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Abstract

This volume develops a connected sequence of algebraic, topological and functional-analytic
constructions: finite symbolic coding, Cantor geometry, observable approximation, branched
coverings, normal families and conformal distortion. The primary mathematical reference is
Mikhail Lyubich’s Conformal Geometry and Dynamics of Quadratic Polynomials, specifically
§1.1.1, §3 and §4. Definitions, derived examples, repairs of ambiguous statements and quantified
extensions are identified within that scope.

Finite representations are related to their limiting objects through explicit convergence estimates.
Local multiplicity is connected to global degree and monodromy; orthogonal projection and
operator norms quantify the information retained by finite observables. The worked examples
examine degenerating branches, discrete symmetry, parameter-dependent continuation and finite-
rank optimality. Standard prerequisites are declared where their full development lies outside the
selected chapters.

The companion volumes treat algorithmic, statistical and physical applications with their own
input and output specifications. Repeated appearances of a theorem in those applications are
cross-references to a common result, not additional claims of mathematical novelty.

Reproduction material. The public source package contains the LaTeX manuscript and
authored vector assets required to rebuild this volume. Its executable supplement covers selected
numerical studies and certificate calculations. External textbook page reproductions and original
externally acquired datasets are not distributed. References identify the scholarly works needed
for independent source comparison.

Evidence convention. Established mathematical results retain their scholarly attribution.
The exposition states the assumptions of each calculation and comparison. Recorded numerical
results retain their original experimental scope. Formal specifications describe prospective proof
developments unless an accepted proof object is explicitly identified. This public edition does not
establish new proof-assistant kernel acceptance.
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Chapter 1

Symbolic coding, Cantor geometry and
observable spaces

1.1 Algebraic rederivation: words, affine maps, and exact coordi-
nates

1.1.1 The construction as a free-monoid action

Let {0, 1}∗ be the free monoid of finite binary words, with concatenation uv and identity ∅.
Define affine contractions

S0(x) =
x

3
, S1(x) =

x+ 2

3
. (1.1)

For w = b1 · · · bn, set Sw = Sb1 ◦ · · · ◦ Sbn . Thus Suv = Su ◦ Sv: the rightmost map is evaluated
first, while the leftmost digit is the most significant address digit. This convention is important;
reversing function-composition order reverses the address.

Define the integer numerator

A(w) =
n∑
j=1

2bj3
n−j , A(∅) = 0. (1.2)

The recursion for appending one digit is

A(wb) = 3A(w) + 2b. (1.3)

For example, A(10) = 6 and A(01) = 2, so the order of bits is not cosmetic.

Proposition 1.1 (Exact cylinder algebra). For every word w of length n and every x ∈ R,

Sw(x) =
A(w) + x

3n
, Iw := Sw([0, 1]) =

[
A(w)

3n
,
A(w) + 1

3n

]
, (1.4)

A(uv) = 3|v|A(u) +A(v), 0 ≤ A(w) ≤ 3n − 1. (1.5)

All A(w) are even integers. The map w 7→ (n,A(w)) is injective. The numerator A(w) without
its depth tag is not injective.

Proof. For n = 0, the affine map is the identity and the interval is [0, 1]. Appending b gives

Swb(x) = Sw(Sb(x)) =
3A(w) + 2b+ x

3n+1
,
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which proves the affine formula by induction. Splitting the sum in (1.2) at |u| proves the
concatenation identity. The range bound follows either by summing a geometric progression or
by induction: if A+ 1 ≤ d, then

(3A+ 2b) + 1 ≤ 3d for b ∈ {0, 1}.

Parity follows from the recurrence.
For injectivity at a fixed depth, suppose 3A(u) + 2b = 3A(v) + 2c. Reduction modulo 3

distinguishes b and c, since 0 and 2 are distinct residues. Therefore b = c, and cancellation gives
A(u) = A(v). Induction removes all digits. The depth is essential: A(∅) = A(0) = A(00) = 0.

The same affine maps have homogeneous-coordinate representatives

Mb =

(
1 2b

0 3

)
, Mb1 · · ·Mbn =

(
1 A(w)

0 3n

)
.

This realizes the combinatorics as an exact matrix semigroup. These maps are invertible as affine
maps of R, but their restrictions into [0, 1] are not surjective. The construction uses a semigroup
action on the interval, not a group action by interval automorphisms.

1.1.2 Separation and finite-state invariants

Writing a = A(w), the children of Iw have the common denominator 3n+1:

Iw0 =
[3a, 3a+ 1]

3n+1
, Iw1 =

[3a+ 2, 3a+ 3]

3n+1
. (1.6)

The open gap is ((3a + 1)/3n+1, (3a + 2)/3n+1). Consequently both children have length one
third of the parent’s length, their separation is one third of that length, and their outer endpoints
equal the parent’s outer endpoints. No floating-point division is required to check any of these
facts: one checks the integer numerators in their common denominator.

Corollary 1.2 (Stage cardinality and retained length). Let Kn =
⋃
w∈{0,1}n Iw. Then K0 = [0, 1],

Kn+1 ⊂ Kn, the level-n intervals are pairwise disjoint, and

#{Iw : |w| = n} = 2n, |Iw| = 3−n, λ(Kn) = (2/3)n. (1.7)

Proof. Two distinct words first separate into opposite children of a common ancestor. Those
children are disjoint by (1.6); all subsequent intervals remain within them. Thus there are precisely
2n disjoint intervals, each of length 3−n. Add their lengths.

1.1.3 Infinite words and quantitative uniqueness

Put Σ = {0, 1}N≥1 and define

π(b) =
∞∑
j=1

2bj
3j
. (1.8)

The sum converges absolutely. Its prefix approximation pn(b) satisfies

pn(b) =
A(b1 · · · bn)

3n
, 0 ≤ π(b)− pn(b) ≤ 3−n. (1.9)

Indeed, the largest possible tail is
∑∞

j=n+1 2/3
j = 3−n. Both endpoints of this interval are

realizable, by an all-zero or an all-one tail.

2
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Figure 1.1: An exact-coordinate reconstruction of the hierarchy in source Figure 1.1, extended through
level six. Addresses, corrected endpoints, interval counts, nesting, and separation are visible simultaneously.
The plotted finite stages are not themselves perfect totally disconnected sets.

Lemma 1.3 (First-difference estimate). If a, b ∈ Σ first differ at position k, then

3−k ≤ |π(a)− π(b)| ≤ 31−k. (1.10)

In particular, the restricted ternary representation with digits 0 and 2 is unique.

Proof. Interchange a, b if necessary so that ak = 0, bk = 1. The common prefix cancels and

π(b)− π(a) = 2 3−k + v − u, 0 ≤ u, v ≤ 3−k.

The minimum occurs at u = 3−k, v = 0, and the maximum at u = 0, v = 3−k. This proves both
bounds and positivity.

There is no contradiction with the familiar nonuniqueness of unrestricted base-three expansions.
For example,

1

3
= 0.13 = 0.02222 . . . 3.

Only the second representation uses the permitted digits exclusively. A program that rejects 1/3
on encountering the digit 1 in its terminating expansion has confused a representation choice
with a membership proof.

Define d3(a, b) = 0 for a = b and d3(a, b) = 3−k at the first difference. If a, b agree through
position r, and b, c do also, then a, c agree through position r. Hence

d3(a, c) ≤ max{d3(a, b), d3(b, c)}.

This is the ultrametric inequality. Equation (1.10) gives d3 ≤ |π(a)− π(b)| ≤ 3d3: the coding is
bi-Lipschitz for this particular symbolic metric.

For the more usual binary metric d2(a, b) = 2−k, set α = log 3/ log 2. Then

d2(a, b)
α ≤ |π(a)− π(b)| ≤ 3d2(a, b)

α. (1.11)

Thus the numerical regularity of a coding depends on the metric assigned to its symbolic domain.
A topological conjugacy does not, by itself, specify a Euclidean condition number.
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Figure 1.2: The common-prefix matrix for the 32 depth-five addresses. Its nested blocks are a radix-tree
partition and a finite model of the ultrametric. For off-diagonal entries r, the corresponding infinite-address
distance is 3−(r+1) when that first difference is fixed. A diagonal entry records only agreement of the five
displayed bits, not equality of infinite tails.

Computational interpretation. A cylinder is stored as the exact pair (n,A) instead of as
two binary floating-point endpoints. Appending a bit applies the two integer updates n← n+ 1
and A ← 3A + 2b. The invariant 0 ≤ A < 3n is suitable for a loop proof. Random access to
one cylinder requires n such updates and O(n) output bits; storing the entire stage requires 2n

cylinders. The difference between one-path cost and whole-tree cost must not disappear behind a
casual claim of “linear complexity.”

1.2 Analytical and geometric rederivation

1.2.1 Existence of the limit and solution of source Exercise 1.1

Define K1/3 =
⋂
n≥0Kn. Each Kn is a nonempty compact subset of [0, 1], and the sequence is

decreasing. Alternatively to invoking compact intersection directly, fix any b ∈ Σ: the intervals
Ib1···bn have nested endpoints and diameters 3−n, so their intersection consists of exactly the real
number π(b). In particular, K1/3 is nonempty, closed, and bounded.

Conversely, each x ∈ K1/3 lies in one and only one interval at every level. Nesting makes their
words compatible, so they are the prefixes of one infinite word b. The diameter estimate forces
x = π(b). Therefore

π(Σ) = K1/3. (1.12)

This identifies the series construction, the nested-set construction, and the tree-boundary con-
struction without assuming their equivalence.

Theorem 1.4 (Classical Cantor-set properties). The set K1/3 is nonempty, compact, perfect,
nowhere dense, uncountable, and totally disconnected. Its Lebesgue measure is zero.

Proof. Compactness and nonemptiness were established above. Given x = π(b), change one digit
of b arbitrarily far out, leaving every other digit unchanged. The resulting point is distinct by
Lemma 1.3 and tends to x by the tail bound. Thus every point is a limit point of other points of
K1/3; together with closedness this is perfectness.
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If a connected subset E ⊂ K1/3 contained distinct points x, y, choose n with 3−n < |x − y|.
The two points belong to distinct level-n intervals. Those intervals have a gap between them.
Intersecting E with the two open half-lines determined by a point of the gap separates E, a
contradiction. Thus every connected subset is a singleton.

No nondegenerate open interval can lie in K1/3: it would be a connected subset with more than
one point. Since K1/3 is closed, this proves nowhere density. Injectivity of π and the diagonal
argument for binary sequences prove uncountability. Finally, monotonicity of Lebesgue measure
and (1.7) give

0 ≤ λ(K1/3) ≤ (2/3)n for every n,

and the right-hand side tends to zero.

The zero-measure conclusion is specific to the classical ratios. It cannot be appended to the
intrinsic topological definition of a Cantor set. Section 1.2.4 constructs a positive-measure example
with exactly the same binary branching pattern.

1.2.2 Hausdorff error: what the finite picture certifies

For nonempty compact sets E,F ⊂ R, write

dH(E,F ) = max

{
sup
x∈E

dist(x, F ), sup
y∈F

dist(y,E)

}
.

The empty set is deliberately excluded: the displayed formula is not an ordinary finite-valued
metric on a hyperspace containing it.

Proposition 1.5 (Three different approximation errors). Let En be the set of left endpoints of
level-n cylinders, and Fn the set of both endpoints. Then

dH(Kn,K1/3) =
3−n

6
, dH(En,K1/3) = 3−n, dH(Fn,K1/3) = 3−(n+1). (1.13)

Proof. Inside a level-n cylinder of length h = 3−n, the largest subsequently removed gap has
length h/3. Its endpoints belong to K1/3, and its midpoint is at distance h/6 from K1/3. Every
other removed gap is smaller. Since K1/3 ⊂ Kn, the first equality follows.

Every point of K1/3 in a cylinder is at distance at most h from its left endpoint. The point 1
attains distance h from En, giving the second equality. For both endpoints, rescale a cylinder to
[0, 1]. Points of K1/3 lie in [0, 1/3] ∪ [2/3, 1], so their distance to {0, 1} is at most 1/3. It equals
1/3 at 1/3 and 2/3. Endpoints of other level-n cylinders cannot be nearer than the endpoints of
the cylinder containing the point. Rescale back to obtain the third equality.

For a required enclosure error ε > 0, it suffices to select n ≥ max{0, ⌈log3(1/(6ε))⌉} when using
Kn. In exact code, this depth is more safely selected by multiplying an integer power of three
until the rational inequality holds, instead of by rounding a floating logarithm near an integer
threshold.

An operator proof of existence. On nonempty compact subsets of [0, 1], define H(E) =
S0(E) ∪ S1(E). Matching each branch with itself shows

dH(H(E),H(F )) ≤ 1
3dH(E,F ).

To justify this estimate, for every x ∈ E choose points of F as close as desired to the distance
infimum; their images under the same Sb are one third as far away. Repeat in the opposite direction.
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Completeness of the compact hyperspace then permits the contraction theorem. It gives a unique
nonempty compact fixed set. Since the set just constructed satisfies K1/3 = S0(K1/3) ∪ S1(K1/3),
the fixed set is K1/3. This is the present case of the invariant-set framework developed by
Hutchinson [1, §§3–4]; the direct nested-interval proof above does not require importing that
general theorem.

1.2.3 Hausdorff dimension, with both inequalities proved

Let
s =

log 2

log 3
. (1.14)

Define a probability measure µ on K1/3 by assigning mass 2−n to each depth-n cylinder slice
K1/3 ∩ Iw. One construction is the pushforward of the fair product measure on Σ under π.
Consistency of the masses follows because every cylinder has two children of equal mass. No
singleton has positive mass: its mass is at most 2−n for all n.

Theorem 1.6. The Hausdorff dimension of K1/3 is s.

Proof. For t > s, the level-n cover has total t-cost∑
|w|=n

(diam Iw)
t = 2n3−nt = (2 3−t)n −→ 0.

Thus Ht(K1/3) = 0 and dimH K1/3 ≤ s.
For the reverse inequality, take an interval J of length 0 < ℓ ≤ 1 and choose n ≥ 0 so that

3−(n+1) < ℓ ≤ 3−n. Distinct level-n cylinders are separated by at least 3−n. Therefore J meets at
most two of them, with endpoint coincidences harmless. It follows that

µ(J) ≤ 2 · 2−n = 2(3−n)s ≤ 2 · 3sℓs = 4ℓs.

An arbitrary nonempty bounded subset of R is contained in a closed interval of the same diameter.
Given a countable cover {Ui} of K1/3 by sufficiently small sets, replace its nonempty members
by closed intervals Ji with the same diameters. Countable subadditivity on these measurable
intervals gives

1 ≤
∑
i

µ(Ji) ≤ 4
∑
i

(diamUi)
s.

Singleton cover elements have zero measure and cause no exception. Hence Hs(K1/3) ≥ 1/4
under the diameter-cost convention, and dimH K1/3 ≥ s. The constant 1/4 is only a sufficient
lower bound; no sharp value of Hs(K1/3) is asserted here.

The equation 2(1/3)s = 1 suggests the exponent but does not prove the lower bound. The
separation and mass estimate are the load-bearing steps. Without a separation hypothesis, a
similarity-dimension calculation can overcount overlapping pieces.

Computational interpretation. At resolution ε ≍ 3−n, a complete cylinder representation
uses 2n ≍ ε−s leaves. This is an output-size estimate, not an automatic running-time guarantee
for every operation on the set. It explains why geometry-aware hierarchical methods can require
fewer cells than a uniform interval grid of size ε−1, while still having exponential cost in the
address depth.
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1.2.4 General interval trees and the geometry/combinatorics split

Here is an explicit version of the setup behind source Exercise 1.4. Let T be a rooted, locally
finite, pruned tree. “Pruned” means that every vertex extends to an infinite branch. Attach a
nonempty compact interval Iv to every vertex. Children lie inside the parent, distinct same-level
intervals are disjoint, and along every infinite branch the interval diameters tend to zero. No
assumption of equal lengths is made.

The branch space [T ] is compact: successive subsequence extraction fixes one vertex at each
level, and the diagonal sequence converges in the prefix topology. Each branch determines a
unique point of K =

⋂
n

⋃
|v|=n Iv. Distinct branches determine distinct points, because at their

first split they lie in disjoint compact intervals. Conversely, the unique interval containing any
x ∈ K at each level gives a compatible branch.

Lemma 1.7 (Branchwise shrinking implies uniform mesh shrinking). Under the preceding
hypotheses, max|v|=n diam Iv −→ 0.

Proof. Fix ε > 0. Every branch has a prefix v with diam Iv < ε. Its cylinder is an open
neighborhood in [T ]. These neighborhoods cover [T ], and compactness selects finitely many. Let
N be the largest selected depth. Every level-N vertex lies on a branch, and that branch has one
of the selected prefixes. Its interval is therefore contained in an interval of diameter less than ε.
The same is true at later levels.

Proposition 1.8 (The missing perfectness criterion). The limit K is a nonempty compact totally
disconnected set. It is perfect if and only if no branch of [T ] is isolated. Equivalently, along
every branch and after every finite prefix, a later vertex has at least two children with infinite
continuations. Requiring every vertex to have at least two children is a sufficient, but stronger,
condition.

Proof. The coding just constructed is continuous: a sufficiently long common prefix traps both
image points in an arbitrarily small interval. It is a continuous bijection from compact [T ] to
Hausdorff K, hence a homeomorphism. A connected subset of [T ] cannot meet two disjoint prefix
cylinders; refining the depth proves total disconnectedness. An isolated branch is exactly a branch
whose sufficiently long prefix has a unique infinite continuation. A singleton open cylinder maps
to an isolated point of K, and the converse follows from the homeomorphism.

Validity analysis. The source’s stated shrinking condition alone does not imply perfectness.
A tree with one vertex at each level and intervals In = [0, 3−n] satisfies nesting and shrinking, yet
its limit is {0}. All levels of this example are nonempty; the failure is not explained away by a
missing nonemptiness assumption. The essential absent ingredient is persistent branching.

A precise comparison convention. For the quantitative statements below, “C-bounded
geometry” means that for every nondegenerate parent I of length L, each child and every open
gap between consecutive children has length at least L/C. The reverse comparison is automatic
because these pieces lie in I. This fixes a specific realization of the source’s comparability language;
it is not an assertion that a hierarchy is canonical. The source explicitly allows adjustments that
preserve the slices of the Cantor set.

If a parent has m ≥ 2 children, it has m − 1 intervening gaps. Adding their lower length
bounds yields

(2m− 1)L

C
≤ L, m ≤

⌊
C + 1

2

⌋
. (1.15)

7



Thus bounded geometry implies bounded combinatorics. The classical construction has m = 2
and C = 3, with equality. Furthermore, at least one gap removes a fraction 1/C from each parent,
so

λ(Kn) ≤ (1− 1/C)nλ(I∅)

whenever the uniform comparison and the two-child condition hold at every level. Such a limit
has zero Lebesgue measure.

Example 1.9 (Binary combinatorics without bounded geometry). At level n ≥ 1, retain two end
children, each of relative length rn = 1/(n+ 3). The tree is always binary, every branch shrinks,
and the limit is perfect. But the ratio of a parent to either child is n+ 3, which is unbounded.
Hence no fixed C works.

Example 1.10 (A positive-measure Cantor set). At level n ≥ 1, remove the open middle fraction
δn = 2−(n+1) from every interval. Each remaining child has relative length (1− δn)/2 < 1/2, so
all branch diameters tend to zero and persistent binary splitting gives perfectness. The retained
length is

λ(Kn) =
n∏
j=1

(1− δj) ≥ 1−
n∑
j=1

δj ≥ 1
2 .

The product inequality follows inductively from (1 − a)(1 − b) ≥ 1 − a − b for a, b ∈ [0, 1].
Continuity of measure from above gives λ(K) ≥ 1/2. Its gap ratios δn tend to zero, so bounded
geometry fails even though the child ratios remain near 1/2.

1 2 3 4 5 6 7 8 9 10 11 12
depth n
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rigorous fat-limit lower bound: 1/2

classical: rn=1/3
thin: rn=1/(n+3)
fat: removed fraction 2−(n+1)

Figure 1.3: Identical full binary combinatorics, radically different retained lengths. The classical and
thin constructions have vanishing length, whereas the fat construction has limit length at least 1/2. The
plotted values are finite products; the limit claims follow from the proofs, not from extrapolating a plot.

Effectivity qualification. The abstract compactness proof supplies no input format or com-
plexity bound. If all finite levels and their rational endpoints can actually be enumerated, a
search for the first level with mesh below a prescribed rational tolerance terminates by Lemma 1.7.
Thus an effective finite-level presentation does yield a computable mesh modulus by exhaustive
search. What is missing without further quantitative hypotheses is an efficient a priori rate, not
necessarily computability.
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1.3 Functional analysis: approximation spaces, measures, and
operators

Additional development. This subsection is not part of the source’s discussion on pp. 13–15.
It turns the same hierarchy into an approximation and operator framework. The point is not to
replace the elementary construction with a more difficult proof, but to extract numerical schemes
with explicit error bounds and clear assumptions.

1.3.1 Cylinder functions as finite-dimensional approximation spaces

Write Cw = K1/3 ∩ Iw. A cylinder slice is closed in K1/3; its complement is the finite union of the
other level-n slices and is also closed. Consequently Cw is both open and closed, and its indicator
1Cw is continuous on K1/3.

Let C(K1/3) denote the complex Banach space of continuous functions on K1/3 with the
supremum norm. Define

Vn = span{1Cw : |w| = n}.

Then Vn ∼= C2n and Vn ⊂ Vn+1. Under these coordinate identifications, the refinement map
duplicates each coordinate:

(aw)|w|=n 7−→ (aw, aw)|w|=n.

This is an exact algebra homomorphism for pointwise multiplication and an isometry for the
supremum norm.

Proposition 1.11 (Constructive density). The union
⋃
n Vn is uniformly dense in C(K1/3).

More precisely, if f ∈ C(K1/3) has modulus of continuity

ωf (δ) = sup{|f(x)− f(y)| : x, y ∈ K1/3, |x− y| ≤ δ},

then choosing any xw ∈ Cw and setting Rnf =
∑

|w|=n f(xw)1Cw gives

∥f −Rnf∥∞ ≤ ωf (3
−n) −→ 0. (1.16)

Proof. If x ∈ Cw, then both x and xw lie in an interval of diameter 3−n. Apply the definition of
ωf . Uniform continuity follows from compactness of K1/3.

For an α-Hölder function, 0 < α ≤ 1, with seminorm

[f ]α = sup
x ̸=y

|f(x)− f(y)|
|x− y|α

,

the error is at most [f ]α3
−αn. This is a usable approximation theorem: it specifies the subspace,

samples, norm, and rate. A statement that cylinder functions are merely “dense” would not
provide a stopping condition.

1.3.2 A probability measure distinct from ambient length

The cylinder measure µ introduced in Section 1.2.3 satisfies

µ(Cw) = 2−|w|,

∫
f dµ =

1

2

∫
f ◦ S0 dµ+

1

2

∫
f ◦ S1 dµ. (1.17)

The second equality follows by conditioning on the first bit of a fair binary sequence. It is valid
first for cylinder indicators, then for bounded Borel functions by standard approximation. In
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particular, µ(K1/3) = 1 while λ(K1/3) = 0: µ is singular with respect to Lebesgue measure. Any
numerical integral must state which of these measures it uses.

Let X = π(B1, B2, . . .) with independent fair bits. The tail after its first bit has the same
distribution as X, independently of B1, so X d

= (2B1 +X ′)/3. If mj =
∫
xj dµ, then m0 = 1 and

(2 · 3j − 2)mj =

j−1∑
r=0

(
j

r

)
2j−rmr (j ≥ 1). (1.18)

This follows by expanding 2 · 3jmj = mj +
∫
(x+ 2)j dµ and moving the two copies of mj to the

left. Thus
m1 =

1

2
, m2 =

3

8
, Varµ(X) =

1

8
. (1.19)

The recurrence reduces every polynomial integral to exact rational arithmetic. It is not an
empirical fit to a histogram.

1.3.3 Conditional expectation and a complete Haar basis

In the Hilbert space L2(K1/3, µ), let En denote conditional expectation on the depth-n cylinder
partition. Its explicit formula is

(Enf)|Cw = 2n
∫
Cw

f dµ. (1.20)

It is the orthogonal projection onto Vn. Indeed, subtracting the displayed average makes the
integral of f − Enf vanish on each cylinder, hence makes it orthogonal to every element of Vn.
Therefore E2

n = En, ∥En∥2→2 = 1, and EnEm = Emin{m,n}. For continuous f , averaging the
oscillation within a cylinder gives ∥f − Enf∥∞ ≤ ωf (3−n).

For each finite word w, define

hw = 2|w|/2
(
1Cw0 − 1Cw1

)
. (1.21)

Then
∫
hw dµ = 0 and ∥hw∥22 = 2|w|(2−|w|−1 + 2−|w|−1) = 1. If two supports are disjoint, the

functions are orthogonal. Otherwise the shorter-address function is constant on the support of
the longer-address function, whose mean is zero. It follows that

{1} ∪ {hw : w ∈ {0, 1}∗}

is an orthonormal family. The functions with |w| < n, together with 1, number 2n and belong to
Vn, so they form a basis of Vn.

For completeness in L2, note that finite unions of cylinders form an algebra generating the
Borel sets. Sets approximable in measure by this algebra form a sigma-algebra: complements
preserve approximation, and a countable union is first truncated to a finite union using the
finiteness of µ, then approximated. Thus all Borel indicators can be approximated in L2 by
cylinder indicators. Simple functions and truncation then prove L2-density. The orthonormal
family is therefore complete, not merely a finite-stage pattern.

Worked multiresolution calculation. For the observable f(x) = x and a word w of length
k, the means on its children differ by −(2/3)3−k. Multiplying this difference by their mass 2−k−1

and the normalization 2k/2 gives

⟨x, hw⟩ = −2−k/23−(k+1).
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Figure 1.4: The complete depth-five Haar transform, evaluated on its 32 cylinder atoms. Rows are 1
and the hw in increasing scale order. Every column has probability mass 1/32, so the exact orthogonality
identity is HHT/32 = I, not HHT = I. The shades encode signed function values; amplitudes are
specified by (1.21). The image is a rendering, while the orthogonality proof is independent of its pixels.

There are 2k words at that scale, so the total squared coefficient energy is 3−2(k+1). Summing
gives ∥∥x− 1

2

∥∥2
2
=

∞∑
k=0

3−2(k+1) =
1

8
, ∥x− Enx∥22 =

3−2n

8
.

This reproduces the independently derived variance and provides an exact compression-error
certificate. It also gives a sensitive regression test for an incorrectly normalized Haar implementa-
tion.

1.3.4 Transfer and Koopman operators: where contraction is valid

The map on the Cantor set corresponding to deletion of the first bit is

T (x) =

{
3x, x ∈ K1/3 ∩ [0, 1/3],

3x− 2, x ∈ K1/3 ∩ [2/3, 1].
(1.22)

The two branches are separated in its domain, so T : K1/3 → K1/3 is continuous and Tπ = πσ,
where σ is the left shift. The central open gap is not part of this domain.

Define
Uf = f ◦ T, Pf = 1

2(f ◦ S0 + f ◦ S1).
Both preserve constants and positivity. Shift invariance of the fair product measure gives∫
Uf dµ =

∫
f dµ and ∥Uf∥2 = ∥f∥2. With ⟨f, g⟩ =

∫
fg dµ, splitting into the first-bit cylinders

yields
⟨Uf, g⟩ = ⟨f, Pg⟩, P = U∗, PU = I. (1.23)

Here U is an isometry and P is a coisometry. They are not mutual inverses: for example Ph∅ = 0,
although h∅ ̸= 0. The operator UP is the projection onto functions of the tail, not the finite-prefix
projection in (1.20).

On the supremum norm, ∥Pf∥∞ ≤ ∥f∥∞, and equality holds for f = 1. Thus P is not a strict
contraction on all of C(K1/3). On the Hölder seminorm, however,

[Pf ]α ≤ 3−α[f ]α. (1.24)
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This follows by comparing each pair f(Sbx), f(Sby) and using |Sbx− Sby| = |x− y|/3.

Proposition 1.12 (Certified mixing of observables). For every α-Hölder f and every n ≥ 0,∥∥∥∥Pnf − ∫ f dµ

∥∥∥∥
∞
≤ [f ]α3

−αn. (1.25)

For a merely continuous f , the right-hand side can be replaced by ωf (3−n).

Proof. Expand the iterate and iterate (1.17):

Pnf(x) = 2−n
∑
|w|=n

f(Swx),

∫
f dµ = 2−n

∑
|w|=n

∫
f(Swy) dµ(y).

Subtract, apply the triangle inequality, and use |Swx− Swy| ≤ 3−n. The weights sum to one.

Computational interpretation. The operator provides a deterministic dynamic-programming
scheme for averaging a continuous observable over a symbolic execution space. Its correct rate
is a bound in a specified regularity class. A software claim of “geometric convergence” without
identifying that class is too weak: continuous functions need not share one uniform Hölder
constant or exponent.

1.3.5 Recovering the space from its function algebra

The preceding algebraic and functional perspectives fit together more strongly than a loose
analogy. With pointwise multiplication and complex conjugation, C(K1/3) is the norm completion
of the increasing finite algebras Vn. Its idempotents are precisely the indicators of clopen sets:
f2 = f forces every value to be 0 or 1, and continuity makes the two level sets clopen.

A nonzero complex-linear multiplicative map χ : C(K1/3)→ C is evaluation at a unique point
of K1/3. To see this, χ(1) = 1 and the mutually orthogonal depth-n cylinder idempotents sum to
1, so exactly one has image 1. Compatibility under refinement selects an infinite branch b. On
every Vn, χ equals evaluation at π(b).

For the extension to the completion, boundedness need not be assumed silently. If χ(f) /∈
f(K1/3), then f − χ(f)1 has a continuous pointwise inverse. Multiplicativity would give 0 = 1, a
contradiction. Therefore |χ(f)| ≤ ∥f∥∞. Density now shows χ(f) = f(π(b)) for every continuous
f . Uniqueness follows from cylinder indicators separating points.

This elementary spectrum argument is useful in computer science because it identifies an
infinite state by its consistent finite Boolean observations. A character choosing incompatible
cylinder idempotents is not a valid state; the refinement equations are its consistency contract.

1.4 Topological rederivation and source Exercise 1.2

1.4.1 Cantor space as an inverse limit

Let Dn = {0, 1}n with the discrete topology and let pn : Dn+1 → Dn delete the last digit. The
inverse limit is

lim←−(Dn, pn) = {(wn)n≥0 : pn(wn+1) = wn}.

Every compatible family consists of all the prefixes of a unique infinite word. Thus Σ ∼= lim←−Dn.
Compactness follows either from the product theorem for the finite discrete factors or directly
from the diagonal argument. Its prefix cylinders form a countable clopen basis.
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The coding π is continuous by (1.9), injective by Lemma 1.3, and onto K1/3 by (1.12). A
continuous bijection from compact to Hausdorff is a homeomorphism: the image of a closed set is
compact, hence closed, so the inverse is continuous. We have therefore proved

K1/3
∼= Σ ∼= lim←−Dn. (1.26)

The spaces Dn are discrete, not unions of intervals. An inverse-limit argument about Dn must
not be replaced by an unjustified assertion that each Kn is already homeomorphic to a finite
discrete set.

1.4.2 Why the classification statement needs its hypotheses

The source describes an intrinsic Cantor set as a perfect totally disconnected set and then asks
that all Cantor sets be shown homeomorphic. For a correct abstract classification, this synopsis
uses:

X ̸= ∅, X compact metrizable, X has no isolated points and is totally disconnected.
(1.27)

The book’s surrounding metrizability convention does not itself supply compactness or nonempti-
ness for every possible set. Without compactness,

⋃
m∈Z(2m+K1/3) is a perfect totally discon-

nected closed subset of R but cannot be homeomorphic to compact K1/3. The empty set also
requires exclusion if “perfect” is allowed to hold vacuously.

Lemma 1.13 (Clopen bases from compact total disconnectedness). A compact metrizable totally
disconnected space has a basis of clopen sets.

Proof. Fix x ∈ X, and let Qx be the intersection of all clopen neighborhoods of x. We first
prove Qx is connected. Otherwise split it into two nonempty compact pieces and choose disjoint
ambient open neighborhoods U, V covering those pieces, with x ∈ U . The compact set X \ (U ∪V )
is disjoint from Qx. For each of its points, some clopen neighborhood of x excludes that point.
Finitely many suffice; their intersection W is clopen, contains Qx, and lies in U ∪ V . Now W ∩U
is clopen in X: within W , its complement is W ∩ V , and W itself is clopen. It contains x but
excludes the nonempty piece Qx ∩ V , contradicting the definition of Qx.

Every connected set containing x lies in all its clopen neighborhoods, so the connected
component of x lies in Qx. Conversely, the connected set Qx lies in that component. Total
disconnectedness therefore gives Qx = {x}. For any open neighborhood O of x, use compactness
of X \O again to intersect finitely many clopen neighborhoods excluding it. The resulting clopen
neighborhood lies in O.

Theorem 1.14 (Corrected form of source Exercise 1.2). Any two spaces satisfying (1.27) are
homeomorphic. In particular, each is homeomorphic to K1/3.

Proof. Let the spaces be X,Y . We construct finite clopen partitions Pn of X and Qn of Y , with
a bijection between their cells compatible under refinement. Start with the single matched pair
(X,Y ).

Suppose U, V are matched nonempty clopen cells. By Lemma 1.13 and compactness, partition
U into finitely many nonempty clopen cells of diameter less than 2−n; a finite clopen cover can be
made disjoint by taking successive differences. Do the same for V . Their numbers of cells need
not agree. Every nonempty clopen cell has at least two points, because the original space has no
isolated points. It can be split into two nonempty clopen cells using the clopen basis. Repeatedly
split cells in the smaller partition until both partitions have the same number of cells. Splitting
preserves the diameter bound. Choose a bijection between these refined cells and repeat for every
matched pair.
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A point x ∈ X determines nested cells Un, and the matched cells Vn ⊂ Y are nested, nonempty,
compact, and of diameters tending to zero. Their intersection is one point h(x). Reversing the
roles constructs its inverse, so h is a bijection. If x′ lies in the same sufficiently fine cell as x, the
images lie in a cell of arbitrarily small diameter. Thus h is continuous, and the same argument
proves continuity of its inverse.

This proof preserves a matched refinement tree. It does not produce a canonical homeomorphism,
a computable one from an unspecified presentation, or a bi-Lipschitz one. Those are genuinely
additional requirements.

1.4.3 Ambient equivalence: complete solution of source Exercise 1.5

Suppose K, K̃ ⊂ R arise from the same ordered pruned interval tree, with the shrinking and
perfectness conditions of Proposition 1.8. The source explicitly orders siblings; this datum is
needed for the following ambient construction.

Let πT , π̃T be the two branch codings. Define h0 = π̃T ◦ π−1
T : K → K̃. Both codings are

homeomorphisms. At the first level where two addresses differ, their order is the order of their
sibling intervals, and it is the same in both realizations. Consequently h0 is increasing.

Write a = minK, b = maxK, ã = h0(a), and b̃ = h0(b). Every bounded complementary gap
(u, v) of K corresponds to the gap (h0(u), h0(v)) of K̃. Indeed, a point of K̃ strictly between
these endpoints would have a preimage in K strictly between u, v. Define h = h0 on K, and on
each such gap set

h(x) = h0(u) +
x− u
v − u

(
h0(v)− h0(u)

)
. (1.28)

On the two exterior rays use h(x) = x− a+ ã for x < a and h(x) = x− b+ b̃ for x > b.
The resulting map is strictly increasing and onto R: it maps the Cantor set, each complementary

gap, and the exterior rays onto the corresponding pieces. A strictly increasing surjection R→ R
has no jump discontinuity, since a jump omits a nonempty interval from its range. It is therefore
continuous, and its inverse is continuous by the same argument. This gives the required ambient
homeomorphism and makes its restriction induce the identity on the common tree.

Validity analysis. An arbitrary unordered-tree automorphism need not extend to an ambient
homeomorphism of the line. For instance, interchange the children below the left root child but
leave the root children and the right subtree fixed. On the classical set this reverses the order
of 0 and 1/3 but leaves 1 to their right. The resulting map is neither increasing nor decreasing.
Every homeomorphism of R is monotone, so no such ambient extension exists. Preserving a tree
as an abstract graph is weaker than preserving its planar order.

1.5 Algebraic topology: invariants that distinguish the right things

Additional development. The following calculations use standard singular and Čech construc-
tions; Hatcher provides background for singular homology and homotopy [2]. The calculations
are supplied here because a generic claim that a Cantor set is “topologically trivial” would hide
several different and incompatible meanings of triviality.
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1.5.1 Homotopy and singular homology

Every continuous map from a connected space into K1/3 is constant. In particular, every path in
K1/3 is constant, and for every basepoint x ∈ K1/3,

πj(K1/3, x) = 0 (j ≥ 1).

Nevertheless K1/3 is not contractible. A contraction H(x, t) would give, for each x, a path from
x to the contraction point. Such a path must be constant, which cannot hold for all distinct x.

Every singular simplex ∆j → K1/3 is constant, so the singular chain complex splits as a direct
sum, indexed by points of K1/3, of the singular chain complex of a point. For a constant j-simplex
the boundary coefficient is

∑j
i=0(−1)i, which is 0 for odd j and 1 for even j. Therefore, with

integer coefficients,

Hsing
0 (K1/3;Z) =

⊕
x∈K1/3

Z, Hsing
j (K1/3;Z) = 0 (j ≥ 1). (1.29)

The degree-zero group has uncountable rank. Vanishing higher groups do not mean that there is
one connected component.

For singular cohomology, applying Hom(−,Z) to the same chain complex gives

H0
sing(K1/3;Z) =

∏
x∈K1/3

Z, Hj
sing(K1/3;Z) = 0 (j ≥ 1).

Degree-zero singular cocycles are arbitrary functions on path components, not necessarily contin-
uous functions on K1/3.

1.5.2 Clopen nerves and Čech cohomology

Every open cover of compact K1/3 has a finite clopen refinement, and that refinement can be
chosen to be a partition by sufficiently fine cylinder slices. Its nerve is a finite discrete set. Such
partitions are cofinal among open covers, so their higher cohomology groups vanish and

Ȟj(K1/3;Z) = 0 (j ≥ 1), Ȟ0(K1/3;Z) = lim−→
(
Z2n , (aw) 7→ (aw, aw)

)
. (1.30)

This direct limit is naturally C(K1/3,Z), the group of continuous integer-valued functions. Indeed,
every such function is locally constant. Compactness reduces its local cylinder neighborhoods to
a finite cover, which is refined by one common cylinder level. The function therefore lies in a
finite stage of the displayed direct limit.

The distinction from singular degree-zero cohomology is substantial: C(K1/3,Z) is a countable
union of the countable sets Z2n , whereas

∏
x∈K1/3

Z contains all, including discontinuous, assign-
ments of integers to points. The topology of locally constant observations is captured by the
former; arbitrary pointwise labels are allowed by the latter. Neither should be silently substituted
for the other.

Computational interpretation. A data structure based on finite partitions naturally realizes
the refinement system in (1.30). A connected-component routine applied to a finite sampled point
cloud computes a different object, at a specified scale. Neither calculation establishes the topology
of an unresolved continuum without a connecting approximation theorem. In this example, the
exact gap sizes provide that connection explicitly in Section 1.9.
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1.6 Computer-science application I: exact representations and
decisions

1.6.1 Three input types, three different computational questions

An infinite binary address, an exact rational number, and a numerical approximation to an
arbitrary real are different inputs. They must not share one unqualified “is in the Cantor set”
API.

An address b represents the point π(b) ∈ K1/3 by construction. Reading n bits returns the
enclosure (1.9). This is a real-number representation with an explicit precision modulus. An
exact rational x = p/q permits a terminating membership algorithm. A general real supplied by
progressively accurate approximations does not admit a total membership decider; the obstruction
is proved below.

1.6.2 A terminating exact-rational membership algorithm

For x ∈ Q, first reject x /∈ [0, 1]. Repeatedly apply the following rules to the current exact rational
y:

y = 0 or y = 1 accept,
1/3 < y < 2/3 reject,

y ≤ 1/3 y ← 3y,

y ≥ 2/3 y ← 3y − 2.

(1.31)

If an already visited value recurs before rejection, accept. The closed endpoint comparisons are
intentional.

Proposition 1.15 (Correctness and termination on rational inputs). The algorithm decides
membership in K1/3 for every exact rational input. With an initial denominator q > 0, it visits at
most q + 1 distinct in-range states before terminating or detecting a cycle.

Proof. Within either retained branch, y ∈ K1/3 is equivalent to the updated value belonging to
K1/3, by the coding identity Tπ = πσ. The endpoints 0, 1 are in K1/3, and the open central gap
is disjoint from it. Thus all finite accept/reject conclusions are sound.

For cycle acceptance, repeating a finite orbit that avoids the gap produces an infinite valid
sequence of branch choices. Reversing any finite prefix of those choices puts the initial point in
the corresponding cylinder. It therefore belongs to every Kn and hence to K1/3.

To prove termination, keep the original denominator q without reduction. Every update changes
an integer numerator p to either 3p or 3p − 2q. As long as the algorithm has not rejected, an
in-range numerator belongs to {0, 1, . . . , q}. A longer nonterminating run repeats a state.

For example,

1

3
7−→ 1 accepts,

1

4
7−→ 3

4
7−→ 1

4
accepts,

1

2
rejects immediately.

The second example is the periodic address (01)∞, whose value is A(01)/(32 − 1) = 2/8 = 1/4.
The implementation returns a finite witness : the exact orbit, termination reason, decision, and

any repeated-state index. A separate checker replays the transitions without calling the search
routine. The package also contains an independent long-division implementation; it agrees on
all the tested rational inputs. This comparison is a finite regression check, not a substitute for
Proposition 1.15.
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Complexity, with the numeric denominator exposed. The above bound is O(q) transitions
and O(q) stored states, not polynomial in the bit length log q. Straightforward fixed-denominator
integer updates take O(log q) bit work each, giving an O(q log q) arithmetic bound. This is a
pseudopolynomial reference algorithm, not a claim of optimal rational-membership complexity.
Floyd’s cycle detection can reduce state storage, but an independently replayable certificate still
needs an orbit or another succinct witness.

For a single address of length n, Horner encoding has n updates, each on an integer with
O(n) bits. Schoolbook accounting gives O(n2) bit work and O(n) working bits. Whole-stage
enumeration has an exponential output size. The delivered Python code emphasizes inspectability
and exactness instead of optimal base-conversion or tree-enumeration kernels.

1.6.3 Why arbitrary-real membership cannot be decided

Suppose a real is given by a total procedure returning a rational rn with |rn − x| ≤ 2−n. Assume,
for contradiction, that a single algorithm decides x ∈ K1/3 for every such valid procedure.

For a program e, define a real

xe =

{
1
2 3

−t, if e first halts at step t ≥ 1,

0, if it never halts.

This real has a uniformly computable fast approximation procedure. To answer query n, simulate
e for n + 1 steps. If it halts, output the corresponding rational; otherwise output 0. Any
later halting contribution is less than 3−(n+2)/2 < 2−n, so the approximation guarantee is valid
regardless of whether e halts.

If e halts at time t, then
3−(t+1) < xe < 2 · 3−(t+1),

which is the open middle gap in the cylinder with prefix 0t. Hence xe /∈ K1/3. If e never halts,
then xe = 0 ∈ K1/3. A membership decider would therefore decide halting and nonhalting, a
contradiction.

The sound replacement: certified nonmembership or unresolved. The complement of
K1/3 is the union of the exterior rays and the enumerable open middle-third gaps. Given a real
approximation interval, certify nonmembership only when the entire closed enclosure lies inside
one of those open sets. For x /∈ K1/3, this eventually succeeds because its distance to the closed
set K1/3 is positive. For x ∈ K1/3, it may run forever. A fixed-depth procedure should return
unresolved, not member, when it has not found a separating gap.

This is a useful interface for verified numerics: negative certificates are stable under an explicitly
bounded input error, whereas proximity to a fractal set is not the same as membership in it.

1.7 Computer-science application II: automata, safety, and en-
tropy

1.7.1 A worked finite-state constraint on infinite addresses

Consider binary execution traces in which two 1 bits are never adjacent. An automaton needs
two nonrejecting states: q0, meaning that the previous bit was 0 or no bit has yet been read, and
q1, meaning that it was 1. A third state is rejecting and absorbing.

Let ΣA be the infinite accepted traces and KA = π(ΣA). The set of rejected traces is a union
of cylinders exhibiting the finite bad block, so ΣA is closed. It is compact, and the coding maps
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0, 1

Figure 1.5: A safety monitor for the forbidden block 11. An infinite trace is accepted precisely when it
never reaches ⊥; this is a safety condition, not a finite-word acceptance convention left implicit.

it homeomorphically to KA. No accepted trace is isolated: after any prefix, one can append a 0
and then choose either 0 or 1 before continuing with zeros. Thus this particular constrained state
space is again Cantor. An arbitrary safety automaton need not have this property; one allowing
only 0∞ produces a singleton.

If an is the number of accepted length-n words, splitting according to the last bit gives

a0 = 1, a1 = 2, an = an−1 + an−2 (n ≥ 2).

Therefore an = Fn+2, where F0 = 0, F1 = 1. Equivalently the transition matrix is

A =

(
1 1

1 0

)
,

whose eigenvalues solve λ2 − λ− 1 = 0. Writing φ = (1 +
√
5)/2 gives the word-growth rate

lim
n→∞

1

n
log an = logφ. (1.32)

This calculation quantifies the combinatorial reduction from 2n to Fn+2 feasible prefixes.

1.7.2 A geometric complexity exponent derived from the automaton

Proposition 1.16. The constrained set has dimH KA = logφ/ log 3.

Proof. Let t = logφ/ log 3. Since an ≤ Cφn for a fixed constant C, the cylinder cover has
vanishing u-cost for every u > t: an3−nu ≤ C(φ3−u)n → 0.

For the lower bound use the positive right eigenvector v = (φ, 1)T of A. Starting at the
virtual state 0, assign transition probabilities pij = Aijvj/(φvi). Their row sums are one because
Av = φv. The mass of an admissible word b1 · · · bn telescopes to

ν(Cb1···bn) =
vbn
φnv0

≤ φ−n.

These consistent masses define a probability measure on the accepted traces and hence on KA. An
interval of length 3−(n+1) < ℓ ≤ 3−n meets at most two level-n cylinders, so ν(J) ≤ 2φ−n ≤ 2φℓt.
The same cover argument as in Theorem 1.6 proves dimH KA ≥ t.

Validity analysis. The measure ν is not the fair Cantor measure conditioned on KA by
ordinary division. In fact µ(KA) = limn Fn+2/2

n = 0. The transition construction specifies a
new probability law. Its initial virtual state also need not have the stationary state distribution.
These points matter when using constrained traces to calculate probabilities, not just dimensions
or feasible-state counts.
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1.7.3 A sound abstraction of the shift

For a nonempty word w = b1 · · · bn, deletion of the first bit gives the exact identity

T (Cw) = Cb2···bn = Cb2···bn0 ∪ Cb2···bn1.

At fixed depth n, an abstract transition therefore shifts the address and appends either possible
next bit. A safety monitor can be combined with this transition system by a product construction.
Under a regular constraint, only monitor-compatible successors are retained.

The soundness statement must name its concrete domain: it describes points already represented
by valid infinite addresses in K1/3. A bare real interval Iw contains points that eventually fall into
a removed gap. Treating every point of that interval as a valid symbolic execution would discard
a possible escape. An interval implementation must retain an escape or unresolved state unless
membership has separately been established. This is the distinction between a sound abstraction
and a convenient but unjustified discretization.

1.8 Computer-science application III: certified integration and
optimization

1.8.1 A quadrature rule with a computable stopping condition

For a function f : K1/3 → C, select the left endpoint ℓw = A(w)/3n ∈ K1/3 and put

Qn(f) = 2−n
∑
|w|=n

f(ℓw). (1.33)

Integrating the cylinderwise approximation in Proposition 1.11 gives∣∣∣∣∫ f dµ−Qn(f)
∣∣∣∣ ≤ ωf (3−n) ≤ L3−αn (1.34)

when [f ]α ≤ L. To reach error ε < L, take n = ⌈α−1 log3(L/ε)⌉. The number of evaluations is
at most 2(L/ε)s/α, with s = log 2/ log 3. This is a cost for this rule under a supplied regularity
bound, not a universal lower bound or an optimality assertion.

For a real monotone function defined on [0, 1], the rule admits a direct interval certificate. If f
is increasing, then

Q−
n (f) := 2−n

∑
w

f(ℓw) ≤
∫
f dµ ≤ 2−n

∑
w

f(rw) =: Q+
n (f). (1.35)

For decreasing f , exchange the endpoints. This inequality is obtained by integrating the pointwise
bounds on each cylinder; it does not replace µ by normalized Lebesgue measure on Kn.

1.8.2 Exact test case: the second moment

Set h = 3−n. Averaging cylinder left endpoints gives 2−n
∑

w ℓw = (1− h)/2. Conditional on a
cylinder, the random point is ℓw + hX ′ with EX ′ = 1/2 and E(X ′)2 = 3/8. Expansion yields the
exact identities

3

8
−Q−

n (x
2) =

h

2
− h2

8
, Q+

n (x
2)−Q−

n (x
2) = h, (1.36)

3

8
−Qmid

n (x2) =
h2

8
, Qmid

n (x2) = 2−n
∑
w

(ℓw + h/2)2. (1.37)

The midpoint improvement is not free: the midpoint of a cylinder is outside K1/3. It is a legitimate
evaluation here because x2 is defined on the whole interval. For a function supplied only as an
oracle on K1/3, midpoint sampling may be an invalid query.
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n 2n Q−
n (x

2) Q+
n (x

2) midpoint error

0 1 0 1 1
8

1 2 2
9

5
9

1
72

2 4 26
81

35
81

1
648

3 8 260
729

287
729

1
5832

4 16 2420
6561

2501
6561

1
52488

5 32 22022
59049

22265
59049

1
472392

Table 1.1: Exact rational integration results generated by the accompanying code. The target value is
the independently derived moment 3/8.
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Figure 1.6: Four genuinely different quantities: cylinder mesh, set-approximation error, the exact left-rule
error for x2, and the exact midpoint error for x2. The second-order midpoint slope comes from (1.37), not
from a fitted regression. A shared depth does not make these error notions interchangeable.

1.8.3 A nonpolynomial observable with outward-rounded bounds

For f(x) = 1/(1 + x), the function is decreasing on [0, 1] and |f ′(x)| ≤ 1. Exact rational endpoint
evaluations therefore produce

2−n
∑
w

1

1 + rw
≤ J :=

∫
1

1 + x
dµ(x) ≤ 2−n

∑
w

1

1 + ℓw
.

The interval width is at most 3−n. No closed-form value of J is assumed. The following
displayed decimal bounds are rounded outward; the unrounded rational bounds are retained in
results/convergence.csv.

1.8.4 A complete nonconvex optimization certificate

Consider the optimization problem

min
x∈K1/3

(
x− 1

2

)2

. (1.38)

The convex relaxation x ∈ [0, 1] returns the incorrect feasible answer x = 1/2 and the lower
bound 0. At the first Cantor refinement, K1/3 ⊂ [0, 1/3] ∪ [2/3, 1], every feasible point has
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n nodes lower bound upper bound

0 1 0.5000000000 1.0000000000
2 4 0.6781250000 0.7368983958
4 16 0.7036084884 0.7101453050
6 64 0.7065058700 0.7072321919
8 256 0.7068285826 0.7069092851
9 512 0.7068554823 0.7068823832

Table 1.2: A certified enclosure of a nonpolynomial expectation. Lower decimals are rounded down and
upper decimals up, so the printed interval remains valid.

|x− 1/2| ≥ 1/6. Both 1/3 and 2/3 belong to K1/3, so

min
x∈K1/3

(x− 1/2)2 =
1

36
, argmin = {1/3, 2/3}. (1.39)

This is a complete lower-bound and feasible-witness certificate, not an optimizer trajectory that
happened to converge near a minimizer.

More generally, if f is α-Hölder with constant L and Un = min|w|=n f(ℓw), compactness gives
an attained minimum m and

Un − L3−αn ≤ m ≤ Un.

The upper bound uses feasible sample points. For the lower bound, take a minimizer, locate
its cylinder, and compare it with that cylinder’s left endpoint. An adaptive branch-and-bound
routine can prune a cylinder only when a sound lower bound there exceeds its current feasible
upper bound. A midpoint outside K1/3 is not a feasible incumbent, even when it is a useful
evaluation for a smooth extension of the objective.

1.9 Computer-science application IV: topology of finite observa-
tions

1.9.1 Exact gap statistics and persistent components

For a compact E ⊂ R and r ≥ 0, define its closed offset Er = {x : dist(x,E) ≤ r}. Two
neighboring offset components merge when the gap between the original pieces has length at
most 2r. In the classical Cantor construction, the gaps removed at generation j ≥ 1 have length
3−j and multiplicity 2j−1. Therefore, for every r > 0,

#π0((K1/3)r) = 1 +
∑
j≥1

3−j>2r

2j−1. (1.40)

The sum is finite. The strict inequality is necessary because a closed gap is filled when its two
offset fronts meet. For r = 0, there are uncountably many components; formula (1.40) is not a
finite algorithm at that endpoint.

For the endpoint sample Fn, sort the 2n+1 sample points. Their adjacent spacings comprise
the original gaps of generations 1 through n, plus 2n cylinder-length spacings of size 3−n. The
total count is

n∑
j=1

2j−1 + 2n = 2n+1 − 1.

Thus its degree-zero offset barcode, over any field, consists of one essential component and one
finite bar dying at half each adjacent spacing. For example, F4 has one death at 1/6, two at 1/18,
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four at 1/54, and 24 at 1/162. This finite barcode is exactly computable from rational numbers,
without estimating distances from image pixels.

1/(2⋅39) 1/(2⋅37) 1/(2⋅35) 1/(2⋅33) 1/(2⋅31)
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Figure 1.7: Positive-scale component counts for the infinite set and two finite endpoint samples. The step
radii are prescribed by exact rational gaps. A finite sample can lose unresolved small-scale components
and can also introduce extra components inside a sampled cylinder. Hausdorff proximity controls the
scale of the discrepancy, not equality of component counts at every fixed radius.

1.9.2 The approximation theorem connecting data to topology

If dH(E,F ) ≤ δ, then the triangle inequality gives

Er ⊂ Fr+δ, Fr ⊂ Er+δ for every r ≥ 0. (1.41)

Indeed, a point within r of E lies within r + δ of F by first moving to a nearest point of E
and then within δ of F . Applying homology to these inclusions supplies the usual scale-shift
comparison of persistent components. Here δ = dH(Fn,K1/3) = 3−(n+1) is explicit.

The infinite-set discussion is deliberately phrased at positive scales. The uncountable rank at
radius zero is not replaced by an assertion that an ordinary finite barcode completely represents
H0(K1/3). Nor do these one-dimensional offsets acquire genuine positive-degree cycles: they are
unions of intervals. A software pipeline reporting a robust loop in this particular one-dimensional
offset model has changed the model or introduced an error; it has not found hidden genus in the
Cantor set.

1.10 A bridge back to quadratic dynamics: a certified real repeller

The source’s broader subject is the quadratic family fc(z) = z2 + c [3, Preface]. The following
is an additional worked bridge, not a claim that the construction occurs in source §1.1.1 or a
replacement for the later Fatou–Julia theory.

Take the real map f(x) = x2 − 3 and the rational interval I = [−B,B] with B = 231/100. Its
inverse branches on I are

g0(y) = −
√
y + 3, g1(y) =

√
y + 3.

They are real-valued because 3−B = 69/100 > 0. Moreover, B2 > 3 +B implies gi(I) ⊂ I, and
√
3−B >

83

100
, |g′i(y)| ≤

1

2
√
3−B

<
50

83
< 1.
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Their images are disjoint, separated by a gap containing [−83/100, 83/100].
Define

Kf =
⋂
n≥0

f−n(I),

where preimages are taken in R. Because f−1(I) ⊂ I, these are nested compact sets. Every
inverse cylinder gb1 ◦ · · · ◦ gbn(I) has diameter at most

2B

(
50

83

)n
. (1.42)

The two inverse branches supply persistent splitting, so the interval-tree argument makes Kf a
Cantor set coded by binary sequences. On Kf , |f ′(x)| = 2|x| > 166/100 > 1, which explains the
term expanding real repeller.

This application uses the same computational pattern as the classical construction but changes
its arithmetic: the inverse maps are nonlinear. The delivered code/repeller.py encloses square
roots on a rational grid using integer square roots. For u ≥ 0 and grid denominator D, put

k =
⌊√
⌊uD2⌋

⌋
.

Then k/D ≤
√
u < (k + 1)/D, unless the lower endpoint is exact, in which case equality can be

detected by squaring. Squaring the two rational bounds independently verifies each enclosure.
The negative branch reverses their order.

Using D = 1010, the finite cylinder for the word 00110101 is enclosed by

[−0.8741166948, −0.8733722911].

These decimal endpoints are exact grid rationals, and the rounding directions are outward. If a
normalized inverse-step rounding error is at most D−1, its propagated endpoint error is bounded
by

1

D

n−1∑
j=0

(50/83)j ≤ 1

D(1− 50/83)
.

One must account for this arithmetic enclosure error separately from the geometric cylinder
diameter in (1.42).

Validity analysis. The negative inverse branch reverses orientation. As a result, ordinary
lexicographic order of the fixed branch labels is not the spatial order at every node: the local
ordering must track orientation parity. For example, g0g1(I) lies to the left of g0g0(I). Blindly
reusing the increasing middle-third address order would be incorrect. Also, this section proves
a real invariant-repeller statement; it does not claim that the accompanying finite calculation
identifies an entire complex Julia set or settles a parameter-plane problem.
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Chapter 2

Proper holomorphic maps, degree and
lifting

2.1 Local analytic models and proper maps

Mathematical reference. Exercises 3.1–3.3; manuscript p. 106.

2.1.1 The local power model: solution of Exercise 3.1

Theorem 2.1 (M01: Local holomorphic normal form). Let f : X → Y be nonconstant and
holomorphic. At any a ∈ X there are holomorphic coordinates u at a and v at f(a) for which
v ◦ f ◦ u−1(ζ) = ζe, for a unique integer e ≥ 1.

Proof. Choose preliminary coordinates with a = 0 = f(a). The Taylor series has a first nonzero
coefficient: f(z) = zeg(z), where g is holomorphic and g(0) ̸= 0. Shrink to a disk on which g
has no zero. A logarithm exists there, so q(z) = exp(log g(z)/e) is a nonvanishing holomorphic
eth root. Set u(z) = zq(z). Then u′(0) = q(0) ̸= 0, hence u is a coordinate on a smaller disk,
and f(z) = u(z)e. The exponent is invariant under invertible coordinate changes because they
have nonzero first derivative. This is exactly the orientation-preserving topological local model
required in the source.

The local index is e; the derivative has a zero of order e−1. The distinction matters already for
f(z) = z7: one critical location contributes six to a ramification sum and seven to the multiplicity
of the fibre over zero.

Algebraic-geometric derivation. In completed local rings, the map is C[[v]]→ C[[u]], v 7→ ue.
The local fibre is C[[u]]/(ue), of complex vector-space length e. Its underlying set has one point,
but its nilpotents retain the multiplicity lost by set-theoretic counting. A basis is 1, u, . . . , ue−1.
This is a genuine local algebraic model; it does not assert that every open Riemann surface is a
projective algebraic curve.

Algebraic-topological derivation. On a small punctured neighbourhood, the map is an
e-sheeted covering. Its map on π1 ∼= Z is multiplication by e. A positive generator in the
source traces the target circle e times. Analytic orientation makes the sign positive. For an
orientation-reversing local model z̄e, the same unsigned fibre count would conceal index −e.
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Functional-analytical interpretation. For a germ h(u) =
∑

j≥0 cju
j , average over the e

local inverse branches:
T h(v) = 1

e

∑
ue=v

h(u) =
∑
k≥0

cekv
k.

The roots-of-unity sum removes all powers not divisible by e. Individual branches are multivalued;
their symmetric average is holomorphic through the critical value. This local cancellation is the
first bridge to stable observable computation. The series identity holds on a sufficiently small
disk of convergence. It does not justify averaging divergent series.

Worked problem: A critical point that is not a singular surface

For f(z) = z3(1 + z) near zero, take u = z(1 + z)1/3 with the root equal to one at zero. The
source surface is smooth, while the map has local degree three. The ring fibre has length three
and the differential vanishes to order two. None of these facts says that the graph w = z3(1 + z)
is singular: its equation has derivative −1 with respect to w. Criticality of a projection and
singularity of its total space are different claims.

2.1.2 Properness turns local multiplicities into a global degree

Theorem 2.2 (M02: Finite, constant weighted fibre cardinality). For a nonconstant proper
holomorphic map f : X → Y , the sum

∑
a∈f−1(b) ea is finite, locally constant in b, and hence

independent of b. The map is surjective.

Proof. A fibre is discrete by M01 and compact by properness, so it is finite. Take disjoint
coordinate neighbourhoods of its points. A sufficiently small neighbourhood of b has no other
preimages: otherwise points outside these neighbourhoods with images converging to b would
have a convergent subsequence by properness, producing an omitted point of the fibre. Within the
chosen neighbourhoods, M01 supplies exactly ea preimages with multiplicity. Thus the weighted
count is locally constant. The image is open by M01 and closed by properness; connectedness of
the target makes it all of Y .

The proof uses a compact discrete fibre, not the false assertion that every discrete subset of a
compact space is finite. The set {1/n : n ≥ 1} is a counterexample to the latter; it is not closed
in [0, 1]. A fibre is closed because it is the inverse image of a closed point.

Applicability. The map ez : C → C∗ is locally biholomorphic but not proper: a point has
infinitely many preimages. The inclusion D ↪→ C is injective and holomorphic but is neither
proper nor surjective. A finite plot of an image establishes neither property.

2.1.3 Ideal ends: a hypothesis-aware solution of Exercise 3.2

The source’s full ideal compactification is introduced in Theorem 2.59 for a finitely generated
Fuchsian group, hence a finite-type hyperbolic surface. Cusps receive points and noncuspidal
tame ends receive circles. Exercise 3.2 suppresses this inherited restriction in its wording. Here it
is kept explicit; arbitrary infinite-type surfaces are not declared to have the same compactification.
Source Lemma 5.7 revisits the tame-end statement on p. 118. [3, pp. 80–81,118]

Theorem 2.3 (M03: Extension over finite-type ideal ends). Let f : X → Y be a finite-
degree proper holomorphic map between finite-type hyperbolic surfaces, with their standard ideal
point/circle completions. It extends continuously to those completions, holomorphically through
filled cusp points and locally as an unbranched covering on ideal boundary circles.
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Proof. First isolate every end by a peripheral collar. Properness sends sufficiently far-out
components into an end collar of the target and gives a proper restriction on those components. The
topological finite-type hypothesis rules out unbounded accumulation of independent ramification
handles toward an end; equivalently one may first use the finite-type Riemann–Hurwitz argument
M08 on an exhaustion to see that only finitely many ramification contributions occur. Remove
those finitely many critical values by shortening the collars. Each remaining end map is an
unbranched finite covering of annuli.

The classification of annular coverings now gives logarithmic-strip coordinates in which the map
is a finite power covering, up to conformal changes of the collar coordinates. Covering moduli are
scaled by the degree; in particular a puncture end corresponds to a puncture end. At a puncture
its local expression is u 7→ ue times a nonvanishing unit and it extends by removable singularities.
At a noncuspidal circular end, the strip/power model extends continuously to the boundary
line/circle and has nonzero tangential derivative in suitable conformal charts. The finitely many
extensions agree with f on their common interiors, so they patch uniquely. Properness on the
compact completions and the local models give the asserted branched covering.

Dependency audit. This proof uses finite-type topology and annular uniformization, not
merely the local inverse theorem. The exhaustion argument behind the finiteness assertion can be
made explicit: choose compact target subsurfaces with boundary avoiding critical values, include
all source components over them, and apply the lifted-cell count. As genus and the number of
ends of the whole source are finite, the Euler defect cannot increase without bound; each new
ramification contribution is nonnegative. This is a topological argument before it is an analytic
extension argument.

Why a broader claim is unsafe. A finite-degree map can have infinitely many critical points
on an infinite-type source. Locally defined double covers w2 = h(z), with a holomorphic h
having infinitely many simple zeros accumulating only at a boundary point of D, illustrate the
obstruction: each zero is a branch value of the proper degree-two projection to D. Over a compact
subset the projection is proper because h is bounded there, but critical values need not be finite
globally. For example a suitable nonzero constant multiple of sin(1/(1 − z)) has such a zero
sequence in D. This does not contradict M03, because the source is not in its finite-type class. It
prevents silently applying the compact boundary-circle picture to every finite-degree map.

Three perspectives. Algebraically, filled punctures restore valuations at the missing places of
a finite function-field extension. Topologically, the covering of a peripheral circle determines the
local degree at the filled end. Analytically, boundedness in a cusp coordinate permits removal of
a singularity. The circle and point completions encode different data; replacing both by a point is
not the same compactification.

2.1.4 Finite Blaschke products: Exercise 3.3(i)

Theorem 2.4 (M04: Classification of proper disk maps). A proper holomorphic map B : D→ D
of degree d has the form

B(z) = λ

d∏
j=1

z − aj
1− ajz

, |λ| = 1, aj ∈ D,

where zeros are repeated with their multiplicities. Conversely every such product is a proper
degree-d disk map.
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Proof. The zero fibre has exactly d points with multiplicity by M02. Divide B by the displayed
product without λ. Removable singularities at the zeros give a nonvanishing holomorphic quotient
q. Properness implies |B(z)| → 1 uniformly as |z| → 1: failure would give a sequence escaping
every compact subset whose images remain in a fixed compact subdisk. Each elementary factor
also has boundary modulus one and no pole on D. Therefore |q| → 1 at the boundary. Apply the
maximum principle on concentric disks to q and 1/q to obtain |q| ≤ 1 and |q| ≥ 1. A holomorphic
function with constant modulus is constant, giving q = λ.

For the converse, the identity

|1− āz|2 − |z − a|2 = (1− |a|2)(1− |z|2)

places each factor inside the disk. The product extends across the unit circle with modulus one
there. Compact inverse images stay away from the boundary, hence the map is proper. Its zero
multiplicity is exactly d, establishing its degree.

Recorded source repair. The source product runs from k = 0 to d, giving d + 1 factors,
while the map is said to have degree d. The corrected bounds are 1, . . . , d (or 0, . . . , d− 1). The
degree-one test aj = 0 detects the discrepancy immediately. This is a visible indexing issue, not
an assertion that the classification itself is wrong.

Algebraic geometry. The product is a rational map P1 → P1. A zero aj in the disk has its
reflected pole at 1/āj outside, with infinity included when aj = 0. The divisors of zeros and
poles each have degree d. On homogenizing numerator and denominator, common factors must
be cancelled before declaring the projective degree; for |aj | < 1 the reflected locations cannot
cancel the disk zeros. At |a| = 1 cancellation does occur and the factor becomes constant after
simplification. Degree is not continuous across that excluded boundary of parameter space.

Algebraic topology. On T, the restriction has degree d. If B(eit) = eiβ(t) with a continuous
argument lift, then

β′(t) =

d∑
j=1

1− |aj |2

|eit − aj |2
> 0, β(t+ 2π)− β(t) = 2πd.

Differentiate the logarithm of each factor, or verify directly by multiplying numerator and
denominator by conjugates. Positivity means that the boundary has no critical point. The
integral is a global winding budget; local phase can concentrate sharply near a zero approaching
the circle without changing that budget.

A quantitative consequence. If |aj | ≤ ρ < 1 for all j, then

d
1− ρ
1 + ρ

≤ β′(t) ≤ d1 + ρ

1− ρ
.

The bounds follow from 1 − |a| ≤ |eit − a| ≤ 1 + |a|. They certify a boundary conditioning
envelope, not an equally strong Euclidean inverse-derivative bound at interior branch points.

2.1.5 Half-plane rational maps: Exercise 3.3(ii)

Theorem 2.5 (M05: Positive-residue representation). A proper holomorphic map F : H→ H of
degree d with F (∞) =∞ has the rational representation

F (z) = λ0z + a0 −
d−1∑
j=1

λj
z − aj

, λj > 0, a0, aj ∈ R,

27



z B(z)=z(z−1/2)/(1−z/2)

Degree 2; critical point marked by a diamond; grid images can overlap.

Figure 2.1: An original image of a polar grid under a degree-two Blaschke map. The plot records a
many-to-one image, not a globally injective conformal coordinate change. The critical point is computed
independently of the pixels.

where the finite poles aj are distinct. Conversely this representation defines such a map.

Proof. Conjugating by a Cayley map reduces to M04, so F is rational and extends meromorphically
across the real circle. Reflection makes it real on the real line away from poles. A pole on the
real boundary must be simple: a pole of order m > 1 makes the leading imaginary part change
sign as a small upper semicircle sweeps through angles 0 < θ < π. For a simple pole, the residue
is negative, since Im[−λ/(z − a)] = λ Im z/|z − a|2. The same argument at infinity shows that its
pole is simple and that its linear coefficient is positive. Subtracting its principal parts leaves a
real constant. There are d poles on the sphere with multiplicity, one at infinity, hence d− 1 finite
poles.

Conversely, for z = x+ iy, y > 0,

ImF (z) = y

λ0 + d−1∑
j=1

λj
(x− aj)2 + y2

 > 0.

The boundary values lie on the extended real line, the degree is d, and compact inverse images
cannot approach a real pole, infinity, or a nonpole real point while their images remain in a
compact subset of H. Thus F is proper.

A repeated pole location must be combined into a single residue. Counting two entries at the
same location as two poles incorrectly inflates the degree. Positivity of imaginary part is not, by
itself, properness: F (z) = z + i maps H into H but is not onto it. The EE volume distinguishes
lossless rational reactance models of this form from general dissipative positive-real models.

2.1.6 Functional analysis added to 3.1: the analytic cost of a zero

Definition 2.6. The Hardy space H2(D) consists of f(z) =
∑

n≥0 cnz
n with

∑
|cn|2 < ∞,

with inner product linear in the first variable. Boundary norms are interpreted by radial limits,
equivalently by the coefficient norm. Write MBf = Bf and KB = H2 ⊖BH2.

Theorem 2.7 (M06: Inner multiplication, defect dimension and index). For a finite Blaschke
product of degree d, MB is an isometry, its range is closed, dimKB = d, and its Fredholm index
is −d.
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Proof. Boundary modulus one gives ∥Bf∥2 = ∥f∥2, first for polynomials and then by completion.
An isometry has closed range and zero kernel. For an elementary factor ba = (z − a)/(1− āz), its
range consists exactly of the functions vanishing at a. One inclusion is immediate. For the other,
divide a function with a zero at a by ba: the apparent pole is removable and its radial boundary
norm remains finite. Evaluation at a is a continuous nonzero functional by Cauchy–Schwarz,

|f(a)| ≤
∥f∥2√
1− |a|2

.

Thus Kba is one dimensional, spanned by ka(z) = (1− āz)−1. Finally

KB1B2 = KB1 ⊕B1KB2

is an orthogonal decomposition: decompose H2 = KB1 ⊕B1H
2 and then the second summand.

Induction gives dimension d. Kernel dimension zero minus cokernel dimension d gives the
index.

This is an operator-theoretic re-expression of the same degree, but its proof also specifies the
space and its norm. On a finite truncation, boundary effects can destroy an apparent isometry.
Replacing the infinite shift by an N ×N matrix creates a nontrivial kernel; its ordinary finite-
dimensional index is zero. An array of singular values is therefore not a proof of the Fredholm
index above.

For B(0) = 0, composition CBf = f ◦ B is an isometry on H2: the powers 1, B,B2, . . . are
orthonormal, since the inner product of two distinct powers reduces by boundary modulus one to
the mean of a nonconstant power of B, namely its value at zero. Without B(0) = 0, orthogonality
fails: ⟨B, 1⟩ = B(0). Multiplication and composition operators are not interchangeable.

Consolidated adversarial questions for 3.1. Can one delete properness? No, by the
exponential and disk-inclusion examples. Can one replace multiplicity by a count of dots? No,
at ze = 0. Can a disk zero lie on the boundary without changing the degree? No, cancellation
occurs. Does a proper map have to be univalent? No, a finite Blaschke product of degree greater
than one supplies a counterexample. Does an isometry of one function space certify arbitrary
sampled data processing? No, the norm and truncation contract have changed.

2.2 Riemann–Hurwitz from cells, divisors and energy

Mathematical reference. The unnumbered formula, Remarks 3.4–3.5 and Corollary 3.6; pp. 106–107.

2.2.1 Cellular proof with every defect accounted for

Theorem 2.8 (M07: Riemann–Hurwitz for closed surfaces). Let f : X → Y be a degree-d
branched covering between closed connected oriented surfaces. Then

χ(X) = dχ(Y )−Rf , Rf =
∑
x∈X

(ex − 1).

For closed surfaces of genera gX , gY this is

2gX − 2 = d(2gY − 2) +Rf .

Proof. The branch set is finite. Triangulate the target with every branch value as a vertex. On
the interiors of edges and faces the covering is unbranched, giving dEY edges and dFY faces.
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For a vertex y, let the distinct points in its fibre have local degrees e1, . . . , er. The fibre degree
identity says

∑
ei = d, so the number r of lifted vertices is d−

∑
(ei − 1). Summing over target

vertices gives VX = dVY −Rf . Substitute these three identities into VX − EX + FX . Replacing
Euler characteristics by 2− 2g proves the genus form.

Why the lifted cells are legitimate. A sufficiently small triangle adjacent to a branch value
lifts in sectors in the local power chart. Its lifted open faces are disks, and their closures glue
along lifted edges. The resulting decomposition may be treated as a CW decomposition; one
can subdivide further to obtain an ordinary triangulation. It is not necessary to pretend that a
branch fibre contains d distinct vertices.

Permutation version. Label a regular fibre by {1, . . . , d}. Monodromy around a branch value
is a permutation σ. A cycle of length e is a local degree-e point. If c(σ) is the number of cycles,
including fixed points, its total defect is d− c(σ). For a sphere target with branch permutations
σ1, . . . , σr,

2− 2gX = 2d−
r∑
j=1

(d− c(σj)).

The product must be the identity with a consistent loop convention, and the generated group must
act transitively for the source to be connected. An integer genus is only one acceptance condition;
arbitrary permutations satisfying the Euler equation need not form the specified covering.

2.2.2 Algebraic-geometric derivation through the canonical divisor

Let X,Y be compact Riemann surfaces, viewed equivalently as smooth projective complex curves
when the algebraic formulation is used. Choose a nonzero meromorphic differential ω on Y . Near
x, choose coordinates with v = ue and write ω = vma(v) dv, a(0) ̸= 0. Pullback gives

f∗ω = e uem+e−1a(ue) du.

Consequently

ordx(f
∗ω) = ex ordf(x) ω + (ex − 1), KX = f∗KY +Rf ,

where Rf =
∑

(ex − 1)[x] is the ramification divisor. Taking degrees, using deg f∗D = ddegD
and degKX = 2gX − 2, yields M07.

This derivation reveals information absent from the single integer Rf : the location and
multiplicity of every ramification point. It also exposes a field hypothesis. Over characteristic
zero, differentiating ue produces a nonzero coefficient e. In positive characteristic dividing e, the
derivative may vanish identically and the tame formula must be replaced by a separability/different
calculation. The map u 7→ up in characteristic p is not a valid counterexample to the complex
theorem; it is outside its field assumptions.

Independence accounting. The cell argument and divisor argument reorganize the same
geometric fact. The second imports the canonical-degree theorem, so it is not counted as a second
axiom-free proof from identical primitives. The perspective ledger records its distinct algebraic
mechanism and its additional prerequisite instead of inflating a “number of proofs” metric.
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2.2.3 Punctures, boundary components and the finite-type restriction

Theorem 2.9 (M08: Finite-type and bordered versions). For a proper finite-degree branched
covering between connected oriented finite-type surfaces, with ordinary covering behaviour at
genuine boundary circles, the same Euler-defect formula holds, with ramification counted at
interior points of the surfaces under consideration.

Proof. For punctured surfaces, fill each topological end by a point to obtain X̂, Ŷ . Properness
extends the map topologically at ends. If nX , nY are their numbers of ends and Rend is the total
ramification at filled end points, then the fibre count over those points is

nX = dnY −Rend.

Apply the closed formula to the filled surfaces:

χ(X̂) = dχ(Ŷ )−Rint −Rend.

Subtract nX on the left and dnY on the right. The end contributions cancel, giving χ(X) =
dχ(Y )−Rint.

For compact bordered surfaces, triangulate with boundary edges and branch values among the
vertices. Boundary fibres are unbranched, so those vertices have d lifts. All edge and face counts
scale by d, while the interior vertex defect remains Rint. Alternatively double the surfaces and
the map across their boundaries; Euler characteristic and interior ramification both double, then
divide the closed-surface identity by two. The doubling argument requires the stated boundary
extension, not arbitrary maps of closed sets.

Remarks 3.4 and 3.5. Ideal triangulations encode punctures by omitted vertices; including
their correction recovers exactly the subtraction above. Removing the boundary of a compact
surface leaves a homotopy-equivalent interior, so Euler characteristic does not change. These
statements are correct controls once the conventions are fixed. The ideal conformal completion,
in contrast, may retain noncuspidal boundary circles; it should not be confused with one point
per topological end.

2.2.4 The disk criterion: solution and qualification of Corollary 3.6

Theorem 2.10 (M09: A branch budget characterizes a disk source). Under M08, with disk
target, the connected source is a topological disk exactly when Rf = d− 1.

Proof. The formula gives χ(X) = d − Rf . A connected oriented finite-type surface with a
nonempty end/boundary set has χ(X) = 2 − 2g − b, where b ≥ 1 counts ends or boundary
components in the corresponding compact-core model. Therefore χ(X) = 1 is equivalent to
g = 0, b = 1. This is a disk, open or closed according to the chosen convention. Conversely a disk
has Euler characteristic one and hence Rf = d− 1.

Connectedness is essential. A disjoint union of a disk and an annulus also has total Euler
characteristic one, but is not a disk. Orientability and finite-type hypotheses are also doing real
work. The short source proof should be read within that ambient category, not as a classification
of every space with Euler characteristic one.
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Worked problem: Power maps on three different domains

On P1, z 7→ zd has critical points zero and infinity, each of local degree d. Thus Rf = 2d− 2 and
2 = 2d − (2d − 2). On C, infinity is deleted and Rf = d − 1, so 1 = d − (d − 1). On C∗ both
critical locations are deleted and Rf = 0, so 0 = d · 0. The polynomial did not change; the source
and target surfaces did. A computer routine which always inserts or always omits infinity will fail
at least one of these tests.

2.2.5 A smooth double cover: genus is determined after normalization

Consider the compact smooth model of

y2 = (x2 − 1)(x2 − k2), 0 < k < 1.

The projection to the x-sphere has degree two. Its four finite branch values ±1,±k are simple,
each contributing one. In the coordinate t = 1/x, v = y/x2, the equation becomes

v2 = (1− t2)(1− k2t2).

At t = 0 there are two distinct unramified points v = ±1, so infinity contributes nothing. Hence
2− 2g = 4− 4 = 0 and g = 1.

The affine equation is not the complete compact surface. One must use a smooth compactifica-
tion/normalization, not count an apparent singular point of an unsuitable plane homogenization
as additional ramification. When k → 1, branch points collide and the smooth-family hypotheses
fail; the normalization of the limiting singular curve can have smaller genus. “Genus is topological”
does not mean that genus stays constant through singular degeneration.

The differential dx/y is holomorphic on this genus-one curve. Near a simple branch point, use
x− a = u2 and y = u q(u): then dx/y = 2 du/q(u) has no pole. Near infinity, dx/y = −dt/v is
also regular. This local computation is more informative than merely attaching the word elliptic
to a quartic polynomial.
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Figure 2.2: Branch-value cycle defects for five cover examples. The explicit table and the Euler identities,
instead of the graph, establish the genus. Infinity is included in the compact-sphere examples.
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2.2.6 Functional analysis: pullback of energy and holomorphic forms

Theorem 2.11 (M10: Degree is the energy multiplier). For a proper holomorphic degree-d map
of planar domains, and a continuously differentiable real-valued u with finite Dirichlet energy on
the target, ∫

X
|∇(u ◦ f)|2 dA = d

∫
Y
|∇u|2 dA.

An analogous identity holds for square-integrable holomorphic one-forms with the intrinsic norm
∥ω∥2 = (i/2)

∫
ω ∧ ω̄.

Proof. Away from critical points, the real derivative of a holomorphic map is a rotation followed
by scaling by |f ′|. Therefore |∇(u ◦ f)|2 = |f ′|2|∇u|2 ◦ f . The change-of-variables formula on the
inverse branches sums d copies of the target integral. Critical points and values are discrete and
have area zero, so they do not change the integral. Exhaustion and monotone convergence treat
finite-energy functions without compact support. For forms, f∗(ω ∧ ω̄) = f∗ω ∧ f∗ω, and the
same degree-counting integral argument applies.

Thus d−1/2f∗ is an isometry on the corresponding spaces of one-forms, and on Dirichlet
spaces modulo constants. It is not an isometry of every unweighted function L2 norm: ordinary
area pullback introduces the Jacobian in a different place. It also does not automatically
preserve physical conductivity or elapsed diffusion time. Those require the model and metric
transformations specified in the EE volume.

An instructive consequence is an obstruction: if ω is a nonzero holomorphic one-form on
a compact target, its pullback cannot vanish identically. Hence pullback injects the space of
holomorphic differentials, consistent with the genus inequality implied by M07. This is an operator
statement with a nonzero norm, not a pictorial inference about holes.

2.3 the topological argument principle

Mathematical reference. Exercise 3.7, Propositions 3.8–3.9 and Exercise 3.10; pp. 107–108.

2.3.1 Winding as a homological invariant: Exercise 3.7

Theorem 2.12 (M11: The punctured plane has one integral winding coordinate). Radial
retraction onto a circle gives

H1(C \ {b};Z) ∼= H1(S
1;Z) ∼= Z.

The isomorphism sends a positive once-around loop to 1 and agrees with the radian-normalized
argument integral on smooth loops.

Proof. Translate b to zero. The homotopy

H(z, s) =
(
(1− s) + s/|z|

)
z

never meets zero and retracts C∗ onto the unit circle. The circle has a CW decomposition with one
vertex and one oriented edge; both adjacent endpoints are that vertex, so the cellular boundary of
the edge is zero. Thus its first homology is Z. For a smooth circle parametrization, the integral is
1. The form d arg is closed on C∗ and its integral is invariant under homotopy; subdividing loops
into charts with continuous arguments identifies the integral with the change of a global argument
lift divided by 2π. The generator normalization therefore fixes the same homomorphism on every
cycle. Continuous loops are treated by uniform polygonal approximation in a neighbourhood
avoiding zero and homotopy to that approximation.
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There is no global real-valued continuous argument on C∗. If one existed, its increment around
every closed loop would be zero, contradicting the generator calculation. A local branch of
logarithm is compatible with this theorem; a globally single-valued logarithm on the punctured
plane is not.

Algebraic geometry. For a meromorphic function, the same integer is the degree of its zero
divisor minus its pole divisor inside a contour. This algebraic description requires meromorphy; it
is not a replacement for signed topological index for arbitrary continuous maps. Multiplicity is
again length in a local ring.

Functional analysis. The contour functional f 7→ (2πi)−1
∫
f ′/f is locally constant on the

open set of nonvanishing boundary functions for which the expression is defined. A perturbation
smaller than the boundary clearance stays in the same connected component of the nonvanishing-
function space. This is the functional viewpoint behind a robust root-count certificate. It does
not say the nonlinear map f 7→ f ′/f is defined where f vanishes.

2.3.2 Nonzero boundary degree forces a value: Proposition 3.8

Theorem 2.13 (M12: Value-existence obstruction). Let D be a bounded Jordan disk and
f : D → C continuous with b /∈ f(∂D). If windb(f |∂D) ̸= 0, then b ∈ f(D).

Proof. Suppose b is absent from f(D) as well. Then f maps the whole closed disk into C \ {b}.
Contract its boundary in the source disk and compose the contraction with f . This null-homotopes
the boundary image in the punctured plane, forcing winding zero by M11, a contradiction.

The map need not be analytic, differentiable or injective. Its boundary image need not be
simple. Conversely winding zero does not prove that b is absent: local indices of opposite signs
can cancel.

Worked problem: A zero with no locally surjective map

For f(x+ iy) = x2 + iy and target b = 0, the origin is an isolated preimage. On a small circle
the image has local index zero; the image lies in the right half-plane and does not contain any
disk about zero. For a target b > 0 close to zero, there are two preimages ±

√
b, with real

Jacobian determinants ±2
√
b. Their indices add to zero. The two preimages are not detected by

a nonzero-degree existence test because their signed contributions cancel.

2.3.3 The local-to-global sum: Proposition 3.9

Theorem 2.14 (M13: Boundary winding equals the sum of local indices). Under the hypotheses
of M12, assume f−1(b) is discrete in D. Then the fibre is finite and

windb(f ◦ Γ) =
∑

a∈f−1(b)

inda(f),

where Γ is a positively oriented parametrization of ∂D.

Proof. The fibre is closed in D and avoids its boundary, so it is compact; discreteness makes it
finite. Choose disjoint closed small disks about its points, contained in D and containing no
other preimage of b. Let their positively oriented boundaries be γj . In the region obtained by
deleting their interiors, the oriented boundary is Γ−

∑
j γj . Triangulate this region; cancellation
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of interior edges shows that this boundary is a singular boundary. Thus [Γ] =
∑

j [γj ] in the first
homology of D \ f−1(b). Apply the map induced by f and then the winding isomorphism M11.
The small-loop winding is the local index by definition.

The source’s short phrase about a “2-cell” is made precise here by a triangulated 2-chain with
holes. The compactness claim is retained as a positive control after its closedness argument is
supplied. Neither clarification changes the theorem.

For holomorphic f , M01 makes every local index a positive zero multiplicity, hence M13
becomes a zero-counting theorem. For meromorphic f , remove its poles as additional holes; a
pole of order m contributes −m. This gives the analytic argument principle

1

2πi

∫
Γ

f ′(z)

f(z)
dz = NZ −NP .

The equation identifies an integer but does not certify a numerical quadrature output. A finite
sample sum can miss a loop between samples or a zero on the path.

2.3.4 Quantitative local surjectivity: Exercise 3.10

Theorem 2.15 (M14: A boundary-clearance radius). Let a be an isolated preimage of b = f(a)
with nonzero local index. For every sufficiently small radius r with Dr(a) ⊂ D and no other
preimage of b in that disk, set

δ = min
|z−a|=r

|f(z)− b| > 0.

Then Dδ(b) ⊂ f(Dr(a)).

Proof. For |b′− b| < δ, the straight homotopy between the two translated boundary loops f(z)− b
and f(z) − b′ stays nonzero, since its perturbation has magnitude smaller than the minimum
boundary magnitude. Their winding numbers agree and are nonzero. M12 gives a preimage of b′

inside the disk. Given a larger prescribed neighbourhood of a, choose such a sufficiently small r
inside it.

This proof corrects the repeated b in the source hint’s comparison by explicitly introducing b′.
For f(z) = ze, the exact radius is δ = re. Near a critical point a large input neighbourhood can
therefore map to a much smaller guaranteed output neighbourhood. Local surjectivity does not
imply a well-conditioned single-valued inverse.

A useful perturbation theorem. If a continuous perturbation g satisfies sup∂D |f − g| <
min∂D |f − b|, the boundary counts for f − b and g − b agree. In the holomorphic case this is the
homotopy form of Rouché’s theorem. The strict inequality is important: at equality a zero can
lie on the boundary. The CSE certificate checker produces witnesses for this type of nonvanishing
homotopy on every subdivided contour segment.

2.3.5 Functional analysis: winding as a Fredholm index

Theorem 2.16 (M28: Polynomial winding and a Hardy-space index). Let p be a nonzero
polynomial with no zero on T, and let N count its zeros in D with multiplicity. Multiplication
Mp : H

2 → H2 is Fredholm with index −N , and

− ind(Mp) = wind0(p|T).
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Figure 2.3: Polynomial images of a rational square contour, with certified subdivision vertices. The
exact checker encloses the entire intervening polynomial arcs in open coordinate half-planes; the visible
polygon alone is not its proof.

Proof. Factor the interior zeros into a finite Blaschke product B, repeated with multiplicity, and
write p = BG. The factors 1 − āz introduced in G, together with the remaining polynomial
factors, have no zero on the closed disk. Thus G and 1/G are bounded holomorphic functions
on the disk, and MG is a bounded invertible operator. Consequently Mp has the same range
codimension as MB, namely N by M06, and has zero kernel. Its index is −N . The analytic
argument principle, already established from M13, identifies N with the boundary winding.

This is a genuinely functional-analytic rederivation of the same integer through the codimension
of a closed operator range. It does not assert the general Toeplitz index theorem for arbitrary
continuous symbols. The finite Blaschke factorization supplies the exact special case required here.
A finite truncated multiplication matrix is not substituted for the infinite operator: truncation
can change its kernel and range at the last rows.

2.4 an explicitly supplied degree subsection

Mathematical reference. The heading “Degree of proper maps” appears without subsequent content on p.
108. Everything in this section is an addition, linked to source Proposition 1.104 and section 3.3.

Theorem 2.17 (M15: Three compatible notions of degree). For a finite proper holomorphic map
of oriented surfaces, the weighted fibre cardinality, the multiplier on local top homology, and the
boundary winding about a regular value in a suitable compact target disk agree. Degrees multiply
under composition.

Proof. The weighted count is constant by M02. For a small disk about a target point, excision
identifies the relative top homology of its preimage with the sum of the local relative groups. Each
local power map multiplies its orientation class by its exponent, giving the same sum. Taking
boundaries of relative classes gives the sum of small-circle windings, equal to the target-boundary
degree by M13. For composition, group the preimages by the intermediate point. M01 and the
chain of local power coordinates give ex(f ◦g) = ex(g)eg(x)(f). Summing yields (deg g)(deg f).

For an arbitrary smooth real map, the regular-value formula is instead
∑

sign detDf . Proper-
ness is required to make this finite and stable under variation of the value. In an infinite-dimensional
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Banach-space setting, a superficially similar degree theory requires additional compactness or
Fredholm hypotheses. The finite surface result is not a license to use the same count for arbitrary
neural operators.

The algebraic norm and trace. For a finite separable function-field extension, trace and norm
are sums and products over the local conjugate branches. They are single-valued meromorphic
functions downstairs. In the simplest quadratic algebra A = C[w][z]/(z2 − w), multiplication by
z has matrix

Mz =

(
0 w

1 0

)
in the basis (1, z).

It satisfies M2
z = wI, trMz = 0 and detMz = −w. The matrix and its traces are single-valued

even though its individual eigenvalues ±
√
w exchange along a loop. This is the computational

interface used by the CSE branches, not an inference that eigenvectors are nonsingular at w = 0.

An independent functional warning. A spectral projection P satisfying P 2 = P need not
identify the intended spectral subspace: zero and identity are also idempotents. A root-count or
degree certificate therefore needs a domain and a rank, not merely an algebraic residual.

2.5 lifting is a compatibility condition

Mathematical reference. Lemma 3.11 and Exercises 3.12–3.13; pp. 108–109.

2.5.1 The subgroup criterion, including the base point

Theorem 2.18 (M16: Lifts are controlled by covering subgroups). For connected coverings
p : X → Y and p̃ : X̃ → Ỹ , and a homeomorphism h : Y → Ỹ , choose x0 ∈ X and x̃0 over
h(p(x0)). A based lift of h ◦ p exists exactly when

h∗p∗π1(X,x0) ⊆ p̃∗π1(X̃, x̃0).

It is unique once its value at x0 is fixed. If the subgroups are equal, the lift is a homeomorphism.

Proof. A lift takes every closed path at x0 to a closed path at x̃0, proving necessity. For sufficiency,
join x0 to x by a path, lift its image under h ◦ p starting at x̃0, and define H(x) as the endpoint.
Two chosen paths differ by a based loop; the subgroup inclusion says its image lifts closed, so
the endpoint is independent of the choice. Evenly covered neighbourhoods give continuity and
the local lifting identity. A lift agreeing at one point agrees in an open and closed subset of the
connected source, hence everywhere. Equality allows the same construction for the inverse map;
uniqueness makes the two lifts inverse.

Without base points, the relevant objects are conjugacy classes of subgroups. Ignoring that
conjugacy is a common error in a program that relabels sheets during continuation. The
isomorphism on a punctured disk is n 7→ n for an orientation-preserving homeomorphism and
n 7→ −n for an orientation-reversing one. Either preserves the subgroup dZ; it need not preserve
each signed winding number.
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2.5.2 Double covers and the general single-branch case

Theorem 2.19 (M17: The precise lift count in Lemma 3.11). Two connected degree-d branched
covers of disks, each with a single branch point of local degree d, admit exactly d lifts of a base
homeomorphism carrying the branch value to the branch value. The lift is fixed by one regular-fibre
value. For d = 2 this is source Lemma 3.11. If the base map and covering maps are holomorphic,
all lifts are holomorphic.

Proof. Delete the branch point and value. Both maps become connected degree-d coverings of
punctured disks. Their covering subgroups are dZ ⊂ Z. By M16, the base homeomorphism lifts
after any of the d possible choices of the image of a regular base point; uniqueness makes these
lifts distinct and exhaustive. In the local power model, a sequence tending to the puncture must
lift to a sequence tending to the puncture, so adjoining the branch points extends the lift and its
inverse continuously. In the holomorphic case, the lift is holomorphic away from the puncture. In
a bounded local target coordinate it extends by removable singularities; the inverse does too.

Correction to a shorthand in the source proof. The image subgroup consists of loops of
winding an integer multiple of two, not only loops of winding exactly two. The set containing
only winding two is not a subgroup. The source’s intended equality of subgroups is preserved by
this correction.

Worked problem: Closed loops and an observable choice

Let w(t) = re2πimt and z(0) = r1/d > 0 under zd = w. The unique continued branch is

z(t) = r1/de2πimt/d.

It closes exactly when d divides m. The unordered fibre returns after every loop, while a selected
sheet need not. The observable zd is single valued and

∑
zd=w z = 0 for d > 1, so some quantities

can be computed without a sheet choice. A branch-sensitive output such as z cannot be replaced
by its trace without changing the question.
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Figure 2.4: A continuous square-root lift over two turns of a parameter loop. Height is the real part
of the chosen root, not an embedding of all four real coordinates of the algebraic graph. One base turn
exchanges sheets; two close the lift.
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2.5.3 Two or more branch values: solution of the analysis in Exercise 3.12

For several branch values, the number and order of local ramification indices no longer suffice.
Delete all branch values and all their preimages. Choose a reference fibre and loops about the
deleted values. The resulting representation

ρ : π1(Y \ V, y0)→ Sd

records how every loop permutes the sheets. A base homeomorphism lifts between two such
covers if and only if the transported monodromy representations are conjugate by the permutation
determined by the chosen fibre bijection. This is M16 expressed through permutation actions. It
is a simultaneous conjugacy condition, not separate relabelling for each branch loop.

Theorem 2.20 (M18: Two branch points do not determine a cover). Even disk covers with two
critical points and two critical values can have the same degree and source topology but fail to be
equivalent over the identity of the base.

Proof. Consider degree five. A transitive branch tuple

σ1 = (1 2 3), σ2 = (3 4 5)

has defects two and two. Its product is a five-cycle (with either consistent permutation convention,
possibly inverted). The corresponding connected disk covering obtained by slit-and-sheet gluing
has total defect four, hence source Euler characteristic 5− 4 = 1 and one boundary component.
It has two critical points, of local degrees three and three.

A second tuple
τ1 = (1 2 3 4), τ2 = (4 5)

is also transitive, has a five-cycle product and defects three and one. It also gives a disk cover,
with two critical points, now of local degrees four and two. A homeomorphism over the base must
preserve local degree at the fibre of each branch value. Since the first branch permutations have
different cycle types, no simultaneous conjugacy exists. The covers are not equivalent over the
identity.

The slit construction glues labelled sheets along cuts according to each permutation. The
complex structure is pulled back away from branch points, and local power coordinates complete
the branch points. Uniformization supplies disk realizations. The tuple calculation is the finite
part of the construction; it does not independently prove uniformization.

If a particular exercise means two critical values instead of two critical points, the same warning
applies. A permutation can have several nontrivial cycles above a single critical value. The
certificate format consequently stores both cycle type and the actual permutations, together with
the loop-order convention.

2.5.4 Real symmetry: Exercise 3.13 and a sharp negative control

The source writes f(T ∩ R) although f is defined on S. We use the well-typed condition

h
(
f(S ∩ R)

)
= f̃(S̃ ∩ R)

inside the double-cover setting, together with real symmetry of the disks, branch points and maps.

Theorem 2.21 (M19: Both double-cover lifts preserve reflection under the side condition). With
those assumptions, both lifts in M17 for d = 2 satisfy H ◦σ = σ ◦H, where σ(z) = z̄ in the chosen
symmetric coordinates.
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Proof. Near a real branch point, a symmetric holomorphic double cover has a real local coordinate
form ±u2 on its real diameter. On the appropriate side of the branch value, a nearby real regular
value has two real preimages. The side condition says that the corresponding target fibre also
consists of two real points. Therefore either lift takes a selected real regular point to a real point.
The maps H and σ ◦ H ◦ σ are both lifts of the same base map, because all the input maps
commute with reflection. They agree at that regular point. Uniqueness in M16 makes them equal
everywhere.

Worked problem: Why the side condition cannot be omitted

Take f = f̃ : z 7→ z2 on the unit disk, and h(w) = −w. All maps commute with conjugation, and
the branch value remains zero. The lifts are H(z) = iz and H(z) = −iz. Neither preserves the
real line. Here h([0, 1)) = (−1, 0] is not the real-image side [0, 1) of the target cover. The extra
condition excludes precisely this failure.

Functional-analytical addition: unitary sheet relabelling. Over a simply connected
regular base region, a vector of fibre values belongs to Cd with normalized inner product d−1

∑
uj v̄j .

A sheet permutation is unitary. The mean projection is invariant under it, but a coordinate
projection onto a selected sheet is not. Continuation therefore transports an orthonormal finite
fibre space without requiring a global coordinate label. This is a useful finite-dimensional prototype
of a local system; it is not a global trivialization of the branched surface.

2.5.5 Pullback algebras and an operator intertwining identity

The lift relation f̃ ◦H = h ◦ f gives a commuting diagram of local holomorphic rings by pullback.
For compact surfaces it similarly gives compatible embeddings of meromorphic function fields.
These maps preserve composition and local vanishing orders; the subgroup compatibility is the
topological condition that makes the algebraic diagram globally realizable.

On bounded holomorphic function spaces, define Cϕg = g ◦ ϕ. The same relation becomes

CHCf̃ = CfCh on H∞(T̃ ).

Every factor is a bounded operator of norm at most one for the specified supremum norms; the
pullbacks by the onto conformal isomorphisms H and h are isometries. The identity follows
by evaluation at every point. This is an operator consequence of a correctly typed lift, not a
substitute for proving that the lift exists. It also shows exactly which data would be lost by
composing symbols whose source and target surfaces do not match.

2.6 Galois coverings and controlled symmetrization

Mathematical reference. Exercise 3.14 and Proposition 3.15; pp. 109–110.

2.6.1 Holomorphic deck groups and quotients: Exercise 3.14

Theorem 2.22 (M20: Deck transformations are analytic, and analytic quotients have power
charts). A deck transformation of a holomorphic branched cover is a holomorphic automorphism.
Conversely an effective properly discontinuous holomorphic group action with finite stabilizers
defines a Riemann-surface quotient with local branched-power projection. For a finite group, proper
discontinuity is automatic.
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Proof. Away from branch points, write a deck transformation as an inverse branch of the covering
composed with the covering; it is holomorphic. At a branch point it is a homeomorphism into a
bounded coordinate neighbourhood and has a removable singularity. Apply the same argument
to its inverse.

For the converse, consider the finite stabilizer at a point. Its derivative representation is faithful:
a finite-order germ with derivative one is the identity, as follows either from its first nonlinear
term under iteration or from analytic linearization by averaging. A finite subgroup of C∗ is cyclic.
If γ generates a stabilizer of order e with derivative ζ, the averaged coordinate

u(z) =
1

e

e−1∑
k=0

ζ−kγk(z)

has nonzero derivative and satisfies u(γz) = ζu(z). The invariant coordinate is ue. These local
charts, together with ordinary quotient charts at free points, define the complex structure on the
quotient and make the projection holomorphic.

An arbitrary dense group of rotations is not an admissible action for this construction: its
quotient need not be a surface. Likewise an antiholomorphic reflection produces a different
quotient category with boundary. The word quotient does not erase the hypotheses required to
obtain holomorphic charts.

2.6.2 The normal core: a full proof of Proposition 3.15

Theorem 2.23 (M21: Galois closure of degree at most factorial). Let f : X → Y be a connected
finite-degree holomorphic branched covering of degree d. There is a connected Galois branched
cover g : Z → Y , ramified only over critical values of f , with g = f ◦ h and deg g ≤ d!.

Proof. Let V be the critical-value set, Y ∗ = Y \V and X∗ = X \f−1(V ). Properness and isolated
critical points make V locally finite: infinitely many critical values in a compact target set would
give accumulating critical points in a compact source inverse image, contradicting analyticity.
Removing a discrete set does not disconnect a connected surface, so the unbranched covering
remains connected.

Fix y0 and label its fibre. Path lifting gives a transitive monodromy homomorphism ρ :
π1(Y

∗, y0)→ Sd. Let N = ker ρ. It is a normal subgroup, and the connected covering correspond-
ing to N is regular, with deck group G = ρ(π1(Y

∗)). Its degree is |G| ≤ |Sd| = d!. The stabilizer
subgroup of the selected sheet contains N , so the regular cover factors through X∗. Pull back
the complex charts to make both maps holomorphic.

Near a deleted value, take a sufficiently small punctured disk containing no other deleted
value. Every connected component of its inverse image in the finite covering is a finite covering
of a punctured disk, hence has a power-map model. Adjoin the missing point in that model
and extend the maps by the corresponding powers. Perform this operation in the locally finite
family of such neighbourhoods. The extended surface is Hausdorff and second-countable, and
the extended map is proper: a compact target set meets only finitely many branch charts, with
finitely many sheets elsewhere. Deck transformations extend across the filled points by M20. No
point outside V was modified, so no new branch value is created.

The bound counts the order of the monodromy image, not the number of all permutations
generated by a naive factorial enumeration. An implementation should compute the subgroup
actually generated and retain the larger bound only as a worst case. The source proof refers to
the final local map by f where the factor map is h; the typed construction above keeps the maps
distinct.
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Algebraic geometry. For compact curves, C(X)/C(Y ) is a finite separable extension. Its
normal closure corresponds to the completed regular cover. The monodromy kernel and field-
theoretic normal closure express the same symmetry from topological and algebraic sides. The
extension is separable because the field has characteristic zero. The degree may be far below d! if
the original cover has special symmetry.

Algebraic topology. The normal core of a covering subgroup H is
⋂
γ γHγ

−1. Its quotient
acts faithfully on the cosets of H, giving the same embedding into Sd. The full subgroup, not
merely the abelianized winding data, is needed for noncommuting branch loops. Homology alone
loses the ordering information in a nonabelian monodromy representation.

Functional analysis. On a regular fibre, averaging over the deck group gives a self-adjoint
idempotent

Av =
1

|G|
∑
g∈G

Ugv.

Its range is the invariant subspace. Idempotence follows because each group element occurs exactly
|G| times among the products; self-adjointness follows by replacing g with g−1. A transitive
action on d sheets makes the invariant vectors constant. This exact projection is not an inverse
of any branch-sensitive coordinate map.

2.6.3 An explicit closure for a cubic: the abstract construction becomes
rational

Theorem 2.24 (M22: A degree-six closure of x3 − 3x). Set x = t+ t−1 and w = t3 + t−3 on the
t-sphere. Then x3 − 3x = w. The rational map t 7→ w has degree six and deck transformations
generated by t 7→ ζt and t 7→ t−1, with ζ3 = 1. They form the dihedral group of order six,
isomorphic to S3.

Proof. Expanding (t+ t−1)3− 3(t+ t−1) cancels the mixed terms and gives t3+ t−3. The rational
map is (t6 + 1)/t3, of degree six. Both displayed transformations preserve it. Their relations are
r3 = s2 = 1 and srs = r−1, giving six distinct transformations. A generic fibre has six points, so
the group is the full deck group and the map is Galois. The degree-two map to x followed by the
degree-three polynomial to w gives the factorization.

The roots of the cubic over w are ζjt + ζ−jt−1, j = 0, 1, 2. The two finite critical values of
x3 − 3x are ±2; the third branch value on the compact sphere is infinity. In the regular six-sheet
action, the finite local monodromies have three transpositions each, and the infinity monodromy
has two three-cycles. The defects are 3, 3, 4, totaling ten. Riemann–Hurwitz gives 2 = 12− 10, so
the closure is genus zero, consistent with its explicit rational parameter t.

This worked closure joins all three mathematical perspectives: a rational parametrization and
function-field normal closure, an S3 monodromy representation, and a finite unitary averaging
operator. Each answers a different question. Counting them as three unrelated examples would
overstate the information content.

2.6.4 A compositional invariant of the closure

Theorem 2.25 (M23: Symmetric observables descend without choosing roots). For the cubic
roots xj of x3 − 3x− w = 0, the power sums obey

s0 = 3, s1 = 0, s2 = 6, sn = 3sn−2 + wsn−3 (n ≥ 3).
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Thus every polynomial symmetric observable generated by these traces can be computed as a
single-valued polynomial in w without numerical root tracking.

Proof. The initial values follow from Vieta’s relations. Multiply x3j = 3xj + w by xn−3
j and sum

over the three roots, including multiplicity. This gives the recurrence. At a critical value two
roots coincide, but the polynomial identity remains valid, so the formula has no branch singularity
there.

The recurrence does not reconstruct a distinguished root. It changes representation for an
invariant output while preserving that output exactly. The CSE volume compares this operation
count with explicitly computing three roots, and the PG branches ask what conditioning survives
after cancellation.

Solid: right multiplication by (12); dashed: by (23).

123

213

132

231

312

321

Figure 2.5: The six monodromy states of the cubic’s regular closure, generated by two transpositions.
Vertices are permutations; edge labels are generators. This is a finite group graph, not a spatial drawing
of the branched surface.

2.6.5 A dependency correction: orbifold covering does not imply regularity

The note at the end of source 3.5 refers to Exercise 1.113 (p. 50), which states an equivalence
with a Galois branched covering. The local subgroup-quotient model of an orbifold covering on p.
49 does not impose global normality. With that local definition, the Galois qualifier is too strong
in the converse. This is a targeted dependency finding, not a review of all of source section 1.

Theorem 2.26 (M30: An explicit nonregular orbifold covering). The map f(x) = x3 − 3x
restricts to an unbranched degree-three covering

C \ {−2,−1, 1, 2} −→ C \ {−2, 2}.

Regarded as orbifolds with all local groups trivial, it is an orbifold covering but is not Galois.

Proof. The only finite critical points are ±1, with critical values ∓2. The preimages of the two
deleted values are exactly the four listed points, including multiplicities at ±1. Restriction of a
proper polynomial map to the full inverse image of the punctured target remains proper, and the
derivative is nowhere zero there. The covering degree is three.
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A holomorphic deck map extends across each removed finite point: from f(H(x)) = f(x), its
image is bounded near that puncture, because a polynomial tends to infinity when its argument
tends to infinity. Removable singularities apply. Near infinity its image tends to infinity by
the same identity. Applying the argument to its inverse shows that the extension is a sphere
automorphism fixing infinity, hence H(x) = ax + b. Comparing the x3, x2 and x coefficients
in f(ax+ b) = f(x) gives a3 = 1, b = 0 and a = 1. The deck group is trivial, so it cannot act
transitively on three-point fibres. The covering is not regular.

The compact orbifold version assigns target weights two at ±2 and three at infinity, and source
weights two at the unramified preimages ±2. All other source weights are one. The local rule
qY (f(x)) = exqX(x) holds at every point, yet the underlying map is still nonregular. Its orbifold
Euler characteristics are 1 and 1/3, correctly related by the degree three. The correct general
implication is “orbifold cover with compatible local weights,” with regularity as an additional
global group condition. Conversely, a Galois branched cover does supply an appropriate regular
orbifold cover. This distinction prevents an incorrect normality assumption from propagating
into the closure algorithm.

2.6.6 Functional analysis of a finite deck group

Theorem 2.27 (M29: Deck averaging is an orthogonal projection). Let a finite deck group Γ act
on a measured surface X with a Γ-invariant finite measure µ. On L2(X,µ) put Uγf = f ◦ γ−1

and
PΓ =

1

|Γ|
∑
γ∈Γ

Uγ .

Then PΓ is the orthogonal projection onto the invariant functions.

Proof. Measure invariance makes every Uγ unitary and gives U∗
γ = Uγ−1 . Inversion permutes

the finite group, so P ∗
Γ = PΓ. Each group element occurs exactly |Γ| times among the products

γη, giving P 2
Γ = PΓ. Its image is invariant because multiplication by any fixed group element

permutes the summands; an invariant function is fixed by the average. A self-adjoint idempotent
is an orthogonal projection.

An invariant measure can be constructed by averaging the translates of any finite starting
measure; ordinary area need not already be invariant under a conformal deck action. On a finite
permutation fibre, the projection is onto functions constant on group orbits. Its trace is the
number of orbits, also equal to the average number of fixed points of a group element. This
supplies a finite check of information lost in passing to the quotient, with the measure and the
representation explicitly fixed.

2.7 telescoping with explicit composition domains

Mathematical reference. The Telescoping Lemma and Corollary 3.16, p. 110.

2.7.1 Why a composition must carry its target restriction

The source writes ϕi : Ui → C with ϕi(Ui) ⊃ Ui+1 and describes the domain of the full composition
as mapped onto Ul. An unrestricted composition does not by itself impose the last target condition.
For l = 1, U0 = U1 = D and ϕ0(z) = 2z, the original map is defined on all of D and maps it onto
2D, not D. The intended domain is the pullback of the prescribed terminal disk. That restriction
is made part of the definition below.
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Theorem 2.28 (M24: Typed telescoping lemma). Let U0, . . . , Ul be open topological disks and
let ϕi : Ui → C be univalent holomorphic maps with Ui+1 ⊂ ϕi(Ui). Define

F0 = id, E0 = U0, Ej+1 = {z ∈ Ej : Fj(z) ∈ ϕ−1
j (Uj+1)}, Fj+1 = ϕj ◦ Fj |Ej+1 .

Then Fj : Ej → Uj is a biholomorphism for every j, and Ej+1 ⊂ Ej. In particular Fl : El → Ul
is the intended composition.

Proof. Induct on j. The claim is immediate at zero. Since ϕj is univalent and its image contains
Uj+1, its inverse maps Uj+1 biholomorphically onto a disk inside Uj . The inverse of Fj maps that
disk biholomorphically onto Ej+1. Their inverses compose to give Fj+1. The inclusion follows
directly from the definition.

This definition checks every intermediate domain. A final residual Fl(z) ∈ Ul is insufficient if
an earlier stage crossed a pole or the chosen branch cut. In software, these are preconditions on a
chain of partial maps.

2.7.2 Compact nesting and a repaired Corollary 3.16

Theorem 2.29 (M25: The correct pullback nest). If Uj+1 ⋐ ϕj(Uj) at every stage, then
Ej+1 ⋐ Ej. With Dk = El−k one has

El = D0 ⋐ D1 ⋐ · · · ⋐ Dl = U0, Fl−k : D
k −→ Ul−k

biholomorphic for 0 ≤ k ≤ l.

Proof. The continuous inverse ϕ−1
j sends the compact closure of Uj+1, contained in its domain,

to a compact subset of Uj . The continuous inverse F−1
j then sends it to a compact subset of Ej .

This contains the closure of Ej+1 and proves relative compactness. Reversing the index gives the
displayed nest and its correctly matched targets.

The source uses n in the full composition where l is the declared chain length, and its corollary
pairs reverse-indexed domains with forward-indexed maps to a common target Ul. The identity
above is an explicit repair. We do not silently copy those indices into the branches or animate an
inconsistent nest.

Worked problem: An exact nested family

Take all Uj = D and all ϕj(z) = 2z. Then Ej = 2−jD and Fj(z) = 2jz. The nested domains are
real disks in the same initial coordinate chart. For l = 3, D0 = 1

8D, D1 = 1
4D, D2 = 1

2D, D3 = D.
The map from D1 to D is F2, not F0. A single radius calculation catches the indexing problem.

2.7.3 Algebraic geometry of composition: ramification is not merely added

Theorem 2.30 (M26: Ramification divisor under composition). For finite holomorphic maps
g : X → Y and f : Y → Z,

Rf◦g = Rg + g∗Rf .

For compact covers this gives Rf◦g = Rg + (deg g)Rf .
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E0

E1

E2

E3

E4

E5

E6

Ej+1=F−1j (ϕ−1j (Uj+1))

Figure 2.6: Seven target-aware pullback domains for ϕj(z) = (20/13)z and Uj = D, with radii (13/20)j .
The nested sets share the initial coordinate plane. This is a second exact affine example; the preceding 2z
example instead has radii 2−j .

Proof. At x, let the two local degrees be eg, ef . Their product is the local degree of the composition.
The coefficient identity

egef − 1 = (eg − 1) + eg(ef − 1)

is exactly the local divisor identity; g∗ multiplies a point-divisor coefficient by eg. Sum and use
the degree of pullback for the compact total.

For a quadratic polynomial qc(z) = z2 + c, its nth iterate has degree 2n. As a polynomial on C,
the total finite critical multiplicity is 2n − 1; on the sphere infinity contributes a further 2n − 1.
The chain rule

(qnc )
′(z) = 2n

n−1∏
j=0

qjc(z)

locates the critical points with multiplicities, even when different precritical levels collide. At
c = 0 every factor vanishes only at zero, yet the total multiplicity is still 2n− 1. Counting distinct
preimages instead of multiplicities fails at precisely this important dynamical example.

On univalent restricted branches, every local degree is one, so the ramification divisor vanishes.
The global iterate can be highly branched while its selected puzzle-piece inverse branch is univalent.
This is the conceptual link between source section 3 and later pullback/puzzle arguments; no
later puzzle theorem is claimed proved by this example.

2.7.4 Functional analysis of telescoping: an error theorem

Theorem 2.31 (M27: A compositional error budget with domain guards). Let maps Ti be
Li-Lipschitz on validated domains. Suppose exact and approximate states remain in those domains
and

xi+1 = Ti(xi), ∥x̂i+1 − Ti(x̂i)∥ ≤ ηi.

Then

el ≤ e0
l−1∏
i=0

Li +
l−1∑
j=0

ηj

l−1∏
i=j+1

Li, ei = ∥x̂i − xi∥ .
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Proof. The triangle inequality gives ei+1 ≤ Liei + ηi. Substitute this inequality successively;
induction yields the stated product-and-sum formula, with empty products equal to one.

This estimate is meaningful only if the enclosures also prove domain membership. A small
propagated bound computed after a wrong square-root branch has been selected certifies the
wrong trajectory. Inverse derivatives can diverge near critical values, so the Li must be established
on whole enclosures, not evaluated at their centres alone.

If all Li ≤ q < 1 and all ηi ≤ η, then el ≤ qle0 + η(1 − ql)/(1 − q). This is a contraction
statement for a declared metric. Holomorphic maps of the disk are nonexpansive in the hyperbolic
metric, but can expand Euclidean distances. A norm cannot be changed halfway through the
chain without conversion constants.

Topological addition. A chain of validated univalent branches transports the fundamental-
group data of each allowed region without new local branching. If a target region begins to
surround a critical value, that chain may no longer admit the chosen inverse branch. A domain
guard is therefore not merely a floating-point safety check; it can be a topological prerequisite.
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Chapter 3

Multiplicity, conditioning and
compositional estimates

3.0.1 Q01 / source 3.1: normal forms separate topology from conditioning

Common problem. Given a local holomorphic map with a zero of order e, determine the
number of nearby sheets and the response of a chosen sheet to a change in target. A conventional
polynomial calculation expands and solves for each nearby root. The proposed decomposition
first identifies f(z) = zeg(z) with g(0) ̸= 0, then solves the coordinate problem ue = w, where
u = zg(z)1/e. It retains a separate bound for the inverse coordinate change.

Theorem 3.1 (Q01: The local sensitivity exponent is not the local degree). For a chosen local
branch of ue = w with w ̸= 0, ∣∣∣∣ dudw

∣∣∣∣ = 1

e
|w|1/e−1.

If z = ψ(u) and |ψ′(u)| ≤ L on the branch region, then |dz/dw| ≤ L|w|1/e−1/e. At the branch
point the inverse map has a Hölder, not a uniform Lipschitz, scale.

Proof. Differentiate ue = w at u ̸= 0 to obtain eue−1u′ = 1. Taking moduli and using |u| = |w|1/e
gives the first formula. The chain rule gives the second. At w = 0, the magnitude relation
|u| = |w|1/e is exact. For e > 1, a finite constant times |w| cannot bound |w|1/e in any punctured
neighborhood of zero.

Measured quantity versus theorem. The exponent is a proved statement; no timing study
is needed to establish it. The graph shows the conditioning law for three degrees. A claim
that normalizing the coordinate removes the physical sensitivity would be false: ψ changes
a prefactor, not the ramification exponent. The algebraic-geometric quotient Oa/(f − f(a))
preserves dimension e; the topological winding preserves e; the functional-analytic derivative
norm can nevertheless diverge. Those are complementary observations, not three competing
answers to one question.

When the baseline remains preferable. If the task is one explicit quadratic root far from the
discriminant, the quadratic formula with a suitable stable evaluation is simpler than constructing
a local coordinate. The decomposition becomes valuable for a family, a collision, an error
specification, or the need to retain multiplicity after distinct values merge.

Exercise 3.1 (Q01a). For u4 = w, a residual report is |u4| ≤ 10−12. What coordinate-radius
certificate follows at the multiple zero? Is a radius 10−12 justified?
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Figure 3.1: The sheet count is constant while inverse sensitivity is not. Each curve is derived from Q01;
no fitted exponent is used.

Solution. The exact relation gives |u| ≤ 10−3. A radius 10−12 is not justified. A small scalar
residual becomes a much weaker coordinate guarantee when the derivative vanishes. If z = ψ(u)
with ψ(0) = 0 and |ψ′| ≤ L, the final radius is at most L10−3, provided the entire connecting
segment lies in the controlled coordinate patch.

3.0.2 Q02 / source 3.1: proper-map structure versus boundary sampling

Suppose the input is a factored disk map B(z) = λ
∏d
j=1 baj (z) with exact coefficients, |λ| = 1,

and |aj | < 1. Numerical sampling of |B(eit)| is a natural diagnostic. The structural certificate is
the identity

|1− āz|2 − |z − a|2 = (1− |a|2)(1− |z|2).

The certificate replaces an unbounded collection of boundary tests by a factor-wise polynomial
identity and parameter inequalities. Its advantage is logical coverage of the whole disk, not an
assertion that it evaluates B faster at a requested point. Evaluating a product at N points still
uses O(Nd) factor work unless a separate algorithm is introduced.

Degree-loss adversary. As a→ 1 along the real line, ba tends to −1 on compact subsets of
the disk. For every a < 1 the map has degree one; at the cancelled boundary parameter the limit
is constant. A figure that animates a = 1 as one more ordinary proper map is wrong. In the
functional-analytic representation the normalized defect vector

ka(z) =

√
1− a2
1− az

has H2 norm one for every a < 1 but converges weakly to zero. A moving rank-one projection
can converge strongly to zero while its operator norm remains one. The source’s finite-degree
classification therefore needs its parameter domain preserved in any numerical continuation.

Computable margin. The condition |a| ≤ ρ < 1 gives |1− āz| ≥ 1− ρ on |z| ≤ 1. This is a
denominator exclusion that a solver can use before division. The corresponding phase-derivative
bounds are developed in the EE volume; they are not counted again as new core results here.
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Figure 3.2: A real slice illustrates the exact local coordinate u = z
√
1 + z for f = z2(1+z). The complex

inverse-function theorem, not the apparent monotonicity of this slice, supplies local invertibility.

3.0.3 Q03 / source 3.2: the branch ledger is a compressed Euler calculation

Same output. Both methods seek the Euler characteristic of a specified connected smooth
compact covering surface. The cellular baseline builds a compatible triangulation and counts
lifted vertices, edges and faces. The Riemann–Hurwitz representation stores d, χ(T ) and local
ramification contributions. If there are B listed branch points, summing their ea− 1 contributions
takes B − 1 additions after the data are known, independently of the number of unramified
triangles. This is an arithmetic saving in a representation with pre-certified local models, not a
cost estimate for discovering all branch points.

Theorem 3.2 (Q03: A completeness condition for the branch ledger). For a connected compact
holomorphic cover with all local degrees verified, a ramification list is sufficient for Riemann–
Hurwitz only when it contains every point with ea > 1, including points in the infinity charts.
Omitting one point of local degree e changes the computed Euler characteristic by e− 1.

Proof. The formula M07 subtracts exactly
∑

a(ea − 1). Omitting one summand increases the
calculated value by that summand. The chart at infinity is part of the compact surface and has
no exemption. The local normal-form proof applies there after a coordinate change just as it does
at a finite point.

A second independent question. For a proposed passport, g = 1−d+R/2 being a nonnegative
integer is only a necessary arithmetic test. It does not enforce the product-one relation among
branch permutations or transitivity. For example, d = 4 with two branch permutations both
equal to (12) gives product one and R = 2, but the generated action fixes sheets 3 and 4. It does
not describe the claimed connected four-sheet cover; the arithmetic would already give g = −2.
Even when genus arithmetic passes, transitivity and local passports must still be checked. The
CSE branch performs those discrete checks without confusing them with analytic realizability.

Exercise 3.2 (Q03a). For y2 = P (x) with squarefree P of degree seven, account for the infinity
chart and compute the genus. How many independent holomorphic differentials should a complete
basis contain?
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Figure 3.3: Necessary genus arithmetic for maps to a sphere. The grid is a filter on possible data, not a
realizability classification.

Solution. Seven simple finite branches are present. With x = t−2, the local square-root
description gives one further simple branch at infinity. Thus R = 8, d = 2 and 2−2g = 4−8 = −4,
so g = 3. The differentials dx/y, x dx/y, x2 dx/y are the three candidates; their infinity orders
are 4, 2, 0, respectively. Their independence and absence of other poles finish the usual basis
argument with the dimension theorem from the graduate branch.

3.0.4 Q04 / source 3.2: topology survives before geometry does

A discriminant can certify that a squarefree polynomial family has no collision on a parameter
region. It does not give a sharp local condition number automatically. For a monic degree-d
polynomial with roots in |z| ≤ R and M = d(d− 1)/2 unordered pairs, the elementary bound is

smin ≥
√
|Disc p|

(2R)M−1
.

Indeed, choose a closest pair and bound the other M − 1 distances by 2R in the product formula
for the discriminant. This globally valid estimate may be very pessimistic. The graph uses roots
0, ε, 1, 2 to show its relationship to the actual minimum distance. A sharper local separation
certificate can be preferable even though both guarantee the same topological type. A degeneration
can preserve a simple arithmetic description while creating a large integral. The model

I(ε) =

∫ 1

0

dx√
x2 + ε2

= arsinh(1/ε) = log
1 +
√
1 + ε2

ε

satisfies I − log(2/ε) = O(ε2). The equality follows by x = ε sinh t. The asymptotic follows by
expanding the smooth square root at zero. This is a transparent local model for a logarithmic
neck integral; reducing a global period to this model requires its own coordinate and remainder
estimates.

3.0.5 Q05 / source 3.3: turn degree stability into a usable error radius

The traditional argument-principle proof gives an integer after verifying nonvanishing on a contour.
A plotted phase often hides the nonvanishing obligation. The proposed workflow exports a lower
bound δ for the entire contour and only then allows a perturbation certificate.
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Figure 3.4: Validity and sharpness are distinct metrics. The conservative discriminant bound and exact
minimum separation are shown on the same declared family.
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Figure 3.5: The exact local neck integral and its leading logarithm. Increasing geometric resolution
without acknowledging the logarithmic scale can misinterpret slow convergence as numerical failure.

Theorem 3.3 (Q05: Certified degree under a boundary perturbation). Let f, g be continuous on a
Jordan boundary Γ, with minΓ |f−b| ≥ δ > 0 and maxΓ |g−f | < δ. Then windb(g|Γ) = windb(f |Γ).
If both extend holomorphically inside, their b-fibre multiplicity counts agree.

Proof. For 0 ≤ t ≤ 1, set ht = f + t(g − f). The reverse triangle inequality gives |ht − b| ≥
δ − t∥g − f∥∞ > 0. This is a homotopy of loops in the punctured plane; homotopy invariance
proves the winding equality. M13 and positivity of holomorphic local indices identify that winding
with the fibre count.

Information gained. The bound turns a qualitative topological result into a permissible
implementation tolerance. It also states exactly when no such common tolerance can be asserted:
a family of curves may have constant winding while its clearance tends to zero. A single count
does not bound the robustness radius.
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Figure 3.6: Identical winding and decreasing robustness. The exclusion radius, not the integer alone,
controls whether perturbations preserve the conclusion.

Exercise 3.3 (Q05a). A contour certificate proves |p| ≥ 3/200. A coefficient perturbation gives
|q − p| ≤ 1/100 on that contour. What is the remaining clearance along the straight homotopy?
What happens when the error bound is 3/200 instead?

Solution. The clearance is at least 3/200−1/100 = 1/200 > 0, so winding is preserved. Equality
at 3/200 gives only a nonnegative lower bound and does not exclude a zero. For p ≡ 3/200 and
q ≡ 0, the endpoint loop actually hits zero. Strictness is mathematically necessary.

3.0.6 Q06 / source 3.3.1: retain the algebra when values collide

The supplied heading for degree is empty, so this is a corpus extension. In Aλ = C[x]/(x2 − λ),
the basis (1, x) remains two-dimensional at λ = 0. Multiplication by x is

Mλ =

(
0 λ

1 0

)
, M2

λ = λI.

For λ ̸= 0 a diagonalization exposes the two roots. At zero the same two-dimensional algebra
becomes nonreduced, and diagonalization no longer exists. The invariant calculation F (M) =
c0(λ)I + c1(λ)M can remain well-defined. This is the algebraic-geometric reason to retain an
algebra object instead of deduplicating a list of coordinates.

Functional interpretation. For an entire F , the scalar coefficient functions follow by separating
the power series into even and odd parts. At a multiple eigenvalue, derivatives encode the nilpotent
direction. The complexity advantage is conditional on a low-degree polynomial relation that is
actually known. Computing such a relation for a large arbitrary matrix can cost more than a
robust general matrix-function method; the experiments include that general baseline instead of
a deliberately fragile alternative alone.

3.0.7 Q07 / source 3.4: continuation is a path contract

A principal square-root routine is not an incorrect algorithm. It solves a pointwise convention
on a cut plane. A continued branch solves a different problem: given a path w(t) ̸= 0 and
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Figure 3.7: Residual exponents depend on multiplicity. A small residual cannot be interpreted by the
same forward-error formula at simple and repeated fibres.

z(0)2 = w(0), find the continuous lift. The fair comparison gives both methods the continued-lift
task and reports where pointwise evaluation ceases to meet it.

Theorem 3.4 (Q07: A sharp matching condition on a circular square-root path). For consecutive
base angles differing by 0 ≤ ∆θ < π, selecting the nearer of the two exact square roots to the
previous lifted root reproduces the continuous lift of w = reiθ. At ∆θ = π the two distances are
equal, so nearest matching alone is ambiguous.

Proof. Rotate and scale the previous root to
√
r. The continued candidate is

√
rei∆θ/2 and the

other is its negative. Their distances to
√
r are 2

√
r sin(∆θ/4) and 2

√
r cos(∆θ/4). On the

stated interval the first is strictly smaller; at the endpoint they are equal. Apply this argument
successively.

With computed roots, subtract the root-enclosure errors from the distance gap before deciding.
The theorem about exact candidates is not itself a floating-point proof. Away from a circular
path, root-tube bounds, path increments and separation margins replace this special formula.
The monodromy remains a global obstruction: after one full base loop the selected square root
changes sign, even if every local step was certified.

3.0.8 Q08 / source 3.5: the normal closure is sized by its actual group

The d! theorem is a worst-case bound, not an instruction to enumerate every permutation.
For a transitive permutation group G of a d-element fibre, the regular closure has degree |G|.
Enumerating a subgroup generated by k explicit permutations can use a frontier and hash
set. With permutations represented by arrays, each product costs O(d) elementary entries, so
the group-enumeration work is O(kd|G|) up to dictionary and representation costs. The input
generators, not merely their number, determine |G|.

Algebraic-topological check. A cover is represented by a monodromy homomorphism, not a
bare group order. Changes of loops may conjugate generators or perform branch moves. The
physical branch labels, basepoint and multiplication convention must be retained. Two groups of
the same order do not imply identical covering data. On the other hand, computing an invariant
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of one orbit may need only d states, not |G| full orderings. That smaller computation is a genuine
saving only if the requested observable factors through the orbit projection.

Operator check. Averaging over a finite deck group gives a projection only with the specified
action and invariant measure. A uniform average over arbitrary numerical root labels does not
automatically implement that operator. The mathematical quotient, topological quotient and
conditional expectation agree only after these relations are proved.

3.0.9 Q09 / source 3.6: correct domains precede numerical efficiency

The telescoping correction is not a cosmetic reindexing. A formula can be algebraically meaningful
at an input that fails an intermediate or terminal domain requirement. The correct partial program
exports both its value and a valid-domain witness. Under the Lipschitz and local-error hypotheses
of M27,

en ≤
(n−1∏
j=0

qj

)
e0 +

n−1∑
k=0

( n−1∏
j=k+1

qj

)
ηk.

The baseline that uses one worst-case q = max qj can overestimate every weight. The proposed
bound keeps the ordered products and permits stage-dependent precision. The proof is an
induction on ej+1 ≤ qjej + ηj ; the ordered positions cannot be discarded.

A negative control. Error averaging is invalid here: one large late error is not diluted by
many small early errors. Nor can a final residual certify that every partial map was evaluated
legally. The CSE parent gives explicit domain-rejection logic, while the mathematics research
branch solves a precise integer allocation problem. The latter obtains an optimum under declared
bit costs; it is not presented as a theorem that the whole written corpus is globally optimal.

3.0.10 Cross-perspective audit and a useful stopping rule

For every source unit, the ledger records a result, its assumptions, the requested perspective, an
explanatory or computational use, a failure boundary, and where verification stops. A perspective
is omitted from a particular calculation when it adds no information, while its honest role in the
source unit remains documented. The quadratic formula, a three-line Routh check, or a direct
local coordinate can remain the final recommended solution. Greater mathematical coverage does
not require choosing the most expensive technique at every opportunity.
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Chapter 4

Normal families, conformal mapping
and distortion

4.1 Reference §4.1: Little Montel Theorem

4.1.1 The local estimate and its scale

Theorem 4.1 (M01: Cauchy derivative estimate). Let f be holomorphic on a neighbourhood of
D(z0, R), and suppose |f | ≤M on its boundary. For every integer j ≥ 0,

|f (j)(z0)| ≤
j!M

Rj
.

If f is holomorphic and bounded by M on an open domain U , then

|f ′(z)| ≤ M

dist(z, ∂U)
, z ∈ U,

with the usual interpretation for U = C.

Proof. Cauchy’s formula gives

f (j)(z0) =
j!

2πi

∫
|ζ−z0|=R

f(ζ)

(ζ − z0)j+1
dζ.

The contour has length 2πR. Taking absolute values produces j!M/Rj . In an open domain one
first uses any R < dist(z, ∂U) and then lets R increase to the distance. For an entire bounded
function the same estimate holds for every R, so the derivative vanishes.

The contour length is essential. The printed estimate with a squared distance in the denominator
has the wrong scale for a first derivative. On U = D2, take f(z) = z. The proposed right side at
the origin would be 2/22 = 1/2, while |f ′(0)| = 1. The scale-correct estimate is attained in this
example.

4.1.2 A source-ordered proof of normality

Theorem 4.2 (M02: locally bounded holomorphic families). Let U ⊂ C be a domain and
F ⊂ Hol(U). Suppose that for each compact K ⊂ U there exists MK <∞ such that

sup
f∈F

sup
z∈K
|f(z)| ≤MK .

Every sequence in F has a subsequence converging locally uniformly to a holomorphic function on
U .
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Proof. Choose a compact exhaustion Km ⊂ intKm+1 with
⋃
mKm = U . Such an exhaustion

may be obtained from bounded distance-to-complement sets, with a subsequence or a finite
union of disks used to secure the interior inclusion. Each Km has a neighbourhood whose closure
lies in U . The local boundedness hypothesis and M01 give a common derivative bound in this
neighbourhood. On sufficiently small convex disks, the fundamental theorem of calculus along
line segments gives a common Lipschitz bound. A finite cover supplies equicontinuity on Km.

The restrictions are equibounded and equicontinuous on K1; Arzelà–Ascoli yields a uniformly
convergent subsequence there. Repeat on K2,K3, . . . and take the diagonal subsequence. The
limit is continuous and the local limits agree on intersections. For a closed disk compactly
contained in U , uniform convergence on its boundary allows passage to the limit in Cauchy’s
formula. The resulting formula makes the limit holomorphic on its interior. Such disks cover
U .

This proves source Theorem 4.1 and its locally bounded version. The proof uses second
countability through the countable exhaustion. An individual bound depending on f is insufficient;
the family fn(z) = nz is a counterexample on every neighbourhood of zero.

4.1.3 Finite jets and the compact restriction mechanism

For f(z) =
∑

j≥0 ajz
j on DR, its order-N jet is the residue class

JNf =

N∑
j=0

ajz
j in C[z]/(zN+1).

The quotient is a finite local algebra. Its maximal ideal is generated by z, and its nilpotence records
truncation. The ring structure preserves products modulo order N + 1. Analytic convergence
requires an additional norm estimate.

Proposition 4.3 (M03: quantitative finite-jet approximation). If |f | ≤M on DR and 0 < r < R,
then

∥f − JNf∥Dr
≤M (r/R)N+1

1− r/R
.

Consequently restriction from the bounded unit ball of H∞(DR) to C(Dr) has finite-dimensional
approximations with geometric uniform error.

Proof. For any R′ < R, Cauchy’s estimate gives |aj | ≤ M(R′)−j . Let R′ ↑ R and sum the
geometric tail on |z| ≤ r. The coefficient vectors of JNf lie in a bounded subset of a finite-
dimensional space and hence have compact closure. Combining finite coefficient nets with the
uniform remainder proves total boundedness of the restricted family.

The algebraic coordinates alone do not prove M02: a compatible infinite jet can have radius of
convergence zero. The analytic estimate is the additional structure required for compactness.

4.1.4 Topological and functional formulation

The space Hol(U) is a closed subspace of C(U) for compact-open convergence. With seminorms
pm(f) = supKm

|f |, it is a Fréchet space. Completeness follows by uniform convergence on each
Km and the Cauchy-formula argument. Local boundedness implies relative compactness through
M02. Thus holomorphic function spaces possess a compactness property that is absent from a
general infinite-dimensional Banach space.
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For comparison, the unit vectors en in ℓ2 satisfy ∥en − em∥2 =
√
2 for m ̸= n. They have no

norm-convergent subsequence. In a holomorphic family, restriction to a smaller domain suppresses
high-order coefficients. This suppression will yield an exact approximation-width result in M35.

Exercise 4.1 (The derivative scale). A holomorphic function is bounded by 3 on D(2, 5). Give
certified bounds for its first and third derivatives at 2, and determine the first-derivative bound
after the variable is rescaled by a factor of 10.

Solution. The bounds are 3/5 and 3! 3/53 = 18/125. For g(w) = f(2 + 10w), the domain is D1/2

and |g′(0)| ≤ 3/(1/2) = 6. The chain rule gives the same result, |g′(0)| = 10|f ′(2)| ≤ 6. □

Exercise 4.2 (A certified jet depth). For M = 2, r/R = 1/2, find the smallest N ≥ 0 for which
M03 guarantees error at most 2−12.

Solution. The bound is 21−N . Therefore N ≥ 13, and N = 13 is the least certified degree for
this bound. The answer concerns the class-wide guarantee; individual functions can need fewer
terms. □

Cauchy estimates and geometric scale
A disk radius supplies a derivative bound and an explicit dimensional check.

R1R2R3

a

|f^(j)(a)| <= j! M / R^j

0.25 0.5 1 1.5 2

0
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distance d

bound / M
d^-1

d^-2

The source first-derivative formula with d^-2 fails on the radius-two disk for f(z)=z.

Figure 4.1: The first-derivative estimate changes as M/R. The marked linear example on D2 exposes
the inconsistent squared-distance estimate.

4.2 Reference §4.2: the Riemann Mapping Theorem

4.2.1 The topological obstruction and bounded reduction

A conformal equivalence preserves the fundamental group. The punctured plane and a genuine
annulus cannot be conformally equivalent to D: their fundamental groups are isomorphic to
Z. The plane has trivial fundamental group, but an equivalence C → D would be a bounded
nonconstant entire function. These examples explain both hypotheses in the source statement.

Lemma 4.4 (M04: bounded conformal reduction). A simply connected domain Ω ⊂ Ĉ whose
complement contains at least two points admits a conformal embedding into a bounded planar
domain.

Proof. Choose two distinct complementary points and apply a Möbius transformation sending
them to 0 and∞. The transformed domain lies in C∗. Simple connectivity supplies a holomorphic
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Finite jets and uniform approximation
Certified tail M r^(N+1)/(1-r), with analytic radius normalized to one.

log10(error); darker cells indicate smaller error
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The matrix records a formula on a specified grid. Infinite-order conclusions follow from the proof.

Figure 4.2: Geometric tail envelopes for bounded analytic families. Each curve specifies the ratio r/R
and the truncation order. The curves are evaluations of M03.

logarithm, hence a single-valued square root Q. This square root is injective because Q(z)2 = z.
Its image V is disjoint from −V : a point common to them would give two opposite values of the
same chosen square root at one nonzero point.

Choose b ∈ −V and a disk D(b, δ) ⊂ −V . The map w 7→ 1/(w − b) is injective on V and has
modulus at most 1/δ there. Composition provides the required bounded embedding. An affine
transformation then embeds its image into D and can send any specified interior point to zero.

In algebraic terms, Q selects one sheet of the correspondence q2 = z. The fundamental-group
hypothesis trivializes the monodromy of that correspondence on the domain. Neither the algebraic
equation nor a pointwise principal square root supplies the global sheet by itself.

4.2.2 Compactness and attainment of the extremum

Lemma 4.5 (M05: limits of univalent functions). Let fn be univalent on a domain Ω and converge
locally uniformly, in the Euclidean metric, to f . Then f is univalent or constant.

Proof. The limit is holomorphic by M02’s closure argument. Suppose it is nonconstant and
f(z1) = f(z2) at distinct points. Choose disjoint closed disks centred at z1, z2, compactly
contained in Ω, with f − f(z2) nonzero on the first boundary. The functions fn(z) − fn(z2)
converge uniformly on that boundary to f(z)−f(z2). Rouché’s theorem supplies a zero in the first
disk for all sufficiently large n. The point z2 is a second zero outside that disk. This contradicts
injectivity of fn.

Theorem 4.6 (M06: normalized Riemann mapping). Let Ω ⊊ C be simply connected and let
a ∈ Ω. There is a conformal equivalence f : Ω→ D such that f(a) = 0 and f ′(a) > 0. These two
normalization conditions determine f uniquely.

Proof. By M04 the family E of conformal embeddings Ω→ D taking a to zero is nonempty. Put
s = supf∈E |f ′(a)|. Cauchy’s estimate on a fixed disk about a shows s <∞. An embedding has
nonzero derivative, so s > 0.

Choose fn ∈ E with |f ′n(a)| → s. M02 gives a locally uniformly convergent subsequence.
Cauchy’s formula also gives derivative convergence. Thus f(a) = 0 and |f ′(a)| = s > 0. M05

59



implies injectivity. The limit takes values in the closed unit disk, and the maximum principle,
together with nonconstancy, places its image in the open disk.

It remains to show surjectivity. Suppose b ∈ D \ f(Ω). Then b ̸= 0. Define

mb(w) =
w − b
1− bw

, q2 = −b,

and choose on Ω the square root Q of mb ◦ f satisfying Q(a) = q. The function under the square
root is zero-free; simple connectivity supplies the branch. Moreover |Q| < 1 and Q is injective.
Therefore F = mq ◦Q lies in E . Its derivative satisfies

|F ′(a)|
|f ′(a)|

=
1− |b|2

2
√
|b|(1− |b|)

=
1 + |b|
2
√
|b|

> 1,

since (1 −
√
|b|)2 > 0. This contradicts extremality. Hence f is onto. Multiplication by a

unimodular constant makes its derivative positive.
For uniqueness, two normalized equivalences differ by a disk automorphism fixing zero.

Schwarz’s lemma applied to that automorphism and its inverse makes it a rotation. The positive
derivative condition sets the rotation equal to the identity.

The sphere version in the source follows by the initial Möbius reduction. The inverse map
ϕ : D→ Ω is determined by ϕ(0) = a and the argument of ϕ′(0). The number

crad(Ω, a) = |ϕ′(0)| = |f ′(a)|−1

is independent of the remaining rotation.

4.2.3 Source Exercise 4.2: the degree-two map

Proposition 4.7 (M07: an explicit covering with prescribed critical value). Let b ∈ D \ {0},
choose q ∈ D with q2 = −b, and set

Bb(w) = m−1
b

((
m−1
q (w)

)2)
.

Then Bb : D→ D is a proper map of degree two, Bb(0) = 0, its unique critical point is −q, and
its critical value is b. Also

|B′
b(0)| =

2
√
|b|

1 + |b|
< 1.

Proof. Disk automorphisms preserve properness and degree, and w 7→ w2 has degree two. Since
m−1
q (0) = q and q2 = mb(0), the value at zero is zero. The critical point is characterized by

m−1
q (w) = 0, hence w = mq(0) = −q. Its image is m−1

b (0) = b. The derivative formula follows
from the chain rule, or by taking the reciprocal of the gain in M06.

For a prescribed critical point c, a different formula is appropriate:

Bcp
c (w) = mc2

(
mc(w)

2
)
.

It fixes zero, has critical point c, and has critical value −c2. The source extremal argument needs
the omitted point to be the critical value. These two specifications must be distinguished in an
implementation of the argument.
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4.2.4 Green rays and equipotentials

Proposition 4.8 (M08: conformal Green coordinates). Let ϕ : D→ Ω be a conformal equivalence
with ϕ(0) = a. On Ω \ {a} define

Ga(z) = − log |ϕ−1(z)|.

Its level curves and the images of radial lines are orthogonal analytic foliations. Near a,

Ga(z) = − log |z − a|+ log crad(Ω, a) + o(1).

Proof. On a local logarithm chart for ϕ−1, the function − log ϕ−1 is holomorphic. Its real and
imaginary parts have orthogonal gradients by the Cauchy–Riemann equations. The derivative
does not vanish away from a. The Taylor expansion ϕ−1(z) = (z − a)/ϕ′(0) +O((z − a)2) gives
the displayed singularity. Rotating the disk coordinate changes the angular origin and leaves the
two unlabelled foliations unchanged.

The formula describes interior coordinates. Boundary continuity on an arbitrary planar
boundary requires additional regularity or a prime-end formulation. This volume makes no
unproved boundary-extension assertion.

4.2.5 Quantitative comparison and limitations

The existence proof is an extremal compactness argument. It does not specify a terminating
algorithm for an arbitrary domain representation. A certified numerical map needs a domain
description, normalization, boundary control, an injectivity certificate and a computable approxi-
mation error. For an explicitly given map ϕ(z) = z + az2, |a| < 1/2, these obligations can be
verified directly. For an arbitrary polygon or a rough boundary they constitute separate numerical
problems.

The finite-jet viewpoint describes local data in C[z]/(zN+1). The global domain is encoded by
its embedding and boundary conditions. Two functions with the same finite jet can have different
images. Therefore a theorem about a finite coefficient table cannot establish global equivalence
without additional geometric hypotheses.

Exercise 4.3 (Extremal improvement at a specified omitted value). Take |b| = 1/4. Compute
the derivative-improvement factor in M06 and the derivative modulus of Bb at zero.

Solution. The improvement is (1 + 1/4)/(2 · 1/2) = 5/4. The covering derivative modulus is its
reciprocal, 4/5. Thus an extremizer omitting this value would be improved by exactly 25% in
derivative modulus, contradicting maximality of that functional. □

Exercise 4.4 (Conformal radius of a disk). For Ω = D(c,R) and a ∈ Ω, determine crad(Ω, a)
and compare it with dist(a, ∂Ω).

Solution. Set u = (a− c)/R and ϕ(z) = c+R(z + u)/(1 + uz). Then crad(Ω, a) = R(1− |u|2)
and d = R(1 − |u|). Their ratio is 1 + |u| ∈ [1, 2). The class-wide factor four in the quarter
theorem is not attained by round disks. □

4.3 Reference §4.3: spherical normal families

4.3.1 Source Exercise 4.3: a complete metric

Theorem 4.9 (M09: complete compact-open metric). Let U be a second-countable Riemann
surface, and choose a compact exhaustion Km ⊂ intKm+1, m ≥ 1. On the space M(U) of
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The extremal derivative improvement
An omitted value b produces gain (1+|b|)/(2 sqrt(|b|)).
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modulus=4/5

The omitted point is a critical value of B. The critical point is a different domain coordinate.

Figure 4.3: The extremal improvement factor (1 + t)/(2
√
t) for an omitted value of modulus t. It is

strictly greater than one for 0 < t < 1 and approaches one as t ↑ 1.

An explicitly univalent coordinate chart
The family phi_a(z)=z+a z^2, 0 <= a < 1/2.
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Re phi(z)

Im phi(z)

Each line is an analytically specified curve. Apparent crossings are excluded by the difference factor.

Figure 4.4: Conformal coordinate curves under ϕ(z) = z + z2/5. Injectivity follows from the factored
difference and |z + w| < 2. The image is a worked explicit domain for the computational and electrical
branches.

holomorphic maps U → P1(C), including the constant map ∞, set

d(f, g) =
∞∑
m=1

2−m sup
z∈Km

χ(f(z), g(z)).

Then d is a complete metric. Its convergent sequences are exactly the locally uniformly spherically
convergent sequences.

Proof. Each summand lies between zero and 2−m, so the series converges. The triangle inequality
follows from the triangle inequality for the chordal metric. If d(f, g) = 0, each compact supremum
is zero; exhaustion then gives f = g.

If d(fj , f)→ 0, the mth summand gives supKm
χ(fj , f) ≤ 2md(fj , f)→ 0. Conversely, choose

M so that
∑

m>M 2−m < ε/2, then use uniform convergence on the finite collection K1, . . . ,KM

to control the remaining terms.
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Green rays and equipotentials
Radial and angular foliations transported by phi(z)=z+z^2/5.
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Each line is an analytically specified curve. Apparent crossings are excluded by the difference factor.

Figure 4.5: Green rays and equipotentials on the same explicit domain. Equal potential increments
correspond to geometric radial ratios in the disk coordinate.

For completeness, a d-Cauchy sequence is uniformly Cauchy on every Km. The target sphere is
complete, so the limits exist and agree on overlaps. They define a continuous map f : U → P1(C).
Fix z0 ∈ U and a target chart containing f(z0). Continuity provides a closed coordinate disk
about z0 whose image lies in a compact subset of this chart. Uniform spherical convergence places
all sufficiently late fj in the same chart. On that compact subset the Euclidean and chordal
metrics are uniformly equivalent. The local coordinate functions therefore converge uniformly,
and their limit is holomorphic by Cauchy’s formula. These disks cover U , so f ∈M(U).

The two affine charts w and 1/w on P1(C) are the algebraic-geometric structure underlying
this proof. The transition function is rational. Compact-open completeness is a statement about
maps into the compact projective target; it does not confer a linear-space structure onM(U).

4.3.2 Source Exercise 4.4: a limit taking the value infinity

Proposition 4.10 (M10: holomorphic escape alternative). Suppose U is connected, fn : U → C
are holomorphic, and fn → f locally uniformly in the spherical metric. If f(z0) =∞ at any point,
then f ≡ ∞.

Proof. On a sufficiently small disk about z0, the limit image lies in a chart about infinity. For
all large n, fn has no zero there and gn = 1/fn is holomorphic and zero-free. These functions
converge uniformly in that chart to g = 1/f , with g(z0) = 0. If g were nonconstant, choose a small
circle around an isolated zero and use Rouché’s theorem to force a zero of gn, a contradiction.
Hence g vanishes on a neighbourhood. The identity theorem for the meromorphic map gives
f ≡ ∞ on the connected domain.

For the constant sequence of functions fn(z) = n, the chordal distance to infinity is (1+n2)−1/2,
uniformly in z. Its Euclidean values diverge. A finite sample of those values can be large while
the spherical approximation error is small and explicitly quantified.

4.3.3 Source Exercise 4.5: local normality

Proposition 4.11 (M11: local-to-global normality). A family F ⊂ M(U) is normal if every
point has a neighbourhood on which its restrictions form a normal family.
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Proof. Second countability supplies a countable subcover of such neighbourhoods. Given any
sequence, successively extract a subsequence convergent on the first neighbourhood, then the
second, and so on. The diagonal subsequence converges locally uniformly on every member of the
subcover. Limits agree on overlaps because the target is Hausdorff. A compact subset of U has a
finite subcover, so the convergence is uniform there. Completeness in M09 identifies the resulting
limit as meromorphic.

The argument is sequential, and all extractions are made from the preceding subsequence. A
separate limit chosen independently in every chart need not define a global function.

4.3.4 Source Exercise 4.6: Marty’s criterion

For a meromorphic function on a planar domain define its spherical derivative by

f#(z) =
|f ′(z)|

1 + |f(z)|2

in a finite chart. At a pole the equivalent expression for 1/f extends the definition continuously.

Theorem 4.12 (M12: spherical derivative criterion). A family of meromorphic functions on
U ⊂ C is normal if and only if its spherical derivatives are uniformly bounded on each compact
subset of U .

Proof. The displayed expression is the norm of the differential from the Euclidean source metric
to dssph. Inverting the target coordinate leaves it unchanged:

|(1/f)′|
1 + |1/f |2

=
|f ′|/|f |2

(1 + |f |2)/|f |2
= f#.

A uniform bound on a slightly larger compact neighbourhood bounds spherical image lengths
of short source line segments. It gives local equicontinuity. The target sphere is compact, so
Arzelà–Ascoli and a diagonal exhaustion yield spherical compact-open convergence. M09 supplies
holomorphicity of the limit.

Conversely, suppose the derivative bounds fail. There exist fn ∈ F and zn in one compact
set with f#n (zn) → ∞. Pass to subsequences with zn → z and fn → f spherically near z.
Choose a spherical isometry placing f(z) at zero. On a small disk about z, all sufficiently late
transformed functions remain in one bounded affine chart and converge Euclidean-uniformly.
Cauchy’s estimate bounds their derivatives on a smaller disk. Spherical isometries preserve f#,
contradicting divergence at zn.

Two examples distinguish the hypotheses. The constant family fn = n has spherical derivative
zero. The family gn(z) = nz has g#n (0) = n and is nonnormal at zero. The derivative concentration
has width of order 1/n; uniform coarse sampling can miss its peak if the sampling nodes avoid
the origin.

4.3.5 Source Exercise 4.7: the subsequence criterion

Proposition 4.13 (M13: bounded or escaping subfamilies). A sequence of holomorphic functions
on a connected domain is normal precisely when every subsequence admits a further subsequence
that is locally bounded in the Euclidean metric or converges locally uniformly to infinity.
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Proof. Normality supplies a spherically convergent further subsequence. M10 makes its limit
either finite and holomorphic everywhere or identically infinite. In the finite case, convergence
takes place in bounded charts on compact sets and gives local Euclidean boundedness. In the
infinite case the second alternative holds. Conversely, apply M02 to each locally bounded further
subsequence. The escaping further subsequences already converge in the compact target metric.
This is sequential relative compactness in M09’s metric.

4.3.6 Source Theorem 4.8: three fixed omitted values

Theorem 4.14 (M14: Big Montel Theorem). Let F ⊂ M(U) and let a, b, c ∈ P1(C) be three
fixed, distinct values omitted by every member of F . Then F is normal.

Proof. M11 reduces the problem to a source coordinate disk. Endow that disk with its hyperbolic
metric and the thrice-punctured target sphere with its complete hyperbolic metric. The source
uses the uniformization and Schwarz lemma developed in §2 and §7. In the target, the hyperbolic
metric dominates a positive constant times the spherical metric. On a compact set away from
the punctures this follows from continuity and positivity of the density ratio. Near a cusp, in a
coordinate vanishing at the puncture, the hyperbolic density has cusp behaviour comparable to
1/(|w| log(1/|w|)), while the spherical density is bounded. Thus the comparison extends globally
with a positive lower constant.

Schwarz–Pick makes every map nonexpanding between the hyperbolic metrics. Composing
with the target metric comparison gives a common bound for the spherical derivatives on each
smaller source disk. M12 yields normality.

The hyperbolic uniformization and cusp comparison are explicit imported dependencies in this
proof. The present section does not claim a new foundational construction of that metric.

The number of omitted values has a genuine threshold. The functions enz omit 0 and ∞, but
their spherical derivatives at zero equal n/2. They are nonnormal there. A rule allowing each
member its own three unrelated omitted values would also fail; the source theorem requires a
common triple.

4.3.7 Source Theorem 4.9: separated moving values

Theorem 4.15 (M15: moving-target normalization). Let ψ1, ψ2, ψ3 : U → P1(C) be meromorphic
and pairwise distinct at every point. Suppose fn(z) ̸= ψi(z) for every z, n, i. Then {fn} is normal.

Proof. Locally choose nonvanishing holomorphic lifts vi(z) ∈ C2 of the three target points. Their
pairwise determinants are nonzero. The projective transformation

Hz([u]) = [det(u, v1) det(v2, v3) : det(u, v3) det(v2, v1)]

sends ψ1, ψ2, ψ3 to 0, 1,∞. Changing a lift multiplies the two coordinates by the same nonzero
factor. Thus the formula defines a holomorphic family of projective transformations without
dependence on the chosen lifts.

The functions gn(z) = Hz(fn(z)) omit 0, 1,∞, so M14 gives normality. On a compact source
set, (z, w) 7→ H−1

z (w) is uniformly continuous on the product with the target sphere. Therefore
locally uniform spherical convergence of a subsequence of gn transfers to the corresponding
subsequence of fn. M11 completes the global statement.

In an affine chart with finite target values, the same transformation is

Hz(w) =
(w − ψ1(z))(ψ2(z)− ψ3(z))

(w − ψ3(z))(ψ2(z)− ψ1(z))
.
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Its numerical conditioning depends on lower bounds for the pairwise chordal separations. Com-
pactness guarantees a positive minimum for a fixed separated triple on a compact set. An
implementation still needs a computable certificate for that minimum.

4.3.8 Source Exercise 4.10: isolated collisions

Theorem 4.16 (M16: distinct meromorphic targets with collisions). Assume the three meromor-
phic functions ψi are pairwise nonidentical on a connected domain. Their values may coincide at
isolated points. If fn(z) ̸= ψi(z) for every z, n, i, the family {fn} is normal on the entire domain.

Proof. The coincidence sets of nonidentical meromorphic maps are discrete, as seen from the
zeros of their local projective determinants. Away from these sets, M15 applies. Fix a collision
point and choose a source coordinate disk with that point at zero and no other collision.

After a fixed projective change of target chart, one colliding target ψ1 is holomorphic and finite
near zero. The moving transformation w 7→ 1/(w − ψ1(z)) sends it to infinity. The transformed
gn are holomorphic on the full disk: avoidance of ψ1 excludes poles, and poles of the original fn
become zeros. The transformed second colliding target, denoted ψ, has a pole of order m ≥ 1 at
zero and no other pole in a sufficiently small disk.

By normality on the punctured disk and M13, every sequence has a further subsequence that
is locally bounded there or diverges locally uniformly to infinity. In the bounded case, a uniform
bound on one circle transfers to its interior by the maximum principle, and M02 supplies normality
across zero.

Suppose instead that gn →∞ uniformly on a small circle. For large n, |gn| > |ψ| on that circle.
The curves gn and gn−ψ then have the same winding about zero. The first winding is nonnegative
because gn is holomorphic inside. The second winding equals −m: the meromorphic function
gn − ψ has no zero, by the omission condition, and has one pole of order m. This contradiction
excludes the escaping case. Returning through the moving projective transformation preserves
spherical normality.

This argument expands the source hint on page 633. It gives a direct pole-count contradiction
and avoids an unsupported inference from the value of a holomorphic function at a single point
to a minimum-modulus estimate on a disk.

4.3.9 Normality sets and algebraic-topological bookkeeping

The union of all open sets on which a family is normal is itself a normality set, by M11. It is the
unique maximal such open set. Its complement is closed. For iterates of rational maps this local
construction becomes part of the Fatou–Julia decomposition later in the book; no dynamical
classification is inferred in the present unit.

Projective determinants locate target collisions, winding counts repair local degeneracies, and
a countable exhaustion assembles local convergence. These are separate operations in the proof
graph. In particular, the existence of a finite-dimensional projective representation does not
remove the analytic compactness argument.

Exercise 4.5 (A nonnormal family with two omitted values). Compute (enz)#(0). Explain why
omitting two sphere values does not meet M14.

Solution. At zero the numerator is n and the denominator is 2, so the spherical derivative is n/2.
M12 excludes normality near zero. The omitted values are exactly 0 and ∞; a third common
value is absent. □
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Exercise 4.6 (A complete-metric truncation). If two meromorphic maps differ by at most ε in
chordal distance on each of K1, . . . ,KM , bound their metric distance in M09.

Solution. The first M summands total at most ε(1− 2−M ), and the remaining summands total
at most 2−M . Thus d(f, g) ≤ ε+ 2−M . This finite certificate assumes full compact-set bounds,
with the unobserved tail controlled by the metric definition. □

Exercise 4.7 (Collision normalization). At zero let ψ1(z) = 0, ψ2(z) = z3 and ψ3(z) = 1.
Describe the local transformed functions and the pole order used in M16.

Solution. The transformation is w 7→ 1/w. A family omitting 0, z3, 1 becomes a holomorphic
family gn = 1/fn omitting z−3 and 1, with poles of fn filled as zeros. The moving target z−3

has pole order three. In a hypothetical escaping subsequence, the argument principle would give
winding −3 for gn − z−3 and nonnegative winding for gn, contradicting the boundary homotopy.
□

Escape in a compact target
Stereographic coordinates retain convergence at infinity.

infinity

n -> infinity

chordal error

1/sqrt(1+n^2)

n= 1: 0.7071

n= 4: 0.2425

n=16: 0.0624

n=64: 0.0156

The trajectory is a stereographic image of a real sequence; the north pole represents infinity.

Figure 4.6: Stereographic compactification of the constant sequence fn = n and the exact chordal error
to infinity. The geometric panel and error curve use the same sequence.

4.4 Reference §4.4: normalized univalent functions and distortion

4.4.1 Source Lemma 4.13 and Theorem 4.12

Let U consist of all univalent f : D→ C with f(0) = 0 and |f ′(0)| = 1. Compactness is taken in
the topology of local Euclidean-uniform convergence.

Lemma 4.17 (M17: an omitted point on the unit circle). For every f ∈ U , the image f(D)
omits a point of the unit circle.

Proof. Suppose the entire unit circle lies in f(D). This image is simply connected and contains zero.
The Jordan curve therefore bounds its full closed disk inside the image. Compactness of the closed
disk and openness of the image give DR ⊂ f(D) for some R > 1. The inverse f−1 : DR → D fixes
zero. Schwarz’s lemma after rescaling gives |(f−1)′(0)| ≤ 1/R < 1, contradicting |f ′(0)| = 1.

Theorem 4.18 (M18: compactness of the normalized class). The family U is compact.
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Spherical derivatives detect nonnormality
For exp(n z), f#(x)=n/[2 cosh(n x)] on the real axis.

-1 -0.5 0 0.5 1

0

4

8

12

16

real coordinate x

spherical derivative f#

n=2

n=4

n=8

n=16

n=32

Peak n/2 grows while its width decreases. A fixed finite sampling grid can miss the concentration.

Figure 4.7: Spherical derivatives of fn(z) = enz on the real axis. The height is n/2 and the width
contracts as n−1. The image gives an explicit failure of uniform equicontinuity at zero.

Moving omitted targets
Cross-ratio normalization carries a conditioning dependence on separation.
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0
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Re z

Im z

psi1 psi2

psi3

0.02 0.25 0.5 0.75 1

0
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40
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target separation delta

inverse separation

Cross-ratio identities are projective. Conditioning depends on chart and pairwise target separation.

Figure 4.8: A moving triple and its pairwise separation. The normalization is projectively well defined
where the determinants are nonzero. Collision locations are recorded explicitly.

Proof. Given a sequence in U , rotate each target so that the corresponding omitted unit-circle
point is 1. A subsequence of these rotations converges, so it suffices to treat the rotated family
U0 omitting 1.

On D \ {0} every member omits 0, 1,∞. Big Montel gives a spherically convergent subsequence
there. M10 makes the limit finite holomorphic or identically infinite on this connected punctured
domain. The second possibility is excluded as follows. On any circle |z| = r, the image loop
winds once around zero and zero times around 1. Hence it meets the segment [0, 1]. A sequence
of such loops cannot tend uniformly to infinity.

The finite limit gives a uniform bound on a fixed circle. The maximum principle extends
the bound to its interior, and M02 gives normality across zero. Cauchy’s formula preserves the
derivative normalization. M05 excludes a constant limit and preserves injectivity. Hurwitz applied
to fn − 1 also preserves omission of 1. Thus every sequence has a convergent subsequence with
limit in U0. Undoing the convergent rotations proves compactness of U .
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The collision-point argument
A holomorphic image and a meromorphic pole have incompatible winding counts.

holomorphic: winding >= 0 pole of order m: winding = -m

=

impossible

Uniform boundary escape would identify these winding numbers through a zero-free boundary homotopy.

Figure 4.9: The local pole-count contradiction in M16. The annular boundary carries the winding
calculation; the pole at the collision point supplies its signed contribution.

The proof is a subsequence argument. Normality of a family on a punctured domain does not,
without that extraction, divide the entire family into a single bounded or escaping regime.

4.4.2 Source Theorem 4.11: qualitative distortion

Theorem 4.19 (M19: compactness produces universal interior constants). For 0 < r < 1 there
exist positive constants Ar, Br, Cr such that every f ∈ U satisfies

Ar ≤ |f ′(z)| ≤ Br (|z| ≤ r), |f ′(z)|
|f ′(w)|

≤ Cr (|z|, |w| ≤ r).

The inner and outer radii of f(Dr) about zero are bounded below and above by positive constants
depending only on r.

Proof. Differentiation is continuous for compact-open holomorphic convergence by Cauchy’s
formula. The functions (f, z) 7→ |f ′(z)| and (f, z) 7→ |f(z)| are continuous on the product of the
compact family with a compact source set. Injectivity implies f ′ ≠ 0. Hence the derivative has a
positive minimum and a finite maximum on U ×Dr.

On |z| = r, injectivity and f(0) = 0 imply f(z) ̸= 0. Compactness again gives a uniform
positive minimum of |f(z)|. The Jordan domain f(Dr) contains the centred disk with that radius.
Its outer radius is bounded by the maximum of |f(z)| on the same circle. Dividing derivative
bounds proves the quotient estimate.

For arbitrary univalent ϕ, apply M19 to

f(z) =
ϕ(z)− ϕ(0)

ϕ′(0)
.

This gives exactly the scale dependence in source estimates (4.1)–(4.3). The sharp constants
require the quantitative arguments below.
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4.4.3 Source Exercise 4.14: precompactness and omitted values

Proposition 4.20 (M20: precompactness inside the univalent class). A family of univalent maps
on D has compact closure consisting entirely of univalent maps if and only if

|f(0)| ≤ C, C−1 ≤ |f ′(0)| ≤ C

for a common C > 0.

Proof. Normalize each member by subtracting its value at zero and dividing by its derivative. M18
supplies compactness of the normalized functions. The affine parameters range over compact sets,
with derivative bounded away from zero, so all limits remain univalent. Conversely, evaluation and
derivative evaluation are continuous on the compact closure. The derivative is nonzero at every
member of that closure and therefore has a positive minimum as well as a finite maximum.

Proposition 4.21 (M21: omitted-value criterion on a proper domain). Let Ω ⊊ C be a domain,
a ∈ Ω, and let F be a family of univalent maps satisfying |f(a)| ≤ C. The family is normal if
and only if there is ρ > 0 such that every f ∈ F omits a finite value of modulus less than ρ.

Proof. Assume first the omitted-value bound. Choose D(a, r) ⋐ Ω. The quarter theorem M26
applied to the restriction gives

D

(
f(a),

r|f ′(a)|
4

)
⊂ f(Ω).

An omitted value of modulus less than ρ consequently implies |f ′(a)| ≤ 4(C + ρ)/r. The growth
and derivative bounds on disks propagate the bounds for f and f ′ through a finite chain of
overlapping disks from a to any compact set in Ω. A finite family of such chains covers the
compact set. Thus the family is locally bounded, and M02 applies.

Conversely, normality and the bounded value at a exclude an infinite spherical limit by M10.
Every sequence therefore has locally Euclidean-bounded further subsequences. Cauchy’s estimate
implies a common bound |f ′(a)| ≤M ; an unbounded derivative sequence would contradict that
subsequence conclusion.

Choose b /∈ Ω and put d = |a − b|. If D(f(a), R) ⊂ f(Ω), apply M26 to the inverse on this
disk. Its image contains the disk about a of radius R/(4|f ′(a)|), which must omit b. Hence
R ≤ 4Md. The same argument excludes f(Ω) = C. A complementary value can therefore be
found at distance at most 4Md+1 from f(a). The common bound ρ = C +4Md+2 suffices.

The hypothesis Ω ̸= C is necessary in the literal formulation. The singleton family {z 7→ z} on
C is normal and omits no finite value. This is an explicit qualification of source Exercise 4.14(ii).

4.4.4 An area proof for the quantitative constants

Theorem 4.22 (M22: the exterior area theorem). Suppose F is univalent on {|ζ| > 1} and has
Laurent expansion

F (ζ) = ζ + b0 +
∑
n≥1

bnζ
−n.

Then ∑
n≥1

n|bn|2 ≤ 1.
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Proof. For R > 1, the image of |ζ| = R is a positively oriented analytic Jordan curve. Its enclosed
area is

1

2i

∫
F (|ζ|=R)

w dw = π

R2 −
∑
n≥1

n|bn|2R−2n

 .

To obtain the identity, substitute ζ = Reit, differentiate the Laurent series and integrate. The
Fourier cross terms vanish. Uniform convergence of the series and its derivative on this circle
justifies the operation. The enclosed area is nonnegative. Thus every finite partial sum of the
nonnegative series is at most R2. Let R ↓ 1, then let the partial-sum length tend to infinity.

This is a functional-analytic coefficient budget with a geometric origin. Its coefficients belong
to a weighted ℓ2 ball. The geometry of univalence is used in the positivity of the enclosed Jordan
area.

Corollary 4.23 (M23: the second coefficient bound). If f(z) = z + a2z
2 + · · · is univalent on D,

then |a2| ≤ 2.

Proof. The function f(z2)/z2 extends as a zero-free holomorphic function taking value 1 at zero.
Its square root with value 1 at zero is even. Therefore

g(z) =
√
f(z2) = z +

a2
2
z3 + · · ·

is an odd holomorphic function. It is univalent: equality of two values implies equality of the
squares of the source points by injectivity of f ; the opposite-point possibility is excluded by
oddness unless both points are zero.

The exterior function 1/g(1/ζ) = ζ − (a2/2)ζ
−1 + · · · is univalent. M22 gives |a2/2|2 ≤ 1.

4.4.5 Sharp derivative and growth bounds

Theorem 4.24 (M24: derivative distortion). For a normalized univalent function f(0) = 0,
f ′(0) = 1 and |z| = r < 1,

1− r
(1 + r)3

≤ |f ′(z)| ≤ 1 + r

(1− r)3
.

Consequently, on Dr,
|f ′(z)|
|f ′(w)|

≤
(
1 + r

1− r

)4

.

Proof. Fix a ∈ D. The normalized Koebe transform is

Fa(ζ) =
f((a+ ζ)/(1 + aζ))− f(a)

(1− |a|2)f ′(a)
.

Its second coefficient is
1− |a|2

2

f ′′(a)

f ′(a)
− a.

M23 bounds its modulus by two. For a = teiθ, take the real part after multiplication by eiθ and
obtain

2t− 4

1− t2
≤ d

dt
log |f ′(teiθ)| ≤ 2t+ 4

1− t2
.

Integrate from zero to r, using |f ′(0)| = 1. The two antiderivatives are the logarithms of the
displayed bounds. The quotient estimate follows by division. The Koebe function at r and −r
attains the quotient constant in the limiting closed-disk statement.
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Theorem 4.25 (M25: growth, inner radius and outer radius). Under the same normalization,

r

(1 + r)2
≤ |f(z)| ≤ r

(1− r)2
, |z| = r < 1.

In particular, the inner and outer radii of f(Dr) satisfy

r

(1 + r)2
≤ rf(Dr)(0) ≤ Rf(Dr)(0) ≤

r

(1− r)2
.

The corresponding shape ratio is at most ((1 + r)/(1− r))2.

Proof. Integrate the upper derivative bound along the radial segment from zero to z; its integral
is r/(1− r)2.

For the lower bound, choose a point of minimum modulus on f(|z| = r). The radial segment
from zero to that image point is contained in the closure of f(Dr). Lift its interior by f−1 to a
curve γ from zero to |z| = r. Its image length equals the selected modulus. M24 gives

length(f ◦ γ) ≥
∫
γ

1− |z|
(1 + |z|)3

|dz| ≥
∫ r

0

1− t
(1 + t)3

dt =
r

(1 + r)2
.

For the second inequality, compose a primitive of the positive radial weight with |γ| and use total
variation. No monotonicity of the lifted radial coordinate is assumed. Since the selected image
point has minimum modulus, the estimate holds on the entire image circle. The Jordan-domain
inclusions and shape estimate follow.

The domain reduction r < 1 is quantitative. As r ↑ 1, the class-wide upper growth and
derivative bounds diverge. These bounds are compatible with compactness on every fixed smaller
disk.

4.4.6 The quarter theorem and the extremal slit

Theorem 4.26 (M26: Koebe quarter theorem). If f is univalent on D, f(0) = 0 and f ′(0) = 1,
then D1/4 ⊂ f(D).

Proof. Let b /∈ f(D). It is nonzero. The function

g(z) =
f(z)

1− f(z)/b
= z + (a2 + 1/b)z2 + · · ·

is normalized and univalent. Applying M23 to f and g gives |a2| ≤ 2 and |a2 + 1/b| ≤ 2. Hence
|1/b| ≤ 4, so every omitted value has modulus at least 1/4.

Proposition 4.27 (M27: source Exercise 4.15). The Koebe function

k(z) =
z

(1− z)2

is a conformal equivalence
k : D −→ C \ (−∞,−1/4].

Its inverse on that slit plane is

k−1(w) =

√
1 + 4w − 1√
1 + 4w + 1

=
4w

(1 +
√
1 + 4w)2

,

where the square root has positive real part.
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Proof. The Cayley map s = (1 + z)/(1− z) sends D bijectively to the right half-plane. Squaring
sends that half-plane bijectively to the plane cut along the nonpositive real axis. The identity

4k(z) + 1 =

(
1 + z

1− z

)2

proves the image statement. Solving for z gives the inverse. The second expression rationalizes
the numerator and extends continuously at w = 0.

Alternatively, the algebraic difference

k(z)− k(w) = (z − w)(1− zw)
(1− z)2(1− w)2

proves injectivity directly on the disk. The slit endpoint is approached at z = −1, and k(−r)→
−1/4 as r ↑ 1. Therefore no class-wide replacement of the quarter radius by a larger constant is
possible.

The rational map k : P1(C) → P1(C) has degree two. Its branch values are −1/4 and ∞,
corresponding to the critical point −1 and the double pole at 1. The algebraic involution z 7→ 1/z
exchanges the two generic sheets. Restriction to D selects the sheet that maps zero to zero. This
relates the present extremal function to the degree and monodromy analysis in the preceding
corpus.

4.4.7 Source Corollary 4.18

Corollary 4.28 (M28: conformal radius and Euclidean clearance). Let ϕ : D→ D be a conformal
equivalence with ϕ(0) = a, and let d = dist(a, ∂D). Then

d ≤ |ϕ′(0)| ≤ 4d.

Proof. For every r < d, the inverse map restricts to D(a, r) → D. Schwarz’s lemma gives
1/|ϕ′(0)| ≤ 1/r. Let r ↑ d. For the other inequality, normalize ϕ and apply M26 to obtain
D(a, |ϕ′(0)|/4) ⊂ D.

The target must be the image domain. The inclusion map D ↪→ D100 has derivative one and
target clearance one hundred; it violates the left inequality when surjectivity is dropped.

Exercise 4.8 (Interior distortion at one half). For a normalized univalent function, give derivative
bounds on D1/2, a derivative-ratio bound, and a shape bound.

Solution. The derivative bounds are 4/27 and 12. Their ratio is 81. The growth radii are 2/9
and 2, so the shape is bounded by 9. Derivative distortion and shape are different quantities,
with different powers of the same radius ratio. □

Exercise 4.9 (Degeneration to a constant). Explain why fn(z) = z/n is normal but fails the
compactness conclusion inside the space of univalent maps.

Solution. It converges uniformly on compact sets to zero. The limit is constant, hence nonunivalent.
The lower derivative bound in M20 fails because f ′n(0) = 1/n. Its normality in a larger function
space is fully consistent with that failure. □

Exercise 4.10 (An exact Koebe truncation error). Let kN (z) =
∑N

j=1 jz
j . Prove

sup
|z|≤r
|k(z)− kN (z)| =

rN+1((N + 1)−Nr)
(1− r)2

, 0 < r < 1.
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Solution. The tail is
∑

j>N jz
j . The triangle inequality bounds its modulus by the positive real

tail. Differentiating the geometric-series tail gives the displayed expression. Equality holds at
z = r, where all terms are nonnegative real numbers. Thus the formula is an exact supremum,
including its extremizing point. □

The extremal slit mapping
k(z)=z/(1-z)^2 maps the disk onto C minus (-infinity,-1/4].

-1 0 1

-1

0

1

Re z

Im z

0 10 20 30 40

-15

0

15

Re k(z)

Im k(z)

Equal real/imaginary scales; clipped viewport. The slit endpoint -1/4 is approached at z=-1.

Figure 4.10: Conformal images of radial and circular coordinate curves under the Koebe function. The
omitted slit is marked, and the singularity at the boundary point 1 is excluded from the plotted parameter
range.

Sharp derivative envelopes
Normalized univalent maps: (1-r)/(1+r)^3 <= |f prime| <= (1+r)/(1-r)^3.

0 0.25 0.5 0.75 1

-2

-0.5

1

2.5

4

interior radius r

log10(bound)

lower

upper

The bounds apply to the stated function class and interior radius. Boundary behavior is not uniform.

Figure 4.11: Sharp derivative envelopes and their values for the Koebe extremizer on the positive and
negative real axes.

Mathematical reference. [3], Theorems 4.11–4.12, Lemma 4.13, Exercise 4.14, the quarter theorem,
Exercise 4.15 and Corollary 4.18, pp.113–115. The area-theorem derivation and explicit sharp inequalities
are supplied developments.
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Image radii and shape
Two-sided growth bounds govern clearance and outer radius.

0 0.25 0.5 0.75 1

-3

-1.5
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interior radius r

log10(bound)

inner guarantee

outer bound

The bounds apply to the stated function class and interior radius. Boundary behavior is not uniform.

Figure 4.12: Growth and radius envelopes for normalized univalent functions. The lower and upper
radial limits produce different geometric constraints.

A coefficient-space energy constraint
The exterior area theorem implies |b1|^2+2|b2|^2 <= 1.

-1 -0.5 0 0.5 1

-0.7

-0.35

0

0.35

0.7

real coefficient b1

real coefficient b2

b1^2+2 b2^2<=1

omitted area

pi*(1-energy)

This two-dimensional slice fixes all remaining coefficients at zero; complex coefficients add dimensions.

Figure 4.13: The exterior area theorem as a weighted coefficient budget. The displayed finite slice is a
necessary projection of the full infinite constraint.

4.5 Annular collars and source Lemma 4.17

4.5.1 The domain of the modulus statement

For the ring-domain interpretation, let K ⋐ D be a nondegenerate full continuum containing zero.
Here “full” means that its planar complement is connected. Then D \K is doubly connected.
A disconnected arbitrary compact set can produce several complementary components; its
complement need not possess the single annular modulus used in the source proof. The point
continuum is a degenerate limiting case.

We use the variational condenser capacity

Cap(K,D) = inf
u

∫
D
|∇u|2 dA,

where the infimum is over smooth or Lipschitz test functions with compact support in D and
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Exact truncation error for the Koebe map
Positive coefficients make the maximum occur at the positive real radius.

log10(error); darker cells indicate smaller error

0.1 0.3 0.5 0.7 0.9

evaluation radius r

1
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45

60

N

1 -> 60

-30

-20

-10

0

2

The matrix records a formula on a specified grid. Infinite-order conclusions follow from the proof.

Figure 4.14: Exact uniform errors of Koebe Taylor truncations on four closed subdisks. These values
include an analytic extremum certificate.

value one on a neighbourhood of K. Equivalent Sobolev formulations follow by approximation.
Conformal invariance of Dirichlet energy and the round-annulus calculation give

Cap(K,D) =
1

mod(D \K)
.

Indeed, on A(ρ, 1) the radial potential is u(r) = log r/ log ρ and its energy is 2π/ log(1/ρ).
Cauchy–Schwarz on every radial segment shows that no admissible function has smaller energy.
Smooth truncation near the two boundary circles approaches the same value. Under a conformal
uniformization, the truncated functions are constant near the ends and extend to admissible
functions in the physical domain. The Jacobian factor cancels the squared gradient factor.

Mathematical reference. The modulus convention is from [3], pp.73–74. Ring uniformization and the
extremal-length/Dirichlet principle are explicit dependencies from source §2 and §6.

4.5.2 A quantitative substitute for the nondegeneration step

Theorem 4.29 (M29: an explicit collar-to-radius bound). Let K satisfy the preceding hypotheses,
let r = maxz∈K |z|, and suppose mod(D \K) ≥ µ > 0. Then

r ≤ k(µ) := 1− exp

(
− π

4µ

)
< 1.

This bound is universal; no sharpness is asserted for its constant.

Proof. Choose z∗ ∈ K with |z∗| = r and put ξ = z∗/r ∈ ∂D. Connectedness of K, together with
0, z∗ ∈ K, implies that the distance function z 7→ |z− ξ| assumes every value between 1− r and 1
on K.

For 1− r < t < 1, the part of the circle |z − ξ| = t lying in D is an arc of length

ℓ(t) = 2t arccos(t/2) ≤ πt.

It meets K. Any admissible u vanishes at the two arc endpoints and takes value one at a point of
K. If that point divides the arc into lengths a, b, one-dimensional Cauchy–Schwarz gives∫

arc
|∂su|2 ds ≥

1

a
+

1

b
≥ 4

a+ b
≥ 4

πt
.
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Integrating over t in polar coordinates centred at ξ yields∫
D
|∇u|2dA ≥ 4

π
log

1

1− r
.

Taking the infimum and using capacity reciprocity gives

4

π
log

1

1− r
≤ 1

mod(D \K)
≤ 1

µ
.

Solving for r proves the assertion.

The source normal-family proof passes from annulus uniformizations to a claimed Jordan limit.
Normality alone permits a constant limit. M29 supplies a variational proof that includes the
missing nondegeneration control.

The source additionally identifies radial slits as extremal continua. The circular rearrangement
proof in M38 establishes that assertion and identifies the optimal radius through the radial-slit
modulus. M29 supplies a separate explicit elementary upper bound.

4.5.3 Source Theorem 4.16: invariant distortion

Theorem 4.30 (M30: modulus-controlled distortion). Let D be a proper simply connected planar
domain and let ∆ ⋐ D be a domain with full compact closure such that D \∆ has modulus at
least µ > 0. Every univalent ϕ : D → C satisfies

|ϕ′(z)|
|ϕ′(w)|

≤
(
1 + k(µ)

1− k(µ)

)8

, z, w ∈ ∆,

where k(µ) is from M29.

Proof. Choose a uniformization h : D → D with h(0) ∈ ∆. The compact full continuum
K = h−1(∆) contains zero and has the same complementary modulus. M29 places it in Dk. Both
h and F = ϕ ◦ h are univalent on the unit disk. Apply M24 to each, after affine normalization. If
z = h(u) and w = h(v), then

|ϕ′(z)|
|ϕ′(w)|

=
|F ′(u)|
|F ′(v)|

|h′(v)|
|h′(u)|

.

Each factor is at most ((1 + k)/(1− k))4.

The exponent eight comes from two independently controlled coordinate maps. A known round
collar allows a substantially tighter radius substitution: for ∆ = Dr ⊂ D = D, the exact modulus
is (2π)−1 log(1/r) and only the one-map exponent four is needed. The comparison records the
extra geometric information used in that improvement.

4.5.4 A coefficient-specific geometric model

Proposition 4.31 (M31: global bounds for a quadratic embedding). Let ϕa(z) = z + az2 with
|a| < 1/2. For z, w ∈ Dr, r ≤ 1,

(1− 2|a|r)|z − w| ≤ |ϕa(z)− ϕa(w)| ≤ (1 + 2|a|r)|z − w|.

In particular ϕa is univalent, and its derivative ratio on this disk is at most

Q(a, r) =
1 + 2|a|r
1− 2|a|r

.
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Proof. Factor the difference as (z − w)(1 + a(z + w)). Apply the triangle and reverse triangle
inequalities, using |z + w| ≤ 2r. The derivative is 1 + 2az, so the same bounds apply to its
modulus. Positivity of the lower bound proves injectivity.

For a = 1/5, r = 3/5, the specialized ratio is 31/19, while the class-wide Koebe ratio is 256.
The latter enclosure is 4864/31 ≈ 156.90 times wider as a multiplicative upper bound. Both are
valid for the same known map; the smaller bound uses its exact polynomial coefficients. This is
an enclosure comparison, with no associated runtime claim.

4.5.5 Approximation and injectivity certificates

Proposition 4.32 (M32: derivative error from a function error). Let f, g be holomorphic on DR

and satisfy |f − g| ≤ ε there. For 0 < r < R,

sup
Dr

|f ′ − g′| ≤ ε

R− r
.

If |f ′| ≥ m > ε/(R− r) on Dr, then g′ has no zero there.

Proof. Apply M01 to f − g on disks of radius less than R− r centred in Dr. The second assertion
follows from the reverse triangle inequality.

A nonzero derivative establishes local conformality. Global injectivity needs a two-point
estimate.

Proposition 4.33 (M33: global perturbation of a certified embedding). Let f be holomorphic
on a convex domain V and satisfy |f(z) − f(w)| ≥ m|z − w| for z, w ∈ V , with m > 0. If g is
holomorphic and supV |g′ − f ′| ≤ δ < m, then

|g(z)− g(w)| ≥ (m− δ)|z − w|.

Thus g is univalent on V .

Proof. Integrate g′ − f ′ along the line segment joining z and w. The resulting difference is at
most δ|z − w|. Subtract this from the lower bound for f .

For the model in M31, take m = 1− 2|a|r. Combining M32 and M33 yields a complete global
certificate on Dr whenever ε/(R − r) < 1 − 2|a|r. Every quantity in this implication has an
explicit domain and a strict margin.

Exercise 4.11 (A numerical-domain certificate). Let a = 1/5, r = 3/5, R = 4/5. An analytic
approximation g to ϕa satisfies |g− ϕa| ≤ 1/100 on DR. Prove a global lower Lipschitz bound for
g on Dr.

Solution. M31 gives m = 1 − 6/25 = 19/25. M32 gives δ ≤ (1/100)/(1/5) = 1/20. Therefore
m− δ = 71/100 > 0. By M33, |g(z)− g(w)| ≥ (71/100)|z − w|. This proves global injectivity on
the smaller disk. □

Exercise 4.12 (Two independent collar bounds). For a concentric disk K = D1/2, compute its
exact complementary modulus and compare the exact radius with the bound in M29.

Solution. The modulus is µ = (log 2)/(2π). M29 gives r ≤ 1− exp(−π2/(2 log 2)), approximately
0.99919. The exact radius is 1/2. The large discrepancy quantifies the price of using only the
general continuum estimate. It does not invalidate either bound. □
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Capacity at a narrowing collar
Arcs centered at a boundary point connect two zero values through level one.

xi

0

arc length <= pi*t

energy >= 4/(pi*t)

Cap >= (4/pi)

       log(1/(1-r))

mod * Cap = 1

Connectedness ensures that each intermediate circle meets K. The two arc segments are both counted.

Figure 4.15: The arc family used in M29. Each arc meets the connected inner continuum and has two
boundary endpoints with prescribed potential zero.

A quantitative collar bound
The proved universal bound is explicit and nonsharp.

0.05 0.25 0.5 0.75 1

0

0.25

0.5

0.75

1

lower modulus mu

outer radius bound

proved k(mu)

concentric disk

Different classes:

universal upper

specific example

The concentric curve is an exact example. It is not an extremal formula for arbitrary full continua.

Figure 4.16: Exact concentric-disk radii and the universal continuum enclosure as functions of the
modulus. The displayed normalization is (2π)−1 log(R/r).

4.6 Additional functional and projective derivations

4.6.1 A Hilbert model for interior restriction

Define H2(D) by the coefficient norm

f(z) =
∑
j≥0

ajz
j , ∥f∥2H2 =

∑
j≥0

|aj |2 <∞.

Cauchy–Schwarz shows that these series converge uniformly on each smaller disk:

|f(z)| ≤
∥f∥H2√
1− |z|2

.
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Universal and model-specific distortion
Identical radius and normalization; the comparison concerns enclosure width.

0 0.25 0.5 0.75 1
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log10(bound)
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quadratic a=1/5

r=3/5

256 : 31/19

factor 156.90

The bounds apply to the stated function class and interior radius. Boundary behavior is not uniform.

Figure 4.17: Universal Koebe distortion and the coefficient-specific quadratic bound. The two curves
concern the same explicit family; their input information is recorded in M31.

Stability of an injective approximation
A derivative perturbation below the co-Lipschitz margin preserves injectivity.
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The conclusion uses a holomorphic error bound on the larger disk and convexity of the smaller disk.

Figure 4.18: The admissible approximation-error region from M32–M33. Points below the threshold
retain a positive two-point separation margin.

The coefficient map is a Hilbert-space isometry with ℓ2(N0). For 0 < r < 1, the rescaled restriction
operator is

Trf(z) = f(rz), Tr(a0, a1, . . .) = (a0, ra1, r
2a2, . . .).

Proposition 4.34 (M34: compactness and operator ideals). The operator Tr is compact, positive
and self-adjoint in coefficient coordinates. Its singular values are 1, r, r2, . . .. Its Hilbert–Schmidt
norm squared is (1− r2)−1 and its trace is (1− r)−1.

Proof. The monomials form an orthonormal basis and are eigenvectors with positive eigenvalues
rj . Truncation to the first N coordinates has operator error rN → 0, proving compactness. The
Hilbert–Schmidt and trace sums are the corresponding geometric series. Self-adjointness follows
directly from the real diagonal coefficients.

This model supplies a quantitative instance of the compact restriction mechanism in Little
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Montel. Its hypotheses are those of the Hardy coefficient ball. They do not describe every locally
bounded holomorphic family with the same numerical constants.

4.6.2 An exact optimality theorem

Theorem 4.35 (M35: optimal rank for Hardy restriction). For N ≥ 0,

inf
A:H2→H2 bounded linear

rankA≤N

∥Tr −A∥H2→H2 = rN .

The infimum is attained by retaining the first N Taylor coefficients and applying the corresponding
diagonal multipliers.

Proof. Let PN retain coordinates 0, . . . , N − 1. Then

∥Tr − TrPN∥2 = sup
∥a∥2=1

∑
j≥N

r2j |aj |2 = r2N ,

with equality for the unit vector at index N .
For the lower bound, let A have rank at most N and restrict it to W = span{1, z, . . . , zN}.

This domain has dimension N + 1, so the restricted map has a nonzero kernel vector. Normalize
it to ∥u∥H2 = 1. Then Au = 0 and

∥(Tr −A)u∥2 = ∥Tru∥2 =
N∑
j=0

r2j |uj |2 ≥ r2N .

The lower and upper bounds agree.

For a prescribed operator tolerance 0 < ε < 1, the least admissible rank is

Nmin =

⌈
log ε

log r

⌉
.

The cost model counts complex linear coordinates. Quantization, coefficient acquisition, nonlinear
encoders and hardware latency require additional models. Within the stated class, M35 is a
genuine global optimum with an explicit lower-bound witness.

4.6.3 Bergman space and conformal radius

Let A2(D) be the space of holomorphic functions square-integrable with respect to Euclidean
area. For a conformal equivalence ϕ : D→ D, define

(UϕF )(z) = F (ϕ(z))ϕ′(z).

Theorem 4.36 (M36: unitary pullback and evaluation bounds). The map Uϕ : A2(D)→ A2(D)
is unitary. If a = ϕ(0), the Bergman kernel satisfies

KD(a, a) =
1

π crad(D, a)2
.

With d = dist(a, ∂D),
1

16πd2
≤ KD(a, a) ≤

1

πd2
.
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Proof. Conformal change of variables gives∫
D
|F (ϕ(z))ϕ′(z)|2dA(z) =

∫
D
|F (w)|2dA(w).

The inverse uses ϕ−1 and its derivative, so the isometry is onto. On the unit disk, polar integration
gives the orthonormal basis

√
(j + 1)/π zj . Summing its reproducing series yields

KD(z, w) =
1

π(1− zw)2
.

The unitary transformation gives

KD(ϕ(z), ϕ(w))ϕ
′(z)ϕ′(w) = KD(z, w).

Set z = w = 0 and use M28 for the distance comparison.

The factor ϕ′ is the transformation law of a holomorphic differential. An unweighted composition
is generally not an isometry for area measure. In geometric terms, the pullback acts on sections
of the canonical bundle; in Hilbert-space terms, it preserves a norm and hence reproducing
evaluation functionals.

4.6.4 The Schwarzian as a projective differential invariant

For a locally univalent function define

Sf =
f ′′′

f ′
− 3

2

(
f ′′

f ′

)2

.

Direct differentiation gives the chain rule

Sf◦g = (Sf ◦ g)(g′)2 + Sg.

A Möbius map has zero Schwarzian, so postcomposition by such a map leaves Sf unchanged.

Proposition 4.37 (M37: a projectively invariant univalence bound). Every univalent map on D
satisfies

(1− |z|2)2|Sf (z)| ≤ 6.

The constant is attained by the Koebe function on the real diameter.

Proof. Normalize f(z) = z + a2z
2 + a3z

3 + · · · . The exterior function

1

f(1/ζ)
= ζ − a2 + (a22 − a3)ζ−1 + · · ·

is univalent. M22 gives |a3− a22| ≤ 1. Since Sf (0) = 6(a3− a22), the estimate holds at zero. Apply
the normalized Koebe transform at an arbitrary point and use the chain rule to obtain the factor
(1− |z|2)2. For k(z) = z/(1− z)2, differentiation gives Sk(z) = −6/(1− z2)2, proving equality on
the real diameter.

On a simply connected domain where f ′ ̸= 0, choose a square root of f ′. The functions

y1 =
f√
f ′
, y2 =

1√
f ′

solve y′′ + 1
2Sfy = 0, and their quotient is f . The identity follows by differentiation. It connects

projective mapping data to a second-order linear equation. A converse univalence criterion would
require a separate theorem; the bound above is used only in its proved direction.
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Exercise 4.13 (A rank lower-bound witness). For r = 1/2 and a rank-at-most-three operator A,
identify the finite-dimensional space used to prove ∥Tr −A∥ ≥ 1/8.

Solution. Use W = span{1, z, z2, z3}. Its dimension is four. The restriction of A has a nonzero
kernel vector u ∈W . After normalization, all four diagonal factors of T1/2 on W are at least 1/8,
so
∥∥(T1/2 −A)u∥∥ ≥ 1/8. □

Exercise 4.14 (A point-evaluation certificate). Suppose F ∈ A2(D), ∥F∥A2 ≤ 1, and
crad(D, a) = 2. Bound |F (a)| and identify an extremizer up to phase.

Solution. The reproducing property gives |F (a)| ≤
√
KD(a, a) = 1/(2

√
π). Equality is attained

by the normalized reproducing kernel KD(·, a)/
√
KD(a, a), multiplied by a unimodular constant.

□

Singular values of analytic restriction
T_r: sum a_j z^j -> sum r^j a_j z^j on H^2.
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The rank lower bound uses a kernel vector in span{1,z,...,z^N}; every bounded linear rank-N method is included.

Figure 4.19: Singular values of interior restriction on Hardy space. The first omitted singular value is
both an achievable error and the lower bound for every linear representation of the same rank.

The exact linear approximation frontier
For complex-linear rank at most N, the optimal operator error is r^N.
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The rank lower bound uses a kernel vector in span{1,z,...,z^N}; every bounded linear rank-N method is included.

Figure 4.20: The exact rank–error frontier from M35. The horizontal coordinate counts complex
coefficients; the error is an operator norm over the full Hardy unit ball.
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Bergman evaluation and conformal geometry
Pointwise density is transformed with the squared derivative Jacobian.

log10 K_D(z,z)

K_D=1/[pi(1-|z|^2)^2]

projected disk coordinates

The wire height is logarithmic. Boundary growth is truncated at radius 0.87 for finite display.

Figure 4.21: The evaluation norm transported by the quadratic conformal map. The Jacobian factor is
explicit in the unitary pullback.

The normalized Schwarzian bound
The Koebe function attains the bound 6 on the real diameter.
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The bounds apply to the stated function class and interior radius. Boundary behavior is not uniform.

Figure 4.22: The Koebe Schwarzian and its invariantly weighted modulus. The unit-disk boundary is
excluded from the plotted domain.

4.7 Completion of the radial-slit extremal argument

Mathematical reference. The extremal remark following source Lemma 4.17, physical p.115. The following
derivation uses the variational definition of planar condenser capacity.

The explicit collar bound M29 is sufficient for the invariant distortion theorem. The source
also identifies a radial slit as the extremal continuum. A circular rearrangement argument proves
that assertion without assuming a nondegenerate limit of annulus uniformizations.

Theorem 4.38 (M38: radial-slit extremality). Let K ⋐ D be a nondegenerate full continuum
containing zero, and put r = maxz∈K |z|. Then

Cap([0, r],D) ≤ Cap(K,D), mod(D \K) ≤ mod(D \ [0, r]).

Equality is attained by K = [0, r] and by its rotations. The statement asserts attainment; it does
not classify every possible equality case.
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Proof. Use the capacity convention

Cap(K,D) = inf

{∫
D
|∇u|2dA : u ∈ C∞

c (D), u ≥ 1 on a neighbourhood of K
}
.

Truncation to 0 ≤ u ≤ 1, followed by the usual Sobolev approximation, leaves the infimum
unchanged. We first rearrange a nonnegative smooth test function with value one near K.

For each radius ρ, replace the angular function u(ρ, θ) by its symmetric decreasing rearrangement
u∗(ρ, θ) on the circle, centred at θ = 0. Thus every nontrivial superlevel set of u∗(ρ, ·) is a centred
arc with the same angular length as the corresponding superlevel set of u(ρ, ·). The rearrangement
preserves the L2 norm of each angular slice.

Angular energy. Let v be a smooth nonnegative angular slice and let ℓ(s) = |{θ : v(θ) > s}|.
At a regular level with a nonempty proper superlevel set, the coarea formula gives

−ℓ′(s) =
∑
v(θ)=s

1

|v′(θ)|
,

∫
T
|v′|2dθ =

∫ ∑
v(θ)=s

|v′(θ)| ds.

There are at least two boundary points at such a level. Cauchy–Schwarz therefore gives∑
v=s

|v′| ≥ 4

−ℓ′(s)
.

The symmetric decreasing rearrangement has two boundary points with equal derivative magni-
tudes, and attains the expression on the right. Integrating proves∫

|∂θu∗|2dθ ≤
∫
|∂θu|2dθ.

Plateaux and critical levels are handled by approximation and lower semicontinuity. This extension
is needed because rearrangement of a smooth function need not be smooth.

Radial energy. For two nonnegative angular slices v, w, layer-cake integration gives∫
vw =

∫ ∞

0

∫ ∞

0
|{v > s} ∩ {w > t}| ds dt ≤

∫
v∗w∗.

Indeed, the intersection of two sets has length at most the smaller length, and the two centred
arcs attain that intersection length. Since the two individual squared norms are preserved,

∥v∗ − w∗∥L2(T) ≤ ∥v − w∥L2(T).

Apply this contraction to slices at ρ and ρ+ h, divide by h2, and integrate on a compact radial
interval away from zero. The difference-quotient characterization of Sobolev derivatives and lower
semicontinuity imply ∫ 1

ε

∫
T
|∂ρu∗|2ρ dθ dρ ≤

∫ 1

ε

∫
T
|∂ρu|2ρ dθ dρ.

The harmless endpoint intervals are removed before passing to the difference-quotient limit.
Letting ε ↓ 0 gives the radial inequality on the disk. Combining both components in polar
coordinates yields∫

D
|∇u∗|2dA =

∫ 1

0

∫
T

(
|∂ρu∗|2 + ρ−2|∂θu∗|2

)
ρ dθ dρ ≤

∫
D
|∇u|2dA.

Admissibility. The continuous image |K| is a connected compact subset of R containing zero
and r; it therefore contains [0, r]. Every circle of radius ρ ∈ (0, r] meets K. Since u = 1 on a
fixed neighbourhood of the compact set K, the angular slice equals one on an arc of uniformly
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positive angular width away from the centre. Rearrangement places that arc around angle
zero. The neighbourhood of zero and the endpoint at r supply the remaining local pieces.
Consequently u∗ equals one on a neighbourhood of the radial segment [0, r] and vanishes near
the unit circle. Sobolev approximation, or mollification inside the two separated neighbourhoods,
supplies admissible smooth functions with energies approaching that of u∗. Hence

Cap([0, r],D) ≤
∫
|∇u∗|2 ≤

∫
|∇u|2.

Take the infimum over u. The annular identity mod = 1/Cap reverses the inequality and proves
the modulus assertion. A radial slit is itself admissible and attains equality.

Circular rearrangement and condenser capacity
Equal angular distributions, controlled energy, and the radial-slit extremal continuum.

original angular slices centred rearrangement

[0,r]

-->

same lengths

slice L^2 contraction + angular coarea inequality

Dirichlet energy decreases; connected K supplies every radius

The diagram records superlevel-set lengths. The energy inequality is proved in M38.

Figure 4.23: Circular rearrangement preserves the distribution of each angular slice. The contraction
and coarea estimates in M38 control the radial and angular components of Dirichlet energy.

4.7.1 Optimal-radius interpretation

Let G(r) = mod(D \ [0, r]), and define

k∗(µ) = sup{r ∈ (0, 1) : G(r) ≥ µ}.

The theorem shows that every admissible K with modulus at least µ has maximal radius at most
k∗(µ). Conversely, radial slits realize every admissible radius in this defining set, so no smaller
universal upper bound is possible. The explicit estimate M29 gives k∗(µ) ≤ 1− e−π/(4µ) < 1 and
hence proves finiteness of the optimal-radius bound without requiring a special-function formula
for G.

The supremum formulation suffices for optimality even before continuity is considered. Conti-
nuity of condenser capacity for nested radial segments gives the usual inverse-function description
and endpoint attainment. That continuity follows from the variational definition: decreasing
compact segments are controlled by a fixed neighbourhood test function; increasing segments
are treated by weak compactness of the minimizing potentials, with the missing endpoint having
zero planar capacity. The zero capacity of a singleton follows from logarithmic radial cutoffs with
energies tending to zero. These are properties of the same Dirichlet-capacity model used in the
proof.

86



4.7.2 Scope of the analytical foundations

The proof uses the one-dimensional coarea formula, the Sobolev difference-quotient characteriza-
tion, and lower semicontinuity of the Dirichlet norm. They are explicit foundational dependencies.
Their use does not establish an accepted Lean implementation. The independent exact checker
verifies the finite two-arc inequality; the infinite rearrangement and capacity arguments are
written analytical proofs.

Exercise 4.15 (Why connectedness matters). Explain why the radial projection of K covers
every radius from zero to r, and identify the step that fails for a disconnected set consisting of
zero and one other point.

Solution. The modulus map is continuous, so the image of a connected set is an interval. A
two-point set projects to only two radii. Intermediate angular slices then need not have value one
anywhere, and the rearranged test function need not be admissible for the full radial segment. A
two-point set also does not give the ring-domain geometry assumed in the theorem. □
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Chapter 5

Constructive examples in algebraic
geometry and topology

5.1 Local multiplicity without the vocabulary barrier

5.1.1 MU1: turn a nonlinear expression into a power

Consider f(z) = z2(1+ z) near zero. The equation f(z) = 0 has a double zero at zero and another
zero at −1. Near zero the factor 1 + z never vanishes. Choose the analytic square root agreeing
with one at zero and put

u = z
√
1 + z = z + 1

2z
2 − 1

8z
3 + · · · .

Then f(z) = u2 exactly, not just to low Taylor order. Moreover u′(0) = 1, so sufficiently near
zero this is an invertible change of coordinate. The expansion helps us recognize the coordinate,
but the identity and inverse-function theorem establish the local result.

Why the change matters. For a small nonzero target w, there are two nearby preimages,
even though at w = 0 their positions coincide. The two positions have not vanished from the
count; their combined multiplicity is two. A small positively oriented circle around zero maps
to a loop making two turns around zero. Thus polynomial multiplicity and boundary winding
are two descriptions of the same local phenomenon. The algebraic-geometric version retains
the two-dimensional quotient C[u]/(u2), in which u is nonzero but u2 = 0. Counting distinct
coordinate values would miss this information.

Exercise 5.1 (MU1a). For g(z) = (z − 2)3(5 + z − 2), find a local coordinate at z = 2 that
makes g a cube. State why it is a coordinate and identify the local degree.

Solution. Put v = (z − 2)(5 + z − 2)1/3, choosing the local cube root positive at z = 2. Its
derivative there is 51/3 ̸= 0, so it is locally invertible. The identity g = v3 gives local degree three.
No global cube-root branch on the entire punctured plane is claimed.

5.1.2 MU2: test a disk-preserving fraction exactly

Take b(z) = (z − 1/3)/(1− z/3). The useful identity is

|1− z/3|2 − |z − 1/3|2 = 8
9(1− |z|

2).

For |z| < 1, the right side is positive, so the numerator has smaller modulus than the denominator.
On the unit circle the moduli are equal. The pole is at three, outside the disk. These three
observations establish disk preservation, boundary preservation and absence of an interior pole.
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The inverse is (w+ 1/3)/(1 +w/3). The product B(z) = z2b(z) has degree three, not two: the
zero at zero has multiplicity two and the zero at 1/3 contributes one. Its boundary phase makes
three full turns. The derivative at a point is a local feature; the number three is a global fibre
count. These should not be confused.

Exercise 5.2 (MU2a). Replace 1/3 by one in the fraction. What happens to the formula, and
why is this not a proper degree-one disk map?

Solution. For z ̸= 1, (z − 1)/(1− z) = −1. Cancellation gives a constant function. Its image is
on the boundary instead of in the open disk. The admissible hypothesis |a| < 1 has failed, so
continuity of the unreduced formula in the parameter does not preserve degree.

5.2 Euler characteristic as a branch-count ledger

5.2.1 MU3: a genus-two curve from a quadratic equation

Let
X : y2 = (x− 1)(x− 2)(x− 3)(x− 4)(x− 5)(x− 6).

Projection to x has two preimages for a generic value. At each of 1, . . . , 6 the two sheets meet
in a simple branch point. Locally, because the remaining factors are nonzero, the equation is
equivalent to y2 = x− a after a nonvanishing coordinate adjustment. The contribution e− 1 is
one at each such point.

Infinity must be checked instead of guessed. Put u = 1/x and v = y/x3. Then

v2 =
6∏
j=1

(1− ju).

At u = 0 there are two points, v = +1 and v = −1. The derivative of v2−
∏
(1− ju) with respect

to v is nonzero at both. Each has local coordinate u, and projection has local degree one there.
Infinity contributes no branching. The compact smooth surface therefore has

χ(X) = 2χ(S2)− 6 = 4− 6 = −2, 2− 2g = −2, g = 2.

The core proves the Riemann–Hurwitz relation; the undergraduate calculation uses it with an
explicitly checked branch list.

Exercise 5.3 (MU3a). For y2 =
∏5
j=1(x − j), determine the contribution at infinity and the

genus of the smooth compactification.

Solution. Set u = 1/x and v = y/x3. The equation becomes v2 = u
∏5
j=1(1 − ju). Near

(u, v) = (0, 0), the factor multiplying u is nonzero, so projection to u is locally the square of a
coordinate. Infinity is one simple branch point. There are five finite branch points plus one at
infinity; the same total six gives genus two. An odd polynomial degree does not mean there is an
odd total number of simple branch values on the sphere.

Exercise 5.4 (MU3b). Why can the same six-point count not be applied unchanged when two
factors collide, for example (x− 1)2

∏6
j=3(x− j)?

Solution. The affine curve is singular at (1, 0): both partial derivatives of its defining equation
vanish. On its normalization, divide by the repeated factor through ỹ = y/(x − 1) to obtain
ỹ2 =

∏6
j=3(x− j). The normalized cover has four simple branch points and genus one. Applying

the smooth-surface theorem to the singular model without normalization counts the wrong object.
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1 2 3 4 5 6

sheet +

sheet -

Six simple finite branch values; two unbranched infinity points; genus 2.

Figure 5.1: A schematic cut construction for the smooth degree-six hyperelliptic example. The six
branch values and the two points at infinity are counted in the proof; the displayed cross-sheet lines are a
gluing guide, not an embedding of a genus-two surface.

5.3 Boundary information can count an interior

5.3.1 MU4: compute a winding by continuation of angle

For γ(t) = 2e3it, 0 ≤ t ≤ 2π, a continuous argument is 3t. The total change is 6π, so the winding
is three. Reversing the path changes the sign. For a general closed loop avoiding zero, locally
choose a continuous angle and continue it; the final angle differs from the initial one by an integer
multiple of 2π.

The loop can deform without changing this integer as long as it never passes through zero. For
instance 2eit + c, c ∈ [0, 1], always avoids zero because its modulus is at least 2− c ≥ 1. It has
winding one for every such c. At c = 2 the exclusion fails and the loop touches zero. No amount
of numerical angle unwrapping can repair the missing hypothesis at that parameter.

5.3.2 MU5: count quartic roots in two regions

Let p(z) = z4 + 5z + 1. On |z| = 1, the term 5z has modulus five, whereas |z4 + 1| ≤ 2. The
homotopy 5z + t(z4 + 1) is nonzero on the circle for all t ∈ [0, 1]. Consequently p has one
zero inside, counted with multiplicity. On |z| = 2, the leading term has modulus sixteen and
|5z + 1| ≤ 11. The same argument gives four interior zeros there. Thus exactly three roots lie in
1 < |z| < 2, and no roots lie on either circle.

This uses the argument principle through a strict triangle inequality. Finding decimal ap-
proximations to four roots would answer a different question and would need error bounds to
certify these strict regions. For one quartic, a numerical solver may still be the best constructor
of approximate values; the two inequalities are a small independent checker.

Exercise 5.5 (MU5a). Show that pt(z) = z4 + 5z + t has exactly one root in the unit disk for
every complex |t| < 4. Explain the strict boundary of this sufficient condition.

Solution. On |z| = 1, |z4 + t| ≤ 1 + |t| < 5 = |5z|. The nonvanishing homotopy and the degree
of 5z give one. At |t| = 4 the bound is no longer strict, so this proof alone stops. It does not
assert that every such endpoint parameter has a boundary root; a sufficient inequality failing is
weaker than the conclusion failing.

Exercise 5.6 (MU5b). A continuous real map can have a target in its image but zero boundary
degree. Give the reason using F (x, y) = (x2, y) near a small positive target (ε, 0).
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Solution. The target has two preimages (±
√
ε, 0). The Jacobian determinant is 2x, positive at

one and negative at the other. The local indices sum to zero. Holomorphic nonconstant maps
preserve orientation locally away from branching, so their local multiplicities do not cancel this
way. The converse of “nonzero degree implies existence” is false for arbitrary continuous maps.

5.4 Quotient algebras: an algebraic-geometric object you can
compute

5.4.1 MU6: multiplication by a coordinate

For p(z) = z3 − 2, consider the three-dimensional vector space A = C[z]/(p) with basis 1, z, z2.
Reducing z3 to two gives the multiplication matrix

Mz =

0 0 2

1 0 0

0 1 0

 , M3
z = 2I.

For any polynomial observable r, multiplication by r(z) is represented by r(Mz). The eigenvalues
of Mz are the roots of p, but traces can be calculated without assigning or following individual
roots.

Exercise 5.7 (MU6a). Compute trMz, trM2
z , trM3

z and interpret them as power sums of the
roots. Then explain what changes for the quotient by z3.

Solution. The first two traces are zero and the third is six because M3
z = 2I. Thus the sums of

first, second and third powers of the roots are 0, 0, 6. For the quotient by z3, multiplication is a
nilpotent three-by-three shift. The only root position is zero, but the quotient still has dimension
three. This dimension records multiplicity that a set of distinct roots cannot record. It is the
finite local-ring idea underlying ramification, not just an arbitrary matrix analogy.

5.5 Following a root is a path problem

5.5.1 MU7: a three-sheet lift

Solve z3 = w along w(t) = eit starting with z(0) = 1. Continuity selects z(t) = eit/3. At t = 2π
the endpoint is e2πi/3, not one. A second loop reaches the other nontrivial cube root, and a third
closes the lift. A routine that returns the principal root independently at each sample may jump
at its branch cut; that is not the continued solution.

Exercise 5.8 (MU7a). For a loop with winding m in C∗, when does its lift under z 7→ zd close?
Prove the criterion by a continuous argument, not by a picture.

Solution. Write the loop as ρ(t)eiθ(t) with a continuous argument along its interval parameter.
Its lifted root has argument (θ(t) + 2πk)/d, where k is fixed by the initial root. The endpoint
argument changes by 2πm/d. The endpoint equals the starting root exactly when m/d is an
integer, or d | m. This is the subgroup dZ in the fundamental group of the punctured plane.
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5.5.2 MU8: permutations do not generally commute

For three sheets label the two elementary swaps a = (12) and b = (23). Applying b then a sends
1 7→ 2 7→ 3 7→ 1 under their product convention, producing a three-cycle; reversing the order
gives its inverse. The generated group has six elements: identity, three transpositions and two
three-cycles. A regular cover records all six permutation states, while tracking one root records
only its orbit of size three. The forgotten information is its stabilizer.

Exercise 5.9 (MU8a). Use the convention (ab)(j) = a(b(j)) to write ab and ba explicitly and
show that aba = (13).

Solution. Direct evaluation gives ab = (123), ba = (132) and aba = (13). These calculations
specify the convention needed by a permutation program. Multiplying symbols from left to right
without deciding what they mean can invert a monodromy record.

5.6 Composition: a formula is not its domain

5.6.1 MU9: a two-stage pullback

Let U0 = {|z| < 1}, U1 = {|w| < 1}, U2 = {|v| < 1/2}, and let ϕ0(z) = 2z, ϕ1(w) = 3w. The
terminal inverse branch gives w = v/3, then z = v/6. Thus the correct domain mapped onto
U2 is |z| < 1/12. The formula 6z exists algebraically everywhere; its existence is not what the
telescope theorem asserts.

The intermediate admissibility domain for merely reaching U1 is |z| < 1/2. The terminal
domain is contained in it with a strict margin. These two nested sets encode separate obligations.
An input at z = 1/5 passes the first stage but does not land in U2 after both stages.

Exercise 5.10 (MU9a). Replace the second target by |v − 1/4| < 1/8, leaving both stage maps
unchanged. Determine the initial domain and check that it lies in U0 and that the intermediate
values lie in U1.

Solution. Pulling back through v = 6z gives |z − 1/24| < 1/48. Its maximal modulus is
1/16 < 1. The intermediate variable w = 2z satisfies |w − 1/12| < 1/24, hence |w| < 1/8 < 1.
Each claim is a numerical domain check, not an assumption based on the composite expression.

5.6.2 MU10: the error budget of an inverse iteration

Suppose a stage contracts errors by q = 1/2 and has a fresh evaluation discrepancy at most
η = 1/1000. Starting from exact input, after n steps

en ≤
1

500
(1− 2−n).

After ten steps the bound is 1023/512000, below 1/500. More iterations do not force this
worst-case bound to zero, because new error is inserted at every stage. The qualitative word
“contractive” is not a substitute for this calculation.

Exercise 5.11 (MU10a). A claimed implementation replaces the bound by ηqn. Give a two-step
counterexample consistent with the recurrence en+1 ≤ qen + η.

Solution. Choose actual errors e0 = 0, e1 = η, e2 = qη + η. These satisfy the recurrence with
equality. The claimed bound at two steps is ηq2, smaller than η when 0 < q < 1, so it fails. The
correct geometric sum has contributions of different ages.
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5.7 MG1: finite fibres as algebras, including nilpotents

Let p(z) =
∏r
j=1(z− aj)ej with distinct aj and degree d =

∑
ej . The Chinese remainder theorem

gives

C[z]/(p) ∼=
r⊕
j=1

C[z]/((z − aj)ej ) ∼=
r⊕
j=1

C[ε]/(εej ).

To prove the first isomorphism, distinct linear factors generate comaximal ideals; Bezout identities
construct mutually orthogonal idempotents projecting onto each summand. The second map uses
ε = z − aj . Each summand has basis 1, ε, . . . , εej−1, so its vector dimension is ej . This is the
algebraic reason fibre multiplicities add to degree.

Multiplication by a polynomial h on the jth local summand is upper triangular with diagonal
value h(aj) repeated ej times. Consequently

trMh =

r∑
j=1

ejh(aj), detMh =

r∏
j=1

h(aj)
ej .

The nilpotent upper diagonals depend on derivatives of h, but trace and determinant retain
multiplicity without choosing a basis of root eigenvectors. At colliding roots, a diagonal eigenbasis
may fail while this algebra still has dimension d.

Exercise 5.12 (MG1a). For p(z) = (z − 1)2(z + 2), find trMz, trMz2 and detMz−3. Explain
why a sum over distinct roots is wrong.

Solution. The local dimensions are two and one. Thus the traces are 2(1) + (−2) = 0 and
2(1)2 + (−2)2 = 6, while the determinant is (1− 3)2(−2− 3) = −20. Distinct-root summation
would give −1 and five for the two traces. It discards the doubled local algebra at one.

5.8 MG2: Hardy interpolation detects coalescing data

Use H2(D) = {f(z) =
∑

n≥0 cnz
n :

∑
|cn|2 < ∞}, with the inner product linear in the first

variable. Evaluation is bounded:

|f(a)| ≤ ∥f∥H2

(∑
n≥0

|a|2n
)1/2

=
∥f∥H2√
1− |a|2

.

The representing kernel is ka(z) = 1/(1− āz). The coefficient proof gives ⟨f, ka⟩ = f(a) directly.
Derivative evaluations are also bounded at interior points because the appropriate polynomially
weighted geometric sums converge.

Let a finite Blaschke product B have zeros aj of multiplicities ej . Then BH2 consists of those
f with f (m)(aj) = 0 for 0 ≤ m < ej . One direction is divisibility. In the reverse direction, divide
successively by the elementary factors; removal of the zeros gives a holomorphic quotient, and the
boundary modulus-one relation preserves the H2 norm. Thus the finite-dimensional orthogonal
complement H2 ⊖BH2 is spanned by the representing kernels of these jet evaluations. Hermite
interpolation by polynomials shows the d =

∑
ej functionals are independent, so this complement

has dimension d.

5.8.1 A quantified collision of two interpolation sites

For real sites a,−a, 0 < a < 1, the kernel Gram matrix is

G =

(
(1− a2)−1 (1 + a2)−1

(1 + a2)−1 (1− a2)−1

)
.
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The symmetric and antisymmetric eigenvectors give eigenvalues

λ+ =
2

1− a4
, λ− =

2a2

1− a4
.

Hence κ2(G) = a−2. As the sites coalesce, two value samples become nearly redundant. The
rescaled antisymmetric functional (f(a) − f(−a))/(2a) tends to f ′(0), revealing the jet that
should replace the duplicate value. This is a functional-analytic explanation of the local nilpotent
fibre in MG1, not an assertion that every ill-conditioned matrix is a branch point.

Exercise 5.13 (MG2a). Find the minimal H2 norm of a function with f(a) = 1 and f(−a) = −1,
and identify the divergence as a ↓ 0.

Solution. The minimum-norm interpolant lies in span{ka, k−a}. Solving Gc = (1,−1)T gives
coefficient vector c = λ−1

− (1,−1)T . Its squared norm is (1,−1)G−1(1,−1)T = 2/λ− = (1−a4)/a2.
Thus the norm diverges like 1/a. The interpolation data demand a slope of order 1/a, so this is a
genuine data-conditioning effect, not merely a poor numerical solver.
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Figure 5.2: The exact two-site Hardy Gram eigenvalues and condition number under coalescence. The
graph uses positive a only. A jet basis resolves the limiting information type, but it does not make
incompatible fixed value data uniformly bounded.

5.9 MG3: an explicit differential basis on a double cover

Let p be squarefree of degree 2g+2, g ≥ 1, and let X be the smooth compactification of y2 = p(x).
By the fully counted Riemann–Hurwitz formula, X has genus g. The differentials

ωk =
xk dx

y
, 0 ≤ k ≤ g − 1,

are holomorphic. At a simple finite branch point a, a local coordinate t satisfies x− a = t2 and
y = t u(t) with u(0) ̸= 0; therefore dx/y = 2dt/u(t) is regular. Away from branch points there is
no problem. At infinity use u = 1/x, v = y/xg+1, obtaining

xkdx

y
= −u

g−1−k

v
du,
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regular exactly for the displayed range. The g forms are linearly independent because a polynomial
relation in x would vanish on an open set. The theorem dimH0(X,KX) = g then shows they form
a basis; that dimension theorem is an explicitly imported Riemann-surface result, not established
by this local computation alone.

For odd degree 2g + 1, infinity is one branch point. Set x = t−2 locally; then y = t−(2g+1)u(t)
with nonvanishing u, so xkdx/y is a constant times t2g−2k−2dt/u(t). The same range is regular.
The coordinate at infinity changes, but the basis dimension agrees.

Exercise 5.14 (MG3a). For a smooth curve y2 = x8 − 1, list a holomorphic differential basis
and compute the total zero order of dx/y.

Solution. The genus is three. A basis is dx/y, x dx/y, x2dx/y. The first differential has order
two at each of the two infinity points and no zero or pole at a finite branch point. Its total zero
order is four, matching degKX = 2g − 2 = 4. This is an explicit consistency check between local
coordinates and a global divisor degree.

5.10 MG4: a finite cover defines an averaging adjoint

Let f : X → Y be a degree-d cover away from its critical values. Choose a finite measure ν on
Y giving those critical values measure zero. Define µ on X by uniformly averaging over the d
distinct preimages: ∫

X
h dµ =

∫
Y

1

d

∑
f(x)=y

h(x) dν(y).

For measurable functions let Ug = g ◦ f and Ph(y) = d−1
∑

f(x)=y h(x) almost everywhere. Then

∥Ug∥L2(µ) = ∥g∥L2(ν) , ⟨Ug, h⟩ = ⟨g, Ph⟩, PU = I.

The identities follow by substituting the defining measure formula. Jensen’s finite-sum inequality
gives ∥P∥ ≤ 1. Consequently UP is the orthogonal projection onto the fibre-constant functions.
This is a function-space meaning of passing from sheet-level data to the base.

The measure was chosen to make this statement true. Ordinary area measure on the source
has Jacobian weights, and Dirichlet energy instead scales by degree as in M10. Reusing the same
symbol L2 while changing the measure would invalidate the adjoint formula.

Exercise 5.15 (MG4a). For z 7→ z3 on the unit circle with normalized angular measure, compute
P (zn), n ∈ Z.

Solution. The three preimages of w are ζjz with z3 = w and ζ3 = 1. Their average is
zn(1 + ζn + ζ2n)/3. It equals wn/3 when three divides n and zero otherwise. Thus averaging
removes Fourier modes that do not descend to the base. This is a roots-of-unity identity, not a
claim that arbitrary signal downsampling includes an ideal antialiasing filter.

5.11 MG5: the complete data of a branched cover

For a punctured target with chosen base point, loops around branch values induce permutations
σ1, . . . , σr ∈ Sd. A connected cover requires a transitive generated action. Relabelling the fibre
conjugates every permutation by the same element. The cycle lengths of σi are the local degrees
over the ith value. The total ramification over it is

d−#cycles(σi).
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The product constraint depends on the target: on the punctured sphere, the ordered product
including the loop around infinity is the identity. On a punctured disk, its inverse describes
the boundary monodromy under a fixed orientation convention. Matching only the list of cycle
lengths is not sufficient for equivalence; the relative arrangement of the permutations also matters.

Exercise 5.16 (MG5a). A transitive degree-four cover of the sphere has local permutations with
cycle types (4), (2, 2) and (2, 1, 1). Compute its genus assuming a consistent product relation
exists. What does the calculation not prove?

Solution. The defects are three, two and one, totaling six. Hence 2− 2g = 8− 6 = 2 and g = 0.
The arithmetic does not construct permutations with product one or prove transitivity. In this
example a dihedral realization exists, but a genus ledger alone is not the existence theorem. A
passport must include and verify the actual permutations.

5.12 MG6: a regular cover much smaller than the factorial bound

For d ≥ 3 define polynomials P0(x) = 2, P1(x) = x and Pn+1 = xPn − Pn−1. Induction using
x = t+ t−1 gives

Pd(t+ t−1) = td + t−d.

The rational map g(t) = td + t−d has degree 2d. Its deck transformations are t 7→ ζkt and
t 7→ ζk/t, where ζ = e2πi/d. They form a dihedral group of order 2d: rotations compose
by addition, reflection has square one and conjugates a rotation to its inverse. There are 2d
transformations, equal to the map degree, so this is a regular cover. It factors through x = t+ t−1,
a degree-two quotient, followed by Pd, degree d.

The stabilizer of x is the reflection subgroup. For d ≥ 3 its intersection with all conjugates is
trivial: a nontrivial common element would have to be the same reflection in every conjugate,
impossible because the conjugates include a distinct reflection. Thus the induced action on the d
cosets is faithful, and the dihedral cover is the minimal normal closure of the polynomial cover.
For d = 2 that argument fails: the degree-two polynomial is already Galois, so the four-sheet
construction is regular but not minimal. The exception is part of the theorem.

Exercise 5.17 (MG6a). Compute the normal-closure degree for P5 and compare it with the
general factorial bound. Check the genus of its regular closure from inertia orders 2, 2, 5.

Solution. The degree is ten, compared with the universal upper bound 5! = 120. On the
ten-sheet regular cover the ramification contribution of inertia order e is 10(1− 1/e). The three
contributions are five, five and eight, totaling eighteen. Riemann–Hurwitz gives χ = 20− 18 = 2,
hence genus zero. The bound d! is a worst-case possibility, not an instruction to allocate d! states
for every polynomial.

5.13 MG7–MG8: analytic operators and local inverse certificates

If ϕ : U → V is holomorphic, pullback Cϕh = h ◦ ϕ maps H∞(V ) to H∞(U) with norm at most
one. For composable maps the operator order reverses: Cψ◦ϕ = CϕCψ. The theorem is almost
immediate from a supremum, but the domains are its substance. The source telescope constructs
exactly those intermediate domains on which all factors are defined.

For a quantitative local inverse of z2 = w, choose a center c ≠ 0 and radius r > 0. If w ranges
over a compact parameter cell Q and

sup
w∈Q
|c2 − w|+ r2 < 2|c|r,
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then z2 −w = 2c(z − c) + (c2 −w) + (z − c)2 has exactly one zero in |z − c| < r for every w ∈ Q.
This is the core argument-principle theorem applied to a parameter-uniform linear domination.
The selected root varies analytically on any open parameter domain on which the same strict
inequality holds. The nonzero derivative and the uniqueness of the root patch local implicit
solutions together.

Exercise 5.18 (MG8a). Certify a square-root branch near w = 1 using c = 1, r = 1/4 and
|w − 1| ≤ 1/4. Give a derivative bound for the certified root.

Solution. The remainder bound is 1/4 + 1/16 = 5/16 < 1/2 = 2|c|r. Hence there is exactly
one root in the disk. Every such root satisfies |z| ≥ 3/4, so |dz/dw| = 1/(2|z|) ≤ 2/3. The
strict inequality persists on a slightly larger open parameter disk. The branch is selected by the
neighborhood of one, not by a global sign rule on C∗.

5.14 MP1: a discriminant margin gives a separation bound

Let p(z) =
∏d
j=1(z − rj) be monic of degree d ≥ 2. Assume all roots satisfy |rj | ≤ R, R > 0, and

|Disc(p)| =
∏
i<j

|ri − rj |2 ≥ δ > 0.

Write N = d(d− 1)/2. Then every root pair satisfies

|ri − rj | ≥ s :=
√
δ

(2R)N−1
.

Indeed, isolate the chosen pair in the discriminant product and bound every other separation
by 2R. The result is often pessimistic, but it is uniform and computable from declared data. It
proves simplicity and gives |p′(ri)| ≥ sd−1.

5.14.1 A coefficient-perturbation certificate

Suppose p̃ = p+
∑d−1

k=0 ηkz
k with |ηk| ≤ η. Choose 0 < r < s/2. On |z − ri| = r,

|p(z)| ≥ r(s− r)d−1, |p̃(z)− p(z)| ≤ η
d−1∑
k=0

(R+ r)k.

Thus the strict inequality

η

d−1∑
k=0

(R+ r)k < r(s− r)d−1

certifies exactly one perturbed root in each of the disjoint root disks. The count is multiplicity-
sensitive and global: there are d disks and a degree-d polynomial, so no further roots remain.
The assumptions include a certified root bound and discriminant lower bound; estimating either
from a root plot is not the same theorem.

Exercise 5.19 (MP1a). For pw(z) = z3 − 3z − w, |w| ≤ 1, derive a uniform root bound and a
separation lower bound. Compare that bound with the actual minimum separation at w = 0.

Solution. Cauchy’s monic root bound gives R = 4. The discriminant is 108 − 27w2, whose
modulus is at least 108− 27 = 81. With N = 3, s ≥ 9/64. At w = 0 the roots are −

√
3, 0,
√
3,

with minimum separation
√
3. The global estimate is about twelve times smaller. This difference

quantifies the cost of a uniform invariant-based guarantee; it is not a failed proof or evidence that
pointwise estimates are uniformly safe.
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Research extension. A potential contribution is a sharper certificate combining local resultants,
adaptive root clusters and a fixed coefficient uncertainty model. The required comparison is the
number of certified continuation cells and bit complexity at a common error tolerance. No such
new superiority result is asserted by the elementary discriminant estimate above.

5.15 MP2: a branch collision has a logarithmic period scale

Consider the elliptic integral

K(k) =

∫ π/2

0

dθ√
1− k2 sin2 θ

, ε =
√

1− k2 ∈ (0, 1/2].

It is a period of the smooth double-cover curve associated with the four branch points of
(1− x2)(1− k2x2). As k ↑ 1, branch points collide. We now derive a uniform logarithmic bound
without using the full asymptotic expansion.

Set t = cos θ:

K(k) =

∫ 1

0

dt√
(1− t2)(ε2 + (1− ε2)t2)

.

For 0 ≤ t ≤ 1/2, put C(t) = (ε2 + t2)−1/2. The integrand is at least C(t). For 0 ≤ u ≤ 1/4,
(1− u)−1/2 ≤ 1 + u; squaring verifies this since (1 + u)2(1− u)− 1 = u− u2 − u3 ≥ 0. Applying
the inequality to u = t2 and to u = ε2t2/(ε2 + t2) ≤ t2 bounds the integrand by

(1 + t2)2C(t) ≤ (1 + 9
4 t

2)C(t).

The resulting excess integral on [0, 1/2] is at most 9
4

∫ 1/2
0 t dt = 9/32. On [1/2, 1], the integrand is

at most 2/(
√
3 t
√
1− t2), whose integral is (2/

√
3) log(2 +

√
3). Therefore

arsinh
1

2ε
≤ K(k) ≤ arsinh

1

2ε
+

9

32
+

2√
3
log(2 +

√
3).

Since arsinh(1/(2ε))− log(1/ε) is uniformly bounded and nonnegative for this range, we obtain
K(k) = log(1/ε) +O(1) with an explicit uniform constant. In particular the leading logarithmic
coefficient is one.

This calculation identifies the mechanism and a certified scale, but does not derive the sharper
constant log 4 in the classical expansion. It also applies to an ideal conservative period model;
damping and forcing remove the conserved algebraic energy curve unless additional structure is
supplied.

Exercise 5.20 (MP2a). Why is a uniform absolute error bound |K(k)−A(k)| ≤ C compatible
with a relative error tending to zero as k ↑ 1? Why is it not a uniform derivative-error bound?

Solution. The denominator K(k) diverges like log(1/ε), so C/K(k)→ 0. A bounded function
difference can still have a rapidly oscillating or singular derivative; differentiating a big-O(1)
statement is invalid without a differentiated integral estimate. The norm and the requested
observable must be specified separately.

5.16 MP3: Fredholm index survives norm perturbations, not
arbitrary limits

For 0 < a < 1 consider the inner multiplier Mba on H2, with ba(z) = (z − a)/(1− az). Its range
has codimension one and its kernel is zero, so its Fredholm index is −1. For each fixed interior z,
ba(z)→ −1 as a ↑ 1.
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Figure 5.3: The period integral and the uniform analytic bounds from MP2. The central curve is a
high-precision numerical display; the inequality is proved by integral comparison and is not inferred from
the plotted samples.

The convergence is strong as an operator, but not in operator norm. Since ⟨ba, 1⟩ = ba(0) = −a
and ∥ba∥ = 1,

∥ba + 1∥2H2 = 2(1− a)→ 0.

For every polynomial h, multiplication by the bounded polynomial gives ∥(ba + 1)h∥H2 ≤
∥h∥∞ ∥ba + 1∥H2 → 0. Uniform operator boundedness by two and density of polynomials
extend the convergence to every h ∈ H2. On the other hand

∥Mba + I∥ = ∥ba + 1∥H∞ = 2,

because values approaching z = 1 approach two and the triangle inequality gives the reverse
bound. The limiting operator −I has index zero. This does not contradict local constancy of
Fredholm index in operator norm: that topology’s hypothesis fails.

5.16.1 The disappearing one-dimensional model space

The normalized kernel ea(z) =
√
1− a2/(1−az) has norm one. Every fixed Taylor coefficient tends

to zero; boundedness and density give ea ⇀ 0. Hence the rank-one projection Pah = ⟨h, ea⟩ea
tends strongly to zero, while ∥Pa∥ = 1. A fixed dimension at every finite parameter does not
imply that a strong limit has the same rank. This is a concrete functional-analytic model of a
zero escaping through the boundary of a proper-map parameter space.

Exercise 5.21 (MP3a). What is the boundary-degree behavior of ba for a < 1, and why may it
not be computed by first setting a = 1 in the cancelled rational expression?

Solution. The interior family has degree one and boundary winding one. At a = 1 the numerator
and denominator cancel away from z = 1, giving −1, while the original boundary expression has
a simultaneous zero and pole at that point. The continuous nonvanishing boundary homotopy
required to preserve winding fails at the limiting parameter. Operator topology and boundary
topology identify the same excluded degeneration through different, explicitly checked hypotheses.

99



5.17 MP4: a parameter-uniform continuation patch

Let p(z, w) be a polynomial in z with analytic coefficients in w. For a parameter cell Q and a
fixed contour Γ, suppose

inf
w∈Q,z∈Γ

|p(z, w)| ≥ m > 0.

Then no root crosses Γ anywhere in Q. If Q is connected, the argument-principle root count is
constant. A finite set of sampled w does not prove this lower bound; one can instead certify a
convex coefficient family or a tensor-product Bernstein enclosure as developed in the CSE research
branch.

A root count of one inside a simply connected isolating disk gives a single local branch when
the root is simple. A root count of two does not define two global labels. For z2 = w over an
annulus around zero, every fibre has two simple roots and their separation is bounded away from
zero on the annulus, yet a loop exchanges them. Uniform local separation is not global triviality
of the covering. The additional obstruction is the monodromy representation of the parameter
domain.

Exercise 5.22 (MP4a). Give a domain on which z2 = w has uniformly separated roots but no
global continuous single-root selection, and prove both assertions.

Solution. Take 1 < |w| < 2. The roots differ by 2
√
w in modulus, so separation exceeds two.

If a continuous root selection existed, restrict it to w = reit with 1 < r < 2. The winding of its
square would be twice an integer, whereas the base loop has winding one. Contradiction. The
obstruction is topological, not small root separation.

5.18 MP5: the normal core and changes of branch generators

A degree-d connected unbranched cover corresponds to a subgroup H of index d in a fundamental
group Π. Its normal core

N =
⋂
g∈Π

gHg−1

is the kernel of the coset action Π→ Sd. This reduces the apparently infinite intersection to a
finite permutation representation: Π/N is the generated monodromy group. The degree of the
minimal regular closure is |Π/N |, bounded by d! but often smaller.

A Hurwitz move on adjacent branch generators has the form

(σ, τ) 7−→ (στσ−1, σ).

It preserves the ordered product, the generated subgroup and the unordered list of conjugacy
classes. The first statement is multiplication; the second follows because each old generator can
be recovered from the new pair; the third is conjugation and interchange. These are useful finite
checks. They do not settle whether two arbitrary passports lie in the same Hurwitz orbit: that is
a distinct orbit problem with its own allowed moves and target topology.

Exercise 5.23 (MP5a). For the degree-five dihedral cover in the graduate branch, why is the
normal-closure degree ten instead of 120? Which additional input would be needed before claiming
that a computed group proves the intended analytic cover is correct?

Solution. The explicit rational model realizes the faithful dihedral monodromy of order ten.
The number 120 is only the size of S5, not the subgroup actually generated. To identify another
numerically presented cover, one must certify the critical values, the chosen loops, their root
continuation and the resulting permutations; then one must match the cover’s equivalence data.
An exact group computation on guessed permutations proves only the group of the guessed data.
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5.19 MP6: telescope certificates with nonuniform constants

Suppose inverse stages ψj have Lipschitz constants qj on explicitly certified domains. An
implemented stage incurs error at most ηj . Repeated substitution in ej+1 ≤ qjej + ηj gives

en ≤

n−1∏
j=0

qj

 e0 +
n−1∑
k=0

ηk

n−1∏
j=k+1

qj .

The empty product is one. This formula distinguishes early errors, which undergo more later
contraction, from late errors. A uniform bound qj ≤ q < 1 recovers the familiar geometric sum,
but can be wasteful if only a few stages are poorly conditioned.

To make the bound a valid program certificate, pair it with a containment inequality at each
stage: the approximate image plus its error radius must lie within the next stage’s certified
domain. It is invalid to use a derivative bound evaluated on a region from which the error ball
has already escaped. The complex-analytic derivative estimates, topological domain construction
and arithmetic error recurrence are three separate proof components.

Exercise 5.24 (MP6a). For three stages with (q0, q1, q2) = (2, 1/4, 1/4), equal errors η and
e0 = 0, compute the bound. Does the first expanding stage alone preclude an overall useful
bound?

Solution. The three new error contributions are η/16, η/4 and η, totaling 21η/16. The initial
error would be multiplied by 2/16 = 1/8. An expanding first stage therefore does not preclude
overall contraction or a bounded implemented error, provided every domain condition is preserved.
A common one-step contraction is sufficient but not necessary for this finite composite.

5.19.1 An optimal allocation of local precision

The weights in M27 also define a resource-allocation problem not solved by choosing the same
error at every stage. Write wk =

∏n−1
j=k+1 qj > 0. Suppose the continuous precision cost at stage

k is ck log(1/ηk) with ck > 0, and require
∑

k wkηk ≤ E. In the interior regime without active
upper caps on ηk, the unique minimizer is

ηk =
Eck

wk
∑

j cj
.

To prove this, the cost has positive-definite diagonal Hessian ck/η2k, so it is strictly convex. Its
derivative is negative in every coordinate, forcing the error budget to be saturated at an optimum.
The Lagrange equations ck/ηk = λwk and the budget give λ = (

∑
ck)/E. These conditions are

sufficient by convexity. Domain and maximum-error caps change the solution to the corresponding
constrained KKT problem; the formula is not applied past those caps.

For the three-stage example with equal costs, the weights on newly inserted errors are
1/16, 1/4, 1. The optimal tolerances are therefore 16E/3, 4E/3, E/3 as long as all remain within
the allowed domains and error caps. Earlier errors can be larger because later stages damp them.
Equal precision is generally not optimal even when every individual implementation uses the
same arithmetic. This is a mathematical cost model, not a measured runtime claim; real precision
costs and integer bit allocations require a separate implementation study.
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Chapter 6

Quantitative conformal examples

6.1 MU01. Geometric scale in a derivative estimate

Mathematical reference. Volume I, normal-family and mapping core M01; source Theorem 4.1

6.1.1 Prerequisites and governing statement

A disk of radius R consists of points at distance less than R from its centre. Cauchy’s formula
expresses derivatives by an integral on a surrounding circle.

f ′(a) =
1

2πi

∫
|z−a|=R

f(z)

(z − a)2
dz

The circle has length 2π R; the denominator has modulus R2. The resulting scale is M/R.

|f ′(a)| ≤M/R, |f (j)(a)| ≤ j!M/Rj .

6.1.2 Derivation and worked instance

Taking the absolute value inside the contour integral gives a product of three factors: the
normalization 1/(2π), the circle length 2π R, and M/R2. Their cancellation yields M/R. The
same calculation with the j-th derivative produces j!M/Rj . A change of length units scales an
order-j derivative by the inverse j-th power. This provides a direct dimensional check of a printed
estimate.

For f(z)=z on the disk of radius two, M=2 and f ′(0)=1. The correct bound equals one. The
displayed M/R2 bound in the source equals one half and fails. The statement of normality remains
valid after restoring the correct estimate.

6.1.3 Comparison and validity conditions

Baseline. Estimate a derivative from nearby differences, with a step length and data-error budget.
Proposed procedure. Use a bound on an enclosing analytic circle to obtain one derivative

certificate throughout a smaller region.
Quantitative conclusion. The certified derivative bound uses the first inverse power of the

available radius.
Validity conditions. The surrounding circle must lie within the analytic domain. A finite set of

values on the circle does not by itself certify M.
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Exercise 6.1. Let |f|≤6 on |z|≤3. Bound |f ′(0)| and |f ′′(0)|.

Solution. Cauchy gives 6/3=2 and 2! 6/32=4/3. Both bounds retain the physical dimension of
the derivative. □

Graphical reference. See Figure 4.1 for the shared construction.

6.2 MU02. A finite polynomial with an explicit remainder

Mathematical reference. Volume I, normal-family and mapping core M03; source Little Montel proof

6.2.1 Prerequisites and governing statement

A power series can be truncated after degree n. A geometric series with ratio q in (0,1) has a
computable tail.

∞∑
j=n+1

qj =
qn+1

1− q

At q=1/2, the tail is 2−n.

∥f − pn∥∞,Dr
≤M (r/R)n+1

1− r/R
.

6.2.2 Derivation and worked instance

Cauchy bounds every coefficient by M/Rj . Summing the absolute values of the omitted terms
proves the displayed bound. The resulting stopping rule is valid simultaneously at every point of
the smaller disk. The rule depends on the radius ratio, which describes the separation between
the evaluation set and the available analytic boundary.

With M=2 and r/R=1/2, the bound is 21−n. Degree eleven gives 2−10; degree ten gives 2−9.
The input consists of both the coefficients and the surrounding analytic bound.

6.2.3 Comparison and validity conditions

Baseline. Increase polynomial degree until several computed values appear stable.
Proposed procedure. Select a degree from a uniform remainder inequality on the entire evaluation

disk.
Quantitative conclusion. A whole-disk tolerance replaces an unquantified visual stopping test.
Validity conditions. A smooth real function need not have a holomorphic extension to the

proposed disk. A nearby complex pole invalidates the assumed radius.

Exercise 6.2. For M=1 and r/R=1/3, find a sufficient degree for error below 1/1000.

Solution. The bound is 1/(2 3n). At n=5 it is 1/486, while at n=6 it is 1/1458. Degree six is the
smallest degree selected by this bound. □

6.3 MU03. Local uniform convergence

Mathematical reference. Volume I, normal-family and mapping core M02 and M09; source Theorem 4.1
and Exercise 4.3.
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6.3.1 Prerequisites and governing statement

Uniform convergence on a set requires one index valid at every point of that set. Compact
subdisks stay a positive distance from the unit circle.

sup
|z|≤r
|zn| = rn (0 < r < 1)

The same sequence has supremum one on the open unit disk, so whole-domain uniform
convergence fails.

zn −→ 0 locally uniformly on D, sup
D
|zn| = 1.

6.3.2 Derivation and worked instance

Fix r<1. The elementary geometric limit rn→0 proves uniform convergence on the closed disk of
radius r. Every compact subset of the unit disk is contained in such a disk. The convergence is
therefore locally uniform. Choosing evaluation points tending to the boundary with n changes
the quantifiers and can prevent convergence.

At zn=1-1/n, the values znn approach e−1. This does not contradict the locally uniform result
because no fixed compact subdisk contains the entire sequence of evaluation points.

6.3.3 Comparison and validity conditions

Baseline. Check convergence separately at finitely many points.
Proposed procedure. Use a cofinal family of compact subdisks and record a uniform error on

each.
Quantitative conclusion. The error on a chosen subdisk is exactly rn.
Validity conditions. Pointwise convergence alone does not permit unrestricted passage of

derivatives through a limit. Local uniform holomorphic convergence supplies that theorem
through Cauchy’s formula.

Exercise 6.3. At radius r=1/2, how many terms are required to make |zn|≤1/1024?

Solution. n=10 is both sufficient and necessary for this exact uniform estimate. □

6.4 MU04. Infinity as a target coordinate

Mathematical reference. Volume I, normal-family and mapping core M09–M10; source Exercises 4.3–4.4.

6.4.1 Prerequisites and governing statement

The Riemann sphere adds one point at ∞. Near that point, the coordinate 1/w replaces w.

χ(w,∞) =
1√

1 + |w|2

For w=10, this error is 1/
√
101; it is finite and less than one tenth.

fn(z) = n =⇒ sup
K
χ(fn,∞) =

1√
1 + n2

.
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Two limiting regimes of holomorphic families
The sequences z^n and n are compared in their appropriate local metrics.
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constant n

chordal distance to infinity

On every compact subdisk z^n tends to zero. Constant n tends uniformly to infinity in the spherical target.

Figure 6.1: The error on a chosen subdisk is exactly rn. The figure is generated from the stated formula;
its pixels have no independent proof status.

6.4.2 Derivation and worked instance

The sequence of constant functions has no finite Euclidean limit. In the sphere it converges
uniformly to the constant map ∞. The convergence rate is independent of the source point. This
gives an elementary instance of normality with an infinite limiting value. A holomorphic sequence
with finite-valued terms cannot converge locally spherically to a nonconstant meromorphic function
possessing an isolated pole on a connected domain; core M10 proves the obstruction.

The homogeneous pairs [n:1] can be rescaled to [1:1/n]. The second representation remains
bounded as n grows and converges coordinatewise to [1:0].

6.4.3 Comparison and validity conditions

Baseline. Judge convergence from Euclidean magnitudes alone.
Proposed procedure. Use the spherical target metric when a sequence approaches ∞.
Quantitative conclusion. The exact chordal error gives a stopping criterion near ∞.
Validity conditions. The pair [0:0] represents no projective point. Every numerical interface

using homogeneous coordinates must reject it.

Exercise 6.4. Give a sufficient integer n for chordal error at most 1/100.

Solution. One needs 1+n2≥10000. The smallest integer is n=100, since 992+1=9802<10000. □

6.5 MU05. The algebra behind the extremal mapping argument

Mathematical reference. Volume I, normal-family and mapping core M06–M07; source Riemann mapping
proof and Exercise 4.2.

6.5.1 Prerequisites and governing statement

A function is injective when distinct inputs have distinct outputs. Compositions of injective maps
remain injective on their stated domains.
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G(b) =
1 + b

2
√
b
, 0 < b < 1

Writing q=
√
b gives 1+b-2

√
b=(1-q)2>0.

G(b)− 1 =
(1−

√
b)2

2
√
b

> 0.

6.5.2 Derivation and worked instance

The construction uses a disk automorphism carrying an omitted value to zero, a square-root
branch, and another disk automorphism. Its derivative at the marked point is larger by the factor
G(b). A maximizing embedding cannot admit this improvement. Therefore it omits no disk point.
Existence of the maximizing embedding is a separate compactness argument; the inequality alone
does not prove the mapping theorem.

For b=1/4 the gain is 5/4. The associated double covering has derivative modulus 4/5 at zero.
These reciprocal quantities can be checked without numerical root finding.

6.5.3 Comparison and validity conditions

Baseline. Attempt to guess a conformal map onto a general simply connected domain.
Proposed procedure. Normalize the derivative, prove an extremum exists, and rule out omitted

target points by an explicit improvement.
Quantitative conclusion. The strict gain excludes every omitted point with 0<|b|<1.
Validity conditions. The omitted target point is a critical value of the double covering. Confusing

it with the critical point changes the lifting domain.

Exercise 6.5. Show that G(b) approaches one as b approaches one, and interpret the loss of
margin.

Solution. The displayed formula tends to zero for G(b)-1. The extremal contradiction stays strict
for every interior omitted point, but its quantitative margin degenerates near the boundary. □

Graphical reference. See Figure 4.3 for the shared construction.

6.6 MU06. Solving the Koebe inverse equation

Mathematical reference. Volume I, normal-family and mapping core M27; source Exercise 4.15.

6.6.1 Prerequisites and governing statement

A quadratic equation has two algebraic roots. A single-valued inverse on a domain also requires a
consistent branch choice.

w =
z

(1− z)2
⇐⇒ wz2 − (2w + 1)z + w = 0

The discriminant is 1+4w. Its zero occurs at w=-1/4.

z(w) =
4w

(1 +
√
1 + 4w)2

.
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6.6.2 Derivation and worked instance

The Cayley identity 1+4k(z)=((1+z)/(1-z))2 shows that the image avoids the closed ray (-∞,-
1/4]. On the complementary slit domain the square root with positive real part is single-valued.
Substitution gives the inverse in the display. Its Cayley coordinate lies in the right half-plane,
which places the inverse inside the unit disk.

At w=0 the rationalized expression is zero. At w=2 the square root is three and z=8/16=1/2;
direct substitution gives k(1/2)=2.

6.6.3 Comparison and validity conditions

Baseline. Apply the quadratic formula independently at each target point.
Proposed procedure. Select the root normalized by z(0)=0 and state the slit-domain square-root

branch.
Quantitative conclusion. The inverse is explicit on the entire slit domain and satisfies an exact

substitution identity.
Validity conditions. The formula with an unspecified square root is multivalued. The critical

value -1/4 belongs to the boundary of the inverse domain.

Exercise 6.6. Find k(-1/2) and verify the inverse value.

Solution. k(-1/2)=(-1/2)/(3/2)2=-2/9. Then sqrt(1-8/9)=1/3 and the inverse equals
(-8/9)/(4/3)2=-1/2. □

6.7 MU07. Clearance and the derivative at the centre

Mathematical reference. Volume I, normal-family and mapping core M26 and M28; source quarter theorem
and Corollary 4.18.

6.7.1 Prerequisites and governing statement

The clearance of a marked point is its distance to the domain boundary. The conformal radius is
the derivative modulus of a normalized disk map.

c = |ϕ′(0)|, d = dist(ϕ(0), ∂ϕ(D))

For a centred round disk of radius R, both quantities equal R.

c

4
≤ d ≤ c.

6.7.2 Derivation and worked instance

The upper bound follows by applying Schwarz’s lemma to the inverse on the largest inscribed disk.
The lower bound is the Koebe quarter theorem. Both refer to the actual image of the conformal
map. Replacing that image by a larger containing set changes the clearance and can invalidate
the lower or upper interpretation.

If c lies in [7,9], the resulting clearance enclosure is [7/4,9]. The ratio four is universal. A
known geometric subclass can produce a narrower enclosure.
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6.7.3 Comparison and validity conditions

Baseline. Estimate a nearest boundary point from a finite drawing.
Proposed procedure. Use a verified derivative enclosure and the universal radius inequalities.
Quantitative conclusion. One derivative enclosure yields a whole-boundary clearance certificate.
Validity conditions. A map into a named domain need not be onto it. An inclusion map into a

large disk supplies a counterexample to careless image substitution.

Exercise 6.7. For a disk of radius R and marked point at distance R/2 from its centre, compute
c/d.

Solution. Here c=R(1-1/4)=3R/4 and d=R/2, so c/d=3/2. □

Graphical reference. See Figure 4.12 for the shared construction.

6.8 MU08. Normalization prevents degeneration

Mathematical reference. Volume I, normal-family and mapping core M05, M18 and M20; source Theorem
4.12 and Exercise 4.14(i).

6.8.1 Prerequisites and governing statement

A family of injective functions can converge to a constant. A nonzero derivative at a fixed point
excludes that particular limit.

fn(z) = z/n, f ′n(0) = 1/n

The functions are injective for every n, but their locally uniform limit is zero.

|f(0)| ≤ C, C−1 ≤ |f ′(0)| ≤ C.

6.8.2 Derivation and worked instance

After subtracting the base value and dividing by the derivative, every function belongs to the
normalized compact univalent class. Bounded base values and derivatives allow convergent
subsequences of the normalization parameters. The positive lower derivative bound ensures that
the resulting limit is nonconstant. Hurwitz’s theorem then preserves injectivity.

The family nz violates the upper derivative bound and has no finite-valued locally uniform
subsequence. The family z/n violates the lower derivative bound and converges to a constant.
Translations z+n violate the base-value bound.

6.8.3 Comparison and validity conditions

Baseline. Assume that a limit retains all properties of every approximating map.
Proposed procedure. Track base values and both upper and lower derivative bounds throughout

the compactness argument.
Quantitative conclusion. Three independently necessary controls identify three distinct degen-

erations.
Validity conditions. Compactness in the sphere and compactness inside the space of finite-valued

univalent maps impose different limit requirements.
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Exercise 6.8. Give one family satisfying the derivative bounds but failing the base-value bound.

Solution. fn(z)=z+n has derivative one for every n, while fn(0)=n is unbounded. □
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Chapter 7

Analytic spaces and extremal arguments

7.1 MG01. The topology on a space of meromorphic maps

Mathematical reference. Volume I, normal-family and mapping core M09; source Exercise 4.3.

7.1.1 Prerequisites and governing statement

A compact exhaustion Km is cofinal when every compact set lies in some Km. A summable
weighted series of bounded pseudometrics can separate functions.

d(f, g) =
∑
m≥1

2−m sup
Km

χ(f, g)

The tail after m=M is at most 2−M , independently of the functions.

d(f, g) ≤ max
m≤M

sup
Km

χ(f, g) + 2−M .

7.1.2 Derivation and worked instance

A d-Cauchy sequence is uniformly Cauchy in the complete spherical target on each compact Km.
The limits agree on overlaps. Near a point where the limit is finite, a fixed affine target chart
contains the nearby image and the usual holomorphic-limit theorem applies. Near an infinite value
use the reciprocal chart. This proves closure of the meromorphic-map space and completeness of
the metric.

To establish a metric error below 2−12, it is sufficient to control the first thirteen compact sets
to error 2−13; the omitted tail contributes at most another 2−13. The finite check must still cover
each compact continuum.

7.1.3 Comparison and validity conditions

Baseline. Use an informal statement of convergence on every compact set.
Proposed procedure. Construct a complete metric with explicit tail control and local target-chart

closure.
Quantitative conclusion. The metric gives an explicit decomposition into finitely controlled

terms and a universal series tail.
Validity conditions. Completeness of the target is only one step. Holomorphy in compatible

target charts is needed for completeness of the meromorphic subspace.
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Exercise 7.1. Prove that d(f,g)=0 implies f=g.

Solution. Every nonnegative summand vanishes. Each point belongs to some exhaustion compact,
so its chordal distance is zero. The chordal metric separates sphere points. □

Graphical reference. See Figure 4.6 for the shared construction.

7.2 MG02. Jets, local algebras, and analytic realization

Mathematical reference. Volume I, normal-family and mapping core M03; source bounded-family compact-
ness; algebraic-geometric extension.

7.2.1 Prerequisites and governing statement

The quotient C[z]/(zN+1) records a germ through order N. Its elements can be represented by
coefficient vectors.

JN = C[z]/(zN+1), dimC JN = N + 1

The class of z is nilpotent of order N+1, although z is not nilpotent as an analytic function.

JN+1 −→ JN , [p] 7−→ [p] (mod zN+1).

7.2.2 Derivation and worked instance

The projection maps form an inverse system of finite-dimensional algebras. A compatible family
is a formal power series. Convergence is an extra condition: coefficient growth must permit a
positive analytic radius. The sequence j! defines a compatible formal series with radius zero, since
successive terms at nonzero z eventually increase in magnitude.

For an analytic bound |aj |≤ M/Rj , every truncation inherits the geometric remainder estimate.
Without this bound, increasing N need not improve approximation on any fixed nonzero disk.

7.2.3 Comparison and validity conditions

Baseline. Identify a polynomial table with a complete analytic object.
Proposed procedure. Use the jet algebra for finite operations and a separate analytic-radius

bound for realization.
Quantitative conclusion. Finite algebraic compatibility and analytic tail control become

separate verifiable obligations.
Validity conditions. The algebraic inverse limit is C[[z]]. It contains many nonconvergent series

and is not identified with the analytic germ ring.

Exercise 7.2. Which formal series has coefficients aj=j!, and what is its radius of convergence?

Solution. The formal series is sum j! zj . For any z̸=0 the ratio of successive term magnitudes is
(j+1)|z|, which eventually exceeds one. Its radius is zero. □

7.3 MG03. Attainment in the extremal proof

Mathematical reference. Volume I, normal-family and mapping core M04–M06; source Riemann mapping
theorem.
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7.3.1 Prerequisites and governing statement

Normality gives convergent subsequences. A derivative normalization can exclude constant limits
of univalent maps.

s = sup{|f ′(a)| : f : D ↪→ D, f(a) = 0}

A bounded embedding shows s>0; a local Cauchy estimate shows s<∞.

|f ′n(a)| → s > 0 =⇒ |f ′(a)| = s.

7.3.2 Derivation and worked instance

Local uniform convergence implies derivative convergence by Cauchy’s formula. The positive
limiting derivative excludes a constant limit. A locally uniform limit of injective holomorphic
maps is injective unless constant. The maximum principle then puts the nonconstant limit inside
the open unit disk. These facts establish actual attainment, which licenses the omitted-value
contradiction.

The chain of implications contains two closure statements: holomorphic closure of the bounded
family and injective-or-constant closure of the univalent family. Treating the latter as unconditional
injective closure would fail for z/n.

7.3.3 Comparison and validity conditions

Baseline. Write down a supremum and assume that a maximizing map exists.
Proposed procedure. Extract a maximizing sequence and prove that its limit remains in the

admissible class.
Quantitative conclusion. The extremum is proved to be attained with a nonzero derivative.
Validity conditions. The proof supplies existence. A numerical construction requires an effective

representation of D and independent approximation estimates.

Exercise 7.3. Why does a positive derivative at a imply that the image of the limit lies in the
open disk?

Solution. The limit has values in the closed disk. If it attained a point of modulus one at an
interior source point, the maximum principle would make it constant, contradicting the nonzero
derivative. □

Graphical reference. See Figure 4.3 for the shared construction.

7.4 MG04. Cross-ratios and colliding target sections

Mathematical reference. Volume I, normal-family and mapping core M15–M16; source Theorem 4.9,
Exercise 4.10 and hint p.633.

7.4.1 Prerequisites and governing statement

Three distinct projective points determine a unique Möbius transformation to 0,1,∞. Equality of
two nonidentical meromorphic functions has isolated zeros.
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Hz(w) =
(w − ψ1)(ψ2 − ψ3)

(w − ψ3)(ψ2 − ψ1)

This affine formula sends psi1 to zero and psi2 to one wherever all denominators make sense.

wind(gn − ψ) = wind(gn) ≥ 0, wind(gn − ψ) = −m.

7.4.2 Derivation and worked instance

At a collision, transform one omitted section to ∞. The maps become holomorphic and another
target becomes a pole of order m. Punctured normality gives either finite local convergence
or uniform escape on a small circle. In the escape case the pole target is a smaller boundary
perturbation. Winding is preserved, but the meromorphic argument principle gives minus the
pole order because the target is omitted. The contradiction extends normality across the collision.

The targets 0,z3,1 are pairwise nonidentical. The transformation w7→1/w converts the collision
at zero into the pole z−3, whose winding on a positive circle is -3.

7.4.3 Comparison and validity conditions

Baseline. Normalize three moving values in an affine chart without treating collisions.
Proposed procedure. Use homogeneous determinants off the collision set and a winding argument

at each isolated collision.
Quantitative conclusion. An isolated collision is resolved by a finite integer obstruction.
Validity conditions. Pairwise nonidentity as functions is necessary. Repeated identical target

sections supply fewer than three omission constraints.

Exercise 7.4. Explain why the transformed gn are holomorphic even when the original fn have
poles.

Solution. At an original pole the reciprocal coordinate equals zero and extends holomorphically.
Omission of the chosen finite target excludes poles of the reciprocal transform. □

7.5 MG05. Area and coefficient inequalities

Mathematical reference. Volume I, normal-family and mapping core M22–M24; quantitative expansion of
source Koebe theory.

7.5.1 Prerequisites and governing statement

A univalent exterior function has a Laurent expansion at ∞. Its omitted area is nonnegative.

F (ζ) = ζ + b0 +
∑
n≥1

bnζ
−n

The coefficient b0 is a translation and contributes no area term.∑
n≥1

n|bn|2 ≤ 1.
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7.5.2 Derivation and worked instance

For the image of a circle of radius R>1, Green’s formula and Fourier orthogonality give area π
times (R2-sum n|bn|2 R−2n). Nonnegativity bounds every finite partial sum. Letting R decrease
to one and then the partial-sum length increase proves the area inequality. Applied to the exterior
transform of the odd square root of f(z2), it yields the coefficient estimate |a2|≤2.

The real slice b21+2b22≤1 is an ellipse. A coefficient choice b1=4/5 leaves budget 9/25, so
|b2|≤3/(5sqrt2).

7.5.3 Comparison and validity conditions

Baseline. Estimate the first coefficients separately by local Cauchy bounds.
Proposed procedure. Integrate the image boundary and obtain one weighted global coefficient

budget.
Quantitative conclusion. One area invariant constrains every retained Laurent coefficient

simultaneously.
Validity conditions. An admissible coefficient budget is a necessary condition; arbitrary

coefficients within this ellipse do not automatically define a univalent function.

Exercise 7.5. If b1=0 and b2=1/2, what budget remains for 3|b3|2?

Solution. The first retained contribution is 2(1/2)2=1/2. Thus 3|b3|2≤1/2 and |b3|≤1/sqrt6. □

Graphical reference. See Figure 4.13 for the shared construction.

7.6 MG06. The Schwarzian as a projective differential invariant

Mathematical reference. Volume I, normal-family and mapping core M37; source Koebe distortion as the
analytic starting point.

7.6.1 Prerequisites and governing statement

A locally univalent map has nonzero derivative, allowing the logarithmic derivative f second/f
prime.

Sf =
f ′′′

f ′
− 3

2

(
f ′′

f ′

)2

For an affine map, both numerator derivatives vanish and Sf=0.

S(f ◦ g) = (Sf ◦ g)(g′)2 + Sg, (1− |z|2)2|Sf(z)| ≤ 6.

7.6.2 Derivation and worked instance

The chain rule follows by differentiating the logarithmic derivative and collecting terms. Postcom-
position by a Möbius map leaves the Schwarzian unchanged. The coefficient inequality |a3-a22|≤1
bounds S f(0)=6(a3-a22); disk automorphisms transport the estimate to a general point. A local
square root of f prime produces y1=f/sqrt(f prime) and y2=1/sqrt(f prime), both satisfying y
second+(Sf/2)y=0.

For k(z)=z/(1-z)2, Sk=-6/(1-z2)2. On the real diameter, the normalized magnitude is exactly
six.
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7.6.3 Comparison and validity conditions

Baseline. Track three separate derivatives under every coordinate composition.
Proposed procedure. Use a projective invariant with a composition law and a normalized bound.
Quantitative conclusion. The bound is sharp and invariant under postcomposition by Möbius

maps.
Validity conditions. The displayed inequality is a necessary condition for normalized univalence.

A sufficient criterion requires a separate theorem with its precise hypotheses.

Exercise 7.6. Compute the Schwarzian of f(z)=exp(z).

Solution. All three derivatives equal exp(z), so Sf=1-3/2=-1/2. This local calculation does not
establish global injectivity of exp. □

7.7 MG07. The Bergman pullback is unitary

Mathematical reference. Volume I, normal-family and mapping core M36; functional-analytic and
differential-form extension.

7.7.1 Prerequisites and governing statement

The Bergman space A2(D) consists of holomorphic functions square-integrable for planar area
measure. A conformal Jacobian equals the derivative modulus squared.

∥F∥2A2(D) =

∫
D
|F |2 dA

The disk monomials have squared norms π/(n+1).

UϕF = (F ◦ ϕ)ϕ′, ∥UϕF∥A2(D) = ∥F∥A2(D).

7.7.2 Derivation and worked instance

The change-of-variables theorem gives equality of squared norms directly. Applying the same
construction to the inverse supplies surjectivity. The normalized monomials sum to the disk kernel
K(z,w)=1/[π(1-z conjugate(w))2]. Kernel transformation at a=ϕ(0) then gives KD(a,a)=1/[π|ϕ
prime(0)|2]. Thus an evaluation functional records the conformal radius.

For a domain with conformal radius c=2 at a, the evaluation norm is 1/(2sqrt π). The
normalized reproducing kernel attains the bound on the A2 unit ball.

7.7.3 Comparison and validity conditions

Baseline. Compose functions with a coordinate map and assume that their area norm is unchanged.
Proposed procedure. Include the derivative factor in the pullback of holomorphic one-forms.
Quantitative conclusion. The norm identity is exact; the evaluation bound is attained.
Validity conditions. Changing the area normalization changes the kernel constant. Hardy and

Bergman norms have different underlying measures.

Exercise 7.7. Find the normalized constant basis function on the unit disk.

Solution. The disk area is π, so the function 1/sqrt π has squared norm one. □

Graphical reference. See Figure 4.21 for the shared construction.
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7.8 MG08. A matching lower bound for finite-rank approximation

Mathematical reference. Volume I, normal-family and mapping core M34–M35; source finite compact
restrictions motivate the extension.

7.8.1 Prerequisites and governing statement

A linear map from an (N+1)-dimensional space to an N-dimensional range has a nonzero kernel
vector.

dimV = N + 1, rank(A|V ) ≤ N =⇒ ker(A|V ) ̸= {0}

Normalize one kernel vector to norm one.

inf
rankA≤N

∥Tr −A∥ = rN .

7.8.2 Derivation and worked instance

Let V be spanned by the first N+1 monomials. For a unit vector v in the kernel of A restricted
to V, the coefficient weights of Tr on V are all at least rN . Therefore the residual norm is at
least rN . The first-N-coordinate truncation has residual norm exactly rN . This proves equality
without assuming that the competitor preserves the coefficient basis.

At r=1/2,N=3, every rank-three operator has worst-case error at least 1/8. The truncation
retaining 1,z,z2 attains this value.

7.8.3 Comparison and validity conditions

Baseline. Demonstrate that a particular truncation has small error.
Proposed procedure. Prove that every bounded linear rank-N competitor incurs at least the

same worst-case error.
Quantitative conclusion. An attained upper bound and a universal lower bound coincide.
Validity conditions. The proof quantifies bounded complex-linear competitors. A nonlinear

compression scheme requires a different width or information model.

Exercise 7.8. Which input attains the error of the coordinate truncation itself?

Solution. The monomial zN has unit H2 norm. It is discarded by the truncation and mapped by
Tr to rN zN , giving error rN . □
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Chapter 8

Parameter families and optimal
approximation

8.1 MP01. Quantitative total boundedness of analytic restrictions

Mathematical reference. Volume I, normal-family and mapping core M01–M03; source Little Montel
theorem.

8.1.1 Prerequisites and governing statement

A finite ε-net approximates every member of a metric set. Coefficient truncation leaves a tail
controlled by an analytic bound.

|aj | ≤MR−j , ∥f − pN∥r ≤M
(r/R)N+1

1− r/R

Choose N so the tail occupies at most one half of the target tolerance.

N∑
j=0

|∆aj |rj ≤ ε/2.

8.1.2 Derivation and worked instance

Quantize bj = ajR
j in the coefficient disk |bj | ≤ M using rectangular cells of side at most

h = ε(1− q)/4, where q = r/R. Each coordinate error is at most h. The weighted coefficient error
is at most

√
2h/(1 − q) < ε/2. At most (1 + 8M/[ε(1 − q)])2 cells per coefficient are required.

Independent choices for the first N + 1 coefficients give an explicit finite covering count.
The construction gives a quantitative upper bound on metric entropy. It also exhibits its

deterioration as q approaches one. Compactness at each fixed interior radius is compatible with
arbitrarily large covering counts near the boundary.

8.1.3 Comparison and validity conditions

Baseline. Invoke relative compactness without a finite covering estimate.
Proposed procedure. Quantize finitely many normalized coefficients and count a valid covering

family.
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Quantitative conclusion. A qualitative compactness claim acquires a finite constructive witness
for a bounded analytic class.

Validity conditions. The covering count is an explicit upper bound, not a proved entropy
asymptotic or sharp minimum.

Exercise 8.1. Why does coefficientwise quantization need a geometric weighting in the error
norm?

Solution. A coefficient error contributes |Delta aj |rj to the evaluation error. Normalizing by R
converts this weight to qj , whose sum is finite for q<1. □

Graphical reference. See Figure 4.2 for the shared construction.

8.2 MP02. Schatten scales and boundary degeneration

Mathematical reference. Volume I, normal-family and mapping core M34–M35; functional-analytic
extension.

8.2.1 Prerequisites and governing statement

A compact positive diagonal operator has singular values equal to its diagonal entries. The
Schatten p norm is their l-p norm.

∥T∥pSp
=
∑
j≥0

sj(T )
p

For geometric singular values rj , the series is explicit.

∥Tr∥pSp
=

1

1− rp
, ∥Tr∥ = 1.

8.2.2 Derivation and worked instance

Every Tr with r<1 is in all positive Schatten classes. As r increases to one, the operator norms stay
equal to one while each Schatten quantity diverges. Moreover Tr converges strongly to the identity
by dominated convergence in coefficient space, but its norm distance from the identity is one for
every r<1. The example separates strong convergence, norm convergence, and compactness.

For p=2 and r=1/2, the Hilbert-Schmidt norm squared is 4/3. For p=1 the trace is two. Both
can be checked by finite geometric sums with exact tails.

8.2.3 Comparison and validity conditions

Baseline. Use the operator norm alone to measure approximation complexity.
Proposed procedure. Record the entire singular spectrum and its trace and Hilbert-Schmidt

scales.
Quantitative conclusion. The spectral calculation gives exact values at every radius and

identifies a singular boundary regime.
Validity conditions. The identity operator on infinite-dimensional H2 is not compact. Strong

limits of compact operators need not be compact.

Exercise 8.2. Prove that ||I-Tr||=1 for r<1.
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Solution. The diagonal entries are 1-rj , bounded above by one and tending to one as j tends to
∞. Their supremum is one. □

8.3 MP03. A length-area proof of an explicit collar bound

Mathematical reference. Volume I, normal-family and mapping core M29; source Lemma 4.17.

8.3.1 Prerequisites and governing statement

The condenser capacity is the infimum of Dirichlet energies of functions equal to one near K and
zero at the outer boundary.

Cap(K,D) = 1/mod(D \K)

The equality uses the source convention mod A=(2pi)-1log(R/r).

Cap(K,D) ≥ 4

π
log

1

1− r
, r ≤ 1− e−π/(4µ).

8.3.2 Derivation and worked instance

Choose a point of K with maximal modulus r and its radial endpoint xi on the unit circle.
Connectedness and the presence of zero imply that every circle about xi of radius t between 1-r
and one meets K. Its portion inside the disk is an arc of length at most π t. A test function
rises from zero to one and returns to zero along this arc. Cauchy-Schwarz on both portions gives
energy at least 4/(π t). Integration over t proves the bound.

For a concentric inner disk the exact outer radius is exp(-2pi µ). The explicit bound above is
much weaker but applies to arbitrary admissible full continua.

8.3.3 Comparison and validity conditions

Baseline. Use a compactness contradiction with no quantitative radius.
Proposed procedure. Integrate a one-dimensional energy lower bound over circles centered on

the outer boundary.
Quantitative conclusion. The proof supplies a formula for k(µ) and removes an uncontrolled

limiting-map step.
Validity conditions. The set K must satisfy the ring-domain hypotheses. Core M38 supplies a

separate circular-rearrangement proof of radial-slit extremality.

Exercise 8.3. Where does the factor four enter the energy estimate?

Solution. If the two arc lengths are a and b, the energy is at least 1/a+1/b. Since (a+b)2≥4ab,
this is at least 4/(a+b). □

Graphical reference. See Figure 4.15 for the shared construction.

8.4 MP04. Moving-target separation and local conditioning

Mathematical reference. Volume I, normal-family and mapping core M15–M16; source Theorem 4.9 and
Exercise 4.10.
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8.4.1 Prerequisites and governing statement

The cross-ratio is rational in its target coordinates. Its coefficients involve pairwise differences.

H(w) =
(w − a)(b− c)
(w − c)(b− a)

The denominator coefficient b-a is nonzero for a distinct triple.

|b− a| ≥ δ > 0 =⇒ |(b− a)−1| ≤ δ−1.

8.4.2 Derivation and worked instance

On a compact parameter set with pairwise distinct target sections, their chordal separations
have a positive minimum. A finite chart cover then bounds both the Möbius transformations
and their inverses in suitable spherical Lipschitz constants. The constants deteriorate when
the separation tends to zero. At isolated collisions, the meromorphic winding argument proves
qualitative normality, but it supplies no uniform inverse-separation constant across the collision.

The triple (0,δ,1) gives H(w)=w(δ-1)/[(w-1)δ]. Its coefficient of the small separation is explicit.
Homogeneous rescaling can prevent overflow while preserving the intrinsic sensitivity.

8.4.3 Comparison and validity conditions

Baseline. Treat Möbius normalization as numerically uniform over all distinct triples.
Proposed procedure. Separate exact projective existence from quantitative coefficient condition-

ing.
Quantitative conclusion. The dependency on target separation is exhibited algebraically and in

the graphical diagnostic.
Validity conditions. Rescaling coordinates does not remove an ill-conditioned geometric

configuration.

Exercise 8.4. For δ=1/100, write H(2).

Solution. H(2)=2(-99/100)/[(1)(1/100)]=-198. The large affine value is compatible with a finite
spherical point. □

8.5 MP05. Global injection under analytic perturbation

Mathematical reference. Volume I, normal-family and mapping core M31–M33; source Koebe distortion
and additional quantitative model.

8.5.1 Prerequisites and governing statement

A co-Lipschitz map satisfies a lower distance inequality. A derivative bound on a convex set
integrates along straight segments.

|f(z)− f(w)| ≥ m|z − w|, sup |e′| ≤ δ < m

The perturbed map f+e has lower distance factor at least m-δ.

|(f + e)(z)− (f + e)(w)| ≥ (m− δ)|z − w|.
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8.5.2 Derivation and worked instance

The proof uses the triangle inequality and the integral of e prime along the segment. If e is
bounded by ε on a larger disk, Cauchy bounds δ by ε/(R-r). This introduces an explicit analytic
collar into a topological injection certificate. For nonconvex domains, one must bound the ratio of
connecting-path length to Euclidean distance; the same numerical margin cannot be transferred
without that geometric factor.

The quadratic map with a=1/5,r=3/5 has m=19/25. With R=4/5 and ε=1/100, δ=1/20 and
m-δ=71/100.

8.5.3 Comparison and validity conditions

Baseline. Test the Jacobian determinant at finitely many mesh points.
Proposed procedure. Combine a whole-domain lower distance witness with an analytic pertur-

bation enclosure.
Quantitative conclusion. The admissible perturbation threshold is an explicit positive scalar.
Validity conditions. A nonzero derivative is a local condition. The proof needs the global

distance inequality for the reference map.

Exercise 8.5. What happens when δ=m?

Solution. The lower bound becomes zero and the proof no longer certifies injection. Equality in a
sufficient-condition threshold is not a proved counterexample for every model. □

Graphical reference. See Figure 4.18 for the shared construction.

8.6 MP06. A bounded observation model and an attained opti-
mum

Mathematical reference. Volume I, normal-family and mapping core M35; framework optimality theorem.

8.6.1 Prerequisites and governing statement

Worst-case error is a supremum over an explicitly specified input class. An admissible algorithm
class must also be fixed.

AN = {A : H2 → H2 : A bounded complex-linear, rankA ≤ N}

A lower bound over AN does not automatically quantify nonlinear methods.

min
A∈AN

sup
∥f∥≤1

∥Trf −Af∥ = rN .

8.6.2 Derivation and worked instance

The canonical truncation attains the upper bound. Rank-nullity supplies an adversarial unit input
for every competitor. The equality is therefore a complete optimality statement in the model.
The proof identifies both quantifier order and the space carrying the error norm. Enlarging the
input class or changing the output norm requires a new theorem; restricting the class can improve
the value.

For a prior supported on span1,z, rank two gives zero error. The universal H2-unit-ball lower
bound uses directions absent from that prior.
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8.6.3 Comparison and validity conditions

Baseline. Compare one proposed approximation with one selected implementation.
Proposed procedure. Prove a minimax identity over every operator in the declared competitor

class.
Quantitative conclusion. The minimum is attained and the lower bound covers the full stated

competitor class.
Validity conditions. Algorithmic optimality is always relative to its admissible class and

objective. A document-coverage ratio is a different mathematical quantity.

Exercise 8.6. Why does the lower-bound vector depend on A?

Solution. It is selected from the kernel of A on the first N+1 modes. Different operators can have
different kernel directions; the worst-case supremum permits this dependence. □

8.7 MP07. Conformal kernels and geometric observables

Mathematical reference. Volume I, normal-family and mapping core M26, M28 and M36.

8.7.1 Prerequisites and governing statement

The reproducing kernel represents evaluation in a Hilbert space of holomorphic functions. Its
diagonal is the squared evaluation norm.

|F (a)|2 ≤ KD(a, a)∥F∥2A2(D)

The normalized kernel vector attains equality.

1

16πd2
≤ KD(a, a) =

1

πc2
≤ 1

πd2
.

8.7.2 Derivation and worked instance

The core establishes c/4≤d≤c and the exact identity KD(a,a)=1/(π c2). Taking reciprocal squares
gives the displayed bounds, with inequality directions tracked carefully. A verified conformal-
radius enclosure yields a sharper kernel enclosure. The estimate concerns the infinite-dimensional
A2 space and the whole domain, even when its certificate uses one normalized derivative.

If c lies in [2,3], the kernel diagonal lies in [1/(9pi),1/(4pi)]. A finite-basis numerical kernel
underestimates the full evaluation norm when the finite space is a subspace with the inherited
inner product.

8.7.3 Comparison and validity conditions

Baseline. Approximate a point-evaluation norm numerically from a finite function basis.
Proposed procedure. Use the conformal transformation law and clearance inequalities to enclose

the evaluation functional.
Quantitative conclusion. A geometric radius controls an attained infinite-dimensional evaluation

bound.
Validity conditions. Numerical quadrature that changes the inner product can destroy the

subspace monotonicity argument.
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Exercise 8.7. Which assumption allows monotonicity under increasing approximation spaces?

Solution. The spaces must be nested and use the same Hilbert norm. The evaluation norm is the
supremum over their unit balls, which increase by inclusion. □

Graphical reference. See Figure 4.21 for the shared construction.

8.8 Undergraduate comparative workshop: calculate, explain,
challenge

8.8.1 MU11: a root count and a root list are different deliverables

Problem. For p(z) = z4 + 5z + 1, prove how many roots lie in |z| < 1 and in 1 < |z| < 2. The
conventional route computes approximate roots, then classifies their moduli. To turn that route
into a proof, each root must receive an enclosure with multiplicity and a separation from both
circles. The proposed route uses two whole-boundary inequalities, as MU5 already derived.

Compare the exact work. On the unit circle, |z4 + 1| ≤ 2 < 5 = |5z|. On the radius-two
circle, |5z + 1| ≤ 11 < 16 = |z4|. The dominant terms have known counts one and four. The
annular difference is three. Two inequalities replace solving a quartic for the counting task ; they
do not return the four coordinates. If the next question asks for those coordinates to six decimal
places, the numerical enclosure route still has work the counting certificate cannot replace.

Why a dense picture is not enough. For f(z) = zm on the unit circle, N equal samples are
e2πimj/N . When m = N , every sampled value is one, although the image winds N times. Thus
an arbitrarily large but fixed sampling count has no universal ability to identify degree without a
variation bound. This is an exact counterexample, independent of floating-point error.
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Figure 8.1: Sampled phase can alias the exact degree. Increasing a fixed sample count does not prove
correctness for all maps; whole-arc information or a derivative bound changes the guarantee.

Exercise 8.8 (MU11a). Show that the maps z 7→ z and z 7→ zN+1 agree on the Nth roots of
unity but have different winding numbers. What missing datum would prevent this ambiguity?
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Solution. At zN = 1, zN+1 = z. Their continuous boundary windings are one and N + 1. A
known bound on angular variation between adjacent samples, strict enough to rule out an extra
turn, or a whole-segment exclusion/homotopy certificate supplies the missing information. Mere
equality at the samples does not.

8.8.2 MU12: a branch is a path with an initial value

Consider w(t) = eit, 0 ≤ t ≤ 2π, with z(0) = 1 and z(t)2 = w(t). The continuous solution is
z(t) = eit/2 and ends at −1. A principal square-root calculation at the final value w = 1 returns
+1. Both solve the final algebraic equation; only one solves the whole initial-value path problem.

Finite calculation before topology. With N = 8 equal intervals, the continuous candidates
are eijπ/8. At every step the distance to the correct next candidate is 2 sin(π/16), while the
distance to its negative is 2 cos(π/16). The inequality between them proves that nearest matching
follows the correct sheet in exact arithmetic. This introduces covering-space lifting as a precise
continuation rule, not as unexplained vocabulary.
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Figure 8.2: The imaginary coordinate of the continued root and the pointwise principal root. The jump
is not a failure of the principal-root routine’s own specification; it is a mismatch with the continued-path
task.

The metric of improvement. The natural metric is satisfaction of the continuation contract
and the number of required sheet corrections, not a residual: both candidates have zero algebraic
residual. For the exact unit-circle example, a single extra bit recording the current sheet, together
with the previous value and admissible step bound, carries the missing information. This does
not imply that every algebraic family can be represented by one bit.

Exercise 8.9 (MU12a). For z3 = eit with z(0) = 1, compute the endpoint after one, two and
three full base loops. State the subgroup of integer windings that close the lift.

Solution. The endpoints are e2πi/3, e4πi/3 and 1. A loop of integer winding m changes the
lifted angle by 2πm/3, so closure means 3 | m. The subgroup is 3Z. This is the elementary
calculation underlying the general covering subgroup criterion.
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8.8.3 MU13: distinguish one repeated point from one dimension

At λ = 0, the equation x2 = λ has only one coordinate solution. The algebra C[x]/(x2) still has
basis 1, x. A root-deduplication procedure discards the second direction; a quotient representation
retains it through x2 = 0 but x ̸= 0.

A directly testable consequence. Let J = ( 0 1
0 0 ). Then eJ = I +J . Replacing the algebra by

the one-point set {0} would suggest e0 = 1 and lose the nonzero upper-right entry. The nilpotent
direction stores first-derivative information. This is a concrete use of an algebraic-geometric
object in a matrix calculation; it is not the assertion that all matrices are algebraic varieties.

Exercise 8.10 (MU13a). For N3 = 0 but N2 ≠ 0, express eN and (I−N)−1. What data beyond
the single eigenvalue zero are needed?

Solution. The exponential is I + N + N2/2 and the inverse is I + N + N2, verified by
multiplication. The matrix or its nilpotent algebraic structure is needed; an unordered set
containing only the eigenvalue zero does not determine either answer.

8.8.4 MU14: equal arithmetic precision need not be efficient

Suppose four local errors are bounded by 2−b1 , . . . , 2−b4 , with bj ≥ 2, and their contributions
to final error are weighted by (1, 4, 16, 64)/64. The target is 1/64. Uniform precision requires
85 · 2−b ≤ 1, so the least uniform integer is b = 7, costing 28 bits in the declared sum-of-bits
model.

The allocation (2, 4, 6, 8) gives four equal contributions of 1/256 and total 1/64, with cost 20.
This demonstrates a feasible reduction of eight bits, or 2/7 of the uniform cost, without assuming
that twenty is optimal. The research branch supplies the separate lower-bound argument. The
distinction between a better example and a proof of optimality is part of the exercise.

stage 1
b=2

stage 2
b=4

stage 3
b=6

stage 4
b=8

0.000

0.001

0.002

0.003

0.004

0.005

0.006

0.007

0.008

Co
nt

ri
bu

ti
on

 t
o 

te
rm

in
al

 e
rr

or

Allocate precision to downstream amplification

uniform: total 28 bits
allocated: total 20 bits

Figure 8.3: The uniform and allocated bounds satisfy the same target but spend precision differently.
The displayed quantity is worst-case propagated error, not observed error of a circuit or solver.

Domain gate. A loose early tolerance is allowed only if it fits inside the next valid map domain.
If a local tube admits error at most 1/32, then b1 = 2 is illegal there even if the terminal weighted
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sum passes. The allocation must incorporate that cap; a lower terminal error does not legalize an
invalid intermediate step.

Exercise 8.11 (MU14a). Add the constraint b1 ≥ 5. Is (2, 4, 6, 8) still admissible? Give one
feasible replacement without claiming it is optimal.

Solution. The old allocation is inadmissible. Replacing it by (5, 4, 6, 8) reduces the first
contribution and preserves the other three, so the total remains at most 1/64. Its cost is 23.
Finding the least cost under the new cap requires another optimization calculation.

8.8.5 A compact comparison checklist

A completed solution identifies the problem’s output, the baseline’s valid guarantee, the proposed
representation, a proved or measured difference, and one case in which the change is not justified.
For source 3.2 this means checking infinity before computing genus; for source 3.5 it means
distinguishing one sheet from a whole ordering; for source 3.6 it means preserving domains before
optimizing precision. These are additional mathematical capabilities, not an assertion that the
longer exposition has already been shown to improve student performance.

8.9 Graduate comparison: quotient, Hilbert geometry and cover-
ing data

The graduate criterion is not the number of theorem names used. It is the ability to derive a
representation, state the norm or topology in which it is valid, and quantify what is gained or
lost. The following units connect local algebra, global surface invariants and functional analysis
without repeating the full proofs in the core.

8.9.1 MG9: a spectral decomposition is a coordinate choice

For A(λ) =
(
0 1
λ 0

)
and positive λ ≤ 1, eigenvectors can be arranged as columns of

Vλ =

(
1 1√
λ −

√
λ

)
.

The rows are orthogonal and have lengths
√
2 and

√
2λ, so the spectral condition number is

λ−1/2. This is a property of the chosen eigenbasis. The original matrix remains bounded, and its
exponential is entire in λ.

Proposed comparison. Retain the finite algebra A2 = λI and use its even/odd functional
calculus. The metric is the absence of the singular eigenbasis factor, together with a series-tail
bound. This does not prove that every observable of A is well-conditioned: the eigenvalues
themselves have a square-root singularity, and spectral projectors onto individual branches can
blow up. The target observable determines the representation.

Exercise 8.12 (MG9a). For λ > 0, write the two spectral projectors using A and
√
λ. Explain

why their sum is regular but the individual projectors are not uniformly bounded as λ ↓ 0.

Solution. The projectors are P± = (I±A/
√
λ)/2. Their sum is I. The upper-right entry of P±

is ±1/(2
√
λ), so each norm diverges. A regular sum can conceal singular components. Replacing

individual projectors by the full identity would answer a different spectral-selection question.
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Figure 8.4: The exact eigenvector condition number diverges while the matrix entries stay bounded.
The plot isolates representation conditioning from the behavior of the underlying family.

8.9.2 MG10: differentials turn the genus count into a constructive basis

For a smooth odd-degree hyperelliptic curve y2 = P2g+1(x), the branch ledger gives genus g. To
construct holomorphic differentials, test ωk = xkdx/y. At a finite simple branch x = a, a local
coordinate t has x− a = t2 and y = t u(t) with u(0) ̸= 0. Then dx/y = 2 dt/u(t) is regular. At
infinity, use x = t−2 and y = t−(2g+1)v(t) with v(0) ̸= 0:

ωk = −2t2g−2−2kv(t)−1 dt.

Regularity selects 0 ≤ k ≤ g − 1. Their linear independence follows because a polynomial
combination vanishing as a differential on a nonempty chart must have all coefficients zero. The
dimension theorem for holomorphic differentials then proves that these g elements are a basis.
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Infinity determines the admissible differential basis

Figure 8.5: Orders in the infinity chart. Entries are exact integers; negative entries identify poles and
therefore inadmissible holomorphic-basis candidates.
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Traditional versus proposed task. A genus calculation alone returns one integer. The
differential calculation returns a basis for period and energy problems. It is a richer output, not a
faster method for the same integer. When the requested output is only genus, stop at the branch
ledger. When a period matrix is needed, a genus value is insufficient; the chart computation is
the necessary next step.

Exercise 8.13 (MG10a). For degree nine, identify the basis and the infinity order of each element.
What changes if two finite roots collide?

Solution. Here g = 4, with basis dx/y, x dx/y, x2 dx/y, x3 dx/y and orders 6, 4, 2, 0. If roots
collide, the affine equation becomes singular and the smooth-cover hypotheses fail. One must
normalize the curve and recompute its branch data; simply retaining the old four-dimensional
basis is not justified.

8.9.3 MG11: deck averaging versus a generic least-squares projection

Let a finite group G act by measure-preserving transformations on (X,µ), and let Ug be the
corresponding unitary pullback operators. The operator

P =
1

|G|
∑
g∈G

Ug

is the orthogonal projection onto invariant functions. Idempotence follows because each group
element appears |G| times in the double sum for P 2; self-adjointness follows by inversion in G.
The range is invariant because left multiplication permutes the summands. A generic least-squares
solve can also project onto a known invariant subspace, but the group representation supplies the
projection without first choosing a basis for that subspace.

Metric and caveat. Direct averaging costs |G| operator applications. This is attractive when
group actions are cheap and the invariant basis is expensive, but it can be wasteful for a huge
group or a low-dimensional already known subspace. Moreover, equal weights rely on the invariant
measure and genuine group action. Averaging transforms with unequal physical sampling weights
may produce the wrong projection. The correct comparison states the Hilbert inner product, the
representation and the output subspace.

Exercise 8.14 (MG11a). On C3 with the ordinary inner product, average the three cyclic
coordinate rotations. Compute its matrix, rank and operator norm.

Solution. The average is P = 1
311

∗, with every entry 1/3. It sends a vector to its coordinate
mean repeated three times. Its range is the constant-vector line, so rank is one, and its eigenvalues
are 1, 0, 0. Thus its operator norm is one. The zero residual P 2 − P alone would not identify this
projection: the intended invariant range must also be specified.

8.9.4 MG12: charts and norms are additional data, not decorations

Suppose fn converges uniformly to f on a neighborhood of a closed disk of radius r, and
∥fn − f∥∞ ≤ ε. The first derivative at the center differs by at most ε/r by Cauchy’s formula.
The gain from holomorphy is a derivative certificate from a function bound, but the boundary
distance r is essential. On a shrinking neighborhood, the same function-error bound may no
longer imply derivative convergence.
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Figure 8.6: The exact norm of the degree-three fibre average on individual Fourier modes. This is an
algebraic projection identity under normalized circle measure, not an approximate frequency-response
calculation.

8.9.5 MG13: global compatibility cannot be compressed to a local inverse

A covering chart guarantees one inverse branch on one small open set. To transport it around a
loop, one must record the induced subgroup or monodromy action. A sequence of individually
correct local inverses can return to a different sheet. The correct global data are a basepoint, a
fibre label and a homomorphism into a permutation group, with the relation constraints inherited
from the base surface.

The traditional path-lifting proof is therefore retained as the baseline theorem. The proposed
finite representation is a machine-readable passport and generator action; it is a computational
interface to the theorem, not an alternative that eliminates topology. For a source with genus or
punctures, omitting a fundamental-group generator silently weakens the global problem. This is
the graduate analogue of checking only some edges of a contour certificate.

8.10 Research comparison: theorem strength, optimality and
nonuniform limits

This extension supplies a genuine optimality proof for one sharply defined precision model. It
also explains why that proof cannot be repurposed into an unrestricted claim of maximality
for a mathematical corpus. The distinction is mathematical, not merely terminological: an
optimization theorem requires a specified feasible class and objective.

8.10.1 MP8: an exact global integer precision optimum

Let bj ∈ Z, bj ≥ 2, and define

C(b) = b1 + b2 + b3 + b4, E(b) =
1

64
2−b1 +

1

16
2−b2 +

1

4
2−b3 + 2−b4 .

The problem is to minimize C subject to E ≤ 1/64. The weights arise from an ordered telescope;
the lower caps model local admissibility. No measured runtime is equated with this sum-of-bits
cost.
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Theorem 8.1 (MP8: The optimum is twenty; uniform precision costs twenty-eight). The global
minimum is C = 20, attained by (2, 4, 6, 8). The least uniform choice is (7, 7, 7, 7) with cost 28.

Proof. The uniform inequality is 85 · 2−b ≤ 1, giving b ≥ 7. The displayed nonuniform vector
has four contributions equal to 1/256, hence is feasible with cost twenty. For a lower bound, set
a = (b1, b2 − 2, b3 − 4, b4 − 6). Then

E(b) =
1

64

4∑
j=1

2−aj ,
∑

aj = C(b)− 12.

Convexity of 2−x gives
4∑
j=1

2−aj ≥ 4 2−(C(b)−12)/4.

For feasibility this lower bound must not exceed one, so C(b) ≥ 20. Equality requires all aj = 2,
which gives the stated vector. This proves the global result over all admissible integer vectors,
without a finite search assumption.

A second certificate. An exact integer dynamic program and independent enumeration of
134 = 28,561 candidates reproduce the result. The enumeration bound is justified: the known
feasible cost twenty and the three other lower caps imply that any no-more-expensive coordinate
satisfies bj ≤ 14. The analytic convexity proof and the finite computation check different failure
modes. Neither replaces the domain assumptions from which the weights were obtained.
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Figure 8.7: Exact minimum error at each integer total cost, compared with uniform precision. The
analytic proof establishes the global optimum at the declared target; the finite frontier gives additional
design information.

Exercise 8.15 (MP8a). For m stages with weights wj = 2cj , use convexity to derive a lower
bound on

∑
bj under

∑
j wj2

−bj ≤ E. State when equality is compatible with integer and
lower-cap constraints.

Solution. Set aj = bj − cj . Convexity gives
∑

j 2
−aj ≥ m2−

∑
aj/m. Hence

∑
bj ≥

∑
cj +

m log2(m/E). Equality requires all aj = log2(m/E), and therefore all bj = cj + log2(m/E) must
be admissible integers above their caps. Otherwise the lower bound remains valid but need not
be attained. A capped convex or integer optimization must determine the actual optimum.
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8.10.2 MP9: error budgets must be matched to an observable

If an observable J is LJ -Lipschitz on the certified state tube, the state bound gives |J(x)−J(x̂)| ≤
LJe. For analytic derivatives the constant depends on boundary clearance. For a root branch it
depends on separation from the discriminant. For a period near a degenerating neck it may be
logarithmic or worse. A single “accuracy” field therefore loses essential information.
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Figure 8.8: The cost of turning a function bound into a derivative bound depends on the distance to the
boundary. The curves are theorem-derived amplification factors, not an empirical fit.

A quantitative design question. Suppose the final output is f ′(z0), not f(z0). If the analytic
neighborhood has radius r, a uniform function tolerance rε suffices for derivative tolerance ε. If
r is reduced by a factor of sixteen, four additional binary precision units are required in this
simple bound. A method that reports an unchanged function tolerance while claiming unchanged
derivative accuracy has changed the contract silently.

Failure case. Consider fn(z) = zn/n on the unit disk. Its uniform function norm tends to
zero, but on the boundary f ′n(1) = 1. Interior compact subsets behave differently: at |z| ≤ ρ < 1,
|f ′n| ≤ ρn−1 → 0. The distinction is exactly the positive boundary-distance requirement in the
Cauchy estimate.

8.10.3 MP10: operator topology controls whether an index argument applies

For 0 < a < 1, let Pa be the rank-one projection onto the normalized Hardy kernel ka. The
coefficient of zn in ka is

√
1− a2an. For every fixed polynomial p, ⟨p, ka⟩ → 0. Density of

polynomials and ∥ka∥ = 1 give weak convergence ka ⇀ 0. Consequently Paf = ⟨f, ka⟩ka → 0 for
every fixed f : strong operator convergence. However ∥Pa∥ = 1 identically.

Comparison boundary. A finite collection of test vectors can diagnose strong behavior but
cannot prove norm convergence of this moving projection. Thus a numerical claim that an index
is preserved by a limit must specify the topology that the Fredholm theorem requires. More tests
of fixed low-degree vectors do not repair the missing uniform quantifier. The operator-theoretic
representation adds a counterexample to an inference that a root or boundary picture alone
cannot settle.
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Figure 8.9: Unit-norm defect vectors concentrate at a boundary point. A disappearing interior picture
is compatible with an unchanged operator norm.

Exercise 8.16 (MP10a). Why is sup∥f∥=1 ∥Paf∥ = 1 consistent with ∥Paf∥ → 0 for every fixed
f? Identify a maximizing vector depending on a.

Solution. The maximizing vector is f = ka, which moves with a. Strong convergence fixes f
before taking the limit; operator-norm convergence takes the supremum over f first. Interchanging
these quantifiers is invalid. This is a direct functional-analytic instance of the difference between
a finite test portfolio and a uniform theorem.

8.10.4 MP11: what a maximality theorem would have to quantify over

Let U be a finite, versioned set of required source obligations. A corpus D has a relation
W ⊆ U ×A linking obligations to inspectable artifacts. If each obligation has a qualifying witness,
the coverage ratio is exactly one. The elementary inequality |{u : ∃a, (u, a) ∈ W}| ≤ |U| then
proves that the ratio cannot be increased for that universe. It does not prove that U contains every
valuable mathematical extension, that a witness is correct, or that the exposition is pedagogically
optimal.

The framework therefore exports separate fields for obligation coverage, written proof, exe-
cutable witness, candidate formalization, actual kernel acceptance, nonredundancy diagnostics
and measured comparison outcomes. A Boolean “done” flag would conceal these independent
dimensions. Expanding the universe creates a new version instead of retroactively declaring the
old completeness theorem false.

A rigorous but modest extremal claim. Fixed-universe coverage saturation is demonstrable.
The precision problem MP8 has a genuine global optimum under an explicit objective. The
statement “this is the largest possible useful mathematical document” has neither a finite feasible
class nor an agreed objective. It is not asserted. The maximality audit is hardened by making
that boundary part of the theorem, not by attaching a larger adjective to an unmeasured quantity.
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8.10.5 MP12: research novelty needs a separate literature and replication
gate

The new witness generator and examples are independently implemented combinations of clas-
sical convexity, Bernstein geometry and winding. The scope of originality asserted here is the
document’s derivation, the concrete integration and the reproducible artifact. A research-priority
claim would require comparison against established certified root-counting, validated continuation
and polynomial optimization methods beyond this focused corpus.
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    "verification/normal_families/formal/smt/F31_sample_budget_1.smt2",
    "verification/normal_families/formal/smt/F27_jet_budget_3.smt2",
    "verification/normal_families/formal/smt/F36_sample_budget_6.smt2",
    "verification/normal_families/formal/smt/F08_capacitance_energy.smt2",
    "verification/normal_families/formal/smt/F37_modulus_square.smt2",
    "verification/normal_families/formal/smt/F21_weighted_energy_5.smt2",
    "verification/normal_families/formal/smt/F26_jet_budget_2.smt2",
    "verification/normal_families/formal/smt/F34_sample_budget_4.smt2",
    "verification/normal_families/formal/smt/F40_truncation_norm.smt2",
    "verification/normal_families/formal/smt/F03_radius_interval.smt2",
    "verification/normal_families/formal/smt/F11_tail_splitting.smt2",
    "verification/normal_families/formal/smt/F25_jet_budget_1.smt2",
    "verification/normal_families/formal/smt/F07_extremal_gain.smt2",
    "verification/normal_families/formal/smt/F04_inverse_margin.smt2",
    "verification/normal_families/formal/smt/F13_half_arc.smt2",
    "verification/cantor/proofs/smt/cantor_local.smt2"
  ],
  "SMT_status": "Inherited local algebraic inputs and any supplied historical results; no new solver run.",
  "qualifications": [],
  "coverage_limit": "The artifacts support their declared finite calculations, observations, or candidate developments. They do not certify every proposition of the associated monograph."
}
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# Volume I: Conformal Structures and Function Spaces

**PHI research collective**

This is the verification supplement attached to `phi_conformal_structures_and_function_spaces.pdf`. The identical ZIP is supplied separately for website download. The PDF pages, diagrams and mathematical content are unchanged.

## Begin here

- `DOCUMENT.json` identifies the associated monograph by its original PDF hash.
- `RUNBOOK.md` gives the local commands and dependency qualifications.
- `file_manifest.csv` and `file_manifest.json` describe the supplied files and their provenance.
- `EVIDENCE_STATUS.json` distinguishes recorded calculations, uncompiled formal candidates and outstanding executions.

From this extracted directory:

```sh
python check_integrity.py
python replay.py --list
```

The second command lists only the replay tasks whose working directories are included here. No script runs automatically when the PDF or this archive is opened.

## Scope

The subject modules follow the supplied volume-association register. Shared suites are retained intact when several volumes use the same implementation and data directory. Some shared suites therefore contain additional checks for a related volume. This is deliberate dependency preservation, not a claim of exclusive ownership or complete theorem coverage.

The full public LaTeX source and authored vector assets are supplied once in the all-volume website package under `shared/phi_publication_sources.zip`. They are not required to run the selected evidence tasks in this supplement. The historical graphic generators are preserved separately from the final publication assets.

No new Lean, Rocq or SMT execution was performed in this packaging step. Historical benchmark measurements remain historical observations. Read the execution qualifications before interpreting results.

The package contains public technical material only. Private administrative analyses, source acquisition records, original textbook-page collections, original external datasets and standalone font files are excluded.
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# Verification runbook: Volume I

**PHI research collective**

## File integrity

Run `python check_integrity.py` from this supplement's root. It uses the Python standard library and checks the SHA-256 manifest. Hashes identify file bytes; mathematical validity requires the relevant argument or checker.

## Available offline replay tasks

```sh
python replay.py --list
python replay.py --output local_replay --jobs 2
```

Use a new output directory on each run. The runner copies a module before executing its task, so it does not overwrite the preserved results. For a single task, add `--tasks TASK_NAME`. The table gives the task name, working directory within the archive, and actual commands.

| Task | Working directory | Commands |
|---|---|---|
| `cantor_exact` | `verification/cantor` | `python code/test_cantor.py` |
| `cantor_affine` | `verification/cantor` | `python code/certificate_checker.py` |
| `cantor_symbolic` | `verification/cantor` | `python code/symbolic_checks.py` |
| `quadratic_repeller` | `verification/cantor` | `python code/repeller.py` |
| `finite_observables` | `verification/finite_observables` | `python code/run_lab.py` |
| `functional_operators` | `verification/functional_operators` | `python scripts/verify.py` |
| `covering_arithmetic` | `verification/coverings` | `python code/run_checks.py` |
| `covering_branches` | `verification/coverings` | `python code/branch_checks.py` |
| `covering_polynomials` | `verification/coverings` | `python code/polynomial_kernel.py` |
| `mapping_polynomials` | `verification/normal_families` | `python code/independent_certificates.py` |

## Dependencies and scope

The historical environment is retained in `historical_replays/summary.json`; it is an execution record, not a platform-independent lockfile. Python packages used by the broader collection include NumPy, SciPy, SymPy, pandas, scikit-learn, threadpoolctl, PyTorch and PyCairo. Install only the dependencies required by the chosen task in an isolated environment. The host reference requires a C11 compiler available as `cc`. The plotting/renderer sources may additionally require Cairo, Matplotlib or FFmpeg.

Elapsed replay time includes interpreter and import costs. It is not a matched algorithm benchmark. A successful executable check does not imply proof-assistant acceptance.

## Additional inherited suites

From `verification/coverings`: `python code/compare_certificates.py` and `python code/experiments_v2.py` reproduce the inherited comparison suites.

From `verification/normal_families`: `python code/experiments.py` uses a compatible Z3 shared library for its local solver queries. The independent rational checker is separately listed above.

## Formal candidates

The included Lean and Rocq files are inherited source candidates. Compilation, dependency resolution, theorem-statement review and axiom auditing remain necessary. SMT input files concern the supported local algebraic models only. The `EVIDENCE_STATUS.json` records the actual included paths.

## Monograph source

The complete source archive is a shared website download. Extract `shared/phi_publication_sources.zip` into a working directory and follow its `build_publications.py` entry point. The source archive contains the authored vector assets used for the published pages. Earlier plotting code alone does not recreate every final layout transformation.
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  "historical_replays/functional_operators/outputs/results/verification.json": "60221035cf363d80b4ae589b6e1b7889637715217ebf4f53ec1285f5ce51ba41",
  "historical_replays/functional_operators/run.json": "4cadee4c4ac116a135ca2c6917dccc3bff29d4b0f0116fc8718d541284e38f2c",
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  "verification/coverings/proofs/polynomial_identities/euler_defect.json": "96141f2f2beeca2cf97340f67119542c73a1d13ed7a853a866fe6c51d65fbb1f",
  "verification/coverings/proofs/polynomial_identities/fold_discriminant.json": "85b29d3a081da22e0c1c84643b0d7b5cb3260660d60813985ef358a3337f096e",
  "verification/coverings/proofs/polynomial_identities/parameter_affinity.json": "70cf163d8c9f355acc625f3e9720dd94fa5b689e6e05c1af1fea21a09678960e",
  "verification/coverings/proofs/polynomial_identities/poisson_denominator.json": "83795aed81e73ef106020b5fab7f7b41858ab030784356eae70c7ce938493fe1",
  "verification/coverings/proofs/polynomial_identities/ramification_composition.json": "05f0f44388a68d8f1a03d1eb9127490cd4e77fb77b405acd4159dc2244214ed3",
  "verification/coverings/proofs/polynomial_identities/routh_crossing.json": "c4e313db92ab9034aa9a6d44a77221179e597e17876f764b8f11d9e008a7b579",
  "verification/coverings/proofs/polynomial_identities/storage_balance.json": "952346f64de9ea7c678ded6dc9bfbf2ae317465a026f9ceca9f4da6e92dc1271",
  "verification/coverings/proofs/polynomial_identities/variance_pair.json": "6e2e1c66600e19a41eb56cce4d786c16777b62432fb1be8f50e681b93d96e9a4",
  "verification/coverings/proofs/v2/cubic_axis_adaptive.json": "42095439f3f9411082529695d8a535d7a92f2eddf9f8fc8bcc56ac59bf72d86d",
  "verification/coverings/proofs/v2/cubic_axis_uniform.json": "990634f910cd31a69e6d70c97465391e3e197b9cf8d727be257d3261a8374071",
  "verification/coverings/proofs/v2/cubic_rotated_adaptive.json": "7bb7b7dd75ac928b0d51d1ec5f919b079048c77ebd3038061445ce1a6606d916",
  "verification/coverings/proofs/v2/cubic_rotated_uniform.json": "8fc0f20b00c66a34c7a19cab7a1b70af2243d1cd00240eecd00f934e0f1ce7ef",
  "verification/coverings/proofs/v2/eighth_power_axis_adaptive.json": "50f3b1c8ab4ee1930ff8a65a7485817a90126bab2b08d38fc954855cd8504aed",
  "verification/coverings/proofs/v2/eighth_power_axis_uniform.json": "b73fe63ffa22de4791ef76364ce7751a0a5edcfb1bdaf9d0e3a6f610c6a9ef2e",
  "verification/coverings/proofs/v2/eighth_power_rotated_adaptive.json": "3e702b316382ebe15e7350cab5c25c93792e118dfa32b70f83e068f721db8e78",
  "verification/coverings/proofs/v2/eighth_power_rotated_uniform.json": "4d6ba4d400c4839d5a0d074e9a2b240b12a8f9268d65a554a3cc975740b2a887",
  "verification/coverings/proofs/v2/gain_family_axis_adaptive.json": "500070d2e580cef310537be087608c3232c71e2a123f450b6960577e6808d246",
  "verification/coverings/proofs/v2/gain_family_axis_uniform.json": "d4ecbe24ad3643b5093ac7af986ff550b74aa8ae64c96d4a26b0329aac614ed0",
  "verification/coverings/proofs/v2/gain_family_rotated_adaptive.json": "fd8c8d56a00845d2c713e54d75f71a7aafc535c83740ee723eb7076929377085",
  "verification/coverings/proofs/v2/gain_family_rotated_uniform.json": "8bed787066b5b56c254d9dc2a7e64aa2b82b7bb6c702c551c49debc388a250fb",
  "verification/coverings/proofs/v2/near_edge_double_axis_adaptive.json": "49cf3ca8a3de28bdf5476cb24c68455e5bfeff4b832106b09c39d1ac8c24b637",
  "verification/coverings/proofs/v2/near_edge_double_axis_uniform.json": "d9adcacdf4e4b40ce1194a5ce7aee274014f1b51f0c22355a06cb00b8900bc57",
  "verification/coverings/proofs/v2/near_edge_double_rotated_adaptive.json": "fb5eedd8c75bafc0859bead97e98471d081e73872479afb32ea32e2d130e79e5",
  "verification/coverings/proofs/v2/near_edge_double_rotated_uniform.json": "63db38eb49a9853f0a07ee6d2c0ea74af4e322bf47eb807222fcad5d7b9808bd",
  "verification/coverings/proofs/v2/shifted_quartic_axis_adaptive.json": "483f70aa875ba61287de20398e2455ef894b4e33a1b988c735809cf43b737b30",
  "verification/coverings/proofs/v2/shifted_quartic_axis_uniform.json": "427421e5d3ff1ac30082a10ced2b0a8a1ffbe4398ad54ab6ed631223d64e8033",
  "verification/coverings/proofs/v2/shifted_quartic_rotated_adaptive.json": "22f776e592730c103dfcda556756ba711e33d45a4e14043011e212ddad896d9a",
  "verification/coverings/proofs/v2/shifted_quartic_rotated_uniform.json": "1e11c1ed3d51c9db999bf9cee778e80607b2e3b1e68ed33d9a8b8e51632f0c30",
  "verification/coverings/requirements.txt": "ac0bf9c438134b011a3447e77bd14a16a965b448602a428a9a71162540ef3d7d",
  "verification/coverings/results_v2/certificate_benchmark.csv": "d8490d7f666e57ab8de6ec2a727ea8dcd0adc499e2a3e385537c493e2df51bc7",
  "verification/coverings/results_v2/certificate_benchmark.json": "74a96ba70bf088d59383d70778faefb5fc7e236a9592722557e292ab0b0d9845",
  "verification/coverings/results_v2/continuation_diagnostics.json": "82825b43f800a10afe64ea18672fb8f44bac82a0f1b2d7d477c0af0c4dc956b4",
  "verification/coverings/results_v2/experiments_summary.json": "b8b45527dc6583305fb35b7bf2a3da05699cd985b7bb4496f50d6f6476d26414",
  "verification/coverings/results_v2/figure_manifest.json": "5aadacaff4bad7700a2756d34094659f08270768559e5a6b9aadf859b2a91f65",
  "verification/coverings/results_v2/matrix_benchmark.json": "05b0b1e6a5749c12e5bdfbe20f4be743e6bec9a9def9856d8e6e0ad5929a7151",
  "verification/coverings/results_v2/phase_diagnostics.json": "2f8cac36fdf98b23b38cf919ea0ec765f043cf7c03b30e003dd093fcb6c95bd4",
  "verification/coverings/results_v2/precision_optimum.json": "5627bfbf525d48ab4e9fc082af0ba2dd0848f9c08e1c3131d5c1cd3087753e68",
  "verification/finite_observables/code/companion_lab.py": "f735a452ec3e629b2ce6324a4a1e10623deff94b691a559bf1e4095d8f5ee210",
  "verification/finite_observables/code/make_figures.py": "e0a9a6d91ec036011005a7ec5d9b393aec4afc30c11cb6d18f8b01e08d44f118",
  "verification/finite_observables/code/run_lab.py": "d969bf6c8c30a679f41e671f189ebf355107d0bf896a97d71d96320159d87ef9",
  "verification/finite_observables/proofs/Range.lean": "ee1f2cbdd564801f75b421d84f5a68bee9ece1a22bb40de7b38c1293e0424bd0",
  "verification/finite_observables/proofs/Range.v": "14e2c1922877129d5cd3127eb6a693d3b7e66238cc44e070e997b2159f7bc17b",
  "verification/finite_observables/results/inverse_cylinders.json": "0cb7e7c2e8e7cbadfb27b4700ebcc399bf36e8439de8d56a1fe35e6853397ed2",
  "verification/finite_observables/results/membership_examples.json": "d547fa7414e6a74f699e52ae97bdf89f16338b60034a1b40cc8a4ac983803fdd",
  "verification/finite_observables/results/quadrature.json": "7d83fba9363b7c3c4af136fb2e9feda07cea7eeff873eacec5e16ecb63642557",
  "verification/finite_observables/results/reciprocal.json": "be6876fe72bddf3b23be9d15376944bf7504d2248135fc06d2aa0c57992ba28a",
  "verification/finite_observables/results/rounding_states.json": "dd0f999282b08c7ae68ea50dda5534670e7c2b4d37b16652a264ae9a078d433b",
  "verification/finite_observables/results/verification_report.json": "7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825",
  "verification/functional_operators/animations/render.py": "65332be7b689f11637886a5d6a6a86dd40720fde3dd1e006bf16a0afcfdf26c7",
  "verification/functional_operators/results/verification.json": "dab34789d0bbc10f6e0f2d21f53163d5afe2f7c5b2f255b0b2a60a0b6e9626b6",
  "verification/functional_operators/scripts/verify.py": "b38f9b1921d9cbd38c5cfaa16e9a7a5e68811aeed078b45d2a31b2c7237ab062",
  "verification/normal_families/code/experiments.py": "5446c41a2ab2645a33f862da4261acd53fb0768372ece14dd2fbc4e079064585",
  "verification/normal_families/code/graphics.py": "e8d69e2e95e56aff8227e563ac0d869bc9a35acf50f78e3f4e822e4db4176391",
  "verification/normal_families/code/independent_certificates.py": "4d712358b7870515dc776e23d37dd5546c32342ea6efdfbda17ad07bcca5d231",
  "verification/normal_families/formal/Audit.lean": "1c8a4098e9781d3f7f0fabb3fc78eea3c00a67218b3083cb21f81cf08bb4c1f9",
  "verification/normal_families/formal/PHI/Algebra.lean": "c61b8d1bad1bdcaf9924b2034c6be0bdc2d090747248e25ba44d44ff3cbf2660",
  "verification/normal_families/formal/PHI.lean": "bd83e64f3cfa3d6ddfe2e4df6e1ffe99a182c3b96cdb2f80c8d57b17304d558b",
  "verification/normal_families/formal/lakefile.toml": "e114afcefa706bf3ccec0da98f6d0e7d4a62a3cbdd2d1cb1771c7fe32daf3836",
  "verification/normal_families/formal/lean-toolchain": "55e97be96000b5e9e290c9e74482e5e317861499a5540353ce845471bded8cea",
  "verification/normal_families/formal/rational_identities.json": "2abd0ce02e08d97e27e7f70cee34f807f0b36c7e3d0e7723a426fd8c45303c7b",
  "verification/normal_families/formal/smt/F01_gap_positive.smt2": "b68b77cc6323557b32c825b142941706706c83e94082c7bb1c5f407d99e4e3de",
  "verification/normal_families/formal/smt/F02_quarter_radius.smt2": "780914dd3c2a1ba4c93b9f3865952115bba7b0579151b8443039be0e656f1c13",
  "verification/normal_families/formal/smt/F03_radius_interval.smt2": "8cc54e50dd92d3930170142e779dc97bfab8a7280b6a42816a43e0fefe3fffa9",
  "verification/normal_families/formal/smt/F04_inverse_margin.smt2": "7e69e00c1108e84e8025b038cc6d1a6176a46f478e520f8b88777074ec981186",
  "verification/normal_families/formal/smt/F05_quadratic_gap.smt2": "3d36b24e31975ac879a0083dc14aab20bea0f55aa82e6c5225258eaec038e9e9",
  "verification/normal_families/formal/smt/F06_quadratic_lipschitz.smt2": "92d46b0893f6f775705aeccae9a5f0ce24c29388305beb11dc14e799aaaa0bfb",
  "verification/normal_families/formal/smt/F07_extremal_gain.smt2": "86aaf8089a65335ac3d946de927c96a9ee27ed7e80bc6121928a0f6c0a48b108",
  "verification/normal_families/formal/smt/F08_capacitance_energy.smt2": "0667ab8a42e1c50fd7feb6ac3074fb3bb3e44930bf1ba9a8d4845914caac1d38",
  "verification/normal_families/formal/smt/F09_area_single_coefficient.smt2": "8c1a7bd627377754da6ceef8a939eebfbae899c711768cd8443dbd28ae7cbf97",
  "verification/normal_families/formal/smt/F10_shape_order.smt2": "f646c1989a508e41e196831a45bddea30a74f4b1cecea0f3ae8ec152ad9914e4",
  "verification/normal_families/formal/smt/F11_tail_splitting.smt2": "0bb7e021e040d2640954652cbab358f53aaa72238450bf1d1cd03b2a574a2d70",
  "verification/normal_families/formal/smt/F12_sample_enclosure.smt2": "a92985ca9a22fc54adc315777c01abb04696f9a564c4df674e82d03a4b0d873d",
  "verification/normal_families/formal/smt/F13_half_arc.smt2": "e0d931e3d0f726bab432dda3e5cfcd0c3357ebf2b37af2359c27795fb9ad654b",
  "verification/normal_families/formal/smt/F14_quarter_sharp_numerator.smt2": "33a35faeafbcd04e7409975d053e544a5895ddd30e419cb80e641543e6e904fb",
  "verification/normal_families/formal/smt/F15_spherical_reciprocal.smt2": "da3156e0a8c6b31b021bbb08ffb84aef353abecbf32b515d5b3d6dc54672b5e9",
  "verification/normal_families/formal/smt/F16_normalized_derivative_nonzero.smt2": "145c0ed54e7a64d10391f75718f0e38e2d42531306590f3495ecbd05da9094ef",
  "verification/normal_families/formal/smt/F17_weighted_energy_1.smt2": "1eab2b8935b75b6a3a48b6547a664038c4ccf922b512ad70f27beb2aad095e68",
  "verification/normal_families/formal/smt/F18_weighted_energy_2.smt2": "2b6b50373bd73dab673cd98b2b88c6cd209301f0fcedeeaded0ce1b6aa45067b",
  "verification/normal_families/formal/smt/F19_weighted_energy_3.smt2": "02c6a16f871f82c0ee683c94976ea3860ead28138a98f9d9be9e0943c7c44d91",
  "verification/normal_families/formal/smt/F20_weighted_energy_4.smt2": "1ba2988d84f526b8e17829177702874a43f2bb4d582a96c976a19988dc3a7170",
  "verification/normal_families/formal/smt/F21_weighted_energy_5.smt2": "1ae1804e05e1ce4ff0047a90f71b45e20dfb8784657605faf3ad5e42fad68b3a",
  "verification/normal_families/formal/smt/F22_weighted_energy_6.smt2": "cd0eddcd5ee5717b87d52262290e00a5976516f53e4f6a599671a11cead5d534",
  "verification/normal_families/formal/smt/F23_weighted_energy_7.smt2": "fb83a9a7be44b4f9f5a225844c677b99c3f629a6a5c1dac6d7a23f04208446fd",
  "verification/normal_families/formal/smt/F24_weighted_energy_8.smt2": "2094d20fd72b880a307dc406db202091ace99959483b00ee8d469e782b41eb92",
  "verification/normal_families/formal/smt/F25_jet_budget_1.smt2": "3371adb60dcec73616852bbafe779745434639a58169ebec6be5dc04bac02095",
  "verification/normal_families/formal/smt/F26_jet_budget_2.smt2": "fcb12c63399160dd518daaf4536d9d62a56bb2e746f42263145064287b4f5a86",
  "verification/normal_families/formal/smt/F27_jet_budget_3.smt2": "9da5aded9b87b1da400704c11bd6c1061a686602a18aaf0748a4f6ae9d934859",
  "verification/normal_families/formal/smt/F28_jet_budget_4.smt2": "4968d5a1cc4e2c39a53470274cc7d93fcf16b5b31a0dae12bc93d0361f5e8232",
  "verification/normal_families/formal/smt/F29_jet_budget_5.smt2": "e8b9ff403fd519488f54e75ccfe641cc638d3d35b21fa5f71ff614e999211f0c",
  "verification/normal_families/formal/smt/F30_jet_budget_6.smt2": "f1bbf21efc47c41225e79ef29c96f4b0b4fa42b82eee0ffe7e4f43393ba3d59f",
  "verification/normal_families/formal/smt/F31_sample_budget_1.smt2": "3af686dd77ea622098cd87f6300aa6083decd84cbb8649f629527849c30ebce9",
  "verification/normal_families/formal/smt/F32_sample_budget_2.smt2": "183c2f68a689e3bbf14e856d16b20e07aa04ee62faa45750c68ca46ff462afb5",
  "verification/normal_families/formal/smt/F33_sample_budget_3.smt2": "de10bfb9d4b636255a7e32873b8320b9e9dadb8dac39057044506b7e1611e0d4",
  "verification/normal_families/formal/smt/F34_sample_budget_4.smt2": "5533b3bdc13c526c4fba37445165b0f70e3bf5c5f350c6ab0708ac4f6724e28d",
  "verification/normal_families/formal/smt/F35_sample_budget_5.smt2": "461f4f3f80af1b1fde7161af6d7afe778e0150d50202d2f3ba5fbf47cd0cbb7e",
  "verification/normal_families/formal/smt/F36_sample_budget_6.smt2": "8aaad6b7ffa42d4252f3136d17172f4a2822f5dacc031e26115b69eaae304753",
  "verification/normal_families/formal/smt/F37_modulus_square.smt2": "0a585a658f9d3b7a347357c5ffe1e09a2aa2a5bd7906a0c8bde4f58fc23012bf",
  "verification/normal_families/formal/smt/F38_coverage_bound.smt2": "b6f5807150fa93f348fe23b5f7ef8178a487da4f6de03b42835ee9684cf05c16",
  "verification/normal_families/formal/smt/F39_slit_discriminant.smt2": "2ec7b7f0fa67f502a476b2e0b4b86d14125a8e5ed85b7b11297f89b57c77ead3",
  "verification/normal_families/formal/smt/F40_truncation_norm.smt2": "820bfadb83c895e0140b712ca46fc2edbe11649826f56bcd2c49432dca38fffc",
  "verification/normal_families/formal/verify_lean.sh": "4df9d02c478148f59db781da5f2dcf53f4ce6c394f35de2ee3dc968107f745f6",
  "verification/normal_families/requirements.txt": "e37f74f67e672c89db7e0c14d071b8f9c711e09d26840d0f88fb99162ade1834",
  "verification/normal_families/results/continuation.json": "49b4f0ae3e1ebc2d51aa06ecf6837e9e1e8e5e9a6562e89f54af2f554af5b504",
  "verification/normal_families/results/distortion_comparison.json": "7fa5b9a22253053df2e3558389e38fb956a3f4323052572d6fc8a1bee62aa52d",
  "verification/normal_families/results/floating_diagnostics.json": "a555f75358e406236778d761f88c24e53fd55c693bd7f638e09f3448ac7ac73c",
  "verification/normal_families/results/formal_status.json": "cfd8efaf9a823305ee94ed8a9d281127a5e39cc18aa700b04283d594a268f7a3",
  "verification/normal_families/results/independent_certificates.json": "38d6d8862f584f489b4e9e94c5056763a6a8f61f5e6f4f43c0f749321f95a068",
  "verification/normal_families/results/koebe_tail.json": "b776a1779cb52c5ad8b70b867cd64764ac9f7b1757d9a5283aa53501706a6b45",
  "verification/normal_families/results/optimal_radius_certificate.json": "3b629109935b5eec5c0369512b30f8b80c93811b6147770a294a6c72c201cc9c",
  "verification/normal_families/results/python_environment.json": "b1b7dbb650469cf044af12fd13e1eb28f00b9bf1bd0615527d5c6d789bfabde0",
  "verification/normal_families/results/radius_optimization.json": "fc0b5881670f2c8838e8119ac2948aa510cf8521cab53623a96ebd46319ef323",
  "verification/normal_families/results/restriction_frontier.json": "8403e760b26b312e1c7d134385598351d7c618980d9c7a26ffe0fa5124a7d8d1",
  "verification/normal_families/results/sample_bounds.json": "030b6f6b33c35d0b68c0978109a53d56822e53b560a032e8038fe075469a5905",
  "verification/normal_families/results/smt_verification.json": "9de23490b3e36419ae4eec6ce163ad9284f384e62b1b82c1f8c61fce1978fbf3",
  "verification/normal_families/results/symbolic_identities.json": "269e64984070e34d8870cb936aaa7080aa80293f4efe339751eea740c1050a9a",
  "verification/normal_families/results/verification.json": "c0079b8bb4b91081b5f61d9245195a252a28bd428d14c0fd0bf9815cc48324d8"
}







PHI_volume_01_verification/check_integrity.py

#!/usr/bin/env python3
"""Check this volume's evidence-file identities; this is not a mathematical prover."""
from pathlib import Path, PurePosixPath
import hashlib, json, sys
ROOT=Path(__file__).resolve().parent

def main():
    manifest=json.loads((ROOT/'SHA256SUMS.json').read_text(encoding='utf-8'))
    for rel,want in manifest.items():
        pp=PurePosixPath(rel)
        if pp.is_absolute() or '..' in pp.parts or '\\' in rel:
            raise ValueError('Unsafe relative path: '+rel)
        p=(ROOT/rel).resolve()
        if not p.is_relative_to(ROOT) or not p.is_file():
            raise ValueError('Missing file: '+rel)
        got=hashlib.sha256(p.read_bytes()).hexdigest()
        if got!=want: raise ValueError('SHA-256 mismatch: '+rel)
    record=json.loads((ROOT/'DOCUMENT.json').read_text(encoding='utf-8'))
    print(json.dumps({'volume':record['volume'],'payload_hashes_verified':len(manifest),
                      'proof_assistant_kernel_invoked':False},indent=2))
    return 0
if __name__=='__main__':
    try: raise SystemExit(main())
    except Exception as error:
        print(str(error),file=sys.stderr);raise SystemExit(1)







PHI_volume_01_verification/file_manifest.csv

			path			bytes			sha256			original_supplement_path			original_sha256			relation			original_role


			DOCUMENT.json			1162			fa2215b06f5935f11eb6e9af2254310187596c9c3dfab845f27bed4229b40e7c									volume-specific documentation, filtered record, or replay-task configuration			


			EVIDENCE_STATUS.json			4248			a2438bad28e4c8b3ffca5edf2eea441e747f79d07f7721bcc9796feebadf9838			EVIDENCE_STATUS.json			36589e075b372d860731e441b35fb3a2d3f81c5cc9baf4e1a5a6e6d54e1d1ed3			volume-specific documentation, filtered record, or replay-task configuration			Structured catalogue, lineage or integrity metadata


			README.md			2062			daac4c6b45ba5624e977de4fe6a31ca843c0da6eb3d1b40892ec3e068894ce67			README.md			b24e69e326cc3879d1616734e2f2d4dd58812854fb60b4c3f7b5eb28fee82dce			volume-specific documentation, filtered record, or replay-task configuration			Documentation or dependency record


			RUNBOOK.md			3381			1076decd2f4fee264fd640cd2b4ea2b5f477e6d6a5c059d817f4f623a0514d04			RUNBOOK.md			3084ab0bdc8b889d2de1bfce983c3e2cb5853d2a00a3b61fdcea5f729901f672			volume-specific documentation, filtered record, or replay-task configuration			Documentation or dependency record


			check_integrity.py			1156			eeb584d08dbcbac0eb12c8de7ab28dcdf45b3fcce779d5113c89ba55e4bcbfb9									volume-specific documentation, filtered record, or replay-task configuration			


			historical_replays/cantor_affine/command_01.log			624			6336b9e3aae3b7921e6105019ad74d15c66cf28f0b7b25ebcc8ee40fb163178c			replays/cantor_affine/command_01.log			6336b9e3aae3b7921e6105019ad74d15c66cf28f0b7b25ebcc8ee40fb163178c			unchanged retained artifact			


			historical_replays/cantor_affine/outputs/results/certificate_report.json			624			6336b9e3aae3b7921e6105019ad74d15c66cf28f0b7b25ebcc8ee40fb163178c			replays/cantor_affine/outputs/results/certificate_report.json			6336b9e3aae3b7921e6105019ad74d15c66cf28f0b7b25ebcc8ee40fb163178c			unchanged retained artifact			


			historical_replays/cantor_affine/run.json			573			b23c693047bd260d29235e155153798beb902f4003cd2746d1ac056bcb88a0c6			replays/cantor_affine/run.json			b23c693047bd260d29235e155153798beb902f4003cd2746d1ac056bcb88a0c6			unchanged retained artifact			


			historical_replays/cantor_exact/command_01.log			1129			c74c0050b0fcbca9df418a6da96357930fe6bb98927ce9dd2396c196a3c9e1fe			replays/cantor_exact/command_01.log			c74c0050b0fcbca9df418a6da96357930fe6bb98927ce9dd2396c196a3c9e1fe			unchanged retained artifact			


			historical_replays/cantor_exact/outputs/results/test_report.json			1129			c74c0050b0fcbca9df418a6da96357930fe6bb98927ce9dd2396c196a3c9e1fe			replays/cantor_exact/outputs/results/test_report.json			c74c0050b0fcbca9df418a6da96357930fe6bb98927ce9dd2396c196a3c9e1fe			unchanged retained artifact			


			historical_replays/cantor_exact/run.json			591			fb9b4c840235008239973f38c6e6c34cccee577f601de095582f09a1b0fd0909			replays/cantor_exact/run.json			fb9b4c840235008239973f38c6e6c34cccee577f601de095582f09a1b0fd0909			unchanged retained artifact			


			historical_replays/cantor_symbolic/command_01.log			513			652c478a847bc4f3aa8965158c738d29501474ab9703e4ed8a4d5b2e6a5b1832			replays/cantor_symbolic/command_01.log			652c478a847bc4f3aa8965158c738d29501474ab9703e4ed8a4d5b2e6a5b1832			unchanged retained artifact			


			historical_replays/cantor_symbolic/outputs/results/symbolic_report.json			513			652c478a847bc4f3aa8965158c738d29501474ab9703e4ed8a4d5b2e6a5b1832			replays/cantor_symbolic/outputs/results/symbolic_report.json			652c478a847bc4f3aa8965158c738d29501474ab9703e4ed8a4d5b2e6a5b1832			unchanged retained artifact			


			historical_replays/cantor_symbolic/run.json			568			2761f5ef494837391a24faec0ea858d82cc9ecf17631300b23d7136fc476d33b			replays/cantor_symbolic/run.json			2761f5ef494837391a24faec0ea858d82cc9ecf17631300b23d7136fc476d33b			unchanged retained artifact			


			historical_replays/covering_arithmetic/command_01.log			4073			3bf1706ec8936828e1c15c6e50eb49e5fbefac24a9d1a800077425b3d785ba9d			replays/covering_arithmetic/command_01.log			3bf1706ec8936828e1c15c6e50eb49e5fbefac24a9d1a800077425b3d785ba9d			unchanged retained artifact			


			historical_replays/covering_arithmetic/outputs/metrics/certificate_timings.csv			872			d8ed7bcb1da3c3914d026d42a6e436bf42d394e1a585ca4100e905a736c80893			replays/covering_arithmetic/outputs/metrics/certificate_timings.csv			d8ed7bcb1da3c3914d026d42a6e436bf42d394e1a585ca4100e905a736c80893			unchanged retained artifact			


			historical_replays/covering_arithmetic/outputs/metrics/verification.json			4072			587bfc73caef24e4c5d5bd1349266519712a057b46e17682c535ed87764c84b2			replays/covering_arithmetic/outputs/metrics/verification.json			587bfc73caef24e4c5d5bd1349266519712a057b46e17682c535ed87764c84b2			unchanged retained artifact			


			historical_replays/covering_arithmetic/run.json			794			2d454a743bf123bd80308e8c0c4fc4d42eb806d0f22c6ed45ec3a8cd34450005			replays/covering_arithmetic/run.json			2d454a743bf123bd80308e8c0c4fc4d42eb806d0f22c6ed45ec3a8cd34450005			unchanged retained artifact			


			historical_replays/covering_branches/command_01.log			1077			d92ed40f2b46ed9858c23ed7de4c9398867c61bf42ec88ad44aa51801246e051			replays/covering_branches/command_01.log			d92ed40f2b46ed9858c23ed7de4c9398867c61bf42ec88ad44aa51801246e051			unchanged retained artifact			


			historical_replays/covering_branches/outputs/metrics/branch_checks.json			1076			4c61fc1675351f78fcbb9223fb925aa00f53be913deb0e10738b21a1373fdcd1			replays/covering_branches/outputs/metrics/branch_checks.json			4c61fc1675351f78fcbb9223fb925aa00f53be913deb0e10738b21a1373fdcd1			unchanged retained artifact			


			historical_replays/covering_branches/run.json			569			3915798a992b33ba303f8673f38b5c8828674c7b1667cb4d3bbf9cde2a0d3e73			replays/covering_branches/run.json			3915798a992b33ba303f8673f38b5c8828674c7b1667cb4d3bbf9cde2a0d3e73			unchanged retained artifact			


			historical_replays/covering_polynomials/command_01.log			1893			331e3c7d21113ce304a15815954a8e0fd178f80779254947d89f116bce10c3b9			replays/covering_polynomials/command_01.log			331e3c7d21113ce304a15815954a8e0fd178f80779254947d89f116bce10c3b9			unchanged retained artifact			


			historical_replays/covering_polynomials/outputs/metrics/polynomial_identity_checks.json			1892			78a4c36a2298aab66c5ea6483c56c478acf2d9e0cd95f5c5675df58f1b864444			replays/covering_polynomials/outputs/metrics/polynomial_identity_checks.json			78a4c36a2298aab66c5ea6483c56c478acf2d9e0cd95f5c5675df58f1b864444			unchanged retained artifact			


			historical_replays/covering_polynomials/run.json			589			83b13ecb7b1c98ffd006e665641f4eedd9c5c117d37b269ef5e3578aee77cde1			replays/covering_polynomials/run.json			83b13ecb7b1c98ffd006e665641f4eedd9c5c117d37b269ef5e3578aee77cde1			unchanged retained artifact			


			historical_replays/finite_observables/command_01.log			1728			7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825			replays/finite_observables/command_01.log			7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825			unchanged retained artifact			


			historical_replays/finite_observables/outputs/results/inverse_cylinders.json			958			0cb7e7c2e8e7cbadfb27b4700ebcc399bf36e8439de8d56a1fe35e6853397ed2			replays/finite_observables/outputs/results/inverse_cylinders.json			0cb7e7c2e8e7cbadfb27b4700ebcc399bf36e8439de8d56a1fe35e6853397ed2			unchanged retained artifact			


			historical_replays/finite_observables/outputs/results/membership_examples.json			1443			d547fa7414e6a74f699e52ae97bdf89f16338b60034a1b40cc8a4ac983803fdd			replays/finite_observables/outputs/results/membership_examples.json			d547fa7414e6a74f699e52ae97bdf89f16338b60034a1b40cc8a4ac983803fdd			unchanged retained artifact			


			historical_replays/finite_observables/outputs/results/quadrature.json			1222			7d83fba9363b7c3c4af136fb2e9feda07cea7eeff873eacec5e16ecb63642557			replays/finite_observables/outputs/results/quadrature.json			7d83fba9363b7c3c4af136fb2e9feda07cea7eeff873eacec5e16ecb63642557			unchanged retained artifact			


			historical_replays/finite_observables/outputs/results/reciprocal.json			4660			be6876fe72bddf3b23be9d15376944bf7504d2248135fc06d2aa0c57992ba28a			replays/finite_observables/outputs/results/reciprocal.json			be6876fe72bddf3b23be9d15376944bf7504d2248135fc06d2aa0c57992ba28a			unchanged retained artifact			


			historical_replays/finite_observables/outputs/results/rounding_states.json			3859			dd0f999282b08c7ae68ea50dda5534670e7c2b4d37b16652a264ae9a078d433b			replays/finite_observables/outputs/results/rounding_states.json			dd0f999282b08c7ae68ea50dda5534670e7c2b4d37b16652a264ae9a078d433b			unchanged retained artifact			


			historical_replays/finite_observables/outputs/results/verification_report.json			1728			7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825			replays/finite_observables/outputs/results/verification_report.json			7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825			unchanged retained artifact			


			historical_replays/finite_observables/run.json			1325			9a84b086ae6e848bd00c80bbf0494fd6f267146c2ca12d4b6354dcc64ebfe59a			replays/finite_observables/run.json			9a84b086ae6e848bd00c80bbf0494fd6f267146c2ca12d4b6354dcc64ebfe59a			unchanged retained artifact			


			historical_replays/functional_operators/command_01.log			1475			8c832eab904bc702fd01e22280afed3d162fd7da27423fc54fa3b1275b5061e5			replays/functional_operators/command_01.log			8c832eab904bc702fd01e22280afed3d162fd7da27423fc54fa3b1275b5061e5			unchanged retained artifact			


			historical_replays/functional_operators/outputs/results/verification.json			2753			60221035cf363d80b4ae589b6e1b7889637715217ebf4f53ec1285f5ce51ba41			replays/functional_operators/outputs/results/verification.json			60221035cf363d80b4ae589b6e1b7889637715217ebf4f53ec1285f5ce51ba41			unchanged retained artifact			


			historical_replays/functional_operators/run.json			613			4cadee4c4ac116a135ca2c6917dccc3bff29d4b0f0116fc8718d541284e38f2c			replays/functional_operators/run.json			4cadee4c4ac116a135ca2c6917dccc3bff29d4b0f0116fc8718d541284e38f2c			unchanged retained artifact			


			historical_replays/mapping_polynomials/command_01.log			58			b88fc5692678dcf2311c6fefe551a5755a3247b72c43634f67ce11355ad07fd6			replays/mapping_polynomials/command_01.log			b88fc5692678dcf2311c6fefe551a5755a3247b72c43634f67ce11355ad07fd6			unchanged retained artifact			


			historical_replays/mapping_polynomials/outputs/formal/rational_identities.json			3235			2abd0ce02e08d97e27e7f70cee34f807f0b36c7e3d0e7723a426fd8c45303c7b			replays/mapping_polynomials/outputs/formal/rational_identities.json			2abd0ce02e08d97e27e7f70cee34f807f0b36c7e3d0e7723a426fd8c45303c7b			unchanged retained artifact			


			historical_replays/mapping_polynomials/outputs/results/independent_certificates.json			3709			38d6d8862f584f489b4e9e94c5056763a6a8f61f5e6f4f43c0f749321f95a068			replays/mapping_polynomials/outputs/results/independent_certificates.json			38d6d8862f584f489b4e9e94c5056763a6a8f61f5e6f4f43c0f749321f95a068			unchanged retained artifact			


			historical_replays/mapping_polynomials/run.json			752			654edb43799ba1bb17eb060d1a28fd569190fb90613a415caea73c5ea2aaca4a			replays/mapping_polynomials/run.json			654edb43799ba1bb17eb060d1a28fd569190fb90613a415caea73c5ea2aaca4a			unchanged retained artifact			


			historical_replays/quadratic_repeller/command_01.log			1757			5c8984b4162f2ceef8443cd13d58b19b9ebee0e216232140469702e5a55f1f82			replays/quadratic_repeller/command_01.log			5c8984b4162f2ceef8443cd13d58b19b9ebee0e216232140469702e5a55f1f82			unchanged retained artifact			


			historical_replays/quadratic_repeller/outputs/results/repeller_report.json			1757			5c8984b4162f2ceef8443cd13d58b19b9ebee0e216232140469702e5a55f1f82			replays/quadratic_repeller/outputs/results/repeller_report.json			5c8984b4162f2ceef8443cd13d58b19b9ebee0e216232140469702e5a55f1f82			unchanged retained artifact			


			historical_replays/quadratic_repeller/run.json			564			ac0b79d3a7c8c285e08ec7366211b7a20746699709c8b05124e7c6635a4b6154			replays/quadratic_repeller/run.json			ac0b79d3a7c8c285e08ec7366211b7a20746699709c8b05124e7c6635a4b6154			unchanged retained artifact			


			historical_replays/summary.json			5512			8133a36c10c4f63b90072a67055f1052968a7acc731e488a54c026e8fbac883c			replays/summary.json			ca9d322733660c583e6ab240cdcae9ca914d9c0950b640b7ca4a9ede9f6fe296			volume-specific documentation, filtered record, or replay-task configuration			


			publication/reproduction/code/repeller.py			2076			a11dfd2a9cc240d127acfe668f6c8195531c77bd6985cb6d2bb9ff770c550b26			publication/reproduction/code/repeller.py			a11dfd2a9cc240d127acfe668f6c8195531c77bd6985cb6d2bb9ff770c550b26			unchanged retained artifact			Executable check, experiment or build script


			publication/reproduction/rechecked/repeller_report.json			1757			5c8984b4162f2ceef8443cd13d58b19b9ebee0e216232140469702e5a55f1f82			publication/reproduction/rechecked/repeller_report.json			5c8984b4162f2ceef8443cd13d58b19b9ebee0e216232140469702e5a55f1f82			unchanged retained artifact			Structured catalogue, lineage or integrity metadata


			records/graphic_ownership.json			7140			223926fa2829e8006a15f0f1d0b91741c9f80291ba31a6d2d52dead955001981									volume-specific documentation, filtered record, or replay-task configuration			


			records/module_associations.json			1832			6e567ad206411b97b051392cd94a2c39abe666bd9ffdeffdc3e6effb397d7c17									volume-specific documentation, filtered record, or replay-task configuration			


			records/publication_build_environment.json			87			8e17a0dde5e50bbbe044aa50e73296bcbb0ec94bf29fd77b5cb1a474b1009358									volume-specific documentation, filtered record, or replay-task configuration			


			replay.py			5246			cf5576c979aa01031c94fc0e066ec8c2dbb9e7afea4be1121c67f3aeffd4af7f			replay.py			3bff4b0fffc375c850fae578820bfb9c5a6b0793a1a88dfa84353347145ca203			volume-specific documentation, filtered record, or replay-task configuration			Executable check, experiment or build script


			verification/cantor/code/cantor.py			5629			d1db07f457e0b26a88a2dad5bc089aa43d43d8a856629970221015503fcc26fd			verification/cantor/code/cantor.py			d1db07f457e0b26a88a2dad5bc089aa43d43d8a856629970221015503fcc26fd			unchanged retained artifact			Executable check, experiment or build script


			verification/cantor/code/certificate_checker.py			2265			4ddc5253010b06e0912180763b795b3cc4ae43db754ea9eed85eaf43345ad24f			verification/cantor/code/certificate_checker.py			4ddc5253010b06e0912180763b795b3cc4ae43db754ea9eed85eaf43345ad24f			unchanged retained artifact			Executable check, experiment or build script


			verification/cantor/code/generate_data.py			2236			38f82dc777a2b32a31378981b604b72b225a8605511d6eadd43ecdf321c93c70			verification/cantor/code/generate_data.py			38f82dc777a2b32a31378981b604b72b225a8605511d6eadd43ecdf321c93c70			unchanged retained artifact			Executable check, experiment or build script


			verification/cantor/code/generate_figures.py			6014			8e081a4a5074152d5b1b187fac3fdb054371b69082f79b658876d44f4e98fb93			verification/cantor/code/generate_figures.py			8e081a4a5074152d5b1b187fac3fdb054371b69082f79b658876d44f4e98fb93			unchanged retained artifact			Figure or renderer source


			verification/cantor/code/repeller.py			2076			a11dfd2a9cc240d127acfe668f6c8195531c77bd6985cb6d2bb9ff770c550b26			verification/cantor/code/repeller.py			a11dfd2a9cc240d127acfe668f6c8195531c77bd6985cb6d2bb9ff770c550b26			unchanged retained artifact			Executable check, experiment or build script


			verification/cantor/code/symbolic_checks.py			1827			13d7af1cf7bba66fd5c69be0ffdf3383bc399ba29d9e8560ced7c5d0e8217cdc			verification/cantor/code/symbolic_checks.py			13d7af1cf7bba66fd5c69be0ffdf3383bc399ba29d9e8560ced7c5d0e8217cdc			unchanged retained artifact			Executable check, experiment or build script


			verification/cantor/code/test_cantor.py			3871			ac23f5c1f57d95ef769c4b76703be2312b4d809b1ddc7268203f691c9e04e844			verification/cantor/code/test_cantor.py			ac23f5c1f57d95ef769c4b76703be2312b4d809b1ddc7268203f691c9e04e844			unchanged retained artifact			Executable check, experiment or build script


			verification/cantor/proofs/certificates.json			4131			01038e4350fe4f840e78795f257c81fd144e943d1a8b3a4c546fbf2899498c31			verification/cantor/proofs/certificates.json			01038e4350fe4f840e78795f257c81fd144e943d1a8b3a4c546fbf2899498c31			unchanged retained artifact			Certificate data or formalization configuration


			verification/cantor/proofs/coq/Cantor.v			2884			3d757b84ce04135f4f75b0c6d3674f60d28dea82bde9e19974ce1ee400615854			verification/cantor/proofs/coq/Cantor.v			3d757b84ce04135f4f75b0c6d3674f60d28dea82bde9e19974ce1ee400615854			unchanged retained artifact			Uncompiled proof-assistant candidate or helper


			verification/cantor/proofs/lean/Cantor.lean			3429			14d8a0bb65b44c85b1a80597c0f9714b9b5172099a85b597403347199aa62b3c			verification/cantor/proofs/lean/Cantor.lean			14d8a0bb65b44c85b1a80597c0f9714b9b5172099a85b597403347199aa62b3c			unchanged retained artifact			Uncompiled proof-assistant candidate or helper


			verification/cantor/proofs/lean/lakefile.toml			100			941a498ff95818a8cdef7c8d467c0ffa5eba0f0402512e86e8bfdcec1c00e883			verification/cantor/proofs/lean/lakefile.toml			941a498ff95818a8cdef7c8d467c0ffa5eba0f0402512e86e8bfdcec1c00e883			unchanged retained artifact			Certificate data or formalization configuration


			verification/cantor/proofs/lean/lean-toolchain			25			55e97be96000b5e9e290c9e74482e5e317861499a5540353ce845471bded8cea			verification/cantor/proofs/lean/lean-toolchain			55e97be96000b5e9e290c9e74482e5e317861499a5540353ce845471bded8cea			unchanged retained artifact			Certificate data or formalization configuration


			verification/cantor/proofs/smt/cantor_local.smt2			764			827ed31dc1e1af809f4d401312d7daa93dcfd714aa877521b876aee9ed65ca30			verification/cantor/proofs/smt/cantor_local.smt2			827ed31dc1e1af809f4d401312d7daa93dcfd714aa877521b876aee9ed65ca30			unchanged retained artifact			Historical local SMT-LIB problem


			verification/cantor/results/affine_certificates_run.log			705			80753a46f1dad2122545b229f5c8ba1a931268347a45491070b4d547134a4cec			verification/cantor/results/affine_certificates_run.log			80753a46f1dad2122545b229f5c8ba1a931268347a45491070b4d547134a4cec			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/cantor/results/certificate_report.json			624			6336b9e3aae3b7921e6105019ad74d15c66cf28f0b7b25ebcc8ee40fb163178c			verification/cantor/results/certificate_report.json			6336b9e3aae3b7921e6105019ad74d15c66cf28f0b7b25ebcc8ee40fb163178c			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/cantor/results/convergence.csv			9049			de6deaff07c7fa354bbad88a5f29946a275e7e06c142346357c6affa6cf09582			verification/cantor/results/convergence.csv			de6deaff07c7fa354bbad88a5f29946a275e7e06c142346357c6affa6cf09582			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/cantor/results/exact_regression_run.log			1201			d9e0a9481aab433f6854ae536f0e6dd841fad5dc9d7ba5f71e4ba125d643bcb2			verification/cantor/results/exact_regression_run.log			d9e0a9481aab433f6854ae536f0e6dd841fad5dc9d7ba5f71e4ba125d643bcb2			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/cantor/results/quadratic_enclosures_run.log			1827			79b18e41a25d2c57809a5fb9facf27f6b5284250b66681eb31f94ebf5e7ea39a			verification/cantor/results/quadratic_enclosures_run.log			79b18e41a25d2c57809a5fb9facf27f6b5284250b66681eb31f94ebf5e7ea39a			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/cantor/results/repeller_report.json			1757			5c8984b4162f2ceef8443cd13d58b19b9ebee0e216232140469702e5a55f1f82			verification/cantor/results/repeller_report.json			5c8984b4162f2ceef8443cd13d58b19b9ebee0e216232140469702e5a55f1f82			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/cantor/results/symbolic_identities_run.log			590			a518182dd955b9b92d3a4d3368336f7593b653fbcc12557ffc4ce0f279f56ad5			verification/cantor/results/symbolic_identities_run.log			a518182dd955b9b92d3a4d3368336f7593b653fbcc12557ffc4ce0f279f56ad5			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/cantor/results/symbolic_report.json			513			652c478a847bc4f3aa8965158c738d29501474ab9703e4ed8a4d5b2e6a5b1832			verification/cantor/results/symbolic_report.json			652c478a847bc4f3aa8965158c738d29501474ab9703e4ed8a4d5b2e6a5b1832			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/cantor/results/test_report.json			1128			1145d2d2305f82ca06b29bb5a427760acb3242d2f6f78adaa6ab9cc1cff2e70c			verification/cantor/results/test_report.json			1145d2d2305f82ca06b29bb5a427760acb3242d2f6f78adaa6ab9cc1cff2e70c			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/cantor/results/verification_status.json			3116			35af669ed8fd421f212c8d095c7f2ff4b292292d492a4d42341da3d462018863			verification/cantor/results/verification_status.json			35af669ed8fd421f212c8d095c7f2ff4b292292d492a4d42341da3d462018863			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/coverings/code/branch_checks.py			5135			26c8d9f6681239964f05fad56d6d6b97a664817fe3751a67333cd046463e926b			verification/coverings/code/branch_checks.py			26c8d9f6681239964f05fad56d6d6b97a664817fe3751a67333cd046463e926b			unchanged retained artifact			Executable check, experiment or build script


			verification/coverings/code/certificates.py			5346			f18284d33b3f485a55f9c0159afd4da960c9048bf7028a8ed47b46b529dcaf25			verification/coverings/code/certificates.py			f18284d33b3f485a55f9c0159afd4da960c9048bf7028a8ed47b46b529dcaf25			unchanged retained artifact			Executable check, experiment or build script


			verification/coverings/code/compare_certificates.py			7781			b90bce50f2cd1866e4f1ed42c14a95db854fa9fc9ef13787475436238896c021			verification/coverings/code/compare_certificates.py			b90bce50f2cd1866e4f1ed42c14a95db854fa9fc9ef13787475436238896c021			unchanged retained artifact			Executable check, experiment or build script


			verification/coverings/code/experiments_v2.py			5612			391bad19ce938c94bd9719b26ffb89a442915c35019009fc0a155bc1916bf3de			verification/coverings/code/experiments_v2.py			391bad19ce938c94bd9719b26ffb89a442915c35019009fc0a155bc1916bf3de			unchanged retained artifact			Executable check, experiment or build script


			verification/coverings/code/figures.py			12710			d8e7f7c25bc01d3f95583ec6a63611724ba2070ee2876f78c8cdb8cba47fd9bf			verification/coverings/code/figures.py			d8e7f7c25bc01d3f95583ec6a63611724ba2070ee2876f78c8cdb8cba47fd9bf			unchanged retained artifact			Figure or renderer source


			verification/coverings/code/figures_v2.py			29895			4dd6f4f59f72f0445190ef174562c1e3857a8f8b44fb53fe28ee377a895f6976			verification/coverings/code/figures_v2.py			4dd6f4f59f72f0445190ef174562c1e3857a8f8b44fb53fe28ee377a895f6976			unchanged retained artifact			Figure or renderer source


			verification/coverings/code/polynomial_kernel.py			5168			10f89af3808e5356e5cd15f6a8199716232f8d16383c75d96d3261a7474b60bb			verification/coverings/code/polynomial_kernel.py			10f89af3808e5356e5cd15f6a8199716232f8d16383c75d96d3261a7474b60bb			unchanged retained artifact			Executable check, experiment or build script


			verification/coverings/code/run_checks.py			6545			d2a77bd21decb0d37c68fc0836544130cf98a8074e89e9eba3219fe9cbff14d1			verification/coverings/code/run_checks.py			d2a77bd21decb0d37c68fc0836544130cf98a8074e89e9eba3219fe9cbff14d1			unchanged retained artifact			Executable check, experiment or build script


			verification/coverings/metrics/branch_checks.json			1076			4c61fc1675351f78fcbb9223fb925aa00f53be913deb0e10738b21a1373fdcd1			verification/coverings/metrics/branch_checks.json			4c61fc1675351f78fcbb9223fb925aa00f53be913deb0e10738b21a1373fdcd1			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/coverings/metrics/certificate_timings.csv			873			4aa8c90618444d272274d2ba19d9920cebffc700cc323b7ad758081acbe80309			verification/coverings/metrics/certificate_timings.csv			4aa8c90618444d272274d2ba19d9920cebffc700cc323b7ad758081acbe80309			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/coverings/metrics/environment.json			4456			85143b4ff0ec821829032da013e5bd78fb7813e01f0f73559e4ce0d40e29cba1			verification/coverings/metrics/environment.json			85143b4ff0ec821829032da013e5bd78fb7813e01f0f73559e4ce0d40e29cba1			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/coverings/metrics/polynomial_identity_checks.json			1892			78a4c36a2298aab66c5ea6483c56c478acf2d9e0cd95f5c5675df58f1b864444			verification/coverings/metrics/polynomial_identity_checks.json			78a4c36a2298aab66c5ea6483c56c478acf2d9e0cd95f5c5675df58f1b864444			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/coverings/metrics/verification.json			4073			29d1f20dd95156bcf31963ce415a3f3dbade1a6959c89d741f2434969bf8edac			verification/coverings/metrics/verification.json			29d1f20dd95156bcf31963ce415a3f3dbade1a6959c89d741f2434969bf8edac			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/coverings/proofs/FiniteIdentities.lean			1696			1b69487df5f9502fce3434194d5dab3eba2d0d44f9eb70fd3c1bba2fd9282b1b			verification/coverings/proofs/FiniteIdentities.lean			1b69487df5f9502fce3434194d5dab3eba2d0d44f9eb70fd3c1bba2fd9282b1b			unchanged retained artifact			Uncompiled proof-assistant candidate or helper


			verification/coverings/proofs/FiniteIdentities.v			1604			9f1b522d3e3c2d6f51530f782113e335a695bb9e1f77b412ac7e11c2c3232f00			verification/coverings/proofs/FiniteIdentities.v			9f1b522d3e3c2d6f51530f782113e335a695bb9e1f77b412ac7e11c2c3232f00			unchanged retained artifact			Uncompiled proof-assistant candidate or helper


			verification/coverings/proofs/certificates/cubic_central_root.json			942			6ca849621e92fcf7f7ed0801c7281965cabd1aeed5a1b9cbf22eb4fcd3e6585c			verification/coverings/proofs/certificates/cubic_central_root.json			6ca849621e92fcf7f7ed0801c7281965cabd1aeed5a1b9cbf22eb4fcd3e6585c			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/certificates/cubic_right_root.json			935			7ccd96c44756f3ff7399e06d0c19f0eedfab1c7fd3ede349b7c19c20a46c8373			verification/coverings/proofs/certificates/cubic_right_root.json			7ccd96c44756f3ff7399e06d0c19f0eedfab1c7fd3ede349b7c19c20a46c8373			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/certificates/cubic_three_roots.json			2658			7d81decf3c94c5195781d50e2121dbc952e6f45c847be5b2d2560f4d2a9f06dd			verification/coverings/proofs/certificates/cubic_three_roots.json			7d81decf3c94c5195781d50e2121dbc952e6f45c847be5b2d2560f4d2a9f06dd			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/certificates/gain_0_to_50.json			2872			e8c21808d38d248cf50fcdc1b3a349af92ef204b67afcf4164b1cb977109cca1			verification/coverings/proofs/certificates/gain_0_to_50.json			e8c21808d38d248cf50fcdc1b3a349af92ef204b67afcf4164b1cb977109cca1			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/certificates/gain_61.json			3161			7a1695b5b180fe9bfb4cc6381486222a008ebe529e46db7b5ffcc3e28bef98be			verification/coverings/proofs/certificates/gain_61.json			7a1695b5b180fe9bfb4cc6381486222a008ebe529e46db7b5ffcc3e28bef98be			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/certificates/quadratic_repeated_root.json			2181			bcfcb01655a1d75c3448651ee5efd2df16d21e69a3a3c9c23a520639008b3fba			verification/coverings/proofs/certificates/quadratic_repeated_root.json			bcfcb01655a1d75c3448651ee5efd2df16d21e69a3a3c9c23a520639008b3fba			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/certificates/teaching_sqrt2.json			887			2944633cb3c3aac0a5f8d9868648f8af1109e3f8063916c7926d144afe18a216			verification/coverings/proofs/certificates/teaching_sqrt2.json			2944633cb3c3aac0a5f8d9868648f8af1109e3f8063916c7926d144afe18a216			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/polynomial_identities/blaschke_disk.json			1504			cee0646e2a663a65e13c013d276d95366dade6ea7d41e933c5e8ff71ca5eecee			verification/coverings/proofs/polynomial_identities/blaschke_disk.json			cee0646e2a663a65e13c013d276d95366dade6ea7d41e933c5e8ff71ca5eecee			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/polynomial_identities/difference_of_squares.json			446			fce02dafc6537f28251fe8858955e791c1a4b1f7abb2bbf22e338b7b869b823c			verification/coverings/proofs/polynomial_identities/difference_of_squares.json			fce02dafc6537f28251fe8858955e791c1a4b1f7abb2bbf22e338b7b869b823c			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/polynomial_identities/dihedral_cubic.json			697			39889b771b9fdcd586077183fca1bef6defe8d78ce1c64a605e588942f1c4a05			verification/coverings/proofs/polynomial_identities/dihedral_cubic.json			39889b771b9fdcd586077183fca1bef6defe8d78ce1c64a605e588942f1c4a05			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/polynomial_identities/error_step.json			589			048a4e7f40d6df13ed27fd06524a70f4ae2b64c229e8d42d6fbd1ed648a89f4c			verification/coverings/proofs/polynomial_identities/error_step.json			048a4e7f40d6df13ed27fd06524a70f4ae2b64c229e8d42d6fbd1ed648a89f4c			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/polynomial_identities/euler_defect.json			645			96141f2f2beeca2cf97340f67119542c73a1d13ed7a853a866fe6c51d65fbb1f			verification/coverings/proofs/polynomial_identities/euler_defect.json			96141f2f2beeca2cf97340f67119542c73a1d13ed7a853a866fe6c51d65fbb1f			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/polynomial_identities/fold_discriminant.json			510			85b29d3a081da22e0c1c84643b0d7b5cb3260660d60813985ef358a3337f096e			verification/coverings/proofs/polynomial_identities/fold_discriminant.json			85b29d3a081da22e0c1c84643b0d7b5cb3260660d60813985ef358a3337f096e			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/polynomial_identities/parameter_affinity.json			1720			70cf163d8c9f355acc625f3e9720dd94fa5b689e6e05c1af1fea21a09678960e			verification/coverings/proofs/polynomial_identities/parameter_affinity.json			70cf163d8c9f355acc625f3e9720dd94fa5b689e6e05c1af1fea21a09678960e			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/polynomial_identities/poisson_denominator.json			672			83795aed81e73ef106020b5fab7f7b41858ab030784356eae70c7ce938493fe1			verification/coverings/proofs/polynomial_identities/poisson_denominator.json			83795aed81e73ef106020b5fab7f7b41858ab030784356eae70c7ce938493fe1			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/polynomial_identities/ramification_composition.json			457			05f0f44388a68d8f1a03d1eb9127490cd4e77fb77b405acd4159dc2244214ed3			verification/coverings/proofs/polynomial_identities/ramification_composition.json			05f0f44388a68d8f1a03d1eb9127490cd4e77fb77b405acd4159dc2244214ed3			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/polynomial_identities/routh_crossing.json			710			c4e313db92ab9034aa9a6d44a77221179e597e17876f764b8f11d9e008a7b579			verification/coverings/proofs/polynomial_identities/routh_crossing.json			c4e313db92ab9034aa9a6d44a77221179e597e17876f764b8f11d9e008a7b579			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/polynomial_identities/storage_balance.json			818			952346f64de9ea7c678ded6dc9bfbf2ae317465a026f9ceca9f4da6e92dc1271			verification/coverings/proofs/polynomial_identities/storage_balance.json			952346f64de9ea7c678ded6dc9bfbf2ae317465a026f9ceca9f4da6e92dc1271			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/polynomial_identities/variance_pair.json			618			6e2e1c66600e19a41eb56cce4d786c16777b62432fb1be8f50e681b93d96e9a4			verification/coverings/proofs/polynomial_identities/variance_pair.json			6e2e1c66600e19a41eb56cce4d786c16777b62432fb1be8f50e681b93d96e9a4			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/cubic_axis_adaptive.json			3042			42095439f3f9411082529695d8a535d7a92f2eddf9f8fc8bcc56ac59bf72d86d			verification/coverings/proofs/v2/cubic_axis_adaptive.json			42095439f3f9411082529695d8a535d7a92f2eddf9f8fc8bcc56ac59bf72d86d			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/cubic_axis_uniform.json			4533			990634f910cd31a69e6d70c97465391e3e197b9cf8d727be257d3261a8374071			verification/coverings/proofs/v2/cubic_axis_uniform.json			990634f910cd31a69e6d70c97465391e3e197b9cf8d727be257d3261a8374071			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/cubic_rotated_adaptive.json			1573			7bb7b7dd75ac928b0d51d1ec5f919b079048c77ebd3038061445ce1a6606d916			verification/coverings/proofs/v2/cubic_rotated_adaptive.json			7bb7b7dd75ac928b0d51d1ec5f919b079048c77ebd3038061445ce1a6606d916			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/cubic_rotated_uniform.json			1569			8fc0f20b00c66a34c7a19cab7a1b70af2243d1cd00240eecd00f934e0f1ce7ef			verification/coverings/proofs/v2/cubic_rotated_uniform.json			8fc0f20b00c66a34c7a19cab7a1b70af2243d1cd00240eecd00f934e0f1ce7ef			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/eighth_power_axis_adaptive.json			5756			50f3b1c8ab4ee1930ff8a65a7485817a90126bab2b08d38fc954855cd8504aed			verification/coverings/proofs/v2/eighth_power_axis_adaptive.json			50f3b1c8ab4ee1930ff8a65a7485817a90126bab2b08d38fc954855cd8504aed			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/eighth_power_axis_uniform.json			8817			b73fe63ffa22de4791ef76364ce7751a0a5edcfb1bdaf9d0e3a6f610c6a9ef2e			verification/coverings/proofs/v2/eighth_power_axis_uniform.json			b73fe63ffa22de4791ef76364ce7751a0a5edcfb1bdaf9d0e3a6f610c6a9ef2e			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/eighth_power_rotated_adaptive.json			3875			3e702b316382ebe15e7350cab5c25c93792e118dfa32b70f83e068f721db8e78			verification/coverings/proofs/v2/eighth_power_rotated_adaptive.json			3e702b316382ebe15e7350cab5c25c93792e118dfa32b70f83e068f721db8e78			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/eighth_power_rotated_uniform.json			4980			4d6ba4d400c4839d5a0d074e9a2b240b12a8f9268d65a554a3cc975740b2a887			verification/coverings/proofs/v2/eighth_power_rotated_uniform.json			4d6ba4d400c4839d5a0d074e9a2b240b12a8f9268d65a554a3cc975740b2a887			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/gain_family_axis_adaptive.json			3757			500070d2e580cef310537be087608c3232c71e2a123f450b6960577e6808d246			verification/coverings/proofs/v2/gain_family_axis_adaptive.json			500070d2e580cef310537be087608c3232c71e2a123f450b6960577e6808d246			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/gain_family_axis_uniform.json			16968			d4ecbe24ad3643b5093ac7af986ff550b74aa8ae64c96d4a26b0329aac614ed0			verification/coverings/proofs/v2/gain_family_axis_uniform.json			d4ecbe24ad3643b5093ac7af986ff550b74aa8ae64c96d4a26b0329aac614ed0			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/gain_family_rotated_adaptive.json			2313			fd8c8d56a00845d2c713e54d75f71a7aafc535c83740ee723eb7076929377085			verification/coverings/proofs/v2/gain_family_rotated_adaptive.json			fd8c8d56a00845d2c713e54d75f71a7aafc535c83740ee723eb7076929377085			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/gain_family_rotated_uniform.json			9359			8bed787066b5b56c254d9dc2a7e64aa2b82b7bb6c702c551c49debc388a250fb			verification/coverings/proofs/v2/gain_family_rotated_uniform.json			8bed787066b5b56c254d9dc2a7e64aa2b82b7bb6c702c551c49debc388a250fb			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/near_edge_double_axis_adaptive.json			3191			49cf3ca8a3de28bdf5476cb24c68455e5bfeff4b832106b09c39d1ac8c24b637			verification/coverings/proofs/v2/near_edge_double_axis_adaptive.json			49cf3ca8a3de28bdf5476cb24c68455e5bfeff4b832106b09c39d1ac8c24b637			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/near_edge_double_axis_uniform.json			134050			d9adcacdf4e4b40ce1194a5ce7aee274014f1b51f0c22355a06cb00b8900bc57			verification/coverings/proofs/v2/near_edge_double_axis_uniform.json			d9adcacdf4e4b40ce1194a5ce7aee274014f1b51f0c22355a06cb00b8900bc57			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/near_edge_double_rotated_adaptive.json			1177			fb5eedd8c75bafc0859bead97e98471d081e73872479afb32ea32e2d130e79e5			verification/coverings/proofs/v2/near_edge_double_rotated_adaptive.json			fb5eedd8c75bafc0859bead97e98471d081e73872479afb32ea32e2d130e79e5			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/near_edge_double_rotated_uniform.json			1584			63db38eb49a9853f0a07ee6d2c0ea74af4e322bf47eb807222fcad5d7b9808bd			verification/coverings/proofs/v2/near_edge_double_rotated_uniform.json			63db38eb49a9853f0a07ee6d2c0ea74af4e322bf47eb807222fcad5d7b9808bd			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/shifted_quartic_axis_adaptive.json			3093			483f70aa875ba61287de20398e2455ef894b4e33a1b988c735809cf43b737b30			verification/coverings/proofs/v2/shifted_quartic_axis_adaptive.json			483f70aa875ba61287de20398e2455ef894b4e33a1b988c735809cf43b737b30			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/shifted_quartic_axis_uniform.json			4586			427421e5d3ff1ac30082a10ced2b0a8a1ffbe4398ad54ab6ed631223d64e8033			verification/coverings/proofs/v2/shifted_quartic_axis_uniform.json			427421e5d3ff1ac30082a10ced2b0a8a1ffbe4398ad54ab6ed631223d64e8033			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/shifted_quartic_rotated_adaptive.json			2168			22f776e592730c103dfcda556756ba711e33d45a4e14043011e212ddad896d9a			verification/coverings/proofs/v2/shifted_quartic_rotated_adaptive.json			22f776e592730c103dfcda556756ba711e33d45a4e14043011e212ddad896d9a			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/proofs/v2/shifted_quartic_rotated_uniform.json			2693			1e11c1ed3d51c9db999bf9cee778e80607b2e3b1e68ed33d9a8b8e51632f0c30			verification/coverings/proofs/v2/shifted_quartic_rotated_uniform.json			1e11c1ed3d51c9db999bf9cee778e80607b2e3b1e68ed33d9a8b8e51632f0c30			unchanged retained artifact			Certificate data or formalization configuration


			verification/coverings/requirements.txt			121			ac0bf9c438134b011a3447e77bd14a16a965b448602a428a9a71162540ef3d7d			verification/coverings/requirements.txt			ac0bf9c438134b011a3447e77bd14a16a965b448602a428a9a71162540ef3d7d			unchanged retained artifact			Documentation or dependency record


			verification/coverings/results_v2/certificate_benchmark.csv			1550			d8490d7f666e57ab8de6ec2a727ea8dcd0adc499e2a3e385537c493e2df51bc7			verification/coverings/results_v2/certificate_benchmark.csv			d8490d7f666e57ab8de6ec2a727ea8dcd0adc499e2a3e385537c493e2df51bc7			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/coverings/results_v2/certificate_benchmark.json			36072			74a96ba70bf088d59383d70778faefb5fc7e236a9592722557e292ab0b0d9845			verification/coverings/results_v2/certificate_benchmark.json			74a96ba70bf088d59383d70778faefb5fc7e236a9592722557e292ab0b0d9845			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/coverings/results_v2/continuation_diagnostics.json			1074			82825b43f800a10afe64ea18672fb8f44bac82a0f1b2d7d477c0af0c4dc956b4			verification/coverings/results_v2/continuation_diagnostics.json			82825b43f800a10afe64ea18672fb8f44bac82a0f1b2d7d477c0af0c4dc956b4			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/coverings/results_v2/experiments_summary.json			520			b8b45527dc6583305fb35b7bf2a3da05699cd985b7bb4496f50d6f6476d26414			verification/coverings/results_v2/experiments_summary.json			b8b45527dc6583305fb35b7bf2a3da05699cd985b7bb4496f50d6f6476d26414			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/coverings/results_v2/figure_manifest.json			17802			5aadacaff4bad7700a2756d34094659f08270768559e5a6b9aadf859b2a91f65			verification/coverings/results_v2/figure_manifest.json			5aadacaff4bad7700a2756d34094659f08270768559e5a6b9aadf859b2a91f65			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/coverings/results_v2/matrix_benchmark.json			22087			05b0b1e6a5749c12e5bdfbe20f4be743e6bec9a9def9856d8e6e0ad5929a7151			verification/coverings/results_v2/matrix_benchmark.json			05b0b1e6a5749c12e5bdfbe20f4be743e6bec9a9def9856d8e6e0ad5929a7151			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/coverings/results_v2/phase_diagnostics.json			4197			2f8cac36fdf98b23b38cf919ea0ec765f043cf7c03b30e003dd093fcb6c95bd4			verification/coverings/results_v2/phase_diagnostics.json			2f8cac36fdf98b23b38cf919ea0ec765f043cf7c03b30e003dd093fcb6c95bd4			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/coverings/results_v2/precision_optimum.json			21615			5627bfbf525d48ab4e9fc082af0ba2dd0848f9c08e1c3131d5c1cd3087753e68			verification/coverings/results_v2/precision_optimum.json			5627bfbf525d48ab4e9fc082af0ba2dd0848f9c08e1c3131d5c1cd3087753e68			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/finite_observables/code/companion_lab.py			7773			f735a452ec3e629b2ce6324a4a1e10623deff94b691a559bf1e4095d8f5ee210			verification/finite_observables/code/companion_lab.py			f735a452ec3e629b2ce6324a4a1e10623deff94b691a559bf1e4095d8f5ee210			unchanged retained artifact			Executable check, experiment or build script


			verification/finite_observables/code/make_figures.py			4459			e0a9a6d91ec036011005a7ec5d9b393aec4afc30c11cb6d18f8b01e08d44f118			verification/finite_observables/code/make_figures.py			e0a9a6d91ec036011005a7ec5d9b393aec4afc30c11cb6d18f8b01e08d44f118			unchanged retained artifact			Figure or renderer source


			verification/finite_observables/code/run_lab.py			7145			d969bf6c8c30a679f41e671f189ebf355107d0bf896a97d71d96320159d87ef9			verification/finite_observables/code/run_lab.py			d969bf6c8c30a679f41e671f189ebf355107d0bf896a97d71d96320159d87ef9			unchanged retained artifact			Executable check, experiment or build script


			verification/finite_observables/proofs/Range.lean			839			ee1f2cbdd564801f75b421d84f5a68bee9ece1a22bb40de7b38c1293e0424bd0			verification/finite_observables/proofs/Range.lean			ee1f2cbdd564801f75b421d84f5a68bee9ece1a22bb40de7b38c1293e0424bd0			unchanged retained artifact			Uncompiled proof-assistant candidate or helper


			verification/finite_observables/proofs/Range.v			801			14e2c1922877129d5cd3127eb6a693d3b7e66238cc44e070e997b2159f7bc17b			verification/finite_observables/proofs/Range.v			14e2c1922877129d5cd3127eb6a693d3b7e66238cc44e070e997b2159f7bc17b			unchanged retained artifact			Uncompiled proof-assistant candidate or helper


			verification/finite_observables/results/inverse_cylinders.json			958			0cb7e7c2e8e7cbadfb27b4700ebcc399bf36e8439de8d56a1fe35e6853397ed2			verification/finite_observables/results/inverse_cylinders.json			0cb7e7c2e8e7cbadfb27b4700ebcc399bf36e8439de8d56a1fe35e6853397ed2			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/finite_observables/results/membership_examples.json			1443			d547fa7414e6a74f699e52ae97bdf89f16338b60034a1b40cc8a4ac983803fdd			verification/finite_observables/results/membership_examples.json			d547fa7414e6a74f699e52ae97bdf89f16338b60034a1b40cc8a4ac983803fdd			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/finite_observables/results/quadrature.json			1222			7d83fba9363b7c3c4af136fb2e9feda07cea7eeff873eacec5e16ecb63642557			verification/finite_observables/results/quadrature.json			7d83fba9363b7c3c4af136fb2e9feda07cea7eeff873eacec5e16ecb63642557			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/finite_observables/results/reciprocal.json			4660			be6876fe72bddf3b23be9d15376944bf7504d2248135fc06d2aa0c57992ba28a			verification/finite_observables/results/reciprocal.json			be6876fe72bddf3b23be9d15376944bf7504d2248135fc06d2aa0c57992ba28a			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/finite_observables/results/rounding_states.json			3859			dd0f999282b08c7ae68ea50dda5534670e7c2b4d37b16652a264ae9a078d433b			verification/finite_observables/results/rounding_states.json			dd0f999282b08c7ae68ea50dda5534670e7c2b4d37b16652a264ae9a078d433b			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/finite_observables/results/verification_report.json			1728			7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825			verification/finite_observables/results/verification_report.json			7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/functional_operators/animations/render.py			24119			65332be7b689f11637886a5d6a6a86dd40720fde3dd1e006bf16a0afcfdf26c7			verification/functional_operators/animations/render.py			65332be7b689f11637886a5d6a6a86dd40720fde3dd1e006bf16a0afcfdf26c7			unchanged retained artifact			Figure or renderer source


			verification/functional_operators/results/verification.json			2752			dab34789d0bbc10f6e0f2d21f53163d5afe2f7c5b2f255b0b2a60a0b6e9626b6			verification/functional_operators/results/verification.json			dab34789d0bbc10f6e0f2d21f53163d5afe2f7c5b2f255b0b2a60a0b6e9626b6			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/functional_operators/scripts/verify.py			6110			b38f9b1921d9cbd38c5cfaa16e9a7a5e68811aeed078b45d2a31b2c7237ab062			verification/functional_operators/scripts/verify.py			b38f9b1921d9cbd38c5cfaa16e9a7a5e68811aeed078b45d2a31b2c7237ab062			unchanged retained artifact			Executable check, experiment or build script


			verification/normal_families/code/experiments.py			13061			5446c41a2ab2645a33f862da4261acd53fb0768372ece14dd2fbc4e079064585			verification/normal_families/code/experiments.py			5446c41a2ab2645a33f862da4261acd53fb0768372ece14dd2fbc4e079064585			unchanged retained artifact			Executable check, experiment or build script


			verification/normal_families/code/graphics.py			27907			e8d69e2e95e56aff8227e563ac0d869bc9a35acf50f78e3f4e822e4db4176391			verification/normal_families/code/graphics.py			e8d69e2e95e56aff8227e563ac0d869bc9a35acf50f78e3f4e822e4db4176391			unchanged retained artifact			Figure or renderer source


			verification/normal_families/code/independent_certificates.py			4409			4d712358b7870515dc776e23d37dd5546c32342ea6efdfbda17ad07bcca5d231			verification/normal_families/code/independent_certificates.py			4d712358b7870515dc776e23d37dd5546c32342ea6efdfbda17ad07bcca5d231			unchanged retained artifact			Executable check, experiment or build script


			verification/normal_families/formal/Audit.lean			334			1c8a4098e9781d3f7f0fabb3fc78eea3c00a67218b3083cb21f81cf08bb4c1f9			verification/normal_families/formal/Audit.lean			1c8a4098e9781d3f7f0fabb3fc78eea3c00a67218b3083cb21f81cf08bb4c1f9			unchanged retained artifact			Uncompiled proof-assistant candidate or helper


			verification/normal_families/formal/PHI/Algebra.lean			3096			c61b8d1bad1bdcaf9924b2034c6be0bdc2d090747248e25ba44d44ff3cbf2660			verification/normal_families/formal/PHI/Algebra.lean			c61b8d1bad1bdcaf9924b2034c6be0bdc2d090747248e25ba44d44ff3cbf2660			unchanged retained artifact			Uncompiled proof-assistant candidate or helper


			verification/normal_families/formal/PHI.lean			19			bd83e64f3cfa3d6ddfe2e4df6e1ffe99a182c3b96cdb2f80c8d57b17304d558b			verification/normal_families/formal/PHI.lean			bd83e64f3cfa3d6ddfe2e4df6e1ffe99a182c3b96cdb2f80c8d57b17304d558b			unchanged retained artifact			Uncompiled proof-assistant candidate or helper


			verification/normal_families/formal/lakefile.toml			199			e114afcefa706bf3ccec0da98f6d0e7d4a62a3cbdd2d1cb1771c7fe32daf3836			verification/normal_families/formal/lakefile.toml			e114afcefa706bf3ccec0da98f6d0e7d4a62a3cbdd2d1cb1771c7fe32daf3836			unchanged retained artifact			Certificate data or formalization configuration


			verification/normal_families/formal/lean-toolchain			25			55e97be96000b5e9e290c9e74482e5e317861499a5540353ce845471bded8cea			verification/normal_families/formal/lean-toolchain			55e97be96000b5e9e290c9e74482e5e317861499a5540353ce845471bded8cea			unchanged retained artifact			Certificate data or formalization configuration


			verification/normal_families/formal/rational_identities.json			3235			2abd0ce02e08d97e27e7f70cee34f807f0b36c7e3d0e7723a426fd8c45303c7b			verification/normal_families/formal/rational_identities.json			2abd0ce02e08d97e27e7f70cee34f807f0b36c7e3d0e7723a426fd8c45303c7b			unchanged retained artifact			Certificate data or formalization configuration


			verification/normal_families/formal/smt/F01_gap_positive.smt2			146			b68b77cc6323557b32c825b142941706706c83e94082c7bb1c5f407d99e4e3de			verification/normal_families/formal/smt/F01_gap_positive.smt2			b68b77cc6323557b32c825b142941706706c83e94082c7bb1c5f407d99e4e3de			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F02_quarter_radius.smt2			195			780914dd3c2a1ba4c93b9f3865952115bba7b0579151b8443039be0e656f1c13			verification/normal_families/formal/smt/F02_quarter_radius.smt2			780914dd3c2a1ba4c93b9f3865952115bba7b0579151b8443039be0e656f1c13			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F03_radius_interval.smt2			209			8cc54e50dd92d3930170142e779dc97bfab8a7280b6a42816a43e0fefe3fffa9			verification/normal_families/formal/smt/F03_radius_interval.smt2			8cc54e50dd92d3930170142e779dc97bfab8a7280b6a42816a43e0fefe3fffa9			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F04_inverse_margin.smt2			186			7e69e00c1108e84e8025b038cc6d1a6176a46f478e520f8b88777074ec981186			verification/normal_families/formal/smt/F04_inverse_margin.smt2			7e69e00c1108e84e8025b038cc6d1a6176a46f478e520f8b88777074ec981186			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F05_quadratic_gap.smt2			219			3d36b24e31975ac879a0083dc14aab20bea0f55aa82e6c5225258eaec038e9e9			verification/normal_families/formal/smt/F05_quadratic_gap.smt2			3d36b24e31975ac879a0083dc14aab20bea0f55aa82e6c5225258eaec038e9e9			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F06_quadratic_lipschitz.smt2			280			92d46b0893f6f775705aeccae9a5f0ce24c29388305beb11dc14e799aaaa0bfb			verification/normal_families/formal/smt/F06_quadratic_lipschitz.smt2			92d46b0893f6f775705aeccae9a5f0ce24c29388305beb11dc14e799aaaa0bfb			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F07_extremal_gain.smt2			157			86aaf8089a65335ac3d946de927c96a9ee27ed7e80bc6121928a0f6c0a48b108			verification/normal_families/formal/smt/F07_extremal_gain.smt2			86aaf8089a65335ac3d946de927c96a9ee27ed7e80bc6121928a0f6c0a48b108			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F08_capacitance_energy.smt2			189			0667ab8a42e1c50fd7feb6ac3074fb3bb3e44930bf1ba9a8d4845914caac1d38			verification/normal_families/formal/smt/F08_capacitance_energy.smt2			0667ab8a42e1c50fd7feb6ac3074fb3bb3e44930bf1ba9a8d4845914caac1d38			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F09_area_single_coefficient.smt2			189			8c1a7bd627377754da6ceef8a939eebfbae899c711768cd8443dbd28ae7cbf97			verification/normal_families/formal/smt/F09_area_single_coefficient.smt2			8c1a7bd627377754da6ceef8a939eebfbae899c711768cd8443dbd28ae7cbf97			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F10_shape_order.smt2			176			f646c1989a508e41e196831a45bddea30a74f4b1cecea0f3ae8ec152ad9914e4			verification/normal_families/formal/smt/F10_shape_order.smt2			f646c1989a508e41e196831a45bddea30a74f4b1cecea0f3ae8ec152ad9914e4			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F11_tail_splitting.smt2			235			0bb7e021e040d2640954652cbab358f53aaa72238450bf1d1cd03b2a574a2d70			verification/normal_families/formal/smt/F11_tail_splitting.smt2			0bb7e021e040d2640954652cbab358f53aaa72238450bf1d1cd03b2a574a2d70			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F12_sample_enclosure.smt2			335			a92985ca9a22fc54adc315777c01abb04696f9a564c4df674e82d03a4b0d873d			verification/normal_families/formal/smt/F12_sample_enclosure.smt2			a92985ca9a22fc54adc315777c01abb04696f9a564c4df674e82d03a4b0d873d			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F13_half_arc.smt2			189			e0d931e3d0f726bab432dda3e5cfcd0c3357ebf2b37af2359c27795fb9ad654b			verification/normal_families/formal/smt/F13_half_arc.smt2			e0d931e3d0f726bab432dda3e5cfcd0c3357ebf2b37af2359c27795fb9ad654b			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F14_quarter_sharp_numerator.smt2			166			33a35faeafbcd04e7409975d053e544a5895ddd30e419cb80e641543e6e904fb			verification/normal_families/formal/smt/F14_quarter_sharp_numerator.smt2			33a35faeafbcd04e7409975d053e544a5895ddd30e419cb80e641543e6e904fb			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F15_spherical_reciprocal.smt2			323			da3156e0a8c6b31b021bbb08ffb84aef353abecbf32b515d5b3d6dc54672b5e9			verification/normal_families/formal/smt/F15_spherical_reciprocal.smt2			da3156e0a8c6b31b021bbb08ffb84aef353abecbf32b515d5b3d6dc54672b5e9			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F16_normalized_derivative_nonzero.smt2			183			145c0ed54e7a64d10391f75718f0e38e2d42531306590f3495ecbd05da9094ef			verification/normal_families/formal/smt/F16_normalized_derivative_nonzero.smt2			145c0ed54e7a64d10391f75718f0e38e2d42531306590f3495ecbd05da9094ef			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F17_weighted_energy_1.smt2			293			1eab2b8935b75b6a3a48b6547a664038c4ccf922b512ad70f27beb2aad095e68			verification/normal_families/formal/smt/F17_weighted_energy_1.smt2			1eab2b8935b75b6a3a48b6547a664038c4ccf922b512ad70f27beb2aad095e68			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F18_weighted_energy_2.smt2			293			2b6b50373bd73dab673cd98b2b88c6cd209301f0fcedeeaded0ce1b6aa45067b			verification/normal_families/formal/smt/F18_weighted_energy_2.smt2			2b6b50373bd73dab673cd98b2b88c6cd209301f0fcedeeaded0ce1b6aa45067b			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F19_weighted_energy_3.smt2			293			02c6a16f871f82c0ee683c94976ea3860ead28138a98f9d9be9e0943c7c44d91			verification/normal_families/formal/smt/F19_weighted_energy_3.smt2			02c6a16f871f82c0ee683c94976ea3860ead28138a98f9d9be9e0943c7c44d91			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F20_weighted_energy_4.smt2			293			1ba2988d84f526b8e17829177702874a43f2bb4d582a96c976a19988dc3a7170			verification/normal_families/formal/smt/F20_weighted_energy_4.smt2			1ba2988d84f526b8e17829177702874a43f2bb4d582a96c976a19988dc3a7170			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F21_weighted_energy_5.smt2			293			1ae1804e05e1ce4ff0047a90f71b45e20dfb8784657605faf3ad5e42fad68b3a			verification/normal_families/formal/smt/F21_weighted_energy_5.smt2			1ae1804e05e1ce4ff0047a90f71b45e20dfb8784657605faf3ad5e42fad68b3a			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F22_weighted_energy_6.smt2			293			cd0eddcd5ee5717b87d52262290e00a5976516f53e4f6a599671a11cead5d534			verification/normal_families/formal/smt/F22_weighted_energy_6.smt2			cd0eddcd5ee5717b87d52262290e00a5976516f53e4f6a599671a11cead5d534			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F23_weighted_energy_7.smt2			293			fb83a9a7be44b4f9f5a225844c677b99c3f629a6a5c1dac6d7a23f04208446fd			verification/normal_families/formal/smt/F23_weighted_energy_7.smt2			fb83a9a7be44b4f9f5a225844c677b99c3f629a6a5c1dac6d7a23f04208446fd			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F24_weighted_energy_8.smt2			293			2094d20fd72b880a307dc406db202091ace99959483b00ee8d469e782b41eb92			verification/normal_families/formal/smt/F24_weighted_energy_8.smt2			2094d20fd72b880a307dc406db202091ace99959483b00ee8d469e782b41eb92			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F25_jet_budget_1.smt2			201			3371adb60dcec73616852bbafe779745434639a58169ebec6be5dc04bac02095			verification/normal_families/formal/smt/F25_jet_budget_1.smt2			3371adb60dcec73616852bbafe779745434639a58169ebec6be5dc04bac02095			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F26_jet_budget_2.smt2			201			fcb12c63399160dd518daaf4536d9d62a56bb2e746f42263145064287b4f5a86			verification/normal_families/formal/smt/F26_jet_budget_2.smt2			fcb12c63399160dd518daaf4536d9d62a56bb2e746f42263145064287b4f5a86			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F27_jet_budget_3.smt2			201			9da5aded9b87b1da400704c11bd6c1061a686602a18aaf0748a4f6ae9d934859			verification/normal_families/formal/smt/F27_jet_budget_3.smt2			9da5aded9b87b1da400704c11bd6c1061a686602a18aaf0748a4f6ae9d934859			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F28_jet_budget_4.smt2			201			4968d5a1cc4e2c39a53470274cc7d93fcf16b5b31a0dae12bc93d0361f5e8232			verification/normal_families/formal/smt/F28_jet_budget_4.smt2			4968d5a1cc4e2c39a53470274cc7d93fcf16b5b31a0dae12bc93d0361f5e8232			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F29_jet_budget_5.smt2			201			e8b9ff403fd519488f54e75ccfe641cc638d3d35b21fa5f71ff614e999211f0c			verification/normal_families/formal/smt/F29_jet_budget_5.smt2			e8b9ff403fd519488f54e75ccfe641cc638d3d35b21fa5f71ff614e999211f0c			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F30_jet_budget_6.smt2			201			f1bbf21efc47c41225e79ef29c96f4b0b4fa42b82eee0ffe7e4f43393ba3d59f			verification/normal_families/formal/smt/F30_jet_budget_6.smt2			f1bbf21efc47c41225e79ef29c96f4b0b4fa42b82eee0ffe7e4f43393ba3d59f			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F31_sample_budget_1.smt2			218			3af686dd77ea622098cd87f6300aa6083decd84cbb8649f629527849c30ebce9			verification/normal_families/formal/smt/F31_sample_budget_1.smt2			3af686dd77ea622098cd87f6300aa6083decd84cbb8649f629527849c30ebce9			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F32_sample_budget_2.smt2			218			183c2f68a689e3bbf14e856d16b20e07aa04ee62faa45750c68ca46ff462afb5			verification/normal_families/formal/smt/F32_sample_budget_2.smt2			183c2f68a689e3bbf14e856d16b20e07aa04ee62faa45750c68ca46ff462afb5			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F33_sample_budget_3.smt2			218			de10bfb9d4b636255a7e32873b8320b9e9dadb8dac39057044506b7e1611e0d4			verification/normal_families/formal/smt/F33_sample_budget_3.smt2			de10bfb9d4b636255a7e32873b8320b9e9dadb8dac39057044506b7e1611e0d4			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F34_sample_budget_4.smt2			218			5533b3bdc13c526c4fba37445165b0f70e3bf5c5f350c6ab0708ac4f6724e28d			verification/normal_families/formal/smt/F34_sample_budget_4.smt2			5533b3bdc13c526c4fba37445165b0f70e3bf5c5f350c6ab0708ac4f6724e28d			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F35_sample_budget_5.smt2			221			461f4f3f80af1b1fde7161af6d7afe778e0150d50202d2f3ba5fbf47cd0cbb7e			verification/normal_families/formal/smt/F35_sample_budget_5.smt2			461f4f3f80af1b1fde7161af6d7afe778e0150d50202d2f3ba5fbf47cd0cbb7e			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F36_sample_budget_6.smt2			221			8aaad6b7ffa42d4252f3136d17172f4a2822f5dacc031e26115b69eaae304753			verification/normal_families/formal/smt/F36_sample_budget_6.smt2			8aaad6b7ffa42d4252f3136d17172f4a2822f5dacc031e26115b69eaae304753			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F37_modulus_square.smt2			244			0a585a658f9d3b7a347357c5ffe1e09a2aa2a5bd7906a0c8bde4f58fc23012bf			verification/normal_families/formal/smt/F37_modulus_square.smt2			0a585a658f9d3b7a347357c5ffe1e09a2aa2a5bd7906a0c8bde4f58fc23012bf			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F38_coverage_bound.smt2			188			b6f5807150fa93f348fe23b5f7ef8178a487da4f6de03b42835ee9684cf05c16			verification/normal_families/formal/smt/F38_coverage_bound.smt2			b6f5807150fa93f348fe23b5f7ef8178a487da4f6de03b42835ee9684cf05c16			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F39_slit_discriminant.smt2			144			2ec7b7f0fa67f502a476b2e0b4b86d14125a8e5ed85b7b11297f89b57c77ead3			verification/normal_families/formal/smt/F39_slit_discriminant.smt2			2ec7b7f0fa67f502a476b2e0b4b86d14125a8e5ed85b7b11297f89b57c77ead3			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/smt/F40_truncation_norm.smt2			248			820bfadb83c895e0140b712ca46fc2edbe11649826f56bcd2c49432dca38fffc			verification/normal_families/formal/smt/F40_truncation_norm.smt2			820bfadb83c895e0140b712ca46fc2edbe11649826f56bcd2c49432dca38fffc			unchanged retained artifact			Historical local SMT-LIB problem


			verification/normal_families/formal/verify_lean.sh			636			4df9d02c478148f59db781da5f2dcf53f4ce6c394f35de2ee3dc968107f745f6			verification/normal_families/formal/verify_lean.sh			4df9d02c478148f59db781da5f2dcf53f4ce6c394f35de2ee3dc968107f745f6			unchanged retained artifact			Executable check, experiment or build script


			verification/normal_families/requirements.txt			102			e37f74f67e672c89db7e0c14d071b8f9c711e09d26840d0f88fb99162ade1834			verification/normal_families/requirements.txt			e37f74f67e672c89db7e0c14d071b8f9c711e09d26840d0f88fb99162ade1834			unchanged retained artifact			Documentation or dependency record


			verification/normal_families/results/continuation.json			957			49b4f0ae3e1ebc2d51aa06ecf6837e9e1e8e5e9a6562e89f54af2f554af5b504			verification/normal_families/results/continuation.json			49b4f0ae3e1ebc2d51aa06ecf6837e9e1e8e5e9a6562e89f54af2f554af5b504			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/results/distortion_comparison.json			717			7fa5b9a22253053df2e3558389e38fb956a3f4323052572d6fc8a1bee62aa52d			verification/normal_families/results/distortion_comparison.json			7fa5b9a22253053df2e3558389e38fb956a3f4323052572d6fc8a1bee62aa52d			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/results/floating_diagnostics.json			114			a555f75358e406236778d761f88c24e53fd55c693bd7f638e09f3448ac7ac73c			verification/normal_families/results/floating_diagnostics.json			a555f75358e406236778d761f88c24e53fd55c693bd7f638e09f3448ac7ac73c			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/results/formal_status.json			606			cfd8efaf9a823305ee94ed8a9d281127a5e39cc18aa700b04283d594a268f7a3			verification/normal_families/results/formal_status.json			cfd8efaf9a823305ee94ed8a9d281127a5e39cc18aa700b04283d594a268f7a3			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/results/independent_certificates.json			3709			38d6d8862f584f489b4e9e94c5056763a6a8f61f5e6f4f43c0f749321f95a068			verification/normal_families/results/independent_certificates.json			38d6d8862f584f489b4e9e94c5056763a6a8f61f5e6f4f43c0f749321f95a068			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/results/koebe_tail.json			3266			b776a1779cb52c5ad8b70b867cd64764ac9f7b1757d9a5283aa53501706a6b45			verification/normal_families/results/koebe_tail.json			b776a1779cb52c5ad8b70b867cd64764ac9f7b1757d9a5283aa53501706a6b45			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/results/optimal_radius_certificate.json			3264			3b629109935b5eec5c0369512b30f8b80c93811b6147770a294a6c72c201cc9c			verification/normal_families/results/optimal_radius_certificate.json			3b629109935b5eec5c0369512b30f8b80c93811b6147770a294a6c72c201cc9c			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/results/python_environment.json			253			b1b7dbb650469cf044af12fd13e1eb28f00b9bf1bd0615527d5c6d789bfabde0			verification/normal_families/results/python_environment.json			b1b7dbb650469cf044af12fd13e1eb28f00b9bf1bd0615527d5c6d789bfabde0			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/results/radius_optimization.json			27251			fc0b5881670f2c8838e8119ac2948aa510cf8521cab53623a96ebd46319ef323			verification/normal_families/results/radius_optimization.json			fc0b5881670f2c8838e8119ac2948aa510cf8521cab53623a96ebd46319ef323			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/results/restriction_frontier.json			3209			8403e760b26b312e1c7d134385598351d7c618980d9c7a26ffe0fa5124a7d8d1			verification/normal_families/results/restriction_frontier.json			8403e760b26b312e1c7d134385598351d7c618980d9c7a26ffe0fa5124a7d8d1			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/results/sample_bounds.json			937			030b6f6b33c35d0b68c0978109a53d56822e53b560a032e8038fe075469a5905			verification/normal_families/results/sample_bounds.json			030b6f6b33c35d0b68c0978109a53d56822e53b560a032e8038fe075469a5905			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/results/smt_verification.json			10062			9de23490b3e36419ae4eec6ce163ad9284f384e62b1b82c1f8c61fce1978fbf3			verification/normal_families/results/smt_verification.json			9de23490b3e36419ae4eec6ce163ad9284f384e62b1b82c1f8c61fce1978fbf3			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/results/symbolic_identities.json			423			269e64984070e34d8870cb936aaa7080aa80293f4efe339751eea740c1050a9a			verification/normal_families/results/symbolic_identities.json			269e64984070e34d8870cb936aaa7080aa80293f4efe339751eea740c1050a9a			unchanged retained artifact			Historical numerical, symbolic or validation record


			verification/normal_families/results/verification.json			264642			c0079b8bb4b91081b5f61d9245195a252a28bd428d14c0fd0bf9815cc48324d8			verification/normal_families/results/verification.json			c0079b8bb4b91081b5f61d9245195a252a28bd428d14c0fd0bf9815cc48324d8			unchanged retained artifact			Historical numerical, symbolic or validation record









PHI_volume_01_verification/file_manifest.json

[
  {
    "path": "DOCUMENT.json",
    "bytes": 1162,
    "sha256": "fa2215b06f5935f11eb6e9af2254310187596c9c3dfab845f27bed4229b40e7c",
    "original_supplement_path": "",
    "original_sha256": "",
    "relation": "volume-specific documentation, filtered record, or replay-task configuration"
  },
  {
    "path": "EVIDENCE_STATUS.json",
    "bytes": 4248,
    "sha256": "a2438bad28e4c8b3ffca5edf2eea441e747f79d07f7721bcc9796feebadf9838",
    "original_supplement_path": "EVIDENCE_STATUS.json",
    "original_sha256": "36589e075b372d860731e441b35fb3a2d3f81c5cc9baf4e1a5a6e6d54e1d1ed3",
    "relation": "volume-specific documentation, filtered record, or replay-task configuration",
    "original_role": "Structured catalogue, lineage or integrity metadata"
  },
  {
    "path": "README.md",
    "bytes": 2062,
    "sha256": "daac4c6b45ba5624e977de4fe6a31ca843c0da6eb3d1b40892ec3e068894ce67",
    "original_supplement_path": "README.md",
    "original_sha256": "b24e69e326cc3879d1616734e2f2d4dd58812854fb60b4c3f7b5eb28fee82dce",
    "relation": "volume-specific documentation, filtered record, or replay-task configuration",
    "original_role": "Documentation or dependency record"
  },
  {
    "path": "RUNBOOK.md",
    "bytes": 3381,
    "sha256": "1076decd2f4fee264fd640cd2b4ea2b5f477e6d6a5c059d817f4f623a0514d04",
    "original_supplement_path": "RUNBOOK.md",
    "original_sha256": "3084ab0bdc8b889d2de1bfce983c3e2cb5853d2a00a3b61fdcea5f729901f672",
    "relation": "volume-specific documentation, filtered record, or replay-task configuration",
    "original_role": "Documentation or dependency record"
  },
  {
    "path": "check_integrity.py",
    "bytes": 1156,
    "sha256": "eeb584d08dbcbac0eb12c8de7ab28dcdf45b3fcce779d5113c89ba55e4bcbfb9",
    "original_supplement_path": "",
    "original_sha256": "",
    "relation": "volume-specific documentation, filtered record, or replay-task configuration"
  },
  {
    "path": "historical_replays/cantor_affine/command_01.log",
    "bytes": 624,
    "sha256": "6336b9e3aae3b7921e6105019ad74d15c66cf28f0b7b25ebcc8ee40fb163178c",
    "original_supplement_path": "replays/cantor_affine/command_01.log",
    "original_sha256": "6336b9e3aae3b7921e6105019ad74d15c66cf28f0b7b25ebcc8ee40fb163178c",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/cantor_affine/outputs/results/certificate_report.json",
    "bytes": 624,
    "sha256": "6336b9e3aae3b7921e6105019ad74d15c66cf28f0b7b25ebcc8ee40fb163178c",
    "original_supplement_path": "replays/cantor_affine/outputs/results/certificate_report.json",
    "original_sha256": "6336b9e3aae3b7921e6105019ad74d15c66cf28f0b7b25ebcc8ee40fb163178c",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/cantor_affine/run.json",
    "bytes": 573,
    "sha256": "b23c693047bd260d29235e155153798beb902f4003cd2746d1ac056bcb88a0c6",
    "original_supplement_path": "replays/cantor_affine/run.json",
    "original_sha256": "b23c693047bd260d29235e155153798beb902f4003cd2746d1ac056bcb88a0c6",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/cantor_exact/command_01.log",
    "bytes": 1129,
    "sha256": "c74c0050b0fcbca9df418a6da96357930fe6bb98927ce9dd2396c196a3c9e1fe",
    "original_supplement_path": "replays/cantor_exact/command_01.log",
    "original_sha256": "c74c0050b0fcbca9df418a6da96357930fe6bb98927ce9dd2396c196a3c9e1fe",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/cantor_exact/outputs/results/test_report.json",
    "bytes": 1129,
    "sha256": "c74c0050b0fcbca9df418a6da96357930fe6bb98927ce9dd2396c196a3c9e1fe",
    "original_supplement_path": "replays/cantor_exact/outputs/results/test_report.json",
    "original_sha256": "c74c0050b0fcbca9df418a6da96357930fe6bb98927ce9dd2396c196a3c9e1fe",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/cantor_exact/run.json",
    "bytes": 591,
    "sha256": "fb9b4c840235008239973f38c6e6c34cccee577f601de095582f09a1b0fd0909",
    "original_supplement_path": "replays/cantor_exact/run.json",
    "original_sha256": "fb9b4c840235008239973f38c6e6c34cccee577f601de095582f09a1b0fd0909",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/cantor_symbolic/command_01.log",
    "bytes": 513,
    "sha256": "652c478a847bc4f3aa8965158c738d29501474ab9703e4ed8a4d5b2e6a5b1832",
    "original_supplement_path": "replays/cantor_symbolic/command_01.log",
    "original_sha256": "652c478a847bc4f3aa8965158c738d29501474ab9703e4ed8a4d5b2e6a5b1832",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/cantor_symbolic/outputs/results/symbolic_report.json",
    "bytes": 513,
    "sha256": "652c478a847bc4f3aa8965158c738d29501474ab9703e4ed8a4d5b2e6a5b1832",
    "original_supplement_path": "replays/cantor_symbolic/outputs/results/symbolic_report.json",
    "original_sha256": "652c478a847bc4f3aa8965158c738d29501474ab9703e4ed8a4d5b2e6a5b1832",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/cantor_symbolic/run.json",
    "bytes": 568,
    "sha256": "2761f5ef494837391a24faec0ea858d82cc9ecf17631300b23d7136fc476d33b",
    "original_supplement_path": "replays/cantor_symbolic/run.json",
    "original_sha256": "2761f5ef494837391a24faec0ea858d82cc9ecf17631300b23d7136fc476d33b",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/covering_arithmetic/command_01.log",
    "bytes": 4073,
    "sha256": "3bf1706ec8936828e1c15c6e50eb49e5fbefac24a9d1a800077425b3d785ba9d",
    "original_supplement_path": "replays/covering_arithmetic/command_01.log",
    "original_sha256": "3bf1706ec8936828e1c15c6e50eb49e5fbefac24a9d1a800077425b3d785ba9d",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/covering_arithmetic/outputs/metrics/certificate_timings.csv",
    "bytes": 872,
    "sha256": "d8ed7bcb1da3c3914d026d42a6e436bf42d394e1a585ca4100e905a736c80893",
    "original_supplement_path": "replays/covering_arithmetic/outputs/metrics/certificate_timings.csv",
    "original_sha256": "d8ed7bcb1da3c3914d026d42a6e436bf42d394e1a585ca4100e905a736c80893",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/covering_arithmetic/outputs/metrics/verification.json",
    "bytes": 4072,
    "sha256": "587bfc73caef24e4c5d5bd1349266519712a057b46e17682c535ed87764c84b2",
    "original_supplement_path": "replays/covering_arithmetic/outputs/metrics/verification.json",
    "original_sha256": "587bfc73caef24e4c5d5bd1349266519712a057b46e17682c535ed87764c84b2",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/covering_arithmetic/run.json",
    "bytes": 794,
    "sha256": "2d454a743bf123bd80308e8c0c4fc4d42eb806d0f22c6ed45ec3a8cd34450005",
    "original_supplement_path": "replays/covering_arithmetic/run.json",
    "original_sha256": "2d454a743bf123bd80308e8c0c4fc4d42eb806d0f22c6ed45ec3a8cd34450005",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/covering_branches/command_01.log",
    "bytes": 1077,
    "sha256": "d92ed40f2b46ed9858c23ed7de4c9398867c61bf42ec88ad44aa51801246e051",
    "original_supplement_path": "replays/covering_branches/command_01.log",
    "original_sha256": "d92ed40f2b46ed9858c23ed7de4c9398867c61bf42ec88ad44aa51801246e051",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/covering_branches/outputs/metrics/branch_checks.json",
    "bytes": 1076,
    "sha256": "4c61fc1675351f78fcbb9223fb925aa00f53be913deb0e10738b21a1373fdcd1",
    "original_supplement_path": "replays/covering_branches/outputs/metrics/branch_checks.json",
    "original_sha256": "4c61fc1675351f78fcbb9223fb925aa00f53be913deb0e10738b21a1373fdcd1",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/covering_branches/run.json",
    "bytes": 569,
    "sha256": "3915798a992b33ba303f8673f38b5c8828674c7b1667cb4d3bbf9cde2a0d3e73",
    "original_supplement_path": "replays/covering_branches/run.json",
    "original_sha256": "3915798a992b33ba303f8673f38b5c8828674c7b1667cb4d3bbf9cde2a0d3e73",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/covering_polynomials/command_01.log",
    "bytes": 1893,
    "sha256": "331e3c7d21113ce304a15815954a8e0fd178f80779254947d89f116bce10c3b9",
    "original_supplement_path": "replays/covering_polynomials/command_01.log",
    "original_sha256": "331e3c7d21113ce304a15815954a8e0fd178f80779254947d89f116bce10c3b9",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/covering_polynomials/outputs/metrics/polynomial_identity_checks.json",
    "bytes": 1892,
    "sha256": "78a4c36a2298aab66c5ea6483c56c478acf2d9e0cd95f5c5675df58f1b864444",
    "original_supplement_path": "replays/covering_polynomials/outputs/metrics/polynomial_identity_checks.json",
    "original_sha256": "78a4c36a2298aab66c5ea6483c56c478acf2d9e0cd95f5c5675df58f1b864444",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/covering_polynomials/run.json",
    "bytes": 589,
    "sha256": "83b13ecb7b1c98ffd006e665641f4eedd9c5c117d37b269ef5e3578aee77cde1",
    "original_supplement_path": "replays/covering_polynomials/run.json",
    "original_sha256": "83b13ecb7b1c98ffd006e665641f4eedd9c5c117d37b269ef5e3578aee77cde1",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/finite_observables/command_01.log",
    "bytes": 1728,
    "sha256": "7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825",
    "original_supplement_path": "replays/finite_observables/command_01.log",
    "original_sha256": "7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/finite_observables/outputs/results/inverse_cylinders.json",
    "bytes": 958,
    "sha256": "0cb7e7c2e8e7cbadfb27b4700ebcc399bf36e8439de8d56a1fe35e6853397ed2",
    "original_supplement_path": "replays/finite_observables/outputs/results/inverse_cylinders.json",
    "original_sha256": "0cb7e7c2e8e7cbadfb27b4700ebcc399bf36e8439de8d56a1fe35e6853397ed2",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/finite_observables/outputs/results/membership_examples.json",
    "bytes": 1443,
    "sha256": "d547fa7414e6a74f699e52ae97bdf89f16338b60034a1b40cc8a4ac983803fdd",
    "original_supplement_path": "replays/finite_observables/outputs/results/membership_examples.json",
    "original_sha256": "d547fa7414e6a74f699e52ae97bdf89f16338b60034a1b40cc8a4ac983803fdd",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/finite_observables/outputs/results/quadrature.json",
    "bytes": 1222,
    "sha256": "7d83fba9363b7c3c4af136fb2e9feda07cea7eeff873eacec5e16ecb63642557",
    "original_supplement_path": "replays/finite_observables/outputs/results/quadrature.json",
    "original_sha256": "7d83fba9363b7c3c4af136fb2e9feda07cea7eeff873eacec5e16ecb63642557",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/finite_observables/outputs/results/reciprocal.json",
    "bytes": 4660,
    "sha256": "be6876fe72bddf3b23be9d15376944bf7504d2248135fc06d2aa0c57992ba28a",
    "original_supplement_path": "replays/finite_observables/outputs/results/reciprocal.json",
    "original_sha256": "be6876fe72bddf3b23be9d15376944bf7504d2248135fc06d2aa0c57992ba28a",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/finite_observables/outputs/results/rounding_states.json",
    "bytes": 3859,
    "sha256": "dd0f999282b08c7ae68ea50dda5534670e7c2b4d37b16652a264ae9a078d433b",
    "original_supplement_path": "replays/finite_observables/outputs/results/rounding_states.json",
    "original_sha256": "dd0f999282b08c7ae68ea50dda5534670e7c2b4d37b16652a264ae9a078d433b",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/finite_observables/outputs/results/verification_report.json",
    "bytes": 1728,
    "sha256": "7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825",
    "original_supplement_path": "replays/finite_observables/outputs/results/verification_report.json",
    "original_sha256": "7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/finite_observables/run.json",
    "bytes": 1325,
    "sha256": "9a84b086ae6e848bd00c80bbf0494fd6f267146c2ca12d4b6354dcc64ebfe59a",
    "original_supplement_path": "replays/finite_observables/run.json",
    "original_sha256": "9a84b086ae6e848bd00c80bbf0494fd6f267146c2ca12d4b6354dcc64ebfe59a",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/functional_operators/command_01.log",
    "bytes": 1475,
    "sha256": "8c832eab904bc702fd01e22280afed3d162fd7da27423fc54fa3b1275b5061e5",
    "original_supplement_path": "replays/functional_operators/command_01.log",
    "original_sha256": "8c832eab904bc702fd01e22280afed3d162fd7da27423fc54fa3b1275b5061e5",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/functional_operators/outputs/results/verification.json",
    "bytes": 2753,
    "sha256": "60221035cf363d80b4ae589b6e1b7889637715217ebf4f53ec1285f5ce51ba41",
    "original_supplement_path": "replays/functional_operators/outputs/results/verification.json",
    "original_sha256": "60221035cf363d80b4ae589b6e1b7889637715217ebf4f53ec1285f5ce51ba41",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/functional_operators/run.json",
    "bytes": 613,
    "sha256": "4cadee4c4ac116a135ca2c6917dccc3bff29d4b0f0116fc8718d541284e38f2c",
    "original_supplement_path": "replays/functional_operators/run.json",
    "original_sha256": "4cadee4c4ac116a135ca2c6917dccc3bff29d4b0f0116fc8718d541284e38f2c",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/mapping_polynomials/command_01.log",
    "bytes": 58,
    "sha256": "b88fc5692678dcf2311c6fefe551a5755a3247b72c43634f67ce11355ad07fd6",
    "original_supplement_path": "replays/mapping_polynomials/command_01.log",
    "original_sha256": "b88fc5692678dcf2311c6fefe551a5755a3247b72c43634f67ce11355ad07fd6",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/mapping_polynomials/outputs/formal/rational_identities.json",
    "bytes": 3235,
    "sha256": "2abd0ce02e08d97e27e7f70cee34f807f0b36c7e3d0e7723a426fd8c45303c7b",
    "original_supplement_path": "replays/mapping_polynomials/outputs/formal/rational_identities.json",
    "original_sha256": "2abd0ce02e08d97e27e7f70cee34f807f0b36c7e3d0e7723a426fd8c45303c7b",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/mapping_polynomials/outputs/results/independent_certificates.json",
    "bytes": 3709,
    "sha256": "38d6d8862f584f489b4e9e94c5056763a6a8f61f5e6f4f43c0f749321f95a068",
    "original_supplement_path": "replays/mapping_polynomials/outputs/results/independent_certificates.json",
    "original_sha256": "38d6d8862f584f489b4e9e94c5056763a6a8f61f5e6f4f43c0f749321f95a068",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/mapping_polynomials/run.json",
    "bytes": 752,
    "sha256": "654edb43799ba1bb17eb060d1a28fd569190fb90613a415caea73c5ea2aaca4a",
    "original_supplement_path": "replays/mapping_polynomials/run.json",
    "original_sha256": "654edb43799ba1bb17eb060d1a28fd569190fb90613a415caea73c5ea2aaca4a",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/quadratic_repeller/command_01.log",
    "bytes": 1757,
    "sha256": "5c8984b4162f2ceef8443cd13d58b19b9ebee0e216232140469702e5a55f1f82",
    "original_supplement_path": "replays/quadratic_repeller/command_01.log",
    "original_sha256": "5c8984b4162f2ceef8443cd13d58b19b9ebee0e216232140469702e5a55f1f82",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/quadratic_repeller/outputs/results/repeller_report.json",
    "bytes": 1757,
    "sha256": "5c8984b4162f2ceef8443cd13d58b19b9ebee0e216232140469702e5a55f1f82",
    "original_supplement_path": "replays/quadratic_repeller/outputs/results/repeller_report.json",
    "original_sha256": "5c8984b4162f2ceef8443cd13d58b19b9ebee0e216232140469702e5a55f1f82",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/quadratic_repeller/run.json",
    "bytes": 564,
    "sha256": "ac0b79d3a7c8c285e08ec7366211b7a20746699709c8b05124e7c6635a4b6154",
    "original_supplement_path": "replays/quadratic_repeller/run.json",
    "original_sha256": "ac0b79d3a7c8c285e08ec7366211b7a20746699709c8b05124e7c6635a4b6154",
    "relation": "unchanged retained artifact"
  },
  {
    "path": "historical_replays/summary.json",
    "bytes": 5512,
    "sha256": "8133a36c10c4f63b90072a67055f1052968a7acc731e488a54c026e8fbac883c",
    "original_supplement_path": "replays/summary.json",
    "original_sha256": "ca9d322733660c583e6ab240cdcae9ca914d9c0950b640b7ca4a9ede9f6fe296",
    "relation": "volume-specific documentation, filtered record, or replay-task configuration"
  },
  {
    "path": "publication/reproduction/code/repeller.py",
    "bytes": 2076,
    "sha256": "a11dfd2a9cc240d127acfe668f6c8195531c77bd6985cb6d2bb9ff770c550b26",
    "original_supplement_path": "publication/reproduction/code/repeller.py",
    "original_sha256": "a11dfd2a9cc240d127acfe668f6c8195531c77bd6985cb6d2bb9ff770c550b26",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "publication/reproduction/rechecked/repeller_report.json",
    "bytes": 1757,
    "sha256": "5c8984b4162f2ceef8443cd13d58b19b9ebee0e216232140469702e5a55f1f82",
    "original_supplement_path": "publication/reproduction/rechecked/repeller_report.json",
    "original_sha256": "5c8984b4162f2ceef8443cd13d58b19b9ebee0e216232140469702e5a55f1f82",
    "relation": "unchanged retained artifact",
    "original_role": "Structured catalogue, lineage or integrity metadata"
  },
  {
    "path": "records/graphic_ownership.json",
    "bytes": 7140,
    "sha256": "223926fa2829e8006a15f0f1d0b91741c9f80291ba31a6d2d52dead955001981",
    "original_supplement_path": "",
    "original_sha256": "",
    "relation": "volume-specific documentation, filtered record, or replay-task configuration"
  },
  {
    "path": "records/module_associations.json",
    "bytes": 1832,
    "sha256": "6e567ad206411b97b051392cd94a2c39abe666bd9ffdeffdc3e6effb397d7c17",
    "original_supplement_path": "",
    "original_sha256": "",
    "relation": "volume-specific documentation, filtered record, or replay-task configuration"
  },
  {
    "path": "records/publication_build_environment.json",
    "bytes": 87,
    "sha256": "8e17a0dde5e50bbbe044aa50e73296bcbb0ec94bf29fd77b5cb1a474b1009358",
    "original_supplement_path": "",
    "original_sha256": "",
    "relation": "volume-specific documentation, filtered record, or replay-task configuration"
  },
  {
    "path": "replay.py",
    "bytes": 5246,
    "sha256": "cf5576c979aa01031c94fc0e066ec8c2dbb9e7afea4be1121c67f3aeffd4af7f",
    "original_supplement_path": "replay.py",
    "original_sha256": "3bff4b0fffc375c850fae578820bfb9c5a6b0793a1a88dfa84353347145ca203",
    "relation": "volume-specific documentation, filtered record, or replay-task configuration",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/cantor/code/cantor.py",
    "bytes": 5629,
    "sha256": "d1db07f457e0b26a88a2dad5bc089aa43d43d8a856629970221015503fcc26fd",
    "original_supplement_path": "verification/cantor/code/cantor.py",
    "original_sha256": "d1db07f457e0b26a88a2dad5bc089aa43d43d8a856629970221015503fcc26fd",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/cantor/code/certificate_checker.py",
    "bytes": 2265,
    "sha256": "4ddc5253010b06e0912180763b795b3cc4ae43db754ea9eed85eaf43345ad24f",
    "original_supplement_path": "verification/cantor/code/certificate_checker.py",
    "original_sha256": "4ddc5253010b06e0912180763b795b3cc4ae43db754ea9eed85eaf43345ad24f",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/cantor/code/generate_data.py",
    "bytes": 2236,
    "sha256": "38f82dc777a2b32a31378981b604b72b225a8605511d6eadd43ecdf321c93c70",
    "original_supplement_path": "verification/cantor/code/generate_data.py",
    "original_sha256": "38f82dc777a2b32a31378981b604b72b225a8605511d6eadd43ecdf321c93c70",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/cantor/code/generate_figures.py",
    "bytes": 6014,
    "sha256": "8e081a4a5074152d5b1b187fac3fdb054371b69082f79b658876d44f4e98fb93",
    "original_supplement_path": "verification/cantor/code/generate_figures.py",
    "original_sha256": "8e081a4a5074152d5b1b187fac3fdb054371b69082f79b658876d44f4e98fb93",
    "relation": "unchanged retained artifact",
    "original_role": "Figure or renderer source"
  },
  {
    "path": "verification/cantor/code/repeller.py",
    "bytes": 2076,
    "sha256": "a11dfd2a9cc240d127acfe668f6c8195531c77bd6985cb6d2bb9ff770c550b26",
    "original_supplement_path": "verification/cantor/code/repeller.py",
    "original_sha256": "a11dfd2a9cc240d127acfe668f6c8195531c77bd6985cb6d2bb9ff770c550b26",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/cantor/code/symbolic_checks.py",
    "bytes": 1827,
    "sha256": "13d7af1cf7bba66fd5c69be0ffdf3383bc399ba29d9e8560ced7c5d0e8217cdc",
    "original_supplement_path": "verification/cantor/code/symbolic_checks.py",
    "original_sha256": "13d7af1cf7bba66fd5c69be0ffdf3383bc399ba29d9e8560ced7c5d0e8217cdc",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/cantor/code/test_cantor.py",
    "bytes": 3871,
    "sha256": "ac23f5c1f57d95ef769c4b76703be2312b4d809b1ddc7268203f691c9e04e844",
    "original_supplement_path": "verification/cantor/code/test_cantor.py",
    "original_sha256": "ac23f5c1f57d95ef769c4b76703be2312b4d809b1ddc7268203f691c9e04e844",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/cantor/proofs/certificates.json",
    "bytes": 4131,
    "sha256": "01038e4350fe4f840e78795f257c81fd144e943d1a8b3a4c546fbf2899498c31",
    "original_supplement_path": "verification/cantor/proofs/certificates.json",
    "original_sha256": "01038e4350fe4f840e78795f257c81fd144e943d1a8b3a4c546fbf2899498c31",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/cantor/proofs/coq/Cantor.v",
    "bytes": 2884,
    "sha256": "3d757b84ce04135f4f75b0c6d3674f60d28dea82bde9e19974ce1ee400615854",
    "original_supplement_path": "verification/cantor/proofs/coq/Cantor.v",
    "original_sha256": "3d757b84ce04135f4f75b0c6d3674f60d28dea82bde9e19974ce1ee400615854",
    "relation": "unchanged retained artifact",
    "original_role": "Uncompiled proof-assistant candidate or helper"
  },
  {
    "path": "verification/cantor/proofs/lean/Cantor.lean",
    "bytes": 3429,
    "sha256": "14d8a0bb65b44c85b1a80597c0f9714b9b5172099a85b597403347199aa62b3c",
    "original_supplement_path": "verification/cantor/proofs/lean/Cantor.lean",
    "original_sha256": "14d8a0bb65b44c85b1a80597c0f9714b9b5172099a85b597403347199aa62b3c",
    "relation": "unchanged retained artifact",
    "original_role": "Uncompiled proof-assistant candidate or helper"
  },
  {
    "path": "verification/cantor/proofs/lean/lakefile.toml",
    "bytes": 100,
    "sha256": "941a498ff95818a8cdef7c8d467c0ffa5eba0f0402512e86e8bfdcec1c00e883",
    "original_supplement_path": "verification/cantor/proofs/lean/lakefile.toml",
    "original_sha256": "941a498ff95818a8cdef7c8d467c0ffa5eba0f0402512e86e8bfdcec1c00e883",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/cantor/proofs/lean/lean-toolchain",
    "bytes": 25,
    "sha256": "55e97be96000b5e9e290c9e74482e5e317861499a5540353ce845471bded8cea",
    "original_supplement_path": "verification/cantor/proofs/lean/lean-toolchain",
    "original_sha256": "55e97be96000b5e9e290c9e74482e5e317861499a5540353ce845471bded8cea",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/cantor/proofs/smt/cantor_local.smt2",
    "bytes": 764,
    "sha256": "827ed31dc1e1af809f4d401312d7daa93dcfd714aa877521b876aee9ed65ca30",
    "original_supplement_path": "verification/cantor/proofs/smt/cantor_local.smt2",
    "original_sha256": "827ed31dc1e1af809f4d401312d7daa93dcfd714aa877521b876aee9ed65ca30",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/cantor/results/affine_certificates_run.log",
    "bytes": 705,
    "sha256": "80753a46f1dad2122545b229f5c8ba1a931268347a45491070b4d547134a4cec",
    "original_supplement_path": "verification/cantor/results/affine_certificates_run.log",
    "original_sha256": "80753a46f1dad2122545b229f5c8ba1a931268347a45491070b4d547134a4cec",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/cantor/results/certificate_report.json",
    "bytes": 624,
    "sha256": "6336b9e3aae3b7921e6105019ad74d15c66cf28f0b7b25ebcc8ee40fb163178c",
    "original_supplement_path": "verification/cantor/results/certificate_report.json",
    "original_sha256": "6336b9e3aae3b7921e6105019ad74d15c66cf28f0b7b25ebcc8ee40fb163178c",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/cantor/results/convergence.csv",
    "bytes": 9049,
    "sha256": "de6deaff07c7fa354bbad88a5f29946a275e7e06c142346357c6affa6cf09582",
    "original_supplement_path": "verification/cantor/results/convergence.csv",
    "original_sha256": "de6deaff07c7fa354bbad88a5f29946a275e7e06c142346357c6affa6cf09582",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/cantor/results/exact_regression_run.log",
    "bytes": 1201,
    "sha256": "d9e0a9481aab433f6854ae536f0e6dd841fad5dc9d7ba5f71e4ba125d643bcb2",
    "original_supplement_path": "verification/cantor/results/exact_regression_run.log",
    "original_sha256": "d9e0a9481aab433f6854ae536f0e6dd841fad5dc9d7ba5f71e4ba125d643bcb2",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/cantor/results/quadratic_enclosures_run.log",
    "bytes": 1827,
    "sha256": "79b18e41a25d2c57809a5fb9facf27f6b5284250b66681eb31f94ebf5e7ea39a",
    "original_supplement_path": "verification/cantor/results/quadratic_enclosures_run.log",
    "original_sha256": "79b18e41a25d2c57809a5fb9facf27f6b5284250b66681eb31f94ebf5e7ea39a",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/cantor/results/repeller_report.json",
    "bytes": 1757,
    "sha256": "5c8984b4162f2ceef8443cd13d58b19b9ebee0e216232140469702e5a55f1f82",
    "original_supplement_path": "verification/cantor/results/repeller_report.json",
    "original_sha256": "5c8984b4162f2ceef8443cd13d58b19b9ebee0e216232140469702e5a55f1f82",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/cantor/results/symbolic_identities_run.log",
    "bytes": 590,
    "sha256": "a518182dd955b9b92d3a4d3368336f7593b653fbcc12557ffc4ce0f279f56ad5",
    "original_supplement_path": "verification/cantor/results/symbolic_identities_run.log",
    "original_sha256": "a518182dd955b9b92d3a4d3368336f7593b653fbcc12557ffc4ce0f279f56ad5",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/cantor/results/symbolic_report.json",
    "bytes": 513,
    "sha256": "652c478a847bc4f3aa8965158c738d29501474ab9703e4ed8a4d5b2e6a5b1832",
    "original_supplement_path": "verification/cantor/results/symbolic_report.json",
    "original_sha256": "652c478a847bc4f3aa8965158c738d29501474ab9703e4ed8a4d5b2e6a5b1832",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/cantor/results/test_report.json",
    "bytes": 1128,
    "sha256": "1145d2d2305f82ca06b29bb5a427760acb3242d2f6f78adaa6ab9cc1cff2e70c",
    "original_supplement_path": "verification/cantor/results/test_report.json",
    "original_sha256": "1145d2d2305f82ca06b29bb5a427760acb3242d2f6f78adaa6ab9cc1cff2e70c",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/cantor/results/verification_status.json",
    "bytes": 3116,
    "sha256": "35af669ed8fd421f212c8d095c7f2ff4b292292d492a4d42341da3d462018863",
    "original_supplement_path": "verification/cantor/results/verification_status.json",
    "original_sha256": "35af669ed8fd421f212c8d095c7f2ff4b292292d492a4d42341da3d462018863",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/coverings/code/branch_checks.py",
    "bytes": 5135,
    "sha256": "26c8d9f6681239964f05fad56d6d6b97a664817fe3751a67333cd046463e926b",
    "original_supplement_path": "verification/coverings/code/branch_checks.py",
    "original_sha256": "26c8d9f6681239964f05fad56d6d6b97a664817fe3751a67333cd046463e926b",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/coverings/code/certificates.py",
    "bytes": 5346,
    "sha256": "f18284d33b3f485a55f9c0159afd4da960c9048bf7028a8ed47b46b529dcaf25",
    "original_supplement_path": "verification/coverings/code/certificates.py",
    "original_sha256": "f18284d33b3f485a55f9c0159afd4da960c9048bf7028a8ed47b46b529dcaf25",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/coverings/code/compare_certificates.py",
    "bytes": 7781,
    "sha256": "b90bce50f2cd1866e4f1ed42c14a95db854fa9fc9ef13787475436238896c021",
    "original_supplement_path": "verification/coverings/code/compare_certificates.py",
    "original_sha256": "b90bce50f2cd1866e4f1ed42c14a95db854fa9fc9ef13787475436238896c021",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/coverings/code/experiments_v2.py",
    "bytes": 5612,
    "sha256": "391bad19ce938c94bd9719b26ffb89a442915c35019009fc0a155bc1916bf3de",
    "original_supplement_path": "verification/coverings/code/experiments_v2.py",
    "original_sha256": "391bad19ce938c94bd9719b26ffb89a442915c35019009fc0a155bc1916bf3de",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/coverings/code/figures.py",
    "bytes": 12710,
    "sha256": "d8e7f7c25bc01d3f95583ec6a63611724ba2070ee2876f78c8cdb8cba47fd9bf",
    "original_supplement_path": "verification/coverings/code/figures.py",
    "original_sha256": "d8e7f7c25bc01d3f95583ec6a63611724ba2070ee2876f78c8cdb8cba47fd9bf",
    "relation": "unchanged retained artifact",
    "original_role": "Figure or renderer source"
  },
  {
    "path": "verification/coverings/code/figures_v2.py",
    "bytes": 29895,
    "sha256": "4dd6f4f59f72f0445190ef174562c1e3857a8f8b44fb53fe28ee377a895f6976",
    "original_supplement_path": "verification/coverings/code/figures_v2.py",
    "original_sha256": "4dd6f4f59f72f0445190ef174562c1e3857a8f8b44fb53fe28ee377a895f6976",
    "relation": "unchanged retained artifact",
    "original_role": "Figure or renderer source"
  },
  {
    "path": "verification/coverings/code/polynomial_kernel.py",
    "bytes": 5168,
    "sha256": "10f89af3808e5356e5cd15f6a8199716232f8d16383c75d96d3261a7474b60bb",
    "original_supplement_path": "verification/coverings/code/polynomial_kernel.py",
    "original_sha256": "10f89af3808e5356e5cd15f6a8199716232f8d16383c75d96d3261a7474b60bb",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/coverings/code/run_checks.py",
    "bytes": 6545,
    "sha256": "d2a77bd21decb0d37c68fc0836544130cf98a8074e89e9eba3219fe9cbff14d1",
    "original_supplement_path": "verification/coverings/code/run_checks.py",
    "original_sha256": "d2a77bd21decb0d37c68fc0836544130cf98a8074e89e9eba3219fe9cbff14d1",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/coverings/metrics/branch_checks.json",
    "bytes": 1076,
    "sha256": "4c61fc1675351f78fcbb9223fb925aa00f53be913deb0e10738b21a1373fdcd1",
    "original_supplement_path": "verification/coverings/metrics/branch_checks.json",
    "original_sha256": "4c61fc1675351f78fcbb9223fb925aa00f53be913deb0e10738b21a1373fdcd1",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/coverings/metrics/certificate_timings.csv",
    "bytes": 873,
    "sha256": "4aa8c90618444d272274d2ba19d9920cebffc700cc323b7ad758081acbe80309",
    "original_supplement_path": "verification/coverings/metrics/certificate_timings.csv",
    "original_sha256": "4aa8c90618444d272274d2ba19d9920cebffc700cc323b7ad758081acbe80309",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/coverings/metrics/environment.json",
    "bytes": 4456,
    "sha256": "85143b4ff0ec821829032da013e5bd78fb7813e01f0f73559e4ce0d40e29cba1",
    "original_supplement_path": "verification/coverings/metrics/environment.json",
    "original_sha256": "85143b4ff0ec821829032da013e5bd78fb7813e01f0f73559e4ce0d40e29cba1",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/coverings/metrics/polynomial_identity_checks.json",
    "bytes": 1892,
    "sha256": "78a4c36a2298aab66c5ea6483c56c478acf2d9e0cd95f5c5675df58f1b864444",
    "original_supplement_path": "verification/coverings/metrics/polynomial_identity_checks.json",
    "original_sha256": "78a4c36a2298aab66c5ea6483c56c478acf2d9e0cd95f5c5675df58f1b864444",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/coverings/metrics/verification.json",
    "bytes": 4073,
    "sha256": "29d1f20dd95156bcf31963ce415a3f3dbade1a6959c89d741f2434969bf8edac",
    "original_supplement_path": "verification/coverings/metrics/verification.json",
    "original_sha256": "29d1f20dd95156bcf31963ce415a3f3dbade1a6959c89d741f2434969bf8edac",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/coverings/proofs/FiniteIdentities.lean",
    "bytes": 1696,
    "sha256": "1b69487df5f9502fce3434194d5dab3eba2d0d44f9eb70fd3c1bba2fd9282b1b",
    "original_supplement_path": "verification/coverings/proofs/FiniteIdentities.lean",
    "original_sha256": "1b69487df5f9502fce3434194d5dab3eba2d0d44f9eb70fd3c1bba2fd9282b1b",
    "relation": "unchanged retained artifact",
    "original_role": "Uncompiled proof-assistant candidate or helper"
  },
  {
    "path": "verification/coverings/proofs/FiniteIdentities.v",
    "bytes": 1604,
    "sha256": "9f1b522d3e3c2d6f51530f782113e335a695bb9e1f77b412ac7e11c2c3232f00",
    "original_supplement_path": "verification/coverings/proofs/FiniteIdentities.v",
    "original_sha256": "9f1b522d3e3c2d6f51530f782113e335a695bb9e1f77b412ac7e11c2c3232f00",
    "relation": "unchanged retained artifact",
    "original_role": "Uncompiled proof-assistant candidate or helper"
  },
  {
    "path": "verification/coverings/proofs/certificates/cubic_central_root.json",
    "bytes": 942,
    "sha256": "6ca849621e92fcf7f7ed0801c7281965cabd1aeed5a1b9cbf22eb4fcd3e6585c",
    "original_supplement_path": "verification/coverings/proofs/certificates/cubic_central_root.json",
    "original_sha256": "6ca849621e92fcf7f7ed0801c7281965cabd1aeed5a1b9cbf22eb4fcd3e6585c",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/certificates/cubic_right_root.json",
    "bytes": 935,
    "sha256": "7ccd96c44756f3ff7399e06d0c19f0eedfab1c7fd3ede349b7c19c20a46c8373",
    "original_supplement_path": "verification/coverings/proofs/certificates/cubic_right_root.json",
    "original_sha256": "7ccd96c44756f3ff7399e06d0c19f0eedfab1c7fd3ede349b7c19c20a46c8373",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/certificates/cubic_three_roots.json",
    "bytes": 2658,
    "sha256": "7d81decf3c94c5195781d50e2121dbc952e6f45c847be5b2d2560f4d2a9f06dd",
    "original_supplement_path": "verification/coverings/proofs/certificates/cubic_three_roots.json",
    "original_sha256": "7d81decf3c94c5195781d50e2121dbc952e6f45c847be5b2d2560f4d2a9f06dd",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/certificates/gain_0_to_50.json",
    "bytes": 2872,
    "sha256": "e8c21808d38d248cf50fcdc1b3a349af92ef204b67afcf4164b1cb977109cca1",
    "original_supplement_path": "verification/coverings/proofs/certificates/gain_0_to_50.json",
    "original_sha256": "e8c21808d38d248cf50fcdc1b3a349af92ef204b67afcf4164b1cb977109cca1",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/certificates/gain_61.json",
    "bytes": 3161,
    "sha256": "7a1695b5b180fe9bfb4cc6381486222a008ebe529e46db7b5ffcc3e28bef98be",
    "original_supplement_path": "verification/coverings/proofs/certificates/gain_61.json",
    "original_sha256": "7a1695b5b180fe9bfb4cc6381486222a008ebe529e46db7b5ffcc3e28bef98be",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/certificates/quadratic_repeated_root.json",
    "bytes": 2181,
    "sha256": "bcfcb01655a1d75c3448651ee5efd2df16d21e69a3a3c9c23a520639008b3fba",
    "original_supplement_path": "verification/coverings/proofs/certificates/quadratic_repeated_root.json",
    "original_sha256": "bcfcb01655a1d75c3448651ee5efd2df16d21e69a3a3c9c23a520639008b3fba",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/certificates/teaching_sqrt2.json",
    "bytes": 887,
    "sha256": "2944633cb3c3aac0a5f8d9868648f8af1109e3f8063916c7926d144afe18a216",
    "original_supplement_path": "verification/coverings/proofs/certificates/teaching_sqrt2.json",
    "original_sha256": "2944633cb3c3aac0a5f8d9868648f8af1109e3f8063916c7926d144afe18a216",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/polynomial_identities/blaschke_disk.json",
    "bytes": 1504,
    "sha256": "cee0646e2a663a65e13c013d276d95366dade6ea7d41e933c5e8ff71ca5eecee",
    "original_supplement_path": "verification/coverings/proofs/polynomial_identities/blaschke_disk.json",
    "original_sha256": "cee0646e2a663a65e13c013d276d95366dade6ea7d41e933c5e8ff71ca5eecee",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/polynomial_identities/difference_of_squares.json",
    "bytes": 446,
    "sha256": "fce02dafc6537f28251fe8858955e791c1a4b1f7abb2bbf22e338b7b869b823c",
    "original_supplement_path": "verification/coverings/proofs/polynomial_identities/difference_of_squares.json",
    "original_sha256": "fce02dafc6537f28251fe8858955e791c1a4b1f7abb2bbf22e338b7b869b823c",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/polynomial_identities/dihedral_cubic.json",
    "bytes": 697,
    "sha256": "39889b771b9fdcd586077183fca1bef6defe8d78ce1c64a605e588942f1c4a05",
    "original_supplement_path": "verification/coverings/proofs/polynomial_identities/dihedral_cubic.json",
    "original_sha256": "39889b771b9fdcd586077183fca1bef6defe8d78ce1c64a605e588942f1c4a05",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/polynomial_identities/error_step.json",
    "bytes": 589,
    "sha256": "048a4e7f40d6df13ed27fd06524a70f4ae2b64c229e8d42d6fbd1ed648a89f4c",
    "original_supplement_path": "verification/coverings/proofs/polynomial_identities/error_step.json",
    "original_sha256": "048a4e7f40d6df13ed27fd06524a70f4ae2b64c229e8d42d6fbd1ed648a89f4c",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/polynomial_identities/euler_defect.json",
    "bytes": 645,
    "sha256": "96141f2f2beeca2cf97340f67119542c73a1d13ed7a853a866fe6c51d65fbb1f",
    "original_supplement_path": "verification/coverings/proofs/polynomial_identities/euler_defect.json",
    "original_sha256": "96141f2f2beeca2cf97340f67119542c73a1d13ed7a853a866fe6c51d65fbb1f",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/polynomial_identities/fold_discriminant.json",
    "bytes": 510,
    "sha256": "85b29d3a081da22e0c1c84643b0d7b5cb3260660d60813985ef358a3337f096e",
    "original_supplement_path": "verification/coverings/proofs/polynomial_identities/fold_discriminant.json",
    "original_sha256": "85b29d3a081da22e0c1c84643b0d7b5cb3260660d60813985ef358a3337f096e",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/polynomial_identities/parameter_affinity.json",
    "bytes": 1720,
    "sha256": "70cf163d8c9f355acc625f3e9720dd94fa5b689e6e05c1af1fea21a09678960e",
    "original_supplement_path": "verification/coverings/proofs/polynomial_identities/parameter_affinity.json",
    "original_sha256": "70cf163d8c9f355acc625f3e9720dd94fa5b689e6e05c1af1fea21a09678960e",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/polynomial_identities/poisson_denominator.json",
    "bytes": 672,
    "sha256": "83795aed81e73ef106020b5fab7f7b41858ab030784356eae70c7ce938493fe1",
    "original_supplement_path": "verification/coverings/proofs/polynomial_identities/poisson_denominator.json",
    "original_sha256": "83795aed81e73ef106020b5fab7f7b41858ab030784356eae70c7ce938493fe1",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/polynomial_identities/ramification_composition.json",
    "bytes": 457,
    "sha256": "05f0f44388a68d8f1a03d1eb9127490cd4e77fb77b405acd4159dc2244214ed3",
    "original_supplement_path": "verification/coverings/proofs/polynomial_identities/ramification_composition.json",
    "original_sha256": "05f0f44388a68d8f1a03d1eb9127490cd4e77fb77b405acd4159dc2244214ed3",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/polynomial_identities/routh_crossing.json",
    "bytes": 710,
    "sha256": "c4e313db92ab9034aa9a6d44a77221179e597e17876f764b8f11d9e008a7b579",
    "original_supplement_path": "verification/coverings/proofs/polynomial_identities/routh_crossing.json",
    "original_sha256": "c4e313db92ab9034aa9a6d44a77221179e597e17876f764b8f11d9e008a7b579",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/polynomial_identities/storage_balance.json",
    "bytes": 818,
    "sha256": "952346f64de9ea7c678ded6dc9bfbf2ae317465a026f9ceca9f4da6e92dc1271",
    "original_supplement_path": "verification/coverings/proofs/polynomial_identities/storage_balance.json",
    "original_sha256": "952346f64de9ea7c678ded6dc9bfbf2ae317465a026f9ceca9f4da6e92dc1271",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/polynomial_identities/variance_pair.json",
    "bytes": 618,
    "sha256": "6e2e1c66600e19a41eb56cce4d786c16777b62432fb1be8f50e681b93d96e9a4",
    "original_supplement_path": "verification/coverings/proofs/polynomial_identities/variance_pair.json",
    "original_sha256": "6e2e1c66600e19a41eb56cce4d786c16777b62432fb1be8f50e681b93d96e9a4",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/cubic_axis_adaptive.json",
    "bytes": 3042,
    "sha256": "42095439f3f9411082529695d8a535d7a92f2eddf9f8fc8bcc56ac59bf72d86d",
    "original_supplement_path": "verification/coverings/proofs/v2/cubic_axis_adaptive.json",
    "original_sha256": "42095439f3f9411082529695d8a535d7a92f2eddf9f8fc8bcc56ac59bf72d86d",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/cubic_axis_uniform.json",
    "bytes": 4533,
    "sha256": "990634f910cd31a69e6d70c97465391e3e197b9cf8d727be257d3261a8374071",
    "original_supplement_path": "verification/coverings/proofs/v2/cubic_axis_uniform.json",
    "original_sha256": "990634f910cd31a69e6d70c97465391e3e197b9cf8d727be257d3261a8374071",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/cubic_rotated_adaptive.json",
    "bytes": 1573,
    "sha256": "7bb7b7dd75ac928b0d51d1ec5f919b079048c77ebd3038061445ce1a6606d916",
    "original_supplement_path": "verification/coverings/proofs/v2/cubic_rotated_adaptive.json",
    "original_sha256": "7bb7b7dd75ac928b0d51d1ec5f919b079048c77ebd3038061445ce1a6606d916",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/cubic_rotated_uniform.json",
    "bytes": 1569,
    "sha256": "8fc0f20b00c66a34c7a19cab7a1b70af2243d1cd00240eecd00f934e0f1ce7ef",
    "original_supplement_path": "verification/coverings/proofs/v2/cubic_rotated_uniform.json",
    "original_sha256": "8fc0f20b00c66a34c7a19cab7a1b70af2243d1cd00240eecd00f934e0f1ce7ef",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/eighth_power_axis_adaptive.json",
    "bytes": 5756,
    "sha256": "50f3b1c8ab4ee1930ff8a65a7485817a90126bab2b08d38fc954855cd8504aed",
    "original_supplement_path": "verification/coverings/proofs/v2/eighth_power_axis_adaptive.json",
    "original_sha256": "50f3b1c8ab4ee1930ff8a65a7485817a90126bab2b08d38fc954855cd8504aed",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/eighth_power_axis_uniform.json",
    "bytes": 8817,
    "sha256": "b73fe63ffa22de4791ef76364ce7751a0a5edcfb1bdaf9d0e3a6f610c6a9ef2e",
    "original_supplement_path": "verification/coverings/proofs/v2/eighth_power_axis_uniform.json",
    "original_sha256": "b73fe63ffa22de4791ef76364ce7751a0a5edcfb1bdaf9d0e3a6f610c6a9ef2e",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/eighth_power_rotated_adaptive.json",
    "bytes": 3875,
    "sha256": "3e702b316382ebe15e7350cab5c25c93792e118dfa32b70f83e068f721db8e78",
    "original_supplement_path": "verification/coverings/proofs/v2/eighth_power_rotated_adaptive.json",
    "original_sha256": "3e702b316382ebe15e7350cab5c25c93792e118dfa32b70f83e068f721db8e78",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/eighth_power_rotated_uniform.json",
    "bytes": 4980,
    "sha256": "4d6ba4d400c4839d5a0d074e9a2b240b12a8f9268d65a554a3cc975740b2a887",
    "original_supplement_path": "verification/coverings/proofs/v2/eighth_power_rotated_uniform.json",
    "original_sha256": "4d6ba4d400c4839d5a0d074e9a2b240b12a8f9268d65a554a3cc975740b2a887",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/gain_family_axis_adaptive.json",
    "bytes": 3757,
    "sha256": "500070d2e580cef310537be087608c3232c71e2a123f450b6960577e6808d246",
    "original_supplement_path": "verification/coverings/proofs/v2/gain_family_axis_adaptive.json",
    "original_sha256": "500070d2e580cef310537be087608c3232c71e2a123f450b6960577e6808d246",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/gain_family_axis_uniform.json",
    "bytes": 16968,
    "sha256": "d4ecbe24ad3643b5093ac7af986ff550b74aa8ae64c96d4a26b0329aac614ed0",
    "original_supplement_path": "verification/coverings/proofs/v2/gain_family_axis_uniform.json",
    "original_sha256": "d4ecbe24ad3643b5093ac7af986ff550b74aa8ae64c96d4a26b0329aac614ed0",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/gain_family_rotated_adaptive.json",
    "bytes": 2313,
    "sha256": "fd8c8d56a00845d2c713e54d75f71a7aafc535c83740ee723eb7076929377085",
    "original_supplement_path": "verification/coverings/proofs/v2/gain_family_rotated_adaptive.json",
    "original_sha256": "fd8c8d56a00845d2c713e54d75f71a7aafc535c83740ee723eb7076929377085",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/gain_family_rotated_uniform.json",
    "bytes": 9359,
    "sha256": "8bed787066b5b56c254d9dc2a7e64aa2b82b7bb6c702c551c49debc388a250fb",
    "original_supplement_path": "verification/coverings/proofs/v2/gain_family_rotated_uniform.json",
    "original_sha256": "8bed787066b5b56c254d9dc2a7e64aa2b82b7bb6c702c551c49debc388a250fb",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/near_edge_double_axis_adaptive.json",
    "bytes": 3191,
    "sha256": "49cf3ca8a3de28bdf5476cb24c68455e5bfeff4b832106b09c39d1ac8c24b637",
    "original_supplement_path": "verification/coverings/proofs/v2/near_edge_double_axis_adaptive.json",
    "original_sha256": "49cf3ca8a3de28bdf5476cb24c68455e5bfeff4b832106b09c39d1ac8c24b637",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/near_edge_double_axis_uniform.json",
    "bytes": 134050,
    "sha256": "d9adcacdf4e4b40ce1194a5ce7aee274014f1b51f0c22355a06cb00b8900bc57",
    "original_supplement_path": "verification/coverings/proofs/v2/near_edge_double_axis_uniform.json",
    "original_sha256": "d9adcacdf4e4b40ce1194a5ce7aee274014f1b51f0c22355a06cb00b8900bc57",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/near_edge_double_rotated_adaptive.json",
    "bytes": 1177,
    "sha256": "fb5eedd8c75bafc0859bead97e98471d081e73872479afb32ea32e2d130e79e5",
    "original_supplement_path": "verification/coverings/proofs/v2/near_edge_double_rotated_adaptive.json",
    "original_sha256": "fb5eedd8c75bafc0859bead97e98471d081e73872479afb32ea32e2d130e79e5",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/near_edge_double_rotated_uniform.json",
    "bytes": 1584,
    "sha256": "63db38eb49a9853f0a07ee6d2c0ea74af4e322bf47eb807222fcad5d7b9808bd",
    "original_supplement_path": "verification/coverings/proofs/v2/near_edge_double_rotated_uniform.json",
    "original_sha256": "63db38eb49a9853f0a07ee6d2c0ea74af4e322bf47eb807222fcad5d7b9808bd",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/shifted_quartic_axis_adaptive.json",
    "bytes": 3093,
    "sha256": "483f70aa875ba61287de20398e2455ef894b4e33a1b988c735809cf43b737b30",
    "original_supplement_path": "verification/coverings/proofs/v2/shifted_quartic_axis_adaptive.json",
    "original_sha256": "483f70aa875ba61287de20398e2455ef894b4e33a1b988c735809cf43b737b30",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/shifted_quartic_axis_uniform.json",
    "bytes": 4586,
    "sha256": "427421e5d3ff1ac30082a10ced2b0a8a1ffbe4398ad54ab6ed631223d64e8033",
    "original_supplement_path": "verification/coverings/proofs/v2/shifted_quartic_axis_uniform.json",
    "original_sha256": "427421e5d3ff1ac30082a10ced2b0a8a1ffbe4398ad54ab6ed631223d64e8033",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/shifted_quartic_rotated_adaptive.json",
    "bytes": 2168,
    "sha256": "22f776e592730c103dfcda556756ba711e33d45a4e14043011e212ddad896d9a",
    "original_supplement_path": "verification/coverings/proofs/v2/shifted_quartic_rotated_adaptive.json",
    "original_sha256": "22f776e592730c103dfcda556756ba711e33d45a4e14043011e212ddad896d9a",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/proofs/v2/shifted_quartic_rotated_uniform.json",
    "bytes": 2693,
    "sha256": "1e11c1ed3d51c9db999bf9cee778e80607b2e3b1e68ed33d9a8b8e51632f0c30",
    "original_supplement_path": "verification/coverings/proofs/v2/shifted_quartic_rotated_uniform.json",
    "original_sha256": "1e11c1ed3d51c9db999bf9cee778e80607b2e3b1e68ed33d9a8b8e51632f0c30",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/coverings/requirements.txt",
    "bytes": 121,
    "sha256": "ac0bf9c438134b011a3447e77bd14a16a965b448602a428a9a71162540ef3d7d",
    "original_supplement_path": "verification/coverings/requirements.txt",
    "original_sha256": "ac0bf9c438134b011a3447e77bd14a16a965b448602a428a9a71162540ef3d7d",
    "relation": "unchanged retained artifact",
    "original_role": "Documentation or dependency record"
  },
  {
    "path": "verification/coverings/results_v2/certificate_benchmark.csv",
    "bytes": 1550,
    "sha256": "d8490d7f666e57ab8de6ec2a727ea8dcd0adc499e2a3e385537c493e2df51bc7",
    "original_supplement_path": "verification/coverings/results_v2/certificate_benchmark.csv",
    "original_sha256": "d8490d7f666e57ab8de6ec2a727ea8dcd0adc499e2a3e385537c493e2df51bc7",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/coverings/results_v2/certificate_benchmark.json",
    "bytes": 36072,
    "sha256": "74a96ba70bf088d59383d70778faefb5fc7e236a9592722557e292ab0b0d9845",
    "original_supplement_path": "verification/coverings/results_v2/certificate_benchmark.json",
    "original_sha256": "74a96ba70bf088d59383d70778faefb5fc7e236a9592722557e292ab0b0d9845",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/coverings/results_v2/continuation_diagnostics.json",
    "bytes": 1074,
    "sha256": "82825b43f800a10afe64ea18672fb8f44bac82a0f1b2d7d477c0af0c4dc956b4",
    "original_supplement_path": "verification/coverings/results_v2/continuation_diagnostics.json",
    "original_sha256": "82825b43f800a10afe64ea18672fb8f44bac82a0f1b2d7d477c0af0c4dc956b4",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/coverings/results_v2/experiments_summary.json",
    "bytes": 520,
    "sha256": "b8b45527dc6583305fb35b7bf2a3da05699cd985b7bb4496f50d6f6476d26414",
    "original_supplement_path": "verification/coverings/results_v2/experiments_summary.json",
    "original_sha256": "b8b45527dc6583305fb35b7bf2a3da05699cd985b7bb4496f50d6f6476d26414",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/coverings/results_v2/figure_manifest.json",
    "bytes": 17802,
    "sha256": "5aadacaff4bad7700a2756d34094659f08270768559e5a6b9aadf859b2a91f65",
    "original_supplement_path": "verification/coverings/results_v2/figure_manifest.json",
    "original_sha256": "5aadacaff4bad7700a2756d34094659f08270768559e5a6b9aadf859b2a91f65",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/coverings/results_v2/matrix_benchmark.json",
    "bytes": 22087,
    "sha256": "05b0b1e6a5749c12e5bdfbe20f4be743e6bec9a9def9856d8e6e0ad5929a7151",
    "original_supplement_path": "verification/coverings/results_v2/matrix_benchmark.json",
    "original_sha256": "05b0b1e6a5749c12e5bdfbe20f4be743e6bec9a9def9856d8e6e0ad5929a7151",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/coverings/results_v2/phase_diagnostics.json",
    "bytes": 4197,
    "sha256": "2f8cac36fdf98b23b38cf919ea0ec765f043cf7c03b30e003dd093fcb6c95bd4",
    "original_supplement_path": "verification/coverings/results_v2/phase_diagnostics.json",
    "original_sha256": "2f8cac36fdf98b23b38cf919ea0ec765f043cf7c03b30e003dd093fcb6c95bd4",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/coverings/results_v2/precision_optimum.json",
    "bytes": 21615,
    "sha256": "5627bfbf525d48ab4e9fc082af0ba2dd0848f9c08e1c3131d5c1cd3087753e68",
    "original_supplement_path": "verification/coverings/results_v2/precision_optimum.json",
    "original_sha256": "5627bfbf525d48ab4e9fc082af0ba2dd0848f9c08e1c3131d5c1cd3087753e68",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/finite_observables/code/companion_lab.py",
    "bytes": 7773,
    "sha256": "f735a452ec3e629b2ce6324a4a1e10623deff94b691a559bf1e4095d8f5ee210",
    "original_supplement_path": "verification/finite_observables/code/companion_lab.py",
    "original_sha256": "f735a452ec3e629b2ce6324a4a1e10623deff94b691a559bf1e4095d8f5ee210",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/finite_observables/code/make_figures.py",
    "bytes": 4459,
    "sha256": "e0a9a6d91ec036011005a7ec5d9b393aec4afc30c11cb6d18f8b01e08d44f118",
    "original_supplement_path": "verification/finite_observables/code/make_figures.py",
    "original_sha256": "e0a9a6d91ec036011005a7ec5d9b393aec4afc30c11cb6d18f8b01e08d44f118",
    "relation": "unchanged retained artifact",
    "original_role": "Figure or renderer source"
  },
  {
    "path": "verification/finite_observables/code/run_lab.py",
    "bytes": 7145,
    "sha256": "d969bf6c8c30a679f41e671f189ebf355107d0bf896a97d71d96320159d87ef9",
    "original_supplement_path": "verification/finite_observables/code/run_lab.py",
    "original_sha256": "d969bf6c8c30a679f41e671f189ebf355107d0bf896a97d71d96320159d87ef9",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/finite_observables/proofs/Range.lean",
    "bytes": 839,
    "sha256": "ee1f2cbdd564801f75b421d84f5a68bee9ece1a22bb40de7b38c1293e0424bd0",
    "original_supplement_path": "verification/finite_observables/proofs/Range.lean",
    "original_sha256": "ee1f2cbdd564801f75b421d84f5a68bee9ece1a22bb40de7b38c1293e0424bd0",
    "relation": "unchanged retained artifact",
    "original_role": "Uncompiled proof-assistant candidate or helper"
  },
  {
    "path": "verification/finite_observables/proofs/Range.v",
    "bytes": 801,
    "sha256": "14e2c1922877129d5cd3127eb6a693d3b7e66238cc44e070e997b2159f7bc17b",
    "original_supplement_path": "verification/finite_observables/proofs/Range.v",
    "original_sha256": "14e2c1922877129d5cd3127eb6a693d3b7e66238cc44e070e997b2159f7bc17b",
    "relation": "unchanged retained artifact",
    "original_role": "Uncompiled proof-assistant candidate or helper"
  },
  {
    "path": "verification/finite_observables/results/inverse_cylinders.json",
    "bytes": 958,
    "sha256": "0cb7e7c2e8e7cbadfb27b4700ebcc399bf36e8439de8d56a1fe35e6853397ed2",
    "original_supplement_path": "verification/finite_observables/results/inverse_cylinders.json",
    "original_sha256": "0cb7e7c2e8e7cbadfb27b4700ebcc399bf36e8439de8d56a1fe35e6853397ed2",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/finite_observables/results/membership_examples.json",
    "bytes": 1443,
    "sha256": "d547fa7414e6a74f699e52ae97bdf89f16338b60034a1b40cc8a4ac983803fdd",
    "original_supplement_path": "verification/finite_observables/results/membership_examples.json",
    "original_sha256": "d547fa7414e6a74f699e52ae97bdf89f16338b60034a1b40cc8a4ac983803fdd",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/finite_observables/results/quadrature.json",
    "bytes": 1222,
    "sha256": "7d83fba9363b7c3c4af136fb2e9feda07cea7eeff873eacec5e16ecb63642557",
    "original_supplement_path": "verification/finite_observables/results/quadrature.json",
    "original_sha256": "7d83fba9363b7c3c4af136fb2e9feda07cea7eeff873eacec5e16ecb63642557",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/finite_observables/results/reciprocal.json",
    "bytes": 4660,
    "sha256": "be6876fe72bddf3b23be9d15376944bf7504d2248135fc06d2aa0c57992ba28a",
    "original_supplement_path": "verification/finite_observables/results/reciprocal.json",
    "original_sha256": "be6876fe72bddf3b23be9d15376944bf7504d2248135fc06d2aa0c57992ba28a",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/finite_observables/results/rounding_states.json",
    "bytes": 3859,
    "sha256": "dd0f999282b08c7ae68ea50dda5534670e7c2b4d37b16652a264ae9a078d433b",
    "original_supplement_path": "verification/finite_observables/results/rounding_states.json",
    "original_sha256": "dd0f999282b08c7ae68ea50dda5534670e7c2b4d37b16652a264ae9a078d433b",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/finite_observables/results/verification_report.json",
    "bytes": 1728,
    "sha256": "7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825",
    "original_supplement_path": "verification/finite_observables/results/verification_report.json",
    "original_sha256": "7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/functional_operators/animations/render.py",
    "bytes": 24119,
    "sha256": "65332be7b689f11637886a5d6a6a86dd40720fde3dd1e006bf16a0afcfdf26c7",
    "original_supplement_path": "verification/functional_operators/animations/render.py",
    "original_sha256": "65332be7b689f11637886a5d6a6a86dd40720fde3dd1e006bf16a0afcfdf26c7",
    "relation": "unchanged retained artifact",
    "original_role": "Figure or renderer source"
  },
  {
    "path": "verification/functional_operators/results/verification.json",
    "bytes": 2752,
    "sha256": "dab34789d0bbc10f6e0f2d21f53163d5afe2f7c5b2f255b0b2a60a0b6e9626b6",
    "original_supplement_path": "verification/functional_operators/results/verification.json",
    "original_sha256": "dab34789d0bbc10f6e0f2d21f53163d5afe2f7c5b2f255b0b2a60a0b6e9626b6",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/functional_operators/scripts/verify.py",
    "bytes": 6110,
    "sha256": "b38f9b1921d9cbd38c5cfaa16e9a7a5e68811aeed078b45d2a31b2c7237ab062",
    "original_supplement_path": "verification/functional_operators/scripts/verify.py",
    "original_sha256": "b38f9b1921d9cbd38c5cfaa16e9a7a5e68811aeed078b45d2a31b2c7237ab062",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/normal_families/code/experiments.py",
    "bytes": 13061,
    "sha256": "5446c41a2ab2645a33f862da4261acd53fb0768372ece14dd2fbc4e079064585",
    "original_supplement_path": "verification/normal_families/code/experiments.py",
    "original_sha256": "5446c41a2ab2645a33f862da4261acd53fb0768372ece14dd2fbc4e079064585",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/normal_families/code/graphics.py",
    "bytes": 27907,
    "sha256": "e8d69e2e95e56aff8227e563ac0d869bc9a35acf50f78e3f4e822e4db4176391",
    "original_supplement_path": "verification/normal_families/code/graphics.py",
    "original_sha256": "e8d69e2e95e56aff8227e563ac0d869bc9a35acf50f78e3f4e822e4db4176391",
    "relation": "unchanged retained artifact",
    "original_role": "Figure or renderer source"
  },
  {
    "path": "verification/normal_families/code/independent_certificates.py",
    "bytes": 4409,
    "sha256": "4d712358b7870515dc776e23d37dd5546c32342ea6efdfbda17ad07bcca5d231",
    "original_supplement_path": "verification/normal_families/code/independent_certificates.py",
    "original_sha256": "4d712358b7870515dc776e23d37dd5546c32342ea6efdfbda17ad07bcca5d231",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/normal_families/formal/Audit.lean",
    "bytes": 334,
    "sha256": "1c8a4098e9781d3f7f0fabb3fc78eea3c00a67218b3083cb21f81cf08bb4c1f9",
    "original_supplement_path": "verification/normal_families/formal/Audit.lean",
    "original_sha256": "1c8a4098e9781d3f7f0fabb3fc78eea3c00a67218b3083cb21f81cf08bb4c1f9",
    "relation": "unchanged retained artifact",
    "original_role": "Uncompiled proof-assistant candidate or helper"
  },
  {
    "path": "verification/normal_families/formal/PHI/Algebra.lean",
    "bytes": 3096,
    "sha256": "c61b8d1bad1bdcaf9924b2034c6be0bdc2d090747248e25ba44d44ff3cbf2660",
    "original_supplement_path": "verification/normal_families/formal/PHI/Algebra.lean",
    "original_sha256": "c61b8d1bad1bdcaf9924b2034c6be0bdc2d090747248e25ba44d44ff3cbf2660",
    "relation": "unchanged retained artifact",
    "original_role": "Uncompiled proof-assistant candidate or helper"
  },
  {
    "path": "verification/normal_families/formal/PHI.lean",
    "bytes": 19,
    "sha256": "bd83e64f3cfa3d6ddfe2e4df6e1ffe99a182c3b96cdb2f80c8d57b17304d558b",
    "original_supplement_path": "verification/normal_families/formal/PHI.lean",
    "original_sha256": "bd83e64f3cfa3d6ddfe2e4df6e1ffe99a182c3b96cdb2f80c8d57b17304d558b",
    "relation": "unchanged retained artifact",
    "original_role": "Uncompiled proof-assistant candidate or helper"
  },
  {
    "path": "verification/normal_families/formal/lakefile.toml",
    "bytes": 199,
    "sha256": "e114afcefa706bf3ccec0da98f6d0e7d4a62a3cbdd2d1cb1771c7fe32daf3836",
    "original_supplement_path": "verification/normal_families/formal/lakefile.toml",
    "original_sha256": "e114afcefa706bf3ccec0da98f6d0e7d4a62a3cbdd2d1cb1771c7fe32daf3836",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/normal_families/formal/lean-toolchain",
    "bytes": 25,
    "sha256": "55e97be96000b5e9e290c9e74482e5e317861499a5540353ce845471bded8cea",
    "original_supplement_path": "verification/normal_families/formal/lean-toolchain",
    "original_sha256": "55e97be96000b5e9e290c9e74482e5e317861499a5540353ce845471bded8cea",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/normal_families/formal/rational_identities.json",
    "bytes": 3235,
    "sha256": "2abd0ce02e08d97e27e7f70cee34f807f0b36c7e3d0e7723a426fd8c45303c7b",
    "original_supplement_path": "verification/normal_families/formal/rational_identities.json",
    "original_sha256": "2abd0ce02e08d97e27e7f70cee34f807f0b36c7e3d0e7723a426fd8c45303c7b",
    "relation": "unchanged retained artifact",
    "original_role": "Certificate data or formalization configuration"
  },
  {
    "path": "verification/normal_families/formal/smt/F01_gap_positive.smt2",
    "bytes": 146,
    "sha256": "b68b77cc6323557b32c825b142941706706c83e94082c7bb1c5f407d99e4e3de",
    "original_supplement_path": "verification/normal_families/formal/smt/F01_gap_positive.smt2",
    "original_sha256": "b68b77cc6323557b32c825b142941706706c83e94082c7bb1c5f407d99e4e3de",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F02_quarter_radius.smt2",
    "bytes": 195,
    "sha256": "780914dd3c2a1ba4c93b9f3865952115bba7b0579151b8443039be0e656f1c13",
    "original_supplement_path": "verification/normal_families/formal/smt/F02_quarter_radius.smt2",
    "original_sha256": "780914dd3c2a1ba4c93b9f3865952115bba7b0579151b8443039be0e656f1c13",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F03_radius_interval.smt2",
    "bytes": 209,
    "sha256": "8cc54e50dd92d3930170142e779dc97bfab8a7280b6a42816a43e0fefe3fffa9",
    "original_supplement_path": "verification/normal_families/formal/smt/F03_radius_interval.smt2",
    "original_sha256": "8cc54e50dd92d3930170142e779dc97bfab8a7280b6a42816a43e0fefe3fffa9",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F04_inverse_margin.smt2",
    "bytes": 186,
    "sha256": "7e69e00c1108e84e8025b038cc6d1a6176a46f478e520f8b88777074ec981186",
    "original_supplement_path": "verification/normal_families/formal/smt/F04_inverse_margin.smt2",
    "original_sha256": "7e69e00c1108e84e8025b038cc6d1a6176a46f478e520f8b88777074ec981186",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F05_quadratic_gap.smt2",
    "bytes": 219,
    "sha256": "3d36b24e31975ac879a0083dc14aab20bea0f55aa82e6c5225258eaec038e9e9",
    "original_supplement_path": "verification/normal_families/formal/smt/F05_quadratic_gap.smt2",
    "original_sha256": "3d36b24e31975ac879a0083dc14aab20bea0f55aa82e6c5225258eaec038e9e9",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F06_quadratic_lipschitz.smt2",
    "bytes": 280,
    "sha256": "92d46b0893f6f775705aeccae9a5f0ce24c29388305beb11dc14e799aaaa0bfb",
    "original_supplement_path": "verification/normal_families/formal/smt/F06_quadratic_lipschitz.smt2",
    "original_sha256": "92d46b0893f6f775705aeccae9a5f0ce24c29388305beb11dc14e799aaaa0bfb",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F07_extremal_gain.smt2",
    "bytes": 157,
    "sha256": "86aaf8089a65335ac3d946de927c96a9ee27ed7e80bc6121928a0f6c0a48b108",
    "original_supplement_path": "verification/normal_families/formal/smt/F07_extremal_gain.smt2",
    "original_sha256": "86aaf8089a65335ac3d946de927c96a9ee27ed7e80bc6121928a0f6c0a48b108",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F08_capacitance_energy.smt2",
    "bytes": 189,
    "sha256": "0667ab8a42e1c50fd7feb6ac3074fb3bb3e44930bf1ba9a8d4845914caac1d38",
    "original_supplement_path": "verification/normal_families/formal/smt/F08_capacitance_energy.smt2",
    "original_sha256": "0667ab8a42e1c50fd7feb6ac3074fb3bb3e44930bf1ba9a8d4845914caac1d38",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F09_area_single_coefficient.smt2",
    "bytes": 189,
    "sha256": "8c1a7bd627377754da6ceef8a939eebfbae899c711768cd8443dbd28ae7cbf97",
    "original_supplement_path": "verification/normal_families/formal/smt/F09_area_single_coefficient.smt2",
    "original_sha256": "8c1a7bd627377754da6ceef8a939eebfbae899c711768cd8443dbd28ae7cbf97",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F10_shape_order.smt2",
    "bytes": 176,
    "sha256": "f646c1989a508e41e196831a45bddea30a74f4b1cecea0f3ae8ec152ad9914e4",
    "original_supplement_path": "verification/normal_families/formal/smt/F10_shape_order.smt2",
    "original_sha256": "f646c1989a508e41e196831a45bddea30a74f4b1cecea0f3ae8ec152ad9914e4",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F11_tail_splitting.smt2",
    "bytes": 235,
    "sha256": "0bb7e021e040d2640954652cbab358f53aaa72238450bf1d1cd03b2a574a2d70",
    "original_supplement_path": "verification/normal_families/formal/smt/F11_tail_splitting.smt2",
    "original_sha256": "0bb7e021e040d2640954652cbab358f53aaa72238450bf1d1cd03b2a574a2d70",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F12_sample_enclosure.smt2",
    "bytes": 335,
    "sha256": "a92985ca9a22fc54adc315777c01abb04696f9a564c4df674e82d03a4b0d873d",
    "original_supplement_path": "verification/normal_families/formal/smt/F12_sample_enclosure.smt2",
    "original_sha256": "a92985ca9a22fc54adc315777c01abb04696f9a564c4df674e82d03a4b0d873d",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F13_half_arc.smt2",
    "bytes": 189,
    "sha256": "e0d931e3d0f726bab432dda3e5cfcd0c3357ebf2b37af2359c27795fb9ad654b",
    "original_supplement_path": "verification/normal_families/formal/smt/F13_half_arc.smt2",
    "original_sha256": "e0d931e3d0f726bab432dda3e5cfcd0c3357ebf2b37af2359c27795fb9ad654b",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F14_quarter_sharp_numerator.smt2",
    "bytes": 166,
    "sha256": "33a35faeafbcd04e7409975d053e544a5895ddd30e419cb80e641543e6e904fb",
    "original_supplement_path": "verification/normal_families/formal/smt/F14_quarter_sharp_numerator.smt2",
    "original_sha256": "33a35faeafbcd04e7409975d053e544a5895ddd30e419cb80e641543e6e904fb",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F15_spherical_reciprocal.smt2",
    "bytes": 323,
    "sha256": "da3156e0a8c6b31b021bbb08ffb84aef353abecbf32b515d5b3d6dc54672b5e9",
    "original_supplement_path": "verification/normal_families/formal/smt/F15_spherical_reciprocal.smt2",
    "original_sha256": "da3156e0a8c6b31b021bbb08ffb84aef353abecbf32b515d5b3d6dc54672b5e9",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F16_normalized_derivative_nonzero.smt2",
    "bytes": 183,
    "sha256": "145c0ed54e7a64d10391f75718f0e38e2d42531306590f3495ecbd05da9094ef",
    "original_supplement_path": "verification/normal_families/formal/smt/F16_normalized_derivative_nonzero.smt2",
    "original_sha256": "145c0ed54e7a64d10391f75718f0e38e2d42531306590f3495ecbd05da9094ef",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F17_weighted_energy_1.smt2",
    "bytes": 293,
    "sha256": "1eab2b8935b75b6a3a48b6547a664038c4ccf922b512ad70f27beb2aad095e68",
    "original_supplement_path": "verification/normal_families/formal/smt/F17_weighted_energy_1.smt2",
    "original_sha256": "1eab2b8935b75b6a3a48b6547a664038c4ccf922b512ad70f27beb2aad095e68",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F18_weighted_energy_2.smt2",
    "bytes": 293,
    "sha256": "2b6b50373bd73dab673cd98b2b88c6cd209301f0fcedeeaded0ce1b6aa45067b",
    "original_supplement_path": "verification/normal_families/formal/smt/F18_weighted_energy_2.smt2",
    "original_sha256": "2b6b50373bd73dab673cd98b2b88c6cd209301f0fcedeeaded0ce1b6aa45067b",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F19_weighted_energy_3.smt2",
    "bytes": 293,
    "sha256": "02c6a16f871f82c0ee683c94976ea3860ead28138a98f9d9be9e0943c7c44d91",
    "original_supplement_path": "verification/normal_families/formal/smt/F19_weighted_energy_3.smt2",
    "original_sha256": "02c6a16f871f82c0ee683c94976ea3860ead28138a98f9d9be9e0943c7c44d91",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F20_weighted_energy_4.smt2",
    "bytes": 293,
    "sha256": "1ba2988d84f526b8e17829177702874a43f2bb4d582a96c976a19988dc3a7170",
    "original_supplement_path": "verification/normal_families/formal/smt/F20_weighted_energy_4.smt2",
    "original_sha256": "1ba2988d84f526b8e17829177702874a43f2bb4d582a96c976a19988dc3a7170",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F21_weighted_energy_5.smt2",
    "bytes": 293,
    "sha256": "1ae1804e05e1ce4ff0047a90f71b45e20dfb8784657605faf3ad5e42fad68b3a",
    "original_supplement_path": "verification/normal_families/formal/smt/F21_weighted_energy_5.smt2",
    "original_sha256": "1ae1804e05e1ce4ff0047a90f71b45e20dfb8784657605faf3ad5e42fad68b3a",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F22_weighted_energy_6.smt2",
    "bytes": 293,
    "sha256": "cd0eddcd5ee5717b87d52262290e00a5976516f53e4f6a599671a11cead5d534",
    "original_supplement_path": "verification/normal_families/formal/smt/F22_weighted_energy_6.smt2",
    "original_sha256": "cd0eddcd5ee5717b87d52262290e00a5976516f53e4f6a599671a11cead5d534",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F23_weighted_energy_7.smt2",
    "bytes": 293,
    "sha256": "fb83a9a7be44b4f9f5a225844c677b99c3f629a6a5c1dac6d7a23f04208446fd",
    "original_supplement_path": "verification/normal_families/formal/smt/F23_weighted_energy_7.smt2",
    "original_sha256": "fb83a9a7be44b4f9f5a225844c677b99c3f629a6a5c1dac6d7a23f04208446fd",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F24_weighted_energy_8.smt2",
    "bytes": 293,
    "sha256": "2094d20fd72b880a307dc406db202091ace99959483b00ee8d469e782b41eb92",
    "original_supplement_path": "verification/normal_families/formal/smt/F24_weighted_energy_8.smt2",
    "original_sha256": "2094d20fd72b880a307dc406db202091ace99959483b00ee8d469e782b41eb92",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F25_jet_budget_1.smt2",
    "bytes": 201,
    "sha256": "3371adb60dcec73616852bbafe779745434639a58169ebec6be5dc04bac02095",
    "original_supplement_path": "verification/normal_families/formal/smt/F25_jet_budget_1.smt2",
    "original_sha256": "3371adb60dcec73616852bbafe779745434639a58169ebec6be5dc04bac02095",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F26_jet_budget_2.smt2",
    "bytes": 201,
    "sha256": "fcb12c63399160dd518daaf4536d9d62a56bb2e746f42263145064287b4f5a86",
    "original_supplement_path": "verification/normal_families/formal/smt/F26_jet_budget_2.smt2",
    "original_sha256": "fcb12c63399160dd518daaf4536d9d62a56bb2e746f42263145064287b4f5a86",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F27_jet_budget_3.smt2",
    "bytes": 201,
    "sha256": "9da5aded9b87b1da400704c11bd6c1061a686602a18aaf0748a4f6ae9d934859",
    "original_supplement_path": "verification/normal_families/formal/smt/F27_jet_budget_3.smt2",
    "original_sha256": "9da5aded9b87b1da400704c11bd6c1061a686602a18aaf0748a4f6ae9d934859",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F28_jet_budget_4.smt2",
    "bytes": 201,
    "sha256": "4968d5a1cc4e2c39a53470274cc7d93fcf16b5b31a0dae12bc93d0361f5e8232",
    "original_supplement_path": "verification/normal_families/formal/smt/F28_jet_budget_4.smt2",
    "original_sha256": "4968d5a1cc4e2c39a53470274cc7d93fcf16b5b31a0dae12bc93d0361f5e8232",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F29_jet_budget_5.smt2",
    "bytes": 201,
    "sha256": "e8b9ff403fd519488f54e75ccfe641cc638d3d35b21fa5f71ff614e999211f0c",
    "original_supplement_path": "verification/normal_families/formal/smt/F29_jet_budget_5.smt2",
    "original_sha256": "e8b9ff403fd519488f54e75ccfe641cc638d3d35b21fa5f71ff614e999211f0c",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F30_jet_budget_6.smt2",
    "bytes": 201,
    "sha256": "f1bbf21efc47c41225e79ef29c96f4b0b4fa42b82eee0ffe7e4f43393ba3d59f",
    "original_supplement_path": "verification/normal_families/formal/smt/F30_jet_budget_6.smt2",
    "original_sha256": "f1bbf21efc47c41225e79ef29c96f4b0b4fa42b82eee0ffe7e4f43393ba3d59f",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F31_sample_budget_1.smt2",
    "bytes": 218,
    "sha256": "3af686dd77ea622098cd87f6300aa6083decd84cbb8649f629527849c30ebce9",
    "original_supplement_path": "verification/normal_families/formal/smt/F31_sample_budget_1.smt2",
    "original_sha256": "3af686dd77ea622098cd87f6300aa6083decd84cbb8649f629527849c30ebce9",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F32_sample_budget_2.smt2",
    "bytes": 218,
    "sha256": "183c2f68a689e3bbf14e856d16b20e07aa04ee62faa45750c68ca46ff462afb5",
    "original_supplement_path": "verification/normal_families/formal/smt/F32_sample_budget_2.smt2",
    "original_sha256": "183c2f68a689e3bbf14e856d16b20e07aa04ee62faa45750c68ca46ff462afb5",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F33_sample_budget_3.smt2",
    "bytes": 218,
    "sha256": "de10bfb9d4b636255a7e32873b8320b9e9dadb8dac39057044506b7e1611e0d4",
    "original_supplement_path": "verification/normal_families/formal/smt/F33_sample_budget_3.smt2",
    "original_sha256": "de10bfb9d4b636255a7e32873b8320b9e9dadb8dac39057044506b7e1611e0d4",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F34_sample_budget_4.smt2",
    "bytes": 218,
    "sha256": "5533b3bdc13c526c4fba37445165b0f70e3bf5c5f350c6ab0708ac4f6724e28d",
    "original_supplement_path": "verification/normal_families/formal/smt/F34_sample_budget_4.smt2",
    "original_sha256": "5533b3bdc13c526c4fba37445165b0f70e3bf5c5f350c6ab0708ac4f6724e28d",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F35_sample_budget_5.smt2",
    "bytes": 221,
    "sha256": "461f4f3f80af1b1fde7161af6d7afe778e0150d50202d2f3ba5fbf47cd0cbb7e",
    "original_supplement_path": "verification/normal_families/formal/smt/F35_sample_budget_5.smt2",
    "original_sha256": "461f4f3f80af1b1fde7161af6d7afe778e0150d50202d2f3ba5fbf47cd0cbb7e",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F36_sample_budget_6.smt2",
    "bytes": 221,
    "sha256": "8aaad6b7ffa42d4252f3136d17172f4a2822f5dacc031e26115b69eaae304753",
    "original_supplement_path": "verification/normal_families/formal/smt/F36_sample_budget_6.smt2",
    "original_sha256": "8aaad6b7ffa42d4252f3136d17172f4a2822f5dacc031e26115b69eaae304753",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F37_modulus_square.smt2",
    "bytes": 244,
    "sha256": "0a585a658f9d3b7a347357c5ffe1e09a2aa2a5bd7906a0c8bde4f58fc23012bf",
    "original_supplement_path": "verification/normal_families/formal/smt/F37_modulus_square.smt2",
    "original_sha256": "0a585a658f9d3b7a347357c5ffe1e09a2aa2a5bd7906a0c8bde4f58fc23012bf",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F38_coverage_bound.smt2",
    "bytes": 188,
    "sha256": "b6f5807150fa93f348fe23b5f7ef8178a487da4f6de03b42835ee9684cf05c16",
    "original_supplement_path": "verification/normal_families/formal/smt/F38_coverage_bound.smt2",
    "original_sha256": "b6f5807150fa93f348fe23b5f7ef8178a487da4f6de03b42835ee9684cf05c16",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F39_slit_discriminant.smt2",
    "bytes": 144,
    "sha256": "2ec7b7f0fa67f502a476b2e0b4b86d14125a8e5ed85b7b11297f89b57c77ead3",
    "original_supplement_path": "verification/normal_families/formal/smt/F39_slit_discriminant.smt2",
    "original_sha256": "2ec7b7f0fa67f502a476b2e0b4b86d14125a8e5ed85b7b11297f89b57c77ead3",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/smt/F40_truncation_norm.smt2",
    "bytes": 248,
    "sha256": "820bfadb83c895e0140b712ca46fc2edbe11649826f56bcd2c49432dca38fffc",
    "original_supplement_path": "verification/normal_families/formal/smt/F40_truncation_norm.smt2",
    "original_sha256": "820bfadb83c895e0140b712ca46fc2edbe11649826f56bcd2c49432dca38fffc",
    "relation": "unchanged retained artifact",
    "original_role": "Historical local SMT-LIB problem"
  },
  {
    "path": "verification/normal_families/formal/verify_lean.sh",
    "bytes": 636,
    "sha256": "4df9d02c478148f59db781da5f2dcf53f4ce6c394f35de2ee3dc968107f745f6",
    "original_supplement_path": "verification/normal_families/formal/verify_lean.sh",
    "original_sha256": "4df9d02c478148f59db781da5f2dcf53f4ce6c394f35de2ee3dc968107f745f6",
    "relation": "unchanged retained artifact",
    "original_role": "Executable check, experiment or build script"
  },
  {
    "path": "verification/normal_families/requirements.txt",
    "bytes": 102,
    "sha256": "e37f74f67e672c89db7e0c14d071b8f9c711e09d26840d0f88fb99162ade1834",
    "original_supplement_path": "verification/normal_families/requirements.txt",
    "original_sha256": "e37f74f67e672c89db7e0c14d071b8f9c711e09d26840d0f88fb99162ade1834",
    "relation": "unchanged retained artifact",
    "original_role": "Documentation or dependency record"
  },
  {
    "path": "verification/normal_families/results/continuation.json",
    "bytes": 957,
    "sha256": "49b4f0ae3e1ebc2d51aa06ecf6837e9e1e8e5e9a6562e89f54af2f554af5b504",
    "original_supplement_path": "verification/normal_families/results/continuation.json",
    "original_sha256": "49b4f0ae3e1ebc2d51aa06ecf6837e9e1e8e5e9a6562e89f54af2f554af5b504",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/results/distortion_comparison.json",
    "bytes": 717,
    "sha256": "7fa5b9a22253053df2e3558389e38fb956a3f4323052572d6fc8a1bee62aa52d",
    "original_supplement_path": "verification/normal_families/results/distortion_comparison.json",
    "original_sha256": "7fa5b9a22253053df2e3558389e38fb956a3f4323052572d6fc8a1bee62aa52d",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/results/floating_diagnostics.json",
    "bytes": 114,
    "sha256": "a555f75358e406236778d761f88c24e53fd55c693bd7f638e09f3448ac7ac73c",
    "original_supplement_path": "verification/normal_families/results/floating_diagnostics.json",
    "original_sha256": "a555f75358e406236778d761f88c24e53fd55c693bd7f638e09f3448ac7ac73c",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/results/formal_status.json",
    "bytes": 606,
    "sha256": "cfd8efaf9a823305ee94ed8a9d281127a5e39cc18aa700b04283d594a268f7a3",
    "original_supplement_path": "verification/normal_families/results/formal_status.json",
    "original_sha256": "cfd8efaf9a823305ee94ed8a9d281127a5e39cc18aa700b04283d594a268f7a3",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/results/independent_certificates.json",
    "bytes": 3709,
    "sha256": "38d6d8862f584f489b4e9e94c5056763a6a8f61f5e6f4f43c0f749321f95a068",
    "original_supplement_path": "verification/normal_families/results/independent_certificates.json",
    "original_sha256": "38d6d8862f584f489b4e9e94c5056763a6a8f61f5e6f4f43c0f749321f95a068",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/results/koebe_tail.json",
    "bytes": 3266,
    "sha256": "b776a1779cb52c5ad8b70b867cd64764ac9f7b1757d9a5283aa53501706a6b45",
    "original_supplement_path": "verification/normal_families/results/koebe_tail.json",
    "original_sha256": "b776a1779cb52c5ad8b70b867cd64764ac9f7b1757d9a5283aa53501706a6b45",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/results/optimal_radius_certificate.json",
    "bytes": 3264,
    "sha256": "3b629109935b5eec5c0369512b30f8b80c93811b6147770a294a6c72c201cc9c",
    "original_supplement_path": "verification/normal_families/results/optimal_radius_certificate.json",
    "original_sha256": "3b629109935b5eec5c0369512b30f8b80c93811b6147770a294a6c72c201cc9c",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/results/python_environment.json",
    "bytes": 253,
    "sha256": "b1b7dbb650469cf044af12fd13e1eb28f00b9bf1bd0615527d5c6d789bfabde0",
    "original_supplement_path": "verification/normal_families/results/python_environment.json",
    "original_sha256": "b1b7dbb650469cf044af12fd13e1eb28f00b9bf1bd0615527d5c6d789bfabde0",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/results/radius_optimization.json",
    "bytes": 27251,
    "sha256": "fc0b5881670f2c8838e8119ac2948aa510cf8521cab53623a96ebd46319ef323",
    "original_supplement_path": "verification/normal_families/results/radius_optimization.json",
    "original_sha256": "fc0b5881670f2c8838e8119ac2948aa510cf8521cab53623a96ebd46319ef323",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/results/restriction_frontier.json",
    "bytes": 3209,
    "sha256": "8403e760b26b312e1c7d134385598351d7c618980d9c7a26ffe0fa5124a7d8d1",
    "original_supplement_path": "verification/normal_families/results/restriction_frontier.json",
    "original_sha256": "8403e760b26b312e1c7d134385598351d7c618980d9c7a26ffe0fa5124a7d8d1",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/results/sample_bounds.json",
    "bytes": 937,
    "sha256": "030b6f6b33c35d0b68c0978109a53d56822e53b560a032e8038fe075469a5905",
    "original_supplement_path": "verification/normal_families/results/sample_bounds.json",
    "original_sha256": "030b6f6b33c35d0b68c0978109a53d56822e53b560a032e8038fe075469a5905",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/results/smt_verification.json",
    "bytes": 10062,
    "sha256": "9de23490b3e36419ae4eec6ce163ad9284f384e62b1b82c1f8c61fce1978fbf3",
    "original_supplement_path": "verification/normal_families/results/smt_verification.json",
    "original_sha256": "9de23490b3e36419ae4eec6ce163ad9284f384e62b1b82c1f8c61fce1978fbf3",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/results/symbolic_identities.json",
    "bytes": 423,
    "sha256": "269e64984070e34d8870cb936aaa7080aa80293f4efe339751eea740c1050a9a",
    "original_supplement_path": "verification/normal_families/results/symbolic_identities.json",
    "original_sha256": "269e64984070e34d8870cb936aaa7080aa80293f4efe339751eea740c1050a9a",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  },
  {
    "path": "verification/normal_families/results/verification.json",
    "bytes": 264642,
    "sha256": "c0079b8bb4b91081b5f61d9245195a252a28bd428d14c0fd0bf9815cc48324d8",
    "original_supplement_path": "verification/normal_families/results/verification.json",
    "original_sha256": "c0079b8bb4b91081b5f61d9245195a252a28bd428d14c0fd0bf9815cc48324d8",
    "relation": "unchanged retained artifact",
    "original_role": "Historical numerical, symbolic or validation record"
  }
]







PHI_volume_01_verification/historical_replays/cantor_affine/command_01.log

{
  "status": "PASS",
  "rule": "exact nonnegative affine combination",
  "certificates": 14,
  "mutated_certificates_rejected": 14,
  "ids": [
    "range_step_lower",
    "range_step_upper",
    "range_implies_positive_denominator",
    "range_base_lower",
    "range_base_upper",
    "left_branch_lower",
    "left_branch_upper",
    "right_branch_lower",
    "right_branch_upper",
    "cross_branch_gap",
    "first_difference_lower",
    "first_difference_upper",
    "gap_sum_budget",
    "enclosure_error"
  ],
  "scope": "Universal local affine implications only; not kernel checking of Lean/Coq or limit theorems"
}







PHI_volume_01_verification/historical_replays/cantor_affine/outputs/results/certificate_report.json

{
  "status": "PASS",
  "rule": "exact nonnegative affine combination",
  "certificates": 14,
  "mutated_certificates_rejected": 14,
  "ids": [
    "range_step_lower",
    "range_step_upper",
    "range_implies_positive_denominator",
    "range_base_lower",
    "range_base_upper",
    "left_branch_lower",
    "left_branch_upper",
    "right_branch_lower",
    "right_branch_upper",
    "cross_branch_gap",
    "first_difference_lower",
    "first_difference_upper",
    "gap_sum_budget",
    "enclosure_error"
  ],
  "scope": "Universal local affine implications only; not kernel checking of Lean/Coq or limit theorems"
}







PHI_volume_01_verification/historical_replays/cantor_affine/run.json

{
  "task": "cantor_affine",
  "module": "verification/cantor",
  "passed": true,
  "seconds": 0.8076832079999576,
  "commands": [
    {
      "command": [
        "python",
        "code/certificate_checker.py"
      ],
      "exit_code": 0,
      "log": "command_01.log"
    }
  ],
  "changed_or_new_record_files": [],
  "scope": "Local executable checks; no proof-assistant kernel invoked.",
  "output_files": [
    {
      "path": "outputs/results/certificate_report.json",
      "sha256": "6336b9e3aae3b7921e6105019ad74d15c66cf28f0b7b25ebcc8ee40fb163178c"
    }
  ]
}







PHI_volume_01_verification/historical_replays/cantor_exact/command_01.log

{
  "status": "PASS",
  "scope": "Finite exact-arithmetic regression tests, not a proof of limit theorems",
  "python": "3.13.5",
  "checks": {
    "level_cardinality": 11,
    "stage_length": 11,
    "code_range_even": 2047,
    "cylinder_diameter": 2047,
    "child_nesting": 2047,
    "middle_gap": 2047,
    "endpoint_membership": 2047,
    "level_separation": 11,
    "automaton_count": 11,
    "concatenation": 961,
    "rational_certificate_replay": 2272,
    "independent_rational_agreement": 2272,
    "orbit_length_bound": 2272,
    "periodic_membership": 254,
    "second_moment_bracket": 9,
    "second_moment_width": 9,
    "left_moment_error_identity": 9,
    "midpoint_moment_error_identity": 9,
    "reciprocal_bracket": 9,
    "persistence_gap_multiplicities": 7,
    "offset_count_at_resolved_scales": 28,
    "endpoint_not_rejected": 1,
    "middle_third_rejected": 1,
    "printed_endpoint_mutation_rejected": 1,
    "forged_orbit_rejected": 1,
    "forged_decision_rejected": 1,
    "degenerate_false_interval_rejected": 1,
    "floating_input_rejected": 1
  },
  "total_checks": 18397,
  "seconds": 0.331
}







PHI_volume_01_verification/historical_replays/cantor_exact/outputs/results/test_report.json

{
  "status": "PASS",
  "scope": "Finite exact-arithmetic regression tests, not a proof of limit theorems",
  "python": "3.13.5",
  "checks": {
    "level_cardinality": 11,
    "stage_length": 11,
    "code_range_even": 2047,
    "cylinder_diameter": 2047,
    "child_nesting": 2047,
    "middle_gap": 2047,
    "endpoint_membership": 2047,
    "level_separation": 11,
    "automaton_count": 11,
    "concatenation": 961,
    "rational_certificate_replay": 2272,
    "independent_rational_agreement": 2272,
    "orbit_length_bound": 2272,
    "periodic_membership": 254,
    "second_moment_bracket": 9,
    "second_moment_width": 9,
    "left_moment_error_identity": 9,
    "midpoint_moment_error_identity": 9,
    "reciprocal_bracket": 9,
    "persistence_gap_multiplicities": 7,
    "offset_count_at_resolved_scales": 28,
    "endpoint_not_rejected": 1,
    "middle_third_rejected": 1,
    "printed_endpoint_mutation_rejected": 1,
    "forged_orbit_rejected": 1,
    "forged_decision_rejected": 1,
    "degenerate_false_interval_rejected": 1,
    "floating_input_rejected": 1
  },
  "total_checks": 18397,
  "seconds": 0.331
}







PHI_volume_01_verification/historical_replays/cantor_exact/run.json

{
  "task": "cantor_exact",
  "module": "verification/cantor",
  "passed": true,
  "seconds": 1.1568928620000634,
  "commands": [
    {
      "command": [
        "python",
        "code/test_cantor.py"
      ],
      "exit_code": 0,
      "log": "command_01.log"
    }
  ],
  "changed_or_new_record_files": [
    "results/test_report.json"
  ],
  "scope": "Local executable checks; no proof-assistant kernel invoked.",
  "output_files": [
    {
      "path": "outputs/results/test_report.json",
      "sha256": "c74c0050b0fcbca9df418a6da96357930fe6bb98927ce9dd2396c196a3c9e1fe"
    }
  ]
}







PHI_volume_01_verification/historical_replays/cantor_symbolic/command_01.log

{
  "status": "PASS",
  "sympy_version": "1.14.0",
  "identities": {
    "affine_composition": "0",
    "range_step_slack": "0",
    "left_second_moment": "0",
    "right_second_moment_width": "0",
    "midpoint_second_moment": "0",
    "optimization_factorization": "0",
    "automaton_characteristic_polynomial": "0",
    "positive_eigenvector": "zero vector"
  },
  "identity_count": 8,
  "mutant_rejected": true,
  "scope": "Exact symbolic identities; not kernel proof of analytic/topological consequences"
}







PHI_volume_01_verification/historical_replays/cantor_symbolic/outputs/results/symbolic_report.json

{
  "status": "PASS",
  "sympy_version": "1.14.0",
  "identities": {
    "affine_composition": "0",
    "range_step_slack": "0",
    "left_second_moment": "0",
    "right_second_moment_width": "0",
    "midpoint_second_moment": "0",
    "optimization_factorization": "0",
    "automaton_characteristic_polynomial": "0",
    "positive_eigenvector": "zero vector"
  },
  "identity_count": 8,
  "mutant_rejected": true,
  "scope": "Exact symbolic identities; not kernel proof of analytic/topological consequences"
}







PHI_volume_01_verification/historical_replays/cantor_symbolic/run.json

{
  "task": "cantor_symbolic",
  "module": "verification/cantor",
  "passed": true,
  "seconds": 1.3666251269999066,
  "commands": [
    {
      "command": [
        "python",
        "code/symbolic_checks.py"
      ],
      "exit_code": 0,
      "log": "command_01.log"
    }
  ],
  "changed_or_new_record_files": [],
  "scope": "Local executable checks; no proof-assistant kernel invoked.",
  "output_files": [
    {
      "path": "outputs/results/symbolic_report.json",
      "sha256": "652c478a847bc4f3aa8965158c738d29501474ab9703e4ed8a4d5b2e6a5b1832"
    }
  ]
}







PHI_volume_01_verification/historical_replays/covering_arithmetic/command_01.log

{
  "scope": "New section-3 test release only. Counts below are assertions, not independent theorems.",
  "counts": {
    "complete_winding_certificates": 6,
    "rejected_mutated_winding_certificates": 24,
    "boundary_hypothesis_negative_control": 1,
    "permutation_structure": 43,
    "hurwitz_moves": 36,
    "permutation_associativity": 216,
    "passport_tests": 6,
    "euler_and_ramification": 600,
    "hardy_tail_energy": 96,
    "compositional_error_identity": 87,
    "closed_walk_counts": 30,
    "rounded_state_enclosure": 201,
    "rounded_state_invariance": 5,
    "rounded_nonzero_fixed_point": 1,
    "sympy_symbolic_identity": 10
  },
  "total_finite_assertions": 1362,
  "winding_certificates": [
    {
      "accepted": true,
      "winding": 3,
      "arcs": 20,
      "checked_control_points": 80,
      "minimum_coordinate_halfplane_margin": "1/2",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "cubic_three_roots",
      "generation_seconds": 0.008318167999959769,
      "checking_seconds": 0.003961327000070014
    },
    {
      "accepted": true,
      "winding": 1,
      "arcs": 4,
      "checked_control_points": 16,
      "minimum_coordinate_halfplane_margin": "5/4",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "cubic_central_root",
      "generation_seconds": 0.0013112550000187184,
      "checking_seconds": 0.0012929890000350497
    },
    {
      "accepted": true,
      "winding": 1,
      "arcs": 4,
      "checked_control_points": 16,
      "minimum_coordinate_halfplane_margin": "59/64",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "cubic_right_root",
      "generation_seconds": 0.0012993679999908636,
      "checking_seconds": 0.0014337270000623903
    },
    {
      "accepted": true,
      "winding": 2,
      "arcs": 16,
      "checked_control_points": 48,
      "minimum_coordinate_halfplane_margin": "3/4",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "quadratic_repeated_root",
      "generation_seconds": 0.005871116000093934,
      "checking_seconds": 0.003489209999997911
    },
    {
      "accepted": true,
      "winding": 0,
      "arcs": 20,
      "checked_control_points": 160,
      "minimum_coordinate_halfplane_margin": "83/32",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "gain_0_to_50",
      "generation_seconds": 0.02065104199994039,
      "checking_seconds": 0.01196409900001072
    },
    {
      "accepted": true,
      "winding": 2,
      "arcs": 24,
      "checked_control_points": 96,
      "minimum_coordinate_halfplane_margin": "170425/2097152",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "gain_61",
      "generation_seconds": 0.013693091000050117,
      "checking_seconds": 0.007898027999999613
    }
  ],
  "passports": [
    {
      "name": "degree5_3_3",
      "degree": 5,
      "cycle_lengths": [
        [
          3,
          1,
          1
        ],
        [
          1,
          1,
          3
        ]
      ],
      "defect": 4,
      "group_order": 60,
      "boundary_cycles": 1,
      "disk_euler_characteristic": 1
    },
    {
      "name": "degree5_4_2",
      "degree": 5,
      "cycle_lengths": [
        [
          4,
          1
        ],
        [
          1,
          1,
          1,
          2
        ]
      ],
      "defect": 4,
      "group_order": 120,
      "boundary_cycles": 1,
      "disk_euler_characteristic": 1
    }
  ],
  "formal_assistants": {
    "Lean": {
      "executable": null,
      "status": "not_run_compiler_unavailable"
    },
    "Coq/Rocq": {
      "executable": null,
      "status": "not_run_compiler_unavailable"
    }
  },
  "written_proofs_not_kernel_checked": true,
  "floating_point_used_in_certificate_acceptance": false,
  "timings_are_single_run_diagnostics_not_benchmarks": true,
  "python": "3.13.5",
  "sympy": "1.14.0",
  "platform": "Linux-6.18.44-x86_64-with-glibc2.41"
}







PHI_volume_01_verification/historical_replays/covering_arithmetic/outputs/metrics/certificate_timings.csv

accepted,winding,arcs,checked_control_points,minimum_coordinate_halfplane_margin,parameter_scope,case,generation_seconds,checking_seconds

True,3,20,80,1/2,entire convex hull of declared polynomials,cubic_three_roots,0.008318167999959769,0.003961327000070014

True,1,4,16,5/4,entire convex hull of declared polynomials,cubic_central_root,0.0013112550000187184,0.0012929890000350497

True,1,4,16,59/64,entire convex hull of declared polynomials,cubic_right_root,0.0012993679999908636,0.0014337270000623903

True,2,16,48,3/4,entire convex hull of declared polynomials,quadratic_repeated_root,0.005871116000093934,0.003489209999997911

True,0,20,160,83/32,entire convex hull of declared polynomials,gain_0_to_50,0.02065104199994039,0.01196409900001072

True,2,24,96,170425/2097152,entire convex hull of declared polynomials,gain_61,0.013693091000050117,0.007898027999999613








PHI_volume_01_verification/historical_replays/covering_arithmetic/outputs/metrics/verification.json

{
  "scope": "New section-3 test release only. Counts below are assertions, not independent theorems.",
  "counts": {
    "complete_winding_certificates": 6,
    "rejected_mutated_winding_certificates": 24,
    "boundary_hypothesis_negative_control": 1,
    "permutation_structure": 43,
    "hurwitz_moves": 36,
    "permutation_associativity": 216,
    "passport_tests": 6,
    "euler_and_ramification": 600,
    "hardy_tail_energy": 96,
    "compositional_error_identity": 87,
    "closed_walk_counts": 30,
    "rounded_state_enclosure": 201,
    "rounded_state_invariance": 5,
    "rounded_nonzero_fixed_point": 1,
    "sympy_symbolic_identity": 10
  },
  "total_finite_assertions": 1362,
  "winding_certificates": [
    {
      "accepted": true,
      "winding": 3,
      "arcs": 20,
      "checked_control_points": 80,
      "minimum_coordinate_halfplane_margin": "1/2",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "cubic_three_roots",
      "generation_seconds": 0.008318167999959769,
      "checking_seconds": 0.003961327000070014
    },
    {
      "accepted": true,
      "winding": 1,
      "arcs": 4,
      "checked_control_points": 16,
      "minimum_coordinate_halfplane_margin": "5/4",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "cubic_central_root",
      "generation_seconds": 0.0013112550000187184,
      "checking_seconds": 0.0012929890000350497
    },
    {
      "accepted": true,
      "winding": 1,
      "arcs": 4,
      "checked_control_points": 16,
      "minimum_coordinate_halfplane_margin": "59/64",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "cubic_right_root",
      "generation_seconds": 0.0012993679999908636,
      "checking_seconds": 0.0014337270000623903
    },
    {
      "accepted": true,
      "winding": 2,
      "arcs": 16,
      "checked_control_points": 48,
      "minimum_coordinate_halfplane_margin": "3/4",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "quadratic_repeated_root",
      "generation_seconds": 0.005871116000093934,
      "checking_seconds": 0.003489209999997911
    },
    {
      "accepted": true,
      "winding": 0,
      "arcs": 20,
      "checked_control_points": 160,
      "minimum_coordinate_halfplane_margin": "83/32",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "gain_0_to_50",
      "generation_seconds": 0.02065104199994039,
      "checking_seconds": 0.01196409900001072
    },
    {
      "accepted": true,
      "winding": 2,
      "arcs": 24,
      "checked_control_points": 96,
      "minimum_coordinate_halfplane_margin": "170425/2097152",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "gain_61",
      "generation_seconds": 0.013693091000050117,
      "checking_seconds": 0.007898027999999613
    }
  ],
  "passports": [
    {
      "name": "degree5_3_3",
      "degree": 5,
      "cycle_lengths": [
        [
          3,
          1,
          1
        ],
        [
          1,
          1,
          3
        ]
      ],
      "defect": 4,
      "group_order": 60,
      "boundary_cycles": 1,
      "disk_euler_characteristic": 1
    },
    {
      "name": "degree5_4_2",
      "degree": 5,
      "cycle_lengths": [
        [
          4,
          1
        ],
        [
          1,
          1,
          1,
          2
        ]
      ],
      "defect": 4,
      "group_order": 120,
      "boundary_cycles": 1,
      "disk_euler_characteristic": 1
    }
  ],
  "formal_assistants": {
    "Lean": {
      "executable": null,
      "status": "not_run_compiler_unavailable"
    },
    "Coq/Rocq": {
      "executable": null,
      "status": "not_run_compiler_unavailable"
    }
  },
  "written_proofs_not_kernel_checked": true,
  "floating_point_used_in_certificate_acceptance": false,
  "timings_are_single_run_diagnostics_not_benchmarks": true,
  "python": "3.13.5",
  "sympy": "1.14.0",
  "platform": "Linux-6.18.44-x86_64-with-glibc2.41"
}






PHI_volume_01_verification/historical_replays/covering_arithmetic/run.json

{
  "task": "covering_arithmetic",
  "module": "verification/coverings",
  "passed": true,
  "seconds": 1.4492540109999936,
  "commands": [
    {
      "command": [
        "python",
        "code/run_checks.py"
      ],
      "exit_code": 0,
      "log": "command_01.log"
    }
  ],
  "changed_or_new_record_files": [
    "metrics/verification.json",
    "metrics/certificate_timings.csv"
  ],
  "scope": "Local executable checks; no proof-assistant kernel invoked.",
  "output_files": [
    {
      "path": "outputs/metrics/verification.json",
      "sha256": "587bfc73caef24e4c5d5bd1349266519712a057b46e17682c535ed87764c84b2"
    },
    {
      "path": "outputs/metrics/certificate_timings.csv",
      "sha256": "d8ed7bcb1da3c3914d026d42a6e436bf42d394e1a585ca4100e905a736c80893"
    }
  ]
}







PHI_volume_01_verification/historical_replays/covering_branches/command_01.log

{
  "scope": "Educational worked variants only; no new infinite-dimensional kernel proofs",
  "counts": {
    "teaching_root_certificate": 1,
    "teaching_certificate_mutants": 4,
    "quotient_algebra": 3,
    "nilpotent_algebra": 2,
    "hardy_gram": 12,
    "four_sheet_dp": 22,
    "parameter_witness_counterexample": 5,
    "parameter_source_subdivision_invariance": 31,
    "lc_units": 3,
    "allpass_variants": 3,
    "routh_variants": 2,
    "correlated_routh": 1,
    "correlated_routh_samples": 25,
    "pick_variants": 5,
    "five_state_fixed_points": 5,
    "rounded_ug_fixed_point": 1,
    "precision_allocation": 5,
    "error_weights": 1,
    "discriminant_identity": 2
  },
  "total_assertions": 133,
  "teaching_certificate": {
    "accepted": true,
    "winding": 1,
    "arcs": 4,
    "checked_control_points": 12,
    "minimum_coordinate_halfplane_margin": "3/4",
    "parameter_scope": "entire convex hull of declared polynomials"
  },
  "arithmetic": "Fraction and exact SymPy polynomial/matrix arithmetic",
  "proof_assistant_kernel_checked": false
}







PHI_volume_01_verification/historical_replays/covering_branches/outputs/metrics/branch_checks.json

{
  "scope": "Educational worked variants only; no new infinite-dimensional kernel proofs",
  "counts": {
    "teaching_root_certificate": 1,
    "teaching_certificate_mutants": 4,
    "quotient_algebra": 3,
    "nilpotent_algebra": 2,
    "hardy_gram": 12,
    "four_sheet_dp": 22,
    "parameter_witness_counterexample": 5,
    "parameter_source_subdivision_invariance": 31,
    "lc_units": 3,
    "allpass_variants": 3,
    "routh_variants": 2,
    "correlated_routh": 1,
    "correlated_routh_samples": 25,
    "pick_variants": 5,
    "five_state_fixed_points": 5,
    "rounded_ug_fixed_point": 1,
    "precision_allocation": 5,
    "error_weights": 1,
    "discriminant_identity": 2
  },
  "total_assertions": 133,
  "teaching_certificate": {
    "accepted": true,
    "winding": 1,
    "arcs": 4,
    "checked_control_points": 12,
    "minimum_coordinate_halfplane_margin": "3/4",
    "parameter_scope": "entire convex hull of declared polynomials"
  },
  "arithmetic": "Fraction and exact SymPy polynomial/matrix arithmetic",
  "proof_assistant_kernel_checked": false
}






PHI_volume_01_verification/historical_replays/covering_branches/run.json

{
  "task": "covering_branches",
  "module": "verification/coverings",
  "passed": true,
  "seconds": 1.3540215350000153,
  "commands": [
    {
      "command": [
        "python",
        "code/branch_checks.py"
      ],
      "exit_code": 0,
      "log": "command_01.log"
    }
  ],
  "changed_or_new_record_files": [],
  "scope": "Local executable checks; no proof-assistant kernel invoked.",
  "output_files": [
    {
      "path": "outputs/metrics/branch_checks.json",
      "sha256": "4c61fc1675351f78fcbb9223fb925aa00f53be913deb0e10738b21a1373fdcd1"
    }
  ]
}







PHI_volume_01_verification/historical_replays/covering_polynomials/command_01.log

{
  "universal_polynomial_identities": 12,
  "rejected_mutations": 24,
  "identity_rows": [
    {
      "id": "difference_of_squares",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "ramification_composition",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "euler_defect",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "blaschke_disk",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "routh_crossing",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "fold_discriminant",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "dihedral_cubic",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "storage_balance",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "poisson_denominator",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "variance_pair",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "error_step",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "parameter_affinity",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    }
  ],
  "backend": "stdlib Fraction; no SymPy in acceptance",
  "not_proof_assistant_kernel": true
}







PHI_volume_01_verification/historical_replays/covering_polynomials/outputs/metrics/polynomial_identity_checks.json

{
  "universal_polynomial_identities": 12,
  "rejected_mutations": 24,
  "identity_rows": [
    {
      "id": "difference_of_squares",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "ramification_composition",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "euler_defect",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "blaschke_disk",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "routh_crossing",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "fold_discriminant",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "dihedral_cubic",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "storage_balance",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "poisson_denominator",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "variance_pair",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "error_step",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "parameter_affinity",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    }
  ],
  "backend": "stdlib Fraction; no SymPy in acceptance",
  "not_proof_assistant_kernel": true
}






PHI_volume_01_verification/historical_replays/covering_polynomials/run.json

{
  "task": "covering_polynomials",
  "module": "verification/coverings",
  "passed": true,
  "seconds": 0.8746916659999897,
  "commands": [
    {
      "command": [
        "python",
        "code/polynomial_kernel.py"
      ],
      "exit_code": 0,
      "log": "command_01.log"
    }
  ],
  "changed_or_new_record_files": [],
  "scope": "Local executable checks; no proof-assistant kernel invoked.",
  "output_files": [
    {
      "path": "outputs/metrics/polynomial_identity_checks.json",
      "sha256": "78a4c36a2298aab66c5ea6483c56c478acf2d9e0cd95f5c5675df58f1b864444"
    }
  ]
}







PHI_volume_01_verification/historical_replays/finite_observables/command_01.log

{
  "scope": "Finite rational laboratory accompanying the undergraduate document; not end-to-end formal verification.",
  "python": "3.13.5",
  "checks_by_group": {
    "word arithmetic": 2047,
    "child nesting and gaps": 2047,
    "finite stage lengths": 11,
    "rational certificate replays": 940,
    "independent integer reference": 940,
    "rational termination bound": 940,
    "decision mutations rejected": 940,
    "input substitutions rejected": 940,
    "transition mutations rejected": 1,
    "malformed certificates rejected": 4,
    "budget exhaustion explicit": 1,
    "automaton counts": 13,
    "moments": 1,
    "quadrature identities": 9,
    "reciprocal width": 9,
    "outward decimal rounding": 9,
    "closed offset thresholds": 8,
    "offset just below thresholds": 8,
    "finite sample zero radius": 7,
    "finite versus continuum counts": 1,
    "square-root enclosure inequalities": 700,
    "inverse-cylinder ordering": 9,
    "inverse orientation": 1,
    "nonconvex optimum witnesses": 1,
    "finite arithmetic state containment": 173,
    "fixed-point counterexample": 1,
    "rounding tie convention": 1
  },
  "total_checks": 9762,
  "result": "PASS",
  "formal_tool_status": {
    "lean": "NOT_RUN_UNAVAILABLE",
    "lake": "NOT_RUN_UNAVAILABLE",
    "coqc": "NOT_RUN_UNAVAILABLE",
    "coqchk": "NOT_RUN_UNAVAILABLE",
    "z3": "NOT_RUN_UNAVAILABLE"
  },
  "infinite_theorems": "Written derivations and cited synopsis proofs; not kernel-checked.",
  "education": "No learning-outcome experiment or institutional implementation was performed.",
  "dependency_boundary": "Python integer/Fraction implementation, script semantics, interpreter and operating environment remain trusted."
}







PHI_volume_01_verification/historical_replays/finite_observables/outputs/results/inverse_cylinders.json

[
  {
    "word": "000",
    "lower": "-14717132483/10000000000",
    "upper": "-12357721713/10000000000"
  },
  {
    "word": "001",
    "lower": "-10211719721/10000000000",
    "upper": "-4173978647/5000000000"
  },
  {
    "word": "010",
    "lower": "-1057457699/500000000",
    "upper": "-2447594519/1250000000"
  },
  {
    "word": "011",
    "lower": "-5757123897/2500000000",
    "upper": "-11132393951/5000000000"
  },
  {
    "word": "100",
    "lower": "12357721713/10000000000",
    "upper": "14717132483/10000000000"
  },
  {
    "word": "101",
    "lower": "4173978647/5000000000",
    "upper": "10211719721/10000000000"
  },
  {
    "word": "110",
    "lower": "2447594519/1250000000",
    "upper": "1057457699/500000000"
  },
  {
    "word": "111",
    "lower": "11132393951/5000000000",
    "upper": "5757123897/2500000000"
  },
  {
    "word": "00110101",
    "lower": "-2185291737/2500000000",
    "upper": "-8733722911/10000000000"
  }
]







PHI_volume_01_verification/historical_replays/finite_observables/outputs/results/membership_examples.json

[
  {
    "input": [
      1,
      3
    ],
    "states": [
      [
        1,
        3
      ],
      [
        1,
        1
      ]
    ],
    "reason": "endpoint",
    "decision": "member",
    "repeat_index": null
  },
  {
    "input": [
      1,
      4
    ],
    "states": [
      [
        1,
        4
      ],
      [
        3,
        4
      ],
      [
        1,
        4
      ]
    ],
    "reason": "cycle",
    "decision": "member",
    "repeat_index": 0
  },
  {
    "input": [
      1,
      2
    ],
    "states": [
      [
        1,
        2
      ]
    ],
    "reason": "gap",
    "decision": "nonmember",
    "repeat_index": null
  },
  {
    "input": [
      1,
      8
    ],
    "states": [
      [
        1,
        8
      ],
      [
        3,
        8
      ]
    ],
    "reason": "gap",
    "decision": "nonmember",
    "repeat_index": null
  },
  {
    "input": [
      1,
      10
    ],
    "states": [
      [
        1,
        10
      ],
      [
        3,
        10
      ],
      [
        9,
        10
      ],
      [
        7,
        10
      ],
      [
        1,
        10
      ]
    ],
    "reason": "cycle",
    "decision": "member",
    "repeat_index": 0
  },
  {
    "input": [
      1,
      5
    ],
    "states": [
      [
        1,
        5
      ],
      [
        3,
        5
      ]
    ],
    "reason": "gap",
    "decision": "nonmember",
    "repeat_index": null
  }
]







PHI_volume_01_verification/historical_replays/finite_observables/outputs/results/quadrature.json

[
  {
    "n": 0,
    "lower": "0",
    "upper": "1",
    "midpoint": "1/4",
    "midpoint_error": "1/8"
  },
  {
    "n": 1,
    "lower": "2/9",
    "upper": "5/9",
    "midpoint": "13/36",
    "midpoint_error": "1/72"
  },
  {
    "n": 2,
    "lower": "26/81",
    "upper": "35/81",
    "midpoint": "121/324",
    "midpoint_error": "1/648"
  },
  {
    "n": 3,
    "lower": "260/729",
    "upper": "287/729",
    "midpoint": "1093/2916",
    "midpoint_error": "1/5832"
  },
  {
    "n": 4,
    "lower": "2420/6561",
    "upper": "2501/6561",
    "midpoint": "9841/26244",
    "midpoint_error": "1/52488"
  },
  {
    "n": 5,
    "lower": "22022/59049",
    "upper": "22265/59049",
    "midpoint": "88573/236196",
    "midpoint_error": "1/472392"
  },
  {
    "n": 6,
    "lower": "198926/531441",
    "upper": "199655/531441",
    "midpoint": "797161/2125764",
    "midpoint_error": "1/4251528"
  },
  {
    "n": 7,
    "lower": "1792520/4782969",
    "upper": "1794707/4782969",
    "midpoint": "7174453/19131876",
    "midpoint_error": "1/38263752"
  },
  {
    "n": 8,
    "lower": "16139240/43046721",
    "upper": "16145801/43046721",
    "midpoint": "64570081/172186884",
    "midpoint_error": "1/344373768"
  }
]







PHI_volume_01_verification/historical_replays/finite_observables/outputs/results/reciprocal.json

[
  {
    "n": 0,
    "lower": "1/2",
    "upper": "1",
    "printed_lower": "0.500000000",
    "printed_upper": "1.000000000"
  },
  {
    "n": 1,
    "lower": "5/8",
    "upper": "4/5",
    "printed_lower": "0.625000000",
    "printed_upper": "0.800000000"
  },
  {
    "n": 2,
    "lower": "217/320",
    "upper": "689/935",
    "printed_lower": "0.678125000",
    "printed_upper": "0.736898396"
  },
  {
    "n": 3,
    "lower": "15875077/22771840",
    "upper": "338880008/472804255",
    "printed_lower": "0.697136331",
    "printed_upper": "0.716744836"
  },
  {
    "n": 4,
    "lower": "49439863683929/70266155814400",
    "upper": "618860276118479023813/871455843994259253457",
    "printed_lower": "0.703608488",
    "printed_upper": "0.710145305"
  },
  {
    "n": 5,
    "lower": "51392709285826280251936377612834438149/72816861927347581435861841087940224000",
    "upper": "72923065783854478800214546082220732759072000560825684/103004601942355825069935270562910166432501741293922175",
    "printed_lower": "0.705780336",
    "printed_upper": "0.707959299"
  },
  {
    "n": 6,
    "lower": "918531429891339743747259533887020575294904635721990159164360519118930999138606091/1300104456132576951645408740770566755135754146089062879023214522926474446694912000",
    "upper": "48135805637412787418819340876387868552364852419246870176066460961026379954976919349456378383947268750891442575559/68062237821040997312714042168533525995900396322898081224396806420448297377041343888190634943268512075941361390725",
    "printed_lower": "0.706505870",
    "printed_upper": "0.707232192"
  },
  {
    "n": 7,
    "lower": "50222040236146165813602609159410144275225783561539670528192051292054229364515858527754180211060694312406041512292821551703427269734781469234822330078254951667534318491487841201479/71060757244887690270015135443705707872158799674939294583525679426516584140345466895218934924201688792992864940355412708069043188438638276226742501392652793218760175342161376256000",
    "upper": "5534743392091995461191037693012158331185265044642772097142963015596663545517398039032480907455743763373817280441373363091283850753359651745097964392780520229889535792895181802779922686001591156964426671301826615555697406416614816519447404961593665165438907514962802515749808/7828602121724174109545797453319659409367372137127991396944583682308474500654736973948809589554619503031258696349302446491943930859747763497983869734540690245184455049071408600460620015727338402330924903764791185109828018200544916309754126637899283676251734421867578328496625",
    "printed_lower": "0.706747889",
    "printed_upper": "0.706989998"
  },
  {
    "n": 8,
    "lower": "1477040252364523068894440044341193952629020849869885004707893259811029034333153360277965972629259737365173003294712220365190681663310796395576960007961123543732952052128065018448309438485938166880157352531245822320618418503574520507643484850566438990235633082436673280060363622087661082123192451510585042652076095598242896036528202684692937269961735356170552958634666079383572297118966846096819/2089672501522011642227166364270662855424220195460791886578310023819964722169433119976729433093232671357740764523347994803653458817689687914796104714948185846478311948737015681728249372374514158729879928012996010154180968636872267027847207197931094382937306747334652091211883171835468595452076222625012754667720806764997858732042025453989305261653013232691595745024055782660062625701286273024000",
    "upper": "751457483924974433271485663690626928491649235093121274688782656644334672437191694935027344117519594149075945209342834777686756310370347575998071358312642848395420129447144694802517948568315036476735324243557039477857717537632029628556614724876922077631686851620981174963836039476817776458617383525912130662403648046052810796740492663505317760570248985371233343318132079610872538753467174398174206759659215606693259839631264932920116331873486697137331008265856597609459430365438512726225004567590020973768918522048034913225775550727345656397909356678583840319/1063018268142644566804016582679989591584341434598185889327027748642070693576349843335385700197763213579198432527997800303143180586041369986076003620228018544025443308401888084630863005278973677722358425245284193947040983404887112352953256814862859550727490819722113664961720607751644610724158755931056644305052445640645694701142583605431719658497120377286998036495463170663348018792051617480569098596213553718927535806482934823248161183685563227376595482348939064213953646379274772325861459294095303033730692666949656938450452908664804228111822117219707330375",
    "printed_lower": "0.706828582",
    "printed_upper": "0.706909286"
  }
]







PHI_volume_01_verification/historical_replays/finite_observables/outputs/results/rounding_states.json

{
  "-16": {
    "prefix": [
      -16,
      -12,
      -9,
      -7,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-15": {
    "prefix": [
      -15,
      -11,
      -8,
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-14": {
    "prefix": [
      -14,
      -11,
      -8,
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-13": {
    "prefix": [
      -13,
      -10,
      -8,
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-12": {
    "prefix": [
      -12,
      -9,
      -7,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-11": {
    "prefix": [
      -11,
      -8,
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-10": {
    "prefix": [
      -10,
      -8,
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-9": {
    "prefix": [
      -9,
      -7,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-8": {
    "prefix": [
      -8,
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-7": {
    "prefix": [
      -7,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-6": {
    "prefix": [
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-5": {
    "prefix": [
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-4": {
    "prefix": [
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-3": {
    "prefix": [
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-2": {
    "prefix": [
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-1": {
    "prefix": [
      -1
    ],
    "cycle": [
      -1
    ]
  },
  "0": {
    "prefix": [
      0
    ],
    "cycle": [
      0
    ]
  },
  "1": {
    "prefix": [
      1
    ],
    "cycle": [
      1
    ]
  },
  "2": {
    "prefix": [
      2
    ],
    "cycle": [
      2
    ]
  },
  "3": {
    "prefix": [
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "4": {
    "prefix": [
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "5": {
    "prefix": [
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "6": {
    "prefix": [
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "7": {
    "prefix": [
      7,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "8": {
    "prefix": [
      8,
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "9": {
    "prefix": [
      9,
      7,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "10": {
    "prefix": [
      10,
      8,
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "11": {
    "prefix": [
      11,
      8,
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "12": {
    "prefix": [
      12,
      9,
      7,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "13": {
    "prefix": [
      13,
      10,
      8,
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "14": {
    "prefix": [
      14,
      11,
      8,
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "15": {
    "prefix": [
      15,
      11,
      8,
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "16": {
    "prefix": [
      16,
      12,
      9,
      7,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  }
}







PHI_volume_01_verification/historical_replays/finite_observables/outputs/results/verification_report.json

{
  "scope": "Finite rational laboratory accompanying the undergraduate document; not end-to-end formal verification.",
  "python": "3.13.5",
  "checks_by_group": {
    "word arithmetic": 2047,
    "child nesting and gaps": 2047,
    "finite stage lengths": 11,
    "rational certificate replays": 940,
    "independent integer reference": 940,
    "rational termination bound": 940,
    "decision mutations rejected": 940,
    "input substitutions rejected": 940,
    "transition mutations rejected": 1,
    "malformed certificates rejected": 4,
    "budget exhaustion explicit": 1,
    "automaton counts": 13,
    "moments": 1,
    "quadrature identities": 9,
    "reciprocal width": 9,
    "outward decimal rounding": 9,
    "closed offset thresholds": 8,
    "offset just below thresholds": 8,
    "finite sample zero radius": 7,
    "finite versus continuum counts": 1,
    "square-root enclosure inequalities": 700,
    "inverse-cylinder ordering": 9,
    "inverse orientation": 1,
    "nonconvex optimum witnesses": 1,
    "finite arithmetic state containment": 173,
    "fixed-point counterexample": 1,
    "rounding tie convention": 1
  },
  "total_checks": 9762,
  "result": "PASS",
  "formal_tool_status": {
    "lean": "NOT_RUN_UNAVAILABLE",
    "lake": "NOT_RUN_UNAVAILABLE",
    "coqc": "NOT_RUN_UNAVAILABLE",
    "coqchk": "NOT_RUN_UNAVAILABLE",
    "z3": "NOT_RUN_UNAVAILABLE"
  },
  "infinite_theorems": "Written derivations and cited synopsis proofs; not kernel-checked.",
  "education": "No learning-outcome experiment or institutional implementation was performed.",
  "dependency_boundary": "Python integer/Fraction implementation, script semantics, interpreter and operating environment remain trusted."
}







PHI_volume_01_verification/historical_replays/finite_observables/run.json

{
  "task": "finite_observables",
  "module": "verification/finite_observables",
  "passed": true,
  "seconds": 1.0057773689999294,
  "commands": [
    {
      "command": [
        "python",
        "code/run_lab.py"
      ],
      "exit_code": 0,
      "log": "command_01.log"
    }
  ],
  "changed_or_new_record_files": [],
  "scope": "Local executable checks; no proof-assistant kernel invoked.",
  "output_files": [
    {
      "path": "outputs/results/verification_report.json",
      "sha256": "7f2374f3df06f0b3e2f589e4069d4a6be84dde637f12ec851a77cfd578c59825"
    },
    {
      "path": "outputs/results/membership_examples.json",
      "sha256": "d547fa7414e6a74f699e52ae97bdf89f16338b60034a1b40cc8a4ac983803fdd"
    },
    {
      "path": "outputs/results/inverse_cylinders.json",
      "sha256": "0cb7e7c2e8e7cbadfb27b4700ebcc399bf36e8439de8d56a1fe35e6853397ed2"
    },
    {
      "path": "outputs/results/quadrature.json",
      "sha256": "7d83fba9363b7c3c4af136fb2e9feda07cea7eeff873eacec5e16ecb63642557"
    },
    {
      "path": "outputs/results/reciprocal.json",
      "sha256": "be6876fe72bddf3b23be9d15376944bf7504d2248135fc06d2aa0c57992ba28a"
    },
    {
      "path": "outputs/results/rounding_states.json",
      "sha256": "dd0f999282b08c7ae68ea50dda5534670e7c2b4d37b16652a264ae9a078d433b"
    }
  ]
}







PHI_volume_01_verification/historical_replays/functional_operators/command_01.log

{
  "status": "passed",
  "assertions_by_group": {
    "exact_complete_square": 729,
    "exact_projection": 1875,
    "exact_refinement": 625,
    "symbolic_Haar": 15,
    "exact_Cantor_ledger": 20,
    "exact_tolerance": 1,
    "exact_source_example": 1,
    "exact_residual_certificate": 1,
    "symbolic_transfer": 1,
    "symbolic_derivative": 1,
    "floating_graph_diagnostic": 163,
    "floating_64_Haar_diagnostic": 1,
    "floating_norm_ball_diagnostic": 30
  },
  "total_assertions": 3463,
  "exact_or_symbolic_assertions": 3269,
  "floating_point_diagnostics": 194,
  "graph_max_mean_defect": 3.3306690738754696e-16,
  "graph_max_spectral_laplacian_defect": 1.942890293094024e-15,
  "norm_ball_max_equation_defect": 2.3314683517128287e-15,
  "versions": {
    "python": "3.13.5",
    "numpy": "2.3.5",
    "sympy": "1.14.0",
    "cairo": "1.18.4",
    "font_requested": "DejaVu Sans Mono"
  },
  "boundaries": [
    "These are finite exact/symbolic checks and floating diagnostics, not kernel-checked theorems.",
    "Infinite density, completeness and operator statements are written proofs with stated hypotheses.",
    "Animation transitions interpolate between key states; the interpolation itself is not asserted to be a projection.",
    "The heat animation is a finite torus graph, not a continuum PDE convergence certificate.",
    "The displayed 64x64 Haar heatmap rescales rows for visibility; its true amplitudes remain in the formula and code."
  ]
}







PHI_volume_01_verification/historical_replays/functional_operators/outputs/results/verification.json

{
  "status": "passed",
  "assertions_by_group": {
    "exact_complete_square": 729,
    "exact_projection": 1875,
    "exact_refinement": 625,
    "symbolic_Haar": 15,
    "exact_Cantor_ledger": 20,
    "exact_tolerance": 1,
    "exact_source_example": 1,
    "exact_residual_certificate": 1,
    "symbolic_transfer": 1,
    "symbolic_derivative": 1,
    "floating_graph_diagnostic": 163,
    "floating_64_Haar_diagnostic": 1,
    "floating_norm_ball_diagnostic": 30
  },
  "total_assertions": 3463,
  "exact_or_symbolic_assertions": 3269,
  "floating_point_diagnostics": 194,
  "graph_max_mean_defect": 3.3306690738754696e-16,
  "graph_max_spectral_laplacian_defect": 1.942890293094024e-15,
  "norm_ball_max_equation_defect": 2.3314683517128287e-15,
  "versions": {
    "python": "3.13.5",
    "numpy": "2.3.5",
    "sympy": "1.14.0",
    "cairo": "1.18.4",
    "font_requested": "DejaVu Sans Mono"
  },
  "Cantor_energy_ledger": [
    {
      "depth": 0,
      "cells": 1,
      "resolved_variance": "0",
      "unresolved_MSE": "1/8"
    },
    {
      "depth": 1,
      "cells": 2,
      "resolved_variance": "1/9",
      "unresolved_MSE": "1/72"
    },
    {
      "depth": 2,
      "cells": 4,
      "resolved_variance": "10/81",
      "unresolved_MSE": "1/648"
    },
    {
      "depth": 3,
      "cells": 8,
      "resolved_variance": "91/729",
      "unresolved_MSE": "1/5832"
    },
    {
      "depth": 4,
      "cells": 16,
      "resolved_variance": "820/6561",
      "unresolved_MSE": "1/52488"
    },
    {
      "depth": 5,
      "cells": 32,
      "resolved_variance": "7381/59049",
      "unresolved_MSE": "1/472392"
    },
    {
      "depth": 6,
      "cells": 64,
      "resolved_variance": "66430/531441",
      "unresolved_MSE": "1/4251528"
    },
    {
      "depth": 7,
      "cells": 128,
      "resolved_variance": "597871/4782969",
      "unresolved_MSE": "1/38263752"
    },
    {
      "depth": 8,
      "cells": 256,
      "resolved_variance": "5380840/43046721",
      "unresolved_MSE": "1/344373768"
    },
    {
      "depth": 9,
      "cells": 512,
      "resolved_variance": "48427561/387420489",
      "unresolved_MSE": "1/3099363912"
    }
  ],
  "boundaries": [
    "These are finite exact/symbolic checks and floating diagnostics, not kernel-checked theorems.",
    "Infinite density, completeness and operator statements are written proofs with stated hypotheses.",
    "Animation transitions interpolate between key states; the interpolation itself is not asserted to be a projection.",
    "The heat animation is a finite torus graph, not a continuum PDE convergence certificate.",
    "The displayed 64x64 Haar heatmap rescales rows for visibility; its true amplitudes remain in the formula and code."
  ]
}






PHI_volume_01_verification/historical_replays/functional_operators/run.json

{
  "task": "functional_operators",
  "module": "verification/functional_operators",
  "passed": true,
  "seconds": 1.3452944050000042,
  "commands": [
    {
      "command": [
        "python",
        "scripts/verify.py"
      ],
      "exit_code": 0,
      "log": "command_01.log"
    }
  ],
  "changed_or_new_record_files": [
    "results/verification.json"
  ],
  "scope": "Local executable checks; no proof-assistant kernel invoked.",
  "output_files": [
    {
      "path": "outputs/results/verification.json",
      "sha256": "60221035cf363d80b4ae589b6e1b7889637715217ebf4f53ec1285f5ce51ba41"
    }
  ]
}







PHI_volume_01_verification/historical_replays/mapping_polynomials/command_01.log

14 independent identities; 14 altered identities rejected







PHI_volume_01_verification/historical_replays/mapping_polynomials/outputs/formal/rational_identities.json

[
  {
    "id": "I01_quadratic_difference",
    "left": "z+a*z**2-w-a*w**2",
    "right": "(z-w)*(1+a*(z+w))",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I02_koebe_difference",
    "left": "z/(1-z)**2-w/(1-w)**2",
    "right": "(z-w)*(1-z*w)/((1-z)**2*(1-w)**2)",
    "denominator_guards": [
      "1-z != 0",
      "1-w != 0"
    ],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I03_cayley",
    "left": "1+4*z/(1-z)**2",
    "right": "((1+z)/(1-z))**2",
    "denominator_guards": [
      "1-z != 0"
    ],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I04_koebe_derivative",
    "left": "((1-z)**2+2*z*(1-z))/(1-z)**4",
    "right": "(1+z)/(1-z)**3",
    "denominator_guards": [
      "1-z != 0"
    ],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I05_inverse_equation",
    "left": "w*z**2-(2*w+1)*z+w",
    "right": "w*(1-z)**2-z",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I06_extremal_gain",
    "left": "1+q**2-2*q",
    "right": "(1-q)**2",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I07_two_arc_sos",
    "left": "(a+b)**2-4*a*b",
    "right": "(a-b)**2",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I08_quarter_sos",
    "left": "(1+r)**2-4*r",
    "right": "(1-r)**2",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I09_jacobian_energy",
    "left": "(x*u-y*v)**2+(y*u+x*v)**2",
    "right": "(x*x+y*y)*(u*u+v*v)",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I10_cayley_real",
    "left": "(1+x)**2+y*y-((1-x)**2+y*y)",
    "right": "4*x",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I11_koebe_schwarzian",
    "left": "(6*(3+z)/(1-z)**5)/((1+z)/(1-z)**3)-(3/2)*(2*(2+z)/(1-z)**4/((1+z)/(1-z)**3))**2",
    "right": "-6/(1-z*z)**2",
    "denominator_guards": [
      "1-z != 0",
      "1+z != 0"
    ],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I12_projective_determinants",
    "left": "(u1*a2-u2*a1)*(b1*c2-b2*c1)-(u1*c2-u2*c1)*(b1*a2-b2*a1)",
    "right": "(u1*b2-u2*b1)*(a1*c2-a2*c1)",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I13_distortion_ratio",
    "left": "((1+r)/(1-r)**3)/((1-r)/(1+r)**3)",
    "right": "((1+r)/(1-r))**4",
    "denominator_guards": [
      "1-r != 0",
      "1+r != 0"
    ],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I14_quadratic_inverse",
    "left": "(u-1)*(u+1)",
    "right": "u*u-1",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  }
]







PHI_volume_01_verification/historical_replays/mapping_polynomials/outputs/results/independent_certificates.json

{
  "accepted": 14,
  "mutations_rejected": 14,
  "engine": "independent exact sparse Q-polynomial arithmetic",
  "records": [
    {
      "id": "I01_quadratic_difference",
      "left": "z+a*z**2-w-a*w**2",
      "right": "(z-w)*(1+a*(z+w))",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I02_koebe_difference",
      "left": "z/(1-z)**2-w/(1-w)**2",
      "right": "(z-w)*(1-z*w)/((1-z)**2*(1-w)**2)",
      "denominator_guards": [
        "1-z != 0",
        "1-w != 0"
      ],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I03_cayley",
      "left": "1+4*z/(1-z)**2",
      "right": "((1+z)/(1-z))**2",
      "denominator_guards": [
        "1-z != 0"
      ],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I04_koebe_derivative",
      "left": "((1-z)**2+2*z*(1-z))/(1-z)**4",
      "right": "(1+z)/(1-z)**3",
      "denominator_guards": [
        "1-z != 0"
      ],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I05_inverse_equation",
      "left": "w*z**2-(2*w+1)*z+w",
      "right": "w*(1-z)**2-z",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I06_extremal_gain",
      "left": "1+q**2-2*q",
      "right": "(1-q)**2",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I07_two_arc_sos",
      "left": "(a+b)**2-4*a*b",
      "right": "(a-b)**2",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I08_quarter_sos",
      "left": "(1+r)**2-4*r",
      "right": "(1-r)**2",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I09_jacobian_energy",
      "left": "(x*u-y*v)**2+(y*u+x*v)**2",
      "right": "(x*x+y*y)*(u*u+v*v)",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I10_cayley_real",
      "left": "(1+x)**2+y*y-((1-x)**2+y*y)",
      "right": "4*x",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I11_koebe_schwarzian",
      "left": "(6*(3+z)/(1-z)**5)/((1+z)/(1-z)**3)-(3/2)*(2*(2+z)/(1-z)**4/((1+z)/(1-z)**3))**2",
      "right": "-6/(1-z*z)**2",
      "denominator_guards": [
        "1-z != 0",
        "1+z != 0"
      ],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I12_projective_determinants",
      "left": "(u1*a2-u2*a1)*(b1*c2-b2*c1)-(u1*c2-u2*c1)*(b1*a2-b2*a1)",
      "right": "(u1*b2-u2*b1)*(a1*c2-a2*c1)",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I13_distortion_ratio",
      "left": "((1+r)/(1-r)**3)/((1-r)/(1+r)**3)",
      "right": "((1+r)/(1-r))**4",
      "denominator_guards": [
        "1-r != 0",
        "1+r != 0"
      ],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I14_quadratic_inverse",
      "left": "(u-1)*(u+1)",
      "right": "u*u-1",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    }
  ],
  "scope": "Finite rational identities. Analytic denominator guards are separate hypotheses."
}







PHI_volume_01_verification/historical_replays/mapping_polynomials/run.json

{
  "task": "mapping_polynomials",
  "module": "verification/normal_families",
  "passed": true,
  "seconds": 0.8774750740000172,
  "commands": [
    {
      "command": [
        "python",
        "code/independent_certificates.py"
      ],
      "exit_code": 0,
      "log": "command_01.log"
    }
  ],
  "changed_or_new_record_files": [],
  "scope": "Local executable checks; no proof-assistant kernel invoked.",
  "output_files": [
    {
      "path": "outputs/results/independent_certificates.json",
      "sha256": "38d6d8862f584f489b4e9e94c5056763a6a8f61f5e6f4f43c0f749321f95a068"
    },
    {
      "path": "outputs/formal/rational_identities.json",
      "sha256": "2abd0ce02e08d97e27e7f70cee34f807f0b36c7e3d0e7723a426fd8c45303c7b"
    }
  ]
}







PHI_volume_01_verification/historical_replays/quadratic_repeller/command_01.log

{
  "status": "PASS",
  "scope": "Outward square-root bounds and listed finite inverse cylinders",
  "B": "231/100",
  "contraction_bound": "50/83",
  "rounding_grid": "1/10000000000",
  "cylinders": [
    {
      "word": "0",
      "lower": "-5760859311/2500000000",
      "upper": "-4153311931/5000000000",
      "lower_decimal": "-2.3043437244",
      "upper_decimal": "-0.8306623862"
    },
    {
      "word": "1",
      "lower": "4153311931/5000000000",
      "upper": "5760859311/2500000000",
      "lower_decimal": "0.8306623862",
      "upper_decimal": "2.3043437244"
    },
    {
      "word": "00",
      "lower": "-7364335703/5000000000",
      "upper": "-166812023/200000000",
      "lower_decimal": "-1.4728671406",
      "upper_decimal": "-0.8340601150"
    },
    {
      "word": "01",
      "lower": "-23031160901/10000000000",
      "upper": "-3914415607/2000000000",
      "lower_decimal": "-2.3031160901",
      "upper_decimal": "-1.9572078035"
    },
    {
      "word": "10",
      "lower": "166812023/200000000",
      "upper": "7364335703/5000000000",
      "lower_decimal": "0.8340601150",
      "upper_decimal": "1.4728671406"
    },
    {
      "word": "11",
      "lower": "3914415607/2000000000",
      "upper": "23031160901/10000000000",
      "lower_decimal": "1.9572078035",
      "upper_decimal": "2.3031160901"
    },
    {
      "word": "00110101",
      "lower": "-2185291737/2500000000",
      "upper": "-8733722911/10000000000",
      "lower_decimal": "-0.8741166948",
      "upper_decimal": "-0.8733722911"
    },
    {
      "word": "11001010",
      "lower": "21003795607/10000000000",
      "upper": "10506105563/5000000000",
      "lower_decimal": "2.1003795607",
      "upper_decimal": "2.1012211126"
    }
  ]
}







PHI_volume_01_verification/historical_replays/quadratic_repeller/outputs/results/repeller_report.json

{
  "status": "PASS",
  "scope": "Outward square-root bounds and listed finite inverse cylinders",
  "B": "231/100",
  "contraction_bound": "50/83",
  "rounding_grid": "1/10000000000",
  "cylinders": [
    {
      "word": "0",
      "lower": "-5760859311/2500000000",
      "upper": "-4153311931/5000000000",
      "lower_decimal": "-2.3043437244",
      "upper_decimal": "-0.8306623862"
    },
    {
      "word": "1",
      "lower": "4153311931/5000000000",
      "upper": "5760859311/2500000000",
      "lower_decimal": "0.8306623862",
      "upper_decimal": "2.3043437244"
    },
    {
      "word": "00",
      "lower": "-7364335703/5000000000",
      "upper": "-166812023/200000000",
      "lower_decimal": "-1.4728671406",
      "upper_decimal": "-0.8340601150"
    },
    {
      "word": "01",
      "lower": "-23031160901/10000000000",
      "upper": "-3914415607/2000000000",
      "lower_decimal": "-2.3031160901",
      "upper_decimal": "-1.9572078035"
    },
    {
      "word": "10",
      "lower": "166812023/200000000",
      "upper": "7364335703/5000000000",
      "lower_decimal": "0.8340601150",
      "upper_decimal": "1.4728671406"
    },
    {
      "word": "11",
      "lower": "3914415607/2000000000",
      "upper": "23031160901/10000000000",
      "lower_decimal": "1.9572078035",
      "upper_decimal": "2.3031160901"
    },
    {
      "word": "00110101",
      "lower": "-2185291737/2500000000",
      "upper": "-8733722911/10000000000",
      "lower_decimal": "-0.8741166948",
      "upper_decimal": "-0.8733722911"
    },
    {
      "word": "11001010",
      "lower": "21003795607/10000000000",
      "upper": "10506105563/5000000000",
      "lower_decimal": "2.1003795607",
      "upper_decimal": "2.1012211126"
    }
  ]
}







PHI_volume_01_verification/historical_replays/quadratic_repeller/run.json

{
  "task": "quadratic_repeller",
  "module": "verification/cantor",
  "passed": true,
  "seconds": 0.8583134040000004,
  "commands": [
    {
      "command": [
        "python",
        "code/repeller.py"
      ],
      "exit_code": 0,
      "log": "command_01.log"
    }
  ],
  "changed_or_new_record_files": [],
  "scope": "Local executable checks; no proof-assistant kernel invoked.",
  "output_files": [
    {
      "path": "outputs/results/repeller_report.json",
      "sha256": "5c8984b4162f2ceef8443cd13d58b19b9ebee0e216232140469702e5a55f1f82"
    }
  ]
}







PHI_volume_01_verification/historical_replays/summary.json

{
  "tasks": 10,
  "passed": 10,
  "python": "3.13.5",
  "packages": {
    "numpy": "2.3.5",
    "scipy": "1.17.0",
    "sympy": "1.14.0",
    "pandas": "2.2.3",
    "scikit-learn": "1.8.0",
    "threadpoolctl": "3.6.0",
    "pycairo": "1.29.0",
    "torch": "2.10.0+cpu",
    "PyMuPDF": "1.26.7"
  },
  "runs": [
    {
      "task": "cantor_exact",
      "module": "verification/cantor",
      "passed": true,
      "seconds": 1.1568928620000634,
      "commands": [
        {
          "command": [
            "python",
            "code/test_cantor.py"
          ],
          "exit_code": 0,
          "log": "command_01.log"
        }
      ],
      "changed_or_new_record_files": [
        "results/test_report.json"
      ],
      "scope": "Local executable checks; no proof-assistant kernel invoked."
    },
    {
      "task": "cantor_affine",
      "module": "verification/cantor",
      "passed": true,
      "seconds": 0.8076832079999576,
      "commands": [
        {
          "command": [
            "python",
            "code/certificate_checker.py"
          ],
          "exit_code": 0,
          "log": "command_01.log"
        }
      ],
      "changed_or_new_record_files": [],
      "scope": "Local executable checks; no proof-assistant kernel invoked."
    },
    {
      "task": "cantor_symbolic",
      "module": "verification/cantor",
      "passed": true,
      "seconds": 1.3666251269999066,
      "commands": [
        {
          "command": [
            "python",
            "code/symbolic_checks.py"
          ],
          "exit_code": 0,
          "log": "command_01.log"
        }
      ],
      "changed_or_new_record_files": [],
      "scope": "Local executable checks; no proof-assistant kernel invoked."
    },
    {
      "task": "quadratic_repeller",
      "module": "verification/cantor",
      "passed": true,
      "seconds": 0.8583134040000004,
      "commands": [
        {
          "command": [
            "python",
            "code/repeller.py"
          ],
          "exit_code": 0,
          "log": "command_01.log"
        }
      ],
      "changed_or_new_record_files": [],
      "scope": "Local executable checks; no proof-assistant kernel invoked."
    },
    {
      "task": "finite_observables",
      "module": "verification/finite_observables",
      "passed": true,
      "seconds": 1.0057773689999294,
      "commands": [
        {
          "command": [
            "python",
            "code/run_lab.py"
          ],
          "exit_code": 0,
          "log": "command_01.log"
        }
      ],
      "changed_or_new_record_files": [],
      "scope": "Local executable checks; no proof-assistant kernel invoked."
    },
    {
      "task": "functional_operators",
      "module": "verification/functional_operators",
      "passed": true,
      "seconds": 1.3452944050000042,
      "commands": [
        {
          "command": [
            "python",
            "scripts/verify.py"
          ],
          "exit_code": 0,
          "log": "command_01.log"
        }
      ],
      "changed_or_new_record_files": [
        "results/verification.json"
      ],
      "scope": "Local executable checks; no proof-assistant kernel invoked."
    },
    {
      "task": "covering_arithmetic",
      "module": "verification/coverings",
      "passed": true,
      "seconds": 1.4492540109999936,
      "commands": [
        {
          "command": [
            "python",
            "code/run_checks.py"
          ],
          "exit_code": 0,
          "log": "command_01.log"
        }
      ],
      "changed_or_new_record_files": [
        "metrics/verification.json",
        "metrics/certificate_timings.csv"
      ],
      "scope": "Local executable checks; no proof-assistant kernel invoked."
    },
    {
      "task": "covering_branches",
      "module": "verification/coverings",
      "passed": true,
      "seconds": 1.3540215350000153,
      "commands": [
        {
          "command": [
            "python",
            "code/branch_checks.py"
          ],
          "exit_code": 0,
          "log": "command_01.log"
        }
      ],
      "changed_or_new_record_files": [],
      "scope": "Local executable checks; no proof-assistant kernel invoked."
    },
    {
      "task": "covering_polynomials",
      "module": "verification/coverings",
      "passed": true,
      "seconds": 0.8746916659999897,
      "commands": [
        {
          "command": [
            "python",
            "code/polynomial_kernel.py"
          ],
          "exit_code": 0,
          "log": "command_01.log"
        }
      ],
      "changed_or_new_record_files": [],
      "scope": "Local executable checks; no proof-assistant kernel invoked."
    },
    {
      "task": "mapping_polynomials",
      "module": "verification/normal_families",
      "passed": true,
      "seconds": 0.8774750740000172,
      "commands": [
        {
          "command": [
            "python",
            "code/independent_certificates.py"
          ],
          "exit_code": 0,
          "log": "command_01.log"
        }
      ],
      "changed_or_new_record_files": [],
      "scope": "Local executable checks; no proof-assistant kernel invoked."
    }
  ],
  "timing_scope": "Replay durations include setup and imports; not algorithm benchmarks.",
  "proof_assistant_kernel_invoked": false,
  "selection_note": "Subset of the previously delivered supplement replay record. No fresh mathematical execution was performed while pairing these files with the PDF."
}







PHI_volume_01_verification/publication/reproduction/code/repeller.py

"""Outward-rational inverse cylinders for the real map f(x)=x^2-3.
The interval algorithm is executed; its convergence proof is in the synopsis.
"""
from fractions import Fraction as Q
from math import isqrt
from pathlib import Path
import json

B=Q(231,100)

def sqrt_enclosure(x: Q, denominator: int=10**10) -> tuple[Q,Q]:
    if x < 0 or denominator <= 0: raise ValueError('Invalid square-root input/grid.')
    k=isqrt((x.numerator*denominator*denominator)//x.denominator)
    lo=Q(k,denominator)
    hi=lo if lo*lo==x else Q(k+1,denominator)
    if not (lo*lo <= x <= hi*hi): raise AssertionError('Square-root certificate failed.')
    return lo,hi

def inverse_interval(iv: tuple[Q,Q], bit: int, denominator: int=10**10) -> tuple[Q,Q]:
    lo,hi=iv
    if not (-B <= lo <= hi <= B) or bit not in (0,1): raise ValueError('Invalid branch domain.')
    l,_=sqrt_enclosure(lo+3,denominator)
    _,u=sqrt_enclosure(hi+3,denominator)
    out=(l,u) if bit else (-u,-l)
    if not (-B<=out[0]<=out[1]<=B): raise ValueError('Rounding grid too coarse for invariant domain.')
    return out

def cylinder(word: tuple[int,...]) -> tuple[Q,Q]:
    iv=(-B,B)
    for b in reversed(word): iv=inverse_interval(iv,b)
    return iv

if __name__=='__main__':
    # Exact inequalities that validate the common domain and derivative bound.
    assert B<3 and B*B>3+B
    assert Q(83,100)**2<3-B
    assert Q(50,83)<1
    rows=[]
    for text in ('0','1','00','01','10','11','00110101','11001010'):
        iv=cylinder(tuple(map(int,text)))
        rows.append({'word':text,'lower':str(iv[0]),'upper':str(iv[1]),
          'lower_decimal':format(float(iv[0]),'.10f'),
          'upper_decimal':format(float(iv[1]),'.10f')})
    report={'status':'PASS','scope':'Outward square-root bounds and listed finite inverse cylinders',
      'B':str(B),'contraction_bound':'50/83','rounding_grid':'1/10000000000','cylinders':rows}
    root=Path(__file__).resolve().parents[1]
    (root/'results/repeller_report.json').write_text(json.dumps(report,indent=2)+'\n')
    print(json.dumps(report,indent=2))







PHI_volume_01_verification/publication/reproduction/rechecked/repeller_report.json

{
  "status": "PASS",
  "scope": "Outward square-root bounds and listed finite inverse cylinders",
  "B": "231/100",
  "contraction_bound": "50/83",
  "rounding_grid": "1/10000000000",
  "cylinders": [
    {
      "word": "0",
      "lower": "-5760859311/2500000000",
      "upper": "-4153311931/5000000000",
      "lower_decimal": "-2.3043437244",
      "upper_decimal": "-0.8306623862"
    },
    {
      "word": "1",
      "lower": "4153311931/5000000000",
      "upper": "5760859311/2500000000",
      "lower_decimal": "0.8306623862",
      "upper_decimal": "2.3043437244"
    },
    {
      "word": "00",
      "lower": "-7364335703/5000000000",
      "upper": "-166812023/200000000",
      "lower_decimal": "-1.4728671406",
      "upper_decimal": "-0.8340601150"
    },
    {
      "word": "01",
      "lower": "-23031160901/10000000000",
      "upper": "-3914415607/2000000000",
      "lower_decimal": "-2.3031160901",
      "upper_decimal": "-1.9572078035"
    },
    {
      "word": "10",
      "lower": "166812023/200000000",
      "upper": "7364335703/5000000000",
      "lower_decimal": "0.8340601150",
      "upper_decimal": "1.4728671406"
    },
    {
      "word": "11",
      "lower": "3914415607/2000000000",
      "upper": "23031160901/10000000000",
      "lower_decimal": "1.9572078035",
      "upper_decimal": "2.3031160901"
    },
    {
      "word": "00110101",
      "lower": "-2185291737/2500000000",
      "upper": "-8733722911/10000000000",
      "lower_decimal": "-0.8741166948",
      "upper_decimal": "-0.8733722911"
    },
    {
      "word": "11001010",
      "lower": "21003795607/10000000000",
      "upper": "10506105563/5000000000",
      "lower_decimal": "2.1003795607",
      "upper_decimal": "2.1012211126"
    }
  ]
}
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[
  {
    "id": "cantor",
    "volumes": [
      "I"
    ],
    "subject": "Exact Cantor coding, rational membership, moment identities, interval repeller, affine certificates",
    "status": "historical artifacts; four tasks freshly replayed",
    "path": "verification/cantor",
    "files": 23
  },
  {
    "id": "finite_observables",
    "volumes": [
      "I",
      "II"
    ],
    "subject": "Finite tables, interval trees, quadrature, membership and rounded-state examples",
    "status": "historical artifacts; finite laboratory freshly replayed",
    "path": "verification/finite_observables",
    "files": 11
  },
  {
    "id": "functional_operators",
    "volumes": [
      "I",
      "IV"
    ],
    "subject": "Weighted projection, Haar coordinates, graph heat and finite operator diagnostics",
    "status": "historical artifacts; numerical/exact verification freshly replayed; renderer source retained",
    "path": "verification/functional_operators",
    "files": 3
  },
  {
    "id": "coverings",
    "volumes": [
      "I",
      "II",
      "III",
      "IV"
    ],
    "subject": "Root-count certificate instances, polynomial normalization, monodromy arithmetic, witness comparisons and precision allocation",
    "status": "historical artifacts; three verification tasks freshly replayed; benchmarking not newly replayed",
    "path": "verification/coverings",
    "files": 63
  },
  {
    "id": "normal_families",
    "volumes": [
      "I",
      "II",
      "III",
      "IV"
    ],
    "subject": "Cauchy bounds, restriction frontiers, sample-radius optimization, rational identities and local real-algebraic solver inputs",
    "status": "historical artifacts; rational identity checker freshly replayed; SMT and Lean not newly replayed",
    "path": "verification/normal_families",
    "files": 65
  }
]







PHI_volume_01_verification/records/publication_build_environment.json

{
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  "fitz": "1.26.7",
  "latex_executable": "/usr/bin/pdflatex"
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#!/usr/bin/env python3
"""Replay selected local checks without modifying preserved historical records.

The default task set is offline. A replay is an executable check and does not
constitute proof-assistant acceptance. Use --list to inspect the exact commands.
"""
from __future__ import annotations
import argparse, concurrent.futures, hashlib, importlib.metadata, json, os
from pathlib import Path
import platform, shutil, subprocess, sys, time

ROOT = Path(__file__).resolve().parent
TASKS = {'cantor_exact': ('verification/cantor', [['python', 'code/test_cantor.py']]), 'cantor_affine': ('verification/cantor', [['python', 'code/certificate_checker.py']]), 'cantor_symbolic': ('verification/cantor', [['python', 'code/symbolic_checks.py']]), 'quadratic_repeller': ('verification/cantor', [['python', 'code/repeller.py']]), 'finite_observables': ('verification/finite_observables', [['python', 'code/run_lab.py']]), 'functional_operators': ('verification/functional_operators', [['python', 'scripts/verify.py']]), 'covering_arithmetic': ('verification/coverings', [['python', 'code/run_checks.py']]), 'covering_branches': ('verification/coverings', [['python', 'code/branch_checks.py']]), 'covering_polynomials': ('verification/coverings', [['python', 'code/polynomial_kernel.py']]), 'mapping_polynomials': ('verification/normal_families', [['python', 'code/independent_certificates.py']])}

def digest(path: Path) -> str:
    return hashlib.sha256(path.read_bytes()).hexdigest()

def snapshot(root: Path) -> dict[str,str]:
    return {p.relative_to(root).as_posix():digest(p) for p in root.rglob('*')
            if p.is_file() and p.suffix in {'.json','.csv','.npz','.txt','.smt2'}
            and '.cache' not in p.parts}

def one(name: str, output: Path, timeout: int) -> dict:
    module, commands = TASKS[name]
    job = output / name
    if job.exists():
        raise FileExistsError(f'Replay directory already exists: {job.name}; choose a new --output.')
    work = job / 'work'
    work.parent.mkdir(parents=True,exist_ok=True)
    shutil.copytree(ROOT/module,work)
    for sub in ['data','figures','metrics','registers','results','results_v2','new_results']:
        (work/sub).mkdir(parents=True,exist_ok=True)
    before=snapshot(work)
    env=os.environ.copy()
    env.update({'PYTHONDONTWRITEBYTECODE':'1','MPLCONFIGDIR':str(job/'.cache'),
                'OPENBLAS_NUM_THREADS':'1','OMP_NUM_THREADS':'1','MKL_NUM_THREADS':'1'})
    runs=[]; start=time.perf_counter()
    for i,command in enumerate(commands,1):
        cmd=[sys.executable if t=='python' else t for t in command]
        try:
            r=subprocess.run(cmd,cwd=work,env=env,text=True,stdout=subprocess.PIPE,
                             stderr=subprocess.STDOUT,timeout=timeout,check=False)
            text=r.stdout; code=r.returncode
        except (OSError,subprocess.TimeoutExpired) as error:
            text=str(error);code=-1
        # Runtime directory names are not relevant to the mathematical record.
        text=text.replace(str(work),'[replay-work]').replace(str(ROOT),'[package]')
        (job/f'command_{i:02d}.log').write_text(text,encoding='utf-8')
        runs.append({'command':command,'exit_code':code,'log':f'command_{i:02d}.log'})
        if code!=0:break
    after=snapshot(work)
    changed=[k for k,v in after.items() if before.get(k)!=v]
    report={'task':name,'module':module,'passed':all(x['exit_code']==0 for x in runs),
            'seconds':time.perf_counter()-start,'commands':runs,
            'changed_or_new_record_files':changed,
            'scope':'Local executable checks; no proof-assistant kernel invoked.'}
    (job/'run.json').write_text(json.dumps(report,indent=2)+'\n')
    return report

def main() -> int:
    p=argparse.ArgumentParser(description=__doc__)
    p.add_argument('--list',action='store_true')
    p.add_argument('--tasks',nargs='+',choices=list(TASKS),default=list(TASKS))
    p.add_argument('--output',type=Path,default=ROOT/'local_replay')
    p.add_argument('--jobs',type=int,default=2)
    p.add_argument('--timeout',type=int,default=180)
    a=p.parse_args()
    if a.list:
        print(json.dumps({k:{'module':m,'commands':c} for k,(m,c) in TASKS.items()},indent=2));return 0
    out=a.output.resolve();out.mkdir(parents=True,exist_ok=True)
    with concurrent.futures.ThreadPoolExecutor(max_workers=max(1,a.jobs)) as ex:
        records=list(ex.map(lambda n:one(n,out,a.timeout),a.tasks))
    versions={}
    for package in ['numpy','scipy','sympy','pandas','scikit-learn','threadpoolctl','pycairo','torch','PyMuPDF']:
        try:versions[package]=importlib.metadata.version(package)
        except importlib.metadata.PackageNotFoundError:versions[package]=None
    summary={'tasks':len(records),'passed':sum(r['passed'] for r in records),
             'python':platform.python_version(),'packages':versions,'runs':records,
             'timing_scope':'Replay durations include setup and imports; not algorithm benchmarks.',
             'proof_assistant_kernel_invoked':False}
    (out/'summary.json').write_text(json.dumps(summary,indent=2)+'\n')
    print(json.dumps(summary,indent=2));return int(summary['passed']!=summary['tasks'])
if __name__=='__main__':raise SystemExit(main())
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"""Exact finite computations for the middle-third Cantor set.

All decisions use integers or fractions.Fraction. Floating point is only used by
figure-generation code. The results concern these definitions, not arbitrary
Cantor sets and not a general real-number membership decision procedure.
"""
from __future__ import annotations
from dataclasses import dataclass
from fractions import Fraction as Q
from itertools import product
from typing import Callable, Iterable

Word = tuple[int, ...]

def checked_word(word: Iterable[int]) -> Word:
    w = tuple(word)
    if any(type(b) is not int or b not in (0, 1) for b in w):
        raise ValueError("An address must contain integer bits 0 or 1.")
    return w

def encode(word: Iterable[int]) -> int:
    a = 0
    for b in checked_word(word):
        a = 3*a + 2*b
    return a

def words(n: int) -> list[Word]:
    if type(n) is not int or n < 0:
        raise ValueError("Depth must be a nonnegative integer.")
    if n > 20:
        raise ValueError("Explicit enumeration is capped at depth 20; use encode for one address.")
    return list(product((0, 1), repeat=n))

def cylinder(word: Iterable[int]) -> tuple[Q, Q]:
    w = checked_word(word)
    a, d = encode(w), 3**len(w)
    return Q(a, d), Q(a+1, d)

def intervals(n: int) -> list[tuple[Q, Q]]:
    return [cylinder(w) for w in words(n)]

def endpoints(n: int) -> list[Q]:
    return sorted({x for interval in intervals(n) for x in interval})

def periodic_point(word: Iterable[int]) -> Q:
    w = checked_word(word)
    if not w:
        raise ValueError("A periodic block must be nonempty.")
    return Q(encode(w), 3**len(w)-1)

@dataclass(frozen=True)
class MembershipCertificate:
    x: Q
    member: bool
    reason: str
    orbit: tuple[Q, ...]
    repeat_index: int | None = None

def membership_rational(x: Q) -> MembershipCertificate:
    """Decide membership for an EXACT rational; return a finite orbit witness."""
    if not isinstance(x, Q):
        raise TypeError("Pass Fraction, not a float approximation to a real.")
    if x < 0 or x > 1:
        return MembershipCertificate(x, False, "outside", (x,))
    seen: dict[Q, int] = {}
    orbit: list[Q] = []
    y = x
    while True:
        if y in seen:
            return MembershipCertificate(x, True, "cycle", tuple(orbit)+(y,), seen[y])
        seen[y] = len(orbit)
        orbit.append(y)
        if y in (0, 1):
            return MembershipCertificate(x, True, "endpoint", tuple(orbit))
        if Q(1, 3) < y < Q(2, 3):
            return MembershipCertificate(x, False, "gap", tuple(orbit))
        y = 3*y if y <= Q(1, 3) else 3*y-2

def verify_membership(c: MembershipCertificate) -> bool:
    """Independent witness replay. No call to membership_rational."""
    if not c.orbit or c.orbit[0] != c.x:
        return False
    if c.reason == "outside":
        return (not c.member and len(c.orbit) == 1 and (c.x < 0 or c.x > 1))
    if any(y < 0 or y > 1 for y in c.orbit):
        return False
    for y, z in zip(c.orbit, c.orbit[1:]):
        if y <= Q(1, 3):
            if z != 3*y: return False
        elif y >= Q(2, 3):
            if z != 3*y-2: return False
        else:
            return False
    last = c.orbit[-1]
    if c.reason == "endpoint":
        return c.member and last in (0, 1)
    if c.reason == "gap":
        return not c.member and Q(1, 3) < last < Q(2, 3)
    if c.reason == "cycle":
        i = c.repeat_index
        return c.member and i is not None and 0 <= i < len(c.orbit)-1 and c.orbit[i] == last
    return False

def rational_reference(x: Q) -> bool:
    """Independent long-division implementation with endpoint-aware digit 1."""
    if x < 0 or x > 1: return False
    if x in (0, 1): return True
    p, q = x.numerator, x.denominator
    seen: set[int] = set()
    while p not in seen:
        seen.add(p)
        digit, p = divmod(3*p, q)
        if digit == 1:
            return p == 0  # finite expansion ending in 1 has an all-2 alternative
        if p == 0:
            return True
    return True

def quadrature(n: int, f: Callable[[Q], Q], sample: str = "left") -> Q:
    total = Q(0)
    for left, right in intervals(n):
        if sample == "left": x = left
        elif sample == "right": x = right
        elif sample == "midpoint": x = (left+right)/2
        else: raise ValueError("Unknown quadrature sample rule.")
        value = f(x)
        if not isinstance(value, Q):
            raise TypeError("Exact quadrature requires Fraction-valued functions.")
        total += value
    return total / 2**n

def monotone_bracket(n: int, f: Callable[[Q], Q], increasing: bool) -> tuple[Q, Q]:
    """Requires an externally justified monotonicity assumption on [0,1]."""
    left, right = quadrature(n, f), quadrature(n, f, "right")
    return (left, right) if increasing else (right, left)

def offset_components(sample: list[Q], radius: Q) -> int:
    if radius < 0: raise ValueError("Radius must be nonnegative.")
    pts = sorted(set(sample))
    return 0 if not pts else 1 + sum(b-a > 2*radius for a,b in zip(pts, pts[1:]))

def limit_offset_components(radius: Q) -> int:
    """Exact component count for the CLOSED r-neighborhood of K, r > 0."""
    if radius <= 0: raise ValueError("At radius 0 the component set is uncountable.")
    count, j = 1, 1
    while Q(1, 3**j) > 2*radius:
        count += 2**(j-1)
        j += 1
    return count

def no11_count(n: int) -> int:
    if type(n) is not int or n < 0: raise ValueError("Invalid depth.")
    ending0, ending1 = 1, 0
    for _ in range(n):
        ending0, ending1 = ending0+ending1, ending0
    return ending0+ending1







PHI_volume_01_verification/verification/cantor/code/certificate_checker.py

"""Small exact checker for affine nonnegativity certificates.

A certificate proves target >= 0 from premises p_i >= 0 by displaying
  target = constant + sum(weight_i * p_i),
with nonnegative rational constant and weights. The checker checks equality
coefficient by coefficient over Fraction. It is NOT a general proof assistant;
its trusted basis is Python/Fraction plus this rule and its implementation.
"""
from __future__ import annotations
from fractions import Fraction as Q
from pathlib import Path
from copy import deepcopy
import json

ROOT = Path(__file__).resolve().parents[1]

def poly(value: dict[str, str | int]) -> dict[str, Q]:
    if not isinstance(value, dict): raise ValueError('Polynomial must be a dict.')
    return {k: Q(v) for k,v in value.items() if Q(v)}

def validate(c: dict) -> bool:
    ps=[poly(p) for p in c['premises']]
    target=poly(c['target'])
    weights=[Q(w) for w in c['weights']]
    constant=Q(c.get('constant',0))
    if len(weights)!=len(ps) or constant<0 or any(w<0 for w in weights):
        return False
    result={'1':constant}
    for w,p in zip(weights,ps):
        for var,coef in p.items(): result[var]=result.get(var,Q(0))+w*coef
    result={k:v for k,v in result.items() if v}
    return result==target

def run() -> dict:
    data=json.loads((ROOT/'proofs/certificates.json').read_text())
    for c in data:
        if not validate(c): raise AssertionError(c['id'])
    # Every certificate must fail when its proposed lower bound is strengthened
    # by 1 with its old witness. This tests rejection, not complete adversarial safety.
    for c in data:
        bad=deepcopy(c)
        bad['target']['1']=str(Q(bad['target'].get('1',0))-1)
        if validate(bad): raise AssertionError('unsound mutation accepted: '+c['id'])
    report={'status':'PASS','rule':'exact nonnegative affine combination',
            'certificates':len(data),'mutated_certificates_rejected':len(data),
            'ids':[c['id'] for c in data],
            'scope':'Universal local affine implications only; not kernel checking of Lean/Coq or limit theorems'}
    (ROOT/'results/certificate_report.json').write_text(json.dumps(report,indent=2)+'\n')
    return report

if __name__=='__main__': print(json.dumps(run(),indent=2))







PHI_volume_01_verification/verification/cantor/code/generate_data.py

from fractions import Fraction as Q
from pathlib import Path
import csv, json, hashlib
from cantor import quadrature, monotone_bracket, no11_count
ROOT=Path(__file__).resolve().parents[1]
rows=[]
for n in range(10):
    h=Q(1,3**n)
    lo,hi=monotone_bracket(n,lambda x:x*x,True)
    mid=quadrature(n,lambda x:x*x,'midpoint')
    rl,ru=monotone_bracket(n,lambda x:1/(1+x),False)
    rows.append(dict(n=n,intervals=2**n,mesh=str(h),hausdorff_stage=str(h/6),
      stage_length=str(Q(2,3)**n),moment_lower=str(lo),moment_upper=str(hi),
      moment_midpoint=str(mid),left_error=str(Q(3,8)-lo),midpoint_error=str(Q(3,8)-mid),
      reciprocal_lower=str(rl),reciprocal_upper=str(ru),
      reciprocal_lower_decimal=format(float(rl),'.12f'),reciprocal_upper_decimal=format(float(ru),'.12f'),
      automaton_count=no11_count(n)))
with (ROOT/'results/convergence.csv').open('w',newline='') as f:
    w=csv.DictWriter(f,fieldnames=rows[0].keys());w.writeheader();w.writerows(rows)
# Tables in the PDF are generated from the same exact data used by tests.
tex=[r'\begin{tabular}{rrrrr}',r'\toprule',
 r'$n$ & $2^n$ & $Q_n^-(x^2)$ & $Q_n^+(x^2)$ & midpoint error\\',r'\midrule']
def qtex(s):
    q=Q(s)
    return str(q.numerator) if q.denominator==1 else r'\frac{%s}{%s}'%(q.numerator,q.denominator)
for r in rows[:6]:
    tex.append(f"{r['n']} & {r['intervals']} & ${qtex(r['moment_lower'])}$ & ${qtex(r['moment_upper'])}$ & ${qtex(r['midpoint_error'])}$\\\\[3pt]")
tex.extend([r'\bottomrule',r'\end{tabular}'])
(ROOT/'results/moment_table.tex').write_text('\n'.join(tex)+'\n')
tex=[r'\begin{tabular}{rrrr}',r'\toprule',r'$n$ & nodes & lower bound & upper bound\\',r'\midrule']
# Display OUTWARD decimal rounding, never nearest rounding for an enclosure.
D=10**10
for r in [rows[i] for i in (0,2,4,6,8,9)]:
    l,u=Q(r['reciprocal_lower']),Q(r['reciprocal_upper'])
    li=(l.numerator*D)//l.denominator
    ui=-((-u.numerator*D)//u.denominator)
    fs=lambda a:f'{a//D}.{a%D:010d}'
    tex.append(f"{r['n']} & {r['intervals']} & {fs(li)} & {fs(ui)}\\\\")
tex.extend([r'\bottomrule',r'\end{tabular}'])
(ROOT/'results/reciprocal_table.tex').write_text('\n'.join(tex)+'\n')
print('Wrote exact convergence data and outward-rounded LaTeX tables.')







PHI_volume_01_verification/verification/cantor/code/generate_figures.py

"""Deterministic monochrome vector figures. Numbers originate in exact code.
Matplotlib is a rendering layer, not a theorem prover or numerical certifier.
"""
from pathlib import Path
from fractions import Fraction as Q
import numpy as np
import matplotlib
matplotlib.use('Agg')
import matplotlib.pyplot as plt
from matplotlib.ticker import ScalarFormatter
from cantor import intervals, words, endpoints, offset_components, limit_offset_components
ROOT=Path(__file__).resolve().parents[1];OUT=ROOT/'figures';OUT.mkdir(exist_ok=True)
plt.rcParams.update({'font.family':'serif','font.serif':['cmr10'],
  'mathtext.fontset':'cm','axes.formatter.use_mathtext':True,
  'axes.unicode_minus':False,'font.size':11,'pdf.fonttype':42,
  'axes.labelsize':12,'legend.fontsize':10,'savefig.facecolor':'white'})

def finish(fig,name):
    fig.savefig(OUT/(name+'.pdf'),bbox_inches='tight',pad_inches=.05)
    fig.savefig(OUT/(name+'.png'),dpi=150,bbox_inches='tight',pad_inches=.05)
    plt.close(fig)

fig,ax=plt.subplots(figsize=(8.4,4.8))
for n in range(7):
    for (l,r),w in zip(intervals(n),words(n)):
        ax.plot([float(l),float(r)],[n,n],color='black',lw=1.25 if n<5 else .8)
        if n<4:
            ax.plot([float(l),float(l)],[n-.07,n+.07],color='black',lw=.7)
            ax.plot([float(r),float(r)],[n-.07,n+.07],color='black',lw=.7)
            if n and n<=3:
                ax.text(float((l+r)/2),n+.21,''.join(map(str,w)),ha='center',va='top',fontsize=9)
    ax.text(1.035,n,rf'${2**n}$',ha='left',va='center')
ax.text(1.035,-.55,'count',ha='left',fontsize=10)
ax.set(xlim=(-.02,1.1),ylim=(6.55,-.8),yticks=list(range(7)),ylabel='construction level $n$',xlabel='$x$')
ax.set_xticks([0,1/9,1/3,2/3,7/9,1]);ax.set_xticklabels(['$0$','$1/9$','$1/3$','$2/3$','$7/9$','$1$'])
ax.spines[['top','right']].set_visible(False)
finish(fig,'interval_hierarchy')

n=5;ws=words(n);N=len(ws);M=np.zeros((N,N))
for i,u in enumerate(ws):
    for j,v in enumerate(ws):
        k=0
        for a,b in zip(u,v):
            if a!=b:break
            k+=1
        M[i,j]=k
fig,ax=plt.subplots(figsize=(6.6,5.6))
im=ax.imshow(M,cmap='Greys',vmin=0,vmax=n,interpolation='nearest')
for k in (4,8,16):
    for j in range(k,N,k):
        ax.axhline(j-.5,color='black',lw=.15)
        ax.axvline(j-.5,color='black',lw=.15)
ticks=list(range(0,N,4));labels=[''.join(map(str,ws[i])) for i in ticks]
ax.set_xticks(ticks,labels,rotation=50,ha='right');ax.set_yticks(ticks,labels)
ax.set_xlabel('lexicographically ordered address');ax.set_ylabel('lexicographically ordered address')
cb=fig.colorbar(im,ax=ax,fraction=.048,pad=.04,ticks=list(range(6)))
cb.set_label('common-prefix length (diagonal: 5)')
finish(fig,'prefix_matrix')

# Values of the L2-normalized Haar functions on depth-5 cylinder atoms.
H=[np.ones(N)];labels=['$1$'];bounds=[.5]
for k in range(n):
    for w in words(k):
        row=np.zeros(N)
        for i,u in enumerate(ws):
            if tuple(u[:k])==w:
                row[i]=2**(k/2)*(1 if u[k]==0 else -1)
        H.append(row);labels.append(r'$h_{'+(''.join(map(str,w)) or r'\varnothing')+'}$')
    bounds.append(len(H)-.5)
H=np.array(H)
assert np.allclose(H@H.T/N,np.eye(N))
fig,ax=plt.subplots(figsize=(6.7,6.1))
im=ax.imshow(H,cmap='gray',vmin=-4,vmax=4,interpolation='nearest',aspect='equal')
for b in bounds[:-1]:ax.axhline(b,color='black',lw=.7)
ax.set_xticks(ticks,labels=[''.join(map(str,ws[i])) for i in ticks],rotation=50,ha='right')
rt=[0,1,2,4,8,16];ax.set_yticks(rt,[labels[i] for i in rt])
ax.set_xlabel('depth-5 cylinder');ax.set_ylabel('basis functions, ordered by scale')
cb=fig.colorbar(im,ax=ax,fraction=.048,pad=.04,ticks=[-4,-2,0,2,4]);cb.set_label('function value (mass of each column: $1/32$)')
finish(fig,'haar_matrix')

nn=np.arange(10);h=3.0**(-nn)
fig,ax=plt.subplots(figsize=(7.8,4.5))
for yy,ls,label in [(h,'--',r'mesh $3^{-n}$'),(h/6,'-',r'$d_H(K_n,K)=3^{-n}/6$'),
  (h/2-h*h/8,'-.',r'$3/8-Q_n^-(x^2)$'),(h*h/8,':',r'$3/8-Q_n^{\rm mid}(x^2)$')]:
    ax.plot(nn,yy,ls,color='black',lw=1.4,label=label)
ax.set_yscale('log');ax.set(xlabel='depth $n$',ylabel='scale or absolute error',xticks=list(range(10)))
ax.legend(loc='lower left',frameon=False);ax.spines[['top','right']].set_visible(False)
finish(fig,'certified_convergence')

nn=np.arange(1,13);classic=(2/3)**nn
thin=[];fat=[];a=b=Q(1)
for n in nn:
    a*=Q(2,int(n)+3);b*=1-Q(1,2**(int(n)+1));thin.append(float(a));fat.append(float(b))
fig,ax=plt.subplots(figsize=(7.8,4.3))
ax.plot(nn,classic,'-',color='black',label=r'classical: $r_n=1/3$')
ax.plot(nn,thin,'--',color='black',label=r'thin: $r_n=1/(n+3)$')
ax.plot(nn,fat,'-.',color='black',label=r'fat: removed fraction $2^{-(n+1)}$')
ax.axhline(.5,color='black',lw=.7,ls=':');ax.text(6.0,.79,'rigorous fat-limit lower bound: $1/2$',fontsize=9)
ax.set_yscale('log');ax.set(xlabel='depth $n$',ylabel='total retained interval length',xticks=range(1,13))
ax.legend(loc='lower left',frameon=False);ax.spines[['top','right']].set_visible(False)
finish(fig,'geometry_measure')

# A dense rendering grid is not the certificate: exact step thresholds are in text.
rr=np.geomspace(1/(2*3**9),.5,800)
fig,ax=plt.subplots(figsize=(7.8,4.4))
for n,ls in [(4,'--'),(7,'-.')]:
    pts=endpoints(n)
    vals=[offset_components(pts,Q(float(r))) for r in rr]
    ax.step(rr,vals,where='post',ls=ls,color='black',lw=1.2,label=rf'endpoint sample $F_{n}$')
vals=[limit_offset_components(Q(float(r))) for r in rr]
ax.step(rr,vals,where='post',color='black',lw=1.3,label='infinite Cantor set $K$')
ax.set_xscale('log',base=3);ax.set_yscale('log',base=2)
xt=[1/(2*3**j) for j in (9,7,5,3,1)]
ax.set_xticks(xt,[rf'$1/(2\cdot3^{j})$' for j in (9,7,5,3,1)])
ax.set_yticks([1,4,16,64,256,1024],[str(x) for x in (1,4,16,64,256,1024)])
ax.set(xlabel='offset radius $r>0$',ylabel='number of connected components')
ax.legend(loc='upper right',frameon=False);ax.spines[['top','right']].set_visible(False)
finish(fig,'offset_components')
print('Generated 6 monochrome vector figures and preview PNGs.')







PHI_volume_01_verification/verification/cantor/code/repeller.py

"""Outward-rational inverse cylinders for the real map f(x)=x^2-3.
The interval algorithm is executed; its convergence proof is in the synopsis.
"""
from fractions import Fraction as Q
from math import isqrt
from pathlib import Path
import json

B=Q(231,100)

def sqrt_enclosure(x: Q, denominator: int=10**10) -> tuple[Q,Q]:
    if x < 0 or denominator <= 0: raise ValueError('Invalid square-root input/grid.')
    k=isqrt((x.numerator*denominator*denominator)//x.denominator)
    lo=Q(k,denominator)
    hi=lo if lo*lo==x else Q(k+1,denominator)
    if not (lo*lo <= x <= hi*hi): raise AssertionError('Square-root certificate failed.')
    return lo,hi

def inverse_interval(iv: tuple[Q,Q], bit: int, denominator: int=10**10) -> tuple[Q,Q]:
    lo,hi=iv
    if not (-B <= lo <= hi <= B) or bit not in (0,1): raise ValueError('Invalid branch domain.')
    l,_=sqrt_enclosure(lo+3,denominator)
    _,u=sqrt_enclosure(hi+3,denominator)
    out=(l,u) if bit else (-u,-l)
    if not (-B<=out[0]<=out[1]<=B): raise ValueError('Rounding grid too coarse for invariant domain.')
    return out

def cylinder(word: tuple[int,...]) -> tuple[Q,Q]:
    iv=(-B,B)
    for b in reversed(word): iv=inverse_interval(iv,b)
    return iv

if __name__=='__main__':
    # Exact inequalities that validate the common domain and derivative bound.
    assert B<3 and B*B>3+B
    assert Q(83,100)**2<3-B
    assert Q(50,83)<1
    rows=[]
    for text in ('0','1','00','01','10','11','00110101','11001010'):
        iv=cylinder(tuple(map(int,text)))
        rows.append({'word':text,'lower':str(iv[0]),'upper':str(iv[1]),
          'lower_decimal':format(float(iv[0]),'.10f'),
          'upper_decimal':format(float(iv[1]),'.10f')})
    report={'status':'PASS','scope':'Outward square-root bounds and listed finite inverse cylinders',
      'B':str(B),'contraction_bound':'50/83','rounding_grid':'1/10000000000','cylinders':rows}
    root=Path(__file__).resolve().parents[1]
    (root/'results/repeller_report.json').write_text(json.dumps(report,indent=2)+'\n')
    print(json.dumps(report,indent=2))







PHI_volume_01_verification/verification/cantor/code/symbolic_checks.py

"""Exact symbolic identity checks. A CAS check is not a kernel proof.
Domains and the passage from algebra to infinite mathematical objects remain
explicit obligations in the accompanying written arguments.
"""
from pathlib import Path
import json
import sympy as s
root=Path(__file__).resolve().parents[1]
a,b,x,h=s.symbols('a b x h',real=True)
d,e=s.symbols('d e',positive=True)
l=s.symbols('lambda')
checks={}
def identity(name,expr):
    normal=s.cancel(s.expand(expr))
    if normal != 0: raise AssertionError((name,normal))
    checks[name]=str(normal)
identity('affine_composition', (a+(b+x)/e)/d - (e*a+b+x)/(d*e))
identity('range_step_slack', 3*d-3*a-2*b-1 - (3*(d-a-1)+2*(1-b)))
left=s.Rational(3,8)-h/2+h*h/8
identity('left_second_moment',left+h*(1-h)/2+s.Rational(3,8)*h*h-s.Rational(3,8))
identity('right_second_moment_width', (left+2*h*(1-h)/2+h*h)-left-h)
identity('midpoint_second_moment',left+h*(1-h)/2+h*h/4-(s.Rational(3,8)-h*h/8))
identity('optimization_factorization',(x-s.Rational(1,2))**2-s.Rational(1,36)-(x-s.Rational(1,3))*(x-s.Rational(2,3)))
A=s.Matrix([[1,1],[1,0]])
identity('automaton_characteristic_polynomial', A.charpoly(l).as_expr()-(l*l-l-1))
phi=(1+s.sqrt(5))/2
if s.simplify(A*s.Matrix([phi,1])-phi*s.Matrix([phi,1])) != s.zeros(2,1):
    raise AssertionError('eigenvector')
checks['positive_eigenvector']='zero vector'
if s.cancel((left+h/2)-s.Rational(3,8))==0:
    raise AssertionError('wrong error formula escaped mutation check')
report={'status':'PASS','sympy_version':s.__version__,'identities':checks,
        'identity_count':len(checks),'mutant_rejected':True,
        'scope':'Exact symbolic identities; not kernel proof of analytic/topological consequences'}
(root/'results/symbolic_report.json').write_text(json.dumps(report,indent=2)+'\n')
print(json.dumps(report,indent=2))







PHI_volume_01_verification/verification/cantor/code/test_cantor.py

"""Finite regression tests: passing is not an infinite mathematical proof."""
from fractions import Fraction as Q
from dataclasses import replace
from collections import Counter
from pathlib import Path
import json, platform, time
from cantor import *

root = Path(__file__).resolve().parents[1]
counts: dict[str, int] = {}
def check(test: bool, name: str) -> None:
    if not test: raise AssertionError(name)
    counts[name] = counts.get(name, 0)+1

start = time.perf_counter()
for n in range(11):
    ws = words(n)
    iv = intervals(n)
    check(len(iv) == 2**n, 'level_cardinality')
    check(sum((r-l for l,r in iv),Q(0)) == Q(2,3)**n, 'stage_length')
    for w, (l,r) in zip(ws,iv):
        a=encode(w)
        check(0 <= a < 3**n and a % 2 == 0, 'code_range_even')
        check(r-l == Q(1,3**n), 'cylinder_diameter')
        c0,c1 = cylinder(w+(0,)), cylinder(w+(1,))
        check(l == c0[0] < c0[1] < c1[0] < c1[1] == r, 'child_nesting')
        check(c1[0]-c0[1] == Q(1,3**(n+1)), 'middle_gap')
        check(membership_rational(l).member and membership_rational(r).member, 'endpoint_membership')
    check(all(r < s for (_,r),(s,_) in zip(iv,iv[1:])), 'level_separation')
    check(no11_count(n) == sum(all(not (a==b==1) for a,b in zip(w,w[1:])) for w in ws), 'automaton_count')
for m in range(5):
    for n in range(5):
        for u in words(m):
            for v in words(n):
                check(encode(u+v)==3**n*encode(u)+encode(v), 'concatenation')
for q in range(1,65):
    for p in range(-1,q+2):
        x=Q(p,q); cert=membership_rational(x)
        check(verify_membership(cert), 'rational_certificate_replay')
        check(cert.member == rational_reference(x), 'independent_rational_agreement')
        check(len(cert.orbit) <= x.denominator+2, 'orbit_length_bound')
for n in range(1,8):
    for w in words(n):
        check(membership_rational(periodic_point(w)).member, 'periodic_membership')
for n in range(9):
    h=Q(1,3**n)
    l,u=monotone_bracket(n,lambda x:x*x,True)
    mid=quadrature(n,lambda x:x*x,'midpoint')
    check(l <= Q(3,8) <= u, 'second_moment_bracket')
    check(u-l==h, 'second_moment_width')
    check(Q(3,8)-l==h/2-h*h/8, 'left_moment_error_identity')
    check(Q(3,8)-mid==h*h/8, 'midpoint_moment_error_identity')
    rl,ru=monotone_bracket(n,lambda x:1/(1+x),False)
    check(Q(1,2)<=rl<=ru<=1 and ru-rl<=h, 'reciprocal_bracket')
for n in range(1,8):
    pts=endpoints(n)
    gaps=Counter(b-a for a,b in zip(pts,pts[1:]))
    expected=Counter({Q(1,3**j):2**(j-1) for j in range(1,n+1)})
    expected[Q(1,3**n)] += 2**n
    check(gaps==expected,'persistence_gap_multiplicities')
    for j in range(1,n+1):
        r=Q(1,2*3**j)
        check(offset_components(pts,r)==limit_offset_components(r), 'offset_count_at_resolved_scales')
# Adversarial regressions and negative controls.
check(membership_rational(Q(1,3)).member, 'endpoint_not_rejected')
check(not membership_rational(Q(1,2)).member, 'middle_third_rejected')
check(cylinder((1,0))==(Q(2,3),Q(7,9)), 'printed_endpoint_mutation_rejected')
c=membership_rational(Q(1,4))
check(not verify_membership(replace(c,orbit=(Q(1,4),Q(1,4)), repeat_index=0)), 'forged_orbit_rejected')
check(not verify_membership(replace(membership_rational(Q(1,2)), member=True)), 'forged_decision_rejected')
check(not (Q(1,3) <= Q(1,2) <= Q(1,3)), 'degenerate_false_interval_rejected')
try: membership_rational(1/3)
except TypeError: check(True,'floating_input_rejected')
else: raise AssertionError('float accepted')
report={'status':'PASS','scope':'Finite exact-arithmetic regression tests, not a proof of limit theorems',
        'python':platform.python_version(),'checks':counts,'total_checks':sum(counts.values()),
        'seconds':round(time.perf_counter()-start,3)}
(root/'results/test_report.json').write_text(json.dumps(report,indent=2)+'\n')
print(json.dumps(report,indent=2))







PHI_volume_01_verification/verification/cantor/proofs/certificates.json

[
  {
    "id": "range_step_lower",
    "premises": [
      {
        "a": 1
      },
      {
        "d": 1,
        "a": -1,
        "1": -1
      },
      {
        "b": 1
      },
      {
        "1": 1,
        "b": -1
      }
    ],
    "target": {
      "a": 3,
      "b": 2
    },
    "weights": [
      3,
      0,
      2,
      0
    ],
    "constant": 0
  },
  {
    "id": "range_step_upper",
    "premises": [
      {
        "a": 1
      },
      {
        "d": 1,
        "a": -1,
        "1": -1
      },
      {
        "b": 1
      },
      {
        "1": 1,
        "b": -1
      }
    ],
    "target": {
      "d": 3,
      "a": -3,
      "b": -2,
      "1": -1
    },
    "weights": [
      0,
      3,
      0,
      2
    ],
    "constant": 0
  },
  {
    "id": "range_implies_positive_denominator",
    "premises": [
      {
        "a": 1
      },
      {
        "d": 1,
        "a": -1,
        "1": -1
      },
      {
        "b": 1
      },
      {
        "1": 1,
        "b": -1
      }
    ],
    "target": {
      "d": 1,
      "1": -1
    },
    "weights": [
      1,
      1,
      0,
      0
    ],
    "constant": 0
  },
  {
    "id": "range_base_lower",
    "premises": [],
    "target": {},
    "weights": [],
    "constant": 0
  },
  {
    "id": "range_base_upper",
    "premises": [],
    "target": {},
    "weights": [],
    "constant": 0
  },
  {
    "id": "left_branch_lower",
    "premises": [
      {
        "x": 1
      },
      {
        "1": 1,
        "x": -1
      }
    ],
    "target": {
      "x": "1/3"
    },
    "weights": [
      "1/3",
      0
    ],
    "constant": 0
  },
  {
    "id": "left_branch_upper",
    "premises": [
      {
        "x": 1
      },
      {
        "1": 1,
        "x": -1
      }
    ],
    "target": {
      "1": "1/3",
      "x": "-1/3"
    },
    "weights": [
      0,
      "1/3"
    ],
    "constant": 0
  },
  {
    "id": "right_branch_lower",
    "premises": [
      {
        "x": 1
      },
      {
        "1": 1,
        "x": -1
      }
    ],
    "target": {
      "x": "1/3"
    },
    "weights": [
      "1/3",
      0
    ],
    "constant": 0
  },
  {
    "id": "right_branch_upper",
    "premises": [
      {
        "x": 1
      },
      {
        "1": 1,
        "x": -1
      }
    ],
    "target": {
      "1": "1/3",
      "x": "-1/3"
    },
    "weights": [
      0,
      "1/3"
    ],
    "constant": 0
  },
  {
    "id": "cross_branch_gap",
    "premises": [
      {
        "1": 1,
        "x": -1
      },
      {
        "y": 1
      }
    ],
    "target": {
      "1": "1/3",
      "x": "-1/3",
      "y": "1/3"
    },
    "weights": [
      "1/3",
      "1/3"
    ],
    "constant": 0
  },
  {
    "id": "first_difference_lower",
    "premises": [
      {
        "u": 1
      },
      {
        "t": 1,
        "u": -1
      },
      {
        "v": 1
      },
      {
        "t": 1,
        "v": -1
      }
    ],
    "target": {
      "t": 1,
      "v": 1,
      "u": -1
    },
    "weights": [
      0,
      1,
      1,
      0
    ],
    "constant": 0
  },
  {
    "id": "first_difference_upper",
    "premises": [
      {
        "u": 1
      },
      {
        "t": 1,
        "u": -1
      },
      {
        "v": 1
      },
      {
        "t": 1,
        "v": -1
      }
    ],
    "target": {
      "t": 1,
      "v": -1,
      "u": 1
    },
    "weights": [
      1,
      0,
      0,
      1
    ],
    "constant": 0
  },
  {
    "id": "gap_sum_budget",
    "premises": [
      {
        "L": 1,
        "children": -1,
        "gaps": -1
      },
      {
        "children": 1,
        "mc": -1
      },
      {
        "gaps": 1,
        "mg": -1
      }
    ],
    "target": {
      "L": 1,
      "mc": -1,
      "mg": -1
    },
    "weights": [
      1,
      1,
      1
    ],
    "constant": 0
  },
  {
    "id": "enclosure_error",
    "premises": [
      {
        "upper": 1,
        "value": -1
      },
      {
        "value": 1,
        "lower": -1
      }
    ],
    "target": {
      "upper": 1,
      "lower": -1
    },
    "weights": [
      1,
      1
    ],
    "constant": 0
  }
]







PHI_volume_01_verification/verification/cantor/proofs/coq/Cantor.v

(* Candidate Coq 8.20.0 script. NOT compiled in the delivery runtime.
   No Admitted commands or extra axioms are used in this source.
   Compile with coqc, then independently recheck with coqchk. *)
From Coq Require Import Arith Bool Lia.

Module CantorSynopsis.
Inductive word : Type :=
| Empty : word
| Snoc : word -> bool -> word.

Definition bit (b : bool) : nat := if b then 1 else 0.
Fixpoint level (w : word) : nat :=
  match w with Empty => 0 | Snoc u _ => S (level u) end.
Fixpoint scale (w : word) : nat :=
  match w with Empty => 1 | Snoc u _ => 3 * scale u end.
Fixpoint code (w : word) : nat :=
  match w with Empty => 0 | Snoc u b => 3 * code u + 2 * bit b end.

Theorem scale_pos : forall w, 0 < scale w.
Proof. induction w; simpl; lia. Qed.

Theorem scale_eq_pow : forall w, scale w = 3 ^ level w.
Proof. induction w; simpl; [reflexivity | rewrite IHw; reflexivity]. Qed.

Theorem code_range : forall w, code w + 1 <= scale w.
Proof. induction w as [|w IH b]; [simpl; lia | destruct b; simpl in *; lia]. Qed.

Theorem code_even : forall w, exists k, code w = 2*k.
Proof.
  induction w as [|w [k Hk] b].
  - exists 0; reflexivity.
  - destruct b; simpl; rewrite Hk.
    + exists (3*k+1); lia.
    + exists (3*k); lia.
Qed.

Theorem tagged_code_injective : forall u v,
  level u = level v -> code u = code v -> u = v.
Proof.
  induction u as [|u IH b]; intros v Hlen Hcode.
  - destruct v; [reflexivity | simpl in Hlen; discriminate].
  - destruct v as [|v c]; [simpl in Hlen; discriminate |].
    simpl in Hlen; injection Hlen as Hlev.
    assert (Hnum : code u = code v).
    { destruct b,c; simpl in Hcode; lia. }
    assert (Huv : u = v) by (apply IH; assumption).
    subst v.
    assert (Hbc : b = c).
    { destruct b,c; simpl in Hcode; try reflexivity; lia. }
    subst c; reflexivity.
Qed.

Theorem left_child_inside : forall a,
  3*a <= 3*a+1 /\ 3*a+1 <= 3*(a+1).
Proof. intros; lia. Qed.
Theorem right_child_inside : forall a,
  3*a <= 3*a+2 /\ 3*a+2 <= 3*(a+1).
Proof. intros; lia. Qed.
Theorem right_endpoint_matches : forall a,
  (3*a+2)+1 = 3*(a+1).
Proof. intros; lia. Qed.
Theorem sibling_gap : forall a, (3*a+2)-(3*a+1)=1.
Proof. intros; lia. Qed.
Theorem scaled_tail_separation : forall d r s,
  r < d -> s < d -> d <= (2*d+s)-r /\ (2*d+s)-r <= 3*d.
Proof. intros; lia. Qed.
Theorem untagged_not_injective : code Empty = code (Snoc Empty false).
Proof. reflexivity. Qed.
Theorem first_level_right_code : code (Snoc Empty true) = 2.
Proof. reflexivity. Qed.
Theorem second_level_ten_code : code (Snoc (Snoc Empty true) false) = 6.
Proof. reflexivity. Qed.
Theorem second_level_ten_scale : scale (Snoc (Snoc Empty true) false) = 9.
Proof. reflexivity. Qed.

Print Assumptions scale_eq_pow.
Print Assumptions code_range.
Print Assumptions code_even.
Print Assumptions tagged_code_injective.
Print Assumptions scaled_tail_separation.
End CantorSynopsis.







PHI_volume_01_verification/verification/cantor/proofs/lean/Cantor.lean

/-
Candidate Lean 4.19.0 proof script. NOT compiler-checked in the delivery
runtime: Lean was unavailable. No mathematical limit theorem is claimed
formalized by this file. Run the supplied verification command before
promoting any theorem to kernel-checked status.

The snoc constructor appends the least-significant ternary digit, so code
is the left-to-right binary-address / ternary-numerator convention.
-/
import Std
namespace CantorSynopsis

inductive Word where
  | nil : Word
  | snoc : Word → Bool → Word
  deriving Repr, DecidableEq

def bit : Bool → Nat
  | false => 0
  | true => 1

def level : Word → Nat
  | .nil => 0
  | .snoc w _ => level w + 1

def scale : Word → Nat
  | .nil => 1
  | .snoc w _ => 3 * scale w

def code : Word → Nat
  | .nil => 0
  | .snoc w b => 3 * code w + 2 * bit b

theorem scale_pos (w : Word) : 0 < scale w := by
  induction w with
  | nil => simp [scale]
  | snoc w b ih => simp only [scale]; omega

theorem scale_eq_pow (w : Word) : scale w = 3 ^ level w := by
  induction w with
  | nil => simp [scale, level]
  | snoc w b ih => simp [scale, level, ih, Nat.pow_succ, Nat.mul_comm]

theorem code_range (w : Word) : code w + 1 ≤ scale w := by
  induction w with
  | nil => simp [code, scale]
  | snoc w b ih =>
    cases b <;> simp only [code, scale, bit] <;> omega

theorem code_even (w : Word) : ∃ k : Nat, code w = 2*k := by
  induction w with
  | nil => exact ⟨0, rfl⟩
  | snoc w b ih =>
    obtain ⟨k, hk⟩ := ih
    cases b with
    | false => refine ⟨3*k, ?_⟩; simp only [code, bit, hk]; omega
    | true => refine ⟨3*k+1, ?_⟩; simp only [code, bit, hk]; omega

theorem tagged_code_injective (u v : Word)
    (hlen : level u = level v) (hcode : code u = code v) : u = v := by
  induction u generalizing v with
  | nil =>
    cases v with
    | nil => rfl
    | snoc v b => simp [level] at hlen
  | snoc u b ih =>
    cases v with
    | nil => simp [level] at hlen
    | snoc v c =>
      have hlev : level u = level v := by
        simp only [level] at hlen
        omega
      have hnum : code u = code v := by
        cases b <;> cases c <;> simp only [code, bit] at hcode <;> omega
      have hp : u = v := ih v hlev hnum
      subst v
      have hb : b = c := by
        cases b <;> cases c <;> simp_all [code, bit] <;> omega
      subst c
      rfl

-- All endpoints below have the common positive denominator 3*scale(w).
theorem left_child_inside (a : Nat) :
    3*a ≤ 3*a+1 ∧ 3*a+1 ≤ 3*(a+1) := by omega

theorem right_child_inside (a : Nat) :
    3*a ≤ 3*a+2 ∧ 3*a+2 ≤ 3*(a+1) := by omega

theorem right_endpoint_matches (a : Nat) :
    (3*a+2)+1 = 3*(a+1) := by omega

theorem sibling_gap (a : Nat) : (3*a+2) - (3*a+1) = 1 := by omega

theorem scaled_tail_separation (d r s : Nat)
    (hr : r < d) (hs : s < d) :
    d ≤ (2*d+s)-r ∧ (2*d+s)-r ≤ 3*d := by omega

-- Tagging by depth is necessary: these two addresses have equal numerators.
theorem untagged_not_injective : code Word.nil = code (.snoc .nil false) := rfl

theorem first_level_right_code : code (.snoc .nil true) = 2 := rfl

theorem second_level_ten_code : code (.snoc (.snoc .nil true) false) = 6 := rfl

theorem second_level_ten_scale : scale (.snoc (.snoc .nil true) false) = 9 := rfl

#print axioms scale_eq_pow
#print axioms code_range
#print axioms code_even
#print axioms tagged_code_injective
#print axioms scaled_tail_separation
end CantorSynopsis







PHI_volume_01_verification/verification/cantor/proofs/lean/lakefile.toml

name = "cantor_synopsis"
version = "0.1.0"
defaultTargets = ["Cantor"]
[[lean_lib]]
name = "Cantor"







PHI_volume_01_verification/verification/cantor/proofs/lean/lean-toolchain

leanprover/lean4:v4.19.0







PHI_volume_01_verification/verification/cantor/proofs/smt/cantor_local.smt2

; Universal local arithmetic obligations, encoded as negated implications.
; Expected response for EACH check-sat is unsat. NOT RUN in delivery runtime.
; These formulas do not encode limits, compactness, or Cantor classification.
(set-logic QF_LRA)
(declare-const a Real)
(declare-const d Real)
(declare-const b Real)
(declare-const u Real)
(declare-const v Real)
(declare-const t Real)
(push)
(assert (and (>= a 0) (>= (- d a 1) 0) (>= b 0) (<= b 1)))
(assert (not (and (>= (+ (* 3 a) (* 2 b)) 0)
                 (>= (- (* 3 d) (* 3 a) (* 2 b) 1) 0))))
(check-sat)
(pop)
(push)
(assert (and (>= t 0) (>= u 0) (<= u t) (>= v 0) (<= v t)))
(assert (not (and (>= (- (+ (* 2 t) v) u) t)
                 (<= (- (+ (* 2 t) v) u) (* 3 t)))))
(check-sat)
(pop)
(exit)







PHI_volume_01_verification/verification/cantor/results/affine_certificates_run.log

$ /opt/pyvenv/bin/python [workspace]/code/certificate_checker.py
{
  "status": "PASS",
  "rule": "exact nonnegative affine combination",
  "certificates": 14,
  "mutated_certificates_rejected": 14,
  "ids": [
    "range_step_lower",
    "range_step_upper",
    "range_implies_positive_denominator",
    "range_base_lower",
    "range_base_upper",
    "left_branch_lower",
    "left_branch_upper",
    "right_branch_lower",
    "right_branch_upper",
    "cross_branch_gap",
    "first_difference_lower",
    "first_difference_upper",
    "gap_sum_budget",
    "enclosure_error"
  ],
  "scope": "Universal local affine implications only; not kernel checking of Lean/Coq or limit theorems"
}

[exit code: 0]







PHI_volume_01_verification/verification/cantor/results/certificate_report.json

{
  "status": "PASS",
  "rule": "exact nonnegative affine combination",
  "certificates": 14,
  "mutated_certificates_rejected": 14,
  "ids": [
    "range_step_lower",
    "range_step_upper",
    "range_implies_positive_denominator",
    "range_base_lower",
    "range_base_upper",
    "left_branch_lower",
    "left_branch_upper",
    "right_branch_lower",
    "right_branch_upper",
    "cross_branch_gap",
    "first_difference_lower",
    "first_difference_upper",
    "gap_sum_budget",
    "enclosure_error"
  ],
  "scope": "Universal local affine implications only; not kernel checking of Lean/Coq or limit theorems"
}







PHI_volume_01_verification/verification/cantor/results/convergence.csv

			n			intervals			mesh			hausdorff_stage			stage_length			moment_lower			moment_upper			moment_midpoint			left_error			midpoint_error			reciprocal_lower			reciprocal_upper			reciprocal_lower_decimal			reciprocal_upper_decimal			automaton_count


			0			1			1			1/6			1			0			1			1/4			3/8			1/8			1/2			1			0.500000000000			1.000000000000			1


			1			2			1/3			1/18			2/3			2/9			5/9			13/36			11/72			1/72			5/8			4/5			0.625000000000			0.800000000000			2


			2			4			1/9			1/54			4/9			26/81			35/81			121/324			35/648			1/648			217/320			689/935			0.678125000000			0.736898395722			3


			3			8			1/27			1/162			8/27			260/729			287/729			1093/2916			107/5832			1/5832			15875077/22771840			338880008/472804255			0.697136331539			0.716744835556			5


			4			16			1/81			1/486			16/81			2420/6561			2501/6561			9841/26244			323/52488			1/52488			49439863683929/70266155814400			618860276118479023813/871455843994259253457			0.703608488481			0.710145304990			8


			5			32			1/243			1/1458			32/243			22022/59049			22265/59049			88573/236196			971/472392			1/472392			51392709285826280251936377612834438149/72816861927347581435861841087940224000			72923065783854478800214546082220732759072000560825684/103004601942355825069935270562910166432501741293922175			0.705780336114			0.707959298990			13


			6			64			1/729			1/4374			64/729			198926/531441			199655/531441			797161/2125764			2915/4251528			1/4251528			918531429891339743747259533887020575294904635721990159164360519118930999138606091/1300104456132576951645408740770566755135754146089062879023214522926474446694912000			48135805637412787418819340876387868552364852419246870176066460961026379954976919349456378383947268750891442575559/68062237821040997312714042168533525995900396322898081224396806420448297377041343888190634943268512075941361390725			0.706505870016			0.707232191865			21


			7			128			1/2187			1/13122			128/2187			1792520/4782969			1794707/4782969			7174453/19131876			8747/38263752			1/38263752			50222040236146165813602609159410144275225783561539670528192051292054229364515858527754180211060694312406041512292821551703427269734781469234822330078254951667534318491487841201479/71060757244887690270015135443705707872158799674939294583525679426516584140345466895218934924201688792992864940355412708069043188438638276226742501392652793218760175342161376256000			5534743392091995461191037693012158331185265044642772097142963015596663545517398039032480907455743763373817280441373363091283850753359651745097964392780520229889535792895181802779922686001591156964426671301826615555697406416614816519447404961593665165438907514962802515749808/7828602121724174109545797453319659409367372137127991396944583682308474500654736973948809589554619503031258696349302446491943930859747763497983869734540690245184455049071408600460620015727338402330924903764791185109828018200544916309754126637899283676251734421867578328496625			0.706747889881			0.706989997197			34


			8			256			1/6561			1/39366			256/6561			16139240/43046721			16145801/43046721			64570081/172186884			26243/344373768			1/344373768			1477040252364523068894440044341193952629020849869885004707893259811029034333153360277965972629259737365173003294712220365190681663310796395576960007961123543732952052128065018448309438485938166880157352531245822320618418503574520507643484850566438990235633082436673280060363622087661082123192451510585042652076095598242896036528202684692937269961735356170552958634666079383572297118966846096819/2089672501522011642227166364270662855424220195460791886578310023819964722169433119976729433093232671357740764523347994803653458817689687914796104714948185846478311948737015681728249372374514158729879928012996010154180968636872267027847207197931094382937306747334652091211883171835468595452076222625012754667720806764997858732042025453989305261653013232691595745024055782660062625701286273024000			751457483924974433271485663690626928491649235093121274688782656644334672437191694935027344117519594149075945209342834777686756310370347575998071358312642848395420129447144694802517948568315036476735324243557039477857717537632029628556614724876922077631686851620981174963836039476817776458617383525912130662403648046052810796740492663505317760570248985371233343318132079610872538753467174398174206759659215606693259839631264932920116331873486697137331008265856597609459430365438512726225004567590020973768918522048034913225775550727345656397909356678583840319/1063018268142644566804016582679989591584341434598185889327027748642070693576349843335385700197763213579198432527997800303143180586041369986076003620228018544025443308401888084630863005278973677722358425245284193947040983404887112352953256814862859550727490819722113664961720607751644610724158755931056644305052445640645694701142583605431719658497120377286998036495463170663348018792051617480569098596213553718927535806482934823248161183685563227376595482348939064213953646379274772325861459294095303033730692666949656938450452908664804228111822117219707330375			0.706828582607			0.706909285047			55


			9			512			1/19683			1/118098			512/19683			145272842/387420489			145292525/387420489			581130733/1549681956			78731/3099363912			1/3099363912			993280423477448914155876190300342049222522620309314661260524515601071811644400524509336292872093281482868971195003599662850789358122241664993884685909307187402457626985619660646349366616335689324421880081994260498115817504491670696204409569554696476247688197394448376705518068326166867777306180889496009001336271444834126816793035130835816597863740502808913578695725138743920853007203934523068649840034232198198495090739604616578851078712580252810986078417434339272217317944966907632700228678356834618231856530297074078531572729073314348669604213383376834236797419813758855943420413847644200189651516056255060559590669392207266338744158616249036555548239494924486481217799358754651503335246185926220200359347819316067180855278032886618658213939373052756565265505043346455202822343108787837860791171230696260162301368247077336932749048232528878746283806776401/1405210044048755994163126835934915487334854612592038412207765759487339951207266803328561869179187498363479438898075603778771993749272434269771551018509687750536324791786059870210948403006630065203485980748471980203151948148295181162391849399545423314773559122457880454295862737439782686589571758848685519789590054390504964195187865143921267256731191775130714060443886051885543251155770682253754376622964850616951312001539838729823022836193167254282214471606484107025864843061309370108730838885290889677653667222574582392542326773768826644296748349644831319656481355719582127812507031321594812870373677337386947842398605130644698678993537193102326882486536105128796098724845947282407715791691941146952926103417031956225842025863527638809069485403997987821117956893949312893510795831693117769557259181503306998415882776715315951207145803047812363232095043584000			19114780073197870723299516198934054988968502796283960749258727222720821466665336944499975079701907461754451408198661644941346865610336203917144468181119542518961466673321655644286477456234318754287878826187672385720992867751107226502906313582990643809198982570999989390525215024107131738206996918684022494757861899782370366109668663645463783974314620972215999665796500539359164644918634638007732565583116562182580422095833122115058163907027462335353559322999398650794502452688309459039553836960861967696301033788856208747755808349463542642839853264296180701538654639340808419101279973990860373642060015195117437159402167241707990477621963662411184348597521696026754858819787373682041903841356393196248407816524886801974499882632099417988320981532523161225742358589668602088728716883581221574077357871328106384325272725483475792191450898052186971916622664957422233841863754964211708099153436325475452607750204291740641987522662400541626043250695450037277728923239852489936943349114568160784831323156711278256114670248282068702468895222541221947186794205021862986726268682834621546683413187927254463698687565276347997065975058278427604989295081948826431326608477239712250859582119910289789847864298602229838554641996507871170390647187156/27040962582605374958036943580039337127781136463202811595299031380511846167534680960028547617474741147801620084407337357025107591137002120800980202242647476986593970814646549075936091931123490596571272466489835228704556763460793808126981606739284406564614140713071573544289163151350128099902763871099358553286232929385312137357794522239001283995991570790666097803418076206844102662676487533745568280068254808916213274852976576733765180885671095085419128400328872428803827941772438476192821113417018660351507608278511709105513729250183087313312677816647434475394001114540652069183166921983869426079301515760415078692184074259886981918019922579207496183591372152013803145415690424770074340116055974600921056343142191160395626527290591275511551869846143438125072397948349112684555561824280444921132972747801319481618971609536939888449496146396132088457923534222100201619159109040387900334698116020460277274740104112556438857205809852981664944766283332830606842054680426089955572255047928552115719088030854164266506792386385092826638713280750801821613486709230405453900465660511907603741469336058708826029516636582332266952665648887568787693260968888659260179677855149041460011083098222751267852761257390892911691322642599704808985676544125			0.706855482342			0.706882383155			89









PHI_volume_01_verification/verification/cantor/results/exact_regression_run.log

$ /opt/pyvenv/bin/python [workspace]/code/test_cantor.py
{
  "status": "PASS",
  "scope": "Finite exact-arithmetic regression tests, not a proof of limit theorems",
  "python": "3.13.5",
  "checks": {
    "level_cardinality": 11,
    "stage_length": 11,
    "code_range_even": 2047,
    "cylinder_diameter": 2047,
    "child_nesting": 2047,
    "middle_gap": 2047,
    "endpoint_membership": 2047,
    "level_separation": 11,
    "automaton_count": 11,
    "concatenation": 961,
    "rational_certificate_replay": 2272,
    "independent_rational_agreement": 2272,
    "orbit_length_bound": 2272,
    "periodic_membership": 254,
    "second_moment_bracket": 9,
    "second_moment_width": 9,
    "left_moment_error_identity": 9,
    "midpoint_moment_error_identity": 9,
    "reciprocal_bracket": 9,
    "persistence_gap_multiplicities": 7,
    "offset_count_at_resolved_scales": 28,
    "endpoint_not_rejected": 1,
    "middle_third_rejected": 1,
    "printed_endpoint_mutation_rejected": 1,
    "forged_orbit_rejected": 1,
    "forged_decision_rejected": 1,
    "degenerate_false_interval_rejected": 1,
    "floating_input_rejected": 1
  },
  "total_checks": 18397,
  "seconds": 0.28
}

[exit code: 0]







PHI_volume_01_verification/verification/cantor/results/quadratic_enclosures_run.log

$ /opt/pyvenv/bin/python [workspace]/code/repeller.py
{
  "status": "PASS",
  "scope": "Outward square-root bounds and listed finite inverse cylinders",
  "B": "231/100",
  "contraction_bound": "50/83",
  "rounding_grid": "1/10000000000",
  "cylinders": [
    {
      "word": "0",
      "lower": "-5760859311/2500000000",
      "upper": "-4153311931/5000000000",
      "lower_decimal": "-2.3043437244",
      "upper_decimal": "-0.8306623862"
    },
    {
      "word": "1",
      "lower": "4153311931/5000000000",
      "upper": "5760859311/2500000000",
      "lower_decimal": "0.8306623862",
      "upper_decimal": "2.3043437244"
    },
    {
      "word": "00",
      "lower": "-7364335703/5000000000",
      "upper": "-166812023/200000000",
      "lower_decimal": "-1.4728671406",
      "upper_decimal": "-0.8340601150"
    },
    {
      "word": "01",
      "lower": "-23031160901/10000000000",
      "upper": "-3914415607/2000000000",
      "lower_decimal": "-2.3031160901",
      "upper_decimal": "-1.9572078035"
    },
    {
      "word": "10",
      "lower": "166812023/200000000",
      "upper": "7364335703/5000000000",
      "lower_decimal": "0.8340601150",
      "upper_decimal": "1.4728671406"
    },
    {
      "word": "11",
      "lower": "3914415607/2000000000",
      "upper": "23031160901/10000000000",
      "lower_decimal": "1.9572078035",
      "upper_decimal": "2.3031160901"
    },
    {
      "word": "00110101",
      "lower": "-2185291737/2500000000",
      "upper": "-8733722911/10000000000",
      "lower_decimal": "-0.8741166948",
      "upper_decimal": "-0.8733722911"
    },
    {
      "word": "11001010",
      "lower": "21003795607/10000000000",
      "upper": "10506105563/5000000000",
      "lower_decimal": "2.1003795607",
      "upper_decimal": "2.1012211126"
    }
  ]
}

[exit code: 0]







PHI_volume_01_verification/verification/cantor/results/repeller_report.json

{
  "status": "PASS",
  "scope": "Outward square-root bounds and listed finite inverse cylinders",
  "B": "231/100",
  "contraction_bound": "50/83",
  "rounding_grid": "1/10000000000",
  "cylinders": [
    {
      "word": "0",
      "lower": "-5760859311/2500000000",
      "upper": "-4153311931/5000000000",
      "lower_decimal": "-2.3043437244",
      "upper_decimal": "-0.8306623862"
    },
    {
      "word": "1",
      "lower": "4153311931/5000000000",
      "upper": "5760859311/2500000000",
      "lower_decimal": "0.8306623862",
      "upper_decimal": "2.3043437244"
    },
    {
      "word": "00",
      "lower": "-7364335703/5000000000",
      "upper": "-166812023/200000000",
      "lower_decimal": "-1.4728671406",
      "upper_decimal": "-0.8340601150"
    },
    {
      "word": "01",
      "lower": "-23031160901/10000000000",
      "upper": "-3914415607/2000000000",
      "lower_decimal": "-2.3031160901",
      "upper_decimal": "-1.9572078035"
    },
    {
      "word": "10",
      "lower": "166812023/200000000",
      "upper": "7364335703/5000000000",
      "lower_decimal": "0.8340601150",
      "upper_decimal": "1.4728671406"
    },
    {
      "word": "11",
      "lower": "3914415607/2000000000",
      "upper": "23031160901/10000000000",
      "lower_decimal": "1.9572078035",
      "upper_decimal": "2.3031160901"
    },
    {
      "word": "00110101",
      "lower": "-2185291737/2500000000",
      "upper": "-8733722911/10000000000",
      "lower_decimal": "-0.8741166948",
      "upper_decimal": "-0.8733722911"
    },
    {
      "word": "11001010",
      "lower": "21003795607/10000000000",
      "upper": "10506105563/5000000000",
      "lower_decimal": "2.1003795607",
      "upper_decimal": "2.1012211126"
    }
  ]
}







PHI_volume_01_verification/verification/cantor/results/symbolic_identities_run.log

$ /opt/pyvenv/bin/python [workspace]/code/symbolic_checks.py
{
  "status": "PASS",
  "sympy_version": "1.14.0",
  "identities": {
    "affine_composition": "0",
    "range_step_slack": "0",
    "left_second_moment": "0",
    "right_second_moment_width": "0",
    "midpoint_second_moment": "0",
    "optimization_factorization": "0",
    "automaton_characteristic_polynomial": "0",
    "positive_eigenvector": "zero vector"
  },
  "identity_count": 8,
  "mutant_rejected": true,
  "scope": "Exact symbolic identities; not kernel proof of analytic/topological consequences"
}

[exit code: 0]







PHI_volume_01_verification/verification/cantor/results/symbolic_report.json

{
  "status": "PASS",
  "sympy_version": "1.14.0",
  "identities": {
    "affine_composition": "0",
    "range_step_slack": "0",
    "left_second_moment": "0",
    "right_second_moment_width": "0",
    "midpoint_second_moment": "0",
    "optimization_factorization": "0",
    "automaton_characteristic_polynomial": "0",
    "positive_eigenvector": "zero vector"
  },
  "identity_count": 8,
  "mutant_rejected": true,
  "scope": "Exact symbolic identities; not kernel proof of analytic/topological consequences"
}







PHI_volume_01_verification/verification/cantor/results/test_report.json

{
  "status": "PASS",
  "scope": "Finite exact-arithmetic regression tests, not a proof of limit theorems",
  "python": "3.13.5",
  "checks": {
    "level_cardinality": 11,
    "stage_length": 11,
    "code_range_even": 2047,
    "cylinder_diameter": 2047,
    "child_nesting": 2047,
    "middle_gap": 2047,
    "endpoint_membership": 2047,
    "level_separation": 11,
    "automaton_count": 11,
    "concatenation": 961,
    "rational_certificate_replay": 2272,
    "independent_rational_agreement": 2272,
    "orbit_length_bound": 2272,
    "periodic_membership": 254,
    "second_moment_bracket": 9,
    "second_moment_width": 9,
    "left_moment_error_identity": 9,
    "midpoint_moment_error_identity": 9,
    "reciprocal_bracket": 9,
    "persistence_gap_multiplicities": 7,
    "offset_count_at_resolved_scales": 28,
    "endpoint_not_rejected": 1,
    "middle_third_rejected": 1,
    "printed_endpoint_mutation_rejected": 1,
    "forged_orbit_rejected": 1,
    "forged_decision_rejected": 1,
    "degenerate_false_interval_rejected": 1,
    "floating_input_rejected": 1
  },
  "total_checks": 18397,
  "seconds": 0.28
}







PHI_volume_01_verification/verification/cantor/results/verification_status.json

{
  "mode": "full",
  "status": "NOT_ALL_REQUESTED_CHECKS_PASSED",
  "generated_utc": "2026-09-30T08:59:14.131213+00:00",
  "python": "3.13.5",
  "checks": [
    {
      "check": "exact_regression",
      "status": "PASS",
      "executed": true,
      "scope": "Finite-range exact regression and rational witness replay.",
      "script": "code/test_cantor.py",
      "script_sha256": "ac23f5c1f57d95ef769c4b76703be2312b4d809b1ddc7268203f691c9e04e844",
      "log": "results/exact_regression_run.log",
      "report": "results/test_report.json"
    },
    {
      "check": "affine_certificates",
      "status": "PASS",
      "executed": true,
      "scope": "Universal local affine implications; not an induction or logic kernel.",
      "script": "code/certificate_checker.py",
      "script_sha256": "4ddc5253010b06e0912180763b795b3cc4ae43db754ea9eed85eaf43345ad24f",
      "log": "results/affine_certificates_run.log",
      "report": "results/certificate_report.json"
    },
    {
      "check": "symbolic_identities",
      "status": "PASS",
      "executed": true,
      "scope": "Exact symbolic identities with a CAS trust boundary.",
      "script": "code/symbolic_checks.py",
      "script_sha256": "13d7af1cf7bba66fd5c69be0ffdf3383bc399ba29d9e8560ced7c5d0e8217cdc",
      "log": "results/symbolic_identities_run.log",
      "report": "results/symbolic_report.json"
    },
    {
      "check": "quadratic_enclosures",
      "status": "PASS",
      "executed": true,
      "scope": "Listed finite inverse cylinders and outward square-root bounds.",
      "script": "code/repeller.py",
      "script_sha256": "a11dfd2a9cc240d127acfe668f6c8195531c77bd6985cb6d2bb9ff770c550b26",
      "log": "results/quadratic_enclosures_run.log",
      "report": "results/repeller_report.json"
    },
    {
      "check": "lean",
      "target": "Lean 4.19.0",
      "scope": "Candidate finite-word theorems; no real-limit formalization.",
      "executed": false,
      "kernel_success_asserted": false,
      "status": "NOT_RUN_UNAVAILABLE",
      "reason": "Required executables were not found.",
      "unavailable_tools": [
        "lean",
        "lake"
      ]
    },
    {
      "check": "coq",
      "target": "Coq 8.20.0",
      "scope": "Candidate finite-word theorems with independent artifact rechecking.",
      "executed": false,
      "kernel_success_asserted": false,
      "status": "NOT_RUN_UNAVAILABLE",
      "reason": "Required executables were not found.",
      "unavailable_tools": [
        "coqc",
        "coqchk"
      ]
    },
    {
      "check": "smt",
      "target": "SMT-LIB 2 / QF_LRA; Z3 implementation",
      "scope": "Two local affine implications only.",
      "executed": false,
      "kernel_success_asserted": false,
      "status": "NOT_RUN_UNAVAILABLE",
      "reason": "Required executables were not found.",
      "unavailable_tools": [
        "z3"
      ]
    }
  ],
  "coverage_boundary": "Only the scopes of the listed artifacts. Infinite analysis, topology, and implementation-refinement bridges are not kernel-formalized.",
  "complete_section_kernel_verified": false
}







PHI_volume_01_verification/verification/coverings/code/branch_checks.py

#!/usr/bin/env python3
"""Independent finite checks of worked educational variants; not infinite proofs."""
from pathlib import Path
from fractions import Fraction as F
from math import comb
from collections import Counter
import json,copy
import sympy as S
from certificates import Q,realpoly,box,generate,verify,witness,controls
R=Path(__file__).resolve().parents[1];counts=Counter();rows=[]
def ck(group,ok):
 counts[group]+=1
 if not ok: raise AssertionError(group)
def rnd(q):
 if q<0:return -rnd(-q)
 return (2*q.numerator+q.denominator)//(2*q.denominator)
# A fresh hand-checkable root certificate, independent of the six main cases.
ps=[realpoly([-2,0,1])];con=box(1,2,F(-1,2),F(1,2));c=generate(ps,con);v=verify(c,ps,con)
ck('teaching_root_certificate',v['winding']==1 and v['arcs']==4)
(R/'proofs/certificates/teaching_sqrt2.json').write_text(json.dumps(c,indent=2))
for mode in range(4):
 q=copy.deepcopy(c)
 if mode==0:q['winding']=0
 if mode==1:q['pieces'][1]['sign']*=-1
 if mode==2:q['pieces'].pop()
 if mode==3:q['contour'][0][0]='0'
 try:verify(q,ps,con);rejected=False
 except (ValueError,KeyError,IndexError):rejected=True
 ck('teaching_certificate_mutants',rejected)
# Matrix algebra over rationals, with multiplicity retained.
z,t,u,vv=S.symbols('z t u v')
M=S.Matrix([[0,0,-2],[1,0,3],[0,1,0]]) # (z-1)^2(z+2)=z^3-3z+2
ck('quotient_algebra',S.trace(M)==0)
ck('quotient_algebra',S.trace(M**2)==6)
ck('quotient_algebra',(M-3*S.eye(3)).det()==-20)
N=S.Matrix([[0,1,0],[0,0,1],[0,0,0]]);A=2*S.eye(3)+N
ck('nilpotent_algebra',N**3==S.zeros(3))
ck('nilpotent_algebra',S.trace(A**2)==12)
# Exact Gram spectrum and conditioning at four rational sites.
for a in [F(1,10),F(1,5),F(1,2),F(3,4)]:
 diagonal=1/(1-a*a);off=1/(1+a*a)
 ck('hardy_gram',diagonal+off==2/(1-a**4))
 ck('hardy_gram',diagonal-off==2*a*a/(1-a**4))
 ck('hardy_gram',(diagonal+off)/(diagonal-off)==1/(a*a))
# Compare the native four-state DP to binomial class counting.
state=[1,0,0,0]
for n in range(21):
 exact=[sum(comb(n,k) for k in range(j,n+1,4)) for j in range(4)]
 ck('four_sheet_dp',state==exact)
 state=[state[j]+state[(j-1)%4] for j in range(4)]
ck('four_sheet_dp',sum(comb(8,k) for k in range(0,9,4))==72)
# CP2: failure of the axis witness despite a separating oblique functional.
a=Q(F(-2),F(1));b=Q(F(1),F(-2));mid=(a+b)*F(1,2)
ck('parameter_witness_counterexample',witness([a,b]) is None)
ck('parameter_witness_counterexample',mid.r**2+mid.i**2==F(1,2))
ck('parameter_witness_counterexample',(-a.r-a.i)==1 and (-b.r-b.i)==1)
ck('parameter_witness_counterexample',witness([a,mid])==('r',-1))
ck('parameter_witness_counterexample',witness([mid,b])==('i',-1))
for n in range(5):
 for k in range(2**n):
  # Constants do not acquire a better axis witness on any source subinterval.
  ck('parameter_source_subdivision_invariance',witness(controls([a],Q(F(k,2**n)),Q(F(k+1,2**n)))+controls([b],Q(F(k,2**n)),Q(F(k+1,2**n)))) is None)
# Realizable electrical variants, units and exact tail energy.
L=F(2,1000);C=F(5,10**6)
ck('lc_units',L*5000-1/(C*5000)==-30)
ck('lc_units',L*20000-1/(C*20000)==30)
ck('lc_units',1/(L*C)==10**8)
a=F(-1,3)
ck('allpass_variants',(1-a*a)/(1+a*a-2*a)==F(1,2))
ck('allpass_variants',(1-a*a)/(1+a*a+2*a)==2)
ck('allpass_variants',(1-a*a)*a**6==F(8,6561))
ck('routh_variants',S.expand((z+4)*(z*z+5)-(z**3+4*z*z+5*z+20))==0)
ck('routh_variants',S.expand((5+t)*(8+t)-(40+10*t))==3*t+t*t)
ck('correlated_routh',S.expand((2+u)*(3+vv)-(5+u+vv+u*vv))==1+2*u+vv)
for i in range(5):
 for j in range(5):
  u0=F(i,4);v0=F(j,4)
  ck('correlated_routh_samples',(2+u0)*(3+v0)-(5+u0+v0+u0*v0)>=1)
# Pick two-point arithmetic and the one-datum disk.
a=F(1,5);r=F(1,2)
ck('pick_variants',(F(4,5)-a)/(1-a*F(4,5))==F(5,7)>r)
ck('pick_variants',(F(3,5)-a)/(1-a*F(3,5))==F(5,11)<r)
cc=F(10,11)
ck('pick_variants',(a+cc*r)/(1+a*cc*r)==F(3,5))
a=F(1,3)
ck('pick_variants',(1-r*r)*a/(1-r*r*a*a)==F(9,35))
ck('pick_variants',r*(1-a*a)/(1-r*r*a*a)==F(16,35))
# Every state in the published EP6 five-state model is fixed.
for k in range(-2,3):ck('five_state_fixed_points',rnd(F(3,4)*k)==k)
ck('rounded_ug_fixed_point',rnd(F(2,3))==1)
# Error weights and an interior optimal allocation, no measured cost claim.
weights=[F(1,16),F(1,4),F(1)];E=F(1,1000);etas=[E/(3*w) for w in weights]
ck('precision_allocation',sum(w*e for w,e in zip(weights,etas))==E)
ck('precision_allocation',etas==[16*E/3,4*E/3,E/3])
for w,e in zip(weights,etas):ck('precision_allocation',1/(w*e)==3/E)
ck('error_weights',sum(weights)==F(21,16))
# The discriminator for z^3-3z-w and the collision-free unit circle.
w=S.symbols('w');delta=S.discriminant(z**3-3*z-w,z)
ck('discriminant_identity',S.expand(delta)==108-27*w*w)
ck('discriminant_identity',108-27==81)
result={'scope':'Educational worked variants only; no new infinite-dimensional kernel proofs','counts':dict(counts),'total_assertions':sum(counts.values()),'teaching_certificate':verify(c,ps,con),'arithmetic':'Fraction and exact SymPy polynomial/matrix arithmetic','proof_assistant_kernel_checked':False}
(R/'metrics/branch_checks.json').write_text(json.dumps(result,indent=2));print(json.dumps(result,indent=2))







PHI_volume_01_verification/verification/coverings/code/certificates.py

#!/usr/bin/env python3
"""Exact rational Bernstein/half-plane certificates for polynomial winding.

The generator is untrusted. verify() re-derives every control point, validates
complete contour partitions, checks nonzero half-plane witnesses, and recomputes
the polygon winding with exact arithmetic. No floating point enters acceptance.
"""
from __future__ import annotations
from fractions import Fraction as F
from dataclasses import dataclass
from math import comb
from typing import Sequence
import json

@dataclass(frozen=True)
class Q:
    r:F=F(0); i:F=F(0)
    def __add__(self,b):
        if not isinstance(b,Q):b=Q(F(b))
        return Q(self.r+b.r,self.i+b.i)
    __radd__=__add__
    def __neg__(self):return Q(-self.r,-self.i)
    def __sub__(self,b):return self+-b
    def __mul__(self,b):
        if not isinstance(b,Q):b=Q(F(b))
        return Q(self.r*b.r-self.i*b.i,self.r*b.i+self.i*b.r)
    __rmul__=__mul__
    def dump(self):return [str(self.r),str(self.i)]
    @staticmethod
    def load(v):return Q(F(v[0]),F(v[1]))
ZERO=Q()
def evalp(p:Sequence[Q],z:Q)->Q:
    q=ZERO
    for a in reversed(p):q=q*z+a
    return q

def controls(p:Sequence[Q],a:Q,b:Q)->list[Q]:
    """Power coefficients of p(a+(b-a)t), then exact power-to-Bernstein."""
    c=[ZERO]; dz=b-a
    for coeff in reversed(p):
        n=[ZERO]*(len(c)+1)
        for j,v in enumerate(c):n[j]=n[j]+v*a;n[j+1]=n[j+1]+v*dz
        n[0]=n[0]+coeff;c=n
    while len(c)>1 and c[-1]==ZERO:c.pop()
    m=len(c)-1
    return [sum((c[j]*F(comb(k,j),comb(m,j)) for j in range(k+1)),ZERO) for k in range(m+1)]

def witness(vs:list[Q]):
    for axis in ['r','i']:
        for sign in [1,-1]:
            if all(sign*getattr(v,axis)>0 for v in vs):return axis,sign
    return None

def winding(vertices:Sequence[Q])->int:
    if len(vertices)<4 or vertices[0]!=vertices[-1]:raise ValueError('not closed')
    w=0
    for a,b in zip(vertices,vertices[1:]):
        cross=a.r*b.i-a.i*b.r
        if a==ZERO or b==ZERO:raise ValueError('zero vertex')
        # Half-plane validation in verify already proves zero-free chords.
        if a.i<=0<b.i and cross>0:w+=1
        elif b.i<=0<a.i and cross<0:w-=1
    return w

def generate(polys:Sequence[Sequence[Q]],contour:Sequence[Q],max_depth:int=18)->dict:
    """One polynomial, or the entire convex hull of several polynomials."""
    if not polys or len(contour)<4 or contour[0]!=contour[-1]:raise ValueError('bad input')
    pieces=[]
    def rec(edge,l,r,depth):
        a=contour[edge]+(contour[edge+1]-contour[edge])*l
        b=contour[edge]+(contour[edge+1]-contour[edge])*r
        vs=[v for p in polys for v in controls(p,a,b)]
        wh=witness(vs)
        if wh:
            pieces.append(dict(edge=edge,left=str(l),right=str(r),axis=wh[0],sign=wh[1]));return
        if depth>=max_depth:raise ValueError('not certified at configured maximum depth')
        m=(l+r)/2;rec(edge,l,m,depth+1);rec(edge,m,r,depth+1)
    for edge in range(len(contour)-1):rec(edge,F(0),F(1),0)
    out={'schema':'phi.polynomial-winding.v1','arithmetic':'rational','polynomials':[[v.dump() for v in p] for p in polys],'contour':[v.dump() for v in contour],'pieces':pieces,'winding':0}
    pts=[]
    for s in pieces:
        e=s['edge'];t=F(s['left']);pts.append(evalp(polys[0],contour[e]+(contour[e+1]-contour[e])*t))
    pts.append(pts[0]);out['winding']=winding(pts)
    return out

def verify(c:dict,expected_polys=None,expected_contour=None)->dict:
    if c.get('schema')!='phi.polynomial-winding.v1':raise ValueError('schema')
    polys=[[Q.load(z) for z in p] for p in c['polynomials']]
    con=[Q.load(z) for z in c['contour']]
    if expected_polys is not None and polys!=expected_polys:raise ValueError('polynomial binding')
    if expected_contour is not None and con!=expected_contour:raise ValueError('contour binding')
    if not polys or len(con)<4 or con[0]!=con[-1]:raise ValueError('input')
    if not c['pieces']:raise ValueError('no pieces')
    expected_edge=0;expected_left=F(0);pts=[];margins=[];control_count=0
    for s in c['pieces']:
        e=s['edge'];l=F(s['left']);r=F(s['right']);axis=s['axis'];sign=s['sign']
        if e!=expected_edge or l!=expected_left or not (0<=l<r<=1):raise ValueError('partition')
        if axis not in ('r','i') or sign not in (-1,1):raise ValueError('witness format')
        a=con[e]+(con[e+1]-con[e])*l;b=con[e]+(con[e+1]-con[e])*r
        vs=[v for p in polys for v in controls(p,a,b)];control_count+=len(vs)
        margin=min(sign*getattr(v,axis) for v in vs)
        if margin<=0:raise ValueError('half-plane witness')
        margins.append(margin);pts.append(evalp(polys[0],a))
        if r==1:expected_edge+=1;expected_left=F(0)
        else:expected_left=r
    if expected_edge!=len(con)-1 or expected_left!=0:raise ValueError('incomplete partition')
    pts.append(pts[0]);w=winding(pts)
    if type(c['winding']) is not int or c['winding']!=w:raise ValueError('winding mismatch')
    return {'accepted':True,'winding':w,'arcs':len(c['pieces']),'checked_control_points':control_count,'minimum_coordinate_halfplane_margin':str(min(margins)),'parameter_scope':'entire convex hull of declared polynomials'}

def box(x0,x1,y0,y1):
    return [Q(F(x0),F(y0)),Q(F(x1),F(y0)),Q(F(x1),F(y1)),Q(F(x0),F(y1)),Q(F(x0),F(y0))]
def realpoly(vs):return [Q(F(v)) for v in vs]







PHI_volume_01_verification/verification/coverings/code/compare_certificates.py

#!/usr/bin/env python3
"""Version-2 rational separating-hyperplane winding certificates.

Only Fraction arithmetic is used for acceptance. Candidate normals are computed
by exact closest-point projections onto the convex hull edges. The checker is
separate: it recomputes control points and checks the supplied rational normal.
Benchmarks compare identical polynomial/contour/family contracts. Numerical
root solvers are never treated as certified baselines.
"""
from __future__ import annotations
from fractions import Fraction as F
from pathlib import Path
import copy,csv,json,time,statistics,platform
from certificates import Q,ZERO,controls,evalp,winding,box,realpoly
ROOT=Path(__file__).resolve().parents[1]

def dot(a:Q,b:Q): return a.r*b.r+a.i*b.i

def cross(a,b,c):
 u=b-a;v=c-a;return u.r*v.i-u.i*v.r

def hull(vs):
 p=sorted(set(vs),key=lambda v:(v.r,v.i))
 if len(p)<2:return p
 lo=[];hi=[]
 for v in p:
  while len(lo)>=2 and cross(lo[-2],lo[-1],v)<=0:lo.pop()
  lo.append(v)
 for v in reversed(p):
  while len(hi)>=2 and cross(hi[-2],hi[-1],v)<=0:hi.pop()
  hi.append(v)
 return lo[:-1]+hi[:-1]

def find_normal(vs,mode='rotated'):
 if mode=='axis': candidates=[Q(F(1)),Q(F(-1)),Q(F(0),F(1)),Q(F(0),F(-1))]
 else:
  h=hull(vs);candidates=list(h)
  for a,b in zip(h,h[1:]+h[:1]):
   d=b-a;s=dot(d,d)
   if s:
    t=max(F(0),min(F(1),-dot(a,d)/s));candidates.append(a+d*t)
 for q in candidates:
  if q==ZERO:continue
  if min(dot(v,q) for v in vs)>0:
   m=max(abs(q.r),abs(q.i));return Q(q.r/m,q.i/m)
 return None

def generate_v2(polys,contour,mode='rotated',uniform_depth=None,max_depth=18):
 pieces=[];tested=0
 def rec(e,l,r,depth):
  nonlocal tested
  a=contour[e]+(contour[e+1]-contour[e])*l;b=contour[e]+(contour[e+1]-contour[e])*r
  vs=[v for p in polys for v in controls(p,a,b)];tested+=1;n=find_normal(vs,mode)
  if n is not None:
   pieces.append(dict(edge=e,left=str(l),right=str(r),normal=n.dump()));return
  if uniform_depth is not None or depth>=max_depth:raise ValueError('no strict separation at requested depth')
  mid=(l+r)/2;rec(e,l,mid,depth+1);rec(e,mid,r,depth+1)
 for e in range(len(contour)-1):
  if uniform_depth is None:rec(e,F(0),F(1),0)
  else:
   N=2**uniform_depth
   for j in range(N):rec(e,F(j,N),F(j+1,N),uniform_depth)
 pts=[evalp(polys[0],contour[s['edge']]+(contour[s['edge']+1]-contour[s['edge']])*F(s['left'])) for s in pieces]
 pts.append(pts[0]);w=winding(pts)
 return dict(schema='phi.winding.separating.v2',polynomials=[[q.dump() for q in p] for p in polys],contour=[q.dump() for q in contour],pieces=pieces,winding=w,generator={'mode':mode,'tested_nodes':tested,'uniform_depth':uniform_depth})

def verify_v2(c,expected_polys,expected_contour):
 if c.get('schema')!='phi.winding.separating.v2':raise ValueError('schema')
 ps=[[Q.load(z) for z in p] for p in c['polynomials']];con=[Q.load(q) for q in c['contour']]
 if ps!=expected_polys or con!=expected_contour:raise ValueError('binding')
 if not ps or len(con)<4 or con[0]!=con[-1]:raise ValueError('input')
 e=0;t=F(0);pts=[];margins=[];N=0
 if not c['pieces']:raise ValueError('empty')
 for s in c['pieces']:
  if type(s['edge']) is not int or s['edge']!=e:raise ValueError('edge')
  l=F(s['left']);r=F(s['right']);n=Q.load(s['normal'])
  if e>=len(con)-1 or l!=t or not (0<=l<r<=1) or n==ZERO:raise ValueError('partition/normal')
  a=con[e]+(con[e+1]-con[e])*l;b=con[e]+(con[e+1]-con[e])*r
  vs=[v for p in ps for v in controls(p,a,b)];N+=len(vs);m=min(dot(v,n) for v in vs)
  if m<=0:raise ValueError('separation')
  margins.append(m/(abs(n.r)+abs(n.i)));pts.append(evalp(ps[0],a))
  if r==1:e+=1;t=F(0)
  else:t=r
 if e!=len(con)-1 or t!=0:raise ValueError('incomplete')
 pts.append(pts[0]);w=winding(pts)
 if type(c['winding']) is not int or w!=c['winding']:raise ValueError('count')
 return dict(accepted=True,winding=w,arcs=len(c['pieces']),control_points=N,euclidean_exclusion_lower_bound=str(min(margins)),family_scope='entire coefficient convex hull')

def mul(p,q):
 r=[ZERO]*(len(p)+len(q)-1)
 for i,x in enumerate(p):
  for j,y in enumerate(q):r[i+j]=r[i+j]+x*y
 return r

def median_timing(fn,repeats=9):
 fn(); times=[]
 for _ in range(repeats):
  st=time.perf_counter_ns();fn();times.append((time.perf_counter_ns()-st)/1e6)
 return {'median_ms':statistics.median(times),'min_ms':min(times),'max_ms':max(times),'raw_ms':times}

def main():
 out=ROOT/'results_v2';out.mkdir(exist_ok=True);(ROOT/'proofs'/'v2').mkdir(exist_ok=True)
 workloads=[('cubic', [realpoly([0,-3,0,1])],box(-2,2,-2,2)),
 ('eighth_power',[realpoly([-F(1,4)]+[0]*7+[1])],box(-1,1,-1,1)),
 ('near_edge_double',[mul(realpoly([-F(99,100),1]),realpoly([-F(99,100),1]))],box(-1,1,-1,1)),
 ('gain_family',[realpoly([6,11,6,1]),realpoly([56,11,6,1])],box(-10,0,-10,10)),
 ('shifted_quartic',[mul(realpoly([-F(3,4),1]),realpoly([F(1,20),0,0,1]))],box(-1,1,-1,1))]
 rows=[];certs=[];mut=[]
 for name,ps,con in workloads:
  for mode in ['axis','rotated']:
   for policy in ['adaptive','uniform']:
    dep=None
    if policy=='uniform':
     for n in range(13):
      try:c=generate_v2(ps,con,mode,uniform_depth=n);dep=n;break
      except ValueError:continue
     else:raise RuntimeError('no uniform certificate')
    c=generate_v2(ps,con,mode,uniform_depth=dep)
    res=verify_v2(c,ps,con)
    fname=f'{name}_{mode}_{policy}.json';(ROOT/'proofs'/'v2'/fname).write_text(json.dumps(c,indent=2))
    tm=median_timing(lambda:verify_v2(c,ps,con),7)
    gen=median_timing(lambda:generate_v2(ps,con,mode,uniform_depth=dep),5)
    rows.append(dict(case=name,mode=mode,policy=policy,uniform_depth=dep,arcs=res['arcs'],control_points=res['control_points'],winding=res['winding'],bytes=len(json.dumps(c)),generation_median_ms=gen['median_ms'],verification_median_ms=tm['median_ms'],timing_verification=tm,timing_generation=gen,exclusion_bound=res['euclidean_exclusion_lower_bound']))
    certs.append(fname)
    for attack in ['delete','wrong_count','normal_sign','binding','gap','normal_zero','edge_type']:
     bad=copy.deepcopy(c)
     if attack=='delete':bad['pieces'].pop()
     elif attack=='wrong_count':bad['winding']+=1
     elif attack=='normal_sign':bad['pieces'][0]['normal']=[str(-F(q)) for q in bad['pieces'][0]['normal']]
     elif attack=='binding':bad['polynomials'][0][0][0]=str(F(bad['polynomials'][0][0][0])+1)
     elif attack=='gap':bad['pieces'][0]['left']='1/1000000'
     elif attack=='normal_zero':bad['pieces'][0]['normal']=['0','0']
     else:bad['pieces'][0]['edge']=True
     try:verify_v2(bad,ps,con);raise RuntimeError('accepted mutation '+attack)
     except ValueError:mut.append(dict(certificate=fname,attack=attack,rejected=True))
 # Axis cannot separate a nonzero segment through (1,0) and (0,1), but x+y does.
 vs=[Q(F(1),F(0)),Q(F(0),F(1))];assert find_normal(vs,'axis') is None
 n=find_normal(vs);assert n is not None and min(dot(v,n) for v in vs)>0
 R=dict(rows=rows,certificates=certs,mutations=mut,mutations_rejected=len(mut),environment={'python':platform.python_version(),'platform':platform.platform(),'timing_clock':'perf_counter_ns','single_process':True,'no_concurrent_rendering_during_measurement':True},semantic_scope='Polynomial contour winding for rational coefficient families; timing intervals are observed ranges, not confidence intervals.',axis_counterexample={'vertices':[v.dump() for v in vs],'rotated_normal':n.dump()})
 (out/'certificate_benchmark.json').write_text(json.dumps(R,indent=2))
 with (out/'certificate_benchmark.csv').open('w') as f:
  keys=[k for k in rows[0] if not k.startswith('timing')];w=csv.DictWriter(f,keys);w.writeheader();w.writerows({k:r[k] for k in keys} for r in rows)
 print(json.dumps([{k:r[k] for k in ['case','mode','policy','arcs','verification_median_ms']} for r in rows],indent=2))
if __name__=='__main__':main()







PHI_volume_01_verification/verification/coverings/code/experiments_v2.py

#!/usr/bin/env python3
"""Matched diagnostic experiments; exact counts separate from floating timings."""
from pathlib import Path
from fractions import Fraction as F
import json,csv,math,time,statistics,platform,itertools
import numpy as np,scipy,scipy.linalg as la,mpmath as mp
R=Path(__file__).resolve().parents[1];O=R/'results_v2';O.mkdir(exist_ok=True)
mp.mp.dps=90

def timing(fn,n=11,batch=30):
 fn();v=[]
 for _ in range(n):
  t=time.perf_counter_ns()
  for j in range(batch):fn()
  v.append((time.perf_counter_ns()-t)/1e6/batch)
 return dict(median_ms=statistics.median(v),min_ms=min(v),max_ms=max(v),raw_ms=v,iterations_per_sample=batch)

def quotient(lam,m=14):
 c=0j;s=0j
 for k in reversed(range(m+1)):
  c=c*lam+1/math.factorial(2*k);s=s*lam+1/math.factorial(2*k+1)
 return np.array([[c,s],[lam*s,c]],dtype=complex)

def reference(lam):
 l=mp.mpc(lam);c=mp.fsum(l**k/mp.factorial(2*k) for k in range(80));s=mp.fsum(l**k/mp.factorial(2*k+1) for k in range(80))
 return [[c,s],[l*s,c]]

def err(y,ref):
 return float(mp.sqrt(mp.fsum(abs(mp.mpc(y[i,j])-ref[i][j])**2 for i in range(2) for j in range(2)))/mp.sqrt(mp.fsum(abs(ref[i][j])**2 for i in range(2) for j in range(2))))

def diagonalize(A):
 w,V=la.eig(A);return V@np.diag(np.exp(w))@la.inv(V)

matrix=[]
for lam in [1,1e-2,1e-4,1e-8,1e-12,1e-16,1e-24,1e-32,0,-1e-8,1e-8j]:
 A=np.array([[0,1],[lam,0]],dtype=complex);ref=reference(lam)
 for name,fn in [('eigendecomposition',lambda:diagonalize(A)),('scipy_expm',lambda:la.expm(A)),('quotient_series',lambda:quotient(lam))]:
  try:
   Y=fn();E=err(Y,ref);t=timing(fn);ok=True;reason=''
  except Exception as ex:E=None;t=None;ok=False;reason=type(ex).__name__
  matrix.append(dict(lam_real=float(np.real(lam)),lam_imag=float(np.imag(lam)),method=name,success=ok,relative_frobenius_error=E,timing=t,reason=reason))
(O/'matrix_benchmark.json').write_text(json.dumps(matrix,indent=2))
phase=[]
for a in [.2,.8,.98]:
 for N in [32,64,128,256,512,1024,2048,4096]:
  th=np.linspace(-np.pi,np.pi,N+1);z=np.exp(1j*th);B=(z-a)/(1-a*z)
  ph=np.unwrap(np.angle(B));num=np.gradient(ph,th,edge_order=2);true=(1-a*a)/(1+a*a-2*a*np.cos(th))
  er=float(np.max(abs(num[1:-1]-true[1:-1])))
  phase.append(dict(a=a,N=N,step=float(th[1]-th[0]),max_grid_error=er,phase_turns=float((ph[-1]-ph[0])/(2*np.pi)),exact_peak=(1+a)/(1-a)))
(O/'phase_diagnostics.json').write_text(json.dumps(phase,indent=2))
# Exact integer dynamic program. Weights = [1,4,16,64]/64, b_j >= 2.
# A known feasible cost-20 candidate bounds every optimal b_j by 14.
weights=[1,4,16,64];scale=64*2**14;target=scale//64
D={0:(0,[])};layers=[]
for w in weights:
 N={}
 for total,(erru,bits) in D.items():
  for b in range(2,15):
   key=total+b;val=erru+w*2**(14-b)
   if key not in N or val<N[key][0]:N[key]=(val,bits+[b])
 D=N;layers.append({str(k):{'error_units':v[0],'bits':v[1]} for k,v in D.items()})
feasible=[(k,*v) for k,v in D.items() if v[0]<=target];best=min(feasible,key=lambda x:x[0]);assert best[0]==20
for k in range(8,20):assert D[k][0]>target
uniform=next(b for b in range(2,15) if sum(weights)*2**(14-b)<=target)
alloc=dict(weights=[str(F(w,64)) for w in weights],target=str(F(1,64)),integer_scale=scale,target_units=target,optimal_total_bits=best[0],optimal_bits=best[2],exact_error=str(F(best[1],scale)),uniform_bits_per_stage=uniform,uniform_total_bits=4*uniform,saved_bits=4*uniform-best[0],frontier=[dict(total_bits=k,error=str(F(v[0],scale)),bits=v[1]) for k,v in sorted(D.items())],dp_layers=layers,upper_bound_justification='Cost 20 feasible; b>=2 for other three stages forces each coordinate <=14 in any no-more-expensive allocation.')
(O/'precision_optimum.json').write_text(json.dumps(alloc,indent=2))
# independent enumeration of all 13^4 candidates for the optimum cost, not a reused DP
found=[];mincost=100;checked=0
for bs in itertools.product(range(2,15),repeat=4):
 checked+=1;cu=sum(w*2**(14-b) for w,b in zip(weights,bs));cost=sum(bs)
 if cu<=target:
  if cost<mincost:mincost=cost;found=[bs]
  elif cost==mincost:found.append(bs)
assert mincost==best[0]
# Exact corner versus continuous-family comparison.
margin_tests=[]
for t in [F(k,8) for k in range(8,33)]:
 a1=a2=t;a3=t*t/2;assert a1*a2-a3==t*t/2>0
 margin_tests.append(str(a1*a2-a3))
# Pointwise analytic labels vs a certified continued branch, all using same path.
continuation=[]
for N in [4,8,16,32,64,128]:
 th=np.linspace(0,2*np.pi,N+1);exact=np.exp(.5j*th);z=np.exp(1j*th);point=np.sqrt(z)
 tracked=[1+0j]
 for v in z[1:]:
  r=np.sqrt(v);tracked.append(r if abs(r-tracked[-1])<abs(-r-tracked[-1]) else -r)
 continuation.append(dict(N=N,max_principal_error=float(np.max(abs(point-exact))),max_tracked_error=float(np.max(abs(np.array(tracked)-exact))),analytic_step_bound='2*pi/N < pi',step_condition=N>2))
(O/'continuation_diagnostics.json').write_text(json.dumps(continuation,indent=2))
# Resolved-vs-padded series quotient tail bound on |lambda|<=1, operator infinity norm.
m=14;tail=2*F(1,math.factorial(2*m+2))/(1-F(1,(2*m+3)*(2*m+4)))
results=dict(matrix_cases=len(matrix),phase_cases=len(phase),continuation_cases=len(continuation),precision_candidates_enumerated=checked,precision_optimum_independently_confirmed=True,structured_stability_checks=len(margin_tests),quotient_tail_bound_infinity_norm=str(tail),quotient_tail_bound_decimal=float(tail),tail_bound_excludes_roundoff=True,python=platform.python_version(),numpy=np.__version__,scipy=scipy.__version__,mpmath=mp.__version__,time_measurement_not_general_speed_theorem=True)
(O/'experiments_summary.json').write_text(json.dumps(results,indent=2));print(json.dumps(results,indent=2))







PHI_volume_01_verification/verification/coverings/code/figures.py

#!/usr/bin/env python3
"""Original reproducible monochrome mathematical figures; no external artwork."""
from pathlib import Path
import math,sys,json
import numpy as np
import matplotlib
matplotlib.use('Agg')
import matplotlib.pyplot as plt
import mpmath as mp
from matplotlib.patches import Circle,Polygon
ROOT=Path(__file__).resolve().parents[1];OUT=ROOT/'figures';OUT.mkdir(exist_ok=True)
plt.rcParams.update({'font.family':'DejaVu Serif','font.size':10,'mathtext.fontset':'cm','axes.spines.top':False,'axes.spines.right':False,'axes.grid':False,'savefig.bbox':'tight'})
manifest=[]
def save(fig,name,model,kind='formula display'):
 fig.savefig(OUT/(name+'.pdf'));fig.savefig(OUT/(name+'.png'),dpi=180);plt.close(fig)
 manifest.append({'id':name,'formula_or_model':model,'role':kind,'format':'vector PDF + PNG preview','original_geometry':True})
def axfig(w=8,h=4.3):
 fig,ax=plt.subplots(figsize=(w,h));return fig,ax
# Disk grid diagram on a single coordinate canvas (not independent statistical panels).
fig,ax=axfig(10,4.5);a=.5;B=lambda z:z*(z-a)/(1-a*z)
t=np.linspace(0,2*np.pi,401)
for center,fn,label in [(-1.45,lambda z:z,r'$z$'),(1.45,B,r'$B(z)=z(z-1/2)/(1-z/2)$')]:
 for r in np.linspace(.12,.96,8):
  zz=fn(r*np.exp(1j*t));ax.plot(zz.real+center,zz.imag,color='.55',lw=.65)
 for theta in np.linspace(0,2*np.pi,24,endpoint=False):
  zz=fn(np.linspace(0,1,180)*np.exp(1j*theta));ax.plot(zz.real+center,zz.imag,color='.45',lw=.7)
 ax.add_patch(Circle((center,0),1,fill=False,color='black',lw=1.3));ax.text(center,1.16,label,ha='center')
 ax.plot([center-1,center+1],[0,0],color='.8',lw=.5);ax.plot([center,center],[-1,1],color='.8',lw=.5)
crit=(1-np.sqrt(1-a*a))/a
ax.scatter([-1.45,-1.45+a], [0,0],c='black',s=25);ax.scatter([-1.45+crit],[0],s=60,facecolors='white',edgecolors='black',marker='D')
ax.annotate('',xy=(.25,0),xytext=(-.25,0),arrowprops={'arrowstyle':'->','color':'black'})
ax.text(0,-1.22,'Degree 2; critical point marked by a diamond; grid images can overlap.',ha='center',fontsize=9)
ax.set_aspect('equal');ax.set_xlim(-2.6,2.6);ax.set_ylim(-1.4,1.4);ax.axis('off');save(fig,'blaschke_grid','degree-two finite Blaschke product; a=1/2','geometric diagram')
# RH contributions.
fig,ax=axfig();labels=['power d=2','power d=3','double cover g=1','double cover g=2','cubic regular closure'];degree=np.array([2,3,2,2,6]);R=np.array([2,4,4,6,10]);x=np.arange(5)
ax.bar(x-.25,2*degree,width=.25,color='white',edgecolor='black',label=r'$d\chi(Y)=2d$');ax.bar(x,R,width=.25,color='.6',edgecolor='black',label=r'$R=\sum(e-1)$');ax.bar(x+.25,2*degree-R,width=.25,color='black',label=r'$\chi(X)$')
ax.set_xticks(x,labels,rotation=14,ha='right');ax.set_ylabel('Integer contributions');ax.axhline(0,color='black',lw=.6);ax.legend(ncol=3,fontsize=9);save(fig,'ramification_budget','Euler characteristic and ramification for five explicitly stated sphere covers','exact integer data')
# Exact cubic contour / control polygons.
sys.path.insert(0,str(ROOT/'code'));from certificates import Q,realpoly,box,controls
from fractions import Fraction as F
cert=json.loads((ROOT/'proofs/certificates/cubic_three_roots.json').read_text());con=box(-2,2,-2,2);p=realpoly([0,-3,0,1]);fig,ax=axfig(7,6)
for j,row in enumerate(cert['pieces']):
 a0=con[row['edge']];b0=con[(row['edge']+1)%4];u=a0+(b0-a0)*F(row['left']);v=a0+(b0-a0)*F(row['right']);z0=complex(float(u.r),float(u.i));z1=complex(float(v.r),float(v.i));z=np.linspace(z0,z1,65);f=z**3-3*z
 ax.plot(f.real,f.imag,color='black',lw=1.4)
 if j in [0,5,10,15]:
  bc=controls(p,u,v);q=np.array([complex(float(a.r),float(a.i)) for a in bc]);ax.plot(q.real,q.imag,'--o',color='.5',lw=.8,ms=3)
ax.scatter([0],[0],c='black',s=20);ax.annotate('0',(0,0),xytext=(7,6),textcoords='offset points');ax.set_aspect('equal');ax.set_xlabel(r'$\mathrm{Re}\,p(z)$');ax.set_ylabel(r'$\mathrm{Im}\,p(z)$');ax.set_title('Exact certificate: 20 rational pieces, winding +3');save(fig,'winding_certificate','cubic p=z^3-3z on square [-2,2]^2; four selected Bernstein polygons','certificate-linked geometry')
# Root continuation helix.
fig=plt.figure(figsize=(8,5.8));ax=fig.add_subplot(111,projection='3d');theta=np.linspace(0,4*np.pi,1000);ax.plot(np.cos(theta),np.sin(theta),theta/(2*np.pi),color='black',lw=1.8)
for t0 in [0,2*np.pi,4*np.pi]:ax.scatter([np.cos(t0)],[np.sin(t0)],[t0/(2*np.pi)],c='black',s=25)
ax.set_xlabel(r'$\mathrm{Re}\,w$');ax.set_ylabel(r'$\mathrm{Im}\,w$');ax.set_zlabel('');ax.text2D(1.18,.5,r'continued $\arg z/\pi$',transform=ax.transAxes,rotation=90,va='center');ax.set_title(r'$w=e^{i\theta},\ z=e^{i\theta/2}$; two base turns close the lift');ax.view_init(22,-53);save(fig,'monodromy_lift','square-root path lift; height encodes continued angle, not a metric embedding','topological diagram')
# S3 graph.
fig,ax=axfig(7,5);perms=[(0,1,2),(1,0,2),(0,2,1),(1,2,0),(2,0,1),(2,1,0)];gens=[(1,0,2),(0,2,1)];theta=np.arange(6)*np.pi/3+np.pi/2;nodes=np.column_stack([np.cos(theta),np.sin(theta)])
for j,a0 in enumerate(perms):
 for k,g in enumerate(gens):
  b0=tuple(a0[g[h]] for h in range(3));l=perms.index(b0)
  if j<l:ax.plot(*nodes[[j,l]].T,color='black' if k==0 else '.5',ls='-' if k==0 else '--',lw=1.4)
for p0,xy in zip(perms,nodes):
 ax.add_patch(Circle(xy,.14,color='white',ec='black',zorder=3));ax.text(*xy,''.join(str(i+1) for i in p0),ha='center',va='center',zorder=4)
ax.text(0,-1.35,'Solid: right multiplication by (12); dashed: by (23).',ha='center',fontsize=9);ax.set_xlim(-1.6,1.6);ax.set_ylim(-1.45,1.4);ax.set_aspect('equal');ax.axis('off');save(fig,'galois_graph','Cayley graph S3, explicit right action','exact combinatorial diagram')
# Pullback nested disks.
fig,ax=axfig(7,5);theta=np.linspace(0,2*np.pi,400)
for k in range(7):
 r=.65**k;ax.plot(r*np.cos(theta),r*np.sin(theta),color=str(.12+.09*k),lw=1.1);ax.annotate(r'$E_'+str(k)+'$',xy=(r*np.cos(.4+k*.2),r*np.sin(.4+k*.2)),xytext=(1.25,.95-.29*k),arrowprops={'arrowstyle':'-','lw':.6},va='center')
ax.text(0,-1.25,r'$E_{j+1}=F_j^{-1}(\phi_j^{-1}(U_{j+1}))$',ha='center');ax.set_xlim(-1.3,1.75);ax.set_ylim(-1.4,1.2);ax.set_aspect('equal');ax.axis('off');save(fig,'telescope_domains','exact affine model phi=(20/13)z with target unit disks and radii (13/20)^j; illustrates corrected indices','geometric diagram')
# Scalar formula charts.
fig,ax=axfig();om=np.linspace(-np.pi,np.pi,1201)
for a,ls,g in [(.2,':','.55'),(.5,'--','.3'),(.8,'-','black')]:ax.plot(om,(1-a*a)/(1-2*a*np.cos(om)+a*a),ls,color=g,label=f'a={a}')
ax.set_xticks([-np.pi,0,np.pi],[r'$-\pi$','0',r'$\pi$']);ax.set_xlabel('Angular frequency (radians/sample)');ax.set_ylabel('Group delay (samples)');ax.legend();save(fig,'allpass_delay','Poisson-kernel group delays for a=.2,.5,.8')
fig,ax=axfig();l=np.linspace(0,.248,600);s=np.sqrt(1-4*l);ax.plot(l,(1+s)/2,color='black',label=r'$V_+$');ax.plot(l,(1-s)/2,color='.5',ls='--',label=r'$V_-$');ax.set_xlabel(r'$\lambda$');ax.set_ylabel('Normalized voltage');ax.legend(loc='center left');ax2=ax.twinx();ax2.plot(l,1/s,color='.3',ls=':',label=r'$|V_+^{\prime}|$');ax2.set_ylabel('High-branch derivative magnitude');ax2.legend(loc='upper center');save(fig,'fold_conditioning','normalized quadratic fold and exact derivative magnitude')
fig,ax=axfig();a=np.geomspace(.005,.8,400);ax.loglog(a,2/(1-a**4),color='.4',ls='--',label=r'$\lambda_+$');ax.loglog(a,2*a*a/(1-a**4),color='.6',ls=':',label=r'$\lambda_-$');ax.loglog(a,1/a**2,color='black',label=r'$\kappa_2(G)=a^{-2}$');ax.set_xlabel('Site separation parameter a');ax.set_ylabel('Dimensionless eigenvalues / condition number');ax.legend();save(fig,'kernel_conditioning','Hardy two-site Gram eigenvalues and exact condition number')
fig,ax=axfig(8,3.5)
for y in [.65,-.65]:
 ax.plot([.5,6.5],[y,y],color='.6',lw=1);ax.scatter(range(1,7),[y]*6,facecolors='white',edgecolors='black',s=42,zorder=3)
 for j in [1,3,5]:ax.plot([j,j+1],[y,y],color='black',lw=4)
for j in range(1,7):ax.plot([j,j],[.65,-.65],color='.6',ls=':',lw=.8);ax.text(j,1,str(j),ha='center')
ax.text(.2,.65,'sheet +',ha='right');ax.text(.2,-.65,'sheet -',ha='right');ax.text(3.5,-1.28,'Six simple finite branch values; two unbranched infinity points; genus 2.',ha='center',fontsize=9);ax.axis('off');ax.set_ylim(-1.5,1.4);ax.set_xlim(-.5,7);save(fig,'hyperelliptic_passport','schematic two sheets with paired cuts for six real branch values','topological diagram')
fig,ax=axfig();eps=np.geomspace(1e-5,.5,160);mp.mp.dps=45;K=np.array([float(mp.ellipk(1-mp.mpf(str(e))**2)) for e in eps]);low=np.arcsinh(1/(2*eps));const=9/32+2/np.sqrt(3)*np.log(2+np.sqrt(3));ax.semilogx(eps,K,color='black',label='elliptic integral (45-digit evaluation)');ax.semilogx(eps,low,color='.45',ls='--',label='proved lower bound');ax.semilogx(eps,low+const,color='.5',ls=':',label='proved upper bound');ax.set_xlabel(r'$\epsilon=\sqrt{1-k^2}$');ax.set_ylabel('Period integral');ax.legend(fontsize=9);save(fig,'period_logarithm','elliptic K and explicit derived uniform logarithmic envelopes','formula bounds + numerical display')
fig,ax=axfig();v=np.array([1,0,0,0],dtype=object);rows=[]
for n in range(25):rows.append([float(q/2**n) for q in v]);v=v+np.roll(v,1)
rows=np.array(rows)
for j,ls in enumerate(['-','--',':','-.']):ax.plot(range(25),rows[:,j],ls,color=str(.1+.18*j),label=f'sheet {j}')
ax.axhline(.25,color='.7',lw=.7);ax.set_xlabel('Word length n');ax.set_ylabel(r'Exact count divided by $2^n$');ax.legend(ncol=4);save(fig,'four_sheet_counts','integer DP for action words, stay or advance modulo four','exact finite data')
fig,ax=axfig(6,5);b=np.array([1,1+.5j,1j]);t=np.linspace(0,1,400);q=1+1j*t-t*t;ax.fill(b.real,b.imag,color='.92');ax.plot(np.r_[b.real,b.real[0]],np.r_[b.imag,b.imag[0]],'--',color='.5');ax.plot(q.real,q.imag,color='black',lw=2)
for j,z in enumerate(b):ax.scatter([z.real],[z.imag],c='black');ax.annotate(f'b{j}',(z.real,z.imag),xytext=(7,7),textcoords='offset points')
x=np.linspace(-.3,1.4,100);ax.plot(x,-x,color='.65',ls=':',label='Re + Im = 0');ax.scatter([0],[0],c='black');ax.set_xlim(-.3,1.4);ax.set_ylim(-.3,1.3);ax.set_aspect('equal');ax.set_xlabel('Real part');ax.set_ylabel('Imaginary part');ax.legend();save(fig,'bernstein_rotated_witness','quadratic curve q=1+it-t² and rotated half-plane witness','certificate geometry')
fig,ax=axfig(6,5);t=np.linspace(0,1,100);z=(-2+1j)*(1-t)+(1-2j)*t;ax.plot(z.real,z.imag,color='black',lw=2);ax.scatter([-2,1,-.5],[1,-2,-.5],c=['.2','.2','.6']);ax.scatter([0],[0],facecolor='white',edgecolor='black',s=50);ax.annotate('excluded origin',(0,0),xytext=(.15,.2));ax.annotate('t=1/2',(-.5,-.5),xytext=(-1.7,-.7),arrowprops={'arrowstyle':'->','lw':.7});ax.axhline(0,color='.75',lw=.7);ax.axvline(0,color='.75',lw=.7);ax.set_aspect('equal');ax.set_xlabel('Real part');ax.set_ylabel('Imaginary part');ax.set_title(r'$\mathrm{Re}\,p_t+\mathrm{Im}\,p_t=-1$');save(fig,'axis_witness_failure','nonzero affine family defeating a single coordinate half-plane witness','adversarial counterexample')
fig,ax=axfig();om=np.linspace(1000,25000,800);react=.002*om-1/(5e-6*om);ax.plot(om,react,color='black');ax.axhline(0,color='.6',lw=.7);ax.axvline(10000,color='.6',ls=':',lw=.8);ax.scatter([5000,20000],[-30,30],c='black');ax.annotate('resonance: 10,000 rad/s',(10000,0),xytext=(13000,-60),arrowprops={'arrowstyle':'->'});ax.set_xlabel('Angular frequency (rad/s)');ax.set_ylabel('Reactance (ohms)');save(fig,'lc_reactance','L=.002 H; C=.000005 F ideal series reactance','ideal physical model')
fig,ax=axfig();ds=np.arange(1,13);source=2*np.pi/np.log(2);ax.plot(ds,np.full(len(ds),source),color='black',label='source annulus energy');ax.plot(ds,source/ds,color='.4',ls='--',marker='o',ms=3,label='target annulus energy');ax.set_xlabel('Cover degree d');ax.set_ylabel('Unit-voltage Dirichlet energy');ax.legend();save(fig,'annular_energy','source radius1/2, target radius(1/2)^d; exact energy formulas','geometric physical model')
fig,ax=axfig(6,5);c=5/33;rad=16/33;ax.add_patch(Circle((c,0),rad,color='.94',ec='black',lw=1.2));ax.add_patch(Circle((0,0),1,fill=False,color='.7',ls=':'));ax.scatter([.6,.8],[0,0],c='black',marker='x',s=70);ax.annotate('feasible 3/5',(.6,0),xytext=(.2,.25),arrowprops={'arrowstyle':'->'});ax.annotate('infeasible 4/5',(.8,0),xytext=(.35,-.32),arrowprops={'arrowstyle':'->'});ax.scatter([c],[0],c='black',s=15);ax.set_aspect('equal');ax.set_xlim(-.7,1.1);ax.set_ylim(-.75,.75);ax.set_xlabel(r'$\mathrm{Re}\,F(1/2)$');ax.set_ylabel(r'$\mathrm{Im}\,F(1/2)$');ax.set_title(r'Admissible values given $F(0)=1/5$');save(fig,'pick_feasibility','sharp two-point Schur feasibility disk; c=5/33,R=16/33','analytic uncertainty geometry')
(ROOT/'metrics'/'figure_manifest.json').write_text(json.dumps(manifest,indent=2));print('generated',len(manifest),'original vector figures')







PHI_volume_01_verification/verification/coverings/code/figures_v2.py

#!/usr/bin/env python3
"""Reproducible monochrome scientific figures; no pictorial data are inferred."""
from pathlib import Path
from fractions import Fraction as F
import json,math,itertools,sys
import numpy as np
import matplotlib
matplotlib.use('Agg')
import matplotlib.pyplot as plt
from matplotlib.patches import Polygon,Circle,FancyArrowPatch,Rectangle
from scipy.integrate import quad
from certificates import Q,controls,box,realpoly
from compare_certificates import hull,find_normal,dot
R=Path(__file__).resolve().parents[1];O=R/'figures';O.mkdir(exist_ok=True);D=R/'results_v2'
plt.rcParams.update({'font.family':'DejaVu Serif','font.size':10,'axes.spines.top':False,'axes.spines.right':False,'axes.labelsize':11,'legend.fontsize':8,'lines.linewidth':1.5,'pdf.fonttype':42,'savefig.bbox':'tight','axes.grid':True,'grid.alpha':.18,'axes.prop_cycle':matplotlib.cycler(color=['black','.38','.65','.15'])})
manifest=[]
def new(w=8,h=4.6,projection=None):
 f=plt.figure(figsize=(w,h));a=f.add_subplot(111,projection=projection);return f,a

def save(name,title,caption,owner,kind='scientific'):
 f=plt.gcf();f.axes[0].set_title(title,fontsize=12,pad=12)
 f.savefig(O/f'v2_{name}.pdf');f.savefig(O/f'v2_{name}.png',dpi=170)
 manifest.append(dict(id='V2-'+str(len(manifest)+1).zfill(2),file=f'v2_{name}',title=title,caption=caption,canonical_owner=owner,kind=kind,generator='code/figures_v2.py'))
 plt.close(f)

# 1. Local inverse conditioning.
f,a=new();w=np.logspace(-10,0,300)
for e,ls in [(2,'-'),(3,'--'),(5,':')]:a.loglog(w,w**(1/e-1)/e,ls,label=f'local degree e={e}')
a.set(xlabel='Positive target value |w|',ylabel='Inverse sensitivity |dz/dw|');a.legend()
save('local_condition','Multiplicity changes the inverse error law','For z^e=w, inverse sensitivity is |w|^(1/e-1)/e away from zero; the local-degree invariant remains e while pointwise conditioning diverges.','core')
#2. Blaschke model-space concentration.
f,a=new();th=np.linspace(-np.pi,np.pi,2001)
for p,ls in [(.2,'-'),(.7,'--'),(.95,':')]:a.plot(th,(1-p*p)/(1-2*p*np.cos(th)+p*p),ls,label=f'a={p}')
a.set(xlabel='Boundary angle (radians)',ylabel='Normalized kernel modulus squared',yscale='log');a.legend()
save('kernel_concentration','A unit-norm defect vector concentrates at the boundary','The normalized reproducing kernel sqrt(1-a^2)/(1-az) has unit H2 norm. Pointwise interior decay as a approaches one does not imply operator-norm disappearance of its rank-one projection.','math_pg')
#3. Surface of group delay.
f,a=new(8,5,projection='3d');ts=np.linspace(-np.pi,np.pi,150);rs=np.linspace(0,.96,75);T,A=np.meshgrid(ts,rs);Z=(1-A*A)/(1+A*A-2*A*np.cos(T))
a.plot_surface(T,A,np.log10(Z),cmap='Greys',linewidth=0,antialiased=True,rstride=2,cstride=3);a.view_init(24,-55);a.set(xlabel='Angle',ylabel='Pole radius a',zlabel='log10 delay')
save('delay_surface','Phase concentration in a two-parameter family','The plotted height is logarithmic group delay, not gain. The phase integral is fixed while local delay concentrates near the boundary as a tends to one.','ee')
#4.RH passport lattice.
f,a=new();degs=np.arange(1,10);ram=np.arange(0,25)
for d in degs:
 for r in ram:
  g=1-d+r/2
  valid=(r%2==0 and g>=0)
  a.scatter(d,r,c=str(.15+.65*min(g/8,1)) if valid else '.92',marker='o' if valid else 'x',s=45 if valid else 10)
for g in range(4):
 xs=np.arange(1,10);a.plot(xs,2*(xs+g-1),'--',color='.45');a.text(9.1,2*(8+g),f'g={g}',fontsize=8)
a.set(xlabel='Degree d to a sphere',ylabel='Total ramification R',xlim=(.5,10),ylim=(-1,25))
save('rh_lattice','Euler arithmetic filters possible surface data','Dots satisfy genus integrality and nonnegativity for a connected compact orientable source over the sphere. They are necessary arithmetic candidates, not a proof that every labelled branch passport is realizable.','core')
#5. Exact Bernstein hull.
f,a=new();vs=[Q(F(-1,4),F(5,4)),Q(F(1,3),F(5,3)),Q(F(5,4),F(-1,4))];h=hull(vs);xy=np.array([[float(v.r),float(v.i)] for v in h]);a.add_patch(Polygon(xy,facecolor='.9',edgecolor='black',hatch='///'))
a.scatter(xy[:,0],xy[:,1],c='black');a.scatter([0],[0],c='black',marker='x');n=find_normal(vs);nx,ny=float(n.r),float(n.i);m=float(min(dot(v,n) for v in vs));x=np.linspace(-.8,1.9);a.plot(x,(m-nx*x)/ny,'--',label='Supporting line');a.arrow(0,0,.6*nx,.6*ny,width=.008,head_width=.07,color='.25');a.set(xlim=(-.7,1.9),ylim=(-.7,2),xlabel='Real part',ylabel='Imaginary part',aspect='equal');a.legend()
save('separating_hull','An oblique witness can certify what axis tests miss','Every Bernstein control point has a positive inner product with the displayed rational normal, even though neither coordinate is strictly positive for all controls. Convexity extends the inequality to the whole curve.','cse')
#6. Workload arc counts.
bench=json.loads((D/'certificate_benchmark.json').read_text())['rows'];cases=list(dict.fromkeys(r['case'] for r in bench));f,a=new(9,5)
for k,(mode,pol,mark,ls) in enumerate([('axis','uniform','x',':'),('axis','adaptive','s','--'),('rotated','uniform','^','-.'),('rotated','adaptive','o','-')]):
 ys=[next(r['arcs'] for r in bench if r['case']==c and r['mode']==mode and r['policy']==pol) for c in cases];a.plot(np.arange(len(cases))+(k-1.5)*.07,ys,ls,marker=mark,label=mode+' / '+pol)
a.set_xticks(range(len(cases)),[c.replace('_','\n') for c in cases]);a.set(ylabel='Accepted contour arcs (log scale)',yscale='log');a.legend(ncol=2)
save('certificate_work','Same count contract; different certificate size','All four methods independently certify the same contour and coefficient family for each workload. Uniform means the first successful dyadic depth, not an arbitrary over-refined grid.','cse')
#7. timing scatter.
f,a=new()
for mode,mark in [('axis','s'),('rotated','o')]:
 for pol,fill in [('uniform','none'),('adaptive','black')]:
  rr=[r for r in bench if r['mode']==mode and r['policy']==pol]
  a.scatter([r['control_points'] for r in rr],[r['verification_median_ms'] for r in rr],marker=mark,facecolors=fill,edgecolors='black',s=50,label=mode+' / '+pol)
a.set(xscale='log',yscale='log',xlabel='Recomputed rational control points',ylabel='Median verification time (ms)');a.legend()
save('certificate_time','Timing tracks arithmetic work, not a theorem of speed','Seven repeated single-process verifier timings per accepted certificate. Symbols distinguish enclosure direction and partition policy; medians are local measurements, not hardware-independent complexity constants.','cse_g')
#8. partition locality.
f,a=new(7.7,5.7);names=[('axis','uniform',.0),('axis','adaptive',.13),('rotated','adaptive',.26)]
for mode,pol,shift in names:
 c=json.loads((R/'proofs'/'v2'/f'near_edge_double_{mode}_{pol}.json').read_text());con=[complex(float(F(q[0])),float(F(q[1]))) for q in c['contour']]
 pts=[]
 for p in c['pieces']:
  e=p['edge'];z=con[e]+(con[e+1]-con[e])*float(F(p['left']));pts.append((1-shift)*z)
 a.plot([z.real for z in con],[z.imag for z in con],color='.8',lw=.5)
 a.scatter([z.real for z in pts],[z.imag for z in pts],s=8,label=f'{mode}/{pol}: {len(pts)} arcs')
a.scatter([.99],[0],s=70,marker='x',c='black');a.text(.88,.10,'double root',ha='right',fontsize=8);a.set(aspect='equal',xlabel='Real coordinate',ylabel='Imaginary coordinate');a.legend(loc='upper left',bbox_to_anchor=(1,1))
save('partition_locality','Refinement follows difficulty rather than covering everything','The three contour point sets are scaled inward only for visual separation. The certified contour is the same unit square in every method. A near-edge double zero exposes the cost of global refinement.','cse_ug')
#9. quotient method errors.
mat=json.loads((D/'matrix_benchmark.json').read_text());f,a=new()
for meth,ls,mark in [('eigendecomposition','--','s'),('scipy_expm','-.','^'),('quotient_series','-','o')]:
 rr=[r for r in mat if r['method']==meth and r['lam_real']>0 and r['lam_imag']==0 and r['success']]
 a.loglog([r['lam_real'] for r in rr],[max(r['relative_frobenius_error'],1e-35) for r in rr],ls,marker=mark,label=meth)
a.set(xlabel='Positive parameter lambda',ylabel='Relative Frobenius error vs 90-digit series');a.legend()
save('matrix_accuracy','Compare with a robust matrix-function baseline as well','The special quotient series uses A(lambda)^2=lambda I. Scaling-and-squaring expm remains a strong general baseline; diagonalization alone would be a weak comparator near a defective matrix. Values refer to actual float64 computations.','cse_g')
#10. matrix conditioning.
f,a=new();r=np.logspace(-32,0,300);a.loglog(r,1/np.sqrt(r),label='Eigenvector condition number');a.loglog(r,np.ones_like(r),'--',label='Matrix entries remain bounded');a.set(xlabel='lambda > 0',ylabel='Scale / condition number');a.legend()
save('mode_condition','Ill-conditioned labels need not imply an ill-conditioned observable','For columns (1,sqrt(lambda)) and (1,-sqrt(lambda)), the spectral condition number is lambda^(-1/2) on 0<lambda<=1. The entire propagator is not singular at lambda=0.','math_g')
#11. phase errors.
p=json.loads((D/'phase_diagnostics.json').read_text());f,a=new()
for x,ls,mark in [(.2,'-','o'),(.8,'--','s'),(.98,':','^')]:
 rr=[v for v in p if v['a']==x];a.loglog([v['N'] for v in rr],[v['max_grid_error'] for v in rr],ls,marker=mark,label=f'a={x}')
a.set(xlabel='Uniform angular intervals N',ylabel='Maximum derivative error on interior grid');a.legend()
save('phase_error','A correct phase unwrap still leaves derivative error','Second-order differentiation of the unwrapped sampled phase is compared against the analytic Poisson kernel. Error is evaluated on grid points, not claimed to be an interval-enclosed continuum supremum.','ee_ug')
#12. exact phase step condition.
f,a=new();r=np.linspace(.05,.99,350);bound=2*(1+r)/(1-r);a.semilogy(r,bound,label='N > 2 max delay: sufficient no-alias condition');a.set(xlabel='Real pole radius a',ylabel='Sufficient uniform interval count N');a.legend()
save('phase_resolution','A derivative bound turns phase sampling into a design rule','A phase increment less than pi is ensured when N>2(1+a)/(1-a). This sufficient condition is conservative and addresses phase branch recovery, not differentiation accuracy.','ee_g')
#13. optimal precision frontier.
alloc=json.loads((D/'precision_optimum.json').read_text());f,a=new()
rr=[v for v in alloc['frontier'] if v['total_bits']<=35];a.semilogy([v['total_bits'] for v in rr],[float(F(v['error'])) for v in rr],'-o',label='Exact integer optimum at each total cost')
bs=range(2,9);a.semilogy([4*b for b in bs],[85/64*2**(-b) for b in bs],'--s',label='Uniform precision');a.axhline(1/64,color='.5',ls=':');a.annotate('target 1/64',xy=(30,1/64),xytext=(27,.045),arrowprops={'arrowstyle':'->','color':'black'});a.set(xlabel='Sum of four bit allocations',ylabel='Weighted error bound');a.legend()
save('precision_frontier','Integer allocation: 20 bits instead of 28 in this model','A dynamic program minimizes the exact weighted dyadic error for every total cost; all 28,561 bounded candidates independently confirm the optimum. Domain caps b_j>=2 and weights are part of the contract.','math_pg')
#14. error budget bars.
f,a=new();w=np.array([1,4,16,64])/64;opt=np.array(alloc['optimal_bits']);uni=alloc['uniform_bits_per_stage'];x=np.arange(4)
a.bar(x-.18,w*2.**(-uni),.34,color='.75',edgecolor='black',label=f'uniform: total {4*uni} bits');a.bar(x+.18,w*2.**(-opt),.34,color='.28',edgecolor='black',label=f'allocated: total {sum(opt)} bits');a.set_xticks(x,[f'stage {j+1}\nb={opt[j]}' for j in x]);a.set(ylabel='Contribution to terminal error');a.legend()
save('weighted_budget','Allocate precision to downstream amplification','Tolerances differ because errors enter at different positions. This compares certified bounds, not measured physical errors; both allocations satisfy the target.','math_ug')
#15. continued roots.
f,a=new();th=np.linspace(0,2*np.pi,801);a.plot(th,np.imag(np.exp(.5j*th)),label='Continued branch Im z');a.plot(th,np.imag(np.sqrt(np.exp(1j*th))),'--',label='Pointwise principal root Im z');a.axvline(np.pi,color='.5',ls=':');a.set(xlabel='Base angle theta',ylabel='Imaginary coordinate');a.legend()
save('branch_continuity','Two exact square roots answer different questions','Pointwise principal evaluation and continued lifting both satisfy z^2=w, but only the continued branch solves the specified initial-value path problem across the negative-axis cut.','math_ug')
#16. cover degree grows state cost.
f,a=new();d=np.arange(2,10);a.semilogy(d,d,'-o',label='Cyclic monodromy order d');a.semilogy(d[1:],2*d[1:],'--s',label='Dihedral order 2d (d>=3)');a.semilogy(d,[math.factorial(int(k)) for k in d],':^',label='Worst-case symmetric order d!');a.set(xlabel='Number of sheets d',ylabel='Regular-closure states');a.legend()
save('closure_cost','The factorial bound is not a universal allocation request','Group closure should use the actual generated monodromy subgroup. Full symmetric, cyclic and dihedral actions have different state costs even at the same sheet degree.','cse_pg')
#17. powers quotient.
f,a=new();J=np.array([[0,0,2],[1,0,0],[0,1,0]],dtype=int);blocks=np.concatenate([np.linalg.matrix_power(J,k) for k in range(1,7)],axis=1)
im=a.imshow(blocks,cmap='Greys',aspect='auto');a.set_xticks([1+3*k for k in range(6)],[f'M^{k+1}' for k in range(6)]);a.set_yticks([0,1,2],['1','z','z^2']);a.set(xlabel='Power blocks in Q[z]/(z^3-2)',ylabel='Basis row');a.grid(False)
for i in range(3):
 for j in range(18):a.text(j,i,str(blocks[i,j]),ha='center',va='center',color='white' if blocks[i,j]>=4 else 'black',fontsize=8)
save('quotient_powers','Finite algebra retains all coordinate moments','Each block is multiplication by z^k modulo z^3-2. Powers and traces can be computed without choosing a root ordering; basis dimension stays three.','cse_ug')
#18. holomorphic forms.
f,a=new();g=np.arange(1,8);k=np.arange(0,10);A=np.array([[2*gg-2-2*kk for kk in k] for gg in g]);im=a.imshow(A,cmap='Greys',aspect='auto',vmin=-18,vmax=12);a.set_xticks(k);a.set_yticks(range(7),g);a.set(xlabel='Exponent k in x^k dx/y',ylabel='Genus g');a.grid(False)
for i in range(7):
 for j in range(10):a.text(j,i,str(A[i,j]),ha='center',va='center',fontsize=8,color='white' if A[i,j]>5 else 'black')
save('differential_orders','Infinity determines the admissible differential basis','For odd-degree y^2=P_(2g+1)(x), use x=t^(-2), y asymptotic to t^(-(2g+1)); the order of x^k dx/y is 2g-2-2k. Nonnegative orders select k=0,...,g-1.','math_g')
#19. discriminant bound conservatism.
f,a=new();eps=np.logspace(-8,-.3,180);roots=lambda e:np.array([0,e,1,2]);sep=[];bound=[]
for e in eps:
 rr=roots(e);dif=[abs(x-y) for x,y in itertools.combinations(rr,2)];sep.append(min(dif));disc=np.prod(np.array(dif)**2);bound.append(np.sqrt(disc/4**10))
a.loglog(eps,sep,label='Exact minimum separation');a.loglog(eps,bound,'--',label='Discriminant bound with root radius R=2');a.set(xlabel='Collision parameter epsilon',ylabel='Separation');a.legend()
save('discriminant_margin','A valid global bound can be conservative','For four monic roots in |z|<=2, the other five pair distances are at most four. The discriminant therefore gives sep >= sqrt(|Disc|/4^10), a sound but nonsharp certificate.','core')
#20. logarithmic period.
f,a=new();eps=np.logspace(-5,-.3,90);I=[np.arcsinh(1/e) for e in eps];a.semilogx(eps,I,label='Integral 0..1 of (x^2+epsilon^2)^(-1/2)');a.semilogx(eps,np.log(2/eps),'--',label='Leading logarithm log(2/epsilon)');a.set(xlabel='Positive gap parameter epsilon',ylabel='Local neck integral');a.legend()
save('neck_period','Branch collision can produce a logarithmic scale','The model integral is exactly asinh(1/epsilon). It isolates a local degeneration mechanism; it is not substituted for every global period of a degenerating algebraic curve.','core')
#21. correlated robust stability.
f,a=new();t=np.linspace(1,4,250);a.plot(t,t*t,label='a1*a2=t^2');a.plot(t,t*t/2,'--',label='a3=t^2/2');a.fill_between(t,t*t/2,t*t,color='.87',label='Positive Routh margin');a.axhline(8,color='.4',ls=':',label='Box upper bound a3=8');a.set(xlabel='Common physical parameter t',ylabel='Coefficient product / margin');a.legend()
save('correlated_stability','An independent box can destroy useful correlations','The actual family has margin t^2/2>=1/2 on [1,4]. Its independent coefficient hull contains (a1,a2,a3)=(1,1,8), which is unstable; interval-box failure is not family instability.','ee_pg')
#22. cubic locus.
f,a=new();ks=np.linspace(0,90,451);rr=np.array([np.roots([1,6,11,6+k]) for k in ks]);
for j in range(3):a.scatter(rr[:,j].real,rr[:,j].imag,c=ks,cmap='Greys',s=3,vmin=-30,vmax=100)
a.axvline(0,color='black',ls='--');a.scatter([0,0],[np.sqrt(11),-np.sqrt(11)],marker='x',s=60,c='black');a.set(xlabel='Real part of pole',ylabel='Imaginary part of pole');a.text(.2,3.4,'K=60 crossing',fontsize=9)
save('gain_locus','The Routh boundary predicts the root-locus crossing','For s^3+6s^2+11s+6+K, the exact loss of strict stability occurs at K=60, with factors (s+6)(s^2+11). Dots are numerical illustrations; the factorization establishes the boundary.','ee')
#23. annular field energy.
f,a=new();r=np.geomspace(.2,1,350)
for d,ls in [(1,'-'),(2,'--'),(4,':')]:a.plot(r,d/(r*np.log(5)),ls,label=f'd={d}')
a.set(xlabel='Radius r',ylabel='Radial gradient magnitude');a.legend()
save('annular_flux','A covering changes energy and physical gradients','For log(r^d/0.2^d)/log(5), the radial derivative is d/(r log5). Equal-looking level sets do not preserve flux; the domain and boundary normalization must accompany an energy statement.','ee_g')
#24. allpass tail energy.
f,a=new();rs=np.linspace(.1,.995,180);ns=np.arange(1,121);A,N=np.meshgrid(rs,ns);Z=(1-A*A)*A**(2*N);im=a.contourf(A,N,np.log10(np.maximum(Z,1e-16)),levels=np.arange(-16,1,2),cmap='Greys');f.colorbar(im,ax=a,label='log10 omitted impulse energy');a.set(xlabel='Pole radius a',ylabel='Last retained impulse index N')
save('tail_energy','Truncation is a separate error budget from exact all-pass structure','For h0=-a and h_n=(1-a^2)a^(n-1), the squared impulse tail beyond N is (1-a^2)a^(2N). The parameter dependence is not monotone at every fixed N.','ee_ug')
#25. Pick uncertainty circles.
f,a=new(7,5);a.add_patch(Circle((0,0),1,fill=False,color='black'));th=np.linspace(0,2*np.pi,501)
for r,ls in [(.2,'-'),(.5,'--'),(.8,':')]:
 b=.3;w=(b+r*np.exp(1j*th))/(1+b*r*np.exp(1j*th));a.plot(w.real,w.imag,ls,label=f'input pseudohyperbolic radius {r}')
a.scatter([.3],[0],c='black');a.set(aspect='equal',xlabel='Real response',ylabel='Imaginary response');a.legend(loc='upper left',bbox_to_anchor=(1,1))
save('pick_feasible','One bounded analytic datum gives a disk of possible outputs','For f(0)=0.3, Schwarz-Pick constrains f(z) to a pseudohyperbolic disk of radius |z|. This is a class-feasibility envelope, not a probability interval or a unique fitted response.','ee_pg')
#26. quantized transition graph.
f,a=new(9,3.8);states=np.arange(-6,7);xs=np.arange(13);y=np.zeros(13);a.scatter(xs,y,s=330,c=['.3' if abs(k)<=2 else '.88' for k in states],edgecolors='black')
for idx,k in enumerate(states):
 out=int(np.floor(.75*k+.5));j=int(out+6)
 if j==idx:a.add_patch(FancyArrowPatch((idx-.12,.1),(idx+.12,.1),connectionstyle='arc3,rad=-2.3',arrowstyle='->',mutation_scale=10,color='black'))
 else:a.add_patch(FancyArrowPatch((idx,.1),(j,.1),connectionstyle='arc3,rad=-.65',arrowstyle='->',mutation_scale=10,color='.3'))
 a.text(idx,0,str(k),ha='center',va='center',color='white' if abs(k)<=2 else 'black',fontsize=9)
a.set(xlim=(-.8,12.8),ylim=(-.2,1),xticks=[],yticks=[]);a.grid(False)
save('quantized_graph','The rounded recurrence has fixed points absent from the real model','Transition k -> floor(3k/4+1/2) on displayed integer states. Tie handling is part of the definition. The shaded set [-2,2] is invariant; the linear pole alone does not enumerate these fixed points.','ee')
#27. sample aliasing helix.
f,a=new(8,5,projection='3d');w=np.linspace(-6*np.pi,6*np.pi,1001);a.plot(np.cos(w),np.sin(w),w/(2*np.pi),color='black');
for k in range(-3,4):a.scatter([1],[0],[k],c='black',s=30)
a.set(xlabel='Re sampled pole',ylabel='Im sampled pole',zlabel='Frequency / sampling rate');a.view_init(22,-65)
save('sampling_cover','A sampled pole forgets an integer logarithmic sheet','For p=exp(i omega T), frequencies differing by 2*pi/T map to the same pole. Height is an unwrapped frequency coordinate, not a spatial dimension of the device.','ee_ug')
#28. continued root tubes.
f,a=new();th=np.linspace(0,2*np.pi,200);r=.65;z=r*np.exp(.5j*th);a.plot(z.real,z.imag,'-');a.plot(-z.real,-z.imag,'--')
for j in range(0,200,20):a.add_patch(Circle((z[j].real,z[j].imag),.13,fill=False,edgecolor='.6',linewidth=1))
a.set(aspect='equal',xlabel='Root real coordinate',ylabel='Root imaginary coordinate');a.text(-.7,-.85,'Tubes must remain disjoint and avoid critical values.',fontsize=9)
save('root_tubes','Continuation requires a separation budget','Displayed circles illustrate fixed-radius local enclosures along a square-root lift. The certified inequality comes from the local Rouche bound; circles drawn by a floating renderer do not certify themselves.','cse')
#29. false sampled winding.
f,a=new();M=np.arange(1,65)
for N,ls in [(8,'-'),(16,'--'),(32,':')]:
 est=[]
 for m in M:
  z=np.exp(2j*np.pi*m*np.arange(N+1)/N);ang=np.unwrap(np.angle(z));est.append((ang[-1]-ang[0])/(2*np.pi))
 a.plot(M,est,ls,label=f'{N} equal intervals')
a.plot(M,M,color='.7',label='true degree');a.set(xlabel='Map degree m in z^m',ylabel='Sampled phase winding');a.legend()
save('winding_alias','A large sample count is not a universal degree certificate','Equally spaced samples alias high-degree maps; the true winding is m. Near pi phase increments, floating tie choices vary. A whole-arc exclusion/homotopy proof removes dependence on such unwrap guesses.','math_ug')
#30. coverage directed dependency.
f,a=new(10,5.5);a.axis('off');nodes={'source':(.08,.5),'local algebra':(.30,.82),'homology':(.30,.5),'operators':(.30,.18),'exact witnesses':(.56,.65),'domains':(.56,.28),'applications':(.80,.5),'lectures':(.97,.5)}
for x,y in [('source','local algebra'),('source','homology'),('source','operators'),('local algebra','exact witnesses'),('homology','exact witnesses'),('operators','domains'),('exact witnesses','applications'),('domains','applications'),('applications','lectures')]:
 a.annotate('',xy=nodes[y],xytext=nodes[x],arrowprops=dict(arrowstyle='->',color='.45'),xycoords='axes fraction')
for name,(x,y) in nodes.items():a.text(x,y,name.replace(' ','\n'),ha='center',va='center',transform=a.transAxes,bbox=dict(boxstyle='round,pad=.4',facecolor='white',edgecolor='black'),fontsize=9)
save('typed_dependency','One source claim; several explicitly typed uses','Edges indicate mathematical dependency or transformation of a proved claim, not statistical independence. Reusing a canonical result in a branch is navigation, not a newly counted theorem.','framework','audit')
#31. evidence lattice.
f,a=new(9,4.5);a.axis('off');labels=['Source statement','Written proof','Exact finite witness','Checker implementation','Kernel-accepted formal theorem'];ys=np.linspace(.86,.14,5)
for i,(s,y) in enumerate(zip(labels,ys)):
 a.text(.15,y,s,transform=a.transAxes,ha='left',va='center',fontsize=12)
 a.plot([.09],[y],'o',color='black',transform=a.transAxes)
 if i<4:a.annotate('',xy=(.09,ys[i+1]+.04),xytext=(.09,y-.04),xycoords='axes fraction',arrowprops=dict(arrowstyle='->',color='.5'))
a.text(.72,.50,'Each step requires\na separate obligation.\nNo automatic promotion.',transform=a.transAxes,ha='center',va='center',bbox=dict(facecolor='.94',edgecolor='black'),fontsize=11)
save('trust_boundary','A proof-status hierarchy is not a count of assertions','The diagram lists different obligations; a finite witness does not formalize the analytic theorem that makes the witness sound. Candidate Lean/Coq files remain uncompiled in this environment.','framework','audit')
#32. lattice minimum bit proof.
f,a=new();front=alloc['frontier'];rr=[r for r in front if 14<=r['total_bits']<=24];a.bar([r['total_bits'] for r in rr],[float(F(r['error']))*64 for r in rr],color='.65',edgecolor='black');a.axhline(1,color='black',ls='--');a.set(xlabel='Total integer precision cost',ylabel='Minimum error / target');a.set_yscale('log')
save('integer_lower_bound','Cost 19 fails; cost 20 reaches the target','Every bar is a minimum over all allocations with that total cost and b_j>=2. The recurrence plus independent enumeration certifies a finite optimization problem, not global optimality of this document family.','cse_pg')
#33. norm budget and derivatives.
f,a=new();delta=np.geomspace(.005,.5,200);a.loglog(delta,1/delta,label='Cauchy derivative penalty 1/delta');a.loglog(delta,1/delta**2,'--',label='Second derivative penalty 2/delta^2 (scaled /2)');a.set(xlabel='Distance to boundary delta',ylabel='Amplification per uniform function-error unit');a.legend()
save('cauchy_precision','An observable changes the tolerance that must be certified','Uniform function error epsilon controls the first derivative by epsilon/delta on a disk of radius delta. Higher derivatives cost factorial powers. State error and observable error are not interchangeable.','math_pg')
#34. reflection paired-pole fit.
f,a=new();s=1j*np.linspace(.01,8,1200);sig=.08;ss=s+sig;Z=ss+1/ss+2*ss/(ss*ss+9);a.plot(ss.imag,Z.real,label='Positive-real part at sigma=0.08');a.set(xlabel='Frequency omega',ylabel='Real part of impedance',yscale='log');a.legend()
save('foster_profile','Residue signs certify more than finite frequency samples','Z(s)=s+1/s+2s/(s^2+9) is positive real in the right half-plane; the proof uses the paired-pole representation. The plotted line illustrates one vertical slice, not the full-domain certificate.','ee_g')
#35. directed action.
f,a=new(8,5);a.axis('off');perms=list(itertools.permutations(range(3)));th=np.arange(6)*np.pi/3;xy=np.c_[np.cos(th),np.sin(th)];gens=[(1,0,2),(0,2,1)]
for i,p in enumerate(perms):
 for j,g in enumerate(gens):
  q=tuple(p[g[k]] for k in range(3));idx=perms.index(q)
  if i<idx:a.plot([xy[i,0],xy[idx,0]],[xy[i,1],xy[idx,1]],'--' if j else '-',color='.3',lw=1.5)
for i,p in enumerate(perms):a.text(*xy[i],''.join(str(k+1) for k in p),ha='center',va='center',bbox=dict(boxstyle='circle',fc='white',ec='black'))
a.set(xlim=(-1.3,1.3),ylim=(-1.2,1.2),aspect='equal')
save('regular_action','A six-state regular action with two generator types','Vertices are root orderings. Solid and dashed edges are right multiplication by two transpositions. The projection to one sheet forgets stabilizer information; edge conventions are explicit.','cse_ug')
#36. uniform family bound trace rate.
f,a=new();e=np.arange(2,15);r=np.geomspace(.001,.9,200)
for d,ls in [(2,'-'),(3,'--'),(6,':')]:a.loglog(r,d*r**(1/d),ls,label=f'd={d}: d*r^(1/d)')
a.set(xlabel='Residual magnitude r near repeated root',ylabel='Illustrative sum of coordinate error radii');a.legend()
save('root_residual','A small residual has a degree-dependent interpretation','At a pure d-fold zero, coordinate radius is r^(1/d), not r. The displayed d times radius is the sum over all d sheets and illustrates why distinct-root lists require multiplicity-aware error contracts.','core')
#37. topology precision counterexample curves.
f,a=new();th=np.linspace(0,2*np.pi,700)
for eps,ls in [(.15,'-'),(.04,'--'),(.01,':')]:
 z=1-eps+np.exp(1j*th);a.plot(z.real,z.imag,ls,label=f'clearance {eps}')
a.scatter([0],[0],marker='x',c='black');a.set(aspect='equal',xlabel='Real image coordinate',ylabel='Imaginary image coordinate');a.legend()
save('clearance','Topological degree survives only perturbations below clearance','The circles all wind once, but their smallest distance to zero tends to zero. A common perturbation tolerance cannot be inferred from winding alone; the exclusion margin is quantitative data.','core')
#38. partial program admissibility.
f,a=new();x=np.linspace(-1,1,900);terminal=6*x;a.plot(x,terminal,label='Composite value 6x');a.fill_between(x,-.5,.5,where=(abs(x)<1/12),color='.75');a.axhline(.5,color='.4',ls='--');a.axhline(-.5,color='.4',ls='--');a.axvline(1/12,color='.5',ls=':');a.axvline(-1/12,color='.5',ls=':');a.set(xlabel='Initial real coordinate x',ylabel='Terminal value');a.legend()
save('partial_domain','An exact value is not proof of an admissible execution','For terminal requirement |6x|<1/2, only |x|<1/12 is accepted. The full polynomial formula exists outside that set but no longer answers the typed composition problem.','cse')
#39. cubical convex coefficient integration geometry.
f,a=new(7.5,5);th=np.linspace(0,2*np.pi,250)
for l in np.linspace(0,1,13):
 z=(1-l)+1j*l + .08*np.exp(1j*th);a.plot(z.real,z.imag,color=str(.35+.4*l),lw=.8)
a.plot([1,0],[0,1],color='black',lw=2);a.scatter([0],[0],marker='x',c='black');a.plot([-.15,1.15],[1.15,-.15],'--',color='black');a.set(aspect='equal',xlabel='Real part',ylabel='Imaginary part');a.text(.30,.15,'a nonzero convex family',fontsize=9)
save('family_witness','Rotate the witness before refining the parameter domain','The centre segment (1-lambda)+i lambda is uniformly separated from zero by 1/sqrt2. A strict positive x+y witness captures the family, while strict axis witnesses fail at its endpoints.','cse_pg')
#40. zero derivative local map coordinate graph.
f,a=new();r=np.linspace(0,.6,200);a.plot(r,r*r*(1+r),label='Original residual f(r)');a.plot(r,r*np.sqrt(1+r),'--',label='Local coordinate u(r)');a.plot(r,r*r,':',label='Canonical power r^2');a.set(xlabel='Positive real local input',ylabel='Value');a.legend()
save('local_coordinate','Normalize the map, not the information it carries','For f(z)=z^2(1+z), u=z sqrt(1+z) is locally invertible and f=u^2. The plot is a real slice of a holomorphic coordinate change, not evidence of global invertibility.','core')
(D/'figure_manifest.json').write_text(json.dumps(manifest,indent=2));print('generated',len(manifest),'new figures')







PHI_volume_01_verification/verification/coverings/code/polynomial_kernel.py

#!/usr/bin/env python3
"""Small exact polynomial identity checker, independent of SymPy.

Expressions are a deliberately restricted JSON AST: integer/rational strings,
variables, and add/sub/mul/pow nodes with nonnegative integer exponents.  The
checker expands to a sparse coefficient dictionary over Q.  This is an
executable universal polynomial-identity check, not a proof-assistant kernel.
"""
from __future__ import annotations
from fractions import Fraction
from pathlib import Path
import json, copy
from typing import Any
MAX_NODES=100000

def normal(expr: Any, variables: tuple[str,...], budget: list[int]|None=None) -> dict[tuple[int,...],Fraction]:
    if budget is None: budget=[MAX_NODES]
    budget[0]-=1
    if budget[0]<0: raise ValueError('AST too large')
    zero=(0,)*len(variables)
    def add(a,b):
        out=dict(a)
        for k,v in b.items():
            out[k]=out.get(k,Fraction(0))+v
            if not out[k]:del out[k]
        return out
    def mul(a,b):
        out={}
        for k,v in a.items():
            for l,w in b.items():
                m=tuple(x+y for x,y in zip(k,l))
                out[m]=out.get(m,Fraction(0))+v*w
        return {k:v for k,v in out.items() if v}
    if isinstance(expr,str):
        if expr in variables:
            k=list(zero);k[variables.index(expr)]=1;return {tuple(k):Fraction(1)}
        try:q=Fraction(expr)
        except (ValueError,ZeroDivisionError) as exc:raise ValueError('Unknown symbol or rational') from exc
        return {zero:q} if q else {}
    if not isinstance(expr,list) or not expr:raise ValueError('Invalid AST')
    op=expr[0]
    if op=='pow':
        if len(expr)!=3 or type(expr[2]) is not int or not 0<=expr[2]<=32:raise ValueError('Invalid exponent')
        a=normal(expr[1],variables,budget);result={zero:Fraction(1)}
        for _ in range(expr[2]):result=mul(result,a)
        return result
    if len(expr)!=3 or op not in ('add','sub','mul'):raise ValueError('Unknown operation')
    a=normal(expr[1],variables,budget);b=normal(expr[2],variables,budget)
    if op=='add':return add(a,b)
    if op=='sub':return add(a,{k:-v for k,v in b.items()})
    return mul(a,b)

def check(certificate:dict,expected:dict)->bool:
    if certificate!=expected: raise ValueError('Statement binding failed')
    vs=tuple(certificate['variables'])
    if len(vs)!=len(set(vs)) or any(not x.isidentifier() for x in vs):raise ValueError('Invalid variables')
    return not normal(['sub',certificate['lhs'],certificate['rhs']],vs)

class E:
    def __init__(self,node):self.n=node
    def __add__(self,b):return E(['add',self.n,coerce(b).n])
    def __radd__(self,b):return coerce(b)+self
    def __sub__(self,b):return E(['sub',self.n,coerce(b).n])
    def __rsub__(self,b):return coerce(b)-self
    def __mul__(self,b):return E(['mul',self.n,coerce(b).n])
    def __rmul__(self,b):return coerce(b)*self
    def __pow__(self,n):return E(['pow',self.n,n])
    def __neg__(self):return E(['sub','0',self.n])
def coerce(x):return x if isinstance(x,E) else E(str(x))

def obligations():
    names='x y a b d e v t r u k q'.split();x,y,a,b,d,e,v,t,r,u,k,q=map(E,names)
    terms=[
     ('difference_of_squares',(u-v)*(u+v),u*u-v*v),
     ('ramification_composition',d*e-1,(d-1)+d*(e-1)),
     ('euler_defect',d*v-r-d*e+d*t,d*(v-e+t)-r),
     ('blaschke_disk',(1-a*x-b*y)**2+(b*x-a*y)**2-(x-a)**2-(y-b)**2,(1-a*a-b*b)*(1-x*x-y*y)),
     ('routh_crossing',(u+6)*(u*u+11),u**3+6*u*u+11*u+66),
     ('fold_discriminant',(2*v-1)**2,1-4*(v-v*v)),
     ('dihedral_cubic',(u*u+1)**3-3*u*u*(u*u+1),u**6+1),
     ('storage_balance',u*u-(u-b*x)**2,2*x*(-b*b*x*coerce('1/2')+b*u)),
     ('poisson_denominator',(1-a)**2+2*a*(1-x),1+a*a-2*a*x),
     ('variance_pair',(u-v)**2+(u+v)**2,2*u*u+2*v*v),
     ('error_step',q*(q*e+k)+k,q*q*e+(q+1)*k),
     ('parameter_affinity',(1-t)*(u**3+6*u*u+11*u+6)+t*(u**3+6*u*u+11*u+56),u**3+6*u*u+11*u+6+50*t),
    ]
    return [{'schema':'phi.polynomial-identity.v1','id':name,'variables':names,'lhs':lhs.n,'rhs':rhs.n} for name,lhs,rhs in terms]

def main():
    root=Path(__file__).resolve().parents[1];out=root/'proofs'/'polynomial_identities';out.mkdir(exist_ok=True)
    rows=[];rejected=0
    for p in obligations():
        assert check(p,p);(out/(p['id']+'.json')).write_text(json.dumps(p,indent=2))
        # Independent bad identity, even when rebound as the intended statement.
        bad=copy.deepcopy(p);bad['rhs']=['add',bad['rhs'],'1']
        assert not check(bad,bad);rejected+=1
        # A changed task cannot be replayed against the previous statement.
        try:check(bad,p);raise AssertionError('statement mutation accepted')
        except ValueError:rejected+=1
        rows.append({'id':p['id'],'status':'exact_coefficient_normalization_pass','nonzero_residual_coefficients':0})
    result={'universal_polynomial_identities':len(rows),'rejected_mutations':rejected,'identity_rows':rows,'backend':'stdlib Fraction; no SymPy in acceptance','not_proof_assistant_kernel':True}
    (root/'metrics'/'polynomial_identity_checks.json').write_text(json.dumps(result,indent=2));print(json.dumps(result,indent=2))
if __name__=='__main__':main()







PHI_volume_01_verification/verification/coverings/code/run_checks.py

#!/usr/bin/env python3
"""Execute exact finite checks and record evidence at its actual scope."""
from pathlib import Path
from fractions import Fraction as F
import itertools,math,json,time,copy,platform,subprocess,shutil,csv
import sympy as S
from certificates import *
ROOT=Path(__file__).resolve().parents[1];OUT=ROOT/'metrics';COUT=ROOT/'proofs'/'certificates';COUT.mkdir(exist_ok=True)
counts={};failures=[]
def check(kind,condition):
 counts[kind]=counts.get(kind,0)+1
 if not condition:raise AssertionError(kind)

def compose(a,b):return tuple(a[b[j]] for j in range(len(a)))
def inv(a):
 b=[0]*len(a)
 for i,j in enumerate(a):b[j]=i
 return tuple(b)
def cycles(a):
 unseen=set(range(len(a)));out=[]
 while unseen:
  j=min(unseen);cy=[]
  while j in unseen:cy.append(j);unseen.remove(j);j=a[j]
  out.append(cy)
 return out

def group(gs):
 n=len(gs[0]);I=tuple(range(n));G={I};todo=[I]
 while todo:
  a=todo.pop()
  for g in gs:
   b=compose(a,g)
   if b not in G:G.add(b);todo.append(b)
 return sorted(G)

# Exact winding certificates, including a continuum of gain parameters.
cases=[('cubic_three_roots',[realpoly([0,-3,0,1])],box(-2,2,-2,2),3),('cubic_central_root',[realpoly([0,-3,0,1])],box(F(-1,2),F(1,2),F(-1,2),F(1,2)),1),('cubic_right_root',[realpoly([0,-3,0,1])],box(F(3,2),2,F(-1,4),F(1,4)),1),('quadratic_repeated_root',[realpoly([0,0,1])],box(-1,1,-1,1),2),('gain_0_to_50',[realpoly([6,11,6,1]),realpoly([56,11,6,1])],box(0,10,-10,10),0),('gain_61',[realpoly([67,11,6,1])],box(0,10,-10,10),2)]
bench=[]
for name,ps,con,expected in cases:
 t=time.perf_counter();cert=generate(ps,con);gen=time.perf_counter()-t
 t=time.perf_counter();v=verify(cert,ps,con);ver=time.perf_counter()-t
 check('complete_winding_certificates',v['winding']==expected)
 (COUT/f'{name}.json').write_text(json.dumps(cert,indent=2))
 v.update(case=name,generation_seconds=gen,checking_seconds=ver);bench.append(v)
 # Each mutation is independently checked, and acceptance is an error.
 mutations=[]
 q=copy.deepcopy(cert);q['winding']+=1;mutations.append(q)
 q=copy.deepcopy(cert);q['pieces'][0]['sign']*=-1;mutations.append(q)
 q=copy.deepcopy(cert);q['pieces']=q['pieces'][1:];mutations.append(q)
 q=copy.deepcopy(cert);q['polynomials'][0][0][0]=str(F(q['polynomials'][0][0][0])+1);mutations.append(q)
 for q in mutations:
  try:verify(q,ps,con);ok=False
  except (ValueError,KeyError,IndexError):ok=True
  check('rejected_mutated_winding_certificates',ok)
try:
 generate([realpoly([66,11,6,1])],box(0,10,-10,10),max_depth=9);boundary_rejected=False
except ValueError:boundary_rejected=True
check('boundary_hypothesis_negative_control',boundary_rejected)

# Finite monodromy and ramification passports.
a=(1,0,2);b=(0,2,1);G=group([a,b]);check('permutation_structure',len(G)==6)
for x in G:
 check('permutation_structure',compose(x,inv(x))==tuple(range(3)))
 for y in G:
  check('permutation_structure',compose(x,y) in G)
  # Hurwitz move preserves the ordered product.
  check('hurwitz_moves',compose(compose(compose(x,y),inv(x)),x)==compose(x,y))
  for z in G:check('permutation_associativity',compose(compose(x,y),z)==compose(x,compose(y,z)))
passports=[]
for name,gs in [('degree5_3_3',[(1,2,0,3,4),(0,1,3,4,2)]),('degree5_4_2',[(1,2,3,0,4),(0,1,2,4,3)])]:
 gr=group(gs);n=5;product=compose(gs[0],gs[1]);defect=sum(n-len(cycles(g)) for g in gs)
 check('passport_tests',len(cycles(product))==1);check('passport_tests',defect==4)
 check('passport_tests',{g[0] for g in gr}==set(range(n)))
 passports.append({'name':name,'degree':n,'cycle_lengths':[[len(c) for c in cycles(g)] for g in gs],'defect':defect,'group_order':len(gr),'boundary_cycles':len(cycles(product)),'disk_euler_characteristic':n-defect})

# Exact finite invariants; loop counts are reported as tests, not new theorems.
for d in range(1,25):
 check('euler_and_ramification',2*d-(2*d-2)==2)
 for e in range(1,25):check('euler_and_ramification',d*e-1==(d-1)+d*(e-1))
for a in [F(1,5),F(1,2),F(3,4),F(-2,3)]:
 for N in range(1,25):
  energy=a*a+sum((1-a*a)**2*a**(2*(j-1)) for j in range(1,N+1))
  check('hardy_tail_energy',energy+(1-a*a)*a**(2*N)==1)
for q in [F(1,2),F(2,3),F(3,4)]:
 for n in range(1,30):
  e=F(2);eta=F(1,100)
  for j in range(n):e=q*e+eta
  check('compositional_error_identity',e==2*q**n+eta*(1-q**n)/(1-q))
for n in range(1,31):
 A=S.Matrix([[0,1,1],[1,0,1],[1,1,0]])**n
 check('closed_walk_counts',A[0,0]==(2**n+2*(-1)**n)//3)
# Exact round-to-nearest, ties away from zero, on scalar stored integers.
def rnd(q):
 if q<0:return -rnd(-q)
 return (2*q.numerator+q.denominator)//(2*q.denominator)
for k in range(-100,101):
 y=rnd(F(3,4)*k)
 check('rounded_state_enclosure',abs(F(y)-F(3,4)*k)<=F(1,2))
 if abs(k)<=2:check('rounded_state_invariance',abs(y)<=2)
check('rounded_nonzero_fixed_point',rnd(F(3,4))==1)

# Symbolic polynomial identities; separate from the independent small checker.
x,y,ar,ai,lam,u,v,e,d,V,E,T,R=S.symbols('x y ar ai lam u v e d V E T R')
identities={
 'blaschke_disk':((1-ar*x-ai*y)**2+(ai*x-ar*y)**2)-((x-ar)**2+(y-ai)**2)-(1-ar**2-ai**2)*(1-x*x-y*y),
 'euler_defect':(d*V-R)-d*E+d*T-(d*(V-E+T)-R),
 'ramification_composition':e*d-1-((e-1)+e*(d-1)),
 'square_difference':(u-v)*(u+v)-(u*u-v*v),
 'cubic_trace_parameter':(u*u+1)**3-3*u*u*(u*u+1)-(u**6+1),
 'quadratic_discriminant':(2*u-1)**2-(1-4*(u-u*u)),
 'routh_boundary_factor':(u+6)*(u*u+11)-(u**3+6*u*u+11*u+66),
 'lossless_storage':u*u-(u-ar*x)**2-2*x*(-ar*ar*x/2+ar*u),
 'telescoping_square':(u+v)**2-(u*u+2*u*v+v*v),
 'phase_denominator':(1-ar)**2+2*ar*(1-x)-(1+ar*ar-2*ar*x),
}
for k,expr in identities.items():check('sympy_symbolic_identity',S.expand(expr)==0)

result={'scope':'New section-3 test release only. Counts below are assertions, not independent theorems.','counts':counts,'total_finite_assertions':sum(counts.values()),'winding_certificates':bench,'passports':passports,'formal_assistants':{name:{'executable':shutil.which(exe),'status':'not_run_compiler_unavailable' if not shutil.which(exe) else 'available_not_yet_run'} for name,exe in [('Lean','lean'),('Coq/Rocq','coqc')]},'written_proofs_not_kernel_checked':True,'floating_point_used_in_certificate_acceptance':False,'timings_are_single_run_diagnostics_not_benchmarks':True,'python':platform.python_version(),'sympy':S.__version__,'platform':platform.platform()}
(OUT/'verification.json').write_text(json.dumps(result,indent=2))
with (OUT/'certificate_timings.csv').open('w',newline='') as f:
 w=csv.DictWriter(f,fieldnames=list(bench[0]));w.writeheader();w.writerows(bench)
print(json.dumps(result,indent=2))







PHI_volume_01_verification/verification/coverings/metrics/branch_checks.json

{
  "scope": "Educational worked variants only; no new infinite-dimensional kernel proofs",
  "counts": {
    "teaching_root_certificate": 1,
    "teaching_certificate_mutants": 4,
    "quotient_algebra": 3,
    "nilpotent_algebra": 2,
    "hardy_gram": 12,
    "four_sheet_dp": 22,
    "parameter_witness_counterexample": 5,
    "parameter_source_subdivision_invariance": 31,
    "lc_units": 3,
    "allpass_variants": 3,
    "routh_variants": 2,
    "correlated_routh": 1,
    "correlated_routh_samples": 25,
    "pick_variants": 5,
    "five_state_fixed_points": 5,
    "rounded_ug_fixed_point": 1,
    "precision_allocation": 5,
    "error_weights": 1,
    "discriminant_identity": 2
  },
  "total_assertions": 133,
  "teaching_certificate": {
    "accepted": true,
    "winding": 1,
    "arcs": 4,
    "checked_control_points": 12,
    "minimum_coordinate_halfplane_margin": "3/4",
    "parameter_scope": "entire convex hull of declared polynomials"
  },
  "arithmetic": "Fraction and exact SymPy polynomial/matrix arithmetic",
  "proof_assistant_kernel_checked": false
}






PHI_volume_01_verification/verification/coverings/metrics/certificate_timings.csv

accepted,winding,arcs,checked_control_points,minimum_coordinate_halfplane_margin,parameter_scope,case,generation_seconds,checking_seconds

True,3,20,80,1/2,entire convex hull of declared polynomials,cubic_three_roots,0.007424224000033064,0.004007829000101992

True,1,4,16,5/4,entire convex hull of declared polynomials,cubic_central_root,0.0008100550001017837,0.0008029640000586369

True,1,4,16,59/64,entire convex hull of declared polynomials,cubic_right_root,0.0008196290000341833,0.0008007310000266443

True,2,16,48,3/4,entire convex hull of declared polynomials,quadratic_repeated_root,0.003449535000072501,0.0021684079999886308

True,0,20,160,83/32,entire convex hull of declared polynomials,gain_0_to_50,0.012492355999938809,0.0072087979999651

True,2,24,96,170425/2097152,entire convex hull of declared polynomials,gain_61,0.008650788000068133,0.004849541000112367








PHI_volume_01_verification/verification/coverings/metrics/environment.json

{
  "python": "3.13.5",
  "platform": "Linux-6.18.44-x86_64-with-glibc2.41",
  "python_packages": {
    "numpy": "2.3.5",
    "matplotlib": "3.10.8",
    "mpmath": "1.3.0",
    "sympy": "1.14.0",
    "pycairo": "1.29.0",
    "PyMuPDF": "1.26.7",
    "Pillow": "12.3.0"
  },
  "external_tools": {
    "pdflatex": {
      "executable": "/usr/bin/pdflatex",
      "version_excerpt": [
        "pdfTeX 3.141592653-2.6-1.40.26 (TeX Live 2025/dev/Debian)",
        "kpathsea version 6.4.0/dev",
        "Copyright 2024 Han The Thanh (pdfTeX) et al."
      ]
    },
    "lualatex": {
      "executable": "/usr/bin/lualatex",
      "version_excerpt": [
        "This is LuaHBTeX, Version 1.18.0 (TeX Live 2025/dev/Debian)",
        "Development id: 7611",
        ""
      ]
    },
    "latexmk": {
      "executable": "/usr/bin/latexmk",
      "version_excerpt": [
        "Latexmk, John Collins, 11 Dec. 2024. Version 4.86"
      ]
    },
    "ffmpeg": {
      "executable": "/usr/bin/ffmpeg",
      "version_excerpt": [
        "ffmpeg version 7.1.5-0+deb13u1 Copyright (c) 2000-2026 the FFmpeg developers",
        "built with gcc 14 (Debian 14.2.0-19)",
        "configuration: --prefix=/usr --extra-version=0+deb13u1 --toolchain=hardened --libdir=/usr/lib/x86_64-linux-gnu --incdir=/usr/include/x86_64-linux-gnu --arch=amd64 --enable-gpl --disable-stripping --disable-libmfx --disable-omx --enable-gnutls --enable-libaom --enable-libass --enable-libbs2b --enable-libcdio --enable-libcodec2 --enable-libdav1d --enable-libflite --enable-libfontconfig --enable-libfreetype --enable-libfribidi --enable-libglslang --enable-libgme --enable-libgsm --enable-libharfbuzz --enable-libmp3lame --enable-libmysofa --enable-libopenjpeg --enable-libopenmpt --enable-libopus --enable-librubberband --enable-libshine --enable-libsnappy --enable-libsoxr --enable-libspeex --enable-libtheora --enable-libtwolame --enable-libvidstab --enable-libvorbis --enable-libvpx --enable-libwebp --enable-libx265 --enable-libxml2 --enable-libxvid --enable-libzimg --enable-openal --enable-opencl --enable-opengl --disable-sndio --enable-libvpl --enable-libdc1394 --enable-libdrm --enable-libiec61883 --enable-chromaprint --enable-frei0r --enable-ladspa --enable-libbluray --enable-libcaca --enable-libdvdnav --enable-libdvdread --enable-libjack --enable-libpulse --enable-librabbitmq --enable-librist --enable-libsrt --enable-libssh --enable-libsvtav1 --enable-libx264 --enable-libzmq --enable-libzvbi --enable-lv2 --enable-sdl2 --enable-libplacebo --enable-librav1e --enable-pocketsphinx --enable-librsvg --enable-libjxl --enable-shared"
      ]
    },
    "ffprobe": {
      "executable": "/usr/bin/ffprobe",
      "version_excerpt": [
        "ffprobe version 7.1.5-0+deb13u1 Copyright (c) 2007-2026 the FFmpeg developers",
        "built with gcc 14 (Debian 14.2.0-19)",
        "configuration: --prefix=/usr --extra-version=0+deb13u1 --toolchain=hardened --libdir=/usr/lib/x86_64-linux-gnu --incdir=/usr/include/x86_64-linux-gnu --arch=amd64 --enable-gpl --disable-stripping --disable-libmfx --disable-omx --enable-gnutls --enable-libaom --enable-libass --enable-libbs2b --enable-libcdio --enable-libcodec2 --enable-libdav1d --enable-libflite --enable-libfontconfig --enable-libfreetype --enable-libfribidi --enable-libglslang --enable-libgme --enable-libgsm --enable-libharfbuzz --enable-libmp3lame --enable-libmysofa --enable-libopenjpeg --enable-libopenmpt --enable-libopus --enable-librubberband --enable-libshine --enable-libsnappy --enable-libsoxr --enable-libspeex --enable-libtheora --enable-libtwolame --enable-libvidstab --enable-libvorbis --enable-libvpx --enable-libwebp --enable-libx265 --enable-libxml2 --enable-libxvid --enable-libzimg --enable-openal --enable-opencl --enable-opengl --disable-sndio --enable-libvpl --enable-libdc1394 --enable-libdrm --enable-libiec61883 --enable-chromaprint --enable-frei0r --enable-ladspa --enable-libbluray --enable-libcaca --enable-libdvdnav --enable-libdvdread --enable-libjack --enable-libpulse --enable-librabbitmq --enable-librist --enable-libsrt --enable-libssh --enable-libsvtav1 --enable-libx264 --enable-libzmq --enable-libzvbi --enable-lv2 --enable-sdl2 --enable-libplacebo --enable-librav1e --enable-pocketsphinx --enable-librsvg --enable-libjxl --enable-shared"
      ]
    },
    "lean": {
      "executable": null
    },
    "lake": {
      "executable": null
    },
    "coqc": {
      "executable": null
    }
  }
}






PHI_volume_01_verification/verification/coverings/metrics/polynomial_identity_checks.json

{
  "universal_polynomial_identities": 12,
  "rejected_mutations": 24,
  "identity_rows": [
    {
      "id": "difference_of_squares",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "ramification_composition",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "euler_defect",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "blaschke_disk",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "routh_crossing",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "fold_discriminant",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "dihedral_cubic",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "storage_balance",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "poisson_denominator",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "variance_pair",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "error_step",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    },
    {
      "id": "parameter_affinity",
      "status": "exact_coefficient_normalization_pass",
      "nonzero_residual_coefficients": 0
    }
  ],
  "backend": "stdlib Fraction; no SymPy in acceptance",
  "not_proof_assistant_kernel": true
}






PHI_volume_01_verification/verification/coverings/metrics/verification.json

{
  "scope": "New section-3 test release only. Counts below are assertions, not independent theorems.",
  "counts": {
    "complete_winding_certificates": 6,
    "rejected_mutated_winding_certificates": 24,
    "boundary_hypothesis_negative_control": 1,
    "permutation_structure": 43,
    "hurwitz_moves": 36,
    "permutation_associativity": 216,
    "passport_tests": 6,
    "euler_and_ramification": 600,
    "hardy_tail_energy": 96,
    "compositional_error_identity": 87,
    "closed_walk_counts": 30,
    "rounded_state_enclosure": 201,
    "rounded_state_invariance": 5,
    "rounded_nonzero_fixed_point": 1,
    "sympy_symbolic_identity": 10
  },
  "total_finite_assertions": 1362,
  "winding_certificates": [
    {
      "accepted": true,
      "winding": 3,
      "arcs": 20,
      "checked_control_points": 80,
      "minimum_coordinate_halfplane_margin": "1/2",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "cubic_three_roots",
      "generation_seconds": 0.007424224000033064,
      "checking_seconds": 0.004007829000101992
    },
    {
      "accepted": true,
      "winding": 1,
      "arcs": 4,
      "checked_control_points": 16,
      "minimum_coordinate_halfplane_margin": "5/4",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "cubic_central_root",
      "generation_seconds": 0.0008100550001017837,
      "checking_seconds": 0.0008029640000586369
    },
    {
      "accepted": true,
      "winding": 1,
      "arcs": 4,
      "checked_control_points": 16,
      "minimum_coordinate_halfplane_margin": "59/64",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "cubic_right_root",
      "generation_seconds": 0.0008196290000341833,
      "checking_seconds": 0.0008007310000266443
    },
    {
      "accepted": true,
      "winding": 2,
      "arcs": 16,
      "checked_control_points": 48,
      "minimum_coordinate_halfplane_margin": "3/4",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "quadratic_repeated_root",
      "generation_seconds": 0.003449535000072501,
      "checking_seconds": 0.0021684079999886308
    },
    {
      "accepted": true,
      "winding": 0,
      "arcs": 20,
      "checked_control_points": 160,
      "minimum_coordinate_halfplane_margin": "83/32",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "gain_0_to_50",
      "generation_seconds": 0.012492355999938809,
      "checking_seconds": 0.0072087979999651
    },
    {
      "accepted": true,
      "winding": 2,
      "arcs": 24,
      "checked_control_points": 96,
      "minimum_coordinate_halfplane_margin": "170425/2097152",
      "parameter_scope": "entire convex hull of declared polynomials",
      "case": "gain_61",
      "generation_seconds": 0.008650788000068133,
      "checking_seconds": 0.004849541000112367
    }
  ],
  "passports": [
    {
      "name": "degree5_3_3",
      "degree": 5,
      "cycle_lengths": [
        [
          3,
          1,
          1
        ],
        [
          1,
          1,
          3
        ]
      ],
      "defect": 4,
      "group_order": 60,
      "boundary_cycles": 1,
      "disk_euler_characteristic": 1
    },
    {
      "name": "degree5_4_2",
      "degree": 5,
      "cycle_lengths": [
        [
          4,
          1
        ],
        [
          1,
          1,
          1,
          2
        ]
      ],
      "defect": 4,
      "group_order": 120,
      "boundary_cycles": 1,
      "disk_euler_characteristic": 1
    }
  ],
  "formal_assistants": {
    "Lean": {
      "executable": null,
      "status": "not_run_compiler_unavailable"
    },
    "Coq/Rocq": {
      "executable": null,
      "status": "not_run_compiler_unavailable"
    }
  },
  "written_proofs_not_kernel_checked": true,
  "floating_point_used_in_certificate_acceptance": false,
  "timings_are_single_run_diagnostics_not_benchmarks": true,
  "python": "3.13.5",
  "sympy": "1.14.0",
  "platform": "Linux-6.18.44-x86_64-with-glibc2.41"
}






PHI_volume_01_verification/verification/coverings/proofs/FiniteIdentities.lean

import Mathlib
/- Candidate only: no Lean compiler was available in the authoring runtime.
   These statements concern real polynomial identities, not the analytic theorems.
   Build in a pinned mathlib project, then inspect every printed assumption list. -/
namespace PhiSection3
 theorem difference_of_squares (u v : ℝ) : (u-v)*(u+v)=u*u-v*v := by ring
 theorem ramification_composition (d e : ℝ) : d*e-1=(d-1)+d*(e-1) := by ring
 theorem euler_defect (d v e t r : ℝ) : d*v-r-d*e+d*t=d*(v-e+t)-r := by ring
 theorem blaschke_disk (a b x y : ℝ) :
 (1-a*x-b*y)^2+(b*x-a*y)^2-(x-a)^2-(y-b)^2
 = (1-a*a-b*b)*(1-x*x-y*y) := by ring
 theorem routh_crossing (u : ℝ) : (u+6)*(u*u+11)=u^3+6*u*u+11*u+66 := by ring
 theorem fold_discriminant (v : ℝ) : (2*v-1)^2=1-4*(v-v*v) := by ring
 theorem dihedral_cubic (u : ℝ) : (u*u+1)^3-3*u*u*(u*u+1)=u^6+1 := by ring
 theorem storage_balance (u b x : ℝ) : u*u-(u-b*x)^2=2*x*(-b*b*x/2+b*u) := by ring
 theorem poisson_denominator (a x : ℝ) : (1-a)^2+2*a*(1-x)=1+a*a-2*a*x := by ring
 theorem variance_pair (u v : ℝ) : (u-v)^2+(u+v)^2=2*u*u+2*v*v := by ring
 theorem error_step (q e k : ℝ) : q*(q*e+k)+k=q*q*e+(q+1)*k := by ring
 theorem parameter_affinity (t u : ℝ) :
 (1-t)*(u^3+6*u*u+11*u+6)+t*(u^3+6*u*u+11*u+56)
 = u^3+6*u*u+11*u+6+50*t := by ring
#print axioms difference_of_squares
#print axioms ramification_composition
#print axioms euler_defect
#print axioms blaschke_disk
#print axioms routh_crossing
#print axioms fold_discriminant
#print axioms dihedral_cubic
#print axioms storage_balance
#print axioms poisson_denominator
#print axioms variance_pair
#print axioms error_step
#print axioms parameter_affinity
end PhiSection3







PHI_volume_01_verification/verification/coverings/proofs/FiniteIdentities.v

(* Candidate only: coqc/Rocq was not available in the authoring runtime. *)
From Coq Require Import Reals Ring Field.
Open Scope R_scope.
Lemma difference_of_squares (u v:R): (u-v)*(u+v)=u*u-v*v. Proof. ring. Qed.
Lemma ramification_composition (d e:R): d*e-1=(d-1)+d*(e-1). Proof. ring. Qed.
Lemma euler_defect (d v e t r:R): d*v-r-d*e+d*t=d*(v-e+t)-r. Proof. ring. Qed.
Lemma blaschke_disk (a b x y:R):
 (1-a*x-b*y)^2+(b*x-a*y)^2-(x-a)^2-(y-b)^2
 = (1-a*a-b*b)*(1-x*x-y*y). Proof. ring. Qed.
Lemma routh_crossing (u:R): (u+6)*(u*u+11)=u^3+6*u*u+11*u+66. Proof. ring. Qed.
Lemma fold_discriminant (v:R): (2*v-1)^2=1-4*(v-v*v). Proof. ring. Qed.
Lemma dihedral_cubic (u:R): (u*u+1)^3-3*u*u*(u*u+1)=u^6+1. Proof. ring. Qed.
Lemma storage_balance (u b x:R): u*u-(u-b*x)^2=2*x*(-b*b*x/2+b*u). Proof. field; ring. Qed.
Lemma poisson_denominator (a x:R): (1-a)^2+2*a*(1-x)=1+a*a-2*a*x. Proof. ring. Qed.
Lemma variance_pair (u v:R): (u-v)^2+(u+v)^2=2*u*u+2*v*v. Proof. ring. Qed.
Lemma error_step (q e k:R): q*(q*e+k)+k=q*q*e+(q+1)*k. Proof. ring. Qed.
Lemma parameter_affinity (t u:R):
 (1-t)*(u^3+6*u*u+11*u+6)+t*(u^3+6*u*u+11*u+56)
 = u^3+6*u*u+11*u+6+50*t. Proof. ring. Qed.
Print Assumptions difference_of_squares.
Print Assumptions ramification_composition.
Print Assumptions euler_defect.
Print Assumptions blaschke_disk.
Print Assumptions routh_crossing.
Print Assumptions fold_discriminant.
Print Assumptions dihedral_cubic.
Print Assumptions storage_balance.
Print Assumptions poisson_denominator.
Print Assumptions variance_pair.
Print Assumptions error_step.
Print Assumptions parameter_affinity.







PHI_volume_01_verification/verification/coverings/proofs/certificates/cubic_central_root.json

{
  "schema": "phi.polynomial-winding.v1",
  "arithmetic": "rational",
  "polynomials": [
    [
      [
        "0",
        "0"
      ],
      [
        "-3",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1/2",
      "-1/2"
    ],
    [
      "1/2",
      "-1/2"
    ],
    [
      "1/2",
      "1/2"
    ],
    [
      "-1/2",
      "1/2"
    ],
    [
      "-1/2",
      "-1/2"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1",
      "axis": "r",
      "sign": 1
    }
  ],
  "winding": 1
}






PHI_volume_01_verification/verification/coverings/proofs/certificates/cubic_right_root.json

{
  "schema": "phi.polynomial-winding.v1",
  "arithmetic": "rational",
  "polynomials": [
    [
      [
        "0",
        "0"
      ],
      [
        "-3",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "3/2",
      "-1/4"
    ],
    [
      "2",
      "-1/4"
    ],
    [
      "2",
      "1/4"
    ],
    [
      "3/2",
      "1/4"
    ],
    [
      "3/2",
      "-1/4"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1",
      "axis": "r",
      "sign": -1
    }
  ],
  "winding": 1
}






PHI_volume_01_verification/verification/coverings/proofs/certificates/cubic_three_roots.json

{
  "schema": "phi.polynomial-winding.v1",
  "arithmetic": "rational",
  "polynomials": [
    [
      [
        "0",
        "0"
      ],
      [
        "-3",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-2",
      "-2"
    ],
    [
      "2",
      "-2"
    ],
    [
      "2",
      "2"
    ],
    [
      "-2",
      "2"
    ],
    [
      "-2",
      "-2"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/4",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "1/2",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "3/4",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "1",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/4",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "3/8",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "1/2",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "5/8",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "3/4",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "1",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/4",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "1/2",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "3/4",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "1",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/4",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "3/8",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "1/2",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "5/8",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "3/4",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "1",
      "axis": "r",
      "sign": 1
    }
  ],
  "winding": 3
}






PHI_volume_01_verification/verification/coverings/proofs/certificates/gain_0_to_50.json

{
  "schema": "phi.polynomial-winding.v1",
  "arithmetic": "rational",
  "polynomials": [
    [
      [
        "6",
        "0"
      ],
      [
        "11",
        "0"
      ],
      [
        "6",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ],
    [
      [
        "56",
        "0"
      ],
      [
        "11",
        "0"
      ],
      [
        "6",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "0",
      "-10"
    ],
    [
      "10",
      "-10"
    ],
    [
      "10",
      "10"
    ],
    [
      "0",
      "10"
    ],
    [
      "0",
      "-10"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/4",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "1/2",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "3/4",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "1",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/4",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "5/16",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "5/16",
      "right": "11/32",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "11/32",
      "right": "3/8",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "7/16",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "7/16",
      "right": "15/32",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "15/32",
      "right": "1/2",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "17/32",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "17/32",
      "right": "9/16",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "9/16",
      "right": "5/8",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "21/32",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "21/32",
      "right": "11/16",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "11/16",
      "right": "3/4",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "1",
      "axis": "r",
      "sign": -1
    }
  ],
  "winding": 0
}






PHI_volume_01_verification/verification/coverings/proofs/certificates/gain_61.json

{
  "schema": "phi.polynomial-winding.v1",
  "arithmetic": "rational",
  "polynomials": [
    [
      [
        "67",
        "0"
      ],
      [
        "11",
        "0"
      ],
      [
        "6",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "0",
      "-10"
    ],
    [
      "10",
      "-10"
    ],
    [
      "10",
      "10"
    ],
    [
      "0",
      "10"
    ],
    [
      "0",
      "-10"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/4",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "1/2",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "3/4",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "1",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/4",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "5/16",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "5/16",
      "right": "21/64",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "21/64",
      "right": "85/256",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "85/256",
      "right": "171/512",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "171/512",
      "right": "43/128",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "43/128",
      "right": "11/32",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "11/32",
      "right": "3/8",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "1/2",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "5/8",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "21/32",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "21/32",
      "right": "85/128",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "85/128",
      "right": "341/512",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "341/512",
      "right": "171/256",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "171/256",
      "right": "43/64",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "43/64",
      "right": "11/16",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "11/16",
      "right": "3/4",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "1",
      "axis": "r",
      "sign": -1
    }
  ],
  "winding": 2
}






PHI_volume_01_verification/verification/coverings/proofs/certificates/quadratic_repeated_root.json

{
  "schema": "phi.polynomial-winding.v1",
  "arithmetic": "rational",
  "polynomials": [
    [
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1",
      "-1"
    ],
    [
      "1",
      "-1"
    ],
    [
      "1",
      "1"
    ],
    [
      "-1",
      "1"
    ],
    [
      "-1",
      "-1"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/4",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "1/2",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "3/4",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "1",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/4",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "1/2",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "3/4",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "1",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/4",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "1/2",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "3/4",
      "axis": "r",
      "sign": -1
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "1",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/4",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "1/2",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "3/4",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "1",
      "axis": "i",
      "sign": 1
    }
  ],
  "winding": 2
}






PHI_volume_01_verification/verification/coverings/proofs/certificates/teaching_sqrt2.json

{
  "schema": "phi.polynomial-winding.v1",
  "arithmetic": "rational",
  "polynomials": [
    [
      [
        "-2",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "1",
      "-1/2"
    ],
    [
      "2",
      "-1/2"
    ],
    [
      "2",
      "1/2"
    ],
    [
      "1",
      "1/2"
    ],
    [
      "1",
      "-1/2"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1",
      "axis": "i",
      "sign": -1
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1",
      "axis": "r",
      "sign": 1
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1",
      "axis": "i",
      "sign": 1
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1",
      "axis": "r",
      "sign": -1
    }
  ],
  "winding": 1
}






PHI_volume_01_verification/verification/coverings/proofs/polynomial_identities/blaschke_disk.json

{
  "schema": "phi.polynomial-identity.v1",
  "id": "blaschke_disk",
  "variables": [
    "x",
    "y",
    "a",
    "b",
    "d",
    "e",
    "v",
    "t",
    "r",
    "u",
    "k",
    "q"
  ],
  "lhs": [
    "sub",
    [
      "sub",
      [
        "add",
        [
          "pow",
          [
            "sub",
            [
              "sub",
              "1",
              [
                "mul",
                "a",
                "x"
              ]
            ],
            [
              "mul",
              "b",
              "y"
            ]
          ],
          2
        ],
        [
          "pow",
          [
            "sub",
            [
              "mul",
              "b",
              "x"
            ],
            [
              "mul",
              "a",
              "y"
            ]
          ],
          2
        ]
      ],
      [
        "pow",
        [
          "sub",
          "x",
          "a"
        ],
        2
      ]
    ],
    [
      "pow",
      [
        "sub",
        "y",
        "b"
      ],
      2
    ]
  ],
  "rhs": [
    "mul",
    [
      "sub",
      [
        "sub",
        "1",
        [
          "mul",
          "a",
          "a"
        ]
      ],
      [
        "mul",
        "b",
        "b"
      ]
    ],
    [
      "sub",
      [
        "sub",
        "1",
        [
          "mul",
          "x",
          "x"
        ]
      ],
      [
        "mul",
        "y",
        "y"
      ]
    ]
  ]
}






PHI_volume_01_verification/verification/coverings/proofs/polynomial_identities/difference_of_squares.json

{
  "schema": "phi.polynomial-identity.v1",
  "id": "difference_of_squares",
  "variables": [
    "x",
    "y",
    "a",
    "b",
    "d",
    "e",
    "v",
    "t",
    "r",
    "u",
    "k",
    "q"
  ],
  "lhs": [
    "mul",
    [
      "sub",
      "u",
      "v"
    ],
    [
      "add",
      "u",
      "v"
    ]
  ],
  "rhs": [
    "sub",
    [
      "mul",
      "u",
      "u"
    ],
    [
      "mul",
      "v",
      "v"
    ]
  ]
}






PHI_volume_01_verification/verification/coverings/proofs/polynomial_identities/dihedral_cubic.json

{
  "schema": "phi.polynomial-identity.v1",
  "id": "dihedral_cubic",
  "variables": [
    "x",
    "y",
    "a",
    "b",
    "d",
    "e",
    "v",
    "t",
    "r",
    "u",
    "k",
    "q"
  ],
  "lhs": [
    "sub",
    [
      "pow",
      [
        "add",
        [
          "mul",
          "u",
          "u"
        ],
        "1"
      ],
      3
    ],
    [
      "mul",
      [
        "mul",
        [
          "mul",
          "3",
          "u"
        ],
        "u"
      ],
      [
        "add",
        [
          "mul",
          "u",
          "u"
        ],
        "1"
      ]
    ]
  ],
  "rhs": [
    "add",
    [
      "pow",
      "u",
      6
    ],
    "1"
  ]
}






PHI_volume_01_verification/verification/coverings/proofs/polynomial_identities/error_step.json

{
  "schema": "phi.polynomial-identity.v1",
  "id": "error_step",
  "variables": [
    "x",
    "y",
    "a",
    "b",
    "d",
    "e",
    "v",
    "t",
    "r",
    "u",
    "k",
    "q"
  ],
  "lhs": [
    "add",
    [
      "mul",
      "q",
      [
        "add",
        [
          "mul",
          "q",
          "e"
        ],
        "k"
      ]
    ],
    "k"
  ],
  "rhs": [
    "add",
    [
      "mul",
      [
        "mul",
        "q",
        "q"
      ],
      "e"
    ],
    [
      "mul",
      [
        "add",
        "q",
        "1"
      ],
      "k"
    ]
  ]
}






PHI_volume_01_verification/verification/coverings/proofs/polynomial_identities/euler_defect.json

{
  "schema": "phi.polynomial-identity.v1",
  "id": "euler_defect",
  "variables": [
    "x",
    "y",
    "a",
    "b",
    "d",
    "e",
    "v",
    "t",
    "r",
    "u",
    "k",
    "q"
  ],
  "lhs": [
    "add",
    [
      "sub",
      [
        "sub",
        [
          "mul",
          "d",
          "v"
        ],
        "r"
      ],
      [
        "mul",
        "d",
        "e"
      ]
    ],
    [
      "mul",
      "d",
      "t"
    ]
  ],
  "rhs": [
    "sub",
    [
      "mul",
      "d",
      [
        "add",
        [
          "sub",
          "v",
          "e"
        ],
        "t"
      ]
    ],
    "r"
  ]
}






PHI_volume_01_verification/verification/coverings/proofs/polynomial_identities/fold_discriminant.json

{
  "schema": "phi.polynomial-identity.v1",
  "id": "fold_discriminant",
  "variables": [
    "x",
    "y",
    "a",
    "b",
    "d",
    "e",
    "v",
    "t",
    "r",
    "u",
    "k",
    "q"
  ],
  "lhs": [
    "pow",
    [
      "sub",
      [
        "mul",
        "2",
        "v"
      ],
      "1"
    ],
    2
  ],
  "rhs": [
    "sub",
    "1",
    [
      "mul",
      "4",
      [
        "sub",
        "v",
        [
          "mul",
          "v",
          "v"
        ]
      ]
    ]
  ]
}






PHI_volume_01_verification/verification/coverings/proofs/polynomial_identities/parameter_affinity.json

{
  "schema": "phi.polynomial-identity.v1",
  "id": "parameter_affinity",
  "variables": [
    "x",
    "y",
    "a",
    "b",
    "d",
    "e",
    "v",
    "t",
    "r",
    "u",
    "k",
    "q"
  ],
  "lhs": [
    "add",
    [
      "mul",
      [
        "sub",
        "1",
        "t"
      ],
      [
        "add",
        [
          "add",
          [
            "add",
            [
              "pow",
              "u",
              3
            ],
            [
              "mul",
              [
                "mul",
                "6",
                "u"
              ],
              "u"
            ]
          ],
          [
            "mul",
            "11",
            "u"
          ]
        ],
        "6"
      ]
    ],
    [
      "mul",
      "t",
      [
        "add",
        [
          "add",
          [
            "add",
            [
              "pow",
              "u",
              3
            ],
            [
              "mul",
              [
                "mul",
                "6",
                "u"
              ],
              "u"
            ]
          ],
          [
            "mul",
            "11",
            "u"
          ]
        ],
        "56"
      ]
    ]
  ],
  "rhs": [
    "add",
    [
      "add",
      [
        "add",
        [
          "add",
          [
            "pow",
            "u",
            3
          ],
          [
            "mul",
            [
              "mul",
              "6",
              "u"
            ],
            "u"
          ]
        ],
        [
          "mul",
          "11",
          "u"
        ]
      ],
      "6"
    ],
    [
      "mul",
      "50",
      "t"
    ]
  ]
}






PHI_volume_01_verification/verification/coverings/proofs/polynomial_identities/poisson_denominator.json

{
  "schema": "phi.polynomial-identity.v1",
  "id": "poisson_denominator",
  "variables": [
    "x",
    "y",
    "a",
    "b",
    "d",
    "e",
    "v",
    "t",
    "r",
    "u",
    "k",
    "q"
  ],
  "lhs": [
    "add",
    [
      "pow",
      [
        "sub",
        "1",
        "a"
      ],
      2
    ],
    [
      "mul",
      [
        "mul",
        "2",
        "a"
      ],
      [
        "sub",
        "1",
        "x"
      ]
    ]
  ],
  "rhs": [
    "sub",
    [
      "add",
      "1",
      [
        "mul",
        "a",
        "a"
      ]
    ],
    [
      "mul",
      [
        "mul",
        "2",
        "a"
      ],
      "x"
    ]
  ]
}






PHI_volume_01_verification/verification/coverings/proofs/polynomial_identities/ramification_composition.json

{
  "schema": "phi.polynomial-identity.v1",
  "id": "ramification_composition",
  "variables": [
    "x",
    "y",
    "a",
    "b",
    "d",
    "e",
    "v",
    "t",
    "r",
    "u",
    "k",
    "q"
  ],
  "lhs": [
    "sub",
    [
      "mul",
      "d",
      "e"
    ],
    "1"
  ],
  "rhs": [
    "add",
    [
      "sub",
      "d",
      "1"
    ],
    [
      "mul",
      "d",
      [
        "sub",
        "e",
        "1"
      ]
    ]
  ]
}






PHI_volume_01_verification/verification/coverings/proofs/polynomial_identities/routh_crossing.json

{
  "schema": "phi.polynomial-identity.v1",
  "id": "routh_crossing",
  "variables": [
    "x",
    "y",
    "a",
    "b",
    "d",
    "e",
    "v",
    "t",
    "r",
    "u",
    "k",
    "q"
  ],
  "lhs": [
    "mul",
    [
      "add",
      "u",
      "6"
    ],
    [
      "add",
      [
        "mul",
        "u",
        "u"
      ],
      "11"
    ]
  ],
  "rhs": [
    "add",
    [
      "add",
      [
        "add",
        [
          "pow",
          "u",
          3
        ],
        [
          "mul",
          [
            "mul",
            "6",
            "u"
          ],
          "u"
        ]
      ],
      [
        "mul",
        "11",
        "u"
      ]
    ],
    "66"
  ]
}






PHI_volume_01_verification/verification/coverings/proofs/polynomial_identities/storage_balance.json

{
  "schema": "phi.polynomial-identity.v1",
  "id": "storage_balance",
  "variables": [
    "x",
    "y",
    "a",
    "b",
    "d",
    "e",
    "v",
    "t",
    "r",
    "u",
    "k",
    "q"
  ],
  "lhs": [
    "sub",
    [
      "mul",
      "u",
      "u"
    ],
    [
      "pow",
      [
        "sub",
        "u",
        [
          "mul",
          "b",
          "x"
        ]
      ],
      2
    ]
  ],
  "rhs": [
    "mul",
    [
      "mul",
      "2",
      "x"
    ],
    [
      "add",
      [
        "mul",
        [
          "mul",
          [
            "mul",
            [
              "sub",
              "0",
              "b"
            ],
            "b"
          ],
          "x"
        ],
        "1/2"
      ],
      [
        "mul",
        "b",
        "u"
      ]
    ]
  ]
}






PHI_volume_01_verification/verification/coverings/proofs/polynomial_identities/variance_pair.json

{
  "schema": "phi.polynomial-identity.v1",
  "id": "variance_pair",
  "variables": [
    "x",
    "y",
    "a",
    "b",
    "d",
    "e",
    "v",
    "t",
    "r",
    "u",
    "k",
    "q"
  ],
  "lhs": [
    "add",
    [
      "pow",
      [
        "sub",
        "u",
        "v"
      ],
      2
    ],
    [
      "pow",
      [
        "add",
        "u",
        "v"
      ],
      2
    ]
  ],
  "rhs": [
    "add",
    [
      "mul",
      [
        "mul",
        "2",
        "u"
      ],
      "u"
    ],
    [
      "mul",
      [
        "mul",
        "2",
        "v"
      ],
      "v"
    ]
  ]
}






PHI_volume_01_verification/verification/coverings/proofs/v2/cubic_axis_adaptive.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "0",
        "0"
      ],
      [
        "-3",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-2",
      "-2"
    ],
    [
      "2",
      "-2"
    ],
    [
      "2",
      "2"
    ],
    [
      "-2",
      "2"
    ],
    [
      "-2",
      "-2"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "1/2",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "3/4",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "1/2",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "3/4",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    }
  ],
  "winding": 3,
  "generator": {
    "mode": "axis",
    "tested_nodes": 36,
    "uniform_depth": null
  }
}






PHI_volume_01_verification/verification/coverings/proofs/v2/cubic_axis_uniform.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "0",
        "0"
      ],
      [
        "-3",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-2",
      "-2"
    ],
    [
      "2",
      "-2"
    ],
    [
      "2",
      "2"
    ],
    [
      "-2",
      "2"
    ],
    [
      "-2",
      "-2"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "7/8",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "7/8",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "7/8",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "7/8",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    }
  ],
  "winding": 3,
  "generator": {
    "mode": "axis",
    "tested_nodes": 32,
    "uniform_depth": 3
  }
}






PHI_volume_01_verification/verification/coverings/proofs/v2/cubic_rotated_adaptive.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "0",
        "0"
      ],
      [
        "-3",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-2",
      "-2"
    ],
    [
      "2",
      "-2"
    ],
    [
      "2",
      "2"
    ],
    [
      "-2",
      "2"
    ],
    [
      "-2",
      "-2"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/2",
      "normal": [
        "1",
        "3/10"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "1",
      "normal": [
        "-5/7",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/2",
      "normal": [
        "1/3",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "1",
      "normal": [
        "1/3",
        "1"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/2",
      "normal": [
        "-1",
        "-3/10"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "1",
      "normal": [
        "5/7",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/2",
      "normal": [
        "-1/3",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "1",
      "normal": [
        "-1/3",
        "-1"
      ]
    }
  ],
  "winding": 3,
  "generator": {
    "mode": "rotated",
    "tested_nodes": 12,
    "uniform_depth": null
  }
}






PHI_volume_01_verification/verification/coverings/proofs/v2/cubic_rotated_uniform.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "0",
        "0"
      ],
      [
        "-3",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-2",
      "-2"
    ],
    [
      "2",
      "-2"
    ],
    [
      "2",
      "2"
    ],
    [
      "-2",
      "2"
    ],
    [
      "-2",
      "-2"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/2",
      "normal": [
        "1",
        "3/10"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "1",
      "normal": [
        "-5/7",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/2",
      "normal": [
        "1/3",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "1",
      "normal": [
        "1/3",
        "1"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/2",
      "normal": [
        "-1",
        "-3/10"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "1",
      "normal": [
        "5/7",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/2",
      "normal": [
        "-1/3",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "1",
      "normal": [
        "-1/3",
        "-1"
      ]
    }
  ],
  "winding": 3,
  "generator": {
    "mode": "rotated",
    "tested_nodes": 8,
    "uniform_depth": 1
  }
}






PHI_volume_01_verification/verification/coverings/proofs/v2/eighth_power_axis_adaptive.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "-1/4",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1",
      "-1"
    ],
    [
      "1",
      "-1"
    ],
    [
      "1",
      "1"
    ],
    [
      "-1",
      "1"
    ],
    [
      "-1",
      "-1"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 0,
      "left": "7/16",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "9/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 0,
      "left": "7/8",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "7/16",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "9/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "7/8",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "7/16",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "9/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 2,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "7/8",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "7/16",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "9/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "7/8",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    }
  ],
  "winding": 8,
  "generator": {
    "mode": "axis",
    "tested_nodes": 76,
    "uniform_depth": null
  }
}






PHI_volume_01_verification/verification/coverings/proofs/v2/eighth_power_axis_uniform.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "-1/4",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1",
      "-1"
    ],
    [
      "1",
      "-1"
    ],
    [
      "1",
      "1"
    ],
    [
      "-1",
      "1"
    ],
    [
      "-1",
      "-1"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/16",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/8",
      "right": "3/16",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "3/16",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "5/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "5/16",
      "right": "3/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 0,
      "left": "7/16",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "9/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "5/8",
      "right": "11/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "11/16",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "13/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "13/16",
      "right": "7/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 0,
      "left": "7/8",
      "right": "15/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "15/16",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/16",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/8",
      "right": "3/16",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "3/16",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "5/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/16",
      "right": "3/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "7/16",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "9/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "11/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "11/16",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "13/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "13/16",
      "right": "7/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "7/8",
      "right": "15/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "15/16",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/16",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/8",
      "right": "3/16",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 2,
      "left": "3/16",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "5/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "5/16",
      "right": "3/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "7/16",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "9/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 2,
      "left": "5/8",
      "right": "11/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "11/16",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "13/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "13/16",
      "right": "7/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "7/8",
      "right": "15/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "15/16",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/16",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/8",
      "right": "3/16",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "3/16",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "5/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/16",
      "right": "3/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "7/16",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "9/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "11/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "11/16",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "13/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "13/16",
      "right": "7/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "7/8",
      "right": "15/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "15/16",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    }
  ],
  "winding": 8,
  "generator": {
    "mode": "axis",
    "tested_nodes": 64,
    "uniform_depth": 4
  }
}






PHI_volume_01_verification/verification/coverings/proofs/v2/eighth_power_rotated_adaptive.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "-1/4",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1",
      "-1"
    ],
    [
      "1",
      "-1"
    ],
    [
      "1",
      "1"
    ],
    [
      "-1",
      "1"
    ],
    [
      "-1",
      "-1"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/4",
      "normal": [
        "1/4",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "394/1211"
      ]
    },
    {
      "edge": 0,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "148/1121",
        "-1"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "8/11"
      ]
    },
    {
      "edge": 0,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "-394/1211"
      ]
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "1",
      "normal": [
        "1/4",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/4",
      "normal": [
        "1/4",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "394/1211"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "148/1121",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "8/11"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "-394/1211"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "1",
      "normal": [
        "1/4",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/4",
      "normal": [
        "1/4",
        "1"
      ]
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "394/1211"
      ]
    },
    {
      "edge": 2,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "148/1121",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "8/11"
      ]
    },
    {
      "edge": 2,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "-394/1211"
      ]
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "1",
      "normal": [
        "1/4",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/4",
      "normal": [
        "1/4",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "394/1211"
      ]
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "148/1121",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "8/11"
      ]
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "-394/1211"
      ]
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "1",
      "normal": [
        "1/4",
        "-1"
      ]
    }
  ],
  "winding": 8,
  "generator": {
    "mode": "rotated",
    "tested_nodes": 44,
    "uniform_depth": null
  }
}






PHI_volume_01_verification/verification/coverings/proofs/v2/eighth_power_rotated_uniform.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "-1/4",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1",
      "-1"
    ],
    [
      "1",
      "-1"
    ],
    [
      "1",
      "1"
    ],
    [
      "-1",
      "1"
    ],
    [
      "-1",
      "-1"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/8",
      "normal": [
        "7069/16864",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "-1",
        "112/197"
      ]
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "394/1211"
      ]
    },
    {
      "edge": 0,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "148/1121",
        "-1"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "8/11"
      ]
    },
    {
      "edge": 0,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "-394/1211"
      ]
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "-1",
        "-112/197"
      ]
    },
    {
      "edge": 0,
      "left": "7/8",
      "right": "1",
      "normal": [
        "7069/16864",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/8",
      "normal": [
        "7069/16864",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "-1",
        "112/197"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "394/1211"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "148/1121",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "8/11"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "-394/1211"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "-1",
        "-112/197"
      ]
    },
    {
      "edge": 1,
      "left": "7/8",
      "right": "1",
      "normal": [
        "7069/16864",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/8",
      "normal": [
        "7069/16864",
        "1"
      ]
    },
    {
      "edge": 2,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "-1",
        "112/197"
      ]
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "394/1211"
      ]
    },
    {
      "edge": 2,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "148/1121",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "8/11"
      ]
    },
    {
      "edge": 2,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "-394/1211"
      ]
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "-1",
        "-112/197"
      ]
    },
    {
      "edge": 2,
      "left": "7/8",
      "right": "1",
      "normal": [
        "7069/16864",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/8",
      "normal": [
        "7069/16864",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "-1",
        "112/197"
      ]
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "394/1211"
      ]
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "148/1121",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "8/11"
      ]
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "-394/1211"
      ]
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "-1",
        "-112/197"
      ]
    },
    {
      "edge": 3,
      "left": "7/8",
      "right": "1",
      "normal": [
        "7069/16864",
        "-1"
      ]
    }
  ],
  "winding": 8,
  "generator": {
    "mode": "rotated",
    "tested_nodes": 32,
    "uniform_depth": 3
  }
}






PHI_volume_01_verification/verification/coverings/proofs/v2/gain_family_axis_adaptive.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "6",
        "0"
      ],
      [
        "11",
        "0"
      ],
      [
        "6",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ],
    [
      [
        "56",
        "0"
      ],
      [
        "11",
        "0"
      ],
      [
        "6",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-10",
      "-10"
    ],
    [
      "0",
      "-10"
    ],
    [
      "0",
      "10"
    ],
    [
      "-10",
      "10"
    ],
    [
      "-10",
      "-10"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "1",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "5/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/16",
      "right": "11/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "11/32",
      "right": "3/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "7/16",
      "right": "15/32",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "15/32",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "17/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "17/32",
      "right": "9/16",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "21/32",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "21/32",
      "right": "11/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "11/16",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/2",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    }
  ],
  "winding": 3,
  "generator": {
    "mode": "axis",
    "tested_nodes": 44,
    "uniform_depth": null
  }
}






PHI_volume_01_verification/verification/coverings/proofs/v2/gain_family_axis_uniform.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "6",
        "0"
      ],
      [
        "11",
        "0"
      ],
      [
        "6",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ],
    [
      [
        "56",
        "0"
      ],
      [
        "11",
        "0"
      ],
      [
        "6",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-10",
      "-10"
    ],
    [
      "0",
      "-10"
    ],
    [
      "0",
      "10"
    ],
    [
      "-10",
      "10"
    ],
    [
      "-10",
      "-10"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/32",
      "right": "1/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/16",
      "right": "3/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/32",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/8",
      "right": "5/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "5/32",
      "right": "3/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/16",
      "right": "7/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "7/32",
      "right": "1/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "9/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "9/32",
      "right": "5/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "5/16",
      "right": "11/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "11/32",
      "right": "3/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/8",
      "right": "13/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "13/32",
      "right": "7/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "7/16",
      "right": "15/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "15/32",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "17/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "17/32",
      "right": "9/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "9/16",
      "right": "19/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "19/32",
      "right": "5/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "5/8",
      "right": "21/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "21/32",
      "right": "11/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "11/16",
      "right": "23/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "23/32",
      "right": "3/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "25/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "25/32",
      "right": "13/16",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "13/16",
      "right": "27/32",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "27/32",
      "right": "7/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "7/8",
      "right": "29/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "29/32",
      "right": "15/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "15/16",
      "right": "31/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "31/32",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/32",
      "right": "1/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/16",
      "right": "3/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/32",
      "right": "1/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/8",
      "right": "5/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/32",
      "right": "3/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/16",
      "right": "7/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "7/32",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "9/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "9/32",
      "right": "5/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/16",
      "right": "11/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "11/32",
      "right": "3/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "13/32",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "13/32",
      "right": "7/16",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "7/16",
      "right": "15/32",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "15/32",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "17/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "17/32",
      "right": "9/16",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "9/16",
      "right": "19/32",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "19/32",
      "right": "5/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "21/32",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "21/32",
      "right": "11/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "11/16",
      "right": "23/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "23/32",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "25/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "25/32",
      "right": "13/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "13/16",
      "right": "27/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "27/32",
      "right": "7/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "7/8",
      "right": "29/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "29/32",
      "right": "15/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "15/16",
      "right": "31/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "31/32",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/32",
      "right": "1/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/16",
      "right": "3/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/32",
      "right": "1/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/8",
      "right": "5/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "5/32",
      "right": "3/16",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "3/16",
      "right": "7/32",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "7/32",
      "right": "1/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "9/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "9/32",
      "right": "5/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "5/16",
      "right": "11/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "11/32",
      "right": "3/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/8",
      "right": "13/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "13/32",
      "right": "7/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "7/16",
      "right": "15/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "15/32",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "17/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "17/32",
      "right": "9/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "9/16",
      "right": "19/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "19/32",
      "right": "5/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "5/8",
      "right": "21/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "21/32",
      "right": "11/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "11/16",
      "right": "23/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "23/32",
      "right": "3/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "25/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "25/32",
      "right": "13/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "13/16",
      "right": "27/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "27/32",
      "right": "7/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "7/8",
      "right": "29/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "29/32",
      "right": "15/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "15/16",
      "right": "31/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "31/32",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/32",
      "right": "1/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/16",
      "right": "3/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/32",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/8",
      "right": "5/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/32",
      "right": "3/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/16",
      "right": "7/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "7/32",
      "right": "1/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "9/32",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "9/32",
      "right": "5/16",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "5/16",
      "right": "11/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "11/32",
      "right": "3/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "13/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "13/32",
      "right": "7/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "7/16",
      "right": "15/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "15/32",
      "right": "1/2",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "17/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "17/32",
      "right": "9/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "9/16",
      "right": "19/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "19/32",
      "right": "5/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "21/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "21/32",
      "right": "11/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "11/16",
      "right": "23/32",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "23/32",
      "right": "3/4",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "25/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "25/32",
      "right": "13/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "13/16",
      "right": "27/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "27/32",
      "right": "7/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "7/8",
      "right": "29/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "29/32",
      "right": "15/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "15/16",
      "right": "31/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "31/32",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    }
  ],
  "winding": 3,
  "generator": {
    "mode": "axis",
    "tested_nodes": 128,
    "uniform_depth": 5
  }
}






PHI_volume_01_verification/verification/coverings/proofs/v2/gain_family_rotated_adaptive.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "6",
        "0"
      ],
      [
        "11",
        "0"
      ],
      [
        "6",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ],
    [
      [
        "56",
        "0"
      ],
      [
        "11",
        "0"
      ],
      [
        "6",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-10",
      "-10"
    ],
    [
      "0",
      "-10"
    ],
    [
      "0",
      "10"
    ],
    [
      "-10",
      "10"
    ],
    [
      "-10",
      "-10"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1",
      "normal": [
        "60/83",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-297/445",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "5/16",
      "normal": [
        "-1",
        "35/72"
      ]
    },
    {
      "edge": 1,
      "left": "5/16",
      "right": "3/8",
      "normal": [
        "-299/600",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "19/60",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "19/60",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "11/16",
      "normal": [
        "-299/600",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "11/16",
      "right": "3/4",
      "normal": [
        "-1",
        "-35/72"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-297/445",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1",
      "normal": [
        "180/349",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/2",
      "normal": [
        "-91/240",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "1",
      "normal": [
        "-91/240",
        "-1"
      ]
    }
  ],
  "winding": 3,
  "generator": {
    "mode": "rotated",
    "tested_nodes": 20,
    "uniform_depth": null
  }
}






PHI_volume_01_verification/verification/coverings/proofs/v2/gain_family_rotated_uniform.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "6",
        "0"
      ],
      [
        "11",
        "0"
      ],
      [
        "6",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ],
    [
      [
        "56",
        "0"
      ],
      [
        "11",
        "0"
      ],
      [
        "6",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-10",
      "-10"
    ],
    [
      "0",
      "-10"
    ],
    [
      "0",
      "10"
    ],
    [
      "-10",
      "10"
    ],
    [
      "-10",
      "-10"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/16",
      "normal": [
        "1",
        "-318320/931197"
      ]
    },
    {
      "edge": 0,
      "left": "1/16",
      "right": "1/8",
      "normal": [
        "1",
        "-22840/110349"
      ]
    },
    {
      "edge": 0,
      "left": "1/8",
      "right": "3/16",
      "normal": [
        "1",
        "-59120/826287"
      ]
    },
    {
      "edge": 0,
      "left": "3/16",
      "right": "1/4",
      "normal": [
        "1",
        "820/11913"
      ]
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "5/16",
      "normal": [
        "1",
        "152080/691977"
      ]
    },
    {
      "edge": 0,
      "left": "5/16",
      "right": "3/8",
      "normal": [
        "1",
        "29960/76959"
      ]
    },
    {
      "edge": 0,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "1",
        "315280/534267"
      ]
    },
    {
      "edge": 0,
      "left": "7/16",
      "right": "1/2",
      "normal": [
        "1",
        "185/219"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "9/16",
      "normal": [
        "359157/430480",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "33369/58760",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "5/8",
      "right": "11/16",
      "normal": [
        "172647/497680",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "11/16",
      "right": "3/4",
      "normal": [
        "3/20",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "13/16",
      "normal": [
        "-19263/516880",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "13/16",
      "right": "7/8",
      "normal": [
        "-14421/63560",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "7/8",
      "right": "15/16",
      "normal": [
        "-210573/488080",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "15/16",
      "right": "1",
      "normal": [
        "-297/445",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/16",
      "normal": [
        "-297/445",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "1/16",
      "right": "1/8",
      "normal": [
        "-29016/36715",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "1/8",
      "right": "3/16",
      "normal": [
        "-884/905",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "3/16",
      "right": "1/4",
      "normal": [
        "-1",
        "11225/14616"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "5/16",
      "normal": [
        "-1",
        "35/72"
      ]
    },
    {
      "edge": 1,
      "left": "5/16",
      "right": "3/8",
      "normal": [
        "-299/600",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "7/16",
      "right": "1/2",
      "normal": [
        "1",
        "-120/151"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "9/16",
      "normal": [
        "1",
        "120/151"
      ]
    },
    {
      "edge": 1,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "11/16",
      "normal": [
        "-299/600",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "11/16",
      "right": "3/4",
      "normal": [
        "-1",
        "-35/72"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "13/16",
      "normal": [
        "-1",
        "-11225/14616"
      ]
    },
    {
      "edge": 1,
      "left": "13/16",
      "right": "7/8",
      "normal": [
        "-884/905",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "7/8",
      "right": "15/16",
      "normal": [
        "-29016/36715",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "15/16",
      "right": "1",
      "normal": [
        "-297/445",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/16",
      "normal": [
        "-297/445",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "1/16",
      "right": "1/8",
      "normal": [
        "-210573/488080",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "1/8",
      "right": "3/16",
      "normal": [
        "-14421/63560",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "3/16",
      "right": "1/4",
      "normal": [
        "-19263/516880",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "5/16",
      "normal": [
        "3/20",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "5/16",
      "right": "3/8",
      "normal": [
        "172647/497680",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "33369/58760",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "7/16",
      "right": "1/2",
      "normal": [
        "359157/430480",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "9/16",
      "normal": [
        "1",
        "-185/219"
      ]
    },
    {
      "edge": 2,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "1",
        "-315280/534267"
      ]
    },
    {
      "edge": 2,
      "left": "5/8",
      "right": "11/16",
      "normal": [
        "1",
        "-29960/76959"
      ]
    },
    {
      "edge": 2,
      "left": "11/16",
      "right": "3/4",
      "normal": [
        "1",
        "-152080/691977"
      ]
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "13/16",
      "normal": [
        "1",
        "-820/11913"
      ]
    },
    {
      "edge": 2,
      "left": "13/16",
      "right": "7/8",
      "normal": [
        "1",
        "59120/826287"
      ]
    },
    {
      "edge": 2,
      "left": "7/8",
      "right": "15/16",
      "normal": [
        "1",
        "22840/110349"
      ]
    },
    {
      "edge": 2,
      "left": "15/16",
      "right": "1",
      "normal": [
        "1",
        "318320/931197"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/16",
      "normal": [
        "1",
        "9155/12192"
      ]
    },
    {
      "edge": 3,
      "left": "1/16",
      "right": "1/8",
      "normal": [
        "2256/2695",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "1/8",
      "right": "3/16",
      "normal": [
        "1632/3575",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "3/16",
      "right": "1/4",
      "normal": [
        "48/415",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "5/16",
      "normal": [
        "-3552/14155",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "5/16",
      "right": "3/8",
      "normal": [
        "-2832/3695",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "-1",
        "15155/29856"
      ]
    },
    {
      "edge": 3,
      "left": "7/16",
      "right": "1/2",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "9/16",
      "normal": [
        "-1",
        "-955/6048"
      ]
    },
    {
      "edge": 3,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "-1",
        "-15155/29856"
      ]
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "11/16",
      "normal": [
        "-2832/3695",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "11/16",
      "right": "3/4",
      "normal": [
        "-3552/14155",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "13/16",
      "normal": [
        "48/415",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "13/16",
      "right": "7/8",
      "normal": [
        "1632/3575",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "7/8",
      "right": "15/16",
      "normal": [
        "2256/2695",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "15/16",
      "right": "1",
      "normal": [
        "1",
        "-9155/12192"
      ]
    }
  ],
  "winding": 3,
  "generator": {
    "mode": "rotated",
    "tested_nodes": 64,
    "uniform_depth": 4
  }
}






PHI_volume_01_verification/verification/coverings/proofs/v2/near_edge_double_axis_adaptive.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "9801/10000",
        "0"
      ],
      [
        "-99/50",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1",
      "-1"
    ],
    [
      "1",
      "-1"
    ],
    [
      "1",
      "1"
    ],
    [
      "-1",
      "1"
    ],
    [
      "-1",
      "-1"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/2",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "7/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "7/16",
      "right": "15/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "15/32",
      "right": "31/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "31/64",
      "right": "63/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "63/128",
      "right": "127/256",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "127/256",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "129/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "129/256",
      "right": "65/128",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "65/128",
      "right": "33/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "33/64",
      "right": "17/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "17/32",
      "right": "9/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "9/16",
      "right": "5/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/2",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "1",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    }
  ],
  "winding": 2,
  "generator": {
    "mode": "axis",
    "tested_nodes": 38,
    "uniform_depth": null
  }
}






PHI_volume_01_verification/verification/coverings/proofs/v2/near_edge_double_axis_uniform.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "9801/10000",
        "0"
      ],
      [
        "-99/50",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1",
      "-1"
    ],
    [
      "1",
      "-1"
    ],
    [
      "1",
      "1"
    ],
    [
      "-1",
      "1"
    ],
    [
      "-1",
      "-1"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/256",
      "right": "1/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/128",
      "right": "3/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/256",
      "right": "1/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/64",
      "right": "5/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "5/256",
      "right": "3/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/128",
      "right": "7/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "7/256",
      "right": "1/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/32",
      "right": "9/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "9/256",
      "right": "5/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "5/128",
      "right": "11/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "11/256",
      "right": "3/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/64",
      "right": "13/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "13/256",
      "right": "7/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "7/128",
      "right": "15/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "15/256",
      "right": "1/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/16",
      "right": "17/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "17/256",
      "right": "9/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "9/128",
      "right": "19/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "19/256",
      "right": "5/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "5/64",
      "right": "21/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "21/256",
      "right": "11/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "11/128",
      "right": "23/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "23/256",
      "right": "3/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/32",
      "right": "25/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "25/256",
      "right": "13/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "13/128",
      "right": "27/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "27/256",
      "right": "7/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "7/64",
      "right": "29/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "29/256",
      "right": "15/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "15/128",
      "right": "31/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "31/256",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/8",
      "right": "33/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "33/256",
      "right": "17/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "17/128",
      "right": "35/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "35/256",
      "right": "9/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "9/64",
      "right": "37/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "37/256",
      "right": "19/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "19/128",
      "right": "39/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "39/256",
      "right": "5/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "5/32",
      "right": "41/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "41/256",
      "right": "21/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "21/128",
      "right": "43/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "43/256",
      "right": "11/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "11/64",
      "right": "45/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "45/256",
      "right": "23/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "23/128",
      "right": "47/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "47/256",
      "right": "3/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/16",
      "right": "49/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "49/256",
      "right": "25/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "25/128",
      "right": "51/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "51/256",
      "right": "13/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "13/64",
      "right": "53/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "53/256",
      "right": "27/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "27/128",
      "right": "55/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "55/256",
      "right": "7/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "7/32",
      "right": "57/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "57/256",
      "right": "29/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "29/128",
      "right": "59/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "59/256",
      "right": "15/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "15/64",
      "right": "61/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "61/256",
      "right": "31/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "31/128",
      "right": "63/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "63/256",
      "right": "1/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "65/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "65/256",
      "right": "33/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "33/128",
      "right": "67/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "67/256",
      "right": "17/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "17/64",
      "right": "69/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "69/256",
      "right": "35/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "35/128",
      "right": "71/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "71/256",
      "right": "9/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "9/32",
      "right": "73/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "73/256",
      "right": "37/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "37/128",
      "right": "75/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "75/256",
      "right": "19/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "19/64",
      "right": "77/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "77/256",
      "right": "39/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "39/128",
      "right": "79/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "79/256",
      "right": "5/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "5/16",
      "right": "81/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "81/256",
      "right": "41/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "41/128",
      "right": "83/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "83/256",
      "right": "21/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "21/64",
      "right": "85/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "85/256",
      "right": "43/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "43/128",
      "right": "87/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "87/256",
      "right": "11/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "11/32",
      "right": "89/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "89/256",
      "right": "45/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "45/128",
      "right": "91/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "91/256",
      "right": "23/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "23/64",
      "right": "93/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "93/256",
      "right": "47/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "47/128",
      "right": "95/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "95/256",
      "right": "3/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/8",
      "right": "97/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "97/256",
      "right": "49/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "49/128",
      "right": "99/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "99/256",
      "right": "25/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "25/64",
      "right": "101/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "101/256",
      "right": "51/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "51/128",
      "right": "103/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "103/256",
      "right": "13/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "13/32",
      "right": "105/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "105/256",
      "right": "53/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "53/128",
      "right": "107/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "107/256",
      "right": "27/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "27/64",
      "right": "109/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "109/256",
      "right": "55/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "55/128",
      "right": "111/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "111/256",
      "right": "7/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "7/16",
      "right": "113/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "113/256",
      "right": "57/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "57/128",
      "right": "115/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "115/256",
      "right": "29/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "29/64",
      "right": "117/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "117/256",
      "right": "59/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "59/128",
      "right": "119/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "119/256",
      "right": "15/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "15/32",
      "right": "121/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "121/256",
      "right": "61/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "61/128",
      "right": "123/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "123/256",
      "right": "31/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "31/64",
      "right": "125/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "125/256",
      "right": "63/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "63/128",
      "right": "127/256",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "127/256",
      "right": "1/2",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "129/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "129/256",
      "right": "65/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "65/128",
      "right": "131/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "131/256",
      "right": "33/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "33/64",
      "right": "133/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "133/256",
      "right": "67/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "67/128",
      "right": "135/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "135/256",
      "right": "17/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "17/32",
      "right": "137/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "137/256",
      "right": "69/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "69/128",
      "right": "139/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "139/256",
      "right": "35/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "35/64",
      "right": "141/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "141/256",
      "right": "71/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "71/128",
      "right": "143/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "143/256",
      "right": "9/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "9/16",
      "right": "145/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "145/256",
      "right": "73/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "73/128",
      "right": "147/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "147/256",
      "right": "37/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "37/64",
      "right": "149/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "149/256",
      "right": "75/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "75/128",
      "right": "151/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "151/256",
      "right": "19/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "19/32",
      "right": "153/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "153/256",
      "right": "77/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "77/128",
      "right": "155/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "155/256",
      "right": "39/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "39/64",
      "right": "157/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "157/256",
      "right": "79/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "79/128",
      "right": "159/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "159/256",
      "right": "5/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "5/8",
      "right": "161/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "161/256",
      "right": "81/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "81/128",
      "right": "163/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "163/256",
      "right": "41/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "41/64",
      "right": "165/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "165/256",
      "right": "83/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "83/128",
      "right": "167/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "167/256",
      "right": "21/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "21/32",
      "right": "169/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "169/256",
      "right": "85/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "85/128",
      "right": "171/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "171/256",
      "right": "43/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "43/64",
      "right": "173/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "173/256",
      "right": "87/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "87/128",
      "right": "175/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "175/256",
      "right": "11/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "11/16",
      "right": "177/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "177/256",
      "right": "89/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "89/128",
      "right": "179/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "179/256",
      "right": "45/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "45/64",
      "right": "181/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "181/256",
      "right": "91/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "91/128",
      "right": "183/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "183/256",
      "right": "23/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "23/32",
      "right": "185/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "185/256",
      "right": "93/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "93/128",
      "right": "187/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "187/256",
      "right": "47/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "47/64",
      "right": "189/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "189/256",
      "right": "95/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "95/128",
      "right": "191/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "191/256",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "193/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "193/256",
      "right": "97/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "97/128",
      "right": "195/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "195/256",
      "right": "49/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "49/64",
      "right": "197/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "197/256",
      "right": "99/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "99/128",
      "right": "199/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "199/256",
      "right": "25/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "25/32",
      "right": "201/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "201/256",
      "right": "101/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "101/128",
      "right": "203/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "203/256",
      "right": "51/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "51/64",
      "right": "205/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "205/256",
      "right": "103/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "103/128",
      "right": "207/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "207/256",
      "right": "13/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "13/16",
      "right": "209/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "209/256",
      "right": "105/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "105/128",
      "right": "211/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "211/256",
      "right": "53/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "53/64",
      "right": "213/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "213/256",
      "right": "107/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "107/128",
      "right": "215/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "215/256",
      "right": "27/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "27/32",
      "right": "217/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "217/256",
      "right": "109/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "109/128",
      "right": "219/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "219/256",
      "right": "55/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "55/64",
      "right": "221/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "221/256",
      "right": "111/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "111/128",
      "right": "223/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "223/256",
      "right": "7/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "7/8",
      "right": "225/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "225/256",
      "right": "113/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "113/128",
      "right": "227/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "227/256",
      "right": "57/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "57/64",
      "right": "229/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "229/256",
      "right": "115/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "115/128",
      "right": "231/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "231/256",
      "right": "29/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "29/32",
      "right": "233/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "233/256",
      "right": "117/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "117/128",
      "right": "235/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "235/256",
      "right": "59/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "59/64",
      "right": "237/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "237/256",
      "right": "119/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "119/128",
      "right": "239/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "239/256",
      "right": "15/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "15/16",
      "right": "241/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "241/256",
      "right": "121/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "121/128",
      "right": "243/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "243/256",
      "right": "61/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "61/64",
      "right": "245/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "245/256",
      "right": "123/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "123/128",
      "right": "247/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "247/256",
      "right": "31/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "31/32",
      "right": "249/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "249/256",
      "right": "125/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "125/128",
      "right": "251/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "251/256",
      "right": "63/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "63/64",
      "right": "253/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "253/256",
      "right": "127/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "127/128",
      "right": "255/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "255/256",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/256",
      "right": "1/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/128",
      "right": "3/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/256",
      "right": "1/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/64",
      "right": "5/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/256",
      "right": "3/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/128",
      "right": "7/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "7/256",
      "right": "1/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/32",
      "right": "9/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "9/256",
      "right": "5/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/128",
      "right": "11/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "11/256",
      "right": "3/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/64",
      "right": "13/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "13/256",
      "right": "7/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "7/128",
      "right": "15/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "15/256",
      "right": "1/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/16",
      "right": "17/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "17/256",
      "right": "9/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "9/128",
      "right": "19/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "19/256",
      "right": "5/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/64",
      "right": "21/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "21/256",
      "right": "11/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "11/128",
      "right": "23/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "23/256",
      "right": "3/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/32",
      "right": "25/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "25/256",
      "right": "13/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "13/128",
      "right": "27/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "27/256",
      "right": "7/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "7/64",
      "right": "29/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "29/256",
      "right": "15/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "15/128",
      "right": "31/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "31/256",
      "right": "1/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/8",
      "right": "33/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "33/256",
      "right": "17/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "17/128",
      "right": "35/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "35/256",
      "right": "9/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "9/64",
      "right": "37/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "37/256",
      "right": "19/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "19/128",
      "right": "39/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "39/256",
      "right": "5/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/32",
      "right": "41/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "41/256",
      "right": "21/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "21/128",
      "right": "43/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "43/256",
      "right": "11/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "11/64",
      "right": "45/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "45/256",
      "right": "23/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "23/128",
      "right": "47/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "47/256",
      "right": "3/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/16",
      "right": "49/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "49/256",
      "right": "25/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "25/128",
      "right": "51/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "51/256",
      "right": "13/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "13/64",
      "right": "53/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "53/256",
      "right": "27/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "27/128",
      "right": "55/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "55/256",
      "right": "7/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "7/32",
      "right": "57/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "57/256",
      "right": "29/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "29/128",
      "right": "59/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "59/256",
      "right": "15/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "15/64",
      "right": "61/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "61/256",
      "right": "31/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "31/128",
      "right": "63/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "63/256",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "65/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "65/256",
      "right": "33/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "33/128",
      "right": "67/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "67/256",
      "right": "17/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "17/64",
      "right": "69/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "69/256",
      "right": "35/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "35/128",
      "right": "71/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "71/256",
      "right": "9/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "9/32",
      "right": "73/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "73/256",
      "right": "37/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "37/128",
      "right": "75/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "75/256",
      "right": "19/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "19/64",
      "right": "77/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "77/256",
      "right": "39/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "39/128",
      "right": "79/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "79/256",
      "right": "5/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/16",
      "right": "81/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "81/256",
      "right": "41/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "41/128",
      "right": "83/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "83/256",
      "right": "21/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "21/64",
      "right": "85/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "85/256",
      "right": "43/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "43/128",
      "right": "87/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "87/256",
      "right": "11/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "11/32",
      "right": "89/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "89/256",
      "right": "45/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "45/128",
      "right": "91/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "91/256",
      "right": "23/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "23/64",
      "right": "93/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "93/256",
      "right": "47/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "47/128",
      "right": "95/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "95/256",
      "right": "3/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "97/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "97/256",
      "right": "49/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "49/128",
      "right": "99/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "99/256",
      "right": "25/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "25/64",
      "right": "101/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "101/256",
      "right": "51/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "51/128",
      "right": "103/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "103/256",
      "right": "13/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "13/32",
      "right": "105/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "105/256",
      "right": "53/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "53/128",
      "right": "107/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "107/256",
      "right": "27/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "27/64",
      "right": "109/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "109/256",
      "right": "55/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "55/128",
      "right": "111/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "111/256",
      "right": "7/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "7/16",
      "right": "113/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "113/256",
      "right": "57/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "57/128",
      "right": "115/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "115/256",
      "right": "29/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "29/64",
      "right": "117/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "117/256",
      "right": "59/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "59/128",
      "right": "119/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "119/256",
      "right": "15/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "15/32",
      "right": "121/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "121/256",
      "right": "61/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "61/128",
      "right": "123/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "123/256",
      "right": "31/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "31/64",
      "right": "125/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "125/256",
      "right": "63/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "63/128",
      "right": "127/256",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "127/256",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "129/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "129/256",
      "right": "65/128",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "65/128",
      "right": "131/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "131/256",
      "right": "33/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "33/64",
      "right": "133/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "133/256",
      "right": "67/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "67/128",
      "right": "135/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "135/256",
      "right": "17/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "17/32",
      "right": "137/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "137/256",
      "right": "69/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "69/128",
      "right": "139/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "139/256",
      "right": "35/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "35/64",
      "right": "141/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "141/256",
      "right": "71/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "71/128",
      "right": "143/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "143/256",
      "right": "9/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "9/16",
      "right": "145/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "145/256",
      "right": "73/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "73/128",
      "right": "147/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "147/256",
      "right": "37/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "37/64",
      "right": "149/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "149/256",
      "right": "75/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "75/128",
      "right": "151/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "151/256",
      "right": "19/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "19/32",
      "right": "153/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "153/256",
      "right": "77/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "77/128",
      "right": "155/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "155/256",
      "right": "39/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "39/64",
      "right": "157/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "157/256",
      "right": "79/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "79/128",
      "right": "159/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "159/256",
      "right": "5/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "161/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "161/256",
      "right": "81/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "81/128",
      "right": "163/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "163/256",
      "right": "41/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "41/64",
      "right": "165/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "165/256",
      "right": "83/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "83/128",
      "right": "167/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "167/256",
      "right": "21/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "21/32",
      "right": "169/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "169/256",
      "right": "85/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "85/128",
      "right": "171/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "171/256",
      "right": "43/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "43/64",
      "right": "173/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "173/256",
      "right": "87/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "87/128",
      "right": "175/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "175/256",
      "right": "11/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "11/16",
      "right": "177/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "177/256",
      "right": "89/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "89/128",
      "right": "179/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "179/256",
      "right": "45/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "45/64",
      "right": "181/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "181/256",
      "right": "91/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "91/128",
      "right": "183/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "183/256",
      "right": "23/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "23/32",
      "right": "185/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "185/256",
      "right": "93/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "93/128",
      "right": "187/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "187/256",
      "right": "47/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "47/64",
      "right": "189/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "189/256",
      "right": "95/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "95/128",
      "right": "191/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "191/256",
      "right": "3/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "193/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "193/256",
      "right": "97/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "97/128",
      "right": "195/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "195/256",
      "right": "49/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "49/64",
      "right": "197/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "197/256",
      "right": "99/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "99/128",
      "right": "199/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "199/256",
      "right": "25/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "25/32",
      "right": "201/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "201/256",
      "right": "101/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "101/128",
      "right": "203/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "203/256",
      "right": "51/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "51/64",
      "right": "205/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "205/256",
      "right": "103/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "103/128",
      "right": "207/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "207/256",
      "right": "13/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "13/16",
      "right": "209/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "209/256",
      "right": "105/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "105/128",
      "right": "211/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "211/256",
      "right": "53/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "53/64",
      "right": "213/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "213/256",
      "right": "107/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "107/128",
      "right": "215/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "215/256",
      "right": "27/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "27/32",
      "right": "217/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "217/256",
      "right": "109/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "109/128",
      "right": "219/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "219/256",
      "right": "55/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "55/64",
      "right": "221/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "221/256",
      "right": "111/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "111/128",
      "right": "223/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "223/256",
      "right": "7/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "7/8",
      "right": "225/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "225/256",
      "right": "113/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "113/128",
      "right": "227/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "227/256",
      "right": "57/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "57/64",
      "right": "229/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "229/256",
      "right": "115/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "115/128",
      "right": "231/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "231/256",
      "right": "29/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "29/32",
      "right": "233/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "233/256",
      "right": "117/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "117/128",
      "right": "235/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "235/256",
      "right": "59/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "59/64",
      "right": "237/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "237/256",
      "right": "119/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "119/128",
      "right": "239/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "239/256",
      "right": "15/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "15/16",
      "right": "241/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "241/256",
      "right": "121/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "121/128",
      "right": "243/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "243/256",
      "right": "61/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "61/64",
      "right": "245/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "245/256",
      "right": "123/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "123/128",
      "right": "247/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "247/256",
      "right": "31/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "31/32",
      "right": "249/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "249/256",
      "right": "125/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "125/128",
      "right": "251/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "251/256",
      "right": "63/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "63/64",
      "right": "253/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "253/256",
      "right": "127/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "127/128",
      "right": "255/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "255/256",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/256",
      "right": "1/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/128",
      "right": "3/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/256",
      "right": "1/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/64",
      "right": "5/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "5/256",
      "right": "3/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/128",
      "right": "7/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "7/256",
      "right": "1/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/32",
      "right": "9/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "9/256",
      "right": "5/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "5/128",
      "right": "11/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "11/256",
      "right": "3/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/64",
      "right": "13/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "13/256",
      "right": "7/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "7/128",
      "right": "15/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "15/256",
      "right": "1/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/16",
      "right": "17/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "17/256",
      "right": "9/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "9/128",
      "right": "19/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "19/256",
      "right": "5/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "5/64",
      "right": "21/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "21/256",
      "right": "11/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "11/128",
      "right": "23/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "23/256",
      "right": "3/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/32",
      "right": "25/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "25/256",
      "right": "13/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "13/128",
      "right": "27/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "27/256",
      "right": "7/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "7/64",
      "right": "29/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "29/256",
      "right": "15/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "15/128",
      "right": "31/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "31/256",
      "right": "1/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/8",
      "right": "33/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "33/256",
      "right": "17/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "17/128",
      "right": "35/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "35/256",
      "right": "9/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "9/64",
      "right": "37/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "37/256",
      "right": "19/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "19/128",
      "right": "39/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "39/256",
      "right": "5/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "5/32",
      "right": "41/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "41/256",
      "right": "21/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "21/128",
      "right": "43/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "43/256",
      "right": "11/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "11/64",
      "right": "45/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "45/256",
      "right": "23/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "23/128",
      "right": "47/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "47/256",
      "right": "3/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/16",
      "right": "49/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "49/256",
      "right": "25/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "25/128",
      "right": "51/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "51/256",
      "right": "13/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "13/64",
      "right": "53/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "53/256",
      "right": "27/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "27/128",
      "right": "55/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "55/256",
      "right": "7/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "7/32",
      "right": "57/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "57/256",
      "right": "29/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "29/128",
      "right": "59/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "59/256",
      "right": "15/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "15/64",
      "right": "61/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "61/256",
      "right": "31/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "31/128",
      "right": "63/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "63/256",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "65/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "65/256",
      "right": "33/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "33/128",
      "right": "67/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "67/256",
      "right": "17/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "17/64",
      "right": "69/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "69/256",
      "right": "35/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "35/128",
      "right": "71/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "71/256",
      "right": "9/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "9/32",
      "right": "73/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "73/256",
      "right": "37/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "37/128",
      "right": "75/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "75/256",
      "right": "19/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "19/64",
      "right": "77/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "77/256",
      "right": "39/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "39/128",
      "right": "79/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "79/256",
      "right": "5/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "5/16",
      "right": "81/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "81/256",
      "right": "41/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "41/128",
      "right": "83/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "83/256",
      "right": "21/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "21/64",
      "right": "85/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "85/256",
      "right": "43/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "43/128",
      "right": "87/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "87/256",
      "right": "11/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "11/32",
      "right": "89/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "89/256",
      "right": "45/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "45/128",
      "right": "91/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "91/256",
      "right": "23/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "23/64",
      "right": "93/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "93/256",
      "right": "47/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "47/128",
      "right": "95/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "95/256",
      "right": "3/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/8",
      "right": "97/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "97/256",
      "right": "49/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "49/128",
      "right": "99/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "99/256",
      "right": "25/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "25/64",
      "right": "101/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "101/256",
      "right": "51/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "51/128",
      "right": "103/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "103/256",
      "right": "13/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "13/32",
      "right": "105/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "105/256",
      "right": "53/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "53/128",
      "right": "107/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "107/256",
      "right": "27/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "27/64",
      "right": "109/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "109/256",
      "right": "55/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "55/128",
      "right": "111/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "111/256",
      "right": "7/16",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "7/16",
      "right": "113/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "113/256",
      "right": "57/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "57/128",
      "right": "115/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "115/256",
      "right": "29/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "29/64",
      "right": "117/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "117/256",
      "right": "59/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "59/128",
      "right": "119/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "119/256",
      "right": "15/32",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "15/32",
      "right": "121/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "121/256",
      "right": "61/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "61/128",
      "right": "123/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "123/256",
      "right": "31/64",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "31/64",
      "right": "125/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "125/256",
      "right": "63/128",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "63/128",
      "right": "127/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "127/256",
      "right": "1/2",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "129/256",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "129/256",
      "right": "65/128",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "65/128",
      "right": "131/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "131/256",
      "right": "33/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "33/64",
      "right": "133/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "133/256",
      "right": "67/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "67/128",
      "right": "135/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "135/256",
      "right": "17/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "17/32",
      "right": "137/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "137/256",
      "right": "69/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "69/128",
      "right": "139/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "139/256",
      "right": "35/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "35/64",
      "right": "141/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "141/256",
      "right": "71/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "71/128",
      "right": "143/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "143/256",
      "right": "9/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "9/16",
      "right": "145/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "145/256",
      "right": "73/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "73/128",
      "right": "147/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "147/256",
      "right": "37/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "37/64",
      "right": "149/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "149/256",
      "right": "75/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "75/128",
      "right": "151/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "151/256",
      "right": "19/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "19/32",
      "right": "153/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "153/256",
      "right": "77/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "77/128",
      "right": "155/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "155/256",
      "right": "39/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "39/64",
      "right": "157/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "157/256",
      "right": "79/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "79/128",
      "right": "159/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "159/256",
      "right": "5/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "5/8",
      "right": "161/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "161/256",
      "right": "81/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "81/128",
      "right": "163/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "163/256",
      "right": "41/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "41/64",
      "right": "165/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "165/256",
      "right": "83/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "83/128",
      "right": "167/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "167/256",
      "right": "21/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "21/32",
      "right": "169/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "169/256",
      "right": "85/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "85/128",
      "right": "171/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "171/256",
      "right": "43/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "43/64",
      "right": "173/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "173/256",
      "right": "87/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "87/128",
      "right": "175/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "175/256",
      "right": "11/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "11/16",
      "right": "177/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "177/256",
      "right": "89/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "89/128",
      "right": "179/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "179/256",
      "right": "45/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "45/64",
      "right": "181/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "181/256",
      "right": "91/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "91/128",
      "right": "183/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "183/256",
      "right": "23/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "23/32",
      "right": "185/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "185/256",
      "right": "93/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "93/128",
      "right": "187/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "187/256",
      "right": "47/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "47/64",
      "right": "189/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "189/256",
      "right": "95/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "95/128",
      "right": "191/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "191/256",
      "right": "3/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "193/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "193/256",
      "right": "97/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "97/128",
      "right": "195/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "195/256",
      "right": "49/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "49/64",
      "right": "197/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "197/256",
      "right": "99/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "99/128",
      "right": "199/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "199/256",
      "right": "25/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "25/32",
      "right": "201/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "201/256",
      "right": "101/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "101/128",
      "right": "203/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "203/256",
      "right": "51/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "51/64",
      "right": "205/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "205/256",
      "right": "103/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "103/128",
      "right": "207/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "207/256",
      "right": "13/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "13/16",
      "right": "209/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "209/256",
      "right": "105/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "105/128",
      "right": "211/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "211/256",
      "right": "53/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "53/64",
      "right": "213/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "213/256",
      "right": "107/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "107/128",
      "right": "215/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "215/256",
      "right": "27/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "27/32",
      "right": "217/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "217/256",
      "right": "109/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "109/128",
      "right": "219/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "219/256",
      "right": "55/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "55/64",
      "right": "221/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "221/256",
      "right": "111/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "111/128",
      "right": "223/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "223/256",
      "right": "7/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "7/8",
      "right": "225/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "225/256",
      "right": "113/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "113/128",
      "right": "227/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "227/256",
      "right": "57/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "57/64",
      "right": "229/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "229/256",
      "right": "115/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "115/128",
      "right": "231/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "231/256",
      "right": "29/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "29/32",
      "right": "233/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "233/256",
      "right": "117/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "117/128",
      "right": "235/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "235/256",
      "right": "59/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "59/64",
      "right": "237/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "237/256",
      "right": "119/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "119/128",
      "right": "239/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "239/256",
      "right": "15/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "15/16",
      "right": "241/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "241/256",
      "right": "121/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "121/128",
      "right": "243/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "243/256",
      "right": "61/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "61/64",
      "right": "245/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "245/256",
      "right": "123/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "123/128",
      "right": "247/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "247/256",
      "right": "31/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "31/32",
      "right": "249/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "249/256",
      "right": "125/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "125/128",
      "right": "251/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "251/256",
      "right": "63/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "63/64",
      "right": "253/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "253/256",
      "right": "127/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "127/128",
      "right": "255/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "255/256",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/256",
      "right": "1/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/128",
      "right": "3/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/256",
      "right": "1/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/64",
      "right": "5/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/256",
      "right": "3/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/128",
      "right": "7/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "7/256",
      "right": "1/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/32",
      "right": "9/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "9/256",
      "right": "5/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/128",
      "right": "11/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "11/256",
      "right": "3/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/64",
      "right": "13/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "13/256",
      "right": "7/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "7/128",
      "right": "15/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "15/256",
      "right": "1/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/16",
      "right": "17/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "17/256",
      "right": "9/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "9/128",
      "right": "19/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "19/256",
      "right": "5/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/64",
      "right": "21/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "21/256",
      "right": "11/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "11/128",
      "right": "23/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "23/256",
      "right": "3/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/32",
      "right": "25/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "25/256",
      "right": "13/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "13/128",
      "right": "27/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "27/256",
      "right": "7/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "7/64",
      "right": "29/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "29/256",
      "right": "15/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "15/128",
      "right": "31/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "31/256",
      "right": "1/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/8",
      "right": "33/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "33/256",
      "right": "17/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "17/128",
      "right": "35/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "35/256",
      "right": "9/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "9/64",
      "right": "37/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "37/256",
      "right": "19/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "19/128",
      "right": "39/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "39/256",
      "right": "5/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/32",
      "right": "41/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "41/256",
      "right": "21/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "21/128",
      "right": "43/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "43/256",
      "right": "11/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "11/64",
      "right": "45/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "45/256",
      "right": "23/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "23/128",
      "right": "47/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "47/256",
      "right": "3/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/16",
      "right": "49/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "49/256",
      "right": "25/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "25/128",
      "right": "51/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "51/256",
      "right": "13/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "13/64",
      "right": "53/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "53/256",
      "right": "27/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "27/128",
      "right": "55/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "55/256",
      "right": "7/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "7/32",
      "right": "57/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "57/256",
      "right": "29/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "29/128",
      "right": "59/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "59/256",
      "right": "15/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "15/64",
      "right": "61/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "61/256",
      "right": "31/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "31/128",
      "right": "63/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "63/256",
      "right": "1/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "65/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "65/256",
      "right": "33/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "33/128",
      "right": "67/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "67/256",
      "right": "17/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "17/64",
      "right": "69/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "69/256",
      "right": "35/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "35/128",
      "right": "71/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "71/256",
      "right": "9/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "9/32",
      "right": "73/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "73/256",
      "right": "37/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "37/128",
      "right": "75/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "75/256",
      "right": "19/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "19/64",
      "right": "77/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "77/256",
      "right": "39/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "39/128",
      "right": "79/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "79/256",
      "right": "5/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/16",
      "right": "81/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "81/256",
      "right": "41/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "41/128",
      "right": "83/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "83/256",
      "right": "21/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "21/64",
      "right": "85/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "85/256",
      "right": "43/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "43/128",
      "right": "87/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "87/256",
      "right": "11/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "11/32",
      "right": "89/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "89/256",
      "right": "45/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "45/128",
      "right": "91/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "91/256",
      "right": "23/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "23/64",
      "right": "93/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "93/256",
      "right": "47/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "47/128",
      "right": "95/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "95/256",
      "right": "3/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "97/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "97/256",
      "right": "49/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "49/128",
      "right": "99/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "99/256",
      "right": "25/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "25/64",
      "right": "101/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "101/256",
      "right": "51/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "51/128",
      "right": "103/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "103/256",
      "right": "13/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "13/32",
      "right": "105/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "105/256",
      "right": "53/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "53/128",
      "right": "107/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "107/256",
      "right": "27/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "27/64",
      "right": "109/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "109/256",
      "right": "55/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "55/128",
      "right": "111/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "111/256",
      "right": "7/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "7/16",
      "right": "113/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "113/256",
      "right": "57/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "57/128",
      "right": "115/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "115/256",
      "right": "29/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "29/64",
      "right": "117/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "117/256",
      "right": "59/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "59/128",
      "right": "119/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "119/256",
      "right": "15/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "15/32",
      "right": "121/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "121/256",
      "right": "61/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "61/128",
      "right": "123/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "123/256",
      "right": "31/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "31/64",
      "right": "125/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "125/256",
      "right": "63/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "63/128",
      "right": "127/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "127/256",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "129/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "129/256",
      "right": "65/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "65/128",
      "right": "131/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "131/256",
      "right": "33/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "33/64",
      "right": "133/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "133/256",
      "right": "67/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "67/128",
      "right": "135/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "135/256",
      "right": "17/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "17/32",
      "right": "137/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "137/256",
      "right": "69/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "69/128",
      "right": "139/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "139/256",
      "right": "35/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "35/64",
      "right": "141/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "141/256",
      "right": "71/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "71/128",
      "right": "143/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "143/256",
      "right": "9/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "9/16",
      "right": "145/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "145/256",
      "right": "73/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "73/128",
      "right": "147/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "147/256",
      "right": "37/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "37/64",
      "right": "149/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "149/256",
      "right": "75/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "75/128",
      "right": "151/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "151/256",
      "right": "19/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "19/32",
      "right": "153/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "153/256",
      "right": "77/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "77/128",
      "right": "155/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "155/256",
      "right": "39/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "39/64",
      "right": "157/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "157/256",
      "right": "79/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "79/128",
      "right": "159/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "159/256",
      "right": "5/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "161/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "161/256",
      "right": "81/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "81/128",
      "right": "163/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "163/256",
      "right": "41/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "41/64",
      "right": "165/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "165/256",
      "right": "83/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "83/128",
      "right": "167/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "167/256",
      "right": "21/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "21/32",
      "right": "169/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "169/256",
      "right": "85/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "85/128",
      "right": "171/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "171/256",
      "right": "43/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "43/64",
      "right": "173/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "173/256",
      "right": "87/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "87/128",
      "right": "175/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "175/256",
      "right": "11/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "11/16",
      "right": "177/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "177/256",
      "right": "89/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "89/128",
      "right": "179/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "179/256",
      "right": "45/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "45/64",
      "right": "181/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "181/256",
      "right": "91/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "91/128",
      "right": "183/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "183/256",
      "right": "23/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "23/32",
      "right": "185/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "185/256",
      "right": "93/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "93/128",
      "right": "187/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "187/256",
      "right": "47/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "47/64",
      "right": "189/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "189/256",
      "right": "95/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "95/128",
      "right": "191/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "191/256",
      "right": "3/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "193/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "193/256",
      "right": "97/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "97/128",
      "right": "195/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "195/256",
      "right": "49/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "49/64",
      "right": "197/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "197/256",
      "right": "99/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "99/128",
      "right": "199/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "199/256",
      "right": "25/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "25/32",
      "right": "201/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "201/256",
      "right": "101/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "101/128",
      "right": "203/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "203/256",
      "right": "51/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "51/64",
      "right": "205/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "205/256",
      "right": "103/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "103/128",
      "right": "207/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "207/256",
      "right": "13/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "13/16",
      "right": "209/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "209/256",
      "right": "105/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "105/128",
      "right": "211/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "211/256",
      "right": "53/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "53/64",
      "right": "213/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "213/256",
      "right": "107/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "107/128",
      "right": "215/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "215/256",
      "right": "27/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "27/32",
      "right": "217/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "217/256",
      "right": "109/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "109/128",
      "right": "219/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "219/256",
      "right": "55/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "55/64",
      "right": "221/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "221/256",
      "right": "111/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "111/128",
      "right": "223/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "223/256",
      "right": "7/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "7/8",
      "right": "225/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "225/256",
      "right": "113/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "113/128",
      "right": "227/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "227/256",
      "right": "57/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "57/64",
      "right": "229/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "229/256",
      "right": "115/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "115/128",
      "right": "231/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "231/256",
      "right": "29/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "29/32",
      "right": "233/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "233/256",
      "right": "117/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "117/128",
      "right": "235/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "235/256",
      "right": "59/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "59/64",
      "right": "237/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "237/256",
      "right": "119/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "119/128",
      "right": "239/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "239/256",
      "right": "15/16",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "15/16",
      "right": "241/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "241/256",
      "right": "121/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "121/128",
      "right": "243/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "243/256",
      "right": "61/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "61/64",
      "right": "245/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "245/256",
      "right": "123/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "123/128",
      "right": "247/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "247/256",
      "right": "31/32",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "31/32",
      "right": "249/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "249/256",
      "right": "125/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "125/128",
      "right": "251/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "251/256",
      "right": "63/64",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "63/64",
      "right": "253/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "253/256",
      "right": "127/128",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "127/128",
      "right": "255/256",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "255/256",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    }
  ],
  "winding": 2,
  "generator": {
    "mode": "axis",
    "tested_nodes": 1024,
    "uniform_depth": 8
  }
}






PHI_volume_01_verification/verification/coverings/proofs/v2/near_edge_double_rotated_adaptive.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "9801/10000",
        "0"
      ],
      [
        "-99/50",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1",
      "-1"
    ],
    [
      "1",
      "-1"
    ],
    [
      "1",
      "1"
    ],
    [
      "-1",
      "1"
    ],
    [
      "-1",
      "-1"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1",
      "normal": [
        "-10199/19800",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/2",
      "normal": [
        "1/100",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "1",
      "normal": [
        "1/100",
        "1"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1",
      "normal": [
        "-10199/19800",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1",
      "normal": [
        "1",
        "0"
      ]
    }
  ],
  "winding": 2,
  "generator": {
    "mode": "rotated",
    "tested_nodes": 6,
    "uniform_depth": null
  }
}






PHI_volume_01_verification/verification/coverings/proofs/v2/near_edge_double_rotated_uniform.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "9801/10000",
        "0"
      ],
      [
        "-99/50",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1",
      "-1"
    ],
    [
      "1",
      "-1"
    ],
    [
      "1",
      "1"
    ],
    [
      "-1",
      "1"
    ],
    [
      "-1",
      "-1"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/2",
      "normal": [
        "-199/19800",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "1",
      "normal": [
        "-1",
        "9800/10099"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/2",
      "normal": [
        "1/100",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "1",
      "normal": [
        "1/100",
        "1"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/2",
      "normal": [
        "-1",
        "-9800/10099"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "1",
      "normal": [
        "-199/19800",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/2",
      "normal": [
        "29601/39800",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "1",
      "normal": [
        "29601/39800",
        "1"
      ]
    }
  ],
  "winding": 2,
  "generator": {
    "mode": "rotated",
    "tested_nodes": 8,
    "uniform_depth": 1
  }
}






PHI_volume_01_verification/verification/coverings/proofs/v2/shifted_quartic_axis_adaptive.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "-3/80",
        "0"
      ],
      [
        "1/20",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "-3/4",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1",
      "-1"
    ],
    [
      "1",
      "-1"
    ],
    [
      "1",
      "1"
    ],
    [
      "-1",
      "1"
    ],
    [
      "-1",
      "-1"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "1/2",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "3/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "1",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/4",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "3/4",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    }
  ],
  "winding": 4,
  "generator": {
    "mode": "axis",
    "tested_nodes": 36,
    "uniform_depth": null
  }
}






PHI_volume_01_verification/verification/coverings/proofs/v2/shifted_quartic_axis_uniform.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "-3/80",
        "0"
      ],
      [
        "1/20",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "-3/4",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1",
      "-1"
    ],
    [
      "1",
      "-1"
    ],
    [
      "1",
      "1"
    ],
    [
      "-1",
      "1"
    ],
    [
      "-1",
      "-1"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 0,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 0,
      "left": "7/8",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 1,
      "left": "7/8",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 2,
      "left": "7/8",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/8",
      "right": "1/4",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "3/8",
      "normal": [
        "0",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "3/8",
      "right": "1/2",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "5/8",
      "normal": [
        "1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "5/8",
      "right": "3/4",
      "normal": [
        "0",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "7/8",
      "normal": [
        "-1",
        "0"
      ]
    },
    {
      "edge": 3,
      "left": "7/8",
      "right": "1",
      "normal": [
        "-1",
        "0"
      ]
    }
  ],
  "winding": 4,
  "generator": {
    "mode": "axis",
    "tested_nodes": 32,
    "uniform_depth": 3
  }
}






PHI_volume_01_verification/verification/coverings/proofs/v2/shifted_quartic_rotated_adaptive.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "-3/80",
        "0"
      ],
      [
        "1/20",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "-3/4",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1",
      "-1"
    ],
    [
      "1",
      "-1"
    ],
    [
      "1",
      "1"
    ],
    [
      "-1",
      "1"
    ],
    [
      "-1",
      "-1"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/2",
      "normal": [
        "-95/194",
        "-1"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "3/4",
      "normal": [
        "1",
        "-6/25"
      ]
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-1",
        "116/199"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-1",
        "116/199"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "1/2",
      "normal": [
        "17/72",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "3/4",
      "normal": [
        "17/72",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-1",
        "-116/199"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-1",
        "-116/199"
      ]
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "1/2",
      "normal": [
        "1",
        "-548/673"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "1",
      "normal": [
        "-95/194",
        "1"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/2",
      "normal": [
        "23/248",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "1",
      "normal": [
        "23/248",
        "1"
      ]
    }
  ],
  "winding": 4,
  "generator": {
    "mode": "rotated",
    "tested_nodes": 20,
    "uniform_depth": null
  }
}






PHI_volume_01_verification/verification/coverings/proofs/v2/shifted_quartic_rotated_uniform.json

{
  "schema": "phi.winding.separating.v2",
  "polynomials": [
    [
      [
        "-3/80",
        "0"
      ],
      [
        "1/20",
        "0"
      ],
      [
        "0",
        "0"
      ],
      [
        "-3/4",
        "0"
      ],
      [
        "1",
        "0"
      ]
    ]
  ],
  "contour": [
    [
      "-1",
      "-1"
    ],
    [
      "1",
      "-1"
    ],
    [
      "1",
      "1"
    ],
    [
      "-1",
      "1"
    ],
    [
      "-1",
      "-1"
    ]
  ],
  "pieces": [
    {
      "edge": 0,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-1",
        "116/447"
      ]
    },
    {
      "edge": 0,
      "left": "1/4",
      "right": "1/2",
      "normal": [
        "-401/1212",
        "-1"
      ]
    },
    {
      "edge": 0,
      "left": "1/2",
      "right": "3/4",
      "normal": [
        "1",
        "-6/25"
      ]
    },
    {
      "edge": 0,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-1",
        "116/199"
      ]
    },
    {
      "edge": 1,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-1",
        "116/199"
      ]
    },
    {
      "edge": 1,
      "left": "1/4",
      "right": "1/2",
      "normal": [
        "17/72",
        "-1"
      ]
    },
    {
      "edge": 1,
      "left": "1/2",
      "right": "3/4",
      "normal": [
        "17/72",
        "1"
      ]
    },
    {
      "edge": 1,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-1",
        "-116/199"
      ]
    },
    {
      "edge": 2,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-1",
        "-116/199"
      ]
    },
    {
      "edge": 2,
      "left": "1/4",
      "right": "1/2",
      "normal": [
        "1",
        "-548/673"
      ]
    },
    {
      "edge": 2,
      "left": "1/2",
      "right": "3/4",
      "normal": [
        "27/52",
        "1"
      ]
    },
    {
      "edge": 2,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-1",
        "-116/447"
      ]
    },
    {
      "edge": 3,
      "left": "0",
      "right": "1/4",
      "normal": [
        "-1",
        "-116/447"
      ]
    },
    {
      "edge": 3,
      "left": "1/4",
      "right": "1/2",
      "normal": [
        "404/1393",
        "-1"
      ]
    },
    {
      "edge": 3,
      "left": "1/2",
      "right": "3/4",
      "normal": [
        "1",
        "62/133"
      ]
    },
    {
      "edge": 3,
      "left": "3/4",
      "right": "1",
      "normal": [
        "-1",
        "116/447"
      ]
    }
  ],
  "winding": 4,
  "generator": {
    "mode": "rotated",
    "tested_nodes": 16,
    "uniform_depth": 2
  }
}






PHI_volume_01_verification/verification/coverings/requirements.txt
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PHI_volume_01_verification/verification/coverings/results_v2/certificate_benchmark.csv

			case			mode			policy			uniform_depth			arcs			control_points			winding			bytes			generation_median_ms			verification_median_ms			exclusion_bound


			cubic			axis			adaptive						20			80			3			1600			7.311723			3.836139			1/2


			cubic			axis			uniform			3			32			128			3			2395			6.931077			6.53523			1/2


			cubic			rotated			adaptive						8			32			3			827			3.506341			1.581981			1/2


			cubic			rotated			uniform			1			8			32			3			823			2.305115			1.582733			1/2


			eighth_power			axis			adaptive						40			360			8			3004			57.204886			30.696163			5527809/16777216


			eighth_power			axis			uniform			4			64			576			8			4673			49.099924			49.465437			5527809/16777216


			eighth_power			rotated			adaptive						24			216			8			2051			46.974751			18.29138			4713/65536


			eighth_power			rotated			uniform			3			32			288			8			2692			32.470796			24.631375			4713/65536


			near_edge_double			axis			adaptive						21			63			2			1721			5.4377			2.915818			399/10240000


			near_edge_double			axis			uniform			8			1024			3072			2			74406			147.902122			143.446507			399/10240000


			near_edge_double			rotated			adaptive						5			15			2			635			1.220846			0.745768			1/1010000


			near_edge_double			rotated			uniform			1			8			24			2			868			1.794132			1.118761			1/1010000


			gain_family			axis			adaptive						24			192			3			1953			16.070363			8.884822			83/32


			gain_family			axis			uniform			5			128			1024			3			9132			47.153231			45.576066			83/32


			gain_family			rotated			adaptive						12			96			3			1205			13.04447			4.194842			114/79


			gain_family			rotated			uniform			4			64			512			3			5235			38.294289			23.36498			3187/1798


			shifted_quartic			axis			adaptive						20			100			4			1621			10.234441			5.627317			41/1280


			shifted_quartic			axis			uniform			3			32			160			4			2418			9.423585			9.28808			9/320


			shifted_quartic			rotated			adaptive						12			60			4			1160			8.561652			3.299257			357/7120


			shifted_quartic			rotated			uniform			2			16			80			4			1453			6.49566			4.43869			357/7120









PHI_volume_01_verification/verification/coverings/results_v2/certificate_benchmark.json

{
  "rows": [
    {
      "case": "cubic",
      "mode": "axis",
      "policy": "adaptive",
      "uniform_depth": null,
      "arcs": 20,
      "control_points": 80,
      "winding": 3,
      "bytes": 1600,
      "generation_median_ms": 7.311723,
      "verification_median_ms": 3.836139,
      "timing_verification": {
        "median_ms": 3.836139,
        "min_ms": 3.749308,
        "max_ms": 4.262474,
        "raw_ms": [
          3.92934,
          3.836139,
          3.778542,
          4.262474,
          3.880796,
          3.749308,
          3.832013
        ]
      },
      "timing_generation": {
        "median_ms": 7.311723,
        "min_ms": 6.995085,
        "max_ms": 7.477604,
        "raw_ms": [
          7.434999,
          7.043027,
          7.477604,
          7.311723,
          6.995085
        ]
      },
      "exclusion_bound": "1/2"
    },
    {
      "case": "cubic",
      "mode": "axis",
      "policy": "uniform",
      "uniform_depth": 3,
      "arcs": 32,
      "control_points": 128,
      "winding": 3,
      "bytes": 2395,
      "generation_median_ms": 6.931077,
      "verification_median_ms": 6.53523,
      "timing_verification": {
        "median_ms": 6.53523,
        "min_ms": 6.360054,
        "max_ms": 7.981735,
        "raw_ms": [
          7.206294,
          7.981735,
          6.9457,
          6.360054,
          6.438082,
          6.53523,
          6.497292
        ]
      },
      "timing_generation": {
        "median_ms": 6.931077,
        "min_ms": 6.466505,
        "max_ms": 7.143799,
        "raw_ms": [
          6.99866,
          6.566096,
          6.931077,
          6.466505,
          7.143799
        ]
      },
      "exclusion_bound": "1/2"
    },
    {
      "case": "cubic",
      "mode": "rotated",
      "policy": "adaptive",
      "uniform_depth": null,
      "arcs": 8,
      "control_points": 32,
      "winding": 3,
      "bytes": 827,
      "generation_median_ms": 3.506341,
      "verification_median_ms": 1.581981,
      "timing_verification": {
        "median_ms": 1.581981,
        "min_ms": 1.558947,
        "max_ms": 1.758429,
        "raw_ms": [
          1.573839,
          1.758429,
          1.565026,
          1.751548,
          1.581981,
          1.558947,
          1.582112
        ]
      },
      "timing_generation": {
        "median_ms": 3.506341,
        "min_ms": 3.475314,
        "max_ms": 3.828427,
        "raw_ms": [
          3.532129,
          3.503586,
          3.506341,
          3.475314,
          3.828427
        ]
      },
      "exclusion_bound": "1/2"
    },
    {
      "case": "cubic",
      "mode": "rotated",
      "policy": "uniform",
      "uniform_depth": 1,
      "arcs": 8,
      "control_points": 32,
      "winding": 3,
      "bytes": 823,
      "generation_median_ms": 2.305115,
      "verification_median_ms": 1.582733,
      "timing_verification": {
        "median_ms": 1.582733,
        "min_ms": 1.523543,
        "max_ms": 1.765028,
        "raw_ms": [
          1.542642,
          1.765028,
          1.582733,
          1.523543,
          1.649103,
          1.550674,
          1.626959
        ]
      },
      "timing_generation": {
        "median_ms": 2.305115,
        "min_ms": 2.259415,
        "max_ms": 2.596444,
        "raw_ms": [
          2.596444,
          2.346918,
          2.305115,
          2.262981,
          2.259415
        ]
      },
      "exclusion_bound": "1/2"
    },
    {
      "case": "eighth_power",
      "mode": "axis",
      "policy": "adaptive",
      "uniform_depth": null,
      "arcs": 40,
      "control_points": 360,
      "winding": 8,
      "bytes": 3004,
      "generation_median_ms": 57.204886,
      "verification_median_ms": 30.696163,
      "timing_verification": {
        "median_ms": 30.696163,
        "min_ms": 30.190549,
        "max_ms": 31.089447,
        "raw_ms": [
          30.190549,
          30.417001,
          30.57478,
          30.696163,
          31.089447,
          30.895094,
          31.028586
        ]
      },
      "timing_generation": {
        "median_ms": 57.204886,
        "min_ms": 56.000185,
        "max_ms": 59.974203,
        "raw_ms": [
          56.000185,
          59.974203,
          57.34652,
          57.204886,
          56.50666
        ]
      },
      "exclusion_bound": "5527809/16777216"
    },
    {
      "case": "eighth_power",
      "mode": "axis",
      "policy": "uniform",
      "uniform_depth": 4,
      "arcs": 64,
      "control_points": 576,
      "winding": 8,
      "bytes": 4673,
      "generation_median_ms": 49.099924,
      "verification_median_ms": 49.465437,
      "timing_verification": {
        "median_ms": 49.465437,
        "min_ms": 49.282329,
        "max_ms": 51.373972,
        "raw_ms": [
          49.282329,
          50.262051,
          51.373972,
          49.316181,
          49.465437,
          49.360808,
          49.901035
        ]
      },
      "timing_generation": {
        "median_ms": 49.099924,
        "min_ms": 48.459786,
        "max_ms": 88.538843,
        "raw_ms": [
          88.538843,
          48.459786,
          49.44065,
          49.099924,
          48.854783
        ]
      },
      "exclusion_bound": "5527809/16777216"
    },
    {
      "case": "eighth_power",
      "mode": "rotated",
      "policy": "adaptive",
      "uniform_depth": null,
      "arcs": 24,
      "control_points": 216,
      "winding": 8,
      "bytes": 2051,
      "generation_median_ms": 46.974751,
      "verification_median_ms": 18.29138,
      "timing_verification": {
        "median_ms": 18.29138,
        "min_ms": 17.570832,
        "max_ms": 18.757696,
        "raw_ms": [
          18.413105,
          18.757696,
          17.70192,
          18.64081,
          17.570832,
          18.29138,
          17.672395
        ]
      },
      "timing_generation": {
        "median_ms": 46.974751,
        "min_ms": 46.778054,
        "max_ms": 48.052901,
        "raw_ms": [
          46.824634,
          46.778054,
          47.217328,
          46.974751,
          48.052901
        ]
      },
      "exclusion_bound": "4713/65536"
    },
    {
      "case": "eighth_power",
      "mode": "rotated",
      "policy": "uniform",
      "uniform_depth": 3,
      "arcs": 32,
      "control_points": 288,
      "winding": 8,
      "bytes": 2692,
      "generation_median_ms": 32.470796,
      "verification_median_ms": 24.631375,
      "timing_verification": {
        "median_ms": 24.631375,
        "min_ms": 23.60301,
        "max_ms": 28.229274,
        "raw_ms": [
          24.631375,
          24.703043,
          27.013917,
          23.60301,
          24.430902,
          24.202877,
          28.229274
        ]
      },
      "timing_generation": {
        "median_ms": 32.470796,
        "min_ms": 32.034125,
        "max_ms": 37.365004,
        "raw_ms": [
          32.838431,
          32.324244,
          32.034125,
          37.365004,
          32.470796
        ]
      },
      "exclusion_bound": "4713/65536"
    },
    {
      "case": "near_edge_double",
      "mode": "axis",
      "policy": "adaptive",
      "uniform_depth": null,
      "arcs": 21,
      "control_points": 63,
      "winding": 2,
      "bytes": 1721,
      "generation_median_ms": 5.4377,
      "verification_median_ms": 2.915818,
      "timing_verification": {
        "median_ms": 2.915818,
        "min_ms": 2.855627,
        "max_ms": 3.191214,
        "raw_ms": [
          3.191214,
          2.991973,
          2.915818,
          2.855627,
          2.964161,
          2.886213,
          2.859722
        ]
      },
      "timing_generation": {
        "median_ms": 5.4377,
        "min_ms": 5.308706,
        "max_ms": 13.239495,
        "raw_ms": [
          7.15022,
          5.4377,
          13.239495,
          5.308706,
          5.389017
        ]
      },
      "exclusion_bound": "399/10240000"
    },
    {
      "case": "near_edge_double",
      "mode": "axis",
      "policy": "uniform",
      "uniform_depth": 8,
      "arcs": 1024,
      "control_points": 3072,
      "winding": 2,
      "bytes": 74406,
      "generation_median_ms": 147.902122,
      "verification_median_ms": 143.446507,
      "timing_verification": {
        "median_ms": 143.446507,
        "min_ms": 140.468424,
        "max_ms": 188.535417,
        "raw_ms": [
          142.054373,
          143.494569,
          188.535417,
          140.468424,
          143.446507,
          149.221788,
          142.074493
        ]
      },
      "timing_generation": {
        "median_ms": 147.902122,
        "min_ms": 147.238449,
        "max_ms": 151.499341,
        "raw_ms": [
          147.727899,
          147.902122,
          147.238449,
          151.499341,
          149.386727
        ]
      },
      "exclusion_bound": "399/10240000"
    },
    {
      "case": "near_edge_double",
      "mode": "rotated",
      "policy": "adaptive",
      "uniform_depth": null,
      "arcs": 5,
      "control_points": 15,
      "winding": 2,
      "bytes": 635,
      "generation_median_ms": 1.220846,
      "verification_median_ms": 0.745768,
      "timing_verification": {
        "median_ms": 0.745768,
        "min_ms": 0.706799,
        "max_ms": 0.865418,
        "raw_ms": [
          0.745938,
          0.745768,
          0.706799,
          0.765758,
          0.724104,
          0.720309,
          0.865418
        ]
      },
      "timing_generation": {
        "median_ms": 1.220846,
        "min_ms": 1.195387,
        "max_ms": 1.270311,
        "raw_ms": [
          1.228817,
          1.209308,
          1.220846,
          1.270311,
          1.195387
        ]
      },
      "exclusion_bound": "1/1010000"
    },
    {
      "case": "near_edge_double",
      "mode": "rotated",
      "policy": "uniform",
      "uniform_depth": 1,
      "arcs": 8,
      "control_points": 24,
      "winding": 2,
      "bytes": 868,
      "generation_median_ms": 1.794132,
      "verification_median_ms": 1.118761,
      "timing_verification": {
        "median_ms": 1.118761,
        "min_ms": 1.109527,
        "max_ms": 1.272463,
        "raw_ms": [
          1.109527,
          1.207135,
          1.272463,
          1.115576,
          1.118721,
          1.235658,
          1.118761
        ]
      },
      "timing_generation": {
        "median_ms": 1.794132,
        "min_ms": 1.654701,
        "max_ms": 3.389554,
        "raw_ms": [
          3.389554,
          1.822865,
          1.794132,
          1.770556,
          1.654701
        ]
      },
      "exclusion_bound": "1/1010000"
    },
    {
      "case": "gain_family",
      "mode": "axis",
      "policy": "adaptive",
      "uniform_depth": null,
      "arcs": 24,
      "control_points": 192,
      "winding": 3,
      "bytes": 1953,
      "generation_median_ms": 16.070363,
      "verification_median_ms": 8.884822,
      "timing_verification": {
        "median_ms": 8.884822,
        "min_ms": 8.517265,
        "max_ms": 12.010626,
        "raw_ms": [
          8.517265,
          9.182812,
          8.623475,
          12.010626,
          10.190955,
          8.884822,
          8.73848
        ]
      },
      "timing_generation": {
        "median_ms": 16.070363,
        "min_ms": 15.909611,
        "max_ms": 16.707496,
        "raw_ms": [
          16.707496,
          15.909611,
          16.070363,
          16.245178,
          15.98273
        ]
      },
      "exclusion_bound": "83/32"
    },
    {
      "case": "gain_family",
      "mode": "axis",
      "policy": "uniform",
      "uniform_depth": 5,
      "arcs": 128,
      "control_points": 1024,
      "winding": 3,
      "bytes": 9132,
      "generation_median_ms": 47.153231,
      "verification_median_ms": 45.576066,
      "timing_verification": {
        "median_ms": 45.576066,
        "min_ms": 45.285227,
        "max_ms": 46.529629,
        "raw_ms": [
          45.285227,
          45.511058,
          46.12048,
          45.671111,
          45.543508,
          46.529629,
          45.576066
        ]
      },
      "timing_generation": {
        "median_ms": 47.153231,
        "min_ms": 46.969924,
        "max_ms": 47.83411,
        "raw_ms": [
          47.144639,
          47.301195,
          47.153231,
          47.83411,
          46.969924
        ]
      },
      "exclusion_bound": "83/32"
    },
    {
      "case": "gain_family",
      "mode": "rotated",
      "policy": "adaptive",
      "uniform_depth": null,
      "arcs": 12,
      "control_points": 96,
      "winding": 3,
      "bytes": 1205,
      "generation_median_ms": 13.04447,
      "verification_median_ms": 4.194842,
      "timing_verification": {
        "median_ms": 4.194842,
        "min_ms": 4.189283,
        "max_ms": 4.626504,
        "raw_ms": [
          4.626504,
          4.218838,
          4.19346,
          4.194842,
          4.193189,
          4.199898,
          4.189283
        ]
      },
      "timing_generation": {
        "median_ms": 13.04447,
        "min_ms": 13.002596,
        "max_ms": 13.819571,
        "raw_ms": [
          13.819571,
          13.04447,
          13.81893,
          13.01224,
          13.002596
        ]
      },
      "exclusion_bound": "114/79"
    },
    {
      "case": "gain_family",
      "mode": "rotated",
      "policy": "uniform",
      "uniform_depth": 4,
      "arcs": 64,
      "control_points": 512,
      "winding": 3,
      "bytes": 5235,
      "generation_median_ms": 38.294289,
      "verification_median_ms": 23.36498,
      "timing_verification": {
        "median_ms": 23.36498,
        "min_ms": 22.809711,
        "max_ms": 23.985169,
        "raw_ms": [
          23.36498,
          23.046819,
          23.821861,
          23.534106,
          23.985169,
          22.809711,
          22.945947
        ]
      },
      "timing_generation": {
        "median_ms": 38.294289,
        "min_ms": 37.328468,
        "max_ms": 38.73138,
        "raw_ms": [
          38.294289,
          37.760192,
          38.73138,
          38.569595,
          37.328468
        ]
      },
      "exclusion_bound": "3187/1798"
    },
    {
      "case": "shifted_quartic",
      "mode": "axis",
      "policy": "adaptive",
      "uniform_depth": null,
      "arcs": 20,
      "control_points": 100,
      "winding": 4,
      "bytes": 1621,
      "generation_median_ms": 10.234441,
      "verification_median_ms": 5.627317,
      "timing_verification": {
        "median_ms": 5.627317,
        "min_ms": 5.512203,
        "max_ms": 5.934221,
        "raw_ms": [
          5.627317,
          5.644903,
          5.641638,
          5.566295,
          5.512203,
          5.599515,
          5.934221
        ]
      },
      "timing_generation": {
        "median_ms": 10.234441,
        "min_ms": 10.151396,
        "max_ms": 10.322244,
        "raw_ms": [
          10.151396,
          10.234441,
          10.229403,
          10.322244,
          10.288403
        ]
      },
      "exclusion_bound": "41/1280"
    },
    {
      "case": "shifted_quartic",
      "mode": "axis",
      "policy": "uniform",
      "uniform_depth": 3,
      "arcs": 32,
      "control_points": 160,
      "winding": 4,
      "bytes": 2418,
      "generation_median_ms": 9.423585,
      "verification_median_ms": 9.28808,
      "timing_verification": {
        "median_ms": 9.28808,
        "min_ms": 9.088479,
        "max_ms": 9.614995,
        "raw_ms": [
          9.614995,
          9.407952,
          9.088479,
          9.123762,
          9.28808,
          9.118594,
          9.346168
        ]
      },
      "timing_generation": {
        "median_ms": 9.423585,
        "min_ms": 9.363055,
        "max_ms": 9.78989,
        "raw_ms": [
          9.363055,
          9.423585,
          9.434132,
          9.78989,
          9.411948
        ]
      },
      "exclusion_bound": "9/320"
    },
    {
      "case": "shifted_quartic",
      "mode": "rotated",
      "policy": "adaptive",
      "uniform_depth": null,
      "arcs": 12,
      "control_points": 60,
      "winding": 4,
      "bytes": 1160,
      "generation_median_ms": 8.561652,
      "verification_median_ms": 3.299257,
      "timing_verification": {
        "median_ms": 3.299257,
        "min_ms": 3.273188,
        "max_ms": 3.489395,
        "raw_ms": [
          3.418468,
          3.299257,
          3.287139,
          3.334311,
          3.295111,
          3.273188,
          3.489395
        ]
      },
      "timing_generation": {
        "median_ms": 8.561652,
        "min_ms": 8.50674,
        "max_ms": 8.6265,
        "raw_ms": [
          8.543004,
          8.6265,
          8.50674,
          8.561652,
          8.604838
        ]
      },
      "exclusion_bound": "357/7120"
    },
    {
      "case": "shifted_quartic",
      "mode": "rotated",
      "policy": "uniform",
      "uniform_depth": 2,
      "arcs": 16,
      "control_points": 80,
      "winding": 4,
      "bytes": 1453,
      "generation_median_ms": 6.49566,
      "verification_median_ms": 4.43869,
      "timing_verification": {
        "median_ms": 4.43869,
        "min_ms": 4.406371,
        "max_ms": 4.512261,
        "raw_ms": [
          4.450898,
          4.44527,
          4.43869,
          4.426672,
          4.406371,
          4.430738,
          4.512261
        ]
      },
      "timing_generation": {
        "median_ms": 6.49566,
        "min_ms": 6.483402,
        "max_ms": 6.572926,
        "raw_ms": [
          6.541879,
          6.49566,
          6.483402,
          6.494077,
          6.572926
        ]
      },
      "exclusion_bound": "357/7120"
    }
  ],
  "certificates": [
    "cubic_axis_adaptive.json",
    "cubic_axis_uniform.json",
    "cubic_rotated_adaptive.json",
    "cubic_rotated_uniform.json",
    "eighth_power_axis_adaptive.json",
    "eighth_power_axis_uniform.json",
    "eighth_power_rotated_adaptive.json",
    "eighth_power_rotated_uniform.json",
    "near_edge_double_axis_adaptive.json",
    "near_edge_double_axis_uniform.json",
    "near_edge_double_rotated_adaptive.json",
    "near_edge_double_rotated_uniform.json",
    "gain_family_axis_adaptive.json",
    "gain_family_axis_uniform.json",
    "gain_family_rotated_adaptive.json",
    "gain_family_rotated_uniform.json",
    "shifted_quartic_axis_adaptive.json",
    "shifted_quartic_axis_uniform.json",
    "shifted_quartic_rotated_adaptive.json",
    "shifted_quartic_rotated_uniform.json"
  ],
  "mutations": [
    {
      "certificate": "cubic_axis_adaptive.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "cubic_axis_adaptive.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "cubic_axis_adaptive.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "cubic_axis_adaptive.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "cubic_axis_adaptive.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "cubic_axis_adaptive.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "cubic_axis_adaptive.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "cubic_axis_uniform.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "cubic_axis_uniform.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "cubic_axis_uniform.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "cubic_axis_uniform.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "cubic_axis_uniform.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "cubic_axis_uniform.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "cubic_axis_uniform.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_adaptive.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_adaptive.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_adaptive.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_adaptive.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_adaptive.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_adaptive.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_adaptive.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_uniform.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_uniform.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_uniform.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_uniform.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_uniform.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_uniform.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "cubic_rotated_uniform.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_adaptive.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_adaptive.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_adaptive.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_adaptive.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_adaptive.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_adaptive.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_adaptive.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_uniform.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_uniform.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_uniform.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_uniform.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_uniform.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_uniform.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "eighth_power_axis_uniform.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_adaptive.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_adaptive.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_adaptive.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_adaptive.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_adaptive.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_adaptive.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_adaptive.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_uniform.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_uniform.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_uniform.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_uniform.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_uniform.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_uniform.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "eighth_power_rotated_uniform.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_adaptive.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_adaptive.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_adaptive.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_adaptive.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_adaptive.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_adaptive.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_adaptive.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_uniform.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_uniform.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_uniform.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_uniform.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_uniform.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_uniform.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_axis_uniform.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_adaptive.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_adaptive.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_adaptive.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_adaptive.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_adaptive.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_adaptive.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_adaptive.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_uniform.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_uniform.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_uniform.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_uniform.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_uniform.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_uniform.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "near_edge_double_rotated_uniform.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_adaptive.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_adaptive.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_adaptive.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_adaptive.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_adaptive.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_adaptive.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_adaptive.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_uniform.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_uniform.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_uniform.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_uniform.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_uniform.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_uniform.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "gain_family_axis_uniform.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_adaptive.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_adaptive.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_adaptive.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_adaptive.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_adaptive.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_adaptive.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_adaptive.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_uniform.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_uniform.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_uniform.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_uniform.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_uniform.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_uniform.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "gain_family_rotated_uniform.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_adaptive.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_adaptive.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_adaptive.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_adaptive.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_adaptive.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_adaptive.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_adaptive.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_uniform.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_uniform.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_uniform.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_uniform.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_uniform.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_uniform.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_axis_uniform.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_adaptive.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_adaptive.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_adaptive.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_adaptive.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_adaptive.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_adaptive.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_adaptive.json",
      "attack": "edge_type",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_uniform.json",
      "attack": "delete",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_uniform.json",
      "attack": "wrong_count",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_uniform.json",
      "attack": "normal_sign",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_uniform.json",
      "attack": "binding",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_uniform.json",
      "attack": "gap",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_uniform.json",
      "attack": "normal_zero",
      "rejected": true
    },
    {
      "certificate": "shifted_quartic_rotated_uniform.json",
      "attack": "edge_type",
      "rejected": true
    }
  ],
  "mutations_rejected": 140,
  "environment": {
    "python": "3.13.5",
    "platform": "Linux-6.18.44-x86_64-with-glibc2.41",
    "timing_clock": "perf_counter_ns",
    "single_process": true,
    "no_concurrent_rendering_during_measurement": true
  },
  "semantic_scope": "Polynomial contour winding for rational coefficient families; timing intervals are observed ranges, not confidence intervals.",
  "axis_counterexample": {
    "vertices": [
      [
        "1",
        "0"
      ],
      [
        "0",
        "1"
      ]
    ],
    "rotated_normal": [
      "1",
      "1"
    ]
  }
}






PHI_volume_01_verification/verification/coverings/results_v2/continuation_diagnostics.json

[
  {
    "N": 4,
    "max_principal_error": 2.0,
    "max_tracked_error": 0.0,
    "analytic_step_bound": "2*pi/N < pi",
    "step_condition": true
  },
  {
    "N": 8,
    "max_principal_error": 2.0,
    "max_tracked_error": 1.1102230246251565e-16,
    "analytic_step_bound": "2*pi/N < pi",
    "step_condition": true
  },
  {
    "N": 16,
    "max_principal_error": 2.0000000000000004,
    "max_tracked_error": 1.1102230246251565e-16,
    "analytic_step_bound": "2*pi/N < pi",
    "step_condition": true
  },
  {
    "N": 32,
    "max_principal_error": 2.0000000000000004,
    "max_tracked_error": 1.5700924586837752e-16,
    "analytic_step_bound": "2*pi/N < pi",
    "step_condition": true
  },
  {
    "N": 64,
    "max_principal_error": 2.0000000000000004,
    "max_tracked_error": 1.5700924586837752e-16,
    "analytic_step_bound": "2*pi/N < pi",
    "step_condition": true
  },
  {
    "N": 128,
    "max_principal_error": 2.0000000000000004,
    "max_tracked_error": 1.5700924586837752e-16,
    "analytic_step_bound": "2*pi/N < pi",
    "step_condition": true
  }
]






PHI_volume_01_verification/verification/coverings/results_v2/experiments_summary.json

{
  "matrix_cases": 33,
  "phase_cases": 24,
  "continuation_cases": 6,
  "precision_candidates_enumerated": 28561,
  "precision_optimum_independently_confirmed": true,
  "structured_stability_checks": 25,
  "quotient_tail_bound_infinity_norm": "31/4107274751154395923571589120000000",
  "quotient_tail_bound_decimal": 7.547583708951319e-33,
  "tail_bound_excludes_roundoff": true,
  "python": "3.13.5",
  "numpy": "2.3.5",
  "scipy": "1.17.0",
  "mpmath": "1.3.0",
  "time_measurement_not_general_speed_theorem": true
}






PHI_volume_01_verification/verification/coverings/results_v2/figure_manifest.json

[
  {
    "id": "V2-01",
    "file": "v2_local_condition",
    "title": "Multiplicity changes the inverse error law",
    "caption": "For z^e=w, inverse sensitivity is |w|^(1/e-1)/e away from zero; the local-degree invariant remains e while pointwise conditioning diverges.",
    "canonical_owner": "core",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-02",
    "file": "v2_kernel_concentration",
    "title": "A unit-norm defect vector concentrates at the boundary",
    "caption": "The normalized reproducing kernel sqrt(1-a^2)/(1-az) has unit H2 norm. Pointwise interior decay as a approaches one does not imply operator-norm disappearance of its rank-one projection.",
    "canonical_owner": "math_pg",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-03",
    "file": "v2_delay_surface",
    "title": "Phase concentration in a two-parameter family",
    "caption": "The plotted height is logarithmic group delay, not gain. The phase integral is fixed while local delay concentrates near the boundary as a tends to one.",
    "canonical_owner": "ee",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-04",
    "file": "v2_rh_lattice",
    "title": "Euler arithmetic filters possible surface data",
    "caption": "Dots satisfy genus integrality and nonnegativity for a connected compact orientable source over the sphere. They are necessary arithmetic candidates, not a proof that every labelled branch passport is realizable.",
    "canonical_owner": "core",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-05",
    "file": "v2_separating_hull",
    "title": "An oblique witness can certify what axis tests miss",
    "caption": "Every Bernstein control point has a positive inner product with the displayed rational normal, even though neither coordinate is strictly positive for all controls. Convexity extends the inequality to the whole curve.",
    "canonical_owner": "cse",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-06",
    "file": "v2_certificate_work",
    "title": "Same count contract; different certificate size",
    "caption": "All four methods independently certify the same contour and coefficient family for each workload. Uniform means the first successful dyadic depth, not an arbitrary over-refined grid.",
    "canonical_owner": "cse",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-07",
    "file": "v2_certificate_time",
    "title": "Timing tracks arithmetic work, not a theorem of speed",
    "caption": "Seven repeated single-process verifier timings per accepted certificate. Symbols distinguish enclosure direction and partition policy; medians are local measurements, not hardware-independent complexity constants.",
    "canonical_owner": "cse_g",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-08",
    "file": "v2_partition_locality",
    "title": "Refinement follows difficulty rather than covering everything",
    "caption": "The three contour point sets are scaled inward only for visual separation. The certified contour is the same unit square in every method. A near-edge double zero exposes the cost of global refinement.",
    "canonical_owner": "cse_ug",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-09",
    "file": "v2_matrix_accuracy",
    "title": "Compare with a robust matrix-function baseline as well",
    "caption": "The special quotient series uses A(lambda)^2=lambda I. Scaling-and-squaring expm remains a strong general baseline; diagonalization alone would be a weak comparator near a defective matrix. Values refer to actual float64 computations.",
    "canonical_owner": "cse_g",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-10",
    "file": "v2_mode_condition",
    "title": "Ill-conditioned labels need not imply an ill-conditioned observable",
    "caption": "For columns (1,sqrt(lambda)) and (1,-sqrt(lambda)), the spectral condition number is lambda^(-1/2) on 0<lambda<=1. The entire propagator is not singular at lambda=0.",
    "canonical_owner": "math_g",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-11",
    "file": "v2_phase_error",
    "title": "A correct phase unwrap still leaves derivative error",
    "caption": "Second-order differentiation of the unwrapped sampled phase is compared against the analytic Poisson kernel. Error is evaluated on grid points, not claimed to be an interval-enclosed continuum supremum.",
    "canonical_owner": "ee_ug",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-12",
    "file": "v2_phase_resolution",
    "title": "A derivative bound turns phase sampling into a design rule",
    "caption": "A phase increment less than pi is ensured when N>2(1+a)/(1-a). This sufficient condition is conservative and addresses phase branch recovery, not differentiation accuracy.",
    "canonical_owner": "ee_g",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-13",
    "file": "v2_precision_frontier",
    "title": "Integer allocation: 20 bits instead of 28 in this model",
    "caption": "A dynamic program minimizes the exact weighted dyadic error for every total cost; all 28,561 bounded candidates independently confirm the optimum. Domain caps b_j>=2 and weights are part of the contract.",
    "canonical_owner": "math_pg",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-14",
    "file": "v2_weighted_budget",
    "title": "Allocate precision to downstream amplification",
    "caption": "Tolerances differ because errors enter at different positions. This compares certified bounds, not measured physical errors; both allocations satisfy the target.",
    "canonical_owner": "math_ug",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-15",
    "file": "v2_branch_continuity",
    "title": "Two exact square roots answer different questions",
    "caption": "Pointwise principal evaluation and continued lifting both satisfy z^2=w, but only the continued branch solves the specified initial-value path problem across the negative-axis cut.",
    "canonical_owner": "math_ug",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-16",
    "file": "v2_closure_cost",
    "title": "The factorial bound is not a universal allocation request",
    "caption": "Group closure should use the actual generated monodromy subgroup. Full symmetric, cyclic and dihedral actions have different state costs even at the same sheet degree.",
    "canonical_owner": "cse_pg",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-17",
    "file": "v2_quotient_powers",
    "title": "Finite algebra retains all coordinate moments",
    "caption": "Each block is multiplication by z^k modulo z^3-2. Powers and traces can be computed without choosing a root ordering; basis dimension stays three.",
    "canonical_owner": "cse_ug",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-18",
    "file": "v2_differential_orders",
    "title": "Infinity determines the admissible differential basis",
    "caption": "For odd-degree y^2=P_(2g+1)(x), use x=t^(-2), y asymptotic to t^(-(2g+1)); the order of x^k dx/y is 2g-2-2k. Nonnegative orders select k=0,...,g-1.",
    "canonical_owner": "math_g",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-19",
    "file": "v2_discriminant_margin",
    "title": "A valid global bound can be conservative",
    "caption": "For four monic roots in |z|<=2, the other five pair distances are at most four. The discriminant therefore gives sep >= sqrt(|Disc|/4^10), a sound but nonsharp certificate.",
    "canonical_owner": "core",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-20",
    "file": "v2_neck_period",
    "title": "Branch collision can produce a logarithmic scale",
    "caption": "The model integral is exactly asinh(1/epsilon). It isolates a local degeneration mechanism; it is not substituted for every global period of a degenerating algebraic curve.",
    "canonical_owner": "core",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-21",
    "file": "v2_correlated_stability",
    "title": "An independent box can destroy useful correlations",
    "caption": "The actual family has margin t^2/2>=1/2 on [1,4]. Its independent coefficient hull contains (a1,a2,a3)=(1,1,8), which is unstable; interval-box failure is not family instability.",
    "canonical_owner": "ee_pg",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-22",
    "file": "v2_gain_locus",
    "title": "The Routh boundary predicts the root-locus crossing",
    "caption": "For s^3+6s^2+11s+6+K, the exact loss of strict stability occurs at K=60, with factors (s+6)(s^2+11). Dots are numerical illustrations; the factorization establishes the boundary.",
    "canonical_owner": "ee",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-23",
    "file": "v2_annular_flux",
    "title": "A covering changes energy and physical gradients",
    "caption": "For log(r^d/0.2^d)/log(5), the radial derivative is d/(r log5). Equal-looking level sets do not preserve flux; the domain and boundary normalization must accompany an energy statement.",
    "canonical_owner": "ee_g",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-24",
    "file": "v2_tail_energy",
    "title": "Truncation is a separate error budget from exact all-pass structure",
    "caption": "For h0=-a and h_n=(1-a^2)a^(n-1), the squared impulse tail beyond N is (1-a^2)a^(2N). The parameter dependence is not monotone at every fixed N.",
    "canonical_owner": "ee_ug",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-25",
    "file": "v2_pick_feasible",
    "title": "One bounded analytic datum gives a disk of possible outputs",
    "caption": "For f(0)=0.3, Schwarz-Pick constrains f(z) to a pseudohyperbolic disk of radius |z|. This is a class-feasibility envelope, not a probability interval or a unique fitted response.",
    "canonical_owner": "ee_pg",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-26",
    "file": "v2_quantized_graph",
    "title": "The rounded recurrence has fixed points absent from the real model",
    "caption": "Transition k -> floor(3k/4+1/2) on displayed integer states. Tie handling is part of the definition. The shaded set [-2,2] is invariant; the linear pole alone does not enumerate these fixed points.",
    "canonical_owner": "ee",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-27",
    "file": "v2_sampling_cover",
    "title": "A sampled pole forgets an integer logarithmic sheet",
    "caption": "For p=exp(i omega T), frequencies differing by 2*pi/T map to the same pole. Height is an unwrapped frequency coordinate, not a spatial dimension of the device.",
    "canonical_owner": "ee_ug",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-28",
    "file": "v2_root_tubes",
    "title": "Continuation requires a separation budget",
    "caption": "Displayed circles illustrate fixed-radius local enclosures along a square-root lift. The certified inequality comes from the local Rouche bound; circles drawn by a floating renderer do not certify themselves.",
    "canonical_owner": "cse",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-29",
    "file": "v2_winding_alias",
    "title": "A large sample count is not a universal degree certificate",
    "caption": "Equally spaced samples alias high-degree maps; the true winding is m. Near pi phase increments, floating tie choices vary. A whole-arc exclusion/homotopy proof removes dependence on such unwrap guesses.",
    "canonical_owner": "math_ug",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-30",
    "file": "v2_typed_dependency",
    "title": "One source claim; several explicitly typed uses",
    "caption": "Edges indicate mathematical dependency or transformation of a proved claim, not statistical independence. Reusing a canonical result in a branch is navigation, not a newly counted theorem.",
    "canonical_owner": "framework",
    "kind": "audit",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-31",
    "file": "v2_trust_boundary",
    "title": "A proof-status hierarchy is not a count of assertions",
    "caption": "The diagram lists different obligations; a finite witness does not formalize the analytic theorem that makes the witness sound. Candidate Lean/Coq files remain uncompiled in this environment.",
    "canonical_owner": "framework",
    "kind": "audit",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-32",
    "file": "v2_integer_lower_bound",
    "title": "Cost 19 fails; cost 20 reaches the target",
    "caption": "Every bar is a minimum over all allocations with that total cost and b_j>=2. The recurrence plus independent enumeration certifies a finite optimization problem, not global optimality of this document family.",
    "canonical_owner": "cse_pg",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-33",
    "file": "v2_cauchy_precision",
    "title": "An observable changes the tolerance that must be certified",
    "caption": "Uniform function error epsilon controls the first derivative by epsilon/delta on a disk of radius delta. Higher derivatives cost factorial powers. State error and observable error are not interchangeable.",
    "canonical_owner": "math_pg",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-34",
    "file": "v2_foster_profile",
    "title": "Residue signs certify more than finite frequency samples",
    "caption": "Z(s)=s+1/s+2s/(s^2+9) is positive real in the right half-plane; the proof uses the paired-pole representation. The plotted line illustrates one vertical slice, not the full-domain certificate.",
    "canonical_owner": "ee_g",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-35",
    "file": "v2_regular_action",
    "title": "A six-state regular action with two generator types",
    "caption": "Vertices are root orderings. Solid and dashed edges are right multiplication by two transpositions. The projection to one sheet forgets stabilizer information; edge conventions are explicit.",
    "canonical_owner": "cse_ug",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-36",
    "file": "v2_root_residual",
    "title": "A small residual has a degree-dependent interpretation",
    "caption": "At a pure d-fold zero, coordinate radius is r^(1/d), not r. The displayed d times radius is the sum over all d sheets and illustrates why distinct-root lists require multiplicity-aware error contracts.",
    "canonical_owner": "core",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-37",
    "file": "v2_clearance",
    "title": "Topological degree survives only perturbations below clearance",
    "caption": "The circles all wind once, but their smallest distance to zero tends to zero. A common perturbation tolerance cannot be inferred from winding alone; the exclusion margin is quantitative data.",
    "canonical_owner": "core",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-38",
    "file": "v2_partial_domain",
    "title": "An exact value is not proof of an admissible execution",
    "caption": "For terminal requirement |6x|<1/2, only |x|<1/12 is accepted. The full polynomial formula exists outside that set but no longer answers the typed composition problem.",
    "canonical_owner": "cse",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-39",
    "file": "v2_family_witness",
    "title": "Rotate the witness before refining the parameter domain",
    "caption": "The centre segment (1-lambda)+i lambda is uniformly separated from zero by 1/sqrt2. A strict positive x+y witness captures the family, while strict axis witnesses fail at its endpoints.",
    "canonical_owner": "cse_pg",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-40",
    "file": "v2_local_coordinate",
    "title": "Normalize the map, not the information it carries",
    "caption": "For f(z)=z^2(1+z), u=z sqrt(1+z) is locally invertible and f=u^2. The plot is a real slice of a holomorphic coordinate change, not evidence of global invertibility.",
    "canonical_owner": "core",
    "kind": "scientific",
    "generator": "code/figures_v2.py"
  },
  {
    "id": "V2-41",
    "file": "averaging_fourier",
    "title": "Exact degree-three Fourier projection",
    "caption": "The roots-of-unity sum gives projection norm one on divisible indices and zero otherwise.",
    "canonical_owner": "math_g",
    "kind": "scientific",
    "generator": "code/figures_supplement.py"
  },
  {
    "id": "V2-42",
    "file": "switched_growth",
    "title": "Stable stages and an unstable period map",
    "caption": "Numerical matrix norms visualize the exact E10 spectral-radius counterexample.",
    "canonical_owner": "ee_g",
    "kind": "scientific",
    "generator": "code/figures_supplement.py"
  }
]
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[
  {
    "lam_real": 1.0,
    "lam_imag": 0.0,
    "method": "eigendecomposition",
    "success": true,
    "relative_frobenius_error": 4.0985051374456845e-16,
    "timing": {
      "median_ms": 0.024632233333333333,
      "min_ms": 0.022962033333333333,
      "max_ms": 0.03393496666666666,
      "raw_ms": [
        0.0322254,
        0.025345999999999997,
        0.024350466666666667,
        0.03393496666666666,
        0.023842699999999998,
        0.030196,
        0.024632233333333333,
        0.024200566666666666,
        0.029590066666666668,
        0.022962033333333333,
        0.023754900000000002
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1.0,
    "lam_imag": 0.0,
    "method": "scipy_expm",
    "success": true,
    "relative_frobenius_error": 9.638745993949151e-17,
    "timing": {
      "median_ms": 0.0069525,
      "min_ms": 0.0067709,
      "max_ms": 0.007544766666666666,
      "raw_ms": [
        0.007311066666666667,
        0.0069525,
        0.0067916,
        0.006834333333333333,
        0.007496333333333333,
        0.0075043666666666665,
        0.0067709,
        0.0068073000000000005,
        0.007544766666666666,
        0.006975899999999999,
        0.006848366666666666
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1.0,
    "lam_imag": 0.0,
    "method": "quotient_series",
    "success": true,
    "relative_frobenius_error": 5.289634595456369e-17,
    "timing": {
      "median_ms": 0.006721466666666666,
      "min_ms": 0.0061536333333333335,
      "max_ms": 0.0175592,
      "raw_ms": [
        0.0175592,
        0.0062354333333333335,
        0.0061536333333333335,
        0.006332566666666667,
        0.006627999999999999,
        0.009044666666666668,
        0.006696766666666667,
        0.006721466666666666,
        0.0068677,
        0.0068002666666666664,
        0.007118433333333333
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 0.01,
    "lam_imag": 0.0,
    "method": "eigendecomposition",
    "success": true,
    "relative_frobenius_error": 2.491195155622646e-16,
    "timing": {
      "median_ms": 0.024284066666666666,
      "min_ms": 0.022955700000000002,
      "max_ms": 0.026460333333333332,
      "raw_ms": [
        0.026460333333333332,
        0.024830866666666666,
        0.02348216666666667,
        0.025605033333333336,
        0.02414183333333333,
        0.0244336,
        0.023191066666666666,
        0.024284066666666666,
        0.023936533333333333,
        0.025200766666666666,
        0.022955700000000002
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 0.01,
    "lam_imag": 0.0,
    "method": "scipy_expm",
    "success": true,
    "relative_frobenius_error": 8.250017580246571e-17,
    "timing": {
      "median_ms": 0.006296866666666666,
      "min_ms": 0.006213366666666667,
      "max_ms": 0.010298566666666667,
      "raw_ms": [
        0.0074105333333333336,
        0.006296866666666666,
        0.006213366666666667,
        0.0062334,
        0.0062324,
        0.006835,
        0.0062544666666666665,
        0.010298566666666667,
        0.006245433333333333,
        0.006331566666666667,
        0.007335433333333334
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 0.01,
    "lam_imag": 0.0,
    "method": "quotient_series",
    "success": true,
    "relative_frobenius_error": 8.250017580246571e-17,
    "timing": {
      "median_ms": 0.006259133333333333,
      "min_ms": 0.006062833333333333,
      "max_ms": 0.008549266666666666,
      "raw_ms": [
        0.006097566666666667,
        0.006062833333333333,
        0.006101866666666666,
        0.006519166666666667,
        0.006891400000000001,
        0.008549266666666666,
        0.0060959000000000005,
        0.006259133333333333,
        0.007713333333333333,
        0.006236433333333334,
        0.006340233333333333
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 0.0001,
    "lam_imag": 0.0,
    "method": "eigendecomposition",
    "success": true,
    "relative_frobenius_error": 1.0431741758984952e-14,
    "timing": {
      "median_ms": 0.023675133333333334,
      "min_ms": 0.022719366666666668,
      "max_ms": 0.0291,
      "raw_ms": [
        0.0291,
        0.025888133333333334,
        0.023933533333333333,
        0.022907966666666668,
        0.0237793,
        0.024889633333333334,
        0.023675133333333334,
        0.022719366666666668,
        0.023567633333333334,
        0.023431733333333333,
        0.023341966666666665
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 0.0001,
    "lam_imag": 0.0,
    "method": "scipy_expm",
    "success": true,
    "relative_frobenius_error": 1.0554040087382724e-16,
    "timing": {
      "median_ms": 0.0061462999999999995,
      "min_ms": 0.0060605,
      "max_ms": 0.0074399,
      "raw_ms": [
        0.0074399,
        0.006180666666666667,
        0.006114233333333333,
        0.0061462999999999995,
        0.0067609,
        0.006167333333333333,
        0.0061246,
        0.006088533333333334,
        0.006082199999999999,
        0.006553933333333333,
        0.0060605
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 0.0001,
    "lam_imag": 0.0,
    "method": "quotient_series",
    "success": true,
    "relative_frobenius_error": 8.301861136246876e-17,
    "timing": {
      "median_ms": 0.0061149,
      "min_ms": 0.0060241,
      "max_ms": 0.0087836,
      "raw_ms": [
        0.006196033333333333,
        0.0060545,
        0.0061957,
        0.0065933,
        0.0060578,
        0.0061149,
        0.0060241,
        0.0060334333333333335,
        0.006423066666666667,
        0.0060298,
        0.0087836
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-08,
    "lam_imag": 0.0,
    "method": "eigendecomposition",
    "success": true,
    "relative_frobenius_error": 2.4464991606191557e-13,
    "timing": {
      "median_ms": 0.02567083333333333,
      "min_ms": 0.023583299999999998,
      "max_ms": 0.030787533333333332,
      "raw_ms": [
        0.026900333333333335,
        0.024347466666666664,
        0.030787533333333332,
        0.02567083333333333,
        0.030433666666666668,
        0.023583299999999998,
        0.0240714,
        0.023858733333333333,
        0.027987966666666666,
        0.02358966666666667,
        0.027873133333333334
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-08,
    "lam_imag": 0.0,
    "method": "scipy_expm",
    "success": true,
    "relative_frobenius_error": 8.401468376377486e-17,
    "timing": {
      "median_ms": 0.0061436,
      "min_ms": 0.006074866666666666,
      "max_ms": 0.0073481,
      "raw_ms": [
        0.0073481,
        0.006195366666666666,
        0.0060842,
        0.006088533333333334,
        0.0061877,
        0.006074866666666666,
        0.0066346999999999995,
        0.006853033333333333,
        0.0060842,
        0.0061436,
        0.0061209
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-08,
    "lam_imag": 0.0,
    "method": "quotient_series",
    "success": true,
    "relative_frobenius_error": 5.659536392779429e-17,
    "timing": {
      "median_ms": 0.006081199999999999,
      "min_ms": 0.0060334333333333335,
      "max_ms": 0.0092523,
      "raw_ms": [
        0.006136933333333333,
        0.0061209,
        0.006057466666666666,
        0.006049466666666667,
        0.0092523,
        0.006162666666666666,
        0.006081199999999999,
        0.006066833333333333,
        0.0060334333333333335,
        0.0060394666666666675,
        0.0065322
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-12,
    "lam_imag": 0.0,
    "method": "eigendecomposition",
    "success": true,
    "relative_frobenius_error": 2.5257102117354514e-11,
    "timing": {
      "median_ms": 0.0248152,
      "min_ms": 0.023602366666666666,
      "max_ms": 0.036328933333333334,
      "raw_ms": [
        0.025839033333333334,
        0.024849899999999998,
        0.023602366666666666,
        0.0248152,
        0.03390926666666667,
        0.0346387,
        0.036328933333333334,
        0.024571466666666666,
        0.0240153,
        0.02420193333333333,
        0.0237536
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-12,
    "lam_imag": 0.0,
    "method": "scipy_expm",
    "success": true,
    "relative_frobenius_error": 6.282970531744517e-17,
    "timing": {
      "median_ms": 0.006184666666666667,
      "min_ms": 0.0061353,
      "max_ms": 0.0069939,
      "raw_ms": [
        0.006491800000000001,
        0.0069939,
        0.0061723333333333335,
        0.006182366666666666,
        0.006189366666666667,
        0.006154966666666667,
        0.006889066666666666,
        0.0062043666666666665,
        0.0061353,
        0.006184666666666667,
        0.006149966666666667
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-12,
    "lam_imag": 0.0,
    "method": "quotient_series",
    "success": true,
    "relative_frobenius_error": 6.282970531744517e-17,
    "timing": {
      "median_ms": 0.006068166666666667,
      "min_ms": 0.006009066666666666,
      "max_ms": 0.006740533333333334,
      "raw_ms": [
        0.006674433333333333,
        0.006740533333333334,
        0.0060454666666666665,
        0.006068166666666667,
        0.006156,
        0.0064848,
        0.006009066666666666,
        0.0060518333333333335,
        0.006050166666666666,
        0.0060387999999999996,
        0.006561266666666667
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-16,
    "lam_imag": 0.0,
    "method": "eigendecomposition",
    "success": true,
    "relative_frobenius_error": 1.7544147601495268e-09,
    "timing": {
      "median_ms": 0.0244573,
      "min_ms": 0.0228168,
      "max_ms": 0.028691366666666666,
      "raw_ms": [
        0.025900166666666665,
        0.024677633333333334,
        0.024514733333333334,
        0.0244573,
        0.028691366666666666,
        0.023235433333333333,
        0.025221133333333333,
        0.024105766666666664,
        0.0237529,
        0.0228168,
        0.024071066666666665
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-16,
    "lam_imag": 0.0,
    "method": "scipy_expm",
    "success": true,
    "relative_frobenius_error": 4.194352464039305e-17,
    "timing": {
      "median_ms": 0.0062885,
      "min_ms": 0.0060321333333333334,
      "max_ms": 0.015119866666666667,
      "raw_ms": [
        0.006482466666666667,
        0.007064366666666667,
        0.015119866666666667,
        0.0062885,
        0.006136933333333333,
        0.0078265,
        0.0060321333333333334,
        0.006036466666666667,
        0.0060327666666666665,
        0.006093199999999999,
        0.006624033333333334
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-16,
    "lam_imag": 0.0,
    "method": "quotient_series",
    "success": true,
    "relative_frobenius_error": 4.194352464039305e-17,
    "timing": {
      "median_ms": 0.006103566666666667,
      "min_ms": 0.005992399999999999,
      "max_ms": 0.008664100000000001,
      "raw_ms": [
        0.008664100000000001,
        0.006234766666666666,
        0.006103566666666667,
        0.006966866666666667,
        0.005992399999999999,
        0.006037433333333333,
        0.005994066666666667,
        0.0060204333333333335,
        0.007405533333333334,
        0.006009733333333334,
        0.007276
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-24,
    "lam_imag": 0.0,
    "method": "eigendecomposition",
    "success": true,
    "relative_frobenius_error": 9.575276318055497e-06,
    "timing": {
      "median_ms": 0.024177866666666666,
      "min_ms": 0.023152333333333334,
      "max_ms": 0.026274366666666667,
      "raw_ms": [
        0.026274366666666667,
        0.024934366666666666,
        0.024701666666666667,
        0.024738366666666668,
        0.024144166666666668,
        0.0240764,
        0.02400896666666667,
        0.023152333333333334,
        0.0251557,
        0.024177866666666666,
        0.023244133333333337
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-24,
    "lam_imag": 0.0,
    "method": "scipy_expm",
    "success": true,
    "relative_frobenius_error": 4.1943524640393055e-25,
    "timing": {
      "median_ms": 0.006179033333333334,
      "min_ms": 0.0061179,
      "max_ms": 0.006903433333333334,
      "raw_ms": [
        0.006363633333333333,
        0.006269833333333334,
        0.006179033333333334,
        0.006142933333333334,
        0.0067305,
        0.0061179,
        0.0061897,
        0.0061339333333333326,
        0.0061573,
        0.006160666666666667,
        0.006903433333333334
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-24,
    "lam_imag": 0.0,
    "method": "quotient_series",
    "success": true,
    "relative_frobenius_error": 4.1943524640393055e-25,
    "timing": {
      "median_ms": 0.0061159,
      "min_ms": 0.0059880666666666665,
      "max_ms": 0.006732166666666667,
      "raw_ms": [
        0.006180033333333334,
        0.0059880666666666665,
        0.006126933333333333,
        0.006732166666666667,
        0.006057466666666666,
        0.006122566666666667,
        0.0060825,
        0.0061159,
        0.006021433333333334,
        0.006535533333333333,
        0.006034766666666667
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-32,
    "lam_imag": 0.0,
    "method": "eigendecomposition",
    "success": true,
    "relative_frobenius_error": 0.25685648812569845,
    "timing": {
      "median_ms": 0.029389766666666664,
      "min_ms": 0.028620266666666668,
      "max_ms": 0.0342658,
      "raw_ms": [
        0.03404313333333333,
        0.0305375,
        0.028620266666666668,
        0.0342658,
        0.030609933333333332,
        0.029295599999999998,
        0.029202799999999998,
        0.028956433333333333,
        0.030252733333333334,
        0.029389766666666664,
        0.028904
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-32,
    "lam_imag": 0.0,
    "method": "scipy_expm",
    "success": true,
    "relative_frobenius_error": 4.1943524640393054e-33,
    "timing": {
      "median_ms": 0.0062106999999999996,
      "min_ms": 0.006107233333333333,
      "max_ms": 0.0071805,
      "raw_ms": [
        0.006446733333333333,
        0.0062234000000000005,
        0.006170966666666666,
        0.0071805,
        0.0061563,
        0.006168000000000001,
        0.006147966666666667,
        0.006107233333333333,
        0.006736166666666666,
        0.0062106999999999996,
        0.006893433333333333
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 1e-32,
    "lam_imag": 0.0,
    "method": "quotient_series",
    "success": true,
    "relative_frobenius_error": 4.1943524640393054e-33,
    "timing": {
      "median_ms": 0.0061156,
      "min_ms": 0.0060084,
      "max_ms": 0.0067986,
      "raw_ms": [
        0.0062163999999999995,
        0.006119233333333333,
        0.0067986,
        0.0060084,
        0.0060511666666666665,
        0.0060605,
        0.006032433333333333,
        0.006487499999999999,
        0.0060838666666666675,
        0.0061156,
        0.006120266666666666
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 0.0,
    "lam_imag": 0.0,
    "method": "eigendecomposition",
    "success": true,
    "relative_frobenius_error": 0.5773502691896257,
    "timing": {
      "median_ms": 0.0287321,
      "min_ms": 0.026938733333333336,
      "max_ms": 0.0320548,
      "raw_ms": [
        0.031516999999999996,
        0.02836753333333333,
        0.027991333333333333,
        0.026938733333333336,
        0.0282714,
        0.031124033333333335,
        0.029162766666666666,
        0.0320548,
        0.0287321,
        0.027772300000000003,
        0.0290142
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 0.0,
    "lam_imag": 0.0,
    "method": "scipy_expm",
    "success": true,
    "relative_frobenius_error": 0.0,
    "timing": {
      "median_ms": 0.011172900000000001,
      "min_ms": 0.010548633333333333,
      "max_ms": 0.011737066666666665,
      "raw_ms": [
        0.011448633333333335,
        0.011737066666666665,
        0.0106621,
        0.010656433333333333,
        0.011369500000000001,
        0.0107092,
        0.010548633333333333,
        0.011172900000000001,
        0.011634933333333335,
        0.0106778,
        0.011359533333333333
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 0.0,
    "lam_imag": 0.0,
    "method": "quotient_series",
    "success": true,
    "relative_frobenius_error": 0.0,
    "timing": {
      "median_ms": 0.006170999999999999,
      "min_ms": 0.0061152333333333335,
      "max_ms": 0.006714166666666666,
      "raw_ms": [
        0.006163633333333333,
        0.006253766666666666,
        0.0061659666666666665,
        0.006223733333333333,
        0.006714166666666666,
        0.006170999999999999,
        0.0061589999999999995,
        0.0062037,
        0.006143933333333334,
        0.006606633333333333,
        0.0061152333333333335
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": -1e-08,
    "lam_imag": 0.0,
    "method": "eigendecomposition",
    "success": true,
    "relative_frobenius_error": 3.154956084161294e-14,
    "timing": {
      "median_ms": 0.02455143333333333,
      "min_ms": 0.023415066666666665,
      "max_ms": 0.02619193333333333,
      "raw_ms": [
        0.02619193333333333,
        0.0247504,
        0.023540266666666664,
        0.024622866666666667,
        0.025516233333333336,
        0.0244977,
        0.023415066666666665,
        0.0241769,
        0.024767133333333333,
        0.024500033333333334,
        0.02455143333333333
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": -1e-08,
    "lam_imag": 0.0,
    "method": "scipy_expm",
    "success": true,
    "relative_frobenius_error": 5.264888098312466e-17,
    "timing": {
      "median_ms": 0.006190033333333333,
      "min_ms": 0.0061116,
      "max_ms": 0.009198566666666666,
      "raw_ms": [
        0.0072702999999999995,
        0.006190033333333333,
        0.0061853333333333335,
        0.006199066666666667,
        0.009198566666666666,
        0.007169166666666667,
        0.006120266666666666,
        0.0061336,
        0.0061116,
        0.006131933333333334,
        0.006585966666666667
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": -1e-08,
    "lam_imag": 0.0,
    "method": "quotient_series",
    "success": true,
    "relative_frobenius_error": 2.6726918424879112e-17,
    "timing": {
      "median_ms": 0.005932966666666667,
      "min_ms": 0.005904233333333333,
      "max_ms": 0.0073774999999999995,
      "raw_ms": [
        0.0060465,
        0.005932633333333334,
        0.0059189333333333335,
        0.0059313000000000005,
        0.006482133333333333,
        0.0073774999999999995,
        0.0070727,
        0.005904233333333333,
        0.005909266666666666,
        0.007120766666666667,
        0.005932966666666667
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 0.0,
    "lam_imag": 1e-08,
    "method": "eigendecomposition",
    "success": true,
    "relative_frobenius_error": 2.4100835256319766e-13,
    "timing": {
      "median_ms": 0.024519066666666665,
      "min_ms": 0.023487833333333333,
      "max_ms": 0.029054266666666665,
      "raw_ms": [
        0.026414933333333335,
        0.028218333333333335,
        0.025990966666666667,
        0.029054266666666665,
        0.023542933333333335,
        0.024261666666666667,
        0.024254666666666664,
        0.025372033333333332,
        0.023487833333333333,
        0.024519066666666665,
        0.024260666666666666
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 0.0,
    "lam_imag": 1e-08,
    "method": "scipy_expm",
    "success": true,
    "relative_frobenius_error": 3.4359213546813837e-18,
    "timing": {
      "median_ms": 0.006139599999999999,
      "min_ms": 0.0060645000000000004,
      "max_ms": 0.0080819,
      "raw_ms": [
        0.006445733333333333,
        0.0061786666666666665,
        0.006139599999999999,
        0.006951533333333333,
        0.0080819,
        0.0061282666666666675,
        0.006098566666666667,
        0.006125933333333333,
        0.007182533333333334,
        0.006124566666666667,
        0.0060645000000000004
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  },
  {
    "lam_real": 0.0,
    "lam_imag": 1e-08,
    "method": "quotient_series",
    "success": true,
    "relative_frobenius_error": 3.4359213546813837e-18,
    "timing": {
      "median_ms": 0.0058889,
      "min_ms": 0.005821466666666666,
      "max_ms": 0.0064741,
      "raw_ms": [
        0.005940633333333333,
        0.0064741,
        0.005895233333333333,
        0.005844833333333333,
        0.005880566666666667,
        0.0058889,
        0.005964033333333333,
        0.0061910333333333335,
        0.0058485,
        0.005821466666666666,
        0.005840799999999999
      ],
      "iterations_per_sample": 30
    },
    "reason": ""
  }
]
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[
  {
    "a": 0.2,
    "N": 32,
    "step": 0.1963495408493623,
    "max_grid_error": 0.005969349698181414,
    "phase_turns": 1.0,
    "exact_peak": 1.4999999999999998
  },
  {
    "a": 0.2,
    "N": 64,
    "step": 0.09817477042468115,
    "max_grid_error": 0.0015025439021707498,
    "phase_turns": 1.0,
    "exact_peak": 1.4999999999999998
  },
  {
    "a": 0.2,
    "N": 128,
    "step": 0.04908738521234035,
    "max_grid_error": 0.00037628021369306985,
    "phase_turns": 1.0,
    "exact_peak": 1.4999999999999998
  },
  {
    "a": 0.2,
    "N": 256,
    "step": 0.024543692606170175,
    "max_grid_error": 9.411041839180179e-05,
    "phase_turns": 1.0,
    "exact_peak": 1.4999999999999998
  },
  {
    "a": 0.2,
    "N": 512,
    "step": 0.012271846303085088,
    "max_grid_error": 2.3530128976601006e-05,
    "phase_turns": 1.0,
    "exact_peak": 1.4999999999999998
  },
  {
    "a": 0.2,
    "N": 1024,
    "step": 0.006135923151542766,
    "max_grid_error": 5.882690042424699e-06,
    "phase_turns": 1.0,
    "exact_peak": 1.4999999999999998
  },
  {
    "a": 0.2,
    "N": 2048,
    "step": 0.003067961575771161,
    "max_grid_error": 1.4706823734389474e-06,
    "phase_turns": 1.0,
    "exact_peak": 1.4999999999999998
  },
  {
    "a": 0.2,
    "N": 4096,
    "step": 0.0015339807878858025,
    "max_grid_error": 3.6767121014413817e-07,
    "phase_turns": 1.0,
    "exact_peak": 1.4999999999999998
  },
  {
    "a": 0.8,
    "N": 32,
    "step": 0.1963495408493623,
    "max_grid_error": 1.612532262012495,
    "phase_turns": 1.0,
    "exact_peak": 9.000000000000002
  },
  {
    "a": 0.8,
    "N": 64,
    "step": 0.09817477042468115,
    "max_grid_error": 0.5192114733857434,
    "phase_turns": 1.0,
    "exact_peak": 9.000000000000002
  },
  {
    "a": 0.8,
    "N": 128,
    "step": 0.04908738521234035,
    "max_grid_error": 0.1405163648227159,
    "phase_turns": 1.0,
    "exact_peak": 9.000000000000002
  },
  {
    "a": 0.8,
    "N": 256,
    "step": 0.024543692606170175,
    "max_grid_error": 0.03588345666129378,
    "phase_turns": 1.0,
    "exact_peak": 9.000000000000002
  },
  {
    "a": 0.8,
    "N": 512,
    "step": 0.012271846303085088,
    "max_grid_error": 0.009019530531485742,
    "phase_turns": 1.0,
    "exact_peak": 9.000000000000002
  },
  {
    "a": 0.8,
    "N": 1024,
    "step": 0.006135923151542766,
    "max_grid_error": 0.0022579488840381856,
    "phase_turns": 1.0,
    "exact_peak": 9.000000000000002
  },
  {
    "a": 0.8,
    "N": 2048,
    "step": 0.003067961575771161,
    "max_grid_error": 0.0005646792496829534,
    "phase_turns": 1.0,
    "exact_peak": 9.000000000000002
  },
  {
    "a": 0.8,
    "N": 4096,
    "step": 0.0015339807878858025,
    "max_grid_error": 0.00014118182028255433,
    "phase_turns": 1.0,
    "exact_peak": 9.000000000000002
  },
  {
    "a": 0.98,
    "N": 32,
    "step": 0.1963495408493623,
    "max_grid_error": 84.04100027733267,
    "phase_turns": 1.0,
    "exact_peak": 98.99999999999991
  },
  {
    "a": 0.98,
    "N": 64,
    "step": 0.09817477042468115,
    "max_grid_error": 71.13109552701277,
    "phase_turns": 1.0,
    "exact_peak": 98.99999999999991
  },
  {
    "a": 0.98,
    "N": 128,
    "step": 0.04908738521234035,
    "max_grid_error": 50.90447872277087,
    "phase_turns": 1.0,
    "exact_peak": 98.99999999999991
  },
  {
    "a": 0.98,
    "N": 256,
    "step": 0.024543692606170175,
    "max_grid_error": 27.115958690037814,
    "phase_turns": 1.0,
    "exact_peak": 98.99999999999991
  },
  {
    "a": 0.98,
    "N": 512,
    "step": 0.012271846303085088,
    "max_grid_error": 10.03381417926768,
    "phase_turns": 1.0,
    "exact_peak": 98.99999999999991
  },
  {
    "a": 0.98,
    "N": 1024,
    "step": 0.006135923151542766,
    "max_grid_error": 2.885852678166131,
    "phase_turns": 1.0,
    "exact_peak": 98.99999999999991
  },
  {
    "a": 0.98,
    "N": 2048,
    "step": 0.003067961575771161,
    "max_grid_error": 0.75063238297939,
    "phase_turns": 1.0,
    "exact_peak": 98.99999999999991
  },
  {
    "a": 0.98,
    "N": 4096,
    "step": 0.0015339807878858025,
    "max_grid_error": 0.18959249523689437,
    "phase_turns": 1.0,
    "exact_peak": 98.99999999999991
  }
]
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{
  "weights": [
    "1/64",
    "1/16",
    "1/4",
    "1"
  ],
  "target": "1/64",
  "integer_scale": 1048576,
  "target_units": 16384,
  "optimal_total_bits": 20,
  "optimal_bits": [
    2,
    4,
    6,
    8
  ],
  "exact_error": "1/64",
  "uniform_bits_per_stage": 7,
  "uniform_total_bits": 28,
  "saved_bits": 8,
  "frontier": [
    {
      "total_bits": 8,
      "error": "85/256",
      "bits": [
        2,
        2,
        2,
        2
      ]
    },
    {
      "total_bits": 9,
      "error": "53/256",
      "bits": [
        2,
        2,
        2,
        3
      ]
    },
    {
      "total_bits": 10,
      "error": "37/256",
      "bits": [
        2,
        2,
        2,
        4
      ]
    },
    {
      "total_bits": 11,
      "error": "29/256",
      "bits": [
        2,
        2,
        2,
        5
      ]
    },
    {
      "total_bits": 12,
      "error": "21/256",
      "bits": [
        2,
        2,
        3,
        5
      ]
    },
    {
      "total_bits": 13,
      "error": "17/256",
      "bits": [
        2,
        2,
        3,
        6
      ]
    },
    {
      "total_bits": 14,
      "error": "13/256",
      "bits": [
        2,
        2,
        4,
        6
      ]
    },
    {
      "total_bits": 15,
      "error": "11/256",
      "bits": [
        2,
        2,
        4,
        7
      ]
    },
    {
      "total_bits": 16,
      "error": "9/256",
      "bits": [
        2,
        2,
        5,
        7
      ]
    },
    {
      "total_bits": 17,
      "error": "7/256",
      "bits": [
        2,
        3,
        5,
        7
      ]
    },
    {
      "total_bits": 18,
      "error": "3/128",
      "bits": [
        2,
        3,
        5,
        8
      ]
    },
    {
      "total_bits": 19,
      "error": "5/256",
      "bits": [
        2,
        3,
        6,
        8
      ]
    },
    {
      "total_bits": 20,
      "error": "1/64",
      "bits": [
        2,
        4,
        6,
        8
      ]
    },
    {
      "total_bits": 21,
      "error": "7/512",
      "bits": [
        2,
        4,
        6,
        9
      ]
    },
    {
      "total_bits": 22,
      "error": "3/256",
      "bits": [
        2,
        4,
        7,
        9
      ]
    },
    {
      "total_bits": 23,
      "error": "5/512",
      "bits": [
        2,
        5,
        7,
        9
      ]
    },
    {
      "total_bits": 24,
      "error": "1/128",
      "bits": [
        3,
        5,
        7,
        9
      ]
    },
    {
      "total_bits": 25,
      "error": "7/1024",
      "bits": [
        3,
        5,
        7,
        10
      ]
    },
    {
      "total_bits": 26,
      "error": "3/512",
      "bits": [
        3,
        5,
        8,
        10
      ]
    },
    {
      "total_bits": 27,
      "error": "5/1024",
      "bits": [
        3,
        6,
        8,
        10
      ]
    },
    {
      "total_bits": 28,
      "error": "1/256",
      "bits": [
        4,
        6,
        8,
        10
      ]
    },
    {
      "total_bits": 29,
      "error": "7/2048",
      "bits": [
        4,
        6,
        8,
        11
      ]
    },
    {
      "total_bits": 30,
      "error": "3/1024",
      "bits": [
        4,
        6,
        9,
        11
      ]
    },
    {
      "total_bits": 31,
      "error": "5/2048",
      "bits": [
        4,
        7,
        9,
        11
      ]
    },
    {
      "total_bits": 32,
      "error": "1/512",
      "bits": [
        5,
        7,
        9,
        11
      ]
    },
    {
      "total_bits": 33,
      "error": "7/4096",
      "bits": [
        5,
        7,
        9,
        12
      ]
    },
    {
      "total_bits": 34,
      "error": "3/2048",
      "bits": [
        5,
        7,
        10,
        12
      ]
    },
    {
      "total_bits": 35,
      "error": "5/4096",
      "bits": [
        5,
        8,
        10,
        12
      ]
    },
    {
      "total_bits": 36,
      "error": "1/1024",
      "bits": [
        6,
        8,
        10,
        12
      ]
    },
    {
      "total_bits": 37,
      "error": "7/8192",
      "bits": [
        6,
        8,
        10,
        13
      ]
    },
    {
      "total_bits": 38,
      "error": "3/4096",
      "bits": [
        6,
        8,
        11,
        13
      ]
    },
    {
      "total_bits": 39,
      "error": "5/8192",
      "bits": [
        6,
        9,
        11,
        13
      ]
    },
    {
      "total_bits": 40,
      "error": "1/2048",
      "bits": [
        7,
        9,
        11,
        13
      ]
    },
    {
      "total_bits": 41,
      "error": "7/16384",
      "bits": [
        7,
        9,
        11,
        14
      ]
    },
    {
      "total_bits": 42,
      "error": "3/8192",
      "bits": [
        7,
        9,
        12,
        14
      ]
    },
    {
      "total_bits": 43,
      "error": "5/16384",
      "bits": [
        7,
        10,
        12,
        14
      ]
    },
    {
      "total_bits": 44,
      "error": "1/4096",
      "bits": [
        8,
        10,
        12,
        14
      ]
    },
    {
      "total_bits": 45,
      "error": "7/32768",
      "bits": [
        8,
        10,
        13,
        14
      ]
    },
    {
      "total_bits": 46,
      "error": "3/16384",
      "bits": [
        8,
        11,
        13,
        14
      ]
    },
    {
      "total_bits": 47,
      "error": "5/32768",
      "bits": [
        9,
        11,
        13,
        14
      ]
    },
    {
      "total_bits": 48,
      "error": "9/65536",
      "bits": [
        9,
        11,
        14,
        14
      ]
    },
    {
      "total_bits": 49,
      "error": "1/8192",
      "bits": [
        9,
        12,
        14,
        14
      ]
    },
    {
      "total_bits": 50,
      "error": "7/65536",
      "bits": [
        10,
        12,
        14,
        14
      ]
    },
    {
      "total_bits": 51,
      "error": "13/131072",
      "bits": [
        10,
        13,
        14,
        14
      ]
    },
    {
      "total_bits": 52,
      "error": "3/32768",
      "bits": [
        11,
        13,
        14,
        14
      ]
    },
    {
      "total_bits": 53,
      "error": "23/262144",
      "bits": [
        11,
        14,
        14,
        14
      ]
    },
    {
      "total_bits": 54,
      "error": "11/131072",
      "bits": [
        12,
        14,
        14,
        14
      ]
    },
    {
      "total_bits": 55,
      "error": "43/524288",
      "bits": [
        13,
        14,
        14,
        14
      ]
    },
    {
      "total_bits": 56,
      "error": "85/1048576",
      "bits": [
        14,
        14,
        14,
        14
      ]
    }
  ],
  "dp_layers": [
    {
      "2": {
        "error_units": 4096,
        "bits": [
          2
        ]
      },
      "3": {
        "error_units": 2048,
        "bits": [
          3
        ]
      },
      "4": {
        "error_units": 1024,
        "bits": [
          4
        ]
      },
      "5": {
        "error_units": 512,
        "bits": [
          5
        ]
      },
      "6": {
        "error_units": 256,
        "bits": [
          6
        ]
      },
      "7": {
        "error_units": 128,
        "bits": [
          7
        ]
      },
      "8": {
        "error_units": 64,
        "bits": [
          8
        ]
      },
      "9": {
        "error_units": 32,
        "bits": [
          9
        ]
      },
      "10": {
        "error_units": 16,
        "bits": [
          10
        ]
      },
      "11": {
        "error_units": 8,
        "bits": [
          11
        ]
      },
      "12": {
        "error_units": 4,
        "bits": [
          12
        ]
      },
      "13": {
        "error_units": 2,
        "bits": [
          13
        ]
      },
      "14": {
        "error_units": 1,
        "bits": [
          14
        ]
      }
    },
    {
      "4": {
        "error_units": 20480,
        "bits": [
          2,
          2
        ]
      },
      "5": {
        "error_units": 12288,
        "bits": [
          2,
          3
        ]
      },
      "6": {
        "error_units": 8192,
        "bits": [
          2,
          4
        ]
      },
      "7": {
        "error_units": 6144,
        "bits": [
          2,
          5
        ]
      },
      "8": {
        "error_units": 4096,
        "bits": [
          3,
          5
        ]
      },
      "9": {
        "error_units": 3072,
        "bits": [
          3,
          6
        ]
      },
      "10": {
        "error_units": 2048,
        "bits": [
          4,
          6
        ]
      },
      "11": {
        "error_units": 1536,
        "bits": [
          4,
          7
        ]
      },
      "12": {
        "error_units": 1024,
        "bits": [
          5,
          7
        ]
      },
      "13": {
        "error_units": 768,
        "bits": [
          5,
          8
        ]
      },
      "14": {
        "error_units": 512,
        "bits": [
          6,
          8
        ]
      },
      "15": {
        "error_units": 384,
        "bits": [
          6,
          9
        ]
      },
      "16": {
        "error_units": 256,
        "bits": [
          7,
          9
        ]
      },
      "17": {
        "error_units": 192,
        "bits": [
          7,
          10
        ]
      },
      "18": {
        "error_units": 128,
        "bits": [
          8,
          10
        ]
      },
      "19": {
        "error_units": 96,
        "bits": [
          8,
          11
        ]
      },
      "20": {
        "error_units": 64,
        "bits": [
          9,
          11
        ]
      },
      "21": {
        "error_units": 48,
        "bits": [
          9,
          12
        ]
      },
      "22": {
        "error_units": 32,
        "bits": [
          10,
          12
        ]
      },
      "23": {
        "error_units": 24,
        "bits": [
          10,
          13
        ]
      },
      "24": {
        "error_units": 16,
        "bits": [
          11,
          13
        ]
      },
      "25": {
        "error_units": 12,
        "bits": [
          11,
          14
        ]
      },
      "26": {
        "error_units": 8,
        "bits": [
          12,
          14
        ]
      },
      "27": {
        "error_units": 6,
        "bits": [
          13,
          14
        ]
      },
      "28": {
        "error_units": 5,
        "bits": [
          14,
          14
        ]
      }
    },
    {
      "6": {
        "error_units": 86016,
        "bits": [
          2,
          2,
          2
        ]
      },
      "7": {
        "error_units": 53248,
        "bits": [
          2,
          2,
          3
        ]
      },
      "8": {
        "error_units": 36864,
        "bits": [
          2,
          2,
          4
        ]
      },
      "9": {
        "error_units": 28672,
        "bits": [
          2,
          2,
          5
        ]
      },
      "10": {
        "error_units": 20480,
        "bits": [
          2,
          3,
          5
        ]
      },
      "11": {
        "error_units": 16384,
        "bits": [
          2,
          3,
          6
        ]
      },
      "12": {
        "error_units": 12288,
        "bits": [
          2,
          4,
          6
        ]
      },
      "13": {
        "error_units": 10240,
        "bits": [
          2,
          4,
          7
        ]
      },
      "14": {
        "error_units": 8192,
        "bits": [
          2,
          5,
          7
        ]
      },
      "15": {
        "error_units": 6144,
        "bits": [
          3,
          5,
          7
        ]
      },
      "16": {
        "error_units": 5120,
        "bits": [
          3,
          5,
          8
        ]
      },
      "17": {
        "error_units": 4096,
        "bits": [
          3,
          6,
          8
        ]
      },
      "18": {
        "error_units": 3072,
        "bits": [
          4,
          6,
          8
        ]
      },
      "19": {
        "error_units": 2560,
        "bits": [
          4,
          6,
          9
        ]
      },
      "20": {
        "error_units": 2048,
        "bits": [
          4,
          7,
          9
        ]
      },
      "21": {
        "error_units": 1536,
        "bits": [
          5,
          7,
          9
        ]
      },
      "22": {
        "error_units": 1280,
        "bits": [
          5,
          7,
          10
        ]
      },
      "23": {
        "error_units": 1024,
        "bits": [
          5,
          8,
          10
        ]
      },
      "24": {
        "error_units": 768,
        "bits": [
          6,
          8,
          10
        ]
      },
      "25": {
        "error_units": 640,
        "bits": [
          6,
          8,
          11
        ]
      },
      "26": {
        "error_units": 512,
        "bits": [
          6,
          9,
          11
        ]
      },
      "27": {
        "error_units": 384,
        "bits": [
          7,
          9,
          11
        ]
      },
      "28": {
        "error_units": 320,
        "bits": [
          7,
          9,
          12
        ]
      },
      "29": {
        "error_units": 256,
        "bits": [
          7,
          10,
          12
        ]
      },
      "30": {
        "error_units": 192,
        "bits": [
          8,
          10,
          12
        ]
      },
      "31": {
        "error_units": 160,
        "bits": [
          8,
          10,
          13
        ]
      },
      "32": {
        "error_units": 128,
        "bits": [
          8,
          11,
          13
        ]
      },
      "33": {
        "error_units": 96,
        "bits": [
          9,
          11,
          13
        ]
      },
      "34": {
        "error_units": 80,
        "bits": [
          9,
          11,
          14
        ]
      },
      "35": {
        "error_units": 64,
        "bits": [
          9,
          12,
          14
        ]
      },
      "36": {
        "error_units": 48,
        "bits": [
          10,
          12,
          14
        ]
      },
      "37": {
        "error_units": 40,
        "bits": [
          10,
          13,
          14
        ]
      },
      "38": {
        "error_units": 32,
        "bits": [
          11,
          13,
          14
        ]
      },
      "39": {
        "error_units": 28,
        "bits": [
          11,
          14,
          14
        ]
      },
      "40": {
        "error_units": 24,
        "bits": [
          12,
          14,
          14
        ]
      },
      "41": {
        "error_units": 22,
        "bits": [
          13,
          14,
          14
        ]
      },
      "42": {
        "error_units": 21,
        "bits": [
          14,
          14,
          14
        ]
      }
    },
    {
      "8": {
        "error_units": 348160,
        "bits": [
          2,
          2,
          2,
          2
        ]
      },
      "9": {
        "error_units": 217088,
        "bits": [
          2,
          2,
          2,
          3
        ]
      },
      "10": {
        "error_units": 151552,
        "bits": [
          2,
          2,
          2,
          4
        ]
      },
      "11": {
        "error_units": 118784,
        "bits": [
          2,
          2,
          2,
          5
        ]
      },
      "12": {
        "error_units": 86016,
        "bits": [
          2,
          2,
          3,
          5
        ]
      },
      "13": {
        "error_units": 69632,
        "bits": [
          2,
          2,
          3,
          6
        ]
      },
      "14": {
        "error_units": 53248,
        "bits": [
          2,
          2,
          4,
          6
        ]
      },
      "15": {
        "error_units": 45056,
        "bits": [
          2,
          2,
          4,
          7
        ]
      },
      "16": {
        "error_units": 36864,
        "bits": [
          2,
          2,
          5,
          7
        ]
      },
      "17": {
        "error_units": 28672,
        "bits": [
          2,
          3,
          5,
          7
        ]
      },
      "18": {
        "error_units": 24576,
        "bits": [
          2,
          3,
          5,
          8
        ]
      },
      "19": {
        "error_units": 20480,
        "bits": [
          2,
          3,
          6,
          8
        ]
      },
      "20": {
        "error_units": 16384,
        "bits": [
          2,
          4,
          6,
          8
        ]
      },
      "21": {
        "error_units": 14336,
        "bits": [
          2,
          4,
          6,
          9
        ]
      },
      "22": {
        "error_units": 12288,
        "bits": [
          2,
          4,
          7,
          9
        ]
      },
      "23": {
        "error_units": 10240,
        "bits": [
          2,
          5,
          7,
          9
        ]
      },
      "24": {
        "error_units": 8192,
        "bits": [
          3,
          5,
          7,
          9
        ]
      },
      "25": {
        "error_units": 7168,
        "bits": [
          3,
          5,
          7,
          10
        ]
      },
      "26": {
        "error_units": 6144,
        "bits": [
          3,
          5,
          8,
          10
        ]
      },
      "27": {
        "error_units": 5120,
        "bits": [
          3,
          6,
          8,
          10
        ]
      },
      "28": {
        "error_units": 4096,
        "bits": [
          4,
          6,
          8,
          10
        ]
      },
      "29": {
        "error_units": 3584,
        "bits": [
          4,
          6,
          8,
          11
        ]
      },
      "30": {
        "error_units": 3072,
        "bits": [
          4,
          6,
          9,
          11
        ]
      },
      "31": {
        "error_units": 2560,
        "bits": [
          4,
          7,
          9,
          11
        ]
      },
      "32": {
        "error_units": 2048,
        "bits": [
          5,
          7,
          9,
          11
        ]
      },
      "33": {
        "error_units": 1792,
        "bits": [
          5,
          7,
          9,
          12
        ]
      },
      "34": {
        "error_units": 1536,
        "bits": [
          5,
          7,
          10,
          12
        ]
      },
      "35": {
        "error_units": 1280,
        "bits": [
          5,
          8,
          10,
          12
        ]
      },
      "36": {
        "error_units": 1024,
        "bits": [
          6,
          8,
          10,
          12
        ]
      },
      "37": {
        "error_units": 896,
        "bits": [
          6,
          8,
          10,
          13
        ]
      },
      "38": {
        "error_units": 768,
        "bits": [
          6,
          8,
          11,
          13
        ]
      },
      "39": {
        "error_units": 640,
        "bits": [
          6,
          9,
          11,
          13
        ]
      },
      "40": {
        "error_units": 512,
        "bits": [
          7,
          9,
          11,
          13
        ]
      },
      "41": {
        "error_units": 448,
        "bits": [
          7,
          9,
          11,
          14
        ]
      },
      "42": {
        "error_units": 384,
        "bits": [
          7,
          9,
          12,
          14
        ]
      },
      "43": {
        "error_units": 320,
        "bits": [
          7,
          10,
          12,
          14
        ]
      },
      "44": {
        "error_units": 256,
        "bits": [
          8,
          10,
          12,
          14
        ]
      },
      "45": {
        "error_units": 224,
        "bits": [
          8,
          10,
          13,
          14
        ]
      },
      "46": {
        "error_units": 192,
        "bits": [
          8,
          11,
          13,
          14
        ]
      },
      "47": {
        "error_units": 160,
        "bits": [
          9,
          11,
          13,
          14
        ]
      },
      "48": {
        "error_units": 144,
        "bits": [
          9,
          11,
          14,
          14
        ]
      },
      "49": {
        "error_units": 128,
        "bits": [
          9,
          12,
          14,
          14
        ]
      },
      "50": {
        "error_units": 112,
        "bits": [
          10,
          12,
          14,
          14
        ]
      },
      "51": {
        "error_units": 104,
        "bits": [
          10,
          13,
          14,
          14
        ]
      },
      "52": {
        "error_units": 96,
        "bits": [
          11,
          13,
          14,
          14
        ]
      },
      "53": {
        "error_units": 92,
        "bits": [
          11,
          14,
          14,
          14
        ]
      },
      "54": {
        "error_units": 88,
        "bits": [
          12,
          14,
          14,
          14
        ]
      },
      "55": {
        "error_units": 86,
        "bits": [
          13,
          14,
          14,
          14
        ]
      },
      "56": {
        "error_units": 85,
        "bits": [
          14,
          14,
          14,
          14
        ]
      }
    }
  ],
  "upper_bound_justification": "Cost 20 feasible; b>=2 for other three stages forces each coordinate <=14 in any no-more-expensive allocation."
}






PHI_volume_01_verification/verification/finite_observables/code/companion_lab.py

"""Exact, small undergraduate laboratory; no third-party runtime dependencies.

This module computes finite rational objects. It does not formalize the infinite
Cantor-set theorems or the Python interpreter. Budgets are explicit failures,
never mathematical nonmembership decisions.
"""
from __future__ import annotations
from fractions import Fraction as F
from math import isqrt
from typing import Any

class BudgetExceeded(RuntimeError):
    pass

def word_interval(word: str) -> tuple[F, F]:
    if not isinstance(word, str) or any(c not in '01' for c in word):
        raise ValueError('An address must be a finite string of 0 and 1.')
    a, d = 0, 1
    for c in word:
        a, d = 3*a + 2*int(c), 3*d
    return F(a, d), F(a+1, d)

def words(depth: int) -> list[str]:
    if type(depth) is not int or not 0 <= depth <= 16:
        raise ValueError('Explicit enumeration is limited to integer depths 0..16.')
    return [''] if depth == 0 else [format(i, f'0{depth}b') for i in range(2**depth)]

def stage(depth: int) -> list[tuple[F, F]]:
    return [word_interval(w) for w in words(depth)]

def pair(x: F) -> list[int]:
    return [x.numerator, x.denominator]

def parse_pair(value: Any) -> F:
    if (not isinstance(value, list) or len(value) != 2
        or any(type(t) is not int for t in value) or value[1] <= 0):
        raise ValueError('Expected two integers with positive denominator.')
    x = F(*value)
    if pair(x) != value:
        raise ValueError('Certificate fractions must be reduced.')
    return x

def make_certificate(x: F, max_states: int = 10000) -> dict[str, Any]:
    if not isinstance(x, F) or type(max_states) is not int or max_states < 1:
        raise ValueError('Use an exact Fraction and a positive state budget.')
    seen: dict[F, int] = {}
    states: list[F] = []
    y = x
    while True:
        if len(states) >= max_states:
            raise BudgetExceeded('State budget exhausted; no decision certified.')
        states.append(y)
        repeat = None
        if y < 0 or y > 1:
            reason, decision = 'outside', 'nonmember'
        elif y == 0 or y == 1:
            reason, decision = 'endpoint', 'member'
        elif F(1,3) < y < F(2,3):
            reason, decision = 'gap', 'nonmember'
        elif y in seen:
            reason, decision, repeat = 'cycle', 'member', seen[y]
        else:
            seen[y] = len(states)-1
            y = 3*y if y <= F(1,3) else 3*y-2
            continue
        return {'input': pair(x), 'states': [pair(t) for t in states],
                'reason': reason, 'decision': decision, 'repeat_index': repeat}

def check_certificate(requested: F, cert: Any, max_states: int = 10000) -> bool:
    """Replay a certificate without calling the generator. No heuristic tolerance."""
    try:
        if not isinstance(requested, F) or not isinstance(cert, dict):
            return False
        if set(cert) != {'input','states','reason','decision','repeat_index'}:
            return False
        if parse_pair(cert['input']) != requested:
            return False
        raw = cert['states']
        if not isinstance(raw, list) or not 1 <= len(raw) <= max_states:
            return False
        seq = [parse_pair(t) for t in raw]
        if seq[0] != requested:
            return False
        # Each nonfinal state must be in one retained, nonterminal branch.
        for y, z in zip(seq, seq[1:]):
            if y <= 0 or y >= 1 or F(1,3) < y < F(2,3):
                return False
            expected = y*3 if y <= F(1,3) else y*3-2
            if z != expected:
                return False
        y = seq[-1]
        if cert['reason'] == 'endpoint':
            valid = y in (F(0),F(1)); answer = 'member'
        elif cert['reason'] == 'outside':
            valid = y < 0 or y > 1; answer = 'nonmember'
        elif cert['reason'] == 'gap':
            valid = F(1,3) < y < F(2,3); answer = 'nonmember'
        elif cert['reason'] == 'cycle':
            i = cert['repeat_index']
            valid = (type(i) is int and 0 <= i < len(seq)-1 and seq[i] == y
                     and 0 < y < 1 and not F(1,3) < y < F(2,3))
            answer = 'member'
        else:
            return False
        if cert['reason'] != 'cycle' and cert['repeat_index'] is not None:
            return False
        return valid and cert['decision'] == answer
    except (ValueError, TypeError, KeyError, ZeroDivisionError):
        return False

def membership_fixed_denominator(p: int, q: int) -> bool:
    """Independent integer-state reference: keep denominator fixed throughout."""
    if type(p) is not int or type(q) is not int or q <= 0:
        raise ValueError('Integer numerator and positive integer denominator required.')
    seen = set()
    while 0 <= p <= q:
        if p in (0,q) or p in seen:
            return True
        if q < 3*p < 2*q:
            return False
        seen.add(p)
        p = 3*p if 3*p <= q else 3*p-2*q
    return False

def cantor_moments(degree: int) -> list[F]:
    from math import comb
    if type(degree) is not int or degree < 0:
        raise ValueError('Nonnegative integer degree required.')
    m = [F(1)]
    for j in range(1, degree+1):
        m.append(sum((F(comb(j,r)*2**(j-r))*m[r] for r in range(j)),F(0))
                 / (2*3**j-2))
    return m

def quadratic_rules(depth: int) -> tuple[F,F,F]:
    cells = stage(depth)
    return tuple(sum((f(a,b) for a,b in cells),F(0))/len(cells)
                 for f in (lambda a,b:a*a,lambda a,b:b*b,lambda a,b:((a+b)/2)**2))

def reciprocal_bracket(depth: int) -> tuple[F,F]:
    cells = stage(depth)
    return (sum((1/(1+b) for a,b in cells),F(0))/len(cells),
            sum((1/(1+a) for a,b in cells),F(0))/len(cells))

def outward_decimal(x: F, places: int, upper: bool) -> str:
    d = 10**places
    z = -((-x.numerator*d)//x.denominator) if upper else (x.numerator*d)//x.denominator
    sign = '-' if z < 0 else ''
    z = abs(z)
    return f'{sign}{z//d}.{z%d:0{places}d}'

def cantor_components(radius: F) -> int:
    if radius <= 0:
        raise ValueError('Infinite-set finite count requires strictly positive radius.')
    count, j = 1, 1
    while F(1,3**j) > 2*radius:
        count += 2**(j-1)
        j += 1
    return count

def sample_components(depth: int, radius: F) -> int:
    if radius < 0:
        raise ValueError('Radius must be nonnegative.')
    points = sorted({x for cell in stage(depth) for x in cell})
    return 1+sum(y-x > 2*radius for x,y in zip(points,points[1:]))

def sqrt_enclosure(u: F, denominator: int = 10**10) -> tuple[F,F]:
    if u < 0 or type(denominator) is not int or denominator < 1:
        raise ValueError('Nonnegative radicand and positive grid denominator required.')
    k = isqrt((u.numerator*denominator**2)//u.denominator)
    lo = F(k,denominator)
    hi = lo if lo*lo == u else F(k+1,denominator)
    assert lo*lo <= u <= hi*hi
    return lo,hi

def inverse_cylinder(word: str, denominator: int=10**10) -> tuple[F,F]:
    if not isinstance(word,str) or any(c not in '01' for c in word):
        raise ValueError('Binary word required.')
    a,b = F(-231,100),F(231,100)
    for c in reversed(word):  # Rightmost function is applied first.
        lo,_ = sqrt_enclosure(a+3,denominator)
        _,hi = sqrt_enclosure(b+3,denominator)
        a,b = (-hi,-lo) if c == '0' else (lo,hi)
    return a,b

def round_nearest_away(x: F) -> int:
    """Nearest integer, exact ties away from zero; no binary float conversion."""
    if x < 0:
        return -round_nearest_away(-x)
    return (2*x.numerator+x.denominator)//(2*x.denominator)

def rounded_step(y: int) -> int:
    if type(y) is not int:
        raise ValueError('Integer least-significant-bit state required.')
    return round_nearest_away(F(3*y,4))







PHI_volume_01_verification/verification/finite_observables/code/make_figures.py

"""Reproducible monochrome mathematical figures, not certificate generators."""
from pathlib import Path
from fractions import Fraction as F
import matplotlib
matplotlib.use('Agg')
import matplotlib.pyplot as plt
import numpy as np
from companion_lab import stage, words, quadratic_rules, cantor_components, sample_components, inverse_cylinder
ROOT=Path(__file__).resolve().parents[1]
OUT=ROOT/'figures';OUT.mkdir(exist_ok=True)
plt.rcParams.update({'font.family':'serif','mathtext.fontset':'cm','font.size':10,
    'axes.labelsize':10,'legend.fontsize':9,'xtick.labelsize':9,'ytick.labelsize':9,
    'pdf.fonttype':42,'ps.fonttype':42})
def save(fig,name):
    fig.savefig(OUT/f'{name}.pdf',bbox_inches='tight')
    fig.savefig(OUT/f'{name}.png',dpi=160,bbox_inches='tight')
    plt.close(fig)

fig,ax=plt.subplots(figsize=(6.2,3.0))
for n in range(5):
    for w,(a,b) in zip(words(n),stage(n)):
        ax.plot([float(a),float(b)],[-n,-n],color='black',lw=3 if n<3 else 2,solid_capstyle='butt')
        if n==2:
            ax.text(float((a+b)/2),-n+.14,w,ha='center',fontsize=9)
ax.set_yticks([0,-1,-2,-3,-4],[str(x) for x in range(5)])
ax.set_ylabel('Depth');ax.set_xlabel('Real coordinate $x$')
ax.set_xlim(-.02,1.02);ax.set_ylim(-4.45,.45)
ax.spines[['top','right']].set_visible(False)
fig.tight_layout();save(fig,'interval_tree')

fig,ax=plt.subplots(figsize=(6.2,3.2))
ns=list(range(13));classical=[F(2,3)**n for n in ns];thin=[F(1)];fat=[F(1)]
for n in ns[1:]:
    thin.append(thin[-1]*F(2,n+3));fat.append(fat[-1]*(1-F(1,2**(n+1))))
ax.plot(ns,[float(x) for x in classical],'-o',color='black',label='Middle thirds',ms=3)
ax.plot(ns,[float(x) for x in thin],'--s',color='black',label='Thin: child ratio $1/(n+3)$',ms=3)
ax.plot(ns,[float(x) for x in fat],'-.^',color='black',label='Fat: gap ratio $2^{-(n+1)}$',ms=3)
ax.axhline(.5,color='black',lw=.7,ls=':');ax.text(12,.51,'proved lower bound $1/2$',ha='right',fontsize=8)
ax.set_xlabel('Depth $n$');ax.set_ylabel('Total retained interval length');ax.set_ylim(-.03,1.04)
ax.legend(frameon=False,loc='upper right');ax.spines[['top','right']].set_visible(False)
fig.tight_layout();save(fig,'retained_length')

fig,ax=plt.subplots(figsize=(6.2,3.0))
ns=np.arange(0,10)
ax.loglog(2.0**ns,1/(8*9.0**ns),'-o',color='black',ms=4)
for n in [0,3,6,9]:
    ax.annotate(f'$n={n}$',(2.0**n,1/(8*9.0**n)),xytext=(6,6),textcoords='offset points',fontsize=8)
ax.set_xlabel('Stored cell averages $2^n$');ax.set_ylabel(r'Mean-square error $3^{-2n}/8$')
ax.set_xlim(.8,1100);ax.spines[['top','right']].set_visible(False)
fig.tight_layout();save(fig,'haar_energy')

fig,ax=plt.subplots(figsize=(6.2,3.1))
ns=np.arange(0,10);h=3.0**(-ns)
for y,style,label in [(h,'-o','Cylinder mesh'),(h/6,'--s','Set error of retained intervals'),(h/2-h*h/8,'-.^','Left-rule error for $x^2$'),(h*h/8,':D','Midpoint error for $x^2$')]:
    ax.semilogy(ns,y,style,color='black',label=label,ms=3)
ax.set_xlabel('Depth $n$');ax.set_ylabel('Exact error or mesh');ax.legend(frameon=False,loc='lower left',fontsize=8)
ax.spines[['top','right']].set_visible(False);fig.tight_layout();save(fig,'error_budget')

fig,ax=plt.subplots(figsize=(6.2,3.0))
# Only sampled radii are drawn; threshold values are handled exactly in code tests.
rs=np.geomspace(.001,.22,500)
rational=[F(str(float(r))) for r in rs]
ax.step(rs,[cantor_components(r) for r in rational],where='post',color='black',lw=1.5,label='Infinite $K$, positive radii')
for n,style in [(3,'--'),(4,':')]:
    ax.step(rs,[sample_components(n,r) for r in rational],where='post',color='black',ls=style,label=f'Both endpoints, depth {n}')
ax.set_xscale('log');ax.set_yscale('log',base=2);ax.set_xlabel('Closed-offset radius $r$');ax.set_ylabel('Connected components')
ax.legend(frameon=False,fontsize=8);ax.spines[['top','right']].set_visible(False)
fig.tight_layout();save(fig,'radius_components')

fig,ax=plt.subplots(figsize=(6.2,2.9))
for n in range(4):
    for w in words(n):
        a,b=inverse_cylinder(w)
        ax.plot([float(a),float(b)],[-n,-n],color='black',lw=3,solid_capstyle='butt')
        if n==2:
            ax.text(float((a+b)/2),-n+.18,w,ha='center',fontsize=8)
ax.set_yticks([0,-1,-2,-3],range(4));ax.set_ylabel('Inverse depth');ax.set_xlabel('Real coordinate $x$')
ax.set_xlim(-2.42,2.42);ax.set_ylim(-3.4,.4);ax.spines[['top','right']].set_visible(False)
fig.tight_layout();save(fig,'repeller_intervals')
print('Generated six vector PDF figures and PNG previews.')







PHI_volume_01_verification/verification/finite_observables/code/run_lab.py

"""Run finite exact tests, save evidence and the tables used by the companion."""
from __future__ import annotations
from collections import Counter
from copy import deepcopy
from fractions import Fraction as F
from pathlib import Path
import hashlib, json, platform, shutil
from companion_lab import *

ROOT = Path(__file__).resolve().parents[1]
OUT = ROOT/'results'
OUT.mkdir(exist_ok=True)
counts = Counter()
def check(group, value):
    if not value:
        raise AssertionError(f'Failed check in {group}')
    counts[group] += 1

def tex(x):
    x = F(x)
    return str(x.numerator) if x.denominator==1 else rf'\frac{{{x.numerator}}}{{{x.denominator}}}'

# Check all finite words through depth ten against an independent explicit sum.
for n in range(11):
    cells=stage(n)
    for w,(a,b) in zip(words(n),cells):
        direct=sum((F(2*int(c),3**j) for j,c in enumerate(w,1)),F(0))
        check('word arithmetic', a==direct and b-a==F(1,3**n) and 0<=a<b<=1)
        left,right=word_interval(w+'0'),word_interval(w+'1')
        check('child nesting and gaps', a==left[0] and right[1]==b and
              right[0]-left[1]==(b-a)/3 and left[1]<=b and a<=right[0])
    check('finite stage lengths', sum((b-a for a,b in cells),F(0))==F(2,3)**n)

certificates=[]
for q in range(1,41):
    for p in range(-1,q+2):
        x=F(p,q); cert=make_certificate(x)
        check('rational certificate replays', check_certificate(x,cert))
        check('independent integer reference', (cert['decision']=='member')==membership_fixed_denominator(p,q))
        check('rational termination bound', len(cert['states'])<=q+2)
        bad=deepcopy(cert); bad['decision']='nonmember' if cert['decision']=='member' else 'member'
        check('decision mutations rejected', not check_certificate(x,bad))
        bad=deepcopy(cert); bad['input']=pair(x+1)
        check('input substitutions rejected', not check_certificate(x,bad))
for x in [F(1,3),F(1,4),F(1,2),F(1,8),F(1,10),F(1,5)]:
    certificates.append(make_certificate(x))
c=make_certificate(F(1,4)); c['states'][1]=pair(F(2,3))
check('transition mutations rejected',not check_certificate(F(1,4),c))
for bad in [None,{}, {'states':[]}, {'input':[True,1]}]:
    check('malformed certificates rejected',not check_certificate(F(1,4),bad))
try:
    make_certificate(F(1,4),max_states=1)
    check('budget exhaustion explicit',False)
except BudgetExceeded:
    check('budget exhaustion explicit',True)
(OUT/'membership_examples.json').write_text(json.dumps(certificates,indent=2)+'\n')

prev=[1,2]
for n in range(13):
    if n>=len(prev): prev.append(prev[-1]+prev[-2])
    by_enum=sum('11' not in w for w in words(n))
    v0,v1=1,0
    for _ in range(n): v0,v1=v0+v1,v0
    check('automaton counts',by_enum==prev[n]==v0+v1)

m=cantor_moments(8)
check('moments',m[:4]==[F(1),F(1,2),F(3,8),F(5,16)])
quad=[];rec=[]
for n in range(9):
    h=F(1,3**n);lo,hi,mid=quadratic_rules(n)
    check('quadrature identities',F(3,8)-lo==h/2-h*h/8 and hi-lo==h and F(3,8)-mid==h*h/8)
    l,u=reciprocal_bracket(n)
    check('reciprocal width',0<=u-l<=h)
    low=outward_decimal(l,9,False);up=outward_decimal(u,9,True)
    check('outward decimal rounding',F(low)<=l<=u<=F(up))
    quad.append({'n':n,'lower':str(lo),'upper':str(hi),'midpoint':str(mid),'midpoint_error':str(h*h/8)})
    rec.append({'n':n,'lower':str(l),'upper':str(u),'printed_lower':low,'printed_upper':up})
(OUT/'quadrature.json').write_text(json.dumps(quad,indent=2)+'\n')
(OUT/'reciprocal.json').write_text(json.dumps(rec,indent=2)+'\n')
rows=['\\begin{tabular}{@{}rllll@{}}\\toprule', '$n$ & $Q_n^-$ & $Q_n^+$ & $Q_n^{\\rm mid}$ & Exact midpoint error\\\\\\midrule']
for n in [0,1,2,4,6]:
    a,b,c=quadratic_rules(n)
    rows.append(f'{n} & ${tex(a)}$ & ${tex(b)}$ & ${tex(c)}$ & ${tex(F(1,8*9**n))}$\\\\')
rows+=['\\bottomrule\\end{tabular}']
(OUT/'quadrature_table.tex').write_text('\n'.join(rows)+'\n')
rows=['\\begin{tabular}{@{}rlll@{}}\\toprule','$n$ & Outward lower bound & Outward upper bound & Proven width bound\\\\\\midrule']
for n in [0,2,4,6,8]:
    r=rec[n];rows.append(f"{n} & {r['printed_lower']} & {r['printed_upper']} & ${tex(F(1,3**n))}$\\\\")
rows+=['\\bottomrule\\end{tabular}']
(OUT/'reciprocal_table.tex').write_text('\n'.join(rows)+'\n')

# Closed offsets merge at equality, hence the strict gap comparison.
for j in range(1,9):
    r=F(1,2*3**j)
    check('closed offset thresholds',cantor_components(r)==2**(j-1))
    check('offset just below thresholds',cantor_components(r*F(999,1000))==2**j)
for n in range(1,8):
    check('finite sample zero radius',sample_components(n,F(0))==2**(n+1))
check('finite versus continuum counts',cantor_components(F(1,200))==16 and sample_components(3,F(1,200))==16 and sample_components(4,F(1,200))==32)
# Root brackets are exact rational inequalities; cylinder plots use them, not vice versa.
for p in range(700):
    u=F(p,100);lo,hi=sqrt_enclosure(u,10**5)
    check('square-root enclosure inequalities',lo*lo<=u<=hi*hi and hi-lo<=F(1,10**5))
rep=[]
for w in words(3)+['00110101']:
    a,b=inverse_cylinder(w)
    check('inverse-cylinder ordering',a<=b and F(-231,100)<=a and b<=F(231,100))
    rep.append({'word':w,'lower':str(a),'upper':str(b)})
check('inverse orientation',inverse_cylinder('01')[1]<inverse_cylinder('00')[0])
check('nonconvex optimum witnesses',F(1,3)<F(1,2)<F(2,3) and (F(1,3)-F(1,2))**2==F(1,36))
(OUT/'inverse_cylinders.json').write_text(json.dumps(rep,indent=2)+'\n')

states={}
for start in range(-16,17):
    seq=[];y=start
    while y not in seq:
        seq.append(y);y=rounded_step(y)
        check('finite arithmetic state containment',-16<=y<=16)
    cyc=seq[seq.index(y):]
    states[str(start)]={'prefix':seq,'cycle':cyc}
check('fixed-point counterexample',rounded_step(1)==1 and rounded_step(-1)==-1)
check('rounding tie convention',rounded_step(2)==2 and rounded_step(-2)==-2)
(OUT/'rounding_states.json').write_text(json.dumps(states,indent=2)+'\n')

formal={x:('NOT_RUN_UNAVAILABLE' if shutil.which(x) is None else 'AVAILABLE_NOT_RUN') for x in ['lean','lake','coqc','coqchk','z3']}
report={'scope':'Finite rational laboratory accompanying the undergraduate document; not end-to-end formal verification.',
        'python':platform.python_version(),'checks_by_group':dict(counts),'total_checks':sum(counts.values()),
        'result':'PASS','formal_tool_status':formal,
        'infinite_theorems':'Written derivations and cited synopsis proofs; not kernel-checked.',
        'education':'No learning-outcome experiment or institutional implementation was performed.',
        'dependency_boundary':'Python integer/Fraction implementation, script semantics, interpreter and operating environment remain trusted.'}
(OUT/'verification_report.json').write_text(json.dumps(report,indent=2)+'\n')
(OUT/'verification_summary.tex').write_text(str(sum(counts.values()))+' exact finite assertions passed. '+
    'The per-group counts and execution environment are recorded in \\file{results/verification_report.json}. '+
    'Lean, Coq and SMT proof obligations were not executed; no kernel-verification claim is made.\n')
print(json.dumps(report,indent=2))







PHI_volume_01_verification/verification/finite_observables/proofs/Range.lean

/- Undergraduate extract adapted from the synopsis finite-word model.
   Candidate only: not compiled in this delivery. The source synopsis targets
   Lean 4.19.0; no currently installed compiler is assumed here.
   This file does not formalize infinite Cantor-set membership or Python. -/
import Std
namespace UndergraduateCantor
inductive Word where
  | empty : Word
  | snoc : Word -> Bool -> Word

def bit : Bool -> Nat
  | false => 0
  | true => 1

def scale : Word -> Nat
  | .empty => 1
  | .snoc w _ => 3 * scale w

def code : Word -> Nat
  | .empty => 0
  | .snoc w b => 3 * code w + 2 * bit b

theorem code_range (w : Word) : code w + 1 <= scale w := by
  induction w with
  | empty => simp [code, scale]
  | snoc w b ih =>
    cases b <;> simp only [code, scale, bit] <;> omega

#print axioms code_range
end UndergraduateCantor







PHI_volume_01_verification/verification/finite_observables/proofs/Range.v

(* Undergraduate extract adapted from the synopsis finite-word model.
   Candidate only: not compiled in this delivery. The synopsis targets
   Coq 8.20.0; the file does not formalize the infinite set or Python. *)
From Coq Require Import Arith Bool Lia.
Module UndergraduateCantor.
Inductive word : Type :=
| Empty : word
| Snoc : word -> bool -> word.
Definition bit (b : bool) : nat := if b then 1 else 0.
Fixpoint scale (w : word) : nat :=
  match w with Empty => 1 | Snoc u _ => 3 * scale u end.
Fixpoint code (w : word) : nat :=
  match w with Empty => 0 | Snoc u b => 3 * code u + 2 * bit b end.
Theorem code_range : forall w, code w + 1 <= scale w.
Proof.
  induction w as [|w IH b].
  - simpl; lia.
  - destruct b; simpl in *; lia.
Qed.
Print Assumptions code_range.
End UndergraduateCantor.







PHI_volume_01_verification/verification/finite_observables/results/inverse_cylinders.json

[
  {
    "word": "000",
    "lower": "-14717132483/10000000000",
    "upper": "-12357721713/10000000000"
  },
  {
    "word": "001",
    "lower": "-10211719721/10000000000",
    "upper": "-4173978647/5000000000"
  },
  {
    "word": "010",
    "lower": "-1057457699/500000000",
    "upper": "-2447594519/1250000000"
  },
  {
    "word": "011",
    "lower": "-5757123897/2500000000",
    "upper": "-11132393951/5000000000"
  },
  {
    "word": "100",
    "lower": "12357721713/10000000000",
    "upper": "14717132483/10000000000"
  },
  {
    "word": "101",
    "lower": "4173978647/5000000000",
    "upper": "10211719721/10000000000"
  },
  {
    "word": "110",
    "lower": "2447594519/1250000000",
    "upper": "1057457699/500000000"
  },
  {
    "word": "111",
    "lower": "11132393951/5000000000",
    "upper": "5757123897/2500000000"
  },
  {
    "word": "00110101",
    "lower": "-2185291737/2500000000",
    "upper": "-8733722911/10000000000"
  }
]







PHI_volume_01_verification/verification/finite_observables/results/membership_examples.json

[
  {
    "input": [
      1,
      3
    ],
    "states": [
      [
        1,
        3
      ],
      [
        1,
        1
      ]
    ],
    "reason": "endpoint",
    "decision": "member",
    "repeat_index": null
  },
  {
    "input": [
      1,
      4
    ],
    "states": [
      [
        1,
        4
      ],
      [
        3,
        4
      ],
      [
        1,
        4
      ]
    ],
    "reason": "cycle",
    "decision": "member",
    "repeat_index": 0
  },
  {
    "input": [
      1,
      2
    ],
    "states": [
      [
        1,
        2
      ]
    ],
    "reason": "gap",
    "decision": "nonmember",
    "repeat_index": null
  },
  {
    "input": [
      1,
      8
    ],
    "states": [
      [
        1,
        8
      ],
      [
        3,
        8
      ]
    ],
    "reason": "gap",
    "decision": "nonmember",
    "repeat_index": null
  },
  {
    "input": [
      1,
      10
    ],
    "states": [
      [
        1,
        10
      ],
      [
        3,
        10
      ],
      [
        9,
        10
      ],
      [
        7,
        10
      ],
      [
        1,
        10
      ]
    ],
    "reason": "cycle",
    "decision": "member",
    "repeat_index": 0
  },
  {
    "input": [
      1,
      5
    ],
    "states": [
      [
        1,
        5
      ],
      [
        3,
        5
      ]
    ],
    "reason": "gap",
    "decision": "nonmember",
    "repeat_index": null
  }
]







PHI_volume_01_verification/verification/finite_observables/results/quadrature.json

[
  {
    "n": 0,
    "lower": "0",
    "upper": "1",
    "midpoint": "1/4",
    "midpoint_error": "1/8"
  },
  {
    "n": 1,
    "lower": "2/9",
    "upper": "5/9",
    "midpoint": "13/36",
    "midpoint_error": "1/72"
  },
  {
    "n": 2,
    "lower": "26/81",
    "upper": "35/81",
    "midpoint": "121/324",
    "midpoint_error": "1/648"
  },
  {
    "n": 3,
    "lower": "260/729",
    "upper": "287/729",
    "midpoint": "1093/2916",
    "midpoint_error": "1/5832"
  },
  {
    "n": 4,
    "lower": "2420/6561",
    "upper": "2501/6561",
    "midpoint": "9841/26244",
    "midpoint_error": "1/52488"
  },
  {
    "n": 5,
    "lower": "22022/59049",
    "upper": "22265/59049",
    "midpoint": "88573/236196",
    "midpoint_error": "1/472392"
  },
  {
    "n": 6,
    "lower": "198926/531441",
    "upper": "199655/531441",
    "midpoint": "797161/2125764",
    "midpoint_error": "1/4251528"
  },
  {
    "n": 7,
    "lower": "1792520/4782969",
    "upper": "1794707/4782969",
    "midpoint": "7174453/19131876",
    "midpoint_error": "1/38263752"
  },
  {
    "n": 8,
    "lower": "16139240/43046721",
    "upper": "16145801/43046721",
    "midpoint": "64570081/172186884",
    "midpoint_error": "1/344373768"
  }
]







PHI_volume_01_verification/verification/finite_observables/results/reciprocal.json

[
  {
    "n": 0,
    "lower": "1/2",
    "upper": "1",
    "printed_lower": "0.500000000",
    "printed_upper": "1.000000000"
  },
  {
    "n": 1,
    "lower": "5/8",
    "upper": "4/5",
    "printed_lower": "0.625000000",
    "printed_upper": "0.800000000"
  },
  {
    "n": 2,
    "lower": "217/320",
    "upper": "689/935",
    "printed_lower": "0.678125000",
    "printed_upper": "0.736898396"
  },
  {
    "n": 3,
    "lower": "15875077/22771840",
    "upper": "338880008/472804255",
    "printed_lower": "0.697136331",
    "printed_upper": "0.716744836"
  },
  {
    "n": 4,
    "lower": "49439863683929/70266155814400",
    "upper": "618860276118479023813/871455843994259253457",
    "printed_lower": "0.703608488",
    "printed_upper": "0.710145305"
  },
  {
    "n": 5,
    "lower": "51392709285826280251936377612834438149/72816861927347581435861841087940224000",
    "upper": "72923065783854478800214546082220732759072000560825684/103004601942355825069935270562910166432501741293922175",
    "printed_lower": "0.705780336",
    "printed_upper": "0.707959299"
  },
  {
    "n": 6,
    "lower": "918531429891339743747259533887020575294904635721990159164360519118930999138606091/1300104456132576951645408740770566755135754146089062879023214522926474446694912000",
    "upper": "48135805637412787418819340876387868552364852419246870176066460961026379954976919349456378383947268750891442575559/68062237821040997312714042168533525995900396322898081224396806420448297377041343888190634943268512075941361390725",
    "printed_lower": "0.706505870",
    "printed_upper": "0.707232192"
  },
  {
    "n": 7,
    "lower": "50222040236146165813602609159410144275225783561539670528192051292054229364515858527754180211060694312406041512292821551703427269734781469234822330078254951667534318491487841201479/71060757244887690270015135443705707872158799674939294583525679426516584140345466895218934924201688792992864940355412708069043188438638276226742501392652793218760175342161376256000",
    "upper": "5534743392091995461191037693012158331185265044642772097142963015596663545517398039032480907455743763373817280441373363091283850753359651745097964392780520229889535792895181802779922686001591156964426671301826615555697406416614816519447404961593665165438907514962802515749808/7828602121724174109545797453319659409367372137127991396944583682308474500654736973948809589554619503031258696349302446491943930859747763497983869734540690245184455049071408600460620015727338402330924903764791185109828018200544916309754126637899283676251734421867578328496625",
    "printed_lower": "0.706747889",
    "printed_upper": "0.706989998"
  },
  {
    "n": 8,
    "lower": "1477040252364523068894440044341193952629020849869885004707893259811029034333153360277965972629259737365173003294712220365190681663310796395576960007961123543732952052128065018448309438485938166880157352531245822320618418503574520507643484850566438990235633082436673280060363622087661082123192451510585042652076095598242896036528202684692937269961735356170552958634666079383572297118966846096819/2089672501522011642227166364270662855424220195460791886578310023819964722169433119976729433093232671357740764523347994803653458817689687914796104714948185846478311948737015681728249372374514158729879928012996010154180968636872267027847207197931094382937306747334652091211883171835468595452076222625012754667720806764997858732042025453989305261653013232691595745024055782660062625701286273024000",
    "upper": "751457483924974433271485663690626928491649235093121274688782656644334672437191694935027344117519594149075945209342834777686756310370347575998071358312642848395420129447144694802517948568315036476735324243557039477857717537632029628556614724876922077631686851620981174963836039476817776458617383525912130662403648046052810796740492663505317760570248985371233343318132079610872538753467174398174206759659215606693259839631264932920116331873486697137331008265856597609459430365438512726225004567590020973768918522048034913225775550727345656397909356678583840319/1063018268142644566804016582679989591584341434598185889327027748642070693576349843335385700197763213579198432527997800303143180586041369986076003620228018544025443308401888084630863005278973677722358425245284193947040983404887112352953256814862859550727490819722113664961720607751644610724158755931056644305052445640645694701142583605431719658497120377286998036495463170663348018792051617480569098596213553718927535806482934823248161183685563227376595482348939064213953646379274772325861459294095303033730692666949656938450452908664804228111822117219707330375",
    "printed_lower": "0.706828582",
    "printed_upper": "0.706909286"
  }
]







PHI_volume_01_verification/verification/finite_observables/results/rounding_states.json

{
  "-16": {
    "prefix": [
      -16,
      -12,
      -9,
      -7,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-15": {
    "prefix": [
      -15,
      -11,
      -8,
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-14": {
    "prefix": [
      -14,
      -11,
      -8,
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-13": {
    "prefix": [
      -13,
      -10,
      -8,
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-12": {
    "prefix": [
      -12,
      -9,
      -7,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-11": {
    "prefix": [
      -11,
      -8,
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-10": {
    "prefix": [
      -10,
      -8,
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-9": {
    "prefix": [
      -9,
      -7,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-8": {
    "prefix": [
      -8,
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-7": {
    "prefix": [
      -7,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-6": {
    "prefix": [
      -6,
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-5": {
    "prefix": [
      -5,
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-4": {
    "prefix": [
      -4,
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-3": {
    "prefix": [
      -3,
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-2": {
    "prefix": [
      -2
    ],
    "cycle": [
      -2
    ]
  },
  "-1": {
    "prefix": [
      -1
    ],
    "cycle": [
      -1
    ]
  },
  "0": {
    "prefix": [
      0
    ],
    "cycle": [
      0
    ]
  },
  "1": {
    "prefix": [
      1
    ],
    "cycle": [
      1
    ]
  },
  "2": {
    "prefix": [
      2
    ],
    "cycle": [
      2
    ]
  },
  "3": {
    "prefix": [
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "4": {
    "prefix": [
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "5": {
    "prefix": [
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "6": {
    "prefix": [
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "7": {
    "prefix": [
      7,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "8": {
    "prefix": [
      8,
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "9": {
    "prefix": [
      9,
      7,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "10": {
    "prefix": [
      10,
      8,
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "11": {
    "prefix": [
      11,
      8,
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "12": {
    "prefix": [
      12,
      9,
      7,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "13": {
    "prefix": [
      13,
      10,
      8,
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "14": {
    "prefix": [
      14,
      11,
      8,
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "15": {
    "prefix": [
      15,
      11,
      8,
      6,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  },
  "16": {
    "prefix": [
      16,
      12,
      9,
      7,
      5,
      4,
      3,
      2
    ],
    "cycle": [
      2
    ]
  }
}







PHI_volume_01_verification/verification/finite_observables/results/verification_report.json

{
  "scope": "Finite rational laboratory accompanying the undergraduate document; not end-to-end formal verification.",
  "python": "3.13.5",
  "checks_by_group": {
    "word arithmetic": 2047,
    "child nesting and gaps": 2047,
    "finite stage lengths": 11,
    "rational certificate replays": 940,
    "independent integer reference": 940,
    "rational termination bound": 940,
    "decision mutations rejected": 940,
    "input substitutions rejected": 940,
    "transition mutations rejected": 1,
    "malformed certificates rejected": 4,
    "budget exhaustion explicit": 1,
    "automaton counts": 13,
    "moments": 1,
    "quadrature identities": 9,
    "reciprocal width": 9,
    "outward decimal rounding": 9,
    "closed offset thresholds": 8,
    "offset just below thresholds": 8,
    "finite sample zero radius": 7,
    "finite versus continuum counts": 1,
    "square-root enclosure inequalities": 700,
    "inverse-cylinder ordering": 9,
    "inverse orientation": 1,
    "nonconvex optimum witnesses": 1,
    "finite arithmetic state containment": 173,
    "fixed-point counterexample": 1,
    "rounding tie convention": 1
  },
  "total_checks": 9762,
  "result": "PASS",
  "formal_tool_status": {
    "lean": "NOT_RUN_UNAVAILABLE",
    "lake": "NOT_RUN_UNAVAILABLE",
    "coqc": "NOT_RUN_UNAVAILABLE",
    "coqchk": "NOT_RUN_UNAVAILABLE",
    "z3": "NOT_RUN_UNAVAILABLE"
  },
  "infinite_theorems": "Written derivations and cited synopsis proofs; not kernel-checked.",
  "education": "No learning-outcome experiment or institutional implementation was performed.",
  "dependency_boundary": "Python integer/Fraction implementation, script semantics, interpreter and operating environment remain trusted."
}







PHI_volume_01_verification/verification/functional_operators/animations/render.py

#!/usr/bin/env python3
"""Deterministic mathematical vector film. Native 2560x1440, 60 fps.

No Manim dependency: Cairo supplies antialiased vector geometry and FFmpeg
encodes it. Each frame is evaluated from time, not from accumulated updates.
No external images, network access, or font redistribution is required.
"""
from __future__ import annotations
import argparse, json, math, os, subprocess, sys, time
from pathlib import Path
import cairo
import numpy as np

ROOT = Path(__file__).resolve().parents[1]
V_W, V_H = 1600, 900
def choose_font() -> str:
    """Use JetBrains when installed, then a portable monospace fallback."""
    if os.environ.get('FA_FONT'):
        return os.environ['FA_FONT']
    try:
        matched = subprocess.check_output(
            ['fc-match', '-f', '%{family}', 'JetBrains Mono'], text=True
        )
        return 'JetBrains Mono' if 'JetBrains Mono' in matched else 'DejaVu Sans Mono'
    except (FileNotFoundError, subprocess.CalledProcessError):
        return 'monospace'
FONT = choose_font()
DURATION = 24.0
CHAPTERS = [
 ('01_vectors','Finite vectors become observables','Coordinates describe a function once the cells are declared.'),
 ('02_norms','A norm chooses a geometry','Same coordinates. Different questions about error.'),
 ('03_projection','Projection separates signal and residual','An orthogonal residual is an exact error decomposition.'),
 ('04_completion','Finite tails lead to an infinite space','Completion admits limits without losing control of their tails.'),
 ('05_cantor','The domain changes. The vector algebra survives.','Equal probabilities do not mean uniform ambient length.'),
 ('06_haar','Haar coordinates organize information by scale','The energy ledger is mathematical, not estimated from pixels.'),
 ('07_operators','Averaging and shifting are not mutual inverses','Constants survive; variation can shrink in a specified seminorm.'),
 ('08_heat','A matrix can act like a smoothing operator','A self-adjoint graph operator gives a finite spectral laboratory.'),
]

def smooth(x: float) -> float:
    x = float(np.clip(x, 0, 1)); return x*x*(3-2*x)
def mix(a,b,u): return (1-u)*a+u*b
def stage(t, count, start=3, end=20):
    q=np.clip((t-start)/(end-start)*count,0,count)
    k=min(int(q),count-1); return k, smooth(q-k)

def cantor(n):
    a=np.array([0.0])
    for _ in range(n): a=np.array([3*x+2*b for x in a for b in (0,1)])
    return a/3**n, 3.0**(-n)

def haar(n):
    N=2**n; H=[np.ones(N)]
    for k in range(n):
        block=N//2**k
        for j in range(2**k):
            v=np.zeros(N); s=j*block
            v[s:s+block//2]=2**(k/2); v[s+block//2:s+block]=-2**(k/2)
            H.append(v)
    return np.array(H)

class Draw:
    def __init__(self,ctx): self.c=ctx
    def color(self,g=1,a=1): self.c.set_source_rgba(g,g,g,a)
    def line(self,x1,y1,x2,y2,g=.5,w=1,a=1,dash=None):
        c=self.c; c.save(); self.color(g,a); c.set_line_width(w)
        if dash: c.set_dash(dash)
        c.move_to(x1,y1); c.line_to(x2,y2); c.stroke(); c.restore()
    def path(self,pts,g=1,w=2,a=1,close=False,fill=None,dash=None):
        pts=np.asarray(pts)
        if len(pts)<2:return
        c=self.c;c.save();c.new_path();c.move_to(*pts[0])
        for p in pts[1:]:c.line_to(*p)
        if close:c.close_path()
        if fill is not None:
            self.color(fill,a);c.fill_preserve()
        self.color(g,a);c.set_line_width(w)
        if dash:c.set_dash(dash)
        c.stroke();c.restore()
    def rect(self,x,y,w,h,g=1,a=1,stroke=None,lw=1):
        c=self.c;c.save();c.rectangle(x,y,w,h);self.color(g,a)
        if stroke is None:c.fill()
        else:c.fill_preserve();self.color(stroke,a);c.set_line_width(lw);c.stroke()
        c.restore()
    def dot(self,x,y,r=4,g=1,a=1):
        c=self.c;c.save();self.color(g,a);c.arc(x,y,r,0,2*math.pi);c.fill();c.restore()
    def text(self,s,x,y,size=20,g=1,a=1,bold=False,align='left'):
        c=self.c;c.save();c.select_font_face(FONT,cairo.FONT_SLANT_NORMAL,cairo.FONT_WEIGHT_BOLD if bold else cairo.FONT_WEIGHT_NORMAL);c.set_font_size(size)
        ext=c.text_extents(s)
        if align=='center':x-=ext.x_advance/2
        elif align=='right':x-=ext.x_advance
        self.color(g,a);c.move_to(x,y);c.show_text(s);c.restore()
    def arrow(self,p,q,g=1,w=2,a=1,head=9):
        p=np.array(p);q=np.array(q);v=q-p;l=np.linalg.norm(v)
        if l<1e-7:return
        self.line(*p,*q,g,w,a);u=v/l;n=np.array([-u[1],u[0]])
        self.path([q-head*u+head*.42*n,q,q-head*u-head*.42*n],g,w,a)
    def grid(self,x,y,w,h,nx=8,ny=4):
        for k in range(nx+1):self.line(x+w*k/nx,y,x+w*k/nx,y+h,.2,.7)
        for k in range(ny+1):self.line(x,y+h*k/ny,x+w,y+h*k/ny,.2,.7)
    def panel(self,x,y,w,h,label):
        self.rect(x,y,w,h,.055,stroke=.22)
        self.text(label,x+20,y+32,16,.65)
    def pill(self,s,x,y,w):
        self.rect(x,y,w,42,.11,stroke=.35);self.text(s,x+w/2,y+28,17,.88,align='center')
    def plot(self,xx,yy,box,xlim=(0,1),ylim=(0,1),g=1,w=2,a=1,dash=None):
        x,y,bw,bh=box
        X=x+(np.asarray(xx)-xlim[0])/(xlim[1]-xlim[0])*bw
        Y=y+bh-(np.asarray(yy)-ylim[0])/(ylim[1]-ylim[0])*bh
        c=self.c;c.save();c.rectangle(x-2,y-2,bw+4,bh+4);c.clip()
        self.path(np.column_stack([X,Y]),g,w,a,dash=dash);c.restore()
    def bars(self,v,box,ylim=(0,1),g=.8,selected=None,outline=False):
        x,y,w,h=box;N=len(v);bw=w/N
        z=y+h-(0-ylim[0])/(ylim[1]-ylim[0])*h
        for j,val in enumerate(v):
            Y=y+h-(val-ylim[0])/(ylim[1]-ylim[0])*h
            shade=g if selected is None or j in selected else .28
            self.rect(x+j*bw+bw*.08,min(Y,z),bw*.84,max(abs(z-Y),.5),shade,stroke=.95 if outline else None,lw=.6)
        self.line(x,z,x+w,z,.5,1)


def header(d,idx,t):
    d.rect(0,0,V_W,V_H,.026)
    d.text('PHI  /  FUNCTIONAL ANALYSIS',65,43,14,.6)
    d.text(f'{idx+1:02d} / 08',1535,43,14,.6,align='right')
    d.text(CHAPTERS[idx][1],65,101,32,.97,bold=True)
    d.text(CHAPTERS[idx][2],65,138,17,.66)
    d.line(65,166,1535,166,.3,1)
    d.line(65,850,1535,850,.25,1)
    d.line(65,850,65+1470*(idx*DURATION+t)/(8*DURATION),850,.93,2)
    d.text('FINITE MODEL  /  EXPLICIT NORM  /  CHECKABLE CLAIM',65,878,12,.52)
    d.text(f'{int(idx*DURATION+t)//60:02d}:{int(idx*DURATION+t)%60:02d}  /  03:12',1535,878,12,.52,align='right')


def project3(P, origin=(770,500),scale=150,angle=-.55,tilt=.53):
    P=np.asarray(P);x=P[...,0];y=P[...,1];z=P[...,2]
    X=np.cos(angle)*x-np.sin(angle)*y
    Y=np.sin(angle)*x+np.cos(angle)*y
    return np.stack([origin[0]+scale*X,origin[1]+scale*(np.sin(tilt)*Y-np.cos(tilt)*z)],axis=-1)


def vectors(d,t):
    d.panel(65,195,445,596,'01  /  A FINITE TABLE')
    d.panel(535,195,1000,596,'02  /  AN EXACT FUNCTION REPRESENTATION')
    base=np.array([.25,.75,.5,1.0])
    phase=smooth((t-1)/4)
    # First duplicates preserve the represented function; new detail is a separate phase.
    n=4 if t<7 else (8 if t<12 else (16 if t<17 else 32))
    vals=np.repeat(base,n//4).copy()
    if t>=12:
        x=(np.arange(n)+.5)/n
        vals+=.08*np.sin(8*np.pi*x)*smooth((t-12)/6)
    yy=np.array([340,415,490,565.])
    for j,(v,y) in enumerate(zip(base,yy)):
        d.text(f'a[{j}]',98,y,22,.6);d.text(f'{v:4.2f}',235,y,29,.98)
        d.line(330,y-10,475,y-10,.16,5);d.line(330,y-10,330+145*v,y-10,.9,5)
    d.text('a in R^4',287,646,25,align='center')
    d.text('cell labels are part of the data',287,713,14,.6,align='center')
    box=(580,310,900,340);d.grid(*box,8,4)
    bw=box[2]/n
    for j,v in enumerate(vals):
        xx=box[0]+j*bw; y=box[1]+box[3]*(1-v)
        d.rect(xx+1,y,bw-2,box[3]*v,.19,phase,stroke=.5,lw=.8)
        d.line(xx,y,xx+bw,y,.95,3,phase)
    # A scanning cursor connects a coordinate to its domain cell.
    scan=(t/8)%1; j=min(int(scan*n),n-1)
    sx=580+(j+.5)*bw
    d.line(sx,278,sx,665,.62,1,dash=[4,5]);d.dot(sx,650-340*vals[j],6)
    d.text(f'{n} cells',1440,275,22,.85,align='right')
    d.text('domain coordinate / cell address',1030,685,16,.55,align='center')
    if t<12:
        d.text('refinement: (a, b) -> (a, a, b, b)',1030,738,22,.98,align='center')
        d.text('More coordinates; the represented function is unchanged.',1030,771,15,.6,align='center')
    else:
        d.text('new detail is NEW information',1030,738,23,.98,align='center')
        d.text('Interpolation between key states is a visual transition.',1030,771,15,.6,align='center')


def norms(d,t):
    # Radial l^p balls. Never label finite p as infinity.
    if t<8:p=mix(1,2,smooth((t-2)/6))
    elif t<15:p=mix(2,4,smooth((t-8)/7))
    else:p=mix(4,16,smooth((t-15)/6))
    d.panel(65,195,690,596,'UNIT BALL IN R^2')
    d.panel(780,195,755,596,'THE SAME CONSTRAINT IN R^3')
    o=np.array([410,500]);scale=200
    for k in [-1,0,1]:
        d.line(165,o[1]+scale*k,655,o[1]+scale*k,.18,1)
        d.line(o[0]+scale*k,260,o[0]+scale*k,740,.18,1)
    th=np.linspace(0,2*np.pi,500)
    for pp,g in [(1,.24),(2,.38),(16,.24)]:
        rad=(np.abs(np.cos(th))**pp+np.abs(np.sin(th))**pp)**(-1/pp)
        d.path(np.column_stack([o[0]+scale*rad*np.cos(th),o[1]-scale*rad*np.sin(th)]),g,1.2)
    rad=(np.abs(np.cos(th))**p+np.abs(np.sin(th))**p)**(-1/p)
    d.path(np.column_stack([o[0]+scale*rad*np.cos(th),o[1]-scale*rad*np.sin(th)]),.98,3)
    theta=t*.35; r=(abs(math.cos(theta))**p+abs(math.sin(theta))**p)**(-1/p)
    q=o+scale*r*np.array([math.cos(theta),-math.sin(theta)])
    d.arrow(o,q,.85,2);d.dot(*q,6)
    d.text(f'p = {p:05.2f}',410,268,28,align='center')
    d.text('|x|^p + |y|^p = 1',410,755,21,.92,align='center')
    ang=-.5+t*.055
    for phi in np.linspace(-np.pi/2+.07,np.pi/2-.07,15):
        U=np.column_stack([np.cos(phi)*np.cos(th[::3]),np.cos(phi)*np.sin(th[::3]),np.full(len(th[::3]),np.sin(phi))])
        P=U/(np.sum(np.abs(U)**p,axis=1)**(1/p))[:,None]
        d.path(project3(P,(1155,450),135,ang,.6),.55,1.2)
    for phi in np.linspace(0,2*np.pi,24,endpoint=False):
        z=np.linspace(-np.pi/2,np.pi/2,90)
        U=np.column_stack([np.cos(z)*np.cos(phi),np.cos(z)*np.sin(phi),np.sin(z)])
        P=U/(np.sum(np.abs(U)**p,axis=1)**(1/p))[:,None]
        d.path(project3(P,(1155,450),135,ang,.6),.6,1.2)
    d.text('p=1: sparse-looking corners',1155,704,17,.65,align='center')
    d.text('p=2: inner-product geometry',1155,736,17,.9,align='center')
    d.text('p=16 approaches, but is not, the max-norm ball.',1155,767,13,.6,align='center')


VEC=np.array([.2,.9,.7,.45,.8,.25,.55,1.0])

def projection(d,t):
    d.panel(65,195,730,596,'GEOMETRY  /  PROJECTION ONTO A PLANE')
    d.panel(820,195,715,596,'DATA  /  ORTHOGONAL PAIRWISE AVERAGING')
    origin=(408,553);ang=-.7+.16*math.sin(t*.15)
    proj=lambda P: project3(P,origin,130,ang,.62)
    for v in np.linspace(-1.8,1.8,10):
        d.path(proj([[v,-1.8,0],[v,1.8,0]]),.25,1)
        d.path(proj([[-1.8,v,0],[1.8,v,0]]),.25,1)
    v=np.array([1.25,.65,1.6]);q=v*np.array([1,1,0]);r=v-q
    O=proj([0,0,0]);V=proj(v);Q=proj(q)
    d.arrow(O,V,.92,3);d.arrow(O,Q,.75,3);d.line(*Q,*V,.95,2,dash=[7,5])
    d.dot(*V,6);d.dot(*Q,6);d.text('v',V[0]+14,V[1],25)
    d.text('Pv',Q[0]+14,Q[1]+16,23,.85)
    # Move a bead along the residual to make the removed direction explicit.
    u=.5-.5*np.cos(2*np.pi*t/9);B=proj(q+u*r);d.dot(*B,9,.95)
    d.text('v = Pv + (I-P)v',415,705,24,align='center')
    d.text('range(P) is perpendicular to the residual',415,754,14,.6,align='center')
    av=np.repeat(VEC.reshape(-1,2).mean(axis=1),2)
    u=smooth((t-4)/9);shown=mix(VEC,av,u)
    x=np.arange(8)+.5;box=(860,300,630,290);d.grid(*box,8,4)
    d.bars(VEC,box,g=.24)
    d.bars(shown,box,g=.85)
    for j in range(0,8,2):
        d.line(860+j*630/8,590-av[j]*290,860+(j+2)*630/8,590-av[j]*290,1,3)
    d.text('a         ->         E a',1175,637,24,align='center')
    norm=float(np.mean(VEC**2)); kept=float(np.mean(av**2));lost=norm-kept
    d.text('weighted squared norms',860,687,16,.6)
    d.text(f'{norm:.6f} = {kept:.6f} + {lost:.6f}',1175,727,22,align='center')
    d.text('input energy = retained energy + residual energy',1175,769,13,.65,align='center')


def completion(d,t):
    d.panel(65,195,955,596,'TRUNCATIONS OF a_j = 2^(-j),  j = 1, 2, ...')
    d.panel(1045,195,490,596,'ANALYTIC TAIL CERTIFICATE')
    N=min(15,1+int(max(t-2,0)/1.25))
    vals=2.0**(-np.arange(1,25));box=(110,305,860,280)
    d.grid(*box,12,4);d.bars(vals,box,ylim=(0,.55),g=.22)
    d.bars(vals,box,ylim=(0,.55),g=.93,selected=list(range(N)))
    d.text('Infinite sequence: finite prefixes plus a normed tail.',535,656,17,.8,align='center')
    # Nested error windows, not a finite-dimensional picture of the whole space.
    for k in range(6):
        xx=145+k*134; ww=100
        d.rect(xx,704,ww,48,.12,stroke=.6 if k==min(N-1,5) else .24)
        d.text('N='+str(k+1),xx+ww/2,735,17,.86,align='center')
        if k<5:d.arrow((xx+ww+4,728),(xx+130,728),.38,1,head=5)
    d.text(f'N = {N:02d}',1290,291,32,align='center')
    d.text('||a - a^(N)||_2',1290,358,24,align='center')
    d.text('= 2^(-N) / sqrt(3)',1290,402,21,.85,align='center')
    d.text(f'{2.0**(-N)/math.sqrt(3):.8f}',1290,458,31,align='center')
    xs=np.arange(1,17);ys=-xs*np.log10(2)-.5*np.log10(3)
    b=(1100,535,380,178);d.grid(*b,4,4)
    d.plot(xs,ys,b,(1,16),(-5.2,0),g=.48)
    d.plot(xs[:N],ys[:N],b,(1,16),(-5.2,0),g=1,w=3)
    d.text('log10(tail norm) vs N',1290,748,16,.65,align='center')
    d.text('c00 is not complete; its l2 completion is l2.',1290,778,12,.65,align='center')


def cantor_scene(d,t):
    # Integer endpoint key states are distinguished from interpolating transitions.
    lev=min(6,int(max(t-2,0)/2.9));a,h=cantor(lev)
    d.panel(65,195,940,596,'NESTED DOMAIN  /  THE MIDDLE-THIRD CANTOR SET')
    d.panel(1030,195,505,596,'ONE VALUE PER CYLINDER')
    for n in range(7):
        aa,hh=cantor(n);y=290+n*55
        g=.85 if n<=lev else .17
        for x in aa:
            d.line(112+x*850,y,112+(x+hh)*850,y,g,5 if n<=3 else 3)
        if n<6:
            for j,x in enumerate(aa):
                px=112+(x+hh/2)*850
                for b in (0,1):
                    qx=112+(x+hh*(2*b/3+1/6))*850
                    d.line(px,y+7,qx,y+47,.33 if n<lev else .12,.8)
        d.text(str(n),87,y+5,14,g)
    travel=np.clip((t-2)/2.9,0,6);dep=min(int(travel),5);frac=travel-dep
    aa,hh=cantor(dep);bb,bh=cantor(dep+1);jj=min(len(aa)-1,int(.37*len(aa)))
    start=np.array([112+(aa[jj]+hh/2)*850,290+dep*55])
    child=min(len(bb)-1,int(.37*len(bb)))
    target=np.array([112+(bb[child]+bh/2)*850,290+(dep+1)*55])
    d.dot(*mix(start,target,smooth(frac)),6,.95)
    d.text('The gaps carry zero Cantor probability.',535,710,17,.75,align='center')
    d.text('The drawing stops at level 6; K does not.',535,750,18,.93,align='center')
    d.text(f'n = {lev}',1282,285,31,align='center')
    d.text(f'dim V_n = 2^n = {2**lev}',1282,345,23,align='center')
    d.text('interval width = 3^(-n)',1282,391,19,.73,align='center')
    d.text('probability   = 2^(-n)',1282,427,19,.93,align='center')
    d.bars(a+h/2,(1070,480,420,175),g=.82)
    d.text('cell averages of f(x)=x',1282,690,19,.8,align='center')
    d.text('mu(K)=1   but   length(K)=0',1282,749,20,.95,align='center')


H6=haar(6);A6,HSTEP=cantor(6);M6=A6+HSTEP/2

def haar_scene(d,t):
    d.panel(65,195,640,596,'64 x 64 HAAR TABLE  /  WEIGHTED ORTHOGONALITY')
    d.panel(730,195,805,629,'RECONSTRUCTION BY COMPLETE SCALES')
    k,u=stage(t,6,2,20);lev=k if u<1 else k+1
    active=2**lev
    x0,y0,sz=112,280,7.8
    # Signed grayscale, row-normalized for visibility; normalization declared below.
    for r in range(64):
        row=H6[r];m=np.max(np.abs(row))
        for j in range(64):
            v=row[j]/m
            g=.50+.43*v if v!=0 else .16
            if r>=active:g=.08+.23*g
            d.rect(x0+j*sz,y0+r*sz,sz+.1,sz+.1,g)
    # Mark exactly which complete scales are retained.
    d.rect(x0-8,y0,4,active*sz,.96)
    d.text('white: +   gray: 0   dark: -',385,258,15,.8,align='center')
    d.text('Rows rescaled ONLY for display. H H* / 64 = I.',385,784,12,.65,align='center')
    # Interpolate the displayed reconstruction between exact successive levels.
    lev0=min(k,5);v0=np.repeat(M6.reshape(2**lev0,-1).mean(axis=1),64//2**lev0)
    lev1=lev0+1;v1=np.repeat(M6.reshape(2**lev1,-1).mean(axis=1),64//2**lev1)
    v=mix(v0,v1,u)
    b=(775,295,710,255);d.grid(*b,8,4);xx=(np.arange(64)+.5)/64
    d.plot(xx,M6,b,g=.4,w=2)
    d.plot(np.repeat(np.arange(65)/64,2)[1:-1],np.repeat(v,2),b,g=.99,w=3)
    d.text(f'depth {k} -> {k+1}  (visual transition)' if 0<u<1 else f'complete depth n = {lev}',1135,590,20,align='center')
    d.text('||x - E_n x||_2^2 = 9^(-n) / 8',1135,635,23,.92,align='center')
    # Exact logarithmic scale-energy plot, not arbitrary illustrative bar heights.
    xs=np.arange(6);ys=-(xs+1)
    bb=(825,674,610,80)
    d.grid(*bb,5,5);d.plot(xs,ys,bb,(0,5),(-6,-1),g=.48,w=1.5)
    for j in range(6):
        xx=825+j*122;yy=674+j*16
        d.dot(xx,yy,5,1 if j<lev else .4)
        d.text(str(j),xx,776,13,.7,align='center')
    d.text('log9(scale energy) = -(k+1); horizontal axis: scale k',1135,813,12,.64,align='center')


def operators(d,t):
    d.panel(65,195,665,596,'SYMBOLIC ACTION  /  T DELETES THE FIRST BIT')
    d.panel(755,195,780,596,'TRANSFER ACTION  /  P AVERAGES PREFIXES')
    bits='0101101001011010';phase=(t/3)%1;sh=int(t/3)%8
    for row in [0,1]:
        d.text('before' if row==0 else 'after T',100,304+95*row,18,.6)
        for j in range(8):
            x=253+j*53
            d.rect(x,275+95*row,40,47,.12,stroke=.35)
            d.text(bits[sh+j+row],x+20,307+95*row,25,1 if j else .65,align='center')
    d.arrow((474,334),(421,363),.95,2)
    d.text('U f = f o T',397,480,24,align='center')
    d.text('P f = (f o S0 + f o S1)/2',397,529,21,align='center')
    d.text('P U = I',397,606,34,align='center')
    d.text('U P != I',397,656,30,.8,align='center')
    d.text('First-bit contrast is erased by P.',397,734,17,.65,align='center')
    # Exact integer iterate states; only transitions use a fractional exponent.
    lev=min(6,int(max(t-2,0)/2.8));k,u=stage(t,6,2,20);fac=mix(3.0**(-k),3.0**(-k-1),u)
    xx=np.linspace(0,1,220);b=(805,295,680,310);d.grid(*b,8,4)
    for j in range(7):d.plot(xx,.5+3.0**(-j)*(xx-.5),b,g=.19,w=1)
    d.plot(xx,.5+fac*(xx-.5),b,g=1,w=3)
    d.plot(xx,np.full_like(xx,.5),b,g=.6,w=1,dash=[5,5])
    d.text('P^n x = 1/2 + 3^(-n)(x-1/2)',1145,665,22,align='center')
    d.text('P 1 = 1     Lip(Pf) <= Lip(f)/3',1145,716,20,.85,align='center')
    d.text('Lines show affine extensions; the original domain is K.',1145,767,12,.6,align='center')


SIDE=18
GX,GY=np.meshgrid(np.arange(SIDE),np.arange(SIDE),indexing='ij')
INIT=(.65+ .38*np.cos(2*np.pi*GX/SIDE)*np.cos(2*np.pi*GY/SIDE)
      +.18*np.sin(6*np.pi*GX/SIDE+2*np.pi*GY/SIDE)+.10*np.cos(10*np.pi*GY/SIDE))
FREQ=4-2*np.cos(2*np.pi*GX/SIDE)-2*np.cos(2*np.pi*GY/SIDE)
SPECTRUM=np.fft.fft2(INIT)

def heat_field(tau):return np.fft.ifft2(SPECTRUM*np.exp(-tau*FREQ)).real

def heat(d,t):
    tau=4*smooth((t-2)/19);Z=heat_field(tau)
    d.panel(65,195,960,596,'PERIODIC 18 x 18 GRAPH  /  u(t) = exp(-t L) u(0)')
    d.panel(1050,195,485,596,'SPECTRAL MULTIPLIERS')
    origin=(533,559);ang=-.66+.10*np.sin(t*.1)
    pp=lambda pts:project3(pts,origin,178,ang,.68)
    x=np.linspace(-1.15,1.15,SIDE)
    # Floor grid and time-dependent elevated wire mesh.
    for q in x[::2]:
        d.path(pp([[q,-1.15,0],[q,1.15,0]]),.15,.8)
        d.path(pp([[-1.15,q,0],[1.15,q,0]]),.15,.8)
    # Far-to-near quad filling makes the evolving field read as a surface.
    faces=[]
    for i in range(SIDE-1):
        for j in range(SIDE-1):
            Q=np.array([[x[i],x[j],Z[i,j]],[x[i+1],x[j],Z[i+1,j]],
                        [x[i+1],x[j+1],Z[i+1,j+1]],[x[i],x[j+1],Z[i,j+1]]])
            pos=pp(Q);depth=np.sin(ang)*np.mean(Q[:,0])+np.cos(ang)*np.mean(Q[:,1])
            faces.append((depth,pos,float(np.mean(Q[:,2]))))
    for _,pos,z in sorted(faces,key=lambda v:v[0]):
        d.path(pos,.45,1,close=True,fill=.065+.20*z)
    for i in range(SIDE):
        d.path(pp(np.column_stack([np.full(SIDE,x[i]),x,Z[i,:]])),.84,1.2)
        d.path(pp(np.column_stack([x,np.full(SIDE,x[i]),Z[:,i]])),.56,1)
    mean=float(Z.mean());en=float(np.mean((Z-mean)**2))
    d.text(f't = {tau:.3f}',140,260,23,.9)
    d.text(f'mean = {mean:.6f}   fluctuation energy = {en:.6f}',545,720,19,align='center')
    d.text('The wire mesh is a display of graph values, not a PDE mesh proof.',545,766,12,.6,align='center')
    lambdas=np.array([0,4-4*np.cos(2*np.pi/SIDE),2,4,8])
    for k,lam in enumerate(lambdas):
        y=308+k*80;v=np.exp(-tau*lam)
        d.text(f'lambda={lam:4.2f}',1080,y,17,.63)
        d.line(1255,y-7,1493,y-7,.18,13)
        d.line(1255,y-7,1255+238*v,y-7,.9,13)
        d.text(f'{v:.4f}',1490,y+26,17,.83,align='right')
    d.text('e^(-t lambda)',1290,742,24,align='center')
    d.text('lambda=0 is preserved; high modes decay.',1290,779,12,.6,align='center')

SCENES=[vectors,norms,projection,completion,cantor_scene,haar_scene,operators,heat]

def draw_frame(ctx,idx,t,fade=True):
    d=Draw(ctx);header(d,idx,t);SCENES[idx](d,t)
    if fade:
        alpha=1-min(smooth(t/.7),smooth((DURATION-t)/.7))
        if alpha>0:d.rect(0,0,V_W,V_H,.026,alpha)

def snapshot(idx,t,path,w=2560,h=1440):
    path=Path(path);path.parent.mkdir(parents=True,exist_ok=True)
    if path.suffix=='.pdf':surf=cairo.PDFSurface(str(path),V_W,V_H);ctx=cairo.Context(surf)
    else:surf=cairo.ImageSurface(cairo.FORMAT_RGB24,w,h);ctx=cairo.Context(surf);ctx.scale(w/V_W,h/V_H)
    draw_frame(ctx,idx,t,False)
    if path.suffix=='.pdf':surf.show_page();surf.finish()
    else:surf.write_to_png(str(path))

def render(idx,w,h,fps,out):
    surf=cairo.ImageSurface(cairo.FORMAT_RGB24,w,h);ctx=cairo.Context(surf);ctx.scale(w/V_W,h/V_H)
    out=Path(out);out.parent.mkdir(parents=True,exist_ok=True)
    cmd=['ffmpeg','-hide_banner','-loglevel','error','-y','-f','rawvideo','-pix_fmt','bgra','-s',f'{w}x{h}',
         '-framerate',str(fps),'-i','-','-an','-c:v','libx264','-preset','fast','-crf','16',
         '-pix_fmt','yuv420p','-profile:v','high','-g',str(fps*2),'-threads','3',
         '-color_primaries','bt709','-color_trc','bt709','-colorspace','bt709','-movflags','+faststart',str(out)]
    with subprocess.Popen(cmd,stdin=subprocess.PIPE) as proc:
        assert proc.stdin is not None
        start=time.monotonic()
        try:
            for frame in range(round(DURATION*fps)):
                draw_frame(ctx,idx,frame/fps);surf.flush();proc.stdin.write(surf.get_data())
                if frame%300==0:print(f'{idx+1}/8 frame {frame}/{round(DURATION*fps)} elapsed {time.monotonic()-start:.1f}s',flush=True)
        except BrokenPipeError as exc:raise RuntimeError('FFmpeg stopped accepting frames') from exc
        finally:proc.stdin.close()
        if proc.wait()!=0:raise RuntimeError('FFmpeg encoding failed')
    print(f'COMPLETE {out} in {time.monotonic()-start:.1f}s',flush=True)


def main():
    ap=argparse.ArgumentParser();ap.add_argument('--scene',type=int,choices=range(1,9));ap.add_argument('--all',action='store_true')
    ap.add_argument('--stills',action='store_true');ap.add_argument('--width',type=int,default=2560);ap.add_argument('--height',type=int,default=1440)
    ap.add_argument('--fps',type=int,default=60);ap.add_argument('--output',type=Path)
    args=ap.parse_args()
    if args.width*9!=args.height*16 or args.width%2 or args.height%2:ap.error('Use an even-sized 16:9 frame.')
    if args.fps<1:ap.error('fps must be positive')
    if args.stills:
        for idx in range(8):
            for suffix in ['pdf','png']:snapshot(idx,[10,12,17,12,15,15,12,8][idx],ROOT/'assets'/f'{CHAPTERS[idx][0]}.{suffix}')
        return
    indices=range(8) if args.all else ([args.scene-1] if args.scene else [])
    if not indices:ap.error('Specify --all, --scene 1..8, or --stills.')
    for idx in indices:render(idx,args.width,args.height,args.fps,args.output or ROOT/'animations'/'clips'/(CHAPTERS[idx][0]+'.mp4'))
if __name__=='__main__':main()







PHI_volume_01_verification/verification/functional_operators/results/verification.json

{
  "status": "passed",
  "assertions_by_group": {
    "exact_complete_square": 729,
    "exact_projection": 1875,
    "exact_refinement": 625,
    "symbolic_Haar": 15,
    "exact_Cantor_ledger": 20,
    "exact_tolerance": 1,
    "exact_source_example": 1,
    "exact_residual_certificate": 1,
    "symbolic_transfer": 1,
    "symbolic_derivative": 1,
    "floating_graph_diagnostic": 163,
    "floating_64_Haar_diagnostic": 1,
    "floating_norm_ball_diagnostic": 30
  },
  "total_assertions": 3463,
  "exact_or_symbolic_assertions": 3269,
  "floating_point_diagnostics": 194,
  "graph_max_mean_defect": 3.3306690738754696e-16,
  "graph_max_spectral_laplacian_defect": 1.9984014443252818e-15,
  "norm_ball_max_equation_defect": 2.4424906541753444e-15,
  "versions": {
    "python": "3.13.5",
    "numpy": "2.3.5",
    "sympy": "1.14.0",
    "cairo": "1.18.4",
    "font_requested": "JetBrains Mono"
  },
  "Cantor_energy_ledger": [
    {
      "depth": 0,
      "cells": 1,
      "resolved_variance": "0",
      "unresolved_MSE": "1/8"
    },
    {
      "depth": 1,
      "cells": 2,
      "resolved_variance": "1/9",
      "unresolved_MSE": "1/72"
    },
    {
      "depth": 2,
      "cells": 4,
      "resolved_variance": "10/81",
      "unresolved_MSE": "1/648"
    },
    {
      "depth": 3,
      "cells": 8,
      "resolved_variance": "91/729",
      "unresolved_MSE": "1/5832"
    },
    {
      "depth": 4,
      "cells": 16,
      "resolved_variance": "820/6561",
      "unresolved_MSE": "1/52488"
    },
    {
      "depth": 5,
      "cells": 32,
      "resolved_variance": "7381/59049",
      "unresolved_MSE": "1/472392"
    },
    {
      "depth": 6,
      "cells": 64,
      "resolved_variance": "66430/531441",
      "unresolved_MSE": "1/4251528"
    },
    {
      "depth": 7,
      "cells": 128,
      "resolved_variance": "597871/4782969",
      "unresolved_MSE": "1/38263752"
    },
    {
      "depth": 8,
      "cells": 256,
      "resolved_variance": "5380840/43046721",
      "unresolved_MSE": "1/344373768"
    },
    {
      "depth": 9,
      "cells": 512,
      "resolved_variance": "48427561/387420489",
      "unresolved_MSE": "1/3099363912"
    }
  ],
  "boundaries": [
    "These are finite exact/symbolic checks and floating diagnostics, not kernel-checked theorems.",
    "Infinite density, completeness and operator statements are written proofs with stated hypotheses.",
    "Animation transitions interpolate between key states; the interpolation itself is not asserted to be a projection.",
    "The heat animation is a finite torus graph, not a continuum PDE convergence certificate.",
    "The displayed 64x64 Haar heatmap rescales rows for visibility; its true amplitudes remain in the formula and code."
  ]
}






PHI_volume_01_verification/verification/functional_operators/scripts/verify.py

#!/usr/bin/env python3
"""Re-run finite exact checks and explicitly separate floating diagnostics."""
from __future__ import annotations
from fractions import Fraction as F
from itertools import product
from pathlib import Path
import importlib.util, json, math, platform, subprocess, sys
import numpy as np
import sympy as sp
ROOT=Path(__file__).resolve().parents[1]
spec=importlib.util.spec_from_file_location('film',ROOT/'animations/render.py')
film=importlib.util.module_from_spec(spec);spec.loader.exec_module(film)
checks={}; counts={}
def check(group,condition):
    counts[group]=counts.get(group,0)+1
    if not bool(condition):raise AssertionError(group)

def mean(v):return sum(v,F(0))/len(v)
def energy(v):return mean([x*x for x in v])
def avg(v):return [y for j in range(0,len(v),2) for y in [(v[j]+v[j+1])/2]*2]
# Complete-square identity, in exact rational arithmetic.
for u,v,c in product(range(-4,5),repeat=3):
    u,v,c=map(F,(u,v,c));m=(u+v)/2
    check('exact_complete_square',(u-c)**2+(v-c)**2==2*(c-m)**2+(u-v)**2/2)
# Real finite examples; general complex proof is written in the notes.
for raw in product(range(-2,3),repeat=4):
    a=list(map(F,raw));e=avg(a);r=[x-y for x,y in zip(a,e)]
    check('exact_projection',avg(e)==e)
    check('exact_projection',sum(x*y for x,y in zip(e,r))==0)
    check('exact_projection',energy(a)==energy(e)+energy(r))
    check('exact_refinement',energy([y for x in a for y in [x,x]])==energy(a))
# Symbolic Haar matrices, retaining exact radical normalization.
for n in range(5):
    N=2**n;rows=[[sp.Integer(1)]*N]
    for k in range(n):
        block=N//2**k
        for j in range(2**k):
            row=[sp.Integer(0)]*N
            row[j*block:j*block+block//2]=[sp.sqrt(2)**k]*(block//2)
            row[j*block+block//2:(j+1)*block]=[-sp.sqrt(2)**k]*(block//2)
            rows.append(row)
    H=sp.Matrix(rows)
    check('symbolic_Haar',sp.simplify(H*H.T/N-sp.eye(N))==sp.zeros(N))
    vals=[]
    for digits in product((0,1),repeat=n):
        vals.append(sum(sp.Rational(2*b,3**(j+1)) for j,b in enumerate(digits))+sp.Rational(1,2*3**n))
    a=sp.Matrix(vals);c=H*a/N
    check('symbolic_Haar',sp.simplify(H.T*c-a)==sp.zeros(N,1))
    check('symbolic_Haar',sp.simplify((a.T*a)[0]/N-(c.T*c)[0])==0)
# Exact finite cell means and analytic remaining tail.
ledger=[]
for n in range(10):
    aa=[F(0)]
    for j in range(n):aa=[(3*x+2*b) for x in aa for b in (0,1)]
    vals=[x/F(3**n)+F(1,2*3**n) for x in aa]
    e=energy([x-F(1,2) for x in vals]);tail=F(1,8*9**n)
    check('exact_Cantor_ledger',mean(vals)==F(1,2))
    check('exact_Cantor_ledger',e+tail==F(1,8))
    ledger.append({'depth':n,'cells':2**n,'resolved_variance':str(e),'unresolved_MSE':str(tail)})
check('exact_tolerance',9**5<125000<=9**6)
# Source's 4-cell coefficient example, checked independently.
v=sp.Matrix([sp.Rational(k,18) for k in (1,5,13,17)])
H=sp.Matrix([[1,1,1,1],[1,1,-1,-1],[sp.sqrt(2),-sp.sqrt(2),0,0],[0,0,sp.sqrt(2),-sp.sqrt(2)]])
check('exact_source_example',H*v/4==sp.Matrix([sp.Rational(1,2),-sp.Rational(1,3),-sp.sqrt(2)/18,-sp.sqrt(2)/18]))
# A concrete residual-to-error certificate in the infinity norm.
T=sp.ones(2)/4;b=sp.Matrix([1,0]);u=(sp.eye(2)-T).inv()*b;ut=sp.Matrix([sp.Rational(149,100),sp.Rational(49,100)])
r=ut-b-T*ut
check('exact_residual_certificate',max(abs(x) for x in ut-u)<=2*max(abs(x) for x in r))
# Parameterized elementary identities, checked symbolically.
x,n,t=sp.symbols('x n t',real=True);z=sp.symbols('z',positive=True)
check('symbolic_transfer',sp.simplify(((x/3)+((x+2)/3))/2-(x+1)/3)==0)
check('symbolic_derivative',sp.simplify(sp.diff(sp.sin(z*t)/z,t)-sp.cos(z*t))==0)
# Numerical checks on the rendered finite-dimensional graph model.
energies=[];mean_errors=[];heat_res=[]
for tau in np.linspace(0,4,81):
    U=film.heat_field(float(tau));mean_errors.append(abs(float(U.mean()-film.INIT.mean())))
    E=float(np.mean((U-U.mean())**2));energies.append(E)
    L=4*U-np.roll(U,1,0)-np.roll(U,-1,0)-np.roll(U,1,1)-np.roll(U,-1,1)
    Lspec=np.fft.ifft2(film.SPECTRUM*film.FREQ*np.exp(-tau*film.FREQ)).real
    heat_res.append(float(np.max(np.abs(L-Lspec))))
    check('floating_graph_diagnostic',mean_errors[-1]<1e-12)
    check('floating_graph_diagnostic',heat_res[-1]<1e-12)
check('floating_graph_diagnostic',all(b<=a+1e-14 for a,b in zip(energies,energies[1:])))
H=film.H6
check('floating_64_Haar_diagnostic',np.max(np.abs(H@H.T/64-np.eye(64)))<1e-12)
ballerr=0.
for p in np.linspace(1,16,30):
    theta=np.linspace(0,2*np.pi,501);r=(abs(np.cos(theta))**p+abs(np.sin(theta))**p)**(-1/p)
    err=float(np.max(np.abs(abs(r*np.cos(theta))**p+abs(r*np.sin(theta))**p-1)))
    ballerr=max(err,ballerr);check('floating_norm_ball_diagnostic',err<1e-12)
versions={'python':platform.python_version(),'numpy':np.__version__,'sympy':sp.__version__,'cairo':film.cairo.cairo_version_string(),'font_requested':film.FONT}
report={'status':'passed','assertions_by_group':counts,'total_assertions':sum(counts.values()),
'exact_or_symbolic_assertions':sum(v for k,v in counts.items() if not k.startswith('floating')),
'floating_point_diagnostics':sum(v for k,v in counts.items() if k.startswith('floating')),
'graph_max_mean_defect':max(mean_errors),'graph_max_spectral_laplacian_defect':max(heat_res),
'norm_ball_max_equation_defect':ballerr,'versions':versions,'Cantor_energy_ledger':ledger,
'boundaries':['These are finite exact/symbolic checks and floating diagnostics, not kernel-checked theorems.',
'Infinite density, completeness and operator statements are written proofs with stated hypotheses.',
'Animation transitions interpolate between key states; the interpolation itself is not asserted to be a projection.',
'The heat animation is a finite torus graph, not a continuum PDE convergence certificate.',
'The displayed 64x64 Haar heatmap rescales rows for visibility; its true amplitudes remain in the formula and code.']}
(ROOT/'results').mkdir(exist_ok=True);(ROOT/'results/verification.json').write_text(json.dumps(report,indent=2))
print(json.dumps({k:v for k,v in report.items() if k!='Cantor_energy_ledger'},indent=2))







PHI_volume_01_verification/verification/normal_families/code/experiments.py

#!/usr/bin/env python3
"""Reproducible calculations for Lyubich, section 4.
Exact algebra, real-closed-field obligations and floating-point diagnostics
are recorded separately. No claim of Lean kernel acceptance is made here.
"""
from __future__ import annotations
from fractions import Fraction as F
from pathlib import Path
import ctypes,ctypes.util,json,math,platform,time,hashlib
import numpy as np
import sympy as sp
R=Path(__file__).resolve().parents[1]; O=R/'results';O.mkdir(exist_ok=True)
checks=[]
def check(name,ok,kind='exact'):
    if not bool(ok):raise AssertionError(name)
    checks.append({'id':name,'kind':kind,'passed':True})
def dump(n,x): (O/n).write_text(json.dumps(x,indent=2,ensure_ascii=False)+'\n')
# A small, explicit binding to the already-installed Z3 shared library.
libpath=ctypes.util.find_library('z3')
lib=ctypes.CDLL(libpath)
lib.Z3_mk_config.restype=ctypes.c_void_p
lib.Z3_mk_context.argtypes=[ctypes.c_void_p];lib.Z3_mk_context.restype=ctypes.c_void_p
lib.Z3_del_config.argtypes=[ctypes.c_void_p];lib.Z3_del_context.argtypes=[ctypes.c_void_p]
lib.Z3_eval_smtlib2_string.argtypes=[ctypes.c_void_p,ctypes.c_char_p];lib.Z3_eval_smtlib2_string.restype=ctypes.c_char_p
lib.Z3_get_full_version.restype=ctypes.c_char_p

def solve(s):
    conf=lib.Z3_mk_config();ctx=lib.Z3_mk_context(conf);lib.Z3_del_config(conf)
    try: return lib.Z3_eval_smtlib2_string(ctx,s.encode()).decode().strip()
    finally:lib.Z3_del_context(ctx)

obligations=[]
def rcf(name,vars,hyps,conclusion,description):
    text='(set-option :timeout 15000)\n(set-logic QF_NRA)\n'
    text+='\n'.join('(declare-const '+v+' Real)' for v in vars)+'\n'
    text+='\n'.join('(assert '+h+')' for h in hyps)+'\n(assert (not '+conclusion+'))\n(check-sat)\n'
    ans=solve(text);check(name,ans=='unsat','SMT-real-closed-field')
    p=R/'formal'/'smt';p.mkdir(parents=True,exist_ok=True);(p/(name+'.smt2')).write_text(text)
    obligations.append({'id':name,'description':description,'answer':ans,'sha256':hashlib.sha256(text.encode()).hexdigest()})

rcf('F01_gap_positive',['r'],['(<= 0 r)','(< r 1)'],'(> (- 1 r) 0)','Open disk denominator.')
rcf('F02_quarter_radius',['a','b'],['(>= a 0)','(>= b 0)','(<= a b)'],'(<= (/ a 4) (/ b 4))','Scaling the quarter-radius inclusion.')
rcf('F03_radius_interval',['d','c'],['(> d 0)','(<= d c)','(<= c (* 4 d))'],'(and (<= (/ c 4) d) (<= d c))','Equivalent conformal-radius interval.')
rcf('F04_inverse_margin',['m','e'],['(> m 0)','(>= e 0)','(< e m)'],'(> (- m e) 0)','Positive perturbed denominator.')
rcf('F05_quadratic_gap',['a','r'],['(>= a 0)','(< a (/ 1 2))','(>= r 0)','(<= r 1)'],'(> (- 1 (* 2 a r)) 0)','Quadratic univalence margin.')
rcf('F06_quadratic_lipschitz',['a','x','y'],['(>= a 0)','(<= a (/ 1 2))','(>= x 0)','(>= y 0)','(<= y (* 2 a x))'],'(>= (- x y) (* (- 1 (* 2 a)) x))','Difference-factor lower bound.')
rcf('F07_extremal_gain',['q'],['(> q 0)','(< q 1)'],'(> (+ 1 (* q q)) (* 2 q))','Strict gain in the Riemann extremal argument.')
rcf('F08_capacitance_energy',['a','b'],['(> a 0)','(> b 0)'],'(>= (+ (* a a) (* b b)) (* 2 a b))','Two-arc energy inequality numerator.')
rcf('F09_area_single_coefficient',['a','b'],['(>= a 0)','(>= b 0)','(<= (+ a b) 1)'],'(<= a 1)','Nonnegative Laurent coefficient budget.')
rcf('F10_shape_order',['r'],['(> r 0)','(< r 1)'],'(>= (* (+ 1 r) (+ 1 r)) (* (- 1 r) (- 1 r)))','Upper shape factor exceeds one.')
rcf('F11_tail_splitting',['e1','e2','e'],['(>= e1 0)','(>= e2 0)','(<= (+ e1 e2) e)'],'(and (<= e1 e) (<= e2 e))','Nonnegative error budget.')
rcf('F12_sample_enclosure',['s','l','h','t','u','v'],['(>= l 0)','(>= h 0)','(<= u s)','(<= v (* l h))','(<= t (+ u v))'],'(<= t (+ s (* l h)))','Composition of a sample enclosure and an independent variation bound.')
rcf('F13_half_arc',['a','b'],['(> a 0)','(> b 0)'],'(>= (* (+ a b) (+ a b)) (* 4 a b))','Optimal splitting of the two arcs.')
rcf('F14_quarter_sharp_numerator',['r'],['(>= r 0)','(<= r 1)'],'(<= (* 4 r) (* (+ 1 r) (+ 1 r)))','Koebe negative-axis value is at most one quarter.')
rcf('F15_spherical_reciprocal',['x','y','u','v','q'],['(= q (+ (* x x) (* y y)))','(> q 0)','(= (* q u) x)','(= (* q v) (- y))'], '(= (* q (+ (* u u) (* v v))) 1)','Squared norm identity in a reciprocal complex chart.')
rcf('F16_normalized_derivative_nonzero',['x','y'],['(= (+ (* x x) (* y y)) 1)'],'(not (and (= x 0) (= y 0)))','Normalization excludes a zero derivative.')
# Independent, nontrivial algebraic implications for explicit comparison models.
for n in range(1,9):
    rcf(f'F{16+n:02d}_weighted_energy_{n}',['a','b','x','y'],
        ['(>= a 0)','(>= b 0)',f'(<= a {n})',f'(<= b {n})'],
        f'(<= (+ (* a x x) (* b y y)) (* {n} (+ (* x x) (* y y))))',
        f'Coordinate-energy operator bound with ceiling {n}.')
for n in range(1,7):
    rcf(f'F{24+n:02d}_jet_budget_{n}',['u','v'],['(>= u 0)','(>= v 0)',f'(<= (+ u (* {n} v)) 1)'],f'(<= (* {n} v) 1)',f'Area budget after retaining a Laurent coefficient of order {n}.')
for n in range(1,7):
    rcf(f'F{30+n:02d}_sample_budget_{n}',['s','l','e'],['(>= l 0)',f'(<= (+ (* {2*n} s) l) (* {2*n} e))'],f'(<= (+ s (/ l {2*n})) e)',f'Rational mesh spacing 1/{n} sample certificate.')
rcf('F37_modulus_square',['c','m','r'],['(> c 0)','(> m 0)','(>= r 0)','(<= (* m r) c)'],'(<= (* m m r r) (* c c))','Squared nonnegative modulus inequality.')
rcf('F38_coverage_bound',['a','u'],['(>= a 0)','(> u 0)','(<= a u)'],'(<= (/ a u) 1)','Bounded weighted obligation coverage.')
rcf('F39_slit_discriminant',['x'],['(> x (- (/ 1 4)))'],'(> (+ 1 (* 4 x)) 0)','Positive real discriminant to the right of the slit.')
rcf('F40_truncation_norm',['q','u','v'],['(>= q 0)','(<= q 1)','(>= u 0)','(>= v 0)'],'(<= (+ (* q u) (* q v)) (+ u v))','Contraction of nonnegative coefficient energy.')
# Mutation controls: each altered assertion has an explicit satisfying counterexample.
mutations=[('quarter_changed','(declare-const x Real)\n(assert (> x 0))\n(assert (not (<= x (/ x 4))))'),
('strict_gain_endpoint','(declare-const q Real)\n(assert (= q 1))\n(assert (not (> (+ 1 (* q q)) (* 2 q))))'),
('missing_normalization','(declare-const x Real)\n(assert (= x 0))\n(assert (not (> (* x x) 0)))'),
('negative_weight','(declare-const a Real)\n(assert (= a (- 1)))\n(assert (not (>= a 0)))'),
('oversized_quadratic','(declare-const a Real)\n(assert (= a 1))\n(assert (not (> (- 1 (* 2 a)) 0)))'),
('coverage_overcount','(declare-const a Real)\n(assert (= a 2))\n(assert (not (<= a 1)))'),
('incorrect_sqrt','(declare-const q Real)\n(assert (= q (/ 1 2)))\n(assert (not (= (* q q) q)))'),
('lost_boundary_margin','(declare-const m Real)\n(assert (= m 0))\n(assert (not (> m 0)))'),
('wrong_energy_factor','(declare-const a Real)\n(assert (= a 1))\n(assert (not (>= (* 4 a a) (* 5 a a))))'),
('uncertified_sample','(declare-const x Real)\n(assert (= x 2))\n(assert (not (<= x 1)))')]
mut=[]
for name,body in mutations:
    out=solve('(set-logic QF_NRA)\n'+body+'\n(check-sat)\n');check('mutation_'+name,out=='sat','SMT-counterexample');mut.append({'id':name,'answer':out})
dump('smt_verification.json',{'distinct_schema_count':23,'parameter_instance_schemas':{'weighted_energy':8,'jet_budget':6,'sample_budget':6},'library':libpath,'version':lib.Z3_get_full_version().decode(),'obligations':obligations,'mutation_controls':mut,'trust':'Z3 solver acceptance; not Lean kernel verification.'})

z,w,a,r,q=sp.symbols('z w a r q');k=z/(1-z)**2
identities={
 'koebe_derivative':sp.diff(k,z)-(1+z)/(1-z)**3,
 'koebe_second_derivative':sp.diff(k,z,2)-2*(2+z)/(1-z)**4,
 'koebe_difference':z*(1-w)**2-w*(1-z)**2-(z-w)*(1-z*w),
 'koebe_cayley':4*k+1-((1+z)/(1-z))**2,
 'koebe_inverse_polynomial':w*z*z-(2*w+1)*z+w-(w*(1-z)**2-z),
 'quadratic_difference':z+a*z*z-w-a*w*w-(z-w)*(1+a*(z+w)),
 'koebe_ratio':((1+r)/(1-r)**3)/((1-r)/(1+r)**3)-((1+r)/(1-r))**4,
 'koebe_growth_upper_integral':sp.diff(r/(1-r)**2,r)-(1+r)/(1-r)**3,
 'koebe_growth_lower_integral':sp.diff(r/(1+r)**2,r)-(1-r)/(1+r)**3,
 'extremal_gain':(1+q*q)-2*q-(1-q)**2,
 'quadratic_inverse_rationalization':(sp.Symbol('s')-1)*(sp.Symbol('s')+1)-(sp.Symbol('s')**2-1),
 'pre_schwarzian_upper':sp.diff(sp.log((1+r)/(1-r)**3),r)-(4+2*r)/(1-r*r),
 'pre_schwarzian_lower':sp.diff(sp.log((1-r)/(1+r)**3),r)-(-4+2*r)/(1-r*r),
}
syms=[]
for name,expr in identities.items():
    numerator=sp.cancel(expr).as_numer_denom()[0];check(name,sp.expand(numerator)==0,'symbolic-identity');syms.append(name)
dump('symbolic_identities.json',{'count':len(syms),'names':syms,'engine':sp.__version__})
# Exact data used in figures and every comparative claim.
rows=[]
for rr in [F(1,10),F(1,4),F(1,2),F(3,5),F(3,4),F(9,10)]:
    universal=((1+rr)/(1-rr))**4;aa=F(1,5);specific=(1+2*aa*rr)/(1-2*aa*rr)
    rows.append({'r':str(rr),'koebe_ratio':str(universal),'quadratic_ratio':str(specific),'enclosure_factor':str(universal/specific)})
dump('distortion_comparison.json',rows)
rows=[]
for rr in [F(1,4),F(1,2),F(3,4),F(9,10)]:
 for N in [2,4,8,16,32,64]:
    exact=rr**N;check(f'restriction_{rr}_{N}',0<exact<1)
    rows.append({'radius':str(rr),'rank':N,'operator_error':str(exact),'log10_error':math.log10(float(exact))})
dump('restriction_frontier.json',rows)
# Koebe Taylor error; this is the exact maximum on a closed centered disk.
rows=[]
for rr in [F(1,4),F(1,2),F(3,4),F(9,10)]:
 for N in [2,4,8,16,32,64]:
    tail=rr**(N+1)*((N+1)-N*rr)/(1-rr)**2
    exact=rr/(1-rr)**2-sum(F(j)*rr**j for j in range(1,N+1))
    check(f'koebe_tail_{rr}_{N}',tail==exact)
    rows.append({'r':str(rr),'degree':N,'exact_supremum_error':str(tail),'log10_error':math.log10(float(tail))})
dump('koebe_tail.json',rows)
# Coefficient extraction: optimum of a stated two-term bound, numerically bracketed.
# q is sample radius / certified analytic radius; n=8,N=64,M=2,eta=1e-12.
from scipy.optimize import brentq
nn,NN,MM,eta=8,64,2.,1e-12
BB=lambda x:eta*x**(-nn)+MM*x**NN/(1-x**NN)
dBB=lambda x:-nn*eta*x**(-nn-1)+MM*NN*x**(NN-1)/(1-x**NN)**2
opt=brentq(dBB,.05,.99,xtol=1e-15)
rads=np.linspace(.2,.93,400)
dump('radius_optimization.json',{'n':nn,'N':NN,'M':MM,'sample_error_bound':eta,'q_opt':opt,'bound_opt':BB(opt),'at_half':BB(.5),'bound_ratio_half_to_opt':BB(.5)/BB(opt),'status':'floating-point stationary-point diagnostic; convexity proof is in CSE graduate volume','curve':[[float(x),BB(x)] for x in rads]})
# Exact rational enclosure of the unique optimum, linked to the written convexity proof.
qlo,qhi=F(6555554687,10**10),F(6555554688,10**10)
etaq=F(1,10**12)
P=lambda q:F(2*64)*q**72-F(8)*etaq*(1-q**64)**2
BF=lambda q:etaq/q**8+2*q**64/(1-q**64)
check('optimal_radius_lower_sign',P(qlo)<0)
check('optimal_radius_upper_sign',P(qhi)>0)
lo=etaq/qhi**8+2*qlo**64/(1-qlo**64)
hi=min(BF(qlo),BF(qhi))
check('optimal_bound_interval_order',lo<hi)
dump('optimal_radius_certificate.json',{'q_lower':str(qlo),'q_upper':str(qhi),'width':str(qhi-qlo),'P_lower_sign':-1,'P_upper_sign':1,'bound_lower':str(lo),'bound_upper':str(hi),'float_bound_lower':float(lo),'float_bound_upper':float(hi),'hypothesis':'Strict-convexity and derivative-equivalence theorems are written proofs in C03; this certificate checks rational signs and interval arithmetic.'})
# Exact sample spacing example: sup <= sample maximum + pi*L/N; pi replaced by 22/7.
sample=[]
for N in [16,32,64,128,256,512]:
    bound=F(1,1000)+F(22,7)*F(1,5)/N
    sample.append({'N':N,'certified_boundary_bound':str(bound),'assumptions':'sample maximum <=1/1000; angular Lipschitz constant <=1/5; pi<22/7'})
dump('sample_bounds.json',sample)
# Analytic continuation lower bound via individual coefficient modes.
cont=[]
for N in [1,2,4,8,16,32,64]:
    inner=F(1,4)**N;outer=F(3,4)**N;amp=3**N
    check(f'continuation_{N}',outer/inner==amp)
    cont.append({'degree':N,'inner_norm':str(inner),'outer_norm':str(outer),'amplification':amp})
dump('continuation.json',cont)
# Float diagnostics of coordinate identities, never substitutes for whole-domain proofs.
rng=np.random.default_rng(421018)
max_inv=max_diff=0.
for j in range(1200):
    zz=.94*math.sqrt(rng.random())*np.exp(2j*np.pi*rng.random());ww=zz/(1-zz)**2
    ss=np.sqrt(1+4*ww);back=4*ww/(1+ss)**2
    err=abs(back-zz);max_inv=max(max_inv,err);check(f'inverse_diagnostic_{j}',err<5e-12,'floating-point')
    aa=.2;zz2=.94*math.sqrt(rng.random())*np.exp(2j*np.pi*rng.random())
    delta=abs((zz+aa*zz*zz)-(zz2+aa*zz2*zz2));dist=abs(zz-zz2)
    check(f'quadratic_diagnostic_{j}',(.6-1e-12)*dist<=delta<=(1.4+1e-12)*dist,'floating-point')
dump('floating_diagnostics.json',{'seed':421018,'koebe_inverse_max_error':max_inv,'trials':1200,'tolerance':5e-12})
dump('verification.json',{'environment':{'python':platform.python_version(),'numpy':np.__version__,'sympy':sp.__version__,'z3':lib.Z3_get_full_version().decode()},'checks':len(checks),'counts_by_kind':{k:sum(c['kind']==k for c in checks) for k in sorted(set(c['kind'] for c in checks))},'records':checks,'lean_kernel_acceptances':0,'full_section_formalized':False})
print(json.dumps({'checks':len(checks),'smt_obligations':len(obligations),'identities':len(syms),'radius_opt':opt},indent=2))







PHI_volume_01_verification/verification/normal_families/code/graphics.py

#!/usr/bin/env python3
"""Original vector figures and animation frames. All coordinates are reproducible.
The registered formula, sampling and scale conventions are part of each caption.
"""
from __future__ import annotations
from pathlib import Path
import math,json
import numpy as np
import cairo
ROOT=Path(__file__).resolve().parents[1]
FIG=ROOT/'figures'; FIG.mkdir(exist_ok=True)
W,H=1200,730
class Canvas:
 def __init__(self,ctx,dark=False):
  self.c=ctx; self.dark=dark;self.bg=.035 if dark else 1.;self.fg=.96 if dark else .08
  self.c.set_source_rgb(self.bg,self.bg,self.bg);self.c.paint()
 def gray(self,g=None):
  if g is None:g=self.fg
  self.c.set_source_rgb(g,g,g)
 def text(self,x,y,s,size=20,weight=False,align='left',g=None):
  self.c.select_font_face('DejaVu Sans Mono',cairo.FONT_SLANT_NORMAL,cairo.FONT_WEIGHT_BOLD if weight else cairo.FONT_WEIGHT_NORMAL)
  self.c.set_font_size(size);self.gray(g)
  ext=self.c.text_extents(str(s));xx=x-(ext.width/2+ext.x_bearing if align=='center' else ext.width+ext.x_bearing if align=='right' else 0)
  self.c.move_to(xx,y);self.c.show_text(str(s))
 def line(self,x1,y1,x2,y2,width=1,g=None,dash=None):
  self.gray(g);self.c.set_line_width(width);self.c.set_dash(dash or []);self.c.move_to(x1,y1);self.c.line_to(x2,y2);self.c.stroke();self.c.set_dash([])
 def path(self,pts,width=1.4,g=None,dash=None,close=False,fill=False):
  self.gray(g);self.c.set_line_width(width);self.c.set_dash(dash or []); first=True
  for x,y in pts:
   if not np.isfinite(x+y):first=True;continue
   if first:self.c.move_to(float(x),float(y));first=False
   else:self.c.line_to(float(x),float(y))
  if close:self.c.close_path()
  if fill:self.c.fill_preserve()
  self.c.stroke();self.c.set_dash([])
 def circle(self,x,y,r,g=None,fill=False,width=1):
  self.gray(g);self.c.set_line_width(width);self.c.arc(x,y,r,0,2*math.pi)
  if fill:self.c.fill()
  else:self.c.stroke()
 def box(self,x,y,w,h,g=None,fill=False):
  self.gray(g);self.c.rectangle(x,y,w,h)
  if fill:self.c.fill()
  else:self.c.set_line_width(.7);self.c.stroke()
 def title(self,title,subtitle=''):
  self.text(45,43,title,26,True);self.text(45,73,subtitle,14)
  self.line(45,90,1155,90,.8,g=.35 if self.dark else .7)
 def foot(self,s):self.text(45,705,s,14)
 def axes(self,x,y,w,h,xlim,ylim,xlab='',ylab='',xticks=None,yticks=None):
  self.line(x,y+h,x+w,y+h,1.2);self.line(x,y,x,y+h,1.2)
  def p(a,b):return x+w*(a-xlim[0])/(xlim[1]-xlim[0]),y+h-h*(b-ylim[0])/(ylim[1]-ylim[0])
  xticks=np.linspace(*xlim,5) if xticks is None else xticks;yticks=np.linspace(*ylim,5) if yticks is None else yticks
  for t in xticks:
   xx,yy=p(t,ylim[0]);self.line(xx,yy,xx,yy+6);self.text(xx,yy+28,f'{t:g}',14,align='center')
  for t in yticks:
   xx,yy=p(xlim[0],t);self.line(xx-6,yy,xx,yy);self.text(xx-12,yy+5,f'{t:g}',14,align='right')
   self.line(x,yy,x+w,yy,.5,g=.22 if self.dark else .87)
  self.text(x+w/2,y+h+64,xlab,17,align='center');self.text(x,y-15,ylab,17)
  return p
 def curve(self,p,x,y,**kw):self.path([p(a,b) for a,b in zip(x,y)],**kw)
 def clipped_curve(self,p,x,y,rect,**kw):
  self.c.save();self.c.rectangle(*rect);self.c.clip();self.curve(p,x,y,**kw);self.c.restore()
 def plane(self,x,y,w,h,lim=1.15,xlab='Re z',ylab='Im z'):
  side=min(w,h);x=x+(w-side)/2;y=y+(h-side)/2
  p=self.axes(x,y,side,side,(-lim,lim),(-lim,lim),xlab,ylab,[-1,0,1],[-1,0,1]);self.line(*p(0,-lim),*p(0,lim),.5,g=.5);return p
 def legend(self,items,x=850,y=150):
  for j,(lab,g,dash) in enumerate(items):
   yy=y+32*j;self.line(x,yy-6,x+45,yy-6,2,g=g,dash=dash);self.text(x+57,yy,lab,15)

def sample_grid(fun,r=.85):
 ts=np.linspace(0,2*np.pi,500)
 for rad in np.linspace(r/7,r,7):yield fun(rad*np.exp(1j*ts))
 for a in np.linspace(0,2*np.pi,24,endpoint=False):yield fun(np.linspace(0,r,160)*np.exp(1j*a))

def grid(c,p,fun,r=.85,rect=None,g=None):
 if rect:c.c.save();c.c.rectangle(*rect);c.c.clip()
 for zz in sample_grid(fun,r):c.curve(p,zz.real,zz.imag,width=.85,g=g)
 if rect:c.c.restore()

def koebe(z):return z/(1-z)**2
TITLES={
'cauchy_scale':('Cauchy estimates and geometric scale','A disk radius supplies a derivative bound and an explicit dimensional check.'),
'jet_tail':('Finite jets and uniform approximation','Certified tail M r^(N+1)/(1-r), with analytic radius normalized to one.'),
'riemann_gain':('The extremal derivative improvement','An omitted value b produces gain (1+|b|)/(2 sqrt(|b|)).'),
'quadratic_grid':('An explicitly univalent coordinate chart','The family phi_a(z)=z+a z^2, 0 <= a < 1/2.'),
'green_foliations':('Green rays and equipotentials','Radial and angular foliations transported by phi(z)=z+z^2/5.'),
'spherical_escape':('Escape in a compact target','Stereographic coordinates retain convergence at infinity.'),
'marty_peak':('Spherical derivatives detect nonnormality','For exp(n z), f#(x)=n/[2 cosh(n x)] on the real axis.'),
'moving_targets':('Moving omitted targets','Cross-ratio normalization carries a conditioning dependence on separation.'),
'collision_winding':('The collision-point argument','A holomorphic image and a meromorphic pole have incompatible winding counts.'),
'koebe_grid':('The extremal slit mapping','k(z)=z/(1-z)^2 maps the disk onto C minus (-infinity,-1/4].'),
'koebe_derivative':('Sharp derivative envelopes','Normalized univalent maps: (1-r)/(1+r)^3 <= |f prime| <= (1+r)/(1-r)^3.'),
'koebe_growth':('Image radii and shape','Two-sided growth bounds govern clearance and outer radius.'),
'area_budget':('A coefficient-space energy constraint','The exterior area theorem implies |b1|^2+2|b2|^2 <= 1.'),
'koebe_tail':('Exact truncation error for the Koebe map','Positive coefficients make the maximum occur at the positive real radius.'),
'collar_geometry':('Capacity at a narrowing collar','Arcs centered at a boundary point connect two zero values through level one.'),
'collar_bounds':('A quantitative collar bound','The proved universal bound is explicit and nonsharp.'),
'distortion_comparison':('Universal and model-specific distortion','Identical radius and normalization; the comparison concerns enclosure width.'),
'injectivity_margin':('Stability of an injective approximation','A derivative perturbation below the co-Lipschitz margin preserves injectivity.'),
'restriction_spectrum':('Singular values of analytic restriction','T_r: sum a_j z^j -> sum r^j a_j z^j on H^2.'),
'rank_frontier':('The exact linear approximation frontier','For complex-linear rank at most N, the optimal operator error is r^N.'),
'bergman_density':('Bergman evaluation and conformal geometry','Pointwise density is transformed with the squared derivative Jacobian.'),
'schwarzian':('The normalized Schwarzian bound','The Koebe function attains the bound 6 on the real diameter.'),
'cauchy_radius':('Selecting a coefficient-sampling radius','A common noise and aliasing model determines a unique optimal radius.'),
'sampling_error':('From boundary samples to a continuum bound','An angular Lipschitz witness fills the intervals between samples.'),
'continuation':('Conditioning of analytic continuation','Degree-N modes amplify by (R/r)^N between concentric observation circles.'),
'electrostatic_field':('A conformally transported electrostatic field','Potential is composed with the inverse map; gradients include its derivative.'),
'energy_pullback':('Dirichlet energy under a conformal chart','Gradient and area factors cancel in the two-dimensional integral.'),
'quadratic_inverse':('Inverse evaluation and cancellation','A rationalized formula preserves accuracy near the normalization point.'),
'normality_examples':('Two limiting regimes of holomorphic families','The sequences z^n and n are compared in their appropriate local metrics.'),
'coefficient_budget':('Coefficient dimension and target accuracy','The exact rank threshold is ceil(log epsilon / log r).'),
'reflection_geometry':('A bounded analytic response model','Schwarz-Pick supplies a disk-metric sensitivity inequality.'),
'finite_aliasing':('A finite sampling obstruction','The perturbation delta*(z^N-r^N) vanishes at every selected node.'),
'field_noise':('Observable-dependent error bounds','Potential error and derivative error have different interior margins.'),
'critical_margin':('Loss of univalence in a polynomial chart','The critical point -1/(2a) approaches the unit disk as a increases.'),
'kernel_modes':('Modes of the Bergman space','Radial growth and angular oscillation are separated in normalized monomials.'),
'symmetrization_levels':('Circular rearrangement and condenser capacity','Equal angular distributions, controlled energy, and the radial-slit extremal continuum.'),
'prerequisite_graph':('Dependency structure of the section','Source results and additional computational consequences retain separate roles.')}

def paint(name,c,t=1.):
 title,sub=TITLES[name];c.title(title,sub)
 main=c.fg;mid=.58 if c.dark else .42;light=.35 if c.dark else .68
 if name in ('quadratic_grid','green_foliations','electrostatic_field','energy_pullback'):
  p=c.plane(85,180,410,390);q=c.plane(700,180,410,390,1.35,'Re phi(z)','Im phi(z)')
  aa=.2*(.6+.4*t)
  if name in ('quadratic_grid','green_foliations'):grid(c,p,lambda z:z,r=.87);grid(c,q,lambda z:z+aa*z*z,r=.87)
  else:
   for x in np.linspace(-.85,.85,17):
    yy=np.linspace(-np.sqrt(1-x*x),np.sqrt(1-x*x),150);zz=x+1j*yy
    c.curve(p,zz.real,zz.imag,width=1,g=mid);ww=zz+aa*zz**2;c.curve(q,ww.real,ww.imag,width=1,g=mid)
   for y in np.linspace(-.85,.85,17):
    xx=np.linspace(-np.sqrt(1-y*y),np.sqrt(1-y*y),150);zz=xx+1j*y;ww=zz+aa*zz**2
    c.curve(p,zz.real,zz.imag,width=.7,g=light);c.curve(q,ww.real,ww.imag,width=.7,g=light)
   c.text(87,142,'potential: u=Re z',18);c.text(700,142,'|grad v|=1/|1+2az|',18)
  c.foot('Each line is an analytically specified curve. Apparent crossings are excluded by the difference factor.')
 elif name=='cauchy_scale':
  for j,rr in enumerate([195,145,95]):c.circle(310,380,rr,g=[main,mid,light][j]);c.text(320+rr,368,f'R{j+1}',16)
  c.circle(310,380,5,fill=True);c.line(310,380,505,380,width=1.5);c.text(290,417,'a',19)
  c.text(110,625,'|f^(j)(a)| <= j! M / R^j',20)
  p=c.axes(680,185,420,380,(.25,2),(0,8),'distance d','bound / M',[.25,.5,1,1.5,2],[0,2,4,6,8]);x=np.linspace(.25,2,400)
  c.curve(p,x,1/x,width=2.2);c.clipped_curve(p,x,1/x**2,(680,185,420,380),width=1.8,g=mid,dash=[7,4]);c.legend([('d^-1',main,[]),('d^-2',mid,[7,4])],850,146)
  c.foot('The source first-derivative formula with d^-2 fails on the radius-two disk for f(z)=z.')
 elif name in ('jet_tail','koebe_tail'):
  rs=np.linspace(.1,.95,60);Ns=np.arange(1,61)
  X,Y=np.meshgrid(rs,Ns)
  Z=np.log10(2*X**(Y+1)/(1-X)) if name=='jet_tail' else np.log10(X**(Y+1)*(Y+1-Y*X)/(1-X)**2)
  c.text(100,141,'log10(error); darker cells indicate smaller error',18)
  for i,N in enumerate(Ns):
   for j,r in enumerate(rs):
    gg=float(np.clip((Z[i,j]+30)/32,0,1));gg=.12+.83*gg
    if not c.dark:gg=1-gg*.9
    c.box(100+j*14.6,170+i*6.2,14.9,6.5,g=gg,fill=True)
  for r in [.1,.3,.5,.7,.9]:c.text(100+(r-.1)/.85*876,580,f'{r:g}',16,align='center')
  c.text(520,620,'evaluation radius r',19,align='center')
  for n in [1,15,30,45,60]:c.text(85,170+(n-1)*6.2+7,str(n),15,align='right')
  c.text(1030,180,'N',22);c.text(1030,221,'1 -> 60',17)
  for j,v in enumerate([-30,-20,-10,0,2]):
   gg=.12+.83*np.clip((v+30)/32,0,1);gg=gg if c.dark else 1-gg*.9
   c.box(1030,265+j*45,35,30,g=gg,fill=True);c.text(1080,286+j*45,str(v),16)
  c.foot('The matrix records a formula on a specified grid. Infinite-order conclusions follow from the proof.')
 elif name=='riemann_gain':
  p=c.axes(110,160,730,405,(.01,1),(1,5.1),'omitted modulus |b|','derivative gain',[.01,.25,.5,.75,1],[1,2,3,4,5]);x=np.linspace(.01,1,500);y=(1+x)/(2*np.sqrt(x));c.curve(p,x,y,width=2.5)
  for x0 in [.04,.25,.64]:c.circle(*p(x0,(1+x0)/(2*np.sqrt(x0))),5,fill=True)
  c.text(890,230,'b=1/4',21,True);c.text(890,270,'gain=5/4',20);c.text(890,336,'B prime(0)',17);c.text(890,370,'modulus=4/5',17)
  c.foot('The omitted point is a critical value of B. The critical point is a different domain coordinate.')
 elif name=='spherical_escape':
  cx,cy,R=410,385,230;c.circle(cx,cy,R,width=2)
  for a in np.linspace(-1.2,1.2,9):
   xx=R*np.sin(a);ry=R*np.cos(a);tt=np.linspace(0,2*np.pi,300);c.path([(cx+ry*np.cos(u),cy+xx*.38+ry*.22*np.sin(u)) for u in tt],g=light,width=.7)
  c.line(120,cy+R,720,cy+R,g=mid);c.circle(cx,cy-R,5,fill=True);c.text(cx+15,cy-R-8,'infinity',19)
  for n in [0,.25,.5,1,2,4,8,16]:
   # inverse stereographic on the unit sphere: x=2n/(1+n^2), z=(n^2-1)/(1+n^2)
   x=2*n/(1+n*n);z=(n*n-1)/(1+n*n);c.circle(cx+R*x,cy-R*z,4,fill=True)
  c.text(840,220,'n -> infinity',20);c.text(840,267,'chordal error',18);c.text(840,306,'1/sqrt(1+n^2)',18)
  for j,n in enumerate([1,4,16,64]):c.text(840,370+39*j,f'n={n:2d}: {1/math.sqrt(1+n*n):.4f}',17)
  c.foot('The trajectory is a stereographic image of a real sequence; the north pole represents infinity.')
 elif name=='marty_peak':
  p=c.axes(100,170,840,410,(-1,1),(0,16),'real coordinate x','spherical derivative f#',[-1,-.5,0,.5,1],[0,4,8,12,16]);xx=np.linspace(-1,1,1000)
  for j,n in enumerate([2,4,8,16,32]):c.curve(p,xx,n/(2*np.cosh(n*xx)),width=1.7,g=.3+.14*j if c.dark else .8-.15*j);c.text(978,220+j*48,f'n={n}',17)
  c.foot('Peak n/2 grows while its width decreases. A fixed finite sampling grid can miss the concentration.')
 elif name=='moving_targets':
  p=c.plane(95,180,420,380,1.3);tt=np.linspace(0,2*np.pi,400)
  for j,(off,rad) in enumerate([(-.5+.15j,.3),(.4+.2j,.22),(.1-.5j,.18)]):
   zz=off+rad*np.exp(1j*tt);c.curve(p,zz.real,zz.imag,g=[main,mid,light][j],width=2);pos=off+rad*np.exp(2j*np.pi*t);c.circle(*p(pos.real,pos.imag),6,fill=True);c.text(*p(off.real,off.imag),f'psi{j+1}',16)
  q=c.axes(685,180,400,380,(.02,1),(0,50),'target separation delta','inverse separation',[.02,.25,.5,.75,1],[0,10,20,30,40,50]);xx=np.linspace(.02,1,300);c.curve(q,xx,1/xx,width=2)
  c.foot('Cross-ratio identities are projective. Conditioning depends on chart and pairwise target separation.')
 elif name=='collision_winding':
  for cx,sgn,label in [(320,1,'holomorphic: winding >= 0'),(855,-1,'pole of order m: winding = -m')]:
   tt=np.linspace(0,2*np.pi,600);zz=170*np.exp(sgn*1j*tt);c.path([(cx+z.real,390-z.imag) for z in zz],width=2)
   c.circle(cx,390,5,fill=True);c.text(cx,640,label,16,align='center')
   for a in [.5,2.2,4.3]:
    z=170*np.exp(sgn*1j*a);d=sgn*1j*np.exp(sgn*1j*a);c.line(cx+z.real,390-z.imag,cx+z.real+20*d.real,390-z.imag-20*d.imag,width=4)
  c.text(600,385,'=',36,align='center');c.text(600,450,'impossible',19,align='center')
  c.foot('Uniform boundary escape would identify these winding numbers through a zero-free boundary homotopy.')
 elif name=='koebe_grid':
  p=c.plane(80,180,390,390);q=c.axes(640,180,470,390,(-6,42),(-48*390/940,48*390/940),'Re k(z)','Im k(z)',[0,10,20,30,40],[-15,0,15]);grid(c,p,lambda z:z,r=.83);grid(c,q,koebe,r=.83,rect=(640,180,470,390));c.line(*q(-6,0),*q(-.25,0),width=5,g=mid)
  c.foot('Equal real/imaginary scales; clipped viewport. The slit endpoint -1/4 is approached at z=-1.')
 elif name in ('koebe_derivative','koebe_growth','distortion_comparison','schwarzian','field_noise'):
  xx=np.linspace(0,.92,600)
  if name=='koebe_derivative':ys=[(1-xx)/(1+xx)**3,(1+xx)/(1-xx)**3];labs=['lower','upper'];yy=(-2,4);log=True
  elif name=='koebe_growth':xx=np.linspace(.01,.92,600);ys=[xx/(1+xx)**2,xx/(1-xx)**2];labs=['inner guarantee','outer bound'];yy=(-3,3);log=True
  elif name=='distortion_comparison':ys=[((1+xx)/(1-xx))**4,(1+.4*xx)/(1-.4*xx)];labs=['universal Koebe','quadratic a=1/5'];yy=(0,6);log=True
  elif name=='schwarzian':ys=[6*(1-xx**2)**2/(1-xx**2)**2,6*(1-xx**2)**2/(1+xx**2)**2];labs=['real diameter','imaginary diameter'];yy=(0,7);log=False
  else:xx=np.linspace(.02,.98,500);ys=[np.ones_like(xx)*.001,.001/(1-xx)];labs=['potential error','derivative error'];yy=(-3.2,-1);log=True
  p=c.axes(110,170,730,400,(0,1),yy,'interior radius r','log10(bound)' if log else 'normalized magnitude',[0,.25,.5,.75,1],None)
  for j,y in enumerate(ys):c.curve(p,xx,np.log10(y) if log else y,width=2.4,g=[main,mid][j],dash=[] if j==0 else [8,4])
  c.legend([(labs[j],[main,mid][j],[] if j==0 else [8,4]) for j in range(2)],870,230)
  if name=='distortion_comparison':c.text(867,380,'r=3/5',19);c.text(867,420,'256 : 31/19',19);c.text(867,460,'factor 156.90',18)
  c.foot('The bounds apply to the stated function class and interior radius. Boundary behavior is not uniform.')
 elif name=='area_budget':
  p=c.axes(160,180,660,390,(-1.2,1.2),(-.85,.85),'real coefficient b1','real coefficient b2',[-1,-.5,0,.5,1],[-.7,-.35,0,.35,.7]);tt=np.linspace(0,2*np.pi,600)
  for f in [.25,.5,.75,1]:c.curve(p,np.sqrt(f)*np.cos(tt),np.sqrt(f/2)*np.sin(tt),width=1.5,g=main if f==1 else light)
  c.text(865,250,'b1^2+2 b2^2<=1',18);c.text(865,310,'omitted area',18);c.text(865,343,'pi*(1-energy)',18)
  c.foot('This two-dimensional slice fixes all remaining coefficients at zero; complex coefficients add dimensions.')
 elif name=='collar_geometry':
  cx,cy,rr=400,365,230;c.circle(cx,cy,rr,width=2);c.line(cx,cy,cx+rr*.87,cy,width=7);c.circle(cx+rr,cy,5,fill=True);c.text(cx+rr+18,cy,'xi',18);c.text(cx-16,cy+34,'0',18)
  for rad in [.13,.22,.35,.5,.7,.9,1.]:
   ang=math.acos(rad/2);theta=np.linspace(np.pi-ang,np.pi+ang,200);c.path([(cx+rr+rad*rr*np.cos(u),cy-rad*rr*np.sin(u)) for u in theta],g=mid,width=1)
  c.text(760,235,'arc length <= pi*t',21);c.text(760,285,'energy >= 4/(pi*t)',20);c.text(760,365,'Cap >= (4/pi)',21);c.text(760,400,'       log(1/(1-r))',19);c.text(760,474,'mod * Cap = 1',20)
  c.foot('Connectedness ensures that each intermediate circle meets K. The two arc segments are both counted.')
 elif name=='collar_bounds':
  p=c.axes(110,170,760,405,(.05,1),(0,1),'lower modulus mu','outer radius bound',[.05,.25,.5,.75,1],[0,.25,.5,.75,1]);xx=np.linspace(.05,1,500)
  c.curve(p,xx,1-np.exp(-np.pi/(4*xx)),width=2.2);c.curve(p,xx,np.exp(-2*np.pi*xx),g=mid,dash=[8,4],width=2)
  c.legend([('proved k(mu)',main,[]),('concentric disk',mid,[8,4])],900,230);c.text(900,390,'Different classes:',16);c.text(900,422,'universal upper',16);c.text(900,454,'specific example',16)
  c.foot('The concentric curve is an exact example. It is not an extremal formula for arbitrary full continua.')
 elif name=='injectivity_margin':
  p=c.axes(105,170,780,405,(0,.2),(0,1),'uniform function error epsilon','certified lower distance factor',[0,.05,.1,.15,.2],[0,.25,.5,.75,1]);xx=np.linspace(0,.2,400);yy=.76-xx/.2
  c.clipped_curve(p,xx,yy,(105,170,780,405),width=2.5);c.line(*p(0,0),*p(.2,0),width=2);c.circle(*p(.01,.71),6,fill=True);c.text(915,242,'r=0.6',20);c.text(915,281,'R=0.8',20);c.text(915,320,'a=0.2',20);c.text(915,402,'epsilon<0.152',17);c.text(915,442,'strict margin',17)
  c.foot('The conclusion uses a holomorphic error bound on the larger disk and convexity of the smaller disk.')
 elif name in ('restriction_spectrum','rank_frontier','coefficient_budget','continuation','sampling_error','cauchy_radius'):
  if name in ('restriction_spectrum','rank_frontier'):
   p=c.axes(115,170,755,400,(0,32),(-20,0),'mode j' if name=='restriction_spectrum' else 'rank N','log10 optimal error',[0,8,16,24,32],[-20,-15,-10,-5,0]);xx=np.arange(33)
   for j,r in enumerate([.25,.5,.75,.9]):c.curve(p,xx,xx*np.log10(r),width=2,g=.3+.2*j if c.dark else .8-.21*j);c.text(916,230+j*55,f'r={r:g}',18)
   c.foot('The rank lower bound uses a kernel vector in span{1,z,...,z^N}; every bounded linear rank-N method is included.')
  elif name=='coefficient_budget':
   p=c.axes(110,170,755,400,(.1,.95),(0,270),'interior radius r','required complex coefficients',[.1,.3,.5,.7,.9],[0,50,100,150,200,250]);xx=np.linspace(.1,.95,400)
   for j,eps in enumerate([1e-3,1e-6]):c.curve(p,xx,np.ceil(np.log(eps)/np.log(xx)),width=2,g=[mid,main][j]);c.text(905,250+60*j,f'epsilon={eps:g}',17)
   c.foot('The ceiling is necessary for a uniform H^2-unit-ball guarantee within the linear rank model.')
  elif name=='continuation':
   p=c.axes(110,170,755,400,(0,40),(0,20),'degree N','log10 amplification',[0,10,20,30,40],[0,5,10,15,20]);xx=np.arange(41);c.curve(p,xx,xx*np.log10(3),width=2.3);c.text(913,243,'r=1/4',20);c.text(913,282,'R=3/4',20);c.text(913,372,'gain=3^N',20)
   c.foot('Exact uniqueness and stability are separate properties. The modes provide explicit conditioning witnesses.')
  elif name=='sampling_error':
   p=c.axes(110,170,755,400,(0,3),(-4,-1),'log10 sample count N','log10 boundary error',[0,1,2,3],[-4,-3,-2,-1]);xx=np.logspace(0,3,400);c.curve(p,np.log10(xx),np.log10(.001+np.pi*.2/xx),width=2.3);c.line(*p(0,-3),*p(3,-3),g=mid,dash=[7,4]);c.text(910,245,'L=1/5',20);c.text(910,287,'s=1/1000',18);c.text(910,370,'s+pi*L/N',20)
   c.foot('A sampled maximum alone leaves an interval gap. The Lipschitz term quantifies the missing information.')
  else:
   obj=json.loads((ROOT/'results/radius_optimization.json').read_text());arr=np.array(obj['curve']);p=c.axes(110,170,755,400,(.2,.94),(-12,0),'sample radius / analytic radius','log10 total bound',[.2,.4,.6,.8,.94],[-12,-9,-6,-3,0]);c.curve(p,arr[:,0],np.log10(arr[:,1]),width=2.3);q=obj['q_opt'];c.circle(*p(q,math.log10(obj['bound_opt'])),6,fill=True)
   c.text(905,240,'n=8; N=64',18);c.text(905,285,'q*=0.655555',17);c.text(905,360,'strictly convex',17);c.text(905,392,'in log radius',17)
   c.foot('The optimum minimizes the declared noise-plus-aliasing bound. Evaluation cost and roundoff remain separate.')
 elif name=='bergman_density':
  # A projected wire surface, radial disk Bergman density.
  def proj(x,y,z):return 560+330*(x-.4*y),530-200*(.35*x+y)-85*z
  for theta in np.linspace(0,2*np.pi,48,endpoint=False):
   rs=np.linspace(0,.87,100);pts=[proj(r*np.cos(theta),r*np.sin(theta),np.log10(1/(np.pi*(1-r*r)**2))) for r in rs];c.path(pts,width=.7,g=mid)
  for r in np.linspace(.05,.87,22):
   pts=[proj(r*np.cos(th),r*np.sin(th),np.log10(1/(np.pi*(1-r*r)**2))) for th in np.linspace(0,2*np.pi,250)];c.path(pts,width=.8)
  c.text(795,150,'log10 K_D(z,z)',19);c.text(795,190,'K_D=1/[pi(1-|z|^2)^2]',17);c.text(95,625,'projected disk coordinates',17)
  c.foot('The wire height is logarithmic. Boundary growth is truncated at radius 0.87 for finite display.')
 elif name=='quadratic_inverse':
  p=c.axes(110,170,755,400,(-16,-1),(-18,0),'log10 |w|','log10 relative error',[-16,-12,-8,-4,-1],[-18,-12,-6,0]);ww=np.logspace(-16,-1,150);a=.2
  ref=2*ww/(1+np.sqrt(1+4*a*ww));raw=(np.sqrt(1+4*a*ww)-1)/(2*a);err=np.abs(raw-ref)/ref
  c.curve(p,np.log10(ww),np.log10(np.maximum(err,1e-18)),width=1.5);c.line(*p(-16,-16),*p(-1,-16),g=mid,dash=[6,4]);c.text(902,230,'direct formula',17);c.text(902,282,'rationalized',17);c.text(902,325,'reference path',17)
  c.foot('IEEE binary64 diagnostics compare algebraically equivalent formulas. The denominator identity is checked exactly.')
 elif name=='normality_examples':
  p=c.axes(110,170,440,400,(0,1),(0,1),'radius r','|z^n|',[0,.25,.5,.75,1],[0,.25,.5,.75,1]);xx=np.linspace(0,1,500)
  for j,n in enumerate([1,2,4,8,16,32]):c.curve(p,xx,xx**n,g=.25+.12*j if c.dark else .8-.12*j,width=1.5)
  q=c.axes(720,170,365,400,(0,40),(0,1),'constant n','chordal distance to infinity',[0,10,20,30,40],[0,.25,.5,.75,1]);nn=np.linspace(0,40,500);c.curve(q,nn,1/np.sqrt(1+nn**2),width=2)
  c.foot('On every compact subdisk z^n tends to zero. Constant n tends uniformly to infinity in the spherical target.')
 elif name=='reflection_geometry':
  p=c.plane(100,170,420,410);q=c.plane(700,170,420,410)
  a=.65;ts=np.linspace(0,2*np.pi,500)
  for r in [.2,.4,.6,.8,.95]:
   z=r*np.exp(1j*ts);w=(z+a)/(1+a*z);c.curve(p,z.real,z.imag,g=mid);c.curve(q,w.real,w.imag,g=mid)
  for theta in np.linspace(0,2*np.pi,20,endpoint=False):
   z=np.linspace(-.95,.95,250)*np.exp(1j*theta);w=(z+a)/(1+a*z);c.curve(p,z.real,z.imag,g=light,width=.6);c.curve(q,w.real,w.imag,g=light,width=.6)
  c.foot('The automorphism is an exact disk-metric isometry. Euclidean sensitivity remains location-dependent.')
 elif name=='finite_aliasing':
  p=c.plane(100,170,420,410);N=12;r=.7;ts=np.linspace(0,2*np.pi,500);c.curve(p,r*np.cos(ts),r*np.sin(ts),width=1.5)
  for j in range(N):c.circle(*p(r*np.cos(2*np.pi*j/N),r*np.sin(2*np.pi*j/N)),5,fill=True)
  q=c.axes(700,170,410,410,(0,2*np.pi),(0,2),'angle theta','scaled |exp(i N theta)-1|',[0,np.pi/2,np.pi,3*np.pi/2,2*np.pi],[0,.5,1,1.5,2]);tt=np.linspace(0,2*np.pi,1800);c.curve(q,tt,np.abs(np.exp(1j*N*tt)-1),width=1.2)
  c.foot('Twelve exact zeros at the sample locations coexist with nonzero inter-sample variation.')
 elif name=='critical_margin':
  p=c.plane(100,170,420,410,1.5);tt=np.linspace(0,2*np.pi,400);c.curve(p,np.cos(tt),np.sin(tt),width=2)
  for j,a in enumerate([.2,.35,.49,.6,.9]):
   zz=-1/(2*a)
   if zz>=-1.5:c.circle(*p(zz,0),5,fill=True);c.text(*p(zz,.12+.1*(j%2)),f'{a}',14)
  q=c.axes(700,170,410,410,(0,1),(-1,1),'coefficient a','1-2a',[0,.25,.5,.75,1],[-1,-.5,0,.5,1]);xx=np.linspace(0,1,400);c.curve(q,xx,1-2*xx,width=2)
  c.foot('At a=1/2 the critical point reaches the boundary. For a>1/2 it lies inside the domain.')
 elif name=='kernel_modes':
  for j,n in enumerate([0,1,2,4]):
   x0=70+j*285;p=c.axes(x0,195,230,350,(-1,1),(-1.5,1.5),'real diameter','mode '+str(n),[-1,0,1],[-1,0,1]);xx=np.linspace(-1,1,300);yy=np.sqrt((n+1)/np.pi)*xx**n;c.clipped_curve(p,xx,yy,(x0,195,230,350),width=1.8)
  c.foot('Disk Bergman modes sqrt((n+1)/pi) z^n are orthonormal for unnormalized area measure.')
 elif name=='symmetrization_levels':
  centers=[(295,355),(900,355)]
  for cx,cy in centers:
   c.circle(cx,cy,200,width=1.5)
   for rad in [65,115,165]:c.circle(cx,cy,rad,g=light,width=.7)
  c.text(295,140,'original angular slices',19,align='center');c.text(900,140,'centred rearrangement',19,align='center')
  for j,rad in enumerate([65,115,165]):
   for origin,width in [(-1.5+.28*j,.5),(.3+.15*j,.7)]:
    a=np.linspace(origin,origin+width,100);c.path([(295+rad*np.cos(t),355-rad*np.sin(t)) for t in a],width=6)
   a=np.linspace(-.6,.6,140);c.path([(900+rad*np.cos(t),355-rad*np.sin(t)) for t in a],width=6)
  c.line(900,355,1065,355,width=2.5);c.text(945,387,'[0,r]',17)
  c.text(600,354,'-->',25,align='center');c.text(600,405,'same lengths',16,align='center')
  c.text(600,603,'slice L^2 contraction + angular coarea inequality',22,align='center')
  c.text(600,640,'Dirichlet energy decreases; connected K supplies every radius',18,align='center')
  c.foot('The diagram records superlevel-set lengths. The energy inequality is proved in M38.')
 elif name=='prerequisite_graph':
  nodes=[(160,180,'Cauchy'),(440,180,'Little Montel'),(800,180,'Riemann map'),(160,330,'Target metric'),(440,330,'Big Montel'),(800,330,'Moving targets'),(160,490,'Area theorem'),(440,490,'Koebe bounds'),(800,490,'Collar control'),(440,630,'H^2 singular values'),(800,630,'Rank optimum')]
  edges=[(0,1),(1,2),(3,4),(4,5),(4,7),(6,7),(7,8),(9,10)]
  for a,b in edges:
   x,y,_=nodes[a];u,v,_=nodes[b];c.line(x+80,y,u-80,v,width=1.3,g=mid)
  for x,y,s in nodes:c.box(x-105,y-23,210,44);c.text(x,y+5,s,16,align='center')
  c.foot('Edges represent declared theorem dependencies. The finite-rank optimum has an independent Hilbert-space proof.')
 else:raise ValueError(name)

def export(name):
 for dark,suffix in [(False,''),(True,'_dark')]:
  sf=cairo.PDFSurface(str(FIG/(name+suffix+'.pdf')),W,H);cc=cairo.Context(sf);paint(name,Canvas(cc,dark));sf.finish()
 # A slide-screen-resolution poster accompanies each vector source.
 sf=cairo.ImageSurface(cairo.FORMAT_RGB24,W,H);cc=cairo.Context(sf);paint(name,Canvas(cc,True));sf.write_to_png(str(FIG/(name+'.png')))

if __name__=='__main__':
 for name in TITLES:export(name)
 (ROOT/'registers/figures.json').write_text(json.dumps([{'id':n,'title':v[0],'subtitle':v[1],'source':'code/graphics.py','static_formula_render':True} for n,v in TITLES.items()],indent=2)+'\n')
 print('Exported',len(TITLES),'scientific figures, each with paper and slide vector editions.')







PHI_volume_01_verification/verification/normal_families/code/independent_certificates.py

#!/usr/bin/env python3
"""Independent sparse-polynomial normalization over Q.
No SymPy or SMT call occurs in this checker. Identities are equalities of
rational functions on the explicitly recorded nonzero-denominator domains.
"""
from fractions import Fraction as F
from pathlib import Path
import ast,json
R=Path(__file__).resolve().parents[1]
vars_=('a','b','r','q','z','w','x','y','u','v','a1','a2','b1','b2','c1','c2','u1','u2')
n=len(vars_);zero=(0,)*n
class P:
 def __init__(self,d=None):self.d={k:F(v) for k,v in (d or {}).items() if v}
 @staticmethod
 def const(x):return P({zero:F(x)})
 @staticmethod
 def var(x):e=list(zero);e[vars_.index(x)]=1;return P({tuple(e):F(1)})
 def __add__(self,b):
  d=self.d.copy()
  for k,v in b.d.items():d[k]=d.get(k,F(0))+v
  return P(d)
 def __neg__(self):return P({k:-v for k,v in self.d.items()})
 def __sub__(self,b):return self+-b
 def __mul__(self,b):
  d={}
  for x,a in self.d.items():
   for y,c in b.d.items():
    k=tuple(i+j for i,j in zip(x,y));d[k]=d.get(k,F(0))+a*c
  return P(d)
 def __pow__(self,k):
  if k<0:raise ValueError('polynomial power must be nonnegative')
  a=P.const(1);b=self
  while k:
   if k&1:a=a*b
   b=b*b;k//=2
  return a
class Rat:
 def __init__(self,num,den=None):self.n=num;self.d=P.const(1) if den is None else den
 def __add__(self,b):return Rat(self.n*b.d+b.n*self.d,self.d*b.d)
 def __neg__(self):return Rat(-self.n,self.d)
 def __sub__(self,b):return self+-b
 def __mul__(self,b):return Rat(self.n*b.n,self.d*b.d)
 def __truediv__(self,b):return Rat(self.n*b.d,self.d*b.n)
 def __pow__(self,k):return Rat(self.n**k,self.d**k) if k>=0 else Rat(self.d**(-k),self.n**(-k))
def parse(s):
 def ev(a):
  if isinstance(a,ast.Constant) and isinstance(a.value,int):return Rat(P.const(a.value))
  if isinstance(a,ast.Name):return Rat(P.var(a.id))
  if isinstance(a,ast.UnaryOp) and isinstance(a.op,ast.USub):return -ev(a.operand)
  if isinstance(a,ast.BinOp):
   if isinstance(a.op,ast.Pow):
    exp=ast.literal_eval(a.right)
    if not isinstance(exp,int) or abs(exp)>20:raise ValueError('invalid exponent')
    return ev(a.left)**exp
   x,y=ev(a.left),ev(a.right)
   if isinstance(a.op,ast.Add):return x+y
   if isinstance(a.op,ast.Sub):return x-y
   if isinstance(a.op,ast.Mult):return x*y
   if isinstance(a.op,ast.Div):return x/y
  raise ValueError(ast.dump(a))
 return ev(ast.parse(s,mode='eval').body)
def equal(a,b):x,y=parse(a),parse(b);return not (x.n*y.d-y.n*x.d).d
certs=[
 ('I01_quadratic_difference','z+a*z**2-w-a*w**2','(z-w)*(1+a*(z+w))',[]),
 ('I02_koebe_difference','z/(1-z)**2-w/(1-w)**2','(z-w)*(1-z*w)/((1-z)**2*(1-w)**2)',['1-z != 0','1-w != 0']),
 ('I03_cayley','1+4*z/(1-z)**2','((1+z)/(1-z))**2',['1-z != 0']),
 ('I04_koebe_derivative','((1-z)**2+2*z*(1-z))/(1-z)**4','(1+z)/(1-z)**3',['1-z != 0']),
 ('I05_inverse_equation','w*z**2-(2*w+1)*z+w','w*(1-z)**2-z',[]),
 ('I06_extremal_gain','1+q**2-2*q','(1-q)**2',[]),
 ('I07_two_arc_sos','(a+b)**2-4*a*b','(a-b)**2',[]),
 ('I08_quarter_sos','(1+r)**2-4*r','(1-r)**2',[]),
 ('I09_jacobian_energy','(x*u-y*v)**2+(y*u+x*v)**2','(x*x+y*y)*(u*u+v*v)',[]),
 ('I10_cayley_real','(1+x)**2+y*y-((1-x)**2+y*y)','4*x',[]),
 ('I11_koebe_schwarzian','(6*(3+z)/(1-z)**5)/((1+z)/(1-z)**3)-(3/2)*(2*(2+z)/(1-z)**4/((1+z)/(1-z)**3))**2','-6/(1-z*z)**2',['1-z != 0','1+z != 0']),
 ('I12_projective_determinants','(u1*a2-u2*a1)*(b1*c2-b2*c1)-(u1*c2-u2*c1)*(b1*a2-b2*a1)','(u1*b2-u2*b1)*(a1*c2-a2*c1)',[]),
 ('I13_distortion_ratio','((1+r)/(1-r)**3)/((1-r)/(1+r)**3)','((1+r)/(1-r))**4',['1-r != 0','1+r != 0']),
 ('I14_quadratic_inverse','(u-1)*(u+1)','u*u-1',[])]
records=[]
for ident,l,r,guards in certs:
 if not equal(l,r):raise AssertionError(ident)
 mutation=equal(l,'('+r+')+1')
 if mutation:raise AssertionError('mutation was accepted: '+ident)
 records.append({'id':ident,'left':l,'right':r,'denominator_guards':guards,'normal_form_zero':True,'constant_term_mutation_rejected':True})
(R/'formal/rational_identities.json').write_text(json.dumps(records,indent=2)+'\n')
(R/'results/independent_certificates.json').write_text(json.dumps({'accepted':len(records),'mutations_rejected':len(records),'engine':'independent exact sparse Q-polynomial arithmetic','records':records,'scope':'Finite rational identities. Analytic denominator guards are separate hypotheses.'},indent=2)+'\n')
print(len(records),'independent identities;',len(records),'altered identities rejected')







PHI_volume_01_verification/verification/normal_families/formal/Audit.lean

import PHI
#print axioms PHI.Section4.quadratic_difference
#print axioms PHI.Section4.koebe_difference
#print axioms PHI.Section4.extremal_gain_strict
#print axioms PHI.Section4.quadratic_margin
#print axioms PHI.Section4.weighted_energy
#print axioms PHI.Section4.coverage_at_most_one
#print axioms PHI.Section4.rank_threshold_upper







PHI_volume_01_verification/verification/normal_families/formal/PHI/Algebra.lean

import Mathlib

/- Candidate source. No local Lean execution was available for this release.
   These elementary lemmas are a strict subset of the mathematical corpus. -/
set_option autoImplicit false

namespace PHI.Section4

theorem quadratic_difference (a z w : ℂ) :
    (z + a*z^2) - (w + a*w^2) = (z-w)*(1+a*(z+w)) := by ring

theorem koebe_numerator (z w : ℂ) :
    z*(1-w)^2 - w*(1-z)^2 = (z-w)*(1-z*w) := by ring

theorem cayley_numerator (z : ℂ) :
    (1-z)^2 + 4*z = (1+z)^2 := by ring

theorem koebe_derivative_numerator (z : ℂ) :
    (1-z)^2 + 2*z*(1-z) = (1+z)*(1-z) := by ring

theorem inverse_quadratic (z w : ℂ) :
    w*z^2 - (2*w+1)*z+w = w*(1-z)^2-z := by ring

theorem koebe_difference (z w : ℂ) (hz : z ≠ 1) (hw : w ≠ 1) :
    z/(1-z)^2-w/(1-w)^2 =
      ((z-w)*(1-z*w))/((1-z)^2*(1-w)^2) := by
  have hz' : (1 : ℂ)-z ≠ 0 := sub_ne_zero.mpr (Ne.symm hz)
  have hw' : (1 : ℂ)-w ≠ 0 := sub_ne_zero.mpr (Ne.symm hw)
  field_simp
  <;> ring

theorem extremal_gain_numerator (q : ℝ) :
    1+q^2-2*q = (1-q)^2 := by ring

theorem extremal_gain_strict (q : ℝ) (h0 : 0 < q) (h1 : q < 1) :
    1 < (1+q^2)/(2*q) := by
  have hp : 0 < (1-q)^2 := sq_pos_of_pos (sub_pos.mpr h1)
  apply (lt_div_iff₀ (by positivity : (0 : ℝ) < 2*q)).2
  nlinarith

theorem two_arc_energy_numerator (a b : ℝ) :
    4*a*b ≤ (a+b)^2 := by nlinarith [sq_nonneg (a-b)]

theorem quarter_numerator (r : ℝ) :
    4*r ≤ (1+r)^2 := by nlinarith [sq_nonneg (1-r)]

theorem area_budget (a b : ℝ) (h : a^2+2*b^2 ≤ 1) :
    a^2 ≤ 1 := by nlinarith [sq_nonneg b]

theorem normalized_pair_nonzero (x y : ℝ) (h : x^2+y^2 = 1) :
    ¬ (x = 0 ∧ y = 0) := by
  rintro ⟨hx, hy⟩
  norm_num [hx, hy] at h

theorem quadratic_margin (a r : ℝ) (ha : 0 ≤ a) (ha' : a < 1/2)
    (hr : 0 ≤ r) (hr' : r ≤ 1) : 0 < 1-2*a*r := by
  nlinarith [mul_nonneg ha (sub_nonneg.mpr hr')]

theorem perturbation_margin (m δ : ℝ) (h : δ < m) :
    0 < m-δ := sub_pos.mpr h

theorem sample_bound_composition (s L h u v t : ℝ)
    (hu : u ≤ s) (hv : v ≤ L*h) (ht : t ≤ u+v) :
    t ≤ s+L*h := by linarith

theorem weighted_energy (a b L x y : ℝ)
    (ha : a ≤ L) (hb : b ≤ L) :
    a*x^2+b*y^2 ≤ L*(x^2+y^2) := by
  nlinarith [mul_nonneg (sub_nonneg.mpr ha) (sq_nonneg x),
    mul_nonneg (sub_nonneg.mpr hb) (sq_nonneg y)]

theorem jacobian_energy (x y u v : ℝ) :
    (x*u-y*v)^2+(y*u+x*v)^2 = (x^2+y^2)*(u^2+v^2) := by ring

theorem cayley_half_plane_numerator (x y : ℝ) :
    ((1+x)^2+y^2)-((1-x)^2+y^2)=4*x := by ring

theorem coverage_at_most_one (a u : ℝ) (hu : 0 < u) (ha : a ≤ u) :
    a/u ≤ 1 := (div_le_one hu).2 ha

theorem exact_quadratic_example :
    (1-(2*(1/5 : ℚ)*(3/5)))-(1/100)/(4/5-3/5)=71/100 := by norm_num

theorem exact_enclosure_ratio :
    (256 : ℚ)/(31/19)=4864/31 := by norm_num

theorem sample_example :
    (1/1000 : ℚ)+(22/7)*(1/5)/70 < 1/100 := by norm_num

theorem rank_threshold_lower : (1000 : ℕ)*3^24 > 4^24 := by norm_num

theorem rank_threshold_upper : (1000 : ℕ)*3^25 < 4^25 := by norm_num

end PHI.Section4







PHI_volume_01_verification/verification/normal_families/formal/PHI.lean

import PHI.Algebra







PHI_volume_01_verification/verification/normal_families/formal/lakefile.toml

name = "phi_section4"
version = "0.1.0"
defaultTargets = ["PHI"]

[[require]]
name = "mathlib"
git = "https://github.com/leanprover-community/mathlib4.git"
rev = "v4.19.0"

[[lean_lib]]
name = "PHI"







PHI_volume_01_verification/verification/normal_families/formal/lean-toolchain

leanprover/lean4:v4.19.0







PHI_volume_01_verification/verification/normal_families/formal/rational_identities.json

[
  {
    "id": "I01_quadratic_difference",
    "left": "z+a*z**2-w-a*w**2",
    "right": "(z-w)*(1+a*(z+w))",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I02_koebe_difference",
    "left": "z/(1-z)**2-w/(1-w)**2",
    "right": "(z-w)*(1-z*w)/((1-z)**2*(1-w)**2)",
    "denominator_guards": [
      "1-z != 0",
      "1-w != 0"
    ],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I03_cayley",
    "left": "1+4*z/(1-z)**2",
    "right": "((1+z)/(1-z))**2",
    "denominator_guards": [
      "1-z != 0"
    ],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I04_koebe_derivative",
    "left": "((1-z)**2+2*z*(1-z))/(1-z)**4",
    "right": "(1+z)/(1-z)**3",
    "denominator_guards": [
      "1-z != 0"
    ],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I05_inverse_equation",
    "left": "w*z**2-(2*w+1)*z+w",
    "right": "w*(1-z)**2-z",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I06_extremal_gain",
    "left": "1+q**2-2*q",
    "right": "(1-q)**2",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I07_two_arc_sos",
    "left": "(a+b)**2-4*a*b",
    "right": "(a-b)**2",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I08_quarter_sos",
    "left": "(1+r)**2-4*r",
    "right": "(1-r)**2",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I09_jacobian_energy",
    "left": "(x*u-y*v)**2+(y*u+x*v)**2",
    "right": "(x*x+y*y)*(u*u+v*v)",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I10_cayley_real",
    "left": "(1+x)**2+y*y-((1-x)**2+y*y)",
    "right": "4*x",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I11_koebe_schwarzian",
    "left": "(6*(3+z)/(1-z)**5)/((1+z)/(1-z)**3)-(3/2)*(2*(2+z)/(1-z)**4/((1+z)/(1-z)**3))**2",
    "right": "-6/(1-z*z)**2",
    "denominator_guards": [
      "1-z != 0",
      "1+z != 0"
    ],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I12_projective_determinants",
    "left": "(u1*a2-u2*a1)*(b1*c2-b2*c1)-(u1*c2-u2*c1)*(b1*a2-b2*a1)",
    "right": "(u1*b2-u2*b1)*(a1*c2-a2*c1)",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I13_distortion_ratio",
    "left": "((1+r)/(1-r)**3)/((1-r)/(1+r)**3)",
    "right": "((1+r)/(1-r))**4",
    "denominator_guards": [
      "1-r != 0",
      "1+r != 0"
    ],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  },
  {
    "id": "I14_quadratic_inverse",
    "left": "(u-1)*(u+1)",
    "right": "u*u-1",
    "denominator_guards": [],
    "normal_form_zero": true,
    "constant_term_mutation_rejected": true
  }
]







PHI_volume_01_verification/verification/normal_families/formal/smt/F01_gap_positive.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const r Real)
(assert (<= 0 r))
(assert (< r 1))
(assert (not (> (- 1 r) 0)))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F02_quarter_radius.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const b Real)
(assert (>= a 0))
(assert (>= b 0))
(assert (<= a b))
(assert (not (<= (/ a 4) (/ b 4))))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F03_radius_interval.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const d Real)
(declare-const c Real)
(assert (> d 0))
(assert (<= d c))
(assert (<= c (* 4 d)))
(assert (not (and (<= (/ c 4) d) (<= d c))))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F04_inverse_margin.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const m Real)
(declare-const e Real)
(assert (> m 0))
(assert (>= e 0))
(assert (< e m))
(assert (not (> (- m e) 0)))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F05_quadratic_gap.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const r Real)
(assert (>= a 0))
(assert (< a (/ 1 2)))
(assert (>= r 0))
(assert (<= r 1))
(assert (not (> (- 1 (* 2 a r)) 0)))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F06_quadratic_lipschitz.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const x Real)
(declare-const y Real)
(assert (>= a 0))
(assert (<= a (/ 1 2)))
(assert (>= x 0))
(assert (>= y 0))
(assert (<= y (* 2 a x)))
(assert (not (>= (- x y) (* (- 1 (* 2 a)) x))))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F07_extremal_gain.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const q Real)
(assert (> q 0))
(assert (< q 1))
(assert (not (> (+ 1 (* q q)) (* 2 q))))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F08_capacitance_energy.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const b Real)
(assert (> a 0))
(assert (> b 0))
(assert (not (>= (+ (* a a) (* b b)) (* 2 a b))))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F09_area_single_coefficient.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const b Real)
(assert (>= a 0))
(assert (>= b 0))
(assert (<= (+ a b) 1))
(assert (not (<= a 1)))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F10_shape_order.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const r Real)
(assert (> r 0))
(assert (< r 1))
(assert (not (>= (* (+ 1 r) (+ 1 r)) (* (- 1 r) (- 1 r)))))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F11_tail_splitting.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const e1 Real)
(declare-const e2 Real)
(declare-const e Real)
(assert (>= e1 0))
(assert (>= e2 0))
(assert (<= (+ e1 e2) e))
(assert (not (and (<= e1 e) (<= e2 e))))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F12_sample_enclosure.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const s Real)
(declare-const l Real)
(declare-const h Real)
(declare-const t Real)
(declare-const u Real)
(declare-const v Real)
(assert (>= l 0))
(assert (>= h 0))
(assert (<= u s))
(assert (<= v (* l h)))
(assert (<= t (+ u v)))
(assert (not (<= t (+ s (* l h)))))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F13_half_arc.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const b Real)
(assert (> a 0))
(assert (> b 0))
(assert (not (>= (* (+ a b) (+ a b)) (* 4 a b))))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F14_quarter_sharp_numerator.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const r Real)
(assert (>= r 0))
(assert (<= r 1))
(assert (not (<= (* 4 r) (* (+ 1 r) (+ 1 r)))))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F15_spherical_reciprocal.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const x Real)
(declare-const y Real)
(declare-const u Real)
(declare-const v Real)
(declare-const q Real)
(assert (= q (+ (* x x) (* y y))))
(assert (> q 0))
(assert (= (* q u) x))
(assert (= (* q v) (- y)))
(assert (not (= (* q (+ (* u u) (* v v))) 1)))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F16_normalized_derivative_nonzero.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const x Real)
(declare-const y Real)
(assert (= (+ (* x x) (* y y)) 1))
(assert (not (not (and (= x 0) (= y 0)))))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F17_weighted_energy_1.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const b Real)
(declare-const x Real)
(declare-const y Real)
(assert (>= a 0))
(assert (>= b 0))
(assert (<= a 1))
(assert (<= b 1))
(assert (not (<= (+ (* a x x) (* b y y)) (* 1 (+ (* x x) (* y y))))))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F18_weighted_energy_2.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const b Real)
(declare-const x Real)
(declare-const y Real)
(assert (>= a 0))
(assert (>= b 0))
(assert (<= a 2))
(assert (<= b 2))
(assert (not (<= (+ (* a x x) (* b y y)) (* 2 (+ (* x x) (* y y))))))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F19_weighted_energy_3.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const b Real)
(declare-const x Real)
(declare-const y Real)
(assert (>= a 0))
(assert (>= b 0))
(assert (<= a 3))
(assert (<= b 3))
(assert (not (<= (+ (* a x x) (* b y y)) (* 3 (+ (* x x) (* y y))))))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F20_weighted_energy_4.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const b Real)
(declare-const x Real)
(declare-const y Real)
(assert (>= a 0))
(assert (>= b 0))
(assert (<= a 4))
(assert (<= b 4))
(assert (not (<= (+ (* a x x) (* b y y)) (* 4 (+ (* x x) (* y y))))))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F21_weighted_energy_5.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const b Real)
(declare-const x Real)
(declare-const y Real)
(assert (>= a 0))
(assert (>= b 0))
(assert (<= a 5))
(assert (<= b 5))
(assert (not (<= (+ (* a x x) (* b y y)) (* 5 (+ (* x x) (* y y))))))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F22_weighted_energy_6.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const b Real)
(declare-const x Real)
(declare-const y Real)
(assert (>= a 0))
(assert (>= b 0))
(assert (<= a 6))
(assert (<= b 6))
(assert (not (<= (+ (* a x x) (* b y y)) (* 6 (+ (* x x) (* y y))))))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F23_weighted_energy_7.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const b Real)
(declare-const x Real)
(declare-const y Real)
(assert (>= a 0))
(assert (>= b 0))
(assert (<= a 7))
(assert (<= b 7))
(assert (not (<= (+ (* a x x) (* b y y)) (* 7 (+ (* x x) (* y y))))))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F24_weighted_energy_8.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const b Real)
(declare-const x Real)
(declare-const y Real)
(assert (>= a 0))
(assert (>= b 0))
(assert (<= a 8))
(assert (<= b 8))
(assert (not (<= (+ (* a x x) (* b y y)) (* 8 (+ (* x x) (* y y))))))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F25_jet_budget_1.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const u Real)
(declare-const v Real)
(assert (>= u 0))
(assert (>= v 0))
(assert (<= (+ u (* 1 v)) 1))
(assert (not (<= (* 1 v) 1)))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F26_jet_budget_2.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const u Real)
(declare-const v Real)
(assert (>= u 0))
(assert (>= v 0))
(assert (<= (+ u (* 2 v)) 1))
(assert (not (<= (* 2 v) 1)))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F27_jet_budget_3.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const u Real)
(declare-const v Real)
(assert (>= u 0))
(assert (>= v 0))
(assert (<= (+ u (* 3 v)) 1))
(assert (not (<= (* 3 v) 1)))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F28_jet_budget_4.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const u Real)
(declare-const v Real)
(assert (>= u 0))
(assert (>= v 0))
(assert (<= (+ u (* 4 v)) 1))
(assert (not (<= (* 4 v) 1)))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F29_jet_budget_5.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const u Real)
(declare-const v Real)
(assert (>= u 0))
(assert (>= v 0))
(assert (<= (+ u (* 5 v)) 1))
(assert (not (<= (* 5 v) 1)))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F30_jet_budget_6.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const u Real)
(declare-const v Real)
(assert (>= u 0))
(assert (>= v 0))
(assert (<= (+ u (* 6 v)) 1))
(assert (not (<= (* 6 v) 1)))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F31_sample_budget_1.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const s Real)
(declare-const l Real)
(declare-const e Real)
(assert (>= l 0))
(assert (<= (+ (* 2 s) l) (* 2 e)))
(assert (not (<= (+ s (/ l 2)) e)))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F32_sample_budget_2.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const s Real)
(declare-const l Real)
(declare-const e Real)
(assert (>= l 0))
(assert (<= (+ (* 4 s) l) (* 4 e)))
(assert (not (<= (+ s (/ l 4)) e)))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F33_sample_budget_3.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const s Real)
(declare-const l Real)
(declare-const e Real)
(assert (>= l 0))
(assert (<= (+ (* 6 s) l) (* 6 e)))
(assert (not (<= (+ s (/ l 6)) e)))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F34_sample_budget_4.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const s Real)
(declare-const l Real)
(declare-const e Real)
(assert (>= l 0))
(assert (<= (+ (* 8 s) l) (* 8 e)))
(assert (not (<= (+ s (/ l 8)) e)))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F35_sample_budget_5.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const s Real)
(declare-const l Real)
(declare-const e Real)
(assert (>= l 0))
(assert (<= (+ (* 10 s) l) (* 10 e)))
(assert (not (<= (+ s (/ l 10)) e)))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F36_sample_budget_6.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const s Real)
(declare-const l Real)
(declare-const e Real)
(assert (>= l 0))
(assert (<= (+ (* 12 s) l) (* 12 e)))
(assert (not (<= (+ s (/ l 12)) e)))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F37_modulus_square.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const c Real)
(declare-const m Real)
(declare-const r Real)
(assert (> c 0))
(assert (> m 0))
(assert (>= r 0))
(assert (<= (* m r) c))
(assert (not (<= (* m m r r) (* c c))))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F38_coverage_bound.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const a Real)
(declare-const u Real)
(assert (>= a 0))
(assert (> u 0))
(assert (<= a u))
(assert (not (<= (/ a u) 1)))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F39_slit_discriminant.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const x Real)
(assert (> x (- (/ 1 4))))
(assert (not (> (+ 1 (* 4 x)) 0)))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/smt/F40_truncation_norm.smt2

(set-option :timeout 15000)
(set-logic QF_NRA)
(declare-const q Real)
(declare-const u Real)
(declare-const v Real)
(assert (>= q 0))
(assert (<= q 1))
(assert (>= u 0))
(assert (>= v 0))
(assert (not (<= (+ (* q u) (* q v)) (+ u v))))
(check-sat)







PHI_volume_01_verification/verification/normal_families/formal/verify_lean.sh

#!/usr/bin/env bash
# Requires the pinned Lean toolchain and network access for initial dependency setup.
set -euo pipefail
cd "$(dirname "$0")"
command -v lake >/dev/null || { echo 'Lake is required; no kernel verification performed.' >&2; exit 2; }
lake update
lake exe cache get
lake build 2>&1 | tee lean_build.log
lake env lean Audit.lean 2>&1 | tee lean_axioms.log
if grep -E 'sorryAx|warning: declaration uses' lean_build.log lean_axioms.log; then
  echo 'Unresolved proof declaration detected.' >&2; exit 3
fi
printf 'Candidate algebra module accepted. Source-section analytic obligations remain listed in PROOF_COVERAGE.md.\n'







PHI_volume_01_verification/verification/normal_families/requirements.txt

numpy==2.3.5
scipy==1.17.0
sympy==1.14.0
mpmath==1.3.0
PyMuPDF==1.26.7
Pillow==12.3.0
pycairo==1.29.0







PHI_volume_01_verification/verification/normal_families/results/continuation.json

[
  {
    "degree": 1,
    "inner_norm": "1/4",
    "outer_norm": "3/4",
    "amplification": 3
  },
  {
    "degree": 2,
    "inner_norm": "1/16",
    "outer_norm": "9/16",
    "amplification": 9
  },
  {
    "degree": 4,
    "inner_norm": "1/256",
    "outer_norm": "81/256",
    "amplification": 81
  },
  {
    "degree": 8,
    "inner_norm": "1/65536",
    "outer_norm": "6561/65536",
    "amplification": 6561
  },
  {
    "degree": 16,
    "inner_norm": "1/4294967296",
    "outer_norm": "43046721/4294967296",
    "amplification": 43046721
  },
  {
    "degree": 32,
    "inner_norm": "1/18446744073709551616",
    "outer_norm": "1853020188851841/18446744073709551616",
    "amplification": 1853020188851841
  },
  {
    "degree": 64,
    "inner_norm": "1/340282366920938463463374607431768211456",
    "outer_norm": "3433683820292512484657849089281/340282366920938463463374607431768211456",
    "amplification": 3433683820292512484657849089281
  }
]







PHI_volume_01_verification/verification/normal_families/results/distortion_comparison.json

[
  {
    "r": "1/10",
    "koebe_ratio": "14641/6561",
    "quadratic_ratio": "13/12",
    "enclosure_factor": "58564/28431"
  },
  {
    "r": "1/4",
    "koebe_ratio": "625/81",
    "quadratic_ratio": "11/9",
    "enclosure_factor": "625/99"
  },
  {
    "r": "1/2",
    "koebe_ratio": "81",
    "quadratic_ratio": "3/2",
    "enclosure_factor": "54"
  },
  {
    "r": "3/5",
    "koebe_ratio": "256",
    "quadratic_ratio": "31/19",
    "enclosure_factor": "4864/31"
  },
  {
    "r": "3/4",
    "koebe_ratio": "2401",
    "quadratic_ratio": "13/7",
    "enclosure_factor": "16807/13"
  },
  {
    "r": "9/10",
    "koebe_ratio": "130321",
    "quadratic_ratio": "17/8",
    "enclosure_factor": "1042568/17"
  }
]







PHI_volume_01_verification/verification/normal_families/results/floating_diagnostics.json

{
  "seed": 421018,
  "koebe_inverse_max_error": 3.1339041119729817e-15,
  "trials": 1200,
  "tolerance": 5e-12
}







PHI_volume_01_verification/verification/normal_families/results/formal_status.json

{
  "requested_scope": "all source theorems, exercises and adopted additional claims",
  "completed": false,
  "lean_candidate_lemmas": 24,
  "lean_kernel_acceptances": 0,
  "lean_executable": null,
  "lake_executable": null,
  "probe_returncode": 2,
  "core_theorems_without_lean_acceptance": 38,
  "source_items_without_lean_acceptance": 24,
  "smt_universal_queries": 40,
  "smt_distinct_schemas": 23,
  "independent_rational_identities": 14,
  "trusted_boundary": "SMT solver answers and exact polynomial normalization do not discharge analytic, topological, measure-theoretic or physical premises."
}







PHI_volume_01_verification/verification/normal_families/results/independent_certificates.json

{
  "accepted": 14,
  "mutations_rejected": 14,
  "engine": "independent exact sparse Q-polynomial arithmetic",
  "records": [
    {
      "id": "I01_quadratic_difference",
      "left": "z+a*z**2-w-a*w**2",
      "right": "(z-w)*(1+a*(z+w))",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I02_koebe_difference",
      "left": "z/(1-z)**2-w/(1-w)**2",
      "right": "(z-w)*(1-z*w)/((1-z)**2*(1-w)**2)",
      "denominator_guards": [
        "1-z != 0",
        "1-w != 0"
      ],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I03_cayley",
      "left": "1+4*z/(1-z)**2",
      "right": "((1+z)/(1-z))**2",
      "denominator_guards": [
        "1-z != 0"
      ],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I04_koebe_derivative",
      "left": "((1-z)**2+2*z*(1-z))/(1-z)**4",
      "right": "(1+z)/(1-z)**3",
      "denominator_guards": [
        "1-z != 0"
      ],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I05_inverse_equation",
      "left": "w*z**2-(2*w+1)*z+w",
      "right": "w*(1-z)**2-z",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I06_extremal_gain",
      "left": "1+q**2-2*q",
      "right": "(1-q)**2",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I07_two_arc_sos",
      "left": "(a+b)**2-4*a*b",
      "right": "(a-b)**2",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I08_quarter_sos",
      "left": "(1+r)**2-4*r",
      "right": "(1-r)**2",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I09_jacobian_energy",
      "left": "(x*u-y*v)**2+(y*u+x*v)**2",
      "right": "(x*x+y*y)*(u*u+v*v)",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I10_cayley_real",
      "left": "(1+x)**2+y*y-((1-x)**2+y*y)",
      "right": "4*x",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I11_koebe_schwarzian",
      "left": "(6*(3+z)/(1-z)**5)/((1+z)/(1-z)**3)-(3/2)*(2*(2+z)/(1-z)**4/((1+z)/(1-z)**3))**2",
      "right": "-6/(1-z*z)**2",
      "denominator_guards": [
        "1-z != 0",
        "1+z != 0"
      ],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I12_projective_determinants",
      "left": "(u1*a2-u2*a1)*(b1*c2-b2*c1)-(u1*c2-u2*c1)*(b1*a2-b2*a1)",
      "right": "(u1*b2-u2*b1)*(a1*c2-a2*c1)",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I13_distortion_ratio",
      "left": "((1+r)/(1-r)**3)/((1-r)/(1+r)**3)",
      "right": "((1+r)/(1-r))**4",
      "denominator_guards": [
        "1-r != 0",
        "1+r != 0"
      ],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    },
    {
      "id": "I14_quadratic_inverse",
      "left": "(u-1)*(u+1)",
      "right": "u*u-1",
      "denominator_guards": [],
      "normal_form_zero": true,
      "constant_term_mutation_rejected": true
    }
  ],
  "scope": "Finite rational identities. Analytic denominator guards are separate hypotheses."
}







PHI_volume_01_verification/verification/normal_families/results/koebe_tail.json

[
  {
    "r": "1/4",
    "degree": 2,
    "exact_supremum_error": "5/72",
    "log10_error": -1.1583624920952496
  },
  {
    "r": "1/4",
    "degree": 4,
    "exact_supremum_error": "1/144",
    "log10_error": -2.1583624920952498
  },
  {
    "r": "1/4",
    "degree": 8,
    "exact_supremum_error": "7/147456",
    "log10_error": -4.323564408720805
  },
  {
    "r": "1/4",
    "degree": 16,
    "exact_supremum_error": "13/9663676416",
    "log10_error": -8.871199027051924
  },
  {
    "r": "1/4",
    "degree": 32,
    "exact_supremum_error": "25/41505174165846491136",
    "log10_error": -18.220162231934122
  },
  {
    "r": "1/4",
    "degree": 64,
    "exact_supremum_error": "49/765635325572111542792592866721478475776",
    "log10_error": -37.19382588307244
  },
  {
    "r": "1/2",
    "degree": 2,
    "exact_supremum_error": "1",
    "log10_error": 0.0
  },
  {
    "r": "1/2",
    "degree": 4,
    "exact_supremum_error": "3/8",
    "log10_error": -0.42596873227228116
  },
  {
    "r": "1/2",
    "degree": 8,
    "exact_supremum_error": "5/128",
    "log10_error": -1.4082399653118496
  },
  {
    "r": "1/2",
    "degree": 16,
    "exact_supremum_error": "9/32768",
    "log10_error": -3.561207425520393
  },
  {
    "r": "1/2",
    "degree": 32,
    "exact_supremum_error": "17/2147483648",
    "log10_error": -8.101480944205143
  },
  {
    "r": "1/2",
    "degree": 64,
    "exact_supremum_error": "33/9223372036854775808",
    "log10_error": -17.446375786952927
  },
  {
    "r": "3/4",
    "degree": 2,
    "exact_supremum_error": "81/8",
    "log10_error": 1.0053950318867062
  },
  {
    "r": "3/4",
    "degree": 4,
    "exact_supremum_error": "243/32",
    "log10_error": 0.8804562952784062
  },
  {
    "r": "3/4",
    "degree": 8,
    "exact_supremum_error": "59049/16384",
    "log10_error": 0.5567926079008876
  },
  {
    "r": "3/4",
    "degree": 16,
    "exact_supremum_error": "645700815/1073741824",
    "log10_error": -0.2208685353491556
  },
  {
    "r": "3/4",
    "degree": 32,
    "exact_supremum_error": "50031545098999707/4611686018427387904",
    "log10_error": -1.9646158159786489
  },
  {
    "r": "3/4",
    "degree": 64,
    "exact_supremum_error": "175117874834918136717550303553331/85070591730234615865843651857942052864",
    "log10_error": -5.686448975505298
  },
  {
    "r": "9/10",
    "degree": 2,
    "exact_supremum_error": "2187/25",
    "log10_error": 1.9419087743655994
  },
  {
    "r": "9/10",
    "degree": 4,
    "exact_supremum_error": "413343/5000",
    "log10_error": 1.9173405828748624
  },
  {
    "r": "9/10",
    "degree": 8,
    "exact_supremum_error": "3486784401/50000000",
    "log10_error": 1.84345509005723
  },
  {
    "r": "9/10",
    "degree": 16,
    "exact_supremum_error": "216803362095665397/5000000000000000",
    "log10_error": 1.6370960084393409
  },
  {
    "r": "9/10",
    "degree": 32,
    "exact_supremum_error": "648966242035284859600333477874109/50000000000000000000000000000000",
    "log10_error": 1.1132521018956214
  },
  {
    "r": "9/10",
    "degree": 64,
    "exact_supremum_error": "3926131464386948196116450662850368715670844460227855089329288013/5000000000000000000000000000000000000000000000000000000000000000",
    "log10_error": -0.10500516671290694
  }
]







PHI_volume_01_verification/verification/normal_families/results/optimal_radius_certificate.json

{
  "q_lower": "6555554687/10000000000",
  "q_upper": "51215271/78125000",
  "width": "1/10000000000",
  "P_lower_sign": -1,
  "P_upper_sign": 1,
  "bound_lower": "306127672143317545291753609073678622280674540273301090763197015134846550950689565820313378170571127456228941566333507245907368377108249761134463333091630485368504967116558071289450343391468987221224829258798403932624716687305474468260419884493876300313638144358382151679117128676654843440537069179366173286076659116438375365435608471710046853916001492199389524192588977324979860977441726681069589530789633058578695280688960476534457599553682913769800442980223716693754242912563430051455722235393410974044323738256470863739210208925061396545325323607755386742319217830655062343277018994217104365055859403716739542840899688626384536627037025344111951779500137056588272155393493230000702567542/9281659337030603392191868413161357197291003848167840714679741527583674266238691347742591891992108065224722513480010623070578457729558257832988718080433076967673641031898000166289010902905201958190750900409006106800327412990467504493840368910160834949685798465816487513517975190754832221525897515420839475458633058063069268295763134224328910445876320254259004026161600392691155967113474995058270221974367110485461315652248611398415343285388768321983827351383206254360627243547034285990621384008276973937390101520757353148941138249585504298025557748376151135789808172849936249685761890955134104878626736317594096170273239978241719601072708721090728198945029831798704155734092424362366729947499648716229",
  "bound_upper": "1124999999524490496082791086587133666457589703092688023500988365522323823169970423821613635368802203556441313638331864709381171806443495561827711738503540620385643738114872479328397501878424462224721542612959035204617860546688787547469643857411677016457951463268758405979208751541786921797176733373358528406183719188157476400886615485698836794053549029681258850578836249122547220330142525993202719220605967164687619562882537863361549828643548509114674825943999827711123122246028144740831196175388510010699673108766212434283200483065194566298211681315939050397638593614931591014591398546336263821374352562400240824262865103661048636042989736800653380700434338810059088075510958970472569074400533675067819100162/34109516024185645237514274068691014842265695519615750909527558458100408994499049037877868948159654562136235915277960886504686715642188658972823662422919731899377894428476872988791552327545056290364058948293533470503615595212005862844810543057070947579261728339042624033090043744662601208989815356953724633302094824163878095189454639798974386812737589902216149018813731766595556071849431842545422655666610572643823746740442915822776114735889049539995642878696128173631431265278310790311456734290943415489096054065573984737159179337594933964586937931030038732689450957241344571959680955214535402921864004304634546881011581196052223630235721451365019563549673309649782830594970455962244520514763715462799733162466090449919",
  "float_bound_lower": 3.298199826425155e-11,
  "float_bound_upper": 3.298199830002864e-11,
  "hypothesis": "Strict-convexity and derivative-equivalence theorems are written proofs in C03; this certificate checks rational signs and interval arithmetic."
}







PHI_volume_01_verification/verification/normal_families/results/python_environment.json

{
  "python": "3.13.5 (main, Jul 15 2026, 20:25:40) [GCC 14.2.0]",
  "packages": {
    "numpy": "2.3.5",
    "scipy": "1.17.0",
    "sympy": "1.14.0",
    "mpmath": "1.3.0",
    "PyMuPDF": "1.26.7",
    "Pillow": "12.3.0",
    "pycairo": "1.29.0"
  }
}







PHI_volume_01_verification/verification/normal_families/results/radius_optimization.json

{
  "n": 8,
  "N": 64,
  "M": 2.0,
  "sample_error_bound": 1e-12,
  "q_opt": 0.655555468734469,
  "bound_opt": 3.2981998300028634e-11,
  "at_half": 2.560000001084202e-10,
  "bound_ratio_half_to_opt": 7.761809875182668,
  "status": "floating-point stationary-point diagnostic; convexity proof is in CSE graduate volume",
  "curve": [
    [
      0.2,
      3.906249999999998e-07
    ],
    [
      0.2018295739348371,
      3.631797060224303e-07
    ],
    [
      0.2036591478696742,
      3.3788477387294835e-07
    ],
    [
      0.20548872180451128,
      3.1455462431407935e-07
    ],
    [
      0.20731829573934837,
      2.9302114394722956e-07
    ],
    [
      0.20914786967418547,
      2.7313190726131453e-07
    ],
    [
      0.21097744360902257,
      2.5474859309466886e-07
    ],
    [
      0.21280701754385967,
      2.3774557280838535e-07
    ],
    [
      0.21463659147869676,
      2.2200865028589065e-07
    ],
    [
      0.21646616541353383,
      2.07433936320539e-07
    ],
    [
      0.21829573934837093,
      1.9392684208141453e-07
    ],
    [
      0.22012531328320803,
      1.814011782010938e-07
    ],
    [
      0.22195488721804513,
      1.6977834764522588e-07
    ],
    [
      0.22378446115288222,
      1.5898662193452112e-07
    ],
    [
      0.22561403508771932,
      1.4896049152259157e-07
    ],
    [
      0.2274436090225564,
      1.3964008221171327e-07
    ],
    [
      0.2292731829573935,
      1.309706304333154e-07
    ],
    [
      0.2311027568922306,
      1.2290201104837287e-07
    ],
    [
      0.23293233082706769,
      1.1538831204998602e-07
    ],
    [
      0.23476190476190478,
      1.0838745118934541e-07
    ],
    [
      0.23659147869674185,
      1.018608301082614e-07
    ],
    [
      0.23842105263157895,
      9.577302205626954e-08
    ],
    [
      0.24025062656641605,
      9.009148970646112e-08
    ],
    [
      0.24208020050125315,
      8.478632996897142e-08
    ],
    [
      0.24390977443609024,
      7.9830043040874e-08
    ],
    [
      0.2457393483709273,
      7.519732323160986e-08
    ],
    [
      0.2475689223057644,
      7.086486936886004e-08
    ],
    [
      0.2493984962406015,
      6.68112128251524e-08
    ],
    [
      0.2512280701754386,
      6.301656141413979e-08
    ],
    [
      0.2530576441102757,
      5.946265759061221e-08
    ],
    [
      0.2548872180451128,
      5.613264955269638e-08
    ],
    [
      0.2567167919799499,
      5.301097399080729e-08
    ],
    [
      0.25854636591478697,
      5.008324935789799e-08
    ],
    [
      0.26037593984962404,
      4.733617865126992e-08
    ],
    [
      0.26220551378446116,
      4.475746079932904e-08
    ],
    [
      0.26403508771929823,
      4.233570983862938e-08
    ],
    [
      0.26586466165413536,
      4.006038114862427e-08
    ],
    [
      0.26769423558897243,
      3.792170408486421e-08
    ],
    [
      0.2695238095238095,
      3.591062041691807e-08
    ],
    [
      0.2713533834586466,
      3.401872803593526e-08
    ],
    [
      0.27318295739348375,
      3.2238229449264976e-08
    ],
    [
      0.2750125313283208,
      3.056188462659085e-08
    ],
    [
      0.2768421052631579,
      2.898296780422209e-08
    ],
    [
      0.278671679197995,
      2.7495227892034705e-08
    ],
    [
      0.2805012531328321,
      2.6092852161548185e-08
    ],
    [
      0.2823308270676692,
      2.4770432924169893e-08
    ],
    [
      0.2841604010025063,
      2.3522936936112138e-08
    ],
    [
      0.28598997493734335,
      2.234567729120628e-08
    ],
    [
      0.2878195488721805,
      2.1234287585103856e-08
    ],
    [
      0.28964912280701754,
      2.0184698154415868e-08
    ],
    [
      0.29147869674185467,
      1.919311421243352e-08
    ],
    [
      0.29330827067669174,
      1.825599571940029e-08
    ],
    [
      0.2951378446115288,
      1.7370038840044824e-08
    ],
    [
      0.29696741854636594,
      1.6532158854405234e-08
    ],
    [
      0.298796992481203,
      1.573947440001664e-08
    ],
    [
      0.30062656641604013,
      1.4989292934428523e-08
    ],
    [
      0.3024561403508772,
      1.427909731688176e-08
    ],
    [
      0.30428571428571427,
      1.3606533416907407e-08
    ],
    [
      0.3061152882205514,
      1.2969398665707555e-08
    ],
    [
      0.30794486215538847,
      1.2365631473521131e-08
    ],
    [
      0.3097744360902256,
      1.179330144284119e-08
    ],
    [
      0.31160401002506266,
      1.1250600313401331e-08
    ],
    [
      0.31343358395989973,
      1.0735833580344712e-08
    ],
    [
      0.31526315789473686,
      1.0247412731986965e-08
    ],
    [
      0.3170927318295739,
      9.78384805812846e-09
    ],
    [
      0.31892230576441105,
      9.343741984007351e-09
    ],
    [
      0.3207518796992481,
      8.925782888751403e-09
    ],
    [
      0.3225814536340852,
      8.528739370616832e-09
    ],
    [
      0.3244110275689223,
      8.151454924430644e-09
    ],
    [
      0.32624060150375944,
      7.792842999504845e-09
    ],
    [
      0.3280701754385965,
      7.45188240889386e-09
    ],
    [
      0.3298997493734336,
      7.1276130632428755e-09
    ],
    [
      0.33172932330827065,
      6.819132004645484e-09
    ],
    [
      0.3335588972431078,
      6.52558971791265e-09
    ],
    [
      0.3353884711779449,
      6.246186698469205e-09
    ],
    [
      0.337218045112782,
      5.9801702577533245e-09
    ],
    [
      0.33904761904761904,
      5.726831548513468e-09
    ],
    [
      0.3408771929824561,
      5.485502793788169e-09
    ],
    [
      0.34270676691729324,
      5.255554704628201e-09
    ],
    [
      0.34453634085213036,
      5.036394072788888e-09
    ],
    [
      0.34636591478696743,
      4.82746152569125e-09
    ],
    [
      0.3481954887218045,
      4.628229431933585e-09
    ],
    [
      0.3500250626566416,
      4.438199946537077e-09
    ],
    [
      0.3518546365914787,
      4.25690318593732e-09
    ],
    [
      0.3536842105263158,
      4.0838955234947684e-09
    ],
    [
      0.3555137844611529,
      3.918757996996558e-09
    ],
    [
      0.35734335839598996,
      3.761094820265389e-09
    ],
    [
      0.35917293233082703,
      3.6105319915829357e-09
    ],
    [
      0.36100250626566416,
      3.466715992179724e-09
    ],
    [
      0.3628320802005013,
      3.3293125685449666e-09
    ],
    [
      0.36466165413533835,
      3.198005592771642e-09
    ],
    [
      0.3664912280701754,
      3.0724959955777686e-09
    ],
    [
      0.3683208020050125,
      2.9525007670372473e-09
    ],
    [
      0.3701503759398496,
      2.8377520204154593e-09
    ],
    [
      0.37197994987468674,
      2.7279961148387836e-09
    ],
    [
      0.3738095238095238,
      2.622992832835341e-09
    ],
    [
      0.3756390977443609,
      2.5225146090688948e-09
    ],
    [
      0.377468671679198,
      2.426345806850751e-09
    ],
    [
      0.3792982456140351,
      2.3342820392573936e-09
    ],
    [
      0.3811278195488722,
      2.2461295319061978e-09
    ],
    [
      0.3829573934837093,
      2.161704524649363e-09
    ],
    [
      0.38478696741854634,
      2.0808327096382355e-09
    ],
    [
      0.38661654135338347,
      2.003348703388209e-09
    ],
    [
      0.38844611528822054,
      1.929095550638974e-09
    ],
    [
      0.39027568922305766,
      1.857924257957429e-09
    ],
    [
      0.39210526315789473,
      1.7896933551719671e-09
    ],
    [
      0.3939348370927318,
      1.7242684828577363e-09
    ],
    [
      0.39576441102756893,
      1.661522004214051e-09
    ],
    [
      0.39759398496240606,
      1.6013326397877188e-09
    ],
    [
      0.3994235588972431,
      1.5435851236006074e-09
    ],
    [
      0.4012531328320802,
      1.4881698793368267e-09
    ],
    [
      0.40308270676691726,
      1.434982715334998e-09
    ],
    [
      0.4049122807017544,
      1.3839245372147448e-09
    ],
    [
      0.4067418546365915,
      1.3349010770443367e-09
    ],
    [
      0.4085714285714286,
      1.2878226380286574e-09
    ],
    [
      0.41040100250626566,
      1.242603853763895e-09
    ],
    [
      0.4122305764411027,
      1.1991634611678534e-09
    ],
    [
      0.41406015037593985,
      1.1574240862529185e-09
    ],
    [
      0.415889724310777,
      1.1173120419628472e-09
    ],
    [
      0.41771929824561405,
      1.078757137344931e-09
    ],
    [
      0.4195488721804511,
      1.0416924973760103e-09
    ],
    [
      0.4213784461152882,
      1.006054392804539e-09
    ],
    [
      0.4232080200501253,
      9.71782079411613e-10
    ],
    [
      0.42503759398496244,
      9.38817646131876e-10
    ],
    [
      0.4268671679197995,
      9.071058715105971e-10
    ],
    [
      0.4286967418546366,
      8.765940880062626e-10
    ],
    [
      0.43052631578947365,
      8.472320536788292e-10
    ],
    [
      0.43235588972431077,
      8.189718308325385e-10
    ],
    [
      0.4341854636591479,
      7.917676712090517e-10
    ],
    [
      0.43601503759398497,
      7.655759073517237e-10
    ],
    [
      0.43784461152882204,
      7.40354849785261e-10
    ],
    [
      0.4396741854636591,
      7.160646896769008e-10
    ],
    [
      0.44150375939849623,
      6.926674066656789e-10
    ],
    [
      0.44333333333333336,
      6.70126681565502e-10
    ],
    [
      0.4451629072681704,
      6.484078136655998e-10
    ],
    [
      0.4469924812030075,
      6.274776423686778e-10
    ],
    [
      0.4488220551378446,
      6.073044729227386e-10
    ],
    [
      0.4506516290726817,
      5.878580060171897e-10
    ],
    [
      0.4524812030075188,
      5.69109271027564e-10
    ],
    [
      0.4543107769423559,
      5.510305627060474e-10
    ],
    [
      0.45614035087719296,
      5.335953811270059e-10
    ],
    [
      0.4579699248120301,
      5.167783747080134e-10
    ],
    [
      0.45979949874686715,
      5.005552861374201e-10
    ],
    [
      0.4616290726817043,
      4.849029010494181e-10
    ],
    [
      0.46345864661654135,
      4.697989992968537e-10
    ],
    [
      0.4652882205513784,
      4.552223086807326e-10
    ],
    [
      0.46711779448621554,
      4.4115246100355405e-10
    ],
    [
      0.4689473684210526,
      4.275699503212713e-10
    ],
    [
      0.47077694235588974,
      4.1445609327586915e-10
    ],
    [
      0.4726065162907268,
      4.0179299139732963e-10
    ],
    [
      0.47443609022556393,
      3.8956349527007685e-10
    ],
    [
      0.476265664160401,
      3.7775117046498506e-10
    ],
    [
      0.4780952380952381,
      3.6634026514360837e-10
    ],
    [
      0.4799248120300752,
      3.553156792465814e-10
    ],
    [
      0.48175438596491227,
      3.446629351830736e-10
    ],
    [
      0.4835839598997494,
      3.343681499428385e-10
    ],
    [
      0.48541353383458646,
      3.244180085567838e-10
    ],
    [
      0.48724310776942353,
      3.147997388360935e-10
    ],
    [
      0.48907268170426066,
      3.0550108732382006e-10
    ],
    [
      0.49090225563909773,
      2.9651029639650407e-10
    ],
    [
      0.49273182957393485,
      2.878160824568104e-10
    ],
    [
      0.4945614035087719,
      2.794076151614127e-10
    ],
    [
      0.496390977443609,
      2.7127449763138566e-10
    ],
    [
      0.4982205513784461,
      2.634067475952495e-10
    ],
    [
      0.5000501253132832,
      2.5579477941750086e-10
    ],
    [
      0.5018796992481203,
      2.484293869680134e-10
    ],
    [
      0.5037092731829573,
      2.4130172729009886e-10
    ],
    [
      0.5055388471177944,
      2.3440330502727145e-10
    ],
    [
      0.5073684210526316,
      2.277259575709025e-10
    ],
    [
      0.5091979949874686,
      2.2126184089296155e-10
    ],
    [
      0.5110275689223058,
      2.1500341602993664e-10
    ],
    [
      0.5128571428571429,
      2.08943436185832e-10
    ],
    [
      0.51468671679198,
      2.0307493442381485e-10
    ],
    [
      0.516516290726817,
      1.9739121191770145e-10
    ],
    [
      0.5183458646616541,
      1.918858267359669e-10
    ],
    [
      0.5201754385964912,
      1.865525831323979e-10
    ],
    [
      0.5220050125313282,
      1.8138552131885238e-10
    ],
    [
      0.5238345864661654,
      1.7637890769686532e-10
    ],
    [
      0.5256641604010025,
      1.7152722552604744e-10
    ],
    [
      0.5274937343358396,
      1.6682516600835703e-10
    ],
    [
      0.5293233082706768,
      1.6226761976841688e-10
    ],
    [
      0.5311528822055138,
      1.5784966871106133e-10
    ],
    [
      0.5329824561403509,
      1.5356657823826893e-10
    ],
    [
      0.534812030075188,
      1.4941378980856544e-10
    ],
    [
      0.536641604010025,
      1.4538691382284365e-10
    ],
    [
      0.5384711779448621,
      1.4148172282138682e-10
    ],
    [
      0.5403007518796992,
      1.3769414497766876e-10
    ],
    [
      0.5421303258145364,
      1.3402025787526145e-10
    ],
    [
      0.5439598997493734,
      1.3045628255490366e-10
    ],
    [
      0.5457894736842106,
      1.2699857781947188e-10
    ],
    [
      0.5476190476190477,
      1.2364363478527106e-10
    ],
    [
      0.5494486215538847,
      1.2038807166869432e-10
    ],
    [
      0.5512781954887218,
      1.1722862879793862e-10
    ],
    [
      0.5531077694235589,
      1.1416216384006425e-10
    ],
    [
      0.554937343358396,
      1.1118564723429338e-10
    ],
    [
      0.556766917293233,
      1.0829615782303665e-10
    ],
    [
      0.5585964912280701,
      1.05490878672734e-10
    ],
    [
      0.5604260651629073,
      1.027670930772006e-10
    ],
    [
      0.5622556390977443,
      1.0012218073678822e-10
    ],
    [
      0.5640852130325815,
      9.755361410731081e-11
    ],
    [
      0.5659147869674186,
      9.505895491336413e-11
    ],
    [
      0.5677443609022557,
      9.263585082137922e-11
    ],
    [
      0.5695739348370927,
      9.028203226853388e-11
    ],
    [
      0.5714035087719298,
      8.799530944448914e-11
    ],
    [
      0.5732330827067669,
      8.577356942386171e-11
    ],
    [
      0.5750626566416039,
      8.361477344839488e-11
    ],
    [
      0.576892230576441,
      8.151695435898401e-11
    ],
    [
      0.5787218045112782,
      7.947821417907215e-11
    ],
    [
      0.5805513784461153,
      7.749672185249908e-11
    ],
    [
      0.5823809523809524,
      7.557071114069601e-11
    ],
    [
      0.5842105263157895,
      7.369847868623357e-11
    ],
    [
      0.5860401002506266,
      7.187838225219002e-11
    ],
    [
      0.5878696741854637,
      7.010883914970564e-11
    ],
    [
      0.5896992481203007,
      6.838832486948775e-11
    ],
    [
      0.5915288220551378,
      6.671537193704324e-11
    ],
    [
      0.5933583959899749,
      6.508856901615146e-11
    ],
    [
      0.595187969924812,
      6.35065602906876e-11
    ],
    [
      0.5970175438596491,
      6.196804516153123e-11
    ],
    [
      0.5988471177944862,
      6.047177830313453e-11
    ],
    [
      0.6006766917293234,
      5.90165701336146e-11
    ],
    [
      0.6025062656641604,
      5.7601287763233e-11
    ],
    [
      0.6043358395989975,
      5.622485649915826e-11
    ],
    [
      0.6061654135338346,
      5.4886261999848036e-11
    ],
    [
      0.6079949874686716,
      5.358455319066924e-11
    ],
    [
      0.6098245614035087,
      5.231884607402957e-11
    ],
    [
      0.6116541353383458,
      5.108832859292549e-11
    ],
    [
      0.613483709273183,
      4.989226673714753e-11
    ],
    [
      0.61531328320802,
      4.873001211727192e-11
    ],
    [
      0.6171428571428572,
      4.7601011274005896e-11
    ],
    [
      0.6189724310776943,
      4.650481704062625e-11
    ],
    [
      0.6208020050125314,
      4.5441102335525423e-11
    ],
    [
      0.6226315789473684,
      4.440967683189902e-11
    ],
    [
      0.6244611528822055,
      4.341050703426215e-11
    ],
    [
      0.6262907268170426,
      4.244374038902298e-11
    ],
    [
      0.6281203007518796,
      4.150973417138796e-11
    ],
    [
      0.6299498746867167,
      4.0609090026509336e-11
    ],
    [
      0.6317794486215539,
      3.974269520262109e-11
    ],
    [
      0.633609022556391,
      3.89117717021745e-11
    ],
    [
      0.6354385964912281,
      3.811793479863318e-11
    ],
    [
      0.6372681704260652,
      3.736326262742113e-11
    ],
    [
      0.6390977443609023,
      3.6650378866314317e-11
    ],
    [
      0.6409273182957393,
      3.598255088126995e-11
    ],
    [
      0.6427568922305764,
      3.536380613756369e-11
    ],
    [
      0.6445864661654135,
      3.479907017399669e-11
    ],
    [
      0.6464160401002506,
      3.429433002249509e-11
    ],
    [
      0.6482456140350876,
      3.385682764142778e-11
    ],
    [
      0.6500751879699248,
      3.3495288735655974e-11
    ],
    [
      0.6519047619047619,
      3.3220193279805104e-11
    ],
    [
      0.6537343358395991,
      3.3044095166957755e-11
    ],
    [
      0.6555639097744361,
      3.2981999700224385e-11
    ],
    [
      0.6573934837092732,
      3.305180916127218e-11
    ],
    [
      0.6592230576441103,
      3.32748484649337e-11
    ],
    [
      0.6610526315789473,
      3.367648498558944e-11
    ],
    [
      0.6628822055137844,
      3.4286859069283906e-11
    ],
    [
      0.6647117794486215,
      3.51417445838199e-11
    ],
    [
      0.6665413533834587,
      3.628356217517735e-11
    ],
    [
      0.6683709273182957,
      3.7762571771290964e-11
    ],
    [
      0.6702005012531328,
      3.9638275394982094e-11
    ],
    [
      0.67203007518797,
      4.198106662286897e-11
    ],
    [
      0.673859649122807,
      4.487416917962636e-11
    ],
    [
      0.6756892230576441,
      4.8415914329977416e-11
    ],
    [
      0.6775187969924812,
      5.2722415090023105e-11
    ],
    [
      0.6793483709273183,
      5.7930705017069053e-11
    ],
    [
      0.6811779448621553,
      6.42024206755443e-11
    ],
    [
      0.6830075187969924,
      7.17281200736793e-11
    ],
    [
      0.6848370927318296,
      8.073234471969328e-11
    ],
    [
      0.6866666666666666,
      9.147955080259532e-11
    ],
    [
      0.6884962406015038,
      1.042810557607272e-10
    ],
    [
      0.6903258145363409,
      1.1950317062259195e-10
    ],
    [
      0.692155388471178,
      1.375767165231458e-10
    ],
    [
      0.693984962406015,
      1.5900815633109525e-10
    ],
    [
      0.6958145363408521,
      1.8439261008114925e-10
    ],
    [
      0.6976441102756892,
      2.144290667117001e-10
    ],
    [
      0.6994736842105262,
      2.499381554119371e-10
    ],
    [
      0.7013032581453633,
      2.918828987774713e-10
    ],
    [
      0.7031328320802004,
      3.413929382223763e-10
    ],
    [
      0.7049624060150377,
      3.9979280115311494e-10
    ],
    [
      0.7067919799498747,
      4.68634870952627e-10
    ],
    [
      0.7086215538847118,
      5.497378267823473e-10
    ],
    [
      0.7104511278195489,
      6.45231442809165e-10
    ],
    [
      0.712280701754386,
      7.576087782636951e-10
    ],
    [
      0.714110275689223,
      8.897869536797744e-10
    ],
    [
      0.7159398496240601,
      1.0451778981406283e-09
    ],
    [
      0.7177694235588972,
      1.2277706712589634e-09
    ],
    [
      0.7195989974937342,
      1.4422272164225771e-09
    ],
    [
      0.7214285714285713,
      1.6939936936868263e-09
    ],
    [
      0.7232581453634086,
      1.9894298774973217e-09
    ],
    [
      0.7250877192982457,
      2.3359594929618954e-09
    ],
    [
      0.7269172932330827,
      2.742244812445186e-09
    ],
    [
      0.7287468671679198,
      3.218389350759294e-09
    ],
    [
      0.7305764411027569,
      3.776173092416742e-09
    ],
    [
      0.732406015037594,
      4.429325370036047e-09
    ],
    [
      0.734235588972431,
      5.193841302507557e-09
    ],
    [
      0.7360651629072681,
      6.088348610357144e-09
    ],
    [
      0.7378947368421052,
      7.134532671549871e-09
    ],
    [
      0.7397243107769422,
      8.357628883976857e-09
    ],
    [
      0.7415538847117795,
      9.786992784211631e-09
    ],
    [
      0.7433834586466166,
      1.1456759962288246e-08
    ],
    [
      0.7452130325814537,
      1.3406609639539055e-08
    ],
    [
      0.7470426065162907,
      1.568264787555568e-08
    ],
    [
      0.7488721804511278,
      1.833842878071242e-08
    ],
    [
      0.7507017543859649,
      2.1436134877632774e-08
    ],
    [
      0.7525313283208019,
      2.5047940930173676e-08
    ],
    [
      0.754360902255639,
      2.9257589200948794e-08
    ],
    [
      0.7561904761904761,
      3.416220827547137e-08
    ],
    [
      0.7580200501253134,
      3.987441237953598e-08
    ],
    [
      0.7598496240601504,
      4.652472360416118e-08
    ],
    [
      0.7616791979949875,
      5.4264365739313176e-08
    ],
    [
      0.7635087719298246,
      6.326848561767793e-08
    ],
    [
      0.7653383458646617,
      7.373986611297879e-08
    ],
    [
      0.7671679197994987,
      8.591320437171339e-08
    ],
    [
      0.7689974937343358,
      1.0006003965139465e-07
    ],
    [
      0.7708270676691729,
      1.1649442748441752e-07
    ],
    [
      0.7726566416040099,
      1.355794710030993e-07
    ],
    [
      0.774486215538847,
      1.577348363969783e-07
    ],
    [
      0.7763157894736843,
      1.8344539791103163e-07
    ],
    [
      0.7781453634085214,
      2.1327117885483146e-07
    ],
    [
      0.7799749373433584,
      2.4785877914372245e-07
    ],
    [
      0.7818045112781955,
      2.8795450734937713e-07
    ],
    [
      0.7836340852130326,
      3.344194665713595e-07
    ],
    [
      0.7854636591478696,
      3.8824687918980236e-07
    ],
    [
      0.7872932330827067,
      4.505819763315493e-07
    ],
    [
      0.7891228070175438,
      5.227448243697096e-07
    ],
    [
      0.7909523809523809,
      6.06256513764547e-07
    ],
    [
      0.7927819548872179,
      7.02869195932549e-07
    ],
    [
      0.7946115288220552,
      8.146005226105605e-07
    ],
    [
      0.7964411027568923,
      9.437731205082416e-07
    ],
    [
      0.7982706766917294,
      1.0930598232136994e-06
    ],
    [
      0.8001002506265664,
      1.2655354838041401e-06
    ],
    [
      0.8019298245614035,
      1.464736307084448e-06
    ],
    [
      0.8037593984962406,
      1.6947277717180759e-06
    ],
    [
      0.8055889724310776,
      1.9601823618654425e-06
    ],
    [
      0.8074185463659147,
      2.266468497724749e-06
    ],
    [
      0.8092481203007518,
      2.6197522473176437e-06
    ],
    [
      0.8110776942355888,
      3.0271136210761067e-06
    ],
    [
      0.8129072681704261,
      3.4966794997723346e-06
    ],
    [
      0.8147368421052632,
      4.0377755290532404e-06
    ],
    [
      0.8165664160401003,
      4.661099634778558e-06
    ],
    [
      0.8183959899749373,
      5.378920177576268e-06
    ],
    [
      0.8202255639097744,
      6.205302178251678e-06
    ],
    [
      0.8220551378446115,
      7.156365514375691e-06
    ],
    [
      0.8238847117794486,
      8.250579519841553e-06
    ],
    [
      0.8257142857142856,
      9.509099021663185e-06
    ],
    [
      0.8275438596491227,
      1.0956147531104197e-05
    ],
    [
      0.82937343358396,
      1.2619454079886502e-05
    ],
    [
      0.831203007518797,
      1.4530751068592961e-05
    ],
    [
      0.8330325814536341,
      1.6726341486844622e-05
    ],
    [
      0.8348621553884712,
      1.9247744988488316e-05
    ],
    [
      0.8366917293233083,
      2.2142433576941178e-05
    ],
    [
      0.8385213032581453,
      2.5464669095203622e-05
    ],
    [
      0.8403508771929824,
      2.9276456343571173e-05
    ],
    [
      0.8421804511278195,
      3.364862749019837e-05
    ],
    [
      0.8440100250626565,
      3.866207552298099e-05
    ],
    [
      0.8458395989974936,
      4.440915684683905e-05
    ],
    [
      0.8476691729323309,
      5.099528579349813e-05
    ],
    [
      0.849498746867168,
      5.8540746820863105e-05
    ],
    [
      0.851328320802005,
      6.718275358075485e-05
    ],
    [
      0.8531578947368421,
      7.707778787747681e-05
    ],
    [
      0.8549874686716792,
      8.84042558823996e-05
    ],
    [
      0.8568170426065163,
      0.00010136550387565128
    ],
    [
      0.8586466165413533,
      0.00011619324132773788
    ],
    [
      0.8604761904761904,
      0.00013315142539350872
    ],
    [
      0.8623057644110275,
      0.00015254066796113112
    ],
    [
      0.8641353383458645,
      0.00017470323438467599
    ],
    [
      0.8659649122807018,
      0.0002000287120495222
    ],
    [
      0.8677944862155389,
      0.00022896043710994438
    ],
    [
      0.869624060150376,
      0.0002620027792512369
    ],
    [
      0.871453634085213,
      0.00029972939733836673
    ],
    [
      0.8732832080200501,
      0.00034279259351803856
    ],
    [
      0.8751127819548872,
      0.000391933909966803
    ],
    [
      0.8769423558897242,
      0.0004479961312829024
    ],
    [
      0.8787719298245613,
      0.0005119368767994197
    ],
    [
      0.8806015037593984,
      0.0005848439911902007
    ],
    [
      0.8824310776942355,
      0.0006679529690381828
    ],
    [
      0.8842606516290727,
      0.000762666679988389
    ],
    [
      0.8860902255639098,
      0.0008705776962357488
    ],
    [
      0.8879197994987469,
      0.0009934935640062879
    ],
    [
      0.889749373433584,
      0.0011334654060826664
    ],
    [
      0.891578947368421,
      0.0012928202941268837
    ],
    [
      0.8934085213032581,
      0.0014741978885300252
    ],
    [
      0.8952380952380952,
      0.0016805919109123793
    ],
    [
      0.8970676691729322,
      0.0019153970915566827
    ],
    [
      0.8988972431077693,
      0.002182462322588258
    ],
    [
      0.9007268170426066,
      0.002486150849536415
    ],
    [
      0.9025563909774437,
      0.0028314084513236318
    ],
    [
      0.9043859649122807,
      0.003223840694510625
    ],
    [
      0.9062155388471178,
      0.0036698005051379063
    ],
    [
      0.9080451127819549,
      0.004176487484849429
    ],
    [
      0.909874686716792,
      0.004752060612169626
    ],
    [
      0.911704260651629,
      0.005405766220997364
    ],
    [
      0.9135338345864661,
      0.006148083444191214
    ],
    [
      0.9153634085213032,
      0.0069908896600005726
    ],
    [
      0.9171929824561402,
      0.00794764889483329
    ],
    [
      0.9190225563909775,
      0.009033626632214412
    ],
    [
      0.9208521303258146,
      0.01026613507338262
    ],
    [
      0.9226817042606517,
      0.011664813613334997
    ],
    [
      0.9245112781954887,
      0.01325195016718973
    ],
    [
      0.9263408521303258,
      0.015052850043768056
    ],
    [
      0.9281704260651629,
      0.017096260365441898
    ],
    [
      0.93,
      0.01941485963906304
    ]
  ]
}







PHI_volume_01_verification/verification/normal_families/results/restriction_frontier.json

[
  {
    "radius": "1/4",
    "rank": 2,
    "operator_error": "1/16",
    "log10_error": -1.2041199826559248
  },
  {
    "radius": "1/4",
    "rank": 4,
    "operator_error": "1/256",
    "log10_error": -2.4082399653118496
  },
  {
    "radius": "1/4",
    "rank": 8,
    "operator_error": "1/65536",
    "log10_error": -4.816479930623699
  },
  {
    "radius": "1/4",
    "rank": 16,
    "operator_error": "1/4294967296",
    "log10_error": -9.632959861247398
  },
  {
    "radius": "1/4",
    "rank": 32,
    "operator_error": "1/18446744073709551616",
    "log10_error": -19.265919722494797
  },
  {
    "radius": "1/4",
    "rank": 64,
    "operator_error": "1/340282366920938463463374607431768211456",
    "log10_error": -38.53183944498959
  },
  {
    "radius": "1/2",
    "rank": 2,
    "operator_error": "1/4",
    "log10_error": -0.6020599913279624
  },
  {
    "radius": "1/2",
    "rank": 4,
    "operator_error": "1/16",
    "log10_error": -1.2041199826559248
  },
  {
    "radius": "1/2",
    "rank": 8,
    "operator_error": "1/256",
    "log10_error": -2.4082399653118496
  },
  {
    "radius": "1/2",
    "rank": 16,
    "operator_error": "1/65536",
    "log10_error": -4.816479930623699
  },
  {
    "radius": "1/2",
    "rank": 32,
    "operator_error": "1/4294967296",
    "log10_error": -9.632959861247398
  },
  {
    "radius": "1/2",
    "rank": 64,
    "operator_error": "1/18446744073709551616",
    "log10_error": -19.265919722494797
  },
  {
    "radius": "3/4",
    "rank": 2,
    "operator_error": "9/16",
    "log10_error": -0.24987747321659987
  },
  {
    "radius": "3/4",
    "rank": 4,
    "operator_error": "81/256",
    "log10_error": -0.4997549464331998
  },
  {
    "radius": "3/4",
    "rank": 8,
    "operator_error": "6561/65536",
    "log10_error": -0.9995098928663996
  },
  {
    "radius": "3/4",
    "rank": 16,
    "operator_error": "43046721/4294967296",
    "log10_error": -1.9990197857327991
  },
  {
    "radius": "3/4",
    "rank": 32,
    "operator_error": "1853020188851841/18446744073709551616",
    "log10_error": -3.9980395714655983
  },
  {
    "radius": "3/4",
    "rank": 64,
    "operator_error": "3433683820292512484657849089281/340282366920938463463374607431768211456",
    "log10_error": -7.996079142931197
  },
  {
    "radius": "9/10",
    "rank": 2,
    "operator_error": "81/100",
    "log10_error": -0.09151498112135022
  },
  {
    "radius": "9/10",
    "rank": 4,
    "operator_error": "6561/10000",
    "log10_error": -0.1830299622427005
  },
  {
    "radius": "9/10",
    "rank": 8,
    "operator_error": "43046721/100000000",
    "log10_error": -0.36605992448540103
  },
  {
    "radius": "9/10",
    "rank": 16,
    "operator_error": "1853020188851841/10000000000000000",
    "log10_error": -0.732119848970802
  },
  {
    "radius": "9/10",
    "rank": 32,
    "operator_error": "3433683820292512484657849089281/100000000000000000000000000000000",
    "log10_error": -1.4642396979416041
  },
  {
    "radius": "9/10",
    "rank": 64,
    "operator_error": "11790184577738583171520872861412518665678211592275841109096961/10000000000000000000000000000000000000000000000000000000000000000",
    "log10_error": -2.9284793958832083
  }
]







PHI_volume_01_verification/verification/normal_families/results/sample_bounds.json

[
  {
    "N": 16,
    "certified_boundary_bound": "141/3500",
    "assumptions": "sample maximum <=1/1000; angular Lipschitz constant <=1/5; pi<22/7"
  },
  {
    "N": 32,
    "certified_boundary_bound": "289/14000",
    "assumptions": "sample maximum <=1/1000; angular Lipschitz constant <=1/5; pi<22/7"
  },
  {
    "N": 64,
    "certified_boundary_bound": "303/28000",
    "assumptions": "sample maximum <=1/1000; angular Lipschitz constant <=1/5; pi<22/7"
  },
  {
    "N": 128,
    "certified_boundary_bound": "331/56000",
    "assumptions": "sample maximum <=1/1000; angular Lipschitz constant <=1/5; pi<22/7"
  },
  {
    "N": 256,
    "certified_boundary_bound": "387/112000",
    "assumptions": "sample maximum <=1/1000; angular Lipschitz constant <=1/5; pi<22/7"
  },
  {
    "N": 512,
    "certified_boundary_bound": "499/224000",
    "assumptions": "sample maximum <=1/1000; angular Lipschitz constant <=1/5; pi<22/7"
  }
]







PHI_volume_01_verification/verification/normal_families/results/smt_verification.json

{
  "distinct_schema_count": 23,
  "parameter_instance_schemas": {
    "weighted_energy": 8,
    "jet_budget": 6,
    "sample_budget": 6
  },
  "library": "libz3.so.4",
  "version": "4.13.3.0",
  "obligations": [
    {
      "id": "F01_gap_positive",
      "description": "Open disk denominator.",
      "answer": "unsat",
      "sha256": "b68b77cc6323557b32c825b142941706706c83e94082c7bb1c5f407d99e4e3de"
    },
    {
      "id": "F02_quarter_radius",
      "description": "Scaling the quarter-radius inclusion.",
      "answer": "unsat",
      "sha256": "780914dd3c2a1ba4c93b9f3865952115bba7b0579151b8443039be0e656f1c13"
    },
    {
      "id": "F03_radius_interval",
      "description": "Equivalent conformal-radius interval.",
      "answer": "unsat",
      "sha256": "8cc54e50dd92d3930170142e779dc97bfab8a7280b6a42816a43e0fefe3fffa9"
    },
    {
      "id": "F04_inverse_margin",
      "description": "Positive perturbed denominator.",
      "answer": "unsat",
      "sha256": "7e69e00c1108e84e8025b038cc6d1a6176a46f478e520f8b88777074ec981186"
    },
    {
      "id": "F05_quadratic_gap",
      "description": "Quadratic univalence margin.",
      "answer": "unsat",
      "sha256": "3d36b24e31975ac879a0083dc14aab20bea0f55aa82e6c5225258eaec038e9e9"
    },
    {
      "id": "F06_quadratic_lipschitz",
      "description": "Difference-factor lower bound.",
      "answer": "unsat",
      "sha256": "92d46b0893f6f775705aeccae9a5f0ce24c29388305beb11dc14e799aaaa0bfb"
    },
    {
      "id": "F07_extremal_gain",
      "description": "Strict gain in the Riemann extremal argument.",
      "answer": "unsat",
      "sha256": "86aaf8089a65335ac3d946de927c96a9ee27ed7e80bc6121928a0f6c0a48b108"
    },
    {
      "id": "F08_capacitance_energy",
      "description": "Two-arc energy inequality numerator.",
      "answer": "unsat",
      "sha256": "0667ab8a42e1c50fd7feb6ac3074fb3bb3e44930bf1ba9a8d4845914caac1d38"
    },
    {
      "id": "F09_area_single_coefficient",
      "description": "Nonnegative Laurent coefficient budget.",
      "answer": "unsat",
      "sha256": "8c1a7bd627377754da6ceef8a939eebfbae899c711768cd8443dbd28ae7cbf97"
    },
    {
      "id": "F10_shape_order",
      "description": "Upper shape factor exceeds one.",
      "answer": "unsat",
      "sha256": "f646c1989a508e41e196831a45bddea30a74f4b1cecea0f3ae8ec152ad9914e4"
    },
    {
      "id": "F11_tail_splitting",
      "description": "Nonnegative error budget.",
      "answer": "unsat",
      "sha256": "0bb7e021e040d2640954652cbab358f53aaa72238450bf1d1cd03b2a574a2d70"
    },
    {
      "id": "F12_sample_enclosure",
      "description": "Composition of a sample enclosure and an independent variation bound.",
      "answer": "unsat",
      "sha256": "a92985ca9a22fc54adc315777c01abb04696f9a564c4df674e82d03a4b0d873d"
    },
    {
      "id": "F13_half_arc",
      "description": "Optimal splitting of the two arcs.",
      "answer": "unsat",
      "sha256": "e0d931e3d0f726bab432dda3e5cfcd0c3357ebf2b37af2359c27795fb9ad654b"
    },
    {
      "id": "F14_quarter_sharp_numerator",
      "description": "Koebe negative-axis value is at most one quarter.",
      "answer": "unsat",
      "sha256": "33a35faeafbcd04e7409975d053e544a5895ddd30e419cb80e641543e6e904fb"
    },
    {
      "id": "F15_spherical_reciprocal",
      "description": "Squared norm identity in a reciprocal complex chart.",
      "answer": "unsat",
      "sha256": "da3156e0a8c6b31b021bbb08ffb84aef353abecbf32b515d5b3d6dc54672b5e9"
    },
    {
      "id": "F16_normalized_derivative_nonzero",
      "description": "Normalization excludes a zero derivative.",
      "answer": "unsat",
      "sha256": "145c0ed54e7a64d10391f75718f0e38e2d42531306590f3495ecbd05da9094ef"
    },
    {
      "id": "F17_weighted_energy_1",
      "description": "Coordinate-energy operator bound with ceiling 1.",
      "answer": "unsat",
      "sha256": "1eab2b8935b75b6a3a48b6547a664038c4ccf922b512ad70f27beb2aad095e68"
    },
    {
      "id": "F18_weighted_energy_2",
      "description": "Coordinate-energy operator bound with ceiling 2.",
      "answer": "unsat",
      "sha256": "2b6b50373bd73dab673cd98b2b88c6cd209301f0fcedeeaded0ce1b6aa45067b"
    },
    {
      "id": "F19_weighted_energy_3",
      "description": "Coordinate-energy operator bound with ceiling 3.",
      "answer": "unsat",
      "sha256": "02c6a16f871f82c0ee683c94976ea3860ead28138a98f9d9be9e0943c7c44d91"
    },
    {
      "id": "F20_weighted_energy_4",
      "description": "Coordinate-energy operator bound with ceiling 4.",
      "answer": "unsat",
      "sha256": "1ba2988d84f526b8e17829177702874a43f2bb4d582a96c976a19988dc3a7170"
    },
    {
      "id": "F21_weighted_energy_5",
      "description": "Coordinate-energy operator bound with ceiling 5.",
      "answer": "unsat",
      "sha256": "1ae1804e05e1ce4ff0047a90f71b45e20dfb8784657605faf3ad5e42fad68b3a"
    },
    {
      "id": "F22_weighted_energy_6",
      "description": "Coordinate-energy operator bound with ceiling 6.",
      "answer": "unsat",
      "sha256": "cd0eddcd5ee5717b87d52262290e00a5976516f53e4f6a599671a11cead5d534"
    },
    {
      "id": "F23_weighted_energy_7",
      "description": "Coordinate-energy operator bound with ceiling 7.",
      "answer": "unsat",
      "sha256": "fb83a9a7be44b4f9f5a225844c677b99c3f629a6a5c1dac6d7a23f04208446fd"
    },
    {
      "id": "F24_weighted_energy_8",
      "description": "Coordinate-energy operator bound with ceiling 8.",
      "answer": "unsat",
      "sha256": "2094d20fd72b880a307dc406db202091ace99959483b00ee8d469e782b41eb92"
    },
    {
      "id": "F25_jet_budget_1",
      "description": "Area budget after retaining a Laurent coefficient of order 1.",
      "answer": "unsat",
      "sha256": "3371adb60dcec73616852bbafe779745434639a58169ebec6be5dc04bac02095"
    },
    {
      "id": "F26_jet_budget_2",
      "description": "Area budget after retaining a Laurent coefficient of order 2.",
      "answer": "unsat",
      "sha256": "fcb12c63399160dd518daaf4536d9d62a56bb2e746f42263145064287b4f5a86"
    },
    {
      "id": "F27_jet_budget_3",
      "description": "Area budget after retaining a Laurent coefficient of order 3.",
      "answer": "unsat",
      "sha256": "9da5aded9b87b1da400704c11bd6c1061a686602a18aaf0748a4f6ae9d934859"
    },
    {
      "id": "F28_jet_budget_4",
      "description": "Area budget after retaining a Laurent coefficient of order 4.",
      "answer": "unsat",
      "sha256": "4968d5a1cc4e2c39a53470274cc7d93fcf16b5b31a0dae12bc93d0361f5e8232"
    },
    {
      "id": "F29_jet_budget_5",
      "description": "Area budget after retaining a Laurent coefficient of order 5.",
      "answer": "unsat",
      "sha256": "e8b9ff403fd519488f54e75ccfe641cc638d3d35b21fa5f71ff614e999211f0c"
    },
    {
      "id": "F30_jet_budget_6",
      "description": "Area budget after retaining a Laurent coefficient of order 6.",
      "answer": "unsat",
      "sha256": "f1bbf21efc47c41225e79ef29c96f4b0b4fa42b82eee0ffe7e4f43393ba3d59f"
    },
    {
      "id": "F31_sample_budget_1",
      "description": "Rational mesh spacing 1/1 sample certificate.",
      "answer": "unsat",
      "sha256": "3af686dd77ea622098cd87f6300aa6083decd84cbb8649f629527849c30ebce9"
    },
    {
      "id": "F32_sample_budget_2",
      "description": "Rational mesh spacing 1/2 sample certificate.",
      "answer": "unsat",
      "sha256": "183c2f68a689e3bbf14e856d16b20e07aa04ee62faa45750c68ca46ff462afb5"
    },
    {
      "id": "F33_sample_budget_3",
      "description": "Rational mesh spacing 1/3 sample certificate.",
      "answer": "unsat",
      "sha256": "de10bfb9d4b636255a7e32873b8320b9e9dadb8dac39057044506b7e1611e0d4"
    },
    {
      "id": "F34_sample_budget_4",
      "description": "Rational mesh spacing 1/4 sample certificate.",
      "answer": "unsat",
      "sha256": "5533b3bdc13c526c4fba37445165b0f70e3bf5c5f350c6ab0708ac4f6724e28d"
    },
    {
      "id": "F35_sample_budget_5",
      "description": "Rational mesh spacing 1/5 sample certificate.",
      "answer": "unsat",
      "sha256": "461f4f3f80af1b1fde7161af6d7afe778e0150d50202d2f3ba5fbf47cd0cbb7e"
    },
    {
      "id": "F36_sample_budget_6",
      "description": "Rational mesh spacing 1/6 sample certificate.",
      "answer": "unsat",
      "sha256": "8aaad6b7ffa42d4252f3136d17172f4a2822f5dacc031e26115b69eaae304753"
    },
    {
      "id": "F37_modulus_square",
      "description": "Squared nonnegative modulus inequality.",
      "answer": "unsat",
      "sha256": "0a585a658f9d3b7a347357c5ffe1e09a2aa2a5bd7906a0c8bde4f58fc23012bf"
    },
    {
      "id": "F38_coverage_bound",
      "description": "Bounded weighted obligation coverage.",
      "answer": "unsat",
      "sha256": "b6f5807150fa93f348fe23b5f7ef8178a487da4f6de03b42835ee9684cf05c16"
    },
    {
      "id": "F39_slit_discriminant",
      "description": "Positive real discriminant to the right of the slit.",
      "answer": "unsat",
      "sha256": "2ec7b7f0fa67f502a476b2e0b4b86d14125a8e5ed85b7b11297f89b57c77ead3"
    },
    {
      "id": "F40_truncation_norm",
      "description": "Contraction of nonnegative coefficient energy.",
      "answer": "unsat",
      "sha256": "820bfadb83c895e0140b712ca46fc2edbe11649826f56bcd2c49432dca38fffc"
    }
  ],
  "mutation_controls": [
    {
      "id": "quarter_changed",
      "answer": "sat"
    },
    {
      "id": "strict_gain_endpoint",
      "answer": "sat"
    },
    {
      "id": "missing_normalization",
      "answer": "sat"
    },
    {
      "id": "negative_weight",
      "answer": "sat"
    },
    {
      "id": "oversized_quadratic",
      "answer": "sat"
    },
    {
      "id": "coverage_overcount",
      "answer": "sat"
    },
    {
      "id": "incorrect_sqrt",
      "answer": "sat"
    },
    {
      "id": "lost_boundary_margin",
      "answer": "sat"
    },
    {
      "id": "wrong_energy_factor",
      "answer": "sat"
    },
    {
      "id": "uncertified_sample",
      "answer": "sat"
    }
  ],
  "trust": "Z3 solver acceptance; not Lean kernel verification."
}







PHI_volume_01_verification/verification/normal_families/results/symbolic_identities.json

{
  "count": 13,
  "names": [
    "koebe_derivative",
    "koebe_second_derivative",
    "koebe_difference",
    "koebe_cayley",
    "koebe_inverse_polynomial",
    "quadratic_difference",
    "koebe_ratio",
    "koebe_growth_upper_integral",
    "koebe_growth_lower_integral",
    "extremal_gain",
    "quadratic_inverse_rationalization",
    "pre_schwarzian_upper",
    "pre_schwarzian_lower"
  ],
  "engine": "1.14.0"
}







PHI_volume_01_verification/verification/normal_families/results/verification.json

{
  "environment": {
    "python": "3.13.5",
    "numpy": "2.3.5",
    "sympy": "1.14.0",
    "z3": "4.13.3.0"
  },
  "checks": 2521,
  "counts_by_kind": {
    "SMT-counterexample": 10,
    "SMT-real-closed-field": 40,
    "exact": 58,
    "floating-point": 2400,
    "symbolic-identity": 13
  },
  "records": [
    {
      "id": "F01_gap_positive",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F02_quarter_radius",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F03_radius_interval",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F04_inverse_margin",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F05_quadratic_gap",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F06_quadratic_lipschitz",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F07_extremal_gain",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F08_capacitance_energy",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F09_area_single_coefficient",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F10_shape_order",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F11_tail_splitting",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F12_sample_enclosure",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F13_half_arc",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F14_quarter_sharp_numerator",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F15_spherical_reciprocal",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F16_normalized_derivative_nonzero",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F17_weighted_energy_1",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F18_weighted_energy_2",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F19_weighted_energy_3",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F20_weighted_energy_4",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F21_weighted_energy_5",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F22_weighted_energy_6",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F23_weighted_energy_7",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F24_weighted_energy_8",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F25_jet_budget_1",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F26_jet_budget_2",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F27_jet_budget_3",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F28_jet_budget_4",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F29_jet_budget_5",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F30_jet_budget_6",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F31_sample_budget_1",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F32_sample_budget_2",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F33_sample_budget_3",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F34_sample_budget_4",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F35_sample_budget_5",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F36_sample_budget_6",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F37_modulus_square",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F38_coverage_bound",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F39_slit_discriminant",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "F40_truncation_norm",
      "kind": "SMT-real-closed-field",
      "passed": true
    },
    {
      "id": "mutation_quarter_changed",
      "kind": "SMT-counterexample",
      "passed": true
    },
    {
      "id": "mutation_strict_gain_endpoint",
      "kind": "SMT-counterexample",
      "passed": true
    },
    {
      "id": "mutation_missing_normalization",
      "kind": "SMT-counterexample",
      "passed": true
    },
    {
      "id": "mutation_negative_weight",
      "kind": "SMT-counterexample",
      "passed": true
    },
    {
      "id": "mutation_oversized_quadratic",
      "kind": "SMT-counterexample",
      "passed": true
    },
    {
      "id": "mutation_coverage_overcount",
      "kind": "SMT-counterexample",
      "passed": true
    },
    {
      "id": "mutation_incorrect_sqrt",
      "kind": "SMT-counterexample",
      "passed": true
    },
    {
      "id": "mutation_lost_boundary_margin",
      "kind": "SMT-counterexample",
      "passed": true
    },
    {
      "id": "mutation_wrong_energy_factor",
      "kind": "SMT-counterexample",
      "passed": true
    },
    {
      "id": "mutation_uncertified_sample",
      "kind": "SMT-counterexample",
      "passed": true
    },
    {
      "id": "koebe_derivative",
      "kind": "symbolic-identity",
      "passed": true
    },
    {
      "id": "koebe_second_derivative",
      "kind": "symbolic-identity",
      "passed": true
    },
    {
      "id": "koebe_difference",
      "kind": "symbolic-identity",
      "passed": true
    },
    {
      "id": "koebe_cayley",
      "kind": "symbolic-identity",
      "passed": true
    },
    {
      "id": "koebe_inverse_polynomial",
      "kind": "symbolic-identity",
      "passed": true
    },
    {
      "id": "quadratic_difference",
      "kind": "symbolic-identity",
      "passed": true
    },
    {
      "id": "koebe_ratio",
      "kind": "symbolic-identity",
      "passed": true
    },
    {
      "id": "koebe_growth_upper_integral",
      "kind": "symbolic-identity",
      "passed": true
    },
    {
      "id": "koebe_growth_lower_integral",
      "kind": "symbolic-identity",
      "passed": true
    },
    {
      "id": "extremal_gain",
      "kind": "symbolic-identity",
      "passed": true
    },
    {
      "id": "quadratic_inverse_rationalization",
      "kind": "symbolic-identity",
      "passed": true
    },
    {
      "id": "pre_schwarzian_upper",
      "kind": "symbolic-identity",
      "passed": true
    },
    {
      "id": "pre_schwarzian_lower",
      "kind": "symbolic-identity",
      "passed": true
    },
    {
      "id": "restriction_1/4_2",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_1/4_4",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_1/4_8",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_1/4_16",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_1/4_32",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_1/4_64",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_1/2_2",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_1/2_4",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_1/2_8",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_1/2_16",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_1/2_32",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_1/2_64",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_3/4_2",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_3/4_4",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_3/4_8",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_3/4_16",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_3/4_32",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_3/4_64",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_9/10_2",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_9/10_4",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_9/10_8",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_9/10_16",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_9/10_32",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "restriction_9/10_64",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_1/4_2",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_1/4_4",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_1/4_8",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_1/4_16",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_1/4_32",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_1/4_64",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_1/2_2",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_1/2_4",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_1/2_8",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_1/2_16",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_1/2_32",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_1/2_64",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_3/4_2",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_3/4_4",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_3/4_8",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_3/4_16",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_3/4_32",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_3/4_64",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_9/10_2",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_9/10_4",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_9/10_8",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_9/10_16",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_9/10_32",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "koebe_tail_9/10_64",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "optimal_radius_lower_sign",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "optimal_radius_upper_sign",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "optimal_bound_interval_order",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "continuation_1",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "continuation_2",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "continuation_4",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "continuation_8",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "continuation_16",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "continuation_32",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "continuation_64",
      "kind": "exact",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_0",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_0",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_2",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_2",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_3",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_3",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_4",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_4",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_5",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_5",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_6",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_6",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_7",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_7",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_8",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_8",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_9",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_9",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_10",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_10",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_11",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_11",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_12",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_12",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_13",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_13",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_14",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_14",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_15",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_15",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_16",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_16",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_17",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_17",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_18",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_18",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_19",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_19",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_20",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_20",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_21",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_21",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_22",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_22",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_23",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_23",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_24",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_24",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_25",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_25",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_26",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_26",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_27",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_27",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_28",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_28",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_29",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_29",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_30",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_30",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_31",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_31",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_32",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_32",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_33",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_33",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_34",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_34",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_35",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_35",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_36",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_36",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_37",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_37",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_38",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_38",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_39",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_39",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_40",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_40",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_41",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_41",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_42",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_42",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_43",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_43",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_44",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_44",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_45",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_45",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_46",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_46",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_47",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_47",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_48",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_48",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_49",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_49",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_50",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_50",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_51",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_51",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_52",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_52",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_53",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_53",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_54",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_54",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_55",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_55",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_56",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_56",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_57",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_57",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_58",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_58",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_59",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_59",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_60",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_60",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_61",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_61",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_62",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_62",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_63",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_63",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_64",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_64",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_65",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_65",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_66",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_66",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_67",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_67",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_68",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_68",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_69",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_69",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_70",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_70",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_71",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_71",
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      "passed": true
    },
    {
      "id": "inverse_diagnostic_184",
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      "kind": "floating-point",
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      "id": "inverse_diagnostic_186",
      "kind": "floating-point",
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      "id": "quadratic_diagnostic_189",
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "id": "quadratic_diagnostic_191",
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      "passed": true
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      "kind": "floating-point",
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    },
    {
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      "passed": true
    },
    {
      "id": "inverse_diagnostic_210",
      "kind": "floating-point",
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      "passed": true
    },
    {
      "id": "quadratic_diagnostic_211",
      "kind": "floating-point",
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    },
    {
      "id": "quadratic_diagnostic_218",
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      "passed": true
    },
    {
      "id": "inverse_diagnostic_237",
      "kind": "floating-point",
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      "passed": true
    },
    {
      "id": "quadratic_diagnostic_239",
      "kind": "floating-point",
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      "kind": "floating-point",
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      "id": "quadratic_diagnostic_295",
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    },
    {
      "id": "quadratic_diagnostic_299",
      "kind": "floating-point",
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      "kind": "floating-point",
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    {
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      "id": "quadratic_diagnostic_304",
      "kind": "floating-point",
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      "passed": true
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      "kind": "floating-point",
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      "passed": true
    },
    {
      "id": "inverse_diagnostic_315",
      "kind": "floating-point",
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      "id": "inverse_diagnostic_319",
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      "kind": "floating-point",
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      "passed": true
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    },
    {
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      "passed": true
    },
    {
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      "kind": "floating-point",
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      "passed": true
    },
    {
      "id": "inverse_diagnostic_357",
      "kind": "floating-point",
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
      "id": "quadratic_diagnostic_715",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    {
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      "kind": "floating-point",
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    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
      "passed": true
    },
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      "kind": "floating-point",
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    },
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      "kind": "floating-point",
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      "kind": "floating-point",
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      "kind": "floating-point",
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      "kind": "floating-point",
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    },
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      "kind": "floating-point",
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      "kind": "floating-point",
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      "kind": "floating-point",
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      "kind": "floating-point",
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    },
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      "kind": "floating-point",
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    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    {
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      "passed": true
    },
    {
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    {
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      "passed": true
    },
    {
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      "kind": "floating-point",
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    },
    {
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    {
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      "id": "inverse_diagnostic_733",
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      "kind": "floating-point",
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    {
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      "passed": true
    },
    {
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      "kind": "floating-point",
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      "passed": true
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      "passed": true
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      "passed": true
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      "kind": "floating-point",
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      "kind": "floating-point",
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      "id": "inverse_diagnostic_752",
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      "id": "quadratic_diagnostic_752",
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      "kind": "floating-point",
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      "passed": true
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    },
    {
      "id": "quadratic_diagnostic_761",
      "kind": "floating-point",
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    },
    {
      "id": "quadratic_diagnostic_764",
      "kind": "floating-point",
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    },
    {
      "id": "quadratic_diagnostic_769",
      "kind": "floating-point",
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      "kind": "floating-point",
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      "passed": true
    },
    {
      "id": "inverse_diagnostic_775",
      "kind": "floating-point",
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      "passed": true
    },
    {
      "id": "inverse_diagnostic_776",
      "kind": "floating-point",
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    {
      "id": "inverse_diagnostic_821",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_821",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_822",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_822",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_823",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_823",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_824",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_824",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_825",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_825",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_826",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_826",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_827",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_827",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_828",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_828",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_829",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_829",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_830",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_830",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_831",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_831",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_832",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_832",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_833",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_833",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_834",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_834",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_835",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_835",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_836",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_836",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_837",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_837",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_838",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_838",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_839",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_839",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_840",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_840",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_841",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_841",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_842",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_842",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_843",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_843",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_844",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_844",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_845",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_845",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_846",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_847",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_847",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_848",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_848",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_849",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_849",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_850",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_850",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_851",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_851",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_852",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_852",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_853",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_853",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_854",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_854",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_855",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_855",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_856",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_856",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_857",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_857",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_858",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_858",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_859",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_859",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_860",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_860",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_861",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_861",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_862",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_862",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_863",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_863",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
    {
      "id": "inverse_diagnostic_870",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
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    },
    {
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    },
    {
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    },
    {
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    },
    {
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      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_873",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_874",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_877",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_877",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_878",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_879",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_879",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_880",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_880",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
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    },
    {
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    },
    {
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    },
    {
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      "passed": true
    },
    {
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    },
    {
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    },
    {
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    },
    {
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    },
    {
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      "kind": "floating-point",
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    },
    {
      "id": "quadratic_diagnostic_890",
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    },
    {
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      "passed": true
    },
    {
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    },
    {
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    },
    {
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      "passed": true
    },
    {
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    },
    {
      "id": "quadratic_diagnostic_893",
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    },
    {
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    },
    {
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    },
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    },
    {
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    },
    {
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    {
      "id": "quadratic_diagnostic_896",
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      "id": "quadratic_diagnostic_897",
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      "passed": true
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    },
    {
      "id": "inverse_diagnostic_905",
      "kind": "floating-point",
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      "passed": true
    },
    {
      "id": "quadratic_diagnostic_913",
      "kind": "floating-point",
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_927",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_928",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_928",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_929",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_929",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_930",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_930",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_931",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_931",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_932",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_932",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_933",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_933",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_934",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_934",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_935",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_935",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_936",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_936",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_937",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_937",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_938",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_938",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_939",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_939",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_940",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_940",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_941",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_941",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_942",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_942",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_943",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_943",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_944",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_944",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_945",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_945",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_946",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_946",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_947",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_947",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_948",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_948",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_949",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_949",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_950",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_950",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_951",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_951",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_952",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_952",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_953",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_953",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_954",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_954",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_955",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_955",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_956",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_956",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_957",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_957",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_958",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_958",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_959",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_959",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_960",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_960",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_961",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_961",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_962",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_962",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_963",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_963",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_964",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_964",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_965",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_965",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_966",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_966",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_967",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_967",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_968",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_968",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_969",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_969",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_970",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_970",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_971",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_971",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_972",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_972",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_973",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_973",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_974",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_974",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_975",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_975",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_976",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_976",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_977",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_977",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_978",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_978",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_979",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_979",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_980",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_980",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_981",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_981",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_982",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_982",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_983",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_983",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_984",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_984",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_985",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_985",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_986",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_986",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_987",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_987",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_988",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_988",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_989",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_989",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_990",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_990",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_991",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_991",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_992",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_992",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_993",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_993",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_994",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_994",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_995",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_995",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_996",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_996",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_997",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_997",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_998",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_998",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_999",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_999",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1000",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1000",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1001",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1001",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1002",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1002",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1003",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1003",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1004",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1004",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1005",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1005",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1006",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1006",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1007",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1007",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1008",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1008",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1009",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1009",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1010",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1010",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1011",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1011",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1012",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1012",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1013",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1013",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1014",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1014",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1015",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1015",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1016",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1016",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1017",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1017",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1018",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1018",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1019",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1019",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1020",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1020",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1021",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1021",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1022",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1022",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1023",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1023",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1024",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1024",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1025",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1025",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1026",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1026",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1027",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1027",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1028",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1028",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1029",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1029",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1030",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1030",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
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    },
    {
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    },
    {
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1033",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1034",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1034",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1035",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1035",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1036",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1036",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1037",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1037",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1038",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1038",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1039",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1039",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1040",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1040",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1041",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1041",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1042",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1042",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1043",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1043",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1044",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1044",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1045",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1045",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1046",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1046",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1047",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1047",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1048",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1048",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1049",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1049",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1050",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1050",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1051",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1051",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1052",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1052",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1053",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1053",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1054",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1054",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1055",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1055",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1056",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1056",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1057",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1057",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1058",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1058",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1059",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1059",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1060",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1060",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1061",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1061",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1062",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1062",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1063",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1063",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1064",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1064",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1065",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1065",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1066",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1066",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1067",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1067",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1068",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1068",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1069",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1069",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1070",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1070",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1071",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1071",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1072",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1072",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1073",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1073",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1074",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1075",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1075",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1076",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1076",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1077",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1077",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1078",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1078",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1079",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1079",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1080",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1080",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1081",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1082",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1083",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1084",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1084",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1085",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1085",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1086",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1086",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1087",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1087",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1088",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1088",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1089",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1089",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1090",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1090",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1091",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1091",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1092",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1092",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1093",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1093",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1094",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1094",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1095",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1096",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1096",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1097",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1097",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1098",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1098",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1099",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1099",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1100",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1101",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1101",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1102",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1102",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1103",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1103",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1104",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1105",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1106",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1107",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1108",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1117",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1118",
      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1121",
      "kind": "floating-point",
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    },
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    },
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      "kind": "floating-point",
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    },
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
      "passed": true
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    },
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    },
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
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    },
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    },
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    },
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      "kind": "floating-point",
      "passed": true
    },
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      "kind": "floating-point",
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    },
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      "kind": "floating-point",
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    },
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      "kind": "floating-point",
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    },
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
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    },
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    },
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
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      "kind": "floating-point",
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    },
    {
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      "kind": "floating-point",
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    },
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      "kind": "floating-point",
      "passed": true
    },
    {
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      "kind": "floating-point",
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    },
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    },
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    },
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    },
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    },
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    },
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      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1137",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1138",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1138",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1139",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1139",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1140",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1140",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1141",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1141",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1142",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1142",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1143",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1143",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1144",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1144",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1145",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1145",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1146",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1146",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1147",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1147",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1148",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1148",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1149",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1149",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1150",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1150",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1151",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1151",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1152",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1152",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1153",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1153",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1154",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1154",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1155",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1155",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1156",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1156",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1157",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1157",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1158",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1158",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1159",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1159",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1160",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1160",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1161",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1161",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1162",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1162",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1163",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1163",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1164",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1164",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1165",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1165",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1166",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1166",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1167",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1167",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1168",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1168",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1169",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1169",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1170",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1170",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1171",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1171",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1172",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1172",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1173",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1173",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1174",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1174",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1175",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1175",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1176",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1176",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1177",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1177",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1178",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1178",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1179",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1179",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1180",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1180",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1181",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1181",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1182",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1182",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1183",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1183",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1184",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1184",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1185",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1185",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1186",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1186",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1187",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1187",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1188",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1188",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1189",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1189",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1190",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1190",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1191",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1191",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1192",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1192",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1193",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1193",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1194",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1194",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1195",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1195",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1196",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1196",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1197",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1197",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1198",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1198",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "inverse_diagnostic_1199",
      "kind": "floating-point",
      "passed": true
    },
    {
      "id": "quadratic_diagnostic_1199",
      "kind": "floating-point",
      "passed": true
    }
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