
  "id": "storage_balance",
  "variables": [
    "x",
    "y",
    "a",
    "b",
    "d",
    "e",
    "v",
    "t",
    "r",
    "u",
    "k",
    "q"
  ],
  "lhs": [
    "sub",
    [
      "mul",
      "u",
      "u"
    ],
    [
      "pow",
      [
        "sub",
        "u",
        [
          "mul",
          "b",
          "x"
        ]
      ],
      2
    ]
  ],
  "rhs": [
    "mul",
    [
      "mul",
      "2",
      "x"
    ],
    [
      "add",
      [
        "mul",
        [
          "mul",
          [
            "mul",
            [
              "sub",
              "0",
              "b"
            ],
            "b"
          ],
          "x"
        ],
        "1/2"
      ],
      [
        "mul",
        "b",
        "u"
      ]
    ]
  ]
}






PHI_volume_02_verification/verification/coverings/proofs/polynomial_identities/variance_pair.json

{
  "schema": "phi.polynomial-identity.v1",
  "id": "variance_pair",
  "variables": [
    "x",
    "y",
    "a",
    "b",
    "d",
    "e",
    "v",
    "t",
    "r",
    "u",
    "k",
    "q"
  ],
  "lhs": [
    "add",
    [
      "pow",
      [
        "sub",
        "u",
        "v"
      ],
      2
    ],
    [
      "pow",
      [
        "add",
        "u",
        "v"
      ],
      2
    ]
  ],
  "rhs": [
    "add",
    [
      "mul",
      [
        "mul",
        "2",
        "u"
      ],
      "u"
    ],
    [
      "mul",
      [
        "mul",
        "2",
        "v"
      ],
      "v"
    ]
  ]
}






PHI_volume_02_verification/verification/coverings/proofs/v2/cubic_axis_adaptive.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "0",
        "0"
      ],
      [
        "-3",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-2",
      "-2"
    ],
    [
      "2",
      "-2"
    ],
    [
      "2",
      "2"
    ],
    [
      "-2",
      "2"
    ],
    [
      "-2",
      "-2"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "1/2",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "3/4",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "1/2",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "3/4",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    }
  ],
  "winding": 3,
  "generator": {
    "mode": "axis",
    "tested_nodes": 36,
    "uniform_depth": null
  }
}






PHI_volume_02_verification/verification/coverings/proofs/v2/cubic_axis_uniform.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "0",
        "0"
      ],
      [
        "-3",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-2",
      "-2"
    ],
    [
      "2",
      "-2"
    ],
    [
      "2",
      "2"
    ],
    [
      "-2",
      "2"
    ],
    [
      "-2",
      "-2"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "7/8",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "7/8",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "7/8",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "7/8",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    }
  ],
  "winding": 3,
  "generator": {
    "mode": "axis",
    "tested_nodes": 32,
    "uniform_depth": 3
  }
}






PHI_volume_02_verification/verification/coverings/proofs/v2/cubic_rotated_adaptive.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "0",
        "0"
      ],
      [
        "-3",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-2",
      "-2"
    ],
    [
      "2",
      "-2"
    ],
    [
      "2",
      "2"
    ],
    [
      "-2",
      "2"
    ],
    [
      "-2",
      "-2"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/2",
      "normal": [
        "1",
        "3/10"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "1",
      "normal": [
        "-5/7",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/2",
      "normal": [
        "1/3",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "1",
      "normal": [
        "1/3",
        "1"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/2",
      "normal": [
        "-1",
        "-3/10"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "1",
      "normal": [
        "5/7",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/2",
      "normal": [
        "-1/3",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "1",
      "normal": [
        "-1/3",
        "-1"
      ]
    }
  ],
  "winding": 3,
  "generator": {
    "mode": "rotated",
    "tested_nodes": 12,
    "uniform_depth": null
  }
}






PHI_volume_02_verification/verification/coverings/proofs/v2/cubic_rotated_uniform.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "0",
        "0"
      ],
      [
        "-3",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-2",
      "-2"
    ],
    [
      "2",
      "-2"
    ],
    [
      "2",
      "2"
    ],
    [
      "-2",
      "2"
    ],
    [
      "-2",
      "-2"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/2",
      "normal": [
        "1",
        "3/10"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "1",
      "normal": [
        "-5/7",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/2",
      "normal": [
        "1/3",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "1",
      "normal": [
        "1/3",
        "1"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/2",
      "normal": [
        "-1",
        "-3/10"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "1",
      "normal": [
        "5/7",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/2",
      "normal": [
        "-1/3",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "1",
      "normal": [
        "-1/3",
        "-1"
      ]
    }
  ],
  "winding": 3,
  "generator": {
    "mode": "rotated",
    "tested_nodes": 8,
    "uniform_depth": 1
  }
}






PHI_volume_02_verification/verification/coverings/proofs/v2/eighth_power_axis_adaptive.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "-1/4",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1",
      "-1"
    ],
    [
      "1",
      "-1"
    ],
    [
      "1",
      "1"
    ],
    [
      "-1",
      "1"
    ],
    [
      "-1",
      "-1"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 0,
      "left": "7/16",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "9/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 0,
      "left": "7/8",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "7/16",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "9/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "7/8",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "7/16",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "9/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 2,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "7/8",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "7/16",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "9/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "7/8",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    }
  ],
  "winding": 8,
  "generator": {
    "mode": "axis",
    "tested_nodes": 76,
    "uniform_depth": null
  }
}






PHI_volume_02_verification/verification/coverings/proofs/v2/eighth_power_axis_uniform.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "-1/4",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1",
      "-1"
    ],
    [
      "1",
      "-1"
    ],
    [
      "1",
      "1"
    ],
    [
      "-1",
      "1"
    ],
    [
      "-1",
      "-1"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/16",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/8",
      "right": "3/16",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "3/16",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "5/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "5/16",
      "right": "3/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 0,
      "left": "7/16",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "9/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "5/8",
      "right": "11/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "11/16",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "13/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "13/16",
      "right": "7/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 0,
      "left": "7/8",
      "right": "15/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "15/16",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/16",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/8",
      "right": "3/16",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "3/16",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "5/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/16",
      "right": "3/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "7/16",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "9/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "11/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "11/16",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "13/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "13/16",
      "right": "7/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "7/8",
      "right": "15/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "15/16",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/16",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/8",
      "right": "3/16",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 2,
      "left": "3/16",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "5/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "5/16",
      "right": "3/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "7/16",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "9/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 2,
      "left": "5/8",
      "right": "11/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "11/16",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "13/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "13/16",
      "right": "7/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "7/8",
      "right": "15/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "15/16",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/16",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/8",
      "right": "3/16",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "3/16",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "5/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/16",
      "right": "3/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "7/16",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "9/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "11/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "11/16",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "13/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "13/16",
      "right": "7/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "7/8",
      "right": "15/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "15/16",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    }
  ],
  "winding": 8,
  "generator": {
    "mode": "axis",
    "tested_nodes": 64,
    "uniform_depth": 4
  }
}






PHI_volume_02_verification/verification/coverings/proofs/v2/eighth_power_rotated_adaptive.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "-1/4",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1",
      "-1"
    ],
    [
      "1",
      "-1"
    ],
    [
      "1",
      "1"
    ],
    [
      "-1",
      "1"
    ],
    [
      "-1",
      "-1"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/4",
      "normal": [
        "1/4",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "394/1211"
      ]
    },
    {
      "edge": 0,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "148/1121",
        "-1"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "8/11"
      ]
    },
    {
      "edge": 0,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "-394/1211"
      ]
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "1",
      "normal": [
        "1/4",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/4",
      "normal": [
        "1/4",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "394/1211"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "148/1121",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "8/11"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "-394/1211"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "1",
      "normal": [
        "1/4",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/4",
      "normal": [
        "1/4",
        "1"
      ]
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "394/1211"
      ]
    },
    {
      "edge": 2,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "148/1121",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "8/11"
      ]
    },
    {
      "edge": 2,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "-394/1211"
      ]
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "1",
      "normal": [
        "1/4",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/4",
      "normal": [
        "1/4",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "394/1211"
      ]
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "148/1121",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "8/11"
      ]
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "-394/1211"
      ]
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "1",
      "normal": [
        "1/4",
        "-1"
      ]
    }
  ],
  "winding": 8,
  "generator": {
    "mode": "rotated",
    "tested_nodes": 44,
    "uniform_depth": null
  }
}






PHI_volume_02_verification/verification/coverings/proofs/v2/eighth_power_rotated_uniform.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "-1/4",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1",
      "-1"
    ],
    [
      "1",
      "-1"
    ],
    [
      "1",
      "1"
    ],
    [
      "-1",
      "1"
    ],
    [
      "-1",
      "-1"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/8",
      "normal": [
        "7069/16864",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "-1",
        "112/197"
      ]
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "394/1211"
      ]
    },
    {
      "edge": 0,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "148/1121",
        "-1"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "8/11"
      ]
    },
    {
      "edge": 0,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "-394/1211"
      ]
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "-1",
        "-112/197"
      ]
    },
    {
      "edge": 0,
      "left": "7/8",
      "right": "1",
      "normal": [
        "7069/16864",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/8",
      "normal": [
        "7069/16864",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "-1",
        "112/197"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "394/1211"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "148/1121",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "8/11"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "-394/1211"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "-1",
        "-112/197"
      ]
    },
    {
      "edge": 1,
      "left": "7/8",
      "right": "1",
      "normal": [
        "7069/16864",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/8",
      "normal": [
        "7069/16864",
        "1"
      ]
    },
    {
      "edge": 2,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "-1",
        "112/197"
      ]
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "394/1211"
      ]
    },
    {
      "edge": 2,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "148/1121",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "8/11"
      ]
    },
    {
      "edge": 2,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "-394/1211"
      ]
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "-1",
        "-112/197"
      ]
    },
    {
      "edge": 2,
      "left": "7/8",
      "right": "1",
      "normal": [
        "7069/16864",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/8",
      "normal": [
        "7069/16864",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "-1",
        "112/197"
      ]
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "394/1211"
      ]
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "148/1121",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "8/11"
      ]
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "-394/1211"
      ]
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "-1",
        "-112/197"
      ]
    },
    {
      "edge": 3,
      "left": "7/8",
      "right": "1",
      "normal": [
        "7069/16864",
        "-1"
      ]
    }
  ],
  "winding": 8,
  "generator": {
    "mode": "rotated",
    "tested_nodes": 32,
    "uniform_depth": 3
  }
}






PHI_volume_02_verification/verification/coverings/proofs/v2/gain_family_axis_adaptive.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "6",
        "0"
      ],
      [
        "11",
        "0"
      ],
      [
        "6",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ],
    [
      [
        "56",
        "0"
      ],
      [
        "11",
        "0"
      ],
      [
        "6",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-10",
      "-10"
    ],
    [
      "0",
      "-10"
    ],
    [
      "0",
      "10"
    ],
    [
      "-10",
      "10"
    ],
    [
      "-10",
      "-10"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "1",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "5/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/16",
      "right": "11/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "11/32",
      "right": "3/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "7/16",
      "right": "15/32",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "15/32",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "17/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "17/32",
      "right": "9/16",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "21/32",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "21/32",
      "right": "11/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "11/16",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/2",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    }
  ],
  "winding": 3,
  "generator": {
    "mode": "axis",
    "tested_nodes": 44,
    "uniform_depth": null
  }
}






PHI_volume_02_verification/verification/coverings/proofs/v2/gain_family_axis_uniform.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "6",
        "0"
      ],
      [
        "11",
        "0"
      ],
      [
        "6",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ],
    [
      [
        "56",
        "0"
      ],
      [
        "11",
        "0"
      ],
      [
        "6",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-10",
      "-10"
    ],
    [
      "0",
      "-10"
    ],
    [
      "0",
      "10"
    ],
    [
      "-10",
      "10"
    ],
    [
      "-10",
      "-10"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/32",
      "right": "1/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/16",
      "right": "3/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/32",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/8",
      "right": "5/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "5/32",
      "right": "3/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/16",
      "right": "7/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "7/32",
      "right": "1/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "9/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "9/32",
      "right": "5/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "5/16",
      "right": "11/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "11/32",
      "right": "3/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/8",
      "right": "13/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "13/32",
      "right": "7/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "7/16",
      "right": "15/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "15/32",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "17/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "17/32",
      "right": "9/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "9/16",
      "right": "19/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "19/32",
      "right": "5/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "5/8",
      "right": "21/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "21/32",
      "right": "11/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "11/16",
      "right": "23/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "23/32",
      "right": "3/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "25/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "25/32",
      "right": "13/16",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "13/16",
      "right": "27/32",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "27/32",
      "right": "7/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "7/8",
      "right": "29/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "29/32",
      "right": "15/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "15/16",
      "right": "31/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "31/32",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/32",
      "right": "1/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/16",
      "right": "3/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/32",
      "right": "1/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/8",
      "right": "5/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/32",
      "right": "3/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/16",
      "right": "7/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "7/32",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "9/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "9/32",
      "right": "5/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/16",
      "right": "11/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "11/32",
      "right": "3/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "13/32",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "13/32",
      "right": "7/16",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "7/16",
      "right": "15/32",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "15/32",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "17/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "17/32",
      "right": "9/16",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "9/16",
      "right": "19/32",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "19/32",
      "right": "5/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "21/32",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "21/32",
      "right": "11/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "11/16",
      "right": "23/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "23/32",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "25/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "25/32",
      "right": "13/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "13/16",
      "right": "27/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "27/32",
      "right": "7/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "7/8",
      "right": "29/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "29/32",
      "right": "15/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "15/16",
      "right": "31/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "31/32",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/32",
      "right": "1/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/16",
      "right": "3/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/32",
      "right": "1/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/8",
      "right": "5/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "5/32",
      "right": "3/16",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "3/16",
      "right": "7/32",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "7/32",
      "right": "1/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "9/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "9/32",
      "right": "5/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "5/16",
      "right": "11/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "11/32",
      "right": "3/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/8",
      "right": "13/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "13/32",
      "right": "7/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "7/16",
      "right": "15/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "15/32",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "17/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "17/32",
      "right": "9/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "9/16",
      "right": "19/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "19/32",
      "right": "5/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "5/8",
      "right": "21/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "21/32",
      "right": "11/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "11/16",
      "right": "23/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "23/32",
      "right": "3/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "25/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "25/32",
      "right": "13/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "13/16",
      "right": "27/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "27/32",
      "right": "7/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "7/8",
      "right": "29/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "29/32",
      "right": "15/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "15/16",
      "right": "31/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "31/32",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/32",
      "right": "1/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/16",
      "right": "3/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/32",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/8",
      "right": "5/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/32",
      "right": "3/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/16",
      "right": "7/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "7/32",
      "right": "1/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "9/32",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "9/32",
      "right": "5/16",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "5/16",
      "right": "11/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "11/32",
      "right": "3/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "13/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "13/32",
      "right": "7/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "7/16",
      "right": "15/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "15/32",
      "right": "1/2",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "17/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "17/32",
      "right": "9/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "9/16",
      "right": "19/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "19/32",
      "right": "5/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "21/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "21/32",
      "right": "11/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "11/16",
      "right": "23/32",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "23/32",
      "right": "3/4",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "25/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "25/32",
      "right": "13/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "13/16",
      "right": "27/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "27/32",
      "right": "7/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "7/8",
      "right": "29/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "29/32",
      "right": "15/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "15/16",
      "right": "31/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "31/32",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    }
  ],
  "winding": 3,
  "generator": {
    "mode": "axis",
    "tested_nodes": 128,
    "uniform_depth": 5
  }
}






PHI_volume_02_verification/verification/coverings/proofs/v2/gain_family_rotated_adaptive.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "6",
        "0"
      ],
      [
        "11",
        "0"
      ],
      [
        "6",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ],
    [
      [
        "56",
        "0"
      ],
      [
        "11",
        "0"
      ],
      [
        "6",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-10",
      "-10"
    ],
    [
      "0",
      "-10"
    ],
    [
      "0",
      "10"
    ],
    [
      "-10",
      "10"
    ],
    [
      "-10",
      "-10"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1",
      "normal": [
        "60/83",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-297/445",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "5/16",
      "normal": [
        "-1",
        "35/72"
      ]
    },
    {
      "edge": 1,
      "left": "5/16",
      "right": "3/8",
      "normal": [
        "-299/600",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "19/60",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "19/60",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "11/16",
      "normal": [
        "-299/600",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "11/16",
      "right": "3/4",
      "normal": [
        "-1",
        "-35/72"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-297/445",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1",
      "normal": [
        "180/349",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/2",
      "normal": [
        "-91/240",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "1",
      "normal": [
        "-91/240",
        "-1"
      ]
    }
  ],
  "winding": 3,
  "generator": {
    "mode": "rotated",
    "tested_nodes": 20,
    "uniform_depth": null
  }
}






PHI_volume_02_verification/verification/coverings/proofs/v2/gain_family_rotated_uniform.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "6",
        "0"
      ],
      [
        "11",
        "0"
      ],
      [
        "6",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ],
    [
      [
        "56",
        "0"
      ],
      [
        "11",
        "0"
      ],
      [
        "6",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-10",
      "-10"
    ],
    [
      "0",
      "-10"
    ],
    [
      "0",
      "10"
    ],
    [
      "-10",
      "10"
    ],
    [
      "-10",
      "-10"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/16",
      "normal": [
        "1",
        "-318320/931197"
      ]
    },
    {
      "edge": 0,
      "left": "1/16",
      "right": "1/8",
      "normal": [
        "1",
        "-22840/110349"
      ]
    },
    {
      "edge": 0,
      "left": "1/8",
      "right": "3/16",
      "normal": [
        "1",
        "-59120/826287"
      ]
    },
    {
      "edge": 0,
      "left": "3/16",
      "right": "1/4",
      "normal": [
        "1",
        "820/11913"
      ]
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "5/16",
      "normal": [
        "1",
        "152080/691977"
      ]
    },
    {
      "edge": 0,
      "left": "5/16",
      "right": "3/8",
      "normal": [
        "1",
        "29960/76959"
      ]
    },
    {
      "edge": 0,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "1",
        "315280/534267"
      ]
    },
    {
      "edge": 0,
      "left": "7/16",
      "right": "1/2",
      "normal": [
        "1",
        "185/219"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "9/16",
      "normal": [
        "359157/430480",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "33369/58760",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "5/8",
      "right": "11/16",
      "normal": [
        "172647/497680",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "11/16",
      "right": "3/4",
      "normal": [
        "3/20",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "13/16",
      "normal": [
        "-19263/516880",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "13/16",
      "right": "7/8",
      "normal": [
        "-14421/63560",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "7/8",
      "right": "15/16",
      "normal": [
        "-210573/488080",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "15/16",
      "right": "1",
      "normal": [
        "-297/445",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/16",
      "normal": [
        "-297/445",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "1/16",
      "right": "1/8",
      "normal": [
        "-29016/36715",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "1/8",
      "right": "3/16",
      "normal": [
        "-884/905",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "3/16",
      "right": "1/4",
      "normal": [
        "-1",
        "11225/14616"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "5/16",
      "normal": [
        "-1",
        "35/72"
      ]
    },
    {
      "edge": 1,
      "left": "5/16",
      "right": "3/8",
      "normal": [
        "-299/600",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "7/16",
      "right": "1/2",
      "normal": [
        "1",
        "-120/151"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "9/16",
      "normal": [
        "1",
        "120/151"
      ]
    },
    {
      "edge": 1,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "11/16",
      "normal": [
        "-299/600",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "11/16",
      "right": "3/4",
      "normal": [
        "-1",
        "-35/72"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "13/16",
      "normal": [
        "-1",
        "-11225/14616"
      ]
    },
    {
      "edge": 1,
      "left": "13/16",
      "right": "7/8",
      "normal": [
        "-884/905",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "7/8",
      "right": "15/16",
      "normal": [
        "-29016/36715",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "15/16",
      "right": "1",
      "normal": [
        "-297/445",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/16",
      "normal": [
        "-297/445",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "1/16",
      "right": "1/8",
      "normal": [
        "-210573/488080",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "1/8",
      "right": "3/16",
      "normal": [
        "-14421/63560",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "3/16",
      "right": "1/4",
      "normal": [
        "-19263/516880",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "5/16",
      "normal": [
        "3/20",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "5/16",
      "right": "3/8",
      "normal": [
        "172647/497680",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "33369/58760",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "7/16",
      "right": "1/2",
      "normal": [
        "359157/430480",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "9/16",
      "normal": [
        "1",
        "-185/219"
      ]
    },
    {
      "edge": 2,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "1",
        "-315280/534267"
      ]
    },
    {
      "edge": 2,
      "left": "5/8",
      "right": "11/16",
      "normal": [
        "1",
        "-29960/76959"
      ]
    },
    {
      "edge": 2,
      "left": "11/16",
      "right": "3/4",
      "normal": [
        "1",
        "-152080/691977"
      ]
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "13/16",
      "normal": [
        "1",
        "-820/11913"
      ]
    },
    {
      "edge": 2,
      "left": "13/16",
      "right": "7/8",
      "normal": [
        "1",
        "59120/826287"
      ]
    },
    {
      "edge": 2,
      "left": "7/8",
      "right": "15/16",
      "normal": [
        "1",
        "22840/110349"
      ]
    },
    {
      "edge": 2,
      "left": "15/16",
      "right": "1",
      "normal": [
        "1",
        "318320/931197"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/16",
      "normal": [
        "1",
        "9155/12192"
      ]
    },
    {
      "edge": 3,
      "left": "1/16",
      "right": "1/8",
      "normal": [
        "2256/2695",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "1/8",
      "right": "3/16",
      "normal": [
        "1632/3575",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "3/16",
      "right": "1/4",
      "normal": [
        "48/415",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "5/16",
      "normal": [
        "-3552/14155",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "5/16",
      "right": "3/8",
      "normal": [
        "-2832/3695",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "-1",
        "15155/29856"
      ]
    },
    {
      "edge": 3,
      "left": "7/16",
      "right": "1/2",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "9/16",
      "normal": [
        "-1",
        "-955/6048"
      ]
    },
    {
      "edge": 3,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "-1",
        "-15155/29856"
      ]
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "11/16",
      "normal": [
        "-2832/3695",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "11/16",
      "right": "3/4",
      "normal": [
        "-3552/14155",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "13/16",
      "normal": [
        "48/415",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "13/16",
      "right": "7/8",
      "normal": [
        "1632/3575",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "7/8",
      "right": "15/16",
      "normal": [
        "2256/2695",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "15/16",
      "right": "1",
      "normal": [
        "1",
        "-9155/12192"
      ]
    }
  ],
  "winding": 3,
  "generator": {
    "mode": "rotated",
    "tested_nodes": 64,
    "uniform_depth": 4
  }
}






PHI_volume_02_verification/verification/coverings/proofs/v2/near_edge_double_axis_adaptive.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "9801/10000",
        "0"
      ],
      [
        "-99/50",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1",
      "-1"
    ],
    [
      "1",
      "-1"
    ],
    [
      "1",
      "1"
    ],
    [
      "-1",
      "1"
    ],
    [
      "-1",
      "-1"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/2",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "7/16",
      "right": "15/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "15/32",
      "right": "31/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "31/64",
      "right": "63/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "63/128",
      "right": "127/256",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "127/256",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "129/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "129/256",
      "right": "65/128",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "65/128",
      "right": "33/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "33/64",
      "right": "17/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "17/32",
      "right": "9/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/2",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "1",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    }
  ],
  "winding": 2,
  "generator": {
    "mode": "axis",
    "tested_nodes": 38,
    "uniform_depth": null
  }
}






PHI_volume_02_verification/verification/coverings/proofs/v2/near_edge_double_axis_uniform.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "9801/10000",
        "0"
      ],
      [
        "-99/50",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1",
      "-1"
    ],
    [
      "1",
      "-1"
    ],
    [
      "1",
      "1"
    ],
    [
      "-1",
      "1"
    ],
    [
      "-1",
      "-1"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/256",
      "right": "1/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/128",
      "right": "3/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/256",
      "right": "1/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/64",
      "right": "5/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "5/256",
      "right": "3/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/128",
      "right": "7/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "7/256",
      "right": "1/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/32",
      "right": "9/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "9/256",
      "right": "5/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "5/128",
      "right": "11/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "11/256",
      "right": "3/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/64",
      "right": "13/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "13/256",
      "right": "7/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "7/128",
      "right": "15/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "15/256",
      "right": "1/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/16",
      "right": "17/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "17/256",
      "right": "9/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "9/128",
      "right": "19/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "19/256",
      "right": "5/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "5/64",
      "right": "21/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "21/256",
      "right": "11/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "11/128",
      "right": "23/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "23/256",
      "right": "3/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/32",
      "right": "25/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "25/256",
      "right": "13/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "13/128",
      "right": "27/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "27/256",
      "right": "7/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "7/64",
      "right": "29/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "29/256",
      "right": "15/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "15/128",
      "right": "31/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "31/256",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/8",
      "right": "33/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "33/256",
      "right": "17/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "17/128",
      "right": "35/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "35/256",
      "right": "9/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "9/64",
      "right": "37/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "37/256",
      "right": "19/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "19/128",
      "right": "39/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "39/256",
      "right": "5/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "5/32",
      "right": "41/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "41/256",
      "right": "21/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "21/128",
      "right": "43/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "43/256",
      "right": "11/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "11/64",
      "right": "45/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "45/256",
      "right": "23/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "23/128",
      "right": "47/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "47/256",
      "right": "3/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/16",
      "right": "49/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "49/256",
      "right": "25/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "25/128",
      "right": "51/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "51/256",
      "right": "13/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "13/64",
      "right": "53/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "53/256",
      "right": "27/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "27/128",
      "right": "55/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "55/256",
      "right": "7/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "7/32",
      "right": "57/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "57/256",
      "right": "29/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "29/128",
      "right": "59/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "59/256",
      "right": "15/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "15/64",
      "right": "61/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "61/256",
      "right": "31/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "31/128",
      "right": "63/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "63/256",
      "right": "1/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "65/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "65/256",
      "right": "33/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "33/128",
      "right": "67/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "67/256",
      "right": "17/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "17/64",
      "right": "69/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "69/256",
      "right": "35/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "35/128",
      "right": "71/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "71/256",
      "right": "9/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "9/32",
      "right": "73/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "73/256",
      "right": "37/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "37/128",
      "right": "75/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "75/256",
      "right": "19/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "19/64",
      "right": "77/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "77/256",
      "right": "39/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "39/128",
      "right": "79/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "79/256",
      "right": "5/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "5/16",
      "right": "81/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "81/256",
      "right": "41/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "41/128",
      "right": "83/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "83/256",
      "right": "21/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "21/64",
      "right": "85/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "85/256",
      "right": "43/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "43/128",
      "right": "87/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "87/256",
      "right": "11/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "11/32",
      "right": "89/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "89/256",
      "right": "45/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "45/128",
      "right": "91/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "91/256",
      "right": "23/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "23/64",
      "right": "93/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "93/256",
      "right": "47/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "47/128",
      "right": "95/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "95/256",
      "right": "3/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/8",
      "right": "97/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "97/256",
      "right": "49/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "49/128",
      "right": "99/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "99/256",
      "right": "25/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "25/64",
      "right": "101/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "101/256",
      "right": "51/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "51/128",
      "right": "103/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "103/256",
      "right": "13/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "13/32",
      "right": "105/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "105/256",
      "right": "53/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "53/128",
      "right": "107/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "107/256",
      "right": "27/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "27/64",
      "right": "109/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "109/256",
      "right": "55/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "55/128",
      "right": "111/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "111/256",
      "right": "7/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "7/16",
      "right": "113/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "113/256",
      "right": "57/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "57/128",
      "right": "115/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "115/256",
      "right": "29/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "29/64",
      "right": "117/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "117/256",
      "right": "59/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "59/128",
      "right": "119/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "119/256",
      "right": "15/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "15/32",
      "right": "121/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "121/256",
      "right": "61/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "61/128",
      "right": "123/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "123/256",
      "right": "31/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "31/64",
      "right": "125/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "125/256",
      "right": "63/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "63/128",
      "right": "127/256",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "127/256",
      "right": "1/2",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "129/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "129/256",
      "right": "65/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "65/128",
      "right": "131/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "131/256",
      "right": "33/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "33/64",
      "right": "133/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "133/256",
      "right": "67/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "67/128",
      "right": "135/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "135/256",
      "right": "17/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "17/32",
      "right": "137/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "137/256",
      "right": "69/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "69/128",
      "right": "139/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "139/256",
      "right": "35/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "35/64",
      "right": "141/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "141/256",
      "right": "71/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "71/128",
      "right": "143/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "143/256",
      "right": "9/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "9/16",
      "right": "145/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "145/256",
      "right": "73/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "73/128",
      "right": "147/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "147/256",
      "right": "37/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "37/64",
      "right": "149/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "149/256",
      "right": "75/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "75/128",
      "right": "151/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "151/256",
      "right": "19/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "19/32",
      "right": "153/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "153/256",
      "right": "77/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "77/128",
      "right": "155/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "155/256",
      "right": "39/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "39/64",
      "right": "157/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "157/256",
      "right": "79/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "79/128",
      "right": "159/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "159/256",
      "right": "5/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "5/8",
      "right": "161/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "161/256",
      "right": "81/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "81/128",
      "right": "163/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "163/256",
      "right": "41/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "41/64",
      "right": "165/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "165/256",
      "right": "83/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "83/128",
      "right": "167/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "167/256",
      "right": "21/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "21/32",
      "right": "169/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "169/256",
      "right": "85/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "85/128",
      "right": "171/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "171/256",
      "right": "43/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "43/64",
      "right": "173/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "173/256",
      "right": "87/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "87/128",
      "right": "175/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "175/256",
      "right": "11/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "11/16",
      "right": "177/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "177/256",
      "right": "89/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "89/128",
      "right": "179/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "179/256",
      "right": "45/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "45/64",
      "right": "181/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "181/256",
      "right": "91/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "91/128",
      "right": "183/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "183/256",
      "right": "23/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "23/32",
      "right": "185/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "185/256",
      "right": "93/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "93/128",
      "right": "187/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "187/256",
      "right": "47/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "47/64",
      "right": "189/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "189/256",
      "right": "95/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "95/128",
      "right": "191/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "191/256",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "193/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "193/256",
      "right": "97/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "97/128",
      "right": "195/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "195/256",
      "right": "49/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "49/64",
      "right": "197/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "197/256",
      "right": "99/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "99/128",
      "right": "199/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "199/256",
      "right": "25/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "25/32",
      "right": "201/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "201/256",
      "right": "101/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "101/128",
      "right": "203/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "203/256",
      "right": "51/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "51/64",
      "right": "205/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "205/256",
      "right": "103/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "103/128",
      "right": "207/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "207/256",
      "right": "13/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "13/16",
      "right": "209/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "209/256",
      "right": "105/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "105/128",
      "right": "211/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "211/256",
      "right": "53/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "53/64",
      "right": "213/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "213/256",
      "right": "107/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "107/128",
      "right": "215/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "215/256",
      "right": "27/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "27/32",
      "right": "217/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "217/256",
      "right": "109/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "109/128",
      "right": "219/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "219/256",
      "right": "55/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "55/64",
      "right": "221/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "221/256",
      "right": "111/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "111/128",
      "right": "223/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "223/256",
      "right": "7/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "7/8",
      "right": "225/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "225/256",
      "right": "113/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "113/128",
      "right": "227/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "227/256",
      "right": "57/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "57/64",
      "right": "229/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "229/256",
      "right": "115/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "115/128",
      "right": "231/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "231/256",
      "right": "29/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "29/32",
      "right": "233/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "233/256",
      "right": "117/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "117/128",
      "right": "235/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "235/256",
      "right": "59/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "59/64",
      "right": "237/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "237/256",
      "right": "119/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "119/128",
      "right": "239/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "239/256",
      "right": "15/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "15/16",
      "right": "241/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "241/256",
      "right": "121/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "121/128",
      "right": "243/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "243/256",
      "right": "61/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "61/64",
      "right": "245/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "245/256",
      "right": "123/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "123/128",
      "right": "247/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "247/256",
      "right": "31/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "31/32",
      "right": "249/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "249/256",
      "right": "125/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "125/128",
      "right": "251/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "251/256",
      "right": "63/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "63/64",
      "right": "253/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "253/256",
      "right": "127/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "127/128",
      "right": "255/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "255/256",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/256",
      "right": "1/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/128",
      "right": "3/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/256",
      "right": "1/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/64",
      "right": "5/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/256",
      "right": "3/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/128",
      "right": "7/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "7/256",
      "right": "1/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/32",
      "right": "9/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "9/256",
      "right": "5/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/128",
      "right": "11/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "11/256",
      "right": "3/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/64",
      "right": "13/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "13/256",
      "right": "7/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "7/128",
      "right": "15/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "15/256",
      "right": "1/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/16",
      "right": "17/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "17/256",
      "right": "9/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "9/128",
      "right": "19/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "19/256",
      "right": "5/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/64",
      "right": "21/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "21/256",
      "right": "11/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "11/128",
      "right": "23/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "23/256",
      "right": "3/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/32",
      "right": "25/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "25/256",
      "right": "13/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "13/128",
      "right": "27/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "27/256",
      "right": "7/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "7/64",
      "right": "29/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "29/256",
      "right": "15/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "15/128",
      "right": "31/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "31/256",
      "right": "1/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/8",
      "right": "33/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "33/256",
      "right": "17/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "17/128",
      "right": "35/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "35/256",
      "right": "9/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "9/64",
      "right": "37/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "37/256",
      "right": "19/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "19/128",
      "right": "39/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "39/256",
      "right": "5/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/32",
      "right": "41/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "41/256",
      "right": "21/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "21/128",
      "right": "43/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "43/256",
      "right": "11/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "11/64",
      "right": "45/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "45/256",
      "right": "23/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "23/128",
      "right": "47/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "47/256",
      "right": "3/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/16",
      "right": "49/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "49/256",
      "right": "25/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "25/128",
      "right": "51/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "51/256",
      "right": "13/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "13/64",
      "right": "53/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "53/256",
      "right": "27/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "27/128",
      "right": "55/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "55/256",
      "right": "7/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "7/32",
      "right": "57/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "57/256",
      "right": "29/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "29/128",
      "right": "59/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "59/256",
      "right": "15/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "15/64",
      "right": "61/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "61/256",
      "right": "31/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "31/128",
      "right": "63/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "63/256",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "65/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "65/256",
      "right": "33/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "33/128",
      "right": "67/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "67/256",
      "right": "17/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "17/64",
      "right": "69/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "69/256",
      "right": "35/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "35/128",
      "right": "71/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "71/256",
      "right": "9/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "9/32",
      "right": "73/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "73/256",
      "right": "37/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "37/128",
      "right": "75/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "75/256",
      "right": "19/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "19/64",
      "right": "77/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "77/256",
      "right": "39/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "39/128",
      "right": "79/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "79/256",
      "right": "5/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/16",
      "right": "81/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "81/256",
      "right": "41/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "41/128",
      "right": "83/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "83/256",
      "right": "21/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "21/64",
      "right": "85/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "85/256",
      "right": "43/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "43/128",
      "right": "87/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "87/256",
      "right": "11/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "11/32",
      "right": "89/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "89/256",
      "right": "45/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "45/128",
      "right": "91/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "91/256",
      "right": "23/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "23/64",
      "right": "93/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "93/256",
      "right": "47/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "47/128",
      "right": "95/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "95/256",
      "right": "3/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "97/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "97/256",
      "right": "49/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "49/128",
      "right": "99/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "99/256",
      "right": "25/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "25/64",
      "right": "101/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "101/256",
      "right": "51/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "51/128",
      "right": "103/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "103/256",
      "right": "13/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "13/32",
      "right": "105/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "105/256",
      "right": "53/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "53/128",
      "right": "107/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "107/256",
      "right": "27/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "27/64",
      "right": "109/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "109/256",
      "right": "55/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "55/128",
      "right": "111/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "111/256",
      "right": "7/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "7/16",
      "right": "113/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "113/256",
      "right": "57/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "57/128",
      "right": "115/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "115/256",
      "right": "29/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "29/64",
      "right": "117/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "117/256",
      "right": "59/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "59/128",
      "right": "119/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "119/256",
      "right": "15/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "15/32",
      "right": "121/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "121/256",
      "right": "61/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "61/128",
      "right": "123/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "123/256",
      "right": "31/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "31/64",
      "right": "125/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "125/256",
      "right": "63/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "63/128",
      "right": "127/256",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "127/256",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "129/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "129/256",
      "right": "65/128",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "65/128",
      "right": "131/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "131/256",
      "right": "33/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "33/64",
      "right": "133/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "133/256",
      "right": "67/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "67/128",
      "right": "135/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "135/256",
      "right": "17/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "17/32",
      "right": "137/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "137/256",
      "right": "69/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "69/128",
      "right": "139/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "139/256",
      "right": "35/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "35/64",
      "right": "141/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "141/256",
      "right": "71/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "71/128",
      "right": "143/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "143/256",
      "right": "9/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "9/16",
      "right": "145/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "145/256",
      "right": "73/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "73/128",
      "right": "147/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "147/256",
      "right": "37/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "37/64",
      "right": "149/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "149/256",
      "right": "75/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "75/128",
      "right": "151/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "151/256",
      "right": "19/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "19/32",
      "right": "153/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "153/256",
      "right": "77/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "77/128",
      "right": "155/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "155/256",
      "right": "39/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "39/64",
      "right": "157/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "157/256",
      "right": "79/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "79/128",
      "right": "159/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "159/256",
      "right": "5/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "161/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "161/256",
      "right": "81/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "81/128",
      "right": "163/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "163/256",
      "right": "41/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "41/64",
      "right": "165/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "165/256",
      "right": "83/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "83/128",
      "right": "167/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "167/256",
      "right": "21/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "21/32",
      "right": "169/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "169/256",
      "right": "85/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "85/128",
      "right": "171/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "171/256",
      "right": "43/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "43/64",
      "right": "173/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "173/256",
      "right": "87/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "87/128",
      "right": "175/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "175/256",
      "right": "11/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "11/16",
      "right": "177/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "177/256",
      "right": "89/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "89/128",
      "right": "179/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "179/256",
      "right": "45/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "45/64",
      "right": "181/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "181/256",
      "right": "91/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "91/128",
      "right": "183/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "183/256",
      "right": "23/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "23/32",
      "right": "185/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "185/256",
      "right": "93/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "93/128",
      "right": "187/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "187/256",
      "right": "47/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "47/64",
      "right": "189/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "189/256",
      "right": "95/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "95/128",
      "right": "191/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "191/256",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "193/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "193/256",
      "right": "97/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "97/128",
      "right": "195/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "195/256",
      "right": "49/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "49/64",
      "right": "197/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "197/256",
      "right": "99/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "99/128",
      "right": "199/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "199/256",
      "right": "25/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "25/32",
      "right": "201/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "201/256",
      "right": "101/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "101/128",
      "right": "203/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "203/256",
      "right": "51/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "51/64",
      "right": "205/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "205/256",
      "right": "103/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "103/128",
      "right": "207/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "207/256",
      "right": "13/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "13/16",
      "right": "209/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "209/256",
      "right": "105/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "105/128",
      "right": "211/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "211/256",
      "right": "53/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "53/64",
      "right": "213/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "213/256",
      "right": "107/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "107/128",
      "right": "215/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "215/256",
      "right": "27/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "27/32",
      "right": "217/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "217/256",
      "right": "109/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "109/128",
      "right": "219/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "219/256",
      "right": "55/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "55/64",
      "right": "221/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "221/256",
      "right": "111/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "111/128",
      "right": "223/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "223/256",
      "right": "7/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "7/8",
      "right": "225/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "225/256",
      "right": "113/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "113/128",
      "right": "227/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "227/256",
      "right": "57/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "57/64",
      "right": "229/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "229/256",
      "right": "115/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "115/128",
      "right": "231/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "231/256",
      "right": "29/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "29/32",
      "right": "233/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "233/256",
      "right": "117/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "117/128",
      "right": "235/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "235/256",
      "right": "59/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "59/64",
      "right": "237/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "237/256",
      "right": "119/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "119/128",
      "right": "239/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "239/256",
      "right": "15/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "15/16",
      "right": "241/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "241/256",
      "right": "121/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "121/128",
      "right": "243/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "243/256",
      "right": "61/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "61/64",
      "right": "245/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "245/256",
      "right": "123/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "123/128",
      "right": "247/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "247/256",
      "right": "31/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "31/32",
      "right": "249/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "249/256",
      "right": "125/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "125/128",
      "right": "251/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "251/256",
      "right": "63/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "63/64",
      "right": "253/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "253/256",
      "right": "127/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "127/128",
      "right": "255/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "255/256",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/256",
      "right": "1/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/128",
      "right": "3/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/256",
      "right": "1/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/64",
      "right": "5/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "5/256",
      "right": "3/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/128",
      "right": "7/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "7/256",
      "right": "1/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/32",
      "right": "9/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "9/256",
      "right": "5/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "5/128",
      "right": "11/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "11/256",
      "right": "3/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/64",
      "right": "13/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "13/256",
      "right": "7/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "7/128",
      "right": "15/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "15/256",
      "right": "1/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/16",
      "right": "17/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "17/256",
      "right": "9/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "9/128",
      "right": "19/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "19/256",
      "right": "5/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "5/64",
      "right": "21/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "21/256",
      "right": "11/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "11/128",
      "right": "23/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "23/256",
      "right": "3/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/32",
      "right": "25/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "25/256",
      "right": "13/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "13/128",
      "right": "27/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "27/256",
      "right": "7/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "7/64",
      "right": "29/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "29/256",
      "right": "15/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "15/128",
      "right": "31/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "31/256",
      "right": "1/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/8",
      "right": "33/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "33/256",
      "right": "17/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "17/128",
      "right": "35/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "35/256",
      "right": "9/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "9/64",
      "right": "37/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "37/256",
      "right": "19/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "19/128",
      "right": "39/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "39/256",
      "right": "5/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "5/32",
      "right": "41/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "41/256",
      "right": "21/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "21/128",
      "right": "43/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "43/256",
      "right": "11/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "11/64",
      "right": "45/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "45/256",
      "right": "23/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "23/128",
      "right": "47/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "47/256",
      "right": "3/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/16",
      "right": "49/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "49/256",
      "right": "25/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "25/128",
      "right": "51/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "51/256",
      "right": "13/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "13/64",
      "right": "53/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "53/256",
      "right": "27/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "27/128",
      "right": "55/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "55/256",
      "right": "7/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "7/32",
      "right": "57/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "57/256",
      "right": "29/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "29/128",
      "right": "59/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "59/256",
      "right": "15/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "15/64",
      "right": "61/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "61/256",
      "right": "31/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "31/128",
      "right": "63/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "63/256",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "65/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "65/256",
      "right": "33/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "33/128",
      "right": "67/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "67/256",
      "right": "17/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "17/64",
      "right": "69/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "69/256",
      "right": "35/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "35/128",
      "right": "71/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "71/256",
      "right": "9/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "9/32",
      "right": "73/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "73/256",
      "right": "37/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "37/128",
      "right": "75/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "75/256",
      "right": "19/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "19/64",
      "right": "77/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "77/256",
      "right": "39/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "39/128",
      "right": "79/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "79/256",
      "right": "5/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "5/16",
      "right": "81/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "81/256",
      "right": "41/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "41/128",
      "right": "83/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "83/256",
      "right": "21/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "21/64",
      "right": "85/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "85/256",
      "right": "43/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "43/128",
      "right": "87/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "87/256",
      "right": "11/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "11/32",
      "right": "89/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "89/256",
      "right": "45/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "45/128",
      "right": "91/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "91/256",
      "right": "23/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "23/64",
      "right": "93/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "93/256",
      "right": "47/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "47/128",
      "right": "95/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "95/256",
      "right": "3/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/8",
      "right": "97/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "97/256",
      "right": "49/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "49/128",
      "right": "99/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "99/256",
      "right": "25/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "25/64",
      "right": "101/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "101/256",
      "right": "51/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "51/128",
      "right": "103/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "103/256",
      "right": "13/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "13/32",
      "right": "105/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "105/256",
      "right": "53/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "53/128",
      "right": "107/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "107/256",
      "right": "27/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "27/64",
      "right": "109/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "109/256",
      "right": "55/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "55/128",
      "right": "111/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "111/256",
      "right": "7/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "7/16",
      "right": "113/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "113/256",
      "right": "57/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "57/128",
      "right": "115/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "115/256",
      "right": "29/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "29/64",
      "right": "117/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "117/256",
      "right": "59/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "59/128",
      "right": "119/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "119/256",
      "right": "15/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "15/32",
      "right": "121/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "121/256",
      "right": "61/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "61/128",
      "right": "123/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "123/256",
      "right": "31/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "31/64",
      "right": "125/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "125/256",
      "right": "63/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "63/128",
      "right": "127/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "127/256",
      "right": "1/2",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "129/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "129/256",
      "right": "65/128",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "65/128",
      "right": "131/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "131/256",
      "right": "33/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "33/64",
      "right": "133/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "133/256",
      "right": "67/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "67/128",
      "right": "135/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "135/256",
      "right": "17/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "17/32",
      "right": "137/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "137/256",
      "right": "69/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "69/128",
      "right": "139/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "139/256",
      "right": "35/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "35/64",
      "right": "141/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "141/256",
      "right": "71/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "71/128",
      "right": "143/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "143/256",
      "right": "9/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "9/16",
      "right": "145/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "145/256",
      "right": "73/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "73/128",
      "right": "147/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "147/256",
      "right": "37/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "37/64",
      "right": "149/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "149/256",
      "right": "75/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "75/128",
      "right": "151/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "151/256",
      "right": "19/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "19/32",
      "right": "153/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "153/256",
      "right": "77/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "77/128",
      "right": "155/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "155/256",
      "right": "39/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "39/64",
      "right": "157/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "157/256",
      "right": "79/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "79/128",
      "right": "159/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "159/256",
      "right": "5/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "5/8",
      "right": "161/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "161/256",
      "right": "81/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "81/128",
      "right": "163/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "163/256",
      "right": "41/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "41/64",
      "right": "165/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "165/256",
      "right": "83/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "83/128",
      "right": "167/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "167/256",
      "right": "21/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "21/32",
      "right": "169/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "169/256",
      "right": "85/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "85/128",
      "right": "171/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "171/256",
      "right": "43/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "43/64",
      "right": "173/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "173/256",
      "right": "87/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "87/128",
      "right": "175/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "175/256",
      "right": "11/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "11/16",
      "right": "177/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "177/256",
      "right": "89/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "89/128",
      "right": "179/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "179/256",
      "right": "45/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "45/64",
      "right": "181/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "181/256",
      "right": "91/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "91/128",
      "right": "183/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "183/256",
      "right": "23/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "23/32",
      "right": "185/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "185/256",
      "right": "93/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "93/128",
      "right": "187/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "187/256",
      "right": "47/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "47/64",
      "right": "189/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "189/256",
      "right": "95/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "95/128",
      "right": "191/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "191/256",
      "right": "3/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "193/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "193/256",
      "right": "97/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "97/128",
      "right": "195/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "195/256",
      "right": "49/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "49/64",
      "right": "197/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "197/256",
      "right": "99/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "99/128",
      "right": "199/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "199/256",
      "right": "25/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "25/32",
      "right": "201/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "201/256",
      "right": "101/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "101/128",
      "right": "203/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "203/256",
      "right": "51/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "51/64",
      "right": "205/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "205/256",
      "right": "103/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "103/128",
      "right": "207/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "207/256",
      "right": "13/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "13/16",
      "right": "209/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "209/256",
      "right": "105/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "105/128",
      "right": "211/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "211/256",
      "right": "53/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "53/64",
      "right": "213/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "213/256",
      "right": "107/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "107/128",
      "right": "215/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "215/256",
      "right": "27/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "27/32",
      "right": "217/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "217/256",
      "right": "109/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "109/128",
      "right": "219/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "219/256",
      "right": "55/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "55/64",
      "right": "221/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "221/256",
      "right": "111/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "111/128",
      "right": "223/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "223/256",
      "right": "7/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "7/8",
      "right": "225/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "225/256",
      "right": "113/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "113/128",
      "right": "227/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "227/256",
      "right": "57/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "57/64",
      "right": "229/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "229/256",
      "right": "115/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "115/128",
      "right": "231/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "231/256",
      "right": "29/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "29/32",
      "right": "233/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "233/256",
      "right": "117/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "117/128",
      "right": "235/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "235/256",
      "right": "59/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "59/64",
      "right": "237/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "237/256",
      "right": "119/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "119/128",
      "right": "239/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "239/256",
      "right": "15/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "15/16",
      "right": "241/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "241/256",
      "right": "121/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "121/128",
      "right": "243/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "243/256",
      "right": "61/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "61/64",
      "right": "245/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "245/256",
      "right": "123/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "123/128",
      "right": "247/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "247/256",
      "right": "31/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "31/32",
      "right": "249/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "249/256",
      "right": "125/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "125/128",
      "right": "251/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "251/256",
      "right": "63/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "63/64",
      "right": "253/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "253/256",
      "right": "127/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "127/128",
      "right": "255/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "255/256",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/256",
      "right": "1/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/128",
      "right": "3/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/256",
      "right": "1/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/64",
      "right": "5/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/256",
      "right": "3/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/128",
      "right": "7/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "7/256",
      "right": "1/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/32",
      "right": "9/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "9/256",
      "right": "5/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/128",
      "right": "11/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "11/256",
      "right": "3/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/64",
      "right": "13/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "13/256",
      "right": "7/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "7/128",
      "right": "15/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "15/256",
      "right": "1/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/16",
      "right": "17/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "17/256",
      "right": "9/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "9/128",
      "right": "19/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "19/256",
      "right": "5/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/64",
      "right": "21/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "21/256",
      "right": "11/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "11/128",
      "right": "23/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "23/256",
      "right": "3/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/32",
      "right": "25/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "25/256",
      "right": "13/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "13/128",
      "right": "27/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "27/256",
      "right": "7/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "7/64",
      "right": "29/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "29/256",
      "right": "15/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "15/128",
      "right": "31/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "31/256",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/8",
      "right": "33/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "33/256",
      "right": "17/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "17/128",
      "right": "35/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "35/256",
      "right": "9/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "9/64",
      "right": "37/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "37/256",
      "right": "19/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "19/128",
      "right": "39/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "39/256",
      "right": "5/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/32",
      "right": "41/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "41/256",
      "right": "21/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "21/128",
      "right": "43/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "43/256",
      "right": "11/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "11/64",
      "right": "45/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "45/256",
      "right": "23/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "23/128",
      "right": "47/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "47/256",
      "right": "3/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/16",
      "right": "49/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "49/256",
      "right": "25/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "25/128",
      "right": "51/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "51/256",
      "right": "13/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "13/64",
      "right": "53/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "53/256",
      "right": "27/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "27/128",
      "right": "55/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "55/256",
      "right": "7/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "7/32",
      "right": "57/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "57/256",
      "right": "29/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "29/128",
      "right": "59/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "59/256",
      "right": "15/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "15/64",
      "right": "61/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "61/256",
      "right": "31/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "31/128",
      "right": "63/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "63/256",
      "right": "1/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "65/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "65/256",
      "right": "33/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "33/128",
      "right": "67/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "67/256",
      "right": "17/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "17/64",
      "right": "69/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "69/256",
      "right": "35/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "35/128",
      "right": "71/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "71/256",
      "right": "9/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "9/32",
      "right": "73/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "73/256",
      "right": "37/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "37/128",
      "right": "75/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "75/256",
      "right": "19/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "19/64",
      "right": "77/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "77/256",
      "right": "39/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "39/128",
      "right": "79/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "79/256",
      "right": "5/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/16",
      "right": "81/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "81/256",
      "right": "41/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "41/128",
      "right": "83/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "83/256",
      "right": "21/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "21/64",
      "right": "85/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "85/256",
      "right": "43/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "43/128",
      "right": "87/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "87/256",
      "right": "11/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "11/32",
      "right": "89/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "89/256",
      "right": "45/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "45/128",
      "right": "91/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "91/256",
      "right": "23/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "23/64",
      "right": "93/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "93/256",
      "right": "47/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "47/128",
      "right": "95/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "95/256",
      "right": "3/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "97/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "97/256",
      "right": "49/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "49/128",
      "right": "99/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "99/256",
      "right": "25/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "25/64",
      "right": "101/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "101/256",
      "right": "51/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "51/128",
      "right": "103/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "103/256",
      "right": "13/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "13/32",
      "right": "105/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "105/256",
      "right": "53/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "53/128",
      "right": "107/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "107/256",
      "right": "27/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "27/64",
      "right": "109/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "109/256",
      "right": "55/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "55/128",
      "right": "111/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "111/256",
      "right": "7/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "7/16",
      "right": "113/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "113/256",
      "right": "57/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "57/128",
      "right": "115/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "115/256",
      "right": "29/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "29/64",
      "right": "117/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "117/256",
      "right": "59/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "59/128",
      "right": "119/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "119/256",
      "right": "15/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "15/32",
      "right": "121/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "121/256",
      "right": "61/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "61/128",
      "right": "123/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "123/256",
      "right": "31/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "31/64",
      "right": "125/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "125/256",
      "right": "63/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "63/128",
      "right": "127/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "127/256",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "129/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "129/256",
      "right": "65/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "65/128",
      "right": "131/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "131/256",
      "right": "33/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "33/64",
      "right": "133/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "133/256",
      "right": "67/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "67/128",
      "right": "135/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "135/256",
      "right": "17/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "17/32",
      "right": "137/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "137/256",
      "right": "69/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "69/128",
      "right": "139/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "139/256",
      "right": "35/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "35/64",
      "right": "141/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "141/256",
      "right": "71/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "71/128",
      "right": "143/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "143/256",
      "right": "9/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "9/16",
      "right": "145/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "145/256",
      "right": "73/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "73/128",
      "right": "147/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "147/256",
      "right": "37/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "37/64",
      "right": "149/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "149/256",
      "right": "75/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "75/128",
      "right": "151/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "151/256",
      "right": "19/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "19/32",
      "right": "153/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "153/256",
      "right": "77/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "77/128",
      "right": "155/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "155/256",
      "right": "39/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "39/64",
      "right": "157/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "157/256",
      "right": "79/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "79/128",
      "right": "159/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "159/256",
      "right": "5/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "161/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "161/256",
      "right": "81/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "81/128",
      "right": "163/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "163/256",
      "right": "41/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "41/64",
      "right": "165/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "165/256",
      "right": "83/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "83/128",
      "right": "167/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "167/256",
      "right": "21/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "21/32",
      "right": "169/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "169/256",
      "right": "85/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "85/128",
      "right": "171/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "171/256",
      "right": "43/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "43/64",
      "right": "173/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "173/256",
      "right": "87/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "87/128",
      "right": "175/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "175/256",
      "right": "11/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "11/16",
      "right": "177/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "177/256",
      "right": "89/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "89/128",
      "right": "179/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "179/256",
      "right": "45/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "45/64",
      "right": "181/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "181/256",
      "right": "91/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "91/128",
      "right": "183/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "183/256",
      "right": "23/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "23/32",
      "right": "185/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "185/256",
      "right": "93/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "93/128",
      "right": "187/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "187/256",
      "right": "47/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "47/64",
      "right": "189/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "189/256",
      "right": "95/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "95/128",
      "right": "191/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "191/256",
      "right": "3/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "193/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "193/256",
      "right": "97/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "97/128",
      "right": "195/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "195/256",
      "right": "49/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "49/64",
      "right": "197/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "197/256",
      "right": "99/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "99/128",
      "right": "199/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "199/256",
      "right": "25/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "25/32",
      "right": "201/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "201/256",
      "right": "101/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "101/128",
      "right": "203/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "203/256",
      "right": "51/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "51/64",
      "right": "205/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "205/256",
      "right": "103/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "103/128",
      "right": "207/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "207/256",
      "right": "13/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "13/16",
      "right": "209/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "209/256",
      "right": "105/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "105/128",
      "right": "211/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "211/256",
      "right": "53/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "53/64",
      "right": "213/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "213/256",
      "right": "107/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "107/128",
      "right": "215/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "215/256",
      "right": "27/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "27/32",
      "right": "217/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "217/256",
      "right": "109/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "109/128",
      "right": "219/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "219/256",
      "right": "55/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "55/64",
      "right": "221/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "221/256",
      "right": "111/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "111/128",
      "right": "223/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "223/256",
      "right": "7/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "7/8",
      "right": "225/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "225/256",
      "right": "113/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "113/128",
      "right": "227/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "227/256",
      "right": "57/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "57/64",
      "right": "229/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "229/256",
      "right": "115/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "115/128",
      "right": "231/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "231/256",
      "right": "29/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "29/32",
      "right": "233/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "233/256",
      "right": "117/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "117/128",
      "right": "235/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "235/256",
      "right": "59/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "59/64",
      "right": "237/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "237/256",
      "right": "119/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "119/128",
      "right": "239/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "239/256",
      "right": "15/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "15/16",
      "right": "241/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "241/256",
      "right": "121/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "121/128",
      "right": "243/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "243/256",
      "right": "61/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "61/64",
      "right": "245/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "245/256",
      "right": "123/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "123/128",
      "right": "247/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "247/256",
      "right": "31/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "31/32",
      "right": "249/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "249/256",
      "right": "125/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "125/128",
      "right": "251/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "251/256",
      "right": "63/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "63/64",
      "right": "253/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "253/256",
      "right": "127/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "127/128",
      "right": "255/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "255/256",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    }
  ],
  "winding": 2,
  "generator": {
    "mode": "axis",
    "tested_nodes": 1024,
    "uniform_depth": 8
  }
}






PHI_volume_02_verification/verification/coverings/proofs/v2/near_edge_double_rotated_adaptive.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "9801/10000",
        "0"
      ],
      [
        "-99/50",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1",
      "-1"
    ],
    [
      "1",
      "-1"
    ],
    [
      "1",
      "1"
    ],
    [
      "-1",
      "1"
    ],
    [
      "-1",
      "-1"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1",
      "normal": [
        "-10199/19800",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/2",
      "normal": [
        "1/100",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "1",
      "normal": [
        "1/100",
        "1"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1",
      "normal": [
        "-10199/19800",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    }
  ],
  "winding": 2,
  "generator": {
    "mode": "rotated",
    "tested_nodes": 6,
    "uniform_depth": null
  }
}






PHI_volume_02_verification/verification/coverings/proofs/v2/near_edge_double_rotated_uniform.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "9801/10000",
        "0"
      ],
      [
        "-99/50",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1",
      "-1"
    ],
    [
      "1",
      "-1"
    ],
    [
      "1",
      "1"
    ],
    [
      "-1",
      "1"
    ],
    [
      "-1",
      "-1"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/2",
      "normal": [
        "-199/19800",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "1",
      "normal": [
        "-1",
        "9800/10099"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/2",
      "normal": [
        "1/100",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "1",
      "normal": [
        "1/100",
        "1"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/2",
      "normal": [
        "-1",
        "-9800/10099"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "1",
      "normal": [
        "-199/19800",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/2",
      "normal": [
        "29601/39800",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "1",
      "normal": [
        "29601/39800",
        "1"
      ]
    }
  ],
  "winding": 2,
  "generator": {
    "mode": "rotated",
    "tested_nodes": 8,
    "uniform_depth": 1
  }
}






PHI_volume_02_verification/verification/coverings/proofs/v2/shifted_quartic_axis_adaptive.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "-3/80",
        "0"
      ],
      [
        "1/20",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "-3/4",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1",
      "-1"
    ],
    [
      "1",
      "-1"
    ],
    [
      "1",
      "1"
    ],
    [
      "-1",
      "1"
    ],
    [
      "-1",
      "-1"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "1/2",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "3/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "1",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/4",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "3/4",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    }
  ],
  "winding": 4,
  "generator": {
    "mode": "axis",
    "tested_nodes": 36,
    "uniform_depth": null
  }
}






PHI_volume_02_verification/verification/coverings/proofs/v2/shifted_quartic_axis_uniform.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "-3/80",
        "0"
      ],
      [
        "1/20",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "-3/4",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1",
      "-1"
    ],
    [
      "1",
      "-1"
    ],
    [
      "1",
      "1"
    ],
    [
      "-1",
      "1"
    ],
    [
      "-1",
      "-1"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 0,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "7/8",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "7/8",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "7/8",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "7/8",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    }
  ],
  "winding": 4,
  "generator": {
    "mode": "axis",
    "tested_nodes": 32,
    "uniform_depth": 3
  }
}






PHI_volume_02_verification/verification/coverings/proofs/v2/shifted_quartic_rotated_adaptive.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "-3/80",
        "0"
      ],
      [
        "1/20",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "-3/4",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1",
      "-1"
    ],
    [
      "1",
      "-1"
    ],
    [
      "1",
      "1"
    ],
    [
      "-1",
      "1"
    ],
    [
      "-1",
      "-1"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/2",
      "normal": [
        "-95/194",
        "-1"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "3/4",
      "normal": [
        "1",
        "-6/25"
      ]
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-1",
        "116/199"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-1",
        "116/199"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "1/2",
      "normal": [
        "17/72",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "3/4",
      "normal": [
        "17/72",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-1",
        "-116/199"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-1",
        "-116/199"
      ]
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "1/2",
      "normal": [
        "1",
        "-548/673"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "1",
      "normal": [
        "-95/194",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/2",
      "normal": [
        "23/248",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "1",
      "normal": [
        "23/248",
        "1"
      ]
    }
  ],
  "winding": 4,
  "generator": {
    "mode": "rotated",
    "tested_nodes": 20,
    "uniform_depth": null
  }
}






PHI_volume_02_verification/verification/coverings/proofs/v2/shifted_quartic_rotated_uniform.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "-3/80",
        "0"
      ],
      [
        "1/20",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "-3/4",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1",
      "-1"
    ],
    [
      "1",
      "-1"
    ],
    [
      "1",
      "1"
    ],
    [
      "-1",
      "1"
    ],
    [
      "-1",
      "-1"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-1",
        "116/447"
      ]
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "1/2",
      "normal": [
        "-401/1212",
        "-1"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "3/4",
      "normal": [
        "1",
        "-6/25"
      ]
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-1",
        "116/199"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-1",
        "116/199"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "1/2",
      "normal": [
        "17/72",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "3/4",
      "normal": [
        "17/72",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-1",
        "-116/199"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-1",
        "-116/199"
      ]
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "1/2",
      "normal": [
        "1",
        "-548/673"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "3/4",
      "normal": [
        "27/52",
        "1"
      ]
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-1",
        "-116/447"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-1",
        "-116/447"
      ]
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "1/2",
      "normal": [
        "404/1393",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "3/4",
      "normal": [
        "1",
        "62/133"
      ]
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-1",
        "116/447"
      ]
    }
  ],
  "winding": 4,
  "generator": {
    "mode": "rotated",
    "tested_nodes": 16,
    "uniform_depth": 2
  }
}
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PHI_volume_02_verification/verification/coverings/results_v2/certificate_benchmark.csv

			case			mode			policy			uniform_depth			arcs			control_points			winding			bytes			generation_median_ms			verification_median_ms			exclusion_bound


			cubic			axis			adaptive						20			80			3			1600			7.311723			3.836139			1/2


			cubic			axis			uniform			3			32			128			3			2395			6.931077			6.53523			1/2


			cubic			rotated			adaptive						8			32			3			827			3.506341			1.581981			1/2


			cubic			rotated			uniform			1			8			32			3			823			2.305115			1.582733			1/2


			eighth_power			axis			adaptive						40			360			8			3004			57.204886			30.696163			5527809/16777216


			eighth_power			axis			uniform			4			64			576			8			4673			49.099924			49.465437			5527809/16777216


			eighth_power			rotated			adaptive						24			216			8			2051			46.974751			18.29138			4713/65536


			eighth_power			rotated			uniform			3			32			288			8			2692			32.470796			24.631375			4713/65536


			near_edge_double			axis			adaptive						21			63			2			1721			5.4377			2.915818			399/10240000


			near_edge_double			axis			uniform			8			1024			3072			2			74406			147.902122			143.446507			399/10240000


			near_edge_double			rotated			adaptive						5			15			2			635			1.220846			0.745768			1/1010000


			near_edge_double			rotated			uniform			1			8			24			2			868			1.794132			1.118761			1/1010000


			gain_family			axis			adaptive						24			192			3			1953			16.070363			8.884822			83/32


			gain_family			axis			uniform			5			128			1024			3			9132			47.153231			45.576066			83/32


			gain_family			rotated			adaptive						12			96			3			1205			13.04447			4.194842			114/79


			gain_family			rotated			uniform			4			64			512			3			5235			38.294289			23.36498			3187/1798


			shifted_quartic			axis			adaptive						20			100			4			1621			10.234441			5.627317			41/1280


			shifted_quartic			axis			uniform			3			32			160			4			2418			9.423585			9.28808			9/320


			shifted_quartic			rotated			adaptive						12			60			4			1160			8.561652			3.299257			357/7120


			shifted_quartic			rotated			uniform			2			16			80			4			1453			6.49566			4.43869			357/7120









PHI_volume_02_verification/verification/coverings/results_v2/certificate_benchmark.json

{
  "rows": [
    {
      "case": "cubic",
      "mode": "axis",
      "policy": "adaptive",
      "uniform_depth": null,
      "arcs": 20,
      "control_points": 80,
      "winding": 3,
      "bytes": 1600,
      "generation_median_ms": 7.311723,
      "verification_median_ms": 3.836139,
      "timing_verification": {
        "median_ms": 3.836139,
        "min_ms": 3.749308,
        "max_ms": 4.262474,
        "raw_ms": [
          3.92934,
          3.836139,
          3.778542,
          4.262474,
          3.880796,
          3.749308,
          3.832013
        ]
      },
      "timing_generation": {
        "median_ms": 7.311723,
        "min_ms": 6.995085,
        "max_ms": 7.477604,
        "raw_ms": [
          7.434999,
          7.043027,
          7.477604,
          7.311723,
          6.995085
        ]
      },
      "exclusion_bound": "1/2"
    },
    {
      "case": "cubic",
      "mode": "axis",
      "policy": "uniform",
      "uniform_depth": 3,
      "arcs": 32,
      "control_points": 128,
      "winding": 3,
      "bytes": 2395,
      "generation_median_ms": 6.931077,
      "verification_median_ms": 6.53523,
      "timing_verification": {
        "median_ms": 6.53523,
        "min_ms": 6.360054,
        "max_ms": 7.981735,
        "raw_ms": [
          7.206294,
          7.981735,
          6.9457,
          6.360054,
          6.438082,
          6.53523,
          6.497292
        ]
      },
      "timing_generation": {
        "median_ms": 6.931077,
        "min_ms": 6.466505,
        "max_ms": 7.143799,
        "raw_ms": [
          6.99866,
          6.566096,
          6.931077,
          6.466505,
          7.143799
        ]
      },
      "exclusion_bound": "1/2"
    },
    {
      "case": "cubic",
      "mode": "rotated",
      "policy": "adaptive",
      "uniform_depth": null,
      "arcs": 8,
      "control_points": 32,
      "winding": 3,
      "bytes": 827,
      "generation_median_ms": 3.506341,
      "verification_median_ms": 1.581981,
      "timing_verification": {
        "median_ms": 1.581981,
        "min_ms": 1.558947,
        "max_ms": 1.758429,
        "raw_ms": [
          1.573839,
          1.758429,
          1.565026,
          1.751548,
          1.581981,
          1.558947,
          1.582112
        ]
      },
      "timing_generation": {
        "median_ms": 3.506341,
        "min_ms": 3.475314,
        "max_ms": 3.828427,
        "raw_ms": [
          3.532129,
          3.503586,
          3.506341,
          3.475314,
          3.828427
        ]
      },
      "exclusion_bound": "1/2"
    },
    {
      "case": "cubic",
      "mode": "rotated",
      "policy": "uniform",
      "uniform_depth": 1,
      "arcs": 8,
      "control_points": 32,
      "winding": 3,
      "bytes": 823,
      "generation_median_ms": 2.305115,
      "verification_median_ms": 1.582733,
      "timing_verification": {
        "median_ms": 1.582733,
        "min_ms": 1.523543,
        "max_ms": 1.765028,
        "raw_ms": [
          1.542642,
          1.765028,
          1.582733,
          1.523543,
          1.649103,
          1.550674,
          1.626959
        ]
      },
      "timing_generation": {
        "median_ms": 2.305115,
        "min_ms": 2.259415,
        "max_ms": 2.596444,
        "raw_ms": [
          2.596444,
          2.346918,
          2.305115,
          2.262981,
          2.259415
        ]
      },
      "exclusion_bound": "1/2"
    },
    {
      "case": "eighth_power",
      "mode": "axis",
      "policy": "adaptive",
      "uniform_depth": null,
      "arcs": 40,
      "control_points": 360,
      "winding": 8,
      "bytes": 3004,
      "generation_median_ms": 57.204886,
      "verification_median_ms": 30.696163,
      "timing_verification": {
        "median_ms": 30.696163,
        "min_ms": 30.190549,
        "max_ms": 31.089447,
        "raw_ms": [
          30.190549,
          30.417001,
          30.57478,
          30.696163,
          31.089447,
          30.895094,
          31.028586
        ]
      },
      "timing_generation": {
        "median_ms": 57.204886,
        "min_ms": 56.000185,
        "max_ms": 59.974203,
        "raw_ms": [
          56.000185,
          59.974203,
          57.34652,
          57.204886,
          56.50666
        ]
      },
      "exclusion_bound": "5527809/16777216"
    },
    {
      "case": "eighth_power",
      "mode": "axis",
      "policy": "uniform",
      "uniform_depth": 4,
      "arcs": 64,
      "control_points": 576,
      "winding": 8,
      "bytes": 4673,
      "generation_median_ms": 49.099924,
      "verification_median_ms": 49.465437,
      "timing_verification": {
        "median_ms": 49.465437,
        "min_ms": 49.282329,
        "max_ms": 51.373972,
        "raw_ms": [
          49.282329,
          50.262051,
          51.373972,
          49.316181,
          49.465437,
          49.360808,
          49.901035
        ]
      },
      "timing_generation": {
        "median_ms": 49.099924,
        "min_ms": 48.459786,
        "max_ms": 88.538843,
        "raw_ms": [
          88.538843,
          48.459786,
          49.44065,
          49.099924,
          48.854783
        ]
      },
      "exclusion_bound": "5527809/16777216"
    },
    {
      "case": "eighth_power",
      "mode": "rotated",
      "policy": "adaptive",
      "uniform_depth": null,
      "arcs": 24,
      "control_points": 216,
      "winding": 8,
      "bytes": 2051,
      "generation_median_ms": 46.974751,
      "verification_median_ms": 18.29138,
      "timing_verification": {
        "median_ms": 18.29138,
        "min_ms": 17.570832,
        "max_ms": 18.757696,
        "raw_ms": [
          18.413105,
          18.757696,
          17.70192,
          18.64081,
          17.570832,
          18.29138,
          17.672395
        ]
      },
      "timing_generation": {
        "median_ms": 46.974751,
        "min_ms": 46.778054,
        "max_ms": 48.052901,
        "raw_ms": [
          46.824634,
          46.778054,
          47.217328,
          46.974751,
          48.052901
        ]
      },
      "exclusion_bound": "4713/65536"
    },
    {
      "case": "eighth_power",
      "mode": "rotated",
      "policy": "uniform",
      "uniform_depth": 3,
      "arcs": 32,
      "control_points": 288,
      "winding": 8,
      "bytes": 2692,
      "generation_median_ms": 32.470796,
      "verification_median_ms": 24.631375,
      "timing_verification": {
        "median_ms": 24.631375,
        "min_ms": 23.60301,
        "max_ms": 28.229274,
        "raw_ms": [
          24.631375,
          24.703043,
          27.013917,
          23.60301,
          24.430902,
          24.202877,
          28.229274
        ]
      },
      "timing_generation": {
        "median_ms": 32.470796,
        "min_ms": 32.034125,
        "max_ms": 37.365004,
        "raw_ms": [
          32.838431,
          32.324244,
          32.034125,
          37.365004,
          32.470796
        ]
      },
      "exclusion_bound": "4713/65536"
    },
    {
      "case": "near_edge_double",
      "mode": "axis",
      "policy": "adaptive",
      "uniform_depth": null,
      "arcs": 21,
      "control_points": 63,
      "winding": 2,
      "bytes": 1721,
      "generation_median_ms": 5.4377,
      "verification_median_ms": 2.915818,
      "timing_verification": {
        "median_ms": 2.915818,
        "min_ms": 2.855627,
        "max_ms": 3.191214,
        "raw_ms": [
          3.191214,
          2.991973,
          2.915818,
          2.855627,
          2.964161,
          2.886213,
          2.859722
        ]
      },
      "timing_generation": {
        "median_ms": 5.4377,
        "min_ms": 5.308706,
        "max_ms": 13.239495,
        "raw_ms": [
          7.15022,
          5.4377,
          13.239495,
          5.308706,
          5.389017
        ]
      },
      "exclusion_bound": "399/10240000"
    },
    {
      "case": "near_edge_double",
      "mode": "axis",
      "policy": "uniform",
      "uniform_depth": 8,
      "arcs": 1024,
      "control_points": 3072,
      "winding": 2,
      "bytes": 74406,
      "generation_median_ms": 147.902122,
      "verification_median_ms": 143.446507,
      "timing_verification": {
        "median_ms": 143.446507,
        "min_ms": 140.468424,
        "max_ms": 188.535417,
        "raw_ms": [
          142.054373,
          143.494569,
          188.535417,
          140.468424,
          143.446507,
          149.221788,
          142.074493
        ]
      },
      "timing_generation": {
        "median_ms": 147.902122,
        "min_ms": 147.238449,
        "max_ms": 151.499341,
        "raw_ms": [
          147.727899,
          147.902122,
          147.238449,
          151.499341,
          149.386727
        ]
      },
      "exclusion_bound": "399/10240000"
    },
    {
      "case": "near_edge_double",
      "mode": "rotated",
      "policy": "adaptive",
      "uniform_depth": null,
      "arcs": 5,
      "control_points": 15,
      "winding": 2,
      "bytes": 635,
      "generation_median_ms": 1.220846,
      "verification_median_ms": 0.745768,
      "timing_verification": {
        "median_ms": 0.745768,
        "min_ms": 0.706799,
        "max_ms": 0.865418,
        "raw_ms": [
          0.745938,
          0.745768,
          0.706799,
          0.765758,
          0.724104,
          0.720309,
          0.865418
        ]
      },
      "timing_generation": {
        "median_ms": 1.220846,
        "min_ms": 1.195387,
        "max_ms": 1.270311,
        "raw_ms": [
          1.228817,
          1.209308,
          1.220846,
          1.270311,
          1.195387
        ]
      },
      "exclusion_bound": "1/1010000"
    },
    {
      "case": "near_edge_double",
      "mode": "rotated",
      "policy": "uniform",
      "uniform_depth": 1,
      "arcs": 8,
      "control_points": 24,
      "winding": 2,
      "bytes": 868,
      "generation_median_ms": 1.794132,
      "verification_median_ms": 1.118761,
      "timing_verification": {
        "median_ms": 1.118761,
        "min_ms": 1.109527,
        "max_ms": 1.272463,
        "raw_ms": [
          1.109527,
          1.207135,
          1.272463,
          1.115576,
          1.118721,
          1.235658,
          1.118761
        ]
      },
      "timing_generation": {
        "median_ms": 1.794132,
        "min_ms": 1.654701,
        "max_ms": 3.389554,
        "raw_ms": [
          3.389554,
          1.822865,
          1.794132,
          1.770556,
          1.654701
        ]
      },
      "exclusion_bound": "1/1010000"
    },
    {
      "case": "gain_family",
      "mode": "axis",
      "policy": "adaptive",
      "uniform_depth": null,
      "arcs": 24,
      "control_points": 192,
      "winding": 3,
      "bytes": 1953,
      "generation_median_ms": 16.070363,
      "verification_median_ms": 8.884822,
      "timing_verification": {
        "median_ms": 8.884822,
        "min_ms": 8.517265,
        "max_ms": 12.010626,
        "raw_ms": [
          8.517265,
          9.182812,
          8.623475,
          12.010626,
          10.190955,
          8.884822,
          8.73848
        ]
      },
      "timing_generation": {
        "median_ms": 16.070363,
        "min_ms": 15.909611,
        "max_ms": 16.707496,
        "raw_ms": [
          16.707496,
          15.909611,
          16.070363,
          16.245178,
          15.98273
        ]
      },
      "exclusion_bound": "83/32"
    },
    {
      "case": "gain_family",
      "mode": "axis",
      "policy": "uniform",
      "uniform_depth": 5,
      "arcs": 128,
      "control_points": 1024,
      "winding": 3,
      "bytes": 9132,
      "generation_median_ms": 47.153231,
      "verification_median_ms": 45.576066,
      "timing_verification": {
        "median_ms": 45.576066,
        "min_ms": 45.285227,
        "max_ms": 46.529629,
        "raw_ms": [
          45.285227,
          45.511058,
          46.12048,
          45.671111,
          45.543508,
          46.529629,
          45.576066
        ]
      },
      "timing_generation": {
        "median_ms": 47.153231,
        "min_ms": 46.969924,
        "max_ms": 47.83411,
        "raw_ms": [
          47.144639,
          47.301195,
          47.153231,
          47.83411,
          46.969924
        ]
      },
      "exclusion_bound": "83/32"
    },
    {
      "case": "gain_family",
      "mode": "rotated",
      "policy": "adaptive",
      "uniform_depth": null,
      "arcs": 12,
      "control_points": 96,
      "winding": 3,
      "bytes": 1205,
      "generation_median_ms": 13.04447,
      "verification_median_ms": 4.194842,
      "timing_verification": {
        "median_ms": 4.194842,
        "min_ms": 4.189283,
        "max_ms": 4.626504,
        "raw_ms": [
          4.626504,
          4.218838,
          4.19346,
          4.194842,
          4.193189,
          4.199898,
          4.189283
        ]
      },
      "timing_generation": {
        "median_ms": 13.04447,
        "min_ms": 13.002596,
        "max_ms": 13.819571,
        "raw_ms": [
          13.819571,
          13.04447,
          13.81893,
          13.01224,
          13.002596
        ]
      },
      "exclusion_bound": "114/79"
    },
    {
      "case": "gain_family",
      "mode": "rotated",
      "policy": "uniform",
      "uniform_depth": 4,
      "arcs": 64,
      "control_points": 512,
      "winding": 3,
      "bytes": 5235,
      "generation_median_ms": 38.294289,
      "verification_median_ms": 23.36498,
      "timing_verification": {
        "median_ms": 23.36498,
        "min_ms": 22.809711,
        "max_ms": 23.985169,
        "raw_ms": [
          23.36498,
          23.046819,
          23.821861,
          23.534106,
          23.985169,
          22.809711,
          22.945947
        ]
      },
      "timing_generation": {
        "median_ms": 38.294289,
        "min_ms": 37.328468,
        "max_ms": 38.73138,
        "raw_ms": [
          38.294289,
          37.760192,
          38.73138,
          38.569595,
          37.328468
        ]
      },
      "exclusion_bound": "3187/1798"
    },
    {
      "case": "shifted_quartic",
      "mode": "axis",
      "policy": "adaptive",
      "uniform_depth": null,
      "arcs": 20,
      "control_points": 100,
      "winding": 4,
      "bytes": 1621,
      "generation_median_ms": 10.234441,
      "verification_median_ms": 5.627317,
      "timing_verification": {
        "median_ms": 5.627317,
        "min_ms": 5.512203,
        "max_ms": 5.934221,
        "raw_ms": [
          5.627317,
          5.644903,
          5.641638,
          5.566295,
          5.512203,
          5.599515,
          5.934221
        ]
      },
      "timing_generation": {
        "median_ms": 10.234441,
        "min_ms": 10.151396,
        "max_ms": 10.322244,
        "raw_ms": [
          10.151396,
          10.234441,
          10.229403,
          10.322244,
          10.288403
        ]
      },
      "exclusion_bound": "41/1280"
    },
    {
      "case": "shifted_quartic",
      "mode": "axis",
      "policy": "uniform",
      "uniform_depth": 3,
      "arcs": 32,
      "control_points": 160,
      "winding": 4,
      "bytes": 2418,
      "generation_median_ms": 9.423585,
      "verification_median_ms": 9.28808,
      "timing_verification": {
        "median_ms": 9.28808,
        "min_ms": 9.088479,
        "max_ms": 9.614995,
        "raw_ms": [
          9.614995,
          9.407952,
          9.088479,
          9.123762,
          9.28808,
          9.118594,
          9.346168
        ]
      },
      "timing_generation": {
        "median_ms": 9.423585,
        "min_ms": 9.363055,
        "max_ms": 9.78989,
        "raw_ms": [
          9.363055,
          9.423585,
          9.434132,
          9.78989,
          9.411948
        ]
      },
      "exclusion_bound": "9/320"
    },
    {
      "case": "shifted_quartic",
      "mode": "rotated",
      "policy": "adaptive",
      "uniform_depth": null,
      "arcs": 12,
      "control_points": 60,
      "winding": 4,
      "bytes": 1160,
      "generation_median_ms": 8.561652,
      "verification_median_ms": 3.299257,
      "timing_verification": {
        "median_ms": 3.299257,
        "min_ms": 3.273188,
        "max_ms": 3.489395,
        "raw_ms": [
          3.418468,
          3.299257,
          3.287139,
          3.334311,
          3.295111,
          3.273188,
          3.489395
        ]
      },
      "timing_generation": {
        "median_ms": 8.561652,
        "min_ms": 8.50674,
        "max_ms": 8.6265,
        "raw_ms": [
          8.543004,
          8.6265,
          8.50674,
          8.561652,
          8.604838
        ]
      },
      "exclusion_bound": "357/7120"
    },
    {
      "case": "shifted_quartic",
      "mode": "rotated",
      "policy": "uniform",
      "uniform_depth": 2,
      "arcs": 16,
      "control_points": 80,
      "winding": 4,
      "bytes": 1453,
      "generation_median_ms": 6.49566,
      "verification_median_ms": 4.43869,
      "timing_verification": {
        "median_ms": 4.43869,
        "min_ms": 4.406371,
        "max_ms": 4.512261,
        "raw_ms": [
          4.450898,
          4.44527,
          4.43869,
          4.426672,
          4.406371,
          4.430738,
          4.512261
        ]
      },
      "timing_generation": {
        "median_ms": 6.49566,
        "min_ms": 6.483402,
        "max_ms": 6.572926,
        "raw_ms": [
          6.541879,
          6.49566,
          6.483402,
          6.494077,
          6.572926
        ]
      },
      "exclusion_bound": "357/7120"
    }
  ],
  "certificates": [
    "cubic_axis_adaptive.json",
    "cubic_axis_uniform.json",
    "cubic_rotated_adaptive.json",
    "cubic_rotated_uniform.json",
    "eighth_power_axis_adaptive.json",
    "eighth_power_axis_uniform.json",
    "eighth_power_rotated_adaptive.json",
    "eighth_power_rotated_uniform.json",
    "near_edge_double_axis_adaptive.json",
    "near_edge_double_axis_uniform.json",
    "near_edge_double_rotated_adaptive.json",
    "near_edge_double_rotated_uniform.json",
    "gain_family_axis_adaptive.json",
    "gain_family_axis_uniform.json",
    "gain_family_rotated_adaptive.json",
    "gain_family_rotated_uniform.json",
    "shifted_quartic_axis_adaptive.json",
    "shifted_quartic_axis_uniform.json",
    "shifted_quartic_rotated_adaptive.json",
    "shifted_quartic_rotated_uniform.json"
  ],
  "mutations": [
    {
      "certificate": "cubic_axis_adaptive.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "cubic_axis_adaptive.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "cubic_axis_adaptive.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "cubic_axis_adaptive.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "cubic_axis_adaptive.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "cubic_axis_adaptive.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "cubic_axis_adaptive.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "cubic_axis_uniform.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "cubic_axis_uniform.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "cubic_axis_uniform.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "cubic_axis_uniform.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "cubic_axis_uniform.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "cubic_axis_uniform.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "cubic_axis_uniform.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_adaptive.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_adaptive.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_adaptive.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_adaptive.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_adaptive.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_adaptive.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_adaptive.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_uniform.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_uniform.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_uniform.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_uniform.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_uniform.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_uniform.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_uniform.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_adaptive.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_adaptive.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_adaptive.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_adaptive.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_adaptive.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_adaptive.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_adaptive.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_uniform.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_uniform.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_uniform.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_uniform.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_uniform.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_uniform.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_uniform.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_adaptive.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_adaptive.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_adaptive.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_adaptive.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_adaptive.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_adaptive.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_adaptive.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_uniform.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_uniform.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_uniform.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_uniform.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_uniform.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_uniform.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_uniform.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_adaptive.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_adaptive.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_adaptive.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_adaptive.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_adaptive.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_adaptive.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_adaptive.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_uniform.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_uniform.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_uniform.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_uniform.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_uniform.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_uniform.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_uniform.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_adaptive.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_adaptive.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_adaptive.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_adaptive.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_adaptive.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_adaptive.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_adaptive.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_uniform.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_uniform.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_uniform.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_uniform.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_uniform.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_uniform.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_uniform.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_adaptive.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_adaptive.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_adaptive.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_adaptive.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_adaptive.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_adaptive.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_adaptive.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_uniform.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_uniform.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_uniform.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_uniform.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_uniform.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_uniform.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_uniform.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_adaptive.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_adaptive.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_adaptive.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_adaptive.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_adaptive.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_adaptive.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_adaptive.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_uniform.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_uniform.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_uniform.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_uniform.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_uniform.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_uniform.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_uniform.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_adaptive.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_adaptive.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_adaptive.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_adaptive.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_adaptive.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_adaptive.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_adaptive.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_uniform.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_uniform.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_uniform.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_uniform.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_uniform.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_uniform.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_uniform.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_adaptive.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_adaptive.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_adaptive.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_adaptive.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_adaptive.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_adaptive.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_adaptive.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_uniform.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_uniform.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_uniform.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_uniform.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_uniform.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_uniform.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_uniform.json",
      "attack": "edge_type",
      "rejected": true
    }
  ],
  "mutations_rejected": 140,
  "environment": {
    "python": "3.13.5",
    "platform": "Linux-6.18.44-x86_64-with-glibc2.41",
    "timing_clock": "perf_counter_ns",
    "single_process": true,
    "no_concurrent_rendering_during_measurement": true
  },
  "semantic_scope": "Polynomial contour winding for rational coefficient families; timing intervals are observed ranges, not confidence intervals.",
  "axis_counterexample": {
    "vertices": [
      [
        "1",
        "0"
      ],
      [
        "0",
        "1"
      ]
    ],
    "rotated_normal": [
      "1",
      "1"
    ]
  }
}






PHI_volume_02_verification/verification/coverings/results_v2/continuation_diagnostics.json

[
  {
    "N": 4,
    "max_principal_error": 2.0,
    "max_tracked_error": 0.0,
    "analytic_step_bound": "2*pi/N < pi",
    "step_condition": true
  },
  {
    "N": 8,
    "max_principal_error": 2.0,
    "max_tracked_error": 1.1102230246251565e-16,
    "analytic_step_bound": "2*pi/N < pi",
    "step_condition": true
  },
  {
    "N": 16,
    "max_principal_error": 2.0000000000000004,
    "max_tracked_error": 1.1102230246251565e-16,
    "analytic_step_bound": "2*pi/N < pi",
    "step_condition": true
  },
  {
    "N": 32,
    "max_principal_error": 2.0000000000000004,
    "max_tracked_error": 1.5700924586837752e-16,
    "analytic_step_bound": "2*pi/N < pi",
    "step_condition": true
  },
  {
    "N": 64,
    "max_principal_error": 2.0000000000000004,
    "max_tracked_error": 1.5700924586837752e-16,
    "analytic_step_bound": "2*pi/N < pi",
    "step_condition": true
  },
  {
    "N": 128,
    "max_principal_error": 2.0000000000000004,
    "max_tracked_error": 1.5700924586837752e-16,
    "analytic_step_bound": "2*pi/N < pi",
    "step_condition": true
  }
]






PHI_volume_02_verification/verification/coverings/results_v2/experiments_summary.json

{
  "matrix_cases": 33,
  "phase_cases": 24,
  "continuation_cases": 6,
  "precision_candidates_enumerated": 28561,
  "precision_optimum_independently_confirmed": true,
  "structured_stability_checks": 25,
  "quotient_tail_bound_infinity_norm": "31/4107274751154395923571589120000000",
  "quotient_tail_bound_decimal": 7.547583708951319e-33,
  "tail_bound_excludes_roundoff": true,
  "python": "3.13.5",
  "numpy": "2.3.5",
  "scipy": "1.17.0",
  "mpmath": "1.3.0",
  "time_measurement_not_general_speed_theorem": true
}






PHI_volume_02_verification/verification/coverings/results_v2/figure_manifest.json

[
  {
    "id": "V2-01",
    "file": "v2_local_condition",
    "title": "Multiplicity changes the inverse error law",
    "caption": "For z^e=w, inverse sensitivity is |w|^(1/e-1)/e away from zero; the local-degree invariant remains e while pointwise conditioning diverges.",
    "canonical_owner": "core",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-02",
    "file": "v2_kernel_concentration",
    "title": "A unit-norm defect vector concentrates at the boundary",
    "caption": "The normalized reproducing kernel sqrt(1-a^2)/(1-az) has unit H2 norm. Pointwise interior decay as a approaches one does not imply operator-norm disappearance of its rank-one projection.",
    "canonical_owner": "math_pg",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-03",
    "file": "v2_delay_surface",
    "title": "Phase concentration in a two-parameter family",
    "caption": "The plotted height is logarithmic group delay, not gain. The phase integral is fixed while local delay concentrates near the boundary as a tends to one.",
    "canonical_owner": "ee",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-04",
    "file": "v2_rh_lattice",
    "title": "Euler arithmetic filters possible surface data",
    "caption": "Dots satisfy genus integrality and nonnegativity for a connected compact orientable source over the sphere. They are necessary arithmetic candidates, not a proof that every labelled branch passport is realizable.",
    "canonical_owner": "core",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-05",
    "file": "v2_separating_hull",
    "title": "An oblique witness can certify what axis tests miss",
    "caption": "Every Bernstein control point has a positive inner product with the displayed rational normal, even though neither coordinate is strictly positive for all controls. Convexity extends the inequality to the whole curve.",
    "canonical_owner": "cse",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-06",
    "file": "v2_certificate_work",
    "title": "Same count contract; different certificate size",
    "caption": "All four methods independently certify the same contour and coefficient family for each workload. Uniform means the first successful dyadic depth, not an arbitrary over-refined grid.",
    "canonical_owner": "cse",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-07",
    "file": "v2_certificate_time",
    "title": "Timing tracks arithmetic work, not a theorem of speed",
    "caption": "Seven repeated single-process verifier timings per accepted certificate. Symbols distinguish enclosure direction and partition policy; medians are local measurements, not hardware-independent complexity constants.",
    "canonical_owner": "cse_g",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-08",
    "file": "v2_partition_locality",
    "title": "Refinement follows difficulty rather than covering everything",
    "caption": "The three contour point sets are scaled inward only for visual separation. The certified contour is the same unit square in every method. A near-edge double zero exposes the cost of global refinement.",
    "canonical_owner": "cse_ug",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-09",
    "file": "v2_matrix_accuracy",
    "title": "Compare with a robust matrix-function baseline as well",
    "caption": "The special quotient series uses A(lambda)^2=lambda I. Scaling-and-squaring expm remains a strong general baseline; diagonalization alone would be a weak comparator near a defective matrix. Values refer to actual float64 computations.",
    "canonical_owner": "cse_g",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-10",
    "file": "v2_mode_condition",
    "title": "Ill-conditioned labels need not imply an ill-conditioned observable",
    "caption": "For columns (1,sqrt(lambda)) and (1,-sqrt(lambda)), the spectral condition number is lambda^(-1/2) on 0<lambda<=1. The entire propagator is not singular at lambda=0.",
    "canonical_owner": "math_g",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-11",
    "file": "v2_phase_error",
    "title": "A correct phase unwrap still leaves derivative error",
    "caption": "Second-order differentiation of the unwrapped sampled phase is compared against the analytic Poisson kernel. Error is evaluated on grid points, not claimed to be an interval-enclosed continuum supremum.",
    "canonical_owner": "ee_ug",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-12",
    "file": "v2_phase_resolution",
    "title": "A derivative bound turns phase sampling into a design rule",
    "caption": "A phase increment less than pi is ensured when N>2(1+a)/(1-a). This sufficient condition is conservative and addresses phase branch recovery, not differentiation accuracy.",
    "canonical_owner": "ee_g",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-13",
    "file": "v2_precision_frontier",
    "title": "Integer allocation: 20 bits instead of 28 in this model",
    "caption": "A dynamic program minimizes the exact weighted dyadic error for every total cost; all 28,561 bounded candidates independently confirm the optimum. Domain caps b_j>=2 and weights are part of the contract.",
    "canonical_owner": "math_pg",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-14",
    "file": "v2_weighted_budget",
    "title": "Allocate precision to downstream amplification",
    "caption": "Tolerances differ because errors enter at different positions. This compares certified bounds, not measured physical errors; both allocations satisfy the target.",
    "canonical_owner": "math_ug",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-15",
    "file": "v2_branch_continuity",
    "title": "Two exact square roots answer different questions",
    "caption": "Pointwise principal evaluation and continued lifting both satisfy z^2=w, but only the continued branch solves the specified initial-value path problem across the negative-axis cut.",
    "canonical_owner": "math_ug",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-16",
    "file": "v2_closure_cost",
    "title": "The factorial bound is not a universal allocation request",
    "caption": "Group closure should use the actual generated monodromy subgroup. Full symmetric, cyclic and dihedral actions have different state costs even at the same sheet degree.",
    "canonical_owner": "cse_pg",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-17",
    "file": "v2_quotient_powers",
    "title": "Finite algebra retains all coordinate moments",
    "caption": "Each block is multiplication by z^k modulo z^3-2. Powers and traces can be computed without choosing a root ordering; basis dimension stays three.",
    "canonical_owner": "cse_ug",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-18",
    "file": "v2_differential_orders",
    "title": "Infinity determines the admissible differential basis",
    "caption": "For odd-degree y^2=P_(2g+1)(x), use x=t^(-2), y asymptotic to t^(-(2g+1)); the order of x^k dx/y is 2g-2-2k. Nonnegative orders select k=0,...,g-1.",
    "canonical_owner": "math_g",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-19",
    "file": "v2_discriminant_margin",
    "title": "A valid global bound can be conservative",
    "caption": "For four monic roots in |z|<=2, the other five pair distances are at most four. The discriminant therefore gives sep >= sqrt(|Disc|/4^10), a sound but nonsharp certificate.",
    "canonical_owner": "core",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-20",
    "file": "v2_neck_period",
    "title": "Branch collision can produce a logarithmic scale",
    "caption": "The model integral is exactly asinh(1/epsilon). It isolates a local degeneration mechanism; it is not substituted for every global period of a degenerating algebraic curve.",
    "canonical_owner": "core",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-21",
    "file": "v2_correlated_stability",
    "title": "An independent box can destroy useful correlations",
    "caption": "The actual family has margin t^2/2>=1/2 on [1,4]. Its independent coefficient hull contains (a1,a2,a3)=(1,1,8), which is unstable; interval-box failure is not family instability.",
    "canonical_owner": "ee_pg",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-22",
    "file": "v2_gain_locus",
    "title": "The Routh boundary predicts the root-locus crossing",
    "caption": "For s^3+6s^2+11s+6+K, the exact loss of strict stability occurs at K=60, with factors (s+6)(s^2+11). Dots are numerical illustrations; the factorization establishes the boundary.",
    "canonical_owner": "ee",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-23",
    "file": "v2_annular_flux",
    "title": "A covering changes energy and physical gradients",
    "caption": "For log(r^d/0.2^d)/log(5), the radial derivative is d/(r log5). Equal-looking level sets do not preserve flux; the domain and boundary normalization must accompany an energy statement.",
    "canonical_owner": "ee_g",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-24",
    "file": "v2_tail_energy",
    "title": "Truncation is a separate error budget from exact all-pass structure",
    "caption": "For h0=-a and h_n=(1-a^2)a^(n-1), the squared impulse tail beyond N is (1-a^2)a^(2N). The parameter dependence is not monotone at every fixed N.",
    "canonical_owner": "ee_ug",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-25",
    "file": "v2_pick_feasible",
    "title": "One bounded analytic datum gives a disk of possible outputs",
    "caption": "For f(0)=0.3, Schwarz-Pick constrains f(z) to a pseudohyperbolic disk of radius |z|. This is a class-feasibility envelope, not a probability interval or a unique fitted response.",
    "canonical_owner": "ee_pg",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-26",
    "file": "v2_quantized_graph",
    "title": "The rounded recurrence has fixed points absent from the real model",
    "caption": "Transition k -> floor(3k/4+1/2) on displayed integer states. Tie handling is part of the definition. The shaded set [-2,2] is invariant; the linear pole alone does not enumerate these fixed points.",
    "canonical_owner": "ee",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-27",
    "file": "v2_sampling_cover",
    "title": "A sampled pole forgets an integer logarithmic sheet",
    "caption": "For p=exp(i omega T), frequencies differing by 2*pi/T map to the same pole. Height is an unwrapped frequency coordinate, not a spatial dimension of the device.",
    "canonical_owner": "ee_ug",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-28",
    "file": "v2_root_tubes",
    "title": "Continuation requires a separation budget",
    "caption": "Displayed circles illustrate fixed-radius local enclosures along a square-root lift. The certified inequality comes from the local Rouche bound; circles drawn by a floating renderer do not certify themselves.",
    "canonical_owner": "cse",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-29",
    "file": "v2_winding_alias",
    "title": "A large sample count is not a universal degree certificate",
    "caption": "Equally spaced samples alias high-degree maps; the true winding is m. Near pi phase increments, floating tie choices vary. A whole-arc exclusion/homotopy proof removes dependence on such unwrap guesses.",
    "canonical_owner": "math_ug",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-30",
    "file": "v2_typed_dependency",
    "title": "One source claim; several explicitly typed uses",
    "caption": "Edges indicate mathematical dependency or transformation of a proved claim, not statistical independence. Reusing a canonical result in a branch is navigation, not a newly counted theorem.",
    "canonical_owner": "framework",
    "kind": "audit",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-31",
    "file": "v2_trust_boundary",
    "title": "A proof-status hierarchy is not a count of assertions",
    "caption": "The diagram lists different obligations; a finite witness does not formalize the analytic theorem that makes the witness sound. Candidate Lean/Coq files remain uncompiled in this environment.",
    "canonical_owner": "framework",
    "kind": "audit",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-32",
    "file": "v2_integer_lower_bound",
    "title": "Cost 19 fails; cost 20 reaches the target",
    "caption": "Every bar is a minimum over all allocations with that total cost and b_j>=2. The recurrence plus independent enumeration certifies a finite optimization problem, not global optimality of this document family.",
    "canonical_owner": "cse_pg",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-33",
    "file": "v2_cauchy_precision",
    "title": "An observable changes the tolerance that must be certified",
    "caption": "Uniform function error epsilon controls the first derivative by epsilon/delta on a disk of radius delta. Higher derivatives cost factorial powers. State error and observable error are not interchangeable.",
    "canonical_owner": "math_pg",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-34",
    "file": "v2_foster_profile",
    "title": "Residue signs certify more than finite frequency samples",
    "caption": "Z(s)=s+1/s+2s/(s^2+9) is positive real in the right half-plane; the proof uses the paired-pole representation. The plotted line illustrates one vertical slice, not the full-domain certificate.",
    "canonical_owner": "ee_g",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-35",
    "file": "v2_regular_action",
    "title": "A six-state regular action with two generator types",
    "caption": "Vertices are root orderings. Solid and dashed edges are right multiplication by two transpositions. The projection to one sheet forgets stabilizer information; edge conventions are explicit.",
    "canonical_owner": "cse_ug",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-36",
    "file": "v2_root_residual",
    "title": "A small residual has a degree-dependent interpretation",
    "caption": "At a pure d-fold zero, coordinate radius is r^(1/d), not r. The displayed d times radius is the sum over all d sheets and illustrates why distinct-root lists require multiplicity-aware error contracts.",
    "canonical_owner": "core",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-37",
    "file": "v2_clearance",
    "title": "Topological degree survives only perturbations below clearance",
    "caption": "The circles all wind once, but their smallest distance to zero tends to zero. A common perturbation tolerance cannot be inferred from winding alone; the exclusion margin is quantitative data.",
    "canonical_owner": "core",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-38",
    "file": "v2_partial_domain",
    "title": "An exact value is not proof of an admissible execution",
    "caption": "For terminal requirement |6x|<1/2, only |x|<1/12 is accepted. The full polynomial formula exists outside that set but no longer answers the typed composition problem.",
    "canonical_owner": "cse",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-39",
    "file": "v2_family_witness",
    "title": "Rotate the witness before refining the parameter domain",
    "caption": "The centre segment (1-lambda)+i lambda is uniformly separated from zero by 1/sqrt2. A strict positive x+y witness captures the family, while strict axis witnesses fail at its endpoints.",
    "canonical_owner": "cse_pg",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-40",
    "file": "v2_local_coordinate",
    "title": "Normalize the map, not the information it carries",
    "caption": "For f(z)=z^2(1+z), u=z sqrt(1+z) is locally invertible and f=u^2. The plot is a real slice of a holomorphic coordinate change, not evidence of global invertibility.",
    "canonical_owner": "core",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-41",
    "file": "averaging_fourier",
    "title": "Exact degree-three Fourier projection",
    "caption": "The roots-of-unity sum gives projection norm one on divisible indices and zero otherwise.",
    "canonical_owner": "math_g",
    "kind": "scientific",
    "generator": "code/figures_supplement.py"
  },
  {
    "id": "V2-42",
    "file": "switched_growth",
    "title": "Stable stages and an unstable period map",
    "caption": "Numerical matrix norms visualize the exact E10 spectral-radius counterexample.",
    "canonical_owner": "ee_g",
    "kind": "scientific",
    "generator": "code/figures_supplement.py"
  }
]






PHI_volume_02_verification/verification/coverings/results_v2/matrix_benchmark.json

[
  {
    "lam_real": 1.0,
    "lam_imag": 0.0,
    "method": "eigendecomposition",
    "success": true,
    "relative_frobenius_error": 4.0985051374456845e-16,
    "timing": {
      "median_ms": 0.024632233333333333,
      "min_ms": 0.022962033333333333,
      "max_ms": 0.03393496666666666,
      "raw_ms": [
        0.0322254,
        0.025345999999999997,
        0.024350466666666667,
        0.03393496666666666,
        0.023842699999999998,
        0.030196,
        0.024632233333333333,
        0.024200566666666666,
        0.029590066666666668,
        0.022962033333333333,
        0.023754900000000002
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1.0,
    "lam_imag": 0.0,
    "method": "scipy_expm",
    "success": true,
    "relative_frobenius_error": 9.638745993949151e-17,
    "timing": {
      "median_ms": 0.0069525,
      "min_ms": 0.0067709,
      "max_ms": 0.007544766666666666,
      "raw_ms": [
        0.007311066666666667,
        0.0069525,
        0.0067916,
        0.006834333333333333,
        0.007496333333333333,
        0.0075043666666666665,
        0.0067709,
        0.0068073000000000005,
        0.007544766666666666,
        0.006975899999999999,
        0.006848366666666666
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1.0,
    "lam_imag": 0.0,
    "method": "quotient_series",
    "success": true,
    "relative_frobenius_error": 5.289634595456369e-17,
    "timing": {
      "median_ms": 0.006721466666666666,
      "min_ms": 0.0061536333333333335,
      "max_ms": 0.0175592,
      "raw_ms": [
        0.0175592,
        0.0062354333333333335,
        0.0061536333333333335,
        0.006332566666666667,
        0.006627999999999999,
        0.009044666666666668,
        0.006696766666666667,
        0.006721466666666666,
        0.0068677,
        0.0068002666666666664,
        0.007118433333333333
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 0.01,
    "lam_imag": 0.0,
    "method": "eigendecomposition",
    "success": true,
    "relative_frobenius_error": 2.491195155622646e-16,
    "timing": {
      "median_ms": 0.024284066666666666,
      "min_ms": 0.022955700000000002,
      "max_ms": 0.026460333333333332,
      "raw_ms": [
        0.026460333333333332,
        0.024830866666666666,
        0.02348216666666667,
        0.025605033333333336,
        0.02414183333333333,
        0.0244336,
        0.023191066666666666,
        0.024284066666666666,
        0.023936533333333333,
        0.025200766666666666,
        0.022955700000000002
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 0.01,
    "lam_imag": 0.0,
    "method": "scipy_expm",
    "success": true,
    "relative_frobenius_error": 8.250017580246571e-17,
    "timing": {
      "median_ms": 0.006296866666666666,
      "min_ms": 0.006213366666666667,
      "max_ms": 0.010298566666666667,
      "raw_ms": [
        0.0074105333333333336,
        0.006296866666666666,
        0.006213366666666667,
        0.0062334,
        0.0062324,
        0.006835,
        0.0062544666666666665,
        0.010298566666666667,
        0.006245433333333333,
        0.006331566666666667,
        0.007335433333333334
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 0.01,
    "lam_imag": 0.0,
    "method": "quotient_series",
    "success": true,
    "relative_frobenius_error": 8.250017580246571e-17,
    "timing": {
      "median_ms": 0.006259133333333333,
      "min_ms": 0.006062833333333333,
      "max_ms": 0.008549266666666666,
      "raw_ms": [
        0.006097566666666667,
        0.006062833333333333,
        0.006101866666666666,
        0.006519166666666667,
        0.006891400000000001,
        0.008549266666666666,
        0.0060959000000000005,
        0.006259133333333333,
        0.007713333333333333,
        0.006236433333333334,
        0.006340233333333333
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 0.0001,
    "lam_imag": 0.0,
    "method": "eigendecomposition",
    "success": true,
    "relative_frobenius_error": 1.0431741758984952e-14,
    "timing": {
      "median_ms": 0.023675133333333334,
      "min_ms": 0.022719366666666668,
      "max_ms": 0.0291,
      "raw_ms": [
        0.0291,
        0.025888133333333334,
        0.023933533333333333,
        0.022907966666666668,
        0.0237793,
        0.024889633333333334,
        0.023675133333333334,
        0.022719366666666668,
        0.023567633333333334,
        0.023431733333333333,
        0.023341966666666665
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 0.0001,
    "lam_imag": 0.0,
    "method": "scipy_expm",
    "success": true,
    "relative_frobenius_error": 1.0554040087382724e-16,
    "timing": {
      "median_ms": 0.0061462999999999995,
      "min_ms": 0.0060605,
      "max_ms": 0.0074399,
      "raw_ms": [
        0.0074399,
        0.006180666666666667,
        0.006114233333333333,
        0.0061462999999999995,
        0.0067609,
        0.006167333333333333,
        0.0061246,
        0.006088533333333334,
        0.006082199999999999,
        0.006553933333333333,
        0.0060605
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 0.0001,
    "lam_imag": 0.0,
    "method": "quotient_series",
    "success": true,
    "relative_frobenius_error": 8.301861136246876e-17,
    "timing": {
      "median_ms": 0.0061149,
      "min_ms": 0.0060241,
      "max_ms": 0.0087836,
      "raw_ms": [
        0.006196033333333333,
        0.0060545,
        0.0061957,
        0.0065933,
        0.0060578,
        0.0061149,
        0.0060241,
        0.0060334333333333335,
        0.006423066666666667,
        0.0060298,
        0.0087836
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-08,
    "lam_imag": 0.0,
    "method": "eigendecomposition",
    "success": true,
    "relative_frobenius_error": 2.4464991606191557e-13,
    "timing": {
      "median_ms": 0.02567083333333333,
      "min_ms": 0.023583299999999998,
      "max_ms": 0.030787533333333332,
      "raw_ms": [
        0.026900333333333335,
        0.024347466666666664,
        0.030787533333333332,
        0.02567083333333333,
        0.030433666666666668,
        0.023583299999999998,
        0.0240714,
        0.023858733333333333,
        0.027987966666666666,
        0.02358966666666667,
        0.027873133333333334
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-08,
    "lam_imag": 0.0,
    "method": "scipy_expm",
    "success": true,
    "relative_frobenius_error": 8.401468376377486e-17,
    "timing": {
      "median_ms": 0.0061436,
      "min_ms": 0.006074866666666666,
      "max_ms": 0.0073481,
      "raw_ms": [
        0.0073481,
        0.006195366666666666,
        0.0060842,
        0.006088533333333334,
        0.0061877,
        0.006074866666666666,
        0.0066346999999999995,
        0.006853033333333333,
        0.0060842,
        0.0061436,
        0.0061209
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-08,
    "lam_imag": 0.0,
    "method": "quotient_series",
    "success": true,
    "relative_frobenius_error": 5.659536392779429e-17,
    "timing": {
      "median_ms": 0.006081199999999999,
      "min_ms": 0.0060334333333333335,
      "max_ms": 0.0092523,
      "raw_ms": [
        0.006136933333333333,
        0.0061209,
        0.006057466666666666,
        0.006049466666666667,
        0.0092523,
        0.006162666666666666,
        0.006081199999999999,
        0.006066833333333333,
        0.0060334333333333335,
        0.0060394666666666675,
        0.0065322
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-12,
    "lam_imag": 0.0,
    "method": "eigendecomposition",
    "success": true,
    "relative_frobenius_error": 2.5257102117354514e-11,
    "timing": {
      "median_ms": 0.0248152,
      "min_ms": 0.023602366666666666,
      "max_ms": 0.036328933333333334,
      "raw_ms": [
        0.025839033333333334,
        0.024849899999999998,
        0.023602366666666666,
        0.0248152,
        0.03390926666666667,
        0.0346387,
        0.036328933333333334,
        0.024571466666666666,
        0.0240153,
        0.02420193333333333,
        0.0237536
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-12,
    "lam_imag": 0.0,
    "method": "scipy_expm",
    "success": true,
    "relative_frobenius_error": 6.282970531744517e-17,
    "timing": {
      "median_ms": 0.006184666666666667,
      "min_ms": 0.0061353,
      "max_ms": 0.0069939,
      "raw_ms": [
        0.006491800000000001,
        0.0069939,
        0.0061723333333333335,
        0.006182366666666666,
        0.006189366666666667,
        0.006154966666666667,
        0.006889066666666666,
        0.0062043666666666665,
        0.0061353,
        0.006184666666666667,
        0.006149966666666667
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-12,
    "lam_imag": 0.0,
    "method": "quotient_series",
    "success": true,
    "relative_frobenius_error": 6.282970531744517e-17,
    "timing": {
      "median_ms": 0.006068166666666667,
      "min_ms": 0.006009066666666666,
      "max_ms": 0.006740533333333334,
      "raw_ms": [
        0.006674433333333333,
        0.006740533333333334,
        0.0060454666666666665,
        0.006068166666666667,
        0.006156,
        0.0064848,
        0.006009066666666666,
        0.0060518333333333335,
        0.006050166666666666,
        0.0060387999999999996,
        0.006561266666666667
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-16,
    "lam_imag": 0.0,
    "method": "eigendecomposition",
    "success": true,
    "relative_frobenius_error": 1.7544147601495268e-09,
    "timing": {
      "median_ms": 0.0244573,
      "min_ms": 0.0228168,
      "max_ms": 0.028691366666666666,
      "raw_ms": [
        0.025900166666666665,
        0.024677633333333334,
        0.024514733333333334,
        0.0244573,
        0.028691366666666666,
        0.023235433333333333,
        0.025221133333333333,
        0.024105766666666664,
        0.0237529,
        0.0228168,
        0.024071066666666665
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-16,
    "lam_imag": 0.0,
    "method": "scipy_expm",
    "success": true,
    "relative_frobenius_error": 4.194352464039305e-17,
    "timing": {
      "median_ms": 0.0062885,
      "min_ms": 0.0060321333333333334,
      "max_ms": 0.015119866666666667,
      "raw_ms": [
        0.006482466666666667,
        0.007064366666666667,
        0.015119866666666667,
        0.0062885,
        0.006136933333333333,
        0.0078265,
        0.0060321333333333334,
        0.006036466666666667,
        0.0060327666666666665,
        0.006093199999999999,
        0.006624033333333334
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-16,
    "lam_imag": 0.0,
    "method": "quotient_series",
    "success": true,
    "relative_frobenius_error": 4.194352464039305e-17,
    "timing": {
      "median_ms": 0.006103566666666667,
      "min_ms": 0.005992399999999999,
      "max_ms": 0.008664100000000001,
      "raw_ms": [
        0.008664100000000001,
        0.006234766666666666,
        0.006103566666666667,
        0.006966866666666667,
        0.005992399999999999,
        0.006037433333333333,
        0.005994066666666667,
        0.0060204333333333335,
        0.007405533333333334,
        0.006009733333333334,
        0.007276
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-24,
    "lam_imag": 0.0,
    "method": "eigendecomposition",
    "success": true,
    "relative_frobenius_error": 9.575276318055497e-06,
    "timing": {
      "median_ms": 0.024177866666666666,
      "min_ms": 0.023152333333333334,
      "max_ms": 0.026274366666666667,
      "raw_ms": [
        0.026274366666666667,
        0.024934366666666666,
        0.024701666666666667,
        0.024738366666666668,
        0.024144166666666668,
        0.0240764,
        0.02400896666666667,
        0.023152333333333334,
        0.0251557,
        0.024177866666666666,
        0.023244133333333337
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-24,
    "lam_imag": 0.0,
    "method": "scipy_expm",
    "success": true,
    "relative_frobenius_error": 4.1943524640393055e-25,
    "timing": {
      "median_ms": 0.006179033333333334,
      "min_ms": 0.0061179,
      "max_ms": 0.006903433333333334,
      "raw_ms": [
        0.006363633333333333,
        0.006269833333333334,
        0.006179033333333334,
        0.006142933333333334,
        0.0067305,
        0.0061179,
        0.0061897,
        0.0061339333333333326,
        0.0061573,
        0.006160666666666667,
        0.006903433333333334
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-24,
    "lam_imag": 0.0,
    "method": "quotient_series",
    "success": true,
    "relative_frobenius_error": 4.1943524640393055e-25,
    "timing": {
      "median_ms": 0.0061159,
      "min_ms": 0.0059880666666666665,
      "max_ms": 0.006732166666666667,
      "raw_ms": [
        0.006180033333333334,
        0.0059880666666666665,
        0.006126933333333333,
        0.006732166666666667,
        0.006057466666666666,
        0.006122566666666667,
        0.0060825,
        0.0061159,
        0.006021433333333334,
        0.006535533333333333,
        0.006034766666666667
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-32,
    "lam_imag": 0.0,
    "method": "eigendecomposition",
    "success": true,
    "relative_frobenius_error": 0.25685648812569845,
    "timing": {
      "median_ms": 0.029389766666666664,
      "min_ms": 0.028620266666666668,
      "max_ms": 0.0342658,
      "raw_ms": [
        0.03404313333333333,
        0.0305375,
        0.028620266666666668,
        0.0342658,
        0.030609933333333332,
        0.029295599999999998,
        0.029202799999999998,
        0.028956433333333333,
        0.030252733333333334,
        0.029389766666666664,
        0.028904
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-32,
    "lam_imag": 0.0,
    "method": "scipy_expm",
    "success": true,
    "relative_frobenius_error": 4.1943524640393054e-33,
    "timing": {
      "median_ms": 0.0062106999999999996,
      "min_ms": 0.006107233333333333,
      "max_ms": 0.0071805,
      "raw_ms": [
        0.006446733333333333,
        0.0062234000000000005,
        0.006170966666666666,
        0.0071805,
        0.0061563,
        0.006168000000000001,
        0.006147966666666667,
        0.006107233333333333,
        0.006736166666666666,
        0.0062106999999999996,
        0.006893433333333333
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-32,
    "lam_imag": 0.0,
    "method": "quotient_series",
    "success": true,
    "relative_frobenius_error": 4.1943524640393054e-33,
    "timing": {
      "median_ms": 0.0061156,
      "min_ms": 0.0060084,
      "max_ms": 0.0067986,
      "raw_ms": [
        0.0062163999999999995,
        0.006119233333333333,
        0.0067986,
        0.0060084,
        0.0060511666666666665,
        0.0060605,
        0.006032433333333333,
        0.006487499999999999,
        0.0060838666666666675,
        0.0061156,
        0.006120266666666666
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 0.0,
    "lam_imag": 0.0,
    "method": "eigendecomposition",
    "success": true,
    "relative_frobenius_error": 0.5773502691896257,
    "timing": {
      "median_ms": 0.0287321,
      "min_ms": 0.026938733333333336,
      "max_ms": 0.0320548,
      "raw_ms": [
        0.031516999999999996,
        0.02836753333333333,
        0.027991333333333333,
        0.026938733333333336,
        0.0282714,
        0.031124033333333335,
        0.029162766666666666,
        0.0320548,
        0.0287321,
        0.027772300000000003,
        0.0290142
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 0.0,
    "lam_imag": 0.0,
    "method": "scipy_expm",
    "success": true,
    "relative_frobenius_error": 0.0,
    "timing": {
      "median_ms": 0.011172900000000001,
      "min_ms": 0.010548633333333333,
      "max_ms": 0.011737066666666665,
      "raw_ms": [
        0.011448633333333335,
        0.011737066666666665,
        0.0106621,
        0.010656433333333333,
        0.011369500000000001,
        0.0107092,
        0.010548633333333333,
        0.011172900000000001,
        0.011634933333333335,
        0.0106778,
        0.011359533333333333
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 0.0,
    "lam_imag": 0.0,
    "method": "quotient_series",
    "success": true,
    "relative_frobenius_error": 0.0,
    "timing": {
      "median_ms": 0.006170999999999999,
      "min_ms": 0.0061152333333333335,
      "max_ms": 0.006714166666666666,
      "raw_ms": [
        0.006163633333333333,
        0.006253766666666666,
        0.0061659666666666665,
        0.006223733333333333,
        0.006714166666666666,
        0.006170999999999999,
        0.0061589999999999995,
        0.0062037,
        0.006143933333333334,
        0.006606633333333333,
        0.0061152333333333335
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": -1e-08,
    "lam_imag": 0.0,
    "method": "eigendecomposition",
    "success": true,
    "relative_frobenius_error": 3.154956084161294e-14,
    "timing": {
      "median_ms": 0.02455143333333333,
      "min_ms": 0.023415066666666665,
      "max_ms": 0.02619193333333333,
      "raw_ms": [
        0.02619193333333333,
        0.0247504,
        0.023540266666666664,
        0.024622866666666667,
        0.025516233333333336,
        0.0244977,
        0.023415066666666665,
        0.0241769,
        0.024767133333333333,
        0.024500033333333334,
        0.02455143333333333
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": -1e-08,
    "lam_imag": 0.0,
    "method": "scipy_expm",
    "success": true,
    "relative_frobenius_error": 5.264888098312466e-17,
    "timing": {
      "median_ms": 0.006190033333333333,
      "min_ms": 0.0061116,
      "max_ms": 0.009198566666666666,
      "raw_ms": [
        0.0072702999999999995,
        0.006190033333333333,
        0.0061853333333333335,
        0.006199066666666667,
        0.009198566666666666,
        0.007169166666666667,
        0.006120266666666666,
        0.0061336,
        0.0061116,
        0.006131933333333334,
        0.006585966666666667
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": -1e-08,
    "lam_imag": 0.0,
    "method": "quotient_series",
    "success": true,
    "relative_frobenius_error": 2.6726918424879112e-17,
    "timing": {
      "median_ms": 0.005932966666666667,
      "min_ms": 0.005904233333333333,
      "max_ms": 0.0073774999999999995,
      "raw_ms": [
        0.0060465,
        0.005932633333333334,
        0.0059189333333333335,
        0.0059313000000000005,
        0.006482133333333333,
        0.0073774999999999995,
        0.0070727,
        0.005904233333333333,
        0.005909266666666666,
        0.007120766666666667,
        0.005932966666666667
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 0.0,
    "lam_imag": 1e-08,
    "method": "eigendecomposition",
    "success": true,
    "relative_frobenius_error": 2.4100835256319766e-13,
    "timing": {
      "median_ms": 0.024519066666666665,
      "min_ms": 0.023487833333333333,
      "max_ms": 0.029054266666666665,
      "raw_ms": [
        0.026414933333333335,
        0.028218333333333335,
        0.025990966666666667,
        0.029054266666666665,
        0.023542933333333335,
        0.024261666666666667,
        0.024254666666666664,
        0.025372033333333332,
        0.023487833333333333,
        0.024519066666666665,
        0.024260666666666666
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 0.0,
    "lam_imag": 1e-08,
    "method": "scipy_expm",
    "success": true,
    "relative_frobenius_error": 3.4359213546813837e-18,
    "timing": {
      "median_ms": 0.006139599999999999,
      "min_ms": 0.0060645000000000004,
      "max_ms": 0.0080819,
      "raw_ms": [
        0.006445733333333333,
        0.0061786666666666665,
        0.006139599999999999,
        0.006951533333333333,
        0.0080819,
        0.0061282666666666675,
        0.006098566666666667,
        0.006125933333333333,
        0.007182533333333334,
        0.006124566666666667,
        0.0060645000000000004
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 0.0,
    "lam_imag": 1e-08,
    "method": "quotient_series",
    "success": true,
    "relative_frobenius_error": 3.4359213546813837e-18,
    "timing": {
      "median_ms": 0.0058889,
      "min_ms": 0.005821466666666666,
      "max_ms": 0.0064741,
      "raw_ms": [
        0.005940633333333333,
        0.0064741,
        0.005895233333333333,
        0.005844833333333333,
        0.005880566666666667,
        0.0058889,
        0.005964033333333333,
        0.0061910333333333335,
        0.0058485,
        0.005821466666666666,
        0.005840799999999999
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  }
]
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[
  {
    "a": 0.2,
    "N": 32,
    "step": 0.1963495408493623,
    "max_grid_error": 0.005969349698181414,
    "phase_turns": 1.0,
    "exact_peak": 1.4999999999999998
  },
  {
    "a": 0.2,
    "N": 64,
    "step": 0.09817477042468115,
    "max_grid_error": 0.0015025439021707498,
    "phase_turns": 1.0,
    "exact_peak": 1.4999999999999998
  },
  {
    "a": 0.2,
    "N": 128,
    "step": 0.04908738521234035,
    "max_grid_error": 0.00037628021369306985,
    "phase_turns": 1.0,
    "exact_peak": 1.4999999999999998
  },
  {
    "a": 0.2,
    "N": 256,
    "step": 0.024543692606170175,
    "max_grid_error": 9.411041839180179e-05,
    "phase_turns": 1.0,
    "exact_peak": 1.4999999999999998
  },
  {
    "a": 0.2,
    "N": 512,
    "step": 0.012271846303085088,
    "max_grid_error": 2.3530128976601006e-05,
    "phase_turns": 1.0,
    "exact_peak": 1.4999999999999998
  },
  {
    "a": 0.2,
    "N": 1024,
    "step": 0.006135923151542766,
    "max_grid_error": 5.882690042424699e-06,
    "phase_turns": 1.0,
    "exact_peak": 1.4999999999999998
  },
  {
    "a": 0.2,
    "N": 2048,
    "step": 0.003067961575771161,
    "max_grid_error": 1.4706823734389474e-06,
    "phase_turns": 1.0,
    "exact_peak": 1.4999999999999998
  },
  {
    "a": 0.2,
    "N": 4096,
    "step": 0.0015339807878858025,
    "max_grid_error": 3.6767121014413817e-07,
    "phase_turns": 1.0,
    "exact_peak": 1.4999999999999998
  },
  {
    "a": 0.8,
    "N": 32,
    "step": 0.1963495408493623,
    "max_grid_error": 1.612532262012495,
    "phase_turns": 1.0,
    "exact_peak": 9.000000000000002
  },
  {
    "a": 0.8,
    "N": 64,
    "step": 0.09817477042468115,
    "max_grid_error": 0.5192114733857434,
    "phase_turns": 1.0,
    "exact_peak": 9.000000000000002
  },
  {
    "a": 0.8,
    "N": 128,
    "step": 0.04908738521234035,
    "max_grid_error": 0.1405163648227159,
    "phase_turns": 1.0,
    "exact_peak": 9.000000000000002
  },
  {
    "a": 0.8,
    "N": 256,
    "step": 0.024543692606170175,
    "max_grid_error": 0.03588345666129378,
    "phase_turns": 1.0,
    "exact_peak": 9.000000000000002
  },
  {
    "a": 0.8,
    "N": 512,
    "step": 0.012271846303085088,
    "max_grid_error": 0.009019530531485742,
    "phase_turns": 1.0,
    "exact_peak": 9.000000000000002
  },
  {
    "a": 0.8,
    "N": 1024,
    "step": 0.006135923151542766,
    "max_grid_error": 0.0022579488840381856,
    "phase_turns": 1.0,
    "exact_peak": 9.000000000000002
  },
  {
    "a": 0.8,
    "N": 2048,
    "step": 0.003067961575771161,
    "max_grid_error": 0.0005646792496829534,
    "phase_turns": 1.0,
    "exact_peak": 9.000000000000002
  },
  {
    "a": 0.8,
    "N": 4096,
    "step": 0.0015339807878858025,
    "max_grid_error": 0.00014118182028255433,
    "phase_turns": 1.0,
    "exact_peak": 9.000000000000002
  },
  {
    "a": 0.98,
    "N": 32,
    "step": 0.1963495408493623,
    "max_grid_error": 84.04100027733267,
    "phase_turns": 1.0,
    "exact_peak": 98.99999999999991
  },
  {
    "a": 0.98,
    "N": 64,
    "step": 0.09817477042468115,
    "max_grid_error": 71.13109552701277,
    "phase_turns": 1.0,
    "exact_peak": 98.99999999999991
  },
  {
    "a": 0.98,
    "N": 128,
    "step": 0.04908738521234035,
    "max_grid_error": 50.90447872277087,
    "phase_turns": 1.0,
    "exact_peak": 98.99999999999991
  },
  {
    "a": 0.98,
    "N": 256,
    "step": 0.024543692606170175,
    "max_grid_error": 27.115958690037814,
    "phase_turns": 1.0,
    "exact_peak": 98.99999999999991
  },
  {
    "a": 0.98,
    "N": 512,
    "step": 0.012271846303085088,
    "max_grid_error": 10.03381417926768,
    "phase_turns": 1.0,
    "exact_peak": 98.99999999999991
  },
  {
    "a": 0.98,
    "N": 1024,
    "step": 0.006135923151542766,
    "max_grid_error": 2.885852678166131,
    "phase_turns": 1.0,
    "exact_peak": 98.99999999999991
  },
  {
    "a": 0.98,
    "N": 2048,
    "step": 0.003067961575771161,
    "max_grid_error": 0.75063238297939,
    "phase_turns": 1.0,
    "exact_peak": 98.99999999999991
  },
  {
    "a": 0.98,
    "N": 4096,
    "step": 0.0015339807878858025,
    "max_grid_error": 0.18959249523689437,
    "phase_turns": 1.0,
    "exact_peak": 98.99999999999991
  }
]
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{
  "weights": [
    "1/64",
    "1/16",
    "1/4",
    "1"
  ],
  "target": "1/64",
  "integer_scale": 1048576,
  "target_units": 16384,
  "optimal_total_bits": 20,
  "optimal_bits": [
    2,
    4,
    6,
    8
  ],
  "exact_error": "1/64",
  "uniform_bits_per_stage": 7,
  "uniform_total_bits": 28,
  "saved_bits": 8,
  "frontier": [
    {
      "total_bits": 8,
      "error": "85/256",
      "bits": [
        2,
        2,
        2,
        2
      ]
    },
    {
      "total_bits": 9,
      "error": "53/256",
      "bits": [
        2,
        2,
        2,
        3
      ]
    },
    {
      "total_bits": 10,
      "error": "37/256",
      "bits": [
        2,
        2,
        2,
        4
      ]
    },
    {
      "total_bits": 11,
      "error": "29/256",
      "bits": [
        2,
        2,
        2,
        5
      ]
    },
    {
      "total_bits": 12,
      "error": "21/256",
      "bits": [
        2,
        2,
        3,
        5
      ]
    },
    {
      "total_bits": 13,
      "error": "17/256",
      "bits": [
        2,
        2,
        3,
        6
      ]
    },
    {
      "total_bits": 14,
      "error": "13/256",
      "bits": [
        2,
        2,
        4,
        6
      ]
    },
    {
      "total_bits": 15,
      "error": "11/256",
      "bits": [
        2,
        2,
        4,
        7
      ]
    },
    {
      "total_bits": 16,
      "error": "9/256",
      "bits": [
        2,
        2,
        5,
        7
      ]
    },
    {
      "total_bits": 17,
      "error": "7/256",
      "bits": [
        2,
        3,
        5,
        7
      ]
    },
    {
      "total_bits": 18,
      "error": "3/128",
      "bits": [
        2,
        3,
        5,
        8
      ]
    },
    {
      "total_bits": 19,
      "error": "5/256",
      "bits": [
        2,
        3,
        6,
        8
      ]
    },
    {
      "total_bits": 20,
      "error": "1/64",
      "bits": [
        2,
        4,
        6,
        8
      ]
    },
    {
      "total_bits": 21,
      "error": "7/512",
      "bits": [
        2,
        4,
        6,
        9
      ]
    },
    {
      "total_bits": 22,
      "error": "3/256",
      "bits": [
        2,
        4,
        7,
        9
      ]
    },
    {
      "total_bits": 23,
      "error": "5/512",
      "bits": [
        2,
        5,
        7,
        9
      ]
    },
    {
      "total_bits": 24,
      "error": "1/128",
      "bits": [
        3,
        5,
        7,
        9
      ]
    },
    {
      "total_bits": 25,
      "error": "7/1024",
      "bits": [
        3,
        5,
        7,
        10
      ]
    },
    {
      "total_bits": 26,
      "error": "3/512",
      "bits": [
        3,
        5,
        8,
        10
      ]
    },
    {
      "total_bits": 27,
      "error": "5/1024",
      "bits": [
        3,
        6,
        8,
        10
      ]
    },
    {
      "total_bits": 28,
      "error": "1/256",
      "bits": [
        4,
        6,
        8,
        10
      ]
    },
    {
      "total_bits": 29,
      "error": "7/2048",
      "bits": [
        4,
        6,
        8,
        11
      ]
    },
    {
      "total_bits": 30,
      "error": "3/1024",
      "bits": [
        4,
        6,
        9,
        11
      ]
    },
    {
      "total_bits": 31,
      "error": "5/2048",
      "bits": [
        4,
        7,
        9,
        11
      ]
    },
    {
      "total_bits": 32,
      "error": "1/512",
      "bits": [
        5,
        7,
        9,
        11
      ]
    },
    {
      "total_bits": 33,
      "error": "7/4096",
      "bits": [
        5,
        7,
        9,
        12
      ]
    },
    {
      "total_bits": 34,
      "error": "3/2048",
      "bits": [
        5,
        7,
        10,
        12
      ]
    },
    {
      "total_bits": 35,
      "error": "5/4096",
      "bits": [
        5,
        8,
        10,
        12
      ]
    },
    {
      "total_bits": 36,
      "error": "1/1024",
      "bits": [
        6,
        8,
        10,
        12
      ]
    },
    {
      "total_bits": 37,
      "error": "7/8192",
      "bits": [
        6,
        8,
        10,
        13
      ]
    },
    {
      "total_bits": 38,
      "error": "3/4096",
      "bits": [
        6,
        8,
        11,
        13
      ]
    },
    {
      "total_bits": 39,
      "error": "5/8192",
      "bits": [
        6,
        9,
        11,
        13
      ]
    },
    {
      "total_bits": 40,
      "error": "1/2048",
      "bits": [
        7,
        9,
        11,
        13
      ]
    },
    {
      "total_bits": 41,
      "error": "7/16384",
      "bits": [
        7,
        9,
        11,
        14
      ]
    },
    {
      "total_bits": 42,
      "error": "3/8192",
      "bits": [
        7,
        9,
        12,
        14
      ]
    },
    {
      "total_bits": 43,
      "error": "5/16384",
      "bits": [
        7,
        10,
        12,
        14
      ]
    },
    {
      "total_bits": 44,
      "error": "1/4096",
      "bits": [
        8,
        10,
        12,
        14
      ]
    },
    {
      "total_bits": 45,
      "error": "7/32768",
      "bits": [
        8,
        10,
        13,
        14
      ]
    },
    {
      "total_bits": 46,
      "error": "3/16384",
      "bits": [
        8,
        11,
        13,
        14
      ]
    },
    {
      "total_bits": 47,
      "error": "5/32768",
      "bits": [
        9,
        11,
        13,
        14
      ]
    },
    {
      "total_bits": 48,
      "error": "9/65536",
      "bits": [
        9,
        11,
        14,
        14
      ]
    },
    {
      "total_bits": 49,
      "error": "1/8192",
      "bits": [
        9,
        12,
        14,
        14
      ]
    },
    {
      "total_bits": 50,
      "error": "7/65536",
      "bits": [
        10,
        12,
        14,
        14
      ]
    },
    {
      "total_bits": 51,
      "error": "13/131072",
      "bits": [
        10,
        13,
        14,
        14
      ]
    },
    {
      "total_bits": 52,
      "error": "3/32768",
      "bits": [
        11,
        13,
        14,
        14
      ]
    },
    {
      "total_bits": 53,
      "error": "23/262144",
      "bits": [
        11,
        14,
        14,
        14
      ]
    },
    {
      "total_bits": 54,
      "error": "11/131072",
      "bits": [
        12,
        14,
        14,
        14
      ]
    },
    {
      "total_bits": 55,
      "error": "43/524288",
      "bits": [
        13,
        14,
        14,
        14
      ]
    },
    {
      "total_bits": 56,
      "error": "85/1048576",
      "bits": [
        14,
        14,
        14,
        14
      ]
    }
  ],
  "dp_layers": [
    {
      "2": {
        "error_units": 4096,
        "bits": [
          2
        ]
      },
      "3": {
        "error_units": 2048,
        "bits": [
          3
        ]
      },
      "4": {
        "error_units": 1024,
        "bits": [
          4
        ]
      },
      "5": {
        "error_units": 512,
        "bits": [
          5
        ]
      },
      "6": {
        "error_units": 256,
        "bits": [
          6
        ]
      },
      "7": {
        "error_units": 128,
        "bits": [
          7
        ]
      },
      "8": {
        "error_units": 64,
        "bits": [
          8
        ]
      },
      "9": {
        "error_units": 32,
        "bits": [
          9
        ]
      },
      "10": {
        "error_units": 16,
        "bits": [
          10
        ]
      },
      "11": {
        "error_units": 8,
        "bits": [
          11
        ]
      },
      "12": {
        "error_units": 4,
        "bits": [
          12
        ]
      },
      "13": {
        "error_units": 2,
        "bits": [
          13
        ]
      },
      "14": {
        "error_units": 1,
        "bits": [
          14
        ]
      }
    },
    {
      "4": {
        "error_units": 20480,
        "bits": [
          2,
          2
        ]
      },
      "5": {
        "error_units": 12288,
        "bits": [
          2,
          3
        ]
      },
      "6": {
        "error_units": 8192,
        "bits": [
          2,
          4
        ]
      },
      "7": {
        "error_units": 6144,
        "bits": [
          2,
          5
        ]
      },
      "8": {
        "error_units": 4096,
        "bits": [
          3,
          5
        ]
      },
      "9": {
        "error_units": 3072,
        "bits": [
          3,
          6
        ]
      },
      "10": {
        "error_units": 2048,
        "bits": [
          4,
          6
        ]
      },
      "11": {
        "error_units": 1536,
        "bits": [
          4,
          7
        ]
      },
      "12": {
        "error_units": 1024,
        "bits": [
          5,
          7
        ]
      },
      "13": {
        "error_units": 768,
        "bits": [
          5,
          8
        ]
      },
      "14": {
        "error_units": 512,
        "bits": [
          6,
          8
        ]
      },
      "15": {
        "error_units": 384,
        "bits": [
          6,
          9
        ]
      },
      "16": {
        "error_units": 256,
        "bits": [
          7,
          9
        ]
      },
      "17": {
        "error_units": 192,
        "bits": [
          7,
          10
        ]
      },
      "18": {
        "error_units": 128,
        "bits": [
          8,
          10
        ]
      },
      "19": {
        "error_units": 96,
        "bits": [
          8,
          11
        ]
      },
      "20": {
        "error_units": 64,
        "bits": [
          9,
          11
        ]
      },
      "21": {
        "error_units": 48,
        "bits": [
          9,
          12
        ]
      },
      "22": {
        "error_units": 32,
        "bits": [
          10,
          12
        ]
      },
      "23": {
        "error_units": 24,
        "bits": [
          10,
          13
        ]
      },
      "24": {
        "error_units": 16,
        "bits": [
          11,
          13
        ]
      },
      "25": {
        "error_units": 12,
        "bits": [
          11,
          14
        ]
      },
      "26": {
        "error_units": 8,
        "bits": [
          12,
          14
        ]
      },
      "27": {
        "error_units": 6,
        "bits": [
          13,
          14
        ]
      },
      "28": {
        "error_units": 5,
        "bits": [
          14,
          14
        ]
      }
    },
    {
      "6": {
        "error_units": 86016,
        "bits": [
          2,
          2,
          2
        ]
      },
      "7": {
        "error_units": 53248,
        "bits": [
          2,
          2,
          3
        ]
      },
      "8": {
        "error_units": 36864,
        "bits": [
          2,
          2,
          4
        ]
      },
      "9": {
        "error_units": 28672,
        "bits": [
          2,
          2,
          5
        ]
      },
      "10": {
        "error_units": 20480,
        "bits": [
          2,
          3,
          5
        ]
      },
      "11": {
        "error_units": 16384,
        "bits": [
          2,
          3,
          6
        ]
      },
      "12": {
        "error_units": 12288,
        "bits": [
          2,
          4,
          6
        ]
      },
      "13": {
        "error_units": 10240,
        "bits": [
          2,
          4,
          7
        ]
      },
      "14": {
        "error_units": 8192,
        "bits": [
          2,
          5,
          7
        ]
      },
      "15": {
        "error_units": 6144,
        "bits": [
          3,
          5,
          7
        ]
      },
      "16": {
        "error_units": 5120,
        "bits": [
          3,
          5,
          8
        ]
      },
      "17": {
        "error_units": 4096,
        "bits": [
          3,
          6,
          8
        ]
      },
      "18": {
        "error_units": 3072,
        "bits": [
          4,
          6,
          8
        ]
      },
      "19": {
        "error_units": 2560,
        "bits": [
          4,
          6,
          9
        ]
      },
      "20": {
        "error_units": 2048,
        "bits": [
          4,
          7,
          9
        ]
      },
      "21": {
        "error_units": 1536,
        "bits": [
          5,
          7,
          9
        ]
      },
      "22": {
        "error_units": 1280,
        "bits": [
          5,
          7,
          10
        ]
      },
      "23": {
        "error_units": 1024,
        "bits": [
          5,
          8,
          10
        ]
      },
      "24": {
        "error_units": 768,
        "bits": [
          6,
          8,
          10
        ]
      },
      "25": {
        "error_units": 640,
        "bits": [
          6,
          8,
          11
        ]
      },
      "26": {
        "error_units": 512,
        "bits": [
          6,
          9,
          11
        ]
      },
      "27": {
        "error_units": 384,
        "bits": [
          7,
          9,
          11
        ]
      },
      "28": {
        "error_units": 320,
        "bits": [
          7,
          9,
          12
        ]
      },
      "29": {
        "error_units": 256,
        "bits": [
          7,
          10,
          12
        ]
      },
      "30": {
        "error_units": 192,
        "bits": [
          8,
          10,
          12
        ]
      },
      "31": {
        "error_units": 160,
        "bits": [
          8,
          10,
          13
        ]
      },
      "32": {
        "error_units": 128,
        "bits": [
          8,
          11,
          13
        ]
      },
      "33": {
        "error_units": 96,
        "bits": [
          9,
          11,
          13
        ]
      },
      "34": {
        "error_units": 80,
        "bits": [
          9,
          11,
          14
        ]
      },
      "35": {
        "error_units": 64,
        "bits": [
          9,
          12,
          14
        ]
      },
      "36": {
        "error_units": 48,
        "bits": [
          10,
          12,
          14
        ]
      },
      "37": {
        "error_units": 40,
        "bits": [
          10,
          13,
          14
        ]
      },
      "38": {
        "error_units": 32,
        "bits": [
          11,
          13,
          14
        ]
      },
      "39": {
        "error_units": 28,
        "bits": [
          11,
          14,
          14
        ]
      },
      "40": {
        "error_units": 24,
        "bits": [
          12,
          14,
          14
        ]
      },
      "41": {
        "error_units": 22,
        "bits": [
          13,
          14,
          14
        ]
      },
      "42": {
        "error_units": 21,
        "bits": [
          14,
          14,
          14
        ]
      }
    },
    {
      "8": {
        "error_units": 348160,
        "bits": [
          2,
          2,
          2,
          2
        ]
      },
      "9": {
        "error_units": 217088,
        "bits": [
          2,
          2,
          2,
          3
        ]
      },
      "10": {
        "error_units": 151552,
        "bits": [
          2,
          2,
          2,
          4
        ]
      },
      "11": {
        "error_units": 118784,
        "bits": [
          2,
          2,
          2,
          5
        ]
      },
      "12": {
        "error_units": 86016,
        "bits": [
          2,
          2,
          3,
          5
        ]
      },
      "13": {
        "error_units": 69632,
        "bits": [
          2,
          2,
          3,
          6
        ]
      },
      "14": {
        "error_units": 53248,
        "bits": [
          2,
          2,
          4,
          6
        ]
      },
      "15": {
        "error_units": 45056,
        "bits": [
          2,
          2,
          4,
          7
        ]
      },
      "16": {
        "error_units": 36864,
        "bits": [
          2,
          2,
          5,
          7
        ]
      },
      "17": {
        "error_units": 28672,
        "bits": [
          2,
          3,
          5,
          7
        ]
      },
      "18": {
        "error_units": 24576,
        "bits": [
          2,
          3,
          5,
          8
        ]
      },
      "19": {
        "error_units": 20480,
        "bits": [
          2,
          3,
          6,
          8
        ]
      },
      "20": {
        "error_units": 16384,
        "bits": [
          2,
          4,
          6,
          8
        ]
      },
      "21": {
        "error_units": 14336,
        "bits": [
          2,
          4,
          6,
          9
        ]
      },
      "22": {
        "error_units": 12288,
        "bits": [
          2,
          4,
          7,
          9
        ]
      },
      "23": {
        "error_units": 10240,
        "bits": [
          2,
          5,
          7,
          9
        ]
      },
      "24": {
        "error_units": 8192,
        "bits": [
          3,
          5,
          7,
          9
        ]
      },
      "25": {
        "error_units": 7168,
        "bits": [
          3,
          5,
          7,
          10
        ]
      },
      "26": {
        "error_units": 6144,
        "bits": [
          3,
          5,
          8,
          10
        ]
      },
      "27": {
        "error_units": 5120,
        "bits": [
          3,
          6,
          8,
          10
        ]
      },
      "28": {
        "error_units": 4096,
        "bits": [
          4,
          6,
          8,
          10
        ]
      },
      "29": {
        "error_units": 3584,
        "bits": [
          4,
          6,
          8,
          11
        ]
      },
      "30": {
        "error_units": 3072,
        "bits": [
          4,
          6,
          9,
          11
        ]
      },
      "31": {
        "error_units": 2560,
        "bits": [
          4,
          7,
          9,
          11
        ]
      },
      "32": {
        "error_units": 2048,
        "bits": [
          5,
          7,
          9,
          11
        ]
      },
      "33": {
        "error_units": 1792,
        "bits": [
          5,
          7,
          9,
          12
        ]
      },
      "34": {
        "error_units": 1536,
        "bits": [
          5,
          7,
          10,
          12
        ]
      },
      "35": {
        "error_units": 1280,
        "bits": [
          5,
          8,
          10,
          12
        ]
      },
      "36": {
        "error_units": 1024,
        "bits": [
          6,
          8,
          10,
          12
        ]
      },
      "37": {
        "error_units": 896,
        "bits": [
          6,
          8,
          10,
          13
        ]
      },
      "38": {
        "error_units": 768,
        "bits": [
          6,
          8,
          11,
          13
        ]
      },
      "39": {
        "error_units": 640,
        "bits": [
          6,
          9,
          11,
          13
        ]
      },
      "40": {
        "error_units": 512,
        "bits": [
          7,
          9,
          11,
          13
        ]
      },
      "41": {
        "error_units": 448,
        "bits": [
          7,
          9,
          11,
          14
        ]
      },
      "42": {
        "error_units": 384,
        "bits": [
          7,
          9,
          12,
          14
        ]
      },
      "43": {
        "error_units": 320,
        "bits": [
          7,
          10,
          12,
          14
        ]
      },
      "44": {
        "error_units": 256,
        "bits": [
          8,
          10,
          12,
          14
        ]
      },
      "45": {
        "error_units": 224,
        "bits": [
          8,
          10,
          13,
          14
        ]
      },
      "46": {
        "error_units": 192,
        "bits": [
          8,
          11,
          13,
          14
        ]
      },
      "47": {
        "error_units": 160,
        "bits": [
          9,
          11,
          13,
          14
        ]
      },
      "48": {
        "error_units": 144,
        "bits": [
          9,
          11,
          14,
          14
        ]
      },
      "49": {
        "error_units": 128,
        "bits": [
          9,
          12,
          14,
          14
        ]
      },
      "50": {
        "error_units": 112,
        "bits": [
          10,
          12,
          14,
          14
        ]
      },
      "51": {
        "error_units": 104,
        "bits": [
          10,
          13,
          14,
          14
        ]
      },
      "52": {
        "error_units": 96,
        "bits": [
          11,
          13,
          14,
          14
        ]
      },
      "53": {
        "error_units": 92,
        "bits": [
          11,
          14,
          14,
          14
        ]
      },
      "54": {
        "error_units": 88,
        "bits": [
          12,
          14,
          14,
          14
        ]
      },
      "55": {
        "error_units": 86,
        "bits": [
          13,
          14,
          14,
          14
        ]
      },
      "56": {
        "error_units": 85,
        "bits": [
          14,
          14,
          14,
          14
        ]
      }
    }
  ],
  "upper_bound_justification": "Cost 20 feasible; b>=2 for other three stages forces each coordinate <=14 in any no-more-expensive allocation."
}






PHI_volume_02_verification/verification/finite_observables/code/companion_lab.py

"""Exact, small undergraduate laboratory; no third-party runtime dependencies.

This module computes finite rational objects. It does not formalize the infinite
Cantor-set theorems or the Python interpreter. Budgets are explicit failures,
never mathematical nonmembership decisions.
"""
from __future__ import annotations
from fractions import Fraction as F
from math import isqrt
from typing import Any

class BudgetExceeded(RuntimeError):
    pass

def word_interval(word: str) -> tuple[F, F]:
    if not isinstance(word, str) or any(c not in '01' for c in word):
        raise ValueError('An address must be a finite string of 0 and 1.')
    a, d = 0, 1
    for c in word:
        a, d = 3*a + 2*int(c), 3*d
    return F(a, d), F(a+1, d)

def words(depth: int) -> list[str]:
    if type(depth) is not int or not 0 <= depth <= 16:
        raise ValueError('Explicit enumeration is limited to integer depths 0..16.')
    return [''] if depth == 0 else [format(i, f'0{depth}b') for i in range(2**depth)]

def stage(depth: int) -> list[tuple[F, F]]:
    return [word_interval(w) for w in words(depth)]

def pair(x: F) -> list[int]:
    return [x.numerator, x.denominator]

def parse_pair(value: Any) -> F:
    if (not isinstance(value, list) or len(value) != 2
        or any(type(t) is not int for t in value) or value[1] <= 0):
        raise ValueError('Expected two integers with positive denominator.')
    x = F(*value)
    if pair(x) != value:
        raise ValueError('Certificate fractions must be reduced.')
    return x

def make_certificate(x: F, max_states: int = 10000) -> dict[str, Any]:
    if not isinstance(x, F) or type(max_states) is not int or max_states < 1:
        raise ValueError('Use an exact Fraction and a positive state budget.')
    seen: dict[F, int] = {}
    states: list[F] = []
    y = x
    while True:
        if len(states) >= max_states:
            raise BudgetExceeded('State budget exhausted; no decision certified.')
        states.append(y)
        repeat = None
        if y < 0 or y > 1:
            reason, decision = 'outside', 'nonmember'
        elif y == 0 or y == 1:
            reason, decision = 'endpoint', 'member'
        elif F(1,3) < y < F(2,3):
            reason, decision = 'gap', 'nonmember'
        elif y in seen:
            reason, decision, repeat = 'cycle', 'member', seen[y]
        else:
            seen[y] = len(states)-1
            y = 3*y if y <= F(1,3) else 3*y-2
            continue
        return {'input': pair(x), 'states': [pair(t) for t in states],
                'reason': reason, 'decision': decision, 'repeat_index': repeat}

def check_certificate(requested: F, cert: Any, max_states: int = 10000) -> bool:
    """Replay a certificate without calling the generator. No heuristic tolerance."""
    try:
        if not isinstance(requested, F) or not isinstance(cert, dict):
            return False
        if set(cert) != {'input','states','reason','decision','repeat_index'}:
            return False
        if parse_pair(cert['input']) != requested:
            return False
        raw = cert['states']
        if not isinstance(raw, list) or not 1 <= len(raw) <= max_states:
            return False
        seq = [parse_pair(t) for t in raw]
        if seq[0] != requested:
            return False
        # Each nonfinal state must be in one retained, nonterminal branch.
        for y, z in zip(seq, seq[1:]):
            if y <= 0 or y >= 1 or F(1,3) < y < F(2,3):
                return False
            expected = y*3 if y <= F(1,3) else y*3-2
            if z != expected:
                return False
        y = seq[-1]
        if cert['reason'] == 'endpoint':
            valid = y in (F(0),F(1)); answer = 'member'
        elif cert['reason'] == 'outside':
            valid = y < 0 or y > 1; answer = 'nonmember'
        elif cert['reason'] == 'gap':
            valid = F(1,3) < y < F(2,3); answer = 'nonmember'
        elif cert['reason'] == 'cycle':
            i = cert['repeat_index']
            valid = (type(i) is int and 0 <= i < len(seq)-1 and seq[i] == y
                     and 0 < y < 1 and not F(1,3) < y < F(2,3))
            answer = 'member'
        else:
            return False
        if cert['reason'] != 'cycle' and cert['repeat_index'] is not None:
            return False
        return valid and cert['decision'] == answer
    except (ValueError, TypeError, KeyError, ZeroDivisionError):
        return False

def membership_fixed_denominator(p: int, q: int) -> bool:
    """Independent integer-state reference: keep denominator fixed throughout."""
    if type(p) is not int or type(q) is not int or q <= 0:
        raise ValueError('Integer numerator and positive integer denominator required.')
    seen = set()
    while 0 <= p <= q:
        if p in (0,q) or p in seen:
            return True
        if q < 3*p < 2*q:
            return False
        seen.add(p)
        p = 3*p if 3*p <= q else 3*p-2*q
    return False

def cantor_moments(degree: int) -> list[F]:
    from math import comb
    if type(degree) is not int or degree < 0:
        raise ValueError('Nonnegative integer degree required.')
    m = [F(1)]
    for j in range(1, degree+1):
        m.append(sum((F(comb(j,r)*2**(j-r))*m[r] for r in range(j)),F(0))
                 / (2*3**j-2))
    return m

def quadratic_rules(depth: int) -> tuple[F,F,F]:
    cells = stage(depth)
    return tuple(sum((f(a,b) for a,b in cells),F(0))/len(cells)
                 for f in (lambda a,b:a*a,lambda a,b:b*b,lambda a,b:((a+b)/2)**2))

def reciprocal_bracket(depth: int) -> tuple[F,F]:
    cells = stage(depth)
    return (sum((1/(1+b) for a,b in cells),F(0))/len(cells),
            sum((1/(1+a) for a,b in cells),F(0))/len(cells))

def outward_decimal(x: F, places: int, upper: bool) -> str:
    d = 10**places
    z = -((-x.numerator*d)//x.denominator) if upper else (x.numerator*d)//x.denominator
    sign = '-' if z < 0 else ''
    z = abs(z)
    return f'{sign}{z//d}.{z%d:0{places}d}'

def cantor_components(radius: F) -> int:
    if radius <= 0:
        raise ValueError('Infinite-set finite count requires strictly positive radius.')
    count, j = 1, 1
    while F(1,3**j) > 2*radius:
        count += 2**(j-1)
        j += 1
    return count

def sample_components(depth: int, radius: F) -> int:
    if radius < 0:
        raise ValueError('Radius must be nonnegative.')
    points = sorted({x for cell in stage(depth) for x in cell})
    return 1+sum(y-x > 2*radius for x,y in zip(points,points[1:]))

def sqrt_enclosure(u: F, denominator: int = 10**10) -> tuple[F,F]:
    if u < 0 or type(denominator) is not int or denominator < 1:
        raise ValueError('Nonnegative radicand and positive grid denominator required.')
    k = isqrt((u.numerator*denominator**2)//u.denominator)
    lo = F(k,denominator)
    hi = lo if lo*lo == u else F(k+1,denominator)
    assert lo*lo <= u <= hi*hi
    return lo,hi

def inverse_cylinder(word: str, denominator: int=10**10) -> tuple[F,F]:
    if not isinstance(word,str) or any(c not in '01' for c in word):
        raise ValueError('Binary word required.')
    a,b = F(-231,100),F(231,100)
    for c in reversed(word):  # Rightmost function is applied first.
        lo,_ = sqrt_enclosure(a+3,denominator)
        _,hi = sqrt_enclosure(b+3,denominator)
        a,b = (-hi,-lo) if c == '0' else (lo,hi)
    return a,b

def round_nearest_away(x: F) -> int:
    """Nearest integer, exact ties away from zero; no binary float conversion."""
    if x < 0:
        return -round_nearest_away(-x)
    return (2*x.numerator+x.denominator)//(2*x.denominator)

def rounded_step(y: int) -> int:
    if type(y) is not int:
        raise ValueError('Integer least-significant-bit state required.')
    return round_nearest_away(F(3*y,4))







PHI_volume_02_verification/verification/finite_observables/code/make_figures.py

"""Reproducible monochrome mathematical figures, not certificate generators."""
from pathlib import Path
from fractions import Fraction as F
import matplotlib
matplotlib.use('Agg')
import matplotlib.pyplot as plt
import numpy as np
from companion_lab import stage, words, quadratic_rules, cantor_components, sample_components, inverse_cylinder
ROOT=Path(__file__).resolve().parents[1]
OUT=ROOT/'figures';OUT.mkdir(exist_ok=True)
plt.rcParams.update({'font.family':'serif','mathtext.fontset':'cm','font.size':10,
    'axes.labelsize':10,'legend.fontsize':9,'xtick.labelsize':9,'ytick.labelsize':9,
    'pdf.fonttype':42,'ps.fonttype':42})
def save(fig,name):
    fig.savefig(OUT/f'{name}.pdf',bbox_inches='tight')
    fig.savefig(OUT/f'{name}.png',dpi=160,bbox_inches='tight')
    plt.close(fig)

fig,ax=plt.subplots(figsize=(6.2,3.0))
for n in range(5):
    for w,(a,b) in zip(words(n),stage(n)):
        ax.plot([float(a),float(b)],[-n,-n],color='black',lw=3 if n<3 else 2,solid_capstyle='butt')
        if n==2:
            ax.text(float((a+b)/2),-n+.14,w,ha='center',fontsize=9)
ax.set_yticks([0,-1,-2,-3,-4],[str(x) for x in range(5)])
ax.set_ylabel('Depth');ax.set_xlabel('Real coordinate $x$')
ax.set_xlim(-.02,1.02);ax.set_ylim(-4.45,.45)
ax.spines[['top','right']].set_visible(False)
fig.tight_layout();save(fig,'interval_tree')

fig,ax=plt.subplots(figsize=(6.2,3.2))
ns=list(range(13));classical=[F(2,3)**n for n in ns];thin=[F(1)];fat=[F(1)]
for n in ns[1:]:
    thin.append(thin[-1]*F(2,n+3));fat.append(fat[-1]*(1-F(1,2**(n+1))))
ax.plot(ns,[float(x) for x in classical],'-o',color='black',label='Middle thirds',ms=3)
ax.plot(ns,[float(x) for x in thin],'--s',color='black',label='Thin: child ratio $1/(n+3)$',ms=3)
ax.plot(ns,[float(x) for x in fat],'-.^',color='black',label='Fat: gap ratio $2^{-(n+1)}$',ms=3)
ax.axhline(.5,color='black',lw=.7,ls=':');ax.text(12,.51,'proved lower bound $1/2$',ha='right',fontsize=8)
ax.set_xlabel('Depth $n$');ax.set_ylabel('Total retained interval length');ax.set_ylim(-.03,1.04)
ax.legend(frameon=False,loc='upper right');ax.spines[['top','right']].set_visible(False)
fig.tight_layout();save(fig,'retained_length')

fig,ax=plt.subplots(figsize=(6.2,3.0))
ns=np.arange(0,10)
ax.loglog(2.0**ns,1/(8*9.0**ns),'-o',color='black',ms=4)
for n in [0,3,6,9]:
    ax.annotate(f'$n={n}$',(2.0**n,1/(8*9.0**n)),xytext=(6,6),textcoords='offset points',fontsize=8)
ax.set_xlabel('Stored cell averages $2^n$');ax.set_ylabel(r'Mean-square error $3^{-2n}/8$')
ax.set_xlim(.8,1100);ax.spines[['top','right']].set_visible(False)
fig.tight_layout();save(fig,'haar_energy')

fig,ax=plt.subplots(figsize=(6.2,3.1))
ns=np.arange(0,10);h=3.0**(-ns)
for y,style,label in [(h,'-o','Cylinder mesh'),(h/6,'--s','Set error of retained intervals'),(h/2-h*h/8,'-.^','Left-rule error for $x^2$'),(h*h/8,':D','Midpoint error for $x^2$')]:
    ax.semilogy(ns,y,style,color='black',label=label,ms=3)
ax.set_xlabel('Depth $n$');ax.set_ylabel('Exact error or mesh');ax.legend(frameon=False,loc='lower left',fontsize=8)
ax.spines[['top','right']].set_visible(False);fig.tight_layout();save(fig,'error_budget')

fig,ax=plt.subplots(figsize=(6.2,3.0))
# Only sampled radii are drawn; threshold values are handled exactly in code tests.
rs=np.geomspace(.001,.22,500)
rational=[F(str(float(r))) for r in rs]
ax.step(rs,[cantor_components(r) for r in rational],where='post',color='black',lw=1.5,label='Infinite $K$, positive radii')
for n,style in [(3,'--'),(4,':')]:
    ax.step(rs,[sample_components(n,r) for r in rational],where='post',color='black',ls=style,label=f'Both endpoints, depth {n}')
ax.set_xscale('log');ax.set_yscale('log',base=2);ax.set_xlabel('Closed-offset radius $r$');ax.set_ylabel('Connected components')
ax.legend(frameon=False,fontsize=8);ax.spines[['top','right']].set_visible(False)
fig.tight_layout();save(fig,'radius_components')

fig,ax=plt.subplots(figsize=(6.2,2.9))
for n in range(4):
    for w in words(n):
        a,b=inverse_cylinder(w)
        ax.plot([float(a),float(b)],[-n,-n],color='black',lw=3,solid_capstyle='butt')
        if n==2:
            ax.text(float((a+b)/2),-n+.18,w,ha='center',fontsize=8)
ax.set_yticks([0,-1,-2,-3],range(4));ax.set_ylabel('Inverse depth');ax.set_xlabel('Real coordinate $x$')
ax.set_xlim(-2.42,2.42);ax.set_ylim(-3.4,.4);ax.spines[['top','right']].set_visible(False)
fig.tight_layout();save(fig,'repeller_intervals')
print('Generated six vector PDF figures and PNG previews.')







PHI_volume_02_verification/verification/finite_observables/code/run_lab.py

"""Run finite exact tests, save evidence and the tables used by the companion."""
from __future__ import annotations
from collections import Counter
from copy import deepcopy
from fractions import Fraction as F
from pathlib import Path
import hashlib, json, platform, shutil
from companion_lab import *

ROOT = Path(__file__).resolve().parents[1]
OUT = ROOT/'results'
OUT.mkdir(exist_ok=True)
counts = Counter()
def check(group, value):
    if not value:
        raise AssertionError(f'Failed check in {group}')
    counts[group] += 1

def tex(x):
    x = F(x)
    return str(x.numerator) if x.denominator==1 else rf'\frac{{{x.numerator}}}{{{x.denominator}}}'

# Check all finite words through depth ten against an independent explicit sum.
for n in range(11):
    cells=stage(n)
    for w,(a,b) in zip(words(n),cells):
        direct=sum((F(2*int(c),3**j) for j,c in enumerate(w,1)),F(0))
        check('word arithmetic', a==direct and b-a==F(1,3**n) and 0<=a<b<=1)
        left,right=word_interval(w+'0'),word_interval(w+'1')
        check('child nesting and gaps', a==left[0] and right[1]==b and
              right[0]-left[1]==(b-a)/3 and left[1]<=b and a<=right[0])
    check('finite stage lengths', sum((b-a for a,b in cells),F(0))==F(2,3)**n)

certificates=[]
for q in range(1,41):
    for p in range(-1,q+2):
        x=F(p,q); cert=make_certificate(x)
        check('rational certificate replays', check_certificate(x,cert))
        check('independent integer reference', (cert['decision']=='member')==membership_fixed_denominator(p,q))
        check('rational termination bound', len(cert['states'])<=q+2)
        bad=deepcopy(cert); bad['decision']='nonmember' if cert['decision']=='member' else 'member'
        check('decision mutations rejected', not check_certificate(x,bad))
        bad=deepcopy(cert); bad['input']=pair(x+1)
        check('input substitutions rejected', not check_certificate(x,bad))
for x in [F(1,3),F(1,4),F(1,2),F(1,8),F(1,10),F(1,5)]:
    certificates.append(make_certificate(x))
c=make_certificate(F(1,4)); c['states'][1]=pair(F(2,3))
check('transition mutations rejected',not check_certificate(F(1,4),c))
for bad in [None,{}, {'states':[]}, {'input':[True,1]}]:
    check('malformed certificates rejected',not check_certificate(F(1,4),bad))
try:
    make_certificate(F(1,4),max_states=1)
    check('budget exhaustion explicit',False)
except BudgetExceeded:
    check('budget exhaustion explicit',True)
(OUT/'membership_examples.json').write_text(json.dumps(certificates,indent=2)+'\n')

prev=[1,2]
for n in range(13):
    if n>=len(prev): prev.append(prev[-1]+prev[-2])
    by_enum=sum('11' not in w for w in words(n))
    v0,v1=1,0
    for _ in range(n): v0,v1=v0+v1,v0
    check('automaton counts',by_enum==prev[n]==v0+v1)

m=cantor_moments(8)
check('moments',m[:4]==[F(1),F(1,2),F(3,8),F(5,16)])
quad=[];rec=[]
for n in range(9):
    h=F(1,3**n);lo,hi,mid=quadratic_rules(n)
    check('quadrature identities',F(3,8)-lo==h/2-h*h/8 and hi-lo==h and F(3,8)-mid==h*h/8)
    l,u=reciprocal_bracket(n)
    check('reciprocal width',0<=u-l<=h)
    low=outward_decimal(l,9,False);up=outward_decimal(u,9,True)
    check('outward decimal rounding',F(low)<=l<=u<=F(up))
    quad.append({'n':n,'lower':str(lo),'upper':str(hi),'midpoint':str(mid),'midpoint_error':str(h*h/8)})
    rec.append({'n':n,'lower':str(l),'upper':str(u),'printed_lower':low,'printed_upper':up})
(OUT/'quadrature.json').write_text(json.dumps(quad,indent=2)+'\n')
(OUT/'reciprocal.json').write_text(json.dumps(rec,indent=2)+'\n')
rows=['\\begin{tabular}{@{}rllll@{}}\\toprule', '$n$ & $Q_n^-$ & $Q_n^+$ & $Q_n^{\\rm mid}$ & Exact midpoint error\\\\\\midrule']
for n in [0,1,2,4,6]:
    a,b,c=quadratic_rules(n)
    rows.append(f'{n} & ${tex(a)}$ & ${tex(b)}$ & ${tex(c)}$ & ${tex(F(1,8*9**n))}$\\\\')
rows+=['\\bottomrule\\end{tabular}']
(OUT/'quadrature_table.tex').write_text('\n'.join(rows)+'\n')
rows=['\\begin{tabular}{@{}rlll@{}}\\toprule','$n$ & Outward lower bound & Outward upper bound & Proven width bound\\\\\\midrule']
for n in [0,2,4,6,8]:
    r=rec[n];rows.append(f"{n} & {r['printed_lower']} & {r['printed_upper']} & ${tex(F(1,3**n))}$\\\\")
rows+=['\\bottomrule\\end{tabular}']
(OUT/'reciprocal_table.tex').write_text('\n'.join(rows)+'\n')

# Closed offsets merge at equality, hence the strict gap comparison.
for j in range(1,9):
    r=F(1,2*3**j)
    check('closed offset thresholds',cantor_components(r)==2**(j-1))
    check('offset just below thresholds',cantor_components(r*F(999,1000))==2**j)
for n in range(1,8):
    check('finite sample zero radius',sample_components(n,F(0))==2**(n+1))
check('finite versus continuum counts',cantor_components(F(1,200))==16 and sample_components(3,F(1,200))==16 and sample_components(4,F(1,200))==32)
# Root brackets are exact rational inequalities; cylinder plots use them, not vice versa.
for p in range(700):
    u=F(p,100);lo,hi=sqrt_enclosure(u,10**5)
    check('square-root enclosure inequalities',lo*lo<=u<=hi*hi and hi-lo<=F(1,10**5))
rep=[]
for w in words(3)+['00110101']:
    a,b=inverse_cylinder(w)
    check('inverse-cylinder ordering',a<=b and F(-231,100)<=a and b<=F(231,100))
    rep.append({'word':w,'lower':str(a),'upper':str(b)})
check('inverse orientation',inverse_cylinder('01')[1]<inverse_cylinder('00')[0])
check('nonconvex optimum witnesses',F(1,3)<F(1,2)<F(2,3) and (F(1,3)-F(1,2))**2==F(1,36))
(OUT/'inverse_cylinders.json').write_text(json.dumps(rep,indent=2)+'\n')

states={}
for start in range(-16,17):
    seq=[];y=start
    while y not in seq:
        seq.append(y);y=rounded_step(y)
        check('finite arithmetic state containment',-16<=y<=16)
    cyc=seq[seq.index(y):]
    states[str(start)]={'prefix':seq,'cycle':cyc}
check('fixed-point counterexample',rounded_step(1)==1 and rounded_step(-1)==-1)
check('rounding tie convention',rounded_step(2)==2 and rounded_step(-2)==-2)
(OUT/'rounding_states.json').write_text(json.dumps(states,indent=2)+'\n')

formal={x:('NOT_RUN_UNAVAILABLE' if shutil.which(x) is None else 'AVAILABLE_NOT_RUN') for x in ['lean','lake','coqc','coqchk','z3']}
report={'scope':'Finite rational laboratory accompanying the undergraduate document; not end-to-end formal verification.',
        'python':platform.python_version(),'checks_by_group':dict(counts),'total_checks':sum(counts.values()),
        'result':'PASS','formal_tool_status':formal,
        'infinite_theorems':'Written derivations and cited synopsis proofs; not kernel-checked.',
        'education':'No learning-outcome experiment or institutional implementation was performed.',
        'dependency_boundary':'Python integer/Fraction implementation, script semantics, interpreter and operating environment remain trusted.'}
(OUT/'verification_report.json').write_text(json.dumps(report,indent=2)+'\n')
(OUT/'verification_summary.tex').write_text(str(sum(counts.values()))+' exact finite assertions passed. '+
    'The per-group counts and execution environment are recorded in \\file{results/verification_report.json}. '+
    'Lean, Coq and SMT proof obligations were not executed; no kernel-verification claim is made.\n')
print(json.dumps(report,indent=2))







PHI_volume_02_verification/verification/finite_observables/proofs/Range.lean

/- Undergraduate extract adapted from the synopsis finite-word model.
   Candidate only: not compiled in this delivery. The source synopsis targets
   Lean 4.19.0; no currently installed compiler is assumed here.
   This file does not formalize infinite Cantor-set membership or Python. -/
import Std
namespace UndergraduateCantor
inductive Word where
  | empty : Word
  | snoc : Word -> Bool -> Word

def bit : Bool -> Nat
  | false => 0
  | true => 1

def scale : Word -> Nat
  | .empty => 1
  | .snoc w _ => 3 * scale w

def code : Word -> Nat
  | .empty => 0
  | .snoc w b => 3 * code w + 2 * bit b

theorem code_range (w : Word) : code w + 1 <= scale w := by
  induction w with
  | empty => simp [code, scale]
  | snoc w b ih =>
    cases b <;> simp only [code, scale, bit] <;> omega

#print axioms code_range
end UndergraduateCantor







PHI_volume_02_verification/verification/finite_observables/proofs/Range.v

(* Undergraduate extract adapted from the synopsis finite-word model.
   Candidate only: not compiled in this delivery. The synopsis targets
   Coq 8.20.0; the file does not formalize the infinite set or Python. *)
From Coq Require Import Arith Bool Lia.
Module UndergraduateCantor.
Inductive word : Type :=
| Empty : word
| Snoc : word -> bool -> word.
Definition bit (b : bool) : nat := if b then 1 else 0.
Fixpoint scale (w : word) : nat :=
  match w with Empty => 1 | Snoc u _ => 3 * scale u end.
Fixpoint code (w : word) : nat :=
  match w with Empty => 0 | Snoc u b => 3 * code u + 2 * bit b end.
Theorem code_range : forall w, code w + 1 <= scale w.
Proof.
  induction w as [|w IH b].
  - simpl; lia.
  - destruct b; simpl in *; lia.
Qed.
Print Assumptions code_range.
End UndergraduateCantor.







PHI_volume_02_verification/verification/finite_observables/results/inverse_cylinders.json

[
  {
    "word": "000",
    "lower": "-14717132483/10000000000",
    "upper": "-12357721713/10000000000"
  },
  {
    "word": "001",
    "lower": "-10211719721/10000000000",
    "upper": "-4173978647/5000000000"
  },
  {
    "word": "010",
    "lower": "-1057457699/500000000",
    "upper": "-2447594519/1250000000"
  },
  {
    "word": "011",
    "lower": "-5757123897/2500000000",
    "upper": "-11132393951/5000000000"
  },
  {
    "word": "100",
    "lower": "12357721713/10000000000",
    "upper": "14717132483/10000000000"
  },
  {
    "word": "101",
    "lower": "4173978647/5000000000",
    "upper": "10211719721/10000000000"
  },
  {
    "word": "110",
    "lower": "2447594519/1250000000",
    "upper": "1057457699/500000000"
  },
  {
    "word": "111",
    "lower": "11132393951/5000000000",
    "upper": "5757123897/2500000000"
  },
  {
    "word": "00110101",
    "lower": "-2185291737/2500000000",
    "upper": "-8733722911/10000000000"
  }
]







PHI_volume_02_verification/verification/finite_observables/results/membership_examples.json

[
  {
    "input": [
      1,
      3
    ],
    "states": [
      [
        1,
        3
      ],
      [
        1,
        1
      ]
    ],
    "reason": "endpoint",
    "decision": "member",
    "repeat_index": null
  },
  {
    "input": [
      1,
      4
    ],
    "states": [
      [
        1,
        4
      ],
      [
        3,
        4
      ],
      [
        1,
        4
      ]
    ],
    "reason": "cycle",
    "decision": "member",
    "repeat_index": 0
  },
  {
    "input": [
      1,
      2
    ],
    "states": [
      [
        1,
        2
      ]
    ],
    "reason": "gap",
    "decision": "nonmember",
    "repeat_index": null
  },
  {
    "input": [
      1,
      8
    ],
    "states": [
      [
        1,
        8
      ],
      [
        3,
        8
      ]
    ],
    "reason": "gap",
    "decision": "nonmember",
    "repeat_index": null
  },
  {
    "input": [
      1,
      10
    ],
    "states": [
      [
        1,
        10
      ],
      [
        3,
        10
      ],
      [
        9,
        10
      ],
      [
        7,
        10
      ],
      [
        1,
        10
      ]
    ],
    "reason": "cycle",
    "decision": "member",
    "repeat_index": 0
  },
  {
    "input": [
      1,
      5
    ],
    "states": [
      [
        1,
        5
      ],
      [
        3,
        5
      ]
    ],
    "reason": "gap",
    "decision": "nonmember",
    "repeat_index": null
  }
]







PHI_volume_02_verification/verification/finite_observables/results/quadrature.json

[
  {
    "n": 0,
    "lower": "0",
    "upper": "1",
    "midpoint": "1/4",
    "midpoint_error": "1/8"
  },
  {
    "n": 1,
    "lower": "2/9",
    "upper": "5/9",
    "midpoint": "13/36",
    "midpoint_error": "1/72"
  },
  {
    "n": 2,
    "lower": "26/81",
    "upper": "35/81",
    "midpoint": "121/324",
    "midpoint_error": "1/648"
  },
  {
    "n": 3,
    "lower": "260/729",
    "upper": "287/729",
    "midpoint": "1093/2916",
    "midpoint_error": "1/5832"
  },
  {
    "n": 4,
    "lower": "2420/6561",
    "upper": "2501/6561",
    "midpoint": "9841/26244",
    "midpoint_error": "1/52488"
  },
  {
    "n": 5,
    "lower": "22022/59049",
    "upper": "22265/59049",
    "midpoint": "88573/236196",
    "midpoint_error": "1/472392"
  },
  {
    "n": 6,
    "lower": "198926/531441",
    "upper": "199655/531441",
    "midpoint": "797161/2125764",
    "midpoint_error": "1/4251528"
  },
  {
    "n": 7,
    "lower": "1792520/4782969",
    "upper": "1794707/4782969",
    "midpoint": "7174453/19131876",
    "midpoint_error": "1/38263752"
  },
  {
    "n": 8,
    "lower": "16139240/43046721",
    "upper": "16145801/43046721",
    "midpoint": "64570081/172186884",
    "midpoint_error": "1/344373768"
  }
]







PHI_volume_02_verification/verification/finite_observables/results/reciprocal.json

[
  {
    "n": 0,
    "lower": "1/2",
    "upper": "1",
    "printed_lower": "0.500000000",
    "printed_upper": "1.000000000"
  },
  {
    "n": 1,
    "lower": "5/8",
    "upper": "4/5",
    "printed_lower": "0.625000000",
    "printed_upper": "0.800000000"
  },
  {
    "n": 2,
    "lower": "217/320",
    "upper": "689/935",
    "printed_lower": "0.678125000",
    "printed_upper": "0.736898396"
  },
  {
    "n": 3,
    "lower": "15875077/22771840",
    "upper": "338880008/472804255",
    "printed_lower": "0.697136331",
    "printed_upper": "0.716744836"
  },
  {
    "n": 4,
    "lower": "49439863683929/70266155814400",
    "upper": "618860276118479023813/871455843994259253457",
    "printed_lower": "0.703608488",
    "printed_upper": "0.710145305"
  },
  {
    "n": 5,
    "lower": "51392709285826280251936377612834438149/72816861927347581435861841087940224000",
    "upper": "72923065783854478800214546082220732759072000560825684/103004601942355825069935270562910166432501741293922175",
    "printed_lower": "0.705780336",
    "printed_upper": "0.707959299"
  },
  {
    "n": 6,
    "lower": "918531429891339743747259533887020575294904635721990159164360519118930999138606091/1300104456132576951645408740770566755135754146089062879023214522926474446694912000",
    "upper": "48135805637412787418819340876387868552364852419246870176066460961026379954976919349456378383947268750891442575559/68062237821040997312714042168533525995900396322898081224396806420448297377041343888190634943268512075941361390725",
    "printed_lower": "0.706505870",
    "printed_upper": "0.707232192"
  },
  {
    "n": 7,
    "lower": "50222040236146165813602609159410144275225783561539670528192051292054229364515858527754180211060694312406041512292821551703427269734781469234822330078254951667534318491487841201479/71060757244887690270015135443705707872158799674939294583525679426516584140345466895218934924201688792992864940355412708069043188438638276226742501392652793218760175342161376256000",
    "upper": "5534743392091995461191037693012158331185265044642772097142963015596663545517398039032480907455743763373817280441373363091283850753359651745097964392780520229889535792895181802779922686001591156964426671301826615555697406416614816519447404961593665165438907514962802515749808/7828602121724174109545797453319659409367372137127991396944583682308474500654736973948809589554619503031258696349302446491943930859747763497983869734540690245184455049071408600460620015727338402330924903764791185109828018200544916309754126637899283676251734421867578328496625",
    "printed_lower": "0.706747889",
    "printed_upper": "0.706989998"
  },
  {
    "n": 8,
    "lower": "1477040252364523068894440044341193952629020849869885004707893259811029034333153360277965972629259737365173003294712220365190681663310796395576960007961123543732952052128065018448309438485938166880157352531245822320618418503574520507643484850566438990235633082436673280060363622087661082123192451510585042652076095598242896036528202684692937269961735356170552958634666079383572297118966846096819/2089672501522011642227166364270662855424220195460791886578310023819964722169433119976729433093232671357740764523347994803653458817689687914796104714948185846478311948737015681728249372374514158729879928012996010154180968636872267027847207197931094382937306747334652091211883171835468595452076222625012754667720806764997858732042025453989305261653013232691595745024055782660062625701286273024000",
    "upper": "751457483924974433271485663690626928491649235093121274688782656644334672437191694935027344117519594149075945209342834777686756310370347575998071358312642848395420129447144694802517948568315036476735324243557039477857717537632029628556614724876922077631686851620981174963836039476817776458617383525912130662403648046052810796740492663505317760570248985371233343318132079610872538753467174398174206759659215606693259839631264932920116331873486697137331008265856597609459430365438512726225004567590020973768918522048034913225775550727345656397909356678583840319/1063018268142644566804016582679989591584341434598185889327027748642070693576349843335385700197763213579198432527997800303143180586041369986076003620228018544025443308401888084630863005278973677722358425245284193947040983404887112352953256814862859550727490819722113664961720607751644610724158755931056644305052445640645694701142583605431719658497120377286998036495463170663348018792051617480569098596213553718927535806482934823248161183685563227376595482348939064213953646379274772325861459294095303033730692666949656938450452908664804228111822117219707330375",
    "printed_lower": "0.706828582",
    "printed_upper": "0.706909286"
  }
]







PHI_volume_02_verification/verification/finite_observables/results/rounding_states.json

{
  "-16": {
    "prefix": [
      -16,
      -12,
      -9,
      -7,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-15": {
    "prefix": [
      -15,
      -11,
      -8,
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-14": {
    "prefix": [
      -14,
      -11,
      -8,
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-13": {
    "prefix": [
      -13,
      -10,
      -8,
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-12": {
    "prefix": [
      -12,
      -9,
      -7,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-11": {
    "prefix": [
      -11,
      -8,
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-10": {
    "prefix": [
      -10,
      -8,
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-9": {
    "prefix": [
      -9,
      -7,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-8": {
    "prefix": [
      -8,
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-7": {
    "prefix": [
      -7,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-6": {
    "prefix": [
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-5": {
    "prefix": [
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-4": {
    "prefix": [
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-3": {
    "prefix": [
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-2": {
    "prefix": [
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-1": {
    "prefix": [
      -1
    ],
    "cycle": [
      -1
    ]
  },
  "0": {
    "prefix": [
      0
    ],
    "cycle": [
      0
    ]
  },
  "1": {
    "prefix": [
      1
    ],
    "cycle": [
      1
    ]
  },
  "2": {
    "prefix": [
      2
    ],
    "cycle": [
      2
    ]
  },
  "3": {
    "prefix": [
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "4": {
    "prefix": [
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "5": {
    "prefix": [
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "6": {
    "prefix": [
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "7": {
    "prefix": [
      7,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "8": {
    "prefix": [
      8,
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "9": {
    "prefix": [
      9,
      7,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "10": {
    "prefix": [
      10,
      8,
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "11": {
    "prefix": [
      11,
      8,
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "12": {
    "prefix": [
      12,
      9,
      7,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "13": {
    "prefix": [
      13,
      10,
      8,
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "14": {
    "prefix": [
      14,
      11,
      8,
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "15": {
    "prefix": [
      15,
      11,
      8,
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "16": {
    "prefix": [
      16,
      12,
      9,
      7,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  }
}







PHI_volume_02_verification/verification/finite_observables/results/verification_report.json

{
  "scope": "Finite rational laboratory accompanying the undergraduate document; not end-to-end formal verification.",
  "python": "3.13.5",
  "checks_by_group": {
    "word arithmetic": 2047,
    "child nesting and gaps": 2047,
    "finite stage lengths": 11,
    "rational certificate replays": 940,
    "independent integer reference": 940,
    "rational termination bound": 940,
    "decision mutations rejected": 940,
    "input substitutions rejected": 940,
    "transition mutations rejected": 1,
    "malformed certificates rejected": 4,
    "budget exhaustion explicit": 1,
    "automaton counts": 13,
    "moments": 1,
    "quadrature identities": 9,
    "reciprocal width": 9,
    "outward decimal rounding": 9,
    "closed offset thresholds": 8,
    "offset just below thresholds": 8,
    "finite sample zero radius": 7,
    "finite versus continuum counts": 1,
    "square-root enclosure inequalities": 700,
    "inverse-cylinder ordering": 9,
    "inverse orientation": 1,
    "nonconvex optimum witnesses": 1,
    "finite arithmetic state containment": 173,
    "fixed-point counterexample": 1,
    "rounding tie convention": 1
  },
  "total_checks": 9762,
  "result": "PASS",
  "formal_tool_status": {
    "lean": "NOT_RUN_UNAVAILABLE",
    "lake": "NOT_RUN_UNAVAILABLE",
    "coqc": "NOT_RUN_UNAVAILABLE",
    "coqchk": "NOT_RUN_UNAVAILABLE",
    "z3": "NOT_RUN_UNAVAILABLE"
  },
  "infinite_theorems": "Written derivations and cited synopsis proofs; not kernel-checked.",
  "education": "No learning-outcome experiment or institutional implementation was performed.",
  "dependency_boundary": "Python integer/Fraction implementation, script semantics, interpreter and operating environment remain trusted."
}







PHI_volume_02_verification/verification/normal_families/code/experiments.py

#!/usr/bin/env python3
"""Reproducible calculations for Lyubich, section 4.
Exact algebra, real-closed-field obligations and floating-point diagnostics
are recorded separately. No claim of Lean kernel acceptance is made here.
"""
from __future__ import annotations
from fractions import Fraction as F
from pathlib import Path
import ctypes,ctypes.util,json,math,platform,time,hashlib
import numpy as np
import sympy as sp
R=Path(__file__).resolve().parents[1]; O=R/'results';O.mkdir(exist_ok=True)
checks=[]
def check(name,ok,kind='exact'):
    if not bool(ok):raise AssertionError(name)
    checks.append({'id':name,'kind':kind,'passed':True})
def dump(n,x): (O/n).write_text(json.dumps(x,indent=2,ensure_ascii=False)+'\n')
# A small, explicit binding to the already-installed Z3 shared library.
libpath=ctypes.util.find_library('z3')
lib=ctypes.CDLL(libpath)
lib.Z3_mk_config.restype=ctypes.c_void_p
lib.Z3_mk_context.argtypes=[ctypes.c_void_p];lib.Z3_mk_context.restype=ctypes.c_void_p
lib.Z3_del_config.argtypes=[ctypes.c_void_p];lib.Z3_del_context.argtypes=[ctypes.c_void_p]
lib.Z3_eval_smtlib2_string.argtypes=[ctypes.c_void_p,ctypes.c_char_p];lib.Z3_eval_smtlib2_string.restype=ctypes.c_char_p
lib.Z3_get_full_version.restype=ctypes.c_char_p

def solve(s):
    conf=lib.Z3_mk_config();ctx=lib.Z3_mk_context(conf);lib.Z3_del_config(conf)
    try: return lib.Z3_eval_smtlib2_string(ctx,s.encode()).decode().strip()
    finally:lib.Z3_del_context(ctx)

obligations=[]
def rcf(name,vars,hyps,conclusion,description):
    text='(set-option :timeout 15000)\n(set-logic QF_NRA)\n'
    text+='\n'.join('(declare-const '+v+' Real)' for v in vars)+'\n'
    text+='\n'.join('(assert '+h+')' for h in hyps)+'\n(assert (not '+conclusion+'))\n(check-sat)\n'
    ans=solve(text);check(name,ans=='unsat','SMT-real-closed-field')
    p=R/'formal'/'smt';p.mkdir(parents=True,exist_ok=True);(p/(name+'.smt2')).write_text(text)
    obligations.append({'id':name,'description':description,'answer':ans,'sha256':hashlib.sha256(text.encode()).hexdigest()})

rcf('F01_gap_positive',['r'],['(<= 0 r)','(< r 1)'],'(> (- 1 r) 0)','Open disk denominator.')
rcf('F02_quarter_radius',['a','b'],['(>= a 0)','(>= b 0)','(<= a b)'],'(<= (/ a 4) (/ b 4))','Scaling the quarter-radius inclusion.')
rcf('F03_radius_interval',['d','c'],['(> d 0)','(<= d c)','(<= c (* 4 d))'],'(and (<= (/ c 4) d) (<= d c))','Equivalent conformal-radius interval.')
rcf('F04_inverse_margin',['m','e'],['(> m 0)','(>= e 0)','(< e m)'],'(> (- m e) 0)','Positive perturbed denominator.')
rcf('F05_quadratic_gap',['a','r'],['(>= a 0)','(< a (/ 1 2))','(>= r 0)','(<= r 1)'],'(> (- 1 (* 2 a r)) 0)','Quadratic univalence margin.')
rcf('F06_quadratic_lipschitz',['a','x','y'],['(>= a 0)','(<= a (/ 1 2))','(>= x 0)','(>= y 0)','(<= y (* 2 a x))'],'(>= (- x y) (* (- 1 (* 2 a)) x))','Difference-factor lower bound.')
rcf('F07_extremal_gain',['q'],['(> q 0)','(< q 1)'],'(> (+ 1 (* q q)) (* 2 q))','Strict gain in the Riemann extremal argument.')
rcf('F08_capacitance_energy',['a','b'],['(> a 0)','(> b 0)'],'(>= (+ (* a a) (* b b)) (* 2 a b))','Two-arc energy inequality numerator.')
rcf('F09_area_single_coefficient',['a','b'],['(>= a 0)','(>= b 0)','(<= (+ a b) 1)'],'(<= a 1)','Nonnegative Laurent coefficient budget.')
rcf('F10_shape_order',['r'],['(> r 0)','(< r 1)'],'(>= (* (+ 1 r) (+ 1 r)) (* (- 1 r) (- 1 r)))','Upper shape factor exceeds one.')
rcf('F11_tail_splitting',['e1','e2','e'],['(>= e1 0)','(>= e2 0)','(<= (+ e1 e2) e)'],'(and (<= e1 e) (<= e2 e))','Nonnegative error budget.')
rcf('F12_sample_enclosure',['s','l','h','t','u','v'],['(>= l 0)','(>= h 0)','(<= u s)','(<= v (* l h))','(<= t (+ u v))'],'(<= t (+ s (* l h)))','Composition of a sample enclosure and an independent variation bound.')
rcf('F13_half_arc',['a','b'],['(> a 0)','(> b 0)'],'(>= (* (+ a b) (+ a b)) (* 4 a b))','Optimal splitting of the two arcs.')
rcf('F14_quarter_sharp_numerator',['r'],['(>= r 0)','(<= r 1)'],'(<= (* 4 r) (* (+ 1 r) (+ 1 r)))','Koebe negative-axis value is at most one quarter.')
rcf('F15_spherical_reciprocal',['x','y','u','v','q'],['(= q (+ (* x x) (* y y)))','(> q 0)','(= (* q u) x)','(= (* q v) (- y))'], '(= (* q (+ (* u u) (* v v))) 1)','Squared norm identity in a reciprocal complex chart.')
rcf('F16_normalized_derivative_nonzero',['x','y'],['(= (+ (* x x) (* y y)) 1)'],'(not (and (= x 0) (= y 0)))','Normalization excludes a zero derivative.')
# Independent, nontrivial algebraic implications for explicit comparison models.
for n in range(1,9):
    rcf(f'F{16+n:02d}_weighted_energy_{n}',['a','b','x','y'],
        ['(>= a 0)','(>= b 0)',f'(<= a {n})',f'(<= b {n})'],
        f'(<= (+ (* a x x) (* b y y)) (* {n} (+ (* x x) (* y y))))',
        f'Coordinate-energy operator bound with ceiling {n}.')
for n in range(1,7):
    rcf(f'F{24+n:02d}_jet_budget_{n}',['u','v'],['(>= u 0)','(>= v 0)',f'(<= (+ u (* {n} v)) 1)'],f'(<= (* {n} v) 1)',f'Area budget after retaining a Laurent coefficient of order {n}.')
for n in range(1,7):
    rcf(f'F{30+n:02d}_sample_budget_{n}',['s','l','e'],['(>= l 0)',f'(<= (+ (* {2*n} s) l) (* {2*n} e))'],f'(<= (+ s (/ l {2*n})) e)',f'Rational mesh spacing 1/{n} sample certificate.')
rcf('F37_modulus_square',['c','m','r'],['(> c 0)','(> m 0)','(>= r 0)','(<= (* m r) c)'],'(<= (* m m r r) (* c c))','Squared nonnegative modulus inequality.')
rcf('F38_coverage_bound',['a','u'],['(>= a 0)','(> u 0)','(<= a u)'],'(<= (/ a u) 1)','Bounded weighted obligation coverage.')
rcf('F39_slit_discriminant',['x'],['(> x (- (/ 1 4)))'],'(> (+ 1 (* 4 x)) 0)','Positive real discriminant to the right of the slit.')
rcf('F40_truncation_norm',['q','u','v'],['(>= q 0)','(<= q 1)','(>= u 0)','(>= v 0)'],'(<= (+ (* q u) (* q v)) (+ u v))','Contraction of nonnegative coefficient energy.')
# Mutation controls: each altered assertion has an explicit satisfying counterexample.
mutations=[('quarter_changed','(declare-const x Real)\n(assert (> x 0))\n(assert (not (<= x (/ x 4))))'),
('strict_gain_endpoint','(declare-const q Real)\n(assert (= q 1))\n(assert (not (> (+ 1 (* q q)) (* 2 q))))'),
('missing_normalization','(declare-const x Real)\n(assert (= x 0))\n(assert (not (> (* x x) 0)))'),
('negative_weight','(declare-const a Real)\n(assert (= a (- 1)))\n(assert (not (>= a 0)))'),
('oversized_quadratic','(declare-const a Real)\n(assert (= a 1))\n(assert (not (> (- 1 (* 2 a)) 0)))'),
('coverage_overcount','(declare-const a Real)\n(assert (= a 2))\n(assert (not (<= a 1)))'),
('incorrect_sqrt','(declare-const q Real)\n(assert (= q (/ 1 2)))\n(assert (not (= (* q q) q)))'),
('lost_boundary_margin','(declare-const m Real)\n(assert (= m 0))\n(assert (not (> m 0)))'),
('wrong_energy_factor','(declare-const a Real)\n(assert (= a 1))\n(assert (not (>= (* 4 a a) (* 5 a a))))'),
('uncertified_sample','(declare-const x Real)\n(assert (= x 2))\n(assert (not (<= x 1)))')]
mut=[]
for name,body in mutations:
    out=solve('(set-logic QF_NRA)\n'+body+'\n(check-sat)\n');check('mutation_'+name,out=='sat','SMT-counterexample');mut.append({'id':name,'answer':out})
dump('smt_verification.json',{'distinct_schema_count':23,'parameter_instance_schemas':{'weighted_energy':8,'jet_budget':6,'sample_budget':6},'library':libpath,'version':lib.Z3_get_full_version().decode(),'obligations':obligations,'mutation_controls':mut,'trust':'Z3 solver acceptance; not Lean kernel verification.'})

z,w,a,r,q=sp.symbols('z w a r q');k=z/(1-z)**2
identities={
 'koebe_derivative':sp.diff(k,z)-(1+z)/(1-z)**3,
 'koebe_second_derivative':sp.diff(k,z,2)-2*(2+z)/(1-z)**4,
 'koebe_difference':z*(1-w)**2-w*(1-z)**2-(z-w)*(1-z*w),
 'koebe_cayley':4*k+1-((1+z)/(1-z))**2,
 'koebe_inverse_polynomial':w*z*z-(2*w+1)*z+w-(w*(1-z)**2-z),
 'quadratic_difference':z+a*z*z-w-a*w*w-(z-w)*(1+a*(z+w)),
 'koebe_ratio':((1+r)/(1-r)**3)/((1-r)/(1+r)**3)-((1+r)/(1-r))**4,
 'koebe_growth_upper_integral':sp.diff(r/(1-r)**2,r)-(1+r)/(1-r)**3,
 'koebe_growth_lower_integral':sp.diff(r/(1+r)**2,r)-(1-r)/(1+r)**3,
 'extremal_gain':(1+q*q)-2*q-(1-q)**2,
 'quadratic_inverse_rationalization':(sp.Symbol('s')-1)*(sp.Symbol('s')+1)-(sp.Symbol('s')**2-1),
 'pre_schwarzian_upper':sp.diff(sp.log((1+r)/(1-r)**3),r)-(4+2*r)/(1-r*r),
 'pre_schwarzian_lower':sp.diff(sp.log((1-r)/(1+r)**3),r)-(-4+2*r)/(1-r*r),
}
syms=[]
for name,expr in identities.items():
    numerator=sp.cancel(expr).as_numer_denom()[0];check(name,sp.expand(numerator)==0,'symbolic-identity');syms.append(name)
dump('symbolic_identities.json',{'count':len(syms),'names':syms,'engine':sp.__version__})
# Exact data used in figures and every comparative claim.
rows=[]
for rr in [F(1,10),F(1,4),F(1,2),F(3,5),F(3,4),F(9,10)]:
    universal=((1+rr)/(1-rr))**4;aa=F(1,5);specific=(1+2*aa*rr)/(1-2*aa*rr)
    rows.append({'r':str(rr),'koebe_ratio':str(universal),'quadratic_ratio':str(specific),'enclosure_factor':str(universal/specific)})
dump('distortion_comparison.json',rows)
rows=[]
for rr in [F(1,4),F(1,2),F(3,4),F(9,10)]:
 for N in [2,4,8,16,32,64]:
    exact=rr**N;check(f'restriction_{rr}_{N}',0<exact<1)
    rows.append({'radius':str(rr),'rank':N,'operator_error':str(exact),'log10_error':math.log10(float(exact))})
dump('restriction_frontier.json',rows)
# Koebe Taylor error; this is the exact maximum on a closed centered disk.
rows=[]
for rr in [F(1,4),F(1,2),F(3,4),F(9,10)]:
 for N in [2,4,8,16,32,64]:
    tail=rr**(N+1)*((N+1)-N*rr)/(1-rr)**2
    exact=rr/(1-rr)**2-sum(F(j)*rr**j for j in range(1,N+1))
    check(f'koebe_tail_{rr}_{N}',tail==exact)
    rows.append({'r':str(rr),'degree':N,'exact_supremum_error':str(tail),'log10_error':math.log10(float(tail))})
dump('koebe_tail.json',rows)
# Coefficient extraction: optimum of a stated two-term bound, numerically bracketed.
# q is sample radius / certified analytic radius; n=8,N=64,M=2,eta=1e-12.
from scipy.optimize import brentq
nn,NN,MM,eta=8,64,2.,1e-12
BB=lambda x:eta*x**(-nn)+MM*x**NN/(1-x**NN)
dBB=lambda x:-nn*eta*x**(-nn-1)+MM*NN*x**(NN-1)/(1-x**NN)**2
opt=brentq(dBB,.05,.99,xtol=1e-15)
rads=np.linspace(.2,.93,400)
dump('radius_optimization.json',{'n':nn,'N':NN,'M':MM,'sample_error_bound':eta,'q_opt':opt,'bound_opt':BB(opt),'at_half':BB(.5),'bound_ratio_half_to_opt':BB(.5)/BB(opt),'status':'floating-point stationary-point diagnostic; convexity proof is in CSE graduate volume','curve':[[float(x),BB(x)] for x in rads]})
# Exact rational enclosure of the unique optimum, linked to the written convexity proof.
qlo,qhi=F(6555554687,10**10),F(6555554688,10**10)
etaq=F(1,10**12)
P=lambda q:F(2*64)*q**72-F(8)*etaq*(1-q**64)**2
BF=lambda q:etaq/q**8+2*q**64/(1-q**64)
check('optimal_radius_lower_sign',P(qlo)<0)
check('optimal_radius_upper_sign',P(qhi)>0)
lo=etaq/qhi**8+2*qlo**64/(1-qlo**64)
hi=min(BF(qlo),BF(qhi))
check('optimal_bound_interval_order',lo<hi)
dump('optimal_radius_certificate.json',{'q_lower':str(qlo),'q_upper':str(qhi),'width':str(qhi-qlo),'P_lower_sign':-1,'P_upper_sign':1,'bound_lower':str(lo),'bound_upper':str(hi),'float_bound_lower':float(lo),'float_bound_upper':float(hi),'hypothesis':'Strict-convexity and derivative-equivalence theorems are written proofs in C03; this certificate checks rational signs and interval arithmetic.'})
# Exact sample spacing example: sup <= sample maximum + pi*L/N; pi replaced by 22/7.
sample=[]
for N in [16,32,64,128,256,512]:
    bound=F(1,1000)+F(22,7)*F(1,5)/N
    sample.append({'N':N,'certified_boundary_bound':str(bound),'assumptions':'sample maximum <=1/1000; angular Lipschitz constant <=1/5; pi<22/7'})
dump('sample_bounds.json',sample)
# Analytic continuation lower bound via individual coefficient modes.
cont=[]
for N in [1,2,4,8,16,32,64]:
    inner=F(1,4)**N;outer=F(3,4)**N;amp=3**N
    check(f'continuation_{N}',outer/inner==amp)
    cont.append({'degree':N,'inner_norm':str(inner),'outer_norm':str(outer),'amplification':amp})
dump('continuation.json',cont)
# Float diagnostics of coordinate identities, never substitutes for whole-domain proofs.
rng=np.random.default_rng(421018)
max_inv=max_diff=0.
for j in range(1200):
    zz=.94*math.sqrt(rng.random())*np.exp(2j*np.pi*rng.random());ww=zz/(1-zz)**2
    ss=np.sqrt(1+4*ww);back=4*ww/(1+ss)**2
    err=abs(back-zz);max_inv=max(max_inv,err);check(f'inverse_diagnostic_{j}',err<5e-12,'floating-point')
    aa=.2;zz2=.94*math.sqrt(rng.random())*np.exp(2j*np.pi*rng.random())
    delta=abs((zz+aa*zz*zz)-(zz2+aa*zz2*zz2));dist=abs(zz-zz2)
    check(f'quadratic_diagnostic_{j}',(.6-1e-12)*dist<=delta<=(1.4+1e-12)*dist,'floating-point')
dump('floating_diagnostics.json',{'seed':421018,'koebe_inverse_max_error':max_inv,'trials':1200,'tolerance':5e-12})
dump('verification.json',{'environment':{'python':platform.python_version(),'numpy':np.__version__,'sympy':sp.__version__,'z3':lib.Z3_get_full_version().decode()},'checks':len(checks),'counts_by_kind':{k:sum(c['kind']==k for c in checks) for k in sorted(set(c['kind'] for c in checks))},'records':checks,'lean_kernel_acceptances':0,'full_section_formalized':False})
print(json.dumps({'checks':len(checks),'smt_obligations':len(obligations),'identities':len(syms),'radius_opt':opt},indent=2))







PHI_volume_02_verification/verification/normal_families/code/graphics.py

#!/usr/bin/env python3
"""Original vector figures and animation frames. All coordinates are reproducible.
The registered formula, sampling and scale conventions are part of each caption.
"""
from __future__ import annotations
from pathlib import Path
import math,json
import numpy as np
import cairo
ROOT=Path(__file__).resolve().parents[1]
FIG=ROOT/'figures'; FIG.mkdir(exist_ok=True)
W,H=1200,730
class Canvas:
 def __init__(self,ctx,dark=False):
  self.c=ctx; self.dark=dark;self.bg=.035 if dark else 1.;self.fg=.96 if dark else .08
  self.c.set_source_rgb(self.bg,self.bg,self.bg);self.c.paint()
 def gray(self,g=None):
  if g is None:g=self.fg
  self.c.set_source_rgb(g,g,g)
 def text(self,x,y,s,size=20,weight=False,align='left',g=None):
  self.c.select_font_face('DejaVu Sans Mono',cairo.FONT_SLANT_NORMAL,cairo.FONT_WEIGHT_BOLD if weight else cairo.FONT_WEIGHT_NORMAL)
  self.c.set_font_size(size);self.gray(g)
  ext=self.c.text_extents(str(s));xx=x-(ext.width/2+ext.x_bearing if align=='center' else ext.width+ext.x_bearing if align=='right' else 0)
  self.c.move_to(xx,y);self.c.show_text(str(s))
 def line(self,x1,y1,x2,y2,width=1,g=None,dash=None):
  self.gray(g);self.c.set_line_width(width);self.c.set_dash(dash or []);self.c.move_to(x1,y1);self.c.line_to(x2,y2);self.c.stroke();self.c.set_dash([])
 def path(self,pts,width=1.4,g=None,dash=None,close=False,fill=False):
  self.gray(g);self.c.set_line_width(width);self.c.set_dash(dash or []); first=True
  for x,y in pts:
   if not np.isfinite(x+y):first=True;continue
   if first:self.c.move_to(float(x),float(y));first=False
   else:self.c.line_to(float(x),float(y))
  if close:self.c.close_path()
  if fill:self.c.fill_preserve()
  self.c.stroke();self.c.set_dash([])
 def circle(self,x,y,r,g=None,fill=False,width=1):
  self.gray(g);self.c.set_line_width(width);self.c.arc(x,y,r,0,2*math.pi)
  if fill:self.c.fill()
  else:self.c.stroke()
 def box(self,x,y,w,h,g=None,fill=False):
  self.gray(g);self.c.rectangle(x,y,w,h)
  if fill:self.c.fill()
  else:self.c.set_line_width(.7);self.c.stroke()
 def title(self,title,subtitle=''):
  self.text(45,43,title,26,True);self.text(45,73,subtitle,14)
  self.line(45,90,1155,90,.8,g=.35 if self.dark else .7)
 def foot(self,s):self.text(45,705,s,14)
 def axes(self,x,y,w,h,xlim,ylim,xlab='',ylab='',xticks=None,yticks=None):
  self.line(x,y+h,x+w,y+h,1.2);self.line(x,y,x,y+h,1.2)
  def p(a,b):return x+w*(a-xlim[0])/(xlim[1]-xlim[0]),y+h-h*(b-ylim[0])/(ylim[1]-ylim[0])
  xticks=np.linspace(*xlim,5) if xticks is None else xticks;yticks=np.linspace(*ylim,5) if yticks is None else yticks
  for t in xticks:
   xx,yy=p(t,ylim[0]);self.line(xx,yy,xx,yy+6);self.text(xx,yy+28,f'{t:g}',14,align='center')
  for t in yticks:
   xx,yy=p(xlim[0],t);self.line(xx-6,yy,xx,yy);self.text(xx-12,yy+5,f'{t:g}',14,align='right')
   self.line(x,yy,x+w,yy,.5,g=.22 if self.dark else .87)
  self.text(x+w/2,y+h+64,xlab,17,align='center');self.text(x,y-15,ylab,17)
  return p
 def curve(self,p,x,y,**kw):self.path([p(a,b) for a,b in zip(x,y)],**kw)
 def clipped_curve(self,p,x,y,rect,**kw):
  self.c.save();self.c.rectangle(*rect);self.c.clip();self.curve(p,x,y,**kw);self.c.restore()
 def plane(self,x,y,w,h,lim=1.15,xlab='Re z',ylab='Im z'):
  side=min(w,h);x=x+(w-side)/2;y=y+(h-side)/2
  p=self.axes(x,y,side,side,(-lim,lim),(-lim,lim),xlab,ylab,[-1,0,1],[-1,0,1]);self.line(*p(0,-lim),*p(0,lim),.5,g=.5);return p
 def legend(self,items,x=850,y=150):
  for j,(lab,g,dash) in enumerate(items):
   yy=y+32*j;self.line(x,yy-6,x+45,yy-6,2,g=g,dash=dash);self.text(x+57,yy,lab,15)

def sample_grid(fun,r=.85):
 ts=np.linspace(0,2*np.pi,500)
 for rad in np.linspace(r/7,r,7):yield fun(rad*np.exp(1j*ts))
 for a in np.linspace(0,2*np.pi,24,endpoint=False):yield fun(np.linspace(0,r,160)*np.exp(1j*a))

def grid(c,p,fun,r=.85,rect=None,g=None):
 if rect:c.c.save();c.c.rectangle(*rect);c.c.clip()
 for zz in sample_grid(fun,r):c.curve(p,zz.real,zz.imag,width=.85,g=g)
 if rect:c.c.restore()

def koebe(z):return z/(1-z)**2
TITLES={
'cauchy_scale':('Cauchy estimates and geometric scale','A disk radius supplies a derivative bound and an explicit dimensional check.'),
'jet_tail':('Finite jets and uniform approximation','Certified tail M r^(N+1)/(1-r), with analytic radius normalized to one.'),
'riemann_gain':('The extremal derivative improvement','An omitted value b produces gain (1+|b|)/(2 sqrt(|b|)).'),
'quadratic_grid':('An explicitly univalent coordinate chart','The family phi_a(z)=z+a z^2, 0 <= a < 1/2.'),
'green_foliations':('Green rays and equipotentials','Radial and angular foliations transported by phi(z)=z+z^2/5.'),
'spherical_escape':('Escape in a compact target','Stereographic coordinates retain convergence at infinity.'),
'marty_peak':('Spherical derivatives detect nonnormality','For exp(n z), f#(x)=n/[2 cosh(n x)] on the real axis.'),
'moving_targets':('Moving omitted targets','Cross-ratio normalization carries a conditioning dependence on separation.'),
'collision_winding':('The collision-point argument','A holomorphic image and a meromorphic pole have incompatible winding counts.'),
'koebe_grid':('The extremal slit mapping','k(z)=z/(1-z)^2 maps the disk onto C minus (-infinity,-1/4].'),
'koebe_derivative':('Sharp derivative envelopes','Normalized univalent maps: (1-r)/(1+r)^3 <= |f prime| <= (1+r)/(1-r)^3.'),
'koebe_growth':('Image radii and shape','Two-sided growth bounds govern clearance and outer radius.'),
'area_budget':('A coefficient-space energy constraint','The exterior area theorem implies |b1|^2+2|b2|^2 <= 1.'),
'koebe_tail':('Exact truncation error for the Koebe map','Positive coefficients make the maximum occur at the positive real radius.'),
'collar_geometry':('Capacity at a narrowing collar','Arcs centered at a boundary point connect two zero values through level one.'),
'collar_bounds':('A quantitative collar bound','The proved universal bound is explicit and nonsharp.'),
'distortion_comparison':('Universal and model-specific distortion','Identical radius and normalization; the comparison concerns enclosure width.'),
'injectivity_margin':('Stability of an injective approximation','A derivative perturbation below the co-Lipschitz margin preserves injectivity.'),
'restriction_spectrum':('Singular values of analytic restriction','T_r: sum a_j z^j -> sum r^j a_j z^j on H^2.'),
'rank_frontier':('The exact linear approximation frontier','For complex-linear rank at most N, the optimal operator error is r^N.'),
'bergman_density':('Bergman evaluation and conformal geometry','Pointwise density is transformed with the squared derivative Jacobian.'),
'schwarzian':('The normalized Schwarzian bound','The Koebe function attains the bound 6 on the real diameter.'),
'cauchy_radius':('Selecting a coefficient-sampling radius','A common noise and aliasing model determines a unique optimal radius.'),
'sampling_error':('From boundary samples to a continuum bound','An angular Lipschitz witness fills the intervals between samples.'),
'continuation':('Conditioning of analytic continuation','Degree-N modes amplify by (R/r)^N between concentric observation circles.'),
'electrostatic_field':('A conformally transported electrostatic field','Potential is composed with the inverse map; gradients include its derivative.'),
'energy_pullback':('Dirichlet energy under a conformal chart','Gradient and area factors cancel in the two-dimensional integral.'),
'quadratic_inverse':('Inverse evaluation and cancellation','A rationalized formula preserves accuracy near the normalization point.'),
'normality_examples':('Two limiting regimes of holomorphic families','The sequences z^n and n are compared in their appropriate local metrics.'),
'coefficient_budget':('Coefficient dimension and target accuracy','The exact rank threshold is ceil(log epsilon / log r).'),
'reflection_geometry':('A bounded analytic response model','Schwarz-Pick supplies a disk-metric sensitivity inequality.'),
'finite_aliasing':('A finite sampling obstruction','The perturbation delta*(z^N-r^N) vanishes at every selected node.'),
'field_noise':('Observable-dependent error bounds','Potential error and derivative error have different interior margins.'),
'critical_margin':('Loss of univalence in a polynomial chart','The critical point -1/(2a) approaches the unit disk as a increases.'),
'kernel_modes':('Modes of the Bergman space','Radial growth and angular oscillation are separated in normalized monomials.'),
'symmetrization_levels':('Circular rearrangement and condenser capacity','Equal angular distributions, controlled energy, and the radial-slit extremal continuum.'),
'prerequisite_graph':('Dependency structure of the section','Source results and additional computational consequences retain separate roles.')}

def paint(name,c,t=1.):
 title,sub=TITLES[name];c.title(title,sub)
 main=c.fg;mid=.58 if c.dark else .42;light=.35 if c.dark else .68
 if name in ('quadratic_grid','green_foliations','electrostatic_field','energy_pullback'):
  p=c.plane(85,180,410,390);q=c.plane(700,180,410,390,1.35,'Re phi(z)','Im phi(z)')
  aa=.2*(.6+.4*t)
  if name in ('quadratic_grid','green_foliations'):grid(c,p,lambda z:z,r=.87);grid(c,q,lambda z:z+aa*z*z,r=.87)
  else:
   for x in np.linspace(-.85,.85,17):
    yy=np.linspace(-np.sqrt(1-x*x),np.sqrt(1-x*x),150);zz=x+1j*yy
    c.curve(p,zz.real,zz.imag,width=1,g=mid);ww=zz+aa*zz**2;c.curve(q,ww.real,ww.imag,width=1,g=mid)
   for y in np.linspace(-.85,.85,17):
    xx=np.linspace(-np.sqrt(1-y*y),np.sqrt(1-y*y),150);zz=xx+1j*y;ww=zz+aa*zz**2
    c.curve(p,zz.real,zz.imag,width=.7,g=light);c.curve(q,ww.real,ww.imag,width=.7,g=light)
   c.text(87,142,'potential: u=Re z',18);c.text(700,142,'|grad v|=1/|1+2az|',18)
  c.foot('Each line is an analytically specified curve. Apparent crossings are excluded by the difference factor.')
 elif name=='cauchy_scale':
  for j,rr in enumerate([195,145,95]):c.circle(310,380,rr,g=[main,mid,light][j]);c.text(320+rr,368,f'R{j+1}',16)
  c.circle(310,380,5,fill=True);c.line(310,380,505,380,width=1.5);c.text(290,417,'a',19)
  c.text(110,625,'|f^(j)(a)| <= j! M / R^j',20)
  p=c.axes(680,185,420,380,(.25,2),(0,8),'distance d','bound / M',[.25,.5,1,1.5,2],[0,2,4,6,8]);x=np.linspace(.25,2,400)
  c.curve(p,x,1/x,width=2.2);c.clipped_curve(p,x,1/x**2,(680,185,420,380),width=1.8,g=mid,dash=[7,4]);c.legend([('d^-1',main,[]),('d^-2',mid,[7,4])],850,146)
  c.foot('The source first-derivative formula with d^-2 fails on the radius-two disk for f(z)=z.')
 elif name in ('jet_tail','koebe_tail'):
  rs=np.linspace(.1,.95,60);Ns=np.arange(1,61)
  X,Y=np.meshgrid(rs,Ns)
  Z=np.log10(2*X**(Y+1)/(1-X)) if name=='jet_tail' else np.log10(X**(Y+1)*(Y+1-Y*X)/(1-X)**2)
  c.text(100,141,'log10(error); darker cells indicate smaller error',18)
  for i,N in enumerate(Ns):
   for j,r in enumerate(rs):
    gg=float(np.clip((Z[i,j]+30)/32,0,1));gg=.12+.83*gg
    if not c.dark:gg=1-gg*.9
    c.box(100+j*14.6,170+i*6.2,14.9,6.5,g=gg,fill=True)
  for r in [.1,.3,.5,.7,.9]:c.text(100+(r-.1)/.85*876,580,f'{r:g}',16,align='center')
  c.text(520,620,'evaluation radius r',19,align='center')
  for n in [1,15,30,45,60]:c.text(85,170+(n-1)*6.2+7,str(n),15,align='right')
  c.text(1030,180,'N',22);c.text(1030,221,'1 -> 60',17)
  for j,v in enumerate([-30,-20,-10,0,2]):
   gg=.12+.83*np.clip((v+30)/32,0,1);gg=gg if c.dark else 1-gg*.9
   c.box(1030,265+j*45,35,30,g=gg,fill=True);c.text(1080,286+j*45,str(v),16)
  c.foot('The matrix records a formula on a specified grid. Infinite-order conclusions follow from the proof.')
 elif name=='riemann_gain':
  p=c.axes(110,160,730,405,(.01,1),(1,5.1),'omitted modulus |b|','derivative gain',[.01,.25,.5,.75,1],[1,2,3,4,5]);x=np.linspace(.01,1,500);y=(1+x)/(2*np.sqrt(x));c.curve(p,x,y,width=2.5)
  for x0 in [.04,.25,.64]:c.circle(*p(x0,(1+x0)/(2*np.sqrt(x0))),5,fill=True)
  c.text(890,230,'b=1/4',21,True);c.text(890,270,'gain=5/4',20);c.text(890,336,'B prime(0)',17);c.text(890,370,'modulus=4/5',17)
  c.foot('The omitted point is a critical value of B. The critical point is a different domain coordinate.')
 elif name=='spherical_escape':
  cx,cy,R=410,385,230;c.circle(cx,cy,R,width=2)
  for a in np.linspace(-1.2,1.2,9):
   xx=R*np.sin(a);ry=R*np.cos(a);tt=np.linspace(0,2*np.pi,300);c.path([(cx+ry*np.cos(u),cy+xx*.38+ry*.22*np.sin(u)) for u in tt],g=light,width=.7)
  c.line(120,cy+R,720,cy+R,g=mid);c.circle(cx,cy-R,5,fill=True);c.text(cx+15,cy-R-8,'infinity',19)
  for n in [0,.25,.5,1,2,4,8,16]:
   # inverse stereographic on the unit sphere: x=2n/(1+n^2), z=(n^2-1)/(1+n^2)
   x=2*n/(1+n*n);z=(n*n-1)/(1+n*n);c.circle(cx+R*x,cy-R*z,4,fill=True)
  c.text(840,220,'n -> infinity',20);c.text(840,267,'chordal error',18);c.text(840,306,'1/sqrt(1+n^2)',18)
  for j,n in enumerate([1,4,16,64]):c.text(840,370+39*j,f'n={n:2d}: {1/math.sqrt(1+n*n):.4f}',17)
  c.foot('The trajectory is a stereographic image of a real sequence; the north pole represents infinity.')
 elif name=='marty_peak':
  p=c.axes(100,170,840,410,(-1,1),(0,16),'real coordinate x','spherical derivative f#',[-1,-.5,0,.5,1],[0,4,8,12,16]);xx=np.linspace(-1,1,1000)
  for j,n in enumerate([2,4,8,16,32]):c.curve(p,xx,n/(2*np.cosh(n*xx)),width=1.7,g=.3+.14*j if c.dark else .8-.15*j);c.text(978,220+j*48,f'n={n}',17)
  c.foot('Peak n/2 grows while its width decreases. A fixed finite sampling grid can miss the concentration.')
 elif name=='moving_targets':
  p=c.plane(95,180,420,380,1.3);tt=np.linspace(0,2*np.pi,400)
  for j,(off,rad) in enumerate([(-.5+.15j,.3),(.4+.2j,.22),(.1-.5j,.18)]):
   zz=off+rad*np.exp(1j*tt);c.curve(p,zz.real,zz.imag,g=[main,mid,light][j],width=2);pos=off+rad*np.exp(2j*np.pi*t);c.circle(*p(pos.real,pos.imag),6,fill=True);c.text(*p(off.real,off.imag),f'psi{j+1}',16)
  q=c.axes(685,180,400,380,(.02,1),(0,50),'target separation delta','inverse separation',[.02,.25,.5,.75,1],[0,10,20,30,40,50]);xx=np.linspace(.02,1,300);c.curve(q,xx,1/xx,width=2)
  c.foot('Cross-ratio identities are projective. Conditioning depends on chart and pairwise target separation.')
 elif name=='collision_winding':
  for cx,sgn,label in [(320,1,'holomorphic: winding >= 0'),(855,-1,'pole of order m: winding = -m')]:
   tt=np.linspace(0,2*np.pi,600);zz=170*np.exp(sgn*1j*tt);c.path([(cx+z.real,390-z.imag) for z in zz],width=2)
   c.circle(cx,390,5,fill=True);c.text(cx,640,label,16,align='center')
   for a in [.5,2.2,4.3]:
    z=170*np.exp(sgn*1j*a);d=sgn*1j*np.exp(sgn*1j*a);c.line(cx+z.real,390-z.imag,cx+z.real+20*d.real,390-z.imag-20*d.imag,width=4)
  c.text(600,385,'=',36,align='center');c.text(600,450,'impossible',19,align='center')
  c.foot('Uniform boundary escape would identify these winding numbers through a zero-free boundary homotopy.')
 elif name=='koebe_grid':
  p=c.plane(80,180,390,390);q=c.axes(640,180,470,390,(-6,42),(-48*390/940,48*390/940),'Re k(z)','Im k(z)',[0,10,20,30,40],[-15,0,15]);grid(c,p,lambda z:z,r=.83);grid(c,q,koebe,r=.83,rect=(640,180,470,390));c.line(*q(-6,0),*q(-.25,0),width=5,g=mid)
  c.foot('Equal real/imaginary scales; clipped viewport. The slit endpoint -1/4 is approached at z=-1.')
 elif name in ('koebe_derivative','koebe_growth','distortion_comparison','schwarzian','field_noise'):
  xx=np.linspace(0,.92,600)
  if name=='koebe_derivative':ys=[(1-xx)/(1+xx)**3,(1+xx)/(1-xx)**3];labs=['lower','upper'];yy=(-2,4);log=True
  elif name=='koebe_growth':xx=np.linspace(.01,.92,600);ys=[xx/(1+xx)**2,xx/(1-xx)**2];labs=['inner guarantee','outer bound'];yy=(-3,3);log=True
  elif name=='distortion_comparison':ys=[((1+xx)/(1-xx))**4,(1+.4*xx)/(1-.4*xx)];labs=['universal Koebe','quadratic a=1/5'];yy=(0,6);log=True
  elif name=='schwarzian':ys=[6*(1-xx**2)**2/(1-xx**2)**2,6*(1-xx**2)**2/(1+xx**2)**2];labs=['real diameter','imaginary diameter'];yy=(0,7);log=False
  else:xx=np.linspace(.02,.98,500);ys=[np.ones_like(xx)*.001,.001/(1-xx)];labs=['potential error','derivative error'];yy=(-3.2,-1);log=True
  p=c.axes(110,170,730,400,(0,1),yy,'interior radius r','log10(bound)' if log else 'normalized magnitude',[0,.25,.5,.75,1],None)
  for j,y in enumerate(ys):c.curve(p,xx,np.log10(y) if log else y,width=2.4,g=[main,mid][j],dash=[] if j==0 else [8,4])
  c.legend([(labs[j],[main,mid][j],[] if j==0 else [8,4]) for j in range(2)],870,230)
  if name=='distortion_comparison':c.text(867,380,'r=3/5',19);c.text(867,420,'256 : 31/19',19);c.text(867,460,'factor 156.90',18)
  c.foot('The bounds apply to the stated function class and interior radius. Boundary behavior is not uniform.')
 elif name=='area_budget':
  p=c.axes(160,180,660,390,(-1.2,1.2),(-.85,.85),'real coefficient b1','real coefficient b2',[-1,-.5,0,.5,1],[-.7,-.35,0,.35,.7]);tt=np.linspace(0,2*np.pi,600)
  for f in [.25,.5,.75,1]:c.curve(p,np.sqrt(f)*np.cos(tt),np.sqrt(f/2)*np.sin(tt),width=1.5,g=main if f==1 else light)
  c.text(865,250,'b1^2+2 b2^2<=1',18);c.text(865,310,'omitted area',18);c.text(865,343,'pi*(1-energy)',18)
  c.foot('This two-dimensional slice fixes all remaining coefficients at zero; complex coefficients add dimensions.')
 elif name=='collar_geometry':
  cx,cy,rr=400,365,230;c.circle(cx,cy,rr,width=2);c.line(cx,cy,cx+rr*.87,cy,width=7);c.circle(cx+rr,cy,5,fill=True);c.text(cx+rr+18,cy,'xi',18);c.text(cx-16,cy+34,'0',18)
  for rad in [.13,.22,.35,.5,.7,.9,1.]:
   ang=math.acos(rad/2);theta=np.linspace(np.pi-ang,np.pi+ang,200);c.path([(cx+rr+rad*rr*np.cos(u),cy-rad*rr*np.sin(u)) for u in theta],g=mid,width=1)
  c.text(760,235,'arc length <= pi*t',21);c.text(760,285,'energy >= 4/(pi*t)',20);c.text(760,365,'Cap >= (4/pi)',21);c.text(760,400,'       log(1/(1-r))',19);c.text(760,474,'mod * Cap = 1',20)
  c.foot('Connectedness ensures that each intermediate circle meets K. The two arc segments are both counted.')
 elif name=='collar_bounds':
  p=c.axes(110,170,760,405,(.05,1),(0,1),'lower modulus mu','outer radius bound',[.05,.25,.5,.75,1],[0,.25,.5,.75,1]);xx=np.linspace(.05,1,500)
  c.curve(p,xx,1-np.exp(-np.pi/(4*xx)),width=2.2);c.curve(p,xx,np.exp(-2*np.pi*xx),g=mid,dash=[8,4],width=2)
  c.legend([('proved k(mu)',main,[]),('concentric disk',mid,[8,4])],900,230);c.text(900,390,'Different classes:',16);c.text(900,422,'universal upper',16);c.text(900,454,'specific example',16)
  c.foot('The concentric curve is an exact example. It is not an extremal formula for arbitrary full continua.')
 elif name=='injectivity_margin':
  p=c.axes(105,170,780,405,(0,.2),(0,1),'uniform function error epsilon','certified lower distance factor',[0,.05,.1,.15,.2],[0,.25,.5,.75,1]);xx=np.linspace(0,.2,400);yy=.76-xx/.2
  c.clipped_curve(p,xx,yy,(105,170,780,405),width=2.5);c.line(*p(0,0),*p(.2,0),width=2);c.circle(*p(.01,.71),6,fill=True);c.text(915,242,'r=0.6',20);c.text(915,281,'R=0.8',20);c.text(915,320,'a=0.2',20);c.text(915,402,'epsilon<0.152',17);c.text(915,442,'strict margin',17)
  c.foot('The conclusion uses a holomorphic error bound on the larger disk and convexity of the smaller disk.')
 elif name in ('restriction_spectrum','rank_frontier','coefficient_budget','continuation','sampling_error','cauchy_radius'):
  if name in ('restriction_spectrum','rank_frontier'):
   p=c.axes(115,170,755,400,(0,32),(-20,0),'mode j' if name=='restriction_spectrum' else 'rank N','log10 optimal error',[0,8,16,24,32],[-20,-15,-10,-5,0]);xx=np.arange(33)
   for j,r in enumerate([.25,.5,.75,.9]):c.curve(p,xx,xx*np.log10(r),width=2,g=.3+.2*j if c.dark else .8-.21*j);c.text(916,230+j*55,f'r={r:g}',18)
   c.foot('The rank lower bound uses a kernel vector in span{1,z,...,z^N}; every bounded linear rank-N method is included.')
  elif name=='coefficient_budget':
   p=c.axes(110,170,755,400,(.1,.95),(0,270),'interior radius r','required complex coefficients',[.1,.3,.5,.7,.9],[0,50,100,150,200,250]);xx=np.linspace(.1,.95,400)
   for j,eps in enumerate([1e-3,1e-6]):c.curve(p,xx,np.ceil(np.log(eps)/np.log(xx)),width=2,g=[mid,main][j]);c.text(905,250+60*j,f'epsilon={eps:g}',17)
   c.foot('The ceiling is necessary for a uniform H^2-unit-ball guarantee within the linear rank model.')
  elif name=='continuation':
   p=c.axes(110,170,755,400,(0,40),(0,20),'degree N','log10 amplification',[0,10,20,30,40],[0,5,10,15,20]);xx=np.arange(41);c.curve(p,xx,xx*np.log10(3),width=2.3);c.text(913,243,'r=1/4',20);c.text(913,282,'R=3/4',20);c.text(913,372,'gain=3^N',20)
   c.foot('Exact uniqueness and stability are separate properties. The modes provide explicit conditioning witnesses.')
  elif name=='sampling_error':
   p=c.axes(110,170,755,400,(0,3),(-4,-1),'log10 sample count N','log10 boundary error',[0,1,2,3],[-4,-3,-2,-1]);xx=np.logspace(0,3,400);c.curve(p,np.log10(xx),np.log10(.001+np.pi*.2/xx),width=2.3);c.line(*p(0,-3),*p(3,-3),g=mid,dash=[7,4]);c.text(910,245,'L=1/5',20);c.text(910,287,'s=1/1000',18);c.text(910,370,'s+pi*L/N',20)
   c.foot('A sampled maximum alone leaves an interval gap. The Lipschitz term quantifies the missing information.')
  else:
   obj=json.loads((ROOT/'results/radius_optimization.json').read_text());arr=np.array(obj['curve']);p=c.axes(110,170,755,400,(.2,.94),(-12,0),'sample radius / analytic radius','log10 total bound',[.2,.4,.6,.8,.94],[-12,-9,-6,-3,0]);c.curve(p,arr[:,0],np.log10(arr[:,1]),width=2.3);q=obj['q_opt'];c.circle(*p(q,math.log10(obj['bound_opt'])),6,fill=True)
   c.text(905,240,'n=8; N=64',18);c.text(905,285,'q*=0.655555',17);c.text(905,360,'strictly convex',17);c.text(905,392,'in log radius',17)
   c.foot('The optimum minimizes the declared noise-plus-aliasing bound. Evaluation cost and roundoff remain separate.')
 elif name=='bergman_density':
  # A projected wire surface, radial disk Bergman density.
  def proj(x,y,z):return 560+330*(x-.4*y),530-200*(.35*x+y)-85*z
  for theta in np.linspace(0,2*np.pi,48,endpoint=False):
   rs=np.linspace(0,.87,100);pts=[proj(r*np.cos(theta),r*np.sin(theta),np.log10(1/(np.pi*(1-r*r)**2))) for r in rs];c.path(pts,width=.7,g=mid)
  for r in np.linspace(.05,.87,22):
   pts=[proj(r*np.cos(th),r*np.sin(th),np.log10(1/(np.pi*(1-r*r)**2))) for th in np.linspace(0,2*np.pi,250)];c.path(pts,width=.8)
  c.text(795,150,'log10 K_D(z,z)',19);c.text(795,190,'K_D=1/[pi(1-|z|^2)^2]',17);c.text(95,625,'projected disk coordinates',17)
  c.foot('The wire height is logarithmic. Boundary growth is truncated at radius 0.87 for finite display.')
 elif name=='quadratic_inverse':
  p=c.axes(110,170,755,400,(-16,-1),(-18,0),'log10 |w|','log10 relative error',[-16,-12,-8,-4,-1],[-18,-12,-6,0]);ww=np.logspace(-16,-1,150);a=.2
  ref=2*ww/(1+np.sqrt(1+4*a*ww));raw=(np.sqrt(1+4*a*ww)-1)/(2*a);err=np.abs(raw-ref)/ref
  c.curve(p,np.log10(ww),np.log10(np.maximum(err,1e-18)),width=1.5);c.line(*p(-16,-16),*p(-1,-16),g=mid,dash=[6,4]);c.text(902,230,'direct formula',17);c.text(902,282,'rationalized',17);c.text(902,325,'reference path',17)
  c.foot('IEEE binary64 diagnostics compare algebraically equivalent formulas. The denominator identity is checked exactly.')
 elif name=='normality_examples':
  p=c.axes(110,170,440,400,(0,1),(0,1),'radius r','|z^n|',[0,.25,.5,.75,1],[0,.25,.5,.75,1]);xx=np.linspace(0,1,500)
  for j,n in enumerate([1,2,4,8,16,32]):c.curve(p,xx,xx**n,g=.25+.12*j if c.dark else .8-.12*j,width=1.5)
  q=c.axes(720,170,365,400,(0,40),(0,1),'constant n','chordal distance to infinity',[0,10,20,30,40],[0,.25,.5,.75,1]);nn=np.linspace(0,40,500);c.curve(q,nn,1/np.sqrt(1+nn**2),width=2)
  c.foot('On every compact subdisk z^n tends to zero. Constant n tends uniformly to infinity in the spherical target.')
 elif name=='reflection_geometry':
  p=c.plane(100,170,420,410);q=c.plane(700,170,420,410)
  a=.65;ts=np.linspace(0,2*np.pi,500)
  for r in [.2,.4,.6,.8,.95]:
   z=r*np.exp(1j*ts);w=(z+a)/(1+a*z);c.curve(p,z.real,z.imag,g=mid);c.curve(q,w.real,w.imag,g=mid)
  for theta in np.linspace(0,2*np.pi,20,endpoint=False):
   z=np.linspace(-.95,.95,250)*np.exp(1j*theta);w=(z+a)/(1+a*z);c.curve(p,z.real,z.imag,g=light,width=.6);c.curve(q,w.real,w.imag,g=light,width=.6)
  c.foot('The automorphism is an exact disk-metric isometry. Euclidean sensitivity remains location-dependent.')
 elif name=='finite_aliasing':
  p=c.plane(100,170,420,410);N=12;r=.7;ts=np.linspace(0,2*np.pi,500);c.curve(p,r*np.cos(ts),r*np.sin(ts),width=1.5)
  for j in range(N):c.circle(*p(r*np.cos(2*np.pi*j/N),r*np.sin(2*np.pi*j/N)),5,fill=True)
  q=c.axes(700,170,410,410,(0,2*np.pi),(0,2),'angle theta','scaled |exp(i N theta)-1|',[0,np.pi/2,np.pi,3*np.pi/2,2*np.pi],[0,.5,1,1.5,2]);tt=np.linspace(0,2*np.pi,1800);c.curve(q,tt,np.abs(np.exp(1j*N*tt)-1),width=1.2)
  c.foot('Twelve exact zeros at the sample locations coexist with nonzero inter-sample variation.')
 elif name=='critical_margin':
  p=c.plane(100,170,420,410,1.5);tt=np.linspace(0,2*np.pi,400);c.curve(p,np.cos(tt),np.sin(tt),width=2)
  for j,a in enumerate([.2,.35,.49,.6,.9]):
   zz=-1/(2*a)
   if zz>=-1.5:c.circle(*p(zz,0),5,fill=True);c.text(*p(zz,.12+.1*(j%2)),f'{a}',14)
  q=c.axes(700,170,410,410,(0,1),(-1,1),'coefficient a','1-2a',[0,.25,.5,.75,1],[-1,-.5,0,.5,1]);xx=np.linspace(0,1,400);c.curve(q,xx,1-2*xx,width=2)
  c.foot('At a=1/2 the critical point reaches the boundary. For a>1/2 it lies inside the domain.')
 elif name=='kernel_modes':
  for j,n in enumerate([0,1,2,4]):
   x0=70+j*285;p=c.axes(x0,195,230,350,(-1,1),(-1.5,1.5),'real diameter','mode '+str(n),[-1,0,1],[-1,0,1]);xx=np.linspace(-1,1,300);yy=np.sqrt((n+1)/np.pi)*xx**n;c.clipped_curve(p,xx,yy,(x0,195,230,350),width=1.8)
  c.foot('Disk Bergman modes sqrt((n+1)/pi) z^n are orthonormal for unnormalized area measure.')
 elif name=='symmetrization_levels':
  centers=[(295,355),(900,355)]
  for cx,cy in centers:
   c.circle(cx,cy,200,width=1.5)
   for rad in [65,115,165]:c.circle(cx,cy,rad,g=light,width=.7)
  c.text(295,140,'original angular slices',19,align='center');c.text(900,140,'centred rearrangement',19,align='center')
  for j,rad in enumerate([65,115,165]):
   for origin,width in [(-1.5+.28*j,.5),(.3+.15*j,.7)]:
    a=np.linspace(origin,origin+width,100);c.path([(295+rad*np.cos(t),355-rad*np.sin(t)) for t in a],width=6)
   a=np.linspace(-.6,.6,140);c.path([(900+rad*np.cos(t),355-rad*np.sin(t)) for t in a],width=6)
  c.line(900,355,1065,355,width=2.5);c.text(945,387,'[0,r]',17)
  c.text(600,354,'-->',25,align='center');c.text(600,405,'same lengths',16,align='center')
  c.text(600,603,'slice L^2 contraction + angular coarea inequality',22,align='center')
  c.text(600,640,'Dirichlet energy decreases; connected K supplies every radius',18,align='center')
  c.foot('The diagram records superlevel-set lengths. The energy inequality is proved in M38.')
 elif name=='prerequisite_graph':
  nodes=[(160,180,'Cauchy'),(440,180,'Little Montel'),(800,180,'Riemann map'),(160,330,'Target metric'),(440,330,'Big Montel'),(800,330,'Moving targets'),(160,490,'Area theorem'),(440,490,'Koebe bounds'),(800,490,'Collar control'),(440,630,'H^2 singular values'),(800,630,'Rank optimum')]
  edges=[(0,1),(1,2),(3,4),(4,5),(4,7),(6,7),(7,8),(9,10)]
  for a,b in edges:
   x,y,_=nodes[a];u,v,_=nodes[b];c.line(x+80,y,u-80,v,width=1.3,g=mid)
  for x,y,s in nodes:c.box(x-105,y-23,210,44);c.text(x,y+5,s,16,align='center')
  c.foot('Edges represent declared theorem dependencies. The finite-rank optimum has an independent Hilbert-space proof.')
 else:raise ValueError(name)

def export(name):
 for dark,suffix in [(False,''),(True,'_dark')]:
  sf=cairo.PDFSurface(str(FIG/(name+suffix+'.pdf')),W,H);cc=cairo.Context(sf);paint(name,Canvas(cc,dark));sf.finish()
 # A slide-screen-resolution poster accompanies each vector source.
 sf=cairo.ImageSurface(cairo.FORMAT_RGB24,W,H);cc=cairo.Context(sf);paint(name,Canvas(cc,True));sf.write_to_png(str(FIG/(name+'.png')))

if __name__=='__main__':
 for name in TITLES:export(name)
 (ROOT/'registers/figures.json').write_text(json.dumps([{'id':n,'title':v[0],'subtitle':v[1],'source':'code/graphics.py','static_formula_render':True} for n,v in TITLES.items()],indent=2)+'\n')
 print('Exported',len(TITLES),'scientific figures, each with paper and slide vector editions.')







PHI_volume_02_verification/verification/normal_families/code/independent_certificates.py

#!/usr/bin/env python3
"""Independent sparse-polynomial normalization over Q.
No SymPy or SMT call occurs in this checker. Identities are equalities of
rational functions on the explicitly recorded nonzero-denominator domains.
"""
from fractions import Fraction as F
from pathlib import Path
import ast,json
R=Path(__file__).resolve().parents[1]
vars_=('a','b','r','q','z','w','x','y','u','v','a1','a2','b1','b2','c1','c2','u1','u2')
n=len(vars_);zero=(0,)*n
class P:
 def __init__(self,d=None):self.d={k:F(v) for k,v in (d or {}).items() if v}
 @staticmethod
 def const(x):return P({zero:F(x)})
 @staticmethod
 def var(x):e=list(zero);e[vars_.index(x)]=1;return P({tuple(e):F(1)})
 def __add__(self,b):
  d=self.d.copy()
  for k,v in b.d.items():d[k]=d.get(k,F(0))+v
  return P(d)
 def __neg__(self):return P({k:-v for k,v in self.d.items()})
 def __sub__(self,b):return self+-b
 def __mul__(self,b):
  d={}
  for x,a in self.d.items():
   for y,c in b.d.items():
    k=tuple(i+j for i,j in zip(x,y));d[k]=d.get(k,F(0))+a*c
  return P(d)
 def __pow__(self,k):
  if k<0:raise ValueError('polynomial power must be nonnegative')
  a=P.const(1);b=self
  while k:
   if k&1:a=a*b
   b=b*b;k//=2
  return a
class Rat:
 def __init__(self,num,den=None):self.n=num;self.d=P.const(1) if den is None else den
 def __add__(self,b):return Rat(self.n*b.d+b.n*self.d,self.d*b.d)
 def __neg__(self):return Rat(-self.n,self.d)
 def __sub__(self,b):return self+-b
 def __mul__(self,b):return Rat(self.n*b.n,self.d*b.d)
 def __truediv__(self,b):return Rat(self.n*b.d,self.d*b.n)
 def __pow__(self,k):return Rat(self.n**k,self.d**k) if k>=0 else Rat(self.d**(-k),self.n**(-k))
def parse(s):
 def ev(a):
  if isinstance(a,ast.Constant) and isinstance(a.value,int):return Rat(P.const(a.value))
  if isinstance(a,ast.Name):return Rat(P.var(a.id))
  if isinstance(a,ast.UnaryOp) and isinstance(a.op,ast.USub):return -ev(a.operand)
  if isinstance(a,ast.BinOp):
   if isinstance(a.op,ast.Pow):
    exp=ast.literal_eval(a.right)
    if not isinstance(exp,int) or abs(exp)>20:raise ValueError('invalid exponent')
    return ev(a.left)**exp
   x,y=ev(a.left),ev(a.right)
   if isinstance(a.op,ast.Add):return x+y
   if isinstance(a.op,ast.Sub):return x-y
   if isinstance(a.op,ast.Mult):return x*y
   if isinstance(a.op,ast.Div):return x/y
  raise ValueError(ast.dump(a))
 return ev(ast.parse(s,mode='eval').body)
def equal(a,b):x,y=parse(a),parse(b);return not (x.n*y.d-y.n*x.d).d
certs=[
 ('I01_quadratic_difference','z+a*z**2-w-a*w**2','(z-w)*(1+a*(z+w))',[]),
 ('I02_koebe_difference','z/(1-z)**2-w/(1-w)**2','(z-w)*(1-z*w)/((1-z)**2*(1-w)**2)',['1-z != 0','1-w != 0']),
 ('I03_cayley','1+4*z/(1-z)**2','((1+z)/(1-z))**2',['1-z != 0']),
 ('I04_koebe_derivative','((1-z)**2+2*z*(1-z))/(1-z)**4','(1+z)/(1-z)**3',['1-z != 0']),
 ('I05_inverse_equation','w*z**2-(2*w+1)*z+w','w*(1-z)**2-z',[]),
 ('I06_extremal_gain','1+q**2-2*q','(1-q)**2',[]),
 ('I07_two_arc_sos','(a+b)**2-4*a*b','(a-b)**2',[]),
 ('I08_quarter_sos','(1+r)**2-4*r','(1-r)**2',[]),
 ('I09_jacobian_energy','(x*u-y*v)**2+(y*u+x*v)**2','(x*x+y*y)*(u*u+v*v)',[]),
 ('I10_cayley_real','(1+x)**2+y*y-((1-x)**2+y*y)','4*x',[]),
 ('I11_koebe_schwarzian','(6*(3+z)/(1-z)**5)/((1+z)/(1-z)**3)-(3/2)*(2*(2+z)/(1-z)**4/((1+z)/(1-z)**3))**2','-6/(1-z*z)**2',['1-z != 0','1+z != 0']),
 ('I12_projective_determinants','(u1*a2-u2*a1)*(b1*c2-b2*c1)-(u1*c2-u2*c1)*(b1*a2-b2*a1)','(u1*b2-u2*b1)*(a1*c2-a2*c1)',[]),
 ('I13_distortion_ratio','((1+r)/(1-r)**3)/((1-r)/(1+r)**3)','((1+r)/(1-r))**4',['1-r != 0','1+r != 0']),
 ('I14_quadratic_inverse','(u-1)*(u+1)','u*u-1',[])]
records=[]
for ident,l,r,guards in certs:
 if not equal(l,r):raise AssertionError(ident)
 mutation=equal(l,'('+r+')+1')
 if mutation:raise AssertionError('mutation was accepted: '+ident)
 records.append({'id':ident,'left':l,'right':r,'denominator_guards':guards,'normal_form_zero':True,'constant_term_mutation_rejected':True})
(R/'formal/rational_identities.json').write_text(json.dumps(records,indent=2)+'\n')
(R/'results/independent_certificates.json').write_text(json.dumps({'accepted':len(records),'mutations_rejected':len(records),'engine':'independent exact sparse Q-polynomial arithmetic','records':records,'scope':'Finite rational identities. Analytic denominator guards are separate hypotheses.'},indent=2)+'\n')
print(len(records),'independent identities;',len(records),'altered identities rejected')







PHI_volume_02_verification/verification/normal_families/formal/Audit.lean

import PHI
#print axioms PHI.Section4.quadratic_difference
#print axioms PHI.Section4.koebe_difference
#print axioms PHI.Section4.extremal_gain_strict
#print axioms PHI.Section4.quadratic_margin
#print axioms PHI.Section4.weighted_energy
#print axioms PHI.Section4.coverage_at_most_one
#print axioms PHI.Section4.rank_threshold_upper







PHI_volume_02_verification/verification/normal_families/formal/PHI/Algebra.lean

import Mathlib

/- Candidate source. No local Lean execution was available for this release.
   These elementary lemmas are a strict subset of the mathematical corpus. -/
set_option autoImplicit false

namespace PHI.Section4

theorem quadratic_difference (a z w : ℂ) :
    (z + a*z^2) - (w + a*w^2) = (z-w)*(1+a*(z+w)) := by ring

theorem koebe_numerator (z w : ℂ) :
    z*(1-w)^2 - w*(1-z)^2 = (z-w)*(1-z*w) := by ring

theorem cayley_numerator (z : ℂ) :
    (1-z)^2 + 4*z = (1+z)^2 := by ring

theorem koebe_derivative_numerator (z : ℂ) :
    (1-z)^2 + 2*z*(1-z) = (1+z)*(1-z) := by ring

theorem inverse_quadratic (z w : ℂ) :
    w*z^2 - (2*w+1)*z+w = w*(1-z)^2-z := by ring

theorem koebe_difference (z w : ℂ) (hz : z ≠ 1) (hw : w ≠ 1) :
    z/(1-z)^2-w/(1-w)^2 =
      ((z-w)*(1-z*w))/((1-z)^2*(1-w)^2) := by
  have hz' : (1 : ℂ)-z ≠ 0 := sub_ne_zero.mpr (Ne.symm hz)
  have hw' : (1 : ℂ)-w ≠ 0 := sub_ne_zero.mpr (Ne.symm hw)
  field_simp
  <;> ring

theorem extremal_gain_numerator (q : ℝ) :
    1+q^2-2*q = (1-q)^2 := by ring

theorem extremal_gain_strict (q : ℝ) (h0 : 0 < q) (h1 : q < 1) :
    1 < (1+q^2)/(2*q) := by
  have hp : 0 < (1-q)^2 := sq_pos_of_pos (sub_pos.mpr h1)
  apply (lt_div_iff₀ (by positivity : (0 : ℝ) < 2*q)).2
  nlinarith

theorem two_arc_energy_numerator (a b : ℝ) :
    4*a*b ≤ (a+b)^2 := by nlinarith [sq_nonneg (a-b)]

theorem quarter_numerator (r : ℝ) :
    4*r ≤ (1+r)^2 := by nlinarith [sq_nonneg (1-r)]

theorem area_budget (a b : ℝ) (h : a^2+2*b^2 ≤ 1) :
    a^2 ≤ 1 := by nlinarith [sq_nonneg b]

theorem normalized_pair_nonzero (x y : ℝ) (h : x^2+y^2 = 1) :
    ¬ (x = 0 ∧ y = 0) := by
  rintro ⟨hx, hy⟩
  norm_num [hx, hy] at h

theorem quadratic_margin (a r : ℝ) (ha : 0 ≤ a) (ha' : a < 1/2)
    (hr : 0 ≤ r) (hr' : r ≤ 1) : 0 < 1-2*a*r := by
  nlinarith [mul_nonneg ha (sub_nonneg.mpr hr')]

theorem perturbation_margin (m δ : ℝ) (h : δ < m) :
    0 < m-δ := sub_pos.mpr h

theorem sample_bound_composition (s L h u v t : ℝ)
    (hu : u ≤ s) (hv : v ≤ L*h) (ht : t ≤ u+v) :
    t ≤ s+L*h := by linarith

theorem weighted_energy (a b L x y : ℝ)
    (ha : a ≤ L) (hb : b ≤ L) :
    a*x^2+b*y^2 ≤ L*(x^2+y^2) := by
  nlinarith [mul_nonneg (sub_nonneg.mpr ha) (sq_nonneg x),
    mul_nonneg (sub_nonneg.mpr hb) (sq_nonneg y)]

theorem jacobian_energy (x y u v : ℝ) :
    (x*u-y*v)^2+(y*u+x*v)^2 = (x^2+y^2)*(u^2+v^2) := by ring

theorem cayley_half_plane_numerator (x y : ℝ) :
    ((1+x)^2+y^2)-((1-x)^2+y^2)=4*x := by ring

theorem coverage_at_most_one (a u : ℝ) (hu : 0 < u) (ha : a ≤ u) :
    a/u ≤ 1 := (div_le_one hu).2 ha

theorem exact_quadratic_example :
    (1-(2*(1/5 : ℚ)*(3/5)))-(1/100)/(4/5-3/5)=71/100 := by norm_num

theorem exact_enclosure_ratio :
    (256 : ℚ)/(31/19)=4864/31 := by norm_num

theorem sample_example :
    (1/1000 : ℚ)+(22/7)*(1/5)/70 < 1/100 := by norm_num

theorem rank_threshold_lower : (1000 : ℕ)*3^24 > 4^24 := by norm_num

theorem rank_threshold_upper : (1000 : ℕ)*3^25 < 4^25 := by norm_num

end PHI.Section4







PHI_volume_02_verification/verification/normal_families/formal/PHI.lean

import PHI.Algebra







PHI_volume_02_verification/verification/normal_families/formal/lakefile.toml

name = "phi_section4"
version = "0.1.0"
defaultTargets = ["PHI"]

[[require]]
name = "mathlib"
git = "https://github.com/leanprover-community/mathlib4.git"
rev = "v4.19.0"

[[lean_lib]]
name = "PHI"







PHI_volume_02_verification/verification/normal_families/formal/lean-toolchain

leanprover/lean4:v4.19.0







PHI_volume_02_verification/verification/normal_families/formal/rational_identities.json

[
  {
    "id": "I01_quadratic_difference",
    "left": "z+a*z**2-w-a*w**2",
    "right": "(z-w)*(1+a*(z+w))",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I02_koebe_difference",
    "left": "z/(1-z)**2-w/(1-w)**2",
    "right": "(z-w)*(1-z*w)/((1-z)**2*(1-w)**2)",
    "denominator_guards": [
      "1-z != 0",
      "1-w != 0"
    ],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I03_cayley",
    "left": "1+4*z/(1-z)**2",
    "right": "((1+z)/(1-z))**2",
    "denominator_guards": [
      "1-z != 0"
    ],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I04_koebe_derivative",
    "left": "((1-z)**2+2*z*(1-z))/(1-z)**4",
    "right": "(1+z)/(1-z)**3",
    "denominator_guards": [
      "1-z != 0"
    ],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I05_inverse_equation",
    "left": "w*z**2-(2*w+1)*z+w",
    "right": "w*(1-z)**2-z",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I06_extremal_gain",
    "left": "1+q**2-2*q",
    "right": "(1-q)**2",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I07_two_arc_sos",
    "left": "(a+b)**2-4*a*b",
    "right": "(a-b)**2",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I08_quarter_sos",
    "left": "(1+r)**2-4*r",
    "right": "(1-r)**2",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I09_jacobian_energy",
    "left": "(x*u-y*v)**2+(y*u+x*v)**2",
    "right": "(x*x+y*y)*(u*u+v*v)",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I10_cayley_real",
    "left": "(1+x)**2+y*y-((1-x)**2+y*y)",
    "right": "4*x",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I11_koebe_schwarzian",
    "left": "(6*(3+z)/(1-z)**5)/((1+z)/(1-z)**3)-(3/2)*(2*(2+z)/(1-z)**4/((1+z)/(1-z)**3))**2",
    "right": "-6/(1-z*z)**2",
    "denominator_guards": [
      "1-z != 0",
      "1+z != 0"
    ],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I12_projective_determinants",
    "left": "(u1*a2-u2*a1)*(b1*c2-b2*c1)-(u1*c2-u2*c1)*(b1*a2-b2*a1)",
    "right": "(u1*b2-u2*b1)*(a1*c2-a2*c1)",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I13_distortion_ratio",
    "left": "((1+r)/(1-r)**3)/((1-r)/(1+r)**3)",
    "right": "((1+r)/(1-r))**4",
    "denominator_guards": [
      "1-r != 0",
      "1+r != 0"
    ],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I14_quadratic_inverse",
    "left": "(u-1)*(u+1)",
    "right": "u*u-1",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  }
]







PHI_volume_02_verification/verification/normal_families/formal/smt/F01_gap_positive.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const r Real)
(assert (<= 0 r))
(assert (< r 1))
(assert (not (> (- 1 r) 0)))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F02_quarter_radius.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const b Real)
(assert (>= a 0))
(assert (>= b 0))
(assert (<= a b))
(assert (not (<= (/ a 4) (/ b 4))))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F03_radius_interval.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const d Real)
(declare-const c Real)
(assert (> d 0))
(assert (<= d c))
(assert (<= c (* 4 d)))
(assert (not (and (<= (/ c 4) d) (<= d c))))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F04_inverse_margin.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const m Real)
(declare-const e Real)
(assert (> m 0))
(assert (>= e 0))
(assert (< e m))
(assert (not (> (- m e) 0)))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F05_quadratic_gap.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const r Real)
(assert (>= a 0))
(assert (< a (/ 1 2)))
(assert (>= r 0))
(assert (<= r 1))
(assert (not (> (- 1 (* 2 a r)) 0)))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F06_quadratic_lipschitz.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const x Real)
(declare-const y Real)
(assert (>= a 0))
(assert (<= a (/ 1 2)))
(assert (>= x 0))
(assert (>= y 0))
(assert (<= y (* 2 a x)))
(assert (not (>= (- x y) (* (- 1 (* 2 a)) x))))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F07_extremal_gain.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const q Real)
(assert (> q 0))
(assert (< q 1))
(assert (not (> (+ 1 (* q q)) (* 2 q))))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F08_capacitance_energy.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const b Real)
(assert (> a 0))
(assert (> b 0))
(assert (not (>= (+ (* a a) (* b b)) (* 2 a b))))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F09_area_single_coefficient.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const b Real)
(assert (>= a 0))
(assert (>= b 0))
(assert (<= (+ a b) 1))
(assert (not (<= a 1)))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F10_shape_order.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const r Real)
(assert (> r 0))
(assert (< r 1))
(assert (not (>= (* (+ 1 r) (+ 1 r)) (* (- 1 r) (- 1 r)))))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F11_tail_splitting.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const e1 Real)
(declare-const e2 Real)
(declare-const e Real)
(assert (>= e1 0))
(assert (>= e2 0))
(assert (<= (+ e1 e2) e))
(assert (not (and (<= e1 e) (<= e2 e))))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F12_sample_enclosure.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const s Real)
(declare-const l Real)
(declare-const h Real)
(declare-const t Real)
(declare-const u Real)
(declare-const v Real)
(assert (>= l 0))
(assert (>= h 0))
(assert (<= u s))
(assert (<= v (* l h)))
(assert (<= t (+ u v)))
(assert (not (<= t (+ s (* l h)))))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F13_half_arc.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const b Real)
(assert (> a 0))
(assert (> b 0))
(assert (not (>= (* (+ a b) (+ a b)) (* 4 a b))))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F14_quarter_sharp_numerator.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const r Real)
(assert (>= r 0))
(assert (<= r 1))
(assert (not (<= (* 4 r) (* (+ 1 r) (+ 1 r)))))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F15_spherical_reciprocal.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const x Real)
(declare-const y Real)
(declare-const u Real)
(declare-const v Real)
(declare-const q Real)
(assert (= q (+ (* x x) (* y y))))
(assert (> q 0))
(assert (= (* q u) x))
(assert (= (* q v) (- y)))
(assert (not (= (* q (+ (* u u) (* v v))) 1)))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F16_normalized_derivative_nonzero.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const x Real)
(declare-const y Real)
(assert (= (+ (* x x) (* y y)) 1))
(assert (not (not (and (= x 0) (= y 0)))))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F17_weighted_energy_1.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const b Real)
(declare-const x Real)
(declare-const y Real)
(assert (>= a 0))
(assert (>= b 0))
(assert (<= a 1))
(assert (<= b 1))
(assert (not (<= (+ (* a x x) (* b y y)) (* 1 (+ (* x x) (* y y))))))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F18_weighted_energy_2.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const b Real)
(declare-const x Real)
(declare-const y Real)
(assert (>= a 0))
(assert (>= b 0))
(assert (<= a 2))
(assert (<= b 2))
(assert (not (<= (+ (* a x x) (* b y y)) (* 2 (+ (* x x) (* y y))))))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F19_weighted_energy_3.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const b Real)
(declare-const x Real)
(declare-const y Real)
(assert (>= a 0))
(assert (>= b 0))
(assert (<= a 3))
(assert (<= b 3))
(assert (not (<= (+ (* a x x) (* b y y)) (* 3 (+ (* x x) (* y y))))))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F20_weighted_energy_4.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const b Real)
(declare-const x Real)
(declare-const y Real)
(assert (>= a 0))
(assert (>= b 0))
(assert (<= a 4))
(assert (<= b 4))
(assert (not (<= (+ (* a x x) (* b y y)) (* 4 (+ (* x x) (* y y))))))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F21_weighted_energy_5.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const b Real)
(declare-const x Real)
(declare-const y Real)
(assert (>= a 0))
(assert (>= b 0))
(assert (<= a 5))
(assert (<= b 5))
(assert (not (<= (+ (* a x x) (* b y y)) (* 5 (+ (* x x) (* y y))))))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F22_weighted_energy_6.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const b Real)
(declare-const x Real)
(declare-const y Real)
(assert (>= a 0))
(assert (>= b 0))
(assert (<= a 6))
(assert (<= b 6))
(assert (not (<= (+ (* a x x) (* b y y)) (* 6 (+ (* x x) (* y y))))))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F23_weighted_energy_7.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const b Real)
(declare-const x Real)
(declare-const y Real)
(assert (>= a 0))
(assert (>= b 0))
(assert (<= a 7))
(assert (<= b 7))
(assert (not (<= (+ (* a x x) (* b y y)) (* 7 (+ (* x x) (* y y))))))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F24_weighted_energy_8.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const b Real)
(declare-const x Real)
(declare-const y Real)
(assert (>= a 0))
(assert (>= b 0))
(assert (<= a 8))
(assert (<= b 8))
(assert (not (<= (+ (* a x x) (* b y y)) (* 8 (+ (* x x) (* y y))))))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F25_jet_budget_1.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const u Real)
(declare-const v Real)
(assert (>= u 0))
(assert (>= v 0))
(assert (<= (+ u (* 1 v)) 1))
(assert (not (<= (* 1 v) 1)))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F26_jet_budget_2.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const u Real)
(declare-const v Real)
(assert (>= u 0))
(assert (>= v 0))
(assert (<= (+ u (* 2 v)) 1))
(assert (not (<= (* 2 v) 1)))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F27_jet_budget_3.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const u Real)
(declare-const v Real)
(assert (>= u 0))
(assert (>= v 0))
(assert (<= (+ u (* 3 v)) 1))
(assert (not (<= (* 3 v) 1)))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F28_jet_budget_4.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const u Real)
(declare-const v Real)
(assert (>= u 0))
(assert (>= v 0))
(assert (<= (+ u (* 4 v)) 1))
(assert (not (<= (* 4 v) 1)))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F29_jet_budget_5.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const u Real)
(declare-const v Real)
(assert (>= u 0))
(assert (>= v 0))
(assert (<= (+ u (* 5 v)) 1))
(assert (not (<= (* 5 v) 1)))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F30_jet_budget_6.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const u Real)
(declare-const v Real)
(assert (>= u 0))
(assert (>= v 0))
(assert (<= (+ u (* 6 v)) 1))
(assert (not (<= (* 6 v) 1)))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F31_sample_budget_1.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const s Real)
(declare-const l Real)
(declare-const e Real)
(assert (>= l 0))
(assert (<= (+ (* 2 s) l) (* 2 e)))
(assert (not (<= (+ s (/ l 2)) e)))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F32_sample_budget_2.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const s Real)
(declare-const l Real)
(declare-const e Real)
(assert (>= l 0))
(assert (<= (+ (* 4 s) l) (* 4 e)))
(assert (not (<= (+ s (/ l 4)) e)))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F33_sample_budget_3.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const s Real)
(declare-const l Real)
(declare-const e Real)
(assert (>= l 0))
(assert (<= (+ (* 6 s) l) (* 6 e)))
(assert (not (<= (+ s (/ l 6)) e)))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F34_sample_budget_4.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const s Real)
(declare-const l Real)
(declare-const e Real)
(assert (>= l 0))
(assert (<= (+ (* 8 s) l) (* 8 e)))
(assert (not (<= (+ s (/ l 8)) e)))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F35_sample_budget_5.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const s Real)
(declare-const l Real)
(declare-const e Real)
(assert (>= l 0))
(assert (<= (+ (* 10 s) l) (* 10 e)))
(assert (not (<= (+ s (/ l 10)) e)))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F36_sample_budget_6.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const s Real)
(declare-const l Real)
(declare-const e Real)
(assert (>= l 0))
(assert (<= (+ (* 12 s) l) (* 12 e)))
(assert (not (<= (+ s (/ l 12)) e)))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F37_modulus_square.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const c Real)
(declare-const m Real)
(declare-const r Real)
(assert (> c 0))
(assert (> m 0))
(assert (>= r 0))
(assert (<= (* m r) c))
(assert (not (<= (* m m r r) (* c c))))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F38_coverage_bound.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const u Real)
(assert (>= a 0))
(assert (> u 0))
(assert (<= a u))
(assert (not (<= (/ a u) 1)))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F39_slit_discriminant.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const x Real)
(assert (> x (- (/ 1 4))))
(assert (not (> (+ 1 (* 4 x)) 0)))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/smt/F40_truncation_norm.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const q Real)
(declare-const u Real)
(declare-const v Real)
(assert (>= q 0))
(assert (<= q 1))
(assert (>= u 0))
(assert (>= v 0))
(assert (not (<= (+ (* q u) (* q v)) (+ u v))))
(check-sat)







PHI_volume_02_verification/verification/normal_families/formal/verify_lean.sh

#!/usr/bin/env bash
# Requires the pinned Lean toolchain and network access for initial dependency setup.
set -euo pipefail
cd "$(dirname "$0")"
command -v lake >/dev/null || { echo 'Lake is required; no kernel verification performed.' >&2; exit 2; }
lake update
lake exe cache get
lake build 2>&1 | tee lean_build.log
lake env lean Audit.lean 2>&1 | tee lean_axioms.log
if grep -E 'sorryAx|warning: declaration uses' lean_build.log lean_axioms.log; then
  echo 'Unresolved proof declaration detected.' >&2; exit 3
fi
printf 'Candidate algebra module accepted. Source-section analytic obligations remain listed in PROOF_COVERAGE.md.\n'







PHI_volume_02_verification/verification/normal_families/requirements.txt

numpy==2.3.5
scipy==1.17.0
sympy==1.14.0
mpmath==1.3.0
PyMuPDF==1.26.7
Pillow==12.3.0
pycairo==1.29.0







PHI_volume_02_verification/verification/normal_families/results/continuation.json

[
  {
    "degree": 1,
    "inner_norm": "1/4",
    "outer_norm": "3/4",
    "amplification": 3
  },
  {
    "degree": 2,
    "inner_norm": "1/16",
    "outer_norm": "9/16",
    "amplification": 9
  },
  {
    "degree": 4,
    "inner_norm": "1/256",
    "outer_norm": "81/256",
    "amplification": 81
  },
  {
    "degree": 8,
    "inner_norm": "1/65536",
    "outer_norm": "6561/65536",
    "amplification": 6561
  },
  {
    "degree": 16,
    "inner_norm": "1/4294967296",
    "outer_norm": "43046721/4294967296",
    "amplification": 43046721
  },
  {
    "degree": 32,
    "inner_norm": "1/18446744073709551616",
    "outer_norm": "1853020188851841/18446744073709551616",
    "amplification": 1853020188851841
  },
  {
    "degree": 64,
    "inner_norm": "1/340282366920938463463374607431768211456",
    "outer_norm": "3433683820292512484657849089281/340282366920938463463374607431768211456",
    "amplification": 3433683820292512484657849089281
  }
]







PHI_volume_02_verification/verification/normal_families/results/distortion_comparison.json

[
  {
    "r": "1/10",
    "koebe_ratio": "14641/6561",
    "quadratic_ratio": "13/12",
    "enclosure_factor": "58564/28431"
  },
  {
    "r": "1/4",
    "koebe_ratio": "625/81",
    "quadratic_ratio": "11/9",
    "enclosure_factor": "625/99"
  },
  {
    "r": "1/2",
    "koebe_ratio": "81",
    "quadratic_ratio": "3/2",
    "enclosure_factor": "54"
  },
  {
    "r": "3/5",
    "koebe_ratio": "256",
    "quadratic_ratio": "31/19",
    "enclosure_factor": "4864/31"
  },
  {
    "r": "3/4",
    "koebe_ratio": "2401",
    "quadratic_ratio": "13/7",
    "enclosure_factor": "16807/13"
  },
  {
    "r": "9/10",
    "koebe_ratio": "130321",
    "quadratic_ratio": "17/8",
    "enclosure_factor": "1042568/17"
  }
]







PHI_volume_02_verification/verification/normal_families/results/floating_diagnostics.json

{
  "seed": 421018,
  "koebe_inverse_max_error": 3.1339041119729817e-15,
  "trials": 1200,
  "tolerance": 5e-12
}







PHI_volume_02_verification/verification/normal_families/results/formal_status.json

{
  "requested_scope": "all source theorems, exercises and adopted additional claims",
  "completed": false,
  "lean_candidate_lemmas": 24,
  "lean_kernel_acceptances": 0,
  "lean_executable": null,
  "lake_executable": null,
  "probe_returncode": 2,
  "core_theorems_without_lean_acceptance": 38,
  "source_items_without_lean_acceptance": 24,
  "smt_universal_queries": 40,
  "smt_distinct_schemas": 23,
  "independent_rational_identities": 14,
  "trusted_boundary": "SMT solver answers and exact polynomial normalization do not discharge analytic, topological, measure-theoretic or physical premises."
}







PHI_volume_02_verification/verification/normal_families/results/independent_certificates.json

{
  "accepted": 14,
  "mutations_rejected": 14,
  "engine": "independent exact sparse Q-polynomial arithmetic",
  "records": [
    {
      "id": "I01_quadratic_difference",
      "left": "z+a*z**2-w-a*w**2",
      "right": "(z-w)*(1+a*(z+w))",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I02_koebe_difference",
      "left": "z/(1-z)**2-w/(1-w)**2",
      "right": "(z-w)*(1-z*w)/((1-z)**2*(1-w)**2)",
      "denominator_guards": [
        "1-z != 0",
        "1-w != 0"
      ],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I03_cayley",
      "left": "1+4*z/(1-z)**2",
      "right": "((1+z)/(1-z))**2",
      "denominator_guards": [
        "1-z != 0"
      ],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I04_koebe_derivative",
      "left": "((1-z)**2+2*z*(1-z))/(1-z)**4",
      "right": "(1+z)/(1-z)**3",
      "denominator_guards": [
        "1-z != 0"
      ],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I05_inverse_equation",
      "left": "w*z**2-(2*w+1)*z+w",
      "right": "w*(1-z)**2-z",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I06_extremal_gain",
      "left": "1+q**2-2*q",
      "right": "(1-q)**2",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I07_two_arc_sos",
      "left": "(a+b)**2-4*a*b",
      "right": "(a-b)**2",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I08_quarter_sos",
      "left": "(1+r)**2-4*r",
      "right": "(1-r)**2",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I09_jacobian_energy",
      "left": "(x*u-y*v)**2+(y*u+x*v)**2",
      "right": "(x*x+y*y)*(u*u+v*v)",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I10_cayley_real",
      "left": "(1+x)**2+y*y-((1-x)**2+y*y)",
      "right": "4*x",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I11_koebe_schwarzian",
      "left": "(6*(3+z)/(1-z)**5)/((1+z)/(1-z)**3)-(3/2)*(2*(2+z)/(1-z)**4/((1+z)/(1-z)**3))**2",
      "right": "-6/(1-z*z)**2",
      "denominator_guards": [
        "1-z != 0",
        "1+z != 0"
      ],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I12_projective_determinants",
      "left": "(u1*a2-u2*a1)*(b1*c2-b2*c1)-(u1*c2-u2*c1)*(b1*a2-b2*a1)",
      "right": "(u1*b2-u2*b1)*(a1*c2-a2*c1)",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I13_distortion_ratio",
      "left": "((1+r)/(1-r)**3)/((1-r)/(1+r)**3)",
      "right": "((1+r)/(1-r))**4",
      "denominator_guards": [
        "1-r != 0",
        "1+r != 0"
      ],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I14_quadratic_inverse",
      "left": "(u-1)*(u+1)",
      "right": "u*u-1",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    }
  ],
  "scope": "Finite rational identities. Analytic denominator guards are separate hypotheses."
}







PHI_volume_02_verification/verification/normal_families/results/koebe_tail.json

[
  {
    "r": "1/4",
    "degree": 2,
    "exact_supremum_error": "5/72",
    "log10_error": -1.1583624920952496
  },
  {
    "r": "1/4",
    "degree": 4,
    "exact_supremum_error": "1/144",
    "log10_error": -2.1583624920952498
  },
  {
    "r": "1/4",
    "degree": 8,
    "exact_supremum_error": "7/147456",
    "log10_error": -4.323564408720805
  },
  {
    "r": "1/4",
    "degree": 16,
    "exact_supremum_error": "13/9663676416",
    "log10_error": -8.871199027051924
  },
  {
    "r": "1/4",
    "degree": 32,
    "exact_supremum_error": "25/41505174165846491136",
    "log10_error": -18.220162231934122
  },
  {
    "r": "1/4",
    "degree": 64,
    "exact_supremum_error": "49/765635325572111542792592866721478475776",
    "log10_error": -37.19382588307244
  },
  {
    "r": "1/2",
    "degree": 2,
    "exact_supremum_error": "1",
    "log10_error": 0.0
  },
  {
    "r": "1/2",
    "degree": 4,
    "exact_supremum_error": "3/8",
    "log10_error": -0.42596873227228116
  },
  {
    "r": "1/2",
    "degree": 8,
    "exact_supremum_error": "5/128",
    "log10_error": -1.4082399653118496
  },
  {
    "r": "1/2",
    "degree": 16,
    "exact_supremum_error": "9/32768",
    "log10_error": -3.561207425520393
  },
  {
    "r": "1/2",
    "degree": 32,
    "exact_supremum_error": "17/2147483648",
    "log10_error": -8.101480944205143
  },
  {
    "r": "1/2",
    "degree": 64,
    "exact_supremum_error": "33/9223372036854775808",
    "log10_error": -17.446375786952927
  },
  {
    "r": "3/4",
    "degree": 2,
    "exact_supremum_error": "81/8",
    "log10_error": 1.0053950318867062
  },
  {
    "r": "3/4",
    "degree": 4,
    "exact_supremum_error": "243/32",
    "log10_error": 0.8804562952784062
  },
  {
    "r": "3/4",
    "degree": 8,
    "exact_supremum_error": "59049/16384",
    "log10_error": 0.5567926079008876
  },
  {
    "r": "3/4",
    "degree": 16,
    "exact_supremum_error": "645700815/1073741824",
    "log10_error": -0.2208685353491556
  },
  {
    "r": "3/4",
    "degree": 32,
    "exact_supremum_error": "50031545098999707/4611686018427387904",
    "log10_error": -1.9646158159786489
  },
  {
    "r": "3/4",
    "degree": 64,
    "exact_supremum_error": "175117874834918136717550303553331/85070591730234615865843651857942052864",
    "log10_error": -5.686448975505298
  },
  {
    "r": "9/10",
    "degree": 2,
    "exact_supremum_error": "2187/25",
    "log10_error": 1.9419087743655994
  },
  {
    "r": "9/10",
    "degree": 4,
    "exact_supremum_error": "413343/5000",
    "log10_error": 1.9173405828748624
  },
  {
    "r": "9/10",
    "degree": 8,
    "exact_supremum_error": "3486784401/50000000",
    "log10_error": 1.84345509005723
  },
  {
    "r": "9/10",
    "degree": 16,
    "exact_supremum_error": "216803362095665397/5000000000000000",
    "log10_error": 1.6370960084393409
  },
  {
    "r": "9/10",
    "degree": 32,
    "exact_supremum_error": "648966242035284859600333477874109/50000000000000000000000000000000",
    "log10_error": 1.1132521018956214
  },
  {
    "r": "9/10",
    "degree": 64,
    "exact_supremum_error": "3926131464386948196116450662850368715670844460227855089329288013/5000000000000000000000000000000000000000000000000000000000000000",
    "log10_error": -0.10500516671290694
  }
]







PHI_volume_02_verification/verification/normal_families/results/optimal_radius_certificate.json

{
  "q_lower": "6555554687/10000000000",
  "q_upper": "51215271/78125000",
  "width": "1/10000000000",
  "P_lower_sign": -1,
  "P_upper_sign": 1,
  "bound_lower": "306127672143317545291753609073678622280674540273301090763197015134846550950689565820313378170571127456228941566333507245907368377108249761134463333091630485368504967116558071289450343391468987221224829258798403932624716687305474468260419884493876300313638144358382151679117128676654843440537069179366173286076659116438375365435608471710046853916001492199389524192588977324979860977441726681069589530789633058578695280688960476534457599553682913769800442980223716693754242912563430051455722235393410974044323738256470863739210208925061396545325323607755386742319217830655062343277018994217104365055859403716739542840899688626384536627037025344111951779500137056588272155393493230000702567542/9281659337030603392191868413161357197291003848167840714679741527583674266238691347742591891992108065224722513480010623070578457729558257832988718080433076967673641031898000166289010902905201958190750900409006106800327412990467504493840368910160834949685798465816487513517975190754832221525897515420839475458633058063069268295763134224328910445876320254259004026161600392691155967113474995058270221974367110485461315652248611398415343285388768321983827351383206254360627243547034285990621384008276973937390101520757353148941138249585504298025557748376151135789808172849936249685761890955134104878626736317594096170273239978241719601072708721090728198945029831798704155734092424362366729947499648716229",
  "bound_upper": "1124999999524490496082791086587133666457589703092688023500988365522323823169970423821613635368802203556441313638331864709381171806443495561827711738503540620385643738114872479328397501878424462224721542612959035204617860546688787547469643857411677016457951463268758405979208751541786921797176733373358528406183719188157476400886615485698836794053549029681258850578836249122547220330142525993202719220605967164687619562882537863361549828643548509114674825943999827711123122246028144740831196175388510010699673108766212434283200483065194566298211681315939050397638593614931591014591398546336263821374352562400240824262865103661048636042989736800653380700434338810059088075510958970472569074400533675067819100162/34109516024185645237514274068691014842265695519615750909527558458100408994499049037877868948159654562136235915277960886504686715642188658972823662422919731899377894428476872988791552327545056290364058948293533470503615595212005862844810543057070947579261728339042624033090043744662601208989815356953724633302094824163878095189454639798974386812737589902216149018813731766595556071849431842545422655666610572643823746740442915822776114735889049539995642878696128173631431265278310790311456734290943415489096054065573984737159179337594933964586937931030038732689450957241344571959680955214535402921864004304634546881011581196052223630235721451365019563549673309649782830594970455962244520514763715462799733162466090449919",
  "float_bound_lower": 3.298199826425155e-11,
  "float_bound_upper": 3.298199830002864e-11,
  "hypothesis": "Strict-convexity and derivative-equivalence theorems are written proofs in C03; this certificate checks rational signs and interval arithmetic."
}







PHI_volume_02_verification/verification/normal_families/results/python_environment.json

{
  "python": "3.13.5 (main, Jul 15 2026, 20:25:40) [GCC 14.2.0]",
  "packages": {
    "numpy": "2.3.5",
    "scipy": "1.17.0",
    "sympy": "1.14.0",
    "mpmath": "1.3.0",
    "PyMuPDF": "1.26.7",
    "Pillow": "12.3.0",
    "pycairo": "1.29.0"
  }
}







PHI_volume_02_verification/verification/normal_families/results/radius_optimization.json

{
  "n": 8,
  "N": 64,
  "M": 2.0,
  "sample_error_bound": 1e-12,
  "q_opt": 0.655555468734469,
  "bound_opt": 3.2981998300028634e-11,
  "at_half": 2.560000001084202e-10,
  "bound_ratio_half_to_opt": 7.761809875182668,
  "status": "floating-point stationary-point diagnostic; convexity proof is in CSE graduate volume",
  "curve": [
    [
      0.2,
      3.906249999999998e-07
    ],
    [
      0.2018295739348371,
      3.631797060224303e-07
    ],
    [
      0.2036591478696742,
      3.3788477387294835e-07
    ],
    [
      0.20548872180451128,
      3.1455462431407935e-07
    ],
    [
      0.20731829573934837,
      2.9302114394722956e-07
    ],
    [
      0.20914786967418547,
      2.7313190726131453e-07
    ],
    [
      0.21097744360902257,
      2.5474859309466886e-07
    ],
    [
      0.21280701754385967,
      2.3774557280838535e-07
    ],
    [
      0.21463659147869676,
      2.2200865028589065e-07
    ],
    [
      0.21646616541353383,
      2.07433936320539e-07
    ],
    [
      0.21829573934837093,
      1.9392684208141453e-07
    ],
    [
      0.22012531328320803,
      1.814011782010938e-07
    ],
    [
      0.22195488721804513,
      1.6977834764522588e-07
    ],
    [
      0.22378446115288222,
      1.5898662193452112e-07
    ],
    [
      0.22561403508771932,
      1.4896049152259157e-07
    ],
    [
      0.2274436090225564,
      1.3964008221171327e-07
    ],
    [
      0.2292731829573935,
      1.309706304333154e-07
    ],
    [
      0.2311027568922306,
      1.2290201104837287e-07
    ],
    [
      0.23293233082706769,
      1.1538831204998602e-07
    ],
    [
      0.23476190476190478,
      1.0838745118934541e-07
    ],
    [
      0.23659147869674185,
      1.018608301082614e-07
    ],
    [
      0.23842105263157895,
      9.577302205626954e-08
    ],
    [
      0.24025062656641605,
      9.009148970646112e-08
    ],
    [
      0.24208020050125315,
      8.478632996897142e-08
    ],
    [
      0.24390977443609024,
      7.9830043040874e-08
    ],
    [
      0.2457393483709273,
      7.519732323160986e-08
    ],
    [
      0.2475689223057644,
      7.086486936886004e-08
    ],
    [
      0.2493984962406015,
      6.68112128251524e-08
    ],
    [
      0.2512280701754386,
      6.301656141413979e-08
    ],
    [
      0.2530576441102757,
      5.946265759061221e-08
    ],
    [
      0.2548872180451128,
      5.613264955269638e-08
    ],
    [
      0.2567167919799499,
      5.301097399080729e-08
    ],
    [
      0.25854636591478697,
      5.008324935789799e-08
    ],
    [
      0.26037593984962404,
      4.733617865126992e-08
    ],
    [
      0.26220551378446116,
      4.475746079932904e-08
    ],
    [
      0.26403508771929823,
      4.233570983862938e-08
    ],
    [
      0.26586466165413536,
      4.006038114862427e-08
    ],
    [
      0.26769423558897243,
      3.792170408486421e-08
    ],
    [
      0.2695238095238095,
      3.591062041691807e-08
    ],
    [
      0.2713533834586466,
      3.401872803593526e-08
    ],
    [
      0.27318295739348375,
      3.2238229449264976e-08
    ],
    [
      0.2750125313283208,
      3.056188462659085e-08
    ],
    [
      0.2768421052631579,
      2.898296780422209e-08
    ],
    [
      0.278671679197995,
      2.7495227892034705e-08
    ],
    [
      0.2805012531328321,
      2.6092852161548185e-08
    ],
    [
      0.2823308270676692,
      2.4770432924169893e-08
    ],
    [
      0.2841604010025063,
      2.3522936936112138e-08
    ],
    [
      0.28598997493734335,
      2.234567729120628e-08
    ],
    [
      0.2878195488721805,
      2.1234287585103856e-08
    ],
    [
      0.28964912280701754,
      2.0184698154415868e-08
    ],
    [
      0.29147869674185467,
      1.919311421243352e-08
    ],
    [
      0.29330827067669174,
      1.825599571940029e-08
    ],
    [
      0.2951378446115288,
      1.7370038840044824e-08
    ],
    [
      0.29696741854636594,
      1.6532158854405234e-08
    ],
    [
      0.298796992481203,
      1.573947440001664e-08
    ],
    [
      0.30062656641604013,
      1.4989292934428523e-08
    ],
    [
      0.3024561403508772,
      1.427909731688176e-08
    ],
    [
      0.30428571428571427,
      1.3606533416907407e-08
    ],
    [
      0.3061152882205514,
      1.2969398665707555e-08
    ],
    [
      0.30794486215538847,
      1.2365631473521131e-08
    ],
    [
      0.3097744360902256,
      1.179330144284119e-08
    ],
    [
      0.31160401002506266,
      1.1250600313401331e-08
    ],
    [
      0.31343358395989973,
      1.0735833580344712e-08
    ],
    [
      0.31526315789473686,
      1.0247412731986965e-08
    ],
    [
      0.3170927318295739,
      9.78384805812846e-09
    ],
    [
      0.31892230576441105,
      9.343741984007351e-09
    ],
    [
      0.3207518796992481,
      8.925782888751403e-09
    ],
    [
      0.3225814536340852,
      8.528739370616832e-09
    ],
    [
      0.3244110275689223,
      8.151454924430644e-09
    ],
    [
      0.32624060150375944,
      7.792842999504845e-09
    ],
    [
      0.3280701754385965,
      7.45188240889386e-09
    ],
    [
      0.3298997493734336,
      7.1276130632428755e-09
    ],
    [
      0.33172932330827065,
      6.819132004645484e-09
    ],
    [
      0.3335588972431078,
      6.52558971791265e-09
    ],
    [
      0.3353884711779449,
      6.246186698469205e-09
    ],
    [
      0.337218045112782,
      5.9801702577533245e-09
    ],
    [
      0.33904761904761904,
      5.726831548513468e-09
    ],
    [
      0.3408771929824561,
      5.485502793788169e-09
    ],
    [
      0.34270676691729324,
      5.255554704628201e-09
    ],
    [
      0.34453634085213036,
      5.036394072788888e-09
    ],
    [
      0.34636591478696743,
      4.82746152569125e-09
    ],
    [
      0.3481954887218045,
      4.628229431933585e-09
    ],
    [
      0.3500250626566416,
      4.438199946537077e-09
    ],
    [
      0.3518546365914787,
      4.25690318593732e-09
    ],
    [
      0.3536842105263158,
      4.0838955234947684e-09
    ],
    [
      0.3555137844611529,
      3.918757996996558e-09
    ],
    [
      0.35734335839598996,
      3.761094820265389e-09
    ],
    [
      0.35917293233082703,
      3.6105319915829357e-09
    ],
    [
      0.36100250626566416,
      3.466715992179724e-09
    ],
    [
      0.3628320802005013,
      3.3293125685449666e-09
    ],
    [
      0.36466165413533835,
      3.198005592771642e-09
    ],
    [
      0.3664912280701754,
      3.0724959955777686e-09
    ],
    [
      0.3683208020050125,
      2.9525007670372473e-09
    ],
    [
      0.3701503759398496,
      2.8377520204154593e-09
    ],
    [
      0.37197994987468674,
      2.7279961148387836e-09
    ],
    [
      0.3738095238095238,
      2.622992832835341e-09
    ],
    [
      0.3756390977443609,
      2.5225146090688948e-09
    ],
    [
      0.377468671679198,
      2.426345806850751e-09
    ],
    [
      0.3792982456140351,
      2.3342820392573936e-09
    ],
    [
      0.3811278195488722,
      2.2461295319061978e-09
    ],
    [
      0.3829573934837093,
      2.161704524649363e-09
    ],
    [
      0.38478696741854634,
      2.0808327096382355e-09
    ],
    [
      0.38661654135338347,
      2.003348703388209e-09
    ],
    [
      0.38844611528822054,
      1.929095550638974e-09
    ],
    [
      0.39027568922305766,
      1.857924257957429e-09
    ],
    [
      0.39210526315789473,
      1.7896933551719671e-09
    ],
    [
      0.3939348370927318,
      1.7242684828577363e-09
    ],
    [
      0.39576441102756893,
      1.661522004214051e-09
    ],
    [
      0.39759398496240606,
      1.6013326397877188e-09
    ],
    [
      0.3994235588972431,
      1.5435851236006074e-09
    ],
    [
      0.4012531328320802,
      1.4881698793368267e-09
    ],
    [
      0.40308270676691726,
      1.434982715334998e-09
    ],
    [
      0.4049122807017544,
      1.3839245372147448e-09
    ],
    [
      0.4067418546365915,
      1.3349010770443367e-09
    ],
    [
      0.4085714285714286,
      1.2878226380286574e-09
    ],
    [
      0.41040100250626566,
      1.242603853763895e-09
    ],
    [
      0.4122305764411027,
      1.1991634611678534e-09
    ],
    [
      0.41406015037593985,
      1.1574240862529185e-09
    ],
    [
      0.415889724310777,
      1.1173120419628472e-09
    ],
    [
      0.41771929824561405,
      1.078757137344931e-09
    ],
    [
      0.4195488721804511,
      1.0416924973760103e-09
    ],
    [
      0.4213784461152882,
      1.006054392804539e-09
    ],
    [
      0.4232080200501253,
      9.71782079411613e-10
    ],
    [
      0.42503759398496244,
      9.38817646131876e-10
    ],
    [
      0.4268671679197995,
      9.071058715105971e-10
    ],
    [
      0.4286967418546366,
      8.765940880062626e-10
    ],
    [
      0.43052631578947365,
      8.472320536788292e-10
    ],
    [
      0.43235588972431077,
      8.189718308325385e-10
    ],
    [
      0.4341854636591479,
      7.917676712090517e-10
    ],
    [
      0.43601503759398497,
      7.655759073517237e-10
    ],
    [
      0.43784461152882204,
      7.40354849785261e-10
    ],
    [
      0.4396741854636591,
      7.160646896769008e-10
    ],
    [
      0.44150375939849623,
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      0.9080451127819549,
      0.004176487484849429
    ],
    [
      0.909874686716792,
      0.004752060612169626
    ],
    [
      0.911704260651629,
      0.005405766220997364
    ],
    [
      0.9135338345864661,
      0.006148083444191214
    ],
    [
      0.9153634085213032,
      0.0069908896600005726
    ],
    [
      0.9171929824561402,
      0.00794764889483329
    ],
    [
      0.9190225563909775,
      0.009033626632214412
    ],
    [
      0.9208521303258146,
      0.01026613507338262
    ],
    [
      0.9226817042606517,
      0.011664813613334997
    ],
    [
      0.9245112781954887,
      0.01325195016718973
    ],
    [
      0.9263408521303258,
      0.015052850043768056
    ],
    [
      0.9281704260651629,
      0.017096260365441898
    ],
    [
      0.93,
      0.01941485963906304
    ]
  ]
}







PHI_volume_02_verification/verification/normal_families/results/restriction_frontier.json

[
  {
    "radius": "1/4",
    "rank": 2,
    "operator_error": "1/16",
    "log10_error": -1.2041199826559248
  },
  {
    "radius": "1/4",
    "rank": 4,
    "operator_error": "1/256",
    "log10_error": -2.4082399653118496
  },
  {
    "radius": "1/4",
    "rank": 8,
    "operator_error": "1/65536",
    "log10_error": -4.816479930623699
  },
  {
    "radius": "1/4",
    "rank": 16,
    "operator_error": "1/4294967296",
    "log10_error": -9.632959861247398
  },
  {
    "radius": "1/4",
    "rank": 32,
    "operator_error": "1/18446744073709551616",
    "log10_error": -19.265919722494797
  },
  {
    "radius": "1/4",
    "rank": 64,
    "operator_error": "1/340282366920938463463374607431768211456",
    "log10_error": -38.53183944498959
  },
  {
    "radius": "1/2",
    "rank": 2,
    "operator_error": "1/4",
    "log10_error": -0.6020599913279624
  },
  {
    "radius": "1/2",
    "rank": 4,
    "operator_error": "1/16",
    "log10_error": -1.2041199826559248
  },
  {
    "radius": "1/2",
    "rank": 8,
    "operator_error": "1/256",
    "log10_error": -2.4082399653118496
  },
  {
    "radius": "1/2",
    "rank": 16,
    "operator_error": "1/65536",
    "log10_error": -4.816479930623699
  },
  {
    "radius": "1/2",
    "rank": 32,
    "operator_error": "1/4294967296",
    "log10_error": -9.632959861247398
  },
  {
    "radius": "1/2",
    "rank": 64,
    "operator_error": "1/18446744073709551616",
    "log10_error": -19.265919722494797
  },
  {
    "radius": "3/4",
    "rank": 2,
    "operator_error": "9/16",
    "log10_error": -0.24987747321659987
  },
  {
    "radius": "3/4",
    "rank": 4,
    "operator_error": "81/256",
    "log10_error": -0.4997549464331998
  },
  {
    "radius": "3/4",
    "rank": 8,
    "operator_error": "6561/65536",
    "log10_error": -0.9995098928663996
  },
  {
    "radius": "3/4",
    "rank": 16,
    "operator_error": "43046721/4294967296",
    "log10_error": -1.9990197857327991
  },
  {
    "radius": "3/4",
    "rank": 32,
    "operator_error": "1853020188851841/18446744073709551616",
    "log10_error": -3.9980395714655983
  },
  {
    "radius": "3/4",
    "rank": 64,
    "operator_error": "3433683820292512484657849089281/340282366920938463463374607431768211456",
    "log10_error": -7.996079142931197
  },
  {
    "radius": "9/10",
    "rank": 2,
    "operator_error": "81/100",
    "log10_error": -0.09151498112135022
  },
  {
    "radius": "9/10",
    "rank": 4,
    "operator_error": "6561/10000",
    "log10_error": -0.1830299622427005
  },
  {
    "radius": "9/10",
    "rank": 8,
    "operator_error": "43046721/100000000",
    "log10_error": -0.36605992448540103
  },
  {
    "radius": "9/10",
    "rank": 16,
    "operator_error": "1853020188851841/10000000000000000",
    "log10_error": -0.732119848970802
  },
  {
    "radius": "9/10",
    "rank": 32,
    "operator_error": "3433683820292512484657849089281/100000000000000000000000000000000",
    "log10_error": -1.4642396979416041
  },
  {
    "radius": "9/10",
    "rank": 64,
    "operator_error": "11790184577738583171520872861412518665678211592275841109096961/10000000000000000000000000000000000000000000000000000000000000000",
    "log10_error": -2.9284793958832083
  }
]







PHI_volume_02_verification/verification/normal_families/results/sample_bounds.json

[
  {
    "N": 16,
    "certified_boundary_bound": "141/3500",
    "assumptions": "sample maximum <=1/1000; angular Lipschitz constant <=1/5; pi<22/7"
  },
  {
    "N": 32,
    "certified_boundary_bound": "289/14000",
    "assumptions": "sample maximum <=1/1000; angular Lipschitz constant <=1/5; pi<22/7"
  },
  {
    "N": 64,
    "certified_boundary_bound": "303/28000",
    "assumptions": "sample maximum <=1/1000; angular Lipschitz constant <=1/5; pi<22/7"
  },
  {
    "N": 128,
    "certified_boundary_bound": "331/56000",
    "assumptions": "sample maximum <=1/1000; angular Lipschitz constant <=1/5; pi<22/7"
  },
  {
    "N": 256,
    "certified_boundary_bound": "387/112000",
    "assumptions": "sample maximum <=1/1000; angular Lipschitz constant <=1/5; pi<22/7"
  },
  {
    "N": 512,
    "certified_boundary_bound": "499/224000",
    "assumptions": "sample maximum <=1/1000; angular Lipschitz constant <=1/5; pi<22/7"
  }
]







PHI_volume_02_verification/verification/normal_families/results/smt_verification.json

{
  "distinct_schema_count": 23,
  "parameter_instance_schemas": {
    "weighted_energy": 8,
    "jet_budget": 6,
    "sample_budget": 6
  },
  "library": "libz3.so.4",
  "version": "4.13.3.0",
  "obligations": [
    {
      "id": "F01_gap_positive",
      "description": "Open disk denominator.",
      "answer": "unsat",
      "sha256": "b68b77cc6323557b32c825b142941706706c83e94082c7bb1c5f407d99e4e3de"
    },
    {
      "id": "F02_quarter_radius",
      "description": "Scaling the quarter-radius inclusion.",
      "answer": "unsat",
      "sha256": "780914dd3c2a1ba4c93b9f3865952115bba7b0579151b8443039be0e656f1c13"
    },
    {
      "id": "F03_radius_interval",
      "description": "Equivalent conformal-radius interval.",
      "answer": "unsat",
      "sha256": "8cc54e50dd92d3930170142e779dc97bfab8a7280b6a42816a43e0fefe3fffa9"
    },
    {
      "id": "F04_inverse_margin",
      "description": "Positive perturbed denominator.",
      "answer": "unsat",
      "sha256": "7e69e00c1108e84e8025b038cc6d1a6176a46f478e520f8b88777074ec981186"
    },
    {
      "id": "F05_quadratic_gap",
      "description": "Quadratic univalence margin.",
      "answer": "unsat",
      "sha256": "3d36b24e31975ac879a0083dc14aab20bea0f55aa82e6c5225258eaec038e9e9"
    },
    {
      "id": "F06_quadratic_lipschitz",
      "description": "Difference-factor lower bound.",
      "answer": "unsat",
      "sha256": "92d46b0893f6f775705aeccae9a5f0ce24c29388305beb11dc14e799aaaa0bfb"
    },
    {
      "id": "F07_extremal_gain",
      "description": "Strict gain in the Riemann extremal argument.",
      "answer": "unsat",
      "sha256": "86aaf8089a65335ac3d946de927c96a9ee27ed7e80bc6121928a0f6c0a48b108"
    },
    {
      "id": "F08_capacitance_energy",
      "description": "Two-arc energy inequality numerator.",
      "answer": "unsat",
      "sha256": "0667ab8a42e1c50fd7feb6ac3074fb3bb3e44930bf1ba9a8d4845914caac1d38"
    },
    {
      "id": "F09_area_single_coefficient",
      "description": "Nonnegative Laurent coefficient budget.",
      "answer": "unsat",
      "sha256": "8c1a7bd627377754da6ceef8a939eebfbae899c711768cd8443dbd28ae7cbf97"
    },
    {
      "id": "F10_shape_order",
      "description": "Upper shape factor exceeds one.",
      "answer": "unsat",
      "sha256": "f646c1989a508e41e196831a45bddea30a74f4b1cecea0f3ae8ec152ad9914e4"
    },
    {
      "id": "F11_tail_splitting",
      "description": "Nonnegative error budget.",
      "answer": "unsat",
      "sha256": "0bb7e021e040d2640954652cbab358f53aaa72238450bf1d1cd03b2a574a2d70"
    },
    {
      "id": "F12_sample_enclosure",
      "description": "Composition of a sample enclosure and an independent variation bound.",
      "answer": "unsat",
      "sha256": "a92985ca9a22fc54adc315777c01abb04696f9a564c4df674e82d03a4b0d873d"
    },
    {
      "id": "F13_half_arc",
      "description": "Optimal splitting of the two arcs.",
      "answer": "unsat",
      "sha256": "e0d931e3d0f726bab432dda3e5cfcd0c3357ebf2b37af2359c27795fb9ad654b"
    },
    {
      "id": "F14_quarter_sharp_numerator",
      "description": "Koebe negative-axis value is at most one quarter.",
      "answer": "unsat",
      "sha256": "33a35faeafbcd04e7409975d053e544a5895ddd30e419cb80e641543e6e904fb"
    },
    {
      "id": "F15_spherical_reciprocal",
      "description": "Squared norm identity in a reciprocal complex chart.",
      "answer": "unsat",
      "sha256": "da3156e0a8c6b31b021bbb08ffb84aef353abecbf32b515d5b3d6dc54672b5e9"
    },
    {
      "id": "F16_normalized_derivative_nonzero",
      "description": "Normalization excludes a zero derivative.",
      "answer": "unsat",
      "sha256": "145c0ed54e7a64d10391f75718f0e38e2d42531306590f3495ecbd05da9094ef"
    },
    {
      "id": "F17_weighted_energy_1",
      "description": "Coordinate-energy operator bound with ceiling 1.",
      "answer": "unsat",
      "sha256": "1eab2b8935b75b6a3a48b6547a664038c4ccf922b512ad70f27beb2aad095e68"
    },
    {
      "id": "F18_weighted_energy_2",
      "description": "Coordinate-energy operator bound with ceiling 2.",
      "answer": "unsat",
      "sha256": "2b6b50373bd73dab673cd98b2b88c6cd209301f0fcedeeaded0ce1b6aa45067b"
    },
    {
      "id": "F19_weighted_energy_3",
      "description": "Coordinate-energy operator bound with ceiling 3.",
      "answer": "unsat",
      "sha256": "02c6a16f871f82c0ee683c94976ea3860ead28138a98f9d9be9e0943c7c44d91"
    },
    {
      "id": "F20_weighted_energy_4",
      "description": "Coordinate-energy operator bound with ceiling 4.",
      "answer": "unsat",
      "sha256": "1ba2988d84f526b8e17829177702874a43f2bb4d582a96c976a19988dc3a7170"
    },
    {
      "id": "F21_weighted_energy_5",
      "description": "Coordinate-energy operator bound with ceiling 5.",
      "answer": "unsat",
      "sha256": "1ae1804e05e1ce4ff0047a90f71b45e20dfb8784657605faf3ad5e42fad68b3a"
    },
    {
      "id": "F22_weighted_energy_6",
      "description": "Coordinate-energy operator bound with ceiling 6.",
      "answer": "unsat",
      "sha256": "cd0eddcd5ee5717b87d52262290e00a5976516f53e4f6a599671a11cead5d534"
    },
    {
      "id": "F23_weighted_energy_7",
      "description": "Coordinate-energy operator bound with ceiling 7.",
      "answer": "unsat",
      "sha256": "fb83a9a7be44b4f9f5a225844c677b99c3f629a6a5c1dac6d7a23f04208446fd"
    },
    {
      "id": "F24_weighted_energy_8",
      "description": "Coordinate-energy operator bound with ceiling 8.",
      "answer": "unsat",
      "sha256": "2094d20fd72b880a307dc406db202091ace99959483b00ee8d469e782b41eb92"
    },
    {
      "id": "F25_jet_budget_1",
      "description": "Area budget after retaining a Laurent coefficient of order 1.",
      "answer": "unsat",
      "sha256": "3371adb60dcec73616852bbafe779745434639a58169ebec6be5dc04bac02095"
    },
    {
      "id": "F26_jet_budget_2",
      "description": "Area budget after retaining a Laurent coefficient of order 2.",
      "answer": "unsat",
      "sha256": "fcb12c63399160dd518daaf4536d9d62a56bb2e746f42263145064287b4f5a86"
    },
    {
      "id": "F27_jet_budget_3",
      "description": "Area budget after retaining a Laurent coefficient of order 3.",
      "answer": "unsat",
      "sha256": "9da5aded9b87b1da400704c11bd6c1061a686602a18aaf0748a4f6ae9d934859"
    },
    {
      "id": "F28_jet_budget_4",
      "description": "Area budget after retaining a Laurent coefficient of order 4.",
      "answer": "unsat",
      "sha256": "4968d5a1cc4e2c39a53470274cc7d93fcf16b5b31a0dae12bc93d0361f5e8232"
    },
    {
      "id": "F29_jet_budget_5",
      "description": "Area budget after retaining a Laurent coefficient of order 5.",
      "answer": "unsat",
      "sha256": "e8b9ff403fd519488f54e75ccfe641cc638d3d35b21fa5f71ff614e999211f0c"
    },
    {
      "id": "F30_jet_budget_6",
      "description": "Area budget after retaining a Laurent coefficient of order 6.",
      "answer": "unsat",
      "sha256": "f1bbf21efc47c41225e79ef29c96f4b0b4fa42b82eee0ffe7e4f43393ba3d59f"
    },
    {
      "id": "F31_sample_budget_1",
      "description": "Rational mesh spacing 1/1 sample certificate.",
      "answer": "unsat",
      "sha256": "3af686dd77ea622098cd87f6300aa6083decd84cbb8649f629527849c30ebce9"
    },
    {
      "id": "F32_sample_budget_2",
      "description": "Rational mesh spacing 1/2 sample certificate.",
      "answer": "unsat",
      "sha256": "183c2f68a689e3bbf14e856d16b20e07aa04ee62faa45750c68ca46ff462afb5"
    },
    {
      "id": "F33_sample_budget_3",
      "description": "Rational mesh spacing 1/3 sample certificate.",
      "answer": "unsat",
      "sha256": "de10bfb9d4b636255a7e32873b8320b9e9dadb8dac39057044506b7e1611e0d4"
    },
    {
      "id": "F34_sample_budget_4",
      "description": "Rational mesh spacing 1/4 sample certificate.",
      "answer": "unsat",
      "sha256": "5533b3bdc13c526c4fba37445165b0f70e3bf5c5f350c6ab0708ac4f6724e28d"
    },
    {
      "id": "F35_sample_budget_5",
      "description": "Rational mesh spacing 1/5 sample certificate.",
      "answer": "unsat",
      "sha256": "461f4f3f80af1b1fde7161af6d7afe778e0150d50202d2f3ba5fbf47cd0cbb7e"
    },
    {
      "id": "F36_sample_budget_6",
      "description": "Rational mesh spacing 1/6 sample certificate.",
      "answer": "unsat",
      "sha256": "8aaad6b7ffa42d4252f3136d17172f4a2822f5dacc031e26115b69eaae304753"
    },
    {
      "id": "F37_modulus_square",
      "description": "Squared nonnegative modulus inequality.",
      "answer": "unsat",
      "sha256": "0a585a658f9d3b7a347357c5ffe1e09a2aa2a5bd7906a0c8bde4f58fc23012bf"
    },
    {
      "id": "F38_coverage_bound",
      "description": "Bounded weighted obligation coverage.",
      "answer": "unsat",
      "sha256": "b6f5807150fa93f348fe23b5f7ef8178a487da4f6de03b42835ee9684cf05c16"
    },
    {
      "id": "F39_slit_discriminant",
      "description": "Positive real discriminant to the right of the slit.",
      "answer": "unsat",
      "sha256": "2ec7b7f0fa67f502a476b2e0b4b86d14125a8e5ed85b7b11297f89b57c77ead3"
    },
    {
      "id": "F40_truncation_norm",
      "description": "Contraction of nonnegative coefficient energy.",
      "answer": "unsat",
      "sha256": "820bfadb83c895e0140b712ca46fc2edbe11649826f56bcd2c49432dca38fffc"
    }
  ],
  "mutation_controls": [
    {
      "id": "quarter_changed",
      "answer": "sat"
    },
    {
      "id": "strict_gain_endpoint",
      "answer": "sat"
    },
    {
      "id": "missing_normalization",
      "answer": "sat"
    },
    {
      "id": "negative_weight",
      "answer": "sat"
    },
    {
      "id": "oversized_quadratic",
      "answer": "sat"
    },
    {
      "id": "coverage_overcount",
      "answer": "sat"
    },
    {
      "id": "incorrect_sqrt",
      "answer": "sat"
    },
    {
      "id": "lost_boundary_margin",
      "answer": "sat"
    },
    {
      "id": "wrong_energy_factor",
      "answer": "sat"
    },
    {
      "id": "uncertified_sample",
      "answer": "sat"
    }
  ],
  "trust": "Z3 solver acceptance; not Lean kernel verification."
}







PHI_volume_02_verification/verification/normal_families/results/symbolic_identities.json

{
  "count": 13,
  "names": [
    "koebe_derivative",
    "koebe_second_derivative",
    "koebe_difference",
    "koebe_cayley",
    "koebe_inverse_polynomial",
    "quadratic_difference",
    "koebe_ratio",
    "koebe_growth_upper_integral",
    "koebe_growth_lower_integral",
    "extremal_gain",
    "quadratic_inverse_rationalization",
    "pre_schwarzian_upper",
    "pre_schwarzian_lower"
  ],
  "engine": "1.14.0"
}







PHI_volume_02_verification/verification/normal_families/results/verification.json

{
  "environment": {
    "python": "3.13.5",
    "numpy": "2.3.5",
    "sympy": "1.14.0",
    "z3": "4.13.3.0"
  },
  "checks": 2521,
  "counts_by_kind": {
    "SMT-counterexample": 10,
    "SMT-real-closed-field": 40,
    "exact": 58,
    "floating-point": 2400,
    "symbolic-identity": 13
  },
  "records": [
    {
      "id": "F01_gap_positive",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F02_quarter_radius",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F03_radius_interval",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F04_inverse_margin",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F05_quadratic_gap",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F06_quadratic_lipschitz",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F07_extremal_gain",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F08_capacitance_energy",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F09_area_single_coefficient",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F10_shape_order",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F11_tail_splitting",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F12_sample_enclosure",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F13_half_arc",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F14_quarter_sharp_numerator",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F15_spherical_reciprocal",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F16_normalized_derivative_nonzero",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F17_weighted_energy_1",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F18_weighted_energy_2",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F19_weighted_energy_3",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F20_weighted_energy_4",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F21_weighted_energy_5",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F22_weighted_energy_6",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F23_weighted_energy_7",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F24_weighted_energy_8",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F25_jet_budget_1",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F26_jet_budget_2",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F27_jet_budget_3",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F28_jet_budget_4",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F29_jet_budget_5",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F30_jet_budget_6",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F31_sample_budget_1",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F32_sample_budget_2",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F33_sample_budget_3",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F34_sample_budget_4",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F35_sample_budget_5",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F36_sample_budget_6",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F37_modulus_square",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F38_coverage_bound",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F39_slit_discriminant",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F40_truncation_norm",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "mutation_quarter_changed",
      "kind": "SMT-counterexample",
      "passed": true
    },
    {
      "id": "mutation_strict_gain_endpoint",
      "kind": "SMT-counterexample",
      "passed": true
    },
    {
      "id": "mutation_missing_normalization",
      "kind": "SMT-counterexample",
      "passed": true
    },
    {
      "id": "mutation_negative_weight",
      "kind": "SMT-counterexample",
      "passed": true
    },
    {
      "id": "mutation_oversized_quadratic",
      "kind": "SMT-counterexample",
      "passed": true
    },
    {
      "id": "mutation_coverage_overcount",
      "kind": "SMT-counterexample",
      "passed": true
    },
    {
      "id": "mutation_incorrect_sqrt",
      "kind": "SMT-counterexample",
      "passed": true
    },
    {
      "id": "mutation_lost_boundary_margin",
      "kind": "SMT-counterexample",
      "passed": true
    },
    {
      "id": "mutation_wrong_energy_factor",
      "kind": "SMT-counterexample",
      "passed": true
    },
    {
      "id": "mutation_uncertified_sample",
      "kind": "SMT-counterexample",
      "passed": true
    },
    {
      "id": "koebe_derivative",
      "kind": "symbolic-identity",
      "passed": true
    },
    {
      "id": "koebe_second_derivative",
      "kind": "symbolic-identity",
      "passed": true
    },
    {
      "id": "koebe_difference",
      "kind": "symbolic-identity",
      "passed": true
    },
    {
      "id": "koebe_cayley",
      "kind": "symbolic-identity",
      "passed": true
    },
    {
      "id": "koebe_inverse_polynomial",
      "kind": "symbolic-identity",
      "passed": true
    },
    {
      "id": "quadratic_difference",
      "kind": "symbolic-identity",
      "passed": true
    },
    {
      "id": "koebe_ratio",
      "kind": "symbolic-identity",
      "passed": true
    },
    {
      "id": "koebe_growth_upper_integral",
      "kind": "symbolic-identity",
      "passed": true
    },
    {
      "id": "koebe_growth_lower_integral",
      "kind": "symbolic-identity",
      "passed": true
    },
    {
      "id": "extremal_gain",
      "kind": "symbolic-identity",
      "passed": true
    },
    {
      "id": "quadratic_inverse_rationalization",
      "kind": "symbolic-identity",
      "passed": true
    },
    {
      "id": "pre_schwarzian_upper",
      "kind": "symbolic-identity",
      "passed": true
    },
    {
      "id": "pre_schwarzian_lower",
      "kind": "symbolic-identity",
      "passed": true
    },
    {
      "id": "restriction_1/4_2",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_1/4_4",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_1/4_8",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_1/4_16",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_1/4_32",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_1/4_64",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_1/2_2",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_1/2_4",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_1/2_8",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_1/2_16",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_1/2_32",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_1/2_64",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_3/4_2",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_3/4_4",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_3/4_8",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_3/4_16",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_3/4_32",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_3/4_64",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_9/10_2",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_9/10_4",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_9/10_8",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_9/10_16",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_9/10_32",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_9/10_64",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_1/4_2",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_1/4_4",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_1/4_8",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_1/4_16",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_1/4_32",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_1/4_64",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_1/2_2",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_1/2_4",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_1/2_8",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_1/2_16",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_1/2_32",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_1/2_64",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_3/4_2",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_3/4_4",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_3/4_8",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_3/4_16",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_3/4_32",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_3/4_64",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_9/10_2",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_9/10_4",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_9/10_8",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_9/10_16",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_9/10_32",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_9/10_64",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "optimal_radius_lower_sign",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "optimal_radius_upper_sign",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "optimal_bound_interval_order",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "continuation_1",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "continuation_2",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "continuation_4",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "continuation_8",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "continuation_16",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "continuation_32",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "continuation_64",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_0",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_0",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_2",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_2",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_3",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_3",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_4",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_4",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_5",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_5",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_6",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_6",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_7",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_7",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_8",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_8",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_9",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_9",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_10",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_10",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_11",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_11",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_12",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_12",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_13",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_13",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_14",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_14",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_15",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_15",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_16",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_16",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_17",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_17",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_18",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_18",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_19",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_19",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_20",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_20",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_21",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_21",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_22",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_22",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_23",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_23",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_24",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_24",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_25",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_25",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_26",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_26",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_27",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_27",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_28",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_28",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_29",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_29",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_30",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_30",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_31",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_31",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_32",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_32",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_33",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_33",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_34",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_34",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_35",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_35",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_36",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_36",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_37",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_37",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_38",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_38",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_39",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_39",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_40",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_40",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_41",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_41",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_42",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_42",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_43",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_43",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_44",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_44",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_45",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_45",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_46",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_46",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_47",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_47",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_48",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_48",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_49",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_49",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_50",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_50",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_51",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_51",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_52",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_52",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_53",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_53",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_54",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_54",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_55",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_55",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_56",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_56",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_57",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_57",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_58",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_58",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_59",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_59",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_60",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_60",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_61",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_61",
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_276",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_277",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_277",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_278",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_278",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_279",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_279",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_280",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_280",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_281",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_281",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_282",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_282",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_283",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_283",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_284",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_284",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_285",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_285",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_286",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_286",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_287",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_287",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_288",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_288",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_289",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_289",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_290",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_290",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_291",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_291",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_292",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_292",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_293",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_293",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_294",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_294",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_295",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_295",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_296",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_296",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_297",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_297",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_298",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_298",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_299",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_299",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_300",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_300",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_301",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_301",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_302",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_302",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_303",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_303",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_304",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_304",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_305",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_305",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_306",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_306",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_307",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_307",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_308",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_308",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_309",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_309",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_310",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_310",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_311",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_311",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_312",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_312",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_313",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_313",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_314",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_314",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_315",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_315",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_316",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_316",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_317",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_317",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_318",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_318",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_319",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_319",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_320",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_320",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_321",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_321",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_323",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_323",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_324",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_324",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_326",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_327",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_327",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_328",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_328",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_329",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_329",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_330",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_330",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_331",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_331",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_332",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_332",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_333",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_333",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_334",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_334",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_335",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_335",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_336",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_336",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_337",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_337",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_338",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_338",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_339",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_339",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_340",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_340",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_341",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_341",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_342",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_342",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_343",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_343",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_344",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_344",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_345",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_345",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_346",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_346",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_347",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_347",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_348",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_348",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_349",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_350",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_351",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_352",
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      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_353",
      "kind": "floating-point",
      "passed": true
    },
    {
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    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "passed": true
    },
    {
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    },
    {
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    },
    {
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      "passed": true
    },
    {
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    },
    {
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    },
    {
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    },
    {
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    },
    {
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    },
    {
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    },
    {
      "id": "quadratic_diagnostic_359",
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      "passed": true
    },
    {
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    },
    {
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    },
    {
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      "passed": true
    },
    {
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    },
    {
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      "kind": "floating-point",
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    },
    {
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    },
    {
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    },
    {
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      "kind": "floating-point",
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    },
    {
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    },
    {
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    },
    {
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      "passed": true
    },
    {
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      "passed": true
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    {
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      "kind": "floating-point",
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    {
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    {
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      "passed": true
    },
    {
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      "id": "inverse_diagnostic_369",
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      "id": "inverse_diagnostic_370",
      "kind": "floating-point",
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      "passed": true
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      "passed": true
    },
    {
      "id": "inverse_diagnostic_375",
      "kind": "floating-point",
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      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_598",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_598",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_599",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_599",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_600",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_600",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_601",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_601",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_602",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_602",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_603",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_603",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_604",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_604",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_605",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_605",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_606",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_606",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_607",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_607",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_608",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_608",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_609",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_609",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
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    },
    {
      "id": "quadratic_diagnostic_610",
      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_612",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_613",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_613",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_614",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_614",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_615",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_615",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_616",
      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_618",
      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
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    },
    {
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    },
    {
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      "passed": true
    },
    {
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    },
    {
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    },
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    },
    {
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
      "id": "inverse_diagnostic_638",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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    },
    {
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    {
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      "kind": "floating-point",
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      "kind": "floating-point",
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      "kind": "floating-point",
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      "kind": "floating-point",
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      "kind": "floating-point",
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    {
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    {
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    {
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      "kind": "floating-point",
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    {
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    },
    {
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      "kind": "floating-point",
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    {
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    },
    {
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      "passed": true
    },
    {
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    },
    {
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      "passed": true
    },
    {
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      "kind": "floating-point",
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    },
    {
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    },
    {
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    },
    {
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    },
    {
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      "kind": "floating-point",
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    },
    {
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    },
    {
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    },
    {
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    },
    {
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      "kind": "floating-point",
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    },
    {
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    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_811",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_812",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_813",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
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    },
    {
      "id": "quadratic_diagnostic_814",
      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
      "id": "quadratic_diagnostic_815",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
      "id": "quadratic_diagnostic_817",
      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_818",
      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
      "passed": true
    },
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      "kind": "floating-point",
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    },
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      "kind": "floating-point",
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
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    },
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
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    },
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      "kind": "floating-point",
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    },
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "passed": true
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      "kind": "floating-point",
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
      "id": "quadratic_diagnostic_827",
      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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      "kind": "floating-point",
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    },
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      "kind": "floating-point",
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    },
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      "passed": true
    },
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      "passed": true
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    },
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      "kind": "floating-point",
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    },
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    },
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
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    },
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    },
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      "passed": true
    },
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    },
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    },
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    },
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    },
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    },
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    },
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    },
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    },
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      "id": "quadratic_diagnostic_847",
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    },
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      "kind": "floating-point",
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      "id": "quadratic_diagnostic_850",
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      "kind": "floating-point",
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      "id": "inverse_diagnostic_852",
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      "id": "inverse_diagnostic_860",
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      "kind": "floating-point",
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      "id": "quadratic_diagnostic_864",
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      "kind": "floating-point",
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      "id": "inverse_diagnostic_867",
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      "kind": "floating-point",
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      "kind": "floating-point",
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      "id": "inverse_diagnostic_871",
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      "passed": true
    },
    {
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      "kind": "floating-point",
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      "id": "inverse_diagnostic_878",
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      "passed": true
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_880",
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      "kind": "floating-point",
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      "passed": true
    },
    {
      "id": "quadratic_diagnostic_890",
      "kind": "floating-point",
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    },
    {
      "id": "quadratic_diagnostic_917",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_918",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_918",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_919",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_919",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_920",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_920",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_921",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_921",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_922",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_922",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_923",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_923",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_924",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_924",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_925",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_925",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_926",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_926",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_927",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_927",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_928",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_928",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_929",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_929",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_930",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_930",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_931",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_931",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_932",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_932",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_933",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_933",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_934",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_934",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_935",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_935",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_936",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_936",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_937",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_937",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_938",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_938",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_939",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_939",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_940",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_940",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_941",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_942",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_942",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_943",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_943",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_944",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_944",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_945",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_945",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_946",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_946",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_947",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_947",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_948",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_948",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_949",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_949",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_950",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_950",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_951",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_951",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_952",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_952",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_953",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_953",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_954",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_954",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_955",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_955",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_956",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_956",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_957",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_957",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_958",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_958",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_959",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_959",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_960",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_960",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_961",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_962",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_962",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_963",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_963",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_964",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_965",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_965",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_966",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_966",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_967",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_967",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_968",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_968",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_969",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_969",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_970",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_970",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_971",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_971",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_972",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_973",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_973",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_974",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_974",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_975",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_975",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_976",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_976",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_977",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_977",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_978",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_978",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_979",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_979",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_980",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_980",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_981",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_981",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_982",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_983",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_984",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_984",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_985",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_985",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_986",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_986",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_987",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_987",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_988",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_988",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_989",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_989",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_990",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_990",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_991",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_991",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_992",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_992",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_993",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_993",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_994",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_994",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
      "id": "quadratic_diagnostic_997",
      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
      "id": "quadratic_diagnostic_998",
      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
      "id": "quadratic_diagnostic_1000",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1001",
      "kind": "floating-point",
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    },
    {
      "id": "inverse_diagnostic_1002",
      "kind": "floating-point",
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    },
    {
      "id": "quadratic_diagnostic_1002",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1003",
      "kind": "floating-point",
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    },
    {
      "id": "quadratic_diagnostic_1003",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1004",
      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
      "id": "quadratic_diagnostic_1005",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
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    },
    {
      "id": "quadratic_diagnostic_1006",
      "kind": "floating-point",
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    },
    {
      "id": "inverse_diagnostic_1007",
      "kind": "floating-point",
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    },
    {
      "id": "quadratic_diagnostic_1007",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1008",
      "kind": "floating-point",
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    },
    {
      "id": "quadratic_diagnostic_1008",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
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    },
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    },
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    },
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    },
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    },
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    },
    {
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    },
    {
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    },
    {
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    },
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      "passed": true
    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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    },
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      "kind": "floating-point",
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    },
    {
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      "passed": true
    },
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    },
    {
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      "kind": "floating-point",
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    },
    {
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    },
    {
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    },
    {
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    },
    {
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    },
    {
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      "kind": "floating-point",
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    },
    {
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    },
    {
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    },
    {
      "id": "inverse_diagnostic_1023",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1023",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1024",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1024",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1025",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1025",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1026",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1026",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1027",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1027",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1028",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1028",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1029",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1029",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1030",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1030",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1031",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1031",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1032",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1032",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1033",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1033",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1034",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1034",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1035",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1035",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1036",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1036",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1037",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1037",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1038",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1038",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1039",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1039",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1040",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1040",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1041",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1041",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1042",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1042",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1043",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1043",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1044",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1044",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1045",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1045",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1046",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1046",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1047",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1047",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1048",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1048",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1049",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1049",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1050",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1050",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1051",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1051",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1052",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1052",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1053",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1053",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1054",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1054",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1055",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1055",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1056",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1056",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1057",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1057",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1058",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1058",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1059",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1059",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1060",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1060",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1061",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1061",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1062",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1062",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1063",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1063",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1064",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1064",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1065",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1065",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1066",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1066",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1067",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1067",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1068",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1068",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1069",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1069",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1070",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1070",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1071",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1071",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1072",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1072",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1073",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1073",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1074",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1074",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1075",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1075",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1076",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1076",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1077",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1077",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1078",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1078",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1079",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1079",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1080",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1080",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1081",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1081",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1082",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1082",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1083",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1083",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1084",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1084",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1085",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1085",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1086",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1086",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1087",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1087",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1088",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1088",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1089",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1089",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1090",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1090",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1091",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1091",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1092",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1092",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1093",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1093",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1094",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1094",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1095",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1095",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1096",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1096",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1097",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1097",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1098",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1098",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1099",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1099",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1100",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1100",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1101",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1101",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1102",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1102",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1103",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1103",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1104",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1104",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1105",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1105",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1106",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1106",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1107",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1107",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1108",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1108",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1109",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1109",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1110",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1110",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1111",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1111",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1112",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1112",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1113",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1113",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1114",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1114",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1115",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1115",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1116",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1116",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1117",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1117",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1118",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1118",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1119",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1119",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1120",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1120",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1121",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1121",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1122",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1122",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1123",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1123",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1124",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1124",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1125",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1125",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1126",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1126",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1127",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1127",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1128",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1128",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1129",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1129",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1130",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1130",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1131",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1131",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1132",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1132",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1133",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1133",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1134",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1134",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1135",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1135",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1136",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1136",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1137",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1137",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1138",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1138",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1139",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1139",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1140",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1140",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1141",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1141",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1142",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1142",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1143",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1143",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1144",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1144",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1145",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1145",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1146",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1146",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1147",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1147",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1148",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1148",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1149",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1149",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1150",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1150",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1151",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1151",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1152",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1152",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1153",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1153",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1154",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1154",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1155",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1155",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1156",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1156",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1157",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1157",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1158",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1158",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1159",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1159",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1160",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1160",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1161",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1161",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1162",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1162",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1163",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1163",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1164",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1164",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1165",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1165",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1166",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1166",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1167",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1167",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1168",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1168",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1169",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1169",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1170",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1170",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1171",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1171",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1172",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1172",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1173",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1173",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1174",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1174",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1175",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1175",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1176",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1176",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1177",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1177",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1178",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1178",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1179",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1179",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1180",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1180",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1181",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1181",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1182",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1182",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1183",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1183",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1184",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1184",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1185",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1185",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1186",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1186",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1187",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1187",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1188",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1188",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1189",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1189",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1190",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1190",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1191",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1191",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1192",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1192",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1193",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1193",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1194",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1194",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1195",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1195",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1196",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1196",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1197",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1197",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1198",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1198",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1199",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1199",
      "kind": "floating-point",
      "passed": true
    }
  ],
  "lean_kernel_acceptances": 0,
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