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Preface and reading contract

The boundary theory of the preceding volume distinguishes a point of a continuum from an
approach to that point. The present volume asks how much of a continuum can be recovered
from cuts, circular order and identifications on a disk. Its principal source is Section 9, “Puzzle
and pinched disk models,” of Mikhail Lyubich’s Conformal Geometry and Dynamics of Quadratic
Polynomials, in the supplied manuscript dated September 2023. The selected source occupies
printed pages 152-163. Section 10, the potential-theory appendix, is not part of this volume’s
source population.

There are four connected parts. The opening chapters develop compactness, fullness, small
paths and quantitative boundary coordinates. The next part examines cut cells, shrinking
nests, interior bodies and legal trees. The third constructs closed quotient models and records
exactly what a planar recognition theorem needs. The final part develops refinement guarantees,
finite noncrossing partitions, electrical and thermal tree models, and the information costs of
addresses. Every authored investigation has a worked solution. The source guide retains the
original subsection order and all 30 numbered units, including the cases whose literal formulations
need repair.

Mathematical scope

The treatment is an expository mathematical development, with detailed written proofs and
explicit classical inputs. It is not a claim to have solved a new open problem in complex dynamics.
A hull, its physical boundary, an ideal boundary, and a quotient model are separate spaces
throughout. Statements about one of them require a proved map before they can be used as
statements about another.

The source’s broad cut-curve definitions require care. A Jordan cut-curve can intersect a
U-shaped arc in a disconnected pair of segments inside its disk. Pairwise nonseparation by
cut-lines need not be transitive when an endpoint lies on the separating line: two tangent
filled disks give a concrete example. Accordingly, the valid cut-cell and shrinking-neighborhood
theorems are proved under stated connectedness and admissibility hypotheses. They are not
used to justify a quotient whose proposed fibers overlap. The source guide also distinguishes
rigidity of a boundary from rigidity of a filled body, and geometric symmetry from symmetry of
chosen internal centers.

For a locally connected hull, the boundary map supplies a genuine closed equivalence relation.
Its unlinked classes, convex hulls and quotient receive a separate development. The general
non-locally-connected construction in source Proposition 9.29 invokes “cleaning” a lamination
without specifying all operations needed for a proof. That general construction remains an
explicit obligation. Well-posed conditional quotient statements and concrete examples are proved
without declaring that obligation complete. In particular, a universal monotone locally connected
quotient and a particular unspecified lamination construction are not identified by terminology
alone.
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Dependencies and evidence

The undergraduate prerequisite boundary consists of compact metric spaces, elementary real
and complex analysis, and finite-dimensional linear algebra. The normalized Riemann map and
the Carathéodory boundary theorem are reused from the preceding PHI developments. Jordan
separation, Schoenflies extension, arc extraction and Moore’s theorem are declared classical
topological inputs; their uses and hypotheses are recorded in the dependency register. Other
metric and finite-model consequences are developed in the text. The gate, null-family and
piecewise-continuity arguments are arranged so that their forward references do not create a
circular proof.

Mathematical arguments and source qualifications receive independent agent cross-review.
This is distinct from external peer review and from checking in a proof assistant. New Lean,
Rocq and CAS development follows manuscript review under the current series instruction. The
attached source archive contains editable text, original figure programs and production checks;
its checksums and build tests establish artifact identity and reproducibility, not a theorem’s
truth.

The physical applications are deductions in stated finite network or rod models. Conductances,
units, boundary conditions and uncertainty are specified there. No measured dataset, hardware
benchmark or experimental validation is asserted. A tree discretization is connected to a
continuum only when its representation and error hypotheses are supplied.

Reading presentations

The public and internal editions share the same mathematical core. The internal edition adds
teaching routes and assessment material; it does not claim a complete institutional curriculum
mapping. Light and dark PDFs contain identical selectable text and navigation, with monochrome
vector figures and monospace labels. Dark is the primary reading presentation. One current
manuscript is maintained, with stable names and no revision badge.

ii
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Chapter 1

Compact geometry and the meaning
of a model

A planar continuum can be described in at least three ways: as a subset of the plane, as the
boundary seen from its complement, and as a quotient of a simpler space. These descriptions
contain different information. Two external approaches can end at the same point. Two closed
pieces can meet at a vertex without belonging to a partition. A sequence of finite drawings can
converge to a set with a very different local topology. The purpose of the preliminary chapters is
to make the passage between these descriptions precise before constructing a puzzle model.

Our ambient plane is C = R?, with Euclidean distance |z — w|. A continuum is a nonempty
compact connected metric space. A planar continuum is allowed to be a singleton unless a
statement explicitly excludes that case. The source uses the word hull for a nondegenerate full
planar continuum. We normally permit the degenerate case and say nondegenerate hull when an
exterior Riemann coordinate is required. This convention matters for nested intersections and
for the Cantor-fan quotient at the end of the book.

The elementary prerequisites are compactness and continuity in metric spaces, undergraduate
complex analysis, and finite-dimensional linear algebra. The Riemann mapping and Carathéodory
boundary theorems developed in Volumes VII and VIII are explicitly reused below. Jordan
separation, the Schoenflies extension theorem, arc extraction from a path, and the Moore
decomposition theorem are named classical topological inputs at their actual points of use. We
do not silently treat those results as consequences of a picture. The metric, algebraic, and
quantitative consequences needed here receive proofs.

1.1 Distance to a compact set

For a nonempty subset A of a metric space (X, d) put

d(z,A) = inf d(z,a), diam A = sup d(a,b), A; ={z:d(z,A) < e}.
acA a,beA

The infimum is a minimum when A is compact: choose a minimizing sequence, take a convergent
subsequence, and use continuity of distance. In particular, for compact A one has d(z, A) =0
exactly when x € A. If A, B are nonempty compact sets, their Hausdorff distance is

dy (A, B) = max {sup d(a, B),sup d(b, A)} .
acA beB

Neither the number of components nor the number of complementary regions is part of this
distance. It measures geometric proximity of sets, not agreement of their topology.
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The two directed errors can be kept separate throughout a computation:

WA| B) = swpmind(ab).  dp(A, B) = max{h(4 | B), h(B | A)}.

For r > 0, compactness gives the exact equivalence
hA|B)<r <= (Vaec A)(3Ie B) d(a,b) <r.

The order of these quantifiers is essential: the chosen b may depend on a. For A = [0,1] and
B = {0}, the reverse directed error is zero but h(A | B) = 1. Thus an enclosure and a set
approximation are different objects even before questions of topology arise. The zero-error case
also explains definiteness: dg (A, B) = 0 implies both inclusions because compact sets are closed.
Symmetry, this definiteness, and the triangle estimate below make dy a metric on the nonempty
compact subsets.

Lemma 1.1 (Distance and diameter estimates). For nonempty compact subsets A, B of a metric
space,

ld(z, A)—d(y, A)| < d(z,y), |d(z,A)—d(z,B)| <dg(A,B), |diam A—diam B| < 2dy(A, B).
For three such sets, dgy(A,C) < dy(A,B)+du(B,C).

Proof. For every a € A, d(x,a) < d(z,y) + d(y,a). Taking infima and interchanging x,y proves
the first bound. Write h = dy (A, B). Given a € A, choose b € B with d(a,b) < h. Then
d(z, B) < d(x,a)+ h; minimizing over a and interchanging the two sets proves the second bound.
For a,a’ € A choose b, b’ € B within h. The triangle inequality gives

d(a,a’) < d(a,b) + d(b,b") +d(V,a") < 2h + diam B.

Taking suprema and reversing the sets proves the diameter bound. Finally, choose b € B near
any a € A, then ¢ € C near b. Taking the two directed suprema yields the Hausdorff triangle
inequality. All statements remain valid for singletons.

To spell out the directed triangle step, set h = dg (A, B) and k = dy(B,C). For each a € A
choose minimizers b € B and ¢ € C successively. Then

d(a,C) < d(a,c) <d(a,b) +d(b,c) < h+ k.

Taking the supremum gives h(A | C') < h + k; interchanging A, C' gives the other directed bound.
No common nearest-point map or continuity of nearest-point choices was used. Such a map may
fail to be unique, while the set-distance estimate remains valid. ]

The factor two in the diameter estimate cannot be improved for general compact sets. For
A =[0,1] and B = [—h,1 + h] in the real line, dy (A, B) = h whereas diam B — diam A = 2h.
This elementary sharpness example will be useful whenever a sampled drawing is turned into
a diameter bound: a one-sided pointwise tolerance must not be read as an identical diameter
tolerance.

Proposition 1.2 (Compactness of compact subsets). If X is a compact metric space, every
sequence of nonempty compact subsets A, C X has a subsequence converging in Hausdorff
distance to a nonempty compact subset A C X. If every A, is connected, so is A.

Proof. For each integer k > 1 choose a finite 2 %-net Fj, C X. Record which balls B(p,27%),
p € Fy, meet A,. There are finitely many such records. Successive subsequences and a diagonal
selection produce a subsequence, still denoted A,,, whose record at each fixed scale is eventually
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constant. If A, A,, have the same record at scale k, every point of one is within 2'=%

of the other. Thus this subsequence is Cauchy in dp.

of a point

Here are the diagonal choices explicitly. Let Iy = N, and recursively choose an infinite I, C I_1
on which the scale-k record is constant. Choose ny € I with ng > ni_1. For p,q > k, both
indices belong to Iy. If a € A,,, and d(a,v) < 27F for a net point v, the common record supplies
b€ Ay, NB(v,27%). Consequently

d(a,b) < 2'7F dy(An,, An,) <27F (g > k).

The finite record is only a device for extracting a subsequence; no claim is made that it
determines the sets exactly. In particular, two sets with the same record can have different
connected components.

Define A to be the set of all limits of sequences a; € A,; with n; — co. Compactness of
X makes A nonempty. It is closed: if a®) € A tends to a, select ny > ni_1 and aj € Ay,
with d(ay,a®™) < 1/k. Then a; — a. To prove convergence, fix ¢ > 0 and take N so that
dp(An, Ap) < e/2 for n,m > N. For a € A,, select points of later sets within £/2 and pass to a
limit; this gives d(a, A) < e/2. Conversely every a € A is the limit of later points, each within
£/2 of the fixed compact set A,, so d(a, A,) < /2. Consequently dg(A,, A) <e/2 forn > N.

Suppose the limit were disconnected, A = C'U D, with C, D nonempty disjoint relatively closed
sets. They are compact; hence s = d(C, D) > 0. The neighborhoods Cj/3 and D3 are disjoint.
For large n, the set A, lies in their union and meets both, since it approximates every point of
A. Their intersections with A,, then separate A,,, a contradiction.

For precision in the last separation step, take n so large that dg(A4,, A) < s/4. Then
An C Cs/3UDs/37 AnmCs/i’) # 9, Aans/i’) # J.

The first inclusion follows by choosing a point of A = C'U D within s/4 of each point of A,,. The
two nonempty intersections follow by approximating a selected point of C' and of D. Finally
the neighborhoods are disjoint, since a common point would imply d(C, D) < 2s/3. Their
intersections with A,, are therefore disjoint nonempty relatively open subsets covering A,,, exactly
the definition of a separation. O

The proof records where compactness enters. In an unbounded ambient plane, the singletons
{n} have no convergent subsequence in dg. In a bounded but incomplete space, the candidate
limit can leave the space. When this proposition is used for limbs or puzzle pieces, a common
compact ambient set must therefore be identified first.

1.2 Nested sets and uniform trapping

Theorem 1.3 (Nested compacta). Let A1 D Ay D --- be nonempty compact subsets of a metric
space. Then A =), An is nonempty and compact. For every open set U D A, there is N with
A, CU forn> N. Hence dg(A,, A) — 0 and diam A,, — diam A. If all A,, are connected, A
is connected. In particular, the intersection is a singleton if and only if diam A,, — 0.

Proof. If the intersection were empty, the sets A; \ A, would form an open cover of A, with a
finite subcover contradicting the nesting. The same finite-intersection argument applied to A, \ U,
or a convergent sequence of points chosen outside U, proves eventual containment. For Hausdorff
convergence take U = A.; the other directed distance vanishes because A C A,,. Lemma 1.1 then
proves the diameter convergence. Connectedness follows from Proposition 1.2, or directly by
separating the intersection and using eventual containment in two disjoint neighborhoods. A
nonempty compact set has diameter zero exactly when all its points coincide.
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One may also see the trapping argument directly with its index order. If no N works for
an open U D A, select increasing n; and z; € A,; \ U. Compactness of A; gives a convergent
subsequence x; — z. For each fixed m, eventually n; > m, so closedness gives x € A,,. Thus

x € ﬂAm:A, xe X\U,

m>1

a contradiction. This order, first fix m and then let j tend to infinity, avoids the unjustified
assertion that every selected x; already lies in every A,,. Since A C A,,, the resulting Hausdorff
estimate simplifies to the one directed quantity

dp(An, A) = max d(z, A), 0 < diam A,, — diam A < 2dy(A4,, A).

$€An

The maximum exists because the distance function is continuous on A,,. ]

An escaping curve and a nested family involve different quantifiers. If v : (0,1] — X tends to
a, and a belongs to the interior of every A,, then

Vn 3t, >0Vt € (0,t,): () € Ap.

There need not be one positive ¢, which works for every n. Conversely, if the displayed condition
holds and diam A,, — 0, then v(t) — a where | A,, = {a}. Indeed choose n with diam 4,, < ¢
and then use t,. This elementary order of choices is the analytic content of many statements
that a ray is trapped in a shrinking puzzle nest.

Proposition 1.4 (Cluster sets of a bounded approach). Let v : (0,1] — X be continuous with
image in a compact metric space. Its terminal cluster set

w(y) = () 7((0,1/n])

n>1

is a continuum. It is a singleton {a} precisely when limgjoy(t) = a. If v is eventually in a closed
set F, then w(y) C F.

Proof. Each tail is connected as the continuous image of an interval, and its closure is compact
and connected. Apply Theorem 1.3. If the intersection is {a}, eventual containment of a tail
closure in B(a,¢) is exactly convergence. The converse follows from the definition of a limit. The
last assertion follows because a sufficiently late tail, and hence its closure, lies in F.

This set-theoretic definition agrees with the sequential definition of a cluster value. If a belongs
to every tail closure, choose

0<ty,<1/n, d(y(tn),a) < 1/n.

Then t, — 0 and v(t,) — a. Conversely, if s; = 0 and v(s;) — a, each fixed tail contains all
sufficiently late terms, so a lies in its closure. The equivalence uses no monotonicity of the chosen
times. If a monotone sequence is wanted, choose the next time less than half the preceding one
while applying the same tail closure property. A single convergent sampling sequence establishes
one member of the cluster set, not that this set has only one member. O

1.3 Worked compactness investigations

Investigation 1.5 (A nest with a nontrivial limit). For A, = [0,1] x [-1/n,1/n], compute the
intersection, dp (A, A) and the diameter limit. Explain why an arbitrarily small area does not
imply an arbitrarily small diameter.
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Solution. The intersection is A = [0,1] x {0}. Vertical projection gives dy(A,, A) = 1/n, with
equality at the horizontal edges. The extreme corners give

area A, =2/n — 0, diam A4,, = \/1+4/n? — 1.

Thus area alone cannot provide the shrinking-gaps estimate needed for a piecewise extension. A
long thin gap can have very small area and still contain points separated by a fixed distance.

Investigation 1.6 (A limit invisible to a single sample). Let v(t) = exp(i/t) for 0 < ¢t < 1.
Determine its cluster set and compare it with the subsequence ¢, = (2wn) .

Solution. For every 6 € [0,27), the times s,, = (27n + 0)~! give v(s,) = ¢ and s,, | 0. Hence
the cluster set is the full unit circle. Along t,,, however, v(¢,) = 1 identically. Landing of a
selected subsequence cannot establish landing of the entire approach. The same distinction
applies to a numerical trace of an external ray.

Investigation 1.7 (A quantitative unique limit). Suppose A, are nested compacta and
diam A, < Cq¢"™ for C > 0, 0 < ¢ < 1. For arbitrary x, € A,, prove an a posteriori dis-
tance bound to the limit and find a depth sufficient for error € € (0,C).

Solution. The intersection is one point a, and a, z,, € A, gives d(x,,a) < Cq"™. Thus it suffices

that log(C/e)
og(C/e
"= {log(l/qw '

This is a guarantee only if the diameter bound applies to the exact compact set; a few sampled
vertices require an additional enclosure. There is no rounding claim in the real-arithmetic formula
for the depth.

Investigation 1.8 (Intersection and perturbation). Give compact sets A, —+ A and B,, — B
for which the intersections do not converge to AN B, even though all limiting sets are nonempty.

Solution. Take A, = A =[0,1] x {0} and B,, = [0,1] x {1/n}. Then B,, — A but A4, N B,, is
empty for every n. The limiting intersection is A. An intersection operation therefore needs a
separate stability hypothesis. If one insists on nonempty finite intersections, adjoin the common
point (2,0) to all four sets; the finite intersections are then that singleton while the limiting
intersection also contains the unit segment.

Investigation 1.9 (Upper limit and a closed constraint). Suppose 4,, lie in a compact space and
every convergent sequence a,; € Ap; has its limit in a closed set /. Prove that sup,¢ 4, d(a, F') —
0. Is the converse valid?

Solution. Failure supplies € > 0 and points a,; at distance at least ¢ from F. Compactness
supplies a convergent subsequence; continuity of distance contradicts its required limit in F'.
Conversely, if the supremum tends to zero and a,; — a, then d(a, F') = 0, hence a € F'. Neither
direction says that every point of F' is approximated. This is upper convergence, not necessarily
Hausdorff convergence to F.



Chapter 2

Planar hulls and exterior coordinates

2.1 Filling bounded complementary regions

A compact connected set K C C is full if C\ K is connected. Equivalently its complement has no
bounded component: every compact set has precisely one unbounded complementary component,
because the exterior of a sufficiently large disk is connected. For a compact continuum £ write

Fill(E) = C\ Ux(E) = E U U{U : U is a bounded component of C \ E'}.

Connectedness of E' is part of this definition’s use as a hull. Filling two isolated points does not
join them. We will not extend a connectedness claim to arbitrary compact sets by changing the
noun without changing the proof.

Lemma 2.1 (Fullness and filling). For a planar continuum E, Fill(E) is a compact full continuum.
If EC F and F is a full compact set, then Fill(E) C F. Consequently filling is monotone on
continua and Fill(Fill(E)) = Fill(E).

Proof. The unbounded complementary component is open, so its complement is closed; outside
a large disk every point belongs to that component, so the complement is bounded. If U is
a bounded complementary component, then U C E and OU # @. The set U is connected
and meets E. The union of E with all such closures is connected, proving the assertion. Its
complement is Uy (E) by construction.

For the minimality statement, every point of C \ F' can be joined within this connected open
set to a point outside a large disk. Here connected open subsets of the plane are polygonally
connected: the points polygonally reachable from one fixed point form both an open and a
relatively closed subset. The path avoids E, hence lies in Uy (E). Thus C\ F C Ux(FE) and
Fill(E) C F. Apply this to the full set Fill(F') for monotonicity, and to a full E for idempotence.

The boundary inclusion used at the start can also be justified locally. For a complementary
component U and = € 9U \ E, there would be a disk B(z,r) C C\ E. This disk meets U, and
their union is connected, forcing the whole disk into that same component. It would make x
interior to U, a contradiction. Thus OU C E. Moreover

Eu |J U=EuU |J U=Fil(E).
U bounded U bounded

Every set in this union meets the connected anchor F, which proves connectedness even for
infinitely many bounded components. To verify that principle, a separation of the union would
put £ on one side and force every connected U meeting it onto the same side, leaving the other
side empty. This is why connectedness of the anchor cannot simply be omitted from a filling
argument. O
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Lemma 2.2 (A Jordan curve in a full set). If K is full and v C K is a Jordan curve, the
bounded Jordan domain U enclosed by 7 is contained in int K.

Proof. Jordan separation gives two complementary components for . If z € U\ K, the connected
open set C\ K would contain a path from z to the unbounded side. This path would cross
~v C K, impossible. Thus U C K. Since U is open, U C int K. O

This observation is the source of a recurring contradiction. If a closed curve in K can be
assembled using arcs associated with two supposedly different interior components, its inside
cannot be an omitted hole. The inside joins those components. The hypotheses that the
curve is simple, lies in K, and actually borders the relevant open pieces must all be checked; a
self-intersecting concatenation is not automatically a Jordan curve.

Proposition 2.3 (Nested full continua). The intersection of a decreasing sequence of nonempty
compact full continua is a full continuum, possibly a singleton.

Proof. Compactness and connectedness follow from Theorem 1.3. If A =) A, then
C\A:U((C\An).
n

The sets on the right are connected and increasing, so their union is connected. To see the last
implication directly, any hypothetical separation of the union would meet one sufficiently large
member on both sides, contradicting that member’s connectedness.

In symbols, if the union were V U W with a separation and v € V, w € W, choose indices
Ny, Ny for their membership in the increasing family. For m = max{n,, n, }, both points lie in
C\ A,,. The two sets

VN(C\Ap),  WnN(C\An)

would then separate that connected complement. This proof uses increasing complements and
decreasing compact sets; a Hausdorff-convergent family has neither ordering automatically. [

Arbitrary intersections of hulls need not be connected. Two overlapping curved hulls can meet
in two separated pieces. Nesting is the feature which turns the finite-intersection argument into a
connected limit. Likewise, fullness is not closed under arbitrary Hausdorff convergence. A circle
with an open arc of length 1/n removed is an arc and hence full; the limit is the whole circle,
whose bounded complementary disk is a hole. This is a useful obstruction to inferring fullness
from a finite resolution polygonal picture.

2.2 The exterior Riemann coordinate

For a nondegenerate hull K, let Qg = C \ K. Its exterior coordinate is the normalized conformal
bijection
i {weC:|w >1} — Qx, P (w) = cxgw+bxg +O(w™), cx > 0.
Existence is the exterior form of the Riemann mapping theorem. The topological fact that the
complement of a full continuum is simply connected on the sphere, and the Riemann mapping
theorem itself, are the classical planar inputs used in Volume VII. For a singleton K, Qx = C\ K
has plane conformal type and is excluded from this normalization. The inverse will be denoted
U
For § € R/Z and t > 0 define

RK(H,t) = (I)K(et+2m9), GK(Z) = log |\IJK(Z)’, EK(t) = {Z S QK : GK(Z) = t}.
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The level ¢ is a logarithmic exterior coordinate; it is not Euclidean distance to K. Along a ray
Gr(Rk(0,t)) = t. Equipotentials Fk (t) are analytic Jordan curves because ® g is conformal on
a neighborhood of the circle |w| = e!. Nothing here asserts that the ray lands as ¢ | 0.

Proposition 2.4 (Exterior coordinate identities). For z € C\ K, the function Gk is positive
and harmonic, and

, Gk (z) =log|z| —loch—l—O(\z|_1) (z — 00).

External rays and equipotentials meet orthogonally at every positive level. If K' = aK + 3 with
a # 0, then

Gg(az + B) = Gk(2), cxr = |afek.

Proof. Locally choose a branch of log Wg. Its real part is Gg and its complex derivative is
U’ /¥, proving harmonicity and the gradient identity through the Cauchy—Riemann equations.
The inverse Laurent expansion gives Vi (z) = z/cx + O(1) and hence the asymptotic formula.
In the w-plane, radial and circular tangent vectors are orthogonal; multiplication by the nonzero
derivative of @k rotates and scales both, preserving their angle.

Write a = |a]e™. The map ®(w) = a®x (e "w) + 3 has image C \ K’ and leading coefficient
|alci > 0. Uniqueness of the normalization identifies it with ®x-. Taking inverse moduli proves
the two transformation laws.

More explicitly, if H = log Wi = u + iv on a local branch, then
H' = uy — iuy, |H'[2:ui+u§:|VGK|2, Ugg + Uyy = 0.

Although v can change by an integral multiple of 27 between branches, u = log |V x| and these
derivative identities agree on overlaps. For the orthogonality claim, the coordinate tangent
vectors are

NP (T2 = wdh(w), PPy (e!T2™) = 2miwd e (w).

Their real Euclidean inner product is zero because Re(viv) = 0, and neither vector vanishes. For
the affine change the inverse identity is

\IIK/(az + B) = €in\IlK(Z).

Taking its modulus removes the angular change and gives the displayed Green-level invariance.
Finally write ¥ (2) = (2/ck)(1 + O(1/z)) near infinity and use log |1 + ¢| = O(|¢|) for small ¢
to obtain the asymptotic formula with its actual O(|z|~!) remainder. O

The scalar cg is the logarithmic capacity normalization. We use the coefficient identity above,
not an unproved equivalence with every variational definition of capacity. Potential-theoretic
interpretations which require an equilibrium measure are separate results. This keeps the
coordinate calculations independent of the next source section’s potential-theory appendix.

Theorem 2.5 (Boundary coordinate input). If a nondegenerate hull K is locally connected, its
normalized exterior map has a continuous extension to |w| > 1 on the sphere. The boundary map

vk R/Z — OK, V& (0) = @ (¥™7)
is onto. If K is a closed Jordan disk, this map is a homeomorphism of the circle onto 0K .

This is the Carathéodory—Torhorst boundary input, established for the series in Volume VIII
and stated here with its exact role. It does not assert injectivity for an arbitrary locally connected
hull. The segment [—1, 1] has two external approaches to each interior point, although it is locally
connected. Nor does continuity specify a computable modulus from an arbitrary description of
K.
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2.3 Worked coordinate investigations
Investigation 2.6 (A round disk). For K = B(a,r), r > 0, compute ®x, Gg, the Euclidean
distance to K at level ¢, and the normal derivative of Gx on the boundary.

Solution. Normalization gives @i (w) = a + rw and Gk (z) = log(|z — a|/r). On level ¢, the
distance is r(e* — 1), while the outward radial derivative at |z — a] = r equals 1/r. In particular,

rt <r(et —1) <relt 0<t<T).

The lower bound follows by integrating e®* > 1 and the upper bound by integrating e® < e’. Even
this smooth example has a scale-dependent conversion between logarithmic level and length.

Investigation 2.7 (The segment and a double boundary trace). Verify that ®(w) = (w +w™1)/2
maps |w| > 1 conformally onto C \ [—1, 1]. Determine its boundary fibers.

Solution. If ®(w) = ®(v), multiplication and factorization give (w —v)(1 — 1/(wv)) = 0. Since
lwv| > 1, w =v. Also ®(w) = (1 —w™2)/2 # 0 in the exterior. Solving the quadratic equation
gives roots w = z + /2% — 1 with product one. For z ¢ [—1,1] neither root lies on the unit circle,
since a unit root would yield z = cos?). Exactly one root lies outside: this is true near infinity,
and cannot change along the connected complement of the segment without a unit-circle root.
Thus the map is onto. On the boundary,

~v(0) = cos(270), v ) ={0,-0} (~1<z<1).

At x = 1, —1 the two representatives coincide modulo one. The exterior coefficient is cx = 1/2.
This explicitly separates a boundary quotient from an injective boundary parametrization.

Investigation 2.8 (A cut cannot pass through an open body). Suppose a continuous injective
line L : R — C meets a compact set K in finitely many points. Prove that its image avoids int K.

Solution. If L(tp) were interior, continuity would place L(t) in K for all ¢ in an interval around
to. Injectivity makes these infinitely many different points, contradicting the finite-intersection
assumption. Thus finite cut-lines of a filled hull only encounter its boundary. This observation is
essential when a puzzle construction for 0K is compared with a purported construction for the
entire filled set K.

Investigation 2.9 (An interior component is simply connected). Let D be a component of the
interior of a full continuum K. Explain why every Jordan curve in D encloses a region contained
in D, and deduce simple connectivity using the planar Jordan criterion.

Solution. Lemma 2.2 puts the bounded region U in int K. Near any point of the Jordan
curve, U meets the open set D; hence the connected open set U belongs to the same interior
component. Therefore U C D. The classical planar criterion states that a domain is simply
connected precisely when it contains the inside of every Jordan curve it contains. Applying that
criterion gives simple connectivity. The criterion is a topological input; it is not being inferred
from one sampled family of curves.



Chapter 3

Local connectivity, small paths and
vanishing bodies

3.1 Pointwise and uniform hypotheses

A space X is locally connected at x if every neighborhood of z contains a connected relatively
open neighborhood of x. It is weakly locally connected at x if the word open is dropped for the
smaller connected neighborhood. A neighborhood here contains a relatively open set containing
x; it is not merely a connected set containing x. Every singleton is connected, so omitting that
qualification would make the condition vacuous.

Proposition 3.1 (From weak local connectivity everywhere). If X is weakly locally connected
at every point, then X is locally connected. Equivalently, every component of every open set in
X is open.

Proof. Let O be open, C' one of its components, and z € C. Choose a connected neighborhood
N of x contained in O. Since N meets C, maximality of the connected component gives N C C.
There is an open set V with z € V C N, so x is interior to C. This holds for every point of
C, making C' open. Taking the component containing x inside an arbitrary open neighborhood
supplies the connected open neighborhood required for local connectivity. The reverse implication
follows immediately from the definition.

The key inclusion is N U C C O: it is connected because N N C' contains x. Maximality of C

then says
NucC =, reVCNCcCC.

For the reverse characterization, assume every component of every open set is open. Given
x € O with O open, its component Cp(z) is connected and open and satisfies x € Cp(x) C O.
This gives the required neighborhood base directly. Notice that the choice of N in the forward
implication is made afresh at each x € C', which is the exact place where the hypothesis at every
point is needed. ]

The proposition is global in its hypothesis. Weak local connectivity at one selected point alone
does not justify the step for all the other points in the component of O. The proof explains
why a theorem about shrinking nests at every point can imply local connectivity even when the
available nests initially give only closed connected neighborhoods.

Theorem 3.2 (Uniform local connectedness). For a compact metric space X, local connectivity
is equivalent to:

VYe>0dd>0Ve,ye X,
d(z,y) <0 = xz,y belong to a connected set of diameter less than ¢.

10
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Proof. Assume local connectivity. Cover X by connected open sets of diameter less than . A
finite subcover has a Lebesgue number § > 0: every subset of diameter less than J lies in one
member. For completeness, if no such number existed, finite sets of diameter tending to zero
could fail to lie in any member; choose one point from each, pass to a limit x, and use the
open covering member containing x to obtain a contradiction. Applying the Lebesgue-number
property to {z,y} proves the displayed condition.

The finite-cover argument can be given a numerical intermediate step. For each x € X choose
a connected open V,, of diameter less than € and r, > 0 with B(z, 2r,) N X C V,. Choose a finite
subcover from the balls B(z,r,) and set

6= 1g}1§nmr‘”j > 0.
If u € B(zj,72,;) and d(u,v) <, then d(v, ;) < 2ry;, so u,v € V;,. This proves a uniform input
tolerance directly. It does not make the tolerance computable from an arbitrary name for X:
obtaining the cover and the radii is itself mathematical input.

Conversely fix an open O and a point x of one component C. Choose ¢ > 0 with B(x,2e)NX C
O. For every y € B(x,0) N X, where ¢ is also less than e, the asserted connected set joins x
to y and lies in B(z,e) N X C O. Thus B(z,0) N X C C. Every component of O is open, and
Proposition 3.1 gives local connectivity. O

3.2 Constructing small paths

Theorem 3.3 (Uniform small paths). If X is compact and locally connected, then for every
€ > 0 there is 0 > 0 such that any two points at distance less than § can be joined by a continuous
path in X whose image has diameter less than €. Distinct endpoints can be joined by an arc with
the same bound.

Proof. We give the path construction to specify the uniformity. Choose positive numbers r; with
2> k>0 Tk < ¢&; for example 1y = £27k=4 By Theorem 3.2, choose 6, > 0 so that points within
0 belong to a connected set of diameter less than ry.

Whenever two points belong to a connected set C, they can be joined by a finite n-chain
of points of C for every n > 0. Indeed the chain-reachable subset from the first point and its
complement are both relatively open in C'; connectedness makes the reachable subset all of C.
Start with x,y at distance less than §y and a connected carrier Cy of diameter less than rg.
Choose a finite d1-chain from z to y inside Cp, and assign its vertices in order to a partition of
[0, 1]. Insert repeated vertices if needed so every interval length is at most 1/2.

For the chain assertion, define u =, v when some finite sequence u = ug, u1,..., Uy, = v in C
has d(uj—1,u;) < n for every j. Concatenation and reversal show that this is an equivalence
relation. If v is in one class, then B(v,n) N C is in that class too; hence each class is relatively
open, and its complement is a union of other open classes. Connectedness leaves exactly one
class. The finite sequence need not have a length bounded independently of C' or 7.

For each adjacent pair of level-one vertices choose a connected carrier of diameter less than 7
containing them. Subdivide its parameter interval using a finite do-chain in that carrier, with all
new interval lengths at most half the parent’s. Continue inductively. Values already assigned
at endpoints are retained, all partition meshes tend to zero, and the assigned points lie in X.
Descendants of any level-k interval lie within distance }_ ;- r; of either one of its endpoint values:
the successive carriers add at most the stated tail. Thus the assignment on the dense union of
all partition vertices is uniformly continuous. More explicitly, fix k. Sufficiently close parameters
belong to the same or adjacent level-k intervals; their values differ by at most 2} ,~ r; through
a common endpoint. The tail tends to zero.

11
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To make the parameter estimate precise, let P, be the finite partition at stage k and let ui > 0
be the smallest length of its intervals. Two parameters at distance less than puy lie in the same
interval or in adjacent intervals, including their endpoints. With

T, = Z rj = £27%73  for the chosen geometric sequence,
Jjzk
the values assigned to parameters in adjacent intervals differ by at most 27} through their
common endpoint. Given an output tolerance a > 0, choose k& with 27} < a and then use input
tolerance ui. The order is crucial: no positive lower bound on all py is needed. The partition
meshes tend to zero, making the assigned parameter set dense, while the tail estimate makes its
image assignment uniformly continuous. These are two distinct ingredients in the extension step.

Completeness of compact X extends this assignment uniquely to a continuous map « : [0,1] —
X with endpoints z,y. Every point of the path is within }_,~7; of z, so its diameter is less
than e. The classical arc-extraction lemma for a path in a Hausdorff space gives an injective
subpath image joining distinct endpoints; its image is contained in «([0,1]) and has no larger
diameter. This last loop-removal lemma is the named topological input in the arc assertion; the
quantitative path construction itself has been given above.

For completeness, if D, denotes the dense set of assigned parameters and t € [0, 1], choose
Sn € Dy with s, — t. Uniform continuity makes the sequence of assigned values Cauchys;
completeness gives its limit. If another sequence s, — t is used, then |s,, — s},| = 0, so the two
image sequences have the same limit. This defines a(t) independently of choices. The same
uniform estimate passes to the limits and proves continuity. Finally

d(a(t),z) < Ty, diam «([0,1]) < 2Ty =¢/4 < e.

The spare factor is deliberate; no limiting equality can spoil the strict diameter target. Arc
extraction only shrinks the image set, so this bound survives removal of loops. O

A connected compact locally connected metric space is therefore arcwise connected. One
may prove the global assertion without making a new uniform estimate: the set of points
path-reachable from a fixed point is open by the local path property, and its complement is
open by the same argument. Connectedness makes the complement empty. Arc extraction then
replaces a path by an arc whenever its endpoints differ.

3.3 Gate maps and a null-family estimate

The topology chapter proves a specific gate theorem (Theorem 8.1): for a locally connected full
continuum K and a component D of int K, there is a retraction 7p : K — D. It is constant on
any arc disjoint from D; if an arc meets D, its gate image is contained in that arc. It is locally
constant on K \ D. The proof uses small arcs and Jordan fullness, not the null-family conclusion
below. The following forward reference is therefore acyclic: small paths imply the gate theorem,
which then implies the shrinking-body theorem.

Proposition 3.4 (A common modulus for gate maps). For eache > 0, choose § from Theorem 3.3
for the compact locally connected hull K. Then, for every interior component D and all x,y € K,

lz—yl[<d = |mp(z)—7mp(y)| <e
The same § works for every component.

Proof. Join x to y by an arc A of diameter less than e. If A misses D, its gate image is a singleton.
Otherwise mp(A) C A. In both cases the displayed distance is less than . For x = y no arc is
needed. The selected small-arc bound depends only on K, not on D.

12



PHI Technical Monographs — IX

Equivalently, when interior components exist, define a family oscillation at scale s by

W(s) =sup sup |mp(x)—mp(y)l.
D zyeK
lz—y|<s

If there are no interior components, set W (s) = 0. The proposition gives W(s) — 0 as s | 0:
for the strict input bound 0 take s < §/2. The supremum over D is taken before the limit in s.
Exchanging this order would give only individual continuity and would not control a moving
sequence of components. If there are no interior components the family assertions are vacuous;
the null-family conclusion then holds immediately. O

Theorem 3.5 (Interior components form a null family). Let K C C be a compact locally
connected full continuum. For every e > 0 there are only finitely many components D of int K
with diam D > e. FEquivalently, the diameters of any sequence of pairwise distinct interior
components tend to zero.

Proof. Suppose distinct components D,, have diameters at least ¢ > 0. Select x,,,y, € D, with
|zn, — yn| > /2. By compactness, pass to subsequences with x, — z, y, — y, and |z — y| > ¢/2.

If n # m, the connected open set D, is disjoint from D,,. Indeed a point of D,, N D,, has a
small disk contained in D,, which also meets D,,, contradicting distinctness of the components.
Local constancy of mp,, outside D,, therefore gives

7D (Tn) = TD,, (Yn) = @m,n (n #m).

Choose the common gate modulus with output tolerance £/8. For distinct sufficiently large m,n,
both |z, — x| and |y, — yn| are below its input tolerance. Because 7p,, fixes Ty, Ym,

|Tm — Ym| < |7D,, (Tm) — am,n| + ammn — 7D, (Ym)| < /4,

contradicting the choice of the points. Countability of the family, when needed, follows in-
dependently because disjoint nonempty open subsets of the plane contain different points of
Q2.

The quantifiers behind the contradiction are worth isolating. Uniform continuity supplies one
0 > 0 for £/8. Since both endpoint sequences converge, there is one N such that

m,n>N — |xm_xn|<5a |ym_yn|<5'

Now choose any two distinct indices m,n > N. Retraction, constancy on the other component,
and the common modulus give in that order

|xm - ym| < W(‘:L‘m - $n|) + W(|ym - yn’) < 5/4'

One may use the proposition directly instead of W when a strict supremum bound is not
attained. The contradiction does not require choosing a gate which is continuous at an unknown
limiting point after its index has already varied. For countability, enumerate Q2 and associate to
each component the first rational point it contains; disjoint open components receive distinct
indices. O

The conclusion uses local connectivity of the fixed hull. It is stronger than saying the areas
of disjoint bounded domains tend to zero: area summability holds without local connectivity,
while long narrow domains can retain a positive diameter. The proof also exposes why pointwise
continuity of each gate would be insufficient. The moving component D,, requires one modulus
for the entire family of gates.

13
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Lemma 3.6 (Pasting across a null family). Let X be compact metric, Y a metric space, A C X
closed, and let U; be pairwise disjoint open sits with X = AUU; U; and OxU; C A. Suppose
f:X =Y is continuous on A and on every U;, and its restrictions agree on overlaps. Assume
every x € U;j has d(x,0xUj) < nj, where n; — 0 along distinct indices, and diam f(U;) — 0
along distinct indices. Then f is continuous on X.

Proof. Take x,, — x. If infinitely many x,, lie in A, that subsequence is controlled by continuity
on A. If infinitely many lie in one fixed Uj, the limit lies in U; and continuity there applies. The
remaining case has z,, € U;,, with distinct indices. Choose a,, € dxUj, with d(x,,a,) < n;, +1/n.
Then a, — x, so x € A, and

dy (f(zn), f(2)) < diam f(Uy,) + dy (f(an), f(z)) — 0.

Every subsequence has been covered by these alternatives; otherwise a subsequence staying a
positive distance from f(z) would contradict one of them. This proves continuity.

Here is the exhaustive subsequence reduction used in the last sentence. If continuity failed at
x, there would be b > 0 and a sequence z,, — x with dy (f(xy), f(z)) > b. Either infinitely many
terms lie in A, or discard the finitely many which do. In the second case, either one index occurs
infinitely often or a subsequence has all indices distinct. The first two cases contradict continuity
on a fixed closed piece. In the distinct-index case,

and closedness of A puts x in A. Given b, choose n large enough that both the target diameter
and dy (f(ay), f(z)) are less than b/3. The displayed inequality in the proof is then less than
2b/3, a contradiction. Agreement on overlaps ensures that f(a,) is the same value whether
evaluated through A or through Uj,. O

3.4 Worked local-topology investigations

Investigation 3.7 (The comb obstruction). Let

C = ([0,1] x {0}) U ({0} x [0,1]) U [J ({1/n} x [0,1]).

n>1

Prove compactness and connectedness, and show that C' is not locally connected at (0,¢) when
0<t< 1.

Solution. Every convergent sequence in the displayed union either stays on a fixed tooth or has
tooth coordinates tending to zero, in which case its limit lies on the included vertical segment.
Thus the bounded set is closed and compact. Each vertical segment meets the horizontal base, so
the union is connected. Fix 0 < r < ¢t/3. In C' N B((0,¢),r) the connected component containing
(0,t) lies on the vertical line x = 0: projection to the first coordinate maps a connected set to
an interval, while the available coordinates form {0} U {1/n}, containing no nontrivial interval.
Every relative neighborhood of (0, ¢) nevertheless meets other teeth. Therefore that component
is not a neighborhood, so no connected open neighborhood can lie in the ball.

Investigation 3.8 (Nonuniform small-scale information). Explain why the existence of a small-
path modulus for each compact locally connected set does not supply one common modulus for
all polygonal arcs of diameter at most two.

Solution. Take a U-shaped polygonal arc whose two upper endpoints are distance h apart
and whose vertical sides have height one. The only arc in that set joining the endpoints travels

14
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down to the base and back up, so its diameter is at least one. Letting h | 0 defeats every
proposed common positive input tolerance for output diameter 1/2. Each fixed polygonal arc
still has its own modulus. Uniformity over a family is extra data, not a consequence of pointwise
compactness.

Investigation 3.9 (Why a boundary-distance condition suffices). Let U; be disjoint bounded
open subsets of a common bounded planar region. Show that SUpey; d(z,0U;) — 0 along
distinct indices, even if their diameters do not tend to zero.

Solution. If the supremum exceeded r > 0 for infinitely many j, each such U; would contain
a disk of radius r/2. These disjoint disks would have infinite total area in a bounded region.
Quantitatively,
. 4 area(B)
#{j « sup d(z,007) > r} <~
2€U; mr

when all the sets lie in a measurable bounded region B. This controls the source-side boundary
approximation in Lemma 3.6. It supplies no target-side diameter bound; that is a separate
hypothesis.

Investigation 3.10 (A common-modulus contradiction). Abstract the proof of Theorem 3.5:
let disjoint sets F, in a compact metric space admit retractions r, fixing F,, constant on every
E,, with m # n, and equicontinuous as a family. Prove diam F,, — 0 without using planarity.

Solution. If not, choose pairs x,,y, € E, separated by a fixed positive amount and pass to
convergent subsequences. Uniform continuity of all r,, makes r,,(z,) close to x,, and 7y, (y,)
close to y,, when m,n are large. Constancy on E, equates these two images, contradicting
their separation. Planarity is used earlier to construct the gates, not in this final compactness
argument. This separation of roles prevents the abstract lemma from being mistaken for a
theorem that arbitrary compact spaces possess gate retractions.

Investigation 3.11 (A filled set and its boundary). Compare local connectivity and finite-cut
rigidity for K =D and J = 9D.

Solution. Both sets are locally connected. Any injective curve intersecting K only finitely many
times avoids its interior by Investigation 2.8; it cannot split the open disk into two pieces. Small
cuts through the complementary interior of J, however, can isolate short circular arcs of J. Thus
a boundary puzzle which uses both complementary components of J is not a hull puzzle for K.
Local connectivity by itself does not erase the difference between the two admissible-cut classes.
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Chapter 4

Circular order, boundary moduli and
collar geometry

4.1 Angles and oriented intervals

Write T = R/Z, with e(8) = ¢*™. An ordered triple of distinct angles (a,b,c) is positively
cyclically ordered if one can choose lifts satisfying @ < b < ¢ < @ + 1. The interval (a,b)T is the
positively oriented arc from a to b, excluding both endpoints. Its length lies in (0, 1) when a # b.
We never choose a real branch of an angle without recording where the circle has been cut.

The circular metric is

= min|d —b— < <1
dr(a,b) rknel%\a b— k|, 0 <dr(a,b) <3

For s = dr(a,b), elementary trigonometry yields
le(a) — e(b)| = 2sin(ws), 4s <le(a) — e(b)| < 2ms.

The lower bound follows from concavity of sine on [0, 7/2] and the chord joining its endpoint
values; the upper bound follows from sinu < w. These estimates allow conversion between
angular and Euclidean tolerances on the circle, with explicit constants.

Lemma 4.1 (Alternating endpoints). Let a,b, ¢, d be four distinct points of the unit circle. The
open straight chords (a,b) and (c,d) intersect if and only if their endpoints alternate in circular
order. Their intersection, when it exists, is a single point.

Proof. The line through a, b divides the circle, apart from a, b, into two open arcs lying in opposite
open half-planes. The segment from c to d crosses this line precisely when ¢, d lie in opposite
half-planes. In that case its intersection with the line lies in the closed disk, and the intersection
of this line with the disk is exactly the chord [a,b]. The endpoints are distinct, so the crossing is
interior to both segments. Conversely an interior crossing puts ¢, d on opposite sides, since their
chord is not collinear with [a, b]: a line meets the circle in at most two points. Opposite sides are
precisely the alternating-endpoint condition. Two noncollinear lines meet once.

There is an algebraic form of the same separation argument. For complex vectors define
[u,v] = Im(wv) and put s, = [b—a,c—al, s4 = [b—a,d — a]. The distinct-circle-point hypotheses
make both nonzero. Opposite sides mean s.sq < 0, in which case

p=_5¢

€(0,1), z=(1—t)c+td, b—a,z—a]=0.
Se¢ — Sd

Since ¢, d are distinct boundary points, their open segment is inside the open disk; hence z lies
strictly between a and b on the line’s disk intersection. The formula gives an actual intersection
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parameter after the order test, but computing it is unnecessary if only the crossing decision is
requested. The sign test is strict, so shared endpoints and repeated chords require their separate
cases. [

For arbitrary embedded crosscuts of a disk the same separation statement follows from the
Jordan theorem: join one crosscut to either boundary arc and inspect the two sides. Straight
chords make the condition an exact order test. Hyperbolic geodesics have the same crossing
rule, as the Klein-coordinate construction in the pinched-model chapter will prove. The order
statement survives even when distance estimates in a particular model do not.

4.2 Moduli inherited from a boundary parametrization

For a continuous map f : X — Y on a compact metric space define its oscillation modulus

wi(r) = sup{dy (f(z), f(y)) : dx(2,y) <7}, r=>0.

It is nondecreasing, finite, and tends to zero as r | 0. Indeed failure of the last assertion produces
T, Yn With d(z,,yn) — 0 but separated images; a convergent subsequence of x,, and then y,
contradicts continuity at their common limit. We do not assert strict increase or invertibility of
this modulus.

Proposition 4.2 (A boundary image estimate). Let v : T — C be continuous, with modulus
measured in dr. If a set A C T is contained in an arc of angular length ¢ < 1/2, then

diamy(A) < w4 (0).
If 5 is another map with supy |y(0) —5(0)| < n, then
dn(v(4),3(A) <n,  diamF(A) < w,(0) + 20
for nonempty compact A.

Proof. Any two points of A are at circular distance at most ¢, so the first estimate is the definition
of the modulus. For the second, pair the two image points with the same parameter. The pairwise
distance is at most 7 in both directed Hausdorff estimates. The diameter bound follows either
from Lemma 1.1 or the three-term triangle inequality through ~(6),~(¢).

The three-term version keeps the two sources of error visible:

7(0) =3 (@) < 7(0) = v(O) + 1 (0) = (D) + [v(8) — ()]
<21 + wy(4).

Thus refining the angular arc only changes the modulus term; it does not reduce the two endpoint
evaluation errors. The same-parameter coupling in the Hausdorff estimate needs no inverse
parametrization, so it remains valid when many different angles land at the same physical
point. For a nonclosed A the diameter bound still makes sense, but the compact-set Hausdorff
convention used in the second part requires the explicitly stated compactness assumption. [

For a locally connected hull, Theorem 2.5 supplies such a map g . It supplies existence of w.,,
but not numerical values. A quantitative puzzle estimate which inserts w., (27") is a conditional
error bound until a modulus is part of the input or independently bounded. The distinction does
not weaken the qualitative theorem; it states its effective content.
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4.3 A nonsingular collar and what it controls

Fix 1 <r < R < oo and a conformal exterior map ®g. It is holomorphic on a neighborhood of
the compact annulus A, p = {r < |w| < R}. Put

M, r= P = min |® :
nRS max [Pk (w)],  mrr gy | (w)] >0
Positivity of the minimum follows from injectivity, which forces the complex derivative to be
nonzero, and compactness. These are local derivative bounds. They do not automatically give a
global lower Lipschitz bound for pairs whose joining segment leaves the annulus.

Proposition 4.3 (A collar cell diameter bound). Let r < ry < ry < R and let I be an angular
interval of length £ < 1/2. For C = {pe(8) :r1 < p<re,0 € I},

diam @ (C') < M, r((re —r1) + 27 RE).

If a polygonal or sampled enclosure C of the image has Hausdorff error at most n, its diameter
differs from the exact image diameter by at most 2n.

Proof. Join any two points of C by a radial segment followed by a circular arc within C. The
radial length is at most ro — 71, and the circular length at most 2r R¢. Along either smooth piece,

| P (w1) — Pr(wp)| < /|CI>/K(w)| |dw| < M, rlength(path).

Taking the supremum over pairs proves the result. The enclosure claim is the diameter estimate
from Lemma 1.1.

Choose one real lift of I and write the two points as wg = poe(fy), w1 = p1e(61). A concrete
joining path has its two pieces

s ((1—=s)po + sp1)e(bo), s— pre((1 —s)0p+ sb1), 0<s<1.

Their lengths are |p1 — po| and 27p1]|01 — Og|. The lift ensures the second path stays in the
chosen cell, even when the interval crosses the conventional angular cut at zero. Integrating the
derivative on these paths avoids using the straight segment, which could leave the annulus where
the bound on @ was established. The minimum derivative bound also does not reverse the
integral triangle inequality: in general

‘/U(S) ds

has no reverse bound without control of the directions of v(s). This is the precise obstruction to
obtaining a global lower distance estimate merely by substituting m, g for M, g. O

< /|U(3)| ds

No assertion is made that M, r stays bounded as r | 1. For domains with cusps, corners or
severe boundary distortion, derivatives can behave singularly near the ideal circle. For nonsingular
positive levels the estimate is complete; passing to the physical boundary needs the modulus in
Proposition 4.2 or an additional regularity theorem. A diagram can depict both regimes without
certifying that their constants agree.

4.4 Worked order and geometry investigations
Investigation 4.4 (An exact circular crossing test). Take angles a = 1/10, b = 3/5, ¢ = 2/5,

d = 9/10. Decide whether the chords [e(a), e(b)] and [e(c), e(d)] cross, without computing sines
or cosines. Then replace ¢ by 4/5.

18



PHI Technical Monographs — IX

Solution. Initially a < ¢ < b < d < a + 1, so the endpoints alternate and the chords cross.
After replacement both ¢ = 4/5 and d = 9/10 lie on the same oriented arc from b to a, so they
do not cross. Rational order comparisons suffice. Equal endpoints would require a separate
shared-vertex case and must not be accepted as an interior crossing by a strict test.

Investigation 4.5 (Why the circle has no preferred cut). An arc runs from 9/10 to 1/10
positively around the circle. Compute its length and describe a valid lift for evaluating its order
tests.

Solution. Use the lifted interval [9/10,11/10], of length 1/5; the endpoint 11/10 represents 1/10.
The naive difference 1/10 —9/10 = —4/5 is not the length of this arc. A consistent algorithm first
chooses a basepoint away from the relevant endpoints or uses modular comparisons. Changing
the lift adds one to appropriate coordinates without changing cyclic order, provided the same
convention is applied to every endpoint.

Investigation 4.6 (A Holder boundary estimate). Suppose |y(a) — v(b)| < Hdr(a,b)* with
H > 0,0 < a<1. Bound the image diameter of a dyadic arc of length 27" for n > 1, and
include a uniform map error 7.

Solution. Proposition 4.2 gives
diam () < H27%", diam () < H27%" + 2.

To guarantee the latter is at most ¢, first require 27 < ¢, then choose n > a~!log,(H/(c — 27)),
rounded upward and bounded below by one. A refinement of the angular grid cannot overcome
a fixed error floor 27 in the map itself.

Investigation 4.7 (Finite contacts do not define a partition). Let A =[—1,0] and B = [0, 1].
Explain why the family {A, B} is a cover by compact connected sets but is not the family of
fibers of a function. Give two different ways to repair it and state what each repair changes.

Solution. Fibers of a function are disjoint, whereas AN B = {0}. One can replace the cover
by the partition {[—1,0),{0}, (0,1]}; its nontrivial pieces are no longer compact. Alternatively,
impose the equivalence relation generated by declaring each original set a class. Since both
contain zero, transitivity merges them into [—1, 1], destroying the original two-piece distinction.
Neither repair leaves every requested property unchanged. A quotient construction must specify
which mathematical property it intends to retain.

For the second repair, the transitive implication can be written without any picture:
reA,ye B = z~0~vy = zx~y.

Thus every equivalence relation containing the identifications internal to A and B contains the
universal relation on [—1,1]. The first repair has a different defect: sequences in [—1,0) can
converge to 0 outside that piece. A compact-to-Hausdorff continuous map has closed fibers, since
the inverse image of a closed singleton is closed, so this particular noncompact partition cannot
be the fibers of such a map.

Investigation 4.8 (Nested full sets versus a converging slit). Let K, be the unit circle with the
open arc of angles (—1/n,1/n) removed, for n > 3. Prove that the K, are full continua converging
in Hausdorff distance to a non-full continuum. Why does this not contradict Proposition 2.37

Solution. Each K, is a closed circular arc and its complement is connected: the gap joins the
inside and outside. The omitted arc has diameter tending to zero, so K, converges to the whole
unit circle. Its complement consists of the open disk and the exterior, so it is not full. The family
K, is increasing rather than decreasing, and its closure of union adds the missing point. The
hypotheses of the nested full-continuum theorem are therefore absent. This example will also
warn against treating a finite approximation as a topological certificate.
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Chapter 5

Cut-lines, sectors, and finite cutting

5.1 What a cut is required to do

Source correspondence. Lyubich, §9.1.1 and Lemma 9.1.

A compact connected subset of the plane will be called a continuum. In this chapter a hull
is a nondegenerate continuum whose complement is connected. Nondegenerate means that it
contains at least two points. We allow singletons as limits, but name them separately whenever
nondegeneracy is an assumption. This distinction matters: an intersection of genuine subhulls
can be one point. Fullness is a condition on the entire complement, whereas connectedness is a
condition on the set itself. Neither condition may be silently substituted for the other.

Fix a hull K C C and its exterior 2 = C\ K. An access to a € K is an equivalence class of
curves in () landing at a, with the local-component interpretation established in Volume VIII.
Explicitly, two such curves represent the same access when

Ve >03to>0: ~((0,%0)),72((0,tp)) lie in one component of 2 N B(a,¢).

One may use spherical balls instead. On a fixed bounded neighborhood of a the two metrics
are uniformly comparable, so the equivalence relation is unchanged. The definition concerns
complete tails, not a selected sequence of points on each curve.

Definition 5.1 (Simple cut-line). A simple cut-line for K is a proper embedding ¢ : R — C
whose image L meets K at exactly one point a = £(0), and whose two local branches at a
represent distinct accesses. Its two complementary components are its open sectors ST and S~.
The point a is its root.

Properness means that inverse images of compact sets are compact. Thus L U {oo} is a
Jordan curve in the sphere. The Jordan and Schoenflies theorems give exactly two sectors and a
homeomorphism of the plane carrying the pair (L, a) to the real line with marked point 0. The
two unbounded ends have a single common endpoint in the sphere; they are not two independent
boundary points of a compact interval.

The distinct-access condition excludes a line which merely touches a one-sided hull. To see its
role, suppose K does not meet ST. After straightening the line, arbitrarily small semicircles in
the upper half-plane connect its two local branches while avoiding K. Pulling them back gives
connections within every prescribed neighborhood of a. The branches then represent the same
access. Consequently a cut-line satisfies

KNSt #a, KNS #a.

A conformal external ray pair landing at one point gives an important example when the two
rays represent different accesses. The cut-line consists of their union and the common landing
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point. Each ray tends to infinity at its other end; its normalization does not affect the resulting
sectors.

Lemma 5.2 (One cut preserves a continuum). Let K be a hull and L a simple cut-line rooted at
a. For either sector S the set

Ks=KnS=(KnS)U{a}
is a nondegenerate hull, and Kg = K N S. The two resulting subhulls meet exactly at a.

Proof. Compactness follows from the first formula. Suppose Kg = A LU B is a separation into
nonempty relatively open and closed sets. Both are compact. Exactly one contains a; relabel so
that a ¢ B. Then B C S. Because B is relatively open in Kg, each of its points has an open
plane neighborhood whose intersection with Kg lies in B. Intersect that neighborhood with S.
Its intersection with K still lies in B. Therefore B is open in K. It is closed in K because it is
compact. This contradicts connectedness of K.

Here is the neighborhood calculation with its quantifiers exposed. For each b € B, relative
openness supplies 7, > 0 such that B(b,r,) N Kg C B. Since b € S and S is open, decrease 7y,
until B(b, ) C S. Then

B(b,r) NK = B(b,r)) NKs C B,  B=Kn ] B(b,m).
beB

This proves openness in the larger space K, which does not follow from relative openness in Kg
alone without the side condition. Compactness also gives B = K N F for the closed plane set
F = B. Thus B is both open and closed in K, is nonempty, and misses a. Those three properties
are the precise contradiction; no path connectivity of K was used.

Write S’ for the opposite sector. The complement identity
C\Ks=(C\K)uys

proves fullness without an implicit bounded-component argument. Both sets on the right are
connected, and their intersection is nonempty because S’ is unbounded whereas K is compact.
The sector contains a point of K, by the access argument preceding the lemma. Thus Kg has
that point and a, so is nondegenerate. Finally, if a ¢ K NS, then {a} would be a relatively
open and closed subset of the connected set Kg. This proves the asserted closure identity. The
intersection of the two closed sectors is L, whose intersection with K is {a}.

To verify the displayed identity point by point, a point outside K is automatically outside Kg.
A point of K outside Kg is in neither S nor L, since K N L = {a} C Kg; it therefore lies in S’.
Conversely S’ N Kg = @. If R is chosen with K C B(0, R), then

S'\B(O,R) c §'N(C\K), S \BO,R)+0.

The union-of-connected-sets criterion now has an explicit common point. It does not require
K NS’ to be connected or nonempty; the distinct access condition supplies the latter separately.

O

The connectedness part of this proof did not use fullness. If a continuum J meets an embedded
line only at @ and meets both sides, its closed-side intersections are continua as well. Fullness was
used exactly once, in the connected-complement identity. This separates the general-continuum
result from the additional hull conclusion.
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Figure 5.1: A simple cut-line has one root. Each closed-side intersection is a hull; the shared
root is retained on both sides. The drawing records this separation convention, not a metric
approximation theorem.

5.2 Several disjoint simple cut-lines

Source correspondence. Lyubich, Corollary 9.2(i) and Remark 9.3.

Let Lq,..., L, be pairwise disjoint simple cut-lines with distinct roots ay,...,a,,. Pairwise
disjointness concerns their plane images; all their spherical closures contain infinity. A cell is a
component of C\ i~ L;. There are finitely many cells. A new proper line lies wholly in one old
cell and divides that cell into two. This follows either by straightening successively the existing
proper lines, or by the Jordan separation theorem applied to the two ends of the new line in that
cell. In particular each cell has an unambiguous side relative to each L;.

Proposition 5.3 (Finite cut cells). Every cell S meets K, and
Ks=KnNnS=KnS= (}(-rﬁf;)lJ {(pj: a; € é?é?}

is a nondegenerate hull. If two different cells are separated by Lj, their subhulls can meet only at
a;.

Proof. Induct on the number of lines. The preceding lemma proves the case of one line. Suppose
a new line lies in the old cell Sy. Its root belongs to K N .Sy, since no root lies on a previous line.
The old hull H = K NSy agrees with K in a neighborhood of this root. The two accesses defining
the new cut are therefore distinct for H as well: a connection in arbitrarily small punctured
neighborhoods for H would give one for K in the same neighborhoods. Apply Lemma 5.2 to H.
Its two closed-side intersections are precisely the new cell intersections. Every other old cell is
unchanged. This proves connectedness, fullness and nondegeneracy at the next stage.

The local agreement used in the induction can be expressed without a uniform spacing
assumption. If the new root is a, the finite union of old lines is closed and misses a, so there is
r > 0 with

B(a,r) C So, HnNB(a,r) = KnNB(a,r), B(a,r)\ H = B(a,r) \ K.

For every 0 < ¢ < r, the two punctured neighborhoods have exactly the same components.
Consequently an equality of the two new accesses for H would give equality for K at every
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such scale. The contradiction is local at the new root, so previous cuts may be arbitrarily close
elsewhere. At each finite stage only finitely many old closed lines must be avoided; the later
countable intersection will use compactness instead of demanding a positive distance from their
infinite union.

For the closure identity, every point of K N 0S5 is one of the finitely many boundary roots.
Near such a root aj, all the other lines are absent. In this neighborhood the cell occupies one
side of L;. The one-cut closure assertion therefore supplies points of K NS approaching a;. All
other points of Kg already belong to K NS. The final assertion follows by intersecting the two
opposite closed sides of L;: their common part in K is K N L; = {a;}. O

The proposition concerns the subhulls, not the plane closures of the cells. Two plane closures
can share an entire cut-line. Keeping the factor K in the intersection prevents a misleading
literal interpretation of the source’s brief remark about touching closures.

There is also a useful algebraic description. Choose a point z € K which lies on no cut-line,
and let H;(z) be the closed side of L; containing z. Then the cell subhull containing z is

In(z) = KN () Hy(z).
j=1

The roots on the boundary are retained by the closed-side convention. A root which lies strictly
across some other line is excluded by that other factor. This is why the location of a root on its
own line does not make its membership in I,,,(z) arbitrary.

5.3 A Jordan cut-curve need not define one cell

Source correspondence. Lyubich, The definition of puzzle pieces in §9.1.1 and Corollary 9.2(ii).

The source also calls a closed Jordan disk bounded by a finite cut-curve a puzzle piece. A
finite cut-curve may pass several times through the same hull. That definition alone does not
imply that the intersection of the Jordan disk with the hull is connected. The following explicit
example records the difference between one finite cut cell and an arbitrary Jordan cut-curve.

Example 5.4 (A disconnected intersection). Set
K=[-33Ju{-i+it:0<t<2bu{i+it:0<t<2}, P={z:]z—i]<3}

The set K is a simple polygonal arc, so is a full continuum. The circle 9P meets the two vertical
legs at the four points
— 4l V5
zfiQ—i-z(liT).
All four intersections are transverse and occur in the interiors of straight portions of the arc.

Locally the two branches of the circle are on opposite sides of that straight portion. They give
distinct accesses, so the circle is a Jordan cut-curve under the source terminology. Nevertheless,

o \/5 \/5
KnNnP= — i1l — —<t<14 —
U { 3 ! r StsiT }
oce{-1,1}
has two components. Its two pieces are a distance 1 apart.
For clarity, substitution on either vertical leg gives the complete inequality rather than only
its endpoints:
V5

<~ t—1] < —.
-1 <Y

2

o 1 9
it o — = 12 < =
‘2—0—215 7 4+(t )_16
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The base of the U has imaginary part zero and distance at least 1 from 4, so it contributes no
connecting segment to K N P. The two remaining closed intervals have constant real parts —1/2
and 1/2. Any continuous path between them would, by the intermediate value theorem for its
real coordinate, contain a point of real part zero. No such point belongs to this intersection.
More directly, its intersections with the two open half-planes 38z < 0 and Rz > 0 are a separation
into nonempty relatively open sets.

The complement of this polygonal arc is connected, for an arc does not separate the plane;
equivalently one can move any point around one of its two free endpoints to the exterior. Thus
the example does not exploit a failure of fullness. It refutes the unrestricted connectedness
conclusion for this specific source definition. It does not refute Proposition 5.3, whose cells are
formed by disjoint simple cut-lines and are not arbitrary unions of such cells.

The same configuration tests the unrestricted fjord assertion in source Exercise 9.10(i). The
horizontal crosscut o = [—%, %] + 4 lies in P and in the complement of K except at its endpoints.
Its bounded complementary fjord is

V:{x—l—iy:—%<x<%, 0<y<1}

For example, i/10 € V but [i/10 — i = 9/10 > 3/4, so V ¢ P. Thus that containment also
needs an additional cell or separation hypothesis; it is not a consequence of an arbitrary Jordan
cut-curve.

Two retained segments Fjord escapes P

P: |z-i| <= 3/4

/\ /\

crosscut

E 1+ K in P 14 | peee———————

fjord
L i/10
o |
0 1 0
T T T T T T
-0.5 0.0 0.5 -0.5 0.0 0.5

Re z Re z

Figure 5.2: Two views of the same U-shaped hull. The disk centered at ¢ with radius 3/4 meets it
in two vertical intervals. The horizontal crosscut at height 1 lies inside the disk, but its bounded
rectangular fjord contains /10 outside that disk. Shading or hatching only identifies the regions
used in these exact inequalities.

We therefore specify admissibility before deriving a rigidity theorem.

Definition 5.5 (Admissible and perfect pieces). For a continuum K, an admissible Jordan piece
is a closed Jordan disk P such that K N P is nonempty and connected. It is perfect if K Nint P
is nonempty and connected. A cut piece has in addition the finite boundary-intersection and
access conditions of a Jordan cut-curve. When fullness is needed we require K N P to be full as
well, or establish that condition separately.

This is a stated normalization, not an additional conclusion extracted from the word “puzzle.”
For a full K, fullness of K N P actually follows automatically: its complement is the union of
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C\ K and C\ P, two connected sets with nonempty intersection near infinity. Connectedness does
not follow from that identity, as the example shows. A compact set can be full and disconnected.

5.4 Solved investigations

Investigation 5.6. For K = D, decide whether the tangent line L = {1+ it : t € R} is a cut-line.

Solution. It is a proper embedded line meeting K exactly at 1. However the right half-plane
{Rz > 1} misses K. Small right semicircles centered at 1 connect the two local branches while
avoiding K. For every radius these connections lie in that radius’s punctured neighborhood. The
accesses are the same, so this is a touching line, not a cut-line. Merely counting |L N K| =1 does
not certify a cut.

Investigation 5.7. Let K = [—2,2] and use the vertical lines Rz = —1,0, 1. Determine all cell
subhulls and their intersections.

Solution. There are four cells in increasing order of real part. Their subhulls are [—2, —1],
[—1,0], [0,1], and [1,2]. Each adjacent pair meets at its shared endpoint; every nonadjacent pair
is disjoint. The plane closures of adjacent cells share an entire vertical line. Thus the statement
about single-point contact is correct only after intersecting with K.

Investigation 5.8. Explain why the complement calculation for K N P cannot prove connected-
ness, even though it proves fullness.

Solution. Take K and P from Example 5.4. Their intersection is the union of two disjoint
line segments. Its complement is connected: one may avoid both segments by a path passing
around their endpoints. The identity C\ (K N P) = (C\ K) U (C\ P) therefore gives a true
conclusion, but not the conclusion that K N P is connected. Connectivity and nonseparation are
independent properties of a general compact subset of the plane.

Investigation 5.9. In the proof of Lemma 5.2, why is a relatively clopen set B C Kg \ {a}
open in K, and why is the missing root essential?

Solution. Every b € B lies in the open sector S. Choose an ambient neighborhood V;, with
Vs N Kg C B, and replace it by V5, N.S. On this smaller neighborhood, K¢ and K agree. Hence
B = KNUpep(VpNS) is relatively open in K. If B contains a, no neighborhood of a is contained
in S; points of K on the opposite side may approach a. The localization step would then fail.
Compactness supplies closedness, while the omitted root supplies openness; the two roles are
different.
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Chapter 6

Countable cutting and the failure of a
naive partition

6.1 Retained hulls under infinitely many cuts

Source correspondence. Lyubich, Corollary 9.4.

Let (Lj)j>1 be a sequence of pairwise disjoint simple cut-lines for K, with roots a;. Fix
z € K\{aj : j > 1} and use the closed sides H;(z) from the preceding chapter. The finite
retained subhulls form a decreasing sequence:

In(z) = KN (] Hy(z), Ins1(2) C Iny(2), z € In(2).
j=1

There is no assumption of a uniform separation distance between the lines. They may accumulate,
and the limiting retained set may have empty interior.

Theorem 6.1 (Countable retained hull). The set

I(z) = [ Im(2)

m>1

is a nonempty full continuum. It is either a nondegenerate subhull of K or a singleton. If no
root a; is separated from z by any other line, then every a; lies in 1(z). In particular I(z) is
nondegenerate whenever at least one line is present.

Proof. The finite sets are compact connected sets containing z. Their intersection is nonempty
and connected by the nested-continuum theorem.

The compactness argument also gives a useful eventual-containment fact. If G is any open
neighborhood of I(z), then

I(z)CG = 3dmogVm>mp: In(z) CG.

Otherwise choose z,, € I,(z) \ G along unbounded indices. A subsequence converges in the
compact set K to x. For any fixed r, all sufficiently late selected points belong to the closed set
I.(z), so z € I.(z). Hence x € I(z), while closedness of K \ G gives = ¢ G, a contradiction. If
I(z) had a separation into two nonempty compact sets, take disjoint neighborhoods of those
sets. Eventual containment would force some connected I,,,(z) into their disjoint union while
still meeting both, which proves the connectedness assertion too. For completeness, fullness can
be checked directly rather than inferred from connectedness. The complements C\ I,,,(z) are
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connected, increasing with m, and all contain the exterior of one fixed large disk. Consequently
their union is connected. De Morgan’s law gives

C\I(z) = |J (C\ In(2)),

m>1

so I(z) is full. A root a; lies on its own boundary line and hence belongs to H;(z). The
nonseparation assumption puts it in every other H;(z). Thus it belongs to the intersection. As
z # a4, one retained root already guarantees two distinct points.

Writing the root test as a conjunction prevents an endpoint convention from being lost during
the limit:
a; €I(z) <= a; €K and Vj>1, a; € Hj(z).

The factor j = ¢ is automatic because the side is closed. Every other factor is the visible-root
hypothesis. In particular the proof does not deduce survival from a; € I,,,(z) for merely one
value of m. For m < i its survival is already a condition imposed by earlier lines, and for m > i
it continues to be tested by later ones. Once all factors hold, diam I(z) > |a; — z| > 0 gives an
explicit positive lower bound for this particular retained hull, although no bound uniform in the
choice of root or cutting system has been asserted. O

The source also gives a description by removed sectors. With S; the open sector of L; not
containing z, the exact formula is
I(z)=K\ |5,
Jj=21
The factor K is necessary. Replacing it by C would generally leave an unbounded plane region
instead of a subset of the compact hull. This is a set-theoretic normalization of the displayed
formula, not a new theorem.

When no root is separated from z by another line, the removed sectors are pairwise disjoint.
Indeed, for two disjoint proper lines their opposite-to-z sectors are either disjoint or one contains
the other line. In the second case the root of that line would be separated from z. Thus the
surviving root condition has a geometric meaning: no removed sector hides another cut behind
it.

Proposition 6.2 (Nested admissible pieces). Let P| D P, D --- be compact pieces such that
K N P, is a nonempty full continuum for every n. Then

I=Kn ()P

n>1

is a nonempty full continuum. If the pieces all contain a and diam P, — 0, then I = {a}.

Proof. Apply the nested compactness and connectedness argument to K N P,. Their complements
form an increasing connected union, so the intersection is full. In the shrinking case, any x € I
satisfies |x — a| < diam P, for every n. Letting n — oo gives z = a. The point a belongs to all
the pieces, so the singleton is actually attained. ]

6.2 Accesses which survive visible-root cutting

Source correspondence. Lyubich, Lemma 9.5.

We first record the converse of the access observation used for a simple cut-line. Suppose a
proper embedded line L meets a full continuum H only at a, and H meets both open sectors.
Then the two branches of L at a represent different accesses to H. Here is a direct justification.
Straighten L to the real axis and a to 0. The closed upper and lower intersections of H are
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connected by the relative-clopen argument in Lemma 5.2, which did not use the access hypothesis.
Fix one nonzero point of H in each half-plane, and choose a small neighborhood of 0 excluding
both points. If the two accesses agreed, there would be a path in the complement connecting
negative and positive points of the axis inside this neighborhood, chosen to be a convex disk
in the straightened coordinates. Approximate the path there by a polygonal path missing H,
perturb it to have only finitely many axis contacts, and erase its loops. Among consecutive axis
contacts there must be two with opposite signs. The intervening simple excursion lies in one
open half-plane. Together with the axis segment between its endpoints it forms a Jordan curve.
Its bounded domain lies in the small convex disk, since that disk contains the curve and its
convex hull. The excursion is a positive distance from 0, so a sufficiently small half-disk at 0 in
the chosen half-plane lies on the bounded side. The closed-side continuum in that half-plane
contains 0 and the fixed farther point, but its only possible contact with the Jordan curve is 0.
Its intersection with the closed bounded side is therefore relatively open at 0 as well as at its
other points, and is relatively closed. It is nonempty and excludes the fixed farther point. This
contradicts connectedness of the closed-side continuum.

Proposition 6.3 (Access injection under visible-root removal). In Theorem 6.1, suppose no root
is separated from z by another cut-line. Inclusion C\ K C C\ I(z) then induces an injection
from accesses to K at z into accesses to I(z) at z.

Proof. The map is well defined: local connections in the smaller complement are still local
connections in the larger one. To prove injectivity, take two different accesses to K at z. By the
access and Lindelof results of Volume VIII they are represented by distinct external rays, whose
union with z is a simple cut-line M.

We may represent every original cut-line by its Green ray pair without changing which points
of K lie on its retained side. Here are the precise winding-number details. Fix an original root
a, another point z € K \ {a, z}, and a small spherical disk about a whose closure misses x
and z. The original branch at a and its corresponding Green ray represent the same access.
Thus sufficiently short tails can be joined inside this disk by an arc in the complement of K.
Truncate both branches at that connector. Their remaining portions, joined through infinity and
the connector, form a closed path in C \ K. This domain is simply connected, so the path is
null-homotopic there. In a chart sending z to infinity its winding number about z is zero. The
difference between this truncated path and the full branch comparison is a closed path entirely in
the small disk; its winding number about x is also zero. Applying this argument to both branches
shows that the original closed cut-curve and its Green representative have identical winding
numbers about . The index of a Jordan curve distinguishes its side containing x from its side
containing z, so every retained subset of K is unchanged. The root « itself lies on both curves
and is retained. Different roots have disjoint external ray pairs, so the Green representatives
remain disjoint. This argument proves side membership for each fixed point; it requires neither
a homotopy continuous at the landing root nor a simultaneous ambient isotopy of an infinite
family.

One can organize the index computation as a finite algebra of closed paths. Work in the chart
sending z to infinity and orient the original and Green cut-curves compatibly. For any closed
path C' avoiding the fixed point z, use the topological winding number

Ct)—=z
ind, C =deg |t — ————— .
ce T ( EOE :c|>
This definition requires continuity, not a rectifiable cut-line. Additivity under concatenation and
sign change under reversal give

2
indg; Cold - indx CGreen = Z €; (indx Az + indx Ez) = 0, € € {—1, 1}.
=1
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Here A; is the truncated loop in the spherical exterior, and FE; is the small loop restoring its tail
at the root. The former contracts in the exterior; the latter contracts in the chosen disk avoiding
x. For a Jordan curve, zero index is exactly the component containing the chart’s infinity. Thus
the equality compares the retained side relative to z, rather than an arbitrary naming of positive
and negative sides.

Let ST,5~ be the sectors of M. Each removed open sector S; lies wholly on one side of M.
Indeed M is disjoint from its Green boundary, and its root z is not in Sj; the ray-pair separation
then prevents S; from crossing M. If a root a; lies in ST, it survives in I(z) by Theorem 6.1, so
I(2) N ST is nonempty. If there is no root in ST, every removed sector lies in S~, and K N ST is
unchanged and nonempty. The same argument applies to the negative side. Thus I(z) meets
both sectors of M. The access criterion just proved says that the two branches of M are still
different accesses to I(z). This proves injectivity.

For either sign 7 € {+, —} the witness has the explicit alternative
{a;}NS"#0 = I(z)NS" D{a;} NS, {a;}NS" =0 = I(z)NS"=KnNS".

In this display {a;} denotes the set of all cutting roots, not one chosen index. The first alternative
uses their proved survival. In the second alternative every removed sector is on the opposite side,
so no point on this side was removed at all. Either alternative gives a nonempty set. This is why
mere nonemptiness of the full intersection I(z) would be inadequate: access distinction requires
surviving points on each of two specified sides.

O]

The argument proves injection, not surjection. Removing limbs may create new approaches to
the retained hull. It also explains the visible-root hypothesis: the surviving root on each affected
side is the explicit witness preventing that side from disappearing.

6.3 Nested compactness gives no rate

If P, are decreasing nonempty compact sets and their intersection is {a}, their diameters tend
to zero. Otherwise one could choose zp,y, € P, with |z, — y,| > € along a subsequence.
Compactness of P supplies limits x,y, and nesting puts both limits in every P,. They would
therefore equal a, contradicting the separation. Thus

ﬂ P,={a} <+ diamP, —0 for a decreasing compact nest containing a.
n
This equivalence is qualitative. It neither produces a computable depth n(e) nor supplies a

geometric decay constant. Quantitative rates require additional hypotheses, developed later in
the book.

6.4 Why nonseparation need not be transitive

Source correspondence. Lyubich, §9.1.3 and Corollary 9.7.

For a family of cut-lines one can define a symmetric relation by declaring x and y inseparable
when no line places them in opposite open sectors. Reflexivity and symmetry are immediate.
Transitivity is an additional mathematical property, and it can fail precisely because a point on
a cut-line belongs to neither open side.

Example 6.4 (Two tangent disks). Let

K={z:|z2+1 <1} U{z: |z - 1| <1}, a=0, z=-1, y=
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Nested connected cut cells

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
Re z

Figure 6.1: A nested family illustrates the distinction between containment and a proved diameter
bound. The schematic does not supply a uniform rate for an arbitrary puzzle system.

The hull is locally connected, and the imaginary axis is a simple cut-line through a. It separates
x from y. The only possible root of a simple cut-line is a: a line meeting a closed disk in only
one point cannot put that connected disk on both sides, and any boundary point other than a
has only the exterior access supplied by its circular boundary.

Consequently a cannot be separated from either center. A cut-line through a contains a instead
of placing it in a sector; a line avoiding a cannot divide either disk from a while meeting the hull
only at a cutpoint. The resulting relation satisfies

a~z, a~y, TFyY.
It is not an equivalence relation and cannot be the fiber relation of a map.

There is a second way to see the same obstruction directly from Jordan pieces. Any cut-curve
for this hull has all of its hull intersections at a. If a Jordan piece contains «a in its interior, its
boundary avoids K. Connectedness then forces the whole hull to lie inside the piece. Thus the
intersection of all such pieces is K. A piece surrounding just the left disk can instead have a on
its boundary. These two kinds of intersection overlap without being equal. They cannot be the
fibers of one physical-to-puzzle projection.

The source defines an escaping nest by requiring its limiting impression to be either contained
in every test piece or disjoint from that piece’s interior. In the example a nest whose pieces
contain a in their interiors has impression containing K. A piece surrounding one disk violates
that escaping condition. The asserted end attached to every physical point is therefore not
available from these literal definitions.

There are several mathematically different possible repairs. One may retain an overlap system
of impressions; one may restrict the allowable roots and points; or one may construct a closed
equivalence relation by an explicitly specified decomposition procedure. These choices need not
give the same space. The pinched-disk chapters use a precise closed relation where one has been
established, rather than assigning a quotient to a merely symmetric nonseparation relation.

30



PHI Technical Monographs — IX

1.51 Cut line through a
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Figure 6.2: Two tangent closed disks expose the endpoint convention: the common root lies on
the separating line, whereas the disk centers lie on opposite sides. Inseparability defined with
open sides is not transitive.

6.5 A valid conditional projection statement

Proposition 6.5 (Disjoint impressions and quotient semantics). Let X be compact, let Y be
Hausdorff, and let ¢ : X — 'Y be a continuous surjection. Suppose a family of nonempty compact
sets (Iy)yey satisfies ¢~ '(y) = I,. Then the I, partition X. If all I, are singletons, q is a
homeomorphism. Conversely, an overlapping family with two unequal members having nonempty
intersection cannot be the full fiber family of any map.

Proof. If x € I, N Iy, then ¢(x) = y =¥/, so the two fibers agree. Surjectivity makes every fiber
nonempty and their union is X. Singleton fibers make g bijective; a continuous bijection from a
compact space to a Hausdorff space is a homeomorphism. For the last assertion, any map has
disjoint fibers by the first equality, independent of continuity or topology.

The homeomorphism assertion also has a direct closed-set proof. If ¥ C X is closed, compact-
ness of X makes F' compact, and continuity makes ¢(F') compact. Since Y is Hausdorff, ¢(F') is
closed. For bijective ¢ this says

(¢ YF) =q(F) is closed in Y for every closed F C X,

which is precisely continuity of the inverse. Neither this argument nor the fiber identity constructs
a relation from overlapping sets. For the tangent-disk example the obstruction occurs before any
topological issue: ¢(a) = g(x) and ¢(a) = q(y) would force q(z) = ¢q(y), whereas the proposed
relation requires these last values to differ. Passing to a quotient therefore needs an actual repair
of the relation, not merely a different topology on the same alleged fibers. O

This elementary result does not construct the map ¢. It identifies exactly what must be
supplied before using a source statement about a projection. The general end construction in

the source’s earlier topology chapter likewise states a pairwise-disjoint-impression hypothesis.
The tangent-disk example shows why that hypothesis cannot be dropped at the puzzle stage.

6.6 Solved investigations

Investigation 6.6. Produce nondegenerate hulls whose decreasing intersection is a point.
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Solution. Take K, = [—1/n,1/n]. Each is a nondegenerate full continuum, K,; C K,, and
N, Kn = {0}. Their diameters are 2/n. Thus a theorem about a nested limit must allow
singletons even when no finite stage is a singleton. The example also gives a polynomial rate,
not a geometric one.

Investigation 6.7. Given any decreasing positive sequence 1, — 0, construct a compact nest
with singleton intersection and diameter exactly 7.

Solution. The intervals P, = [—r,/2,7,/2] have diameter 7, and intersection {0}. Choosing
rn, = 1/log(n+2) gives a rate slower than every fixed negative power of n. A singleton intersection
alone therefore cannot justify a polynomial or exponential stopping estimate.

Investigation 6.8. For K = [—2, 2], remove the right sector of the vertical line Rz = 1. Compare
the formulas with ambient factor K and with ambient factor C.

Solution. With S = {z > 1} one has K \ S = [-2, 1], a subhull. In contrast, C\ S = {Rz < 1}
is unbounded and contains points arbitrarily far from K. The error is set-theoretic and cannot
be repaired by choosing a different topology on the same formula.

Investigation 6.9. In the tangent-disk example, what does taking the equivalence relation
generated by the naive nonseparation relation do to the two centers?

Solution. It identifies them: x ~ a ~ y is a chain of length two. More generally every point of
either disk is inseparable from the root by the permitted simple cuts, so the generated equivalence
relation collapses the entire hull to one class. This is a possible quotient, but it loses the two-disk
geometry and is not the locally connected recognition model. Taking a transitive closure is a
substantive choice, not a harmless notation change.

Investigation 6.10. Why is the hypothesis z # a; useful in the last assertion of Theorem 6.17

Solution. The proof of nondegeneracy uses the distinct retained points z and a;. If they coincide,
that argument gives only one point. Moreover a point on L; does not choose a unique open side
of the line. One must add side data or an independent nondegeneracy argument before allowing
the base point to be a root. The hypothesis resolves both the side-selection ambiguity and the
final two-point witness.
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Chapter 7

Rigidity, local connectivity, and
landing

7.1 The topology supplied by a shrinking nest

Source correspondence. Lyubich, Proposition 9.8, Corollary 9.9 and Corollary 9.18.

A set containing a point need not be a neighborhood of that point. To obtain local connectivity
from puzzle geometry, the point must lie in the interior of each relevant piece. The connected
sets supplied by admissibility then contain relatively open neighborhoods in the continuum.

Definition 7.1 (Admissible rigidity). A point a of a continuum K is admissibly rigid if there
are admissible Jordan pieces P, with

a € int P, Py C Py, diam P, — 0.

It is perfectly rigid if the pieces can be chosen perfect. When the pieces are required to be
cut pieces, we say cut-rigid or perfectly cut-rigid. These qualifications record which geometric
information is available.

Proposition 7.2 (Rigidity implications). Admissible rigidity implies weak local connectivity at
a. Perfect rigidity implies local connectivity at a. If every point of a continuum is admissibly
rigid, the continuum is locally connected.

Proof. Let U be a relatively open neighborhood of a in K. Choose £ > 0 with K N B(a,¢) C U,
and then choose n with diam P,, < . The set C},, = K N P, is connected, contains a, and satisfies

KnintP, Cc C, CU.

The left-hand set is an open neighborhood of a in K. Thus C,, is a connected neighborhood, not
necessarily an open one. This is weak local connectivity. If the pieces are perfect, K Nint P,
itself is connected and open, proving local connectivity at a.

The radii in this argument have different roles. Interior membership supplies some r, > 0 with
B(a,ry) C int P,; the diameter condition supplies the outer bound. Thus

K nB(a,r,) C KNint P, C C,, C K N B(a,¢).

There is no requirement that 7, be comparable to € or to diam P,. A very narrow piece can still
be a neighborhood, provided r,, > 0. Conversely, if a were only on 0F,, the first inclusion need
not hold for any positive radius, even when C,, is connected and tiny. The proof therefore uses
both the metric inequality diam P,, < € and the topological assertion of interior membership;
neither is a replacement for the other.
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For the global assertion, let V' C K be open and C one of its components. For every x € C,
weak local connectivity gives a connected neighborhood N, of x contained in V. Since N, meets
C, it is contained in C. Its relative interior is an open neighborhood of x inside C'. Taking these
interiors over x € C shows that C is open. Components of every open set are therefore open,
which is the local connectivity criterion. O

The proof identifies the exact difference between weak and ordinary local connectivity at one
point. A connected closed neighborhood gives the first; a connected open neighborhood gives the
second. The global implication is not obtained by calling the same neighborhood open. It uses
the component criterion at every point.

Proposition 7.3 (An interior body obstructs shrinking cut pieces). Let K be a compact set and
U a nonempty connected open subset of int K. Suppose P is a closed Jordan disk with OP N K
finite. If a € U Nint P, then U C int P. In particular diam P > diam U.

Proof. The curve 0P misses U: any point of U lying on the curve would have a small neighborhood
in K, and a nontrivial subarc of the Jordan curve in that neighborhood would give infinitely
many intersection points. Since a is an interior point of P and belongs to U, the set U meets
int P. Connectedness of U, together with U N 9P = &, puts all of U in that component of the
curve complement. The diameter inequality follows by taking suprema over pairs of points in
U. O

For hull-cut pieces this excludes rigidity at every point of the closure of a nondegenerate
interior component. It does not exclude local connectivity there. A closed disk is locally
connected at every point, but its boundary cannot be crossed by a finite hull-cut curve in order
to make arbitrarily small hull-cut pieces. Dipole cuts of the boundary continuum are a different
construction and will be treated separately.

Example 7.4 (A nest which retains a comb impression). Consider the full continuum

K = (10,1] x {0}) U ({0} x [0,1) U | ({1/n} x [0,1]).

n>1

The rectangles P,, = [-1/n,1/n] x [-1/n,1 + 1/n] are nested, their intersections with K are
connected, and their limiting intersection with K is the entire left segment {0} x [0,1]. At
a = (0,1/2) the hull is not even weakly locally connected. Any neighborhood of a contains points
on infinitely many teeth. A connected subset of the ball B(a,1/4) cannot join a tooth to the
left segment, since all such connections in K must pass through the base at height 0. Hence
no connected neighborhood of a lies in that ball. The nonshrinking impression records a real
obstruction; it is not a failure to choose a fast enough depth.

7.2 Finite barriers in the prime-end disk

Source correspondence. Lyubich, Exercise 9.10 and Corollary 9.11.

Let K be a hull and let ® : {w : |w| > 1} — C\ K be its normalized exterior uniformization.
Its prime-end boundary is the unit circle. For ¢ € T write I(¢) for the cluster set of ® at ¢ from
the exterior. The pole at infinity has no role in the local boundary argument below.

Lemma 7.5 (A finite cut-curve away from its endpoint angles). Suppose P is a bounded Jordan
disk whose boundary meets K in finitely many points and whose complementary arcs lie in C\ K.
Let B(P) C T be the finite set of prime-end angles associated with the accesses of these arcs at
their endpoints. If ( ¢ B(P) and I1(() meets int P, then I(¢) C P.
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Limit |tooth

Im z

Teeth x = 1/n

Figure 7.1: A finite prefix illustrates the infinite comb in Example 7.4. The proof uses the
whole sequence of teeth and its limit segment; a finite drawing alone cannot establish non-local-
connectivity.

Proof. Each open arc of 9P \ K pulls back under ®~! to an arc in the exterior disk. The
inverse-map landing theorem from Volume VIII gives a limit angle at each finite endpoint. Thus
the union of these pulled-back arcs and their endpoint angles is a compact subset of the closed
exterior disk, apart from no point at infinity because 0P is bounded. Its intersection with T is
exactly B(P).

Denote that compact pulled-back set by Ap. Since it misses the chosen point, its distance
gives an explicit available scale:

d = dist(¢, Ap) > 0, 0 < 0 < min{d/2,1/2}.

The compactness here is essential: disjointness from a nonclosed union of arcs would not by
itself give positive distance. There are only finitely many boundary arcs, and adjoining each of
their two landing angles makes each image compact. Boundedness of 9P and properness of the
exterior coordinate near infinity prevent an additional escape to infinity. With this choice the
same neighborhood avoids every boundary arc at once.

If ¢ ¢ B(P), choose § > 0 so small that
Vs ={w:|w|>1, lw—-(| <d}

is disjoint from the pulled-back boundary. It is connected. Hence ®(Vj) is connected and avoids
0P, so it lies wholly in one complementary component of that curve. A sequence witnessing
a point of I({) Nint P eventually enters int P. Therefore the entire image lies inside P. Any
cluster point as w — ¢ then belongs to the closed disk P.

Equivalently, if n | 0 and 7, < 9, the cluster definition gives

1Q) = N ®(V,,) < &(V5)  P.
k

The last inclusion uses that P is closed. It includes sequences approaching tangentially or
wandering inside the cap, not just points on the radial ray. A radial landing statement alone
would control a single approach and would not imply this inclusion for the full impression. The
sequence witnessing an interior point decides the side of the boundary curve; connectedness then
controls all other approaches inside the same cap.
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To check connectedness directly, rotate so that ¢ = 1 and write w = 1 + pe*, where 0 < p < 4.
The exterior condition is

1+ pe)?>1 <= 2cost+p>0.

At fixed p, the allowed angular interval containing ¢ = 0 is (—arccos(—p/2),arccos(—p/2)).
Moving the argument toward zero stays in this interval, and then moving along the positive radial
segment connects to any fixed point 1 + py with 0 < pp < . Thus every point can be joined
to one reference point inside Vy. Rotating back proves path connectivity without a convexity
assumption on the exterior cap.

O]

The endpoint exclusion is essential to this proof. At an angle of a boundary arc, one cannot
choose a full angular neighborhood avoiding that arc. The source’s statements about impressions
touching a closed puzzle piece require additional endpoint analysis; the lemma does not erase
that obligation. Shrinking pieces around an interior point provide a useful way to handle the
exceptional angles explicitly.

Theorem 7.6 (Landing at a cut-rigid point). Let a € K admit shrinking cut pieces P, with
a€intP,. If a € I(C), then I({) = {a}. In particular the external ray of angle ¢ lands at a.
There is at least one such angle.

Proof. The pieces need not be assumed admissible for this particular conclusion: the finite barrier
and shrinking assumptions are the ingredients used. For a fixed ¢, suppose it belongs to B(F,)
for infinitely many n. At each such index the corresponding boundary arc lands at a vertex
by, € 0P, N K. Lindelof’s theorem says that the external ray of angle ¢ lands at b,. A ray has at
most one limit, so all these b,, are a single point b. Since a € P, and diam P,, — 0,

|b —a| < diam P, — 0

along those indices, giving b = a. But a is in the interior of every P,,, and cannot be its boundary
vertex. This contradiction proves that ¢ ¢ B(P,) for all sufficiently large n.

In quantified form, the conclusion is
E;={n:( € B(P,)} is finite, IN¢e Vn > Ne @ ¢ ¢ B(Py).

The index N, may depend on the angle. No uniform bound on the number of exceptional indices
is being extracted from finiteness of each B(FP,). Infinitely many finite sets can contain a fixed
point infinitely often; the decisive extra information is that every occurrence forces the same
radial landing value. Along unbounded indices the diameter estimate forces that value to be a,
whereas the strict interior condition forbids a from being any of the boundary vertices. This
establishes the eventual exclusion without an assumed rate of shrinking.

For those indices the cluster set meets int P,, at a, so Lemma 7.5 gives I(¢) C P,. Intersecting
and using the shrinking diameters yields I({) C {a}. The assumed membership gives equality.
A singleton cluster set is equivalent to a continuous boundary limit, and therefore includes the
radial limit.

To prove existence, first note that a cannot be in int K: Proposition 7.3 applied to a small disk
around a would prevent shrinking. Choose z; € C\ K tending to a. The preimages w; = ®71(z;)
stay bounded and have a subsequence tending to the unit circle. They cannot have a limit of
modulus greater than one, since continuity of ® there would put a in the exterior. They cannot
tend to infinity, by the exterior normalization. A subsequence therefore tends to some ¢ € T
with a € I((). O
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This proof uses neither a global puzzle quotient nor a presumed partition of all physical points.
Its essential finite information is the endpoint set B(FP,). The eventual exclusion follows from
uniqueness of a radial limit and the strict interior condition, which is why replacing a € int P,
by a € P, would invalidate the argument.

Corollary 7.7 (The complete landing fiber). For a cut-rigid point a, the set

Qa) ={CeT: () ={a}}

is nonempty and compact. The map ® extends continuously to {|w| > 1} U Q(a) with value a on
Q(a), and no other prime-end impression contains a.

Proof. Existence and the last assertion follow from the theorem. If (; € Q(a) tends to ¢, choose
wj outside the disk with |w; — (;| < 1/j and |®(w;) —a| < 1/j. Then a € I({), so the theorem
puts ¢ in Q(a). This proves closedness and hence compactness. At each point of Q(a) the
singleton-cluster criterion gives continuity from the exterior, and sequences within Q(a) have
constant image a. These are exactly the sequences needed for continuity on the stated union.

Compactness of (a) even gives a uniform qualitative boundary estimate:
Ve>030>0: |w|>1, dist(w,Qa)) < = |P(w) —a|] <e.

If this failed, choose w; with distance to Q(a) tending to zero but |®(w;) —a| > €. Choose nearest
points (; € Q(a) and pass to a subsequence with (; — ¢ € Q(a). Then w; — ¢, contradicting
the singleton cluster set at (. This estimate expresses continuity on a compact set of landing
angles. It supplies neither an explicit modulus §(g) nor a global boundary extension at angles
outside Q(a), so it does not enlarge the theorem to the unresolved general quotient setting. [J

7.3 A local-connectivity criterion using finite sectors

Proposition 7.8 (Connected open cut neighborhoods). Let a € K. Suppose that for every e > 0
there are finitely many cut-lines avoiding a such that the cell S containing a satisfies

K NS is connected, KNS C B(a,e).
Then K is locally connected at a.

Proof. The cell S is open, so K NS is a relatively open neighborhood of a. The assumed
connectedness and radius bound provide a basis of connected open neighborhoods. This is
precisely local connectivity. d

The radius bound can often be obtained by a finite-cover argument. If each x € K\ B(a,¢) lies
in an open sector separated from a, those sectors cover that compact set, so finitely many suffice.
What remains to be proved in a particular application is that the selected lines form a compatible
cell system and that removing the boundary roots leaves its interior intersection connected. The
terminology “well branched” is designed to supply that last connectivity in suitable systems.
It is not a replacement for checking compatibility of the cuts. Similarly, constructing a small
Jordan puzzle from the resulting cell is an additional geometric step if perfect cut-rigidity, rather
than local connectivity, is the target conclusion.
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7.4 Solved investigations

Investigation 7.9. Why is the condition a € int P, indispensable in the rigidity definition?

Solution. Take K = [—1,1], a = 0, and P,, small closed disks tangent to K at 0 from above.
Their diameters tend to zero and K N P, = {0}, but K Nint P, is empty. The sets K N P, are
not neighborhoods of @ in K. Thus this construction gives no neighborhood basis. Membership
in a shrinking compact set is weaker than membership in its interior, even when the intersection
is a singleton.

Investigation 7.10. Can a point of the unit circle be cut-rigid for the closed unit disk under
the finite hull-cut convention?

Solution. No. Apply Proposition 7.3 with U = D. Every piece containing that point in its
interior and meeting the hull only finitely on its boundary contains D, so has diameter at least 2.
This is consistent with the disk being locally connected. Cut-rigidity is a sufficient geometric
criterion in its stated scope, not a necessary condition for local connectivity of arbitrary full hulls
with interior.

Investigation 7.11. In Theorem 7.6, may the sets B(FP,) be disjointly replaced by one uniformly
bounded exceptional set?

Solution. No such uniform bound is assumed: the number and angles of vertices may vary with
n. The proof instead fixes one angle ¢ and shows that it cannot occur in infinitely many B(F,).
This pointwise eventual exclusion suffices for the fixed cluster set I({). It does not give a depth
uniform over every angle, and the theorem claims none.

Investigation 7.12. Explain why compactness of Q(a) is not obtained merely by saying that
radial limits depend continuously on the angle.

Solution. For a general hull radial limits need not vary continuously in angle, and may not exist
at every angle. The proof uses a diagonal sequence w; — ¢ with ®(w;) — a, which puts a in a
cluster set. Cut-rigidity then forces that entire cluster set to be {a}. The continuity conclusion
is obtained after this argument, not assumed before it.

Investigation 7.13. State the exact compact set used when replacing pointwise separating
sectors by finitely many sectors in Proposition 7.8.

Solution. Use K \ B(a,¢), which is closed in the compact set K. Each of its points must belong
to an open removed sector. Compactness gives a finite subcover. The complement in K of that
union then lies in B(a,e). A cover by closed sectors would not give the same finite-subcover
conclusion without an additional argument, and using K \ B(a,¢) would lose compactness.
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Chapter 8

Gates and Jordan interior
components

8.1 A gate onto one interior component

Source correspondence. Lyubich, Proposition 9.21 and its dependency on source Lemma 1.30.

Let K be a locally connected hull and U a component of int K. The uniform small-arc
property of a compact locally connected continuum is available from the foundational chapters.
In particular any two points can be joined by an arc in K, and nearby points can be joined by
an arc of arbitrarily small diameter. No assertion about shrinking interior components is needed
for the construction that follows.

First observe that
oU C 0K.

Indeed, if a boundary point of U had a small disk contained in int K, that connected disk would
meet U and hence lie in the same component U. This would make the point an interior point of
U, a contradiction.

Theorem 8.1 (Gate retraction). For x € K \ U, choose an arc in K from z to U, and let gy (z)
be its first intersection with U. This point is independent of the chosen arc. Setting gu(x) = x
on U defines a continuous retraction

gy K —U

which is constant on every component of K\ U. If an arc « C K meets U, then gy(a) C a. If it
does not meet U, its image under gy s a singleton.

Proof. Suppose two arcs from z have different first contacts uy,us. Truncate them at those
contacts. Their interiors avoid U. Take the final point v of the first truncated arc which belongs
to the second arc. Such a point exists by compactness of the intersection. The subarcs from v to
u1 and ug have disjoint interiors and meet only at v, which lies outside U.

More explicitly, parametrize the first truncated arc injectively by aq : [0, 1] — K, with endpoint
u1, and write Ao for the image of the other. The set of contact parameters is compact and
nonempty, so

te = max{t S [0, 1] : Oq(t) € AQ}, v = Oél(t*).

Since u; # up and the second arc has no other contact with U, one has t, < 1. Every point
after t, on the first arc misses the entire second arc. Taking the subarc of As from v to us
therefore produces exactly the required fork. This selection uses order along an embedded arc
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and compactness of its intersection, rather than an unproved assumption that two arbitrary
paths have a last common geometric segment.

Choose points w; € U close to u;. By the small-arc property, join u; to w; by arcs n; C K
of sufficiently small diameter. The compact branch [v, ug] misses u;, and the compact branch
[v, u1] misses ug. The two contacts are distinct. We may therefore choose the arcs small enough
that 771 misses the other branch and 72, and 72 misses the first branch and 7;. Erasing any loops
in [v,u;] Un; gives an arc ¢; from v to w;; the two arcs meet only at v.

The smallness choices can be made simultaneously. The two positive distances from a contact
to the opposite compact branch, together with |u; — us|, have a positive minimum d. Choose the
connecting arcs with diameter less than d/4. Then

ni C B(u;,d/4), B(uy,d/4) N B(ug,d/4) = @, ni N [v,us—;] = @.

To obtain such an arc, first use the uniform small-arc property to choose the permissible distance
from w; to u;, and only then choose w; € U within that distance. Boundary membership u; € 0U
guarantees this last choice. The order of these choices ensures that the added arcs do not
accidentally meet the opposite branch while joining the contacts to the open component.

Join w; to wo by a path in the open connected domain U, and erase loops to make it an arc.
Trim this connector at its last contact with §; before its first subsequent contact with 5. The
trimmed arc lies in U, has one endpoint on each d;, and its interior misses both. The two initial
branch segments from v to those endpoints, together with the connector, form a Jordan curve
I' C K. Its bounded complementary domain V is contained in K by fullness. Since V is open, it
lies in int K. Moreover it meets U: near any interior point of the connector, a small disk lies
in U and meets the bounded side of I'. Connectedness therefore gives V C U. But v € 9V, so
v € U, contradicting its construction. The first contact is independent of the arc.

The component argument at the contradiction is worth separating from the filling argument.
Fullness first gives V' C K; openness then gives V' C int K. The set V is connected and has a
point in U, so maximality of a connected component implies

VNU#@, VCcitKk = VcU = TI=90VcCcU.

The final inclusion contradicts the particular vertex v ¢ U. It is not enough to observe that the
two tentative contacts could be joined inside U: that observation alone would not compare paths
outside U. The Jordan curve forces its entire bounded region into a single interior component,
which is the step excluding two distinct gates.

The open subspace K \ U is locally path connected. Every one of its components is therefore
path connected. If z and y lie in one such component, join them by a path avoiding U and
append an arc from y to its gate. Loop erasure gives an arc from z whose only contact with U is
that same endpoint. Thus gy(x) = gu(y). Components of the open subspace are open in K, so
this also proves local constancy and continuity away from U.

At a point a € U, let z € K be close to a. A small arc « joining = to a has a first contact with
U if x lies outside it. That contact is gy (x) and lies on . If z lies in U, its image is x. In either
case

lgu (z) — a] < diam a.
The small-arc property proves continuity at a.

Indeed, given € > 0, choose § > 0 from the small-arc property of K so that points at distance
less than § admit an arc of diameter less than . The gate just identified belongs to that arc, so

reK, |[zx—al<d = |gv(z)—gv(a)]=|gv(z)—al<e.

This handles approaches through arbitrarily many different components of K\ U. Local constancy
alone would only handle a sequence eventually remaining in one fixed component. The small-arc
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estimate supplies the missing control as these components accumulate at the retraction’s fixed
set.

Finally let an arc o meet U. A point of the arc outside U belongs to an open parameter
interval whose endpoint, in at least one direction, is a contact with U. The subarc to that contact
gives its gate, which lies on «. Points already in U are fixed. Hence gy (o) C . If the arc misses

U, it lies in one component of the complement and the already proved constancy applies. O

The first-contact assertion is stronger than choosing an arbitrary path from the hull to the
component. It makes the retraction canonical once U is specified. The proof’s only uniform input
was the small-arc property of K. In particular it does not depend on the null-family theorem
that will use these gates.

K with attached continua Gate onto closed D

E2

pi(z)=z in D

Figure 8.1: A disk body with attached continua illustrates a gate retraction. The body is fixed
pointwise; each indicated attachment maps to its marked root. Fibers need not have small
diameter. The theorem establishes continuity from small connecting arcs in the whole hull.

Corollary 8.2 (At most one common boundary point). If U and V' are distinct components of
int K, then U NV is empty or a singleton.

Proof. The open set V misses U. Otherwise a disk in V around a point of U would meet U,
joining two supposedly different components of int K. The connected set V' therefore lies in one
component of K \ U, so gy is constant on it. Continuity makes gy constant on V. Every point
of U NV is fixed by the retraction. Hence there can be at most one such point.

If the constant value on V is ¢, the two properties of the retraction give the useful pair of

equations
wly=c  guly=idg.

For any p,q € U NV, substitution yields p = gy (p) = ¢ = gu(q) = ¢. This is a statement about
closures, although constancy was initially proved only on the open component V. Continuity
is exactly what permits passage to its boundary. Disjointness of the two open components by
itself would not limit their common boundary to one point; many planar domains with disjoint
interiors have long common boundary arcs. O

This proves the conclusion of source Exercise 9.22 before proving that the components are
Jordan disks. It is not circular: the gate theorem used arcs in K, not internal ray coordinates or
a pinched-disk model.
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8.2 The boundary of an interior component

The exterior Caratheodory theorem gives a continuous surjection ® : T — JK because K is
locally connected. Composing with the gate gives

T 25 9K 92, 9U.

The second arrow has precisely the indicated range. A point of 9K N U lies in OU, and a point
outside U is sent to a first-contact point in OU. Conversely every point of U belongs to K and
is fixed. Thus 9U is a continuous image of the circle and is locally connected. This argument
avoids the invalid general inference that local connectivity of the closure of a domain alone
implies local connectivity of its boundary.

Theorem 8.3 (Jordan interior components). Fvery component U of the interior of a locally
connected hull K is a Jordan domain. Its Riemann map ¢ : D — U extends to a homeomorphism
D-T.

Proof. First U is simply connected. A Jordan curve contained in U bounds a disk contained
in K by fullness. That open disk meets U near the curve, so belongs to the same component
of int K and is contained in U. The planar simple-connectivity criterion applies. Since U is
bounded and nonempty, it has a Riemann map ¢ : D — U. The preceding gate argument proves
local connectivity of OU, so Caratheodory’s theorem extends 1 continuously to the closed disk.

Suppose two distinct circle points &1, & have the same image a € QU. Their two radial arcs
have disjoint images except for the common center b = ¢(0) and the common landing point
a. Their union is a Jordan curve I' C U C K. Let V be its bounded complementary domain.
Fullness gives V C K, and V meets U along the interior side near a point on either radial arc.
Thus V C U.

This side choice is a separation statement inside the open domain U. Removing the two radial
images and their common center corresponds under 1 to removing the two radii from ID. The
two remaining angular sectors are connected. Each image avoids I'; so is contained in one side of
I'; near an interior point of a radial image, the local homeomorphism ¢ sends the two sides of
the radius to the two sides of the Jordan arc. Thus the two sector images occupy opposite sides,
and exactly one lies in the bounded side V:

Yp(Wh) CV, Y(Wp) C C\V

after labeling the sectors appropriately. This justifies selecting the circle interval adjacent to W1
for the following boundary-limit argument.

One of the two angular sectors between the radii maps into V. Its boundary circle interval A
has nonempty interior in T. Continuity gives 1(A) C VNAU. The interior of V is contained in U,
and I' N OU = {a}, so ¢ is identically @ on A. This is impossible for a nonconstant holomorphic
function. Indeed, on a smaller open circle arc the function ¢ — a has continuous real boundary
value zero; Schwarz reflection across that circle arc extends it holomorphically, and the identity
theorem then makes it identically zero. Equivalently the reflection assertion follows from Morera’s
theorem by splitting small triangles across the arc, as in the boundary-uniqueness argument of

Volume VIII.

For an explicit local formulation, take a conformal coordinate 7 from a small upper half-disk
to the disk side of the selected circle arc, and put h = 1 o7 — a. It is holomorphic above the real
diameter, continuous on it, and zero there. The reflection is

= |h(w), Sw>0,
h“‘”‘{z@, Sw < 0.
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Its two formulas agree on the real diameter. Schwarz reflection, or the triangle-splitting Morera
proof cited above, makes it holomorphic across that diameter. Since its zeros include an interval
with an interior accumulation point in the enlarged domain, the identity theorem gives h=0.
Hence v is constant on an open subset of D and then on D, contradicting conformality. No
differentiability of the original boundary parametrization is required.

The extension is therefore injective on T. Interior and boundary images cannot coincide, and
the original Riemann map is injective inside. It is a continuous bijection from the compact closed
disk to the Hausdorff space U, hence a homeomorphism. In particular QU is a Jordan curve. [

A bounded simply connected domain with a continuous boundary extension need not have an
injective extension. The extra fullness of the ambient hull was used to force the Jordan region V'
into the same interior component. That is the step which rules out slit-type identifications.

8.3 The null-family consequence

The foundational null-family theorem, whose geometric input is Theorem 8.1, now applies to the
interior components:

Ve >0: #{U a component of int K : diamU > ¢} < oo.

It is useful to record why the gate’s arc-image assertion gives a uniform estimate. If nearby
points z,y can be joined by an arc of diameter less than e, then either the gate is constant on
that arc or both gate images lie on it. Thus the same modulus works for every component:

lx —y| <dle) = |gu(z)—gu(y)| <e for every U.

This uniformity, not a separate modulus chosen for each component, is what prevents infinitely
many large interior components. The complete compactness argument is canonical in Theorem 3.5;
no second null-family claim is being inferred merely from disjointness or finite area. Disjoint thin
domains can have large diameters and arbitrarily small areas.

The same uniformity controls compact images, which is useful when taking limits of components
or arcs. For nonempty compact E, F' C K, the gate modulus implies

dpy(E,F)<d(e) = du(lgu(E),gu(F)) <e for every U.

To check one directed distance, choose x € E and y € F with |z—y| < d(g). Then |gy(x)—gu(y)| <
e. Take the supremum over z, and interchange F, F' for the reverse distance. The same J works
for all U, so a component index may vary along a convergent sequence. This is a consequence of
the canonical gate estimate; it is not a separate geometric shrinking assumption.

The gates also clarify attachment points. A connected component of K \ U has one gate, and
its closure can meet U only at that gate. Indeed continuity makes its gate value constant on
its closure, while points of U are fixed. Distinct attachment continua may share a gate; the
statement does not assert a bound on their number or their diameters without further input.

8.4 Solved investigations

Investigation 8.4. For two tangent closed disks, describe the gate onto the left disk.
Solution. It fixes every point of the left disk and sends every point of the right disk outside

the tangency point to that tangency point. Any arc from the right disk to the left must pass
through the common point. The resulting map is continuous because a sequence in the right
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disk can approach a point of the left disk only at the tangency point. This simple retraction is
compatible with the failure of the naive nonseparation partition: a retraction onto one selected
component is not a simultaneous partition by all possible puzzle impressions.

Investigation 8.5. Suppose every pair of points at distance less than § can be joined in K by
an arc of diameter at most 3e. Bound their gate images for every interior component.

Solution. The gate image of the joining arc is either a singleton or a subset of the arc.
Consequently |gy(x) — gu(y)| < 3e, uniformly in U. No length estimate is needed: the joining
arc may have infinite length. The relevant control is its diameter. This distinction permits the
argument on locally connected fractal hulls without rectifiability.

Investigation 8.6. Can two distinct interior components of a locally connected hull share a
nontrivial boundary arc?

Solution. No. The gate onto the closure of the first component is constant on the second
component and, by continuity, on its closure. It fixes their common boundary points. A shared
arc would contain at least two such fixed points, contradicting constancy. This proof also rules
out two isolated common boundary points and does not require the common set itself to be
connected.

Investigation 8.7. Give disjoint bounded plane domains of area tending to zero whose diameters
do not tend to zero. Explain why this does not contradict the null-family theorem for a locally
connected hull.

Solution. Take disjoint horizontal rectangles of width 1 and heights tending to zero, stacked
inside a bounded square with disjoint vertical intervals. Every diameter is at least 1, while their
areas tend to zero. Their closures together with their limit segment do not supply the required
uniform small-arc geometry across the intervening gaps. A suitable filled locally connected
ambient hull would join those regions through its interior and change the component list. The
theorem concerns components of one locally connected full hull, not an arbitrary disjoint family.
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Chapter 9

Dipoles, attachments, and peripheral
geometry

9.1 Dipoles cut a boundary differently from a hull

Source correspondence. Lyubich, §9.2.1, Exercises 9.16-9.17 and Lemma 9.19.

Let J be a planar continuum which need not be full. A dipole cut-line meets J at two points,
and the segment between them lies in a bounded component of C \ J. For a Jordan curve this is
the familiar construction of an interior crosscut continued outside the curve at both ends. It is a
cut of the boundary continuum, not a simple cut of its filled hull: the middle segment lies inside
that hull.

A single dipole line for a Jordan curve divides the curve into two arcs. It is tempting to repeat
the finite simple-cut induction without checking what the middle cells contain. That induction is
not valid for arbitrary families of dipoles.

Example 9.1 (Two dipoles and a disconnected middle cell). Take J = T and the two lines

}.

Each line meets J transversely in two points, and the segment between those points is contained
in D. They are disjoint dipole lines. For the middle cell S = {z: —-1/2 < 3z < 1/2},

L_={Sz=-3}, Ly ={Sz =

N[ =

JNS={e":|sint| < i}

is the union of two disjoint circular arcs, one containing 1 and the other containing —1. Thus
the general dipole version of the connected cell conclusion in source Exercise 9.16 requires a
restriction.

The source sentence uses both “simple” and “dipole” for the allowed lines. Under the earlier
definition a simple line has one hull intersection, whereas a dipole has two boundary intersections.
If dipoles are intended to be included, the displayed example applies. If only single-root lines are
intended, the connectedness argument of Lemma 5.2 extends to a general continuum, with no
fullness conclusion. Those are distinct valid and invalid scopes.

A reliable way to formulate a peripheral rigidity theorem is to specify connectedness of the
boundary pieces and of their open interiors, as in Definition 5.5. Calling the local corners perfect
does not remove the need to prove the global connectedness of the intersection. Once those
hypotheses are established, Proposition 7.2 applies to J itself, even when J has complementary
holes.

45



PHI Technical Monographs — IX

9.2 A precise null-attachment model

We now give a complete metric formulation of the body-and-limbs geometry. It separates what
follows from a null family from what requires additional access or puzzle construction.

Definition 9.2 (Attached null family). Let B be a closed Jordan disk. An attached null family
consists of nondegenerate continua L; and distinct roots a; € OB such that

LjﬂB:{aj}, LiNnL; =9 (1 # j), diam L; — 0.

Set K = BUJ;>1 Lj. When exterior access statements are used, we additionally require K to
be a hull. Finite families are included by omitting the limit condition.

Disjointness here is stronger than merely disjoint relative interiors. It reflects the distinct-root
sector decomposition. More general trees of attachments can be treated recursively, but their
intersections must be specified rather than inferred from a drawing.

Lemma 9.3 (Compactness and isolated off-body pieces). The set K in Definition 9.2 is compact
and connected. Fach L; \ {a;} is relatively open in K. A sequence of points from pairwise
different limbs can accumulate only on B.

Proof. The family is bounded: all roots lie in the bounded set B, the diameters are eventually
at most 1, and there are only finitely many exceptions. For a sequence z,, € L;, with distinct
indices,

dist(zy,, B) < |zp, — a;,| < diam Lj, — 0.

Every limit therefore lies in the closed set B. Sequences using only finitely many limbs have their
limits in the finite union of those compact limbs and B. This proves closedness and compactness.
Every limb is connected and meets the connected body, so their union is connected.

If x € L\ {a;}, its distance from B is positive. All but finitely many other limbs lie in a
sufficiently small neighborhood of B and hence stay away from x. The remaining finitely many
are compact and disjoint from Lj, so a smaller neighborhood of z misses them too. It intersects
K only in L; \ {a;}, proving relative openness.

An explicit radius makes this isolation argument transparent. Put d = dist(z, B) > 0, and
choose N so that diam L; < d/4 for all i > N. For those indices and all y € L;,

|z —y| > dist(z, B) — dist(y, B) > 3d/4.

For each of the finitely many ¢ < N different from j, the compact set L; misses x, so d; =
dist(z, L;) > 0. Choose r < min{d/2, d;/2 :i < N, i # j}, omitting an empty finite list. The
ball B(x,r) misses B and every other limb. This radius may depend strongly on z and tends to
be uninformative as x approaches the root; openness at a root requires the different saturation
argument. O

Proposition 9.4 (Local connectivity away from attachment roots). For everya € B\{a; : j > 1},
the attached null continuum K is locally connected at a, whether or not its individual limbs are
locally connected.

Proof. Fix € > 0. There are finitely many limbs with diameter at least £/3. Since none has
root a and all are disjoint from B except at their roots, choose a connected relatively open
neighborhood W of a in B, contained in B(a,e/3), and avoiding the roots of those finitely many
limbs. Such neighborhoods exist because a closed Jordan disk is locally connected. Form its
saturation
o=wu J L;.
a;eW
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Every attached limb meets W at its root, so O is connected. Every selected limb has diameter
less than /3, whence O C B(a,2¢/3).

The outer estimate applies to every point, not just roots. If y € L; is selected, its root belongs
to W, and hence

ly —a| <l|y —aj| + |aj —a| < diam L; + |aj; — a| < 2¢/3.

For points of W the sharper bound £/3 holds. Connectedness can likewise be checked for arbitrary
many limbs: any separation of O would put the connected set W wholly on one side, and every
connected Lj selected by a; € W must lie on that same side because it meets W. The other side
would be empty. Thus no locally connected structure inside an individual limb is needed when it
is included whole.

It remains to prove that O is open in K. At a point off B this follows from Lemma 9.3: the
entire corresponding limb is included. At a point b € W, suppose points of K \ O approach b.
They cannot eventually belong to B\ W, since W is open in B. If their limb indices stay in a
finite set, compactness puts b in an excluded limb, so b equals its root, contrary to b € W. If the
indices are distinct, the limb diameters tend to zero; their roots then approach b and eventually
lie in W, again a contradiction.

For the last assertion, along a subsequence with distinct indices one has the explicit root
estimate
laj, —b| <laj, —xn| + |zn — 0] < diam Lj, + |z, — b — 0.

Because the roots lie in B and W is open in B, convergence to b € W forces eventual membership
in W. Those limbs were included in O by its definition, contradicting x,, ¢ O. Every sequence of
indices has either a constant subsequence from a finite list or a subsequence of distinct indices, so
these cases exhaust a possible failure of openness. In the metric space K, absence of a sequence
from the complement converging to b is equivalent to the existence of a relative ball around
b contained in O. Thus O is relatively open. The connected open sets so obtained form a
neighborhood basis at a. O

This proof is genuinely local. A small non-locally-connected limb may remain non-locally-
connected at its own off-body points; those defects are not repaired by attaching it to a Jordan
body. At a non-root body point, however, each sufficiently small neighboring limb can be included
whole in a connected neighborhood. No internal parametrization of that limb is required.

Proposition 9.5 (Locally connected gluing). If every limb in an attached null family is locally
connected, then K is locally connected everywhere.

Proof. Off B, local connectivity follows from relative openness of the corresponding limb. At
non-root body points use the preceding proposition. At a root a;, choose a small connected open
neighborhood Wp in B and a small connected open neighborhood W; in L;, both containing a;.
Choose Wg to avoid all other roots of limbs whose diameters are larger than a prescribed small
tolerance. The set
O=WguU Wj U U L;
i#j, a;€Wp

is connected and has small diameter. The same sequence argument as above proves openness at
points of Wp other than possibly a;. At a;, points in the distinguished limb approaching it lie
eventually in W}, while points from other limbs are handled by their roots and null diameters.
Openness elsewhere follows from relative openness of the limbs. This gives the required connected
open neighborhoods at the remaining roots.

To keep the diameter tolerance explicit, first choose W and W; inside B(a;,e/4) and avoid
the other finitely many roots whose limbs have diameter at least £/4. Each remaining limb
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included through Wp then lies in B(aj,e/2), so
a; € O C B(aj,g/2), diam O < e.

The distinguished limb is not included whole; its own connected open neighborhood W) controls
its size. All other selected limbs are included whole and controlled by the null-family bound.
This division of roles explains why local connectivity of L; is needed at its root, although the
preceding proposition required no such hypothesis at a nonroot body point. The estimates and
openness proof use the same fixed tolerance. O

9.3 Accessibility and the role of the boundary continuum

Assume now that the glued set is a locally connected hull. The exterior Caratheodory map lands
at every boundary point. If a« € OB\ {a;}, then K \ {a} is connected: B\ {a} is connected
and every limb is still attached at its unchanged root. Two different accesses at a would give a
ray-pair cut-line. Lemma 5.2 would then put nonempty parts of K \ {a} in its two disjoint open
sectors, a contradiction. Thus there is exactly one access and exactly one landing external angle.

This supplies a complete accessibility and uniqueness result in the locally connected gluing
scope. Proposition 9.4 proves local connectivity at non-root body points even without that
global assumption. Deriving every access and perfectly rigid boundary-piece conclusion of source
Lemma 9.19 from its weaker hypotheses requires its additional geometric construction. Those
conclusions are not being silently inferred from the local-connectivity proposition alone.

The distinction between K and J = 0K is particularly sharp here. A dipole cut for J may
run through the interior of B; a finite cut-curve for K cannot. Proposition 7.3 therefore prevents
hull-cut rigidity at points of B, even in the simplest disk example. The boundary formulation
is the appropriate place for such peripheral dipole puzzles.

9.4 Dense roots and a null-family criterion

Source correspondence. Lyubich, Lemma 9.20.

The following criterion makes the sector hypotheses explicit. It is useful when the small
diameters are to be proved rather than assumed.

Proposition 9.6 (Dense sector attachments shrink). Let K be a hull containing a closed Jordan
disk B. Suppose
K=BuUlJL;, LjnB={a},
Jj=1
where the L; are compact connected sets with distinct roots dense in 0B. Assume each Lj\{a;} is
contained in an open sector S; bounded by two external rays of K landing at a;, that S;NB = &,
and that the sectors are pairwise disjoint. Then (Lj) is a null family.

Proof. Suppose infinitely many limbs have diameter at least € > 0. Compactness of the hyperspace
of nonempty compact subsets of K gives a Hausdorff convergent subsequence, with limit L.
It is a continuum of diameter at least . For each fixed j, all sufficiently late members of this
subsequence miss the open sector S;. Thus their limit misses every S;. By the decomposition it
is contained in B. The limbs miss int B, so Lo, C 0B.

Two elementary Hausdorff estimates justify the retained size and location. For compact
nonempty sets A, C,
| diam A — diam C| < 2dy (A, C),
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because approximating each endpoint of a pair changes its distance by at most twice the Hausdorff
error. Thus the limit still has diameter at least . If a point p € Lo, belonged to an open sector
Sj, choose r > 0 with B(p,r) C S;. Hausdorff convergence would put points of every sufficiently
late limb in that ball, although those limbs miss S;. The same open-ball argument excludes
p € int B. Hence neither positive diameter nor the boundary location is merely inferred from the
drawing of accumulating limbs; both follow from the definition of Hausdorff convergence.

A nondegenerate connected compact subset of a Jordan circle contains a nontrivial circle arc.
Choose a root a; in the interior of such an arc, and a different root aj. Select one external ray
at each root, and join the roots by a simple crosscut of B, whose interior lies in int B. The two
external rays and this crosscut form a proper embedded line M. It meets OB only at a;, a; and
places the two open circle arcs between these roots on opposite sides. This last assertion is the
Jordan separation theorem, after using the Schoenflies coordinate of B to straighten its boundary
locally at the two endpoints.

Every L, with n ¢ {j,k} misses M. Its only point in B is its own root, which is not an
endpoint of the crosscut, and external rays miss K except at their landing points. Since L,, is
connected, it lies in one open side of M. Pass to a further subsequence on which that side is
fixed. Its Hausdorff limit lies in the corresponding closed side. But L., contains a circle arc
through a; with a; in its interior, and this arc has points on both open sides of M. This is the
required contradiction. O

The proof uses two distinct roots to construct a genuine separating line through the body.
Merely saying that a limit arc “crosses a limb” is not a substitute for that separation argument.
Density supplies a root in the interior of the limit arc; compactness supplies the limit continuum;
pairwise disjoint open sectors force that limit onto the body boundary. Each hypothesis has a
separate role.

9.5 Solved investigations

Investigation 9.7. Compute the two components in Example 9.1 using angular intervals.

Solution. With angles modulo 27, the components are {ei : —7/6 <t < 7/6} and {e? : 57/6 <
t < 7w/6}. They are nonempty disjoint compact arcs. Removing their endpoints gives the
corresponding two components of JNS. Thus neither the closed nor the open middle intersection
is connected.

Investigation 9.8. For an attached null family and n > 0, show that only finitely many limbs
can contain a point at distance at least n from the body.

Solution. If x € L; has dist(xz, B) > 7, then diam L; > |z — a;| > 7. Nullness makes the set
of such indices finite. This converts the global diameter condition into the local fact needed to
isolate points away from the body.

Investigation 9.9. Can the conclusion of Proposition 9.4 imply that every limb is locally
connected?

Solution. No. Attach a single non-locally-connected full continuum to a disk at one point,
positioning the rest of it outside the disk. At a body point other than the attachment, small
neighborhoods miss the limb entirely. The body-point conclusion holds there, while the limb
retains its off-body defects. The proposition deliberately states a pointwise conclusion.

Investigation 9.10. Show why compactness and disjointness alone cannot replace the density
and sector hypotheses in Proposition 9.6.
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Solution. In a square, take disjoint vertical segments of length 1/2 rooted at points of its
bottom edge with abscissae tending to 0. Their Hausdorff limit is another segment of length
1/2, not a point. The roots are not dense in a Jordan boundary, and the limiting segment is not
forced onto that boundary by a decomposition into the required sectors. The example isolates
the missing step in a bare compactness argument.

Investigation 9.11. Under locally connected gluing, why does a non-root point of the body
boundary have exactly one access rather than merely at most one?

Solution. Connectedness of K \ {a} excludes two accesses by the ray-pair cut argument, so
gives only an upper bound. Existence is supplied separately by the continuous surjective exterior
Caratheodory map for the locally connected hull. A preimage angle gives one landing ray.
Combining the existence statement with the upper bound yields exactly one.
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Chapter 10

Regulated legal arcs and finite trees

10.1 Pointing the interior components

Source correspondence. Lyubich, §9.3 and Exercises 9.23-9.26.

Let K be a locally connected hull. Choose a center by in each component U of int K, and a
Riemann map ¢y : D — U with ¢y (0) = by. Its continuous extension is a homeomorphism by
Theorem 8.3. An internal ray is

pUL = {¢U(Tei6) 0<r<1}.

Changing the normalized Riemann map by a rotation only relabels the rays. Thus the set of
internal rays depends on the chosen center, not on a remaining angular normalization. A legal
point is a point of K or one of the chosen centers.

For two boundary points of U, their radial connection is the union of their two internal rays
through b;;. For a boundary point and the center, it is one internal ray. We call these the
canonical radial arcs in U. They are embedded arcs because 1y is a homeomorphism of the
closed disk.

Definition 10.1 (Closed-component legal convention). An arc « between legal points of K is
legal if, for every interior component U, its intersection with U is empty, a singleton, or one
canonical radial arc. The degenerate arc from a point to itself is also allowed. This is the
regulated, closed-component interpretation of legal arcs used throughout this book.

The closure in this definition is necessary. If one constrains only a N U, both boundary
semicircles of a closed disk satisfy the condition vacuously, since they miss its interior. The
diameter joining the same endpoints also consists of two internal rays. Uniqueness would therefore
fail even for a single disk. The closed-component convention excludes the boundary semicircles
and selects the radial connection. It states the normalization required for source Exercise 9.23
instead of using an ambiguous open-slice condition in a uniqueness proof.

Theorem 10.2 (Unique legal joining arc). Every pair of legal points x,y € K is joined by a
unique legal arc, denoted [z,y|k.

Proof. Assume x # y, and choose an embedded arc v : [0,1] — K joining them. For any
component U, the parameter set 7~1(U) is a closed interval, a singleton or empty. Indeed, if
there were a complementary parameter interval with two endpoints mapping to U, the intervening
subarc would lie outside U. Its gate under gy would be constant, including both endpoint values
by continuity. The endpoints would be the same point, contradicting injectivity of .

In parameter form, if s < ¢t are two contacts and a gap lies between them, take a component
(c,d) of [s,t]\ y~1(U). Closedness of the contact set gives v(c),y(d) € U. Gate constancy on the
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open subarc and continuity at its endpoints give

v(e) = gu(7(c)) = gu(v(d)) =(d),  c<d,

contrary to the arc parametrization. Thus between any two contact parameters every intermediate
parameter is also a contact. A closed subset of an interval with this interval-convexity property
is a closed interval, a singleton or empty, exactly the alternatives required for unambiguous
replacement.

Whenever this interval is nondegenerate, replace its subarc by the canonical radial connection
between its endpoints. An endpoint in U can occur only when it is « or y, hence is the chosen
center; every other endpoint is on OU. Thus the required canonical connection is defined. Intervals
associated with different components have disjoint interiors: their images can overlap only at
the single common boundary point allowed by Corollary 8.2. There are countably many such
intervals, since each has a rational number in its interior.

For example, on an interval [s,¢] with two distinct boundary endpoints p = ¥y (e'®), ¢ =
Yu(ef), a concrete continuous replacement is obtained by setting v = (r — s)/(t — s) and using

Ry(r) = | o1 =20)e®), 0w <172,
T oo - e, 12<v<.

Both formulas give by at v = 1/2, and they give p,q at the two ends. Distinct boundary
arguments make the two radial segments disjoint except at the center, so this parametrization is
injective. For a center endpoint only the corresponding single radial segment is needed. The
parameter speeds carry no conformal or length claim; they provide a definite continuous gluing
on the original interval.

Make the replacements continuously on their original parameter intervals, fixing the endpoint
values. A finite collection gives a continuous curve. The full sequence converges uniformly: on
an as-yet-unreplaced interval both the original value and the replacement lie in U, so

sup |v(t) —7(t)| < diamU.
t in that interval
The interior components are a null family by Theorem 3.5. Consequently the supremum over all
omitted intervals tends to zero, and the complete replacement is continuous.

To make this limit independent of an informal order of replacement, enumerate the nondegen-
erate intervals and let vy replace the first N. For a finite list keep the final curve unchanged
thereafter, and define the supremum of an empty omitted list to be zero. The null-family property
implies

dy =sup{diamU; : j > N} — 0, lvar — YN lloo < dn (M > N).

Indeed for every n > 0 there are only finitely many involved components with diameter at least n,
and every enumeration has included all of them by some finite index. At a parameter where the
two curves differ, both values lie in the closure of the single component being replaced there. The
bound is a supremum, not a sum of diameters; convergence does not require Zj diam U; < oc.
Completeness of the plane gives a uniform limit, and the usual three-term estimate with one
continuous -y proves its continuity at every parameter, including an accumulation of replacement
intervals. It is injective. New interior points lie inside their own component and cannot meet
another replacement or the unchanged part of the original arc. Its boundary endpoints retain
their original distinct parameter values. Thus the result is an embedded arc. Its intersection
with each closed component is empty, the prescribed radial connection, or a retained singleton
contact, so it is legal. An original singleton contact with a different component may disappear
when a boundary subarc is replaced; this does not affect legality.

Uniform limits of injective curves need not be injective, so the separate geometric check above
is necessary. If a final image value is an interior point of some U, it can arise only from that
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component’s replacement: the original contact interval contained every old visit to U, and other
components have disjoint interiors. Its parameter is therefore unique by injectivity of the radial
parametrization. If the final value lies in 0K, it is either an unchanged original value or an
endpoint value retained at its original parameter. Thus

F(s) =F(t) e 0K = ~(s)=~(t) = s=t.

The interior and boundary cases exhaust the image. This establishes an embedded arc after the
infinite replacement, not merely a continuous path.

For uniqueness, suppose legal arcs o and § with the same endpoints differ. A component
of o\ B, together with the subarc of 5 between its two endpoint contacts, contains a Jordan
curve I'. By fullness its bounded complementary domain V lies in K, hence in one component
U of int K. Therefore I' C U. But each legal arc meets U in at most two internal rays, so I
would be contained in at most four rays through by. Such a finite radial star contains no Jordan
curve: removing its center leaves disjoint intervals, and two points in different intervals can be
connected only through that center. This contradiction proves uniqueness.

The radial-star obstruction can also be checked in the disk coordinate. For a finite set of
distinct angles ©, put

To = |J[0,€?],  To\{0}=|](0,e"].

(2SS 0e©

Each component on the right is an interval. A Jordan curve avoiding 0 would be connected and
contained in one such interval, which is impossible. A Jordan curve containing 0 would remain
connected after that one point is removed, so its remainder would also have to lie in one radial
interval; its closure still cannot form a circle. Pulling this conclusion forward by ¢y excludes
the alleged I'. The argument works for any finite number of rays, explaining both the two-arc
uniqueness proof and the later finite-hull no-cycle argument. ]

The proof separates three inputs which serve different purposes: gates make each replacement
interval unambiguous; the null-family theorem makes infinitely many replacements continuous;
fullness excludes a second legal arc by filling a Jordan loop. A proof based only on the visual
shape of a finite tree would not establish the existence statement for a hull with infinitely many
interior components.

10.2 Boundary points in the interior of a legal arc

Proposition 10.3 (Legal interior points are cutpoints). Let a = [x,y]x be a legal arc, and let
a € 0K N (a\{x,y}). Then K\ {a} is disconnected. Moreover there is a pair of external rays
landing at a whose cut-line separates x and y. Thus a is accessible from the two sides of the arc.

Proof. If x and y were in one component of K \ {a}, the local path connectivity of this open
subspace would give an arc between them avoiding a. Apply the regulation construction from
the preceding proof. It cannot introduce a: each inserted radial connection has all its new points
in an interior component, while a € 9K, and its boundary endpoints were already on the original
arc. We would obtain a legal arc from x to y avoiding a, contrary to uniqueness. Thus x and y
lie in different components C,, C, of K \ {a}.

Each of these components contains a point of 0K \ {a}. This is immediate if the chosen point
already lies on the boundary. If it is in an interior component U, use an internal ray ending at a
boundary point different from a; the Jordan boundary of U has more than one point, and that
ray avoids a. Choose boundary points 2’ € C,, y' € Cyy and angles 6,, 6, landing there under the
continuous exterior map ¢ : T — 0K.
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An unregulated detour Prescribed radial connection

Q

c=0

Figure 10.1: In one closed disk component, a curved boundary-to-boundary subarc is replaced
by the two radial segments through the prescribed center. Endpoints are fixed. The theorem
controls infinitely many such replacements by the null-family bound, not by the finite diagram
or by a summable-length assumption.

Write @Q = ®~!(a). Each of the two open circle arcs between 6, and 0, meets Q). Otherwise
the image of the closed arc avoiding ) would be a connected subset of K \ {a} joining 2’ and
y'. Choose (1,(s € Q, one in each arc. Their external rays land at a and form a simple cut-line.
The angles 0,0, lie in different shadows, so their landing points ', y’ lie in opposite sectors. A
connected component of K \ {a} cannot cross that line; hence z and y are in opposite sectors
too. Locally the two branches of the legal arc and the two external accesses alternate around a,
which is the precise two-sided access statement.

The chosen angles have a definite alternating order. After choosing a starting point and lifting
cyclic order to a real interval, reuse the same symbols for those real argument lifts and write

0 < (1 <0y < (o< 0p+2m.

The two components of the circle minus {(;,(2} therefore contain 6, and 6, separately. Uni-
formization transfers these two angular regions to the two sides of the ray pair. Since the only
point of that pair lying in K is a, each connected component of K \ {a} lies entirely in one side.
The separation of z’, 9 therefore also separates the original x,y. This order selection is what
ensures that the ray pair detects the specified legal branches, even when the full landing fiber
has more than two angles. O

The last argument uses a complete circle fiber, not merely two arbitrarily chosen landing
angles. A cutpoint may have many accesses. Selecting one angle in each of the two separating
circle intervals ensures that the resulting ray pair separates the particular branches of the legal
arc under consideration.

Proposition 10.4 (Finite landing fibers and branches). Let a € 0K have ezactly m > 2 landing
angles under the exterior Caratheodory map. In their cyclic order, each open sector between
consecutive rays has connected intersection with K. Its closure in K is a branch rooted at a.
Thus a is well branched with valence m.

Proof. Let I be the open circle interval between two consecutive angles of Q = ®~!(a), and
S the corresponding sector. The continuous image ®(I) is connected and does not contain a.
A ray with angle in [ lies in S and can land only in S; its landing point is not a, so lies in S.
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Conversely every point of 9K N S has a preimage angle, and its landing ray cannot cross either
boundary ray. Its angle therefore belongs to I. Hence

OKNS=2o(I)
is connected.

Every interior component meeting S lies wholly in S, since its interior misses the bounding
cut-line. Its Jordan boundary has a point in S: it cannot be the singleton a. The union of
that component with its boundary portion in S is connected and meets ®(I). Adding all such
components preserves connectedness and gives K N.S. The one-cut closure assertion then gives
KNS = (KnS)U{a}. Doing this for all m consecutive angular intervals gives the branches. [J

This proves a precise locally connected scope of source Corollary 9.13. The restriction m > 2
is part of the conclusion’s meaning: an endpoint of a simple arc has one access and is not a
cutpoint of valence at least two. Extending the argument to a merely rigid point in a globally
non-locally-connected hull requires a substitute for the continuous circle boundary map; that
stronger source scope is recorded separately.

10.3 Symmetry includes the centers

Proposition 10.5 (Equivariant pointing). Suppose K = —K and the chosen centers satisfy
b_y = —by for every interior component. Then for any legal point x, the legal arc [—x, x|k
contains 0.

Proof. The map z — —z sends each pointed component (U,by) conformally to (—U,b_y).
Composing its Riemann maps gives a disk automorphism fixing 0, hence a rotation. It therefore
sends internal rays to internal rays and legal arcs to legal arcs. Uniqueness yields

—[—$, ‘T]K == [—ZE, CC}K
If x = 0 there is nothing to prove. Otherwise parametrize this arc by a homeomorphism
a:[0,1] = [—z,z]k. Negation induces a continuous involution h of [0, 1] which exchanges its

endpoints, hence is decreasing. The function h(t) — ¢ is strictly decreasing, positive at 0 and
negative at 1. It has one zero t.. At that point a(t.) = —a(ts), so a(t.) = 0. O

Example 10.6 (Geometric symmetry without pointed symmetry). Let K = D and choose b = it,
with 0 < t < 1, as its center. The hull and the legal endpoints —1, 1 are geometrically symmetric,
but the pointing is not. Under

Ap(z) = 1':7;;7 Ap(0) = —it, Ap(£1) = illi izt’

the two endpoint images have nonzero real parts, whereas Ay(0) is strictly negative imaginary.
Thus Ap(0) lies on neither radial segment from 0 to Ap(1) or Ay(—1). The legal arc through b
consequently misses the physical origin. Source Exercise 9.25 is therefore valid with symmetry of
the pointed structure; geometric symmetry alone does not supply its conclusion.

The nonzero real parts in this counterexample can be checked without a geometric inference

from the fractional expression. Multiplication by the conjugate denominator gives
2 : 2 :
Ay(1) = 1 —1t —22125 —(1—t )2— 2it
+1 1+1¢

Since 0 < t < 1, the first real part is positive and the second negative. Every nonzero point
on the corresponding radial segment has the same strict sign of real part as its endpoint. The
point A,(0) = —it is nonzero and has real part zero, so it belongs to neither segment. Thus the
example depends on the chosen center, not on a failure of geometric symmetry of the disk or on
a numerical approximation of the rays.

;o A(-1) =
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10.4 The finite legal hull

For a finite set X = {z1,...,z,} of legal points, define
H(X) = U[CCZ, l‘j]K.

4,3
This is a finite union of compact arcs and is compact. Its shape may have curved edges and may
pass through interior centers, but its graph structure is finite.

Theorem 10.7 (Finite legal hulls are trees). Forn > 2, H(X) is a finite topological tree. It
equals U?ZQ[I‘l,ZCj]K, and is the smallest connected union of legal arcs containing X . Its leaves
belong to X ; after suppressing vertices of degree two, it has at most n — 2 branch vertices.

Proof. A finite union of legal arcs contains no Jordan curve. Indeed any such curve would bound
a domain in int K, hence lie in the closure of one interior component. Its intersection with the
finitely many legal arcs would be contained in a finite internal radial star, which has no Jordan
curve.

Build T, = U;”ZQ [z1, 2]k inductively. The initial 75 is an arc. Suppose Tp, is a finite tree and
add a = [z1, Tm+1]Kx. The intersection awNT), is connected. Otherwise a component of a \ T},
between two intersection points, together with the unique path in 75, joining those points, would
contain a Jordan curve. Since the intersection contains x1, it is an initial closed subarc of o. The
remaining tail, if nonempty, is attached at exactly one point of T},,. The result is again a finite
tree. This also proves that its leaves are among the listed endpoints.

The induction adds at most one new tail at a time. If the attachment point is in the interior of
an existing edge, subdivide that edge there; otherwise it is already a vertex. Subdivision changes
(V, E) by (1,1), and adjoining a nonempty tail with its new endpoint also changes them by (1, 1).
Thus

E-V=-1

is preserved from the initial single edge. If the new endpoint already lies in the old tree, the tail
is empty and no edge is added. Old leaves can disappear by gaining another incident edge, but a
new leaf can only be the newly listed endpoint. This explains finiteness and the leaf inclusion
before the later degree-sum estimate; an arbitrary finite union of unrelated plane arcs would
not have this controlled intersection property and could contain cycles or more complicated
intersections.

The unique tree path between x; and x; is a legal arc. In every closed component its segments
belong to the same radial star, and the path between its entry and exit is their unique radial
connection; there can be no separate reentry without creating a cycle. By Theorem 10.2, this
path is [z;,z;]x. Thus all pairwise arcs already lie in T},, proving the displayed equality and
minimality.

For the branch count, let £ be the number of leaves and b the number of vertices of degree at
least three after suppressing degree-two vertices. The degree sum and the tree identity £ =V —1
give

Z(degv—2):—2, Z (degv —2) =0 —2.
v degv>3
Each summand on the left is at least 1, so b < £ — 2 < mn — 2. This is a combinatorial bound,
independent of Euclidean edge lengths or the complexity of the surrounding hull. O

The smallest legally convex set in the source terminology is obtained by including all these
canonical connections. The closed-component convention is again essential: if boundary detours
were legal, the union of all joining arcs in a disk could contain a circle instead of a tree. The
quantitative chapters study finite trees after this topological construction, with a separately
specified length or conductance model.
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Internal rays through chosen centers

Figure 10.2: A finite legal hull uses internal radial connections in closed interior components. The
resulting graph is a tree; the drawing’s edge lengths carry no conformal or electrical normalization.

10.5 Solved investigations

Investigation 10.8. For the closed unit disk pointed at 0, list three distinct arcs from —1 to 1
allowed by an open-interior-only ray condition, and identify which survives Definition 10.1.

Solution. The upper semicircle, the lower semicircle and the diameter are distinct embedded
arcs with the same endpoints. The semicircles have empty intersection with I, so the open-
interior condition imposes no restriction on them. The diameter is two internal rays. Under the
closed-component convention their intersection with the one closed component is the entire arc;
only the diameter is a canonical radial connection. Hence uniqueness holds exactly after the
stated normalization.

Investigation 10.9. Let three distinct boundary points lie on one Jordan interior component.
What is their legal hull, and what branch count does the theorem give?

Solution. It is the union of the three internal rays from the chosen center to those points. The
center is the unique branch vertex and has degree three; there are three leaves. The bound gives
b <3 —2=1, attained here. Changing the center changes the geometric arcs but preserves this
abstract three-leaf tree structure.

Investigation 10.10. If a component is fixed by z — —z, what does equivariance require of its
chosen center?

Solution. It requires by = —by, hence by = 0. For components paired with a distinct reflected
component, one may choose the center in one component freely and must choose its negative
in the other. Thus symmetry of the pointing is concrete data, not merely a statement that the
underlying hull is symmetric.

Investigation 10.11. A finite legal hull has five leaves and every branch vertex has degree three.
How many branch vertices and edges remain after suppressing degree-two vertices?

Solution. The identity > 4eq,>3(degv —2) = £ —2 gives b = 3. There are V = 5+ 3 = 8 vertices
and £ =V —1 =7 edges. If a branch vertex had larger degree, fewer than three branch vertices
could suffice; the number of leaves alone gives an upper bound until the degrees are specified.
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Investigation 10.12. Why does the regulation construction require diameters tending to zero,
rather than only the fact that the replacement intervals have lengths tending to zero in the
parameter interval?

Solution. A very short parameter interval may be mapped across a large component. Replacing
it by a curve with a distant excursion could destroy continuity at an accumulation of such intervals.
The null-family estimate bounds the image displacement uniformly by diam U, regardless of
parameter speed. It yields uniform convergence of finite replacements and therefore continuity of
the limit. Parameter lengths alone control no such image excursion.

o8



Chapter 11

Closed identifications and the
topology of a quotient

Source correspondence. Lyubich, §9.4, with the quotient-space prerequisites made explicit.

Write T = 0D. A pinched disk is obtained by identifying specified subsets of D, but the
instruction to identify sets does not by itself define a usable topological model. Three questions
have to be settled: do the proposed sets form a partition; is the relation closed; and what topology
does the quotient inherit? These questions precede any assertion that the resulting space can be
embedded in a plane.

Throughout this chapter X is a compact metric space. An equivalence relation R on X is a
subset of X x X satisfying reflexivity, symmetry and transitivity. Its class through x is

[z]r ={y € X : (z,y) € R}.

The quotient Y = X/R is the set of classes, equipped with the topology in which V' C Y is open
exactly when ¢=1(V) is open in X. Here q(x) = [z]g. A set is saturated when it is a union of
whole classes. In particular, g~!(g(A)) is the saturation of A. We use the notation

R[A] = {x € X : there is a € A with zRa}.

Even when all classes are closed, the relation itself need not be closed in X x X. The distinction
will matter in limiting constructions.

The algebra behind saturation will be used repeatedly. Symmetry and transitivity give, for
arbitrary subsets A, B C X,

ACR[A]l, R[R[A]] = R[4, AcCB = R[A]C R[B].

For example, if x € R[R[A]], choose y € R[A] with Ry, and then a € A with yRa. Transitivity
gives zRa. The reverse inclusion follows from reflexivity. Consequently the identities R[A] = A
and ¢~ 1(q(A)) = A are equivalent ways of saying that A is saturated. A complement of a saturated
set is saturated as well: a class cannot partly lie in that set and partly in its complement.

11.1 Closedness and upper semicontinuity

Theorem 11.1 (Closed-relation criterion). If R is closed in X x X, then its classes are compact,
the quotient Y is compact and Hausdorff, and q is a closed map. Moreover, if a class A is
contained in an open set U C X, there is a saturated open set W such that

AcCW cU.

Conversely, if the quotient topology on Y is Hausdorff, then R is closed.
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Proof. A class is the inverse image of R under the continuous map y — (x,y), so it is closed and
compact. If F' C X is closed, the set
RN(X x F)

is compact. Its projection onto the first coordinate is R[F'], which is compact and therefore
closed in the metric space X. Now ¢ !(¢(F)) = R[F]. The definition of the quotient topology
says that ¢(F') is closed precisely when its inverse image is closed. Thus ¢ is closed.

Here the compactness step can be expressed as an exact projection:
RF|=m(RN(X x F)), m(z,y) =z

Both factors in the intersection are closed in the compact space X2. Continuous images of
compact sets are compact, and compact subsets of a metric space are closed. Thus no assumption
that an arbitrary projection is a closed map is being used. The compact domain is the reason
this particular projection preserves closedness. This observation is also valid when F' is empty, in
which case both displayed sets are empty.

For a class A C U, put
W =X\ R[X\U].
This set is open. It is saturated because transitivity makes R[B] saturated for every B. A class
meeting W cannot meet X \ U, so W C U. The entire class A lies in W, since A C U.

More explicitly, membership has the useful universal form
reW <— [z]gNn(X\U)=9@ <<= [z]gCU.

It follows that W is the largest saturated subset of U, not just one possible choice. If V C U
is saturated and x € V, then [z|]g C V C U, so x € W. Once openness of W has been proved,
compactness of A also yields a metric neighborhood of the entire class: unless W = X, the
number d(A, X \ W) is positive. Every sufficiently nearby representative therefore belongs to a
class contained in U.

This proves the neighborhood assertion, including its quantifiers:

VA € X/R VU open with A C U 3W open and saturated: A C W C U.

For distinct classes A, B, compactness and the metric give disjoint open neighborhoods U4, Ug.
Shrink them by the preceding construction to saturated open neighborhoods W4, Wg. Their
images under g are open by the quotient definition, and are disjoint because saturated disjoint
sets cannot contain representatives of the same class. They separate q(A) and ¢(B). Compactness
of Y follows from continuity and surjectivity of q.

To make the metric separation explicit, disjoint nonempty compact classes have
p =min{d(a,b) :a € A, be B} > 0.

The sets {z : d(z, A) < p/3} and {z : d(z, B) < p/3} are disjoint: a point in both would give
d(A, B) < 2p/3 by the triangle inequality. After saturation shrinking, their quotient images are
still disjoint because

¢ HgWa)) =Wa, ¢ q(Wg)) = Wp.

This is why merely projecting two ordinary disjoint open sets would not have been enough; they
might meet different representatives of the same class.

Conversely, the diagonal Ay of a Hausdorff space is closed. Since

R=(qxq) " (Ay),

continuity of ¢ x ¢ proves that R is closed.
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For the diagonal assertion, if u # v in a Hausdorff space, choose disjoint open neighborhoods
Oy, Oy. The product O, x O, misses Ay. Such products cover the complement of the diagonal,
so that complement is open. Pullback now gives the explicit open set

(X x X)\R=(gxq) (Y xY)\ Ay).

This direction does not depend on a metric on Y. The topology used on the quotient is essential:
it makes ¢ continuous and hence makes this pullback argument valid.

O]

The neighborhood assertion is often called upper semicontinuity of the decomposition. It
controls a whole nearby class, not just a chosen representative. A useful sequential form is

Tn Ryn, Tn — T, Yn —y — xRy.

On a metric product this is exactly closedness of R. It allows classes to merge in a limit, but it
does not allow a pair of related points to converge to unrelated points.

Proposition 11.2 (Fiber limits). Let f : X — Z be continuous, with Z Hausdorff, and let
A, = f1(2z,) be nonempty fibers. If z, — z and an; € Ay, converges to a, then a € f(z). In
particular, every Hausdorff limit of the sets A, is contained in f~1(z).

Proof. Continuity gives f(ay,,) — f(a), while the assumed convergence gives f(an;) = z,;, — 2.
Uniqueness of limits in a Hausdorff space gives f(a) = 2. If A,; converges in Hausdorff distance
to A, every a € A is the limit of points an; € A,;. Applying the first assertion pointwise gives
A C f71(2). Equality need not hold: new points may enter the limiting fiber without being
approached by the selected earlier fibers.

There is also an eventual-containment consequence useful in practice. If U C X is open and
contains f~1(2), then
A, CcU for all sufficiently large n.

Otherwise choose infinitely many a,, € A, \ U. Compactness gives a convergent subsequence; its
limit lies in the closed set X \ U and, by the proved assertion, in f~1(z) C U. The contradiction
proves containment. This is an upper estimate on all points of nearby fibers. It supplies no
reverse estimate forcing every point of the limiting fiber to be approximated.

O]

This proposition is the precise content needed from the limiting-fiber step in the source proof
of Theorem 9.28. It requires neither a differentiable boundary nor finite fibers.

11.2 Maps defined by classes

Proposition 11.3 (The factorization property). Let ¢ : X — X/R be the quotient map and
g: X — Z a continuous map. There is a continuous map g : X/R — Z with g = go q if and
only if g is constant on every R-class. The factor is unique. If Z is Hausdorff, g is onto, and its
fibers are exactly the R-classes, then g is a homeomorphism.

Proof. Constancy on classes is necessary from the displayed factorization. If it holds, define
g([z]) = g(x). This is well defined and unique because ¢ is onto. For every open set V C Z,
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is open, so the quotient definition makes g~*(V) open. Thus g is continuous. Under the last
hypotheses it is a continuous bijection from a compact space to a Hausdorff space. The image of
every closed subset is compact and hence closed, proving continuity of its inverse.

The two bijectivity tests are separate. Surjectivity follows from g(¢(X)) = g(X) = Z. For
injectivity,
9(l2]) = g9([2'])) = g(x) =g(2') = [a] = [2].
The last implication is exactly the hypothesis that the fibers are the prescribed classes, rather
than merely unions of such classes. In the homeomorphism case, a closed set C' in the compact
quotient has compact image g(C'), which is closed in Z. Thus the inverse preimage of every closed
set is closed. This verifies inverse continuity without choosing representatives continuously.

O]

One immediate application is a boundary map b : T'— 0K that is continuous and onto. The
relation
s~pt <= b(s)=0b(t)

is closed, and the induced map 7'/ ~,— OK is a homeomorphism. This statement concerns the
boundary alone. It says nothing yet about filling the disk or extending the exterior map.

Proposition 11.4 (A countable quotient base). For a closed relation on a compact metric space,
the quotient has a countable base.

Proof. Fix a countable base B of X and let F be its countable family of finite unions. For B € F,
set
Wp=X\R[X\ B].

These sets are open and saturated. Let V' be open in Y and let y € V. The compact fiber qil(y)
lies in the open set ¢! (V). Finitely many basic open sets cover the fiber and are contained in
¢~ 1 (V); their union is a suitable B. Then

y€qWp) Cq(B)CV.

The sets ¢(Wp) therefore form a countable base. The construction is an existence proof using all
finite unions; it is not an algorithm for deciding membership in an arbitrary equivalence class.

One can see the countability without making a choice for every quotient point. Enumerate
the original base as (Bj)r>1 and index finite unions by finite subsets of N. The family of such
subsets is countable because

{I cN:I finite} = | J {I CN:|I| =m},

m2>0

and each fixed-cardinality family is encoded by an increasing integer tuple. The same fixed
countable family of saturated open sets works for all y, V. The finite covering argument establishes
the base property after this family has been specified.

O]

11.3 Connected fibers and connected images
Definition 11.5 (Monotone map). A continuous surjection between compact Hausdorff spaces

is monotone if every point inverse is connected. This usage has no connection with an order-
preserving real function.
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Lemma 11.6 (Connected inverse images). Let ¢ : X — Y be a continuous closed surjection with
connected fibers. For every connected subset A C'Y, the set q~1(A) is connected. No closedness
assumption on A is needed.

Proof. The restricted map g4 : ¢~'(A) — A is closed. Indeed, a relatively closed subset of g~!(A)
has the form F N g !(A) with F closed in X, and

q(Fng ' (A) =q(F)NA.

Suppose ¢ 1(A) = UUV were a separation into disjoint nonempty relatively open and closed sets.
A connected fiber lies wholly in one of U,V so ¢(U) and ¢(V') are disjoint. They are nonempty,
cover A, and are relatively closed because ¢4 is closed. They would separate A, a contradiction.

Indeed, if both U and V met the fiber over some a, their intersections with that fiber would

be disjoint nonempty relatively open sets covering a connected space. Therefore each fiber lies
on one side, and

0x (qU)=U,  q¢'(qV)=V, A=qU)uq(V).

Since the two images are relatively closed and complementary, they are relatively open as well.
All of these statements are in the subspaces ¢7'(A) and A. In particular, there is no step
requiring that A itself be closed in Y.

O]

Theorem 11.7 (Local connectivity passes to compact images). Let X be compact and locally
connected and let f : X — Y be a continuous surjection onto a Hausdorff space. Then Y is
locally connected. The fibers need not be connected.

Proof. Fix y € Y and an open neighborhood U of y. For every = € f~!(y) choose a connected
open neighborhood V. of 2 contained in f~1(U). Compactness of the fiber supplies finitely many
such neighborhoods covering it. Let their union be V. Every connected set f(V) contains y, so

is connected and lies in U. Since f is a closed map,
W=Y\[f(X\V)
is an open neighborhood of y contained in C. Hence every open neighborhood of y contains a

connected neighborhood of y.

The neighborhood inclusion can be checked one point at a time. If 3y € W, then no representa-
tive of the fiber f~1(y’) belongs to X \ V. Hence

fiyYcv, JefV)y=cCcU.

Alsoy ¢ f(X \ V) because the chosen finite cover contains its entire fiber. Thus y € W C C. The
connectedness of C' uses the common image point y; it does not require that the neighborhoods
V; meet one another in X, and does not assume connected fibers.

For completeness, this yields connected open neighborhoods as well. Let G be open and let Cj
be the component of G' containing y. Every z € C, has a connected neighborhood N, C G. Its
union with Cj is connected because they meet at z. Maximality of the component gives N, C C,,.
Each N, contains an open neighborhood of z, so Cy, is open. Components of open sets therefore
give the required base. O

The compactness in this argument is structural. It makes the map closed and reduces an entire
fiber to finitely many neighborhoods. In the disk model it will apply to the quotient of the closed
disk after the quotient has been shown Hausdorff.
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11.4 Worked investigations on quotient topology

Investigation 11.8 (A single collapsed compact set). Let A be a nonempty compact subset of
a compact metric space X. Identify all points of A and leave the other points separate. Prove
that the quotient is Hausdorff. Decide when the quotient map is monotone.

Solution. The relation is
R=AxU(AxA),

a union of two closed sets. Theorem 11.1 applies. Its only possibly non-singleton fiber is A, so the
map is monotone exactly when A is connected. Hausdorffness alone imposes no connectedness
on A. For example, identifying the two endpoints of [0, 1] gives a circle, but the quotient map
has a disconnected endpoint fiber.

Investigation 11.9 (Closed classes do not suffice). On [0, 1], declare {1/n,1 — 1/n} a class for
each integer n > 3, and leave all other points separate. Is the relation closed?

Solution. For n > 3 the pairs are mutually disjoint: their first coordinates lie in (0,1/3], their
second coordinates lie in [2/3,1), and each coordinate sequence is injective. Thus this is a
partition into finite closed sets. But

(1/n,1—1/n) — (0,1),

and 0 and 1 belong to different singleton classes. The relation is not closed, so the quotient is not
Hausdorff. Adding the class {0, 1} repairs this particular defect; all possible off-diagonal limits
then lie in that added class.

Investigation 11.10 (Two quotients of a circle). Describe the quotients of 7' induced by
2+ Rez and by z — z2. Which of the two quotient maps is monotone?

Solution. The first image is [—1,1], and its fibers are the conjugate pairs {e%, e~}  with
singleton fibers at £1. The second image is T', with antipodal fibers {z, —z}. Proposition 11.3
identifies the two quotient spaces with their stated images. Neither map is monotone: a two-point
fiber is disconnected. Their later disk extensions behave very differently, because conjugate pairs
are unlinked whereas distinct antipodal pairs have crossing convex hulls.

Investigation 11.11 (Disconnected fibers and local connectivity). Explain why Theorem 11.7
does not imply that every continuous map from a continuum is monotone.

Solution. The conclusion of that theorem concerns neighborhoods in the image, not connected-
ness of point inverses. The map t +— ¢*™ from [0, 1] onto T is a continuous surjection between
compact locally connected continua, but the inverse of 1 is {0,1}. The proof of the theorem
deliberately takes images of several connected neighborhoods whose common intersection is only
the image point. It never asserts that their union in the domain is connected.

Investigation 11.12 (A factorization test). Let A C X be compact and let ¢ collapse A alone.
For a continuous real function g on X, give a necessary and sufficient condition that g descend
to the quotient. Apply this to X =D, A = [—1,1], and g(z) = Rez or g(z) = Im z.

Solution. The condition is constancy on A, by Proposition 11.3. The real-part function is not
constant on the diameter and cannot descend. The imaginary-part function is zero there and
does descend. Its quotient function remains continuous even though the image of the diameter
is a pinched point. This is a direct test of a proposed coordinate on a quotient; it cannot be
replaced by drawing the coordinate contours after identification.
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Chapter 12

Unlinked circle fibers and hyperbolic
convex hulls

Source correspondence. Lyubich, Lemma 9.27 and the convex-hull construction preceding Theorem
9.28.

There are two geometries in the disk construction. Circular order detects whether two classes
interlace. Hyperbolic geodesics then fill each class by a connected set. A FKuclidean coordinate
change separates these tasks: the circle order stays fixed while hyperbolic geodesics become
straight chords. This makes both the topology and the limiting arguments explicit.

12.1 The Klein coordinate and finite convex combinations

Define 9
Z J—
- D.
K(2) T z €
The radial function k(r) = 2r/(1 + r?) satisfies
2(1 —r?)

k0)=0, k(1)=1, k()= >0 (0<r<1).

(1+172)2
Consequently x is a homeomorphism of D fixing 7" pointwise. Its inverse has the continuous
expression
kT (w) = $, lw| < 1.
1+ +/1—|wl?

The expression is valid at w = 0 as well as on T'.

To derive the inverse, let s = |w| and r = |z|. The equation s = 2r/(1 4 r2) gives

C1-V1-52 s
s 1+vV1—s2
The other quadratic root is greater than one when 0 < s < 1, so it is outside the required disk.

The final expression tends to zero as s — 0, and the angular coordinate is unchanged. This
proves the inverse formula including its endpoint limits, rather than using only strict radial

sr2 —2r 4+ 5 =0, T (0<s<1).

monotonicity to assert an unspecified inverse.
A circular geodesic orthogonal to T has center ¢ and radius /|c|?> — 1. Its equation is

lz—cf?=c> -1 <= 2Re(cz)=1+2]> <= Re(cr(z)) =1

Thus x sends it to the straight chord with the same endpoints. A diameter is already a geodesic
and remains on the same line. This proves, without a metric approximation, that hyperbolic
segments are carried to Euclidean segments.
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Definition 12.1 (The closed ideal hull). For a nonempty compact set A C T, define its closed
hyperbolic convex hull by

H(A) = k! (conv A).

Here conv means the set of finite convex combinations in R? = C. A singleton has its singleton
hull; two points have a closed geodesic as hull. An ideal polygon with interior requires at least
three distinct boundary points.

The last distinction corrects a possible degeneracy in the source’s earlier convex-hull terminology.
A two-point hull is not a Jordan disk. It nevertheless is a legitimate non-separating continuum
for a decomposition.

Lemma 12.2 (Three-point representation). Every point of conv A is a convexr combination of at
most three points of A. If A is compact, then conv A is compact and

convANT = A.

Proof. Start with a finite representation z = Z;”zl tja;, t; > 0, >_t; = 1, and omit zero
coefficients. If m > 3, the vectors (a;j,1) € R3 are linearly dependent. There are real sj, not all

zero, satisfying
ZSjCLjZO, ZSjZO.
J J

. . . . . . _ . ) . / _ L .
Some s; is positive and some is negative. Set 7 = ming;~ot;/s;. Then t; = tj — 7s; are
nonnegative, still sum to one and represent the same point; at least one is zero. Repeating
reduces to at most three positive coeflicients.

Every sign and normalization in this reduction can be checked directly:

S]’>0 — tj—TSjZO,
5j§0 = tj—TSthj>0,

Zt;- = 1—725]- =1,

J J
Zt;aj :z—TZsjaj = z.
J J

The minimum defining 7 is positive and is attained because the index set is finite and nonempty.
At an attaining index the new coefficient is zero. Thus the number of positive coefficients strictly
decreases, while the point and the total mass remain unchanged. After at most m — 3 repetitions
the reduction stops.

It follows that conv A is the image of the compact set A% x Ay under (a1, ag, az; t1,t2,t3) —
> tja;, where Ag = {t; > 0: > t; = 1}. Repeated points accommodate representations with
fewer terms.

The parameter space is a finite product of compact metric spaces, and the barycenter map is
continuous. A useful estimate making that continuity explicit is

3

3 3
thaj — Zsjbj < max |a; — bj| + Z [tj — s;l.
j=1 j=1 ’ =1

To obtain it, add and subtract _; ¢;b;, use >_;t; = 1 for the first difference and |bj| =1 for the
second. The map therefore sends convergent vertices and coefficients to convergent barycenters.
Compactness of its image also proves that the set of finite convex combinations is already closed;
no extra closure operation is missing from the definition.
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Finally, let ¢ € T be such a convex combination. Taking the real part after multiplication by ¢

1= Zt]’ Re(éaj) < Zt]’ =1.
J J

gives

For every positive coefficient equality forces Re(faj) = 1, hence a;j = (. Thus ¢ € A. The
opposite inclusion is immediate.

Equivalently, the supporting-line calculation has the nonnegative defect identity
th]aj — C‘Q =2 th(l — Re(C_aj)) =0.
J J

Each term is nonnegative, so every vertex of positive weight equals (. This deals with arbitrary
zero weights and repeated vertices without any strict-convexity terminology. It also explains
geometrically why adding convex combinations inside the disk cannot introduce a new ideal
endpoint on its circle.

O]

Proposition 12.3 (Continuity of the hull operation). For nonempty compact A,B C T,
dg(conv A, conv B) < dy (A, B).

If w is a modulus of uniform continuity for k' on D, then
du(H(A),H(B)) <w(du(4, B)).

In particular, Hausdorff convergence of boundary sets implies Hausdorff convergence of their
closed hyperbolic hulls.

Proof. Put 6 =dgy(A,B). If z = ?:1 tja; belongs to conv A, choose b; € B with |a; — bj| < 0.
The point w =3, ¢;b; belongs to conv B and

|z —wl <Y tilaj — bl < 0.
j

Interchanging A and B gives the Hausdorff inequality. Applying uniform continuity of x~! to
the selected pairs gives the second inequality. No claim that ! is globally Lipschitz near T is
required.

A concrete modulus is available from the inverse formula. For u,v € D, write s, = /1 — [u|?
and s, = /1 — |v[2. Using |v/a — vb| < v/[a — ] for a,b > 0, one obtains
|57 (u) = £7H©)] < Ju— ] + [su — 5]

< Ju—ov] +/||ul? = v]?|

< |u—v|+4/2|u —v|.

The first inequality follows by subtracting the fractions and bounding both denominators below
by one. The last uses |u| + |v| < 2. Hence the theorem permits the explicit choice w(t) =t + /2t
on 0 <t < 2. This is a uniform continuity bound, not a claim of Lipschitz regularity at the ideal
boundary.

O]
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12.2 Circular order is the separation criterion

Definition 12.4 (Unlinked compact sets). Two disjoint nonempty compact subsets A, B C T
are unlinked if there do not exist distinct a;,as € A and by, b € B occurring in the alternating
circular order

ai, bl, as, b2.

A partition of T' is unlinked if every two different classes are unlinked.

Lemma 12.5 (The chord criterion). For disjoint nonempty compact A, B C T, the following
are equivalent:

1. A and B are unlinked;

2. B is contained in one component of T \ A;
3. convANconvB =,

4. HHA)N H(B) = @.

When A is a singleton, T'\ A is its single open-arc component and the same assertions hold.

Proof. For a singleton A, its convex hull is a point of T outside B, and Lemma 12.2 proves
disjointness from conv B. Assume henceforth that A has at least two points. If B is not contained
in one component of T'\ A, choose by, by in two different components. Each of the two circle arcs
joining b to by contains a point of A; otherwise that arc would join them inside 7"\ A. Choosing
one such point on each arc gives an alternating quadruple. Conversely, such a quadruple prevents
B from lying in a single complementary arc. This proves equivalence of the first two assertions.

Suppose B lies in a component I of T'\ A. Its two distinct endpoints u, v lie in A. The line
through u,v places I in one open half-plane and 7'\ I in the other closed half-plane. Hence
conv A lies in the latter closed half-plane. Compactness of B C I gives a strictly positive distance
of B from that line. The same strict linear inequality holds for every convex combination of
points of B. The hulls are disjoint.

Choose an affine linear function ¢ which vanishes on the chord line and is positive on I.
Compactness gives m = minyep (b) > 0, while (a) < 0 on A. For the respective convex
combinations,

l thaj S 0, 6(2 Skbk> Z m.
J k

If the linear part of ¢ has Euclidean norm M > 0, these inequalities even give |u — v| > m/M
for points u, v in the two hulls. The number depends on this pair of compact sets; no uniform
separation over all classes of a partition is being asserted.

If an alternating quadruple exists, the straight chords [a1, as] and [b1, bo] intersect in D. To see
this directly, the chord line through a;, as separates by, ba, so their segment meets the line. The
intersection lies inside the disk, whose intersection with that line is exactly [a1, az]. Both segments
belong to the respective convex hulls. Thus disjoint hulls rule out alternating quadruples. Finally
k is a bijection, so the last two assertions are equivalent.

For completeness, if the signed distances of by, by from the first chord line are d; > 0 and

ds < 0, then
dq

T dy —dy
lies on that line. Since by, by are distinct circle points and the combination is strict, |w| < 1.
Thus the intersection is in the interiors of both chords, rather than merely a possible common
endpoint. This is the exact geometric event excluded by the four-distinct-endpoint convention.

O]

¢ € (0,1),  w=(1—1t)b +thy
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The criterion is symmetric even though its complementary-arc formulation singles out A.
Compactness is used for disjoint closed hulls. Without it, hull closures can meet at limiting
endpoints absent from the original sets.

12.3 Why conformal boundary fibers are unlinked

Let K C C be a nondegenerate locally connected full continuum. The exterior Riemann map is
normalized by
F:C\D—C\K, F(x)=c.

The Carathéodory boundary extension established in Volume VIII, combined with the locally
connected boundary conclusion for a full locally connected continuum, supplies a continuous
extension to 7. Write b = F|p. Its fibers are compact and its image is K. This use of the
boundary-extension theorem is explicit; it is not a consequence of the elementary quotient lemmas
alone.

Theorem 12.6 (Unlinked landing fibers). Different fibers of b have disjoint closed hyperbolic
convex hulls.

Proof. Suppose instead that fibers over distinct points x,y € K contain an alternating quadruple
a1, b, az, by as in Definition 12.4. The two external rays F/({ra; : » > 1}) land at z. Including x
and oo, their union is a Jordan curve I' in the sphere: each ray is embedded, their interiors are
disjoint by injectivity of F', and their only common end values are x and oo.

The rays at b1, bs lie on different sides of I" near infinity. One can verify the sides on any
sufficiently large exterior equipotential F'({|z| = R}): the four intersection points have the same
circular order as their preimages, and the two arcs between the a; intersections contain the b;
intersections separately. Equivalently, the two radial sectors in the source exterior are the two
local sides at the point oc.

Each b; ray together with its landing point y is a connected subset of the complement of I'.
It misses I" in the exterior by injectivity, and it misses I' N K = {x} because y # x. Therefore
its entire connected image lies in one component of the complement. Both components would
contain y, contradicting the Jordan separation theorem. Alternation is impossible.

Writing the two Jordan complementary components as Dy, Dy makes the contradiction explicit.
The initial portion of the ray at b; lies in D;. Its entire ray with landing point is connected and
avoids I', so it is contained in that same component:

F({rb; :r>1}) U{y} C Dy, j=12.

This would imply y € D1 N Dy = &. The landing point is included here because y # x; if both
fibers had been the same fiber, it would lie on I' and this argument would correctly cease to
apply.

Lemma 12.5 now gives disjoint hulls. O

This proof establishes the precise assertion of source Lemma 9.27. It uses two rays from each
of two fibers, so it handles infinite and uncountable fibers without joining their infinitely many
rays into an auxiliary continuum. The source’s reference to a proposition numbered 2.65 points
to an exercise in the inspected edition; the needed separation argument has been supplied here.

12.4 Worked investigations on hull geometry

Investigation 12.7 (A formula for one ideal geodesic). Let 0 < a < 7/2 and let the endpoints
be e'* and e™**. Compute the geodesic circle and its point on the real axis inside ID.
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Solution. Symmetry makes its center real, and orthogonality gives radius v/¢2 — 1. Substitution
of an endpoint gives 2ccosa = 2, so

cos
c =secq, R = tanq, Tmin = Seca —tana = ——.
1+sina

The other real intersection is outside the unit disk. In Klein coordinates the geodesic is the
vertical chord Rew = cos o, which also gives zmi, = £~ (cos ).

Investigation 12.8 (A two-point class is not a filled region). Explain why collapsing the hull
of {—1,1} is permitted by the disk-decomposition construction although that hull has empty
interior.

Solution. Its hull is the diameter [—1, 1], a compact connected set whose complement in the
sphere is connected: the two sides can be joined around an endpoint outside the closed disk. The
decomposition theorem will require a non-separating continuum, not a set with positive area.
The diameter separates the open disk but does not separate the sphere. Confusing these two
ambient spaces would incorrectly exclude exactly the simplest pinching operation.

The ambient distinction can also be seen by explicit paths. In D\ [—1,1], the sign of the
imaginary part cannot change along a path. In C \ [—1, 1], the upper point ¢ and lower point
—i can instead be joined along the right semicircle of radius two, using short paths from the
endpoints to that semicircle. Those paths pass around 1, while remaining disjoint from the
segment. Thus separation inside the source disk is compatible with the nonseparation in the
sphere required by Moore.

Investigation 12.9 (Crossing antipodal classes). Why does the closed circle relation z ~ —z
fail to give disjoint hyperbolic hulls?

Solution. Every class has a diameter as its hull. Distinct diameters meet at 0, so these hulls
cannot be different classes of a partition of D. For example, {1,—1} and {i, —i} alternate. The
relation is closed and its circle quotient is a circle, but the unlinked hypothesis needed for the
disk filling fails.

Investigation 12.10 (Closedness of a fiber relation). Suppose b: 7T — Z is continuous and Z is
Hausdorff. Show directly that its fiber relation is closed and explain why a discontinuous choice
of a representative from each fiber is irrelevant.

Solution. If s, — s, t, — t and b(sy,) = b(t,,), continuity gives b(s) = b(t). This is the sequential
closedness criterion on T2. No representative-selection map occurs. The quotient is specified by
all pairs in each fiber; choosing a preferred representative is an additional problem and need not
have a continuous solution.

Investigation 12.11 (One-sided limits of hulls). Let A,, be classes of a fixed closed relation on
T, and suppose a,, € A, tends to a. Prove that every limit of points z, € H(A,) lies in H([a]).

Solution. Write ;
K(zn) = tnjn, anj € Ap.
j=1
Pass to a subsequence along which the three coefficients and three circle points converge. Every
pair (an,an ;) belongs to the closed relation, so each limit a; belongs to [a]. Passing to the limit

gives k(z) = 3, tja; € convla]. The claim follows by the definition of H. This argument proves
an upper-limit inclusion, not equality with the whole limiting hull.
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Chapter 13

A precise pinched-disk construction

Source correspondence. Lyubich, The closed-decomposition content of Theorem 9.28.

We now start from an actual closed equivalence relation R on T, whose different classes are
unlinked. No dynamics is assumed. The hypotheses are strong enough to construct a compact
planar model without making an unspecified choice of a cleaned lamination.

For each class A let H(A) be its closed ideal hull. The preceding chapter proves that these
hulls are compact, connected and pairwise disjoint. Declare each H(A) to be one class on D and
leave every point outside their union a singleton. Extend this partition to C by singleton classes
outside D. We denote the resulting relation by R and put

S= |J HA), G=D\S.
A€T/R

The open components of G will be called gaps. The set S includes the whole circle, including
singleton boundary classes.

For the finite illustration below, one may take the three-point class at angles 0,27/3,47/3, a
two-point class at 7/6, /3, and singleton classes everywhere else. The latter chord lies wholly in
one cap of the triangle, so the two classes are unlinked. The relation is closed because its graph
is the diagonal together with finitely many additional pairs. In particular,

This formula describes the fibers, but the union may have infinitely many terms in general. Its
closedness must still be proved; arbitrary unions of closed sets need not be closed.

13.1 Closedness of the filled relation

Theorem 13.1 (Closed hull decomposition). The set S is closed in D, and R is a closed
equivalence relation on the sphere. Its classes are connected and do not separate the sphere. On
T, the restriction of R is exactly R.

Proof. Disjointness of the hulls makes the proposed classes a partition. The equality H(A)NT = A
follows from Lemma 12.2 and the fact that s fixes T'. Thus the restriction to T is the specified
relation.

The partition assertion includes points not contained in any hull. Such a point is assigned
its own singleton, so every point of the sphere lies in at least one class. If it lay in two, either
it would be in two different hulls, contrary to the chord criterion, or its singleton would have
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Disjoint hull classes: Klein coordinates

H(B)

9s, %

s H(A)

Figure 13.1: The disk in Klein coordinates: a filled three-point class, a disjoint two-point
chord class, and a marked singleton. All other unmarked circle points are singletons. The
complementary open regions are gaps. Straight chords in this coordinate represent hyperbolic
geodesics in the original disk.

been assigned outside the prescribed remaining set. Thus the construction has unique classes. In
particular, transitivity is inherited from a partition:

zRw, wRv = z,w,v lie in the unique class containing w.

There is no transitive-closure operation hidden here.

To prove that S is closed, suppose z, € H(A,) and z, — z. Choose a, € A4, and pass to a
subsequence with a,, — a € T'. The last investigation in the preceding chapter, or its three-point
argument, gives

z € H(la]g) C S.
Every convergent sequence in S therefore has its limit in S.

The anchor a,, is used to keep all limiting vertices in one class. Explicitly, choose

K'(Zn) = Ztn,jun,ja Un,j € Ap, (tn,latn,Q)tn,S) € Ag.
j=1

Compactness of T* x A, gives a single subsequence on which the anchor, all three vertices and
all coefficients converge. For each j, closedness gives aRu; from a, Ru, j. The barycenter limit
then lies in conv[a|g. It is enough to extract such a subsequence because the original sequence
already has the unique prescribed limit z.

For closedness of R, let z,Rw, and (z,,w,) — (z,w). If infinitely many pairs lie on the
diagonal, then z = w, which is sufficient. Otherwise pass to a subsequence for which z,,w,
belong to the same hull H(A,). Choose a, € A, and extract a subsequence converging to a.
Apply the three-point argument simultaneously to z, and w,;:

3
K/(Zn) = Ztnzjan7j’ K(wn) = Z Snvjbnvj'
7=1

J=1

Compactness permits all six circle points and both coefficient vectors to converge after passing
to one subsequence. Closedness of R and a,Ray, j, anRb, ;j put all six limits in [a]z. Hence
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z,w € H([a]r), as required. Points outside D create no further case, because a sequence of
non-singleton classes stays inside that compact disk.

Here the full simultaneous parameter space is
7 . .
T" x Ag x Ay : (anaun,laun,2aun,3aUn,l’vn,%vn,&tnasn)-

One anchor and six vertices suffice. Separate subsequences for the two barycenters would not by
themselves guarantee a common limiting class. There is also a useful case check: if z # w, their
spherical distance is positive, so for all sufficiently large n,

dsph (2n, wp) > %dsph(z,w) > 0.

Those pairs must be in hull classes rather than singleton classes. Both limits then lie in D. If a
limit is outside that disk, or is infinity, only the diagonal case can occur.

Every Euclidean compact convex set C' has connected complement in the sphere. Here is a
direct verification. Choose ¢ € C. For a point z ¢ C, the ray ¢+ t(z — ¢), t > 1, remains outside
C': if a later point were in C, convexity would place z between two points of C. Follow this ray
to a circle centered at ¢ large enough to enclose C'. Any two outside points can be connected
using their outward rays and an arc of such a circle. Thus the complement is path connected.
The assertion also holds when C' is a singleton.

The outward-ray claim uses convexity in the following exact form. If y = ¢+ t(z — ¢) € C for
t > 1, then
z=(1—-tYHet+tlyed,

contrary to the choice of z. For two points outside C', choose a radius R about ¢ greater than
both of their distances from ¢ and greater than max,cc |u — ¢|. Each outward segment reaches
that circle without entering C', and the whole circle misses C. Their concatenation is the asserted
path. This also handles segments and singleton convex sets.

Extend k to the sphere by the identity outside ). The two definitions agree on T, so this is
a sphere homeomorphism. It carries each H(A) to conv A. Thus the complement of each hull
is connected. Singleton classes outside the disk are also non-separating. Connectedness of the
classes follows from convexity and continuity of x~ . O

The proof uses compactness of one fixed closed relation. A sequence of unrelated finite partitions
need not have an equivalence relation as its limit; the final chapter supplies a concrete example.

Proposition 13.2 (Continuity of the collapsed boundary map). Let b: T — Z be continuous
into a Hausdorff space and suppose its fibers are exactly the classes of R. The assignment

B(z) =ba) ifz€ H([algr)

defines a continuous map [ : S — b(T).

Proof. The assignment is well defined by disjointness of the hulls and constancy of b on each
boundary class. The target b(T') is compact and Hausdorff. It suffices to prove the closed-graph
property for 5 and then use compactness: if the graph is closed, the inverse image of a closed
target set is the projection of a compact part of the graph and hence closed.

Let z, — z in S and suppose 3(z,) — y in b(T). Choose a, in the boundary class defining
zn, and pass to a subsequence with a,, — a. Continuity gives b(a) = y. The hull limit argument
gives z € H([a]r), and therefore 5(z) = b(a) = y. Since S x b(T") is first countable in this case,
the sequential argument proves the graph closed. Alternatively, b(7) is homeomorphic to the
compact quotient 7'/R and has a countable base by Proposition 11.4; a product of two first-
countable spaces is first countable. Thus the sequential criterion used here needs no unmentioned
arbitrary-space assumption.
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To finish the closed-graph step in set notation, let I'g C .S x b(T") be the graph and let F' C b(T")
be closed. Then
BHF) = ms(Tg N (S x F)).

The set inside the projection is compact, since the graph is closed in the compact product. Its
projection is compact and hence closed in S. Thus every inverse image of a closed target set
is closed. This is why a closed graph implies continuity here: the compact target and compact
graph supply a closed projection, a property which cannot be assumed for an arbitrary graph.

O]

13.2 The external sphere theorem

The remaining planar recognition step is a classical topological input, not a consequence of
convexity alone. We use the following form of Moore’s theorem: a nontrivial closed decomposition
of the two-sphere into connected non-separating compact sets has a quotient homeomorphic to
the two-sphere. Here nontrivial means that the entire sphere is not a single class. Timorin’s
exposition states this as Theorem 1.1 and develops a proof [2]. We use the theorem as a named
external input; we do not count its proof as a result established in this volume.

The convex-hull extension has also been used in conformal-boundary interpolation; Bishop’s
Lemma 13 states an upper-semicontinuity extension of this kind [3]. Our Theorem 13.1 supplies
the compactness argument needed here directly, including the two-point and singleton cases.

Theorem 13.3 (The planar model of a closed unlinked relation). For a closed unlinked relation
R on T, there is a continuous surjection p : C — C with precisely the R-classes as fibers. It can
be chosen with p(co) = co. The set

L = p(D)

1s a locally connected full continuum, possibly a singleton. The following identities and restrictions
hold: B
p ' (L)=D,  AL=p(T)=p(S), intL=p(G).

The restriction of p to the exterior of D is a homeomorphism onto the exterior of L, and its
restriction to G is a homeomorphism onto int L.

Proof. Let q: C— @/ R be the quotient map. Theorem 13.1 verifies each hypothesis of Moore’s
theorem. The relation is not universal because, for example, 2 and 3 are different singleton
classes. Let h be the resulting homeomorphism from the quotient onto the sphere. Postcompose
with a sphere homeomorphism sending h(g(c0)) to oo, and set p = hog.

The hypothesis check separates four facts:

R is closed, 2] 5 is compact and connected,
C\ 2] 5 is connected, 2]5 # [3]5-

The first comes from the simultaneous limiting argument, the next two from convexity and the
sphere coordinate, and the last from the singleton exterior convention. Only after these checks
does the named Moore theorem identify the quotient as a sphere. It does not assert that the
quotient map is conformal or supply a numerical modulus for the homeomorphism h.

The disk is saturated, so p~'(L) = D. Thus L is compact and misses oo; it is a planar
continuum because the closed disk is connected. Its complement is the image of the connected
exterior and hence is connected. Local connectivity follows from Theorem 11.7 applied to the
restriction p : D — L.
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Every point outside S has a singleton fiber. The exterior and G are open saturated sets, so p
is a homeomorphism on each of them onto its image. To verify the inverse-continuity assertion,
an open subset of either set is also open in the sphere and is saturated; its image is open in the
quotient. In particular, p(G) is an open subset of L.

More explicitly, if O is open in G, then it is open in the sphere because G itself is open. Every
fiber meeting O is its one point, so
p~H(p(0)) = O.
The quotient definition makes p(O) open in the sphere, not merely relatively open in L. Thus
Pl is a continuous bijection which is open, and its inverse is continuous. The same calculation
applies on the exterior. An arbitrary open subset meeting a collapsed hull would not have this
saturation identity.

For ¢ € T, choose r,, > 1 with r,, | 1. Then

p(rnC) € L, p(ral) — p(¢) € L.

Hence p(T") C OL. Conversely, every point of L comes from S or GG, and every hull in S meets 7.
Thus
L =p(S)Up(G) =p(T)Up(G),

where the first set lies in the boundary and the second lies in the interior. The two sets are
disjoint because a singleton in G is not a hull class. This proves all the stated identities.

For example, the reverse boundary inclusion follows by an exact exclusion:
yeOdL — ye L\p(G) = yepT).

The first implication uses that L is closed and p(G) is open in the sphere. Conversely, every
circle image is approached by exterior images, so cannot be an interior point of L. Combining
these facts also gives L \ L = p(G). No inference about the boundary of a continuous image is
being made without these two separate inclusions.

O]

The exterior homeomorphism obtained here is topological. It is not asserted to be conformal,
quasiconformal, Lipschitz or effectively computable. Identifying this model with a specified
conformal hull requires an additional matching argument, given in the next chapter.

Corollary 13.4 (Boundary and gap interpretation). The boundary OL is homeomorphic to T/R.
The components of G correspond bijectively, under p, to the components of int L. In particular
there are at most countably many gaps.

Proof. The boundary assertion is Proposition 11.3, applied to p|7. The component assertion
follows from the homeomorphism G — int L. Each open component of G C R? contains a point
with rational coordinates, and distinct components contain different such points after making
one choice per component. Thus there are at most countably many. O

13.3 Worked investigations on the disk model

Investigation 13.5 (The universal boundary class). Take all of T as one class. Determine S, G
and the model L. Does this violate Moore’s nontriviality hypothesis?

Solution. The convex hull of T is D, so S = D and G = @. The entire disk is collapsed and
L is one point. All exterior points remain separate. In particular the sphere is not one class,
so Moore’s hypothesis holds. The quotient sphere is still a sphere; the subset singled out as its
pinched-disk model has become degenerate.
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Investigation 13.6 (One pinched diameter). Take {—1, 1} as the only non-singleton boundary
class. Describe the gaps and the topology of L.

Solution. Here S = T'U[—1, 1], and G has two components, the open upper and lower half-disks.
Their images are the two interior components of L. Collapsing the straight edge of a closed
half-disk gives a closed disk: map the half-disk first to a triangle with that edge as base, then
identify the base to the cone vertex; equivalently use a homeomorphism to a square that takes
the chosen boundary arc to one edge and use the quotient of [0, 1]? collapsing [0, 1] x {0}, which
is a triangle. Explicitly, (s,t) — (st,t) maps the square onto {(u,t) : 0 < wu <t <1} and its only
non-singleton fiber is the bottom edge. Compact quotient factorization therefore identifies that
quotient with the triangle. The two resulting disks meet precisely at the image of the diameter.
Thus L is a union of two closed disks touching at one point. Their interiors are distinct and their
boundary contact is a single pinch, not a boundary arc.

One closed diameter

Two disks touching

Collapse

One shared vertex

Figure 13.2: Collapsing one closed diameter produces two closed disks meeting at one point. The
right-hand drawing specifies the quotient’s topology; it does not preserve Euclidean lengths or a
conformal metric.

Investigation 13.7 (One triangular class). Let A consist of three distinct circle points and
leave all other boundary points singleton. How many interior components does the model have,
and what is their common intersection?

Solution. In Klein coordinates the hull is the filled inscribed triangle. Its complement in the
open disk has three cap components, one for each complementary circle arc. Each closed cap
has one chord edge collapsed, so the preceding square-to-triangle argument makes its quotient a
closed disk. The three disks meet at the one point p(H(A)), and no other intersection is possible
because different cap closures meet only within the triangular hull. Thus the model has three
interior components and a common pinched point. A filled triangular class is collapsed in its
entirety; collapsing only its three sides would leave an unintended interior.

Investigation 13.8 (An interval from a filled disk). Take the circle relation whose classes are
{ei e~}. Give an explicit quotient coordinate on the closed disk and identify the model.

Solution. In Klein coordinates the classes fill the disk by the vertical segments with constant

real part. Thus
2Rez

1422

u(z) = Rek(z) =
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has precisely the filled classes as fibers, and maps the disk onto [—1, 1]. Proposition 11.3 identifies
the disk quotient with this interval. Every point of the disk lies in a filled class, so G = &
and the model has empty interior. A quotient of a two-dimensional disk need not itself have
two-dimensional interior.

Investigation 13.9 (Non-small classes are allowed). Show that the non-singleton classes of a
valid closed hull decomposition need not form a null family.

Solution. Use the relation in Investigation 13.8. In Klein coordinates the class with real
coordinate x is the vertical segment of length 2v/1 — z2. For |z| < 1/2 these lengths are at
least /3. Their inverse images under x cannot have diameters tending to zero, since uniform
continuity of £ would then force their image diameters to tend to zero. There are uncountably
many such disjoint classes. Upper semicontinuity, not a null-family condition on the classes,
is the correct decomposition hypothesis. Null families of complementary domains, used in the
recognition theorem, are a different matter.

7



Chapter 14

Recognizing a locally connected
conformal hull

14.1 The boundary correspondence determines the outside

Let K C C be a nondegenerate locally connected hull. Fix its normalized exterior conformal map
F:C\D—C\K, F(c0)=c.

The boundary-coordinate input, Theorem 2.5, gives a continuous extension to C \ D, with
boundary map b : T — OK. Its fiber relation is closed and unlinked by Theorem 12.6. Apply the
construction of Theorem 13.3 to this relation. Write

p:C—C, L =p(D), p(o0) = o0,

for the resulting Moore projection and model hull. The choices in identifying the quotient sphere
with the standard sphere do not affect the equivalence relation or its marked boundary.

The remaining task is recognition: why does this abstract hull model the given K, including its
interior? Merely knowing dL = 9K is not yet a proof that a prescribed boundary homeomorphism
extends across every complementary region. We establish the extension and its continuity at
accumulating regions explicitly.

Lemma 14.1 (The exterior correspondence). There is a homeomorphism
Ho:C\intL — C\int K such that Ho(p(z)) = F(z) (|z] > 1).

In this formula the point oo is included. Its boundary restriction h : 0L — 0K satisfies

h(p(C)) = b(¢).
Proof. Put A = C \' D, a compact set. From Theorem 13.3,
p(A) = (C\L)UAL =C \ int L.

The restriction p|4 is a continuous surjection between compact Hausdorff spaces and therefore a
quotient map. The extension of F' maps A onto C \ int K: the open exterior maps bijectively
onto C \ K, while the circle maps onto K. An exterior image cannot be a boundary image. On
the open exterior p and F' both have singleton fibers. On T both have exactly the classes of the
relation defined by b. Consequently

p(z) =plw) <= F(z2)=F(w) (z,w € A).
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The factorization theorem, Proposition 11.3, supplies a continuous bijection Hy with the asserted
equation. Its domain is compact and its target Hausdorff, so it is a homeomorphism.

There are exactly three fiber cases on the closed exterior. Two open-exterior points have equal
images only if they are equal, by conformal injectivity. One exterior and one circle point cannot
have equal images because their images lie respectively in C \ K and 0K. Two circle points have
equal images exactly when they belong to the specified boundary class. Hence the map can be
written without a choice of inverse branch as

F(p~'(p(x)) N A) = {F(2)},  Ho(p(2)) = F(2).

The class notation is the content of factorization: every representative gives the same right-hand
side.

O]

This argument includes a boundary point having several external accesses. One never chooses
an inverse branch of b there. The equation defining Hy is well defined because all choices are
exactly the fibers which have already been collapsed.

14.2 Matching and filling the Jordan regions

Lemma 14.2 (Matching interior components). The boundary homeomorphism h induces a
bijection between the components U of int L and the components V' of int K, characterized by

h(0U) = oV.
For each matched pair, h|sy extends to a homeomorphism Hy : U — V.

Proof. Both L and K are locally connected hulls. Theorem 8.3 makes every interior component
a Jordan domain. Fix one such U. The curve v = h(9U) is therefore a Jordan curve in 0K. Its
bounded complementary domain V lies in K by Lemma 2.2. Since V is open, it lies in int K.

It is a whole component of int K. Indeed, a connected subset of int K meeting both the inside
and the outside of v would meet v, by Jordan separation. This is impossible because v C K.
The connected open set V is thus precisely the component which it meets. Applying the same
argument to h~! shows that every component of int K arises in this way. It also proves injectivity:
the Jordan curve OV has only one bounded complementary domain, so applying the inverse
construction recovers U.

In detail, let C' be the interior component containing one point of V. Because V is connected
and lies in int K, it lies in C. On the other hand, C' misses v and is connected, so Jordan
separation forces C' to stay on the bounded side:

VclocV

Thus C' =V, not merely an open subdomain of that component. For the inverse construction,
h=Y(0V) = OU, and the bounded side of this Jordan curve is exactly U. This proves both
surjectivity and injectivity of the component matching.

Choose closed-disk parametrizations
a:D—T, c:D—V

which are homeomorphisms. They exist by the Jordan-domain theorem. The circle map
n = c ' ohoalris a homeomorphism of T. Its radial extension is

En(0) =0,  Ey(r()=r(¢) (0<r<1, ¢eT).
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This map is continuous away from zero and continuous at zero because |E,(z)| = |z|. Its inverse
is E,-1. Consequently

Hy =co ko0 a!
is the required homeomorphism, and the formula on the boundary reduces exactly to h.

A useful continuity estimate for the radial extension is

Irn(¢) — sn(€)| < |r — s| + min{r, s} [n(¢) —n(E)|.

For r > s, subtract and add sn(¢); the other case is symmetric. Away from the center, angular
coordinates depend continuously on the point, so the estimate proves continuity there. At the
center it reduces to |E,(r¢)| = r uniformly in ¢. The identities

E,- E, = idg, cEya” ou = hlou

then verify both the inverse and the boundary agreement.
O

No conformality is asserted for Hy. A boundary homeomorphism need not be the boundary
value of a conformal equivalence between the two domains. The radial extension solves the topo-
logical problem required for recognition; it does not introduce an unproved analytic interpolation
condition.

14.3 Continuity across infinitely many regions

Theorem 14.3 (Recognition of the locally connected model). Let K and F' be as above, and let R
be the filled-hull equivalence relation obtained from the fibers of F|p. There is a homeomorphism
of pairs

(C/R, D/R) = (C,K).
It can be chosen so that the associated continuous surjection ® : C—C satisfies
O(z) =F(z) (lz1=1), @D)=K,
and has ezxactly the filled sets H(A) and the remaining singleton points as fibers.

Proof. Use Lemma 14.1 on Ay = C \ int L. For every interior component U of L, choose an
extension Hy from Lemma 14.2. Define

H(x) . H0($), xT € Ao,
-\ Hy(z), zel.

These formulas agree wherever their closed domains overlap. Distinct component closures can
meet only on L, and all boundary values are the same map h. The bijection of components and
the bijectivity of each restriction imply that H is a bijection from the sphere to itself.

One can verify global injectivity by the disjoint decompositions
C=Au| |U;, C=(C\intK)u| |V
J J

The first part is mapped bijectively onto the first target part by Hp; each remaining part is
mapped bijectively onto its matched part. Images of different parts cannot collide. At the
level of closures, intersections lie on the common boundary where every formula equals . Thus
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compatibility on overlaps and bijectivity of the assembled map are separate checks, both provided
by the construction.

It remains to prove continuity. There are at most countably many components, because each
nonempty open component contains a point of a fixed countable dense subset of the plane. If the
components are finite in number, the finite closed-set pasting argument applies immediately. In
general enumerate them as U;, with matched target components V;. The null-family theorem 3.5
applies separately to L and K:

diamU; — 0, diamV; — 0 along distinct indices j.

All these sets lie in bounded subsets of the plane, so either Euclidean or spherical diameters give
the required conclusion.

The null statement is independent of the enumeration. For every ¢ > 0 the two exceptional
sets
{j :diamU; > ¢}, {j:diamV; > ¢}
are finite. The second set is finite even though the matching might permute the target components
in a complicated order: a bijection takes a finite set of large target components back to a finite
set of indices. Their union is still finite. Outside it, both the source boundary approximation
and the target image diameter are simultaneously smaller than e.

For every x € Uj,
dist(z, 0U;) < diam U, diam H(U;) = diam V.
These are precisely the two smallness hypotheses of Lemma 3.6, with closed set Ayp.
For clarity, the only new sequential case can also be written directly. Suppose z,, € Uj,, the

indices are distinct, and x,, — . Choose a,, € 9U;, with |z — ap| < diam an. Then a, — =,
and the closed set 0L contains x. Therefore

|H(z,) — h(z)| < diam V), + |h(an) — h(z)| — 0.

Sequences in one fixed closed component are controlled by its chosen extension; sequences in Ag
are controlled by Hp. These alternatives establish continuity everywhere, including accumulation
points of infinitely many different components.

The sequential estimate has a direct epsilon interpretation. Let wjy be the modulus of uniform
continuity of h on the compact boundary. For v € U; and = € JL, choosing a € 0U; yields

|H(u) — h(z)|] < diamV; + wy,(Ju — z| + diam U ;).

Given € > 0, choose ¢ > 0 such that wy(26) < £/2. Outside finitely many components, require
diamU; < § and diam V; < £/2. For these components, |u — z| < § gives |H(u) — h(z)| < e.
The finitely many exceptional components are handled by their individual continuous extensions.

No common modulus for all of those arbitrarily chosen extensions is assumed.

A continuous bijection of the compact sphere onto the Hausdorff sphere is a homeomorphism.
Set ® = H o p. Since H is injective, the fibers of ® are exactly those of p, namely the prescribed
filled hulls and singleton points. The equation on the closed exterior follows from the defining

equation of Hy. Finally H(L) = K, so ®(D) = K. Factoring through the quotient gives the
claimed homeomorphism of pairs.

The fiber conclusion can be checked in both directions:
®(z) =P(w) <= H(p(z)) = Hp(w)) <= p(z) =p(w) <~ 2Ruw.

Thus the interior fillings neither add identifications between previously distinct classes nor split
one previously collapsed class. This exact equivalence is stronger than merely showing that ® is
onto K from the disk. It is what identifies the quotient pair with the desired physical pair.

O]
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This proves the locally connected pinched-disk assertion of source Theorem 9.28 with its
dependencies visible. Moore’s sphere-decomposition theorem is a named external input. The
boundary extension is the precise Caratheodory input already developed in Volume VIII. The
interior Jordan theorem and the null-family estimate have proofs in this volume. In particular,
the shrinking of the target interior components is supplied by Theorem 3.5; it is not a consequence
of the unlinked-fiber lemma. This replaces the source’s mismatched reference in its continuity
step.

Corollary 14.4 (The model with no interior). If int K = &, then the union of the filled classes
is all of D. The map ®|5 is determined by the collapsed boundary values and has no open region
on which an additional filling must be chosen.

Proof. The component bijection gives int L = @. By Theorem 13.3, p maps G =D\ Uy H(A)
homeomorphically onto int L, so GG is empty. The circle is already contained in the union of
the hulls. Every point of the closed disk therefore belongs to one of them, and its image is the
boundary value shared by that class. O

At the other extreme, if K is a closed Jordan disk, its boundary map is one-to-one. The circle
classes are singletons, their union is just 7', and G = . There is a single interior region to fill.
The theorem covers both these extremes and arbitrary countable families of intermediate Jordan
regions.

14.4 Changing the angular marking

Proposition 14.5 (Topological invariance of the marked model). Suppose two closed unlinked
circle relations Ry, Ry are conjugate by a circle homeomorphism n:

(g = n(Q)Ran(§).

Then their model hulls are ambiently homeomorphic, with boundary correspondence induced by 7.

Proof. Let p; be their Moore projections and L; = p;(ID). Extend 7 to the closed exterior by
E,(r¢) = rn(¢) for r > 1 and E;(c0) = oco. This is a homeomorphism; continuity at infinity
follows because it preserves the modulus. The maps p; and p2 E,, have exactly the same fibers on
that closed exterior. Compact quotient factorization therefore gives a homeomorphism between
C\int L; and C \ int Ls.

Both hulls are locally connected and full by Theorem 13.3. The argument of Lemma 14.2, using
only these properties and the boundary homeomorphism, matches their interior components.
Extend over each matched pair radially in Jordan coordinates. The two null-family estimates
and Lemma 3.6 prove global continuity exactly as in the recognition theorem. The resulting
bijection of the sphere is a homeomorphism and has the required boundary correspondence. [

Rotations commute with the Klein coordinate and carry filled hyperbolic hulls to filled
hyperbolic hulls. An arbitrary circle homeomorphism need not do that by its radial extension
inside the disk. Proposition 14.5 asserts equivalence of the quotient models, not a pointwise
formula carrying every geodesic by radial transport, and not a metric distortion bound.

14.5 Solved recognition investigations

Investigation 14.6 (What the marking does not measure). Does equality of the angular fiber
relations determine the area or logarithmic capacity of a hull?
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Solution. No. Every round closed disk has a one-to-one exterior boundary parametrization,
hence the trivial angular equivalence relation. Disks of radii ry # 72 have areas mr?, 7r3. Their
normalized exterior maps are Fj(w) = a;j+7r;jw, so their logarithmic capacities, read as the positive
leading coefficient of the exterior normalization, are 7;. The relation records identifications and
the recognition theorem yields topological equivalence. The discarded conformal scale is exactly
what these quantities require.

Investigation 14.7 (A radial extension in angle coordinates). Let an orientation-preserving
circle homeomorphism have a strictly increasing continuous lift ¢ : R — R satisfying (¢t + 27) =
Y(t) + 2m. Verify the extension used above.

Solution. Define . '
E(0)=0, E(re’)=re®® (0<r<1).

Changing t by 27k does not change the value, by the lift identity. Away from zero polar
coordinates prove continuity locally; at zero, |E(z)| = |z| proves it directly. The inverse uses
the increasing lift !, so B~ (re®) = re® ' (5). Thus E is a homeomorphism of the disk and
restricts to the given circle map. No differentiability of v is required.

Investigation 14.8 (Why target diameters matter). Construct continuous functions on shrinking
disjoint intervals which agree at all endpoints with zero but whose pasted function is discontinuous
at their accumulation point.

Solution. Set
I,=[2""2"+27""2c[0,1] (n>1).

The intervals are disjoint and their diameters tend to zero. On each I, take the piecewise linear
tent with value zero at both endpoints and value one at the midpoint m,,; set the function to
zero off their interiors. Each closed-interval restriction is continuous and the endpoint data agree
with the zero function on the remaining closed set. But m,, — 0 while f(m,) =1 and f(0) = 0.
The source diameters vanish and the target diameters remain one. This violates exactly the
target smallness condition needed by Lemma 3.6.

Investigation 14.9 (Recognizing the segment). Relate the interval quotient in Investigation 13.8
to the exterior conformal map of a line segment.

Solution. The map F(w) = (w+w~1)/2 from Investigation 2.7 has boundary value F'(e*) = cost.
Its fibers are the conjugate pairs {e, e~} including the singleton endpoints at ¢ = 0, 7. Their
hyperbolic hulls fill the disk. The explicit quotient coordinate

B 2Rez
IR

P(z) (Iz2[ <1)

agrees with cost on the circle. Together with the prescribed F' outside, it gives a continuous
sphere projection with disk image [—1, 1]. The disk map is not injective; its complete fibers are
the filled geodesics. The quotient, rather than the uncollapsed disk, is homeomorphic to the

segment.

Investigation 14.10 (The freedom inside one gap). Exhibit distinct ambient extensions in the
recognition theorem which agree on the closed exterior and on every boundary value.

Solution. Suppose there is a matched component V. In disk coordinates choose a continuous
function x : [0,1] — R with x(1) = 0 and with some value not an integer multiple of 27. The
twist

T, (0) =0, Ty (re't) = relt+x(®)
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is a disk homeomorphism with inverse 7', and fixes the circle pointwise. Continuity at zero
again follows from radius preservation. Conjugating by a closed-disk parametrization of V' gives a
nonidentity homeomorphism of V fixing V. Extend it by the identity outside V; finite closed-set
pasting proves continuity on the sphere. Composing the recognized model with this map changes
its interior filling while preserving all prescribed exterior and boundary data. If there are no
gaps, Corollary 14.4 explains why this particular freedom disappears.
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Chapter 15

Limits and the general model
problem

15.1 A limit of relations need not be a relation

The closedness of one fixed equivalence relation was essential throughout the construction. It
controlled limits of its classes without changing the relation. A sequence of closed equivalence
relations presents a different problem: its limit as a compact subset of T' x T" can fail transitivity.
This can happen even when every approximating relation is unlinked and has only two nontrivial
classes.

Example 15.1 (A lost transitive identification). Put
a=1, b=-—1, c= —i, by = 71/, dy = T/ (> 9).

Let R,, have the two non-singleton classes {a, b,} and {d,, c¢}; all remaining points are singleton
classes. Then R, is closed and unlinked, but its Hausdorff limit as a subset of T" x T is not
transitive.

Proof. The two displayed classes are disjoint, so they define an actual equivalence relation. Its
graph is the diagonal together with four off-diagonal pairs and is closed. The circular order of
the four exceptional points is

a, by, d,, c.
The pairs do not alternate, so they are unlinked. Singleton classes cannot alternate with any
class. By Proposition 12.5 their filled hulls are disjoint.

The four exceptional ordered pairs converge respectively to (a,b), (b,a), (b, c),(c,b). The
diagonal remains fixed. Therefore the compact sets R,, converge in Hausdorff distance to

R. = ArU{(a,b), (b,a),(b,c),(c,b)}.

To see that this is the entire limit, every point of R, is either on the fixed diagonal or in that
four-element list, and each listed limit has an approximating point. In R, one has aR.b and
bR.c, while (a,c) ¢ R,. Thus R, is closed, reflexive and symmetric but not transitive.

This convergence is quantitative in the product metric d((z,y), (2',y')) = max{|x —2'|, |y — |}
The exceptional moving coordinates satisfy

|bn, — b| = |dyp, — b] = 2sin(1/(2n)) < 1/n, dp(Rp, Ry) < 1/n.

The diagonal points match themselves, and every one of the four remaining points has its
explicitly matched limit. Both directed Hausdorff bounds therefore hold. This shows that the
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transitivity defect persists even with a specified convergence rate; it is not caused by poor
numerical resolution of the endpoints.

O]

The corresponding limiting geodesics meet at b. They cannot remain two different classes of a
decomposition, because a point cannot belong to two classes. Merging them forces a, b, ¢ into
one circle class. Our filled-hull convention then fills the entire hyperbolic triangle H({a,b,c}),
including its interior. This is an actual additional identification, not simply a different drawing
of the same limiting two chords.

The example explains why convergence of a dense set of finite boundary data does not by itself
produce a pinched-disk theorem. One must specify which new identifications are forced, verify
that their hulls do not cross, and establish closedness after all required identifications. None of
those tasks is replaced by a picture in which nearby endpoints appear to coincide.

Proposition 15.2 (A minimal closed equivalence completion). For any prescribed set of pairs
P C T xT, there is a unique smallest closed equivalence relation Rp containing P. If f . T —Y
s continuous and Y is Hausdorff, then

f(Q) = f(&) forall ((,6) € P <= [ is constant on every Rp-class.
This construction alone does not ensure that Rp is unlinked.

Proof. Let £ be the family of all closed equivalence relations on 7' containing P. It is nonempty
because T' x T is one such relation. Set

Rp= () E.
Ee&

An intersection of closed sets is closed. Every E contains the diagonal, is symmetric, and is
transitive. Hence their intersection has these properties: for the last one, if zRpy and yRpz, the
two pairs belong to every E, so (x, z) belongs to every E. Thus Rp is an equivalence relation
containing P, and its defining intersection makes it the smallest one.

If f identifies every pair in P, its fiber relation is a closed equivalence relation by Proposition 11.1
or directly by pulling back the diagonal of Y x Y. It belongs to &, so it contains Rp. This proves
one implication; the other follows from P C Rp.

Equivalently, the minimal completion has a universal property among continuous maps to
Hausdorff spaces. If f identifies P, then

RpCRy,  Ry={(z,y): f(x)=fy)}, f=/[oqpr.

The factor f : T/Rp — Y is continuous by the quotient property. Conversely any such factor
identifies all pairs in P. This universal property concerns identifications in a topological quotient.
It contains no assertion that the resulting classes have disjoint hyperbolic hulls; the crossing
example below shows exactly why that is a further requirement.

For the final assertion, prescribe the two pairs {1, —1} and {i, —i}. The relation with these
two two-point classes and all other points singleton is already closed and is exactly the minimal
completion. Its two classes alternate around the circle, so their diameters intersect. Closed
equivalence completion has not repaired the crossing. O

One could impose unlinkedness as a separate requirement on a completion, but its existence,
minimality and relation to the original geometric data would then require their own arguments.
In particular, the preceding proposition is not a proof that a partially described lamination has a
canonical cleaned version.
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15.2 A precise conditional projection theorem

For a general full continuum K, source Theorem 9.29 describes a locally connected model using
cutpoint landing data, limits of geodesics and a cleaning operation. Its density condition does not
by itself state the final equivalence relation, the exact collapsed sets, or the continuity mechanism
of the projection. The following conditional theorem separates the topological consequence of
suitable data from the work required to produce those data.

Theorem 15.3 (A well-posed monotone model). Let K C C be a nonempty compact connected
full set. Suppose E C K x K is a closed equivalence relation such that every class is connected
and nonseparating in the sphere. Suppose in addition that the compact quotient K/E is locally
connected. Fxtend E to the sphere by making every point outside K a singleton class. There are
a sphere projection p : C—Canda locally connected full continuum L C C such that

p (L) =K, p(K) =L, : C \K — C \ L is a homeomorphism.

p‘@\[{
The fibers of p|k are exactly the E-classes, and L = K/E. The restriction p|x is a homeomor-
phism if and only if every E-class is a singleton.

Proof. The extended relation has graph
E= A@ UkFE.

The set E is compact, since it is closed in the compact product K x K; consequently it is closed
in the sphere product. Thus F is closed. Its classes are the specified connected nonseparating
compact sets and the remaining singletons. It is not the universal sphere relation, because K is
bounded and points sufficiently near infinity are distinct singleton classes.

The inclusion of E in the sphere product causes no new limit pairs. If (x,,y,) € E converges
in that product, compactness of K puts z,y in K, and closedness in K2 then gives (z,y) € E.
The union formula also handles limits of singleton pairs:

(Tn,xn) = (r,y) = x=uy.

Mixed sequences can be checked by taking an infinite subsequence in one of the two closed pieces.
Thus the ambient extension is closed for a proved reason, even when K itself is not locally
connected.

Moore’s theorem identifies the quotient sphere with a sphere. Choose the identification to send
the class of 0o to 0o, and let p be the resulting projection. Since K is saturated, p~!(p(K)) = K.
The restriction to the open saturated set C \ K is a homeomorphism onto its image: its fibers
are singletons, and an open subset of this saturated singleton region is open and saturated in the
whole sphere, so its quotient image is open.

Set L = p(K). It is compact and connected and avoids infinity. Its complement is the connected
image of C \ K, so L is full. The map p|x has exactly the E-classes as fibers, hence compact
quotient factorization identifies L with K/FE. The assumed local connectivity of K/FE is therefore
exactly the local connectivity of L.

More precisely, if ¢ : K — K/FE is the quotient map, there is a homeomorphism 6 : K/E — L
satisfying
plx =00 qxk.

The map 6 exists because both sides identify exactly the same pairs; it is a continuous bijection
between compact Hausdorff spaces. Local connectivity of L is transported through this homeo-
morphism from the stated hypothesis on K/FE. There is no application of the compact-image
theorem to K here, because the general source K was not assumed locally connected.
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If every class is a singleton, p|x is a continuous bijection between compact Hausdorff spaces and
is a homeomorphism. Conversely a homeomorphism is injective and cannot have a non-singleton

fiber. O

There are three distinct hypotheses here. Closedness controls limits of fibers, nonseparation
permits the ambient sphere quotient, and local connectivity of K/E controls the regularity of the
resulting model. None is silently inferred from the others. A locally connected K can have many
nontrivial monotone quotients; its local connectivity alone does not force an arbitrarily selected
projection to be a homeomorphism. For a canonical construction with the stronger property

p|k is @ homeomorphism <= K is locally connected,

one must also prove that its chosen relation is trivial whenever K is locally connected, and that it
collapses something whenever K is not. The forward implication follows from local connectivity
of the target, but the reverse implication is a statement about the construction, not about
Moore’s theorem alone.

The present theorem therefore records a fully proved route once the relation is available. It
does not claim to close the general source assertion by replacing its unspecified construction
with arbitrary equivalence classes. The source’s particular density hypothesis and its proposed
cleaning rule remain an identification and existence obligation beyond this conditional result.

15.3 A Cantor fan and its connected fibers

The radial example in source Exercise 9.30 is especially useful because a precise monotone-model
question can be answered completely without guessing what an unspecified cleanup does.

Definition 15.4 (Cantor fan). Let X C T be a nonempty perfect totally disconnected compact
set. Define
Kx={r(:0<r<1, (e X}.

Here perfect means that no point is isolated, and totally disconnected means that every connected
subset is a singleton. For a closed subset of the circle these hypotheses imply that X has empty
interior.

Proposition 15.5 (Topology of the fan). The set Kx is a full continuum with empty interior.
It is locally connected at 0 and not locally connected at any other point. Fvery connected subset
of Kx \ {0} lies on a single radial spoke. Its only cutpoint is 0.

Proof. The map (r, () — r( is continuous on the compact space [0, 1] x X, so its image is compact.
Each segment [0, ¢] is connected and all these segments contain 0; their union is connected.

If z ¢ Kx and |z| <1, then z # 0 and its direction z/|z| does not belong to X. The outward
radial path from z to 2z/|z| therefore avoids Kx. Points with modulus greater than one already
lie in the connected exterior of the closed unit disk. Joining such paths to the circle of radius
two proves that the complement of Kx is path connected. Thus Kx is full.

Every disk centered at a nonzero point of Kx contains points with nearby directions outside
X, because X has empty interior in 7. Every disk centered at zero also contains a point of such
a direction. Hence K x has empty interior and equals its own boundary.

For 0 < € < 1, the relatively open set Kx N B(0,¢) is a union of initial radial segments with
common endpoint zero. It is connected. These sets give a connected neighborhood basis at zero.

On Kx \ {0} the angular map

alz) =z/|z| € X
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is continuous. The image of a connected subset is connected and therefore a singleton. This
proves the single-spoke assertion. If x = r{ # 0, choose a small neighborhood avoiding zero. Any
connected subset of that neighborhood containing z lies on the spoke of (. But no such set is
a neighborhood of x in Kx: by perfectness there are ¢, € X \ {(} tending to ¢, and r{, — x.
Thus no connected open neighborhood of x can lie in the chosen neighborhood avoiding zero.
Local connectivity fails at every nonzero point.

For an explicit angular continuity bound, if |z — z| < r/2 then |z| > /2, and

: x| _le—al+]lEl-Jall _ 4lz—a

2| r

Thus the angular map is continuous on every region bounded away from the vertex. If a connected
set in that region met two directions, its angular image would be a connected subset of X with
at least two points. The single-spoke conclusion concerns arbitrary connected subsets, not only
paths.

To state the neighborhood obstruction with quantifiers, fix 0 < € < r/2 and suppose that N
were a connected neighborhood of = inside Kx N B(z,¢). It avoids zero, so N C {t¢:0 <t < 1}.
Because it is a neighborhood there is § > 0 with Kx N B(z,d) C N. Perfectness gives £ € X \ {(}
with

E—cl<ofr,  IE—al=rlc—¢l <8

This puts a point of another spoke in N, a contradiction. The proof excludes even connected
neighborhoods, whether or not those neighborhoods are themselves open.

Removing zero disconnects Kx. For example, a separation of X into two nonempty relatively
clopen sets pulls back under « to a separation of Kx \ {0}. For an explicit separation, choose
distinct (, € € X. Each of the two circle arcs between them contains a point outside X, since
X has empty interior. Choose one such point in each arc. The two components of the circle
minus these chosen points meet X in nonempty complementary relatively open and closed sets,
as required.

Now remove x = r{ # 0. The union A of all spokes with direction different from (, together
with {t¢ : 0 < ¢ < r}, is connected, since all its pieces contain zero. Its closure relative to
Kx \ {z} is that entire space. Indeed, the only missing points lie farther out on the spoke of ¢,
and they are limits of points with directions (,, — ¢ distinct from {. The closure of a connected
set is connected, also in a subspace. Therefore Kx \ {z} is connected, and z is not a cutpoint.

For the density assertion, each missing point has the form ¢{ with ¢ > r. Choose distinct
directions ¢, — ¢ in X. Then

tCn € A, |tCn_tC| :tKn—C‘ — 0.

If » = 1, there are no missing points beyond the removed endpoint, so the conclusion is immediate.
For 0 < r < 1, the displayed sequence establishes closure inside the punctured space. Taking the
closure in Kx instead would restore the deleted point x and would not be the connectedness
argument that is required.

O

The connectedness of the punctured fan at a nonvertex point does not assert path connectedness.
The density of the other spokes supplies a connected closure even though an individual outer
piece of the punctured spoke has no radial path to the vertex. This distinction matters when
translating a cutpoint test into a statement about legal arcs.

Theorem 15.6 (All monotone locally connected images collapse). Let Y be a compact Hausdorff
locally connected space and q : Kx — Y a continuous surjection with connected fibers. Then Y is
a singleton. Thus the point is the only locally connected monotone quotient of the Cantor fan.
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Proof. The image Y is connected because Ky is connected. Put yg = ¢(0). Suppose there is
a point y # yg. Local connectivity supplies a connected open neighborhood V' of y contained
in Y\ {yo}. Its preimage is a nonempty relatively open subset of Kx avoiding zero. It is also
connected by Lemma 11.6: the map ¢ is closed, because its domain is compact and its codomain
Hausdorff, and its fibers are connected.

The role of each mapping hypothesis is visible if we name the preimage W = ¢~ }(V):
W+ o, W is open in Ky, 0¢ W, W is connected.

Surjectivity gives the first assertion, continuity the second, exclusion of ¢(0) the third, and
the closed monotone inverse-image lemma the fourth. Connectedness is not inferred just from
continuity, which ordinarily preserves images rather than inverse images. These four properties
together contradict the fan’s local single-spoke obstruction.

By Proposition 15.5, this connected preimage lies on one spoke. Yet a nonempty relatively
open subset of Kx avoiding zero cannot lie on one spoke. If it contains { with r > 0, openness
and perfectness of X put r(, in it for all sufficiently large n, for directions ¢, # ¢ tending to (.
This contradiction proves Y = {yo}. O

In the category specified by the theorem, a finest locally connected monotone model is therefore
a point: there is no nontrivial object to retain. The category is essential. The continuous radius
map
p: Kx —[0,1], p(z) = |z],

has a nontrivial locally connected image, but its fiber p=1(r) = rX is disconnected for r > 0. It
is not a monotone map and does not contradict the theorem.

This resolves a precise interpretation of the Cantor-fan model question. Identifying it with a
particular cleaned lamination in source Exercise 9.30 would additionally require proving that
the source construction yields a monotone locally connected quotient with the stated meaning.
We do not infer that missing identification merely from the word model. There is also no claim
that an arbitrary fan automatically satisfies the separate angular-density hypothesis of source
Theorem 9.29.

15.4 Locally connected finite fans can converge to this fan

Proposition 15.7 (A non-locally connected Hausdorff limit). There exist finite sets X, C X
for which the finite fans Kx, are locally connected full continua and

dH(KXn7KX) — 0.
More precisely, dy(Kx, ,Kx) < du(Xn, X).

Proof. Compactness gives a finite 1/n-net X,, C X. For r{ € Kx, choose £ € X, with
|¢ —¢| <1/n. Then

r¢ —rél =rl¢ =&l < 1/n.

The reverse Hausdorff inclusion is exact because Kx, C Kx. Taking the infimum over admissible
net radii gives the displayed bound.

A finite fan is compact and connected by the same union argument as before, and full by the
same outward radial paths. At a nonvertex point, sufficiently small balls meet only its own spoke,
so their relative intersections are interval neighborhoods. At zero, small balls cut connected initial
segments from all its finitely many spokes. Thus the finite fan is locally connected everywhere.
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The geometric estimate uses the same radial coordinate on both sets, rather than matching
arbitrary nearest points in the plane. For any § > dy(X,,X), every direction of X has a
representative in X, within ¢, so

sup dist(z, Kx, ) <, sup dist(z, Kx) = 0.
z€EK x ZEKXn
Letting 6 decrease to the angular Hausdorff distance proves the bound. Local connectivity of

each approximant was established separately by its finite-spoke geometry; it is not a consequence
of this distance estimate.

O

There is no common local-connectivity modulus for all these approximants. A concrete
obstruction uses two nearby distinct directions. In a finite fan every path between points on
different spokes must pass through zero: if it avoided zero, its connected image would have
constant angular coordinate. Consequently a path joining two unit tips on different spokes has
diameter at least one, however close those tips are. As increasingly fine nets acquire arbitrarily
close distinct directions, a fixed small-path estimate must fail uniformly. The Hausdorff metric
controls the location of the sets, but does not preserve the small connected neighborhoods
required for local connectivity.

Finite level 1 Finite level 2 Finite level 4

~—-

B avoids 0

Figure 15.1: Finite stages of a Cantor-direction fan and a neighborhood away from its vertex.
The small neighborhood meets distinct radial spokes which cannot be joined inside it. The
drawings illustrate the single-spoke and perfectness arguments for the infinite fan; no finite
drawing by itself proves failure of local connectivity.

15.5 Solved investigations on limits and quotients

Investigation 15.8 (Completing the missing triangle). Determine the minimal closed equivalence
completion of the limit relation R, in Example 15.1.

Solution. Transitivity forces a ~ ¢ from a ~ b and b ~ ¢. Thus every completion contains
the class {a,b,c}. The relation with exactly this nontrivial class and all other points singleton
is closed, contains Ry, and is an equivalence relation. Minimality therefore identifies it as the
completion. Its hyperbolic hull is a filled triangle, since a, b, ¢ are three distinct circle points and
cannot be collinear. In contrast the set limit of the two original hulls is only H ({a,b})UH ({b,c}).
The additional filled region is forced by the completion convention.

91



PHI Technical Monographs — IX

Investigation 15.9 (Why nonseparation is a real hypothesis). What fails if an equator of the
sphere is made one class and all other points are singleton classes?

Solution. The relation is closed and all classes are connected, but the equator separates the
sphere into two open hemispheres. In the quotient, removing the equator class leaves the disjoint
images of those two hemispheres. The quotient is therefore not a sphere, since a sphere with one
point removed is connected. The nonseparating-class hypothesis in Moore’s theorem cannot be
dropped even when only one class is nontrivial.

Investigation 15.10 (A locally connected source can collapse). Give data satisfying Theorem 15.3
with locally connected K but noninjective projection.

Solution. Let K = D, and let £ = K x K have one class. The class is connected and
nonseparating in the sphere, and K/F is a point, hence locally connected. Extending the relation
by singleton exterior points satisfies all hypotheses of the theorem. The resulting map collapses
the entire disk. The source is locally connected but the projection on it is not a homeomorphism.
A theorem asserting the converse must require a construction that keeps all classes trivial on
locally connected input.

Investigation 15.11 (Radius is not monotone). Compute the radius-map fibers and locate
exactly why it escapes Theorem 15.6.

Solution. For r = 0 the fiber is {0}. For 0 < r < 1 it is X, homeomorphic to X under
multiplication by r. The set X has more than one point and is totally disconnected, so these
fibers are disconnected. The map is continuous and onto the locally connected interval, but the
inverse-image connectedness lemma is unavailable. Indeed the inverse image of any nonempty
open interval inside (0, 1) consists of separated radial strips on the different spokes and is not
connected.

Investigation 15.12 (Where perfectness is used). Why does the point-quotient conclusion fail
if X is a nonempty finite subset of the circle?

Solution. A finite fan is locally connected by Proposition 15.7; its identity map has connected
singleton fibers and a nontrivial locally connected image. At a nonvertex point, a sufficiently
small relative neighborhood lies entirely on its one spoke. Thus the contradiction in the proof
of Theorem 15.6 no longer applies. Perfectness supplied other directions arbitrarily close to
every direction. Finiteness removes exactly that property, while leaving compactness and fullness
intact.

Investigation 15.13 (A quantitative failure of uniform local connectivity). For F,, = [0,1] U
[0, et/ "], show that no common small-path modulus can make these finite fans uniformly locally
connected.

Solution. Each F}, is a locally connected full continuum. Its two unit tips satisfy
|1 — e/ = 2sin(1/(2n)) < 1/n — 0.

Every connected path in F}, joining those tips passes through zero, because removing zero leaves
two components. Its image therefore has diameter at least |1 — 0| = 1. For the target diameter
e = 1/2, every proposed common § > 0 fails once 1/n < §: the endpoints are closer than ¢ but
cannot be joined by a path of diameter less than €. The limiting set is a single segment and
is locally connected; this example shows that even a regular limit does not rescue a uniform
modulus for the approximants.

The finite-fan limit and the failed relation limit answer different questions. The first concerns
regularity of the underlying continuum, the second the algebra of identifications. A general
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pinched-model construction must control both. The locally connected recognition theorem does
so through an actual closed unlinked boundary relation and a null-family pasting argument. For
the general source construction, those checks must be supplied for its specified limiting and
cleaning procedure before its projection and rigidity claims can be recorded as proved.
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Chapter 16

Quantitative refinement and
geometric stopping rules

Source correspondence. Lyubich, Sections 9.1.3 and 9.4: shrinking puzzle pieces and finite
descriptions of a boundary quotient. The estimates below require the additional metric hypotheses
stated explicitly.

A finite description of a puzzle contains several kinds of information. An address records which
pieces contain a point; an angular partition records which accesses are identified; a drawing
supplies approximate positions. These records answer different questions. In particular, increasing
the length of an address does not by itself decrease a Euclidean error. This chapter specifies the
extra information that turns refinement into a stopping rule. Its elementary estimates apply
equally to compact subsets of the plane and to compact metric spaces, and their limitations are
useful when the topology of the underlying puzzle remains difficult.

16.1 A refinement tree with a certified mesh

Definition 16.1 (Compact refinement data). Let K be a nonempty compact metric space. A
refinement tree consists of finite nonempty levels T,,, with Ty = {0}, and a parent map from 7,11
onto T,,. To each vertex v attach a nonempty compact set K, C K, with K, = K, such that

K, C K, (w a child of v), K, = U K.

w a child of v

Different children may overlap. The level mesh is

6y, = max diam K.
’UGTn

An address is an infinite compatible sequence (vp,)n>0-

The requirement that the levels are finite makes the displayed maximum literal. It also means
that a complete level is a finite certificate only when the containment, covering and diameter
assertions themselves have been established. A list of sampled vertices is not such a certificate.
No disjointness assumption is needed for the first result.

Proposition 16.2 (Localization by mesh). Suppose 6§, — 0. Ewvery address has a unique
represented point mw(vg,v1,...) € K, every point of K has at least one address, and any choice
xn € K, satisfies

d(zp, (v, v1,...)) < Op.

Two addresses agreeing through level n represent points at distance at most 6,. Their later
symbols need not agree.
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Proof. The sets along an address are nested, nonempty and compact. Any finite intersection is
the last of its members, so compactness gives a point in their full intersection. If z,y lie in that
intersection, then

0 <d(z,y) < diam K,,, <4, for every n;

letting n increase proves x = y. The same inequality with x,, proves the approximation estimate.
Given x € K, start at the root and choose a child containing = at each step, which is possible by
the covering identity. This produces an address of z. Finally, points represented by two addresses
with the same nth vertex both lie in that compact set, and its diameter gives the asserted bound.

One can make the compactness of the address description explicit as well. Give each finite level
T, the discrete topology. A sequence of addresses has a subsequence with constant first coordinate,
a further subsequence with constant second coordinate, and so on. On the diagonal subsequence,
each fixed coordinate is eventually constant. Its limiting coordinates remain compatible because
each parent equation already holds eventually:

parent(vr(ﬁrl) =) —  parent(vn41) = .

In the address metric introduced below this is convergence: agreement through level n makes the
distance at most p™. Thus the space of compatible addresses is sequentially compact and, being
metric, compact. The represented-point map is continuous by the mesh estimate, since

a(j) — a = Vn E]]n VJ 2 jn : d(ﬂ-(a(j))vﬂ-(a)) S 5”

First choose n from a desired error tolerance, then choose j, from coordinate agreement. This
order of choices proves continuity without assuming an injective coding or an effective formula for
the modulus. For surjectivity, the successive choices of a child containing a given x can be made
in a fixed order on each finite level. This removes any ambiguity in the existence construction
while still allowing different orders to produce different addresses of a boundary point.

O]

Here the metric information is an upper bound on an entire set. A curve connecting its
sampled corners may leave the sampled region, and a thin finger may have a distant endpoint.
Consequently the maximum distance between displayed corner samples cannot replace diam K,
unless an additional enclosure theorem supplies that replacement.

Proposition 16.3 (Representatives and approximate representatives). Choose z, € K, for
every v € T, and set Sy, = {x, : v € T),}. Then the Hausdorff distance satisfies dp (K, Sy) < dy.
If approzimate representatives T, in an ambient metric space obey d(zy,Ty) < 1y, then

dig(K,8,) < 6 +nn,  Sp={Z,:veT}

Proof. For every x € K, a level-n piece containing x supplies a representative within 4,,. Con-
versely, every exact representative belongs to K. With approximate representatives the first
directed distance is at most d, + 1, by the triangle inequality, and the second is at most 7,.
Taking the larger directed distance proves the formula.

Here are the two directed estimates before taking that maximum:

sup inf d(z,Z,) < sup inf (d(z,zy)+ d(Ty, Tv)) < 8y + 1,
zcK V€T, reK vizEKYy

sup inf d(Zy,z) < sup d(Ty, Ty) < M.

veT, veK veT,

The restricted infimum in the first line is over a nonempty finite set, by coverage. In the second
line the particular admissible point xz, is used; there is no need to compute a nearest point of
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K. Repeated representatives do not affect either infimum, so distinct vertices need not produce
distinct stored points. Conversely, if a numerical routine omits a vertex without establishing
that its piece is covered by the remaining pieces, the first restricted infimum may become empty.
The proof shows exactly where that omission would invalidate the enclosure.

O]

This conclusion is a geometric enclosure of a compact set. It says nothing about the number
of complementary components, local connectivity, or the continuity of a function defined on the
set. Hausdorff approximation and topological identification require separate arguments.

16.2 Explicit moduli and address metrics

Suppose reference pieces @, lie in a compact metric space X and K, = F(Q,) for a map
F: X — Y. A supplied modulus of continuity is a nondecreasing function w : [0,00) — [0, 00)
with w(t) — 0 as t | 0 and

dy (F(z), F(y)) < w(dx(z,y))  (x,y € X).

If diam Q,, < h,,, direct substitution gives
diam K, < w(hy,), On < w(hy). (16.1)

Uniform continuity ensures that some modulus exists on a compact domain. It does not reveal
numerical constants or a computable rate from a picture. The stopping criterion is therefore
conditional on having the displayed modulus as justified input.

Proposition 16.4 (Two explicit stopping bounds). Let h, < Db™", where D >0 and b > 1. If
w(t) = Lt* for L >0 and 0 < a <1, it is enough to take

log(LDO‘/s)" }

>
n > max{(), { alogh

to obtain 0, < . If instead the certified bound on these scales is

A
(log(eD/1))?

n > maX{O, ’VWE)l/ﬁ_l-‘ } .
. logb

Proof. In the first case (16.1) gives d,, < LD*b~*". Taking logarithms of this positive expression
gives exactly the first inequality. In the second case, monotonicity of the proposed upper bound
and log(eD/(Db™")) = 1+ nlogb give

w(t) < (0<t<D), A B >0,

it is enough to take

on < A(1 4 nlogh)=".

Solving this inequality for n gives the second formula. The outer maximum handles tolerances
already satisfied at level zero.

To check the direction of every inequality, put H = LD® and assume first 0 < ¢ < H. Since
alogb > 0,
log(H /e)

Hb " <e <= —anlogb<log(e/H) <= n> .
alogbd
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For a real number s, the least integer satisfying n > s is [s|. When s is already an integer there
is no extra level: equality in the certified error bound is allowed. If ¢ > H, level zero already
passes, which explains the outer maximum rather than an unexplained negative depth. For the
logarithmic modulus and 0 < € < A, the corresponding positive-power calculation is

A

Taking a positive Sth root preserves order. These are least depths for the displayed upper-bound
sequences, not necessarily least depths for the actual pieces, whose diameters may be much
smaller. That distinction also explains why a sufficient stopping calculation is not an assertion of
optimal computational cost.

O

There is no assertion here that the boundary extension of an arbitrary Riemann map has a
Holder modulus. A weak logarithmic modulus, when it is the available input, can demand many
more levels than a geometric rate. The same formal address tree therefore supports very different
accuracy costs under different geometric realizations.

16.2.1 From a conformal collar to an explicit mesh

The derivative estimate in Proposition 4.3 provides one concrete source of the mesh input. Fix a
nonsingular exterior annulus r < |w| < R with 1 < r < R, and suppose a certified constant M
bounds |®| throughout that annulus. Divide the radial interval into 2" equal parts and the
angle circle into 2" equal parts. For n > 1, each closed polar cell has radial width (R —r)2™"
and angular width 27" turns. Hence its image has diameter at most

6 < M(R—r+27R)27". (16.2)

These cells cover the compact annulus, and each coarse cell is the union of four cells at the next
level. Their images therefore form genuine compact refinement data, with four children per cell
after the first level. A single image point may still belong to two adjacent closed cells.

Let C = M(R —r+ 2wR). A tolerance ¢ < C is achieved at n = [logy(C/¢e)], bounded below
by one. There are 4™ polar cells, so complete enumeration has an upper bound

4" < 4(C/e)?

when that ceiling is at least one. This estimate counts cells rather than distinct image samples,
and the factor C' explicitly depends on the chosen annulus and conformal derivative bound. If
the tolerance already permits level one, four cells suffice regardless of the displayed asymptotic
expression. The distinction between a single addressed point and an entire two-parameter collar
explains the different storage demands.

To let the inner radius approach one, write r = r,, and, if justified, replace M by M,,. The same
argument then gives a bound proportional to M,,2™", not automatically to 27". For example,
a known estimate M, < A2" with # < 1 gives geometric decay O(2-=9") when the outer
radii stay bounded. At # = 1 this particular estimate need not decay, and for # > 1 it grows.
Failure of the estimate to decay does not prove that the image cells fail to shrink; it proves that
this chosen derivative bound has ceased to certify their shrinking. A boundary modulus, when
available, can provide a different route through Proposition 4.2. This is a useful example of
separating failure of a certificate from failure of the underlying geometric statement.

97



PHI Technical Monographs — IX

16.2.2 Nonuniform contraction along an address

A uniform geometric factor is sufficient but not necessary. Suppose every parent-child pair
satisfies a proved bound

diam K, < g, diam K, 0<qw<1.

Along an address (vy,), induction gives

n n
diam K,,, < diam K H qv; = diam K exp | — Z log(1/qu;) | - (16.3)
j=1 j=1

Thus divergence of the nonnegative sum in the exponent is a sufficient condition for a singleton
impression on that address. A sufficient stopping test is that the partial sum reaches log(diam K /¢)
when diam K > ¢ > 0. This test allows occasional noncontracting steps with ¢, = 1. It requires
the inequality for every relevant child, not an average contraction estimated from selected
successful paths.

The logarithmic form also gives a useful comparison with linear losses. For 0 < ¢ < 1,
integration of 1/t over [g, 1] gives

1
1-g¢g<—logg< ——.
q

Consequently Zj(l — qu;) = oo suffices to force the certified product to zero. If the factors are
all at least a fixed ¢, > 0, the two sums diverge together, because the upper bound is then at
most (1 — gy;)/q«. No lower bound on the actual diameters follows from these comparisons; they
concern the multiplicative upper certificate. An exact nongeometric example is

. n n
j 1
= || = E —1 =1 1).
T =5 j—1qvj n+l’ = 8y = logln 1)

Each factor approaches one, yet the telescoping product tends to zero. If instead a factor 1/2
occurs only at indices 2,4, 8, ... and all other factors equal one, the product at depth n > 2 is
2-log2n] - T ong stretches without contraction are compatible with eventual localization. The
explicitly counted contracting indices, rather than the address length alone, determine the
stopping bound.

There is also a useful uniformity principle. Fix ¢ > 0 and suppose every infinite address
eventually reaches a vertex whose certified diameter bound is at most €. If the tree is finitely
branching and these bounds never increase along a branch, then there is one finite depth by
which all addresses have reached such a vertex. To prove this, suppose otherwise. The vertices
whose ancestor bounds all exceed e form a subtree of arbitrarily large depth. Starting at its root,
choose a child with descendants at arbitrarily large depths; one exists because there are only
finitely many children. Repeat this choice to construct an infinite address consisting entirely of
failing vertices, contradicting the hypothesis. This is a direct finite-branching argument, with no
appeal to an observed termination rate.

The principle proves existence of a common finite depth for each tolerance but does not provide
its value. Formula (16.3) provides a numerical depth only if the cumulative contraction sums are
themselves bounded below by known quantities. Pointwise divergence along all addresses and an
explicit usable uniform rate remain distinct inputs.

Fix 0 < p < 1. For two distinct infinite addresses, let £ be the largest common level and set
d, = p'; for identical addresses set d, = 0. This is an ultrametric: two addresses each agreeing
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with a third through level m agree with one another through level m. If §,, < Cq¢™ for 0 < ¢ < 1,
Proposition 16.2 yields

1
d(r(a),7(b)) < Cdyla,b),  7=—2L >0, (16.4)
log p
The inequality remains valid for identical addresses by taking the limit. It proves continuity of
the coding map and quantifies it. It does not make that map injective: distinct addresses can

encode a shared boundary point.

10° E

107t E

1072 E

Declared diameter bound

1073 E

0 2 4 6 8 10 12
Refinement depth n

Figure 16.1: The certified bounds 27" and (1 +n)~! for integer refinement levels n > 0. These
are exact model bounds, not measurements of a particular conformal puzzle.

16.3 Adaptive refinement and what topology still needs

Proposition 16.5 (Finite termination with a uniform rate). Assume each vertex has finitely
many children and diam K, < Cql’l, with 0 < ¢ < 1. Refine every active piece whose certified
diameter upper bound exceeds e, using the bound Cql’l. The process stops after finitely many
refinements. Its terminal pieces cover K and each has diameter at most €.

Proof. Choose N with C¢"¥ < e. No vertex at depth N needs to be refined, and a finitely
branching tree has only finitely many vertices through a fixed depth. Replacing a piece by all its
children preserves the union, so the final union is K. The stopping test gives the final diameter
assertion. The proof concerns the stated bound: an implementation that keeps using a needlessly
large bound may fail its stopping test even when the actual pieces are small.

More explicitly, the active vertices always form an antichain: no active vertex is an ancestor
of another, because a vertex is removed at the moment its children are inserted. Every infinite
address meets the active set exactly once, and the corresponding pieces cover K. Each refinement
preserves both statements. If C' = 0, the root has diameter zero and already passes. For C > 0,

put
1
N — max {0, F’g(c/ﬂ } ,
log(1/q)
every active vertex has depth at most V. If, in addition, each vertex has at most b > 2 children,
the total number of vertices ever created is bounded by

bV — 1

T4b+--- 0V = 5T #{terminal active vertices} < b".
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For the second inequality, extend each active vertex to depth N; different antichain vertices have
disjoint sets of such descendants, and each has at least one because the parent maps are onto.
This counts vertices rather than distinct physical pieces and therefore tolerates overlap. Without
a uniform branching bound, the finite-level argument still proves termination, but the displayed
numerical work bound is no longer available. If there is only one child at every step, the separate
bound is N + 1 created vertices and one terminal piece.

O]

To obtain a connectivity conclusion at x from a shrinking family, one must know that the
relevant connected subsets actually furnish relative neighborhoods of x. More precisely, if for each
e > 0 there is a connected relative neighborhood N of z in K, with N C B(z,e) N K, then K is
weakly locally connected at x, in the terminology of the topology preliminaries. If this holds at
every point, Proposition 3.1 gives local connectivity of K. For local connectivity at one selected
point, connected relatively open neighborhoods suffice directly. A family of small connected sets
merely containing z is insufficient. The singleton {z} would otherwise prove local connectivity
of every space. In the normalized puzzle arguments of this volume, the explicitly admissible
or perfect connected pieces in Definition 5.5, with the shrinking hypotheses of Proposition 7.2,
supply the needed neighborhood information. The broad source cut-curve definition alone and a
diameter routine do not supply it.

16.4 Solved investigations

Investigation 16.6 (A Holder stopping calculation). Reference pieces have diameter at most
4-27™ and their images satisfy d(Fz, Fy) < 3d(z,y)'/?. Find a sufficient depth for error 1/100,
and include representative error at most 1,/1000.

Solution. The mesh bound is 6-27"/2. For exact representatives it suffices that 2"/2 > 600, hence
n > 19, since 2° < 600 < 2192, With approximate representatives and a total tolerance 1 /100,
reserve 9/1000 for the mesh. The condition becomes 2/ > 2000/3. Depth 19 still suffices because
219 — 524288 > (2000/3)2. Proposition 16.3 then gives dg (K, Si9) < 6-2719/2 41073 < 1072,
This is an exact inequality, not a decimal estimate of a measured error.

Investigation 16.7 (Two binary descriptions of one point). Use the closed dyadic subintervals
of [0,1]. Exhibit two addresses of 1/2 and explain why the coding estimate does not imply
uniqueness of addresses.

Solution. At level one choose either [0,1/2] or [1/2,1]. In the left interval always choose the
right child; in the right interval always choose the left child. The resulting intervals have common
intersection {1/2}. Their lengths are 27", and their binary labels are 0.0111... and 0.1000.. ..
Formula (16.4) bounds distances between represented points from above. It gives no positive
lower bound for distinct symbolic strings and therefore permits these equal represented points.

Investigation 16.8 (A refinement with no geometric progress). Construct a binary refinement
tree whose address length tends to infinity while its mesh remains one. Explain which hypothesis
of Proposition 16.2 fails.

Solution. Attach K, = [0,1] to every vertex of the full binary tree. Every child is contained
in its parent and the children cover it, but §,, = 1 for all n. Every address has impression [0, 1]
rather than a singleton. Thus the containment and covering tests alone pass while the mesh
hypothesis fails. The construction also shows why counting distinct labels, without checking
their geometric meaning, supplies no accuracy certificate.
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Investigation 16.9 (Arbitrarily slow single-address localization). Let a, > 0 decrease to zero.
Give a nested sequence realizing exactly this diameter rate, and show why no predetermined
geometric rate follows from singleton intersection alone.

Solution. Take P, = [0, a,]. Then diam P, = a, and (,, P, = {0}. In particular a,, = 1/(n+1)
cannot satisfy a,, < Cq" for fixed C and ¢ < 1: the ratio ¢~ /(n + 1) tends to infinity, as follows,
for example, by comparing successive ratios with a number strictly larger than one for large n.
This example is a single puzzle nest, not a complete covering tree. It addresses precisely the
inference from a singleton impression to a uniform or geometric shrinking rate.

Investigation 16.10 (A certified outer enclosure). Suppose finitely many compact pieces cover
K, each has diameter at most §, and each chosen representative is known within 7. Show that
the union of closed balls of radius ¢ + 1 about the approximate representatives contains K. Can
its connected components be identified with the components of K7

Solution. For z € K, choose a containing piece and its exact representative s. Then d(z, ) <
d(z,s) + d(s,5) < 6 +n. This proves the enclosure. Component identification fails: take
K ={0,36/2} C R, exact representatives, and allow the diameter bound ¢ > 0 for its singleton
pieces. The two balls of radius § overlap, so the enclosure is connected although K has two
components. An upper diameter bound need not be sharp enough to preserve topology, even
when it is completely correct.
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Chapter 17

Exact circular order and finite
noncrossing certificates

Source correspondence. Lyubich, Section 9.4: unlinked angle classes and their chordal realizations.
Only finite, explicitly supplied partitions are considered in this chapter.

An angular drawing is particularly vulnerable to rounding near a shared endpoint or a narrow
gap. Fortunately, the combinatorial question of whether two chords cross does not require
evaluating a sine, a cosine or an approximate intersection point. It depends on circular order
alone. This observation leads to exact certificates for finite data, while also making clear why
finite data cannot certify an entire infinite lamination. Throughout the chapter an angle is
measured in turns:

teR/Z, z(t) = exp(2mit).

The canonical representative lies in [0, 1).

17.1 The four-endpoint test

For distinct angles a, b, write (a, b)ceyw for the open counterclockwise arc from a to b. Define the
Boolean predicate
a<t<hb, a < b,

(t>a)or (t<b), a>bh.

J(a,b;t) = {

The comparisons use canonical representatives. Endpoints are excluded. The notation on the
right means the truth value of the indicated statement.

Proposition 17.1 (Crossing criterion). Suppose a,b,c,d are four distinct points of R/Z. The
open straight chords joining z(a) to z(b) and z(c) to z(d) intersect if and only if

J(a,b;c) # J(a,b;d).

Equivalently, the two endpoint pairs alternate in circular order. If two nonidentical chords share
one endpoint, their interiors do not intersect. Identical chords overlap and must be reported
separately.

Proof. The straight line through z(a) and z(b) divides the remaining points of the circle into
the two open arcs from a to b, lying in opposite open half-planes. This can be checked after a
rotation taking the midpoint angle of one arc to zero: the line becomes Re z = cos 8 for some
0 < 6 <, and the sign of cost — cos 6 is constant on each of the two arcs. Thus z(c) and z(d)
lie in opposite half-planes exactly when the displayed Boolean values differ.
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In that case their segment crosses the line at an interior point. Since the open segment joining
distinct circle points lies inside the open disk, this crossing lies in the intersection of the line with
the disk, which is exactly the open chord from z(a) to z(b). If both endpoints lie in the same
open half-plane, the segment stays there and cannot cross the line. This proves the criterion.
Chords with a common endpoint lie on distinct straight lines unless they coincide: a line meets
the circle in at most two points. Distinct lines intersect only at that common endpoint, proving
the remaining assertion.

The crossing step admits an explicit affine calculation. In the rotated coordinate write
{(z) = Rz —cosf, and suppose £(z(c)) > 0 > £(z(d)). The unique zero along their segment occurs
at

£(z(c))
ze = (1 = s)z(c) + sz(d), 5= €(0,1).
€(z(c)) — €(=(d))
The zero is unique because the denominator is nonzero. Moreover, for any two distinct unit
vectors u,v and 0 < s < 1,

(1= s)u+sv]>=1—s(1—s)|u—0v]*><1.

Thus z, is strictly inside the disk, not at an endpoint of its intersection with the line. Those
two endpoints are precisely z(a) and z(b), so z, belongs to the open first chord as well. The
same calculation shows why four distinct endpoints are essential: if an endpoint is shared, the
affine zero can occur at s = 0 or s = 1, which is a different geometric event and is excluded from
the open-chord test. This derivation establishes the predicate without numerically evaluating s;
exact circular order already determines the signs it needs.

O]

The proof handles diameters as well as short chords. It does not assign a crossing to a tangency
produced by a rounded drawing: the exact question first distinguishes four distinct endpoints,
one shared endpoint, and an identical unordered pair. In a partition different blocks cannot share
an angle, but a list of geometric edges may legitimately have repeated vertices within a block.

17.2 Rational input and independently readable witnesses

Let an input angle be represented as a rational number p/q, with ¢ > 0 and 0 < p < ¢q. Reduction
to lowest terms is convenient but not essential for comparisons, since

r r

Pl — ps < rq, Pl — ps = rq. (17.1)
q S q S

Both tests use integers. A proof of the first equivalence simply multiplies by the positive number

qs; this positivity is why zero or negative denominators are rejected or normalized before the

test.

Definition 17.2 (Finite partition certificate). The input comprises distinct rational angles
t1,...,tx and a list of nonempty blocks whose disjoint union is the index set {1,...,N}. It is
noncrossing when no four distinct angles a, ¢ in one block and b, d in a different block occur in
the cyclic order a, b, c,d. This is a definition for an actual set partition; a merely symmetric
pairwise compatibility relation is not accepted as a partition.

Proposition 17.3 (A finite exact decision procedure). For the data in Definition 17.2, the
following procedure decides noncrossing using integer arithmetic. First check the partition axioms
and distinctness of the angles. Then test every chord whose two endpoints belong to one block
against every such chord from another block, using Proposition 17.1. Accept exactly when all
tests report no crossing. A rejection for crossing has a witness consisting of two block indices
and four endpoint indices.
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Proof. If a test finds a crossing, the four endpoints are in two different blocks and therefore
distinct. Their circular order alternates by Proposition 17.1; this is a forbidden quadruple in the
definition. Conversely, a forbidden quadruple supplies a pair of within-block chords which the
exhaustive procedure tests, and the same proposition makes that test fail. Each truth value is
determined by finitely many exact comparisons (17.1). Thus the procedure terminates and its
acceptance is equivalent to the stated finite property. O

There are at most N (N — 1)/2 within-block chords, so a deliberately simple implementation
uses O(N?) chord-pair tests. This is an upper bound for the complete method, not a claim
of optimality. If every numerator and denominator has at most B binary digits, grade-school
multiplication and comparison take O(B?) bit operations per rational comparison. The direct
bound is consequently

O(N*B?) (17.2)

bit operations for the crossing portion. Storage can remain O(N B+ N) bits apart from O (N log N)
index storage if pairs are generated successively; storing all pairwise answers is unnecessary.
The input validation and index storage must of course also be included in an implemented cost
account.

The finite bound can be audited before implementing any geometry. If the block sizes are
Nni,...,Nk, let

k 2 2
i N M N-*(N —1
M = E 1 (2) < (2 ), #{tested unordered chord pairs} < ( 5 ) < (8)

Pairs from the same block and pairs sharing an endpoint are discarded according to the input
contract, so this deliberately loose bound remains valid. A positive integer of at most B bits is
smaller than 27; each cross-product in a rational comparison is smaller than 222, and their signed
difference needs at most 2B + 1 bits. Grade-school multiplication forms at most B? bit-products,
followed by bounded carry operations of the same asymptotic cost. No denominator product is
ever converted to a floating-point number. After sorting and recording ranks, one obtains the
alternative bound
O(Nlog N B2+ N*log N)

for sorting plus crossing comparisons in bit operations. The rank table requires O(N log N) bits.
The original rational input still costs O(IN B) bits, so ranking changes the repeated-comparison
cost rather than making that input disappear. A rejected crossing needs only the four endpoint
indices and two block indices; a checker then repeats a constant number of exact comparisons
instead of trusting the search order.

A useful alternative sorts the angles once by exact comparison and replaces each endpoint
by its rank. All later crossing tests then concern integers between 1 and N. The initial sort
can use O(N log N) rational comparisons; subsequent tests use order on O(log N)-bit ranks.
Neither approach evaluates the positions z(¢;). The resulting certificate is invariant under every
orientation-preserving homeomorphism of the circle, since such a map preserves cyclic order. Its
verdict is about the supplied partition, not about the correctness of an unproved claim that these
blocks are boundary fibers of a given hull.

17.3 A faster certificate for a perfect matching

Assume now that every block has size two, so each of the 2m endpoints belongs to exactly
one chord. Cut the circular order at a point which is not an endpoint and list endpoints in
increasing order. The first endpoint of a chord is its opening occurrence and the second its
closing occurrence. A stack stores unmatched openings: append at an opening and remove the
last stored entry at a closing.
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Proposition 17.4 (Stack criterion for a matching). A perfect matching of distinct circular
endpoints is noncrossing if and only if every closing occurrence matches the last unmatched
opening. After sorting, this test uses 2m stack updates and O(m) stored indices.

Proof. Suppose a chord A closes while the most recent unmatched opening belongs to another
chord B. The order of those four endpoints is

Aopen < Bopen < Aclose < BC]OSB7

since B is still unmatched. The chords cross by Proposition 17.1. Hence noncrossing forces the
stack rule. Conversely, if two chords cross, their endpoints alternate in the linear order after
possibly exchanging their names, exactly as displayed. When A closes, the opening of B remains
above that of A in the stack. The stack rule therefore fails at that time, or has already failed at
an earlier closing. If the rule never fails, no crossing exists. Every endpoint causes one update,
and at most m openings can be stored.

At each successful step the stack is exactly the list of chords whose opening but not closing
endpoint has been read, in increasing order of opening time. This invariant holds initially for
the empty list. An opening appends its label, and a successful closing deletes precisely the final
still-open interval, so induction proves the invariant after every prefix. In particular, if o; and ¢;
count opening and closing occurrences through position j, then

h; = 0j — ¢; = #{stack entries after position j} > 0, hom = 0.

These unlabeled height conditions alone are insufficient. The order A, B, A, B has heights 1,2, 1,0,
but its third occurrence tries to close A while B is on top. The label invariant detects exactly the
forbidden interleaving, whereas a balance count would accept it. Conversely, when the label test
succeeds, two completed intervals are either disjoint or one contains the other: an overlap without
containment would produce that same forbidden closing pattern. This provides an equivalent
interval-nesting description of the successful certificate.

O]

The restriction to a matching is material. At a vertex of degree three there is no unique partner
occurrence to put on this stack, and an arbitrary ordering of coincident occurrences can create a
false failure. The exhaustive partition test remains available for blocks of arbitrary finite size. A
faster general algorithm would need its own invariant and proof, not an unannounced extension
of the matching argument.

17.4 Uncertain angles and finite evidence

Suppose each true angle has a representative in a known interval I; C R of length at most
2n, after choosing a cut outside all these intervals. If the intervals are pairwise disjoint, their
order certifies the order of the true angles. The crossing decision is then valid for every choice
of one true angle in each interval. If neighboring intervals overlap, an exact order conclusion
may be unavailable. Replacing an overlap by an arbitrary tie-breaking rule would change the
mathematical question, rather than answer it.

For example, if approximate angles differ by ¢ and each has absolute error at most 7, their
order is certified when o > 2n. At equality the intervals may touch, so strict distinctness is not
guaranteed. Equality of exact rational angles is decidable by (17.1); equality of unspecified real
numbers represented only by successively narrower intervals need not be settled at any finite
stage. One may correctly report unresolved order in the latter model.
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Alternating: crossing Separate: noncrossing

Figure 17.1: Finite chord data are decided by alternating endpoint order. Shared endpoints and
repeated chords must be distinguished before applying the four-distinct-endpoint test.

For ordered approximate representatives t; < tAj, the entire interval proof is the chain
ti—ti>(t;—n) —(ti+n) =t —t; — 2.

A positive right-hand side certifies both distinctness and orientation. For a finite family, take the
smallest adjacent approximate gap in the chosen chart; positivity after subtracting 2n verifies all
order comparisons by transitivity. The chart cut must separately lie outside every uncertainty
interval, including the first and last intervals. If exact distinct real angles are accompanied by
convergent enclosing intervals, their positive minimum circular separation eventually exceeds
twice the interval widths. That proves eventual success for that fixed finite distinct input. It
supplies no uniform precision bound over inputs whose minimum separation can approach zero,
and it gives no finite certificate of equality when two angles actually coincide.

Passing every test on a finite prefix also does not certify an infinite lamination. In an unused
open arc one can add four successive new endpoints and pair the first with the third and the
second with the fourth. The new chords cross although the entire original finite record remains
unchanged. To infer a statement about a closure of infinitely many chords requires additional
hypotheses controlling all omitted pairs and limit leaves. The closed-relation and quotient
arguments elsewhere in this volume address that genuinely different question.

17.5 Solved investigations

Investigation 17.5 (Crossing across the angular cut). Test the chord pairs (9/10,1/10) and
(0,1/2) without evaluating their Cartesian endpoints.

Solution. The counterclockwise arc from 9/10 to 1/10 consists of the angles greater than 9/10
or less than 1/10. It contains 0 and does not contain 1/2. The Boolean values differ, so the two
open chords cross. The apparent reversal 9/10 > 1/10 merely invokes the wrapped case of J; it
does not reverse the chosen orientation of the circle.

Investigation 17.6 (A shared endpoint is not a transverse crossing). Compare the chords
(0,1/3) and (0,2/3), and then compare (0,1/3) with (2/6,0). State the required output in each

case.

Solution. The first pair shares exactly one endpoint and has disjoint interiors by Proposition 17.1.
The second pair has identical unordered endpoint sets because 2/6 = 1/3, checked by 2-3 =1-6.
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It therefore represents the same geometric chord twice. The output is duplicate chord, not
transverse crossing. If these were asserted to be edges belonging to disjoint partition blocks, the
common endpoint would already violate the partition validation step.

Investigation 17.7 (Reading a matching certificate). The endpoints of three chords appear as
A, B,B,C,C, A. Compare this order with A, B,C, B, A, C.

Solution. For the first order the stack successively reads (A), (4, B), (4), (A,C), (A), and the
empty stack. Every close removes the current last opening, so the matching is noncrossing. For
the second order the fourth endpoint closes B while C' is still on top. The witness is Bopen <
Copen < Belose < Celose; at positions 2,3,4,6. Checking only this quadruple independently
confirms the rejection.

Investigation 17.8 (A partition certificate is stronger than a pair list). On three indices declare
1 compatible with 2 and 2 compatible with 3, but 1 incompatible with 3. Can these pairwise
records be used as blocks of a partition without further modification?

Solution. No. If 1 and 2 lie in one block and 2 and 3 lie in one block, disjointness of blocks forces
those blocks to coincide, so 1 and 3 also lie together. The proposed relation is not transitive.
Taking its transitive closure would give the single block {1,2, 3}, but that is a changed relation
whose geometric meaning needs separate justification. This is the finite reason that pairwise
non-separation cannot silently be promoted to an equivalence relation.

Investigation 17.9 (Precision sufficient for order). Approximate endpoints on a chosen lin-
ear angular chart are separated by at least 1/1000. Each true endpoint is within 277 of its
approximation. Give a sufficient integer p for all comparisons.

Solution. It suffices that 2 - 277 < 1/1000, or 2P > 2000. Thus p = 11 suffices, because
2048 > 2000. This calculation assumes that the same chart avoids all uncertainty intervals at its
cut. If an interval crosses the cut, it must first be represented as a circular interval or the cut
must be moved. The bound certifies strict ordering only; it does not certify that the measured
angles are the accesses of the intended continuum.
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Chapter 18

Dirichlet problems and elimination
on finite trees

A tree of puzzle pieces describes containment. To turn it into an electrical or thermal network
one must additionally specify its terminals, edge conductances and interpretation of a potential.
None of these is determined solely by the fact that the tree came from a planar drawing. We first
solve the finite mathematical problem, without making that extra identification. The classical
Dirichlet and current principles are discussed in Doyle and Snell [4]; the proofs here use explicit
finite quadratic forms and require no limiting electrical medium.

18.1 Energy and the unique harmonic extension

Let G = (V, E) be a finite connected undirected graph without loops. Give each unordered edge
{z,y} a conductance ¢z = ¢y, > 0. Parallel edges, if present in an initial description, may be
replaced by one edge with their summed conductance. Choose a nonempty boundary set B C V,
write I = V'\ B, and prescribe real values g : B — R. For u: V — R define

Ee(u) = Z Cay (g — uy)?, (Lu), = Z Cay(Uz — Uy). (18.1)

{z,y}eFE y{z,y}eE

Every edge is counted once in the energy. Consequently

Z vy (Lu), = Z Cay (Ve — Vy) (Ug — Uy), Ee(u) =u' Lu. (18.2)
zeV {z,y}€FE

The identity follows by collecting the two endpoint terms of each edge; it is the finite summation-
by-parts formula behind all subsequent proofs.

Theorem 18.1 (Finite Dirichlet principle). There is a unique function h with h|p = g and
(Lh)y = 0 for x € I. It uniquely minimizes &, among all functions with that boundary data.
Every admissible u satisfies the exact energy decomposition

Ec(u) =Ec(h) + Ec(u — h).
If I is nonempty, its values solve the positive definite system
Lithr = —Ligg.

Proof. For a vector w which vanishes on B, the energy is nonnegative and can be zero only
when w, = w, on every edge. Connectedness then makes w constant on V', and the nonempty
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boundary makes this constant zero. Thus the quadratic form w}L 77wy is positive definite, so
the displayed finite linear system has a unique solution. Extending it by g gives the asserted
harmonic function. If I is empty there are no unknowns and the assertion is immediate.

For an admissible u put w = u — h. Expanding edge by edge gives

Ec(h+w) =E(h) +2 ) wa(Lh)z + Ec(w).
zeV

The middle sum vanishes: w =0 on B and Lh = 0 on I. The remaining energy is nonnegative
and is zero only when w = 0, by the preceding argument. This proves both minimality and
uniqueness.

To expose the linear algebra behind the quadratic argument, orient each edge once and let D
be the matrix with a 1 at its initial vertex and a —1 at its final vertex. With W = diag(c.),

Du = (Up- — Up+)ecp, L=D'WD,  Ly=D/WDy.

The last equality uses the columns indexed by I; boundary coordinates of a zero-boundary test
vector are absent. If Djwy = 0, its zero-boundary extension has equal values along every edge.
A path from any vertex to the nonempty boundary forces that value to be zero. Hence D has
trivial kernel, and positivity of W gives the claimed positive definiteness without relying on a
computed determinant. The energy at a general interior vector x can now be written

E(x,9) =2 Lyjz + 22" Lipg +g' Lpgyg.

Its gradient with respect to x is 2(L;rx + Lypg). Setting this to zero gives the same harmonic
equations; completing the square about their unique solution gives the same nonnegative energy
gap. Thus the variational and linear-system descriptions agree for every prescribed boundary
vector, including constant boundary data.

O

Proposition 18.2 (Maximum principle and stability of boundary values). The harmonic
extension satisfies ming g < h, < maxp g for every x € V. For two boundary functions g,g on
the same network, ~
he — hy| < — bl
max |hy — ho| < max |g, — G|

Proof. At an interior vertex the equation Lh = 0 can be solved as

hl‘ = Z Z Gy hy‘

gz Laz Cyz
All weights are positive and sum to one. If a global maximum strictly larger than all boundary
values were attained at an interior vertex, all its neighbors would have the same maximum.
Propagating along a path to B gives a contradiction. Apply the same reasoning to —h for the
minimum. The difference h — h is harmonic in I by linearity, so applying both bounds to its
boundary data proves the stability estimate.

The propagation step can be checked by subtracting each neighbor value from a maximal value

M = hy,:
0=> coy(M —hy),  coy>0, M—hy>0.
Y~T

Every summand must vanish, so each neighbor also has value M. Connectedness supplies a
finite path to the boundary, and induction along its successive edges reaches the contradiction in
finitely many steps. Zero conductances would invalidate that propagation along an edge, which
is why the stated positivity and connectedness matter. There is also a useful matrix reading.

109



PHI Technical Monographs — IX

Extend each boundary coordinate vector harmonically and write its value at x as Hy,. The
just-proved bounds and linearity imply

be > 07 Z Hazb = 17 ha: = Z begb-
beB beB

The sum is one because the sum of boundary coordinate vectors is the constant-one boundary
vector. Thus every interior value is a convex combination of boundary values, and the stability
constant one follows by applying the triangle inequality to this explicit representation. This
finite kernel requires no probabilistic interpretation.

O
18.2 Eliminating one vertex exactly
Suppose an interior vertex has neighboring potentials vy,...,v; and incident conductances
¢1,...,ck. Its own potential z appears in the local energy »; cj(z — Uj)2. Writing C'=3_,¢; >0
and m = C~! > Cjuj gives
k
ch(x—vj)Q = C(z —m)? +ZCjU]2- — Cm?, (18.3)
Jj=1 J
u 1
; 2 2
Hganj(x —v) == Z cicj(v; — vj)”. (18.4)
j=1 1<i<j<k

For completeness, multiplying the second constant term by C' and expanding produces

2
2 - (0?2 2 s
C’chvj - chvj = chc](vi + v = 2v;v5),
J J

1<j

which proves the identity. Thus eliminating a vertex creates conductance c;c;/C between each
pair of its neighbors. Existing conductances between the same pair are added. Even if the
original graph is a tree, eliminating a branching vertex can create a triangle, so the reduced
graph need not remain a tree.

For &k = 2 the new conductance is

C1C2 1 1 1
Cseries = , = — 4+ —. 18.5
venes c1+ca Cseries C1 C2 ( )

For k = 1 the minimized local energy is zero: a free leaf takes the potential of its only neighbor
and draws no current. A leaf with a prescribed value is different; its incident energy must be
retained, since its potential is not a variable over which one may minimize.

Proposition 18.3 (The boundary response matrix). If I # &, define
A=Lpp—LpiL;}Lip.

If I = @, put A = L. The vector of currents flowing from boundary vertices into the network is
Ag, and the minimum energy is
E.(h) =g Ag.

The matriz A is symmetric and positive semidefinite, its row sums are zero, and its off-diagonal
entries are nonpositive.
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Proof. Substitute hy = —L;IILIBg into the boundary rows of Lh to obtain (Lh)p = Ag.
Formula (18.2) and Lh = 0 on I then give the energy identity. Symmetry follows from that of
L and ijl, and nonnegativity from the energy. Constant boundary data extend constantly, so
Al = 0. For distinct boundary vertices b, j, set g; = 1 and all other boundary values to zero.
The maximum principle gives 0 < h < 1, and therefore

Apj = (Lh)y = > cpy(0 — hy) <0.
y~b

This proves the sign assertion, including any direct boundary edges. O

Thus internal vertices may be removed while preserving all boundary voltage-current relations,
rather than merely one terminal measurement. When all conductances and prescribed values
are rational, the equations and elimination identities also show that every resulting potential
and response coefficient is rational. This is an exact algebraic assertion; it does not bound the
growth of numerators and denominators in a particular implementation of elimination.

18.2.1 Two interior vertices: a complete rational elimination

An exact small network illustrates all boundary entries at once. Join terminals a, b to an interior
vertex u, terminals ¢, d to an interior vertex v, and join u to v. Give all five edges conductance
one. In the orders (u,v) and (a, b, c,d), the blocks are

(3 -1 1 1 (31 (1 100 -
LII—<_1 3>, L”_8<1 3>, LIB——<O 0 1 1>, Lpp = I4.
Multiplication verifies the inverse because the diagonal products are 9—1 = 8 and the off-diagonal

products are 3 — 3 = 0. Therefore

(’LL) _ 1 (3(ga + gb) + (gc + gd))
v 8\ (ga +gb) +3(gc +94) )’

and direct block multiplication gives the full response

5 -3 -1 -1
11-3 5 -1 -1
8§|l-1 -1 5 -3

-1 -1 -3 5

A=

Every row sums to zero. Reading the negative off-diagonal entries as conductances gives 3/8 on
ab and cd, and 1/8 on each of the four pairs with one endpoint in {a,b} and the other in {c, d}.
Successive star elimination gives an independent check. Eliminating w first creates conductance
1/3 on ab, av,bv. The remaining incident conductance at v is 1/3+1/3 4+ 1+ 1 = 8/3, so its
elimination gives

1 (1/3)* 3 (1/3)-1 1 1-1 3

= Cac = "—cio— =3 Ced 3

~ 37783 8 = TR/3 8’ T 8/3 8

The other cross-pairs follow by the displayed symmetries. For terminal values (0,1, 2,3), the
recovered interiors are (u,v) = (1,2) and

A0,1,2,3)T = (~1,0,0,1)T, E=1+0+14+0+1=3.

The response energy also equals (0,1,2,3) - (—1,0,0,1) = 3. This agreement holds for every
boundary vector by the matrix identity, not just for these four chosen voltages. The reduced
graph generally has different internal topology; equality of terminal response does not make its
drawing a conformal or metric image of the original tree.
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Figure 18.1: The five unit-conductance edges of an H-shaped tree reduce to terminal conductances
3/8 on ab, cd and 1/8 on the four cross-pairs. This is an exact boundary-response identity, not a
geometric identification of the drawings.

18.3 Bottom-up messages on a rooted tree

A rooted tree permits elimination in an order which keeps only a quadratic function at each
active parent. For a subtree below a vertex with potential z, write its already minimized energy
as

Q(z) = A2® — 2Bz + C.

This function is nonnegative for every real x, because it arose by minimizing a sum of nonnegative
edge energies. Hence A > 0, and if A = 0 then B = 0. Connect this vertex to its parent, of
potential y, through conductance ¢ > 0. Completing the square again gives

min{c(y — 2)* + Q(z)} = A'y* — 2By + ', (18.6)
,  cA , cB r o B?
A =T B =i A c'=C A (18.7)
. _wy+B
Tmin = (18.8)

Indeed, the quadratic coefficient of x is ¢ + A > 0, its linear coefficient is —2(cy + B), and its
remaining term is cy? + C. Subtracting (cy + B)?/(c + A) yields the coefficients above.

For A > 0, rewrite the incoming message in a form which isolates its preferred potential and
unavoidable constant cost:

Q(z) = A(x —m)?>+ D m—E D—C—B—2>0
- 0, - A? 0 — A - .
Then the complete square is
4 A —m)? — _Cy+Am>2 A oy
cly—z) "+ Alx—m)*=(c+A) (x A c+A(y m)~.

Thus transmission preserves the preferred value m and constant cost Dy, while changing the
positive stiffness from A to cA/(c+ A). In coefficient form the same fact is
B’ B ( B/)2 B BQ

- = ,_ — -
A A ¢ Al ¢ A’
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If A = 0, nonnegativity of @ on all of R forces B = 0, so the message is constant and the
minimizer is = y. This separate case avoids dividing by A. At a branching vertex the incoming
constants and stiffnesses add before transmission; different preferred values can then leave a
strictly positive minimized constant cost. Back substitution records the weighted compromise at
that vertex rather than pretending that every branch preferred the same voltage.

A prescribed leaf value g sends the message c(y — g)?, with coefficients (c, cg, cg?). A free leaf
sends zero. At a vertex, the messages of its children add coefficient by coefficient; then (18.7)
sends the combined message to its parent. With fixed data on the leaves and, if desired, the
root, this procedure eliminates every unprescribed vertex. If the root is free and its resulting
quadratic has A > 0, its value is B/A. When at least one leaf is fixed, connectedness and
positive conductances force that final A to be positive: otherwise the minimum energy would be
independent of the root value, in contradiction with the uniqueness of the Dirichlet extension for
varying root candidates. Equivalently, the recursive positive coefficients along a path to a fixed
leaf remain positive.

Back substitution using (18.8) recovers every vertex potential. Each edge participates in one
upward message and one downward substitution, giving O(|V]) arithmetic operations for this
tree procedure. This count treats a rational arithmetic operation as one operation; exact bit
complexity additionally depends on the sizes of its operands. Prescribed interior vertices can be
treated as separators, solving the components between them with those values fixed.

Energy = 10/3

V =4/3

Figure 18.2: A three-arm network with conductances 1,2,3 and terminal potentials 0,1,2. The
central potential is 4/3 and the once-per-edge energy is 10/3 in the chosen normalized units.

18.4 Solved investigations

Investigation 18.4 (The three-arm star). Three terminal values are 0, 1,2, with incident
conductances 1,2, 3. Find the central potential, each outward terminal current and the energy.

Solution. The center is the weighted mean x = (1-0+2-1+3-2)/(1+2+ 3) = 4/3. Currents
from the terminals into the network are 1(0 —z) = —4/3, 2(1 —z) = —2/3, and 3(2 — z) = 2.
Their sum is zero. The energy is

(4/3)% +2(1/3) + 3(2/3)* = 10/3.

The boundary power identity gives the same value: 0(—4/3) + 1(—2/3) + 2(2) = 10/3. This
second calculation checks the current signs and edge-count convention.
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Investigation 18.5 (A series path with a free branch). A path from terminal a to terminal b
has edge resistances 1,2,3. A finite tree with no additional terminal is attached to its middle
vertex. Compute the effective conductance between a and b.

Solution. Successively eliminate free leaves in the attached tree. Every eliminated leaf has zero
minimized energy, so eventually the entire added tree disappears without changing the boundary
response. The path resistance is 1 + 2+ 3 = 6 by (18.5), hence its conductance is 1/6. For a unit
voltage the current is 1/6, and the drops across the three edges are 1/6,2/6,3/6. Every attached
branch takes the potential of its attachment vertex. A new prescribed terminal on such a branch
would change this calculation and cannot be discarded.

Investigation 18.6 (A rational message). A child subtree sends Q(z) = 222 — 6z + 5 to a vertex
linked to its parent by conductance 3. Compute its message and verify nonnegativity.

Solution. Here (A, B,C) = (2,3,5), so

6 , 18 16 6 3\2 1
Qparent(y)—gy —5y+5—5<y—2> +§_

The original quadratic is 2(z — 3/2)? + 1/2, also nonnegative. At a fixed parent value ¥, the
child potential is (3y + 3)/5. Substitution into 3(y — x)? + Q(x) recovers the displayed message,
confirming that its constant term has not been lost during elimination.

Investigation 18.7 (The response of a star). For a center joined to k boundary vertices with
conductances c;, write the complete response matrix and identify its nullspace.

Solution. Put ¢ = (c1,...,c;)" and C = >_; ¢j- Elimination gives A = diag(c1, ..., cx) — cc'/C.
Its energy is C~1 Y, <j cici(gi — gj)2. For k > 2, positivity of every coefficient makes this zero
exactly when all g; coincide; the nullspace is the constants. For & = 1 the matrix is the one-by-one
zero matrix, whose entire one-dimensional space is again the space of constants. Each off-diagonal
entry is —c;c;/C, consistent with Proposition 18.3.

Investigation 18.8 (Why anchoring matters). Remove all prescribed boundary values from
a connected network. Describe the minimizers of its energy and explain why the previous
uniqueness statement no longer applies.

Solution. Every constant function has energy zero, and zero energy forces equality along
every edge, hence constancy by connectedness. Thus there is a whole one-parameter family of
minimizers. The full Laplacian has L1 = 0 and is not invertible. The nonempty boundary in
Theorem 18.1 removed this additive freedom. Prescribing one value restores uniqueness, though
it may produce the constant solution if there are no other imposed data or sources.
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Chapter 19

Resistance bounds, perturbations and
finite error certificates

The preceding elimination identities compute a finite network exactly when rational arithmetic
is feasible. Bounds remain useful when one does not want to eliminate the whole graph, when
conductances are uncertain, or when an approximate potential has already been proposed. In
each case an acceptance argument must be independent of the procedure that generated the
proposal. The central quantities are variational, which makes such arguments short enough to
inspect directly.

19.1 Voltage and current formulations

Choose distinct terminals a,b € V, prescribe h, = 1, hy = 0, and let all other vertices be
harmonic. Define
Cab = gc(h)v Rab = &;1-

Connectedness and distinct terminal values imply Cyp, > 0. By (18.2), Cyp = (Lh),, the current
entering at a under unit voltage. The current at b is —C,; because the sum of all rows of Lh is
zero. Thus the reciprocal definition agrees with voltage divided by current.

Temporarily choose one orientation for every edge and write e™,e™ for its initial and final
vertices. A signed flow is a vector (je); its divergence is

(divj)s = Z Je — Z Je-

ece—=x ecet=x

A unit flow from a to b has divergence 1 at a, —1 at b, and zero elsewhere. With r, = 1/c,, its
dissipation is D,.(j) = 3, rej2. Changing an edge orientation changes the sign of its flow and
leaves this quantity invariant. Collecting endpoint terms gives a second useful summation-by-parts
formula:

Z(ue— - ue+)je = Zux(dlvj)ﬂc (191)

e xX

Theorem 19.1 (Unit-flow principle). Among all unit flows from a to b, the unique minimizer
of D, 1is
_ Ce(he— — he+)

le =

, inD,(j) = Rap.
o min (4) b

For any unit flow j, the exact orthogonal decomposition is

Dr(]) = Rab + Dr(] - ’L)
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Proof. The divergence equations for A show that 7 is a unit flow. Its dissipation is

Zlcg(he* — he+)2 o gc(h) o 1
e Ce Cc%b a

Cgb B Cab.

For another unit flow put k = j — 4; then divk = 0 at every vertex, including the terminals. The

cross term in the expansion of D, (i + k) is

1
Teleke =

263 evelve Ca

The expansion proves the identity. All resistances are positive, so its last term vanishes only if
k = 0, proving uniqueness. O

> (he = het ke = Cl > ha(divk), =0.

b ¢ ab

The voltage formulation supplies an upper bound on C,; from any potential with the correct
terminal values. The current formulation supplies an upper bound on R, from any unit flow.
Accordingly a trial potential v and a trial unit flow j yield the two-sided enclosure

1
—— < Rap <D,(j). 19.2
gc(v) — ab > T(j) ( )
The left denominator is positive because the endpoints differ. These are exact inequalities if the
feasibility conditions and energies have been checked exactly or enclosed with justified directed
errors. A small mismatch in divergence is not a unit-flow certificate until it has been corrected

or its effect bounded.

The two trial certificates also satisfy a direct product inequality. Since v, — v, = 1 and
divj = 1, — 1, summation by parts and weighted Cauchy—Schwarz give

1= Awje, 1< (Z ce(Aev)2> (Z w’?) = E.(v)D,(5).
e & &

Here Aev = v~ — v+, with the same orientation as j.. Equality in Cauchy—Schwarz requires j,

to be one common multiple of ¢, A.v on all edges. Together with feasibility, this means that v

is the harmonic unit-voltage potential and j its normalized unit flow. More quantitatively, set

E =&.(v) and D = D,(j). The interval width decomposes into two nonnegative defects:

1 E—-Cyp
D——=(D—Ryp)+ ———2
F = (D~ Ra) + CwE

The first defect is exactly the flow energy of j — ¢, and the numerator in the second is exactly
the potential energy of v — h. This explains how independent feasible trials can squeeze the
resistance from both sides. It also shows why raw residuals without feasibility do not give the
same enclosure: the initial summation-by-parts value would cease to equal one.

Proposition 19.2 (Paths and cuts). For any simple path P from a to b, and any vertex set S
containing a but not b, let OS be the edges with one endpoint in S. Then

1
= SBap< ) re
EeEBS Ce ecP

On a tree the upper bound is an equality for its unique terminal path.

Proof. Send one unit of flow along P and zero elsewhere. This is feasible and has dissipation
Y ecp Te, giving the upper bound. For the lower bound take the trial potential v = 1 on S and
v = 0 outside. Its energy is exactly > .cgg Ce, S0 (19.2) applies. On a tree, deleting an edge
divides the vertices into two components. Summing divergence over either component shows
that every unit flow has current of magnitude one through the edge if it separates a from b, and
zero otherwise. The separating edges are precisely those of the unique path. Thus its path flow
is the only unit flow, proving equality. O
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This also derives the series law without eliminating potentials, and explains why a free dangling
tree cannot affect a two-terminal resistance. The argument uses the absence of a cycle. A graph
with an additional path can divide its unit flow and lower the resistance.

19.1.1 Several separating cuts give an additive lower bound
Proposition 19.3 (Disjoint cut bounds). Let Si,..., Sk contain a and exclude b. Suppose their

edge cuts 0S1,...,0Sk are pairwise disjoint as sets of edges. Then

k

Rabzz

=1

1
Zeeasj Ce .

The sets S; need not be disjoint; disjointness is required of their crossing edges.

Proof. For a unit flow 4, orient each edge of a selected cut outward from S; for the purpose
of that cut’s calculation. Summing divergence over S; cancels every internal edge and gives
Y ccos, te = 1. Weighted Cauchy-Schwarz gives

2

1= Z Vreieee | < Z reig Z Ce

8683j EEBS]' ee(’)Sj

Because the cuts share no edges, their dissipation sums add without counting any edge twice,
and their total is at most D, (7). Hence every unit flow has dissipation at least the displayed sum
of reciprocal cut conductances. Minimize over flows using Theorem 19.1. O

For a path with successive resistances r1,..., 7, take cuts at its successive edges. The lower
bound becomes Zj rj, matching the path-flow upper bound. For a branching graph, broad cuts
can have large total conductance and hence contribute only a small reciprocal term. This is the
quantitative distinction between several bottlenecks in series and many alternative edges in one
bottleneck.

The disjointness hypothesis cannot be removed while retaining the sum. On a single edge of
resistance one, using the same cut twice would incorrectly predict resistance at least two. More
subtly, nested vertex sets can still have overlapping edge cuts when an edge jumps across several
layers. Nestedness of regions alone does not justify adding their cut bounds. A finite certificate
can list the cut edges and check that each edge index appears at most once; this is an exact
combinatorial condition separate from estimating the positive conductance sums.

19.2 Monotonicity and uncertainty in conductances

Proposition 19.4 (Rayleigh comparison and relative perturbations). On a fized connected
graph with fixed distinct terminals, increasing any conductances cannot decrease Cgp and cannot
increase Ryp. If, for 0 <np < 1,

(I =n)ce < < (14+mn)c. for every edge,

then

(1 - n)cab < Cab < (1 + n)cabv
Rab
1+7n 1—-n
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Proof. For each admissible potential, its energy is an increasing function of each conductance.
Taking the infimum over the same set of potentials preserves this ordering. Taking positive
reciprocals reverses it for resistance. Under the relative hypotheses, every admissible potential
satisfies

(1 =n)&e(u) < E(u) < (1 +n)Ee(u).

Minimizing yields the conductance bounds, and reciprocation yields the resistance bounds. This
proof does not assume that the two minimizing potentials are equal. O

The same argument shows that Cy;, is concave as a function of the conductance vector: for
0<t<l,
ir&f{té’c(u) +(1—-t)&(u)} > ti%f Ec(u) + (1 —1t) i%f Ei(u).

The unit-flow formula similarly makes R4, concave in the resistance vector. These are different
parameterizations; concavity in conductance must not be silently replaced by concavity in
resistance for the same output quantity.

There is a precise local sensitivity formula. If one conductance ¢, varies over positive values
while the others are fixed, the positive definite linear system makes its harmonic solution
differentiable. Differentiating the minimized energy gives

0Cy

e = (he = he+ )2 (19.3)

Indeed, the derivative from changing c. at fixed h is the displayed square. The terms from
differentiating h sum to 23", h’.(Lh),, which vanishes because h’ is zero at the terminals and
Lh is zero elsewhere. The differentiability assertion can also be read directly from the inverse
matrix formula: its entries are quotients of polynomials with a nonzero determinant on positive
conductances. Thus an edge with zero potential drop has zero first-order effect, although its
effect at other conductance values must still be considered.

Differentiating the interior equations makes the dependence precise. Along a differentiable
positive-conductance path ¢(t) with fixed terminal values, write a dot for the derivative. Then

Lithr = —(Lh);, he = hy =0,

so the derivative is determined by the same invertible grounded matrix. In the differentiated
energy the solution-motion contribution is 2hT Lh = 0, leaving

dCab o . 2 ac1ab o
T_Ee:ce(Aeh) , Ee:ce 5e. = Cav

The second identity follows either by setting ¢ = ¢ or directly from the energy formula. Hence the
dimensionless sensitivities s, = ce(Aeh)2 /Cap are nonnegative and sum to one. They describe the
local distribution of conductance sensitivity, not probabilities of a physical event. For resistance
parameters, the chain rule and ¢, = 1/r, yield

OR _ (CeAeh)2 ) OR _
o. 3 @ e or, b

e

The derivatives are local statements at positive parameters. Finite changes require integration
along a positive path or the global Rayleigh comparison already proved; multiplying a local
derivative by a large parameter change without controlling its variation is not such a proof.
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19.3 A residual bound with an explicit stability constant

Let B again be any nonempty boundary set and assume I # &. For each z € I choose a simple
path P, to some boundary vertex and set

m = |1, R*:ma}(Zre.
re 6€Pz

All these quantities concern the supplied finite graph. In particular R, is available from explicit
paths; it is not a hidden asymptotic constant. For any w vanishing on B, telescoping along P,
and Cauchy—Schwarz give

|’LU1=|2 < Z Te Z CC(ACU))2 < R*gc(w)7 (194)
ecPy ecP;,
lwrll3 < mR.Ee(w). (19.5)

In particular, the smallest eigenvalue of Ly is at least (mR,)~!. The path estimate is deliberately
conservative and often can be sharpened, but it is fully explicit.

Proposition 19.5 (Residual-to-error conversion). Let h have exactly the prescribed boundary
values and put v = (Lh);. For the exact harmonic extension h,

lhr —hill2 < mR.rll2, Ec(h —h) < mR.|r3.
Moreover, E.(h) — Ee(h) = E.(h — h) exactly.

Proof. Writing e = h — h, we have eg = 0 and Ljje; = r. Formula (19.5) and summation by
parts imply
lerl3
mR, —
If ey = 0 the claims are immediate; otherwise division gives the first bound. Substituting it into
Ecle) = ejTr gives the second. The exact energy-gap identity is Theorem 18.1 applied to h.

el Lirer = e]r < |ler||2]7|2-

An eigenbasis makes both error quantities transparent. Write L;rv; = Ajv; for an orthonormal
basis, with A\; > 0, and put r; = v;-rr. The exact identities are

Tj 2 r? TJQ'
eI:Z;”ia lerllz = N2 Eele) =Y L.
i 7 Jj 7 i 7

The path inequality supplies A\; > (mR,)~! for every j, giving the claimed bounds term by
term. In particular the energy error is not the square of the Fuclidean error with an unspecified
constant; it is the exact quadratic quantity rTLlfjlr. The argument also isolates the zero-residual
case: if r = 0, each coefficient 7;/); is zero, and uniqueness gives h=nh exactly. For nonzero
residual, the orientation chosen to write edge differences is irrelevant because the energy squares
those differences. The simple paths used to define R, ensure that no edge contribution is counted
twice inside any one path estimate.

O]

If boundary values are also uncertain by at most 7 in maximum norm, first compare exact
harmonic extensions using Proposition 18.2, then apply the residual bound to the approximate
extension for its own boundary values. The triangle inequality yields the maximum-norm estimate

17 = hlloo < 0+ mRy||r|l2.

Here the residual must be calculated for the boundary values actually used. Floating arithmetic
that merely prints a small residual is not enough: one also needs a justified enclosure for that
residual and the positive conductances on which the stability estimate depends.
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19.4 A complete branching model

Proposition 19.6 (Root-to-level resistance of a regular tree). Let every nonterminal vertez of a
rooted tree have b > 2 children. All edges joining depth k — 1 to depth k have resistance ri > 0.
At depth n, identify all leaves as one terminal, and take the root as the other. Then

n T
Ro=3" o
k=1

The identification is part of the electrical boundary condition; it is not an assertion that the
corresponding puzzle points coincide.

Proof. For any unit flow to the leaf terminal, the signed currents across the b* edges of level k
sum to one by conservation at all vertices above that level. Cauchy—Schwarz implies

e at level k

Multiplying by r and summing gives dissipation at least the proposed value. The flow which
assigns current b~% to each outward level-k edge is feasible: every interior vertex receives b~ (=1
and sends b-b~* onward. Its dissipation attains that lower bound. The unit-flow principle proves
the formula. O

For constant r = 1, the result is R, = (1 —b~")/(b— 1). For r = b¥, it is R,, = n. Thus the
same branching combinatorics can have bounded or unbounded resistance as depth increases.
Neither outcome determines the local connectivity of a geometric realization. The edge weights
carry analytic information absent from the bare address tree.

The corresponding potentials can be recovered level by level. Under unit current, every edge
at level k has current b=*, hence voltage drop rib~*. If the wired leaves have potential zero, the
common potential at depth j is

Tk j
U= > g Uo=PRu  Un=0, U1 -Uj=
k=j+1
At an interior vertex the entering current equals the sum of its b outgoing currents, so these values
satisfy every harmonic equation. Dividing by R, > 0 converts them to unit-voltage boundary
data. This is a second route from the proposed symmetric current to the exact Dirichlet solution,
and verifies that wiring leaves means imposing a common terminal potential rather than deleting
all their incident edges. For b = 2, three levels give respectively
11 1 7
Ri=-+-+-=- (rg=1), Ry=1+1+1=3 (r,=2%.
s=5+t7;tg=g (=1 s=1+1+ (re =2%)

In the first case the omitted tail of the infinite series is exactly 27"; in the second case each
additional layer adds exactly one. These are consequences of specified weights at every depth. A
finite tree drawing by itself determines neither continuation.

19.5 Solved investigations
Investigation 19.7 (Independent upper and lower certificates). Two terminals are joined by a

direct resistance 3 and by a separate two-edge path with resistances 1 and 2. Find the exact
resistance and exhibit a trial potential and flow giving matching bounds.
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Depth-three binary tree
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Figure 19.1: A finite binary tree with its terminal leaves wired together, and the exact level
formulas R, = 1 —2"" for r;, = 1 and R,, = n for r, = 2¥. The curves concern specified weighted
models, not measured resistances or a universal law for puzzle trees.

Solution. Both paths have resistance 3, so splitting a unit current equally gives dissipation
3(1/2)% + (1 + 2)(1/2)? = 3/2. Set terminal potentials to 1 and 0 and the intermediate
path potential to 2/3, placing the resistance-1 edge next to the first terminal. The energy is
1/3+ (1/3)2 + (1/2)(2/3)? = 2/3. Thus (19.2) gives 3/2 < Ry, < 3/2. The matching witnesses
prove the value without relying on the rule for parallel resistances as an unproved additional
input.

Investigation 19.8 (A small residual with a large error). One interior vertex is joined to a
boundary vertex of value zero by conductance € > 0. Test the candidate interior potential one.

Solution. The exact potential is zero, while the candidate residual is r = . Its error remains
one as € [ 0. Here m =1 and R, = 1/e, so mR,|r| = 1; the bound of Proposition 19.5 is exact.
The example isolates the missing stability factor in any claim that a small absolute residual alone
proves a small absolute solution error.

Investigation 19.9 (Conductance uncertainty). Every conductance is known to relative accuracy
at most 1/20. If the nominal resistance is 7, enclose the true resistance and give an upper bound
for its relative error from the nominal value.

Solution. Proposition 19.4 gives 140/21 < R< 140/19. Relative to 7, the upward change is at
most 1/19 and the downward change is at most 1/21. Therefore the absolute relative error is at
most 1/19, not automatically 1/20. Reciprocation of conductance uncertainty creates asymmetric
resistance bounds.

Investigation 19.10 (Two weights on one binary tree). For the complete binary tree of depth n,
compute root-to-wired-leaf resistance when 7, = 1 and when r;, = 2. What conclusion follows
about resistance from a picture of the unweighted tree?

Solution. The values are 1 — 27" and n, respectively, by Proposition 19.6. The same finite
combinatorial tree therefore realizes sharply different values and different limiting behavior
under different positive weights. A picture without weight data supplies neither value. Even
if every geometric cell in a related puzzle shrinks, that fact does not choose between these two
assignments.
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Investigation 19.11 (An edge-sensitivity check). Two equal conductances ¢ form a series path
between two terminals. Differentiate its effective conductance with respect to one conductance,
holding the other fixed, and compare with (19.3).

Solution. For independent values ¢y, 2 the effective conductance is c1ca/(c1 + ¢2). Its derivative
with respect to ¢ is ¢3/(c1 + c2)?, which equals 1/4 at ¢; = cp = c. At unit terminal voltage the
middle potential is 1/2, so the squared drop on either edge is also 1/4. If both conductances
vary together, the total derivative is 1/2, agreeing with C(c, ¢) = ¢/2. Distinguishing a partial
derivative from a simultaneous variation is essential in using a sensitivity formula.
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Chapter 20

Finite addresses, precision costs and
physical interpretation

Finite combinatorics, metric error and physical coefficients can be assembled into a useful model,
provided each has a declared role. An address may be perfectly legal while the represented piece
remains large. A graph solve may be exact while its conductances fail to represent the intended
medium. A plot may be visually convincing while its unresolved endpoint order changes the
quotient. The aim of this chapter is constructive: state the interfaces between these tasks so
that a valid estimate at one interface can actually be used at the next.

20.1 Legal addresses recognized by finite states

Fix a finite alphabet A of b > 2 symbols, a finite state set S of size s, an initial state sg, and a
partial deterministic transition function

T7T:S%x A— S

Partial means that some transitions are forbidden. Deterministic means that a state and a
symbol have at most one next state. A finite word is legal when its successive transitions are all
defined. Every state is accepted here; a specified set of final accepting states would replace the
final vector of ones below by its indicator vector. Define the integer matrix

Ajj=#{lac A:7(i,a) = j}.

An entry can exceed one because different symbols may have the same next state. The row sums
are at most b.

Proposition 20.1 (Exact address counts). The number of legal words of length n starting at sg
18

Ny =el A"1 <b".
These counts can be obtained by integer additions along the transition table using O(nsb) additions.

Storing the counts after one level needs O(s(nlogb+ 1)) bits, and the straightforward addition
implementation uses at most O(nsb(nlogb+ 1)) bit operations.

Proof. Let vg(j) count legal words of length k ending in state j. At level zero, vy = e;ro. A word
ending at i extends to j in exactly A;; ways, so vy41 = v A. Induction gives v, = eSTOA”, and
summing its entries gives the formula. Determinism ensures that distinct paths labeled by a
given word cannot be counted twice. Without determinism the same matrix calculation counts
paths, which need not count distinct words.
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There are at most b" length-n words in the full alphabet, proving the upper bound. To
implement one step, initialize a zero count for each state and, for each defined transition (i, a),
add vg (i) to its target count. There are at most sb such additions per step. Every intermediate
count is at most b*T! and therefore uses at most 1 + (k + 1)log, b bits. Addition takes time
linear in this number of digits by the usual carry algorithm. The stated total bound follows by
bounding each of the n levels by its final digit length; keeping only the previous and next count
vectors gives the storage bound.

The matrix formula can also be expanded as a finite sum over intermediate states, making its
multiplicities explicit:

Ny = Z ASoilAi1i2 e 'Az’nflin (n > 1).

11,yeensin €S

Each factor counts allowed labels on one transition. Determinism means that once a word
and starting state are fixed, the entire state sequence is forced; two terms cannot count that
same word. For n = 0, the matrix formula separately gives Ny = 1, the empty word. In an
implementation, the counts for one step must all be computed from the old vector, not updated
in place and reused as if they still belonged to the old level. Otherwise paths of different lengths
can be mixed inadvertently. Summing the level-dependent digit costs yields the more explicit
bound

n—1
O <sb > 1+ (k+1)log b)) = O(sb(n +n(n+ 1)logb)).
k=0

The two-vector storage bound follows from keeping at most 2s integers of final digit length. This
is a count for exact integer additions and state-table access; constructing a justified automaton
from a geometric system is not included in that arithmetic cost.

O]

This calculation can be much smaller than listing every word. It does not construct the
geometric pieces and does not test a claimed transition rule against the original puzzle. In a
concrete application, the rule must be proved to include exactly the intended successors, or
explicitly declared an over-approximation or under-approximation. An over-approximation can
bound the number of possible words from above but may contain unrealizable itineraries. An
under-approximation can omit the very boundary address one is trying to locate.

20.2 Depth, storage and geometric accuracy

A single length-n address in a b-symbol alphabet can be stored in n[log, b] bits by fixed-length
symbol encoding, plus any needed record header. If one is given an exact child-membership
oracle, following one address needs at most n successor choices. Such an oracle is a hypothesis: at
a shared boundary, more than one child can contain the point, and from approximate coordinates
the choice may be undecidable. An acceptable output can retain all compatible children instead
of inventing a unique address.

With a mesh bound 6, < Cq", a localization tolerance £ < C' is met at

_ [log(C/e)
e {log(l/Q)w ' (20-1)

Thus one address has storage proportional to log(1/e) for fixed b, C, q. Complete enumeration
can be much more expensive. For the full b-ary tree, its number of depth-n records is 0™, and
the ceiling in (20.1) gives

(C/e)loeb/loe(l/a) < pre < p(C /e)lo8b/ loe(1/a) (20.2)
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Writing one record per leaf already requires at least that many record writes. It is not a lower
bound for every possible representation of the compact set: shared subtrees, exact symmetries,
or a formula for the set can permit compression. It is a statement about the chosen complete
leaf-list output.

Under the logarithmic modulus of Proposition 16.4, the required depth can instead grow like
e~Y/8 and full enumeration can grow exponentially in that quantity. A complexity claim about
boundary localization must therefore name the modulus and the output representation. Saying
only that “the pieces shrink” omits both.

Proposition 20.2 (Composing geometric and evaluation errors). Suppose = € K,,, diam K, < 4,
and x, € K, has an approximation T, with d(x,,Z,) <n. Let a scalar observable F be defined
on both K and these approximate points, with modulus v on that domain. If a calculated value
Yy obeys |y, — F(ZTy)| <&, then

lyo = F(z)| <& +v(6+n).
For a Lipschitz observable with constant M, this becomes & + M + M.

Proof. The triangle inequality gives d(x,Z,) < § + 7. Apply the modulus to F(x) and F(Z,),
then add the calculation error £. The Lipschitz case substitutes v(t) = Mt. O

If F' is known only on K, an approximate representative outside K cannot be substituted into
it without an extension theorem or a different evaluation rule. This domain condition is often lost
when error terms are assembled informally. Likewise, an asserted rounding bound for ¥, must be
justified for the actual evaluation procedure; it does not follow from the symbolic formula alone.

20.2.1 Allocating depth and coordinate precision separately
For a concrete error budget take M =5, 6 = 27", n = 27P and £ = 10~%. The guaranteed error is
E(n,p) =5(27" +27P) + 107"

For tolerance 1072, subtracting the fixed evaluation error and dividing by five gives the exact

feasible condition 99
E <1072 2N L TP L
(n,p) <107% = 2= 50000

If n is fixed, define T;, = 99/50000 — 2~". No finite coordinate precision can work when 7,, < 0.
For T,, > 0, the least nonnegative integer allowed by this bound is

pmin(n) = maX{O, HOgZ(l/Tnﬂ }

This solves a constrained error-allocation problem, rather than simply requiring the two contri-
butions to be equal. All n < 8 fail because already 278 > 99/50000. At n =9, Ty = 43/1600000,
which lies strictly between 2716 and 2715; thus p = 16 passes and p = 15 fails. Balanced
n = p = 10 passes since 27? < 99/50000. The later worked choice n = p = 11 is a conservative
valid choice with a larger margin. For equal unit costs per depth and precision bit, n + p = 20 is
the least possible total: if n 4+ p < 19, then

99

27" 1 27P > 9y/2-np >2y2-19 5 "
TaT2 = 50000’

where the final comparison can be checked by squaring positive numbers. The feasible choice
(10, 10) attains total twenty. Different computational costs for geometric refinement and coordinate
precision can favor an asymmetric pair; the error inequality remains the constraint in either case.
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Bound: 5(2”(-n)+2"(-p)) + 0.0001
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Figure 20.1: The explicit bound E(n,p) = 5(27" + 277) + 10~* and its 10~2 threshold. Integer
feasible pairs are selected from the displayed inequality; the drawn level sets are analytic-model
illustrations, not error measurements from an executed geometric computation.

20.3 An exact one-dimensional conduction model

There is a direct physical setting in which the finite network equations are exact within the
specified model. Represent every graph edge by an ideal one-dimensional rod of length ¢, > 0,
with scalar potential U.(z) and positive coefficient k.(x) on [0,%.]. Assume k. is piecewise
continuous and bounded above and below by positive constants. For electric conduction one may
take k. = g.A., conductivity times cross-sectional area; for steady heat conduction use thermal
conductivity times area. Impose the model law and steady conservation

Jo = —k(2)Ul(x),  Jia) =0

almost everywhere on each rod. Require U, and J, to be absolutely continuous, so the flux has
no jump across a coefficient interface and steady conservation makes it constant on the whole
rod. Also impose continuity of potential at ideal junctions, and conservation of the signed fluxes
at every unforced junction. These are one-dimensional constitutive assumptions, not conclusions
about an arbitrary planar hull.

Proposition 20.3 (Reduction of rods to a network). If the endpoint potentials of a rod are u at
=0 and v at x = L., define

le dx
P
0 ke(z)

Then its flux in the increasing-r direction and its potential are

dt
ke(t)

xX
Je = ce(u —v), Ue(a:)zu—Je/
0
Its dissipation functional satisfies

Le
/O ko () U2 () dz = co(u — v)2.

Consequently the rod model at its junctions is exactly the finite Dirichlet network with conductances
Ce-
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Proof. Conservation makes .J. constant on each rod. Integrating U, = —J./k. gives the potential
formula. Evaluating it at the far endpoint gives u — v = J R, and the positive finite integral R,
can be divided out. Substituting the derivative into the dissipation integral gives

te dx (u—v)?
ﬁ/ =J?R, = ~———.
0 ke(x) R

At an unforced junction, summing outward fluxes yields >, Cay(uz —uy) = 0, exactly the graph
harmonic equation. Summing the rod dissipation identities yields (18.1). Prescribed terminal
potentials are the graph boundary values, so Theorem 18.1 gives their unique extension.

The same reduction has a weak variational derivation which handles coefficient jumps without
differentiating k.. On one rod, let U be the displayed solution and let W be absolutely continuous
with W(0) = W(¢) = 0 and finite energy. Since k is bounded below by a positive constant,
W' e L?, and the constant-flux formula gives

l l
/ KW de = —J/ W' de = —J(W(¢) — W(0)) = 0.
0 0
Expanding the energy of the competitor U + W therefore yields
4 l 0
/MU+Wsz/kWPm+/MWVM.
0 0 0

The last term vanishes only if W’ = 0 almost everywhere, and absolute continuity with zero
endpoints then gives W = 0. Thus the solution minimizes the continuous rod functional before
any graph elimination. Conversely, suppose an absolutely continuous finite-energy potential
satisfies the displayed weak equation for every such zero-endpoint test. Put ¢ = kU’ € L? and
g=10"1 f(f g dz. The admissible test

W) = [ o) -9 a

has zero endpoints. Substitution shows 0 = [¢(¢ — q) = [(¢ — ¢)?, so q is constant almost
everywhere. Taking J = —q recovers the flux formula and then the explicit potential by
integration. This proves equivalence within the stated one-dimensional finite-energy class; it is
not a derivation of that class from a multidimensional material model.

O]

For constant coefficients, c. = ke/l.. In the electric interpretation, o, has units siemens per
metre, A, has units square metres and /. has units metres, so c. has units siemens. With
potentials in volts, c.(u — v) is in amperes and c.(u — v)? is in watts. Thus &, is dissipated
power in that interpretation, not electrostatic stored energy. For thermal conduction, c. has
units watts per kelvin, flux has units watts, and the quadratic functional has units watt-kelvin.
Its minimization remains mathematically valid, but calling that quadratic quantity a stored heat
energy would be dimensionally incorrect.

At an interface between two constant coefficients k_ and k., continuity of flux specifies the
slope jump exactly:

, , ULk
k_U :]{7+U+:—J, iza WhenJ;ﬁO

Potential stays continuous; its derivative need not. For J = 0 both slopes are zero and the
ratio is not used. On finitely many constant segments with lengths ¢; and coefficients k;, direct
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integration gives R =3, {; /kj. This is a weighted harmonic, not arithmetic, combination of
coeflicients. For arbitrary bounded positive k, another Cauchy—Schwarz calculation gives

2= /E\/Eld T /de R <1/Zk:d
— 0 \/E €T ~ 0 X 5 0_520 X.

Equality requires k£ to be constant almost everywhere. The simpler pointwise bounds also give
Emin/? < ¢ < kmax/f. These inequalities explain why replacing a heterogeneous rod by its
arithmetic mean coefficient can overestimate its conductance, even when all the lengths and
material values are known exactly.

The rod model assumes no lateral leakage and ideal junctions without additional contact
resistance. A real thin two- or three-dimensional domain requires a separate reduction theorem
with geometric hypotheses, boundary conditions and an error bound. No such thin-domain limit
is established here. In particular, drawing graph edges along legal paths in a continuum does not
justify setting ¢, = 1, nor does it prove that the network measures the continuum’s conformal
modulus or capacity.

20.3.1 Coefficient uncertainty before the graph solve

The reduction also identifies which physical uncertainties can be passed to the finite comparison
theorem. Suppose the rod length is fixed and its true coefficient k obeys the pointwise relative
bounds

(1—nk(z) <k(z) < 1+nk(z), 0<np<L

Positive reciprocation followed by integration gives

1-]:LUSR§1]—%777 (I—-nc<e<(1+ne.
Thus a pointwise coefficient enclosure induces the same relative enclosure on the reduced
conductance. When every rod has such an enclosure with the same 7, Proposition 19.4 immediately
bounds the two-terminal conductance and resistance of the entire network. This composition
is deterministic; it makes no independence assumption and does not interpret the intervals as
confidence levels.

For a constant electric coefficient ¢ = 0 A /¢, separate positive parameter intervals can instead
be propagated directly. If

S [0-770-+]’ Ae [A*aAJr]? te [€*7€+]7 O-*aA*)E* >O7
then monotonicity of multiplication and division on positive numbers gives

o_A_ oL A
<e< HEE

0y 0

This enclosure remains valid if the three parameters are correlated, although correlations may
make it wider than necessary. A nominal value ¢y > 0 converts it to relative form by taking

0'714,7 O'+A+ _ 170}7
coly " col-

n:max{l—

provided the resulting 7 is less than one. If it is not, use the positive absolute conductance
bounds directly in Rayleigh comparison; the failure of this convenient relative parameterization
does not make the absolute intervals invalid.

These formulas distinguish three sources of error. Uncertain physical coefficients enter before
reduction and alter the graph itself. A residual bound concerns the accuracy with which
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the specified graph equations were solved. A discrepancy between the rod model and a real
multidimensional sample is a model error requiring additional evidence. Adding more arithmetic
precision can reduce the second contribution, but cannot eliminate either of the other two.
Conversely, exactly known material coefficients do not excuse an unchecked linear-system solve.

There is an explicit finite-network estimate for the change of potential caused by coefficient
uncertainty. For this estimate assume [ # &; if there are no interior vertices, the potential-
difference assertion is vacuous and no path constant R, is needed. Let A solve the nominal
network and £ solve the perturbed one with the same boundary vector g. For « € I, the residual
obtained by inserting A in the perturbed equations is

Sz = (Eh)m = Z(Eﬂﬁy — Cay) (he — hy).
Y~T
Write G = maxp g — ming g. The maximum principle and the relative coefficient bounds imply
|sz| < nG Z Cay-

y~z

Use the same simple paths as for the nominal residual estimate. Their perturbed resistance sums
are at most R, /(1—mn), since 1/¢. < 1/((1 —n)ce). Applying the already proved residual theorem
to the perturbed network, with trial potential h, gives

mR,
T s
n

|hr = hrll2 <

All constants refer to specified finite data, and the bound remains valid when coefficient errors
are correlated. It can be conservative, especially when the nominal voltage drop on many edges
is small. The exact formula for s, retains those smaller drops, whereas the range bound G
discards them for simplicity. Neither version includes a discrepancy between the one-dimensional
constitutive model and a physical sample; that is still a separate modeling question.

20.4 What transfers from a finite model to a continuum

A precise transfer statement can nevertheless be useful. Let X be a compact space with a physical
or analytic quantity F': X — R, let S,, be finite model states, and let ¢, : S;, — X be a specified
realization map. Suppose every x € X lies within distance 6,, of some ¢,(s), that F' has a known
modulus v, and that model outputs f,(s) satisfy the independently justified comparison

|fn(s) = F(tn(s))] < en  for every s € S,.
Then each selected nearby state gives
[fn(s) = F(z)| < en +v(dn). (20.3)

The proof is the triangle inequality, but the hypotheses identify the substantial work: a realization
map, coverage, a modulus, and a comparison between the model and the intended quantity. A
successful exact graph solve establishes none of these hypotheses automatically.

The topological and analytic sides can vary independently. Multiplying every conductance in a
fixed graph by A > 0 leaves its vertices, edges, cyclic order and all address labels unchanged. Its
harmonic potentials for fixed boundary data remain unchanged because L is simply multiplied
by A, whereas

Cab()‘c) = )‘Cab(c)7 Rab()‘c) = )‘_lRab(C)‘

Thus even a perfect topological identification with a finite puzzle tree cannot determine a
resistance without the coefficient scale.
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Similarly, an exact finite noncrossing partition establishes only the order consistency of its
supplied angle classes. A continuum pinched-disk model additionally involves closedness of the
relation, the behavior of limit classes, and the stated hypotheses of the quotient theorem. Finite
checking is valuable because it can reject a wrong finite proposal with a small exact witness. Its
scope should remain visible when the proposal is accepted.

20.5 Solved investigations

Investigation 20.4 (Binary addresses without adjacent ones). Count binary words of length n
containing no consecutive ones using a two-state transition system. Give the count at n = 5.

Solution. Use state 0 when the previous symbol is zero or the word is empty, and state 1 when
the previous symbol is one. From state 0, symbols 0,1 lead to states 0, 1 respectively; from state
1, only symbol 0 is allowed and leads to state 0. Thus

11 A1
() meow()

Splitting words by whether their first symbol is 0 or 10 gives N,, = N,,_1 + N,,_s for n > 2, with
No =1, Ny = 2. The resulting values are 1,2, 3,5,8,13, so N5 = 13. These are legal symbolic
words; their geometric realizability still depends on the application supplying this transition rule.

Investigation 20.5 (One address versus a complete list). A full binary model has §,, < 27",

Compare the storage of a single address with the number of leaf records required for tolerance
2720,

Solution. Depth 20 suffices. A single binary address takes 20 symbol bits, apart from its
metadata. The complete level has 220 = 1048576 leaf records. If each record stores its full address
separately, the symbol fields alone occupy 20 - 220 bits. A prefix tree can share those fields, and
an implicit full-tree formula can avoid listing them at all; the million-record lower bound applies
specifically to an explicit one-record-per-leaf output, not to every representation of the model.

Investigation 20.6 (An observable error budget). Suppose F' is Lipschitz with constant 5 on
the relevant domain, the geometric mesh is at most 27", representatives have error at most 277,
and evaluation error is at most 104, Give integer choices ensuring total error at most 1072

Solution. Take n = p = 11. Proposition 20.2 gives
lyy — F(z)] <1074 4+10-27" =107* +5/1024 < 1072

This leaves a strict margin. The domain of the Lipschitz estimate must include the approximate
representatives; otherwise the displayed application of the proposition is not licensed. A smaller
actual mesh could allow fewer coordinate bits, but that tradeoff must still obey the same combined
inequality.

Investigation 20.7 (Two materials in one rod). A rod has length 3, with k£ = 2 on its first unit
of length and k = 4 on its remaining two units. The endpoint potentials are 3 and 1. Compute
its effective conductance, flux and interface potential.

Solution. The integrated resistance is R = 1/2+2/4 = 1, so ¢ = 1 and the increasing coordinate
flux is J = ¢(3—1) = 2. At the material interface, U(1) = 3—2(1/2) = 2. On the second segment
the drop is another 2(2/4) = 1, reaching the prescribed terminal value 1. The dissipation is
J2R = 4, agreeing with ¢(3 — 1)?. Using an unweighted arithmetic mean of the coefficients in
place of the integral of their reciprocals would not recover this result.
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Investigation 20.8 (Why a correct graph solve is not a continuum proof). A finite graph has
been checked to have a legal noncrossing embedding, and its rational Dirichlet problem has been
solved exactly. Does this prove that its effective resistance equals a chosen continuum capacity?
Give a concrete obstruction and name the missing comparison data.

Solution. It does not. Multiply every graph conductance by 2. The embedding, noncrossing
verdict and boundary potentials stay the same, while the resistance is divided by 2. Both graph
solves are mathematically correct, so the topological information cannot determine which, if
either, equals the proposed continuum quantity. One needs a specified normalization, a map or
reduction connecting graph states to the continuum, and a proved comparison with an error
bound. In the form (20.3), that missing comparison is the uniform bound |f,(s) — F(tn(s))| < en,
together with coverage and a modulus. It is a mathematical obligation, not an empirical property
established by a visually plausible graph.

The five chapters have supplied finite statements with complete written proofs, explicit
hypotheses and exact worked examples. Their algebra does not certify all puzzle pieces of an
unspecified continuum, an infinite lamination, or a physical experiment. Those broader claims
would require the additional geometric and analytic interfaces just identified. The present
statements are also not proof-assistant kernel checks; they provide a precisely scoped written
foundation for such work.
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Chapter 21

Source guide and precise obligations

This guide follows the hierarchy of Section 9 of Lyubich’s supplied manuscript [1], printed
pages 152-163. It records all 30 numbered units and their printed subparts. Definitions and
substantive unnumbered arguments are included in their original subsection positions. The
chapters preceding this guide instead follow proof dependencies. A cross-reference below identifies
the precise statement actually established here; it does not automatically certify every stronger
reading of its source counterpart.

The evidence level is a written mathematical argument with independent agent cross-review.
Classical inputs are declared in the preface and dependency register. No entry below asserts
Lean, Rocq, CAS or external peer-review acceptance. In particular, a correction, counterexample
or remaining obligation is not counted as a proof of the literal source assertion.

21.1 9.1. Cut-curves and puzzle pieces for hulls

21.1.1 9.1.1. Terminology

The source distinguishes touching from cutting, allows finite intersections for general cut-curves,
and distinguishes sectors, their shadows and perfect sectors. It also describes Green representatives
with vertical ray portions and horizontal equipotential portions. Chapter 5 fixes the simple-cut
convention and keeps a plane cell distinct from its intersection with the hull. The Green-
coordinate formulas are developed in Chapter 2; access-preserving replacement is used explicitly
in Proposition 6.3. A simultaneous ambient isotopy of an arbitrary infinite curve family is not
claimed.

Rooted and unrooted branches differ by whether the root is included. Puzzle vertices and local
corners do not by themselves establish connectedness of an entire hull intersection. Definition 5.5
therefore states the global connectedness and openness requirements used later. This is an
explicit normalization, not a deduction from a drawing.

21.1.2 9.1.2. Chopping off subhulls

Lemma 9.1. Lemma 5.2 proves the full simple-cut statement: the two closed-side intersections
are nondegenerate full continua, their union is the original hull, and their intersection is the root.
The proof separates the connectedness argument from the use of fullness.

Corollary 9.2, parts (i) and (ii). Part (i) is proved for finite disjoint simple cut-lines in
Proposition 5.3. Part (ii), if interpreted for every Jordan cut-curve allowed by the preceding
broad definition, is false. Example 5.4 uses a U-shaped arc and a round disk whose intersection
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is two disjoint segments. Admissible connected/full pieces supply the corrected setting for later
arguments. Their admissibility must be proved in an application.

Remark 9.3. The finite-cell proof also identifies the possible common roots of cut-off subhulls.
The claim concerns intersections with K. Two closures of entire plane sectors can share a
separating curve, and should not be substituted for these subhulls.

Corollary 9.4, parts (i)—(iii). Theorem 6.1 proves (i) and the visible-root nondegeneracy
condition (ii) for the stated disjoint simple cuts, with the base point avoiding their roots. Propo-
sition 6.2 proves the nested compact/full intersection statement needed for (iii). Connectedness
of the finite retained sets is a hypothesis or a prior conclusion. The unrestricted Jordan-piece
assertion cannot be recovered by taking a limit after Corollary 9.2(ii) has already failed at a
finite stage.

Lemma 9.5. Proposition 6.3 proves persistence and injectivity of accesses under visible-root
removal. The retained roots witness both sides of a ray pair. The side-invariance argument
preserves the retained subsets of K; inclusion then induces the stated injection of local approach
classes. It need not be surjective: cutting can create new approaches.

The source’s unnumbered sector-complement description is represented by the retained-hull
intersection in Theorem 6.1. Its compactness, connectedness, fullness and possible degeneration
are separate conclusions.

21.1.3 9.1.3. Puzzle ends, impressions, and rigidity

The source introduces puzzle fjords, escaping nests and impressions, and proposes an end attached
to every point. Nested admissible sets do yield compact connected impressions. A universal
assignment with the proposed fiber semantics is a stronger claim.

Exercise 9.6. The general equivalence between the source’s escaping-end construction and
pairwise nonseparation is not established here. The tangent-root example in Example 6.4
obstructs the proposed universal end assignment with disjoint fibers. Valid nested-intersection
statements are proved in Proposition 6.2; they do not create a missing quotient or resolve every
end convention.

Corollary 9.7, parts (i)—(iii). Part (i) holds for the admissible nests just specified. Literal part
(ii) fails under open-side nonseparation: for two tangent disks the tangent point is inseparable
from either center, while the centers are separated from one another. The relation is not
transitive. Proposition 6.5 states sufficient genuine partition/closed-relation hypotheses. Under
those hypotheses the singleton-fiber conclusion in (iii) follows by the compact to Hausdorff
homeomorphism theorem. That conditional result does not repair the nonexistent original
projection by assumption.

Proposition 9.8, parts (i)—(iii). Definition 7.1 distinguishes admissible and perfect rigidity.
Proposition 7.2 proves weak local connectivity at an admissibly rigid point, local connectivity at
a perfectly rigid point, and the corresponding global conclusion. Connected neighborhoods and
connected open neighborhoods have different roles at a single point. Proposition 3.1 explains
why the distinction disappears under the appropriate hypothesis at every point.
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Corollary 9.9. The shrinking-diameter criterion follows from the same proposition and compact
nesting. Proposition 7.3 explains why a filled interior body obstructs such shrinking for hull cuts.
A singleton intersection supplies no predetermined geometric rate; Chapters 16 and 20 state
what quantitative inputs do supply a rate.

21.1.4 9.1.4. Puzzle and rays

Exercise 9.10, parts (i)—(iv). Part (i) also needs an admissibility restriction. In the U-arc
example, let P = D(i,3/4) and take the horizontal crosscut o = [—1/2,1/2] + 4. Its interior lies
in the exterior of K and it lies inside P. The bounded fjord is the rectangle (—1/2,1/2) x (0, 1),
which contains ¢/10 ¢ P. Thus crosscut containment in an arbitrary source piece does not imply
fjord containment there.

For the impression-containment and subordinate-end assertions (ii) and (iii), Lemma 7.5 gives
an actual finite-barrier statement away from its finitely many endpoint angles. Theorem 7.6
treats those exceptions in the shrinking situation. Merely touching a closed piece does not give
arbitrary whole-impression containment. The general projection clause (iv) retains the unresolved
end/quotient issue from Corollary 9.7; it is not claimed from the limited barrier theorem.

Corollary 9.11. Theorem 7.6 proves singleton impression and ray landing at an actual cut-rigid
point using shrinking finite pieces and endpoint-angle control. Corollary 7.7 gives the complete
landing-fiber description. This route proves the local conclusion without assuming a global puzzle
quotient.

Remark 9.12. The source permits restricted puzzle families with an intersection-refinement
property. That property is useful for choosing smaller pieces, but it is not asserted here to prove
disjoint impressions or a closed quotient relation. The separate requirements of Proposition 6.5
remain in force.

21.1.5 9.1.5. Branches and limbs

The source introduces well branching, pointed hulls, wakes, limbs and bodies. The text keeps a
full hull, a chosen body, a sector and its attached continuum distinct. Chosen internal centers
are additional data.

Corollary 9.13. Proposition 10.4 proves connected consecutive sectors for a finite landing
fiber in a locally connected hull, with at least two accesses. The condition m > 2 matters: an
endpoint of an arc can have a single access and does not meet a definition requiring branching
valence at least two. The extension to a merely rigid point in a globally non-locally-connected
hull remains a separate obligation.

Lemma 9.14. The source’s full criterion using approximating pairs of landing angles to prove
connectivity of a sector branch remains unproved under its weakest stated hypotheses in this
edition. Neither the null-family lemma nor the continuous global landing-map argument is
substituted for that theorem. This entry preserves the exact missing source unit for subsequent
work.

Exercise 9.15. Proposition 7.8 gives a finite-cover local-connectivity criterion when the selected
open cut cells are connected. To recover the source’s full perfect-cut-rigidity conclusion one must
additionally construct compatible small Jordan pieces and verify their corners. That construction
is not inferred from pairwise separation alone and remains an obligation.
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21.2 9.2. Interior components of hulls

21.2.1 9.2.1. Cut-curves and puzzle pieces for general continua

The source enlarges cuts to internal Green arcs and dipoles meeting a continuum at two points.
The number of contact points changes the topology; the simple-cut proof cannot be copied
without checking it.

Exercise 9.16. The singleton-cut connectedness proof extends to arbitrary continua without
the fullness conclusion. The general dipole claim is false: Example 9.1 intersects the unit circle
with the band between two disjoint horizontal dipoles, leaving two separate arcs. Additional
admissibility is therefore necessary for multiple dipole cells.

Exercise 9.17. Definition 5.5 requires connectedness of the relevant open intersection explicitly
for a perfect piece. A proof from an ambiguous local-corner condition alone is not claimed.
Recovering that implication under a precisely specified source corner definition remains an
obligation.

Corollary 9.18. Under that explicit perfect-piece definition, the local-connectivity proof
of Proposition 7.2 applies to an arbitrary continuum J. It uses connected relatively open
neighborhoods, not fullness of J.

21.2.2 9.2.2. Limbs and local connectivity at peripheral points

The unnumbered Jordan-body decomposition in source equation (9.1) motivates Definition 9.2.
It specifies the attachment points, pairwise intersection rules and null-family condition.

Lemma 9.19, parts (i)—(iii). Proposition 9.4 proves local connectivity at nonroot body-
boundary points for a null family of attached continua. Proposition 9.5 proves the stronger
global gluing statement under local connectivity of the limbs, with its stated access consequence.
These are scoped results related to (i). The full source access assertion under weaker hypotheses
is retained as an obligation.

The perfect rigidity in (ii) must distinguish J = 9K from the filled hull K: the proposed small
dipole puzzles concern J, whereas an interior body prevents hull-cut shrinking. Part (iii), the full
inherited root-rigidity construction, likewise requires a boundary puzzle argument not supplied
by the gluing theorem. The missing peripheral cut constructions are recorded, not treated as
consequences of a continuous boundary map by terminology.

Lemma 9.20. Proposition 9.6 proves that dense roots force shrinking in the explicit Jordan-
body decomposition with disjoint Green-root sectors. Its two-root dipole barrier uses the body
and sector hypotheses. It is not the false general inference that bounded area forces every disjoint
continuum to have small diameter.

21.2.3 9.2.3. LC hulls and Jordan disks

Proposition 9.21. Theorems 8.1 and 8.3 supply the gate retraction and the Jordan-domain
proof for every interior component of a locally connected full continuum. The boundary is shown
locally connected through a continuous image of the exterior boundary, rather than by assuming
that an arbitrary closed subset of a locally connected space is locally connected. Injectivity of
the interior boundary map is then proved using fullness.
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Exercise 9.22. Proposition 8.2 proves that two distinct interior component closures meet in
at most one point. Continuity and constancy of the gate on an outside component provide the
argument.

21.3 9.3. Legal issues

The source defines pointed components, legal points and arcs, legal convexity, and the finite
legal hull. Definition 10.1 constrains the intersection with each closed interior component. An
open-component-only condition permits arbitrary boundary semicircles in a disk, so it cannot
give uniqueness. The closed-component convention is an explicit normalization of the objects
studied here.

Exercise 9.23. Theorem 10.2 proves existence and uniqueness of a regulated legal joining arc.
The existence proof controls infinitely many replacements using the null family of component
diameters; parameter-interval lengths alone would not ensure continuity.

Exercise 9.24. Proposition 10.3 proves the separating-access statement for an interior boundary
point on a regulated legal arc. The external ray pair separates the two arc branches. The endpoint
and interior-point conditions remain distinct.

Exercise 9.25. Proposition 10.5 proves the origin-crossing conclusion when the pointing is
equivariant under z — —z. Example 10.6 uses a unit disk pointed at a nonzero imaginary internal
center to show why geometric symmetry of K alone is insufficient. If the source’s symmetry
convention includes the pointing, this is a hypothesis clarification rather than a refutation of
that reading.

Exercise 9.26. Theorem 10.7 proves that the finite regulated legal hull is a topological tree,
gives its canonical joining paths and establishes the leaf/branch bound. Its topology supplies no
electrical weights automatically.

21.4 9.4. Pinched disk model for a hull

21.4.1 9.4.1. Locally connected case

The unnumbered construction starts from the external landing equivalence and extends it over
convex-hull classes. Chapters 11-13 prove the closed-relation and hull-extension steps, including
singleton, two-point and universal classes.

Lemma 9.27. Theorem 12.6 proves that distinct landing fibers are unlinked; Lemma 12.5
connects circular order to disjoint hyperbolic convex hulls. The proof is distinct from an inspection
of finitely many plotted chords.

Theorem 9.28, main statement and plane extension. Theorems 13.3 and 14.3 construct
and recognize the pinched model, including its extension over the plane. Moore’s sphere theorem
is a named classical input with its hypotheses checked. The matching of interior components and
continuity across their accumulation are separate steps. The latter uses Proposition 3.5, proved
from the gate modulus, followed by the pasting argument. This repairs the source’s mismatched
reference to “Proposition 9.27” in its shrinking-component step; the preceding source item is an
unlinking lemma, not that null-family result.
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21.4.2 9.4.2. General case

The source proposes closing and cleaning cutpoint geodesics and distinguishing black and white
gaps. Those words alone do not specify a unique closed equivalence relation, its decomposition
classes or the required projection. Chapter 15 shows why limits can lose transitivity and separates
minimal closed completion from planar nonseparation and local connectivity.

Proposition 9.29, projection and recognition clauses. Theorem 15.3 proves a well-posed
conditional statement for an explicitly supplied closed monotone relation with the specified
quotient properties. Proposition 15.2 constructs the least closed equivalence completion, but does
not assert that this completion automatically has nonseparating classes or a locally connected
quotient. Defining the source’s general cleanup, constructing its claimed projection and proving
its recognition criterion remain substantive obligations. Density of selected accesses does not
discharge them.

Exercise 9.30. Proposition 15.5 and Theorem 15.6 prove that every continuous monotone
map from the specified Cantor fan onto a locally connected compact Hausdorff continuum is
constant. Thus its universal monotone locally connected model is a point in that precise category.
Identifying this model with the still-unspecified construction of Proposition 9.29 remains unproved.
The finite-fan comparison and the radius-map counterexample explain both perfectness of the
angle set and the connected- fiber hypothesis.

What is ready for subsequent formalization

The canonical statement register records the exact authored statements and their surrounding
hypotheses. Compactness lemmas, the finite circular-order tests, tree quadratic identities and
residual bounds provide bounded starting points. The topology inputs and every qualification
above remain visible in that programme. A successful build, a correct figure or a checked finite
example is not a substitute for any of the remaining general proof obligations.
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# PHI Technical Monographs — Volume IX

**Puzzle Geometry and Pinched Disk Models**, public editable sources and production checks.

This archive contains the intended TeX dependency closure, seventeen original
monochrome vector figures with monospace typography, the PHI logo, figure
generator, portable light/dark rebuild helper, provenance and statement
records, and exact-byte manifests. Public archives exclude the teaching
appendix. The internal archive also contains the internal entry point and
teaching appendix. No external source-book pages or external font binaries
are included.

Run `python3 verify.py` after extraction, or
`python3 verify.py --zip /path/to/PHI_IX_Public_Sources_and_Checks.zip` to check the archive.
These checks detect inconsistent bytes and archive structure. They are not
a digital signature and do not establish mathematical truth or authorship.
The external archive SHA-256 supplied with the reading editions identifies
this manifest itself.

Read REPRODUCE.txt before rebuilding. SOURCES.md gives attribution;
VALIDATION.md and records/OBLIGATIONS.md state the actual evidence and limits.
The written arguments received agent cross-review, not external peer review.
No new Lean, Rocq, CAS, physical experiment or hardware result is claimed.
The source guide separates valid cut-cell and quotient results from source
statements requiring corrections. General non-locally-connected lamination
cleanup and its identification with a planar model remain explicit obligations.

records/EXPANSION_RECORD.json records the insertion-only retention check,
additional displayed equations and preservation of the nine original figures.

The source archive contains no final reading PDFs or final-PDF hashes.
Each distributed reading PDF embeds this exact edition-matched ZIP.
The accompanying external reading manifest binds those final PDF bytes and
this archive without a circular hash dependency. Rebuild output bytes can
differ across TeX, font or library versions and require fresh review.







REPRODUCE.txt

PHI Volume IX — public source reproduction

Requirements: Python 3, pdflatex/TeX Live with Latin Modern, AMS and the
layout packages named in tex/preamble.tex, qpdf, and PyMuPDF. requirements.txt
records the Python versions used. NumPy and Matplotlib are needed only to
regenerate the supplied figures; fonttools and Pillow support the independent
figure audit and its contact sheet. Third-party programs and font files are not bundled.
TOOLCHAIN.json records the actual packaging environment.

From the extracted archive root:
  python3 verify.py
  python3 code/rebuild.py

The helper selects this archive's intended edition. It runs three pdflatex
passes, rejects unresolved references and overfull boxes, creates a dark
presentation, runs qpdf, checks page bounds, and compares extracted theme
text. Its executed commands and results are written to build/production_checks.json.
It makes no network requests and runs no proof assistant or CAS.

To also embed the exact original downloaded source ZIP in the rebuilt PDFs:
  python3 code/rebuild.py --source-archive /path/to/PHI_IX_Public_Sources_and_Checks.zip

The archive is verified and its edition must match the selected PDF edition.
Without this option the rebuilt PDFs have no attachments; the report says so.
The internal source package also supports --edition all to typeset both
entry points without attachments. Public and internal source archives must
never be interchanged as PDF attachments.

Optional figure regeneration:
  python3 code/figures.py

Optional independent production audit and statement-register reproduction:
  python3 code/check_figures.py
  python3 code/record_statements.py

The figure audit creates new review renderings; visual inspection is a
separate step and is not automatically repeated by its numerical checks.

Regeneration changes immutable input bytes and can invalidate source hashes;
retain the original ZIP and repeat production/visual review for new outputs.
Figure plots are sampled illustrations of stated formulas, not experiments
or certificates of continuous-domain claims. Inspect the final reading size
in both themes after any source, font, toolchain or figure change.
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# Volume IX sources and attribution

The principal source is Mikhail Lyubich, *Conformal Geometry and Dynamics of
Quadratic Polynomials*, supplied volumes I–II manuscript, 702 pages. Its PDF
metadata is dated 14 September 2023. This volume continues the series with
Section 9, “Puzzle and pinched disk models,” printed and physical pages 152–163:
after Remark 8.20 and before Section 10. The source population has 30 numbered
units, 14 hierarchy headings and 13 separately recorded unnumbered developments.
Source subparts remain individually identified. These counts do not assert a
percentage of theorems proved.

The inspected local source is identified by SHA-256
`291912b9e5206cf293127de93ceab03b63546596801c6a7607e0ee1837c5790f`
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proof-assistant run, or a substitute for inspecting the emitted renderings.
The checker deliberately does not import or execute the figure generator.
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from __future__ import annotations

import hashlib
import io
import json
import os
import re
from pathlib import Path
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    """Allow only the documented tiny DeviceGray ICC conversion offsets."""
    return len(color) == 1 or (
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            record = {'name': base_name, 'xref': xref}
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            try:
                _, extension, _, content = doc.extract_font(xref)
                if not content:
                    raise ValueError('font is not embedded')
                with TTFont(io.BytesIO(content)) as metadata:
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                    widths = sorted({metadata['hmtx'].metrics[glyph][0]
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                        'format': extension,
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                        issues.append({'kind': 'unexpected_text_font',
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        # Include nested Form streams: math and vector glyphs may live there.
        stream_xrefs = set(page.get_contents())
        stream_xrefs.update(item[0] for item in page.get_xobjects())
        for xref in sorted(stream_xrefs - inspected_streams):
            inspected_streams.add(xref)
            raw = doc.xref_stream(xref).decode('latin1')
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                    issues.append({'kind': 'nongray_literal_rgb', 'rgb': values,
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            # These known Matplotlib figures need no CMYK/pattern/shading paint.
            # Reject unsupported paint rather than silently treating it as gray.
            if CMYK.search(raw):
                issues.append({'kind': 'unsupported_cmyk_operator', 'stream_xref': xref})
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                issues.append({'kind': 'unsupported_pattern_or_shading', 'stream_xref': xref})
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        issues.append({'kind': 'unexpected_page_count', 'pages': len(doc)})
    if not spans or not fonts:
        issues.append({'kind': 'missing_extractable_text_or_font'})
    if not vector_count:
        issues.append({'kind': 'missing_vector_drawings'})
    return {
        'pages': len(doc), 'vector_drawings': vector_count,
        'raster_images': raster_count, 'converted_colors': sorted(colors),
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def negative_controls() -> list[dict]:
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    with fitz.open() as doc:
        page = doc.new_page(width=200, height=100)
        page.draw_line((10, 10), (190, 10), color=(1, 0, 0))
        page.insert_text((10, 40), 'Control')
        kinds = {x['kind'] for x in audit_document(doc)['issues']}
        results.append({'control': 'red_vector', 'rejected_for_expected_reason':
                        'nongray_vector' in kinds and 'nongray_literal_rgb' in kinds})
        results.append({'control': 'proportional_helvetica',
                        'rejected_for_expected_reason': 'unexpected_font' in kinds})
    with fitz.open() as doc:
        page = doc.new_page(width=200, height=100)
        image = Image.new('RGB', (8, 8), (0, 0, 0))
        buf = io.BytesIO()
        image.save(buf, format='PNG')
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        results.append({'control': 'embedded_raster', 'rejected_for_expected_reason':
                        'raster_content' in kinds})
    return results


def make_contact_sheet(renderings: list[Path], output: Path) -> None:
    width, height = 720, 470
    sheet = Image.new('RGB', (3 * width, ((len(renderings)+2)//3) * height), 'white')
    draw = ImageDraw.Draw(sheet)
    font_path = findfont(FontProperties(family='DejaVu Sans Mono'), fallback_to_default=False)
    font = ImageFont.truetype(font_path, 17)
    for index, path in enumerate(renderings):
        x, y = index % 3 * width, index // 3 * height
        draw.text((x + 12, y + 8), path.stem, fill='black', font=font)
        with Image.open(path) as source:
            thumbnail = source.convert('RGB')
            thumbnail.thumbnail((width - 16, height - 42), Image.Resampling.LANCZOS)
            sheet.paste(thumbnail, (x + (width - thumbnail.width) // 2, y + 36))
    sheet.save(output)


def main() -> None:
    audit = ROOT / 'audit'
    renders = audit / 'figure_renderings'
    audit.mkdir(exist_ok=True)
    renders.mkdir(exist_ok=True)
    files = sorted((ROOT / 'figures').glob('*.pdf'))
    actual = {p.stem for p in files}
    records = []
    renderings = []
    for path in files:
        data = path.read_bytes()
        with fitz.open(stream=data, filetype='pdf') as doc:
            record = audit_document(doc)
            record.update({'path': str(path.relative_to(ROOT)), 'sha256': sha256(data)})
            if len(doc) == 1:
                output = renders / (path.stem + '.png')
                doc[0].get_pixmap(matrix=fitz.Matrix(2, 2), alpha=False).save(output)
                record['rendering'] = str(output.relative_to(ROOT))
                record['rendering_sha256'] = sha256(output.read_bytes())
                renderings.append(output)
            records.append(record)
    controls = negative_controls()
    contact = renders / 'contact_sheet.png'
    if len(renderings) == len(EXPECTED):
        make_contact_sheet(renderings, contact)
    visual = {'status': 'pending',
              'detail': 'Inspect the saved images and record the review separately.'}
    review_path = audit / 'figure_visual_review.json'
    if review_path.exists():
        reviewed = json.loads(review_path.read_text())
        expected_hashes = {r['path']: r['sha256'] for r in records}
        if (reviewed.get('reviewed_figure_sha256') == expected_hashes
                and contact.exists()
                and reviewed.get('contact_sheet_sha256') == sha256(contact.read_bytes())):
            visual = {'status': reviewed.get('status', 'pending'),
                      'record': str(review_path.relative_to(ROOT)),
                      'method': reviewed.get('method'),
                      'current_hashes_match_review': True}
        else:
            visual = {'status': 'stale', 'record': str(review_path.relative_to(ROOT)),
                      'current_hashes_match_review': False}
    passed = (actual == EXPECTED and all(r['passed'] for r in records)
              and all(c['rejected_for_expected_reason'] for c in controls))
    report = {
        'scope': 'Seventeen one-page vector figures: neutral paint, embedded DejaVu Sans Mono, '
                 'fixed glyph advances, extractable text, no raster images, and page-contained text.',
        'not_a_mathematical_certificate': True,
        'visual_review': visual,
        'color_policy': 'Converted RGB spread <=0.0002 tolerates MuPDF DeviceGray ICC offsets; '
                        'literal RGB paint spread must be <=1e-10. CMYK/pattern/shading paint is rejected.',
        'expected_files': sorted(EXPECTED), 'missing_files': sorted(EXPECTED - actual),
        'unexpected_files': sorted(actual - EXPECTED), 'figures': records,
        'negative_controls': controls, 'passed': passed,
        'contact_sheet': str(contact.relative_to(ROOT)) if contact.exists() else None,
    }
    output = audit / 'figure_checks.json'
    temporary = output.with_suffix('.tmp')
    temporary.write_text(json.dumps(report, indent=2) + '\n')
    temporary.replace(output)
    print(json.dumps({'passed': passed, 'figures': len(records), 'report': str(output),
                      'issues': {Path(r['path']).stem: r['issues'] for r in records if r['issues']},
                      'negative_controls': controls}, indent=2))
    raise SystemExit(0 if passed else 1)


if __name__ == '__main__':
    main()







code/figures.py

"""Original monochrome vector diagrams of exact models; not experiment data."""
from pathlib import Path
import os

ROOT = Path(__file__).resolve().parents[1]
os.environ.setdefault('MPLCONFIGDIR', str(ROOT/'audit/matplotlib-cache'))
import numpy as np
import matplotlib
matplotlib.use('Agg')
import matplotlib.pyplot as plt
from matplotlib.patches import Circle, Rectangle, Polygon

OUT = ROOT/'figures'
plt.rcParams.update({
    'font.family':'DejaVu Sans Mono', 'font.monospace':['DejaVu Sans Mono'],
    'font.size':9, 'axes.spines.top':False, 'axes.spines.right':False,
    'pdf.fonttype':42, 'figure.dpi':140,
    'axes.prop_cycle':plt.cycler(color=['black']*4,linestyle=['-','--','-.',':']),
    'mathtext.fontset':'custom', 'mathtext.default':'regular',
    'mathtext.rm':'DejaVu Sans Mono', 'mathtext.it':'DejaVu Sans Mono',
    'mathtext.bf':'DejaVu Sans Mono', 'mathtext.sf':'DejaVu Sans Mono',
    'mathtext.tt':'DejaVu Sans Mono', 'mathtext.cal':'DejaVu Sans Mono',
    'mathtext.fallback':None,
})


def save(fig, name):
    fig.tight_layout(pad=.8)
    fig.savefig(OUT/(name+'.pdf'), metadata={
        'CreationDate':None,'ModDate':None,'Creator':'PHI research collective'})
    plt.close(fig)


def plane(ax, xlim=(-1.2,1.2), ylim=(-1.1,1.1)):
    ax.set(xlim=xlim,ylim=ylim,aspect='equal',xlabel='Re z',ylabel='Im z')


def main():
    OUT.mkdir(exist_ok=True)
    fig,ax=plt.subplots(figsize=(6.4,3.8))
    for x,y in [(-1,-.65),(-1,.65),(1,0)]: ax.plot([0,x],[0,y],'k-',lw=2)
    ax.axvline(0,color='black',ls='--',lw=1)
    ax.plot(0,0,'ko',ms=4); ax.text(.08,.1,'a')
    ax.text(-1.08,.9,'Two unrooted branches',fontsize=8)
    ax.text(.12,-.8,'One unrooted branch',fontsize=8)
    plane(ax);save(fig,'cut_sectors')

    fig,ax=plt.subplots(figsize=(6.4,3.6))
    for center in [-1,1]: ax.add_patch(Circle((center,0),1,fill=False,edgecolor='black',lw=1.5))
    ax.plot([0,0],[-1.3,1.3],'k--',lw=1)
    for x,label in [(-1,'x = -1'),(0,'a = 0'),(1,'y = 1')]:
        ax.plot(x,0,'ko',ms=4)
        ax.text(x+.12 if x==0 else x,.12 if x==0 else -.24,label,
                ha='left' if x==0 else 'center',fontsize=8)
    ax.text(-1,.5,'Closed disk',ha='center',fontsize=8)
    ax.text(1,.5,'Closed disk',ha='center',fontsize=8)
    ax.text(0,1.38,'Cut line through a',ha='center',fontsize=8)
    plane(ax,(-2.2,2.2),(-1.25,1.55));save(fig,'tangent_disks')

    fig,ax=plt.subplots(figsize=(6.4,3.6))
    ax.plot([-1,1],[0,0],'k-',lw=2)
    for j,r in enumerate([.8,.4,.2]):
        ax.add_patch(Rectangle((-r,-.5*r),2*r,r,fill=False,edgecolor='black',ls=['-','--',':'][j],lw=1))
        ax.text(r+.025,.5*r,f'P{j+1}',fontsize=8)
    ax.plot(0,0,'ko',ms=4);ax.text(.045,.035,'a',fontsize=8)
    ax.text(-.96,.56,'Nested connected cut cells',fontsize=8)
    plane(ax,(-1.1,1.1),(-.6,.7));save(fig,'nested_puzzle')

    fig,ax=plt.subplots(figsize=(6.4,3.6))
    ax.plot([0,1],[0,0],'k-',lw=1.5)
    for n in range(1,25): ax.plot([1/n,1/n],[0,1],'k-',lw=.8)
    ax.plot([0,0],[0,1],color='black',lw=2)
    ax.plot(0,.65,'ko',ms=4)
    ax.annotate('Limit tooth',xy=(0,.65),xytext=(.35,.72),fontsize=8,
                arrowprops={'arrowstyle':'->','color':'black'})
    ax.text(.28,.35,'Teeth x = 1/n',fontsize=8,
            bbox={'facecolor':'white','edgecolor':'none','pad':1.5})
    plane(ax,(-.06,1.06),(-.08,1.08));save(fig,'comb_limit')

    fig,axes=plt.subplots(1,2,figsize=(6.4,3.5))
    angles=np.array([.1,.4,.6,.9])*2*np.pi
    pts=np.column_stack([np.cos(angles),np.sin(angles)])
    for ax,pairs,title in zip(axes,[[(0,2),(1,3)],[(0,1),(2,3)]],['Alternating: crossing','Separate: noncrossing']):
        ax.add_patch(Circle((0,0),1,fill=False,edgecolor='black'))
        for j,(a,b) in enumerate(pairs): ax.plot(pts[[a,b],0],pts[[a,b],1],color='black',ls=['-','--'][j])
        for k,(x,y) in enumerate(pts):
            ax.plot(x,y,'ko',ms=3);ax.text(1.12*x,1.12*y,str(k+1),ha='center',va='center',fontsize=8)
        ax.set(xlim=(-1.25,1.25),ylim=(-1.25,1.25),aspect='equal',title=title)
        ax.axis('off')
    save(fig,'noncrossing_chords')

    fig,axes=plt.subplots(1,2,figsize=(6.4,3.5))
    ax=axes[0];ax.add_patch(Circle((0,0),1,fill=False,edgecolor='black'))
    ax.plot([0,0],[-1,1],'k-',lw=2.5);ax.text(.1,0,'Collapse',fontsize=8)
    ax.set(title='One closed diameter',xlim=(-1.2,1.2),ylim=(-1.2,1.2),aspect='equal');ax.axis('off')
    ax=axes[1]
    for x in [-.65,.65]:ax.add_patch(Circle((x,0),.65,fill=False,edgecolor='black'))
    ax.plot(0,0,'ko',ms=4);ax.text(0,-.9,'One shared vertex',ha='center',fontsize=8)
    ax.set(title='Two disks touching',xlim=(-1.5,1.5),ylim=(-1.2,1.2),aspect='equal');ax.axis('off')
    save(fig,'pinched_disk')

    fig,ax=plt.subplots(figsize=(6.4,3.6))
    ax.add_patch(Circle((-.6,0),.6,fill=False,edgecolor='black'))
    ax.add_patch(Circle((.6,0),.6,fill=False,edgecolor='black'))
    leaves=[(-1.08,.36),(-1.08,-.36),(1.08,.36),(1.08,-.36)]
    for j,(x,y) in enumerate(leaves):
        c=-.6 if x<0 else .6;ax.plot([x,c,0],[y,0,0],'k-',lw=1.2)
        ax.plot(x,y,'ko',ms=3);ax.text(x+(-.05 if x<0 else .05),y,f'x{j+1}',ha='right' if x<0 else 'left',fontsize=8)
    for c in [-.6,.6]:ax.plot(c,0,'ks',ms=4)
    ax.plot(0,0,'ko',ms=4)
    ax.text(0,-.85,'Internal rays through chosen centers',ha='center',fontsize=8)
    ax.set(xlim=(-1.5,1.5),ylim=(-1,1),aspect='equal');ax.axis('off');save(fig,'legal_tree')

    fig,ax=plt.subplots(figsize=(6.4,3.6))
    center=np.array([0.,0.]);leaves=np.array([[-1.,.8],[-1.,-.8],[1.2,0.]])
    for j,(p,c,v) in enumerate(zip(leaves,[1,2,3],[0,1,2])):
        ax.plot([0,p[0]],[0,p[1]],'k-',lw=1.2)
        ax.plot(*p,'ko',ms=4)
        ax.text(*(p+np.array([-.07 if j<2 else .07,0])),f'V = {v}',fontsize=8,
                ha='right' if j<2 else 'left',va='center')
        mid=.52*p;ax.text(mid[0],mid[1]+.11,f'c = {c}',fontsize=8,ha='center')
    ax.plot(0,0,'ks',ms=5);ax.text(.05,-.3,'V = 4/3',fontsize=8)
    ax.text(0,1.12,'Energy = 10/3',ha='center',fontsize=9)
    ax.set(xlim=(-1.7,1.8),ylim=(-1.15,1.35),aspect='equal');ax.axis('off');save(fig,'tree_network')

    fig,ax=plt.subplots(figsize=(6.4,3.8))
    n=np.arange(0,13)
    ax.semilogy(n,2.**(-n),'ko-',ms=3,label='2^(-n)')
    ax.semilogy(n,1/(n+1),'ks--',ms=3,label='1/(n+1)')
    ax.set(xlabel='Refinement depth n',ylabel='Declared diameter bound',xlim=(0,12))
    ax.legend(frameon=False,fontsize=8);ax.grid(axis='y',color='.8',lw=.4)
    save(fig,'mesh_error')


def expanded_figures():
    """Eight additional exact/schematic proof diagrams; no measured data."""
    with plt.rc_context({'font.size':9,'axes.titlesize':9,'axes.labelsize':9}):
        # The exact U-arc counterexample and its bounded crosscut fjord.
        fig,axes=plt.subplots(1,2,figsize=(6.4,4.0))
        lo,hi=1-np.sqrt(5)/4,1+np.sqrt(5)/4
        for ax in axes:
            ax.plot([-.5,-.5,.5,.5],[2,0,0,2],color='.35',lw=1.3)
            ax.add_patch(Circle((0,1),.75,fill=False,edgecolor='black',lw=.9))
            ax.set(xlim=(-1.05,1.05),ylim=(-.15,2.25),aspect='equal')
            ax.set_xticks([-.5,0,.5]);ax.set_yticks([0,1,2]);ax.set_xlabel('Re z')
        axes[0].set_ylabel('Im z')
        for x in [-.5,.5]:
            axes[0].plot([x,x],[lo,hi],'k-',lw=3.2)
            axes[0].plot([x,x],[lo,hi],'ko',ms=3)
        axes[0].set_title('Two retained segments')
        axes[0].text(0,1,'K in P',ha='center',fontsize=8)
        axes[0].text(0,2.1,'P: |z-i| <= 3/4',ha='center',fontsize=7.5)
        ax=axes[1]
        ax.add_patch(Rectangle((-.5,0),1,1,facecolor='.9',edgecolor='none',zorder=0))
        ax.plot([-.5,.5],[1,1],'k--',lw=1.4)
        ax.text(0,1.11,'crosscut',ha='center',fontsize=8)
        ax.text(0,.55,'fjord',ha='center',fontsize=8)
        ax.plot(0,.1,'ko',ms=4)
        ax.annotate('i/10',xy=(0,.1),xytext=(.57,.18),fontsize=8,
                    arrowprops={'arrowstyle':'->','color':'black','lw':.7})
        ax.set_title('Fjord escapes P')
        save(fig,'u_arc_fjord')

        # A full hull made of a body disk and three one-root attachments.
        fig,axes=plt.subplots(1,2,figsize=(6.4,3.8))
        for ax in axes:
            ax.add_patch(Circle((0,0),1,facecolor='.94',edgecolor='black',lw=1.2))
            ax.plot([1,1.65,1.9],[0,.35,.15],'k-',lw=1)
            ax.plot([0,.25,.2],[1,1.45,1.8],'k-',lw=1)
            ax.add_patch(Circle((-1.4,0),.4,facecolor='.94',edgecolor='black'))
            for x,y,label in [(1,0,'r1'),(0,1,'r2'),(-1,0,'r3')]:
                ax.plot(x,y,'ko',ms=4)
                ax.text(x+(.06 if x>=0 else -.08),y+(-.16 if x>=0 else .14),label,fontsize=8,
                        ha='left' if x>=0 else 'right')
            ax.text(0,-.3,'D',ha='center')
            ax.set(xlim=(-2.0,2.15),ylim=(-1.25,2),aspect='equal');ax.axis('off')
        axes[0].set_title('K with attached continua')
        axes[0].text(-1.4,.56,'E3',ha='center',fontsize=8)
        axes[0].text(1.65,.55,'E1',ha='center',fontsize=8)
        axes[0].text(.42,1.65,'E2',fontsize=8)
        axes[1].set_title('Gate onto closed D')
        for a,b in [((1.9,.15),(1,0)),((.2,1.8),(0,1)),((-1.75,0),(-1,0))]:
            axes[1].annotate('',xy=b,xytext=a,arrowprops={'arrowstyle':'->','color':'black',
                                'linestyle':'--','connectionstyle':'arc3,rad=.3','lw':1})
        axes[1].text(0,-.7,'pi(z)=z in D',ha='center',fontsize=8)
        save(fig,'gate_retraction')

        fig,axes=plt.subplots(1,2,figsize=(6.4,3.6))
        angles=np.deg2rad([150,25]);pts=np.c_[np.cos(angles),np.sin(angles)]
        for ax in axes:
            ax.add_patch(Circle((0,0),1,fill=False,edgecolor='black'))
            for j,(x,y) in enumerate(pts):
                ax.plot(x,y,'ko',ms=4);ax.text(1.15*x,1.15*y,['a','b'][j],ha='center')
            ax.plot(0,0,'ks',ms=4);ax.text(.06,-.16,'c=0',fontsize=8)
            ax.set(xlim=(-1.4,1.4),ylim=(-1.25,1.25),aspect='equal');ax.axis('off')
        t=np.linspace(0,1,150)
        control=np.array([[pts[0,0],pts[0,1]],[-.4,-.8],[.45,-.75],[pts[1,0],pts[1,1]]])
        curve=sum(np.outer(w,c) for w,c in zip([(1-t)**3,3*(1-t)**2*t,3*(1-t)*t*t,t**3],control))
        axes[0].plot(curve[:,0],curve[:,1],'k--',lw=1.3)
        axes[0].set_title('An unregulated detour')
        axes[1].plot([pts[0,0],0,pts[1,0]],[pts[0,1],0,pts[1,1]],'k-',lw=1.7)
        axes[1].set_title('Prescribed radial connection')
        save(fig,'regulated_arc_replacement')

        fig,ax=plt.subplots(figsize=(5.6,3.6))
        ax.add_patch(Circle((0,0),1,fill=False,edgecolor='black'))
        ang=np.array([0,2*np.pi/3,4*np.pi/3]);a=np.c_[np.cos(ang),np.sin(ang)]
        ax.add_patch(Polygon(a,closed=True,facecolor='.88',edgecolor='black',lw=1.2))
        b=np.c_[np.cos([np.pi/6,np.pi/3]),np.sin([np.pi/6,np.pi/3])]
        ax.plot(b[:,0],b[:,1],'k--',lw=2)
        for group in [a,b]:ax.plot(group[:,0],group[:,1],'ko',ms=3)
        ax.plot(-1,0,'ko',ms=3)
        ax.text(-1.06,0,'s',ha='right',va='center')
        ax.text(0,0,'H(A)',ha='center',va='center')
        ax.annotate('H(B)',xy=b.mean(axis=0),xytext=(1.08,.9),fontsize=8,
                    arrowprops={'arrowstyle':'->','color':'black','lw':.7})
        ax.text(-.7,.4,'gap',rotation=60,ha='center',fontsize=8)
        ax.text(.5,-.45,'gap',rotation=30,ha='center',fontsize=8)
        ax.set(xlim=(-1.45,1.65),ylim=(-1.15,1.18),aspect='equal',title='Disjoint hull classes: Klein coordinates')
        ax.axis('off');save(fig,'hull_classes')

        fig,axes=plt.subplots(1,3,figsize=(6.4,3.6))
        def cantor_endpoints(level):
            intervals=[(0.,1.)]
            for _ in range(level):
                intervals=[part for a,b in intervals for part in [(a,a+(b-a)/3),(b-(b-a)/3,b)]]
            return sorted({x for ab in intervals for x in ab})
        for ax,level in zip(axes,[1,2,4]):
            angles=.15+1.1*np.array(cantor_endpoints(level))
            for a in angles:ax.plot([0,np.cos(a)],[0,np.sin(a)],color='black',lw=.65)
            ax.plot(0,0,'ko',ms=3);ax.text(-.04,-.08,'0',ha='right',fontsize=8)
            ax.set(title=f'Finite level {level}',xlim=(-.15,1.1),ylim=(-.32,1.1),aspect='equal')
            ax.axis('off')
        a=.15;point=.58*np.array([np.cos(a),np.sin(a)])
        axes[2].add_patch(Circle(point,.18,fill=False,edgecolor='black',ls='--',lw=1))
        axes[2].plot(*point,'ks',ms=3)
        axes[2].annotate('B avoids 0',xy=point+[0,-.18],xytext=(.57,-.25),fontsize=7,
                        ha='center',arrowprops={'arrowstyle':'->','color':'black','lw':.6})
        save(fig,'cantor_fan')

        fig,axes=plt.subplots(1,2,figsize=(6.4,3.8))
        terminals={'a':(-1,.8),'b':(-1,-.8),'c':(1,.8),'d':(1,-.8)}
        interior={'u':(-.35,0),'v':(.35,0)};pos=terminals|interior
        ax=axes[0]
        for x,y in [('a','u'),('b','u'),('u','v'),('v','c'),('v','d')]:
            ax.plot([pos[x][0],pos[y][0]],[pos[x][1],pos[y][1]],'k-',lw=1.2)
        for label,(x,y) in pos.items():
            ax.plot(x,y,'ks' if label in interior else 'ko',ms=4)
            ax.text(x,y+(.12 if y>=0 else -.17),label,ha='center',fontsize=9)
        ax.text(0,-1.12,'All conductances = 1',ha='center',fontsize=8)
        ax.set_title('Eliminate u and v')
        ax=axes[1]
        pairs=[('a','b'),('c','d'),('a','c'),('a','d'),('b','c'),('b','d')]
        for k,(x,y) in enumerate(pairs):
            ax.plot([pos[x][0],pos[y][0]],[pos[x][1],pos[y][1]],
                    color='black',lw=2 if k<2 else .9,ls='-' if k<2 else '--')
        for label,(x,y) in terminals.items():
            ax.plot(x,y,'ko',ms=4);ax.text(x,y+(.12 if y>=0 else -.17),label,ha='center')
        ax.text(0,-1.15,'Solid: 3/8; dashed: 1/8',ha='center',fontsize=7.5)
        ax.text(0,1.25,'Crossings are not vertices',ha='center',fontsize=7)
        ax.set_title('Same terminal response',pad=6)
        for ax in axes:ax.set(xlim=(-1.35,1.35),ylim=(-1.4,1.4),aspect='equal');ax.axis('off')
        save(fig,'schur_elimination')

        fig,axes=plt.subplots(1,2,figsize=(6.4,3.8))
        ax=axes[0]
        for level in range(4):
            for j in range(2**level):
                x=(j+.5)/2**level
                ax.plot(x,-level,'ko',ms=2.5)
                if level:
                    parent=(j//2+.5)/2**(level-1)
                    ax.plot([parent,x],[-level+1,-level],'k-',lw=.8)
                if level==3:ax.plot([x,x],[-3,-3.35],'k:',lw=.8)
        ax.plot([1/16,15/16],[-3.35,-3.35],'k-',lw=1.5)
        ax.text(.5,.3,'root',ha='center',fontsize=8)
        ax.text(.5,-3.8,'wired leaf terminal',ha='center',fontsize=8)
        ax.set(xlim=(-.08,1.08),ylim=(-4.15,.6));ax.axis('off');ax.set_title('Depth-three binary tree')
        ax=axes[1];n=np.arange(1,13)
        ax.plot(n,1-2.**(-n),'ko-',ms=3,label='r_k = 1')
        ax.plot(n,n,'ks--',ms=3,label='r_k = 2^k')
        ax.set(xlabel='depth n',ylabel='R_n',xlim=(1,12),ylim=(0,12.5))
        ax.legend(frameon=False,fontsize=7.5,loc='upper left');ax.grid(axis='y',color='.85',lw=.4)
        save(fig,'resistance_depth')

        fig,ax=plt.subplots(figsize=(5.6,3.8))
        axis=np.linspace(8,17,181);n,p=np.meshgrid(axis,axis)
        bound=5*(2.**(-n)+2.**(-p))+1e-4
        contours=ax.contour(n,p,bound,levels=[.001,.003,.005,.01,.02],colors='black',
                           linewidths=[.7,.7,.7,1.6,.7],linestyles=[':',':','--','-','--'])
        for level,x in [(.001,14),(.003,14),(.005,10.5),(.01,15),(.02,10)]:
            y=-np.log2((level-1e-4)/5-2.**(-x))
            ax.clabel(contours,levels=[level],inline=True,fontsize=8,fmt=lambda v:f'{v:g}',manual=[(x,y)])
        ax.plot([10,9,9],[10,16,15],linestyle='none',marker='o',color='black',ms=3)
        ax.annotate('(10,10)',xy=(10,10),xytext=(11.6,9.8),fontsize=8,
                    arrowprops={'arrowstyle':'->','color':'black','lw':.6})
        ax.text(14,15.5,'smaller bound',fontsize=8)
        ax.set(xlabel='geometric depth n',ylabel='coordinate precision p',xlim=(8,17),ylim=(8,17),
               title='Bound: 5(2^(-n)+2^(-p)) + 0.0001')
        ax.set_xticks([8,10,12,14,16]);ax.set_yticks([8,10,12,14,16])
        save(fig,'error_budget')


if __name__=='__main__':
    main()
    expanded_figures()







code/rebuild.py

"""Typeset the edition in an extracted PHI IX source package; no network calls."""
from __future__ import annotations

import argparse
import hashlib
import json
from pathlib import Path
import shutil
import subprocess
import sys

import fitz
from theme_pdf import darken

ROOT = Path(__file__).resolve().parents[1]
STEM = 'PHI_IX_Puzzle_Geometry_and_Pinched_Disk_Models'
sys.path.insert(0, str(ROOT))


def embed(source: Path, destination: Path, archive: Path, edition: str,
          local_manifest_sha256: str) -> None:
    from verify import verify_source_zip
    data = archive.read_bytes()
    checked = verify_source_zip(data, edition)
    if checked['manifest_sha256'] != local_manifest_sha256:
        raise ValueError('Attachment ZIP does not match the exact local source package')
    with fitz.open(source) as document:
        if document.embfile_count():
            raise ValueError('Rebuild input already has an attachment')
        xref = document.embfile_add(archive.name, data, filename=archive.name,
                                   desc='Matching editable sources and production checks')
        document.xref_set_key(xref, 'Params/CreationDate', 'null')
        document.xref_set_key(xref, 'Params/ModDate', 'null')
        document.save(destination, garbage=4, deflate=True, no_new_id=True)


def main() -> None:
    parser = argparse.ArgumentParser(description=__doc__)
    parser.add_argument('--edition', choices=['public', 'internal', 'all'])
    parser.add_argument('--source-archive', type=Path,
                        help='Embed this exact matching ZIP; only one edition may be selected')
    args = parser.parse_args()
    from verify import safe_name, verify_files, verify_source_zip
    package = json.loads((ROOT / 'MANIFEST.json').read_text())
    names = set(package['files']) | {'MANIFEST.json', 'SHA256SUMS.txt'}
    if (any(not safe_name(n) for n in names)
            or any(not (ROOT / n).resolve().is_relative_to(ROOT.resolve()) for n in names)):
        raise ValueError('Unsafe source package manifest path')
    local_identity = verify_files({n: (ROOT / n).read_bytes() for n in names})
    selected = args.edition or package['edition']
    editions = ['public', 'internal'] if selected == 'all' else [selected]
    if args.source_archive:
        if len(editions) != 1:
            raise ValueError('An attachment must be bound to one explicit edition')
        attached_identity = verify_source_zip(args.source_archive.read_bytes(), editions[0])
        if attached_identity['manifest_sha256'] != local_identity['manifest_sha256']:
            raise ValueError('Attachment ZIP does not match the exact local source package')
    out = ROOT / 'build'
    out.mkdir(exist_ok=True)
    result = {'passed': False, 'scope': 'Typesetting and PDF integrity, not kernel/CAS checks',
              'commands': [], 'editions': [], 'attachment_requested': bool(args.source_archive)}
    report = out / 'production_checks.json'
    try:
        for edition in editions:
            entry = 'public' if edition == 'public' else 'internal_main'
            if not (ROOT / 'tex' / (entry + '.tex')).is_file():
                raise ValueError('This source package does not contain the requested edition')
            suffix = '' if edition == 'public' else '_Internal'
            for number in range(1, 4):
                cmd = ['pdflatex', '-interaction=nonstopmode', '-halt-on-error',
                       '-output-directory=../build', entry + '.tex']
                run = subprocess.run(cmd, cwd=ROOT / 'tex', capture_output=True, timeout=180)
                log = out / (entry + '_pass' + str(number) + '.txt')
                log.write_bytes(run.stdout + run.stderr)
                result['commands'].append({'command': cmd, 'cwd': 'tex',
                                           'exit_code': run.returncode, 'log': log.name})
                if run.returncode:
                    raise ValueError('pdflatex failed; inspect ' + log.name)
            texlog = (out / (entry + '.log')).read_text(errors='replace')
            warnings = [s for s in ['Overfull', 'undefined references', 'undefined on input',
                                    'Label(s) may have changed', 'multiply defined'] if s in texlog]
            if warnings:
                raise ValueError('Unresolved TeX production warnings: ' + ', '.join(warnings))
            light = out / (STEM + suffix + '_Light.pdf')
            dark = out / (STEM + suffix + '_Dark.pdf')
            shutil.copyfile(out / (entry + '.pdf'), light)
            darken(light, dark)
            texts = []
            for path in (light, dark):
                if args.source_archive:
                    temporary = path.with_suffix('.attached.pdf')
                    embed(path, temporary, args.source_archive, edition,
                          local_identity['manifest_sha256'])
                    temporary.replace(path)
                run = subprocess.run(['qpdf', '--check', str(path)], capture_output=True)
                (out / (path.stem + '_qpdf.txt')).write_bytes(run.stdout + run.stderr)
                if run.returncode:
                    raise ValueError('qpdf check failed: ' + path.name)
                with fitz.open(path) as document:
                    text = '\n'.join(page.get_text() for page in document)
                    texts.append(text)
                    outside = sum(1 for page in document for w in page.get_text('words')
                                  if w[0] < -1 or w[1] < -1 or w[2] > page.rect.width + 1
                                  or w[3] > page.rect.height + 1)
                    if outside:
                        raise ValueError('Text outside a PDF page: ' + path.name)
                    if args.source_archive:
                        if (document.embfile_names() != [args.source_archive.name]
                            or document.embfile_get(args.source_archive.name)
                                != args.source_archive.read_bytes()):
                            raise ValueError('Embedded source archive mismatch')
                    result['editions'].append({'file': path.name,
                        'sha256': hashlib.sha256(path.read_bytes()).hexdigest(),
                        'pages': len(document), 'bookmarks': len(document.get_toc()),
                        'extracted_words': len(text.split()), 'qpdf_exit': run.returncode,
                        'outside_page_words': outside, 'attachments': document.embfile_names()})
            if texts[0] != texts[1]:
                raise ValueError('Light/dark extracted text mismatch')
        result['passed'] = True
    except Exception as exc:
        result['failure'] = str(exc)
        raise
    finally:
        report.write_text(json.dumps(result, indent=2) + '\n')
    print(json.dumps(result, indent=2))


if __name__ == '__main__':
    main()







code/record_statements.py

"""Record canonical statement text without promoting source syntax to proof acceptance."""
from pathlib import Path
import hashlib
import json
import re

ROOT = Path(__file__).resolve().parents[1]
FILES = ['foundations', 'puzzle_topology', 'pinched_models', 'quantitative_applications']
KINDS = 'theorem|proposition|lemma|corollary|definition|example|observation|exercise|remark'
PATTERN = re.compile(r'\\begin\{('+KINDS+r')\}(.*?)\\end\{\1\}', re.S)

def main():
    statements = []
    for name in FILES:
        path = ROOT/'tex'/(name+'.tex')
        source = path.read_text()
        digest = hashlib.sha256(path.read_bytes()).hexdigest()
        for sequence, match in enumerate(PATTERN.finditer(source), 1):
            body = match.group(2).strip()
            labels = re.findall(r'\\label\{([^}]+)\}', body)
            canonical_id = labels[0] if labels else f'IX-{name}-{sequence:03d}'
            statements.append({
                'id': canonical_id, 'kind': match.group(1), 'labels': labels,
                'canonical_file': path.relative_to(ROOT).as_posix(),
                'line': source[:match.start()].count('\n')+1,
                'source_sha256': digest, 'statement_tex': body,
                'scope': 'Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.',
                'written_status': 'present in reviewed expository text; syntax extraction is not independent proof acceptance',
                'lean': 'not started for this statement', 'rocq': 'not started for this statement',
                'cas': 'no certification claimed', 'external_peer_review': 'not claimed'
            })
    out = ROOT/'records/STATEMENT_REGISTER.json'
    out.parent.mkdir(exist_ok=True)
    out.write_text(json.dumps({
        'volume':'IX', 'schema':'PHI-expository-statement-register-v1',
        'evidence_boundary':'Canonical prose statements; no formal acceptance, novelty or full-source-closure inference from counts.',
        'statements':statements}, indent=2, ensure_ascii=False)+'\n')
    print(json.dumps({'statements':len(statements),'path':out.relative_to(ROOT).as_posix()}))

if __name__ == '__main__':
    main()







code/theme_pdf.py

"""Opaque dark colors for the generated monochrome vector manuscript.

Invert gray paints in page and Form streams and add a black background.
Text, vector geometry, fonts and destinations are retained. No Difference
blend or transparency overlay is used. This accepts only the generated
monochrome PDF subset below, not arbitrary PDF color-management inputs.
"""
from pathlib import Path
import argparse
import re
import fitz

NUMBER = re.compile(rb'[+-]?(?:\d+(?:\.\d*)?|\.\d+)\Z')
SPACE = b'\x00\t\n\x0c\r '
DELIMITERS = SPACE + b'()<>[]{}/%'


def tokens(data):
    """Lex content, treating literal/hex strings and names as opaque."""
    i = 0
    while i < len(data):
        start = i
        c = data[i]
        if c in SPACE:
            i += 1
            continue
        if c == ord('%'):
            while i < len(data) and data[i] not in b'\r\n':
                i += 1
            continue
        if c == ord('('):
            depth = 1
            i += 1
            while i < len(data) and depth:
                if data[i] == ord('\\'):
                    i += 2
                    continue
                if data[i] == ord('('):
                    depth += 1
                elif data[i] == ord(')'):
                    depth -= 1
                i += 1
            if depth:
                raise ValueError('Unterminated PDF string')
        elif c == ord('<') and data[i:i+2] != b'<<':
            i = data.find(b'>', i+1)
            if i < 0:
                raise ValueError('Unterminated PDF hex string')
            i += 1
        elif c == ord('/'):
            i += 1
            while i < len(data) and data[i] not in DELIMITERS:
                i += 1
        elif data[i:i+2] in (b'<<', b'>>'):
            i += 2
        elif c in b'[]{}<>':
            i += 1
        elif c == ord(')'):
            raise ValueError('Unexpected closing PDF string delimiter')
        else:
            while i < len(data) and data[i] not in DELIMITERS:
                i += 1
        yield start, i, data[start:i]


def invert_paints(data):
    lexed = list(tokens(data))
    edits = []
    for i, (start, end, op) in enumerate(lexed):
        if op in (b'cs', b'CS'):
            if i == 0 or lexed[i-1][2] not in (b'/DeviceGray', b'/DeviceRGB'):
                raise ValueError('Unsupported named color space')
            # Selecting a device space resets the relevant color to black.
            edits.append((lexed[i-1][0], end, b'1 G' if op == b'CS' else b'1 g'))
            continue
        if op in (b'BI', b'ID', b'EI', b'sc', b'SC', b'k', b'K',
                  b'scn', b'SCN', b'sh'):
            raise ValueError('Unsupported non-device paint or inline image: '+repr(op))
        count = {b'g':1, b'G':1, b'rg':3, b'RG':3}.get(op)
        if count is None:
            continue
        operands = lexed[i-count:i]
        if len(operands) != count or any(not NUMBER.fullmatch(x[2]) for x in operands):
            raise ValueError('Invalid paint operands')
        values = [float(x[2]) for x in operands]
        if any(not 0 <= x <= 1 for x in values):
            raise ValueError('Paint outside device range')
        if count == 1:
            gray = values[0]
        elif count == 3 and max(values)-min(values) < 1e-8:
            gray = values[0]
        else:
            raise ValueError('Non-monochrome paint in manuscript')
        new_op = b'G' if op in (b'G', b'RG') else b'g'
        edits.append((operands[0][0], end, f'{1-gray:.9g} '.encode()+new_op))
    for start, end, replacement in reversed(edits):
        data = data[:start]+replacement+data[end:]
    return data


def darken(source: Path, destination: Path) -> None:
    with fitz.open(source) as doc:
        stream_ids = set()
        for page in doc:
            if page.get_images(full=True):
                raise ValueError('Raster image in vector manuscript')
            stream_ids.update(page.get_contents())
            stream_ids.update(item[0] for item in doc.get_page_xobjects(page.number))
        for xref in sorted(stream_ids):
            doc.update_stream(xref, invert_paints(doc.xref_stream(xref)))
        for page in doc:
            box = page.mediabox
            background = (f'q 0 g {box.x0-2:g} {box.y0-2:g} '
                          f'{box.width+4:g} {box.height+4:g} re f Q\n1 g 1 G\n')
            xref = doc.get_new_xref()
            doc.update_object(xref, '<< >>')
            doc.update_stream(xref, background.encode('ascii'))
            contents = [xref, *page.get_contents()]
            doc.xref_set_key(page.xref, 'Contents',
                            '['+' '.join(f'{x} 0 R' for x in contents)+']')
        metadata = doc.metadata
        metadata['creationDate'] = ''
        metadata['modDate'] = ''
        doc.set_metadata(metadata)
        doc.save(destination, garbage=4, deflate=True)


if __name__ == '__main__':
    parser = argparse.ArgumentParser()
    parser.add_argument('source', type=Path)
    parser.add_argument('destination', type=Path)
    args = parser.parse_args()
    darken(args.source, args.destination)
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records/DEPENDENCIES.md

# Dependency and trust record

The prerequisite boundary is undergraduate real/complex analysis, compact metric
spaces and finite-dimensional linear algebra. Classical named inputs are premises
at this evidence level, not newly kernel-checked results.

- Planar Riemann mapping/normalized exterior coordinate: previous PHI Volume VII.
- Carathéodory boundary extension and the locally connected boundary criterion:
  previous PHI Volume VIII, with the source's hull/boundary hypotheses retained.
- Jordan separation, planar simple-connectivity criterion, Schoenflies disk
  extension, arc extraction from a path: named classical topology inputs.
- Moore's sphere decomposition theorem: invoked only with a closed equivalence
  relation, connected nonseparating proper classes and nondegenerate quotient;
  the quotient chapter checks those hypotheses. The full classical theorem is
  not reproved or kernel checked in this production.
- Metric compactness, Hausdorff estimates, nested continua, uniform local
  connectedness and small-path construction: canonical proofs in foundations.
- Dependency order: small paths and Jordan fullness → gate theorem in puzzle
  topology → uniform gate modulus and null interior family in foundations →
  continuity and recognition of the pinched model. Forward references follow
  this acyclic order; no null-family assertion is used to establish the gate.
- Finite tree energies, elimination, error bounds, combinatorial checks and
  complexity claims: written algebra in quantitative applications. They do not
  establish physical fidelity or continuous-domain convergence without their
  explicit additional premises.

LaTeX, fonts, PyMuPDF, qpdf, Matplotlib and Python are production dependencies.
Their output checks establish the declared artifact properties, not mathematical
truth. Public source ZIPs contain the intended TeX dependency closure and no
private institutional evidence. No external peer review, new formal acceptance,
CAS certificate or measured experiment is represented by a production pass.







records/EXPANSION_RECORD.json

{
  "passed": true,
  "method": "Every original TeX line, including blank lines, must be an exact ordered subsequence of the current file. Original figure bytes are compared by SHA-256.",
  "files": [
    {
      "file": "tex/book.tex",
      "original_sha256": "f61eb1385332a3ad950c9be704afa9b47a1012f54d4dd47609d8f0900337c981",
      "current_sha256": "f61eb1385332a3ad950c9be704afa9b47a1012f54d4dd47609d8f0900337c981",
      "original_lines": 34,
      "current_lines": 34,
      "all_original_lines_retained_in_order": true,
      "original_words": 63,
      "current_words": 63,
      "original_display_blocks": 0,
      "current_display_blocks": 0
    },
    {
      "file": "tex/foundations.tex",
      "original_sha256": "5c0c4ece9ea6e53ae8e276732beebd240afd2ace3d98dd0cc638c82193b3616a",
      "current_sha256": "4c4c27f6d1cd262968e48e5e2d83ce44a7422169c6804c83d4484a9ffc1e4eec",
      "original_lines": 1006,
      "current_lines": 1338,
      "all_original_lines_retained_in_order": true,
      "original_words": 6666,
      "current_words": 8796,
      "original_display_blocks": 33,
      "current_display_blocks": 59
    },
    {
      "file": "tex/internal_main.tex",
      "original_sha256": "97f8a899b52a0d45eb2769677b9f380e49fb35bc0ca60e35755833acc7e46e3b",
      "current_sha256": "97f8a899b52a0d45eb2769677b9f380e49fb35bc0ca60e35755833acc7e46e3b",
      "original_lines": 3,
      "current_lines": 3,
      "all_original_lines_retained_in_order": true,
      "original_words": 3,
      "current_words": 3,
      "original_display_blocks": 0,
      "current_display_blocks": 0
    },
    {
      "file": "tex/mainmatter.tex",
      "original_sha256": "25dfe330c22657b53e4e99a29e3b90e987c72e5db980f71fa33b9d07f79feaa7",
      "current_sha256": "25dfe330c22657b53e4e99a29e3b90e987c72e5db980f71fa33b9d07f79feaa7",
      "original_lines": 5,
      "current_lines": 5,
      "all_original_lines_retained_in_order": true,
      "original_words": 5,
      "current_words": 5,
      "original_display_blocks": 0,
      "current_display_blocks": 0
    },
    {
      "file": "tex/pinched_models.tex",
      "original_sha256": "f2d950eab86bf9af2177c35f82a55aab66d3be94c74bad33a2c40466065baac9",
      "current_sha256": "845e2836403ed3c0efabb5da7dfb89f50efce30754c1e8344b9a239006479a2b",
      "original_lines": 1808,
      "current_lines": 2613,
      "all_original_lines_retained_in_order": true,
      "original_words": 10880,
      "current_words": 14665,
      "original_display_blocks": 75,
      "current_display_blocks": 121
    },
    {
      "file": "tex/preamble.tex",
      "original_sha256": "0ace35746b27f025d64993d13717404d73271f9ec40b622d94a0481d04c49fdb",
      "current_sha256": "0ace35746b27f025d64993d13717404d73271f9ec40b622d94a0481d04c49fdb",
      "original_lines": 43,
      "current_lines": 43,
      "all_original_lines_retained_in_order": true,
      "original_words": 83,
      "current_words": 83,
      "original_display_blocks": 0,
      "current_display_blocks": 0
    },
    {
      "file": "tex/public.tex",
      "original_sha256": "f906b32f2b6db4b24d7bcc0df6ffae628a120090ff46d53abb12d4ae43010e08",
      "current_sha256": "f906b32f2b6db4b24d7bcc0df6ffae628a120090ff46d53abb12d4ae43010e08",
      "original_lines": 2,
      "current_lines": 2,
      "all_original_lines_retained_in_order": true,
      "original_words": 2,
      "current_words": 2,
      "original_display_blocks": 0,
      "current_display_blocks": 0
    },
    {
      "file": "tex/puzzle_topology.tex",
      "original_sha256": "975b28556c67555aecdd316812c4b8cb2b5c751aa3f1dce05a2972fda27bb46c",
      "current_sha256": "02d9fac75f5b774c0c1e086e906a84a40ac9c01a539210ce12c3838a95f62cec",
      "original_lines": 1812,
      "current_lines": 2404,
      "all_original_lines_retained_in_order": true,
      "original_words": 13305,
      "current_words": 17346,
      "original_display_blocks": 45,
      "current_display_blocks": 82
    },
    {
      "file": "tex/quantitative_applications.tex",
      "original_sha256": "f94d862b85010fd7ca4472cae03a16407279127ba67029ece0d52f7e00e1aa46",
      "current_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "original_lines": 1720,
      "current_lines": 2388,
      "all_original_lines_retained_in_order": true,
      "original_words": 10972,
      "current_words": 14811,
      "original_display_blocks": 83,
      "current_display_blocks": 132
    },
    {
      "file": "tex/references.tex",
      "original_sha256": "0cb733b6d1bf761722ea1359376b0b0cac5ee485f3b8674eca05f3d02f4fd145",
      "current_sha256": "0cb733b6d1bf761722ea1359376b0b0cac5ee485f3b8674eca05f3d02f4fd145",
      "original_lines": 48,
      "current_lines": 48,
      "all_original_lines_retained_in_order": true,
      "original_words": 249,
      "current_words": 249,
      "original_display_blocks": 0,
      "current_display_blocks": 0
    },
    {
      "file": "tex/scope.tex",
      "original_sha256": "59fdfdbdae0d6e2c0f56525d7c74f7afde0f283682c311d63e601e16e2aaa9cd",
      "current_sha256": "59fdfdbdae0d6e2c0f56525d7c74f7afde0f283682c311d63e601e16e2aaa9cd",
      "original_lines": 82,
      "current_lines": 82,
      "all_original_lines_retained_in_order": true,
      "original_words": 704,
      "current_words": 704,
      "original_display_blocks": 0,
      "current_display_blocks": 0
    },
    {
      "file": "tex/source_guide.tex",
      "original_sha256": "5b36cf3e551c638324da40ce1fa96f6626793dc67abf602aa5a9e53e251b9691",
      "current_sha256": "5b36cf3e551c638324da40ce1fa96f6626793dc67abf602aa5a9e53e251b9691",
      "original_lines": 330,
      "current_lines": 330,
      "all_original_lines_retained_in_order": true,
      "original_words": 2325,
      "current_words": 2325,
      "original_display_blocks": 0,
      "current_display_blocks": 0
    },
    {
      "file": "tex/teaching.tex",
      "original_sha256": "2501af3be251a63ced240b079d4830699ff3a27f713112469fe0c7c998d03f3c",
      "current_sha256": "2501af3be251a63ced240b079d4830699ff3a27f713112469fe0c7c998d03f3c",
      "original_lines": 217,
      "current_lines": 217,
      "all_original_lines_retained_in_order": true,
      "original_words": 1594,
      "current_words": 1594,
      "original_display_blocks": 6,
      "current_display_blocks": 6
    }
  ],
  "original_figures": [
    {
      "file": "figures/comb_limit.pdf",
      "sha256": "4c87ec777cf956e5f0852e64296169dddf2b8dc12e6ed015180faf8b8ff59f11",
      "unchanged": true
    },
    {
      "file": "figures/cut_sectors.pdf",
      "sha256": "ae1fb6dc2cd3a0d300476420f54bfe45c493dc69f52ca62a4cd7a237976a314d",
      "unchanged": true
    },
    {
      "file": "figures/legal_tree.pdf",
      "sha256": "c50fd16246b41c575fbc145346045ec8221dccc946ab8ef7e48a0c32326912df",
      "unchanged": true
    },
    {
      "file": "figures/mesh_error.pdf",
      "sha256": "f8f9ee747ac07a1763e2a38e0f678cfb62ebfbb1c185196f52e2d6f2c0b7fc2d",
      "unchanged": true
    },
    {
      "file": "figures/nested_puzzle.pdf",
      "sha256": "b2d657fd0c45d9a45902560dafd2170563248872987515ace7d1003a483999e5",
      "unchanged": true
    },
    {
      "file": "figures/noncrossing_chords.pdf",
      "sha256": "0e9fcd0358ce1cf287a87d9cff17956d934ab6768c6a37a805fcff7709cfb093",
      "unchanged": true
    },
    {
      "file": "figures/pinched_disk.pdf",
      "sha256": "d90a426eee707a4f32333886b605b00787012ad6bd027e25231f38b963445942",
      "unchanged": true
    },
    {
      "file": "figures/tangent_disks.pdf",
      "sha256": "103ed807dcaff53edd8d7edfad69f2232eb4bd15f1d46200a3ce7e428c6e8bf3",
      "unchanged": true
    },
    {
      "file": "figures/tree_network.pdf",
      "sha256": "bbfdca87f9b4191e24e922bae98980edee00f24ff4f3e967a5ea75f2c481f15e",
      "unchanged": true
    }
  ],
  "added_words": 13795,
  "added_display_blocks": 158,
  "original_display_blocks": 242,
  "current_display_blocks": 400,
  "current_figures": 17
}
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# Volume IX obligation register

The source population is the 30 numbered units in Lyubich Section 9, together
with its 14 headings, separately inventoried unnumbered developments and printed
subparts. Authored investigations, source units, figure checks and formalization
targets are distinct populations. Counts are not a completion percentage.

The source guide maps each unit to a proved statement, an explicit correction,
a counterexample, a conditional result or a remaining obligation. In particular:

- Unrestricted Jordan-cut puzzle intersections need not be connected. The valid
  single-cut and admissible-cell theorems retain their precise hypotheses.
- Pairwise nonseparation with cut-line endpoints allowed need not be transitive.
  Overlapping proposed impressions are not silently declared quotient fibers.
- Boundary rigidity, filled-body rigidity and dipole admissibility are distinct.
- Symmetry of an underlying hull does not by itself impose symmetry on the
  chosen internal centers; equivariance is stated where used.
- Source 9.28's shrinking-component step is supported by the gate/null-family
  development rather than its mismatched source cross-reference.
- General non-locally-connected lamination closure/cleanup and its identification
  with source Proposition 9.29 remain open as specified construction/proof
  obligations. Conditional closed-relation statements do not discharge them.
- The Cantor-fan result is stated for a specified monotone locally connected
  quotient; an unspecified cleanup is not identified with that quotient.

The detailed source guide also retains the following unproved stronger source
scopes: the universal escaping-end construction (9.6 and parts of 9.10–9.12),
finite branching at a merely rigid point without global local connectivity
(9.13), the full angle-pair approximation criterion (9.14), construction of
perfect Jordan puzzles from the weaker separation hypotheses (9.15), the
implication from a precise local-corner condition to globally connected open
pieces (9.17), and the weaker-hypothesis peripheral access and boundary-rigidity
constructions (9.19). Explicitly stated narrower theorems are proved where the
source guide says so. The unrestricted fjord-containment assertion in 9.10(i)
is refuted by a worked crosscut in the same U-arc example as 9.2(ii).

Current evidence is written exposition with independent agent cross-review,
plus actual production checks recorded in VALIDATION.md. Every statement's
Lean and Rocq status remains not started for this volume; no CAS certification
or physical measurement is claimed. The long-term series dual-system target
is preserved. Full alternative proof routes for every source unit, specialist
physics programmes, all-institution course mapping and external review are
subsequent obligations, not accomplishments inferred from page count.

The next bounded stage is user review of the single current manuscript. Website
publication and mechanization are subsequent actions under the existing workflow.







records/STATEMENT_REGISTER.json

{
  "volume": "IX",
  "schema": "PHI-expository-statement-register-v1",
  "evidence_boundary": "Canonical prose statements; no formal acceptance, novelty or full-source-closure inference from counts.",
  "statements": [
    {
      "id": "f:distance",
      "kind": "lemma",
      "labels": [
        "f:distance"
      ],
      "canonical_file": "tex/foundations.tex",
      "line": 65,
      "source_sha256": "4c4c27f6d1cd262968e48e5e2d83ce44a7422169c6804c83d4484a9ffc1e4eec",
      "statement_tex": "[Distance and diameter estimates]\\label{f:distance}\nFor nonempty compact subsets $A,B$ of a metric space,\n\\[\n |d(x,A)-d(y,A)|\\leq d(x,y),\\quad\n |d(x,A)-d(x,B)|\\leq d_H(A,B),\\quad\n |\\diam A-\\diam B|\\leq2d_H(A,B).\n\\]\nFor three such sets, $d_H(A,C)\\leq d_H(A,B)+d_H(B,C)$.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "f:hausdorff-compact",
      "kind": "proposition",
      "labels": [
        "f:hausdorff-compact"
      ],
      "canonical_file": "tex/foundations.tex",
      "line": 108,
      "source_sha256": "4c4c27f6d1cd262968e48e5e2d83ce44a7422169c6804c83d4484a9ffc1e4eec",
      "statement_tex": "[Compactness of compact subsets]\\label{f:hausdorff-compact}\nIf $X$ is a compact metric space, every sequence of nonempty compact subsets\n$A_n\\subset X$ has a subsequence converging in Hausdorff distance to a\nnonempty compact subset $A\\subset X$. If every $A_n$ is connected, so is $A$.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "f:nested",
      "kind": "theorem",
      "labels": [
        "f:nested"
      ],
      "canonical_file": "tex/foundations.tex",
      "line": 177,
      "source_sha256": "4c4c27f6d1cd262968e48e5e2d83ce44a7422169c6804c83d4484a9ffc1e4eec",
      "statement_tex": "[Nested compacta]\\label{f:nested}\nLet $A_1\\supset A_2\\supset\\cdots$ be nonempty compact subsets of a metric\nspace. Then $A=\\bigcap_n A_n$ is nonempty and compact. For every open set\n$U\\supset A$, there is $N$ with $A_n\\subset U$ for $n\\geq N$. Hence\n$d_H(A_n,A)\\to0$ and $\\diam A_n\\to\\diam A$. If all $A_n$ are\nconnected, $A$ is connected. In particular, the intersection is a singleton\nif and only if $\\diam A_n\\to0$.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "f:cluster",
      "kind": "proposition",
      "labels": [
        "f:cluster"
      ],
      "canonical_file": "tex/foundations.tex",
      "line": 230,
      "source_sha256": "4c4c27f6d1cd262968e48e5e2d83ce44a7422169c6804c83d4484a9ffc1e4eec",
      "statement_tex": "[Cluster sets of a bounded approach]\\label{f:cluster}\nLet $\\gamma:(0,1]\\to X$ be continuous with image in a compact metric\nspace. Its terminal cluster set\n\\[\n \\omega(\\gamma)=\\bigcap_{n\\geq1}\n \\overline{\\gamma((0,1/n])}\n\\]\nis a continuum. It is a singleton $\\{a\\}$ precisely when\n$\\lim_{t\\downarrow0}\\gamma(t)=a$. If $\\gamma$ is eventually in a closed\nset $F$, then $\\omega(\\gamma)\\subset F$.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "f:ex-strip",
      "kind": "exercise",
      "labels": [
        "f:ex-strip"
      ],
      "canonical_file": "tex/foundations.tex",
      "line": 264,
      "source_sha256": "4c4c27f6d1cd262968e48e5e2d83ce44a7422169c6804c83d4484a9ffc1e4eec",
      "statement_tex": "[A nest with a nontrivial limit]\\label{f:ex-strip}\nFor $A_n=[0,1]\\times[-1/n,1/n]$, compute the intersection,\n$d_H(A_n,A)$ and the diameter limit. Explain why an arbitrarily small area\ndoes not imply an arbitrarily small diameter.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "f:ex-oscillation",
      "kind": "exercise",
      "labels": [
        "f:ex-oscillation"
      ],
      "canonical_file": "tex/foundations.tex",
      "line": 281,
      "source_sha256": "4c4c27f6d1cd262968e48e5e2d83ce44a7422169c6804c83d4484a9ffc1e4eec",
      "statement_tex": "[A limit invisible to a single sample]\\label{f:ex-oscillation}\nLet $\\gamma(t)=\\exp(i/t)$ for $0<t\\leq1$. Determine its cluster set and\ncompare it with the subsequence $t_n=(2\\pi n)^{-1}$.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "f:ex-rate",
      "kind": "exercise",
      "labels": [
        "f:ex-rate"
      ],
      "canonical_file": "tex/foundations.tex",
      "line": 293,
      "source_sha256": "4c4c27f6d1cd262968e48e5e2d83ce44a7422169c6804c83d4484a9ffc1e4eec",
      "statement_tex": "[A quantitative unique limit]\\label{f:ex-rate}\nSuppose $A_n$ are nested compacta and $\\diam A_n\\leq Cq^n$ for\n$C>0$, $0<q<1$. For arbitrary $x_n\\in A_n$, prove an a posteriori\ndistance bound to the limit and find a depth sufficient for error\n$\\varepsilon\\in(0,C)$.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "f:ex-intersection",
      "kind": "exercise",
      "labels": [
        "f:ex-intersection"
      ],
      "canonical_file": "tex/foundations.tex",
      "line": 309,
      "source_sha256": "4c4c27f6d1cd262968e48e5e2d83ce44a7422169c6804c83d4484a9ffc1e4eec",
      "statement_tex": "[Intersection and perturbation]\\label{f:ex-intersection}\nGive compact sets $A_n\\to A$ and $B_n\\to B$ for which the intersections\ndo not converge to $A\\cap B$, even though all limiting sets are nonempty.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "f:ex-upper",
      "kind": "exercise",
      "labels": [
        "f:ex-upper"
      ],
      "canonical_file": "tex/foundations.tex",
      "line": 322,
      "source_sha256": "4c4c27f6d1cd262968e48e5e2d83ce44a7422169c6804c83d4484a9ffc1e4eec",
      "statement_tex": "[Upper limit and a closed constraint]\\label{f:ex-upper}\nSuppose $A_n$ lie in a compact space and every convergent sequence\n$a_{n_j}\\in A_{n_j}$ has its limit in a closed set $F$. Prove that\n$\\sup_{a\\in A_n}d(a,F)\\to0$. Is the converse valid?",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "f:fill",
      "kind": "lemma",
      "labels": [
        "f:fill"
      ],
      "canonical_file": "tex/foundations.tex",
      "line": 352,
      "source_sha256": "4c4c27f6d1cd262968e48e5e2d83ce44a7422169c6804c83d4484a9ffc1e4eec",
      "statement_tex": "[Fullness and filling]\\label{f:fill}\nFor a planar continuum $E$, $\\operatorname{Fill}(E)$ is a compact full\ncontinuum. If $E\\subset F$ and $F$ is a full compact set, then\n$\\operatorname{Fill}(E)\\subset F$. Consequently filling is monotone\non continua and $\\operatorname{Fill}(\\operatorname{Fill}(E))\n=\\operatorname{Fill}(E)$.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "f:jordan-fill",
      "kind": "lemma",
      "labels": [
        "f:jordan-fill"
      ],
      "canonical_file": "tex/foundations.tex",
      "line": 397,
      "source_sha256": "4c4c27f6d1cd262968e48e5e2d83ce44a7422169c6804c83d4484a9ffc1e4eec",
      "statement_tex": "[A Jordan curve in a full set]\\label{f:jordan-fill}\nIf $K$ is full and $\\gamma\\subset K$ is a Jordan curve, the bounded\nJordan domain $U$ enclosed by $\\gamma$ is contained in $\\operatorname{int}K$.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "f:nested-full",
      "kind": "proposition",
      "labels": [
        "f:nested-full"
      ],
      "canonical_file": "tex/foundations.tex",
      "line": 417,
      "source_sha256": "4c4c27f6d1cd262968e48e5e2d83ce44a7422169c6804c83d4484a9ffc1e4eec",
      "statement_tex": "[Nested full continua]\\label{f:nested-full}\nThe intersection of a decreasing sequence of nonempty compact full\ncontinua is a full continuum, possibly a singleton.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "f:green",
      "kind": "proposition",
      "labels": [
        "f:green"
      ],
      "canonical_file": "tex/foundations.tex",
      "line": 483,
      "source_sha256": "4c4c27f6d1cd262968e48e5e2d83ce44a7422169c6804c83d4484a9ffc1e4eec",
      "statement_tex": "[Exterior coordinate identities]\\label{f:green}\nFor $z\\in\\C\\setminus K$, the function $G_K$ is positive and harmonic,\nand\n\\[\n |\\nabla G_K(z)|=\\left|\\frac{\\Psi_K'(z)}{\\Psi_K(z)}\\right|,\n \\qquad\n G_K(z)=\\log|z|-\\log c_K+O(|z|^{-1})\\quad(z\\to\\infty).\n\\]\nExternal rays and equipotentials meet orthogonally at every positive\nlevel. If $K'=\\alpha K+\\beta$ with $\\alpha\\ne0$, then\n\\[\n G_{K'}(\\alpha z+\\beta)=G_K(z),\\qquad c_{K'}=|\\alpha|c_K.\n\\]",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "f:caratheodory",
      "kind": "theorem",
      "labels": [
        "f:caratheodory"
      ],
      "canonical_file": "tex/foundations.tex",
      "line": 547,
      "source_sha256": "4c4c27f6d1cd262968e48e5e2d83ce44a7422169c6804c83d4484a9ffc1e4eec",
      "statement_tex": "[Boundary coordinate input]\\label{f:caratheodory}\nIf a nondegenerate hull $K$ is locally connected, its normalized exterior\nmap has a continuous extension to $|w|\\geq1$ on the sphere. The boundary\nmap\n\\[\n \\gamma_K:\\R/\\Z\\longrightarrow\\partial K,\\qquad\n \\gamma_K(\\theta)=\\Phi_K(e^{2\\pi i\\theta})\n\\]\nis onto. If $K$ is a closed Jordan disk, this map is a homeomorphism of\nthe circle onto $\\partial K$.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "f:ex-round",
      "kind": "exercise",
      "labels": [
        "f:ex-round"
      ],
      "canonical_file": "tex/foundations.tex",
      "line": 566,
      "source_sha256": "4c4c27f6d1cd262968e48e5e2d83ce44a7422169c6804c83d4484a9ffc1e4eec",
      "statement_tex": "[A round disk]\\label{f:ex-round}\nFor $K=\\overline{B(a,r)}$, $r>0$, compute $\\Phi_K$, $G_K$, the\nEuclidean distance to $K$ at level $t$, and the normal derivative of\n$G_K$ on the boundary.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "f:ex-segment",
      "kind": "exercise",
      "labels": [
        "f:ex-segment"
      ],
      "canonical_file": "tex/foundations.tex",
      "line": 583,
      "source_sha256": "4c4c27f6d1cd262968e48e5e2d83ce44a7422169c6804c83d4484a9ffc1e4eec",
      "statement_tex": "[The segment and a double boundary trace]\\label{f:ex-segment}\nVerify that $\\Phi(w)=(w+w^{-1})/2$ maps $|w|>1$ conformally onto\n$\\widehat\\C\\setminus[-1,1]$. Determine its boundary fibers.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "f:ex-interior-cut",
      "kind": "exercise",
      "labels": [
        "f:ex-interior-cut"
      ],
      "canonical_file": "tex/foundations.tex",
      "line": 605,
      "source_sha256": "4c4c27f6d1cd262968e48e5e2d83ce44a7422169c6804c83d4484a9ffc1e4eec",
      "statement_tex": "[A cut cannot pass through an open body]\\label{f:ex-interior-cut}\nSuppose a continuous injective line $L:\\R\\to\\C$ meets a compact set\n$K$ in finitely many points. Prove that its image avoids\n$\\operatorname{int}K$.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "f:ex-simply",
      "kind": "exercise",
      "labels": [
        "f:ex-simply"
      ],
      "canonical_file": "tex/foundations.tex",
      "line": 618,
      "source_sha256": "4c4c27f6d1cd262968e48e5e2d83ce44a7422169c6804c83d4484a9ffc1e4eec",
      "statement_tex": "[An interior component is simply connected]\\label{f:ex-simply}\nLet $D$ be a component of the interior of a full continuum $K$. Explain\nwhy every Jordan curve in $D$ encloses a region contained in $D$, and\ndeduce simple connectivity using the planar Jordan criterion.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "f:weak-lc",
      "kind": "proposition",
      "labels": [
        "f:weak-lc"
      ],
      "canonical_file": "tex/foundations.tex",
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      "statement_tex": "[Pasting across a null family]\\label{f:pasting}\nLet $X$ be compact metric, $Y$ a metric space, $A\\subset X$ closed, and let $U_j$ be\npairwise disjoint open sets with $X=A\\cup\\bigcup_jU_j$ and\n$\\partial_XU_j\\subset A$. Suppose $f:X\\to Y$ is continuous on\n$A$ and on every $\\overline{U_j}$, and its restrictions agree on\noverlaps. Assume every $x\\in U_j$ has\n$d(x,\\partial_XU_j)\\leq\\eta_j$, where $\\eta_j\\to0$ along\ndistinct indices, and $\\diam f(\\overline{U_j})\\to0$ along distinct\nindices. Then $f$ is continuous on $X$.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "f:ex-comb",
      "kind": "exercise",
      "labels": [
        "f:ex-comb"
      ],
      "canonical_file": "tex/foundations.tex",
      "line": 969,
      "source_sha256": "4c4c27f6d1cd262968e48e5e2d83ce44a7422169c6804c83d4484a9ffc1e4eec",
      "statement_tex": "[The comb obstruction]\\label{f:ex-comb}\nLet\n\\[\n C=([0,1]\\times\\{0\\})\\cup(\\{0\\}\\times[0,1])\n       \\cup\\bigcup_{n\\geq1}(\\{1/n\\}\\times[0,1]).\n\\]\nProve compactness and connectedness, and show that $C$ is not locally\nconnected at $(0,t)$ when $0<t\\leq1$.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "f:ex-modulus",
      "kind": "exercise",
      "labels": [
        "f:ex-modulus"
      ],
      "canonical_file": "tex/foundations.tex",
      "line": 992,
      "source_sha256": "4c4c27f6d1cd262968e48e5e2d83ce44a7422169c6804c83d4484a9ffc1e4eec",
      "statement_tex": "[Nonuniform small-scale information]\\label{f:ex-modulus}\nExplain why the existence of a small-path modulus for each compact\nlocally connected set does not supply one common modulus for all\npolygonal arcs of diameter at most two.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "f:ex-gap-area",
      "kind": "exercise",
      "labels": [
        "f:ex-gap-area"
      ],
      "canonical_file": "tex/foundations.tex",
      "line": 1006,
      "source_sha256": "4c4c27f6d1cd262968e48e5e2d83ce44a7422169c6804c83d4484a9ffc1e4eec",
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      "statement_tex": "[A filled set and its boundary]\\label{f:ex-boundary}\nCompare local connectivity and finite-cut rigidity for\n$K=\\overline\\D$ and $J=\\partial\\D$.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "f:alternating",
      "kind": "lemma",
      "labels": [
        "f:alternating"
      ],
      "canonical_file": "tex/foundations.tex",
      "line": 1080,
      "source_sha256": "4c4c27f6d1cd262968e48e5e2d83ce44a7422169c6804c83d4484a9ffc1e4eec",
      "statement_tex": "[Alternating endpoints]\\label{f:alternating}\nLet $a,b,c,d$ be four distinct points of the unit circle. The open\nstraight chords $(a,b)$ and $(c,d)$ intersect if and only if their\nendpoints alternate in circular order. Their intersection, when it\nexists, is a single point.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "f:boundary-modulus",
      "kind": "proposition",
      "labels": [
        "f:boundary-modulus"
      ],
      "canonical_file": "tex/foundations.tex",
      "line": 1135,
      "source_sha256": "4c4c27f6d1cd262968e48e5e2d83ce44a7422169c6804c83d4484a9ffc1e4eec",
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      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "puz:tangent-disks",
      "kind": "example",
      "labels": [
        "puz:tangent-disks"
      ],
      "canonical_file": "tex/puzzle_topology.tex",
      "line": 617,
      "source_sha256": "02d9fac75f5b774c0c1e086e906a84a40ac9c01a539210ce12c3838a95f62cec",
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      "statement_tex": "\\label{puz:ex-nest-point}\nProduce nondegenerate hulls whose decreasing intersection is a point.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "puz:ex-slow",
      "kind": "exercise",
      "labels": [
        "puz:ex-slow"
      ],
      "canonical_file": "tex/puzzle_topology.tex",
      "line": 717,
      "source_sha256": "02d9fac75f5b774c0c1e086e906a84a40ac9c01a539210ce12c3838a95f62cec",
      "statement_tex": "\\label{puz:ex-slow}\nGiven any decreasing positive sequence $r_n\\to0$, construct a compact nest\nwith singleton intersection and diameter exactly $r_n$.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "puz:ex-missing-K",
      "kind": "exercise",
      "labels": [
        "puz:ex-missing-K"
      ],
      "canonical_file": "tex/puzzle_topology.tex",
      "line": 727,
      "source_sha256": "02d9fac75f5b774c0c1e086e906a84a40ac9c01a539210ce12c3838a95f62cec",
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      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
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      "lean": "not started for this statement",
      "rocq": "not started for this statement",
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      ],
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      "line": 1105,
      "source_sha256": "02d9fac75f5b774c0c1e086e906a84a40ac9c01a539210ce12c3838a95f62cec",
      "statement_tex": "\\label{puz:ex-disk-rigid}\nCan a point of the unit circle be cut-rigid for the closed unit disk under\nthe finite hull-cut convention?",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
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      "labels": [
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      ],
      "canonical_file": "tex/puzzle_topology.tex",
      "line": 1117,
      "source_sha256": "02d9fac75f5b774c0c1e086e906a84a40ac9c01a539210ce12c3838a95f62cec",
      "statement_tex": "\\label{puz:ex-finite-exceptions}\nIn Theorem~\\ref{puz:rigid-landing}, may the sets $B(P_n)$ be disjointly\nreplaced by one uniformly bounded exceptional set?",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
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      "lean": "not started for this statement",
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      "line": 1128,
      "source_sha256": "02d9fac75f5b774c0c1e086e906a84a40ac9c01a539210ce12c3838a95f62cec",
      "statement_tex": "\\label{puz:ex-fiber-closed}\nExplain why compactness of $Q(a)$ is not obtained merely by saying that\nradial limits depend continuously on the angle.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
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      "line": 1140,
      "source_sha256": "02d9fac75f5b774c0c1e086e906a84a40ac9c01a539210ce12c3838a95f62cec",
      "statement_tex": "\\label{puz:ex-finite-cover}\nState the exact compact set used when replacing pointwise separating\nsectors by finitely many sectors in Proposition~\\ref{puz:open-sectors}.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
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      "line": 1173,
      "source_sha256": "02d9fac75f5b774c0c1e086e906a84a40ac9c01a539210ce12c3838a95f62cec",
      "statement_tex": "[Gate retraction]\\label{puz:gate}\nFor $x\\in K\\setminus\\overline U$, choose an arc in $K$ from $x$ to\n$\\overline U$, and let $g_U(x)$ be its first intersection with\n$\\overline U$. This point is independent of the chosen arc. Setting\n$g_U(x)=x$ on $\\overline U$ defines a continuous retraction\n\\[\n g_U:K\\longrightarrow\\overline U\n\\]\nwhich is constant on every component of $K\\setminus\\overline U$.\nIf an arc $\\alpha\\subset K$ meets $\\overline U$, then\n$g_U(\\alpha)\\subset\\alpha$. If it does not meet $\\overline U$, its image\nunder $g_U$ is a singleton.",
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      "line": 1315,
      "source_sha256": "02d9fac75f5b774c0c1e086e906a84a40ac9c01a539210ce12c3838a95f62cec",
      "statement_tex": "[At most one common boundary point]\n\\label{puz:component-contact}\nIf $U$ and $V$ are distinct components of $\\operatorname{int}K$, then\n$\\overline U\\cap\\overline V$ is empty or a singleton.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
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      "source_sha256": "02d9fac75f5b774c0c1e086e906a84a40ac9c01a539210ce12c3838a95f62cec",
      "statement_tex": "[Jordan interior components]\\label{puz:jordan-components}\nEvery component $U$ of the interior of a locally connected hull $K$ is a\nJordan domain. Its Riemann map $\\psi:\\D\\to U$ extends to a homeomorphism\n$\\overline\\D\\to\\overline U$.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
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        "puz:ex-gate-dumbbell"
      ],
      "canonical_file": "tex/puzzle_topology.tex",
      "line": 1494,
      "source_sha256": "02d9fac75f5b774c0c1e086e906a84a40ac9c01a539210ce12c3838a95f62cec",
      "statement_tex": "\\label{puz:ex-gate-dumbbell}\nFor two tangent closed disks, describe the gate onto the left disk.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
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      "rocq": "not started for this statement",
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      "line": 1507,
      "source_sha256": "02d9fac75f5b774c0c1e086e906a84a40ac9c01a539210ce12c3838a95f62cec",
      "statement_tex": "\\label{puz:ex-gate-modulus}\nSuppose every pair of points at distance less than $\\delta$ can be joined\nin $K$ by an arc of diameter at most $3\\varepsilon$. Bound their gate images\nfor every interior component.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
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      "lean": "not started for this statement",
      "rocq": "not started for this statement",
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      "kind": "exercise",
      "labels": [
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      ],
      "canonical_file": "tex/puzzle_topology.tex",
      "line": 1519,
      "source_sha256": "02d9fac75f5b774c0c1e086e906a84a40ac9c01a539210ce12c3838a95f62cec",
      "statement_tex": "\\label{puz:ex-closure-contact}\nCan two distinct interior components of a locally connected hull share a\nnontrivial boundary arc?",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
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        "puz:ex-null-versus-area"
      ],
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      "source_sha256": "02d9fac75f5b774c0c1e086e906a84a40ac9c01a539210ce12c3838a95f62cec",
      "statement_tex": "\\label{puz:ex-null-versus-area}\nGive disjoint bounded plane domains of area tending to zero whose diameters\ndo not tend to zero. Explain why this does not contradict the null-family\ntheorem for a locally connected hull.",
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      "source_sha256": "02d9fac75f5b774c0c1e086e906a84a40ac9c01a539210ce12c3838a95f62cec",
      "statement_tex": "[Two dipoles and a disconnected middle cell]\n\\label{puz:dipole-counterexample}\nTake $J=\\mathbb T$ and the two lines\n\\[\n L_-=\\{\\Im z=-\\tfrac12\\},\\qquad\n L_+=\\{\\Im z=\\tfrac12\\}.\n\\]\nEach line meets $J$ transversely in two points, and the segment between\nthose points is contained in $\\D$. They are disjoint dipole lines. For\nthe middle cell $S=\\{z:-1/2<\\Im z<1/2\\}$,\n\\[\n J\\cap\\overline S\n =\\{e^{it}:|\\sin t|\\le\\tfrac12\\}\n\\]\nis the union of two disjoint circular arcs, one containing $1$ and the\nother containing $-1$. Thus the general dipole version of the connected\ncell conclusion in source Exercise 9.16 requires a restriction.",
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      "statement_tex": "[Attached null family]\\label{puz:attachment-definition}\nLet $B$ be a closed Jordan disk. An attached null family consists of\nnondegenerate continua $L_j$ and distinct roots $a_j\\in\\partial B$ such\nthat\n\\[\n L_j\\cap B=\\{a_j\\},\\qquad\n L_i\\cap L_j=\\varnothing\\ (i\\ne j),\\qquad\n \\diam L_j\\longrightarrow0.\n\\]\nSet $K=B\\cup\\bigcup_{j\\ge1}L_j$. When exterior access statements are used,\nwe additionally require $K$ to be a hull. Finite families are included by\nomitting the limit condition.",
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      "statement_tex": "[Compactness and isolated off-body pieces]\n\\label{puz:attachment-compact}\nThe set $K$ in Definition~\\ref{puz:attachment-definition} is compact and\nconnected. Each $L_j\\setminus\\{a_j\\}$ is relatively open in $K$.\nA sequence of points from pairwise different limbs can accumulate only on\n$B$.",
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      "statement_tex": "[Local connectivity away from attachment roots]\n\\label{puz:peripheral-lc}\nFor every $a\\in B\\setminus\\{a_j:j\\ge1\\}$, the attached null continuum\n$K$ is locally connected at $a$, whether or not its individual limbs are\nlocally connected.",
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      "statement_tex": "[Locally connected gluing]\\label{puz:lc-gluing}\nIf every limb in an attached null family is locally connected, then $K$\nis locally connected everywhere.",
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      "statement_tex": "[Dense sector attachments shrink]\\label{puz:dense-limbs}\nLet $K$ be a hull containing a closed Jordan disk $B$. Suppose\n\\[\n K=B\\cup\\bigcup_{j\\ge1}L_j,\n \\qquad L_j\\cap B=\\{a_j\\},\n\\]\nwhere the $L_j$ are compact connected sets with distinct roots dense in\n$\\partial B$. Assume each $L_j\\setminus\\{a_j\\}$ is contained in an open\nsector $S_j$ bounded by two external rays of $K$ landing at $a_j$, that\n$S_j\\cap B=\\varnothing$, and that the sectors are pairwise disjoint.\nThen $(L_j)$ is a null family.",
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      "statement_tex": "\\label{puz:ex-dipole-band}\nCompute the two components in Example~\\ref{puz:dipole-counterexample}\nusing angular intervals.",
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      "statement_tex": "\\label{puz:ex-finite-large}\nFor an attached null family and $\\eta>0$, show that only finitely many limbs\ncan contain a point at distance at least $\\eta$ from the body.",
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      "statement_tex": "\\label{puz:ex-bad-limb}\nCan the conclusion of Proposition~\\ref{puz:peripheral-lc} imply that every\nlimb is locally connected?",
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      "statement_tex": "\\label{puz:ex-dense-needed}\nShow why compactness and disjointness alone cannot replace the density and\nsector hypotheses in Proposition~\\ref{puz:dense-limbs}.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
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      "statement_tex": "\\label{puz:ex-one-access}\nUnder locally connected gluing, why does a non-root point of the body\nboundary have exactly one access rather than merely at most one?",
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      "statement_tex": "[Closed-component legal convention]\\label{puz:legal-definition}\nAn arc $\\alpha$ between legal points of $K$ is legal if, for every interior\ncomponent $U$, its intersection with $\\overline U$ is empty, a singleton,\nor one canonical radial arc. The degenerate arc from a point to itself is\nalso allowed. This is the regulated, closed-component interpretation of\nlegal arcs used throughout this book.",
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      "statement_tex": "[Unique legal joining arc]\\label{puz:legal-unique}\nEvery pair of legal points $x,y\\in K$ is joined by a unique legal arc,\ndenoted $[x,y]_K$.",
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      "statement_tex": "[Legal interior points are cutpoints]\n\\label{puz:legal-cutpoint}\nLet $\\alpha=[x,y]_K$ be a legal arc, and let\n$a\\in\\partial K\\cap(\\alpha\\setminus\\{x,y\\})$. Then $K\\setminus\\{a\\}$\nis disconnected. Moreover there is a pair of external rays landing at $a$\nwhose cut-line separates $x$ and $y$. Thus $a$ is accessible from the two\nsides of the arc.",
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      "statement_tex": "[Finite landing fibers and branches]\n\\label{puz:finite-branches}\nLet $a\\in\\partial K$ have exactly $m\\ge2$ landing angles under the exterior\nCaratheodory map. In their cyclic order, each open sector between\nconsecutive rays has connected intersection with $K$. Its closure in $K$\nis a branch rooted at $a$. Thus $a$ is well branched with valence $m$.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "puz:symmetry",
      "kind": "proposition",
      "labels": [
        "puz:symmetry"
      ],
      "canonical_file": "tex/puzzle_topology.tex",
      "line": 2211,
      "source_sha256": "02d9fac75f5b774c0c1e086e906a84a40ac9c01a539210ce12c3838a95f62cec",
      "statement_tex": "[Equivariant pointing]\\label{puz:symmetry}\nSuppose $K=-K$ and the chosen centers satisfy\n$b_{-U}=-b_U$ for every interior component. Then for any legal point $x$,\nthe legal arc $[-x,x]_K$ contains $0$.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "puz:asymmetric-center",
      "kind": "example",
      "labels": [
        "puz:asymmetric-center"
      ],
      "canonical_file": "tex/puzzle_topology.tex",
      "line": 2232,
      "source_sha256": "02d9fac75f5b774c0c1e086e906a84a40ac9c01a539210ce12c3838a95f62cec",
      "statement_tex": "[Geometric symmetry without pointed symmetry]\n\\label{puz:asymmetric-center}\nLet $K=\\overline\\D$ and choose $b=it$, with $0<t<1$, as its center. The\nhull and the legal endpoints $-1,1$ are geometrically symmetric, but the\npointing is not. Under\n\\[\n A_b(z)=\\frac{z-it}{1+itz},\n \\qquad A_b(0)=-it,\n \\qquad A_b(\\pm1)=\\frac{\\pm1-it}{1\\pm it},\n\\]\nthe two endpoint images have nonzero real parts, whereas $A_b(0)$ is\nstrictly negative imaginary. Thus $A_b(0)$ lies on neither radial segment\nfrom $0$ to $A_b(1)$ or $A_b(-1)$. The legal arc through $b$ consequently\nmisses the physical origin. Source Exercise 9.25 is therefore valid with\nsymmetry of the pointed structure; geometric symmetry alone does not\nsupply its conclusion.\n\nThe nonzero real parts in this counterexample can be checked without a\ngeometric inference from the fractional expression. Multiplication by\nthe conjugate denominator gives\n\\[\n A_b(1)=\\frac{1-t^2-2it}{1+t^2},\n \\qquad\n A_b(-1)=\\frac{-(1-t^2)-2it}{1+t^2}.\n\\]\nSince $0<t<1$, the first real part is positive and the second negative.\nEvery nonzero point on the corresponding radial segment has the same\nstrict sign of real part as its endpoint. The point $A_b(0)=-it$ is\nnonzero and has real part zero, so it belongs to neither segment. Thus\nthe example depends on the chosen center, not on a failure of geometric\nsymmetry of the disk or on a numerical approximation of the rays.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
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    {
      "id": "puz:legal-tree",
      "kind": "theorem",
      "labels": [
        "puz:legal-tree"
      ],
      "canonical_file": "tex/puzzle_topology.tex",
      "line": 2274,
      "source_sha256": "02d9fac75f5b774c0c1e086e906a84a40ac9c01a539210ce12c3838a95f62cec",
      "statement_tex": "[Finite legal hulls are trees]\\label{puz:legal-tree}\nFor $n\\ge2$, $H(X)$ is a finite topological tree. It equals\n$\\bigcup_{j=2}^{n}[x_1,x_j]_K$, and is the smallest connected union of\nlegal arcs containing $X$. Its leaves belong to $X$; after suppressing\nvertices of degree two, it has at most $n-2$ branch vertices.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
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      "id": "puz:ex-open-legal",
      "kind": "exercise",
      "labels": [
        "puz:ex-open-legal"
      ],
      "canonical_file": "tex/puzzle_topology.tex",
      "line": 2345,
      "source_sha256": "02d9fac75f5b774c0c1e086e906a84a40ac9c01a539210ce12c3838a95f62cec",
      "statement_tex": "\\label{puz:ex-open-legal}\nFor the closed unit disk pointed at $0$, list three distinct arcs from\n$-1$ to $1$ allowed by an open-interior-only ray condition, and identify\nwhich survives Definition~\\ref{puz:legal-definition}.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
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      "cas": "no certification claimed",
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    },
    {
      "id": "puz:ex-three-leaves",
      "kind": "exercise",
      "labels": [
        "puz:ex-three-leaves"
      ],
      "canonical_file": "tex/puzzle_topology.tex",
      "line": 2359,
      "source_sha256": "02d9fac75f5b774c0c1e086e906a84a40ac9c01a539210ce12c3838a95f62cec",
      "statement_tex": "\\label{puz:ex-three-leaves}\nLet three distinct boundary points lie on one Jordan interior component.\nWhat is their legal hull, and what branch count does the theorem give?",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
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    },
    {
      "id": "puz:ex-center-equivariance",
      "kind": "exercise",
      "labels": [
        "puz:ex-center-equivariance"
      ],
      "canonical_file": "tex/puzzle_topology.tex",
      "line": 2370,
      "source_sha256": "02d9fac75f5b774c0c1e086e906a84a40ac9c01a539210ce12c3838a95f62cec",
      "statement_tex": "\\label{puz:ex-center-equivariance}\nIf a component is fixed by $z\\mapsto-z$, what does equivariance require\nof its chosen center?",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
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    },
    {
      "id": "puz:ex-tree-degree",
      "kind": "exercise",
      "labels": [
        "puz:ex-tree-degree"
      ],
      "canonical_file": "tex/puzzle_topology.tex",
      "line": 2381,
      "source_sha256": "02d9fac75f5b774c0c1e086e906a84a40ac9c01a539210ce12c3838a95f62cec",
      "statement_tex": "\\label{puz:ex-tree-degree}\nA finite legal hull has five leaves and every branch vertex has degree\nthree. How many branch vertices and edges remain after suppressing\ndegree-two vertices?",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
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    {
      "id": "puz:ex-infinite-replacements",
      "kind": "exercise",
      "labels": [
        "puz:ex-infinite-replacements"
      ],
      "canonical_file": "tex/puzzle_topology.tex",
      "line": 2392,
      "source_sha256": "02d9fac75f5b774c0c1e086e906a84a40ac9c01a539210ce12c3838a95f62cec",
      "statement_tex": "\\label{puz:ex-infinite-replacements}\nWhy does the regulation construction require diameters tending to zero,\nrather than only the fact that the replacement intervals have lengths\ntending to zero in the parameter interval?",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
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      "id": "pin:closed-quotient",
      "kind": "theorem",
      "labels": [
        "pin:closed-quotient"
      ],
      "canonical_file": "tex/pinched_models.tex",
      "line": 47,
      "source_sha256": "845e2836403ed3c0efabb5da7dfb89f50efce30754c1e8344b9a239006479a2b",
      "statement_tex": "[Closed-relation criterion]\\label{pin:closed-quotient}\nIf $R$ is closed in $X\\times X$, then its classes are compact, the\nquotient $Y$ is compact and Hausdorff, and $q$ is a closed map.\nMoreover, if a class $A$ is contained in an open set $U\\subset X$, there\nis a saturated open set $W$ such that\n\\[\n A\\subset W\\subset U.\n\\]\nConversely, if the quotient topology on $Y$ is Hausdorff, then $R$ is\nclosed.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
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    },
    {
      "id": "pin:fiber-limits",
      "kind": "proposition",
      "labels": [
        "pin:fiber-limits"
      ],
      "canonical_file": "tex/pinched_models.tex",
      "line": 184,
      "source_sha256": "845e2836403ed3c0efabb5da7dfb89f50efce30754c1e8344b9a239006479a2b",
      "statement_tex": "[Fiber limits]\\label{pin:fiber-limits}\nLet $f:X\\to Z$ be continuous, with $Z$ Hausdorff, and let\n$A_n=f^{-1}(z_n)$ be nonempty fibers. If $z_n\\to z$ and\n$a_{n_j}\\in A_{n_j}$ converges to $a$, then $a\\in f^{-1}(z)$.\nIn particular, every Hausdorff limit of the sets $A_n$ is contained\nin $f^{-1}(z)$.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
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    },
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      "kind": "proposition",
      "labels": [
        "pin:factor"
      ],
      "canonical_file": "tex/pinched_models.tex",
      "line": 224,
      "source_sha256": "845e2836403ed3c0efabb5da7dfb89f50efce30754c1e8344b9a239006479a2b",
      "statement_tex": "[The factorization property]\\label{pin:factor}\nLet $q:X\\to X/R$ be the quotient map and $g:X\\to Z$ a continuous map.\nThere is a continuous map $\\bar g:X/R\\to Z$ with $g=\\bar g\\circ q$\nif and only if $g$ is constant on every $R$-class. The factor is unique.\nIf $Z$ is Hausdorff, $g$ is onto, and its fibers are exactly the\n$R$-classes, then $\\bar g$ is a homeomorphism.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
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      "id": "pin:countable-base",
      "kind": "proposition",
      "labels": [
        "pin:countable-base"
      ],
      "canonical_file": "tex/pinched_models.tex",
      "line": 273,
      "source_sha256": "845e2836403ed3c0efabb5da7dfb89f50efce30754c1e8344b9a239006479a2b",
      "statement_tex": "[A countable quotient base]\\label{pin:countable-base}\nFor a closed relation on a compact metric space, the quotient has a\ncountable base.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
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    {
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      "kind": "definition",
      "labels": [
        "pin:monotone"
      ],
      "canonical_file": "tex/pinched_models.tex",
      "line": 314,
      "source_sha256": "845e2836403ed3c0efabb5da7dfb89f50efce30754c1e8344b9a239006479a2b",
      "statement_tex": "[Monotone map]\\label{pin:monotone}\nA continuous surjection between compact Hausdorff spaces is\n\\emph{monotone} if every point inverse is connected. This usage has no\nconnection with an order-preserving real function.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
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      "kind": "lemma",
      "labels": [
        "pin:connected-preimage"
      ],
      "canonical_file": "tex/pinched_models.tex",
      "line": 320,
      "source_sha256": "845e2836403ed3c0efabb5da7dfb89f50efce30754c1e8344b9a239006479a2b",
      "statement_tex": "[Connected inverse images]\\label{pin:connected-preimage}\nLet $q:X\\to Y$ be a continuous closed surjection with connected fibers.\nFor every connected subset $A\\subset Y$, the set $q^{-1}(A)$ is\nconnected. No closedness assumption on $A$ is needed.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
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    },
    {
      "id": "pin:lc-image",
      "kind": "theorem",
      "labels": [
        "pin:lc-image"
      ],
      "canonical_file": "tex/pinched_models.tex",
      "line": 355,
      "source_sha256": "845e2836403ed3c0efabb5da7dfb89f50efce30754c1e8344b9a239006479a2b",
      "statement_tex": "[Local connectivity passes to compact images]\n\\label{pin:lc-image}\nLet $X$ be compact and locally connected and let $f:X\\to Y$ be a\ncontinuous surjection onto a Hausdorff space. Then $Y$ is locally\nconnected. The fibers need not be connected.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
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      "id": "pin:ex:one-class",
      "kind": "exercise",
      "labels": [
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      ],
      "canonical_file": "tex/pinched_models.tex",
      "line": 409,
      "source_sha256": "845e2836403ed3c0efabb5da7dfb89f50efce30754c1e8344b9a239006479a2b",
      "statement_tex": "[A single collapsed compact set]\\label{pin:ex:one-class}\nLet $A$ be a nonempty compact subset of a compact metric space $X$.\nIdentify all points of $A$ and leave the other points separate. Prove\nthat the quotient is Hausdorff. Decide when the quotient map is monotone.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
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      "kind": "exercise",
      "labels": [
        "pin:ex:closed-classes"
      ],
      "canonical_file": "tex/pinched_models.tex",
      "line": 425,
      "source_sha256": "845e2836403ed3c0efabb5da7dfb89f50efce30754c1e8344b9a239006479a2b",
      "statement_tex": "[Closed classes do not suffice]\\label{pin:ex:closed-classes}\nOn $[0,1]$, declare $\\{1/n,1-1/n\\}$ a class for each integer $n\\geq3$,\nand leave all other points separate. Is the relation closed?",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
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      "id": "pin:ex:circle-fibers",
      "kind": "exercise",
      "labels": [
        "pin:ex:circle-fibers"
      ],
      "canonical_file": "tex/pinched_models.tex",
      "line": 442,
      "source_sha256": "845e2836403ed3c0efabb5da7dfb89f50efce30754c1e8344b9a239006479a2b",
      "statement_tex": "[Two quotients of a circle]\\label{pin:ex:circle-fibers}\nDescribe the quotients of $T$ induced by $z\\mapsto\\operatorname{Re}z$\nand by $z\\mapsto z^2$. Which of the two quotient maps is monotone?",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
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      "labels": [
        "pin:ex:lc-no-monotone"
      ],
      "canonical_file": "tex/pinched_models.tex",
      "line": 456,
      "source_sha256": "845e2836403ed3c0efabb5da7dfb89f50efce30754c1e8344b9a239006479a2b",
      "statement_tex": "[Disconnected fibers and local connectivity]\n\\label{pin:ex:lc-no-monotone}\nExplain why Theorem~\\ref{pin:lc-image} does not imply that every\ncontinuous map from a continuum is monotone.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
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        "pin:ex:factor-test"
      ],
      "canonical_file": "tex/pinched_models.tex",
      "line": 470,
      "source_sha256": "845e2836403ed3c0efabb5da7dfb89f50efce30754c1e8344b9a239006479a2b",
      "statement_tex": "[A factorization test]\\label{pin:ex:factor-test}\nLet $A\\subset X$ be compact and let $q$ collapse $A$ alone. For a\ncontinuous real function $g$ on $X$, give a necessary and sufficient\ncondition that $g$ descend to the quotient. Apply this to\n$X=\\overline\\D$, $A=[-1,1]$, and $g(z)=\\operatorname{Re}z$ or\n$g(z)=\\operatorname{Im}z$.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
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      "canonical_file": "tex/pinched_models.tex",
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      "source_sha256": "845e2836403ed3c0efabb5da7dfb89f50efce30754c1e8344b9a239006479a2b",
      "statement_tex": "[The closed ideal hull]\\label{pin:hull-definition}\nFor a nonempty compact set $A\\subset T$, define its closed hyperbolic\nconvex hull by\n\\[\n H(A)=\\kappa^{-1}\\bigl(\\operatorname{conv}A\\bigr).\n\\]\nHere $\\operatorname{conv}$ means the set of finite convex combinations\nin $\\R^2=\\C$. A singleton has its singleton hull; two points have a\nclosed geodesic as hull. An ideal polygon with interior requires at\nleast three distinct boundary points.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
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      ],
      "canonical_file": "tex/pinched_models.tex",
      "line": 562,
      "source_sha256": "845e2836403ed3c0efabb5da7dfb89f50efce30754c1e8344b9a239006479a2b",
      "statement_tex": "[Three-point representation]\\label{pin:three-points}\nEvery point of $\\operatorname{conv}A$ is a convex combination of at most\nthree points of $A$. If $A$ is compact, then $\\operatorname{conv}A$ is\ncompact and\n\\[\n \\operatorname{conv}A\\cap T=A.\n\\]",
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      ],
      "canonical_file": "tex/pinched_models.tex",
      "line": 655,
      "source_sha256": "845e2836403ed3c0efabb5da7dfb89f50efce30754c1e8344b9a239006479a2b",
      "statement_tex": "[Continuity of the hull operation]\\label{pin:hull-continuity}\nFor nonempty compact $A,B\\subset T$,\n\\[\n d_H(\\operatorname{conv}A,\\operatorname{conv}B)\\leq d_H(A,B).\n\\]\nIf $\\omega$ is a modulus of uniform continuity for $\\kappa^{-1}$ on\n$\\overline\\D$, then\n\\[\n d_H(H(A),H(B))\\leq\\omega\\bigl(d_H(A,B)\\bigr).\n\\]\nIn particular, Hausdorff convergence of boundary sets implies Hausdorff\nconvergence of their closed hyperbolic hulls.",
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      "canonical_file": "tex/pinched_models.tex",
      "line": 706,
      "source_sha256": "845e2836403ed3c0efabb5da7dfb89f50efce30754c1e8344b9a239006479a2b",
      "statement_tex": "[Unlinked compact sets]\\label{pin:unlinked-definition}\nTwo disjoint nonempty compact subsets $A,B\\subset T$ are unlinked if\nthere do not exist distinct $a_1,a_2\\in A$ and $b_1,b_2\\in B$ occurring\nin the alternating circular order\n\\[\n a_1,\\ b_1,\\ a_2,\\ b_2.\n\\]\nA partition of $T$ is unlinked if every two different classes are\nunlinked.",
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      "statement_tex": "[A lost transitive identification]\\label{pin:relation-limit}\nPut\n\\[\n a=1,\\qquad b=-1,\\qquad c=-i,\\qquad\n b_n=e^{i(\\pi-1/n)},\\qquad d_n=e^{i(\\pi+1/n)}\\quad(n\\geq2).\n\\]\nLet $R_n$ have the two non-singleton classes\n$\\{a,b_n\\}$ and $\\{d_n,c\\}$; all remaining points are singleton\nclasses. Then $R_n$ is closed and unlinked, but its Hausdorff\nlimit as a subset of $T\\times T$ is not transitive.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "pin:minimal-completion",
      "kind": "proposition",
      "labels": [
        "pin:minimal-completion"
      ],
      "canonical_file": "tex/pinched_models.tex",
      "line": 2025,
      "source_sha256": "845e2836403ed3c0efabb5da7dfb89f50efce30754c1e8344b9a239006479a2b",
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      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "q:hausdorff",
      "kind": "proposition",
      "labels": [
        "q:hausdorff"
      ],
      "canonical_file": "tex/quantitative_applications.tex",
      "line": 105,
      "source_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "statement_tex": "[Representatives and approximate representatives]\n\\label{q:hausdorff}\nChoose $x_v\\in K_v$ for every $v\\in T_n$ and set\n$S_n=\\{x_v:v\\in T_n\\}$. Then the Hausdorff distance satisfies\n$d_H(K,S_n)\\leq\\delta_n$. If approximate representatives $\\widetilde x_v$\nin an ambient metric space obey $d(x_v,\\widetilde x_v)\\leq\\eta_n$, then\n\\[\n d_H(K,\\widetilde S_n)\\leq\\delta_n+\\eta_n,\n \\qquad \\widetilde S_n=\\{\\widetilde x_v:v\\in T_n\\}.\n\\]",
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    {
      "id": "q:crossing",
      "kind": "proposition",
      "labels": [
        "q:crossing"
      ],
      "canonical_file": "tex/quantitative_applications.tex",
      "line": 541,
      "source_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "statement_tex": "[Crossing criterion]\\label{q:crossing}\nSuppose $a,b,c,d$ are four distinct points of $\\R/\\Z$. The open straight\nchords joining $z(a)$ to $z(b)$ and $z(c)$ to $z(d)$ intersect if and only if\n\\[\n J(a,b;c)\\ne J(a,b;d).\n\\]\nEquivalently, the two endpoint pairs alternate in circular order.\nIf two nonidentical chords share one endpoint, their interiors do not\nintersect. Identical chords overlap and must be reported separately.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "q:partition",
      "kind": "definition",
      "labels": [
        "q:partition"
      ],
      "canonical_file": "tex/quantitative_applications.tex",
      "line": 618,
      "source_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "statement_tex": "[Finite partition certificate]\\label{q:partition}\nThe input comprises distinct rational angles $t_1,\\ldots,t_N$ and a list\nof nonempty blocks whose disjoint union is the index set $\\{1,\\ldots,N\\}$.\nIt is noncrossing when no four distinct angles $a,c$ in one block and\n$b,d$ in a different block occur in the cyclic order $a,b,c,d$.\nThis is a definition for an actual set partition; a merely symmetric\npairwise compatibility relation is not accepted as a partition.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "q:partition-check",
      "kind": "proposition",
      "labels": [
        "q:partition-check"
      ],
      "canonical_file": "tex/quantitative_applications.tex",
      "line": 627,
      "source_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "statement_tex": "[A finite exact decision procedure]\\label{q:partition-check}\nFor the data in Definition~\\ref{q:partition}, the following procedure\ndecides noncrossing using integer arithmetic. First check the partition\naxioms and distinctness of the angles. Then test every chord whose two\nendpoints belong to one block against every such chord from another block,\nusing Proposition~\\ref{q:crossing}. Accept exactly when all tests report\nno crossing. A rejection for crossing has a witness consisting of two\nblock indices and four endpoint indices.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "q:stack",
      "kind": "proposition",
      "labels": [
        "q:stack"
      ],
      "canonical_file": "tex/quantitative_applications.tex",
      "line": 711,
      "source_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "statement_tex": "[Stack criterion for a matching]\\label{q:stack}\nA perfect matching of distinct circular endpoints is noncrossing if and\nonly if every closing occurrence matches the last unmatched opening.\nAfter sorting, this test uses $2m$ stack updates and $O(m)$ stored indices.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
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      "id": "IX-quantitative_applications-015",
      "kind": "exercise",
      "labels": [],
      "canonical_file": "tex/quantitative_applications.tex",
      "line": 819,
      "source_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "statement_tex": "[Crossing across the angular cut]\nTest the chord pairs $(9/10,1/10)$ and $(0,1/2)$ without evaluating their\nCartesian endpoints.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
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      "kind": "exercise",
      "labels": [],
      "canonical_file": "tex/quantitative_applications.tex",
      "line": 830,
      "source_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "statement_tex": "[A shared endpoint is not a transverse crossing]\nCompare the chords $(0,1/3)$ and $(0,2/3)$, and then compare\n$(0,1/3)$ with $(2/6,0)$. State the required output in each case.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "IX-quantitative_applications-017",
      "kind": "exercise",
      "labels": [],
      "canonical_file": "tex/quantitative_applications.tex",
      "line": 843,
      "source_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "statement_tex": "[Reading a matching certificate]\nThe endpoints of three chords appear as $A,B,B,C,C,A$.\nCompare this order with $A,B,C,B,A,C$.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
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      "id": "IX-quantitative_applications-018",
      "kind": "exercise",
      "labels": [],
      "canonical_file": "tex/quantitative_applications.tex",
      "line": 856,
      "source_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "statement_tex": "[A partition certificate is stronger than a pair list]\nOn three indices declare $1$ compatible with $2$ and $2$ compatible with\n$3$, but $1$ incompatible with $3$. Can these pairwise records be used\nas blocks of a partition without further modification?",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
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      "kind": "exercise",
      "labels": [],
      "canonical_file": "tex/quantitative_applications.tex",
      "line": 870,
      "source_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "statement_tex": "[Precision sufficient for order]\nApproximate endpoints on a chosen linear angular chart are separated\nby at least $1/1000$. Each true endpoint is within $2^{-p}$ of its\napproximation. Give a sufficient integer $p$ for all comparisons.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
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      "id": "q:dirichlet",
      "kind": "theorem",
      "labels": [
        "q:dirichlet"
      ],
      "canonical_file": "tex/quantitative_applications.tex",
      "line": 918,
      "source_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "statement_tex": "[Finite Dirichlet principle]\\label{q:dirichlet}\nThere is a unique function $h$ with $h|_B=g$ and $(Lh)_x=0$ for $x\\in I$.\nIt uniquely minimizes $\\mathcal E_c$ among all functions with that boundary\ndata. Every admissible $u$ satisfies the exact energy decomposition\n\\[\n \\mathcal E_c(u)=\\mathcal E_c(h)+\\mathcal E_c(u-h).\n\\]\nIf $I$ is nonempty, its values solve the positive definite system\n\\[\n L_{II}h_I=-L_{IB}g.\n\\]",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
      "id": "q:maximum",
      "kind": "proposition",
      "labels": [
        "q:maximum"
      ],
      "canonical_file": "tex/quantitative_applications.tex",
      "line": 977,
      "source_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "statement_tex": "[Maximum principle and stability of boundary values]\n\\label{q:maximum}\nThe harmonic extension satisfies\n$\\min_Bg\\leq h_x\\leq\\max_Bg$ for every $x\\in V$.\nFor two boundary functions $g,\\widetilde g$ on the same network,\n\\[\n \\max_{x\\in V}|h_x-\\widetilde h_x|\n \\leq\\max_{b\\in B}|g_b-\\widetilde g_b|.\n\\]",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
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      "id": "q:response",
      "kind": "proposition",
      "labels": [
        "q:response"
      ],
      "canonical_file": "tex/quantitative_applications.tex",
      "line": 1062,
      "source_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "statement_tex": "[The boundary response matrix]\\label{q:response}\nIf $I\\ne\\varnothing$, define\n\\[\n \\Lambda=L_{BB}-L_{BI}L_{II}^{-1}L_{IB}.\n\\]\nIf $I=\\varnothing$, put $\\Lambda=L$. The vector of currents flowing from\nboundary vertices into the network is $\\Lambda g$, and the minimum energy is\n\\[\n \\mathcal E_c(h)=g^{\\mathsf T}\\Lambda g.\n\\]\nThe matrix $\\Lambda$ is symmetric and positive semidefinite, its row sums\nare zero, and its off-diagonal entries are nonpositive.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
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      "labels": [],
      "canonical_file": "tex/quantitative_applications.tex",
      "line": 1232,
      "source_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "statement_tex": "[The three-arm star]\nThree terminal values are $0,1,2$, with incident conductances $1,2,3$.\nFind the central potential, each outward terminal current and the energy.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
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      "labels": [],
      "canonical_file": "tex/quantitative_applications.tex",
      "line": 1249,
      "source_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "statement_tex": "[A series path with a free branch]\nA path from terminal $a$ to terminal $b$ has edge resistances $1,2,3$.\nA finite tree with no additional terminal is attached to its middle\nvertex. Compute the effective conductance between $a$ and $b$.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
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      "labels": [],
      "canonical_file": "tex/quantitative_applications.tex",
      "line": 1264,
      "source_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "statement_tex": "[A rational message]\nA child subtree sends $Q(x)=2x^2-6x+5$ to a vertex linked to its parent\nby conductance $3$. Compute its message and verify nonnegativity.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
    {
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      "labels": [],
      "canonical_file": "tex/quantitative_applications.tex",
      "line": 1279,
      "source_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "statement_tex": "[The response of a star]\nFor a center joined to $k$ boundary vertices with conductances $c_j$,\nwrite the complete response matrix and identify its nullspace.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
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      "id": "IX-quantitative_applications-027",
      "kind": "exercise",
      "labels": [],
      "canonical_file": "tex/quantitative_applications.tex",
      "line": 1294,
      "source_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "statement_tex": "[Why anchoring matters]\nRemove all prescribed boundary values from a connected network.\nDescribe the minimizers of its energy and explain why the previous\nuniqueness statement no longer applies.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
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      "id": "q:thomson",
      "kind": "theorem",
      "labels": [
        "q:thomson"
      ],
      "canonical_file": "tex/quantitative_applications.tex",
      "line": 1350,
      "source_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "statement_tex": "[Unit-flow principle]\\label{q:thomson}\nAmong all unit flows from $a$ to $b$, the unique minimizer of\n$\\mathcal D_r$ is\n\\[\n i_e=\\frac{c_e(h_{e^-}-h_{e^+})}{C_{ab}},\n \\qquad \\min_j\\mathcal D_r(j)=R_{ab}.\n\\]\nFor any unit flow $j$, the exact orthogonal decomposition is\n\\[\n \\mathcal D_r(j)=R_{ab}+\\mathcal D_r(j-i).\n\\]",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
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      "id": "q:path-cut",
      "kind": "proposition",
      "labels": [
        "q:path-cut"
      ],
      "canonical_file": "tex/quantitative_applications.tex",
      "line": 1424,
      "source_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "statement_tex": "[Paths and cuts]\\label{q:path-cut}\nFor any simple path $P$ from $a$ to $b$, and any vertex set $S$ containing\n$a$ but not $b$, let $\\partial S$ be the edges with one endpoint in $S$.\nThen\n\\[\n \\frac1{\\sum_{e\\in\\partial S}c_e}\\leq R_{ab}\n \\leq\\sum_{e\\in P}r_e.\n\\]\nOn a tree the upper bound is an equality for its unique terminal path.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
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      "kind": "proposition",
      "labels": [
        "q:disjoint-cuts"
      ],
      "canonical_file": "tex/quantitative_applications.tex",
      "line": 1454,
      "source_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "statement_tex": "[Disjoint cut bounds]\\label{q:disjoint-cuts}\nLet $S_1,\\ldots,S_k$ contain $a$ and exclude $b$. Suppose their edge\ncuts $\\partial S_1,\\ldots,\\partial S_k$ are pairwise disjoint as sets\nof edges. Then\n\\[\n R_{ab}\\geq\\sum_{j=1}^k\n             \\frac1{\\sum_{e\\in\\partial S_j}c_e}.\n\\]\nThe sets $S_j$ need not be disjoint; disjointness is required of their\ncrossing edges.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
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        "q:rayleigh"
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      "canonical_file": "tex/quantitative_applications.tex",
      "line": 1501,
      "source_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "statement_tex": "[Rayleigh comparison and relative perturbations]\n\\label{q:rayleigh}\nOn a fixed connected graph with fixed distinct terminals, increasing\nany conductances cannot decrease $C_{ab}$ and cannot increase $R_{ab}$.\nIf, for $0\\leq\\eta<1$,\n\\[\n (1-\\eta)c_e\\leq\\widetilde c_e\\leq(1+\\eta)c_e\n \\quad\\text{for every edge},\n\\]\nthen\n\\begin{align*}\n (1-\\eta)C_{ab}&\\leq\\widetilde C_{ab}\\leq(1+\\eta)C_{ab},\\\\\n \\frac{R_{ab}}{1+\\eta}&\\leq\\widetilde R_{ab}\n                 \\leq\\frac{R_{ab}}{1-\\eta}.\n\\end{align*}",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
      "cas": "no certification claimed",
      "external_peer_review": "not claimed"
    },
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      ],
      "canonical_file": "tex/quantitative_applications.tex",
      "line": 1618,
      "source_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "statement_tex": "[Residual-to-error conversion]\\label{q:residual}\nLet $\\widetilde h$ have exactly the prescribed boundary values and put\n$r=(L\\widetilde h)_I$. For the exact harmonic extension $h$,\n\\[\n \\norm{\\widetilde h_I-h_I}_2\\leq mR_*\\norm r_2,\n \\qquad\n \\mathcal E_c(\\widetilde h-h)\\leq mR_*\\norm r_2^2.\n\\]\nMoreover,\n$\\mathcal E_c(\\widetilde h)-\\mathcal E_c(h)\n=\\mathcal E_c(\\widetilde h-h)$ exactly.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
      "rocq": "not started for this statement",
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      "line": 1682,
      "source_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "statement_tex": "[Root-to-level resistance of a regular tree]\n\\label{q:regular-tree}\nLet every nonterminal vertex of a rooted tree have $b\\geq2$ children.\nAll edges joining depth $k-1$ to depth $k$ have resistance $r_k>0$.\nAt depth $n$, identify all leaves as one terminal, and take the root as\nthe other. Then\n\\[\n R_n=\\sum_{k=1}^n\\frac{r_k}{b^k}.\n\\]\nThe identification is part of the electrical boundary condition; it is\nnot an assertion that the corresponding puzzle points coincide.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
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      "line": 1750,
      "source_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "statement_tex": "[Independent upper and lower certificates]\nTwo terminals are joined by a direct resistance $3$ and by a separate\ntwo-edge path with resistances $1$ and $2$. Find the exact resistance\nand exhibit a trial potential and flow giving matching bounds.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
      "lean": "not started for this statement",
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      "source_sha256": "793a42d02c6b2d9a83036622baad535f597c4c9a1fadc3f2d1651e086a9e0e20",
      "statement_tex": "[A small residual with a large error]\nOne interior vertex is joined to a boundary vertex of value zero by\nconductance $\\varepsilon>0$. Test the candidate interior potential one.",
      "scope": "Exact TeX statement in its surrounding chapter conventions; follow canonical file for proof/solution and dependencies.",
      "written_status": "present in reviewed expository text; syntax extraction is not independent proof acceptance",
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\chapter{Compact geometry and the meaning of a model}
\label{f:compact-geometry}
A planar continuum can be described in at least three ways: as a subset of the
plane, as the boundary seen from its complement, and as a quotient of a simpler
space. These descriptions contain different information. Two external approaches
can end at the same point. Two closed pieces can meet at a vertex without belonging
to a partition. A sequence of finite drawings can converge to a set with a very
different local topology. The purpose of the preliminary chapters is to make the
passage between these descriptions precise before constructing a puzzle model.

Our ambient plane is $\C=\R^2$, with Euclidean distance $|z-w|$. A
\emph{continuum} is a nonempty compact connected metric space. A planar
continuum is allowed to be a singleton unless a statement explicitly excludes
that case. The source uses the word hull for a nondegenerate full planar
continuum. We normally permit the degenerate case and say \emph{nondegenerate
hull} when an exterior Riemann coordinate is required. This convention matters
for nested intersections and for the Cantor-fan quotient at the end of the book.

The elementary prerequisites are compactness and continuity in metric spaces,
undergraduate complex analysis, and finite-dimensional linear algebra. The
Riemann mapping and Carath\'eodory boundary theorems developed in Volumes VII
and VIII are explicitly reused below. Jordan separation, the Schoenflies
extension theorem, arc extraction from a path, and the Moore decomposition
theorem are named classical topological inputs at their actual points of use.
We do not silently treat those results as consequences of a picture. The
metric, algebraic, and quantitative consequences needed here receive proofs.

\section{Distance to a compact set}
For a nonempty subset $A$ of a metric space $(X,d)$ put
\[
 d(x,A)=\inf_{a\in A}d(x,a),\qquad
 \diam A=\sup_{a,b\in A}d(a,b),\qquad
 A_\varepsilon=\{x:d(x,A)<\varepsilon\}.
\]
The infimum is a minimum when $A$ is compact: choose a minimizing sequence,
take a convergent subsequence, and use continuity of distance. In particular,
for compact $A$ one has $d(x,A)=0$ exactly when $x\in A$. If $A,B$ are
nonempty compact sets, their Hausdorff distance is
\[
 d_H(A,B)=\max\left\{\sup_{a\in A}d(a,B),\sup_{b\in B}d(b,A)\right\}.
\]
Neither the number of components nor the number of complementary regions is
part of this distance. It measures geometric proximity of sets, not agreement
of their topology.

The two directed errors can be kept separate throughout a computation:
\[
 h(A\mid B)=\sup_{a\in A}\min_{b\in B}d(a,b),\qquad
 d_H(A,B)=\max\{h(A\mid B),h(B\mid A)\}.
\]
For $r\geq0$, compactness gives the exact equivalence
\[
 h(A\mid B)\leq r
 \quad\Longleftrightarrow\quad
 (\forall a\in A)(\exists b\in B)\ d(a,b)\leq r.
\]
The order of these quantifiers is essential: the chosen $b$ may depend
on $a$. For $A=[0,1]$ and $B=\{0\}$, the reverse directed error is zero
but $h(A\mid B)=1$. Thus an enclosure and a set approximation are different
objects even before questions of topology arise. The zero-error case also
explains definiteness: $d_H(A,B)=0$ implies both inclusions because compact
sets are closed. Symmetry, this definiteness, and the triangle estimate
below make $d_H$ a metric on the nonempty compact subsets.

\begin{lemma}[Distance and diameter estimates]\label{f:distance}
For nonempty compact subsets $A,B$ of a metric space,
\[
 |d(x,A)-d(y,A)|\leq d(x,y),\quad
 |d(x,A)-d(x,B)|\leq d_H(A,B),\quad
 |\diam A-\diam B|\leq2d_H(A,B).
\]
For three such sets, $d_H(A,C)\leq d_H(A,B)+d_H(B,C)$.
\end{lemma}
\begin{proof}
For every $a\in A$, $d(x,a)\leq d(x,y)+d(y,a)$. Taking infima and
interchanging $x,y$ proves the first bound. Write $h=d_H(A,B)$. Given
$a\in A$, choose $b\in B$ with $d(a,b)\leq h$. Then
$d(x,B)\leq d(x,a)+h$; minimizing over $a$ and interchanging the two
sets proves the second bound. For $a,a'\in A$ choose $b,b'\in B$ within
$h$. The triangle inequality gives
\[
 d(a,a')\leq d(a,b)+d(b,b')+d(b',a')\leq2h+\diam B.
\]
Taking suprema and reversing the sets proves the diameter bound. Finally,
choose $b\in B$ near any $a\in A$, then $c\in C$ near $b$. Taking the
two directed suprema yields the Hausdorff triangle inequality. All statements
remain valid for singletons.

To spell out the directed triangle step, set $h=d_H(A,B)$ and
$k=d_H(B,C)$. For each $a\in A$ choose minimizers $b\in B$ and
$c\in C$ successively. Then
\[
 d(a,C)\leq d(a,c)\leq d(a,b)+d(b,c)\leq h+k.
\]
Taking the supremum gives $h(A\mid C)\leq h+k$; interchanging $A,C$
gives the other directed bound. No common nearest-point map or continuity
of nearest-point choices was used. Such a map may fail to be unique,
while the set-distance estimate remains valid.
\end{proof}

The factor two in the diameter estimate cannot be improved for general
compact sets. For $A=[0,1]$ and $B=[-h,1+h]$ in the real line,
$d_H(A,B)=h$ whereas $\diam B-\diam A=2h$. This elementary sharpness
example will be useful whenever a sampled drawing is turned into a diameter
bound: a one-sided pointwise tolerance must not be read as an identical
diameter tolerance.

\begin{proposition}[Compactness of compact subsets]\label{f:hausdorff-compact}
If $X$ is a compact metric space, every sequence of nonempty compact subsets
$A_n\subset X$ has a subsequence converging in Hausdorff distance to a
nonempty compact subset $A\subset X$. If every $A_n$ is connected, so is $A$.
\end{proposition}
\begin{proof}
For each integer $k\geq1$ choose a finite $2^{-k}$-net
$F_k\subset X$. Record which balls $B(p,2^{-k})$, $p\in F_k$, meet
$A_n$. There are finitely many such records. Successive subsequences and a
diagonal selection produce a subsequence, still denoted $A_n$, whose record
at each fixed scale is eventually constant. If $A_n,A_m$ have the same
record at scale $k$, every point of one is within $2^{1-k}$ of a point of
the other. Thus this subsequence is Cauchy in $d_H$.

Here are the diagonal choices explicitly. Let $I_0=\N$, and recursively
choose an infinite $I_k\subset I_{k-1}$ on which the scale-$k$ record
is constant. Choose $n_k\in I_k$ with $n_k>n_{k-1}$. For $p,q\geq k$,
both indices belong to $I_k$. If $a\in A_{n_p}$ and
$d(a,v)<2^{-k}$ for a net point $v$, the common record supplies
$b\in A_{n_q}\cap B(v,2^{-k})$. Consequently
\[
 d(a,b)<2^{1-k},\qquad
 d_H(A_{n_p},A_{n_q})\leq2^{1-k}\quad(p,q\geq k).
\]
The finite record is only a device for extracting a subsequence; no claim
is made that it determines the sets exactly. In particular, two sets with
the same record can have different connected components.

Define $A$ to be the set of all limits of sequences $a_j\in A_{n_j}$ with
$n_j\to\infty$. Compactness of $X$ makes $A$ nonempty. It is closed:
if $a^{(k)}\in A$ tends to $a$, select $n_k>n_{k-1}$ and
$a_k\in A_{n_k}$ with $d(a_k,a^{(k)})<1/k$. Then $a_k\to a$.
To prove convergence, fix $\varepsilon>0$ and take $N$ so that
$d_H(A_n,A_m)<\varepsilon/2$ for $n,m\geq N$. For $a\in A_n$,
select points of later sets within $\varepsilon/2$ and pass to a limit;
this gives $d(a,A)\leq\varepsilon/2$. Conversely every $a\in A$ is
the limit of later points, each within $\varepsilon/2$ of the fixed
compact set $A_n$, so $d(a,A_n)\leq\varepsilon/2$. Consequently
$d_H(A_n,A)\leq\varepsilon/2$ for $n\geq N$.

Suppose the limit were disconnected, $A=C\cup D$, with $C,D$ nonempty
disjoint relatively closed sets. They are compact; hence
$s=d(C,D)>0$. The neighborhoods $C_{s/3}$ and $D_{s/3}$ are disjoint.
For large $n$, the set $A_n$ lies in their union and meets both, since it
approximates every point of $A$. Their intersections with $A_n$ then
separate $A_n$, a contradiction.

For precision in the last separation step, take $n$ so large that
$d_H(A_n,A)<s/4$. Then
\[
 A_n\subset C_{s/3}\cup D_{s/3},\quad
 A_n\cap C_{s/3}\ne\varnothing,\quad
 A_n\cap D_{s/3}\ne\varnothing.
\]
The first inclusion follows by choosing a point of $A=C\cup D$ within
$s/4$ of each point of $A_n$. The two nonempty intersections follow by
approximating a selected point of $C$ and of $D$. Finally the neighborhoods
are disjoint, since a common point would imply $d(C,D)<2s/3$.
Their intersections with $A_n$ are therefore disjoint nonempty relatively
open subsets covering $A_n$, exactly the definition of a separation.
\end{proof}

The proof records where compactness enters. In an unbounded ambient plane,
the singletons $\{n\}$ have no convergent subsequence in $d_H$. In a
bounded but incomplete space, the candidate limit can leave the space.
When this proposition is used for limbs or puzzle pieces, a common compact
ambient set must therefore be identified first.

\section{Nested sets and uniform trapping}
\begin{theorem}[Nested compacta]\label{f:nested}
Let $A_1\supset A_2\supset\cdots$ be nonempty compact subsets of a metric
space. Then $A=\bigcap_n A_n$ is nonempty and compact. For every open set
$U\supset A$, there is $N$ with $A_n\subset U$ for $n\geq N$. Hence
$d_H(A_n,A)\to0$ and $\diam A_n\to\diam A$. If all $A_n$ are
connected, $A$ is connected. In particular, the intersection is a singleton
if and only if $\diam A_n\to0$.
\end{theorem}
\begin{proof}
If the intersection were empty, the sets $A_1\setminus A_n$ would form
an open cover of $A_1$, with a finite subcover contradicting the nesting.
The same finite-intersection argument applied to $A_n\setminus U$, or
a convergent sequence of points chosen outside $U$, proves eventual
containment. For Hausdorff convergence take $U=A_\varepsilon$; the other
directed distance vanishes because $A\subset A_n$. Lemma~\ref{f:distance}
then proves the diameter convergence. Connectedness follows from
Proposition~\ref{f:hausdorff-compact}, or directly by separating the
intersection and using eventual containment in two disjoint neighborhoods.
A nonempty compact set has diameter zero exactly when all its points coincide.

One may also see the trapping argument directly with its index order.
If no $N$ works for an open $U\supset A$, select increasing $n_j$ and
$x_j\in A_{n_j}\setminus U$. Compactness of $A_1$ gives a convergent
subsequence $x_j\to x$. For each fixed $m$, eventually $n_j\geq m$,
so closedness gives $x\in A_m$. Thus
\[
 x\in\bigcap_{m\geq1}A_m=A,
 \qquad x\in X\setminus U,
\]
a contradiction. This order, first fix $m$ and then let $j$ tend to
infinity, avoids the unjustified assertion that every selected $x_j$
already lies in every $A_m$. Since $A\subset A_n$, the resulting
Hausdorff estimate simplifies to the one directed quantity
\[
 d_H(A_n,A)=\max_{x\in A_n}d(x,A),\qquad
 0\leq\diam A_n-\diam A\leq2d_H(A_n,A).
\]
The maximum exists because the distance function is continuous on $A_n$.
\end{proof}

An escaping curve and a nested family involve different quantifiers.
If $\gamma:(0,1]\to X$ tends to $a$, and $a$ belongs to the interior
of every $A_n$, then
\[
 \forall n\ \exists t_n>0\ \forall t\in(0,t_n):\quad \gamma(t)\in A_n.
\]
There need not be one positive $t_*$ which works for every $n$. Conversely,
if the displayed condition holds and $\diam A_n\to0$, then
$\gamma(t)\to a$ where $\bigcap A_n=\{a\}$. Indeed choose $n$ with
$\diam A_n<\varepsilon$ and then use $t_n$. This elementary order of
choices is the analytic content of many statements that a ray is trapped
in a shrinking puzzle nest.

\begin{proposition}[Cluster sets of a bounded approach]\label{f:cluster}
Let $\gamma:(0,1]\to X$ be continuous with image in a compact metric
space. Its terminal cluster set
\[
 \omega(\gamma)=\bigcap_{n\geq1}
 \overline{\gamma((0,1/n])}
\]
is a continuum. It is a singleton $\{a\}$ precisely when
$\lim_{t\downarrow0}\gamma(t)=a$. If $\gamma$ is eventually in a closed
set $F$, then $\omega(\gamma)\subset F$.
\end{proposition}
\begin{proof}
Each tail is connected as the continuous image of an interval, and its
closure is compact and connected. Apply Theorem~\ref{f:nested}. If the
intersection is $\{a\}$, eventual containment of a tail closure in
$B(a,\varepsilon)$ is exactly convergence. The converse follows from the
definition of a limit. The last assertion follows because a sufficiently
late tail, and hence its closure, lies in $F$.

This set-theoretic definition agrees with the sequential definition of a
cluster value. If $a$ belongs to every tail closure, choose
\[
 0<t_n\leq1/n,\qquad d(\gamma(t_n),a)<1/n.
\]
Then $t_n\to0$ and $\gamma(t_n)\to a$. Conversely, if $s_j\to0$
and $\gamma(s_j)\to a$, each fixed tail contains all sufficiently late
terms, so $a$ lies in its closure. The equivalence uses no monotonicity
of the chosen times. If a monotone sequence is wanted, choose the next
time less than half the preceding one while applying the same tail
closure property. A single convergent sampling sequence establishes one
member of the cluster set, not that this set has only one member.
\end{proof}

\section{Worked compactness investigations}
\begin{exercise}[A nest with a nontrivial limit]\label{f:ex-strip}
For $A_n=[0,1]\times[-1/n,1/n]$, compute the intersection,
$d_H(A_n,A)$ and the diameter limit. Explain why an arbitrarily small area
does not imply an arbitrarily small diameter.
\end{exercise}
\solution
The intersection is $A=[0,1]\times\{0\}$. Vertical projection gives
$d_H(A_n,A)=1/n$, with equality at the horizontal edges. The extreme
corners give
\[
 \Area A_n=2/n\longrightarrow0,\qquad
 \diam A_n=\sqrt{1+4/n^2}\longrightarrow1.
\]
Thus area alone cannot provide the shrinking-gaps estimate needed for a
piecewise extension. A long thin gap can have very small area and still
contain points separated by a fixed distance.

\begin{exercise}[A limit invisible to a single sample]\label{f:ex-oscillation}
Let $\gamma(t)=\exp(i/t)$ for $0<t\leq1$. Determine its cluster set and
compare it with the subsequence $t_n=(2\pi n)^{-1}$.
\end{exercise}
\solution
For every $\theta\in[0,2\pi)$, the times
$s_n=(2\pi n+\theta)^{-1}$ give $\gamma(s_n)=e^{i\theta}$ and
$s_n\downarrow0$. Hence the cluster set is the full unit circle. Along
$t_n$, however, $\gamma(t_n)=1$ identically. Landing of a selected
subsequence cannot establish landing of the entire approach. The same
distinction applies to a numerical trace of an external ray.

\begin{exercise}[A quantitative unique limit]\label{f:ex-rate}
Suppose $A_n$ are nested compacta and $\diam A_n\leq Cq^n$ for
$C>0$, $0<q<1$. For arbitrary $x_n\in A_n$, prove an a posteriori
distance bound to the limit and find a depth sufficient for error
$\varepsilon\in(0,C)$.
\end{exercise}
\solution
The intersection is one point $a$, and $a,x_n\in A_n$ gives
$d(x_n,a)\leq Cq^n$. Thus it suffices that
\[
 n\geq\left\lceil\frac{\log(C/\varepsilon)}{\log(1/q)}\right\rceil.
\]
This is a guarantee only if the diameter bound applies to the exact
compact set; a few sampled vertices require an additional enclosure.
There is no rounding claim in the real-arithmetic formula for the depth.

\begin{exercise}[Intersection and perturbation]\label{f:ex-intersection}
Give compact sets $A_n\to A$ and $B_n\to B$ for which the intersections
do not converge to $A\cap B$, even though all limiting sets are nonempty.
\end{exercise}
\solution
Take $A_n=A=[0,1]\times\{0\}$ and
$B_n=[0,1]\times\{1/n\}$. Then $B_n\to A$ but $A_n\cap B_n$ is
empty for every $n$. The limiting intersection is $A$. An intersection
operation therefore needs a separate stability hypothesis. If one insists
on nonempty finite intersections, adjoin the common point $(2,0)$ to all
four sets; the finite intersections are then that singleton while the
limiting intersection also contains the unit segment.

\begin{exercise}[Upper limit and a closed constraint]\label{f:ex-upper}
Suppose $A_n$ lie in a compact space and every convergent sequence
$a_{n_j}\in A_{n_j}$ has its limit in a closed set $F$. Prove that
$\sup_{a\in A_n}d(a,F)\to0$. Is the converse valid?
\end{exercise}
\solution
Failure supplies $\varepsilon>0$ and points $a_{n_j}$ at distance at
least $\varepsilon$ from $F$. Compactness supplies a convergent
subsequence; continuity of distance contradicts its required limit in
$F$. Conversely, if the supremum tends to zero and $a_{n_j}\to a$,
then $d(a,F)=0$, hence $a\in F$. Neither direction says that every
point of $F$ is approximated. This is upper convergence, not necessarily
Hausdorff convergence to $F$.

\chapter{Planar hulls and exterior coordinates}
\label{f:hulls-chapter}
\section{Filling bounded complementary regions}
A compact connected set $K\subset\C$ is \emph{full} if
$\C\setminus K$ is connected. Equivalently its complement has no
bounded component: every compact set has precisely one unbounded
complementary component, because the exterior of a sufficiently large disk
is connected. For a compact continuum $E$ write
\[
 \operatorname{Fill}(E)=\C\setminus U_\infty(E)
   =E\cup\bigcup\{U:U\text{ is a bounded component of }\C\setminus E\}.
\]
Connectedness of $E$ is part of this definition's use as a hull. Filling two
isolated points does not join them. We will not extend a connectedness claim
to arbitrary compact sets by changing the noun without changing the proof.

\begin{lemma}[Fullness and filling]\label{f:fill}
For a planar continuum $E$, $\operatorname{Fill}(E)$ is a compact full
continuum. If $E\subset F$ and $F$ is a full compact set, then
$\operatorname{Fill}(E)\subset F$. Consequently filling is monotone
on continua and $\operatorname{Fill}(\operatorname{Fill}(E))
=\operatorname{Fill}(E)$.
\end{lemma}
\begin{proof}
The unbounded complementary component is open, so its complement is
closed; outside a large disk every point belongs to that component, so
the complement is bounded. If $U$ is a bounded complementary component,
then $\partial U\subset E$ and $\partial U\ne\varnothing$. The set
$\overline U$ is connected and meets $E$. The union of $E$ with all
such closures is connected, proving the assertion. Its complement is
$U_\infty(E)$ by construction.

For the minimality statement, every point of $\C\setminus F$ can be
joined within this connected open set to a point outside a large disk.
Here connected open subsets of the plane are polygonally connected: the
points polygonally reachable from one fixed point form both an open and
a relatively closed subset. The path avoids $E$, hence lies in
$U_\infty(E)$. Thus $\C\setminus F\subset U_\infty(E)$ and
$\operatorname{Fill}(E)\subset F$. Apply this to the full set
$\operatorname{Fill}(F)$ for monotonicity, and to a full $E$ for
idempotence.

The boundary inclusion used at the start can also be justified locally.
For a complementary component $U$ and $x\in\partial U\setminus E$,
there would be a disk $B(x,r)\subset\C\setminus E$. This disk meets
$U$, and their union is connected, forcing the whole disk into that
same component. It would make $x$ interior to $U$, a contradiction.
Thus $\partial U\subset E$. Moreover
\[
 E\cup\bigcup_{U\text{ bounded}}\overline U
 =E\cup\bigcup_{U\text{ bounded}}U
 =\operatorname{Fill}(E).
\]
Every set in this union meets the connected anchor $E$, which proves
connectedness even for infinitely many bounded components. To verify that
principle, a separation of the union would put $E$ on one side and force
every connected $\overline U$ meeting it onto the same side, leaving the
other side empty. This is why connectedness of the anchor cannot simply
be omitted from a filling argument.
\end{proof}

\begin{lemma}[A Jordan curve in a full set]\label{f:jordan-fill}
If $K$ is full and $\gamma\subset K$ is a Jordan curve, the bounded
Jordan domain $U$ enclosed by $\gamma$ is contained in $\operatorname{int}K$.
\end{lemma}
\begin{proof}
Jordan separation gives two complementary components for $\gamma$.
If $z\in U\setminus K$, the connected open set $\C\setminus K$
would contain a path from $z$ to the unbounded side. This path would
cross $\gamma\subset K$, impossible. Thus $U\subset K$. Since
$U$ is open, $U\subset\operatorname{int}K$.
\end{proof}

This observation is the source of a recurring contradiction. If a closed
curve in $K$ can be assembled using arcs associated with two supposedly
different interior components, its inside cannot be an omitted hole. The
inside joins those components. The hypotheses that the curve is simple,
lies in $K$, and actually borders the relevant open pieces must all be
checked; a self-intersecting concatenation is not automatically a Jordan
curve.

\begin{proposition}[Nested full continua]\label{f:nested-full}
The intersection of a decreasing sequence of nonempty compact full
continua is a full continuum, possibly a singleton.
\end{proposition}
\begin{proof}
Compactness and connectedness follow from Theorem~\ref{f:nested}.
If $A=\bigcap A_n$, then
\[
 \C\setminus A=\bigcup_n(\C\setminus A_n).
\]
The sets on the right are connected and increasing, so their union is
connected. To see the last implication directly, any hypothetical
separation of the union would meet one sufficiently large member on both
sides, contradicting that member's connectedness.

In symbols, if the union were $V\cup W$ with a separation and
$v\in V$, $w\in W$, choose indices $n_v,n_w$ for their membership
in the increasing family. For $m=\max\{n_v,n_w\}$, both points lie in
$\C\setminus A_m$. The two sets
\[
 V\cap(\C\setminus A_m),\qquad
 W\cap(\C\setminus A_m)
\]
would then separate that connected complement. This proof uses increasing
complements and decreasing compact sets; a Hausdorff-convergent family
has neither ordering automatically.
\end{proof}

Arbitrary intersections of hulls need not be connected. Two overlapping
curved hulls can meet in two separated pieces. Nesting is the feature
which turns the finite-intersection argument into a connected limit.
Likewise, fullness is not closed under arbitrary Hausdorff convergence.
A circle with an open arc of length $1/n$ removed is an arc and hence
full; the limit is the whole circle, whose bounded complementary disk is
a hole. This is a useful obstruction to inferring fullness from a finite
resolution polygonal picture.

\section{The exterior Riemann coordinate}
For a nondegenerate hull $K$, let
$\Omega_K=\widehat\C\setminus K$. Its exterior coordinate is the
normalized conformal bijection
\[
 \Phi_K:\{w\in\widehat\C:|w|>1\}\longrightarrow\Omega_K,
 \qquad
 \Phi_K(w)=c_Kw+b_K+O(w^{-1}),\quad c_K>0.
\]
Existence is the exterior form of the Riemann mapping theorem. The
topological fact that the complement of a full continuum is simply
connected on the sphere, and the Riemann mapping theorem itself, are
the classical planar inputs used in Volume VII. For a singleton $K$,
$\Omega_K=\widehat\C\setminus K$ has plane conformal type and is
excluded from this normalization.
The inverse will be denoted $\Psi_K$.

For $\theta\in\R/\Z$ and $t>0$ define
\[
 R_K(\theta,t)=\Phi_K(e^{t+2\pi i\theta}),\qquad
 G_K(z)=\log|\Psi_K(z)|,\qquad
 E_K(t)=\{z\in\Omega_K:G_K(z)=t\}.
\]
The level $t$ is a logarithmic exterior coordinate; it is not Euclidean
distance to $K$. Along a ray $G_K(R_K(\theta,t))=t$. Equipotentials
$E_K(t)$ are analytic Jordan curves because $\Phi_K$ is conformal on
a neighborhood of the circle $|w|=e^t$. Nothing here asserts that the
ray lands as $t\downarrow0$.

\begin{proposition}[Exterior coordinate identities]\label{f:green}
For $z\in\C\setminus K$, the function $G_K$ is positive and harmonic,
and
\[
 |\nabla G_K(z)|=\left|\frac{\Psi_K'(z)}{\Psi_K(z)}\right|,
 \qquad
 G_K(z)=\log|z|-\log c_K+O(|z|^{-1})\quad(z\to\infty).
\]
External rays and equipotentials meet orthogonally at every positive
level. If $K'=\alpha K+\beta$ with $\alpha\ne0$, then
\[
 G_{K'}(\alpha z+\beta)=G_K(z),\qquad c_{K'}=|\alpha|c_K.
\]
\end{proposition}
\begin{proof}
Locally choose a branch of $\log\Psi_K$. Its real part is $G_K$ and
its complex derivative is $\Psi_K'/\Psi_K$, proving harmonicity and
the gradient identity through the Cauchy--Riemann equations. The inverse
Laurent expansion gives $\Psi_K(z)=z/c_K+O(1)$ and hence the
asymptotic formula. In the $w$-plane, radial and circular tangent
vectors are orthogonal; multiplication by the nonzero derivative of
$\Phi_K$ rotates and scales both, preserving their angle.

Write $\alpha=|\alpha|e^{i\eta}$. The map
$\widetilde\Phi(w)=\alpha\Phi_K(e^{-i\eta}w)+\beta$ has image
$\widehat\C\setminus K'$ and leading coefficient $|\alpha|c_K>0$.
Uniqueness of the normalization identifies it with $\Phi_{K'}$.
Taking inverse moduli proves the two transformation laws.

More explicitly, if $H=\log\Psi_K=u+iv$ on a local branch, then
\[
 H'=u_x-iu_y,\qquad
 |H'|^2=u_x^2+u_y^2=|\nabla G_K|^2,\qquad
 u_{xx}+u_{yy}=0.
\]
Although $v$ can change by an integral multiple of $2\pi$ between
branches, $u=\log|\Psi_K|$ and these derivative identities agree on
overlaps. For the orthogonality claim, the coordinate tangent vectors are
\[
 \partial_t\Phi_K(e^{t+2\pi i\theta})
   =w\Phi_K'(w),\qquad
 \partial_\theta\Phi_K(e^{t+2\pi i\theta})
   =2\pi i w\Phi_K'(w).
\]
Their real Euclidean inner product is zero because
$\operatorname{Re}(v\overline{iv})=0$, and neither vector vanishes.
For the affine change the inverse identity is
\[
 \Psi_{K'}(\alpha z+\beta)=e^{i\eta}\Psi_K(z).
\]
Taking its modulus removes the angular change and gives the displayed
Green-level invariance. Finally write
$\Psi_K(z)=(z/c_K)(1+O(1/z))$ near infinity and use
$\log|1+\zeta|=O(|\zeta|)$ for small $\zeta$ to obtain the asymptotic
formula with its actual $O(|z|^{-1})$ remainder.
\end{proof}

The scalar $c_K$ is the logarithmic capacity normalization. We use the
coefficient identity above, not an unproved equivalence with every
variational definition of capacity. Potential-theoretic interpretations
which require an equilibrium measure are separate results. This keeps
the coordinate calculations independent of the next source section's
potential-theory appendix.

\begin{theorem}[Boundary coordinate input]\label{f:caratheodory}
If a nondegenerate hull $K$ is locally connected, its normalized exterior
map has a continuous extension to $|w|\geq1$ on the sphere. The boundary
map
\[
 \gamma_K:\R/\Z\longrightarrow\partial K,\qquad
 \gamma_K(\theta)=\Phi_K(e^{2\pi i\theta})
\]
is onto. If $K$ is a closed Jordan disk, this map is a homeomorphism of
the circle onto $\partial K$.
\end{theorem}
This is the Carath\'eodory--Torhorst boundary input, established for the
series in Volume VIII and stated here with its exact role. It does not
assert injectivity for an arbitrary locally connected hull. The segment
$[-1,1]$ has two external approaches to each interior point, although it
is locally connected. Nor does continuity specify a computable modulus
from an arbitrary description of $K$.

\section{Worked coordinate investigations}
\begin{exercise}[A round disk]\label{f:ex-round}
For $K=\overline{B(a,r)}$, $r>0$, compute $\Phi_K$, $G_K$, the
Euclidean distance to $K$ at level $t$, and the normal derivative of
$G_K$ on the boundary.
\end{exercise}
\solution
Normalization gives $\Phi_K(w)=a+rw$ and
$G_K(z)=\log(|z-a|/r)$. On level $t$, the distance is
$r(e^t-1)$, while the outward radial derivative at $|z-a|=r$ equals
$1/r$. In particular,
\[
 rt\leq r(e^t-1)\leq re^Tt\qquad(0\leq t\leq T).
\]
The lower bound follows by integrating $e^s\geq1$ and the upper bound
by integrating $e^s\leq e^T$. Even this smooth example has a
scale-dependent conversion between logarithmic level and length.

\begin{exercise}[The segment and a double boundary trace]\label{f:ex-segment}
Verify that $\Phi(w)=(w+w^{-1})/2$ maps $|w|>1$ conformally onto
$\widehat\C\setminus[-1,1]$. Determine its boundary fibers.
\end{exercise}
\solution
If $\Phi(w)=\Phi(v)$, multiplication and factorization give
$(w-v)(1-1/(wv))=0$. Since $|wv|>1$, $w=v$. Also
$\Phi'(w)=(1-w^{-2})/2\ne0$ in the exterior. Solving the quadratic
equation gives roots $w=z\pm\sqrt{z^2-1}$ with product one. For
$z\notin[-1,1]$ neither root lies on the unit circle, since a unit
root would yield $z=\cos\vartheta$. Exactly one root lies outside:
this is true near infinity, and cannot change along the connected
complement of the segment without a unit-circle root. Thus the map is
onto. On the boundary,
\[
 \gamma(\theta)=\cos(2\pi\theta),\qquad
 \gamma^{-1}(x)=\{\theta,-\theta\}\quad(-1<x<1).
\]
At $x=1,-1$ the two representatives coincide modulo one. The exterior
coefficient is $c_K=1/2$. This explicitly separates a boundary quotient
from an injective boundary parametrization.

\begin{exercise}[A cut cannot pass through an open body]\label{f:ex-interior-cut}
Suppose a continuous injective line $L:\R\to\C$ meets a compact set
$K$ in finitely many points. Prove that its image avoids
$\operatorname{int}K$.
\end{exercise}
\solution
If $L(t_0)$ were interior, continuity would place $L(t)$ in $K$ for
all $t$ in an interval around $t_0$. Injectivity makes these infinitely
many different points, contradicting the finite-intersection assumption.
Thus finite cut-lines of a filled hull only encounter its boundary. This
observation is essential when a puzzle construction for $\partial K$ is
compared with a purported construction for the entire filled set $K$.

\begin{exercise}[An interior component is simply connected]\label{f:ex-simply}
Let $D$ be a component of the interior of a full continuum $K$. Explain
why every Jordan curve in $D$ encloses a region contained in $D$, and
deduce simple connectivity using the planar Jordan criterion.
\end{exercise}
\solution
Lemma~\ref{f:jordan-fill} puts the bounded region $U$ in
$\operatorname{int}K$. Near any point of the Jordan curve, $U$ meets
the open set $D$; hence the connected open set $U$ belongs to the same
interior component. Therefore $U\subset D$. The classical planar
criterion states that a domain is simply connected precisely when it
contains the inside of every Jordan curve it contains. Applying that
criterion gives simple connectivity. The criterion is a topological
input; it is not being inferred from one sampled family of curves.

\chapter{Local connectivity, small paths and vanishing bodies}
\label{f:local-chapter}
\section{Pointwise and uniform hypotheses}
A space $X$ is locally connected at $x$ if every neighborhood of $x$
contains a connected relatively open neighborhood of $x$. It is weakly
locally connected at $x$ if the word open is dropped for the smaller
connected neighborhood. A neighborhood here contains a relatively open
set containing $x$; it is not merely a connected set containing $x$.
Every singleton is connected, so omitting that qualification would make
the condition vacuous.

\begin{proposition}[From weak local connectivity everywhere]\label{f:weak-lc}
If $X$ is weakly locally connected at every point, then $X$ is locally
connected. Equivalently, every component of every open set in $X$ is open.
\end{proposition}
\begin{proof}
Let $O$ be open, $C$ one of its components, and $x\in C$. Choose a
connected neighborhood $N$ of $x$ contained in $O$. Since $N$ meets
$C$, maximality of the connected component gives $N\subset C$.
There is an open set $V$ with $x\in V\subset N$, so $x$ is interior
to $C$. This holds for every point of $C$, making $C$ open. Taking the
component containing $x$ inside an arbitrary open neighborhood supplies
the connected open neighborhood required for local connectivity. The
reverse implication follows immediately from the definition.

The key inclusion is $N\cup C\subset O$: it is connected because
$N\cap C$ contains $x$. Maximality of $C$ then says
\[
 N\cup C=C,\qquad x\in V\subset N\subset C.
\]
For the reverse characterization, assume every component of every open
set is open. Given $x\in O$ with $O$ open, its component $C_O(x)$ is
connected and open and satisfies $x\in C_O(x)\subset O$. This gives
the required neighborhood base directly. Notice that the choice of $N$
in the forward implication is made afresh at each $x\in C$, which is
the exact place where the hypothesis at every point is needed.
\end{proof}

The proposition is global in its hypothesis. Weak local connectivity at
one selected point alone does not justify the step for all the other
points in the component of $O$. The proof explains why a theorem about
shrinking nests at every point can imply local connectivity even when
the available nests initially give only closed connected neighborhoods.

\begin{theorem}[Uniform local connectedness]\label{f:ulc}
For a compact metric space $X$, local connectivity is equivalent to:
\[
 \begin{gathered}
 \forall\varepsilon>0\ \exists\delta>0\ \forall x,y\in X,\\
 d(x,y)<\delta\ \Longrightarrow\
 \text{$x,y$ belong to a connected set of diameter less than $\varepsilon$.}
 \end{gathered}
\]
\end{theorem}
\begin{proof}
Assume local connectivity. Cover $X$ by connected open sets of diameter
less than $\varepsilon$. A finite subcover has a Lebesgue number
$\delta>0$: every subset of diameter less than $\delta$ lies in one
member. For completeness, if no such number existed, finite sets of
diameter tending to zero could fail to lie in any member; choose one
point from each, pass to a limit $x$, and use the open covering member
containing $x$ to obtain a contradiction. Applying the Lebesgue-number
property to $\{x,y\}$ proves the displayed condition.

The finite-cover argument can be given a numerical intermediate step.
For each $x\in X$ choose a connected open $V_x$ of diameter less than
$\varepsilon$ and $r_x>0$ with $B(x,2r_x)\cap X\subset V_x$.
Choose a finite subcover from the balls $B(x,r_x)$ and set
\[
 \delta=\min_{1\leq j\leq m}r_{x_j}>0.
\]
If $u\in B(x_j,r_{x_j})$ and $d(u,v)<\delta$, then
$d(v,x_j)<2r_{x_j}$, so $u,v\in V_{x_j}$. This proves a uniform
input tolerance directly. It does not make the tolerance computable from
an arbitrary name for $X$: obtaining the cover and the radii is itself
mathematical input.

Conversely fix an open $O$ and a point $x$ of one component $C$.
Choose $\varepsilon>0$ with $B(x,2\varepsilon)\cap X\subset O$.
For every $y\in B(x,\delta)\cap X$, where $\delta$ is also less
than $\varepsilon$, the asserted connected set joins $x$ to $y$ and
lies in $B(x,\varepsilon)\cap X\subset O$. Thus
$B(x,\delta)\cap X\subset C$. Every component of $O$ is open, and
Proposition~\ref{f:weak-lc} gives local connectivity.
\end{proof}

\section{Constructing small paths}
\begin{theorem}[Uniform small paths]\label{f:small-paths}
If $X$ is compact and locally connected, then for every $\varepsilon>0$
there is $\delta>0$ such that any two points at distance less than
$\delta$ can be joined by a continuous path in $X$ whose image has
diameter less than $\varepsilon$. Distinct endpoints can be joined by
an arc with the same bound.
\end{theorem}
\begin{proof}
We give the path construction to specify the uniformity. Choose positive
numbers $r_k$ with $2\sum_{k\geq0}r_k<\varepsilon$; for example
$r_k=\varepsilon 2^{-k-4}$. By Theorem~\ref{f:ulc}, choose
$\delta_k>0$ so that points within $\delta_k$ belong to a connected
set of diameter less than $r_k$.

Whenever two points belong to a connected set $C$, they can be joined
by a finite $\eta$-chain of points of $C$ for every $\eta>0$. Indeed
the chain-reachable subset from the first point and its complement are
both relatively open in $C$; connectedness makes the reachable subset
all of $C$. Start with $x,y$ at distance less than $\delta_0$ and a
connected carrier $C_0$ of diameter less than $r_0$. Choose a finite
$\delta_1$-chain from $x$ to $y$ inside $C_0$, and assign its vertices
in order to a partition of $[0,1]$. Insert repeated vertices if needed
so every interval length is at most $1/2$.

For the chain assertion, define $u\equiv_\eta v$ when some finite
sequence $u=u_0,u_1,\ldots,u_m=v$ in $C$ has
$d(u_{j-1},u_j)<\eta$ for every $j$. Concatenation and reversal show
that this is an equivalence relation. If $v$ is in one class, then
$B(v,\eta)\cap C$ is in that class too; hence each class is relatively
open, and its complement is a union of other open classes. Connectedness
leaves exactly one class. The finite sequence need not have a length
bounded independently of $C$ or $\eta$.

For each adjacent pair of level-one vertices choose a connected carrier
of diameter less than $r_1$ containing them. Subdivide its parameter
interval using a finite $\delta_2$-chain in that carrier, with all
new interval lengths at most half the parent's. Continue inductively.
Values already assigned at endpoints are retained, all partition meshes
tend to zero, and the assigned points lie in $X$. Descendants of any
level-$k$ interval lie within distance $\sum_{j\geq k}r_j$ of either
one of its endpoint values: the successive carriers add at most the
stated tail. Thus the assignment on the dense union of all partition
vertices is uniformly continuous. More explicitly, fix $k$. Sufficiently
close parameters belong to the same or adjacent level-$k$ intervals;
their values differ by at most $2\sum_{j\geq k}r_j$ through a common
endpoint. The tail tends to zero.

To make the parameter estimate precise, let $P_k$ be the finite partition
at stage $k$ and let $\mu_k>0$ be the smallest length of its intervals.
Two parameters at distance less than $\mu_k$ lie in the same interval
or in adjacent intervals, including their endpoints. With
\[
 T_k=\sum_{j\geq k}r_j
     =\varepsilon 2^{-k-3}
 \quad\text{for the chosen geometric sequence},
\]
the values assigned to parameters in adjacent intervals differ by at most
$2T_k$ through their common endpoint. Given an output tolerance $a>0$,
choose $k$ with $2T_k<a$ and then use input tolerance $\mu_k$.
The order is crucial: no positive lower bound on all $\mu_k$ is needed.
The partition meshes tend to zero, making the assigned parameter set dense,
while the tail estimate makes its image assignment uniformly continuous.
These are two distinct ingredients in the extension step.

Completeness of compact $X$ extends this assignment uniquely to a
continuous map $\alpha:[0,1]\to X$ with endpoints $x,y$. Every
point of the path is within $\sum_{j\geq0}r_j$ of $x$, so its
diameter is less than $\varepsilon$. The classical arc-extraction
lemma for a path in a Hausdorff space gives an injective subpath image
joining distinct endpoints; its image is contained in $\alpha([0,1])$
and has no larger diameter. This last loop-removal lemma is the named
topological input in the arc assertion; the quantitative path
construction itself has been given above.

For completeness, if $D_*$ denotes the dense set of assigned parameters
and $t\in[0,1]$, choose $s_n\in D_*$ with $s_n\to t$. Uniform
continuity makes the sequence of assigned values Cauchy; completeness
gives its limit. If another sequence $s'_n\to t$ is used, then
$|s_n-s'_n|\to0$, so the two image sequences have the same limit.
This defines $\alpha(t)$ independently of choices. The same uniform
estimate passes to the limits and proves continuity. Finally
\[
 d(\alpha(t),x)\leq T_0,\qquad
 \diam\alpha([0,1])\leq2T_0=\varepsilon/4<\varepsilon.
\]
The spare factor is deliberate; no limiting equality can spoil the strict
diameter target. Arc extraction only shrinks the image set, so this bound
survives removal of loops.
\end{proof}

A connected compact locally connected metric space is therefore arcwise
connected. One may prove the global assertion without making a new
uniform estimate: the set of points path-reachable from a fixed point
is open by the local path property, and its complement is open by the
same argument. Connectedness makes the complement empty. Arc extraction
then replaces a path by an arc whenever its endpoints differ.

\section{Gate maps and a null-family estimate}
The topology chapter proves a specific gate theorem
(Theorem~\ref{puz:gate}): for a locally connected full continuum $K$
and a component $D$ of $\operatorname{int}K$, there is a retraction
$\pi_D:K\to\overline D$. It is constant on any arc disjoint from
$\overline D$; if an arc meets $\overline D$, its gate image is
contained in that arc. It is locally constant on
$K\setminus\overline D$. The proof uses small arcs and Jordan
fullness, not the null-family conclusion below. The following forward
reference is therefore acyclic: small paths imply the gate theorem,
which then implies the shrinking-body theorem.

\begin{proposition}[A common modulus for gate maps]\label{f:gate-modulus}
For each $\varepsilon>0$, choose $\delta$ from
Theorem~\ref{f:small-paths} for the compact locally connected hull $K$.
Then, for every interior component $D$ and all $x,y\in K$,
\[
 |x-y|<\delta\quad\Longrightarrow\quad
 |\pi_D(x)-\pi_D(y)|<\varepsilon.
\]
The same $\delta$ works for every component.
\end{proposition}
\begin{proof}
Join $x$ to $y$ by an arc $A$ of diameter less than $\varepsilon$.
If $A$ misses $\overline D$, its gate image is a singleton. Otherwise
$\pi_D(A)\subset A$. In both cases the displayed distance is less
than $\varepsilon$. For $x=y$ no arc is needed. The selected small-arc
bound depends only on $K$, not on $D$.

Equivalently, when interior components exist, define a family oscillation
at scale $s$ by
\[
 W(s)=\sup_D\ \sup_{\substack{x,y\in K\\|x-y|\leq s}}
          |\pi_D(x)-\pi_D(y)|.
\]
If there are no interior components, set $W(s)=0$.
The proposition gives $W(s)\to0$ as $s\downarrow0$: for the strict
input bound $\delta$ take $s\leq\delta/2$. The supremum over $D$ is
taken before the limit in $s$. Exchanging this order would give only
individual continuity and would not control a moving sequence of components.
If there are no interior components the family assertions are vacuous;
the null-family conclusion then holds immediately.
\end{proof}

\begin{theorem}[Interior components form a null family]\label{f:null-interiors}
Let $K\subset\C$ be a compact locally connected full continuum. For
every $\varepsilon>0$ there are only finitely many components $D$ of
$\operatorname{int}K$ with $\diam D\geq\varepsilon$. Equivalently,
the diameters of any sequence of pairwise distinct interior components
tend to zero.
\end{theorem}
\begin{proof}
Suppose distinct components $D_n$ have diameters at least
$\varepsilon>0$. Select $x_n,y_n\in D_n$ with
$|x_n-y_n|>\varepsilon/2$. By compactness, pass to subsequences with
$x_n\to x$, $y_n\to y$, and $|x-y|\geq\varepsilon/2$.

If $n\ne m$, the connected open set $D_n$ is disjoint from
$\overline{D_m}$. Indeed a point of $D_n\cap\overline{D_m}$ has a
small disk contained in $D_n$ which also meets $D_m$, contradicting
distinctness of the components. Local constancy of $\pi_{D_m}$
outside $\overline{D_m}$ therefore gives
\[
 \pi_{D_m}(x_n)=\pi_{D_m}(y_n)=a_{m,n}\qquad(n\ne m).
\]
Choose the common gate modulus with output tolerance
$\varepsilon/8$. For distinct sufficiently large $m,n$, both
$|x_m-x_n|$ and $|y_m-y_n|$ are below its input tolerance. Because
$\pi_{D_m}$ fixes $x_m,y_m$,
\[
 |x_m-y_m|
 \leq |\pi_{D_m}(x_m)-a_{m,n}|
       +|a_{m,n}-\pi_{D_m}(y_m)|
 <\varepsilon/4,
\]
contradicting the choice of the points. Countability of the family, when
needed, follows independently because disjoint nonempty open subsets
of the plane contain different points of $\Q^2$.

The quantifiers behind the contradiction are worth isolating. Uniform
continuity supplies one $\delta>0$ for $\varepsilon/8$. Since both
endpoint sequences converge, there is one $N$ such that
\[
 m,n\geq N\quad\Longrightarrow\quad
 |x_m-x_n|<\delta,\quad |y_m-y_n|<\delta.
\]
Now choose any two distinct indices $m,n\geq N$. Retraction, constancy
on the other component, and the common modulus give in that order
\[
 |x_m-y_m|
 \leq W(|x_m-x_n|)+W(|y_m-y_n|)\leq\varepsilon/4.
\]
One may use the proposition directly instead of $W$ when a strict
supremum bound is not attained. The contradiction does not require
choosing a gate which is continuous at an unknown limiting point after
its index has already varied. For countability, enumerate $\Q^2$ and
associate to each component the first rational point it contains; disjoint
open components receive distinct indices.
\end{proof}

The conclusion uses local connectivity of the fixed hull. It is stronger
than saying the areas of disjoint bounded domains tend to zero: area
summability holds without local connectivity, while long narrow domains
can retain a positive diameter. The proof also exposes why pointwise
continuity of each gate would be insufficient. The moving component
$D_m$ requires one modulus for the entire family of gates.

\begin{lemma}[Pasting across a null family]\label{f:pasting}
Let $X$ be compact metric, $Y$ a metric space, $A\subset X$ closed, and let $U_j$ be
pairwise disjoint open sets with $X=A\cup\bigcup_jU_j$ and
$\partial_XU_j\subset A$. Suppose $f:X\to Y$ is continuous on
$A$ and on every $\overline{U_j}$, and its restrictions agree on
overlaps. Assume every $x\in U_j$ has
$d(x,\partial_XU_j)\leq\eta_j$, where $\eta_j\to0$ along
distinct indices, and $\diam f(\overline{U_j})\to0$ along distinct
indices. Then $f$ is continuous on $X$.
\end{lemma}
\begin{proof}
Take $x_n\to x$. If infinitely many $x_n$ lie in $A$, that
subsequence is controlled by continuity on $A$. If infinitely many
lie in one fixed $U_j$, the limit lies in $\overline{U_j}$ and
continuity there applies. The remaining case has $x_n\in U_{j_n}$
with distinct indices. Choose $a_n\in\partial_XU_{j_n}$ with
$d(x_n,a_n)\leq\eta_{j_n}+1/n$. Then $a_n\to x$, so $x\in A$,
and
\[
 d_Y(f(x_n),f(x))\leq
 \diam f(\overline{U_{j_n}})+d_Y(f(a_n),f(x))\longrightarrow0.
\]
Every subsequence has been covered by these alternatives; otherwise a
subsequence staying a positive distance from $f(x)$ would contradict
one of them. This proves continuity.

Here is the exhaustive subsequence reduction used in the last sentence.
If continuity failed at $x$, there would be $b>0$ and a sequence
$x_n\to x$ with $d_Y(f(x_n),f(x))\geq b$. Either infinitely many
terms lie in $A$, or discard the finitely many which do. In the second
case, either one index occurs infinitely often or a subsequence has all
indices distinct. The first two cases contradict continuity on a fixed
closed piece. In the distinct-index case,
\[
 d_X(a_n,x)\leq \eta_{j_n}+1/n+d_X(x_n,x)\longrightarrow0,
\]
and closedness of $A$ puts $x$ in $A$. Given $b$, choose $n$ large
enough that both the target diameter and
$d_Y(f(a_n),f(x))$ are less than $b/3$. The displayed inequality in
the proof is then less than $2b/3$, a contradiction. Agreement on overlaps
ensures that $f(a_n)$ is the same value whether evaluated through $A$
or through $\overline{U_{j_n}}$.
\end{proof}

\section{Worked local-topology investigations}
\begin{exercise}[The comb obstruction]\label{f:ex-comb}
Let
\[
 C=([0,1]\times\{0\})\cup(\{0\}\times[0,1])
       \cup\bigcup_{n\geq1}(\{1/n\}\times[0,1]).
\]
Prove compactness and connectedness, and show that $C$ is not locally
connected at $(0,t)$ when $0<t\leq1$.
\end{exercise}
\solution
Every convergent sequence in the displayed union either stays on a
fixed tooth or has tooth coordinates tending to zero, in which case
its limit lies on the included vertical segment. Thus the bounded set
is closed and compact. Each vertical segment meets the horizontal base,
so the union is connected. Fix $0<r<t/3$. In
$C\cap B((0,t),r)$ the connected component containing $(0,t)$ lies
on the vertical line $x=0$: projection to the first coordinate maps a
connected set to an interval, while the available coordinates form
$\{0\}\cup\{1/n\}$, containing no nontrivial interval. Every
relative neighborhood of $(0,t)$ nevertheless meets other teeth.
Therefore that component is not a neighborhood, so no connected open
neighborhood can lie in the ball.

\begin{exercise}[Nonuniform small-scale information]\label{f:ex-modulus}
Explain why the existence of a small-path modulus for each compact
locally connected set does not supply one common modulus for all
polygonal arcs of diameter at most two.
\end{exercise}
\solution
Take a U-shaped polygonal arc whose two upper endpoints are distance
$h$ apart and whose vertical sides have height one. The only arc in
that set joining the endpoints travels down to the base and back up,
so its diameter is at least one. Letting $h\downarrow0$ defeats every
proposed common positive input tolerance for output diameter $1/2$.
Each fixed polygonal arc still has its own modulus. Uniformity over a
family is extra data, not a consequence of pointwise compactness.

\begin{exercise}[Why a boundary-distance condition suffices]\label{f:ex-gap-area}
Let $U_j$ be disjoint bounded open subsets of a common bounded planar
region. Show that $\sup_{z\in U_j}d(z,\partial U_j)\to0$ along
distinct indices, even if their diameters do not tend to zero.
\end{exercise}
\solution
If the supremum exceeded $r>0$ for infinitely many $j$, each such
$U_j$ would contain a disk of radius $r/2$. These disjoint disks would
have infinite total area in a bounded region. Quantitatively,
\[
 \#\{j:\sup_{z\in U_j}d(z,\partial U_j)>r\}
 \leq\frac{4\Area(B)}{\pi r^2}
\]
when all the sets lie in a measurable bounded region $B$. This controls
the source-side boundary approximation in Lemma~\ref{f:pasting}.
It supplies no target-side diameter bound; that is a separate hypothesis.

\begin{exercise}[A common-modulus contradiction]\label{f:ex-gates}
Abstract the proof of Theorem~\ref{f:null-interiors}: let disjoint sets
$E_n$ in a compact metric space admit retractions $r_n$ fixing $E_n$,
constant on every $E_m$ with $m\ne n$, and equicontinuous as a family.
Prove $\diam E_n\to0$ without using planarity.
\end{exercise}
\solution
If not, choose pairs $x_n,y_n\in E_n$ separated by a fixed positive
amount and pass to convergent subsequences. Uniform continuity of all
$r_m$ makes $r_m(x_n)$ close to $x_m$ and $r_m(y_n)$ close to $y_m$
when $m,n$ are large. Constancy on $E_n$ equates these two images,
contradicting their separation. Planarity is used earlier to construct
the gates, not in this final compactness argument. This separation of
roles prevents the abstract lemma from being mistaken for a theorem
that arbitrary compact spaces possess gate retractions.

\begin{exercise}[A filled set and its boundary]\label{f:ex-boundary}
Compare local connectivity and finite-cut rigidity for
$K=\overline\D$ and $J=\partial\D$.
\end{exercise}
\solution
Both sets are locally connected. Any injective curve intersecting $K$
only finitely many times avoids its interior by
Investigation~\ref{f:ex-interior-cut}; it cannot split the open disk into
two pieces. Small cuts through the complementary interior of $J$,
however, can isolate short circular arcs of $J$. Thus a boundary puzzle
which uses both complementary components of $J$ is not a hull puzzle
for $K$. Local connectivity by itself does not erase the difference
between the two admissible-cut classes.

\chapter{Circular order, boundary moduli and collar geometry}
\label{f:circle-chapter}
\section{Angles and oriented intervals}
Write $\mathbb T=\R/\Z$, with $e(\theta)=e^{2\pi i\theta}$.
An ordered triple of distinct angles $(a,b,c)$ is positively cyclically
ordered if one can choose lifts satisfying
$\widetilde a<\widetilde b<\widetilde c<\widetilde a+1$.
The interval $(a,b)_{\mathbb T}$ is the positively oriented arc from
$a$ to $b$, excluding both endpoints. Its length lies in $(0,1)$ when
$a\ne b$. We never choose a real branch of an angle without recording
where the circle has been cut.

The circular metric is
\[
 d_{\mathbb T}(a,b)=\min_{k\in\Z}|\widetilde a-\widetilde b-k|,
 \qquad0\leq d_{\mathbb T}(a,b)\leq\tfrac12.
\]
For $s=d_{\mathbb T}(a,b)$, elementary trigonometry yields
\[
 |e(a)-e(b)|=2\sin(\pi s),\qquad
 4s\leq |e(a)-e(b)|\leq2\pi s.
\]
The lower bound follows from concavity of sine on $[0,\pi/2]$ and
the chord joining its endpoint values; the upper bound follows from
$\sin u\leq u$. These estimates allow conversion between angular
and Euclidean tolerances on the circle, with explicit constants.

\begin{lemma}[Alternating endpoints]\label{f:alternating}
Let $a,b,c,d$ be four distinct points of the unit circle. The open
straight chords $(a,b)$ and $(c,d)$ intersect if and only if their
endpoints alternate in circular order. Their intersection, when it
exists, is a single point.
\end{lemma}
\begin{proof}
The line through $a,b$ divides the circle, apart from $a,b$, into two
open arcs lying in opposite open half-planes. The segment from $c$ to
$d$ crosses this line precisely when $c,d$ lie in opposite half-planes.
In that case its intersection with the line lies in the closed disk,
and the intersection of this line with the disk is exactly the chord
$[a,b]$. The endpoints are distinct, so the crossing is interior to
both segments. Conversely an interior crossing puts $c,d$ on opposite
sides, since their chord is not collinear with $[a,b]$: a line meets
the circle in at most two points. Opposite sides are precisely the
alternating-endpoint condition. Two noncollinear lines meet once.

There is an algebraic form of the same separation argument. For complex
vectors define $[u,v]=\operatorname{Im}(\overline u v)$ and put
$s_c=[b-a,c-a]$, $s_d=[b-a,d-a]$. The distinct-circle-point
hypotheses make both nonzero. Opposite sides mean $s_cs_d<0$, in
which case
\[
 t=\frac{s_c}{s_c-s_d}\in(0,1),\qquad
 z=(1-t)c+td,\qquad [b-a,z-a]=0.
\]
Since $c,d$ are distinct boundary points, their open segment is inside
the open disk; hence $z$ lies strictly between $a$ and $b$ on the
line's disk intersection. The formula gives an actual intersection
parameter after the order test, but computing it is unnecessary if only
the crossing decision is requested. The sign test is strict, so shared
endpoints and repeated chords require their separate cases.
\end{proof}

For arbitrary embedded crosscuts of a disk the same separation statement
follows from the Jordan theorem: join one crosscut to either boundary
arc and inspect the two sides. Straight chords make the condition an
exact order test. Hyperbolic geodesics have the same crossing rule,
as the Klein-coordinate construction in the pinched-model chapter
will prove. The order statement survives even when distance estimates
in a particular model do not.

\section{Moduli inherited from a boundary parametrization}
For a continuous map $f:X\to Y$ on a compact metric space define its
oscillation modulus
\[
 \omega_f(r)=\sup\{d_Y(f(x),f(y)):d_X(x,y)\leq r\},\qquad r\geq0.
\]
It is nondecreasing, finite, and tends to zero as $r\downarrow0$.
Indeed failure of the last assertion produces $x_n,y_n$ with
$d(x_n,y_n)\to0$ but separated images; a convergent subsequence of
$x_n$ and then $y_n$ contradicts continuity at their common limit.
We do not assert strict increase or invertibility of this modulus.

\begin{proposition}[A boundary image estimate]\label{f:boundary-modulus}
Let $\gamma:\mathbb T\to\C$ be continuous, with modulus measured
in $d_{\mathbb T}$. If a set $A\subset\mathbb T$ is contained in
an arc of angular length $\ell\leq1/2$, then
\[
 \diam\gamma(A)\leq\omega_\gamma(\ell).
\]
If $\widetilde\gamma$ is another map with
$\sup_\theta|\gamma(\theta)-\widetilde\gamma(\theta)|\leq\eta$,
then
\[
 d_H(\gamma(A),\widetilde\gamma(A))\leq\eta,
 \qquad
 \diam\widetilde\gamma(A)\leq\omega_\gamma(\ell)+2\eta
\]
for nonempty compact $A$.
\end{proposition}
\begin{proof}
Any two points of $A$ are at circular distance at most $\ell$, so
the first estimate is the definition of the modulus. For the second,
pair the two image points with the same parameter. The pairwise distance
is at most $\eta$ in both directed Hausdorff estimates. The diameter
bound follows either from Lemma~\ref{f:distance} or the three-term
triangle inequality through $\gamma(\theta),\gamma(\phi)$.

The three-term version keeps the two sources of error visible:
\begin{align*}
 |\widetilde\gamma(\theta)-\widetilde\gamma(\phi)|
 &\leq |\widetilde\gamma(\theta)-\gamma(\theta)|
       +|\gamma(\theta)-\gamma(\phi)|
       +|\gamma(\phi)-\widetilde\gamma(\phi)|\\
 &\leq 2\eta+\omega_\gamma(\ell).
\end{align*}
Thus refining the angular arc only changes the modulus term; it does
not reduce the two endpoint evaluation errors. The same-parameter
coupling in the Hausdorff estimate needs no inverse parametrization, so
it remains valid when many different angles land at the same physical
point. For a nonclosed $A$ the diameter bound still makes sense, but
the compact-set Hausdorff convention used in the second part requires
the explicitly stated compactness assumption.
\end{proof}

For a locally connected hull, Theorem~\ref{f:caratheodory} supplies
such a map $\gamma_K$. It supplies existence of $\omega_{\gamma_K}$,
but not numerical values. A quantitative puzzle estimate which inserts
$\omega_{\gamma_K}(2^{-n})$ is a conditional error bound until a
modulus is part of the input or independently bounded. The distinction
does not weaken the qualitative theorem; it states its effective content.

\section{A nonsingular collar and what it controls}
Fix $1<r<R<\infty$ and a conformal exterior map $\Phi_K$. It is
holomorphic on a neighborhood of the compact annulus
$A_{r,R}=\{r\leq|w|\leq R\}$. Put
\[
 M_{r,R}=\max_{w\in A_{r,R}}|\Phi_K'(w)|,
 \qquad m_{r,R}=\min_{w\in A_{r,R}}|\Phi_K'(w)|>0.
\]
Positivity of the minimum follows from injectivity, which forces the
complex derivative to be nonzero, and compactness. These are local
derivative bounds. They do not automatically give a global lower
Lipschitz bound for pairs whose joining segment leaves the annulus.

\begin{proposition}[A collar cell diameter bound]\label{f:collar}
Let $r\leq r_1\leq r_2\leq R$ and let $I$ be an angular interval
of length $\ell\leq1/2$. For
$C=\{\rho e(\theta):r_1\leq\rho\leq r_2,\theta\in I\}$,
\[
 \diam\Phi_K(C)\leq M_{r,R}\bigl((r_2-r_1)+2\pi R\ell\bigr).
\]
If a polygonal or sampled enclosure $\widetilde C$ of the image has
Hausdorff error at most $\eta$, its diameter differs from the exact
image diameter by at most $2\eta$.
\end{proposition}
\begin{proof}
Join any two points of $C$ by a radial segment followed by a circular
arc within $C$. The radial length is at most $r_2-r_1$, and the
circular length at most $2\pi R\ell$. Along either smooth piece,
\[
 |\Phi_K(w_1)-\Phi_K(w_0)|
 \leq\int|\Phi_K'(w)|\,|dw|
 \leq M_{r,R}\operatorname{length}(\text{path}).
\]
Taking the supremum over pairs proves the result. The enclosure claim
is the diameter estimate from Lemma~\ref{f:distance}.

Choose one real lift of $I$ and write the two points as
$w_0=\rho_0e(\theta_0)$, $w_1=\rho_1e(\theta_1)$. A concrete
joining path has its two pieces
\[
 s\longmapsto\bigl((1-s)\rho_0+s\rho_1\bigr)e(\theta_0),
 \qquad
 s\longmapsto\rho_1e((1-s)\theta_0+s\theta_1),\quad0\leq s\leq1.
\]
Their lengths are $|\rho_1-\rho_0|$ and
$2\pi\rho_1|\theta_1-\theta_0|$. The lift ensures the second path
stays in the chosen cell, even when the interval crosses the conventional
angular cut at zero. Integrating the derivative on these paths avoids
using the straight segment, which could leave the annulus where the
bound on $\Phi_K'$ was established. The minimum derivative bound also
does not reverse the integral triangle inequality: in general
\[
 \left|\int v(s)\,ds\right|\leq\int|v(s)|\,ds
\]
has no reverse bound without control of the directions of $v(s)$.
This is the precise obstruction to obtaining a global lower distance
estimate merely by substituting $m_{r,R}$ for $M_{r,R}$.
\end{proof}

No assertion is made that $M_{r,R}$ stays bounded as $r\downarrow1$.
For domains with cusps, corners or severe boundary distortion, derivatives
can behave singularly near the ideal circle. For nonsingular positive
levels the estimate is complete; passing to the physical boundary needs
the modulus in Proposition~\ref{f:boundary-modulus} or an additional
regularity theorem. A diagram can depict both regimes without certifying
that their constants agree.

\section{Worked order and geometry investigations}
\begin{exercise}[An exact circular crossing test]\label{f:ex-order}
Take angles $a=1/10$, $b=3/5$, $c=2/5$, $d=9/10$. Decide whether
the chords $[e(a),e(b)]$ and $[e(c),e(d)]$ cross, without computing
sines or cosines. Then replace $c$ by $4/5$.
\end{exercise}
\solution
Initially $a<c<b<d<a+1$, so the endpoints alternate and the chords
cross. After replacement both $c=4/5$ and $d=9/10$ lie on the same
oriented arc from $b$ to $a$, so they do not cross. Rational order
comparisons suffice. Equal endpoints would require a separate shared-vertex
case and must not be accepted as an interior crossing by a strict test.

\begin{exercise}[Why the circle has no preferred cut]\label{f:ex-wrap}
An arc runs from $9/10$ to $1/10$ positively around the circle. Compute
its length and describe a valid lift for evaluating its order tests.
\end{exercise}
\solution
Use the lifted interval $[9/10,11/10]$, of length $1/5$; the endpoint
$11/10$ represents $1/10$. The naive difference $1/10-9/10=-4/5$
is not the length of this arc. A consistent algorithm first chooses a
basepoint away from the relevant endpoints or uses modular comparisons.
Changing the lift adds one to appropriate coordinates without changing
cyclic order, provided the same convention is applied to every endpoint.

\begin{exercise}[A H\"older boundary estimate]\label{f:ex-holder}
Suppose $|\gamma(a)-\gamma(b)|\leq H d_{\mathbb T}(a,b)^\alpha$
with $H>0$, $0<\alpha\leq1$. Bound the image diameter of a dyadic arc
of length $2^{-n}$ for $n\geq1$, and include a uniform map error $\eta$.
\end{exercise}
\solution
Proposition~\ref{f:boundary-modulus} gives
\[
 \diam\gamma(I)\leq H2^{-\alpha n},\qquad
 \diam\widetilde\gamma(I)\leq H2^{-\alpha n}+2\eta.
\]
To guarantee the latter is at most $\varepsilon$, first require
$2\eta<\varepsilon$, then choose
$n\geq\alpha^{-1}\log_2(H/(\varepsilon-2\eta))$, rounded upward
and bounded below by one. A refinement of the angular grid cannot
overcome a fixed error floor $2\eta$ in the map itself.

\begin{exercise}[Finite contacts do not define a partition]\label{f:ex-contact}
Let $A=[-1,0]$ and $B=[0,1]$. Explain why the family $\{A,B\}$
is a cover by compact connected sets but is not the family of fibers
of a function. Give two different ways to repair it and state what
each repair changes.
\end{exercise}
\solution
Fibers of a function are disjoint, whereas $A\cap B=\{0\}$.
One can replace the cover by the partition
$\{[-1,0),\{0\},(0,1]\}$; its nontrivial pieces are no longer
compact. Alternatively, impose the equivalence relation generated by
declaring each original set a class. Since both contain zero,
transitivity merges them into $[-1,1]$, destroying the original
two-piece distinction. Neither repair leaves every requested property
unchanged. A quotient construction must specify which mathematical
property it intends to retain.

For the second repair, the transitive implication can be written without
any picture:
\[
 x\in A,\ y\in B
 \quad\Longrightarrow\quad x\sim0\sim y
 \quad\Longrightarrow\quad x\sim y.
\]
Thus every equivalence relation containing the identifications internal
to $A$ and $B$ contains the universal relation on $[-1,1]$. The first
repair has a different defect: sequences in $[-1,0)$ can converge to
$0$ outside that piece. A compact-to-Hausdorff continuous map has closed
fibers, since the inverse image of a closed singleton is closed, so this
particular noncompact partition cannot be the fibers of such a map.

\begin{exercise}[Nested full sets versus a converging slit]\label{f:ex-full-limit}
Let $K_n$ be the unit circle with the open arc of angles
$(-1/n,1/n)$ removed, for $n\geq3$. Prove that the $K_n$ are full
continua converging in Hausdorff distance to a non-full continuum.
Why does this not contradict Proposition~\ref{f:nested-full}?
\end{exercise}
\solution
Each $K_n$ is a closed circular arc and its complement is connected:
the gap joins the inside and outside. The omitted arc has diameter
tending to zero, so $K_n$ converges to the whole unit circle. Its
complement consists of the open disk and the exterior, so it is not
full. The family $K_n$ is increasing rather than decreasing, and its
closure of union adds the missing point. The hypotheses of the nested
full-continuum theorem are therefore absent. This example will also
warn against treating a finite approximation as a topological certificate.
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\chapter{Closed identifications and the topology of a quotient}
\label{pin:quotients}
\source{\S9.4, with the quotient-space prerequisites made explicit.}
Write $T=\partial\D$. A pinched disk is obtained by identifying specified
subsets of $\overline\D$, but the instruction to identify sets does not
by itself define a usable topological model. Three questions have to be
settled: do the proposed sets form a partition; is the relation closed;
and what topology does the quotient inherit? These questions precede any
assertion that the resulting space can be embedded in a plane.

Throughout this chapter $X$ is a compact metric space. An equivalence
relation $R$ on $X$ is a subset of $X\times X$ satisfying reflexivity,
symmetry and transitivity. Its class through $x$ is
\[
 [x]_R=\{y\in X:(x,y)\in R\}.
\]
The quotient $Y=X/R$ is the set of classes, equipped with the topology in
which $V\subset Y$ is open exactly when $q^{-1}(V)$ is open in $X$.
Here $q(x)=[x]_R$. A set is \emph{saturated} when it is a union of whole
classes. In particular, $q^{-1}(q(A))$ is the saturation of $A$.
We use the notation
\[
 R[A]=\{x\in X:\text{there is }a\in A\text{ with }xRa\}.
\]
Even when all classes are closed, the relation itself need not be closed
in $X\times X$. The distinction will matter in limiting constructions.

% PIN_EXP_01_BEGIN
The algebra behind saturation will be used repeatedly. Symmetry and
transitivity give, for arbitrary subsets $A,B\subset X$,
\[
 A\subset R[A],\qquad R[R[A]]=R[A],\qquad
 A\subset B\ \Longrightarrow\ R[A]\subset R[B].
\]
For example, if $x\in R[R[A]]$, choose $y\in R[A]$ with $xRy$,
and then $a\in A$ with $yRa$. Transitivity gives $xRa$.
The reverse inclusion follows from reflexivity. Consequently the
identities $R[A]=A$ and $q^{-1}(q(A))=A$ are equivalent ways of
saying that $A$ is saturated. A complement of a saturated set
is saturated as well: a class cannot partly lie in that set
and partly in its complement.
% PIN_EXP_01_END


\section{Closedness and upper semicontinuity}

\begin{theorem}[Closed-relation criterion]\label{pin:closed-quotient}
If $R$ is closed in $X\times X$, then its classes are compact, the
quotient $Y$ is compact and Hausdorff, and $q$ is a closed map.
Moreover, if a class $A$ is contained in an open set $U\subset X$, there
is a saturated open set $W$ such that
\[
 A\subset W\subset U.
\]
Conversely, if the quotient topology on $Y$ is Hausdorff, then $R$ is
closed.
\end{theorem}
\begin{proof}
A class is the inverse image of $R$ under the continuous map
$y\mapsto(x,y)$, so it is closed and compact. If $F\subset X$ is closed,
the set
\[
 R\cap(X\times F)
\]
is compact. Its projection onto the first coordinate is $R[F]$, which
is compact and therefore closed in the metric space $X$. Now
$q^{-1}(q(F))=R[F]$. The definition of the quotient topology says that
$q(F)$ is closed precisely when its inverse image is closed. Thus $q$
is closed.
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Here the compactness step can be expressed as an exact projection:
\[
 R[F]=\pi_1\bigl(R\cap(X\times F)\bigr),\qquad
 \pi_1(x,y)=x.
\]
Both factors in the intersection are closed in the compact
space $X^2$. Continuous images of compact sets are compact,
and compact subsets of a metric space are closed. Thus no
assumption that an arbitrary projection is a closed map is
being used. The compact domain is the reason this particular
projection preserves closedness. This observation is also
valid when $F$ is empty, in which case both displayed sets
are empty.
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For a class $A\subset U$, put
\[
 W=X\setminus R[X\setminus U].
\]
This set is open. It is saturated because transitivity makes $R[B]$
saturated for every $B$. A class meeting $W$ cannot meet $X\setminus U$,
so $W\subset U$. The entire class $A$ lies in $W$, since $A\subset U$.
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More explicitly, membership has the useful universal form
\[
 x\in W
 \quad\Longleftrightarrow\quad
 [x]_R\cap(X\setminus U)=\varnothing
 \quad\Longleftrightarrow\quad [x]_R\subset U.
\]
It follows that $W$ is the largest saturated subset of $U$,
not just one possible choice. If $V\subset U$ is saturated
and $x\in V$, then $[x]_R\subset V\subset U$, so $x\in W$.
Once openness of $W$ has been proved, compactness of $A$
also yields a metric neighborhood of the entire class:
unless $W=X$, the number
$d(A,X\setminus W)$ is positive. Every sufficiently nearby
representative therefore belongs to a class contained in $U$.
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This proves the neighborhood assertion, including its quantifiers:
\[
 \forall A\in X/R\ \forall U\text{ open with }A\subset U\
 \exists W\text{ open and saturated}:\quad A\subset W\subset U.
\]

For distinct classes $A,B$, compactness and the metric give disjoint
open neighborhoods $U_A,U_B$. Shrink them by the preceding construction
to saturated open neighborhoods $W_A,W_B$. Their images under $q$ are
open by the quotient definition, and are disjoint because saturated
disjoint sets cannot contain representatives of the same class. They
separate $q(A)$ and $q(B)$. Compactness of $Y$ follows from continuity
and surjectivity of $q$.
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To make the metric separation explicit, disjoint nonempty
compact classes have
\[
 \rho=\min\{d(a,b):a\in A,\ b\in B\}>0.
\]
The sets $\{x:d(x,A)<\rho/3\}$ and
$\{x:d(x,B)<\rho/3\}$ are disjoint: a point in both would
give $d(A,B)<2\rho/3$ by the triangle inequality.
After saturation shrinking, their quotient images are
still disjoint because
\[
 q^{-1}(q(W_A))=W_A,\qquad q^{-1}(q(W_B))=W_B.
\]
This is why merely projecting two ordinary disjoint open
sets would not have been enough; they might meet different
representatives of the same class.
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Conversely, the diagonal $\Delta_Y$ of a Hausdorff space is closed.
Since
\[
 R=(q\times q)^{-1}(\Delta_Y),
\]
continuity of $q\times q$ proves that $R$ is closed.
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For the diagonal assertion, if $u\ne v$ in a Hausdorff
space, choose disjoint open neighborhoods $O_u,O_v$.
The product $O_u\times O_v$ misses $\Delta_Y$.
Such products cover the complement of the diagonal, so
that complement is open. Pullback now gives the explicit
open set
\[
 (X\times X)\setminus R
   =(q\times q)^{-1}\bigl((Y\times Y)\setminus\Delta_Y\bigr).
\]
This direction does not depend on a metric on $Y$.
The topology used on the quotient is essential: it makes
$q$ continuous and hence makes this pullback argument valid.
% PIN_EXP_05_END

\end{proof}

The neighborhood assertion is often called upper semicontinuity of the
decomposition. It controls a whole nearby class, not just a chosen
representative. A useful sequential form is
\[
 x_nRy_n,\qquad x_n\longrightarrow x,\qquad y_n\longrightarrow y
 \quad\Longrightarrow\quad xRy.
\]
On a metric product this is exactly closedness of $R$. It allows classes
to merge in a limit, but it does not allow a pair of related points to
converge to unrelated points.

\begin{proposition}[Fiber limits]\label{pin:fiber-limits}
Let $f:X\to Z$ be continuous, with $Z$ Hausdorff, and let
$A_n=f^{-1}(z_n)$ be nonempty fibers. If $z_n\to z$ and
$a_{n_j}\in A_{n_j}$ converges to $a$, then $a\in f^{-1}(z)$.
In particular, every Hausdorff limit of the sets $A_n$ is contained
in $f^{-1}(z)$.
\end{proposition}
\begin{proof}
Continuity gives $f(a_{n_j})\to f(a)$, while the assumed convergence
gives $f(a_{n_j})=z_{n_j}\to z$. Uniqueness of limits in a Hausdorff
space gives $f(a)=z$. If $A_{n_j}$ converges in Hausdorff distance to
$A$, every $a\in A$ is the limit of points $a_{n_j}\in A_{n_j}$.
Applying the first assertion pointwise gives $A\subset f^{-1}(z)$.
Equality need not hold: new points may enter the limiting fiber without
being approached by the selected earlier fibers.
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There is also an eventual-containment consequence useful
in practice. If $U\subset X$ is open and contains
$f^{-1}(z)$, then
\[
                 A_n\subset U\qquad\text{for all sufficiently large }n.
\]
Otherwise choose infinitely many $a_n\in A_n\setminus U$.
Compactness gives a convergent subsequence; its limit lies
in the closed set $X\setminus U$ and, by the proved
assertion, in $f^{-1}(z)\subset U$. The contradiction
proves containment. This is an upper estimate on all points
of nearby fibers. It supplies no reverse estimate forcing
every point of the limiting fiber to be approximated.
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\end{proof}

This proposition is the precise content needed from the limiting-fiber
step in the source proof of Theorem 9.28. It requires neither a
differentiable boundary nor finite fibers.

\section{Maps defined by classes}

\begin{proposition}[The factorization property]\label{pin:factor}
Let $q:X\to X/R$ be the quotient map and $g:X\to Z$ a continuous map.
There is a continuous map $\bar g:X/R\to Z$ with $g=\bar g\circ q$
if and only if $g$ is constant on every $R$-class. The factor is unique.
If $Z$ is Hausdorff, $g$ is onto, and its fibers are exactly the
$R$-classes, then $\bar g$ is a homeomorphism.
\end{proposition}
\begin{proof}
Constancy on classes is necessary from the displayed factorization.
If it holds, define $\bar g([x])=g(x)$. This is well defined and unique
because $q$ is onto. For every open set $V\subset Z$,
\[
 q^{-1}\bigl(\bar g^{-1}(V)\bigr)=g^{-1}(V)
\]
is open, so the quotient definition makes $\bar g^{-1}(V)$ open.
Thus $\bar g$ is continuous. Under the last hypotheses it is a
continuous bijection from a compact space to a Hausdorff space.
The image of every closed subset is compact and hence closed, proving
continuity of its inverse.
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The two bijectivity tests are separate. Surjectivity follows
from $\bar g(q(X))=g(X)=Z$. For injectivity,
\[
 \bar g([x])=\bar g([x'])
 \ \Longrightarrow\ g(x)=g(x')
 \ \Longrightarrow\ [x]=[x'].
\]
The last implication is exactly the hypothesis that the
fibers are the prescribed classes, rather than merely
unions of such classes. In the homeomorphism case, a
closed set $C$ in the compact quotient has compact image
$\bar g(C)$, which is closed in $Z$. Thus the inverse
preimage of every closed set is closed. This verifies
inverse continuity without choosing representatives
continuously.
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\end{proof}

One immediate application is a boundary map $b:T\to\partial K$ that is
continuous and onto. The relation
\[
 s\sim_b t\quad\Longleftrightarrow\quad b(s)=b(t)
\]
is closed, and the induced map $T/\!\sim_b\to\partial K$ is a
homeomorphism. This statement concerns the boundary alone. It says
nothing yet about filling the disk or extending the exterior map.

\begin{proposition}[A countable quotient base]\label{pin:countable-base}
For a closed relation on a compact metric space, the quotient has a
countable base.
\end{proposition}
\begin{proof}
Fix a countable base $\mathcal B$ of $X$ and let $\mathcal F$ be its
countable family of finite unions. For $B\in\mathcal F$, set
\[
 W_B=X\setminus R[X\setminus B].
\]
These sets are open and saturated. Let $V$ be open in $Y$ and let
$y\in V$. The compact fiber $q^{-1}(y)$ lies in the open set
$q^{-1}(V)$. Finitely many basic open sets cover the fiber and are
contained in $q^{-1}(V)$; their union is a suitable $B$. Then
\[
 y\in q(W_B)\subset q(B)\subset V.
\]
The sets $q(W_B)$ therefore form a countable base. The construction is
an existence proof using all finite unions; it is not an algorithm for
deciding membership in an arbitrary equivalence class.
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One can see the countability without making a choice for
every quotient point. Enumerate the original base as
$(B_k)_{k\geq1}$ and index finite unions by finite subsets
of $\N$. The family of such subsets is countable because
\[
 \{I\subset\N:I\text{ finite}\}
       =\bigcup_{m\geq0}\{I\subset\N:|I|=m\},
\]
and each fixed-cardinality family is encoded by an increasing
integer tuple. The same fixed countable family of saturated
open sets works for all $y,V$. The finite covering argument
establishes the base property after this family has been
specified.
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\end{proof}

\section{Connected fibers and connected images}

\begin{definition}[Monotone map]\label{pin:monotone}
A continuous surjection between compact Hausdorff spaces is
\emph{monotone} if every point inverse is connected. This usage has no
connection with an order-preserving real function.
\end{definition}

\begin{lemma}[Connected inverse images]\label{pin:connected-preimage}
Let $q:X\to Y$ be a continuous closed surjection with connected fibers.
For every connected subset $A\subset Y$, the set $q^{-1}(A)$ is
connected. No closedness assumption on $A$ is needed.
\end{lemma}
\begin{proof}
The restricted map $q_A:q^{-1}(A)\to A$ is closed. Indeed, a relatively
closed subset of $q^{-1}(A)$ has the form $F\cap q^{-1}(A)$ with
$F$ closed in $X$, and
\[
 q\bigl(F\cap q^{-1}(A)\bigr)=q(F)\cap A.
\]
Suppose $q^{-1}(A)=U\cup V$ were a separation into disjoint nonempty
relatively open and closed sets. A connected fiber lies wholly in
one of $U,V$, so $q(U)$ and $q(V)$ are disjoint. They are nonempty,
cover $A$, and are relatively closed because $q_A$ is closed.
They would separate $A$, a contradiction.
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Indeed, if both $U$ and $V$ met the fiber over some $a$,
their intersections with that fiber would be disjoint
nonempty relatively open sets covering a connected space.
Therefore each fiber lies on one side, and
\[
 q_A^{-1}(q(U))=U,\qquad q_A^{-1}(q(V))=V,\qquad
 A=q(U)\sqcup q(V).
\]
Since the two images are relatively closed and complementary,
they are relatively open as well. All of these statements
are in the subspaces $q^{-1}(A)$ and $A$. In particular,
there is no step requiring that $A$ itself be closed in $Y$.
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\end{proof}

\begin{theorem}[Local connectivity passes to compact images]
\label{pin:lc-image}
Let $X$ be compact and locally connected and let $f:X\to Y$ be a
continuous surjection onto a Hausdorff space. Then $Y$ is locally
connected. The fibers need not be connected.
\end{theorem}
\begin{proof}
Fix $y\in Y$ and an open neighborhood $U$ of $y$. For every
$x\in f^{-1}(y)$ choose a connected open neighborhood $V_x$ of $x$
contained in $f^{-1}(U)$. Compactness of the fiber supplies finitely
many such neighborhoods covering it. Let their union be $V$.
Every connected set $f(V_x)$ contains $y$, so
\[
 C=f(V)=\bigcup f(V_x)
\]
is connected and lies in $U$. Since $f$ is a closed map,
\[
 W=Y\setminus f(X\setminus V)
\]
is an open neighborhood of $y$ contained in $C$. Hence every open
neighborhood of $y$ contains a connected neighborhood of $y$.
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The neighborhood inclusion can be checked one point at a
time. If $y'\in W$, then no representative of the fiber
$f^{-1}(y')$ belongs to $X\setminus V$. Hence
\[
 f^{-1}(y')\subset V,\qquad
 y'\in f(V)=C\subset U.
\]
Also $y\notin f(X\setminus V)$ because the chosen finite
cover contains its entire fiber. Thus $y\in W\subset C$.
The connectedness of $C$ uses the common image point $y$;
it does not require that the neighborhoods $V_x$ meet
one another in $X$, and does not assume connected fibers.
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For completeness, this yields connected \emph{open} neighborhoods as
well. Let $G$ be open and let $C_y$ be the component of $G$ containing
$y$. Every $z\in C_y$ has a connected neighborhood $N_z\subset G$.
Its union with $C_y$ is connected because they meet at $z$.
Maximality of the component gives $N_z\subset C_y$. Each $N_z$ contains
an open neighborhood of $z$, so $C_y$ is open. Components of open
sets therefore give the required base.
\end{proof}

The compactness in this argument is structural. It makes the map closed
and reduces an entire fiber to finitely many neighborhoods. In the disk
model it will apply to the quotient of the closed disk after the quotient
has been shown Hausdorff.

\section{Worked investigations on quotient topology}

\begin{exercise}[A single collapsed compact set]\label{pin:ex:one-class}
Let $A$ be a nonempty compact subset of a compact metric space $X$.
Identify all points of $A$ and leave the other points separate. Prove
that the quotient is Hausdorff. Decide when the quotient map is monotone.
\end{exercise}
\solution
The relation is
\[
 R=\Delta_X\cup(A\times A),
\]
a union of two closed sets. Theorem~\ref{pin:closed-quotient} applies.
Its only possibly non-singleton fiber is $A$, so the map is monotone
exactly when $A$ is connected. Hausdorffness alone imposes no connectedness
on $A$. For example, identifying the two endpoints of $[0,1]$ gives a
circle, but the quotient map has a disconnected endpoint fiber.

\begin{exercise}[Closed classes do not suffice]\label{pin:ex:closed-classes}
On $[0,1]$, declare $\{1/n,1-1/n\}$ a class for each integer $n\geq3$,
and leave all other points separate. Is the relation closed?
\end{exercise}
\solution
For $n\geq3$ the pairs are mutually disjoint: their first coordinates
lie in $(0,1/3]$, their second coordinates lie in $[2/3,1)$, and each
coordinate sequence is injective. Thus this is a partition into
finite closed sets. But
\[
 (1/n,1-1/n)\longrightarrow(0,1),
\]
and $0$ and $1$ belong to different singleton classes. The relation is
not closed, so the quotient is not Hausdorff. Adding the class $\{0,1\}$
repairs this particular defect; all possible off-diagonal limits then
lie in that added class.

\begin{exercise}[Two quotients of a circle]\label{pin:ex:circle-fibers}
Describe the quotients of $T$ induced by $z\mapsto\operatorname{Re}z$
and by $z\mapsto z^2$. Which of the two quotient maps is monotone?
\end{exercise}
\solution
The first image is $[-1,1]$, and its fibers are the conjugate pairs
$\{e^{it},e^{-it}\}$, with singleton fibers at $\pm1$.
The second image is $T$, with antipodal fibers $\{z,-z\}$.
Proposition~\ref{pin:factor} identifies the two quotient spaces with
their stated images. Neither map is monotone: a two-point fiber is
disconnected. Their later disk extensions behave very differently,
because conjugate pairs are unlinked whereas distinct antipodal pairs
have crossing convex hulls.

\begin{exercise}[Disconnected fibers and local connectivity]
\label{pin:ex:lc-no-monotone}
Explain why Theorem~\ref{pin:lc-image} does not imply that every
continuous map from a continuum is monotone.
\end{exercise}
\solution
The conclusion of that theorem concerns neighborhoods in the image,
not connectedness of point inverses. The map $t\mapsto e^{2\pi it}$
from $[0,1]$ onto $T$ is a continuous surjection between compact locally
connected continua, but the inverse of $1$ is $\{0,1\}$.
The proof of the theorem deliberately takes images of several connected
neighborhoods whose common intersection is only the image point.
It never asserts that their union in the domain is connected.

\begin{exercise}[A factorization test]\label{pin:ex:factor-test}
Let $A\subset X$ be compact and let $q$ collapse $A$ alone. For a
continuous real function $g$ on $X$, give a necessary and sufficient
condition that $g$ descend to the quotient. Apply this to
$X=\overline\D$, $A=[-1,1]$, and $g(z)=\operatorname{Re}z$ or
$g(z)=\operatorname{Im}z$.
\end{exercise}
\solution
The condition is constancy on $A$, by Proposition~\ref{pin:factor}.
The real-part function is not constant on the diameter and cannot
descend. The imaginary-part function is zero there and does descend.
Its quotient function remains continuous even though the image of
the diameter is a pinched point. This is a direct test of a proposed
coordinate on a quotient; it cannot be replaced by drawing the
coordinate contours after identification.

\chapter{Unlinked circle fibers and hyperbolic convex hulls}
\label{pin:unlinked}
\source{Lemma 9.27 and the convex-hull construction preceding Theorem 9.28.}
There are two geometries in the disk construction. Circular order detects
whether two classes interlace. Hyperbolic geodesics then fill each class by
a connected set. A Euclidean coordinate change separates these tasks:
the circle order stays fixed while hyperbolic geodesics become straight
chords. This makes both the topology and the limiting arguments explicit.

\section{The Klein coordinate and finite convex combinations}

Define
\[
 \kappa(z)=\frac{2z}{1+|z|^2},\qquad z\in\overline\D.
\]
The radial function $k(r)=2r/(1+r^2)$ satisfies
\[
 k(0)=0,\quad k(1)=1,\quad
 k'(r)=\frac{2(1-r^2)}{(1+r^2)^2}>0\quad(0\leq r<1).
\]
Consequently $\kappa$ is a homeomorphism of $\overline\D$ fixing $T$
pointwise. Its inverse has the continuous expression
\[
 \kappa^{-1}(w)=\frac{w}{1+\sqrt{1-|w|^2}},
 \qquad |w|\leq1.
\]
The expression is valid at $w=0$ as well as on $T$.

% PIN_EXP_11_BEGIN
To derive the inverse, let $s=|w|$ and $r=|z|$.
The equation $s=2r/(1+r^2)$ gives
\[
 sr^2-2r+s=0,\qquad
 r=\frac{1-\sqrt{1-s^2}}{s}
   =\frac{s}{1+\sqrt{1-s^2}}\quad(0<s\leq1).
\]
The other quadratic root is greater than one when
$0<s<1$, so it is outside the required disk. The final
expression tends to zero as $s\to0$, and the angular
coordinate is unchanged. This proves the inverse formula
including its endpoint limits, rather than using only
strict radial monotonicity to assert an unspecified inverse.
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A circular geodesic orthogonal to $T$ has center $c$ and radius
$\sqrt{|c|^2-1}$. Its equation is
\[
 |z-c|^2=|c|^2-1
 \quad\Longleftrightarrow\quad
 2\operatorname{Re}(\bar c z)=1+|z|^2
 \quad\Longleftrightarrow\quad
 \operatorname{Re}(\bar c\,\kappa(z))=1.
\]
Thus $\kappa$ sends it to the straight chord with the same endpoints.
A diameter is already a geodesic and remains on the same line.
This proves, without a metric approximation, that hyperbolic segments
are carried to Euclidean segments.

\begin{definition}[The closed ideal hull]\label{pin:hull-definition}
For a nonempty compact set $A\subset T$, define its closed hyperbolic
convex hull by
\[
 H(A)=\kappa^{-1}\bigl(\operatorname{conv}A\bigr).
\]
Here $\operatorname{conv}$ means the set of finite convex combinations
in $\R^2=\C$. A singleton has its singleton hull; two points have a
closed geodesic as hull. An ideal polygon with interior requires at
least three distinct boundary points.
\end{definition}

The last distinction corrects a possible degeneracy in the source's
earlier convex-hull terminology. A two-point hull is not a Jordan disk.
It nevertheless is a legitimate non-separating continuum for a
decomposition.

\begin{lemma}[Three-point representation]\label{pin:three-points}
Every point of $\operatorname{conv}A$ is a convex combination of at most
three points of $A$. If $A$ is compact, then $\operatorname{conv}A$ is
compact and
\[
 \operatorname{conv}A\cap T=A.
\]
\end{lemma}
\begin{proof}
Start with a finite representation $z=\sum_{j=1}^m t_ja_j$,
$t_j\geq0$, $\sum t_j=1$, and omit zero coefficients. If $m>3$,
the vectors $(a_j,1)\in\R^3$ are linearly dependent. There are real
$s_j$, not all zero, satisfying
\[
 \sum_j s_ja_j=0,\qquad \sum_j s_j=0.
\]
Some $s_j$ is positive and some is negative. Set
$\tau=\min_{s_j>0}t_j/s_j$. Then
$t_j'=t_j-\tau s_j$ are nonnegative, still sum to one and represent
the same point; at least one is zero. Repeating reduces to at most
three positive coefficients.
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Every sign and normalization in this reduction can be
checked directly:
\[
 \begin{aligned}
 s_j>0&\ \Longrightarrow\ t_j-\tau s_j\geq0,\\
 s_j\leq0&\ \Longrightarrow\ t_j-\tau s_j\geq t_j>0,\\
 \sum_jt_j'&=1-\tau\sum_js_j=1,\\
 \sum_jt_j'a_j&=z-\tau\sum_js_ja_j=z.
 \end{aligned}
\]
The minimum defining $\tau$ is positive and is attained
because the index set is finite and nonempty. At an
attaining index the new coefficient is zero. Thus the
number of positive coefficients strictly decreases,
while the point and the total mass remain unchanged.
After at most $m-3$ repetitions the reduction stops.
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It follows that $\operatorname{conv}A$ is the image of the compact set
$A^3\times\Delta_2$ under
$(a_1,a_2,a_3;t_1,t_2,t_3)\mapsto\sum t_ja_j$, where
$\Delta_2=\{t_j\geq0:\sum t_j=1\}$. Repeated points accommodate
representations with fewer terms.
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The parameter space is a finite product of compact metric
spaces, and the barycenter map is continuous. A useful
estimate making that continuity explicit is
\[
 \left|\sum_{j=1}^3t_ja_j-\sum_{j=1}^3s_jb_j\right|
 \leq \max_j|a_j-b_j|+\sum_{j=1}^3|t_j-s_j|.
\]
To obtain it, add and subtract $\sum_jt_jb_j$, use
$\sum_jt_j=1$ for the first difference and $|b_j|=1$
for the second. The map therefore sends convergent
vertices and coefficients to convergent barycenters.
Compactness of its image also proves that the set of
finite convex combinations is already closed; no extra
closure operation is missing from the definition.
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Finally, let $\zeta\in T$ be such a convex combination. Taking the
real part after multiplication by $\bar\zeta$ gives
\[
 1=\sum_j t_j\operatorname{Re}(\bar\zeta a_j)
 \leq\sum_jt_j=1.
\]
For every positive coefficient equality forces
$\operatorname{Re}(\bar\zeta a_j)=1$, hence $a_j=\zeta$.
Thus $\zeta\in A$. The opposite inclusion is immediate.
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Equivalently, the supporting-line calculation has the
nonnegative defect identity
\[
 \sum_jt_j|a_j-\zeta|^2
 =2\sum_jt_j\bigl(1-\operatorname{Re}(\bar\zeta a_j)\bigr)=0.
\]
Each term is nonnegative, so every vertex of positive
weight equals $\zeta$. This deals with arbitrary zero
weights and repeated vertices without any strict-convexity
terminology. It also explains geometrically why adding
convex combinations inside the disk cannot introduce
a new ideal endpoint on its circle.
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\end{proof}

\begin{proposition}[Continuity of the hull operation]\label{pin:hull-continuity}
For nonempty compact $A,B\subset T$,
\[
 d_H(\operatorname{conv}A,\operatorname{conv}B)\leq d_H(A,B).
\]
If $\omega$ is a modulus of uniform continuity for $\kappa^{-1}$ on
$\overline\D$, then
\[
 d_H(H(A),H(B))\leq\omega\bigl(d_H(A,B)\bigr).
\]
In particular, Hausdorff convergence of boundary sets implies Hausdorff
convergence of their closed hyperbolic hulls.
\end{proposition}
\begin{proof}
Put $\delta=d_H(A,B)$. If $z=\sum_{j=1}^3t_ja_j$ belongs to
$\operatorname{conv}A$, choose $b_j\in B$ with $|a_j-b_j|\leq\delta$.
The point $w=\sum_jt_jb_j$ belongs to $\operatorname{conv}B$ and
\[
 |z-w|\leq\sum_jt_j|a_j-b_j|\leq\delta.
\]
Interchanging $A$ and $B$ gives the Hausdorff inequality. Applying
uniform continuity of $\kappa^{-1}$ to the selected pairs gives the
second inequality. No claim that $\kappa^{-1}$ is globally Lipschitz
near $T$ is required.
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A concrete modulus is available from the inverse formula.
For $u,v\in\overline\D$, write
$s_u=\sqrt{1-|u|^2}$ and $s_v=\sqrt{1-|v|^2}$.
Using $|\sqrt a-\sqrt b|\leq\sqrt{|a-b|}$ for $a,b\geq0$,
one obtains
\[
 \begin{aligned}
 |\kappa^{-1}(u)-\kappa^{-1}(v)|
 &\leq |u-v|+|s_u-s_v|\\
 &\leq |u-v|+\sqrt{\bigl||u|^2-|v|^2\bigr|}\\
 &\leq |u-v|+\sqrt{2|u-v|}.
 \end{aligned}
\]
The first inequality follows by subtracting the fractions
and bounding both denominators below by one. The last
uses $|u|+|v|\leq2$. Hence the theorem permits the explicit
choice $\omega(t)=t+\sqrt{2t}$ on $0\leq t\leq2$.
This is a uniform continuity bound, not a claim of
Lipschitz regularity at the ideal boundary.
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\end{proof}

\section{Circular order is the separation criterion}

\begin{definition}[Unlinked compact sets]\label{pin:unlinked-definition}
Two disjoint nonempty compact subsets $A,B\subset T$ are unlinked if
there do not exist distinct $a_1,a_2\in A$ and $b_1,b_2\in B$ occurring
in the alternating circular order
\[
 a_1,\ b_1,\ a_2,\ b_2.
\]
A partition of $T$ is unlinked if every two different classes are
unlinked.
\end{definition}

\begin{lemma}[The chord criterion]\label{pin:chord-criterion}
For disjoint nonempty compact $A,B\subset T$, the following are
equivalent:
\begin{enumerate}
\item $A$ and $B$ are unlinked;
\item $B$ is contained in one component of $T\setminus A$;
\item $\operatorname{conv}A\cap\operatorname{conv}B=\varnothing$;
\item $H(A)\cap H(B)=\varnothing$.
\end{enumerate}
When $A$ is a singleton, $T\setminus A$ is its single open-arc
component and the same assertions hold.
\end{lemma}
\begin{proof}
For a singleton $A$, its convex hull is a point of $T$ outside $B$,
and Lemma~\ref{pin:three-points} proves disjointness from
$\operatorname{conv}B$. Assume henceforth that $A$ has at least two
points. If $B$ is not contained in one component of $T\setminus A$,
choose $b_1,b_2$ in two different components. Each of the two circle
arcs joining $b_1$ to $b_2$ contains a point of $A$; otherwise that
arc would join them inside $T\setminus A$. Choosing one such point
on each arc gives an alternating quadruple. Conversely, such a
quadruple prevents $B$ from lying in a single complementary arc.
This proves equivalence of the first two assertions.

Suppose $B$ lies in a component $I$ of $T\setminus A$. Its two distinct
endpoints $u,v$ lie in $A$. The line through $u,v$ places $I$ in
one open half-plane and $T\setminus I$ in the other closed half-plane.
Hence $\operatorname{conv}A$ lies in the latter closed half-plane.
Compactness of $B\subset I$ gives a strictly positive distance of
$B$ from that line. The same strict linear inequality holds for
every convex combination of points of $B$. The hulls are disjoint.

% PIN_EXP_16_BEGIN
Choose an affine linear function $\ell$ which vanishes on
the chord line and is positive on $I$. Compactness gives
$m=\min_{b\in B}\ell(b)>0$, while $\ell(a)\leq0$ on $A$.
For the respective convex combinations,
\[
 \ell\!\left(\sum_jt_ja_j\right)\leq0,\qquad
 \ell\!\left(\sum_ks_kb_k\right)\geq m.
\]
If the linear part of $\ell$ has Euclidean norm $M>0$,
these inequalities even give
$|u-v|\geq m/M$ for points $u,v$ in the two hulls.
The number depends on this pair of compact sets; no
uniform separation over all classes of a partition is
being asserted.
% PIN_EXP_16_END


If an alternating quadruple exists, the straight chords
$[a_1,a_2]$ and $[b_1,b_2]$ intersect in $\D$. To see this directly,
the chord line through $a_1,a_2$ separates $b_1,b_2$, so their segment
meets the line. The intersection lies inside the disk, whose intersection
with that line is exactly $[a_1,a_2]$. Both segments belong to the
respective convex hulls. Thus disjoint hulls rule out alternating
quadruples. Finally $\kappa$ is a bijection, so the last two assertions
are equivalent.

% PIN_EXP_17_BEGIN
For completeness, if the signed distances of $b_1,b_2$
from the first chord line are $d_1>0$ and $d_2<0$, then
\[
 t=\frac{d_1}{d_1-d_2}\in(0,1),\qquad
 w=(1-t)b_1+tb_2
\]
lies on that line. Since $b_1,b_2$ are distinct circle
points and the combination is strict, $|w|<1$.
Thus the intersection is in the interiors of both
chords, rather than merely a possible common endpoint.
This is the exact geometric event excluded by the
four-distinct-endpoint convention.
% PIN_EXP_17_END

\end{proof}

The criterion is symmetric even though its complementary-arc formulation
singles out $A$. Compactness is used for disjoint \emph{closed} hulls.
Without it, hull closures can meet at limiting endpoints absent from
the original sets.

\section{Why conformal boundary fibers are unlinked}

Let $K\subset\C$ be a nondegenerate locally connected full continuum.
The exterior Riemann map is normalized by
\[
 F:\widehat\C\setminus\overline\D\longrightarrow
       \widehat\C\setminus K,\qquad F(\infty)=\infty.
\]
The Carath\'eodory boundary extension established in Volume VIII,
combined with the locally connected boundary conclusion for a full
locally connected continuum, supplies a continuous extension to $T$.
Write $b=F|_T$. Its fibers are compact and its image is $\partial K$.
This use of the boundary-extension theorem is explicit; it is not a
consequence of the elementary quotient lemmas alone.

\begin{theorem}[Unlinked landing fibers]\label{pin:landing-unlinked}
Different fibers of $b$ have disjoint closed hyperbolic convex hulls.
\end{theorem}
\begin{proof}
Suppose instead that fibers over distinct points $x,y\in\partial K$
contain an alternating quadruple $a_1,b_1,a_2,b_2$ as in
Definition~\ref{pin:unlinked-definition}. The two external rays
$F(\{ra_j:r>1\})$ land at $x$. Including $x$ and $\infty$, their
union is a Jordan curve $\Gamma$ in the sphere: each ray is embedded,
their interiors are disjoint by injectivity of $F$, and their only
common end values are $x$ and $\infty$.

The rays at $b_1,b_2$ lie on different sides of $\Gamma$ near infinity.
One can verify the sides on any sufficiently large exterior
equipotential $F(\{|z|=R\})$: the four intersection points have the
same circular order as their preimages, and the two arcs between the
$a_j$ intersections contain the $b_j$ intersections separately.
Equivalently, the two radial sectors in the source exterior are the
two local sides at the point $\infty$.

Each $b_j$ ray together with its landing point $y$ is a connected
subset of the complement of $\Gamma$. It misses $\Gamma$ in the
exterior by injectivity, and it misses $\Gamma\cap K=\{x\}$ because
$y\ne x$. Therefore its entire connected image lies in one component
of the complement. Both components would contain $y$, contradicting
the Jordan separation theorem. Alternation is impossible.

% PIN_EXP_18_BEGIN
Writing the two Jordan complementary components as
$D_1,D_2$ makes the contradiction explicit. The initial
portion of the ray at $b_j$ lies in $D_j$. Its entire
ray with landing point is connected and avoids $\Gamma$,
so it is contained in that same component:
\[
 F(\{rb_j:r>1\})\cup\{y\}\subset D_j,\qquad j=1,2.
\]
This would imply $y\in D_1\cap D_2=\varnothing$.
The landing point is included here because $y\ne x$;
if both fibers had been the same fiber, it would lie
on $\Gamma$ and this argument would correctly cease
to apply.
% PIN_EXP_18_END

Lemma~\ref{pin:chord-criterion} now gives disjoint hulls.
\end{proof}

This proof establishes the precise assertion of source Lemma 9.27.
It uses two rays from each of two fibers, so it handles infinite and
uncountable fibers without joining their infinitely many rays into
an auxiliary continuum. The source's reference to a proposition numbered
2.65 points to an exercise in the inspected edition; the needed
separation argument has been supplied here.

\section{Worked investigations on hull geometry}

\begin{exercise}[A formula for one ideal geodesic]\label{pin:ex:geodesic}
Let $0<\alpha<\pi/2$ and let the endpoints be $e^{i\alpha}$ and
$e^{-i\alpha}$. Compute the geodesic circle and its point on the
real axis inside $\D$.
\end{exercise}
\solution
Symmetry makes its center real, and orthogonality gives radius
$\sqrt{c^2-1}$. Substitution of an endpoint gives
$2c\cos\alpha=2$, so
\[
 c=\sec\alpha,\qquad R=\tan\alpha,\qquad
 x_{\min}=\sec\alpha-\tan\alpha
          =\frac{\cos\alpha}{1+\sin\alpha}.
\]
The other real intersection is outside the unit disk. In Klein
coordinates the geodesic is the vertical chord
$\operatorname{Re}w=\cos\alpha$, which also gives
$x_{\min}=\kappa^{-1}(\cos\alpha)$.

\begin{exercise}[A two-point class is not a filled region]
\label{pin:ex:two-point}
Explain why collapsing the hull of $\{-1,1\}$ is permitted by the
disk-decomposition construction although that hull has empty interior.
\end{exercise}
\solution
Its hull is the diameter $[-1,1]$, a compact connected set whose
complement in the sphere is connected: the two sides can be joined
around an endpoint outside the closed disk. The decomposition theorem
will require a non-separating continuum, not a set with positive area.
The diameter separates the \emph{open disk} but does not separate
the \emph{sphere}. Confusing these two ambient spaces would incorrectly
exclude exactly the simplest pinching operation.

% PIN_EXP_19_BEGIN
The ambient distinction can also be seen by explicit paths.
In $\D\setminus[-1,1]$, the sign of the imaginary part
cannot change along a path. In
$\widehat\C\setminus[-1,1]$, the upper point $i$ and
lower point $-i$ can instead be joined along the right
semicircle of radius two, using short paths from the
endpoints to that semicircle. Those paths pass around
$1$, while remaining disjoint from the segment. Thus
separation inside the source disk is compatible with
the nonseparation in the sphere required by Moore.
% PIN_EXP_19_END


\begin{exercise}[Crossing antipodal classes]\label{pin:ex:antipodal}
Why does the closed circle relation $z\sim -z$ fail to give disjoint
hyperbolic hulls?
\end{exercise}
\solution
Every class has a diameter as its hull. Distinct diameters meet at
$0$, so these hulls cannot be different classes of a partition of
$\overline\D$. For example, $\{1,-1\}$ and $\{i,-i\}$ alternate.
The relation is closed and its circle quotient is a circle, but the
unlinked hypothesis needed for the disk filling fails.

\begin{exercise}[Closedness of a fiber relation]\label{pin:ex:boundary-closed}
Suppose $b:T\to Z$ is continuous and $Z$ is Hausdorff. Show directly
that its fiber relation is closed and explain why a discontinuous
choice of a representative from each fiber is irrelevant.
\end{exercise}
\solution
If $s_n\to s$, $t_n\to t$ and $b(s_n)=b(t_n)$, continuity gives
$b(s)=b(t)$. This is the sequential closedness criterion on $T^2$.
No representative-selection map occurs. The quotient is specified
by all pairs in each fiber; choosing a preferred representative is
an additional problem and need not have a continuous solution.

\begin{exercise}[One-sided limits of hulls]\label{pin:ex:hull-limits}
Let $A_n$ be classes of a fixed closed relation on $T$, and suppose
$a_n\in A_n$ tends to $a$. Prove that every limit of points
$z_n\in H(A_n)$ lies in $H([a])$.
\end{exercise}
\solution
Write
\[
 \kappa(z_n)=\sum_{j=1}^3 t_{n,j}a_{n,j},\qquad a_{n,j}\in A_n.
\]
Pass to a subsequence along which the three coefficients and three
circle points converge. Every pair $(a_n,a_{n,j})$ belongs to the
closed relation, so each limit $a_j$ belongs to $[a]$. Passing to
the limit gives $\kappa(z)=\sum_jt_ja_j\in\operatorname{conv}[a]$.
The claim follows by the definition of $H$. This argument proves an
upper-limit inclusion, not equality with the whole limiting hull.

\chapter{A precise pinched-disk construction}
\label{pin:construction}
\source{The closed-decomposition content of Theorem 9.28.}
We now start from an \emph{actual closed equivalence relation} $R$ on
$T$, whose different classes are unlinked. No dynamics is assumed.
The hypotheses are strong enough to construct a compact planar model
without making an unspecified choice of a cleaned lamination.

For each class $A$ let $H(A)$ be its closed ideal hull. The preceding
chapter proves that these hulls are compact, connected and pairwise
disjoint. Declare each $H(A)$ to be one class on $\overline\D$ and
leave every point outside their union a singleton. Extend this partition
to $\widehat\C$ by singleton classes outside $\overline\D$.
We denote the resulting relation by $\widehat R$ and put
\[
 S=\bigcup_{A\in T/R}H(A),\qquad
 G=\D\setminus S.
\]
The open components of $G$ will be called gaps. The set $S$ includes
the whole circle, including singleton boundary classes.

% PIN_EXP_20_BEGIN
For the finite illustration below, one may take the
three-point class at angles $0,2\pi/3,4\pi/3$, a two-point
class at $\pi/6,\pi/3$, and singleton classes everywhere
else. The latter chord lies wholly in one cap of the
triangle, so the two classes are unlinked. The relation
is closed because its graph is the diagonal together
with finitely many additional pairs. In particular,
\[
 \widehat R=\Delta_{\widehat\C}\ \cup\
             \bigcup_{A\in T/R}\bigl(H(A)\times H(A)\bigr).
\]
This formula describes the fibers, but the union may
have infinitely many terms in general. Its closedness
must still be proved; arbitrary unions of closed sets
need not be closed.

\fig{hull_classes}{The disk in Klein coordinates: a filled
three-point class, a disjoint two-point chord class, and
a marked singleton. All other unmarked circle points are
singletons. The complementary open regions are gaps.
Straight chords in this coordinate represent hyperbolic
geodesics in the original disk.}{ix-hull-classes}
% PIN_EXP_20_END


\section{Closedness of the filled relation}

\begin{theorem}[Closed hull decomposition]\label{pin:hull-decomposition}
The set $S$ is closed in $\overline\D$, and $\widehat R$ is a closed
equivalence relation on the sphere. Its classes are connected and do
not separate the sphere. On $T$, the restriction of $\widehat R$ is
exactly $R$.
\end{theorem}
\begin{proof}
Disjointness of the hulls makes the proposed classes a partition.
The equality $H(A)\cap T=A$ follows from
Lemma~\ref{pin:three-points} and the fact that $\kappa$ fixes $T$.
Thus the restriction to $T$ is the specified relation.

% PIN_EXP_21_BEGIN
The partition assertion includes points not contained in
any hull. Such a point is assigned its own singleton,
so every point of the sphere lies in at least one class.
If it lay in two, either it would be in two different
hulls, contrary to the chord criterion, or its singleton
would have been assigned outside the prescribed remaining
set. Thus the construction has unique classes. In
particular, transitivity is inherited from a partition:
\[
 z\widehat Rw,\quad w\widehat Rv
 \quad\Longrightarrow\quad
 z,w,v\text{ lie in the unique class containing }w.
\]
There is no transitive-closure operation hidden here.
% PIN_EXP_21_END


To prove that $S$ is closed, suppose $z_n\in H(A_n)$ and $z_n\to z$.
Choose $a_n\in A_n$ and pass to a subsequence with $a_n\to a\in T$.
The last investigation in the preceding chapter, or its three-point
argument, gives
\[
 z\in H([a]_R)\subset S.
\]
Every convergent sequence in $S$ therefore has its limit in $S$.

% PIN_EXP_22_BEGIN
The anchor $a_n$ is used to keep all limiting vertices
in one class. Explicitly, choose
\[
 \kappa(z_n)=\sum_{j=1}^3t_{n,j}u_{n,j},
 \quad u_{n,j}\in A_n,\quad (t_{n,1},t_{n,2},t_{n,3})\in\Delta_2.
\]
Compactness of $T^4\times\Delta_2$ gives a single subsequence
on which the anchor, all three vertices and all coefficients
converge. For each $j$, closedness gives $aRu_j$ from
$a_nRu_{n,j}$. The barycenter limit then lies in
$\operatorname{conv}[a]_R$. It is enough to extract such
a subsequence because the original sequence already has
the unique prescribed limit $z$.
% PIN_EXP_22_END


For closedness of $\widehat R$, let $z_n\widehat Rw_n$ and
$(z_n,w_n)\to(z,w)$. If infinitely many pairs lie on the diagonal,
then $z=w$, which is sufficient. Otherwise pass to a subsequence for
which $z_n,w_n$ belong to the same hull $H(A_n)$.
Choose $a_n\in A_n$ and extract a subsequence converging to $a$.
Apply the three-point argument simultaneously to $z_n$ and $w_n$:
\[
 \kappa(z_n)=\sum_{j=1}^3t_{n,j}a_{n,j},\qquad
 \kappa(w_n)=\sum_{j=1}^3s_{n,j}b_{n,j}.
\]
Compactness permits all six circle points and both coefficient vectors
to converge after passing to one subsequence. Closedness of $R$ and
$a_nRa_{n,j}$, $a_nRb_{n,j}$ put all six limits in $[a]_R$.
Hence $z,w\in H([a]_R)$, as required. Points outside
$\overline\D$ create no further case, because a sequence of
non-singleton classes stays inside that compact disk.

% PIN_EXP_23_BEGIN
Here the full simultaneous parameter space is
\[
 T^7\times\Delta_2\times\Delta_2:
 \quad(a_n,u_{n,1},u_{n,2},u_{n,3},
          v_{n,1},v_{n,2},v_{n,3};t_n,s_n).
\]
One anchor and six vertices suffice. Separate subsequences
for the two barycenters would not by themselves guarantee
a common limiting class. There is also a useful case
check: if $z\ne w$, their spherical distance is positive,
so for all sufficiently large $n$,
\[
 d_{\rm sph}(z_n,w_n)>\tfrac12d_{\rm sph}(z,w)>0.
\]
Those pairs must be in hull classes rather than singleton
classes. Both limits then lie in $\overline\D$. If a limit
is outside that disk, or is infinity, only the diagonal
case can occur.
% PIN_EXP_23_END


Every Euclidean compact convex set $C$ has connected complement in
the sphere. Here is a direct verification. Choose $c\in C$.
For a point $z\notin C$, the ray
$c+t(z-c)$, $t\geq1$, remains outside $C$: if a later point were in
$C$, convexity would place $z$ between two points of $C$.
Follow this ray to a circle centered at $c$ large enough to enclose
$C$. Any two outside points can be connected using their outward
rays and an arc of such a circle. Thus the complement is path
connected. The assertion also holds when $C$ is a singleton.

% PIN_EXP_24_BEGIN
The outward-ray claim uses convexity in the following exact
form. If $y=c+t(z-c)\in C$ for $t>1$, then
\[
             z=(1-t^{-1})c+t^{-1}y\in C,
\]
contrary to the choice of $z$. For two points outside
$C$, choose a radius $R$ about $c$ greater than both
of their distances from $c$ and greater than
$\max_{u\in C}|u-c|$. Each outward segment reaches
that circle without entering $C$, and the whole circle
misses $C$. Their concatenation is the asserted path.
This also handles segments and singleton convex sets.
% PIN_EXP_24_END


Extend $\kappa$ to the sphere by the identity outside $\D$. The two
definitions agree on $T$, so this is a sphere homeomorphism.
It carries each $H(A)$ to $\operatorname{conv}A$. Thus the complement
of each hull is connected. Singleton classes outside the disk are
also non-separating. Connectedness of the classes follows from
convexity and continuity of $\kappa^{-1}$.
\end{proof}

The proof uses compactness of \emph{one fixed closed relation}. A
sequence of unrelated finite partitions need not have an equivalence
relation as its limit; the final chapter supplies a concrete example.

\begin{proposition}[Continuity of the collapsed boundary map]
\label{pin:collapsed-map}
Let $b:T\to Z$ be continuous into a Hausdorff space and suppose its
fibers are exactly the classes of $R$. The assignment
\[
 \beta(z)=b(a)\quad\text{if }z\in H([a]_R)
\]
defines a continuous map $\beta:S\to b(T)$.
\end{proposition}
\begin{proof}
The assignment is well defined by disjointness of the hulls and
constancy of $b$ on each boundary class. The target $b(T)$ is compact
and Hausdorff. It suffices to prove the closed-graph property for
$\beta$ and then use compactness: if the graph is closed, the inverse
image of a closed target set is the projection of a compact part
of the graph and hence closed.

Let $z_n\to z$ in $S$ and suppose $\beta(z_n)\to y$ in $b(T)$.
Choose $a_n$ in the boundary class defining $z_n$ and pass to a
subsequence with $a_n\to a$. Continuity gives $b(a)=y$.
The hull limit argument gives $z\in H([a]_R)$, and therefore
$\beta(z)=b(a)=y$. Since $S\times b(T)$ is first countable in this
case, the sequential argument proves the graph closed. Alternatively,
$b(T)$ is homeomorphic to the compact quotient $T/R$ and has a
countable base by Proposition~\ref{pin:countable-base}; a product of
two first-countable spaces is first countable. Thus the sequential
criterion used here needs no unmentioned arbitrary-space assumption.

% PIN_EXP_25_BEGIN
To finish the closed-graph step in set notation, let
$\Gamma_\beta\subset S\times b(T)$ be the graph and
let $F\subset b(T)$ be closed. Then
\[
 \beta^{-1}(F)=
  \pi_S\bigl(\Gamma_\beta\cap(S\times F)\bigr).
\]
The set inside the projection is compact, since the
graph is closed in the compact product. Its projection
is compact and hence closed in $S$. Thus every inverse
image of a closed target set is closed. This is why a
closed graph implies continuity here: the compact target
and compact graph supply a closed projection, a property
which cannot be assumed for an arbitrary graph.
% PIN_EXP_25_END

\end{proof}

\section{The external sphere theorem}

The remaining planar recognition step is a classical topological
input, not a consequence of convexity alone. We use the following
form of Moore's theorem: a nontrivial closed decomposition of the
two-sphere into connected non-separating compact sets has a quotient
homeomorphic to the two-sphere. Here nontrivial means that the entire
sphere is not a single class. Timorin's exposition states this as
Theorem 1.1 and develops a proof~\cite{TimorinMoore}.
We use the theorem as a named external input; we do not count its
proof as a result established in this volume.

The convex-hull extension has also been used in conformal-boundary
interpolation; Bishop's Lemma 13 states an upper-semicontinuity
extension of this kind~\cite{BishopBoundary}. Our
Theorem~\ref{pin:hull-decomposition} supplies the compactness argument
needed here directly, including the two-point and singleton cases.

\begin{theorem}[The planar model of a closed unlinked relation]
\label{pin:model}
For a closed unlinked relation $R$ on $T$, there is a continuous
surjection $p:\widehat\C\to\widehat\C$ with precisely the
$\widehat R$-classes as fibers. It can be chosen with
$p(\infty)=\infty$. The set
\[
 L=p(\overline\D)
\]
is a locally connected full continuum, possibly a singleton.
The following identities and restrictions hold:
\[
 p^{-1}(L)=\overline\D,\qquad
 \partial L=p(T)=p(S),\qquad
 \operatorname{int}L=p(G).
\]
The restriction of $p$ to the exterior of $\overline\D$ is a
homeomorphism onto the exterior of $L$, and its restriction to $G$
is a homeomorphism onto $\operatorname{int}L$.
\end{theorem}
\begin{proof}
Let $q:\widehat\C\to\widehat\C/\widehat R$ be the quotient map.
Theorem~\ref{pin:hull-decomposition} verifies each hypothesis of
Moore's theorem. The relation is not universal because, for example,
$2$ and $3$ are different singleton classes. Let $h$ be the resulting
homeomorphism from the quotient onto the sphere. Postcompose with
a sphere homeomorphism sending $h(q(\infty))$ to $\infty$, and set
$p=h\circ q$.

% PIN_EXP_26_BEGIN
The hypothesis check separates four facts:
\[
 \begin{gathered}
 \widehat R\text{ is closed},\qquad
 [z]_{\widehat R}\text{ is compact and connected},\\
 \widehat\C\setminus[z]_{\widehat R}\text{ is connected},
 \qquad [2]_{\widehat R}\ne[3]_{\widehat R}.
 \end{gathered}
\]
The first comes from the simultaneous limiting argument,
the next two from convexity and the sphere coordinate,
and the last from the singleton exterior convention.
Only after these checks does the named Moore theorem
identify the quotient as a sphere. It does not assert
that the quotient map is conformal or supply a numerical
modulus for the homeomorphism $h$.
% PIN_EXP_26_END


The disk is saturated, so $p^{-1}(L)=\overline\D$. Thus $L$ is
compact and misses $\infty$; it is a planar continuum because the
closed disk is connected. Its complement is the image of the
connected exterior and hence is connected. Local connectivity
follows from Theorem~\ref{pin:lc-image} applied to the restriction
$p:\overline\D\to L$.

Every point outside $S$ has a singleton fiber. The exterior and $G$
are open saturated sets, so $p$ is a homeomorphism on each of them
onto its image. To verify the inverse-continuity assertion, an open
subset of either set is also open in the sphere and is saturated;
its image is open in the quotient. In particular, $p(G)$ is an
open subset of $L$.

% PIN_EXP_27_BEGIN
More explicitly, if $O$ is open in $G$, then it is open
in the sphere because $G$ itself is open. Every fiber
meeting $O$ is its one point, so
\[
                   p^{-1}(p(O))=O.
\]
The quotient definition makes $p(O)$ open in the sphere,
not merely relatively open in $L$. Thus $p|_G$ is a
continuous bijection which is open, and its inverse is
continuous. The same calculation applies on the exterior.
An arbitrary open subset meeting a collapsed hull would
not have this saturation identity.
% PIN_EXP_27_END


For $\zeta\in T$, choose $r_n>1$ with $r_n\downarrow1$. Then
\[
 p(r_n\zeta)\notin L,\qquad p(r_n\zeta)\longrightarrow p(\zeta)\in L.
\]
Hence $p(T)\subset\partial L$. Conversely, every point of $L$
comes from $S$ or $G$, and every hull in $S$ meets $T$.
Thus
\[
 L=p(S)\cup p(G)=p(T)\cup p(G),
\]
where the first set lies in the boundary and the second lies in the
interior. The two sets are disjoint because a singleton in $G$ is
not a hull class. This proves all the stated identities.

% PIN_EXP_28_BEGIN
For example, the reverse boundary inclusion follows by
an exact exclusion:
\[
 y\in\partial L
 \ \Longrightarrow\ y\in L\setminus p(G)
 \ \Longrightarrow\ y\in p(T).
\]
The first implication uses that $L$ is closed and
$p(G)$ is open in the sphere. Conversely, every circle
image is approached by exterior images, so cannot be
an interior point of $L$. Combining these facts also
gives $L\setminus\partial L=p(G)$. No inference about
the boundary of a continuous image is being made
without these two separate inclusions.
% PIN_EXP_28_END

\end{proof}

The exterior homeomorphism obtained here is topological. It is not
asserted to be conformal, quasiconformal, Lipschitz or effectively
computable. Identifying this model with a specified conformal hull
requires an additional matching argument, given in the next chapter.

\begin{corollary}[Boundary and gap interpretation]\label{pin:gaps}
The boundary $\partial L$ is homeomorphic to $T/R$.
The components of $G$ correspond bijectively, under $p$, to the
components of $\operatorname{int}L$. In particular there are at most
countably many gaps.
\end{corollary}
\begin{proof}
The boundary assertion is Proposition~\ref{pin:factor}, applied to
$p|_T$. The component assertion follows from the homeomorphism
$G\to\operatorname{int}L$. Each open component of $G\subset\R^2$
contains a point with rational coordinates, and distinct components
contain different such points after making one choice per component.
Thus there are at most countably many.
\end{proof}

\section{Worked investigations on the disk model}

\begin{exercise}[The universal boundary class]\label{pin:ex:universal}
Take all of $T$ as one class. Determine $S$, $G$ and the model $L$.
Does this violate Moore's nontriviality hypothesis?
\end{exercise}
\solution
The convex hull of $T$ is $\overline\D$, so $S=\overline\D$ and
$G=\varnothing$. The entire disk is collapsed and $L$ is one point.
All exterior points remain separate. In particular the sphere is
not one class, so Moore's hypothesis holds. The quotient sphere is
still a sphere; the subset singled out as its pinched-disk model
has become degenerate.

\begin{exercise}[One pinched diameter]\label{pin:ex:diameter-model}
Take $\{-1,1\}$ as the only non-singleton boundary class. Describe
the gaps and the topology of $L$.
\end{exercise}
\solution
Here $S=T\cup[-1,1]$, and $G$ has two components, the open upper and
lower half-disks. Their images are the two interior components of
$L$. Collapsing the straight edge of a closed half-disk gives a closed
disk: map the half-disk first to a triangle with that edge as base,
then identify the base to the cone vertex; equivalently use a
homeomorphism to a square that takes the chosen boundary arc to one
edge and use the quotient of $[0,1]^2$ collapsing
$[0,1]\times\{0\}$, which is a triangle.
Explicitly, $(s,t)\mapsto(st,t)$ maps the square onto
$\{(u,t):0\leq u\leq t\leq1\}$ and its only non-singleton
fiber is the bottom edge. Compact quotient factorization
therefore identifies that quotient with the triangle.
The two resulting disks meet precisely at the image of the diameter.
Thus $L$ is a union of two closed disks touching at one point.
Their interiors are distinct and their boundary contact is a single
pinch, not a boundary arc.

\fig{pinched_disk}{Collapsing one closed diameter produces two closed
disks meeting at one point. The right-hand drawing specifies the quotient's
topology; it does not preserve Euclidean lengths or a conformal metric.}{ix-pinched-disk}

\begin{exercise}[One triangular class]\label{pin:ex:triangle-model}
Let $A$ consist of three distinct circle points and leave all other
boundary points singleton. How many interior components does the
model have, and what is their common intersection?
\end{exercise}
\solution
In Klein coordinates the hull is the filled inscribed triangle.
Its complement in the open disk has three cap components, one for
each complementary circle arc. Each closed cap has one chord edge
collapsed, so the preceding square-to-triangle argument makes its
quotient a closed disk. The three disks meet at the one point
$p(H(A))$, and no other intersection is possible because different
cap closures meet only within the triangular hull.
Thus the model has three interior components and a common pinched
point. A filled triangular class is collapsed in its entirety;
collapsing only its three sides would leave an unintended interior.

\begin{exercise}[An interval from a filled disk]\label{pin:ex:interval}
Take the circle relation whose classes are
$\{e^{it},e^{-it}\}$. Give an explicit quotient coordinate on the
closed disk and identify the model.
\end{exercise}
\solution
In Klein coordinates the classes fill the disk by the vertical
segments with constant real part. Thus
\[
 u(z)=\operatorname{Re}\kappa(z)=\frac{2\operatorname{Re}z}{1+|z|^2}
\]
has precisely the filled classes as fibers, and maps the disk onto
$[-1,1]$. Proposition~\ref{pin:factor} identifies the disk quotient
with this interval. Every point of the disk lies in a filled class,
so $G=\varnothing$ and the model has empty interior. A quotient of
a two-dimensional disk need not itself have two-dimensional interior.

\begin{exercise}[Non-small classes are allowed]\label{pin:ex:large-classes}
Show that the non-singleton classes of a valid closed hull
decomposition need not form a null family.
\end{exercise}
\solution
Use the relation in Investigation~\ref{pin:ex:interval}. In Klein
coordinates the class with real coordinate $x$ is the vertical
segment of length $2\sqrt{1-x^2}$. For $|x|\leq1/2$ these lengths
are at least $\sqrt3$. Their inverse images under $\kappa$ cannot
have diameters tending to zero, since uniform continuity of
$\kappa$ would then force their image diameters to tend to zero.
There are uncountably many such disjoint classes. Upper
semicontinuity, not a null-family condition on the classes, is the
correct decomposition hypothesis. Null families of complementary
\emph{domains}, used in the recognition theorem, are a different matter.

\chapter{Recognizing a locally connected conformal hull}
\label{pin:recognition}

\section{The boundary correspondence determines the outside}
Let $K\subset\C$ be a nondegenerate locally connected hull. Fix its
normalized exterior conformal map
\[
 F:\widehat\C\setminus\overline\D\longrightarrow
       \widehat\C\setminus K,\qquad F(\infty)=\infty.
\]
The boundary-coordinate input, Theorem~\ref{f:caratheodory}, gives a
continuous extension to $\widehat\C\setminus\D$, with boundary map
$b:T\to\partial K$. Its fiber relation is closed and unlinked by
Theorem~\ref{pin:landing-unlinked}. Apply the construction of
Theorem~\ref{pin:model} to this relation. Write
\[
 p:\widehat\C\longrightarrow\widehat\C,\qquad
 L=p(\overline\D),\qquad p(\infty)=\infty,
\]
for the resulting Moore projection and model hull. The choices in
identifying the quotient sphere with the standard sphere do not
affect the equivalence relation or its marked boundary.

The remaining task is recognition: why does this abstract hull
model the given $K$, including its interior? Merely knowing
$\partial L\cong\partial K$ is not yet a proof that a prescribed
boundary homeomorphism extends across every complementary region.
We establish the extension and its continuity at accumulating
regions explicitly.

\begin{lemma}[The exterior correspondence]\label{pin:exterior-match}
There is a homeomorphism
\[
 H_0:\widehat\C\setminus\operatorname{int}L
       \longrightarrow
       \widehat\C\setminus\operatorname{int}K
 \quad\text{such that}\quad H_0(p(z))=F(z)\quad(|z|\geq1).
\]
In this formula the point $\infty$ is included. Its boundary
restriction $h:\partial L\to\partial K$ satisfies $h(p(\zeta))=b(\zeta)$.
\end{lemma}
\begin{proof}
Put $A=\widehat\C\setminus\D$, a compact set. From
Theorem~\ref{pin:model},
\[
 p(A)=(\widehat\C\setminus L)\cup\partial L
     =\widehat\C\setminus\operatorname{int}L.
\]
The restriction $p|_A$ is a continuous surjection between compact
Hausdorff spaces and therefore a quotient map. The extension of
$F$ maps $A$ onto
$\widehat\C\setminus\operatorname{int}K$: the open exterior maps
bijectively onto $\widehat\C\setminus K$, while the circle maps
onto $\partial K$. An exterior image cannot be a boundary image.
On the open exterior $p$ and $F$ both have singleton fibers.
On $T$ both have exactly the classes of the relation defined by $b$.
Consequently
\[
 p(z)=p(w)\quad\Longleftrightarrow\quad F(z)=F(w)
       \qquad(z,w\in A).
\]
The factorization theorem, Proposition~\ref{pin:factor}, supplies a
continuous bijection $H_0$ with the asserted equation. Its domain is
compact and its target Hausdorff, so it is a homeomorphism.

% PIN_EXP_29_BEGIN
There are exactly three fiber cases on the closed
exterior. Two open-exterior points have equal images
only if they are equal, by conformal injectivity.
One exterior and one circle point cannot have equal
images because their images lie respectively in
$\widehat\C\setminus K$ and $\partial K$.
Two circle points have equal images exactly when they
belong to the specified boundary class. Hence the map
can be written without a choice of inverse branch as
\[
 F\bigl(p^{-1}(p(z))\cap A\bigr)=\{F(z)\},
 \qquad H_0(p(z))=F(z).
\]
The class notation is the content of factorization:
every representative gives the same right-hand side.
% PIN_EXP_29_END

\end{proof}

This argument includes a boundary point having several external
accesses. One never chooses an inverse branch of $b$ there. The
equation defining $H_0$ is well defined because all choices are
exactly the fibers which have already been collapsed.

\section{Matching and filling the Jordan regions}
\begin{lemma}[Matching interior components]\label{pin:component-match}
The boundary homeomorphism $h$ induces a bijection between the
components $U$ of $\operatorname{int}L$ and the components $V$ of
$\operatorname{int}K$, characterized by
\[
                     h(\partial U)=\partial V.
\]
For each matched pair, $h|_{\partial U}$ extends to a homeomorphism
$H_U:\overline U\to\overline V$.
\end{lemma}
\begin{proof}
Both $L$ and $K$ are locally connected hulls. Theorem
\ref{puz:jordan-components} makes every interior component a Jordan
domain. Fix one such $U$. The curve $\gamma=h(\partial U)$ is
therefore a Jordan curve in $\partial K$. Its bounded complementary
domain $V$ lies in $K$ by Lemma~\ref{f:jordan-fill}. Since $V$ is
open, it lies in $\operatorname{int}K$.

It is a whole component of $\operatorname{int}K$. Indeed, a
connected subset of $\operatorname{int}K$ meeting both the inside
and the outside of $\gamma$ would meet $\gamma$, by Jordan
separation. This is impossible because
$\gamma\subset\partial K$. The connected open set $V$ is thus
precisely the component which it meets. Applying the same argument
to $h^{-1}$ shows that every component of $\operatorname{int}K$
arises in this way. It also proves injectivity: the Jordan curve
$\partial V$ has only one bounded complementary domain, so applying
the inverse construction recovers $U$.

% PIN_EXP_30_BEGIN
In detail, let $C$ be the interior component containing
one point of $V$. Because $V$ is connected and lies in
$\operatorname{int}K$, it lies in $C$. On the other
hand, $C$ misses $\gamma$ and is connected, so Jordan
separation forces $C$ to stay on the bounded side:
\[
                         V\subset C\subset V.
\]
Thus $C=V$, not merely an open subdomain of that
component. For the inverse construction,
$h^{-1}(\partial V)=\partial U$, and the bounded side
of this Jordan curve is exactly $U$. This proves both
surjectivity and injectivity of the component matching.
% PIN_EXP_30_END


Choose closed-disk parametrizations
\[
 a:\overline\D\longrightarrow\overline U,\qquad
 c:\overline\D\longrightarrow\overline V
\]
which are homeomorphisms. They exist by the Jordan-domain theorem.
The circle map
$\eta=c^{-1}\circ h\circ a|_T$ is a homeomorphism of $T$. Its radial
extension is
\[
 E_\eta(0)=0,\qquad E_\eta(r\zeta)=r\eta(\zeta)
       \quad(0<r\leq1,\ \zeta\in T).
\]
This map is continuous away from zero and continuous at zero
because $|E_\eta(z)|=|z|$. Its inverse is $E_{\eta^{-1}}$.
Consequently
\[
                    H_U=c\circ E_\eta\circ a^{-1}
\]
is the required homeomorphism, and the formula on the boundary
reduces exactly to $h$.

% PIN_EXP_31_BEGIN
A useful continuity estimate for the radial extension is
\[
 |r\eta(\zeta)-s\eta(\xi)|
 \leq |r-s|+\min\{r,s\}\,|\eta(\zeta)-\eta(\xi)|.
\]
For $r\geq s$, subtract and add $s\eta(\zeta)$; the
other case is symmetric. Away from the center, angular
coordinates depend continuously on the point, so the
estimate proves continuity there. At the center it
reduces to $|E_\eta(r\zeta)|=r$ uniformly in $\zeta$.
The identities
\[
 E_{\eta^{-1}}E_\eta=\operatorname{id}_{\overline\D},
 \qquad
 cE_\eta a^{-1}|_{\partial U}=h|_{\partial U}
\]
then verify both the inverse and the boundary agreement.
% PIN_EXP_31_END

\end{proof}

No conformality is asserted for $H_U$. A boundary homeomorphism
need not be the boundary value of a conformal equivalence between
the two domains. The radial extension solves the topological
problem required for recognition; it does not introduce an
unproved analytic interpolation condition.

\section{Continuity across infinitely many regions}
\begin{theorem}[Recognition of the locally connected model]
\label{pin:lc-recognition}
Let $K$ and $F$ be as above, and let $\widehat R$ be the filled-hull
equivalence relation obtained from the fibers of $F|_T$. There is a
homeomorphism of pairs
\[
 \bigl(\widehat\C/\widehat R,\ \overline\D/\widehat R\bigr)
          \cong(\widehat\C,K).
\]
It can be chosen so that the associated continuous surjection
$\Phi:\widehat\C\to\widehat\C$ satisfies
\[
 \Phi(z)=F(z)\quad(|z|\geq1),\qquad
 \Phi(\overline\D)=K,
\]
and has exactly the filled sets $H(A)$ and the remaining singleton
points as fibers.
\end{theorem}
\begin{proof}
Use Lemma~\ref{pin:exterior-match} on
$A_0=\widehat\C\setminus\operatorname{int}L$. For every interior
component $U$ of $L$, choose an extension $H_U$ from
Lemma~\ref{pin:component-match}. Define
\[
 H(x)=
 \begin{cases}
 H_0(x),&x\in A_0,\\
 H_U(x),&x\in U.
 \end{cases}
\]
These formulas agree wherever their closed domains overlap.
Distinct component closures can meet only on $\partial L$, and
all boundary values are the same map $h$. The bijection of
components and the bijectivity of each restriction imply that
$H$ is a bijection from the sphere to itself.

% PIN_EXP_32_BEGIN
One can verify global injectivity by the disjoint
decompositions
\[
 \widehat\C=A_0\sqcup\bigsqcup_jU_j,\qquad
 \widehat\C=
 (\widehat\C\setminus\operatorname{int}K)\sqcup\bigsqcup_jV_j.
\]
The first part is mapped bijectively onto the first
target part by $H_0$; each remaining part is mapped
bijectively onto its matched part. Images of different
parts cannot collide. At the level of closures,
intersections lie on the common boundary where every
formula equals $h$. Thus compatibility on overlaps and
bijectivity of the assembled map are separate checks,
both provided by the construction.
% PIN_EXP_32_END


It remains to prove continuity. There are at most countably many
components, because each nonempty open component contains a point
of a fixed countable dense subset of the plane. If the components
are finite in number, the finite closed-set pasting argument
applies immediately. In general enumerate them as $U_j$, with
matched target components $V_j$. The null-family theorem
\ref{f:null-interiors} applies separately to $L$ and $K$:
\[
 \diam\overline U_j\longrightarrow0,\qquad
 \diam\overline V_j\longrightarrow0
                    \quad\text{along distinct indices }j.
\]
All these sets lie in bounded subsets of the plane, so either
Euclidean or spherical diameters give the required conclusion.

% PIN_EXP_33_BEGIN
The null statement is independent of the enumeration.
For every $\varepsilon>0$ the two exceptional sets
\[
 \{j:\diam\overline U_j\geq\varepsilon\},
 \qquad
 \{j:\diam\overline V_j\geq\varepsilon\}
\]
are finite. The second set is finite even though the
matching might permute the target components in a
complicated order: a bijection takes a finite set of
large target components back to a finite set of indices.
Their union is still finite. Outside it, both the
source boundary approximation and the target image
diameter are simultaneously smaller than $\varepsilon$.
% PIN_EXP_33_END

For every $x\in U_j$,
\[
 \dist(x,\partial U_j)\leq\diam\overline U_j,\qquad
 \diam H(\overline U_j)=\diam\overline V_j.
\]
These are precisely the two smallness hypotheses of
Lemma~\ref{f:pasting}, with closed set $A_0$.

For clarity, the only new sequential case can also be written
directly. Suppose $x_n\in U_{j_n}$, the indices are distinct, and
$x_n\to x$. Choose $a_n\in\partial U_{j_n}$ with
$|x_n-a_n|\leq\diam\overline U_{j_n}$. Then $a_n\to x$, and
the closed set $\partial L$ contains $x$. Therefore
\[
 |H(x_n)-h(x)|
 \leq\diam\overline V_{j_n}+|h(a_n)-h(x)|
 \longrightarrow0.
\]
Sequences in one fixed closed component are controlled by its
chosen extension; sequences in $A_0$ are controlled by $H_0$.
These alternatives establish continuity everywhere, including
accumulation points of infinitely many different components.

% PIN_EXP_34_BEGIN
The sequential estimate has a direct epsilon interpretation.
Let $\omega_h$ be the modulus of uniform continuity of
$h$ on the compact boundary. For $u\in U_j$ and
$x\in\partial L$, choosing $a\in\partial U_j$ yields
\[
 |H(u)-h(x)|
 \leq\diam\overline V_j+
       \omega_h\bigl(|u-x|+\diam\overline U_j\bigr).
\]
Given $\varepsilon>0$, choose $\delta>0$ such that
$\omega_h(2\delta)<\varepsilon/2$. Outside finitely many
components, require $\diam\overline U_j<\delta$ and
$\diam\overline V_j<\varepsilon/2$. For these components,
$|u-x|<\delta$ gives $|H(u)-h(x)|<\varepsilon$.
The finitely many exceptional components are handled by
their individual continuous extensions. No common
modulus for all of those arbitrarily chosen extensions
is assumed.
% PIN_EXP_34_END


A continuous bijection of the compact sphere onto the Hausdorff
sphere is a homeomorphism. Set $\Phi=H\circ p$. Since $H$ is
injective, the fibers of $\Phi$ are exactly those of $p$, namely
the prescribed filled hulls and singleton points. The equation on
the closed exterior follows from the defining equation of $H_0$.
Finally $H(L)=K$, so $\Phi(\overline\D)=K$. Factoring through the
quotient gives the claimed homeomorphism of pairs.

% PIN_EXP_35_BEGIN
The fiber conclusion can be checked in both directions:
\[
 \Phi(z)=\Phi(w)
 \ \Longleftrightarrow\ H(p(z))=H(p(w))
 \ \Longleftrightarrow\ p(z)=p(w)
 \ \Longleftrightarrow\ z\widehat Rw.
\]
Thus the interior fillings neither add identifications
between previously distinct classes nor split one
previously collapsed class. This exact equivalence
is stronger than merely showing that $\Phi$ is onto
$K$ from the disk. It is what identifies the quotient
pair with the desired physical pair.
% PIN_EXP_35_END

\end{proof}

This proves the locally connected pinched-disk assertion of
source Theorem~9.28 with its dependencies visible. Moore's
sphere-decomposition theorem is a named external input. The
boundary extension is the precise Caratheodory input already
developed in Volume VIII. The interior Jordan theorem and the
null-family estimate have proofs in this volume. In particular,
the shrinking of the target interior components is supplied by
Theorem~\ref{f:null-interiors}; it is not a consequence of the
unlinked-fiber lemma. This replaces the source's mismatched
reference in its continuity step.

\begin{corollary}[The model with no interior]\label{pin:empty-interior}
If $\operatorname{int}K=\varnothing$, then the union of the filled
classes is all of $\overline\D$. The map $\Phi|_{\overline\D}$
is determined by the collapsed boundary values and has no open
region on which an additional filling must be chosen.
\end{corollary}
\begin{proof}
The component bijection gives $\operatorname{int}L=\varnothing$.
By Theorem~\ref{pin:model}, $p$ maps
$G=\D\setminus\bigcup_AH(A)$ homeomorphically onto
$\operatorname{int}L$, so $G$ is empty. The circle is already
contained in the union of the hulls. Every point of the closed
disk therefore belongs to one of them, and its image is the
boundary value shared by that class.
\end{proof}

At the other extreme, if $K$ is a closed Jordan disk, its boundary
map is one-to-one. The circle classes are singletons, their union
is just $T$, and $G=\D$. There is a single interior region to fill.
The theorem covers both these extremes and arbitrary countable
families of intermediate Jordan regions.

\section{Changing the angular marking}
\begin{proposition}[Topological invariance of the marked model]
\label{pin:remarking}
Suppose two closed unlinked circle relations $R_1,R_2$ are
conjugate by a circle homeomorphism $\eta$:
\[
 \zeta R_1\xi\quad\Longleftrightarrow\quad
                     \eta(\zeta)R_2\eta(\xi).
\]
Then their model hulls are ambiently homeomorphic, with boundary
correspondence induced by $\eta$.
\end{proposition}
\begin{proof}
Let $p_i$ be their Moore projections and $L_i=p_i(\overline\D)$.
Extend $\eta$ to the closed exterior by
$E_\eta(r\zeta)=r\eta(\zeta)$ for $r\geq1$ and
$E_\eta(\infty)=\infty$. This is a homeomorphism; continuity at
infinity follows because it preserves the modulus. The maps
$p_1$ and $p_2E_\eta$ have exactly the same fibers on that closed
exterior. Compact quotient factorization therefore gives a
homeomorphism between
$\widehat\C\setminus\operatorname{int}L_1$ and
$\widehat\C\setminus\operatorname{int}L_2$.

Both hulls are locally connected and full by
Theorem~\ref{pin:model}. The argument of
Lemma~\ref{pin:component-match}, using only these properties and
the boundary homeomorphism, matches their interior components.
Extend over each matched pair radially in Jordan coordinates.
The two null-family estimates and Lemma~\ref{f:pasting} prove
global continuity exactly as in the recognition theorem.
The resulting bijection of the sphere is a homeomorphism and
has the required boundary correspondence.
\end{proof}

Rotations commute with the Klein coordinate and carry filled
hyperbolic hulls to filled hyperbolic hulls. An arbitrary circle
homeomorphism need not do that by its radial extension inside
the disk. Proposition~\ref{pin:remarking} asserts equivalence of
the quotient models, not a pointwise formula carrying every
geodesic by radial transport, and not a metric distortion bound.

\section{Solved recognition investigations}
\begin{exercise}[What the marking does not measure]
\label{pin:ex:marking}
Does equality of the angular fiber relations determine the area
or logarithmic capacity of a hull?
\end{exercise}
\solution
No. Every round closed disk has a one-to-one exterior boundary
parametrization, hence the trivial angular equivalence relation.
Disks of radii $r_1\ne r_2$ have areas $\pi r_1^2,\pi r_2^2$.
Their normalized exterior maps are $F_j(w)=a_j+r_jw$, so their
logarithmic capacities, read as the positive leading coefficient
of the exterior normalization, are $r_j$. The relation records
identifications and the recognition theorem yields topological
equivalence. The discarded conformal scale is exactly what these
quantities require.

\begin{exercise}[A radial extension in angle coordinates]
\label{pin:ex:radial-extension}
Let an orientation-preserving circle homeomorphism have a strictly
increasing continuous lift $\psi:\R\to\R$ satisfying
$\psi(t+2\pi)=\psi(t)+2\pi$. Verify the extension used above.
\end{exercise}
\solution
Define
\[
 E(0)=0,\qquad E(re^{it})=re^{i\psi(t)}\quad(0<r\leq1).
\]
Changing $t$ by $2\pi k$ does not change the value, by the lift
identity. Away from zero polar coordinates prove continuity
locally; at zero, $|E(z)|=|z|$ proves it directly. The inverse
uses the increasing lift $\psi^{-1}$, so
$E^{-1}(re^{is})=re^{i\psi^{-1}(s)}$. Thus $E$ is a
homeomorphism of the disk and restricts to the given circle
map. No differentiability of $\psi$ is required.

\begin{exercise}[Why target diameters matter]\label{pin:ex:pasting-failure}
Construct continuous functions on shrinking disjoint intervals
which agree at all endpoints with zero but whose pasted function
is discontinuous at their accumulation point.
\end{exercise}
\solution
Set
\[
 I_n=[2^{-n},\,2^{-n}+2^{-n-2}]\subset[0,1]\quad(n\geq1).
\]
The intervals are disjoint and their diameters tend to zero.
On each $I_n$ take the piecewise linear tent with value zero at
both endpoints and value one at the midpoint $m_n$; set the
function to zero off their interiors. Each closed-interval
restriction is continuous and the endpoint data agree with the
zero function on the remaining closed set. But $m_n\to0$ while
$f(m_n)=1$ and $f(0)=0$. The source diameters vanish and the
target diameters remain one. This violates exactly the target
smallness condition needed by Lemma~\ref{f:pasting}.

\begin{exercise}[Recognizing the segment]\label{pin:ex:interval-recognition}
Relate the interval quotient in Investigation~\ref{pin:ex:interval}
to the exterior conformal map of a line segment.
\end{exercise}
\solution
The map $F(w)=(w+w^{-1})/2$ from
Investigation~\ref{f:ex-segment} has boundary value
$F(e^{it})=\cos t$. Its fibers are the conjugate pairs
$\{e^{it},e^{-it}\}$, including the singleton endpoints at
$t=0,\pi$. Their hyperbolic hulls fill the disk. The explicit
quotient coordinate
\[
 \Phi(z)=\frac{2\operatorname{Re}z}{1+|z|^2}\quad(|z|\leq1)
\]
agrees with $\cos t$ on the circle. Together with the prescribed
$F$ outside, it gives a continuous sphere projection with disk
image $[-1,1]$. The disk map is not injective; its complete
fibers are the filled geodesics. The quotient, rather than the
uncollapsed disk, is homeomorphic to the segment.

\begin{exercise}[The freedom inside one gap]\label{pin:ex:gap-freedom}
Exhibit distinct ambient extensions in the recognition theorem
which agree on the closed exterior and on every boundary value.
\end{exercise}
\solution
Suppose there is a matched component $V$. In disk coordinates
choose a continuous function $\chi:[0,1]\to\R$ with $\chi(1)=0$
and with some value not an integer multiple of $2\pi$. The twist
\[
 T_\chi(0)=0,\qquad
 T_\chi(re^{it})=re^{i(t+\chi(r))}
\]
is a disk homeomorphism with inverse $T_{-\chi}$ and fixes the
circle pointwise. Continuity at zero again follows from radius
preservation. Conjugating by a closed-disk parametrization of
$V$ gives a nonidentity homeomorphism of $\overline V$ fixing
$\partial V$. Extend it by the identity outside $V$; finite
closed-set pasting proves continuity on the sphere. Composing
the recognized model with this map changes its interior filling
while preserving all prescribed exterior and boundary data.
If there are no gaps, Corollary~\ref{pin:empty-interior} explains
why this particular freedom disappears.

\chapter{Limits and the general model problem}\label{pin:limits}

\section{A limit of relations need not be a relation}
The closedness of one fixed equivalence relation was essential
throughout the construction. It controlled limits of its classes
without changing the relation. A sequence of closed equivalence
relations presents a different problem: its limit as a compact
subset of $T\times T$ can fail transitivity. This can happen even
when every approximating relation is unlinked and has only two
nontrivial classes.

\begin{example}[A lost transitive identification]\label{pin:relation-limit}
Put
\[
 a=1,\qquad b=-1,\qquad c=-i,\qquad
 b_n=e^{i(\pi-1/n)},\qquad d_n=e^{i(\pi+1/n)}\quad(n\geq2).
\]
Let $R_n$ have the two non-singleton classes
$\{a,b_n\}$ and $\{d_n,c\}$; all remaining points are singleton
classes. Then $R_n$ is closed and unlinked, but its Hausdorff
limit as a subset of $T\times T$ is not transitive.
\end{example}
\begin{proof}
The two displayed classes are disjoint, so they define an actual
equivalence relation. Its graph is the diagonal together with
four off-diagonal pairs and is closed. The circular order of the
four exceptional points is
\[
                      a,\ b_n,\ d_n,\ c.
\]
The pairs do not alternate, so they are unlinked. Singleton
classes cannot alternate with any class. By
Proposition~\ref{pin:chord-criterion} their filled hulls are
disjoint.

The four exceptional ordered pairs converge respectively to
$(a,b),(b,a),(b,c),(c,b)$. The diagonal remains fixed. Therefore
the compact sets $R_n$ converge in Hausdorff distance to
\[
 R_*=\Delta_T\cup
          \{(a,b),(b,a),(b,c),(c,b)\}.
\]
To see that this is the entire limit, every point of $R_n$ is
either on the fixed diagonal or in that four-element list, and
each listed limit has an approximating point. In $R_*$ one has
$aR_*b$ and $bR_*c$, while $(a,c)\notin R_*$. Thus $R_*$ is
closed, reflexive and symmetric but not transitive.

% PIN_EXP_36_BEGIN
This convergence is quantitative in the product metric
$d((x,y),(x',y'))=\max\{|x-x'|,|y-y'|\}$. The exceptional
moving coordinates satisfy
\[
 |b_n-b|=|d_n-b|=2\sin(1/(2n))\leq1/n,
 \qquad d_H(R_n,R_*)\leq1/n.
\]
The diagonal points match themselves, and every one of
the four remaining points has its explicitly matched
limit. Both directed Hausdorff bounds therefore hold.
This shows that the transitivity defect persists even
with a specified convergence rate; it is not caused by
poor numerical resolution of the endpoints.
% PIN_EXP_36_END

\end{proof}

The corresponding limiting geodesics meet at $b$. They cannot
remain two different classes of a decomposition, because a point
cannot belong to two classes. Merging them forces $a,b,c$ into
one circle class. Our filled-hull convention then fills the
entire hyperbolic triangle $H(\{a,b,c\})$, including its interior.
This is an actual additional identification, not simply a
different drawing of the same limiting two chords.

The example explains why convergence of a dense set of finite
boundary data does not by itself produce a pinched-disk theorem.
One must specify which new identifications are forced, verify
that their hulls do not cross, and establish closedness after
all required identifications. None of those tasks is replaced by
a picture in which nearby endpoints appear to coincide.

\begin{proposition}[A minimal closed equivalence completion]
\label{pin:minimal-completion}
For any prescribed set of pairs $P\subset T\times T$, there is
a unique smallest closed equivalence relation $R_P$ containing
$P$. If $f:T\to Y$ is continuous and $Y$ is Hausdorff, then
\[
 f(\zeta)=f(\xi)\ \text{for all }(\zeta,\xi)\in P
 \quad\Longleftrightarrow\quad
 f\text{ is constant on every }R_P\text{-class}.
\]
This construction alone does not ensure that $R_P$ is unlinked.
\end{proposition}
\begin{proof}
Let $\mathcal E$ be the family of all closed equivalence relations
on $T$ containing $P$. It is nonempty because $T\times T$ is one
such relation. Set
\[
                         R_P=\bigcap_{E\in\mathcal E}E.
\]
An intersection of closed sets is closed. Every $E$ contains the
diagonal, is symmetric, and is transitive. Hence their
intersection has these properties: for the last one, if
$xR_Py$ and $yR_Pz$, the two pairs belong to every $E$, so
$(x,z)$ belongs to every $E$. Thus $R_P$ is an equivalence
relation containing $P$, and its defining intersection makes
it the smallest one.

If $f$ identifies every pair in $P$, its fiber relation is a
closed equivalence relation by Proposition~\ref{pin:closed-quotient}
or directly by pulling back the diagonal of $Y\times Y$.
It belongs to $\mathcal E$, so it contains $R_P$. This proves
one implication; the other follows from $P\subset R_P$.

% PIN_EXP_37_BEGIN
Equivalently, the minimal completion has a universal
property among continuous maps to Hausdorff spaces.
If $f$ identifies $P$, then
\[
 R_P\subset R_f,\qquad
 R_f=\{(x,y):f(x)=f(y)\},\qquad
 f=\bar f\circ q_P.
\]
The factor $\bar f:T/R_P\to Y$ is continuous by the
quotient property. Conversely any such factor identifies
all pairs in $P$. This universal property concerns
identifications in a topological quotient. It contains
no assertion that the resulting classes have disjoint
hyperbolic hulls; the crossing example below shows
exactly why that is a further requirement.
% PIN_EXP_37_END


For the final assertion, prescribe the two pairs
$\{1,-1\}$ and $\{i,-i\}$. The relation with these two
two-point classes and all other points singleton is already
closed and is exactly the minimal completion. Its two classes
alternate around the circle, so their diameters intersect.
Closed equivalence completion has not repaired the crossing.
\end{proof}

One could impose unlinkedness as a separate requirement on a
completion, but its existence, minimality and relation to the
original geometric data would then require their own arguments.
In particular, the preceding proposition is not a proof that a
partially described lamination has a canonical cleaned version.

\section{A precise conditional projection theorem}
For a general full continuum $K$, source Theorem~9.29 describes
a locally connected model using cutpoint landing data, limits
of geodesics and a cleaning operation. Its density condition
does not by itself state the final equivalence relation, the
exact collapsed sets, or the continuity mechanism of the
projection. The following conditional theorem separates the
topological consequence of suitable data from the work required
to produce those data.

\begin{theorem}[A well-posed monotone model]\label{pin:conditional-model}
Let $K\subset\C$ be a nonempty compact connected full set.
Suppose $E\subset K\times K$ is a closed equivalence relation
such that every class is connected and nonseparating in the
sphere. Suppose in addition that the compact quotient $K/E$
is locally connected. Extend $E$ to the sphere by making every
point outside $K$ a singleton class. There are a sphere
projection $p:\widehat\C\to\widehat\C$ and a locally connected
full continuum $L\subset\C$ such that
\[
 p^{-1}(L)=K,\qquad p(K)=L,\qquad
 p|_{\widehat\C\setminus K}:
       \widehat\C\setminus K\longrightarrow\widehat\C\setminus L
       \ \text{is a homeomorphism}.
\]
The fibers of $p|_K$ are exactly the $E$-classes, and $L\cong K/E$.
The restriction $p|_K$ is a homeomorphism if and only if every
$E$-class is a singleton.
\end{theorem}
\begin{proof}
The extended relation has graph
\[
                       \widehat E=\Delta_{\widehat\C}\cup E.
\]
The set $E$ is compact, since it is closed in the compact
product $K\times K$; consequently it is closed in the sphere
product. Thus $\widehat E$ is closed. Its classes are the
specified connected nonseparating compact sets and the
remaining singletons. It is not the universal sphere relation,
because $K$ is bounded and points sufficiently near infinity
are distinct singleton classes.

% PIN_EXP_38_BEGIN
The inclusion of $E$ in the sphere product causes no
new limit pairs. If $(x_n,y_n)\in E$ converges in that
product, compactness of $K$ puts $x,y$ in $K$, and
closedness in $K^2$ then gives $(x,y)\in E$.
The union formula also handles limits of singleton pairs:
\[
 (x_n,x_n)\to(x,y)\quad\Longrightarrow\quad x=y.
\]
Mixed sequences can be checked by taking an infinite
subsequence in one of the two closed pieces. Thus
the ambient extension is closed for a proved reason,
even when $K$ itself is not locally connected.
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Moore's theorem identifies the quotient sphere with a sphere.
Choose the identification to send the class of $\infty$ to
$\infty$, and let $p$ be the resulting projection. Since $K$
is saturated, $p^{-1}(p(K))=K$. The restriction to the open
saturated set $\widehat\C\setminus K$ is a homeomorphism onto
its image: its fibers are singletons, and an open subset of
this saturated singleton region is open and saturated in
the whole sphere, so its quotient image is open.

Set $L=p(K)$. It is compact and connected and avoids infinity.
Its complement is the connected image of
$\widehat\C\setminus K$, so $L$ is full. The map $p|_K$ has
exactly the $E$-classes as fibers, hence compact quotient
factorization identifies $L$ with $K/E$. The assumed local
connectivity of $K/E$ is therefore exactly the local
connectivity of $L$.

% PIN_EXP_39_BEGIN
More precisely, if $q_K:K\to K/E$ is the quotient map,
there is a homeomorphism $\theta:K/E\to L$ satisfying
\[
                    p|_K=\theta\circ q_K.
\]
The map $\theta$ exists because both sides identify
exactly the same pairs; it is a continuous bijection
between compact Hausdorff spaces. Local connectivity
of $L$ is transported through this homeomorphism
from the stated hypothesis on $K/E$. There is no
application of the compact-image theorem to $K$ here,
because the general source $K$ was not assumed
locally connected.
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If every class is a singleton, $p|_K$ is a continuous bijection
between compact Hausdorff spaces and is a homeomorphism.
Conversely a homeomorphism is injective and cannot have a
non-singleton fiber.
\end{proof}

There are three distinct hypotheses here. Closedness controls
limits of fibers, nonseparation permits the ambient sphere
quotient, and local connectivity of $K/E$ controls the regularity
of the resulting model. None is silently inferred from the
others. A locally connected $K$ can have many nontrivial
monotone quotients; its local connectivity alone does not force
an arbitrarily selected projection to be a homeomorphism.
For a canonical construction with the stronger property
\[
               p|_K\text{ is a homeomorphism}
                    \quad\Longleftrightarrow\quad K
                    \text{ is locally connected},
\]
one must also prove that its chosen relation is trivial whenever
$K$ is locally connected, and that it collapses something
whenever $K$ is not. The forward implication follows from
local connectivity of the target, but the reverse implication
is a statement about the construction, not about Moore's
theorem alone.

The present theorem therefore records a fully proved route
once the relation is available. It does not claim to close
the general source assertion by replacing its unspecified
construction with arbitrary equivalence classes. The source's
particular density hypothesis and its proposed cleaning rule
remain an identification and existence obligation beyond this
conditional result.

\section{A Cantor fan and its connected fibers}
The radial example in source Exercise~9.30 is especially useful
because a precise monotone-model question can be answered
completely without guessing what an unspecified cleanup does.

\begin{definition}[Cantor fan]\label{pin:cantor-fan}
Let $X\subset T$ be a nonempty perfect totally disconnected
compact set. Define
\[
 K_X=\{r\zeta:0\leq r\leq1,\ \zeta\in X\}.
\]
Here perfect means that no point is isolated, and totally
disconnected means that every connected subset is a singleton.
For a closed subset of the circle these hypotheses imply that
$X$ has empty interior.
\end{definition}

\begin{proposition}[Topology of the fan]\label{pin:fan-topology}
The set $K_X$ is a full continuum with empty interior. It is
locally connected at $0$ and not locally connected at any
other point. Every connected subset of $K_X\setminus\{0\}$
lies on a single radial spoke. Its only cutpoint is $0$.
\end{proposition}
\begin{proof}
The map $(r,\zeta)\mapsto r\zeta$ is continuous on the compact
space $[0,1]\times X$, so its image is compact. Each segment
$[0,\zeta]$ is connected and all these segments contain $0$;
their union is connected.

If $z\notin K_X$ and $|z|\leq1$, then $z\ne0$ and its
direction $z/|z|$ does not belong to $X$. The outward radial
path from $z$ to $2z/|z|$ therefore avoids $K_X$. Points with
modulus greater than one already lie in the connected exterior
of the closed unit disk. Joining such paths to the circle of
radius two proves that the complement of $K_X$ is path
connected. Thus $K_X$ is full.

Every disk centered at a nonzero point of $K_X$ contains
points with nearby directions outside $X$, because $X$ has
empty interior in $T$. Every disk centered at zero also
contains a point of such a direction. Hence $K_X$ has empty
interior and equals its own boundary.

For $0<\varepsilon<1$, the relatively open set
$K_X\cap B(0,\varepsilon)$ is a union of initial radial
segments with common endpoint zero. It is connected. These
sets give a connected neighborhood basis at zero.

On $K_X\setminus\{0\}$ the angular map
\[
                    \alpha(z)=z/|z|\in X
\]
is continuous. The image of a connected subset is connected
and therefore a singleton. This proves the single-spoke
assertion. If $x=r\zeta\ne0$, choose a small neighborhood
avoiding zero. Any connected subset of that neighborhood
containing $x$ lies on the spoke of $\zeta$. But no such set
is a neighborhood of $x$ in $K_X$: by perfectness there are
$\zeta_n\in X\setminus\{\zeta\}$ tending to $\zeta$, and
$r\zeta_n\to x$. Thus no connected open neighborhood of $x$
can lie in the chosen neighborhood avoiding zero. Local
connectivity fails at every nonzero point.

% PIN_EXP_40_BEGIN
For an explicit angular continuity bound, if $|z-x|<r/2$
then $|z|>r/2$, and
\[
 \left|\frac z{|z|}-\frac x{|x|}\right|
 \leq \frac{|z-x|+\bigl||z|-|x|\bigr|}{|z|}
 \leq \frac{4|z-x|}{r}.
\]
Thus the angular map is continuous on every region
bounded away from the vertex. If a connected set in
that region met two directions, its angular image
would be a connected subset of $X$ with at least
two points. The single-spoke conclusion concerns
arbitrary connected subsets, not only paths.

To state the neighborhood obstruction with quantifiers,
fix $0<\varepsilon<r/2$ and suppose that $N$ were a
connected neighborhood of $x$ inside
$K_X\cap B(x,\varepsilon)$. It avoids zero, so
$N\subset\{t\zeta:0<t\leq1\}$. Because it is a
neighborhood there is $\delta>0$ with
$K_X\cap B(x,\delta)\subset N$. Perfectness gives
$\xi\in X\setminus\{\zeta\}$ with
\[
                |\xi-\zeta|<\delta/r,\qquad
                |r\xi-x|=r|\xi-\zeta|<\delta.
\]
This puts a point of another spoke in $N$, a
contradiction. The proof excludes even connected
neighborhoods, whether or not those neighborhoods
are themselves open.
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Removing zero disconnects $K_X$. For example, a separation
of $X$ into two nonempty relatively clopen sets pulls back
under $\alpha$ to a separation of $K_X\setminus\{0\}$.
For an explicit separation, choose distinct $\zeta,\xi\in X$.
Each of the two circle arcs between them contains a point
outside $X$, since $X$ has empty interior. Choose one such
point in each arc. The two components of the circle minus
these chosen points meet $X$ in nonempty complementary
relatively open and closed sets, as required.

Now remove $x=r\zeta\ne0$. The union $A$ of all spokes with
direction different from $\zeta$, together with
$\{t\zeta:0\leq t<r\}$, is connected, since all its pieces
contain zero. Its closure relative to $K_X\setminus\{x\}$
is that entire space. Indeed, the only missing points lie
farther out on the spoke of $\zeta$, and they are limits of
points with directions $\zeta_n\to\zeta$ distinct from
$\zeta$. The closure of a connected set is connected, also
in a subspace. Therefore $K_X\setminus\{x\}$ is connected,
and $x$ is not a cutpoint.
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For the density assertion, each missing point has the
form $t\zeta$ with $t>r$. Choose distinct directions
$\zeta_n\to\zeta$ in $X$. Then
\[
 t\zeta_n\in A,\qquad
 |t\zeta_n-t\zeta|=t|\zeta_n-\zeta|\to0.
\]
If $r=1$, there are no missing points beyond the
removed endpoint, so the conclusion is immediate.
For $0<r<1$, the displayed sequence establishes
closure inside the punctured space. Taking the
closure in $K_X$ instead would restore the deleted
point $x$ and would not be the connectedness argument
that is required.
% PIN_EXP_41_END

\end{proof}

The connectedness of the punctured fan at a nonvertex point
does not assert path connectedness. The density of the other
spokes supplies a connected closure even though an individual
outer piece of the punctured spoke has no radial path to the
vertex. This distinction matters when translating a cutpoint
test into a statement about legal arcs.

\begin{theorem}[All monotone locally connected images collapse]
\label{pin:fan-collapse}
Let $Y$ be a compact Hausdorff locally connected space and
$q:K_X\to Y$ a continuous surjection with connected fibers.
Then $Y$ is a singleton. Thus the point is the only locally
connected monotone quotient of the Cantor fan.
\end{theorem}
\begin{proof}
The image $Y$ is connected because $K_X$ is connected. Put
$y_0=q(0)$. Suppose there is a point $y\ne y_0$. Local
connectivity supplies a connected open neighborhood $V$
of $y$ contained in $Y\setminus\{y_0\}$. Its preimage is a
nonempty relatively open subset of $K_X$ avoiding zero.
It is also connected by Lemma~\ref{pin:connected-preimage}:
the map $q$ is closed, because its domain is compact and
its codomain Hausdorff, and its fibers are connected.
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The role of each mapping hypothesis is visible if we
name the preimage $W=q^{-1}(V)$:
\[
 W\ne\varnothing,\qquad W\text{ is open in }K_X,\qquad
 0\notin W,\qquad W\text{ is connected}.
\]
Surjectivity gives the first assertion, continuity
the second, exclusion of $q(0)$ the third, and the
closed monotone inverse-image lemma the fourth.
Connectedness is not inferred just from continuity,
which ordinarily preserves images rather than
inverse images. These four properties together
contradict the fan's local single-spoke obstruction.
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By Proposition~\ref{pin:fan-topology}, this connected
preimage lies on one spoke. Yet a nonempty relatively
open subset of $K_X$ avoiding zero cannot lie on one
spoke. If it contains $r\zeta$ with $r>0$, openness and
perfectness of $X$ put $r\zeta_n$ in it for all sufficiently
large $n$, for directions $\zeta_n\ne\zeta$ tending to
$\zeta$. This contradiction proves $Y=\{y_0\}$.
\end{proof}

In the category specified by the theorem, a finest locally
connected monotone model is therefore a point: there is no
nontrivial object to retain. The category is essential.
The continuous radius map
\[
                \rho:K_X\to[0,1],\qquad \rho(z)=|z|,
\]
has a nontrivial locally connected image, but its fiber
$\rho^{-1}(r)=rX$ is disconnected for $r>0$. It is not a
monotone map and does not contradict the theorem.

This resolves a precise interpretation of the Cantor-fan
model question. Identifying it with a particular cleaned
lamination in source Exercise~9.30 would additionally require
proving that the source construction yields a monotone locally
connected quotient with the stated meaning. We do not infer
that missing identification merely from the word \emph{model}.
There is also no claim that an arbitrary fan automatically
satisfies the separate angular-density hypothesis of source
Theorem~9.29.

\section{Locally connected finite fans can converge to this fan}
\begin{proposition}[A non-locally connected Hausdorff limit]
\label{pin:finite-fan-limit}
There exist finite sets $X_n\subset X$ for which the finite
fans $K_{X_n}$ are locally connected full continua and
\[
                  d_{\rm H}(K_{X_n},K_X)\longrightarrow0.
\]
More precisely,
$d_{\rm H}(K_{X_n},K_X)\leq d_{\rm H}(X_n,X)$.
\end{proposition}
\begin{proof}
Compactness gives a finite $1/n$-net $X_n\subset X$. For
$r\zeta\in K_X$, choose $\xi\in X_n$ with
$|\zeta-\xi|\leq1/n$. Then
\[
                    |r\zeta-r\xi|
                      =r|\zeta-\xi|\leq1/n.
\]
The reverse Hausdorff inclusion is exact because
$K_{X_n}\subset K_X$. Taking the infimum over admissible
net radii gives the displayed bound.

A finite fan is compact and connected by the same union
argument as before, and full by the same outward radial
paths. At a nonvertex point, sufficiently small balls meet
only its own spoke, so their relative intersections are
interval neighborhoods. At zero, small balls cut connected
initial segments from all its finitely many spokes. Thus
the finite fan is locally connected everywhere.
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The geometric estimate uses the same radial coordinate
on both sets, rather than matching arbitrary nearest
points in the plane. For any $\delta>d_H(X_n,X)$,
every direction of $X$ has a representative in $X_n$
within $\delta$, so
\[
 \sup_{z\in K_X}\dist(z,K_{X_n})\leq\delta,\qquad
 \sup_{z\in K_{X_n}}\dist(z,K_X)=0.
\]
Letting $\delta$ decrease to the angular Hausdorff
distance proves the bound. Local connectivity of
each approximant was established separately by
its finite-spoke geometry; it is not a consequence
of this distance estimate.
% PIN_EXP_43_END

\end{proof}

There is no common local-connectivity modulus for all these
approximants. A concrete obstruction uses two nearby distinct
directions. In a finite fan every path between points on
different spokes must pass through zero: if it avoided zero,
its connected image would have constant angular coordinate.
Consequently a path joining two unit tips on different spokes
has diameter at least one, however close those tips are.
As increasingly fine nets acquire arbitrarily close distinct
directions, a fixed small-path estimate must fail uniformly.
The Hausdorff metric controls the location of the sets, but
does not preserve the small connected neighborhoods required
for local connectivity.

% PIN_EXP_44_BEGIN
\fig{cantor_fan}{Finite stages of a Cantor-direction fan
and a neighborhood away from its vertex. The small
neighborhood meets distinct radial spokes which cannot
be joined inside it. The drawings illustrate the
single-spoke and perfectness arguments for the infinite
fan; no finite drawing by itself proves failure of
local connectivity.}{ix-cantor-fan}
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\section{Solved investigations on limits and quotients}
\begin{exercise}[Completing the missing triangle]
\label{pin:ex:completion}
Determine the minimal closed equivalence completion of the
limit relation $R_*$ in Example~\ref{pin:relation-limit}.
\end{exercise}
\solution
Transitivity forces $a\sim c$ from $a\sim b$ and $b\sim c$.
Thus every completion contains the class $\{a,b,c\}$. The
relation with exactly this nontrivial class and all other
points singleton is closed, contains $R_*$, and is an
equivalence relation. Minimality therefore identifies it
as the completion. Its hyperbolic hull is a filled triangle,
since $a,b,c$ are three distinct circle points and cannot
be collinear. In contrast the set limit of the two original
hulls is only $H(\{a,b\})\cup H(\{b,c\})$. The additional
filled region is forced by the completion convention.

\begin{exercise}[Why nonseparation is a real hypothesis]
\label{pin:ex:separating-class}
What fails if an equator of the sphere is made one class and
all other points are singleton classes?
\end{exercise}
\solution
The relation is closed and all classes are connected, but
the equator separates the sphere into two open hemispheres.
In the quotient, removing the equator class leaves the
disjoint images of those two hemispheres. The quotient is
therefore not a sphere, since a sphere with one point
removed is connected. The nonseparating-class hypothesis
in Moore's theorem cannot be dropped even when only one
class is nontrivial.

\begin{exercise}[A locally connected source can collapse]
\label{pin:ex:lc-collapse}
Give data satisfying Theorem~\ref{pin:conditional-model}
with locally connected $K$ but noninjective projection.
\end{exercise}
\solution
Let $K=\overline\D$, and let $E=K\times K$ have one class.
The class is connected and nonseparating in the sphere,
and $K/E$ is a point, hence locally connected. Extending
the relation by singleton exterior points satisfies all
hypotheses of the theorem. The resulting map collapses
the entire disk. The source is locally connected but the
projection on it is not a homeomorphism. A theorem asserting
the converse must require a construction that keeps all
classes trivial on locally connected input.

\begin{exercise}[Radius is not monotone]\label{pin:ex:radius}
Compute the radius-map fibers and locate exactly why it
escapes Theorem~\ref{pin:fan-collapse}.
\end{exercise}
\solution
For $r=0$ the fiber is $\{0\}$. For $0<r\leq1$ it is
$rX$, homeomorphic to $X$ under multiplication by $r$.
The set $X$ has more than one point and is totally
disconnected, so these fibers are disconnected. The
map is continuous and onto the locally connected interval,
but the inverse-image connectedness lemma is unavailable.
Indeed the inverse image of any nonempty open interval
inside $(0,1)$ consists of separated radial strips on the
different spokes and is not connected.

\begin{exercise}[Where perfectness is used]\label{pin:ex:finite-fan}
Why does the point-quotient conclusion fail if $X$ is a
nonempty finite subset of the circle?
\end{exercise}
\solution
A finite fan is locally connected by
Proposition~\ref{pin:finite-fan-limit}; its identity map
has connected singleton fibers and a nontrivial locally
connected image. At a nonvertex point, a sufficiently
small relative neighborhood lies entirely on its one
spoke. Thus the contradiction in the proof of
Theorem~\ref{pin:fan-collapse} no longer applies.
Perfectness supplied other directions arbitrarily
close to every direction. Finiteness removes exactly
that property, while leaving compactness and fullness
intact.

\begin{exercise}[A quantitative failure of uniform local connectivity]
\label{pin:ex:fan-modulus}
For $F_n=[0,1]\cup[0,e^{i/n}]$, show that no common
small-path modulus can make these finite fans uniformly
locally connected.
\end{exercise}
\solution
Each $F_n$ is a locally connected full continuum. Its two
unit tips satisfy
\[
 |1-e^{i/n}|=2\sin(1/(2n))\leq1/n\longrightarrow0.
\]
Every connected path in $F_n$ joining those tips passes
through zero, because removing zero leaves two components.
Its image therefore has diameter at least
$|1-0|=1$. For the target diameter $\varepsilon=1/2$,
every proposed common $\delta>0$ fails once $1/n<\delta$:
the endpoints are closer than $\delta$ but cannot be
joined by a path of diameter less than $\varepsilon$.
The limiting set is a single segment and is locally
connected; this example shows that even a regular limit
does not rescue a uniform modulus for the approximants.

The finite-fan limit and the failed relation limit answer
different questions. The first concerns regularity of
the underlying continuum, the second the algebra of
identifications. A general pinched-model construction
must control both. The locally connected recognition
theorem does so through an actual closed unlinked
boundary relation and a null-family pasting argument.
For the general source construction, those checks must
be supplied for its specified limiting and cleaning
procedure before its projection and rigidity claims
can be recorded as proved.
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\chapter{Cut-lines, sectors, and finite cutting}
\label{puz:cuts}

\section{What a cut is required to do}
\source{\S9.1.1 and Lemma 9.1.}
A compact connected subset of the plane will be called a continuum. In this
chapter a hull is a nondegenerate continuum whose complement is connected.
Nondegenerate means that it contains at least two points. We allow singletons
as limits, but name them separately whenever nondegeneracy is an assumption.
This distinction matters: an intersection of genuine subhulls can be one point.
Fullness is a condition on the entire complement, whereas connectedness is a
condition on the set itself. Neither condition may be silently substituted
for the other.

Fix a hull $K\subset\C$ and its exterior $\Omega=\C\setminus K$. An access
to $a\in\partial K$ is an equivalence class of curves in $\Omega$ landing at
$a$, with the local-component interpretation established in Volume VIII.
Explicitly, two such curves represent the same access when
\[
 \forall\varepsilon>0\ \exists t_0>0:\quad
 \gamma_1((0,t_0)),\gamma_2((0,t_0))
 \text{ lie in one component of }\Omega\cap B(a,\varepsilon).
\]
One may use spherical balls instead. On a fixed bounded neighborhood of $a$
the two metrics are uniformly comparable, so the equivalence relation is
unchanged. The definition concerns complete tails, not a selected sequence
of points on each curve.

\begin{definition}[Simple cut-line]\label{puz:cut-definition}
A simple cut-line for $K$ is a proper embedding $\ell:\R\to\C$ whose image
$L$ meets $K$ at exactly one point $a=\ell(0)$, and whose two local branches
at $a$ represent distinct accesses. Its two complementary components are
its open sectors $S^+$ and $S^-$. The point $a$ is its root.
\end{definition}

Properness means that inverse images of compact sets are compact. Thus
$L\cup\{\infty\}$ is a Jordan curve in the sphere. The Jordan and
Schoenflies theorems give exactly two sectors and a homeomorphism of the
plane carrying the pair $(L,a)$ to the real line with marked point $0$.
The two unbounded ends have a single common endpoint in the sphere; they
are not two independent boundary points of a compact interval.

The distinct-access condition excludes a line which merely touches a
one-sided hull. To see its role, suppose $K$ does not meet $S^+$. After
straightening the line, arbitrarily small semicircles in the upper half-plane
connect its two local branches while avoiding $K$. Pulling them back gives
connections within every prescribed neighborhood of $a$. The branches then
represent the same access. Consequently a cut-line satisfies
\[
 K\cap S^+\ne\varnothing,
 \qquad K\cap S^-\ne\varnothing.
\]
A conformal external ray pair landing at one point gives an important
example when the two rays represent different accesses. The cut-line consists
of their union and the common landing point. Each ray tends to infinity at
its other end; its normalization does not affect the resulting sectors.

\begin{lemma}[One cut preserves a continuum]\label{puz:one-cut}
Let $K$ be a hull and $L$ a simple cut-line rooted at $a$. For either sector
$S$ the set
\[
 K_S=K\cap\overline S=(K\cap S)\cup\{a\}
\]
is a nondegenerate hull, and $K_S=\overline{K\cap S}$. The two resulting
subhulls meet exactly at $a$.
\end{lemma}
\begin{proof}
Compactness follows from the first formula. Suppose $K_S=A\sqcup B$ is a
separation into nonempty relatively open and closed sets. Both are compact.
Exactly one contains $a$; relabel so that $a\notin B$. Then $B\subset S$.
Because $B$ is relatively open in $K_S$, each of its points has an open
plane neighborhood whose intersection with $K_S$ lies in $B$. Intersect that
neighborhood with $S$. Its intersection with $K$ still lies in $B$.
Therefore $B$ is open in $K$. It is closed in $K$ because it is compact.
This contradicts connectedness of $K$.

Here is the neighborhood calculation with its quantifiers exposed. For
each $b\in B$, relative openness supplies $r_b>0$ such that
$B(b,r_b)\cap K_S\subset B$. Since $b\in S$ and $S$ is open, decrease
$r_b$ until $B(b,r_b)\subset S$. Then
\[
 B(b,r_b)\cap K
 =B(b,r_b)\cap K_S\subset B,
 \qquad
 B=K\cap\bigcup_{b\in B}B(b,r_b).
\]
This proves openness in the larger space $K$, which does not follow from
relative openness in $K_S$ alone without the side condition. Compactness
also gives $B=K\cap F$ for the closed plane set $F=B$. Thus $B$ is both
open and closed in $K$, is nonempty, and misses $a$. Those three properties
are the precise contradiction; no path connectivity of $K$ was used.

Write $S'$ for the opposite sector. The complement identity
\[
 \C\setminus K_S=(\C\setminus K)\cup S'
\]
proves fullness without an implicit bounded-component argument. Both sets
on the right are connected, and their intersection is nonempty because
$S'$ is unbounded whereas $K$ is compact. The sector contains a point of
$K$, by the access argument preceding the lemma. Thus $K_S$ has that point
and $a$, so is nondegenerate. Finally, if $a\notin\overline{K\cap S}$,
then $\{a\}$ would be a relatively open and closed subset of the connected
set $K_S$. This proves the asserted closure identity. The intersection of
the two closed sectors is $L$, whose intersection with $K$ is $\{a\}$.

To verify the displayed identity point by point, a point outside $K$ is
automatically outside $K_S$. A point of $K$ outside $K_S$ is in neither
$S$ nor $L$, since $K\cap L=\{a\}\subset K_S$; it therefore lies in $S'$.
Conversely $S'\cap K_S=\varnothing$. If $R$ is chosen with
$K\subset B(0,R)$, then
\[
 S'\setminus\overline{B(0,R)}
 \subset S'\cap(\C\setminus K),
 \qquad S'\setminus\overline{B(0,R)}\ne\varnothing.
\]
The union-of-connected-sets criterion now has an explicit common point.
It does not require $K\cap S'$ to be connected or nonempty; the distinct
access condition supplies the latter separately.

\end{proof}

The connectedness part of this proof did not use fullness. If a continuum
$J$ meets an embedded line only at $a$ and meets both sides, its closed-side
intersections are continua as well. Fullness was used exactly once, in the
connected-complement identity. This separates the general-continuum result
from the additional hull conclusion.

\fig{cut_sectors}{A simple cut-line has one root. Each closed-side intersection
is a hull; the shared root is retained on both sides. The drawing records
this separation convention, not a metric approximation theorem.}{ix-cut-sectors}

\section{Several disjoint simple cut-lines}
\source{Corollary 9.2(i) and Remark 9.3.}
Let $L_1,\ldots,L_m$ be pairwise disjoint simple cut-lines with distinct
roots $a_1,\ldots,a_m$. Pairwise disjointness concerns their plane images;
all their spherical closures contain infinity. A cell is a component of
$\C\setminus\bigcup_{j=1}^m L_j$. There are finitely many cells. A new
proper line lies wholly in one old cell and divides that cell into two.
This follows either by straightening successively the existing proper
lines, or by the Jordan separation theorem applied to the two ends of the
new line in that cell. In particular each cell has an unambiguous side
relative to each $L_j$.

\begin{proposition}[Finite cut cells]\label{puz:finite-cells}
Every cell $S$ meets $K$, and
\[
 K_S=K\cap\overline S
     =\overline{K\cap S}
     =(K\cap S)\cup\{a_j:a_j\in\partial S\}
\]
is a nondegenerate hull. If two different cells are separated by $L_j$,
their subhulls can meet only at $a_j$.
\end{proposition}
\begin{proof}
Induct on the number of lines. The preceding lemma proves the case of one
line. Suppose a new line lies in the old cell $S_0$. Its root belongs to
$K\cap S_0$, since no root lies on a previous line. The old hull
$H=K\cap\overline{S_0}$ agrees with $K$ in a neighborhood of this root.
The two accesses defining the new cut are therefore distinct for $H$ as
well: a connection in arbitrarily small punctured neighborhoods for $H$
would give one for $K$ in the same neighborhoods. Apply
Lemma~\ref{puz:one-cut} to $H$. Its two closed-side intersections are
precisely the new cell intersections. Every other old cell is unchanged.
This proves connectedness, fullness and nondegeneracy at the next stage.

The local agreement used in the induction can be expressed without a
uniform spacing assumption. If the new root is $a$, the finite union of
old lines is closed and misses $a$, so there is $r>0$ with
\[
 B(a,r)\subset S_0,
 \qquad H\cap B(a,r)=K\cap B(a,r),
 \qquad B(a,r)\setminus H=B(a,r)\setminus K.
\]
For every $0<\varepsilon<r$, the two punctured neighborhoods have exactly
the same components. Consequently an equality of the two new accesses
for $H$ would give equality for $K$ at every such scale. The contradiction
is local at the new root, so previous cuts may be arbitrarily close
elsewhere. At each finite stage only finitely many old closed lines must
be avoided; the later countable intersection will use compactness instead
of demanding a positive distance from their infinite union.

For the closure identity, every point of $K\cap\partial S$ is one of the
finitely many boundary roots. Near such a root $a_j$, all the other lines
are absent. In this neighborhood the cell occupies one side of $L_j$.
The one-cut closure assertion therefore supplies points of $K\cap S$
approaching $a_j$. All other points of $K_S$ already belong to $K\cap S$.
The final assertion follows by intersecting the two opposite closed sides
of $L_j$: their common part in $K$ is $K\cap L_j=\{a_j\}$.
\end{proof}

The proposition concerns the subhulls, not the plane closures of the cells.
Two plane closures can share an entire cut-line. Keeping the factor $K$
in the intersection prevents a misleading literal interpretation of the
source's brief remark about touching closures.

There is also a useful algebraic description. Choose a point $z\in K$
which lies on no cut-line, and let $H_j(z)$ be the closed side of $L_j$
containing $z$. Then the cell subhull containing $z$ is
\[
 I_m(z)=K\cap\bigcap_{j=1}^m H_j(z).
\]
The roots on the boundary are retained by the closed-side convention. A
root which lies strictly across some other line is excluded by that other
factor. This is why the location of a root on its own line does not make
its membership in $I_m(z)$ arbitrary.

\section{A Jordan cut-curve need not define one cell}
\source{The definition of puzzle pieces in \S9.1.1 and Corollary 9.2(ii).}
The source also calls a closed Jordan disk bounded by a finite cut-curve a
puzzle piece. A finite cut-curve may pass several times through the same
hull. That definition alone does not imply that the intersection of the
Jordan disk with the hull is connected. The following explicit example
records the difference between one finite cut cell and an arbitrary Jordan
cut-curve.

\begin{example}[A disconnected intersection]\label{puz:disconnected-piece}
Set
\[
 K=[-\tfrac12,\tfrac12]
   \cup\{-\tfrac12+it:0\le t\le2\}
   \cup\{\tfrac12+it:0\le t\le2\},
 \qquad P=\{z:|z-i|\le\tfrac34\}.
\]
The set $K$ is a simple polygonal arc, so is a full continuum. The circle
$\partial P$ meets the two vertical legs at the four points
\[
 z=\pm\tfrac12+i\left(1\pm\tfrac{\sqrt5}{4}\right).
\]
All four intersections are transverse and occur in the interiors of
straight portions of the arc. Locally the two branches of the circle are
on opposite sides of that straight portion. They give distinct accesses,
so the circle is a Jordan cut-curve under the source terminology.
Nevertheless,
\[
 K\cap P=
 \bigcup_{\sigma\in\{-1,1\}}
 \left\{\frac{\sigma}{2}+it:
  1-\frac{\sqrt5}{4}\le t\le1+\frac{\sqrt5}{4}\right\}
\]
has two components. Its two pieces are a distance $1$ apart.

For clarity, substitution on either vertical leg gives the complete
inequality rather than only its endpoints:
\[
 \left|\frac{\sigma}{2}+it-i\right|^2
 =\frac14+(t-1)^2\le\frac9{16}
 \quad\Longleftrightarrow\quad
 |t-1|\le\frac{\sqrt5}{4}.
\]
The base of the U has imaginary part zero and distance at least $1$ from
$i$, so it contributes no connecting segment to $K\cap P$. The two
remaining closed intervals have constant real parts $-1/2$ and $1/2$.
Any continuous path between them would, by the intermediate value theorem
for its real coordinate, contain a point of real part zero. No such point
belongs to this intersection. More directly, its intersections with the
two open half-planes $\Re z<0$ and $\Re z>0$ are a separation into nonempty
relatively open sets.
\end{example}

The complement of this polygonal arc is connected, for an arc does not
separate the plane; equivalently one can move any point around one of its
two free endpoints to the exterior. Thus the example does not exploit a
failure of fullness. It refutes the unrestricted connectedness conclusion
for this specific source definition. It does not refute
Proposition~\ref{puz:finite-cells}, whose cells are formed by disjoint
\emph{simple} cut-lines and are not arbitrary unions of such cells.

The same configuration tests the unrestricted fjord assertion in source
Exercise 9.10(i). The horizontal crosscut
$\sigma=[-\tfrac12,\tfrac12]+i$ lies in $P$ and in the complement of $K$
except at its endpoints. Its bounded complementary fjord is
\[
 V=\{x+iy:-\tfrac12<x<\tfrac12,\ 0<y<1\}.
\]
For example, $i/10\in V$ but $|i/10-i|=9/10>3/4$, so $V\not\subset P$.
Thus that containment also needs an additional cell or separation
hypothesis; it is not a consequence of an arbitrary Jordan cut-curve.

\fig{u_arc_fjord}{Two views of the same U-shaped hull. The disk centered at
$i$ with radius $3/4$ meets it in two vertical intervals. The horizontal
crosscut at height $1$ lies inside the disk, but its bounded rectangular
fjord contains $i/10$ outside that disk. Shading or hatching only identifies
the regions used in these exact inequalities.}{ix-u-arc-fjord}

We therefore specify admissibility before deriving a rigidity theorem.

\begin{definition}[Admissible and perfect pieces]\label{puz:admissible}
For a continuum $K$, an admissible Jordan piece is a closed Jordan disk $P$
such that $K\cap P$ is nonempty and connected. It is perfect if
$K\cap\operatorname{int}P$ is nonempty and connected. A cut piece has in
addition the finite boundary-intersection and access conditions of a
Jordan cut-curve. When fullness is needed we require $K\cap P$ to be full
as well, or establish that condition separately.
\end{definition}

This is a stated normalization, not an additional conclusion extracted
from the word ``puzzle.'' For a full $K$, fullness of $K\cap P$ actually
follows automatically: its complement is the union of $\C\setminus K$
and $\C\setminus P$, two connected sets with nonempty intersection near
infinity. Connectedness does not follow from that identity, as the example
shows. A compact set can be full and disconnected.

\section{Solved investigations}
\begin{exercise}\label{puz:ex-touch}
For $K=\overline\D$, decide whether the tangent line
$L=\{1+it:t\in\R\}$ is a cut-line.
\end{exercise}
\solution
It is a proper embedded line meeting $K$ exactly at $1$. However the right
half-plane $\{\Re z>1\}$ misses $K$. Small right semicircles centered at $1$
connect the two local branches while avoiding $K$. For every radius these
connections lie in that radius's punctured neighborhood. The accesses are
the same, so this is a touching line, not a cut-line. Merely counting
$|L\cap K|=1$ does not certify a cut.

\begin{exercise}\label{puz:ex-interval}
Let $K=[-2,2]$ and use the vertical lines $\Re z=-1,0,1$. Determine all cell
subhulls and their intersections.
\end{exercise}
\solution
There are four cells in increasing order of real part. Their subhulls are
$[-2,-1]$, $[-1,0]$, $[0,1]$, and $[1,2]$. Each adjacent pair meets at its
shared endpoint; every nonadjacent pair is disjoint. The plane closures of
adjacent cells share an entire vertical line. Thus the statement about
single-point contact is correct only after intersecting with $K$.

\begin{exercise}\label{puz:ex-full-not-connected}
Explain why the complement calculation for $K\cap P$ cannot prove
connectedness, even though it proves fullness.
\end{exercise}
\solution
Take $K$ and $P$ from Example~\ref{puz:disconnected-piece}. Their intersection
is the union of two disjoint line segments. Its complement is connected:
one may avoid both segments by a path passing around their endpoints.
The identity
$\C\setminus(K\cap P)=(\C\setminus K)\cup(\C\setminus P)$
therefore gives a true conclusion, but not the conclusion that $K\cap P$
is connected. Connectivity and nonseparation are independent properties
of a general compact subset of the plane.

\begin{exercise}\label{puz:ex-relative-clopen}
In the proof of Lemma~\ref{puz:one-cut}, why is a relatively clopen set
$B\subset K_S\setminus\{a\}$ open in $K$, and why is the missing root essential?
\end{exercise}
\solution
Every $b\in B$ lies in the open sector $S$. Choose an ambient neighborhood
$V_b$ with $V_b\cap K_S\subset B$, and replace it by $V_b\cap S$. On this
smaller neighborhood, $K_S$ and $K$ agree. Hence
$B=K\cap\bigcup_{b\in B}(V_b\cap S)$ is relatively open in $K$.
If $B$ contains $a$, no neighborhood of $a$ is contained in $S$; points of
$K$ on the opposite side may approach $a$. The localization step would
then fail. Compactness supplies closedness, while the omitted root supplies
openness; the two roles are different.

\chapter{Countable cutting and the failure of a naive partition}
\label{puz:nests}

\section{Retained hulls under infinitely many cuts}
\source{Corollary 9.4.}
Let $(L_j)_{j\ge1}$ be a sequence of pairwise disjoint simple cut-lines for
$K$, with roots $a_j$. Fix $z\in K\setminus\{a_j:j\ge1\}$ and use the
closed sides $H_j(z)$ from the preceding chapter. The finite retained
subhulls form a decreasing sequence:
\[
 I_m(z)=K\cap\bigcap_{j=1}^{m}H_j(z),
 \qquad I_{m+1}(z)\subset I_m(z),
 \qquad z\in I_m(z).
\]
There is no assumption of a uniform separation distance between the lines.
They may accumulate, and the limiting retained set may have empty interior.

\begin{theorem}[Countable retained hull]\label{puz:countable}
The set
\[
 I(z)=\bigcap_{m\ge1}I_m(z)
\]
is a nonempty full continuum. It is either a nondegenerate subhull of $K$
or a singleton. If no root $a_i$ is separated from $z$ by any other line,
then every $a_i$ lies in $I(z)$. In particular $I(z)$ is nondegenerate
whenever at least one line is present.
\end{theorem}
\begin{proof}
The finite sets are compact connected sets containing $z$. Their
intersection is nonempty and connected by the nested-continuum theorem.

The compactness argument also gives a useful eventual-containment fact.
If $G$ is any open neighborhood of $I(z)$, then
\[
 I(z)\subset G
 \quad\Longrightarrow\quad
 \exists m_0\ \forall m\ge m_0:\ I_m(z)\subset G.
\]
Otherwise choose $x_m\in I_m(z)\setminus G$ along unbounded indices.
A subsequence converges in the compact set $K$ to $x$. For any fixed $r$,
all sufficiently late selected points belong to the closed set $I_r(z)$,
so $x\in I_r(z)$. Hence $x\in I(z)$, while closedness of $K\setminus G$
gives $x\notin G$, a contradiction. If $I(z)$ had a separation into two
nonempty compact sets, take disjoint neighborhoods of those sets. Eventual
containment would force some connected $I_m(z)$ into their disjoint union
while still meeting both, which proves the connectedness assertion too.
For completeness, fullness can be checked directly rather than inferred
from connectedness. The complements $\C\setminus I_m(z)$ are connected,
increasing with $m$, and all contain the exterior of one fixed large disk.
Consequently their union is connected. De Morgan's law gives
\[
 \C\setminus I(z)=\bigcup_{m\ge1}(\C\setminus I_m(z)),
\]
so $I(z)$ is full. A root $a_i$ lies on its own boundary line and hence
belongs to $H_i(z)$. The nonseparation assumption puts it in every other
$H_j(z)$. Thus it belongs to the intersection. As $z\ne a_i$, one retained
root already guarantees two distinct points.

Writing the root test as a conjunction prevents an endpoint convention
from being lost during the limit:
\[
 a_i\in I(z)
 \quad\Longleftrightarrow\quad
 a_i\in K\ \text{ and }\ \forall j\ge1,\ a_i\in H_j(z).
\]
The factor $j=i$ is automatic because the side is closed. Every other
factor is the visible-root hypothesis. In particular the proof does not
deduce survival from $a_i\in I_m(z)$ for merely one value of $m$. For
$m<i$ its survival is already a condition imposed by earlier lines, and
for $m>i$ it continues to be tested by later ones. Once all factors hold,
$\diam I(z)\ge |a_i-z|>0$ gives an explicit positive lower bound for this
particular retained hull, although no bound uniform in the choice of root
or cutting system has been asserted.
\end{proof}

The source also gives a description by removed sectors. With $S_j$ the
open sector of $L_j$ not containing $z$, the exact formula is
\[
 I(z)=K\setminus\bigcup_{j\ge1}S_j.
\]
The factor $K$ is necessary. Replacing it by $\C$ would generally leave an
unbounded plane region instead of a subset of the compact hull. This is a
set-theoretic normalization of the displayed formula, not a new theorem.

When no root is separated from $z$ by another line, the removed sectors are
pairwise disjoint. Indeed, for two disjoint proper lines their opposite-to-$z$
sectors are either disjoint or one contains the other line. In the second
case the root of that line would be separated from $z$. Thus the surviving
root condition has a geometric meaning: no removed sector hides another
cut behind it.

\begin{proposition}[Nested admissible pieces]\label{puz:nested-pieces}
Let $P_1\supset P_2\supset\cdots$ be compact pieces such that
$K\cap P_n$ is a nonempty full continuum for every $n$. Then
\[
 I=K\cap\bigcap_{n\ge1}P_n
\]
is a nonempty full continuum. If the pieces all contain $a$ and
$\diam P_n\to0$, then $I=\{a\}$.
\end{proposition}
\begin{proof}
Apply the nested compactness and connectedness argument to $K\cap P_n$.
Their complements form an increasing connected union, so the intersection
is full. In the shrinking case, any $x\in I$ satisfies
$|x-a|\le\diam P_n$ for every $n$. Letting $n\to\infty$ gives $x=a$.
The point $a$ belongs to all the pieces, so the singleton is actually attained.
\end{proof}

\section{Accesses which survive visible-root cutting}
\source{Lemma 9.5.}
We first record the converse of the access observation used for a simple
cut-line. Suppose a proper embedded line $L$ meets a full continuum $H$
only at $a$, and $H$ meets both open sectors. Then the two branches of $L$
at $a$ represent different accesses to $H$. Here is a direct justification.
Straighten $L$ to the real axis and $a$ to $0$. The closed upper and lower
intersections of $H$ are connected by the relative-clopen argument in
Lemma~\ref{puz:one-cut}, which did not use the access hypothesis. Fix one
nonzero point of $H$ in each half-plane, and choose a small neighborhood of
$0$ excluding both points. If the two accesses agreed, there would be a
path in the complement connecting negative and positive points of the axis
inside this neighborhood, chosen to be a convex disk in the straightened
coordinates. Approximate the path there by a polygonal path missing $H$,
perturb it to have only finitely many axis contacts, and erase its loops.
Among consecutive axis contacts there must be two with opposite signs.
The intervening simple excursion lies in one open half-plane. Together
with the axis segment between its endpoints it forms a Jordan curve.
Its bounded domain lies in the small convex disk, since that disk contains
the curve and its convex hull. The excursion is a positive distance from
$0$, so a sufficiently small half-disk at $0$ in the chosen half-plane
lies on the bounded side. The closed-side continuum in that half-plane
contains $0$ and the fixed farther point, but its only possible contact
with the Jordan curve is $0$. Its intersection with the closed bounded
side is therefore relatively open at $0$ as well as at its other points,
and is relatively closed. It is nonempty and excludes the fixed farther
point. This contradicts connectedness of the closed-side continuum.

\begin{proposition}[Access injection under visible-root removal]
\label{puz:access-injection}
In Theorem~\ref{puz:countable}, suppose no root is separated from $z$ by
another cut-line. Inclusion $\C\setminus K\subset\C\setminus I(z)$
then induces an injection from accesses to $K$ at $z$ into accesses to
$I(z)$ at $z$.
\end{proposition}
\begin{proof}
The map is well defined: local connections in the smaller complement are
still local connections in the larger one. To prove injectivity, take two
different accesses to $K$ at $z$. By the access and Lindelof results of
Volume VIII they are represented by distinct external rays, whose union
with $z$ is a simple cut-line $M$.

We may represent every original cut-line by its Green ray pair without
changing which points of $K$ lie on its retained side. Here are the precise
winding-number details. Fix an original root $a$, another point
$x\in K\setminus\{a,z\}$, and a small spherical disk about $a$ whose
closure misses $x$ and $z$. The original branch at $a$ and its corresponding
Green ray represent the same access. Thus sufficiently short tails can
be joined inside this disk by an arc in the complement of $K$.
Truncate both branches at that connector. Their remaining portions,
joined through infinity and the connector, form a closed path in
$\widehat\C\setminus K$. This domain is simply connected, so the path is
null-homotopic there. In a chart sending $z$ to infinity its winding number
about $x$ is zero. The difference between this truncated path and the
full branch comparison is a closed path entirely in the small disk;
its winding number about $x$ is also zero. Applying this argument to both
branches shows that the original closed cut-curve and its Green
representative have identical winding numbers about $x$. The index of
a Jordan curve distinguishes its side containing $x$ from its side
containing $z$, so every retained subset of $K$ is unchanged. The root
$a$ itself lies on both curves and is retained. Different roots have
disjoint external ray pairs, so the Green representatives remain
disjoint. This argument proves side membership for each fixed point;
it requires neither a homotopy continuous at the landing root nor a
simultaneous ambient isotopy of an infinite family.

One can organize the index computation as a finite algebra of closed
paths. Work in the chart sending $z$ to infinity and orient the original
and Green cut-curves compatibly. For any closed path $C$ avoiding the fixed
point $x$, use the topological winding number
\[
 \operatorname{ind}_x C
 =\deg\left(t\longmapsto\frac{C(t)-x}{|C(t)-x|}\right).
\]
This definition requires continuity, not a rectifiable cut-line. Additivity
under concatenation and sign change under reversal give
\[
 \operatorname{ind}_x C_{\rm old}
 -\operatorname{ind}_x C_{\rm Green}
 =\sum_{i=1}^{2}\epsilon_i
   \bigl(\operatorname{ind}_x A_i+
         \operatorname{ind}_x E_i\bigr)=0,
 \qquad \epsilon_i\in\{-1,1\}.
\]
Here $A_i$ is the truncated loop in the spherical exterior, and $E_i$ is
the small loop restoring its tail at the root. The former contracts in
the exterior; the latter contracts in the chosen disk avoiding $x$.
For a Jordan curve, zero index is exactly the component containing the
chart's infinity. Thus the equality compares the retained side relative
to $z$, rather than an arbitrary naming of positive and negative sides.

Let $S^+,S^-$ be the sectors of $M$. Each removed open sector $S_j$ lies
wholly on one side of $M$. Indeed $M$ is disjoint from its Green boundary,
and its root $z$ is not in $S_j$; the ray-pair separation then prevents
$S_j$ from crossing $M$. If a root $a_j$ lies in $S^+$, it survives in
$I(z)$ by Theorem~\ref{puz:countable}, so $I(z)\cap S^+$ is nonempty.
If there is no root in $S^+$, every removed sector lies in $S^-$, and
$K\cap S^+$ is unchanged and nonempty. The same argument applies to the
negative side. Thus $I(z)$ meets both sectors of $M$. The access criterion
just proved says that the two branches of $M$ are still different accesses
to $I(z)$. This proves injectivity.

For either sign $\tau\in\{+,-\}$ the witness has the explicit alternative
\[
 \{a_j\}\cap S^\tau\ne\varnothing
 \ \Longrightarrow\ I(z)\cap S^\tau\supset\{a_j\}\cap S^\tau,
 \qquad
 \{a_j\}\cap S^\tau=\varnothing
 \ \Longrightarrow\ I(z)\cap S^\tau=K\cap S^\tau.
\]
In this display $\{a_j\}$ denotes the set of all cutting roots, not one
chosen index. The first alternative uses their proved survival. In the
second alternative every removed sector is on the opposite side, so no
point on this side was removed at all. Either alternative gives a
nonempty set. This is why mere nonemptiness of the full intersection
$I(z)$ would be inadequate: access distinction requires surviving points
on each of two specified sides.

\end{proof}

The argument proves injection, not surjection. Removing limbs may create
new approaches to the retained hull. It also explains the visible-root
hypothesis: the surviving root on each affected side is the explicit
witness preventing that side from disappearing.

\section{Nested compactness gives no rate}
If $P_n$ are decreasing nonempty compact sets and their intersection is
$\{a\}$, their diameters tend to zero. Otherwise one could choose
$x_n,y_n\in P_n$ with $|x_n-y_n|\ge\varepsilon$ along a subsequence.
Compactness of $P_1$ supplies limits $x,y$, and nesting puts both limits in
every $P_m$. They would therefore equal $a$, contradicting the separation.
Thus
\[
 \bigcap_nP_n=\{a\}
 \quad\Longleftrightarrow\quad
 \diam P_n\longrightarrow0
 \qquad\text{for a decreasing compact nest containing }a.
\]
This equivalence is qualitative. It neither produces a computable depth
$n(\varepsilon)$ nor supplies a geometric decay constant. Quantitative
rates require additional hypotheses, developed later in the book.

\fig{nested_puzzle}{A nested family illustrates the distinction between
containment and a proved diameter bound. The schematic does not supply a
uniform rate for an arbitrary puzzle system.}{ix-nested-puzzle}

\section{Why nonseparation need not be transitive}
\source{\S9.1.3 and Corollary 9.7.}
For a family of cut-lines one can define a symmetric relation by declaring
$x$ and $y$ inseparable when no line places them in opposite open sectors.
Reflexivity and symmetry are immediate. Transitivity is an additional
mathematical property, and it can fail precisely because a point on a
cut-line belongs to neither open side.

\begin{example}[Two tangent disks]\label{puz:tangent-disks}
Let
\[
 K=\{z:|z+1|\le1\}\cup\{z:|z-1|\le1\},
 \qquad a=0,\quad x=-1,\quad y=1.
\]
The hull is locally connected, and the imaginary axis is a simple cut-line
through $a$. It separates $x$ from $y$. The only possible root of a simple
cut-line is $a$: a line meeting a closed disk in only one point cannot put
that connected disk on both sides, and any boundary point other than $a$
has only the exterior access supplied by its circular boundary.

Consequently $a$ cannot be separated from either center. A cut-line through
$a$ contains $a$ instead of placing it in a sector; a line avoiding $a$
cannot divide either disk from $a$ while meeting the hull only at a cutpoint.
The resulting relation satisfies
\[
 a\sim x,\qquad a\sim y,\qquad x\not\sim y.
\]
It is not an equivalence relation and cannot be the fiber relation of a map.
\end{example}

There is a second way to see the same obstruction directly from Jordan
pieces. Any cut-curve for this hull has all of its hull intersections at
$a$. If a Jordan piece contains $a$ in its interior, its boundary avoids
$K$. Connectedness then forces the whole hull to lie inside the piece.
Thus the intersection of all such pieces is $K$. A piece surrounding just
the left disk can instead have $a$ on its boundary. These two kinds of
intersection overlap without being equal. They cannot be the fibers of one
physical-to-puzzle projection.

\fig{tangent_disks}{Two tangent closed disks expose the endpoint convention:
the common root lies on the separating line, whereas the disk centers lie
on opposite sides. Inseparability defined with open sides is not transitive.}{ix-tangent-disks}

The source defines an escaping nest by requiring its limiting impression
to be either contained in every test piece or disjoint from that piece's
interior. In the example a nest whose pieces contain $a$ in their interiors
has impression containing $K$. A piece surrounding one disk violates that
escaping condition. The asserted end attached to every physical point is
therefore not available from these literal definitions.

There are several mathematically different possible repairs. One may retain
an overlap system of impressions; one may restrict the allowable roots and
points; or one may construct a closed equivalence relation by an explicitly
specified decomposition procedure. These choices need not give the same
space. The pinched-disk chapters use a precise closed relation where one
has been established, rather than assigning a quotient to a merely
symmetric nonseparation relation.

\Needspace{12\baselineskip}
\section{A valid conditional projection statement}
\begin{proposition}[Disjoint impressions and quotient semantics]\label{puz:partition}
Let $X$ be compact, let $Y$ be Hausdorff, and let $q:X\to Y$ be a continuous
surjection. Suppose a family of nonempty compact sets $(I_y)_{y\in Y}$
satisfies $q^{-1}(y)=I_y$. Then the $I_y$ partition $X$. If all $I_y$ are
singletons, $q$ is a homeomorphism. Conversely, an overlapping family with
two unequal members having nonempty intersection cannot be the full fiber
family of any map.
\end{proposition}
\begin{proof}
If $x\in I_y\cap I_{y'}$, then $q(x)=y=y'$, so the two fibers agree.
Surjectivity makes every fiber nonempty and their union is $X$. Singleton
fibers make $q$ bijective; a continuous bijection from a compact space to a
Hausdorff space is a homeomorphism. For the last assertion, any map has
disjoint fibers by the first equality, independent of continuity or topology.

The homeomorphism assertion also has a direct closed-set proof. If
$F\subset X$ is closed, compactness of $X$ makes $F$ compact, and
continuity makes $q(F)$ compact. Since $Y$ is Hausdorff, $q(F)$ is closed.
For bijective $q$ this says
\[
 (q^{-1})^{-1}(F)=q(F)\ \text{ is closed in }Y
 \quad\text{for every closed }F\subset X,
\]
which is precisely continuity of the inverse. Neither this argument nor
the fiber identity constructs a relation from overlapping sets. For the
tangent-disk example the obstruction occurs before any topological issue:
$q(a)=q(x)$ and $q(a)=q(y)$ would force $q(x)=q(y)$, whereas the proposed
relation requires these last values to differ. Passing to a quotient
therefore needs an actual repair of the relation, not merely a different
topology on the same alleged fibers.
\end{proof}

This elementary result does not construct the map $q$. It identifies exactly
what must be supplied before using a source statement about a projection.
The general end construction in the source's earlier topology chapter
likewise states a pairwise-disjoint-impression hypothesis. The tangent-disk
example shows why that hypothesis cannot be dropped at the puzzle stage.

\section{Solved investigations}
\begin{exercise}\label{puz:ex-nest-point}
Produce nondegenerate hulls whose decreasing intersection is a point.
\end{exercise}
\solution
Take $K_n=[-1/n,1/n]$. Each is a nondegenerate full continuum, $K_{n+1}\subset
K_n$, and $\bigcap_nK_n=\{0\}$. Their diameters are $2/n$. Thus a theorem
about a nested limit must allow singletons even when no finite stage is a
singleton. The example also gives a polynomial rate, not a geometric one.

\begin{exercise}\label{puz:ex-slow}
Given any decreasing positive sequence $r_n\to0$, construct a compact nest
with singleton intersection and diameter exactly $r_n$.
\end{exercise}
\solution
The intervals $P_n=[-r_n/2,r_n/2]$ have diameter $r_n$ and intersection
$\{0\}$. Choosing $r_n=1/\log(n+2)$ gives a rate slower than every fixed
negative power of $n$. A singleton intersection alone therefore cannot
justify a polynomial or exponential stopping estimate.

\begin{exercise}\label{puz:ex-missing-K}
For $K=[-2,2]$, remove the right sector of the vertical line $\Re z=1$.
Compare the formulas with ambient factor $K$ and with ambient factor $\C$.
\end{exercise}
\solution
With $S=\{\Re z>1\}$ one has $K\setminus S=[-2,1]$, a subhull. In contrast,
$\C\setminus S=\{\Re z\le1\}$ is unbounded and contains points arbitrarily
far from $K$. The error is set-theoretic and cannot be repaired by choosing
a different topology on the same formula.

\begin{exercise}\label{puz:ex-transitive-closure}
In the tangent-disk example, what does taking the equivalence relation
generated by the naive nonseparation relation do to the two centers?
\end{exercise}
\solution
It identifies them: $x\sim a\sim y$ is a chain of length two. More generally
every point of either disk is inseparable from the root by the permitted
simple cuts, so the generated equivalence relation collapses the entire
hull to one class. This is a possible quotient, but it loses the two-disk
geometry and is not the locally connected recognition model. Taking a
transitive closure is a substantive choice, not a harmless notation change.

\begin{exercise}\label{puz:ex-root-survival}
Why is the hypothesis $z\ne a_j$ useful in the last assertion of
Theorem~\ref{puz:countable}?
\end{exercise}
\solution
The proof of nondegeneracy uses the distinct retained points $z$ and $a_j$.
If they coincide, that argument gives only one point. Moreover a point on
$L_j$ does not choose a unique open side of the line. One must add side data
or an independent nondegeneracy argument before allowing the base point to
be a root. The hypothesis resolves both the side-selection ambiguity and
the final two-point witness.

\chapter{Rigidity, local connectivity, and landing}
\label{puz:rigidity}

\section{The topology supplied by a shrinking nest}
\source{Proposition 9.8, Corollary 9.9 and Corollary 9.18.}
A set containing a point need not be a neighborhood of that point. To obtain
local connectivity from puzzle geometry, the point must lie in the interior
of each relevant piece. The connected sets supplied by admissibility then
contain relatively open neighborhoods in the continuum.

\begin{definition}[Admissible rigidity]\label{puz:rigidity-definition}
A point $a$ of a continuum $K$ is admissibly rigid if there are admissible
Jordan pieces $P_n$ with
\[
 a\in\operatorname{int}P_n,
 \qquad P_{n+1}\subset P_n,
 \qquad\diam P_n\longrightarrow0.
\]
It is perfectly rigid if the pieces can be chosen perfect. When the pieces
are required to be cut pieces, we say cut-rigid or perfectly cut-rigid.
These qualifications record which geometric information is available.
\end{definition}

\begin{proposition}[Rigidity implications]\label{puz:rigidity-lc}
Admissible rigidity implies weak local connectivity at $a$. Perfect
rigidity implies local connectivity at $a$. If every point of a continuum
is admissibly rigid, the continuum is locally connected.
\end{proposition}
\begin{proof}
Let $U$ be a relatively open neighborhood of $a$ in $K$. Choose
$\varepsilon>0$ with $K\cap B(a,\varepsilon)\subset U$, and then choose
$n$ with $\diam P_n<\varepsilon$. The set $C_n=K\cap P_n$ is connected,
contains $a$, and satisfies
\[
 K\cap\operatorname{int}P_n\subset C_n\subset U.
\]
The left-hand set is an open neighborhood of $a$ in $K$. Thus $C_n$ is a
connected neighborhood, not necessarily an open one. This is weak local
connectivity. If the pieces are perfect, $K\cap\operatorname{int}P_n$
itself is connected and open, proving local connectivity at $a$.

The radii in this argument have different roles. Interior membership
supplies some $r_n>0$ with $B(a,r_n)\subset\operatorname{int}P_n$; the
diameter condition supplies the outer bound. Thus
\[
 K\cap B(a,r_n)\subset K\cap\operatorname{int}P_n
 \subset C_n\subset K\cap B(a,\varepsilon).
\]
There is no requirement that $r_n$ be comparable to $\varepsilon$ or to
$\diam P_n$. A very narrow piece can still be a neighborhood, provided
$r_n>0$. Conversely, if $a$ were only on $\partial P_n$, the first
inclusion need not hold for any positive radius, even when $C_n$ is
connected and tiny. The proof therefore uses both the metric inequality
$\diam P_n<\varepsilon$ and the topological assertion of interior
membership; neither is a replacement for the other.

For the global assertion, let $V\subset K$ be open and $C$ one of its
components. For every $x\in C$, weak local connectivity gives a connected
neighborhood $N_x$ of $x$ contained in $V$. Since $N_x$ meets $C$, it is
contained in $C$. Its relative interior is an open neighborhood of $x$
inside $C$. Taking these interiors over $x\in C$ shows that $C$ is open.
Components of every open set are therefore open, which is the local
connectivity criterion.
\end{proof}

The proof identifies the exact difference between weak and ordinary local
connectivity at one point. A connected closed neighborhood gives the first;
a connected open neighborhood gives the second. The global implication is
not obtained by calling the same neighborhood open. It uses the component
criterion at every point.

\begin{proposition}[An interior body obstructs shrinking cut pieces]
\label{puz:body-obstruction}
Let $K$ be a compact set and $U$ a nonempty connected open subset of
$\operatorname{int}K$. Suppose $P$ is a closed Jordan disk with
$\partial P\cap K$ finite. If $a\in\overline U\cap\operatorname{int}P$,
then $U\subset\operatorname{int}P$. In particular
$\diam P\ge\diam U$.
\end{proposition}
\begin{proof}
The curve $\partial P$ misses $U$: any point of $U$ lying on the curve
would have a small neighborhood in $K$, and a nontrivial subarc of the
Jordan curve in that neighborhood would give infinitely many intersection
points. Since $a$ is an interior point of $P$ and belongs to $\overline U$,
the set $U$ meets $\operatorname{int}P$. Connectedness of $U$, together
with $U\cap\partial P=\varnothing$, puts all of $U$ in that component of
the curve complement. The diameter inequality follows by taking suprema
over pairs of points in $U$.
\end{proof}

For hull-cut pieces this excludes rigidity at every point of the closure
of a nondegenerate interior component. It does not exclude local
connectivity there. A closed disk is locally connected at every point,
but its boundary cannot be crossed by a finite hull-cut curve in order to
make arbitrarily small hull-cut pieces. Dipole cuts of the boundary
continuum are a different construction and will be treated separately.

\begin{example}[A nest which retains a comb impression]
\label{puz:comb}
Consider the full continuum
\[
 K=([0,1]\times\{0\})\cup(\{0\}\times[0,1])
   \cup\bigcup_{n\ge1}(\{1/n\}\times[0,1]).
\]
The rectangles
$P_n=[-1/n,1/n]\times[-1/n,1+1/n]$ are nested, their intersections with
$K$ are connected, and their limiting intersection with $K$ is the entire
left segment $\{0\}\times[0,1]$. At $a=(0,1/2)$ the hull is not even
weakly locally connected. Any neighborhood of $a$ contains points on
infinitely many teeth. A connected subset of the ball $B(a,1/4)$ cannot
join a tooth to the left segment, since all such connections in $K$ must
pass through the base at height $0$. Hence no connected neighborhood of
$a$ lies in that ball. The nonshrinking impression records a real
obstruction; it is not a failure to choose a fast enough depth.
\end{example}

\fig{comb_limit}{A finite prefix illustrates the infinite comb in
Example~\ref{puz:comb}. The proof uses the whole sequence of teeth and its
limit segment; a finite drawing alone cannot establish non-local-connectivity.}{ix-comb}

\section{Finite barriers in the prime-end disk}
\source{Exercise 9.10 and Corollary 9.11.}
Let $K$ be a hull and let
$\Phi:\{w:|w|>1\}\to\C\setminus K$ be its normalized exterior
uniformization. Its prime-end boundary is the unit circle. For
$\zeta\in\mathbb T$ write $I(\zeta)$ for the cluster set of $\Phi$ at
$\zeta$ from the exterior. The pole at infinity has no role in the local
boundary argument below.

\begin{lemma}[A finite cut-curve away from its endpoint angles]
\label{puz:barrier}
Suppose $P$ is a bounded Jordan disk whose boundary meets $K$ in finitely
many points and whose complementary arcs lie in $\C\setminus K$. Let
$B(P)\subset\mathbb T$ be the finite set of prime-end angles associated
with the accesses of these arcs at their endpoints. If
$\zeta\notin B(P)$ and $I(\zeta)$ meets $\operatorname{int}P$, then
$I(\zeta)\subset P$.
\end{lemma}
\begin{proof}
Each open arc of $\partial P\setminus K$ pulls back under $\Phi^{-1}$
to an arc in the exterior disk. The inverse-map landing theorem from
Volume VIII gives a limit angle at each finite endpoint. Thus the union
of these pulled-back arcs and their endpoint angles is a compact subset
of the closed exterior disk, apart from no point at infinity because
$\partial P$ is bounded. Its intersection with $\mathbb T$ is exactly
$B(P)$.

Denote that compact pulled-back set by $A_P$. Since it misses the chosen
point, its distance gives an explicit available scale:
\[
 d=\dist(\zeta,A_P)>0,
 \qquad 0<\delta<\min\{d/2,1/2\}.
\]
The compactness here is essential: disjointness from a nonclosed union of
arcs would not by itself give positive distance. There are only finitely
many boundary arcs, and adjoining each of their two landing angles makes
each image compact. Boundedness of $\partial P$ and properness of the
exterior coordinate near infinity prevent an additional escape to infinity.
With this choice the same neighborhood avoids every boundary arc at once.


If $\zeta\notin B(P)$, choose $\delta>0$ so small that
\[
 V_\delta=\{w:|w|>1,\ |w-\zeta|<\delta\}
\]
is disjoint from the pulled-back boundary. It is connected. Hence
$\Phi(V_\delta)$ is connected and avoids $\partial P$, so it lies wholly
in one complementary component of that curve. A sequence witnessing a
point of $I(\zeta)\cap\operatorname{int}P$ eventually enters
$\operatorname{int}P$. Therefore the entire image lies inside $P$.
Any cluster point as $w\to\zeta$ then belongs to the closed disk $P$.

Equivalently, if $\eta_k\downarrow0$ and $\eta_k<\delta$, the cluster
definition gives
\[
 I(\zeta)
 =\bigcap_k\overline{\Phi(V_{\eta_k})}
 \subset\overline{\Phi(V_\delta)}\subset P.
\]
The last inclusion uses that $P$ is closed. It includes sequences
approaching tangentially or wandering inside the cap, not just points on
the radial ray. A radial landing statement alone would control a single
approach and would not imply this inclusion for the full impression.
The sequence witnessing an interior point decides the side of the
boundary curve; connectedness then controls all other approaches inside
the same cap.

To check connectedness directly, rotate so that $\zeta=1$ and write
$w=1+\rho e^{it}$, where $0<\rho<\delta$. The exterior condition is
\[
 |1+\rho e^{it}|^2>1
 \quad\Longleftrightarrow\quad 2\cos t+\rho>0.
\]
At fixed $\rho$, the allowed angular interval containing $t=0$ is
$(-\arccos(-\rho/2),\arccos(-\rho/2))$. Moving the argument toward zero
stays in this interval, and then moving along the positive radial segment
connects to any fixed point $1+\rho_0$ with $0<\rho_0<\delta$.
Thus every point can be joined to one reference point inside $V_\delta$.
Rotating back proves path connectivity without a convexity assumption on
the exterior cap.

\end{proof}

The endpoint exclusion is essential to this proof. At an angle of a
boundary arc, one cannot choose a full angular neighborhood avoiding that
arc. The source's statements about impressions touching a closed puzzle
piece require additional endpoint analysis; the lemma does not erase that
obligation. Shrinking pieces around an interior point provide a useful
way to handle the exceptional angles explicitly.

\begin{theorem}[Landing at a cut-rigid point]\label{puz:rigid-landing}
Let $a\in K$ admit shrinking cut pieces $P_n$ with
$a\in\operatorname{int}P_n$. If $a\in I(\zeta)$, then
$I(\zeta)=\{a\}$. In particular the external ray of angle $\zeta$ lands
at $a$. There is at least one such angle.
\end{theorem}
\begin{proof}
The pieces need not be assumed admissible for this particular conclusion:
the finite barrier and shrinking assumptions are the ingredients used.
For a fixed $\zeta$, suppose it belongs to $B(P_n)$ for infinitely many
$n$. At each such index the corresponding boundary arc lands at a vertex
$b_n\in\partial P_n\cap K$. Lindelof's theorem says that the external ray
of angle $\zeta$ lands at $b_n$. A ray has at most one limit, so all these
$b_n$ are a single point $b$. Since $a\in P_n$ and $\diam P_n\to0$,
\[
 |b-a|\le\diam P_n\longrightarrow0
\]
along those indices, giving $b=a$. But $a$ is in the interior of every
$P_n$, and cannot be its boundary vertex. This contradiction proves that
$\zeta\notin B(P_n)$ for all sufficiently large $n$.

In quantified form, the conclusion is
\[
 E_\zeta=\{n:\zeta\in B(P_n)\}\ \text{is finite},
 \qquad
 \exists N_\zeta\ \forall n\ge N_\zeta:\ \zeta\notin B(P_n).
\]
The index $N_\zeta$ may depend on the angle. No uniform bound on the
number of exceptional indices is being extracted from finiteness of each
$B(P_n)$. Infinitely many finite sets can contain a fixed point
infinitely often; the decisive extra information is that every occurrence
forces the same radial landing value. Along unbounded indices the diameter
estimate forces that value to be $a$, whereas the strict interior condition
forbids $a$ from being any of the boundary vertices. This establishes the
eventual exclusion without an assumed rate of shrinking.

For those indices the cluster set meets $\operatorname{int}P_n$ at $a$,
so Lemma~\ref{puz:barrier} gives $I(\zeta)\subset P_n$. Intersecting and
using the shrinking diameters yields $I(\zeta)\subset\{a\}$. The assumed
membership gives equality. A singleton cluster set is equivalent to a
continuous boundary limit, and therefore includes the radial limit.

To prove existence, first note that $a$ cannot be in $\operatorname{int}K$:
Proposition~\ref{puz:body-obstruction} applied to a small disk around $a$
would prevent shrinking. Choose $z_j\in\C\setminus K$ tending to $a$.
The preimages $w_j=\Phi^{-1}(z_j)$ stay bounded and have a subsequence
tending to the unit circle. They cannot have a limit of modulus greater
than one, since continuity of $\Phi$ there would put $a$ in the exterior.
They cannot tend to infinity, by the exterior normalization. A subsequence
therefore tends to some $\zeta\in\mathbb T$ with $a\in I(\zeta)$.
\end{proof}

This proof uses neither a global puzzle quotient nor a presumed partition
of all physical points. Its essential finite information is the endpoint
set $B(P_n)$. The eventual exclusion follows from uniqueness of a radial
limit and the strict interior condition, which is why replacing
$a\in\operatorname{int}P_n$ by $a\in P_n$ would invalidate the argument.

\begin{corollary}[The complete landing fiber]\label{puz:rigid-fiber}
For a cut-rigid point $a$, the set
\[
 Q(a)=\{\zeta\in\mathbb T:I(\zeta)=\{a\}\}
\]
is nonempty and compact. The map $\Phi$ extends continuously to
$\{|w|>1\}\cup Q(a)$ with value $a$ on $Q(a)$, and no other prime-end
impression contains $a$.
\end{corollary}
\begin{proof}
Existence and the last assertion follow from the theorem. If
$\zeta_j\in Q(a)$ tends to $\zeta$, choose $w_j$ outside the disk with
$|w_j-\zeta_j|<1/j$ and $|\Phi(w_j)-a|<1/j$. Then $a\in I(\zeta)$,
so the theorem puts $\zeta$ in $Q(a)$. This proves closedness and hence
compactness. At each point of $Q(a)$ the singleton-cluster criterion gives
continuity from the exterior, and sequences within $Q(a)$ have constant
image $a$. These are exactly the sequences needed for continuity on the
stated union.

Compactness of $Q(a)$ even gives a uniform qualitative boundary estimate:
\[
 \forall\varepsilon>0\ \exists\delta>0:\quad
 |w|>1,\ \dist(w,Q(a))<\delta
 \ \Longrightarrow\ |\Phi(w)-a|<\varepsilon.
\]
If this failed, choose $w_j$ with distance to $Q(a)$ tending to zero but
$|\Phi(w_j)-a|\ge\varepsilon$. Choose nearest points
$\zeta_j\in Q(a)$ and pass to a subsequence with $\zeta_j\to\zeta\in Q(a)$.
Then $w_j\to\zeta$, contradicting the singleton cluster set at $\zeta$.
This estimate expresses continuity on a compact set of landing angles.
It supplies neither an explicit modulus $\delta(\varepsilon)$ nor a
global boundary extension at angles outside $Q(a)$, so it does not enlarge
the theorem to the unresolved general quotient setting.
\end{proof}

\section{A local-connectivity criterion using finite sectors}
\begin{proposition}[Connected open cut neighborhoods]\label{puz:open-sectors}
Let $a\in K$. Suppose that for every $\varepsilon>0$ there are finitely
many cut-lines avoiding $a$ such that the cell $S$ containing $a$ satisfies
\[
 K\cap S\text{ is connected},\qquad
 K\cap S\subset B(a,\varepsilon).
\]
Then $K$ is locally connected at $a$.
\end{proposition}
\begin{proof}
The cell $S$ is open, so $K\cap S$ is a relatively open neighborhood of
$a$. The assumed connectedness and radius bound provide a basis of
connected open neighborhoods. This is precisely local connectivity.
\end{proof}

The radius bound can often be obtained by a finite-cover argument. If each
$x\in K\setminus B(a,\varepsilon)$ lies in an open sector separated from
$a$, those sectors cover that compact set, so finitely many suffice.
What remains to be proved in a particular application is that the selected
lines form a compatible cell system and that removing the boundary roots
leaves its interior intersection connected. The terminology ``well
branched'' is designed to supply that last connectivity in suitable
systems. It is not a replacement for checking compatibility of the cuts.
Similarly, constructing a small Jordan puzzle from the resulting cell is
an additional geometric step if perfect \emph{cut-rigidity}, rather than
local connectivity, is the target conclusion.

\section{Solved investigations}
\begin{exercise}\label{puz:ex-boundary-member}
Why is the condition $a\in\operatorname{int}P_n$ indispensable in the
rigidity definition?
\end{exercise}
\solution
Take $K=[-1,1]$, $a=0$, and $P_n$ small closed disks tangent to $K$ at $0$
from above. Their diameters tend to zero and $K\cap P_n=\{0\}$, but
$K\cap\operatorname{int}P_n$ is empty. The sets $K\cap P_n$ are not
neighborhoods of $a$ in $K$. Thus this construction gives no neighborhood
basis. Membership in a shrinking compact set is weaker than membership
in its interior, even when the intersection is a singleton.

\begin{exercise}\label{puz:ex-disk-rigid}
Can a point of the unit circle be cut-rigid for the closed unit disk under
the finite hull-cut convention?
\end{exercise}
\solution
No. Apply Proposition~\ref{puz:body-obstruction} with $U=\D$. Every piece
containing that point in its interior and meeting the hull only finitely
on its boundary contains $\D$, so has diameter at least $2$. This is
consistent with the disk being locally connected. Cut-rigidity is a
sufficient geometric criterion in its stated scope, not a necessary
condition for local connectivity of arbitrary full hulls with interior.

\begin{exercise}\label{puz:ex-finite-exceptions}
In Theorem~\ref{puz:rigid-landing}, may the sets $B(P_n)$ be disjointly
replaced by one uniformly bounded exceptional set?
\end{exercise}
\solution
No such uniform bound is assumed: the number and angles of vertices may
vary with $n$. The proof instead fixes one angle $\zeta$ and shows that it
cannot occur in infinitely many $B(P_n)$. This pointwise eventual
exclusion suffices for the fixed cluster set $I(\zeta)$. It does not give
a depth uniform over every angle, and the theorem claims none.

\begin{exercise}\label{puz:ex-fiber-closed}
Explain why compactness of $Q(a)$ is not obtained merely by saying that
radial limits depend continuously on the angle.
\end{exercise}
\solution
For a general hull radial limits need not vary continuously in angle, and
may not exist at every angle. The proof uses a diagonal sequence
$w_j\to\zeta$ with $\Phi(w_j)\to a$, which puts $a$ in a cluster set.
Cut-rigidity then forces that entire cluster set to be $\{a\}$. The
continuity conclusion is obtained after this argument, not assumed before
it.

\begin{exercise}\label{puz:ex-finite-cover}
State the exact compact set used when replacing pointwise separating
sectors by finitely many sectors in Proposition~\ref{puz:open-sectors}.
\end{exercise}
\solution
Use $K\setminus B(a,\varepsilon)$, which is closed in the compact set
$K$. Each of its points must belong to an \emph{open} removed sector.
Compactness gives a finite subcover. The complement in $K$ of that union
then lies in $B(a,\varepsilon)$. A cover by closed sectors would not give
the same finite-subcover conclusion without an additional argument, and
using $K\setminus\overline{B(a,\varepsilon)}$ would lose compactness.

\chapter{Gates and Jordan interior components}
\label{puz:interiors}

\section{A gate onto one interior component}
\source{Proposition 9.21 and its dependency on source Lemma 1.30.}
Let $K$ be a locally connected hull and $U$ a component of
$\operatorname{int}K$. The uniform small-arc property of a compact locally
connected continuum is available from the foundational chapters. In
particular any two points can be joined by an arc in $K$, and nearby points
can be joined by an arc of arbitrarily small diameter. No assertion about
shrinking interior components is needed for the construction that follows.

First observe that
\[
 \partial U\subset\partial K.
\]
Indeed, if a boundary point of $U$ had a small disk contained in
$\operatorname{int}K$, that connected disk would meet $U$ and hence lie
in the same component $U$. This would make the point an interior point of
$U$, a contradiction.

\begin{theorem}[Gate retraction]\label{puz:gate}
For $x\in K\setminus\overline U$, choose an arc in $K$ from $x$ to
$\overline U$, and let $g_U(x)$ be its first intersection with
$\overline U$. This point is independent of the chosen arc. Setting
$g_U(x)=x$ on $\overline U$ defines a continuous retraction
\[
 g_U:K\longrightarrow\overline U
\]
which is constant on every component of $K\setminus\overline U$.
If an arc $\alpha\subset K$ meets $\overline U$, then
$g_U(\alpha)\subset\alpha$. If it does not meet $\overline U$, its image
under $g_U$ is a singleton.
\end{theorem}
\begin{proof}
Suppose two arcs from $x$ have different first contacts $u_1,u_2$.
Truncate them at those contacts. Their interiors avoid $\overline U$.
Take the final point $v$ of the first truncated arc which belongs to the
second arc. Such a point exists by compactness of the intersection. The
subarcs from $v$ to $u_1$ and $u_2$ have disjoint interiors and meet only
at $v$, which lies outside $\overline U$.

More explicitly, parametrize the first truncated arc injectively by
$\alpha_1:[0,1]\to K$, with endpoint $u_1$, and write $A_2$ for the image
of the other. The set of contact parameters is compact and nonempty, so
\[
 t_* =\max\{t\in[0,1]:\alpha_1(t)\in A_2\},
 \qquad v=\alpha_1(t_*).
\]
Since $u_1\ne u_2$ and the second arc has no other contact with
$\overline U$, one has $t_*<1$. Every point after $t_*$ on the first arc
misses the entire second arc. Taking the subarc of $A_2$ from $v$ to
$u_2$ therefore produces exactly the required fork. This selection uses
order along an embedded arc and compactness of its intersection, rather
than an unproved assumption that two arbitrary paths have a last common
geometric segment.

Choose points $w_i\in U$ close to $u_i$. By the small-arc property, join
$u_i$ to $w_i$ by arcs $\eta_i\subset K$ of sufficiently small diameter.
The compact branch $[v,u_2]$ misses $u_1$, and the compact branch $[v,u_1]$
misses $u_2$. The two contacts are distinct. We may therefore choose the
arcs small enough that $\eta_1$ misses the other branch and $\eta_2$,
and $\eta_2$ misses the first branch and $\eta_1$. Erasing any loops in
$[v,u_i]\cup\eta_i$ gives an arc $\delta_i$ from $v$ to $w_i$; the two
arcs meet only at $v$.

The smallness choices can be made simultaneously. The two positive
distances from a contact to the opposite compact branch, together with
$|u_1-u_2|$, have a positive minimum $d$. Choose the connecting arcs with
diameter less than $d/4$. Then
\[
 \eta_i\subset B(u_i,d/4),\qquad
 B(u_1,d/4)\cap B(u_2,d/4)=\varnothing,
 \qquad \eta_i\cap[v,u_{3-i}]=\varnothing.
\]
To obtain such an arc, first use the uniform small-arc property to choose
the permissible distance from $w_i$ to $u_i$, and only then choose
$w_i\in U$ within that distance. Boundary membership $u_i\in\partial U$
guarantees this last choice. The order of these choices ensures that the
added arcs do not accidentally meet the opposite branch while joining
the contacts to the open component.

Join $w_1$ to $w_2$ by a path in the open connected domain $U$, and erase
loops to make it an arc. Trim this connector at its last contact with
$\delta_1$ before its first subsequent contact with $\delta_2$. The trimmed
arc lies in $U$, has one endpoint on each $\delta_i$, and its interior
misses both. The two initial branch segments from $v$ to those endpoints,
together with the connector, form a Jordan curve $\Gamma\subset K$.
Its bounded complementary domain $V$ is contained in $K$ by fullness.
Since $V$ is open, it lies in $\operatorname{int}K$. Moreover it meets
$U$: near any interior point of the connector, a small disk lies in $U$
and meets the bounded side of $\Gamma$. Connectedness therefore gives
$V\subset U$. But $v\in\partial V$, so $v\in\overline U$, contradicting
its construction. The first contact is independent of the arc.

The component argument at the contradiction is worth separating from
the filling argument. Fullness first gives $V\subset K$; openness then
gives $V\subset\operatorname{int}K$. The set $V$ is connected and has a
point in $U$, so maximality of a connected component implies
\[
 V\cap U\ne\varnothing,\quad V\subset\operatorname{int}K
 \quad\Longrightarrow\quad V\subset U
 \quad\Longrightarrow\quad
 \Gamma=\partial V\subset\overline U.
\]
The final inclusion contradicts the particular vertex $v\notin\overline U$.
It is not enough to observe that the two tentative contacts could be
joined inside $U$: that observation alone would not compare paths outside
$U$. The Jordan curve forces its entire bounded region into a single
interior component, which is the step excluding two distinct gates.

The open subspace $K\setminus\overline U$ is locally path connected.
Every one of its components is therefore path connected. If $x$ and $y$
lie in one such component, join them by a path avoiding $\overline U$
and append an arc from $y$ to its gate. Loop erasure gives an arc from $x$
whose only contact with $\overline U$ is that same endpoint. Thus
$g_U(x)=g_U(y)$. Components of the open subspace are open in $K$, so this
also proves local constancy and continuity away from $\overline U$.

At a point $a\in\overline U$, let $x\in K$ be close to $a$. A small arc
$\alpha$ joining $x$ to $a$ has a first contact with $\overline U$ if
$x$ lies outside it. That contact is $g_U(x)$ and lies on $\alpha$. If
$x$ lies in $\overline U$, its image is $x$. In either case
\[
 |g_U(x)-a|\le\diam\alpha.
\]
The small-arc property proves continuity at $a$.

Indeed, given $\varepsilon>0$, choose $\delta>0$ from the small-arc
property of $K$ so that points at distance less than $\delta$ admit an
arc of diameter less than $\varepsilon$. The gate just identified belongs
to that arc, so
\[
 x\in K,\quad |x-a|<\delta
 \quad\Longrightarrow\quad
 |g_U(x)-g_U(a)|=|g_U(x)-a|<\varepsilon.
\]
This handles approaches through arbitrarily many different components
of $K\setminus\overline U$. Local constancy alone would only handle a
sequence eventually remaining in one fixed component. The small-arc
estimate supplies the missing control as these components accumulate at
the retraction's fixed set.

Finally let an arc $\alpha$ meet $\overline U$. A point of the arc outside
$\overline U$ belongs to an open parameter interval whose endpoint, in at
least one direction, is a contact with $\overline U$. The subarc to that
contact gives its gate, which lies on $\alpha$. Points already in
$\overline U$ are fixed. Hence $g_U(\alpha)\subset\alpha$. If the arc
misses $\overline U$, it lies in one component of the complement and the
already proved constancy applies.
\end{proof}

The first-contact assertion is stronger than choosing an arbitrary path
from the hull to the component. It makes the retraction canonical once
$U$ is specified. The proof's only uniform input was the small-arc property
of $K$. In particular it does not depend on the null-family theorem that
will use these gates.

\fig{gate_retraction}{A disk body with attached continua illustrates a gate
retraction. The body is fixed pointwise; each indicated attachment maps
to its marked root. Fibers need not have small diameter. The theorem
establishes continuity from small connecting arcs in the whole hull.}{ix-gate-retraction}

\begin{corollary}[At most one common boundary point]
\label{puz:component-contact}
If $U$ and $V$ are distinct components of $\operatorname{int}K$, then
$\overline U\cap\overline V$ is empty or a singleton.
\end{corollary}
\begin{proof}
The open set $V$ misses $\overline U$. Otherwise a disk in $V$ around a
point of $\overline U$ would meet $U$, joining two supposedly different
components of $\operatorname{int}K$. The connected set $V$ therefore lies
in one component of $K\setminus\overline U$, so $g_U$ is constant on it.
Continuity makes $g_U$ constant on $\overline V$. Every point of
$\overline U\cap\overline V$ is fixed by the retraction. Hence there can
be at most one such point.

If the constant value on $V$ is $c$, the two properties of the retraction
give the useful pair of equations
\[
 g_U|_{\overline V}\equiv c,
 \qquad g_U|_{\overline U}=\operatorname{id}_{\overline U}.
\]
For any $p,q\in\overline U\cap\overline V$, substitution yields
$p=g_U(p)=c=g_U(q)=q$. This is a statement about closures, although
constancy was initially proved only on the open component $V$.
Continuity is exactly what permits passage to its boundary. Disjointness
of the two open components by itself would not limit their common
boundary to one point; many planar domains with disjoint interiors have
long common boundary arcs.
\end{proof}

This proves the conclusion of source Exercise 9.22 before proving that the
components are Jordan disks. It is not circular: the gate theorem used
arcs in $K$, not internal ray coordinates or a pinched-disk model.

\section{The boundary of an interior component}
The exterior Caratheodory theorem gives a continuous surjection
$\Phi:\mathbb T\to\partial K$ because $K$ is locally connected. Composing
with the gate gives
\[
 \mathbb T\xrightarrow{\ \Phi\ }\partial K
 \xrightarrow{\ g_U\ }\partial U.
\]
The second arrow has precisely the indicated range. A point of
$\partial K\cap\overline U$ lies in $\partial U$, and a point outside
$\overline U$ is sent to a first-contact point in $\partial U$. Conversely
every point of $\partial U$ belongs to $\partial K$ and is fixed. Thus
$\partial U$ is a continuous image of the circle and is locally connected.
This argument avoids the invalid general inference that local connectivity
of the closure of a domain alone implies local connectivity of its boundary.

\begin{theorem}[Jordan interior components]\label{puz:jordan-components}
Every component $U$ of the interior of a locally connected hull $K$ is a
Jordan domain. Its Riemann map $\psi:\D\to U$ extends to a homeomorphism
$\overline\D\to\overline U$.
\end{theorem}
\begin{proof}
First $U$ is simply connected. A Jordan curve contained in $U$ bounds a
disk contained in $K$ by fullness. That open disk meets $U$ near the curve,
so belongs to the same component of $\operatorname{int}K$ and is contained
in $U$. The planar simple-connectivity criterion applies. Since $U$ is
bounded and nonempty, it has a Riemann map $\psi:\D\to U$.
The preceding gate argument proves local connectivity of $\partial U$,
so Caratheodory's theorem extends $\psi$ continuously to the closed disk.

Suppose two distinct circle points $\xi_1,\xi_2$ have the same image
$a\in\partial U$. Their two radial arcs have disjoint images except for
the common center $b=\psi(0)$ and the common landing point $a$. Their
union is a Jordan curve $\Gamma\subset\overline U\subset K$. Let $V$
be its bounded complementary domain. Fullness gives $V\subset K$, and
$V$ meets $U$ along the interior side near a point on either radial arc.
Thus $V\subset U$.

This side choice is a separation statement inside the open domain $U$.
Removing the two radial images and their common center corresponds under
$\psi$ to removing the two radii from $\D$. The two remaining angular
sectors are connected. Each image avoids $\Gamma$, so is contained in
one side of $\Gamma$; near an interior point of a radial image, the local
homeomorphism $\psi$ sends the two sides of the radius to the two sides
of the Jordan arc. Thus the two sector images occupy opposite sides,
and exactly one lies in the bounded side $V$:
\[
 \psi(W_1)\subset V,
 \qquad \psi(W_2)\subset\C\setminus\overline V
\]
after labeling the sectors appropriately. This justifies selecting the
circle interval adjacent to $W_1$ for the following boundary-limit argument.


One of the two angular sectors between the radii maps into $V$. Its
boundary circle interval $A$ has nonempty interior in $\mathbb T$.
Continuity gives $\psi(A)\subset\overline V\cap\partial U$.
The interior of $V$ is contained in $U$, and
$\Gamma\cap\partial U=\{a\}$, so $\psi$ is identically $a$ on $A$.
This is impossible for a nonconstant holomorphic function. Indeed, on a
smaller open circle arc the function $\psi-a$ has continuous real boundary
value zero; Schwarz reflection across that circle arc extends it
holomorphically, and the identity theorem then makes it identically zero.
Equivalently the reflection assertion follows from Morera's theorem by
splitting small triangles across the arc, as in the boundary-uniqueness
argument of Volume VIII.

For an explicit local formulation, take a conformal coordinate $\tau$
from a small upper half-disk to the disk side of the selected circle arc,
and put $h=\psi\circ\tau-a$. It is holomorphic above the real diameter,
continuous on it, and zero there. The reflection is
\[
 \widetilde h(w)=
 \begin{cases}
 h(w),&\Im w\ge0,\\
 \overline{h(\overline w)},&\Im w<0.
 \end{cases}
\]
Its two formulas agree on the real diameter. Schwarz reflection, or the
triangle-splitting Morera proof cited above, makes it holomorphic across
that diameter. Since its zeros include an interval with an interior
accumulation point in the enlarged domain, the identity theorem gives
$\widetilde h\equiv0$. Hence $\psi$ is constant on an open subset of $\D$
and then on $\D$, contradicting conformality. No differentiability of the
original boundary parametrization is required.

The extension is therefore injective on $\mathbb T$. Interior and boundary
images cannot coincide, and the original Riemann map is injective inside.
It is a continuous bijection from the compact closed disk to the Hausdorff
space $\overline U$, hence a homeomorphism. In particular $\partial U$ is
a Jordan curve.
\end{proof}

A bounded simply connected domain with a continuous boundary extension
need not have an injective extension. The extra fullness of the ambient
hull was used to force the Jordan region $V$ into the same interior
component. That is the step which rules out slit-type identifications.

\section{The null-family consequence}
The foundational null-family theorem, whose geometric input is
Theorem~\ref{puz:gate}, now applies to the interior components:
\[
 \forall\varepsilon>0:\quad
 \#\{U\text{ a component of }\operatorname{int}K:
                \diam U\ge\varepsilon\}<\infty.
\]
It is useful to record why the gate's arc-image assertion gives a uniform
estimate. If nearby points $x,y$ can be joined by an arc of diameter less
than $\varepsilon$, then either the gate is constant on that arc or both
gate images lie on it. Thus the same modulus works for every component:
\[
 |x-y|<\delta(\varepsilon)
 \quad\Longrightarrow\quad
 |g_U(x)-g_U(y)|<\varepsilon
 \qquad\text{for every }U.
\]
This uniformity, not a separate modulus chosen for each component, is what
prevents infinitely many large interior components. The complete compactness
argument is canonical in Theorem~\ref{f:null-interiors}; no second null-family
claim is being inferred merely from disjointness or finite area. Disjoint
thin domains can have large diameters and arbitrarily small areas.

The same uniformity controls compact images, which is useful when taking
limits of components or arcs. For nonempty compact $E,F\subset K$, the
gate modulus implies
\[
 d_H(E,F)<\delta(\varepsilon)
 \quad\Longrightarrow\quad
 d_H(g_U(E),g_U(F))\le\varepsilon
 \qquad\text{for every }U.
\]
To check one directed distance, choose $x\in E$ and $y\in F$ with
$|x-y|<\delta(\varepsilon)$. Then $|g_U(x)-g_U(y)|<\varepsilon$.
Take the supremum over $x$, and interchange $E,F$ for the reverse
distance. The same $\delta$ works for all $U$, so a component index may
vary along a convergent sequence. This is a consequence of the canonical
gate estimate; it is not a separate geometric shrinking assumption.

The gates also clarify attachment points. A connected component of
$K\setminus\overline U$ has one gate, and its closure can meet
$\overline U$ only at that gate. Indeed continuity makes its gate value
constant on its closure, while points of $\overline U$ are fixed.
Distinct attachment continua may share a gate; the statement does not
assert a bound on their number or their diameters without further input.

\section{Solved investigations}
\begin{exercise}\label{puz:ex-gate-dumbbell}
For two tangent closed disks, describe the gate onto the left disk.
\end{exercise}
\solution
It fixes every point of the left disk and sends every point of the right
disk outside the tangency point to that tangency point. Any arc from the
right disk to the left must pass through the common point. The resulting
map is continuous because a sequence in the right disk can approach a
point of the left disk only at the tangency point. This simple retraction
is compatible with the failure of the naive nonseparation partition:
a retraction onto one selected component is not a simultaneous partition
by all possible puzzle impressions.

\begin{exercise}\label{puz:ex-gate-modulus}
Suppose every pair of points at distance less than $\delta$ can be joined
in $K$ by an arc of diameter at most $3\varepsilon$. Bound their gate images
for every interior component.
\end{exercise}
\solution
The gate image of the joining arc is either a singleton or a subset of
the arc. Consequently $|g_U(x)-g_U(y)|\le3\varepsilon$, uniformly in $U$.
No length estimate is needed: the joining arc may have infinite length.
The relevant control is its diameter. This distinction permits the
argument on locally connected fractal hulls without rectifiability.

\begin{exercise}\label{puz:ex-closure-contact}
Can two distinct interior components of a locally connected hull share a
nontrivial boundary arc?
\end{exercise}
\solution
No. The gate onto the closure of the first component is constant on the
second component and, by continuity, on its closure. It fixes their common
boundary points. A shared arc would contain at least two such fixed points,
contradicting constancy. This proof also rules out two isolated common
boundary points and does not require the common set itself to be connected.

\begin{exercise}\label{puz:ex-null-versus-area}
Give disjoint bounded plane domains of area tending to zero whose diameters
do not tend to zero. Explain why this does not contradict the null-family
theorem for a locally connected hull.
\end{exercise}
\solution
Take disjoint horizontal rectangles of width $1$ and heights tending to
zero, stacked inside a bounded square with disjoint vertical intervals.
Every diameter is at least $1$, while their areas tend to zero. Their
closures together with their limit segment do not supply the required
uniform small-arc geometry across the intervening gaps. A suitable filled
locally connected ambient hull would join those regions through its
interior and change the component list. The theorem concerns components
of one locally connected full hull, not an arbitrary disjoint family.

\chapter{Dipoles, attachments, and peripheral geometry}
\label{puz:limbs}

\section{Dipoles cut a boundary differently from a hull}
\source{\S9.2.1, Exercises 9.16--9.17 and Lemma 9.19.}
Let $J$ be a planar continuum which need not be full. A dipole cut-line
meets $J$ at two points, and the segment between them lies in a bounded
component of $\C\setminus J$. For a Jordan curve this is the familiar
construction of an interior crosscut continued outside the curve at both
ends. It is a cut of the boundary continuum, not a simple cut of its filled
hull: the middle segment lies inside that hull.

A single dipole line for a Jordan curve divides the curve into two arcs.
It is tempting to repeat the finite simple-cut induction without checking
what the middle cells contain. That induction is not valid for arbitrary
families of dipoles.

\begin{example}[Two dipoles and a disconnected middle cell]
\label{puz:dipole-counterexample}
Take $J=\mathbb T$ and the two lines
\[
 L_-=\{\Im z=-\tfrac12\},\qquad
 L_+=\{\Im z=\tfrac12\}.
\]
Each line meets $J$ transversely in two points, and the segment between
those points is contained in $\D$. They are disjoint dipole lines. For
the middle cell $S=\{z:-1/2<\Im z<1/2\}$,
\[
 J\cap\overline S
 =\{e^{it}:|\sin t|\le\tfrac12\}
\]
is the union of two disjoint circular arcs, one containing $1$ and the
other containing $-1$. Thus the general dipole version of the connected
cell conclusion in source Exercise 9.16 requires a restriction.
\end{example}

The source sentence uses both ``simple'' and ``dipole'' for the allowed
lines. Under the earlier definition a simple line has one hull
intersection, whereas a dipole has two boundary intersections. If dipoles
are intended to be included, the displayed example applies. If only
single-root lines are intended, the connectedness argument of
Lemma~\ref{puz:one-cut} extends to a general continuum, with no fullness
conclusion. Those are distinct valid and invalid scopes.

A reliable way to formulate a peripheral rigidity theorem is to specify
connectedness of the boundary pieces and of their open interiors, as in
Definition~\ref{puz:admissible}. Calling the local corners perfect does not
remove the need to prove the global connectedness of the intersection.
Once those hypotheses are established, Proposition~\ref{puz:rigidity-lc}
applies to $J$ itself, even when $J$ has complementary holes.

\section{A precise null-attachment model}
We now give a complete metric formulation of the body-and-limbs geometry.
It separates what follows from a null family from what requires additional
access or puzzle construction.

\begin{definition}[Attached null family]\label{puz:attachment-definition}
Let $B$ be a closed Jordan disk. An attached null family consists of
nondegenerate continua $L_j$ and distinct roots $a_j\in\partial B$ such
that
\[
 L_j\cap B=\{a_j\},\qquad
 L_i\cap L_j=\varnothing\ (i\ne j),\qquad
 \diam L_j\longrightarrow0.
\]
Set $K=B\cup\bigcup_{j\ge1}L_j$. When exterior access statements are used,
we additionally require $K$ to be a hull. Finite families are included by
omitting the limit condition.
\end{definition}

Disjointness here is stronger than merely disjoint relative interiors.
It reflects the distinct-root sector decomposition. More general trees of
attachments can be treated recursively, but their intersections must be
specified rather than inferred from a drawing.

\begin{lemma}[Compactness and isolated off-body pieces]
\label{puz:attachment-compact}
The set $K$ in Definition~\ref{puz:attachment-definition} is compact and
connected. Each $L_j\setminus\{a_j\}$ is relatively open in $K$.
A sequence of points from pairwise different limbs can accumulate only on
$B$.
\end{lemma}
\begin{proof}
The family is bounded: all roots lie in the bounded set $B$, the diameters
are eventually at most $1$, and there are only finitely many exceptions.
For a sequence $x_n\in L_{j_n}$ with distinct indices,
\[
 \dist(x_n,B)\le|x_n-a_{j_n}|\le\diam L_{j_n}\longrightarrow0.
\]
Every limit therefore lies in the closed set $B$. Sequences using only
finitely many limbs have their limits in the finite union of those
compact limbs and $B$. This proves closedness and compactness. Every limb
is connected and meets the connected body, so their union is connected.

If $x\in L_j\setminus\{a_j\}$, its distance from $B$ is positive. All but
finitely many other limbs lie in a sufficiently small neighborhood of
$B$ and hence stay away from $x$. The remaining finitely many are compact
and disjoint from $L_j$, so a smaller neighborhood of $x$ misses them too.
It intersects $K$ only in $L_j\setminus\{a_j\}$, proving relative openness.

An explicit radius makes this isolation argument transparent. Put
$d=\dist(x,B)>0$, and choose $N$ so that $\diam L_i<d/4$ for all $i>N$.
For those indices and all $y\in L_i$,
\[
 |x-y|\ge\dist(x,B)-\dist(y,B)>3d/4.
\]
For each of the finitely many $i\le N$ different from $j$, the compact
set $L_i$ misses $x$, so $d_i=\dist(x,L_i)>0$. Choose
$r<\min\{d/2,\,d_i/2:i\le N,\ i\ne j\}$, omitting an empty finite
list. The ball $B(x,r)$ misses $B$ and every other limb. This radius may
depend strongly on $x$ and tends to be uninformative as $x$ approaches
the root; openness at a root requires the different saturation argument.
\end{proof}

\begin{proposition}[Local connectivity away from attachment roots]
\label{puz:peripheral-lc}
For every $a\in B\setminus\{a_j:j\ge1\}$, the attached null continuum
$K$ is locally connected at $a$, whether or not its individual limbs are
locally connected.
\end{proposition}
\begin{proof}
Fix $\varepsilon>0$. There are finitely many limbs with diameter at least
$\varepsilon/3$. Since none has root $a$ and all are disjoint from $B$
except at their roots, choose a connected relatively open neighborhood
$W$ of $a$ in $B$, contained in $B(a,\varepsilon/3)$, and avoiding the
roots of those finitely many limbs. Such neighborhoods exist because a
closed Jordan disk is locally connected. Form its saturation
\[
 O=W\cup\bigcup_{a_j\in W}L_j.
\]
Every attached limb meets $W$ at its root, so $O$ is connected. Every
selected limb has diameter less than $\varepsilon/3$, whence
$O\subset B(a,2\varepsilon/3)$.

The outer estimate applies to every point, not just roots. If $y\in L_j$
is selected, its root belongs to $W$, and hence
\[
 |y-a|\le|y-a_j|+|a_j-a|
 \le\diam L_j+|a_j-a|<2\varepsilon/3.
\]
For points of $W$ the sharper bound $\varepsilon/3$ holds. Connectedness
can likewise be checked for arbitrary many limbs: any separation of $O$
would put the connected set $W$ wholly on one side, and every connected
$L_j$ selected by $a_j\in W$ must lie on that same side because it meets
$W$. The other side would be empty. Thus no locally connected structure
inside an individual limb is needed when it is included whole.

It remains to prove that $O$ is open in $K$. At a point off $B$ this follows
from Lemma~\ref{puz:attachment-compact}: the entire corresponding limb is
included. At a point $b\in W$, suppose points of $K\setminus O$ approach
$b$. They cannot eventually belong to $B\setminus W$, since $W$ is open
in $B$. If their limb indices stay in a finite set, compactness puts $b$
in an excluded limb, so $b$ equals its root, contrary to $b\in W$.
If the indices are distinct, the limb diameters tend to zero; their roots
then approach $b$ and eventually lie in $W$, again a contradiction.

For the last assertion, along a subsequence with distinct indices one has
the explicit root estimate
\[
 |a_{j_n}-b|
 \le|a_{j_n}-x_n|+|x_n-b|
 \le\diam L_{j_n}+|x_n-b|\longrightarrow0.
\]
Because the roots lie in $B$ and $W$ is open in $B$, convergence to
$b\in W$ forces eventual membership in $W$. Those limbs were included
in $O$ by its definition, contradicting $x_n\notin O$. Every sequence of
indices has either a constant subsequence from a finite list or a
subsequence of distinct indices, so these cases exhaust a possible
failure of openness. In the metric space $K$, absence of a sequence
from the complement converging to $b$ is equivalent to the existence
of a relative ball around $b$ contained in $O$.
Thus $O$ is relatively open. The connected open sets so obtained form a
neighborhood basis at $a$.
\end{proof}

This proof is genuinely local. A small non-locally-connected limb may
remain non-locally-connected at its own off-body points; those defects are
not repaired by attaching it to a Jordan body. At a non-root body point,
however, each sufficiently small neighboring limb can be included whole
in a connected neighborhood. No internal parametrization of that limb is
required.

\begin{proposition}[Locally connected gluing]\label{puz:lc-gluing}
If every limb in an attached null family is locally connected, then $K$
is locally connected everywhere.
\end{proposition}
\begin{proof}
Off $B$, local connectivity follows from relative openness of the
corresponding limb. At non-root body points use the preceding proposition.
At a root $a_j$, choose a small connected open neighborhood $W_B$ in $B$
and a small connected open neighborhood $W_j$ in $L_j$, both containing
$a_j$. Choose $W_B$ to avoid all other roots of limbs whose diameters are
larger than a prescribed small tolerance. The set
\[
 O=W_B\cup W_j\cup
       \bigcup_{i\ne j,\ a_i\in W_B}L_i
\]
is connected and has small diameter. The same sequence argument as above
proves openness at points of $W_B$ other than possibly $a_j$. At $a_j$,
points in the distinguished limb approaching it lie eventually in $W_j$,
while points from other limbs are handled by their roots and null
diameters. Openness elsewhere follows from relative openness of the limbs.
This gives the required connected open neighborhoods at the remaining roots.

To keep the diameter tolerance explicit, first choose $W_B$ and $W_j$
inside $B(a_j,\varepsilon/4)$ and avoid the other finitely many roots
whose limbs have diameter at least $\varepsilon/4$. Each remaining limb
included through $W_B$ then lies in $B(a_j,\varepsilon/2)$, so
\[
 a_j\in O\subset B(a_j,\varepsilon/2),
 \qquad \diam O\le\varepsilon.
\]
The distinguished limb is not included whole; its own connected open
neighborhood $W_j$ controls its size. All other selected limbs are included
whole and controlled by the null-family bound. This division of roles
explains why local connectivity of $L_j$ is needed at its root, although
the preceding proposition required no such hypothesis at a nonroot body
point. The estimates and openness proof use the same fixed tolerance.
\end{proof}

\section{Accessibility and the role of the boundary continuum}
Assume now that the glued set is a locally connected hull. The exterior
Caratheodory map lands at every boundary point. If
$a\in\partial B\setminus\{a_j\}$, then $K\setminus\{a\}$ is connected:
$B\setminus\{a\}$ is connected and every limb is still attached at its
unchanged root. Two different accesses at $a$ would give a ray-pair
cut-line. Lemma~\ref{puz:one-cut} would then put nonempty parts of
$K\setminus\{a\}$ in its two disjoint open sectors, a contradiction.
Thus there is exactly one access and exactly one landing external angle.

This supplies a complete accessibility and uniqueness result in the
locally connected gluing scope. Proposition~\ref{puz:peripheral-lc}
proves local connectivity at non-root body points even without that global
assumption. Deriving every access and perfectly rigid boundary-piece
conclusion of source Lemma 9.19 from its weaker hypotheses requires its
additional geometric construction. Those conclusions are not being
silently inferred from the local-connectivity proposition alone.

The distinction between $K$ and $J=\partial K$ is particularly sharp here.
A dipole cut for $J$ may run through the interior of $B$; a finite cut-curve
for $K$ cannot. Proposition~\ref{puz:body-obstruction} therefore prevents
hull-cut rigidity at points of $\partial B$, even in the simplest disk
example. The boundary formulation is the appropriate place for such
peripheral dipole puzzles.

\section{Dense roots and a null-family criterion}
\source{Lemma 9.20.}
The following criterion makes the sector hypotheses explicit. It is useful
when the small diameters are to be proved rather than assumed.

\begin{proposition}[Dense sector attachments shrink]\label{puz:dense-limbs}
Let $K$ be a hull containing a closed Jordan disk $B$. Suppose
\[
 K=B\cup\bigcup_{j\ge1}L_j,
 \qquad L_j\cap B=\{a_j\},
\]
where the $L_j$ are compact connected sets with distinct roots dense in
$\partial B$. Assume each $L_j\setminus\{a_j\}$ is contained in an open
sector $S_j$ bounded by two external rays of $K$ landing at $a_j$, that
$S_j\cap B=\varnothing$, and that the sectors are pairwise disjoint.
Then $(L_j)$ is a null family.
\end{proposition}
\begin{proof}
Suppose infinitely many limbs have diameter at least $\varepsilon>0$.
Compactness of the hyperspace of nonempty compact subsets of $K$ gives a
Hausdorff convergent subsequence, with limit $L_\infty$. It is a continuum
of diameter at least $\varepsilon$. For each fixed $j$, all sufficiently
late members of this subsequence miss the open sector $S_j$. Thus their
limit misses every $S_j$. By the decomposition it is contained in $B$.
The limbs miss $\operatorname{int}B$, so
$L_\infty\subset\partial B$.

Two elementary Hausdorff estimates justify the retained size and location.
For compact nonempty sets $A,C$,
\[
 |\diam A-\diam C|\le2d_H(A,C),
\]
because approximating each endpoint of a pair changes its distance by
at most twice the Hausdorff error. Thus the limit still has diameter at
least $\varepsilon$. If a point $p\in L_\infty$ belonged to an open sector
$S_j$, choose $r>0$ with $B(p,r)\subset S_j$. Hausdorff convergence would
put points of every sufficiently late limb in that ball, although those
limbs miss $S_j$. The same open-ball argument excludes
$p\in\operatorname{int}B$. Hence neither positive diameter nor the
boundary location is merely inferred from the drawing of accumulating
limbs; both follow from the definition of Hausdorff convergence.

A nondegenerate connected compact subset of a Jordan circle contains a
nontrivial circle arc. Choose a root $a_j$ in the interior of such an arc,
and a different root $a_k$. Select one external ray at each root, and
join the roots by a simple crosscut of $B$, whose interior lies in
$\operatorname{int}B$. The two external rays and this crosscut form a
proper embedded line $M$. It meets $\partial B$ only at $a_j,a_k$ and
places the two open circle arcs between these roots on opposite sides.
This last assertion is the Jordan separation theorem, after using the
Schoenflies coordinate of $B$ to straighten its boundary locally at the
two endpoints.

Every $L_n$ with $n\notin\{j,k\}$ misses $M$. Its only point in $B$ is
its own root, which is not an endpoint of the crosscut, and external rays
miss $K$ except at their landing points. Since $L_n$ is connected, it lies
in one open side of $M$. Pass to a further subsequence on which that side
is fixed. Its Hausdorff limit lies in the corresponding closed side.
But $L_\infty$ contains a circle arc through $a_j$ with $a_j$ in its
interior, and this arc has points on both open sides of $M$. This is the
required contradiction.
\end{proof}

The proof uses two distinct roots to construct a genuine separating line
through the body. Merely saying that a limit arc ``crosses a limb'' is not
a substitute for that separation argument. Density supplies a root in the
interior of the limit arc; compactness supplies the limit continuum;
pairwise disjoint open sectors force that limit onto the body boundary.
Each hypothesis has a separate role.

\section{Solved investigations}
\begin{exercise}\label{puz:ex-dipole-band}
Compute the two components in Example~\ref{puz:dipole-counterexample}
using angular intervals.
\end{exercise}
\solution
With angles modulo $2\pi$, the components are
$\{e^{it}:-\pi/6\le t\le\pi/6\}$ and
$\{e^{it}:5\pi/6\le t\le7\pi/6\}$. They are nonempty disjoint compact
arcs. Removing their endpoints gives the corresponding two components of
$J\cap S$. Thus neither the closed nor the open middle intersection is
connected.

\begin{exercise}\label{puz:ex-finite-large}
For an attached null family and $\eta>0$, show that only finitely many limbs
can contain a point at distance at least $\eta$ from the body.
\end{exercise}
\solution
If $x\in L_j$ has $\dist(x,B)\ge\eta$, then
$\diam L_j\ge|x-a_j|\ge\eta$. Nullness makes the set of such indices
finite. This converts the global diameter condition into the local fact
needed to isolate points away from the body.

\begin{exercise}\label{puz:ex-bad-limb}
Can the conclusion of Proposition~\ref{puz:peripheral-lc} imply that every
limb is locally connected?
\end{exercise}
\solution
No. Attach a single non-locally-connected full continuum to a disk at one
point, positioning the rest of it outside the disk. At a body point other
than the attachment, small neighborhoods miss the limb entirely. The
body-point conclusion holds there, while the limb retains its off-body
defects. The proposition deliberately states a pointwise conclusion.

\begin{exercise}\label{puz:ex-dense-needed}
Show why compactness and disjointness alone cannot replace the density and
sector hypotheses in Proposition~\ref{puz:dense-limbs}.
\end{exercise}
\solution
In a square, take disjoint vertical segments of length $1/2$ rooted at
points of its bottom edge with abscissae tending to $0$. Their Hausdorff
limit is another segment of length $1/2$, not a point. The roots are not
dense in a Jordan boundary, and the limiting segment is not forced onto
that boundary by a decomposition into the required sectors. The example
isolates the missing step in a bare compactness argument.

\begin{exercise}\label{puz:ex-one-access}
Under locally connected gluing, why does a non-root point of the body
boundary have exactly one access rather than merely at most one?
\end{exercise}
\solution
Connectedness of $K\setminus\{a\}$ excludes two accesses by the ray-pair
cut argument, so gives only an upper bound. Existence is supplied separately
by the continuous surjective exterior Caratheodory map for the locally
connected hull. A preimage angle gives one landing ray. Combining the
existence statement with the upper bound yields exactly one.

\chapter{Regulated legal arcs and finite trees}
\label{puz:legal}

\section{Pointing the interior components}
\source{\S9.3 and Exercises 9.23--9.26.}
Let $K$ be a locally connected hull. Choose a center $b_U$ in each component
$U$ of $\operatorname{int}K$, and a Riemann map
$\psi_U:\D\to U$ with $\psi_U(0)=b_U$. Its continuous extension is a
homeomorphism by Theorem~\ref{puz:jordan-components}. An internal ray is
\[
 \rho_{U,\theta}=\{\psi_U(re^{i\theta}):0\le r\le1\}.
\]
Changing the normalized Riemann map by a rotation only relabels the rays.
Thus the set of internal rays depends on the chosen center, not on a
remaining angular normalization. A legal point is a point of $\partial K$
or one of the chosen centers.

For two boundary points of $U$, their radial connection is the union of
their two internal rays through $b_U$. For a boundary point and the center,
it is one internal ray. We call these the canonical radial arcs in
$\overline U$. They are embedded arcs because $\psi_U$ is a homeomorphism
of the closed disk.

\begin{definition}[Closed-component legal convention]\label{puz:legal-definition}
An arc $\alpha$ between legal points of $K$ is legal if, for every interior
component $U$, its intersection with $\overline U$ is empty, a singleton,
or one canonical radial arc. The degenerate arc from a point to itself is
also allowed. This is the regulated, closed-component interpretation of
legal arcs used throughout this book.
\end{definition}

The closure in this definition is necessary. If one constrains only
$\alpha\cap U$, both boundary semicircles of a closed disk satisfy the
condition vacuously, since they miss its interior. The diameter joining
the same endpoints also consists of two internal rays. Uniqueness would
therefore fail even for a single disk. The closed-component convention
excludes the boundary semicircles and selects the radial connection.
It states the normalization required for source Exercise 9.23 instead of
using an ambiguous open-slice condition in a uniqueness proof.

\begin{theorem}[Unique legal joining arc]\label{puz:legal-unique}
Every pair of legal points $x,y\in K$ is joined by a unique legal arc,
denoted $[x,y]_K$.
\end{theorem}
\begin{proof}
Assume $x\ne y$, and choose an embedded arc
$\gamma:[0,1]\to K$ joining them. For any component $U$, the parameter
set $\gamma^{-1}(\overline U)$ is a closed interval, a singleton or empty.
Indeed, if there were a complementary parameter interval with two endpoints
mapping to $\overline U$, the intervening subarc would lie outside
$\overline U$. Its gate under $g_U$ would be constant, including both
endpoint values by continuity. The endpoints would be the same point,
contradicting injectivity of $\gamma$.

In parameter form, if $s<t$ are two contacts and a gap lies between them,
take a component $(c,d)$ of
$[s,t]\setminus\gamma^{-1}(\overline U)$. Closedness of the contact set
gives $\gamma(c),\gamma(d)\in\overline U$. Gate constancy on the open
subarc and continuity at its endpoints give
\[
 \gamma(c)=g_U(\gamma(c))
 =g_U(\gamma(d))=\gamma(d),
 \qquad c<d,
\]
contrary to the arc parametrization. Thus between any two contact
parameters every intermediate parameter is also a contact. A closed
subset of an interval with this interval-convexity property is a closed
interval, a singleton or empty, exactly the alternatives required for
unambiguous replacement.

Whenever this interval is nondegenerate, replace its subarc by the canonical
radial connection between its endpoints. An endpoint in $U$ can occur
only when it is $x$ or $y$, hence is the chosen center; every other endpoint
is on $\partial U$. Thus the required canonical connection is defined.
Intervals associated with different components have disjoint interiors:
their images can overlap only at the single common boundary point allowed
by Corollary~\ref{puz:component-contact}. There are countably many such
intervals, since each has a rational number in its interior.

For example, on an interval $[s,t]$ with two distinct boundary endpoints
$p=\psi_U(e^{i\alpha})$, $q=\psi_U(e^{i\beta})$, a concrete continuous
replacement is obtained by setting $v=(r-s)/(t-s)$ and using
\[
 R_U(r)=
 \begin{cases}
 \psi_U((1-2v)e^{i\alpha}),&0\le v\le1/2,\\
 \psi_U((2v-1)e^{i\beta}),&1/2\le v\le1.
 \end{cases}
\]
Both formulas give $b_U$ at $v=1/2$, and they give $p,q$ at the two
ends. Distinct boundary arguments make the two radial segments disjoint
except at the center, so this parametrization is injective. For a center
endpoint only the corresponding single radial segment is needed. The
parameter speeds carry no conformal or length claim; they provide a
definite continuous gluing on the original interval.

Make the replacements continuously on their original parameter intervals,
fixing the endpoint values. A finite collection gives a continuous curve.
The full sequence converges uniformly: on an as-yet-unreplaced interval
both the original value and the replacement lie in $\overline U$, so
\[
 \sup_{t\text{ in that interval}}
       |\gamma(t)-\widetilde\gamma(t)|\le\diam U.
\]
The interior components are a null family by
Theorem~\ref{f:null-interiors}. Consequently the supremum over all omitted
intervals tends to zero, and the complete replacement is continuous.

To make this limit independent of an informal order of replacement,
enumerate the nondegenerate intervals and let $\gamma_N$ replace the
first $N$. For a finite list keep the final curve unchanged thereafter,
and define the supremum of an empty omitted list to be zero. The null-family
property implies
\[
 d_N=\sup\{\diam U_j:j>N\}\longrightarrow0,
 \qquad
 \|\gamma_M-\gamma_N\|_\infty\le d_N\quad(M>N).
\]
Indeed for every $\eta>0$ there are only finitely many involved components
with diameter at least $\eta$, and every enumeration has included all
of them by some finite index. At a parameter where the two curves differ,
both values lie in the closure of the single component being replaced
there. The bound is a supremum, not a sum of diameters; convergence does
not require $\sum_j\diam U_j<\infty$. Completeness of the plane gives a
uniform limit, and the usual three-term estimate with one continuous
$\gamma_N$ proves its continuity at every parameter, including an
accumulation of replacement intervals.
It is injective. New interior points lie inside their own component and
cannot meet another replacement or the unchanged part of the original
arc. Its boundary endpoints retain their original distinct parameter
values. Thus the result is an embedded arc. Its intersection with each
closed component is empty, the prescribed radial connection, or a retained
singleton contact, so it is legal. An original singleton contact with a
different component may disappear when a boundary subarc is replaced;
this does not affect legality.

Uniform limits of injective curves need not be injective, so the separate
geometric check above is necessary. If a final image value is an interior
point of some $U$, it can arise only from that component's replacement:
the original contact interval contained every old visit to $\overline U$,
and other components have disjoint interiors. Its parameter is therefore
unique by injectivity of the radial parametrization. If the final value
lies in $\partial K$, it is either an unchanged original value or an
endpoint value retained at its original parameter. Thus
\[
 \widetilde\gamma(s)=\widetilde\gamma(t)\in\partial K
 \quad\Longrightarrow\quad
 \gamma(s)=\gamma(t)\quad\Longrightarrow\quad s=t.
\]
The interior and boundary cases exhaust the image. This establishes an
embedded arc after the infinite replacement, not merely a continuous path.

For uniqueness, suppose legal arcs $\alpha$ and $\beta$ with the same
endpoints differ. A component of $\alpha\setminus\beta$, together with
the subarc of $\beta$ between its two endpoint contacts, contains a Jordan
curve $\Gamma$. By fullness its bounded complementary domain $V$ lies in
$K$, hence in one component $U$ of $\operatorname{int}K$. Therefore
$\Gamma\subset\overline U$. But each legal arc meets $\overline U$ in
at most two internal rays, so $\Gamma$ would be contained in at most four
rays through $b_U$. Such a finite radial star contains no Jordan curve:
removing its center leaves disjoint intervals, and two points in different
intervals can be connected only through that center. This contradiction
proves uniqueness.

The radial-star obstruction can also be checked in the disk coordinate.
For a finite set of distinct angles $\Theta$, put
\[
 T_\Theta=\bigcup_{\theta\in\Theta}[0,e^{i\theta}],
 \qquad
 T_\Theta\setminus\{0\}
 =\bigsqcup_{\theta\in\Theta}(0,e^{i\theta}].
\]
Each component on the right is an interval. A Jordan curve avoiding $0$
would be connected and contained in one such interval, which is
impossible. A Jordan curve containing $0$ would remain connected after
that one point is removed, so its remainder would also have to lie in
one radial interval; its closure still cannot form a circle. Pulling
this conclusion forward by $\psi_U$ excludes the alleged $\Gamma$.
The argument works for any finite number of rays, explaining both the
two-arc uniqueness proof and the later finite-hull no-cycle argument.
\end{proof}

The proof separates three inputs which serve different purposes: gates
make each replacement interval unambiguous; the null-family theorem makes
infinitely many replacements continuous; fullness excludes a second legal
arc by filling a Jordan loop. A proof based only on the visual shape of a
finite tree would not establish the existence statement for a hull with
infinitely many interior components.

\fig{regulated_arc_replacement}{In one closed disk component, a curved
boundary-to-boundary subarc is replaced by the two radial segments through
the prescribed center. Endpoints are fixed. The theorem controls infinitely
many such replacements by the null-family bound, not by the finite diagram
or by a summable-length assumption.}{ix-regulated-arc-replacement}

\section{Boundary points in the interior of a legal arc}
\begin{proposition}[Legal interior points are cutpoints]
\label{puz:legal-cutpoint}
Let $\alpha=[x,y]_K$ be a legal arc, and let
$a\in\partial K\cap(\alpha\setminus\{x,y\})$. Then $K\setminus\{a\}$
is disconnected. Moreover there is a pair of external rays landing at $a$
whose cut-line separates $x$ and $y$. Thus $a$ is accessible from the two
sides of the arc.
\end{proposition}
\begin{proof}
If $x$ and $y$ were in one component of $K\setminus\{a\}$, the local
path connectivity of this open subspace would give an arc between them
avoiding $a$. Apply the regulation construction from the preceding proof.
It cannot introduce $a$: each inserted radial connection has all its new
points in an interior component, while $a\in\partial K$, and its boundary
endpoints were already on the original arc. We would obtain a legal arc
from $x$ to $y$ avoiding $a$, contrary to uniqueness. Thus $x$ and $y$ lie
in different components $C_x,C_y$ of $K\setminus\{a\}$.

Each of these components contains a point of $\partial K\setminus\{a\}$.
This is immediate if the chosen point already lies on the boundary. If
it is in an interior component $U$, use an internal ray ending at a boundary
point different from $a$; the Jordan boundary of $U$ has more than one point,
and that ray avoids $a$. Choose boundary points $x'\in C_x$, $y'\in C_y$
and angles $\theta_x,\theta_y$ landing there under the continuous exterior
map $\Phi:\mathbb T\to\partial K$.

Write $Q=\Phi^{-1}(a)$. Each of the two open circle arcs between
$\theta_x$ and $\theta_y$ meets $Q$. Otherwise the image of the closed
arc avoiding $Q$ would be a connected subset of $K\setminus\{a\}$ joining
$x'$ and $y'$. Choose $\zeta_1,\zeta_2\in Q$, one in each arc. Their
external rays land at $a$ and form a simple cut-line. The angles
$\theta_x,\theta_y$ lie in different shadows, so their landing points
$x',y'$ lie in opposite sectors. A connected component of
$K\setminus\{a\}$ cannot cross that line; hence $x$ and $y$ are in
opposite sectors too. Locally the two branches of the legal arc and the
two external accesses alternate around $a$, which is the precise two-sided
access statement.

The chosen angles have a definite alternating order. After choosing a
starting point and lifting cyclic order to a real interval, reuse the same
symbols for those real argument lifts and write
\[
 \theta_x<\zeta_1<\theta_y<\zeta_2<\theta_x+2\pi.
\]
The two components of the circle minus $\{\zeta_1,\zeta_2\}$ therefore
contain $\theta_x$ and $\theta_y$ separately. Uniformization transfers
these two angular regions to the two sides of the ray pair. Since the
only point of that pair lying in $K$ is $a$, each connected component of
$K\setminus\{a\}$ lies entirely in one side. The separation of $x',y'$
therefore also separates the original $x,y$. This order selection is what
ensures that the ray pair detects the specified legal branches, even
when the full landing fiber has more than two angles.
\end{proof}

The last argument uses a complete circle fiber, not merely two arbitrarily
chosen landing angles. A cutpoint may have many accesses. Selecting one
angle in each of the two separating circle intervals ensures that the
resulting ray pair separates the particular branches of the legal arc
under consideration.

\begin{proposition}[Finite landing fibers and branches]
\label{puz:finite-branches}
Let $a\in\partial K$ have exactly $m\ge2$ landing angles under the exterior
Caratheodory map. In their cyclic order, each open sector between
consecutive rays has connected intersection with $K$. Its closure in $K$
is a branch rooted at $a$. Thus $a$ is well branched with valence $m$.
\end{proposition}
\begin{proof}
Let $I$ be the open circle interval between two consecutive angles of
$Q=\Phi^{-1}(a)$, and $S$ the corresponding sector. The continuous image
$\Phi(I)$ is connected and does not contain $a$. A ray with angle in $I$
lies in $S$ and can land only in $\overline S$; its landing point is not
$a$, so lies in $S$. Conversely every point of $\partial K\cap S$ has a
preimage angle, and its landing ray cannot cross either boundary ray.
Its angle therefore belongs to $I$. Hence
\[
 \partial K\cap S=\Phi(I)
\]
is connected.

Every interior component meeting $S$ lies wholly in $S$, since its interior
misses the bounding cut-line. Its Jordan boundary has a point in $S$:
it cannot be the singleton $a$. The union of that component with its
boundary portion in $S$ is connected and meets $\Phi(I)$. Adding all such
components preserves connectedness and gives $K\cap S$. The one-cut
closure assertion then gives
$\overline{K\cap S}=(K\cap S)\cup\{a\}$.
Doing this for all $m$ consecutive angular intervals gives the branches.
\end{proof}

This proves a precise locally connected scope of source Corollary 9.13.
The restriction $m\ge2$ is part of the conclusion's meaning: an endpoint
of a simple arc has one access and is not a cutpoint of valence at least
two. Extending the argument to a merely rigid point in a globally
non-locally-connected hull requires a substitute for the continuous
circle boundary map; that stronger source scope is recorded separately.

\section{Symmetry includes the centers}
\begin{proposition}[Equivariant pointing]\label{puz:symmetry}
Suppose $K=-K$ and the chosen centers satisfy
$b_{-U}=-b_U$ for every interior component. Then for any legal point $x$,
the legal arc $[-x,x]_K$ contains $0$.
\end{proposition}
\begin{proof}
The map $z\mapsto-z$ sends each pointed component $(U,b_U)$ conformally
to $(-U,b_{-U})$. Composing its Riemann maps gives a disk automorphism
fixing $0$, hence a rotation. It therefore sends internal rays to internal
rays and legal arcs to legal arcs. Uniqueness yields
\[
 -[-x,x]_K=[-x,x]_K.
\]
If $x=0$ there is nothing to prove. Otherwise parametrize this arc by a
homeomorphism $\alpha:[0,1]\to[-x,x]_K$. Negation induces a continuous
involution $h$ of $[0,1]$ which exchanges its endpoints, hence is decreasing.
The function $h(t)-t$ is strictly decreasing, positive at $0$ and negative
at $1$. It has one zero $t_*$. At that point
$\alpha(t_*)=-\alpha(t_*)$, so $\alpha(t_*)=0$.
\end{proof}

\begin{example}[Geometric symmetry without pointed symmetry]
\label{puz:asymmetric-center}
Let $K=\overline\D$ and choose $b=it$, with $0<t<1$, as its center. The
hull and the legal endpoints $-1,1$ are geometrically symmetric, but the
pointing is not. Under
\[
 A_b(z)=\frac{z-it}{1+itz},
 \qquad A_b(0)=-it,
 \qquad A_b(\pm1)=\frac{\pm1-it}{1\pm it},
\]
the two endpoint images have nonzero real parts, whereas $A_b(0)$ is
strictly negative imaginary. Thus $A_b(0)$ lies on neither radial segment
from $0$ to $A_b(1)$ or $A_b(-1)$. The legal arc through $b$ consequently
misses the physical origin. Source Exercise 9.25 is therefore valid with
symmetry of the pointed structure; geometric symmetry alone does not
supply its conclusion.

The nonzero real parts in this counterexample can be checked without a
geometric inference from the fractional expression. Multiplication by
the conjugate denominator gives
\[
 A_b(1)=\frac{1-t^2-2it}{1+t^2},
 \qquad
 A_b(-1)=\frac{-(1-t^2)-2it}{1+t^2}.
\]
Since $0<t<1$, the first real part is positive and the second negative.
Every nonzero point on the corresponding radial segment has the same
strict sign of real part as its endpoint. The point $A_b(0)=-it$ is
nonzero and has real part zero, so it belongs to neither segment. Thus
the example depends on the chosen center, not on a failure of geometric
symmetry of the disk or on a numerical approximation of the rays.
\end{example}

\section{The finite legal hull}
For a finite set $X=\{x_1,\ldots,x_n\}$ of legal points, define
\[
 H(X)=\bigcup_{i,j}[x_i,x_j]_K.
\]
This is a finite union of compact arcs and is compact. Its shape may have
curved edges and may pass through interior centers, but its graph structure
is finite.

\begin{theorem}[Finite legal hulls are trees]\label{puz:legal-tree}
For $n\ge2$, $H(X)$ is a finite topological tree. It equals
$\bigcup_{j=2}^{n}[x_1,x_j]_K$, and is the smallest connected union of
legal arcs containing $X$. Its leaves belong to $X$; after suppressing
vertices of degree two, it has at most $n-2$ branch vertices.
\end{theorem}
\begin{proof}
A finite union of legal arcs contains no Jordan curve. Indeed any such
curve would bound a domain in $\operatorname{int}K$, hence lie in the
closure of one interior component. Its intersection with the finitely
many legal arcs would be contained in a finite internal radial star,
which has no Jordan curve.

Build $T_m=\bigcup_{j=2}^{m}[x_1,x_j]_K$ inductively. The initial $T_2$
is an arc. Suppose $T_m$ is a finite tree and add
$\alpha=[x_1,x_{m+1}]_K$. The intersection $\alpha\cap T_m$ is connected.
Otherwise a component of $\alpha\setminus T_m$ between two intersection
points, together with the unique path in $T_m$ joining those points,
would contain a Jordan curve. Since the intersection contains $x_1$, it
is an initial closed subarc of $\alpha$. The remaining tail, if nonempty,
is attached at exactly one point of $T_m$. The result is again a finite
tree. This also proves that its leaves are among the listed endpoints.

The induction adds at most one new tail at a time. If the attachment
point is in the interior of an existing edge, subdivide that edge there;
otherwise it is already a vertex. Subdivision changes $(V,E)$ by $(1,1)$,
and adjoining a nonempty tail with its new endpoint also changes them
by $(1,1)$. Thus
\[
 E-V=-1
\]
is preserved from the initial single edge. If the new endpoint already
lies in the old tree, the tail is empty and no edge is added. Old leaves
can disappear by gaining another incident edge, but a new leaf can only
be the newly listed endpoint. This explains finiteness and the leaf
inclusion before the later degree-sum estimate; an arbitrary finite union
of unrelated plane arcs would not have this controlled intersection
property and could contain cycles or more complicated intersections.

The unique tree path between $x_i$ and $x_j$ is a legal arc. In every
closed component its segments belong to the same radial star, and the
path between its entry and exit is their unique radial connection;
there can be no separate reentry without creating a cycle. By
Theorem~\ref{puz:legal-unique}, this path is $[x_i,x_j]_K$. Thus all pairwise
arcs already lie in $T_n$, proving the displayed equality and minimality.

For the branch count, let $\ell$ be the number of leaves and $b$ the number
of vertices of degree at least three after suppressing degree-two vertices.
The degree sum and the tree identity $E=V-1$ give
\[
 \sum_v(\deg v-2)=-2,
 \qquad
 \sum_{\deg v\ge3}(\deg v-2)=\ell-2.
\]
Each summand on the left is at least $1$, so
$b\le\ell-2\le n-2$. This is a combinatorial bound, independent of
Euclidean edge lengths or the complexity of the surrounding hull.
\end{proof}

\fig{legal_tree}{A finite legal hull uses internal radial connections in
closed interior components. The resulting graph is a tree; the drawing's
edge lengths carry no conformal or electrical normalization.}{ix-legal-tree}

The smallest legally convex set in the source terminology is obtained by
including all these canonical connections. The closed-component convention
is again essential: if boundary detours were legal, the union of all
joining arcs in a disk could contain a circle instead of a tree.
The quantitative chapters study finite trees after this topological
construction, with a separately specified length or conductance model.

\section{Solved investigations}
\begin{exercise}\label{puz:ex-open-legal}
For the closed unit disk pointed at $0$, list three distinct arcs from
$-1$ to $1$ allowed by an open-interior-only ray condition, and identify
which survives Definition~\ref{puz:legal-definition}.
\end{exercise}
\solution
The upper semicircle, the lower semicircle and the diameter are distinct
embedded arcs with the same endpoints. The semicircles have empty
intersection with $\D$, so the open-interior condition imposes no
restriction on them. The diameter is two internal rays. Under the
closed-component convention their intersection with the one closed
component is the entire arc; only the diameter is a canonical radial
connection. Hence uniqueness holds exactly after the stated normalization.

\begin{exercise}\label{puz:ex-three-leaves}
Let three distinct boundary points lie on one Jordan interior component.
What is their legal hull, and what branch count does the theorem give?
\end{exercise}
\solution
It is the union of the three internal rays from the chosen center to those
points. The center is the unique branch vertex and has degree three;
there are three leaves. The bound gives $b\le3-2=1$, attained here.
Changing the center changes the geometric arcs but preserves this abstract
three-leaf tree structure.

\begin{exercise}\label{puz:ex-center-equivariance}
If a component is fixed by $z\mapsto-z$, what does equivariance require
of its chosen center?
\end{exercise}
\solution
It requires $b_U=-b_U$, hence $b_U=0$. For components paired with a
distinct reflected component, one may choose the center in one component
freely and must choose its negative in the other. Thus symmetry of the
pointing is concrete data, not merely a statement that the underlying
hull is symmetric.

\begin{exercise}\label{puz:ex-tree-degree}
A finite legal hull has five leaves and every branch vertex has degree
three. How many branch vertices and edges remain after suppressing
degree-two vertices?
\end{exercise}
\solution
The identity $\sum_{\deg v\ge3}(\deg v-2)=\ell-2$ gives $b=3$.
There are $V=5+3=8$ vertices and $E=V-1=7$ edges. If a branch vertex had
larger degree, fewer than three branch vertices could suffice; the number
of leaves alone gives an upper bound until the degrees are specified.

\begin{exercise}\label{puz:ex-infinite-replacements}
Why does the regulation construction require diameters tending to zero,
rather than only the fact that the replacement intervals have lengths
tending to zero in the parameter interval?
\end{exercise}
\solution
A very short parameter interval may be mapped across a large component.
Replacing it by a curve with a distant excursion could destroy continuity
at an accumulation of such intervals. The null-family estimate bounds the
\emph{image} displacement uniformly by $\diam U$, regardless of parameter
speed. It yields uniform convergence of finite replacements and therefore
continuity of the limit. Parameter lengths alone control no such image
excursion.
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\chapter{Quantitative refinement and geometric stopping rules}
\label{q:refinement}
\source{Sections 9.1.3 and 9.4: shrinking puzzle pieces and finite descriptions
of a boundary quotient. The estimates below require the additional metric
hypotheses stated explicitly.}

A finite description of a puzzle contains several kinds of information.
An address records which pieces contain a point; an angular partition records
which accesses are identified; a drawing supplies approximate positions.
These records answer different questions. In particular, increasing the
length of an address does not by itself decrease a Euclidean error.
This chapter specifies the extra information that turns refinement into
a stopping rule. Its elementary estimates apply equally to compact subsets
of the plane and to compact metric spaces, and their limitations are useful
when the topology of the underlying puzzle remains difficult.

\section{A refinement tree with a certified mesh}

\begin{definition}[Compact refinement data]\label{q:refinement-data}
Let $K$ be a nonempty compact metric space. A refinement tree consists of
finite nonempty levels $T_n$, with $T_0=\{o\}$, and a parent map from
$T_{n+1}$ onto $T_n$. To each vertex $v$ attach a nonempty compact set
$K_v\subset K$, with $K_o=K$, such that
\[
 K_w\subset K_v\quad(w\text{ a child of }v),
 \qquad K_v=\bigcup_{w\text{ a child of }v}K_w.
\]
Different children may overlap. The level mesh is
\[
 \delta_n=\max_{v\in T_n}\diam K_v.
\]
An address is an infinite compatible sequence $(v_n)_{n\geq0}$.
\end{definition}

The requirement that the levels are finite makes the displayed maximum
literal. It also means that a complete level is a finite certificate only
when the containment, covering and diameter assertions themselves have
been established. A list of sampled vertices is not such a certificate.
No disjointness assumption is needed for the first result.

\begin{proposition}[Localization by mesh]\label{q:mesh}
Suppose $\delta_n\to0$. Every address has a unique represented point
$\pi(v_0,v_1,\ldots)\in K$, every point of $K$ has at least one address,
and any choice $x_n\in K_{v_n}$ satisfies
\[
 d(x_n,\pi(v_0,v_1,\ldots))\leq\delta_n.
\]
Two addresses agreeing through level $n$ represent points at distance at
most $\delta_n$. Their later symbols need not agree.
\end{proposition}
\begin{proof}
The sets along an address are nested, nonempty and compact. Any finite
intersection is the last of its members, so compactness gives a point in
their full intersection. If $x,y$ lie in that intersection, then
\[
 0\leq d(x,y)\leq\diam K_{v_n}\leq\delta_n
 \quad\text{for every }n;
\]
letting $n$ increase proves $x=y$. The same inequality with $x_n$ proves
the approximation estimate. Given $x\in K$, start at the root and choose
a child containing $x$ at each step, which is possible by the covering
identity. This produces an address of $x$. Finally, points represented
by two addresses with the same $n$th vertex both lie in that compact
set, and its diameter gives the asserted bound.

% PROOF_EXPANSION_Q_01_BEGIN
One can make the compactness of the address description explicit as well.
Give each finite level $T_n$ the discrete topology. A sequence of addresses
has a subsequence with constant first coordinate, a further subsequence
with constant second coordinate, and so on. On the diagonal subsequence,
each fixed coordinate is eventually constant. Its limiting coordinates
remain compatible because each parent equation already holds eventually:
\[
 \operatorname{parent}(v_{n+1}^{(j)})=v_n^{(j)}
 \quad\Longrightarrow\quad
 \operatorname{parent}(v_{n+1})=v_n.
\]
In the address metric introduced below this is convergence: agreement
through level $n$ makes the distance at most $\rho^n$. Thus the space of
compatible addresses is sequentially compact and, being metric, compact.
The represented-point map is continuous by the mesh estimate, since
\[
 a^{(j)}\to a
 \quad\Longrightarrow\quad
 \forall n\ \exists j_n\ \forall j\geq j_n:
 d\bigl(\pi(a^{(j)}),\pi(a)\bigr)\leq\delta_n.
\]
First choose $n$ from a desired error tolerance, then choose $j_n$ from
coordinate agreement. This order of choices proves continuity without
assuming an injective coding or an effective formula for the modulus.
For surjectivity, the successive choices of a child containing a given
$x$ can be made in a fixed order on each finite level. This removes any
ambiguity in the existence construction while still allowing different
orders to produce different addresses of a boundary point.
% PROOF_EXPANSION_Q_01_END

\end{proof}

Here the metric information is an upper bound on an entire set. A curve
connecting its sampled corners may leave the sampled region, and a thin
finger may have a distant endpoint. Consequently the maximum distance
between displayed corner samples cannot replace $\diam K_v$ unless an
additional enclosure theorem supplies that replacement.

\begin{proposition}[Representatives and approximate representatives]
\label{q:hausdorff}
Choose $x_v\in K_v$ for every $v\in T_n$ and set
$S_n=\{x_v:v\in T_n\}$. Then the Hausdorff distance satisfies
$d_H(K,S_n)\leq\delta_n$. If approximate representatives $\widetilde x_v$
in an ambient metric space obey $d(x_v,\widetilde x_v)\leq\eta_n$, then
\[
 d_H(K,\widetilde S_n)\leq\delta_n+\eta_n,
 \qquad \widetilde S_n=\{\widetilde x_v:v\in T_n\}.
\]
\end{proposition}
\begin{proof}
For every $x\in K$, a level-$n$ piece containing $x$ supplies a representative
within $\delta_n$. Conversely, every exact representative belongs to $K$.
With approximate representatives the first directed distance is at most
$\delta_n+\eta_n$ by the triangle inequality, and the second is at most
$\eta_n$. Taking the larger directed distance proves the formula.

% PROOF_EXPANSION_Q_02_BEGIN
Here are the two directed estimates before taking that maximum:
\begin{align*}
 \sup_{x\in K}\inf_{v\in T_n}d(x,\widetilde x_v)
 &\leq\sup_{x\in K}\inf_{v:x\in K_v}
       \bigl(d(x,x_v)+d(x_v,\widetilde x_v)\bigr)
 \leq\delta_n+\eta_n,\\
 \sup_{v\in T_n}\inf_{x\in K}d(\widetilde x_v,x)
 &\leq\sup_{v\in T_n}d(\widetilde x_v,x_v)\leq\eta_n.
\end{align*}
The restricted infimum in the first line is over a nonempty finite set,
by coverage. In the second line the particular admissible point $x_v$
is used; there is no need to compute a nearest point of $K$. Repeated
representatives do not affect either infimum, so distinct vertices need
not produce distinct stored points. Conversely, if a numerical routine
omits a vertex without establishing that its piece is covered by the
remaining pieces, the first restricted infimum may become empty. The
proof shows exactly where that omission would invalidate the enclosure.
% PROOF_EXPANSION_Q_02_END

\end{proof}

This conclusion is a geometric enclosure of a compact set. It says nothing
about the number of complementary components, local connectivity, or the
continuity of a function defined on the set. Hausdorff approximation and
topological identification require separate arguments.

\section{Explicit moduli and address metrics}

Suppose reference pieces $Q_v$ lie in a compact metric space $X$ and
$K_v=F(Q_v)$ for a map $F:X\to Y$. A supplied modulus of continuity is
a nondecreasing function $\omega:[0,\infty)\to[0,\infty)$ with
$\omega(t)\to0$ as $t\downarrow0$ and
\[
 d_Y(F(x),F(y))\leq\omega(d_X(x,y))\qquad(x,y\in X).
\]
If $\diam Q_v\leq h_n$, direct substitution gives
\begin{equation}\label{q:modulus-mesh}
 \diam K_v\leq\omega(h_n),\qquad
 \delta_n\leq\omega(h_n).
\end{equation}
Uniform continuity ensures that some modulus exists on a compact domain.
It does not reveal numerical constants or a computable rate from a picture.
The stopping criterion is therefore conditional on having the displayed
modulus as justified input.

\begin{proposition}[Two explicit stopping bounds]\label{q:stopping}
Let $h_n\leq D b^{-n}$, where $D>0$ and $b>1$.
If $\omega(t)=L t^\alpha$ for $L>0$ and $0<\alpha\leq1$, it is enough to take
\[
 n\geq\max\left\{0,
 \left\lceil\frac{\log(LD^\alpha/\varepsilon)}{\alpha\log b}
 \right\rceil\right\}
\]
to obtain $\delta_n\leq\varepsilon$.
If instead the certified bound on these scales is
\[
 \omega(t)\leq\frac{A}{(\log(eD/t))^\beta}
 \quad(0<t\leq D),\qquad A,\beta>0,
\]
it is enough to take
\[
 n\geq\max\left\{0,
 \left\lceil\frac{(A/\varepsilon)^{1/\beta}-1}{\log b}
 \right\rceil\right\}.
\]
\end{proposition}
\begin{proof}
In the first case \eqref{q:modulus-mesh} gives
$\delta_n\leq LD^\alpha b^{-\alpha n}$.
Taking logarithms of this positive expression gives exactly the first
inequality. In the second case, monotonicity of the proposed upper bound
and $\log(eD/(Db^{-n}))=1+n\log b$ give
\[
 \delta_n\leq A(1+n\log b)^{-\beta}.
\]
Solving this inequality for $n$ gives the second formula. The outer maximum
handles tolerances already satisfied at level zero.

% PROOF_EXPANSION_Q_03_BEGIN
To check the direction of every inequality, put $H=LD^\alpha$ and assume
first $0<\varepsilon<H$. Since $\alpha\log b>0$,
\[
 Hb^{-\alpha n}\leq\varepsilon
 \ \Longleftrightarrow\
 -\alpha n\log b\leq\log(\varepsilon/H)
 \ \Longleftrightarrow\
 n\geq\frac{\log(H/\varepsilon)}{\alpha\log b}.
\]
For a real number $s$, the least integer satisfying $n\geq s$ is
$\lceil s\rceil$. When $s$ is already an integer there is no extra
level: equality in the certified error bound is allowed. If
$\varepsilon\geq H$, level zero already passes, which explains the
outer maximum rather than an unexplained negative depth.
For the logarithmic modulus and $0<\varepsilon<A$, the corresponding
positive-power calculation is
\[
 \frac{A}{(1+n\log b)^\beta}\leq\varepsilon
 \ \Longleftrightarrow\
 1+n\log b\geq(A/\varepsilon)^{1/\beta}.
\]
Taking a positive $\beta$th root preserves order. These are least depths
for the displayed upper-bound sequences, not necessarily least depths
for the actual pieces, whose diameters may be much smaller. That
distinction also explains why a sufficient stopping calculation is not
an assertion of optimal computational cost.
% PROOF_EXPANSION_Q_03_END

\end{proof}

There is no assertion here that the boundary extension of an arbitrary
Riemann map has a H\"older modulus. A weak logarithmic modulus, when it is
the available input, can demand many more levels than a geometric rate.
The same formal address tree therefore supports very different accuracy
costs under different geometric realizations.

\subsection{From a conformal collar to an explicit mesh}

The derivative estimate in Proposition~\ref{f:collar} provides one
concrete source of the mesh input. Fix a nonsingular exterior annulus
$r\leq|w|\leq R$ with $1<r<R$, and suppose a certified constant $M$
bounds $|\Phi_K'|$ throughout that annulus. Divide the radial interval
into $2^n$ equal parts and the angle circle into $2^n$ equal parts.
For $n\geq1$, each closed polar cell has radial width
$(R-r)2^{-n}$ and angular width $2^{-n}$ turns. Hence its image has
diameter at most
\begin{equation}\label{q:collar-mesh}
 \delta_n\leq M\bigl(R-r+2\pi R\bigr)2^{-n}.
\end{equation}
These cells cover the compact annulus, and each coarse cell is the union
of four cells at the next level. Their images therefore form genuine
compact refinement data, with four children per cell after the first
level. A single image point may still belong to two adjacent closed cells.

Let $C=M(R-r+2\pi R)$. A tolerance $\varepsilon<C$ is achieved at
$n=\lceil\log_2(C/\varepsilon)\rceil$, bounded below by one.
There are $4^n$ polar cells, so complete enumeration has an upper bound
\[
 4^n<4(C/\varepsilon)^2
\]
when that ceiling is at least one. This estimate counts cells rather
than distinct image samples, and the factor $C$ explicitly depends on
the chosen annulus and conformal derivative bound. If the tolerance
already permits level one, four cells suffice regardless of the displayed
asymptotic expression. The distinction between a single addressed point
and an entire two-parameter collar explains the different storage demands.

To let the inner radius approach one, write $r=r_n$ and, if justified,
replace $M$ by $M_n$. The same argument then gives a bound proportional
to $M_n2^{-n}$, not automatically to $2^{-n}$. For example, a known
estimate $M_n\leq A2^{\theta n}$ with $\theta<1$ gives geometric decay
$O(2^{-(1-\theta)n})$ when the outer radii stay bounded. At $\theta=1$
this particular estimate need not decay, and for $\theta>1$ it grows.
Failure of the estimate to decay does not prove that the image cells
fail to shrink; it proves that this chosen derivative bound has ceased
to certify their shrinking. A boundary modulus, when available, can
provide a different route through Proposition~\ref{f:boundary-modulus}.
This is a useful example of separating failure of a certificate from
failure of the underlying geometric statement.

\subsection{Nonuniform contraction along an address}

A uniform geometric factor is sufficient but not necessary. Suppose
every parent-child pair satisfies a proved bound
\[
 \diam K_w\leq q_w\diam K_v,
 \qquad 0<q_w\leq1.
\]
Along an address $(v_n)$, induction gives
\begin{equation}\label{q:variable-contraction}
 \diam K_{v_n}\leq\diam K\prod_{j=1}^nq_{v_j}
 =\diam K\exp\left(-\sum_{j=1}^n\log(1/q_{v_j})\right).
\end{equation}
Thus divergence of the nonnegative sum in the exponent is a sufficient
condition for a singleton impression on that address. A sufficient
stopping test is that the partial sum reaches
$\log(\diam K/\varepsilon)$ when $\diam K>\varepsilon>0$.
This test allows occasional noncontracting steps with $q_w=1$.
It requires the inequality for every relevant child, not an average
contraction estimated from selected successful paths.

% PROOF_EXPANSION_Q_04_BEGIN
The logarithmic form also gives a useful comparison with linear losses.
For $0<q\leq1$, integration of $1/t$ over $[q,1]$ gives
\[
 1-q\leq-\log q\leq\frac{1-q}{q}.
\]
Consequently $\sum_j(1-q_{v_j})=\infty$ suffices to force the certified
product to zero. If the factors are all at least a fixed $q_*>0$, the
two sums diverge together, because the upper bound is then at most
$(1-q_{v_j})/q_*$. No lower bound on the actual diameters follows from
these comparisons; they concern the multiplicative upper certificate.
An exact nongeometric example is
\[
 q_{v_j}=\frac{j}{j+1},\qquad
 \prod_{j=1}^{n}q_{v_j}=\frac1{n+1},\qquad
 \sum_{j=1}^{n}-\log q_{v_j}=\log(n+1).
\]
Each factor approaches one, yet the telescoping product tends to zero.
If instead a factor $1/2$ occurs only at indices $2,4,8,\ldots$ and all
other factors equal one, the product at depth $n\geq2$ is
$2^{-\lfloor\log_2n\rfloor}$. Long stretches without contraction are
compatible with eventual localization. The explicitly counted contracting
indices, rather than the address length alone, determine the stopping bound.
% PROOF_EXPANSION_Q_04_END


There is also a useful uniformity principle. Fix $\varepsilon>0$ and
suppose every infinite address eventually reaches a vertex whose
certified diameter bound is at most $\varepsilon$. If the tree is finitely
branching and these bounds never increase along a branch, then there is
one finite depth by which all addresses have reached such a vertex.
To prove this, suppose otherwise. The vertices whose ancestor bounds
all exceed $\varepsilon$ form a subtree of arbitrarily large depth.
Starting at its root, choose a child with descendants at arbitrarily
large depths; one exists because there are only finitely many children.
Repeat this choice to construct an infinite address consisting entirely
of failing vertices, contradicting the hypothesis. This is a direct
finite-branching argument, with no appeal to an observed termination rate.

The principle proves existence of a common finite depth for each tolerance
but does not provide its value. Formula~\eqref{q:variable-contraction}
provides a numerical depth only if the cumulative contraction sums are
themselves bounded below by known quantities. Pointwise divergence along
all addresses and an explicit usable uniform rate remain distinct inputs.

Fix $0<\rho<1$. For two distinct infinite addresses, let $\ell$ be the
largest common level and set $d_\rho=\rho^\ell$; for identical addresses
set $d_\rho=0$. This is an ultrametric: two addresses each agreeing with
a third through level $m$ agree with one another through level $m$.
If $\delta_n\leq Cq^n$ for $0<q<1$, Proposition~\ref{q:mesh} yields
\begin{equation}\label{q:holder-coding}
 d(\pi(a),\pi(b))\leq C d_\rho(a,b)^\gamma,
 \qquad \gamma=\frac{\log q}{\log\rho}>0.
\end{equation}
The inequality remains valid for identical addresses by taking the limit.
It proves continuity of the coding map and quantifies it. It does not make
that map injective: distinct addresses can encode a shared boundary point.

\fig{mesh_error}{The certified bounds $2^{-n}$ and $(1+n)^{-1}$ for
integer refinement levels $n\geq0$. These are exact model bounds, not
measurements of a particular conformal puzzle.}{mesh-error}

\section{Adaptive refinement and what topology still needs}

\begin{proposition}[Finite termination with a uniform rate]\label{q:adaptive}
Assume each vertex has finitely many children and
$\diam K_v\leq Cq^{|v|}$, with $0<q<1$. Refine every active piece whose
certified diameter upper bound exceeds $\varepsilon$, using the bound
$Cq^{|v|}$. The process stops after finitely many refinements. Its terminal
pieces cover $K$ and each has diameter at most $\varepsilon$.
\end{proposition}
\begin{proof}
Choose $N$ with $Cq^N\leq\varepsilon$. No vertex at depth $N$ needs to be
refined, and a finitely branching tree has only finitely many vertices
through a fixed depth. Replacing a piece by all its children preserves
the union, so the final union is $K$. The stopping test gives the final
diameter assertion. The proof concerns the stated bound: an implementation
that keeps using a needlessly large bound may fail its stopping test even
when the actual pieces are small.

% PROOF_EXPANSION_Q_05_BEGIN
More explicitly, the active vertices always form an antichain: no active
vertex is an ancestor of another, because a vertex is removed at the
moment its children are inserted. Every infinite address meets the active
set exactly once, and the corresponding pieces cover $K$. Each refinement
preserves both statements. If $C=0$, the root has diameter zero and
already passes. For $C>0$, put
\[
 N=\max\left\{0,
       \left\lceil\frac{\log(C/\varepsilon)}{\log(1/q)}\right\rceil
       \right\},
\]
every active vertex has depth at most $N$. If, in addition, each vertex
has at most $b\geq2$ children, the total number of vertices ever created
is bounded by
\[
 1+b+\cdots+b^N=\frac{b^{N+1}-1}{b-1},
 \qquad \#\{\text{terminal active vertices}\}\leq b^N.
\]
For the second inequality, extend each active vertex to depth $N$;
different antichain vertices have disjoint sets of such descendants,
and each has at least one because the parent maps are onto. This counts
vertices rather than distinct physical pieces and therefore tolerates
overlap. Without a uniform branching bound, the finite-level argument
still proves termination, but the displayed numerical work bound is no
longer available. If there is only one child at every step, the separate
bound is $N+1$ created vertices and one terminal piece.
% PROOF_EXPANSION_Q_05_END

\end{proof}

To obtain a connectivity conclusion at $x$ from a shrinking family, one must know
that the relevant connected subsets actually furnish relative neighborhoods
of $x$. More precisely, if for each $\varepsilon>0$ there is a connected
relative neighborhood $N$ of $x$ in $K$, with
$N\subset B(x,\varepsilon)\cap K$, then $K$ is weakly locally connected
at $x$, in the terminology of the topology preliminaries. If this holds
at every point, Proposition~\ref{f:weak-lc} gives local connectivity of $K$.
For local connectivity at one selected point, connected relatively open
neighborhoods suffice directly. A family of small connected
sets merely containing $x$ is insufficient. The singleton $\{x\}$ would
otherwise prove local connectivity of every space. In the normalized puzzle
arguments of this volume, the explicitly admissible or perfect connected
pieces in Definition~\ref{puz:admissible}, with the shrinking hypotheses of
Proposition~\ref{puz:rigidity-lc}, supply the needed neighborhood information.
The broad source cut-curve definition alone and a diameter routine do not
supply it.

\section{Solved investigations}

\begin{exercise}[A H\"older stopping calculation]
Reference pieces have diameter at most $4\cdot2^{-n}$ and their images
satisfy $d(Fx,Fy)\leq3d(x,y)^{1/2}$. Find a sufficient depth for error
$1/100$, and include representative error at most $1/1000$.
\end{exercise}
\solution
The mesh bound is $6\cdot2^{-n/2}$. For exact representatives it suffices
that $2^{n/2}\geq600$, hence $n\geq19$, since $2^9<600<2^{19/2}$.
With approximate representatives and a total tolerance $1/100$, reserve
$9/1000$ for the mesh. The condition becomes
$2^{n/2}\geq2000/3$. Depth $19$ still suffices because
$2^{19}=524288>(2000/3)^2$. Proposition~\ref{q:hausdorff} then gives
$d_H(K,\widetilde S_{19})\leq6\cdot2^{-19/2}+10^{-3}<10^{-2}$.
This is an exact inequality, not a decimal estimate of a measured error.

\begin{exercise}[Two binary descriptions of one point]
Use the closed dyadic subintervals of $[0,1]$. Exhibit two addresses of
$1/2$ and explain why the coding estimate does not imply uniqueness of
addresses.
\end{exercise}
\solution
At level one choose either $[0,1/2]$ or $[1/2,1]$. In the left interval
always choose the right child; in the right interval always choose the
left child. The resulting intervals have common intersection $\{1/2\}$.
Their lengths are $2^{-n}$, and their binary labels are
$0.0111\ldots$ and $0.1000\ldots$. Formula~\eqref{q:holder-coding}
bounds distances between represented points from above. It gives no
positive lower bound for distinct symbolic strings and therefore permits
these equal represented points.

\begin{exercise}[A refinement with no geometric progress]
Construct a binary refinement tree whose address length tends to infinity
while its mesh remains one. Explain which hypothesis of
Proposition~\ref{q:mesh} fails.
\end{exercise}
\solution
Attach $K_v=[0,1]$ to every vertex of the full binary tree. Every child
is contained in its parent and the children cover it, but
$\delta_n=1$ for all $n$. Every address has impression $[0,1]$ rather than
a singleton. Thus the containment and covering tests alone pass while the
mesh hypothesis fails. The construction also shows why counting distinct
labels, without checking their geometric meaning, supplies no accuracy
certificate.

\begin{exercise}[Arbitrarily slow single-address localization]
Let $a_n>0$ decrease to zero. Give a nested sequence realizing exactly
this diameter rate, and show why no predetermined geometric rate follows
from singleton intersection alone.
\end{exercise}
\solution
Take $P_n=[0,a_n]$. Then $\diam P_n=a_n$ and
$\bigcap_nP_n=\{0\}$. In particular $a_n=1/(n+1)$ cannot satisfy
$a_n\leq Cq^n$ for fixed $C$ and $q<1$: the ratio
$q^{-n}/(n+1)$ tends to infinity, as follows, for example, by comparing
successive ratios with a number strictly larger than one for large $n$.
This example is a single puzzle nest, not a complete covering tree.
It addresses precisely the inference from a singleton impression to a
uniform or geometric shrinking rate.

\begin{exercise}[A certified outer enclosure]
Suppose finitely many compact pieces cover $K$, each has diameter at most
$\delta$, and each chosen representative is known within $\eta$.
Show that the union of closed balls of radius $\delta+\eta$ about the
approximate representatives contains $K$. Can its connected components
be identified with the components of $K$?
\end{exercise}
\solution
For $x\in K$, choose a containing piece and its exact representative $s$.
Then $d(x,\widetilde s)\leq d(x,s)+d(s,\widetilde s)\leq\delta+\eta$.
This proves the enclosure. Component identification fails: take
$K=\{0,3\delta/2\}\subset\R$, exact representatives, and allow the
diameter bound $\delta>0$ for its singleton pieces. The two balls of radius
$\delta$ overlap, so the enclosure is connected although $K$ has two
components. An upper diameter bound need not be sharp enough to preserve
topology, even when it is completely correct.

\chapter{Exact circular order and finite noncrossing certificates}
\label{q:combinatorics}
\source{Section 9.4: unlinked angle classes and their chordal realizations.
Only finite, explicitly supplied partitions are considered in this chapter.}

An angular drawing is particularly vulnerable to rounding near a shared
endpoint or a narrow gap. Fortunately, the combinatorial question of
whether two chords cross does not require evaluating a sine, a cosine or
an approximate intersection point. It depends on circular order alone.
This observation leads to exact certificates for finite data, while also
making clear why finite data cannot certify an entire infinite lamination.
Throughout the chapter an angle is measured in turns:
\[
 t\in\R/\Z,\qquad z(t)=\exp(2\pi i t).
\]
The canonical representative lies in $[0,1)$.

\section{The four-endpoint test}

For distinct angles $a,b$, write $(a,b)_{\mathrm{ccw}}$ for the open
counterclockwise arc from $a$ to $b$. Define the Boolean predicate
\[
 J(a,b;t)=
 \begin{cases}
  a<t<b,&a<b,\\
  (t>a)\ \text{or}\ (t<b),&a>b.
 \end{cases}
\]
The comparisons use canonical representatives. Endpoints are excluded.
The notation on the right means the truth value of the indicated statement.

\begin{proposition}[Crossing criterion]\label{q:crossing}
Suppose $a,b,c,d$ are four distinct points of $\R/\Z$. The open straight
chords joining $z(a)$ to $z(b)$ and $z(c)$ to $z(d)$ intersect if and only if
\[
 J(a,b;c)\ne J(a,b;d).
\]
Equivalently, the two endpoint pairs alternate in circular order.
If two nonidentical chords share one endpoint, their interiors do not
intersect. Identical chords overlap and must be reported separately.
\end{proposition}
\begin{proof}
The straight line through $z(a)$ and $z(b)$ divides the remaining points
of the circle into the two open arcs from $a$ to $b$, lying in opposite
open half-planes. This can be checked after a rotation taking the midpoint
angle of one arc to zero: the line becomes $\operatorname{Re}z=\cos\theta$
for some $0<\theta<\pi$, and the sign of
$\cos t-\cos\theta$ is constant on each of the two arcs.
Thus $z(c)$ and $z(d)$ lie in opposite half-planes exactly when the
displayed Boolean values differ.

In that case their segment crosses the line at an interior point. Since
the open segment joining distinct circle points lies inside the open disk,
this crossing lies in the intersection of the line with the disk, which
is exactly the open chord from $z(a)$ to $z(b)$. If both endpoints lie in
the same open half-plane, the segment stays there and cannot cross the
line. This proves the criterion. Chords with a common endpoint lie on
distinct straight lines unless they coincide: a line meets the circle
in at most two points. Distinct lines intersect only at that common
endpoint, proving the remaining assertion.

% PROOF_EXPANSION_Q_06_BEGIN
The crossing step admits an explicit affine calculation. In the rotated
coordinate write $\ell(z)=\Re z-\cos\theta$, and suppose
$\ell(z(c))>0>\ell(z(d))$. The unique zero along their segment occurs at
\[
 z_*=(1-s)z(c)+s z(d),\qquad
 s=\frac{\ell(z(c))}{\ell(z(c))-\ell(z(d))}\in(0,1).
\]
The zero is unique because the denominator is nonzero. Moreover, for any
two distinct unit vectors $u,v$ and $0<s<1$,
\[
 |(1-s)u+sv|^2
 =1-s(1-s)|u-v|^2<1.
\]
Thus $z_*$ is strictly inside the disk, not at an endpoint of its
intersection with the line. Those two endpoints are precisely $z(a)$
and $z(b)$, so $z_*$ belongs to the open first chord as well. The same
calculation shows why four distinct endpoints are essential: if an
endpoint is shared, the affine zero can occur at $s=0$ or $s=1$, which
is a different geometric event and is excluded from the open-chord test.
This derivation establishes the predicate without numerically evaluating
$s$; exact circular order already determines the signs it needs.
% PROOF_EXPANSION_Q_06_END

\end{proof}

The proof handles diameters as well as short chords. It does not assign a
crossing to a tangency produced by a rounded drawing: the exact question
first distinguishes four distinct endpoints, one shared endpoint, and
an identical unordered pair. In a partition different blocks cannot share
an angle, but a list of geometric edges may legitimately have repeated
vertices within a block.

\section{Rational input and independently readable witnesses}

Let an input angle be represented as a rational number $p/q$, with
$q>0$ and $0\leq p<q$. Reduction to lowest terms is convenient but not
essential for comparisons, since
\begin{equation}\label{q:rational-order}
 \frac pq<\frac rs\quad\Longleftrightarrow\quad ps<rq,
 \qquad
 \frac pq=\frac rs\quad\Longleftrightarrow\quad ps=rq.
\end{equation}
Both tests use integers. A proof of the first equivalence simply multiplies
by the positive number $qs$; this positivity is why zero or negative
denominators are rejected or normalized before the test.

\begin{definition}[Finite partition certificate]\label{q:partition}
The input comprises distinct rational angles $t_1,\ldots,t_N$ and a list
of nonempty blocks whose disjoint union is the index set $\{1,\ldots,N\}$.
It is noncrossing when no four distinct angles $a,c$ in one block and
$b,d$ in a different block occur in the cyclic order $a,b,c,d$.
This is a definition for an actual set partition; a merely symmetric
pairwise compatibility relation is not accepted as a partition.
\end{definition}

\begin{proposition}[A finite exact decision procedure]\label{q:partition-check}
For the data in Definition~\ref{q:partition}, the following procedure
decides noncrossing using integer arithmetic. First check the partition
axioms and distinctness of the angles. Then test every chord whose two
endpoints belong to one block against every such chord from another block,
using Proposition~\ref{q:crossing}. Accept exactly when all tests report
no crossing. A rejection for crossing has a witness consisting of two
block indices and four endpoint indices.
\end{proposition}
\begin{proof}
If a test finds a crossing, the four endpoints are in two different blocks
and therefore distinct. Their circular order alternates by
Proposition~\ref{q:crossing}; this is a forbidden quadruple in the definition.
Conversely, a forbidden quadruple supplies a pair of within-block chords
which the exhaustive procedure tests, and the same proposition makes
that test fail. Each truth value is determined by finitely many exact
comparisons \eqref{q:rational-order}. Thus the procedure terminates and
its acceptance is equivalent to the stated finite property.
\end{proof}

There are at most $N(N-1)/2$ within-block chords, so a deliberately simple
implementation uses $O(N^4)$ chord-pair tests. This is an upper bound for
the complete method, not a claim of optimality. If every numerator and
denominator has at most $B$ binary digits, grade-school multiplication
and comparison take $O(B^2)$ bit operations per rational comparison.
The direct bound is consequently
\begin{equation}\label{q:bit-cost}
 O(N^4B^2)
\end{equation}
bit operations for the crossing portion. Storage can remain $O(NB+N)$
bits apart from $O(N\log N)$ index storage if pairs are generated successively; storing
all pairwise answers is unnecessary. The input validation and index
storage must of course also be included in an implemented cost account.

% PROOF_EXPANSION_Q_07_BEGIN
The finite bound can be audited before implementing any geometry. If the
block sizes are $n_1,\ldots,n_k$, let
\[
 M=\sum_{i=1}^{k}\binom{n_i}{2}
 \leq\binom N2,
 \qquad
 \#\{\text{tested unordered chord pairs}\}\leq\binom M2
 \leq\frac{N^2(N-1)^2}{8}.
\]
Pairs from the same block and pairs sharing an endpoint are discarded
according to the input contract, so this deliberately loose bound remains
valid. A positive integer of at most $B$ bits is smaller than $2^B$;
each cross-product in a rational comparison is smaller than $2^{2B}$,
and their signed difference needs at most $2B+1$ bits. Grade-school
multiplication forms at most $B^2$ bit-products, followed by bounded
carry operations of the same asymptotic cost. No denominator product is
ever converted to a floating-point number.
After sorting and recording ranks, one obtains the alternative bound
\[
 O(N\log N\,B^2+N^4\log N)
\]
for sorting plus crossing comparisons in bit operations. The rank table
requires $O(N\log N)$ bits. The original rational input still costs
$O(NB)$ bits, so ranking changes the repeated-comparison cost rather
than making that input disappear. A rejected crossing needs only the
four endpoint indices and two block indices; a checker then repeats a
constant number of exact comparisons instead of trusting the search order.
% PROOF_EXPANSION_Q_07_END


A useful alternative sorts the angles once by exact comparison and
replaces each endpoint by its rank. All later crossing tests then concern
integers between $1$ and $N$. The initial sort can use
$O(N\log N)$ rational comparisons; subsequent tests use order on
$O(\log N)$-bit ranks. Neither approach evaluates the positions $z(t_j)$.
The resulting certificate is invariant under every orientation-preserving
homeomorphism of the circle, since such a map preserves cyclic order.
Its verdict is about the supplied partition, not about the correctness
of an unproved claim that these blocks are boundary fibers of a given hull.

\section{A faster certificate for a perfect matching}

Assume now that every block has size two, so each of the $2m$ endpoints
belongs to exactly one chord. Cut the circular order at a point which
is not an endpoint and list endpoints in increasing order. The first
endpoint of a chord is its opening occurrence and the second its closing
occurrence. A stack stores unmatched openings: append at an opening and
remove the last stored entry at a closing.

\begin{proposition}[Stack criterion for a matching]\label{q:stack}
A perfect matching of distinct circular endpoints is noncrossing if and
only if every closing occurrence matches the last unmatched opening.
After sorting, this test uses $2m$ stack updates and $O(m)$ stored indices.
\end{proposition}
\begin{proof}
Suppose a chord $A$ closes while the most recent unmatched opening belongs
to another chord $B$. The order of those four endpoints is
\[
 A_{\mathrm{open}}<B_{\mathrm{open}}<A_{\mathrm{close}}
 <B_{\mathrm{close}},
\]
since $B$ is still unmatched. The chords cross by
Proposition~\ref{q:crossing}. Hence noncrossing forces the stack rule.
Conversely, if two chords cross, their endpoints alternate in the linear
order after possibly exchanging their names, exactly as displayed.
When $A$ closes, the opening of $B$ remains above that of $A$ in the stack.
The stack rule therefore fails at that time, or has already failed at an
earlier closing. If the rule never fails, no crossing exists.
Every endpoint causes one update, and at most $m$ openings can be stored.

% PROOF_EXPANSION_Q_08_BEGIN
At each successful step the stack is exactly the list of chords whose
opening but not closing endpoint has been read, in increasing order of
opening time. This invariant holds initially for the empty list. An
opening appends its label, and a successful closing deletes precisely
the final still-open interval, so induction proves the invariant after
every prefix. In particular, if $o_j$ and $c_j$ count opening and closing
occurrences through position $j$, then
\[
 h_j=o_j-c_j=\#\{\text{stack entries after position }j\}\geq0,
 \qquad h_{2m}=0.
\]
These unlabeled height conditions alone are insufficient. The order
$A,B,A,B$ has heights $1,2,1,0$, but its third occurrence tries to close
$A$ while $B$ is on top. The label invariant detects exactly the forbidden
interleaving, whereas a balance count would accept it. Conversely, when
the label test succeeds, two completed intervals are either disjoint or
one contains the other: an overlap without containment would produce
that same forbidden closing pattern. This provides an equivalent
interval-nesting description of the successful certificate.
% PROOF_EXPANSION_Q_08_END

\end{proof}

The restriction to a matching is material. At a vertex of degree three
there is no unique partner occurrence to put on this stack, and an
arbitrary ordering of coincident occurrences can create a false failure.
The exhaustive partition test remains available for blocks of arbitrary
finite size. A faster general algorithm would need its own invariant
and proof, not an unannounced extension of the matching argument.

\fig{noncrossing_chords}{Finite chord data are decided by alternating
endpoint order. Shared endpoints and repeated chords must be distinguished
before applying the four-distinct-endpoint test.}{noncrossing-chords}

\section{Uncertain angles and finite evidence}

Suppose each true angle has a representative in a known interval
$I_j\subset\R$ of length at most $2\eta$, after choosing a cut outside
all these intervals. If the intervals are pairwise disjoint, their order
certifies the order of the true angles. The crossing decision is then
valid for every choice of one true angle in each interval. If neighboring
intervals overlap, an exact order conclusion may be unavailable. Replacing
an overlap by an arbitrary tie-breaking rule would change the mathematical
question, rather than answer it.

For example, if approximate angles differ by $\sigma$ and each has absolute
error at most $\eta$, their order is certified when
$\sigma>2\eta$. At equality the intervals may touch, so strict distinctness
is not guaranteed. Equality of exact rational angles is decidable by
\eqref{q:rational-order}; equality of unspecified real numbers represented
only by successively narrower intervals need not be settled at any finite
stage. One may correctly report unresolved order in the latter model.

% PROOF_EXPANSION_Q_09_BEGIN
For ordered approximate representatives $\widehat t_i<\widehat t_j$,
the entire interval proof is the chain
\[
 t_j-t_i\geq
 (\widehat t_j-\eta)-(\widehat t_i+\eta)
 =\widehat t_j-\widehat t_i-2\eta.
\]
A positive right-hand side certifies both distinctness and orientation.
For a finite family, take the smallest adjacent approximate gap in the
chosen chart; positivity after subtracting $2\eta$ verifies all order
comparisons by transitivity. The chart cut must separately lie outside
every uncertainty interval, including the first and last intervals.
If exact distinct real angles are accompanied by convergent enclosing
intervals, their positive minimum circular separation eventually exceeds
twice the interval widths. That proves eventual success for that fixed
finite distinct input. It supplies no uniform precision bound over
inputs whose minimum separation can approach zero, and it gives no
finite certificate of equality when two angles actually coincide.
% PROOF_EXPANSION_Q_09_END


Passing every test on a finite prefix also does not certify an infinite
lamination. In an unused open arc one can add four successive new endpoints
and pair the first with the third and the second with the fourth. The new
chords cross although the entire original finite record remains unchanged.
To infer a statement about a closure of infinitely many chords requires
additional hypotheses controlling all omitted pairs and limit leaves.
The closed-relation and quotient arguments elsewhere in this volume address
that genuinely different question.

\section{Solved investigations}

\begin{exercise}[Crossing across the angular cut]
Test the chord pairs $(9/10,1/10)$ and $(0,1/2)$ without evaluating their
Cartesian endpoints.
\end{exercise}
\solution
The counterclockwise arc from $9/10$ to $1/10$ consists of the angles
greater than $9/10$ or less than $1/10$. It contains $0$ and does not
contain $1/2$. The Boolean values differ, so the two open chords cross.
The apparent reversal $9/10>1/10$ merely invokes the wrapped case of
$J$; it does not reverse the chosen orientation of the circle.

\begin{exercise}[A shared endpoint is not a transverse crossing]
Compare the chords $(0,1/3)$ and $(0,2/3)$, and then compare
$(0,1/3)$ with $(2/6,0)$. State the required output in each case.
\end{exercise}
\solution
The first pair shares exactly one endpoint and has disjoint interiors by
Proposition~\ref{q:crossing}. The second pair has identical unordered
endpoint sets because $2/6=1/3$, checked by $2\cdot3=1\cdot6$.
It therefore represents the same geometric chord twice. The output is
duplicate chord, not transverse crossing. If these were asserted to be
edges belonging to disjoint partition blocks, the common endpoint would
already violate the partition validation step.

\begin{exercise}[Reading a matching certificate]
The endpoints of three chords appear as $A,B,B,C,C,A$.
Compare this order with $A,B,C,B,A,C$.
\end{exercise}
\solution
For the first order the stack successively reads
$(A)$, $(A,B)$, $(A)$, $(A,C)$, $(A)$, and the empty stack.
Every close removes the current last opening, so the matching is noncrossing.
For the second order the fourth endpoint closes $B$ while $C$ is still
on top. The witness is $B_{\mathrm{open}}<C_{\mathrm{open}}
<B_{\mathrm{close}}<C_{\mathrm{close}}$, at positions $2,3,4,6$.
Checking only this quadruple independently confirms the rejection.

\begin{exercise}[A partition certificate is stronger than a pair list]
On three indices declare $1$ compatible with $2$ and $2$ compatible with
$3$, but $1$ incompatible with $3$. Can these pairwise records be used
as blocks of a partition without further modification?
\end{exercise}
\solution
No. If $1$ and $2$ lie in one block and $2$ and $3$ lie in one block,
disjointness of blocks forces those blocks to coincide, so $1$ and $3$
also lie together. The proposed relation is not transitive. Taking its
transitive closure would give the single block $\{1,2,3\}$, but that is
a changed relation whose geometric meaning needs separate justification.
This is the finite reason that pairwise non-separation cannot silently
be promoted to an equivalence relation.

\begin{exercise}[Precision sufficient for order]
Approximate endpoints on a chosen linear angular chart are separated
by at least $1/1000$. Each true endpoint is within $2^{-p}$ of its
approximation. Give a sufficient integer $p$ for all comparisons.
\end{exercise}
\solution
It suffices that $2\cdot2^{-p}<1/1000$, or $2^p>2000$.
Thus $p=11$ suffices, because $2048>2000$.
This calculation assumes that the same chart avoids all uncertainty
intervals at its cut. If an interval crosses the cut, it must first be
represented as a circular interval or the cut must be moved. The bound
certifies strict ordering only; it does not certify that the measured
angles are the accesses of the intended continuum.

\chapter{Dirichlet problems and elimination on finite trees}
\label{q:networks}

A tree of puzzle pieces describes containment. To turn it into an
electrical or thermal network one must additionally specify its terminals,
edge conductances and interpretation of a potential. None of these is
determined solely by the fact that the tree came from a planar drawing.
We first solve the finite mathematical problem, without making that extra
identification. The classical Dirichlet and current principles are discussed
in Doyle and Snell~\cite{DoyleSnell2006}; the proofs here use explicit finite
quadratic forms and require no limiting electrical medium.

\section{Energy and the unique harmonic extension}

Let $G=(V,E)$ be a finite connected undirected graph without loops.
Give each unordered edge $\{x,y\}$ a conductance $c_{xy}=c_{yx}>0$.
Parallel edges, if present in an initial description, may be replaced by
one edge with their summed conductance. Choose a nonempty boundary set
$B\subset V$, write $I=V\setminus B$, and prescribe real values
$g:B\to\R$. For $u:V\to\R$ define
\begin{equation}\label{q:energy-definition}
 \mathcal E_c(u)=\sum_{\{x,y\}\in E}c_{xy}(u_x-u_y)^2,
 \qquad
 (Lu)_x=\sum_{y:\{x,y\}\in E}c_{xy}(u_x-u_y).
\end{equation}
Every edge is counted once in the energy. Consequently
\begin{equation}\label{q:green}
 \sum_{x\in V}v_x(Lu)_x
 =\sum_{\{x,y\}\in E}c_{xy}(v_x-v_y)(u_x-u_y),
 \qquad \mathcal E_c(u)=u^{\mathsf T}Lu.
\end{equation}
The identity follows by collecting the two endpoint terms of each edge;
it is the finite summation-by-parts formula behind all subsequent proofs.

\begin{theorem}[Finite Dirichlet principle]\label{q:dirichlet}
There is a unique function $h$ with $h|_B=g$ and $(Lh)_x=0$ for $x\in I$.
It uniquely minimizes $\mathcal E_c$ among all functions with that boundary
data. Every admissible $u$ satisfies the exact energy decomposition
\[
 \mathcal E_c(u)=\mathcal E_c(h)+\mathcal E_c(u-h).
\]
If $I$ is nonempty, its values solve the positive definite system
\[
 L_{II}h_I=-L_{IB}g.
\]
\end{theorem}
\begin{proof}
For a vector $w$ which vanishes on $B$, the energy is nonnegative and
can be zero only when $w_x=w_y$ on every edge. Connectedness then makes
$w$ constant on $V$, and the nonempty boundary makes this constant zero.
Thus the quadratic form $w_I^{\mathsf T}L_{II}w_I$ is positive definite,
so the displayed finite linear system has a unique solution. Extending
it by $g$ gives the asserted harmonic function. If $I$ is empty there are
no unknowns and the assertion is immediate.

For an admissible $u$ put $w=u-h$. Expanding edge by edge gives
\[
 \mathcal E_c(h+w)=\mathcal E_c(h)+2\sum_{x\in V}w_x(Lh)_x
                  +\mathcal E_c(w).
\]
The middle sum vanishes: $w=0$ on $B$ and $Lh=0$ on $I$.
The remaining energy is nonnegative and is zero only when $w=0$, by the
preceding argument. This proves both minimality and uniqueness.

% PROOF_EXPANSION_Q_10_BEGIN
To expose the linear algebra behind the quadratic argument, orient each
edge once and let $D$ be the matrix with a $1$ at its initial vertex and
a $-1$ at its final vertex. With $W=\operatorname{diag}(c_e)$,
\[
 Du=(u_{e^-}-u_{e^+})_{e\in E},\qquad
 L=D^{\mathsf T}WD,\qquad
 L_{II}=D_I^{\mathsf T}WD_I.
\]
The last equality uses the columns indexed by $I$; boundary coordinates
of a zero-boundary test vector are absent. If $D_Iw_I=0$, its zero-boundary
extension has equal values along every edge. A path from any vertex to
the nonempty boundary forces that value to be zero. Hence $D_I$ has
trivial kernel, and positivity of $W$ gives the claimed positive
definiteness without relying on a computed determinant.
The energy at a general interior vector $x$ can now be written
\[
 \mathcal E_c(x,g)=x^{\mathsf T}L_{II}x
       +2x^{\mathsf T}L_{IB}g+g^{\mathsf T}L_{BB}g.
\]
Its gradient with respect to $x$ is $2(L_{II}x+L_{IB}g)$.
Setting this to zero gives the same harmonic equations; completing the
square about their unique solution gives the same nonnegative energy
gap. Thus the variational and linear-system descriptions agree for
every prescribed boundary vector, including constant boundary data.
% PROOF_EXPANSION_Q_10_END

\end{proof}

\begin{proposition}[Maximum principle and stability of boundary values]
\label{q:maximum}
The harmonic extension satisfies
$\min_Bg\leq h_x\leq\max_Bg$ for every $x\in V$.
For two boundary functions $g,\widetilde g$ on the same network,
\[
 \max_{x\in V}|h_x-\widetilde h_x|
 \leq\max_{b\in B}|g_b-\widetilde g_b|.
\]
\end{proposition}
\begin{proof}
At an interior vertex the equation $Lh=0$ can be solved as
\[
 h_x=\sum_{y\sim x}\frac{c_{xy}}{\sum_{z\sim x}c_{xz}}h_y.
\]
All weights are positive and sum to one. If a global maximum strictly
larger than all boundary values were attained at an interior vertex,
all its neighbors would have the same maximum. Propagating along a path
to $B$ gives a contradiction. Apply the same reasoning to $-h$ for the
minimum. The difference $h-\widetilde h$ is harmonic in $I$ by linearity,
so applying both bounds to its boundary data proves the stability estimate.

% PROOF_EXPANSION_Q_11_BEGIN
The propagation step can be checked by subtracting each neighbor value
from a maximal value $M=h_x$:
\[
 0=\sum_{y\sim x}c_{xy}(M-h_y),
 \qquad c_{xy}>0,\quad M-h_y\geq0.
\]
Every summand must vanish, so each neighbor also has value $M$.
Connectedness supplies a finite path to the boundary, and induction
along its successive edges reaches the contradiction in finitely many
steps. Zero conductances would invalidate that propagation along an
edge, which is why the stated positivity and connectedness matter.
There is also a useful matrix reading. Extend each boundary coordinate
vector harmonically and write its value at $x$ as $H_{xb}$. The just-proved
bounds and linearity imply
\[
 H_{xb}\geq0,\qquad \sum_{b\in B}H_{xb}=1,
 \qquad h_x=\sum_{b\in B}H_{xb}g_b.
\]
The sum is one because the sum of boundary coordinate vectors is the
constant-one boundary vector. Thus every interior value is a convex
combination of boundary values, and the stability constant one follows
by applying the triangle inequality to this explicit representation.
This finite kernel requires no probabilistic interpretation.
% PROOF_EXPANSION_Q_11_END

\end{proof}

\section{Eliminating one vertex exactly}

Suppose an interior vertex has neighboring potentials $v_1,\ldots,v_k$
and incident conductances $c_1,\ldots,c_k$. Its own potential $x$ appears
in the local energy $\sum_jc_j(x-v_j)^2$.
Writing $C=\sum_jc_j>0$ and $m=C^{-1}\sum_jc_jv_j$ gives
\begin{align}
 \sum_{j=1}^k c_j(x-v_j)^2
 &=C(x-m)^2+\sum_jc_jv_j^2-Cm^2,\label{q:star-square}\\
 \min_x\sum_{j=1}^k c_j(x-v_j)^2
 &=\frac1C\sum_{1\leq i<j\leq k}c_ic_j(v_i-v_j)^2.
 \label{q:star-elimination}
\end{align}
For completeness, multiplying the second constant term by $C$ and expanding
produces
\[
 C\sum_jc_jv_j^2-\left(\sum_jc_jv_j\right)^2
 =\sum_{i<j}c_ic_j(v_i^2+v_j^2-2v_iv_j),
\]
which proves the identity. Thus eliminating a vertex creates conductance
$c_ic_j/C$ between each pair of its neighbors. Existing conductances between
the same pair are added. Even if the original graph is a tree, eliminating
a branching vertex can create a triangle, so the reduced graph need not
remain a tree.

For $k=2$ the new conductance is
\begin{equation}\label{q:series}
 c_{\mathrm{series}}=\frac{c_1c_2}{c_1+c_2},
 \qquad \frac1{c_{\mathrm{series}}}=\frac1{c_1}+\frac1{c_2}.
\end{equation}
For $k=1$ the minimized local energy is zero: a free leaf takes the potential
of its only neighbor and draws no current. A leaf with a prescribed value
is different; its incident energy must be retained, since its potential
is not a variable over which one may minimize.

\begin{proposition}[The boundary response matrix]\label{q:response}
If $I\ne\varnothing$, define
\[
 \Lambda=L_{BB}-L_{BI}L_{II}^{-1}L_{IB}.
\]
If $I=\varnothing$, put $\Lambda=L$. The vector of currents flowing from
boundary vertices into the network is $\Lambda g$, and the minimum energy is
\[
 \mathcal E_c(h)=g^{\mathsf T}\Lambda g.
\]
The matrix $\Lambda$ is symmetric and positive semidefinite, its row sums
are zero, and its off-diagonal entries are nonpositive.
\end{proposition}
\begin{proof}
Substitute $h_I=-L_{II}^{-1}L_{IB}g$ into the boundary rows of $Lh$ to
obtain $(Lh)_B=\Lambda g$. Formula~\eqref{q:green} and $Lh=0$ on $I$
then give the energy identity. Symmetry follows from that of $L$ and
$L_{II}^{-1}$, and nonnegativity from the energy. Constant boundary data
extend constantly, so $\Lambda\mathbf1=0$.
For distinct boundary vertices $b,j$, set $g_j=1$ and all other boundary
values to zero. The maximum principle gives $0\leq h\leq1$, and therefore
\[
 \Lambda_{bj}=(Lh)_b=\sum_{y\sim b}c_{by}(0-h_y)\leq0.
\]
This proves the sign assertion, including any direct boundary edges.
\end{proof}

Thus internal vertices may be removed while preserving all boundary
voltage-current relations, rather than merely one terminal measurement.
When all conductances and prescribed values are rational, the equations
and elimination identities also show that every resulting potential and
response coefficient is rational. This is an exact algebraic assertion;
it does not bound the growth of numerators and denominators in a particular
implementation of elimination.

% PROOF_EXPANSION_Q_12_BEGIN
\subsection{Two interior vertices: a complete rational elimination}
An exact small network illustrates all boundary entries at once. Join
terminals $a,b$ to an interior vertex $u$, terminals $c,d$ to an interior
vertex $v$, and join $u$ to $v$. Give all five edges conductance one.
In the orders $(u,v)$ and $(a,b,c,d)$, the blocks are
\[
 L_{II}=\begin{pmatrix}3&-1\\-1&3\end{pmatrix},\qquad
 L_{II}^{-1}=\frac18\begin{pmatrix}3&1\\1&3\end{pmatrix},\qquad
 L_{IB}=-\begin{pmatrix}1&1&0&0\\0&0&1&1\end{pmatrix},
 \quad L_{BB}=I_4.
\]
Multiplication verifies the inverse because the diagonal products are
$9-1=8$ and the off-diagonal products are $3-3=0$. Therefore
\[
 \binom{u}{v}=\frac18
 \binom{3(g_a+g_b)+(g_c+g_d)}{(g_a+g_b)+3(g_c+g_d)},
\]
and direct block multiplication gives the full response
\[
 \Lambda=\frac18
 \begin{pmatrix}
 5&-3&-1&-1\\-3&5&-1&-1\\-1&-1&5&-3\\-1&-1&-3&5
 \end{pmatrix}.
\]
Every row sums to zero. Reading the negative off-diagonal entries as
conductances gives $3/8$ on $ab$ and $cd$, and $1/8$ on each of the four
pairs with one endpoint in $\{a,b\}$ and the other in $\{c,d\}$.
Successive star elimination gives an independent check. Eliminating $u$
first creates conductance $1/3$ on $ab,av,bv$. The remaining incident
conductance at $v$ is $1/3+1/3+1+1=8/3$, so its elimination gives
\[
 c_{ab}=\frac13+\frac{(1/3)^2}{8/3}=\frac38,
 \qquad c_{ac}=\frac{(1/3)\cdot1}{8/3}=\frac18,
 \qquad c_{cd}=\frac{1\cdot1}{8/3}=\frac38.
\]
The other cross-pairs follow by the displayed symmetries. For terminal
values $(0,1,2,3)$, the recovered interiors are $(u,v)=(1,2)$ and
\[
 \Lambda(0,1,2,3)^{\mathsf T}=(-1,0,0,1)^{\mathsf T},
 \qquad \mathcal E=1+0+1+0+1=3.
\]
The response energy also equals $(0,1,2,3)\cdot(-1,0,0,1)=3$.
This agreement holds for every boundary vector by the matrix identity,
not just for these four chosen voltages. The reduced graph generally
has different internal topology; equality of terminal response does not
make its drawing a conformal or metric image of the original tree.
\fig{schur_elimination}{The five unit-conductance edges of an H-shaped
tree reduce to terminal conductances $3/8$ on $ab,cd$ and $1/8$ on the
four cross-pairs. This is an exact boundary-response identity, not a
geometric identification of the drawings.}{schur-elimination}
% PROOF_EXPANSION_Q_12_END


\section{Bottom-up messages on a rooted tree}

A rooted tree permits elimination in an order which keeps only a quadratic
function at each active parent. For a subtree below a vertex with potential
$x$, write its already minimized energy as
\[
 Q(x)=Ax^2-2Bx+C.
\]
This function is nonnegative for every real $x$, because it arose by
minimizing a sum of nonnegative edge energies. Hence $A\geq0$, and if
$A=0$ then $B=0$. Connect this vertex to its parent, of potential $y$,
through conductance $c>0$. Completing the square again gives
\begin{align}
 \min_x\{c(y-x)^2+Q(x)\}
 &=A'y^2-2B'y+C',\label{q:message}\\
 A'&=\frac{cA}{c+A},\qquad
 B'=\frac{cB}{c+A},\qquad
 C'=C-\frac{B^2}{c+A},\label{q:message-coefficients}\\
 x_{\min}&=\frac{cy+B}{c+A}.\label{q:back-substitution}
\end{align}
Indeed, the quadratic coefficient of $x$ is $c+A>0$, its linear
coefficient is $-2(cy+B)$, and its remaining term is $cy^2+C$.
Subtracting $(cy+B)^2/(c+A)$ yields the coefficients above.

% PROOF_EXPANSION_Q_13_BEGIN
For $A>0$, rewrite the incoming message in a form which isolates its
preferred potential and unavoidable constant cost:
\[
 Q(x)=A(x-m)^2+D_0,\qquad
 m=\frac BA,\qquad D_0=C-\frac{B^2}{A}\geq0.
\]
Then the complete square is
\[
 c(y-x)^2+A(x-m)^2
 =(c+A)\left(x-\frac{cy+Am}{c+A}\right)^2
       +\frac{cA}{c+A}(y-m)^2.
\]
Thus transmission preserves the preferred value $m$ and constant cost
$D_0$, while changing the positive stiffness from $A$ to $cA/(c+A)$.
In coefficient form the same fact is
\[
 \frac{B'}{A'}=\frac BA,
 \qquad C'-\frac{(B')^2}{A'}=C-\frac{B^2}{A}.
\]
If $A=0$, nonnegativity of $Q$ on all of $\R$ forces $B=0$, so the
message is constant and the minimizer is $x=y$. This separate case
avoids dividing by $A$. At a branching vertex the incoming constants
and stiffnesses add before transmission; different preferred values
can then leave a strictly positive minimized constant cost. Back
substitution records the weighted compromise at that vertex rather
than pretending that every branch preferred the same voltage.
% PROOF_EXPANSION_Q_13_END


A prescribed leaf value $g$ sends the message
$c(y-g)^2$, with coefficients $(c,cg,cg^2)$. A free leaf sends zero.
At a vertex, the messages of its children add coefficient by coefficient;
then \eqref{q:message-coefficients} sends the combined message to its parent.
With fixed data on the leaves and, if desired, the root, this procedure
eliminates every unprescribed vertex. If the root is free and its resulting
quadratic has $A>0$, its value is $B/A$. When at least one leaf is fixed,
connectedness and positive conductances force that final $A$ to be positive:
otherwise the minimum energy would be independent of the root value, in
contradiction with the uniqueness of the Dirichlet extension for varying
root candidates. Equivalently, the recursive positive coefficients along
a path to a fixed leaf remain positive.

Back substitution using \eqref{q:back-substitution} recovers every vertex
potential. Each edge participates in one upward message and one downward
substitution, giving $O(|V|)$ arithmetic operations for this tree procedure.
This count treats a rational arithmetic operation as one operation; exact
bit complexity additionally depends on the sizes of its operands.
Prescribed interior vertices can be treated as separators, solving the
components between them with those values fixed.

\fig{tree_network}{A three-arm network with conductances $1,2,3$ and
terminal potentials $0,1,2$. The central potential is $4/3$ and the
once-per-edge energy is $10/3$ in the chosen normalized units.}{tree-network}

\section{Solved investigations}

\begin{exercise}[The three-arm star]
Three terminal values are $0,1,2$, with incident conductances $1,2,3$.
Find the central potential, each outward terminal current and the energy.
\end{exercise}
\solution
The center is the weighted mean
$x=(1\cdot0+2\cdot1+3\cdot2)/(1+2+3)=4/3$.
Currents from the terminals into the network are
$1(0-x)=-4/3$, $2(1-x)=-2/3$, and $3(2-x)=2$.
Their sum is zero. The energy is
\[
 (4/3)^2+2(1/3)^2+3(2/3)^2=10/3.
\]
The boundary power identity gives the same value:
$0(-4/3)+1(-2/3)+2(2)=10/3$.
This second calculation checks the current signs and edge-count convention.

\begin{exercise}[A series path with a free branch]
A path from terminal $a$ to terminal $b$ has edge resistances $1,2,3$.
A finite tree with no additional terminal is attached to its middle
vertex. Compute the effective conductance between $a$ and $b$.
\end{exercise}
\solution
Successively eliminate free leaves in the attached tree. Every eliminated
leaf has zero minimized energy, so eventually the entire added tree
disappears without changing the boundary response. The path resistance
is $1+2+3=6$ by \eqref{q:series}, hence its conductance is $1/6$.
For a unit voltage the current is $1/6$, and the drops across the three
edges are $1/6,2/6,3/6$. Every attached branch takes the potential of its
attachment vertex. A new prescribed terminal on such a branch would
change this calculation and cannot be discarded.

\begin{exercise}[A rational message]
A child subtree sends $Q(x)=2x^2-6x+5$ to a vertex linked to its parent
by conductance $3$. Compute its message and verify nonnegativity.
\end{exercise}
\solution
Here $(A,B,C)=(2,3,5)$, so
\[
 Q_{\mathrm{parent}}(y)=\frac65y^2-\frac{18}5y+\frac{16}5
 =\frac65\left(y-\frac32\right)^2+\frac12.
\]
The original quadratic is $2(x-3/2)^2+1/2$, also nonnegative.
At a fixed parent value $y$, the child potential is $(3y+3)/5$.
Substitution into $3(y-x)^2+Q(x)$ recovers the displayed message,
confirming that its constant term has not been lost during elimination.

\begin{exercise}[The response of a star]
For a center joined to $k$ boundary vertices with conductances $c_j$,
write the complete response matrix and identify its nullspace.
\end{exercise}
\solution
Put $c=(c_1,\ldots,c_k)^{\mathsf T}$ and $C=\sum_jc_j$.
Elimination gives
$\Lambda=\operatorname{diag}(c_1,\ldots,c_k)-cc^{\mathsf T}/C$.
Its energy is $C^{-1}\sum_{i<j}c_ic_j(g_i-g_j)^2$.
For $k\geq2$, positivity of every coefficient makes this zero exactly
when all $g_i$ coincide; the nullspace is the constants. For $k=1$ the
matrix is the one-by-one zero matrix, whose entire one-dimensional space
is again the space of constants. Each off-diagonal entry is $-c_ic_j/C$,
consistent with Proposition~\ref{q:response}.

\begin{exercise}[Why anchoring matters]
Remove all prescribed boundary values from a connected network.
Describe the minimizers of its energy and explain why the previous
uniqueness statement no longer applies.
\end{exercise}
\solution
Every constant function has energy zero, and zero energy forces equality
along every edge, hence constancy by connectedness. Thus there is a whole
one-parameter family of minimizers. The full Laplacian has
$L\mathbf1=0$ and is not invertible. The nonempty boundary in
Theorem~\ref{q:dirichlet} removed this additive freedom. Prescribing one
value restores uniqueness, though it may produce the constant solution
if there are no other imposed data or sources.

\chapter{Resistance bounds, perturbations and finite error certificates}
\label{q:resistance}

The preceding elimination identities compute a finite network exactly
when rational arithmetic is feasible. Bounds remain useful when one does
not want to eliminate the whole graph, when conductances are uncertain,
or when an approximate potential has already been proposed. In each
case an acceptance argument must be independent of the procedure that
generated the proposal. The central quantities are variational, which
makes such arguments short enough to inspect directly.

\section{Voltage and current formulations}

Choose distinct terminals $a,b\in V$, prescribe $h_a=1$, $h_b=0$, and
let all other vertices be harmonic. Define
\[
 C_{ab}=\mathcal E_c(h),\qquad R_{ab}=C_{ab}^{-1}.
\]
Connectedness and distinct terminal values imply $C_{ab}>0$.
By \eqref{q:green}, $C_{ab}=(Lh)_a$, the current entering at $a$ under
unit voltage. The current at $b$ is $-C_{ab}$ because the sum of all
rows of $Lh$ is zero. Thus the reciprocal definition agrees with
voltage divided by current.

Temporarily choose one orientation for every edge and write $e^-,e^+$
for its initial and final vertices. A signed flow is a vector $(j_e)$;
its divergence is
\[
 (\operatorname{div}j)_x
 =\sum_{e:e^-=x}j_e-\sum_{e:e^+=x}j_e.
\]
A unit flow from $a$ to $b$ has divergence $1$ at $a$, $-1$ at $b$,
and zero elsewhere. With $r_e=1/c_e$, its dissipation is
$\mathcal D_r(j)=\sum_e r_ej_e^2$.
Changing an edge orientation changes the sign of its flow and leaves
this quantity invariant. Collecting endpoint terms gives a second useful
summation-by-parts formula:
\begin{equation}\label{q:flow-green}
 \sum_e(u_{e^-}-u_{e^+})j_e
 =\sum_xu_x(\operatorname{div}j)_x.
\end{equation}

\begin{theorem}[Unit-flow principle]\label{q:thomson}
Among all unit flows from $a$ to $b$, the unique minimizer of
$\mathcal D_r$ is
\[
 i_e=\frac{c_e(h_{e^-}-h_{e^+})}{C_{ab}},
 \qquad \min_j\mathcal D_r(j)=R_{ab}.
\]
For any unit flow $j$, the exact orthogonal decomposition is
\[
 \mathcal D_r(j)=R_{ab}+\mathcal D_r(j-i).
\]
\end{theorem}
\begin{proof}
The divergence equations for $h$ show that $i$ is a unit flow.
Its dissipation is
\[
 \sum_e\frac1{c_e}\frac{c_e^2(h_{e^-}-h_{e^+})^2}{C_{ab}^2}
 =\frac{\mathcal E_c(h)}{C_{ab}^2}=\frac1{C_{ab}}.
\]
For another unit flow put $k=j-i$; then $\operatorname{div}k=0$
at every vertex, including the terminals. The cross term in the expansion
of $\mathcal D_r(i+k)$ is
\[
 \sum_e r_ei_ek_e
 =\frac1{C_{ab}}\sum_e(h_{e^-}-h_{e^+})k_e
 =\frac1{C_{ab}}\sum_xh_x(\operatorname{div}k)_x=0.
\]
The expansion proves the identity. All resistances are positive, so its
last term vanishes only if $k=0$, proving uniqueness.
\end{proof}

The voltage formulation supplies an upper bound on $C_{ab}$ from any
potential with the correct terminal values. The current formulation
supplies an upper bound on $R_{ab}$ from any unit flow. Accordingly a
trial potential $v$ and a trial unit flow $j$ yield the two-sided enclosure
\begin{equation}\label{q:dual-bounds}
 \frac1{\mathcal E_c(v)}\leq R_{ab}\leq\mathcal D_r(j).
\end{equation}
The left denominator is positive because the endpoints differ.
These are exact inequalities if the feasibility conditions and energies
have been checked exactly or enclosed with justified directed errors.
A small mismatch in divergence is not a unit-flow certificate until it
has been corrected or its effect bounded.

% PROOF_EXPANSION_Q_14_BEGIN
The two trial certificates also satisfy a direct product inequality.
Since $v_a-v_b=1$ and $\operatorname{div}j=\mathbf1_a-\mathbf1_b$,
summation by parts and weighted Cauchy--Schwarz give
\[
 1=\sum_e\Delta_e v\,j_e,
 \qquad
 1\leq\left(\sum_e c_e(\Delta_e v)^2\right)
          \left(\sum_e r_ej_e^2\right)
 =\mathcal E_c(v)\mathcal D_r(j).
\]
Here $\Delta_e v=v_{e^-}-v_{e^+}$, with the same orientation as $j_e$.
Equality in Cauchy--Schwarz requires $j_e$ to be one common multiple of
$c_e\Delta_e v$ on all edges. Together with feasibility, this means that
$v$ is the harmonic unit-voltage potential and $j$ its normalized unit
flow. More quantitatively, set $E=\mathcal E_c(v)$ and $D=\mathcal D_r(j)$.
The interval width decomposes into two nonnegative defects:
\[
 D-\frac1E=(D-R_{ab})+
          \frac{E-C_{ab}}{C_{ab}E}.
\]
The first defect is exactly the flow energy of $j-i$, and the numerator
in the second is exactly the potential energy of $v-h$. This explains
how independent feasible trials can squeeze the resistance from both
sides. It also shows why raw residuals without feasibility do not give
the same enclosure: the initial summation-by-parts value would cease
to equal one.
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\begin{proposition}[Paths and cuts]\label{q:path-cut}
For any simple path $P$ from $a$ to $b$, and any vertex set $S$ containing
$a$ but not $b$, let $\partial S$ be the edges with one endpoint in $S$.
Then
\[
 \frac1{\sum_{e\in\partial S}c_e}\leq R_{ab}
 \leq\sum_{e\in P}r_e.
\]
On a tree the upper bound is an equality for its unique terminal path.
\end{proposition}
\begin{proof}
Send one unit of flow along $P$ and zero elsewhere. This is feasible and
has dissipation $\sum_{e\in P}r_e$, giving the upper bound.
For the lower bound take the trial potential $v=1$ on $S$ and $v=0$
outside. Its energy is exactly $\sum_{e\in\partial S}c_e$, so
\eqref{q:dual-bounds} applies.
On a tree, deleting an edge divides the vertices into two components.
Summing divergence over either component shows that every unit flow has
current of magnitude one through the edge if it separates $a$ from $b$,
and zero otherwise. The separating edges are precisely those of the
unique path. Thus its path flow is the only unit flow, proving equality.
\end{proof}

This also derives the series law without eliminating potentials, and
explains why a free dangling tree cannot affect a two-terminal resistance.
The argument uses the absence of a cycle. A graph with an additional
path can divide its unit flow and lower the resistance.

\subsection{Several separating cuts give an additive lower bound}

\begin{proposition}[Disjoint cut bounds]\label{q:disjoint-cuts}
Let $S_1,\ldots,S_k$ contain $a$ and exclude $b$. Suppose their edge
cuts $\partial S_1,\ldots,\partial S_k$ are pairwise disjoint as sets
of edges. Then
\[
 R_{ab}\geq\sum_{j=1}^k
             \frac1{\sum_{e\in\partial S_j}c_e}.
\]
The sets $S_j$ need not be disjoint; disjointness is required of their
crossing edges.
\end{proposition}
\begin{proof}
For a unit flow $i$, orient each edge of a selected cut outward from
$S_j$ for the purpose of that cut's calculation. Summing divergence
over $S_j$ cancels every internal edge and gives
$\sum_{e\in\partial S_j}i_e=1$. Weighted Cauchy--Schwarz gives
\[
 1=\left(\sum_{e\in\partial S_j}
         \sqrt{r_e}i_e\,\sqrt{c_e}\right)^2
 \leq\left(\sum_{e\in\partial S_j}r_ei_e^2\right)
       \left(\sum_{e\in\partial S_j}c_e\right).
\]
Because the cuts share no edges, their dissipation sums add without
counting any edge twice, and their total is at most
$\mathcal D_r(i)$. Hence every unit flow has dissipation at least the
displayed sum of reciprocal cut conductances. Minimize over flows using
Theorem~\ref{q:thomson}.
\end{proof}

For a path with successive resistances $r_1,\ldots,r_k$, take cuts at
its successive edges. The lower bound becomes $\sum_jr_j$, matching
the path-flow upper bound. For a branching graph, broad cuts can have
large total conductance and hence contribute only a small reciprocal
term. This is the quantitative distinction between several bottlenecks
in series and many alternative edges in one bottleneck.

The disjointness hypothesis cannot be removed while retaining the sum.
On a single edge of resistance one, using the same cut twice would
incorrectly predict resistance at least two. More subtly, nested vertex
sets can still have overlapping edge cuts when an edge jumps across
several layers. Nestedness of regions alone does not justify adding
their cut bounds. A finite certificate can list the cut edges and check
that each edge index appears at most once; this is an exact combinatorial
condition separate from estimating the positive conductance sums.

\section{Monotonicity and uncertainty in conductances}

\begin{proposition}[Rayleigh comparison and relative perturbations]
\label{q:rayleigh}
On a fixed connected graph with fixed distinct terminals, increasing
any conductances cannot decrease $C_{ab}$ and cannot increase $R_{ab}$.
If, for $0\leq\eta<1$,
\[
 (1-\eta)c_e\leq\widetilde c_e\leq(1+\eta)c_e
 \quad\text{for every edge},
\]
then
\begin{align*}
 (1-\eta)C_{ab}&\leq\widetilde C_{ab}\leq(1+\eta)C_{ab},\\
 \frac{R_{ab}}{1+\eta}&\leq\widetilde R_{ab}
                 \leq\frac{R_{ab}}{1-\eta}.
\end{align*}
\end{proposition}
\begin{proof}
For each admissible potential, its energy is an increasing function of
each conductance. Taking the infimum over the same set of potentials
preserves this ordering. Taking positive reciprocals reverses it for
resistance. Under the relative hypotheses, every admissible potential
satisfies
\[
 (1-\eta)\mathcal E_c(u)\leq\mathcal E_{\widetilde c}(u)
 \leq(1+\eta)\mathcal E_c(u).
\]
Minimizing yields the conductance bounds, and reciprocation yields the
resistance bounds. This proof does not assume that the two minimizing
potentials are equal.
\end{proof}

The same argument shows that $C_{ab}$ is concave as a function of the
conductance vector: for $0\leq t\leq1$,
\[
 \inf_u\{t\mathcal E_c(u)+(1-t)\mathcal E_d(u)\}
 \geq t\inf_u\mathcal E_c(u)+(1-t)\inf_u\mathcal E_d(u).
\]
The unit-flow formula similarly makes $R_{ab}$ concave in the resistance
vector. These are different parameterizations; concavity in conductance
must not be silently replaced by concavity in resistance for the same
output quantity.

There is a precise local sensitivity formula. If one conductance $c_e$
varies over positive values while the others are fixed, the positive
definite linear system makes its harmonic solution differentiable.
Differentiating the minimized energy gives
\begin{equation}\label{q:sensitivity}
 \frac{\partial C_{ab}}{\partial c_e}
 =(h_{e^-}-h_{e^+})^2.
\end{equation}
Indeed, the derivative from changing $c_e$ at fixed $h$ is the displayed
square. The terms from differentiating $h$ sum to
$2\sum_x h'_x(Lh)_x$, which vanishes because $h'$ is zero at the terminals
and $Lh$ is zero elsewhere. The differentiability assertion can also be
read directly from the inverse matrix formula: its entries are quotients
of polynomials with a nonzero determinant on positive conductances.
Thus an edge with zero potential drop has zero first-order effect,
although its effect at other conductance values must still be considered.
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Differentiating the interior equations makes the dependence precise.
Along a differentiable positive-conductance path $c(t)$ with fixed
terminal values, write a dot for the derivative. Then
\[
 L_{II}\dot h_I=-(\dot Lh)_I,
 \qquad \dot h_a=\dot h_b=0,
\]
so the derivative is determined by the same invertible grounded matrix.
In the differentiated energy the solution-motion contribution is
$2\dot h^{\mathsf T}Lh=0$, leaving
\[
 \frac{\dd C_{ab}}{\dd t}
   =\sum_e\dot c_e(\Delta_e h)^2,
 \qquad
 \sum_e c_e\frac{\partial C_{ab}}{\partial c_e}=C_{ab}.
\]
The second identity follows either by setting $\dot c=c$ or directly
from the energy formula. Hence the dimensionless sensitivities
$s_e=c_e(\Delta_e h)^2/C_{ab}$ are nonnegative and sum to one.
They describe the local distribution of conductance sensitivity, not
probabilities of a physical event. For resistance parameters, the chain
rule and $c_e=1/r_e$ yield
\[
 \frac{\partial R_{ab}}{\partial r_e}
 =\frac{(c_e\Delta_e h)^2}{C_{ab}^2}=i_e^2,
 \qquad \sum_e r_e\frac{\partial R_{ab}}{\partial r_e}=R_{ab}.
\]
The derivatives are local statements at positive parameters. Finite
changes require integration along a positive path or the global Rayleigh
comparison already proved; multiplying a local derivative by a large
parameter change without controlling its variation is not such a proof.
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\section{A residual bound with an explicit stability constant}

Let $B$ again be any nonempty boundary set and assume $I\ne\varnothing$.
For each $x\in I$ choose a simple path $P_x$ to some boundary vertex and set
\[
 m=|I|,\qquad R_* =\max_{x\in I}\sum_{e\in P_x}r_e.
\]
All these quantities concern the supplied finite graph. In particular
$R_*$ is available from explicit paths; it is not a hidden asymptotic
constant. For any $w$ vanishing on $B$, telescoping along $P_x$ and
Cauchy--Schwarz give
\begin{align}
 |w_x|^2
 &\leq\left(\sum_{e\in P_x}r_e\right)
       \left(\sum_{e\in P_x}c_e(\Delta_e w)^2\right)
 \leq R_*\mathcal E_c(w),\label{q:path-poincare}\\
 \norm{w_I}_2^2&\leq mR_*\mathcal E_c(w).
 \label{q:poincare}
\end{align}
In particular, the smallest eigenvalue of $L_{II}$ is at least
$(mR_*)^{-1}$. The path estimate is deliberately conservative and often
can be sharpened, but it is fully explicit.

\begin{proposition}[Residual-to-error conversion]\label{q:residual}
Let $\widetilde h$ have exactly the prescribed boundary values and put
$r=(L\widetilde h)_I$. For the exact harmonic extension $h$,
\[
 \norm{\widetilde h_I-h_I}_2\leq mR_*\norm r_2,
 \qquad
 \mathcal E_c(\widetilde h-h)\leq mR_*\norm r_2^2.
\]
Moreover,
$\mathcal E_c(\widetilde h)-\mathcal E_c(h)
=\mathcal E_c(\widetilde h-h)$ exactly.
\end{proposition}
\begin{proof}
Writing $e=\widetilde h-h$, we have $e_B=0$ and $L_{II}e_I=r$.
Formula~\eqref{q:poincare} and summation by parts imply
\[
 \frac{\norm{e_I}_2^2}{mR_*}
 \leq e_I^{\mathsf T}L_{II}e_I=e_I^{\mathsf T}r
 \leq\norm{e_I}_2\norm r_2.
\]
If $e_I=0$ the claims are immediate; otherwise division gives the first
bound. Substituting it into $\mathcal E_c(e)=e_I^{\mathsf T}r$ gives
the second. The exact energy-gap identity is
Theorem~\ref{q:dirichlet} applied to $\widetilde h$.
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An eigenbasis makes both error quantities transparent. Write
$L_{II}v_j=\lambda_jv_j$ for an orthonormal basis, with
$\lambda_j>0$, and put $r_j=v_j^{\mathsf T}r$. The exact identities are
\[
 e_I=\sum_j\frac{r_j}{\lambda_j}v_j,
 \qquad \norm{e_I}_2^2=\sum_j\frac{r_j^2}{\lambda_j^2},
 \qquad \mathcal E_c(e)=\sum_j\frac{r_j^2}{\lambda_j}.
\]
The path inequality supplies $\lambda_j\geq(mR_*)^{-1}$ for every
$j$, giving the claimed bounds term by term. In particular the energy
error is not the square of the Euclidean error with an unspecified
constant; it is the exact quadratic quantity $r^{\mathsf T}L_{II}^{-1}r$.
The argument also isolates the zero-residual case: if $r=0$, each
coefficient $r_j/\lambda_j$ is zero, and uniqueness gives
$\widetilde h=h$ exactly. For nonzero residual, the orientation chosen
to write edge differences is irrelevant because the energy squares
those differences. The simple paths used to define $R_*$ ensure that
no edge contribution is counted twice inside any one path estimate.
% PROOF_EXPANSION_Q_16_END

\end{proof}

If boundary values are also uncertain by at most $\eta$ in maximum norm,
first compare exact harmonic extensions using
Proposition~\ref{q:maximum}, then apply the residual bound to the approximate
extension for its own boundary values. The triangle inequality yields
the maximum-norm estimate
\[
 \norm{\widetilde h-h}_\infty
 \leq\eta+mR_*\norm r_2.
\]
Here the residual must be calculated for the boundary values actually used.
Floating arithmetic that merely prints a small residual is not enough:
one also needs a justified enclosure for that residual and the positive
conductances on which the stability estimate depends.

\section{A complete branching model}

\begin{proposition}[Root-to-level resistance of a regular tree]
\label{q:regular-tree}
Let every nonterminal vertex of a rooted tree have $b\geq2$ children.
All edges joining depth $k-1$ to depth $k$ have resistance $r_k>0$.
At depth $n$, identify all leaves as one terminal, and take the root as
the other. Then
\[
 R_n=\sum_{k=1}^n\frac{r_k}{b^k}.
\]
The identification is part of the electrical boundary condition; it is
not an assertion that the corresponding puzzle points coincide.
\end{proposition}
\begin{proof}
For any unit flow to the leaf terminal, the signed currents across the
$b^k$ edges of level $k$ sum to one by conservation at all vertices above
that level. Cauchy--Schwarz implies
\[
 \sum_{e\text{ at level }k}j_e^2\geq\frac1{b^k}.
\]
Multiplying by $r_k$ and summing gives dissipation at least the proposed
value. The flow which assigns current $b^{-k}$ to each outward level-$k$
edge is feasible: every interior vertex receives $b^{-(k-1)}$ and sends
$b\cdot b^{-k}$ onward. Its dissipation attains that lower bound.
The unit-flow principle proves the formula.
\end{proof}

For constant $r_k=1$, the result is
$R_n=(1-b^{-n})/(b-1)$. For $r_k=b^k$, it is $R_n=n$.
Thus the same branching combinatorics can have bounded or unbounded
resistance as depth increases. Neither outcome determines the local
connectivity of a geometric realization. The edge weights carry analytic
information absent from the bare address tree.
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The corresponding potentials can be recovered level by level. Under
unit current, every edge at level $k$ has current $b^{-k}$, hence voltage
drop $r_kb^{-k}$. If the wired leaves have potential zero, the common
potential at depth $j$ is
\[
 U_j=\sum_{k=j+1}^{n}\frac{r_k}{b^k},
 \qquad U_0=R_n,\qquad U_n=0,
 \qquad U_{j-1}-U_j=\frac{r_j}{b^j}.
\]
At an interior vertex the entering current equals the sum of its $b$
outgoing currents, so these values satisfy every harmonic equation.
Dividing by $R_n>0$ converts them to unit-voltage boundary data. This
is a second route from the proposed symmetric current to the exact
Dirichlet solution, and verifies that wiring leaves means imposing a
common terminal potential rather than deleting all their incident edges.
For $b=2$, three levels give respectively
\[
 R_3=\frac12+\frac14+\frac18=\frac78
 \quad(r_k=1),\qquad
 R_3=1+1+1=3\quad(r_k=2^k).
\]
In the first case the omitted tail of the infinite series is exactly
$2^{-n}$; in the second case each additional layer adds exactly one.
These are consequences of specified weights at every depth. A finite
tree drawing by itself determines neither continuation.
\fig{resistance_depth}{A finite binary tree with its terminal leaves
wired together, and the exact level formulas $R_n=1-2^{-n}$ for $r_k=1$
and $R_n=n$ for $r_k=2^k$. The curves concern specified weighted models,
not measured resistances or a universal law for puzzle trees.}{resistance-depth}
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\section{Solved investigations}

\begin{exercise}[Independent upper and lower certificates]
Two terminals are joined by a direct resistance $3$ and by a separate
two-edge path with resistances $1$ and $2$. Find the exact resistance
and exhibit a trial potential and flow giving matching bounds.
\end{exercise}
\solution
Both paths have resistance $3$, so splitting a unit current equally gives
dissipation $3(1/2)^2+(1+2)(1/2)^2=3/2$.
Set terminal potentials to $1$ and $0$ and the intermediate path potential
to $2/3$, placing the resistance-$1$ edge next to the first terminal.
The energy is
$1/3+(1/3)^2+(1/2)(2/3)^2=2/3$.
Thus \eqref{q:dual-bounds} gives $3/2\leq R_{ab}\leq3/2$.
The matching witnesses prove the value without relying on the rule for
parallel resistances as an unproved additional input.

\begin{exercise}[A small residual with a large error]
One interior vertex is joined to a boundary vertex of value zero by
conductance $\varepsilon>0$. Test the candidate interior potential one.
\end{exercise}
\solution
The exact potential is zero, while the candidate residual is
$r=\varepsilon$. Its error remains one as $\varepsilon\downarrow0$.
Here $m=1$ and $R_*=1/\varepsilon$, so
$mR_*|r|=1$; the bound of Proposition~\ref{q:residual} is exact.
The example isolates the missing stability factor in any claim that a
small absolute residual alone proves a small absolute solution error.

\begin{exercise}[Conductance uncertainty]
Every conductance is known to relative accuracy at most $1/20$.
If the nominal resistance is $7$, enclose the true resistance and give
an upper bound for its relative error from the nominal value.
\end{exercise}
\solution
Proposition~\ref{q:rayleigh} gives
$140/21\leq\widetilde R\leq140/19$.
Relative to $7$, the upward change is at most $1/19$ and the downward
change is at most $1/21$. Therefore the absolute relative error is at
most $1/19$, not automatically $1/20$. Reciprocation of conductance
uncertainty creates asymmetric resistance bounds.

\begin{exercise}[Two weights on one binary tree]
For the complete binary tree of depth $n$, compute root-to-wired-leaf
resistance when $r_k=1$ and when $r_k=2^k$. What conclusion follows
about resistance from a picture of the unweighted tree?
\end{exercise}
\solution
The values are $1-2^{-n}$ and $n$, respectively, by
Proposition~\ref{q:regular-tree}. The same finite combinatorial tree
therefore realizes sharply different values and different limiting
behavior under different positive weights. A picture without weight
data supplies neither value. Even if every geometric cell in a related
puzzle shrinks, that fact does not choose between these two assignments.

\begin{exercise}[An edge-sensitivity check]
Two equal conductances $c$ form a series path between two terminals.
Differentiate its effective conductance with respect to one conductance,
holding the other fixed, and compare with \eqref{q:sensitivity}.
\end{exercise}
\solution
For independent values $c_1,c_2$ the effective conductance is
$c_1c_2/(c_1+c_2)$. Its derivative with respect to $c_1$ is
$c_2^2/(c_1+c_2)^2$, which equals $1/4$ at $c_1=c_2=c$.
At unit terminal voltage the middle potential is $1/2$, so the squared
drop on either edge is also $1/4$. If both conductances vary together,
the total derivative is $1/2$, agreeing with $C(c,c)=c/2$.
Distinguishing a partial derivative from a simultaneous variation is
essential in using a sensitivity formula.

\chapter{Finite addresses, precision costs and physical interpretation}
\label{q:interpretation}

Finite combinatorics, metric error and physical coefficients can be assembled
into a useful model, provided each has a declared role. An address may be
perfectly legal while the represented piece remains large. A graph solve
may be exact while its conductances fail to represent the intended medium.
A plot may be visually convincing while its unresolved endpoint order
changes the quotient. The aim of this chapter is constructive: state the
interfaces between these tasks so that a valid estimate at one interface
can actually be used at the next.

\section{Legal addresses recognized by finite states}

Fix a finite alphabet $\mathcal A$ of $b\geq2$ symbols, a finite state
set $S$ of size $s$, an initial state $s_0$, and a partial deterministic
transition function
\[
 \tau:S\times\mathcal A\longrightarrow S.
\]
Partial means that some transitions are forbidden. Deterministic means
that a state and a symbol have at most one next state. A finite word is
legal when its successive transitions are all defined. Every state is
accepted here; a specified set of final accepting states would replace
the final vector of ones below by its indicator vector.
Define the integer matrix
\[
 A_{ij}=\#\{a\in\mathcal A:\tau(i,a)=j\}.
\]
An entry can exceed one because different symbols may have the same
next state. The row sums are at most $b$.

\begin{proposition}[Exact address counts]\label{q:automaton}
The number of legal words of length $n$ starting at $s_0$ is
\[
 N_n=e_{s_0}^{\mathsf T}A^n\mathbf1\leq b^n.
\]
These counts can be obtained by integer additions along the transition
table using $O(nsb)$ additions. Storing the counts after one level needs
$O(s(n\log b+1))$ bits, and the straightforward addition implementation
uses at most $O(nsb(n\log b+1))$ bit operations.
\end{proposition}
\begin{proof}
Let $v_k(j)$ count legal words of length $k$ ending in state $j$.
At level zero, $v_0=e_{s_0}^{\mathsf T}$. A word ending at $i$ extends to
$j$ in exactly $A_{ij}$ ways, so
$v_{k+1}=v_kA$. Induction gives $v_n=e_{s_0}^{\mathsf T}A^n$, and summing
its entries gives the formula. Determinism ensures that distinct paths
labeled by a given word cannot be counted twice. Without determinism
the same matrix calculation counts paths, which need not count distinct
words.

There are at most $b^n$ length-$n$ words in the full alphabet, proving
the upper bound. To implement one step, initialize a zero count for each
state and, for each defined transition $(i,a)$, add $v_k(i)$ to its target
count. There are at most $sb$ such additions per step. Every intermediate
count is at most $b^{k+1}$ and therefore uses at most
$1+(k+1)\log_2 b$ bits. Addition takes time linear in this number of
digits by the usual carry algorithm. The stated total bound follows
by bounding each of the $n$ levels by its final digit length; keeping only
the previous and next count vectors gives the storage bound.

% PROOF_EXPANSION_Q_18_BEGIN
The matrix formula can also be expanded as a finite sum over intermediate
states, making its multiplicities explicit:
\[
 N_n=\sum_{i_1,\ldots,i_n\in S}
      A_{s_0i_1}A_{i_1i_2}\cdots A_{i_{n-1}i_n}
 \qquad(n\geq1).
\]
Each factor counts allowed labels on one transition. Determinism means
that once a word and starting state are fixed, the entire state sequence
is forced; two terms cannot count that same word. For $n=0$, the matrix
formula separately gives $N_0=1$, the empty word. In an implementation,
the counts for one step must all be computed from the old vector, not
updated in place and reused as if they still belonged to the old level.
Otherwise paths of different lengths can be mixed inadvertently.
Summing the level-dependent digit costs yields the more explicit bound
\[
 O\left(sb\sum_{k=0}^{n-1}(1+(k+1)\log b)\right)
 =O\bigl(sb(n+n(n+1)\log b)\bigr).
\]
The two-vector storage bound follows from keeping at most $2s$ integers
of final digit length. This is a count for exact integer additions and
state-table access; constructing a justified automaton from a geometric
system is not included in that arithmetic cost.
% PROOF_EXPANSION_Q_18_END

\end{proof}

This calculation can be much smaller than listing every word. It does
not construct the geometric pieces and does not test a claimed transition
rule against the original puzzle. In a concrete application, the rule
must be proved to include exactly the intended successors, or explicitly
declared an over-approximation or under-approximation. An over-approximation
can bound the number of possible words from above but may contain
unrealizable itineraries. An under-approximation can omit the very boundary
address one is trying to locate.

\section{Depth, storage and geometric accuracy}

A single length-$n$ address in a $b$-symbol alphabet can be stored in
$n\lceil\log_2b\rceil$ bits by fixed-length symbol encoding, plus any
needed record header. If one is given an exact child-membership oracle,
following one address needs at most $n$ successor choices. Such an oracle
is a hypothesis: at a shared boundary, more than one child can contain
the point, and from approximate coordinates the choice may be undecidable.
An acceptable output can retain all compatible children instead of
inventing a unique address.

With a mesh bound $\delta_n\leq Cq^n$, a localization tolerance
$\varepsilon<C$ is met at
\begin{equation}\label{q:depth-cost}
 n_\varepsilon=
 \left\lceil\frac{\log(C/\varepsilon)}{\log(1/q)}\right\rceil.
\end{equation}
Thus one address has storage proportional to $\log(1/\varepsilon)$
for fixed $b,C,q$. Complete enumeration can be much more expensive.
For the full $b$-ary tree, its number of depth-$n$ records is $b^n$, and
the ceiling in \eqref{q:depth-cost} gives
\begin{equation}\label{q:enumeration-cost}
 (C/\varepsilon)^{\log b/\log(1/q)}
 \leq b^{n_\varepsilon}
 < b(C/\varepsilon)^{\log b/\log(1/q)}.
\end{equation}
Writing one record per leaf already requires at least that many record
writes. It is not a lower bound for every possible representation of
the compact set: shared subtrees, exact symmetries, or a formula for the
set can permit compression. It is a statement about the chosen complete
leaf-list output.

Under the logarithmic modulus of Proposition~\ref{q:stopping}, the required
depth can instead grow like $\varepsilon^{-1/\beta}$, and full enumeration
can grow exponentially in that quantity. A complexity claim about
boundary localization must therefore name the modulus and the output
representation. Saying only that ``the pieces shrink'' omits both.

\begin{proposition}[Composing geometric and evaluation errors]
\label{q:error-composition}
Suppose $x\in K_v$, $\diam K_v\leq\delta$, and $x_v\in K_v$ has an
approximation $\widetilde x_v$ with $d(x_v,\widetilde x_v)\leq\eta$.
Let a scalar observable $F$ be defined on both $K$ and these approximate
points, with modulus $\nu$ on that domain. If a calculated value $y_v$
obeys $|y_v-F(\widetilde x_v)|\leq\xi$, then
\[
 |y_v-F(x)|\leq\xi+\nu(\delta+\eta).
\]
For a Lipschitz observable with constant $M$, this becomes
$\xi+M\delta+M\eta$.
\end{proposition}
\begin{proof}
The triangle inequality gives
$d(x,\widetilde x_v)\leq\delta+\eta$.
Apply the modulus to $F(x)$ and $F(\widetilde x_v)$, then add the
calculation error $\xi$. The Lipschitz case substitutes $\nu(t)=Mt$.
\end{proof}

If $F$ is known only on $K$, an approximate representative outside $K$
cannot be substituted into it without an extension theorem or a different
evaluation rule. This domain condition is often lost when error terms
are assembled informally. Likewise, an asserted rounding bound for $y_v$
must be justified for the actual evaluation procedure; it does not follow
from the symbolic formula alone.

% PROOF_EXPANSION_Q_19_BEGIN
\subsection{Allocating depth and coordinate precision separately}
For a concrete error budget take $M=5$, $\delta=2^{-n}$,
$\eta=2^{-p}$ and $\xi=10^{-4}$. The guaranteed error is
\[
 E(n,p)=5(2^{-n}+2^{-p})+10^{-4}.
\]
For tolerance $10^{-2}$, subtracting the fixed evaluation error and
dividing by five gives the exact feasible condition
\[
 E(n,p)\leq10^{-2}
 \quad\Longleftrightarrow\quad
 2^{-n}+2^{-p}\leq\frac{99}{50000}.
\]
If $n$ is fixed, define $T_n=99/50000-2^{-n}$. No finite coordinate
precision can work when $T_n\leq0$. For $T_n>0$, the least nonnegative
integer allowed by this bound is
\[
 p_{\min}(n)=\max\{0,\lceil\log_2(1/T_n)\rceil\}.
\]
This solves a constrained error-allocation problem, rather than simply
requiring the two contributions to be equal. All $n\leq8$ fail because
already $2^{-8}>99/50000$. At $n=9$,
$T_9=43/1600000$, which lies strictly between $2^{-16}$ and $2^{-15}$;
thus $p=16$ passes and $p=15$ fails. Balanced $n=p=10$ passes since
$2^{-9}<99/50000$. The later worked choice $n=p=11$ is a conservative
valid choice with a larger margin.
For equal unit costs per depth and precision bit, $n+p=20$ is the least
possible total: if $n+p\leq19$, then
\[
 2^{-n}+2^{-p}\geq2\sqrt{2^{-n-p}}
 \geq2\sqrt{2^{-19}}>\frac{99}{50000},
\]
where the final comparison can be checked by squaring positive numbers.
The feasible choice $(10,10)$ attains total twenty. Different computational
costs for geometric refinement and coordinate precision can favor an
asymmetric pair; the error inequality remains the constraint in either case.
\fig{error_budget}{The explicit bound $E(n,p)=5(2^{-n}+2^{-p})+10^{-4}$
and its $10^{-2}$ threshold. Integer feasible pairs are selected from the
displayed inequality; the drawn level sets are analytic-model illustrations,
not error measurements from an executed geometric computation.}{error-budget}
% PROOF_EXPANSION_Q_19_END


\section{An exact one-dimensional conduction model}

There is a direct physical setting in which the finite network equations
are exact within the specified model. Represent every graph edge by an
ideal one-dimensional rod of length $\ell_e>0$, with scalar potential
$U_e(x)$ and positive coefficient $k_e(x)$ on $[0,\ell_e]$.
Assume $k_e$ is piecewise continuous and bounded above and below by
positive constants. For electric conduction one may take
$k_e=\sigma_e A_e$, conductivity times cross-sectional area; for steady
heat conduction use thermal conductivity times area. Impose the model
law and steady conservation
\[
 J_e=-k_e(x)U'_e(x),\qquad J'_e(x)=0
\]
almost everywhere on each rod. Require $U_e$ and $J_e$ to be absolutely
continuous, so the flux has no jump across a coefficient interface and
steady conservation makes it constant on the whole rod. Also impose
continuity of potential at ideal junctions, and conservation
of the signed fluxes at every unforced junction. These are one-dimensional
constitutive assumptions, not conclusions about an arbitrary planar hull.

\begin{proposition}[Reduction of rods to a network]\label{q:rods}
If the endpoint potentials of a rod are $u$ at $x=0$ and $v$ at
$x=\ell_e$, define
\[
 R_e=\int_0^{\ell_e}\frac{\dd x}{k_e(x)},\qquad c_e=R_e^{-1}.
\]
Then its flux in the increasing-$x$ direction and its potential are
\[
 J_e=c_e(u-v),\qquad
 U_e(x)=u-J_e\int_0^x\frac{\dd t}{k_e(t)}.
\]
Its dissipation functional satisfies
\[
 \int_0^{\ell_e}k_e(x)|U'_e(x)|^2\dd x
 =c_e(u-v)^2.
\]
Consequently the rod model at its junctions is exactly the finite
Dirichlet network with conductances $c_e$.
\end{proposition}
\begin{proof}
Conservation makes $J_e$ constant on each rod. Integrating
$U'_e=-J_e/k_e$ gives the potential formula. Evaluating it at the far
endpoint gives $u-v=J_eR_e$, and the positive finite integral $R_e$
can be divided out. Substituting the derivative into the dissipation
integral gives
\[
 J_e^2\int_0^{\ell_e}\frac{\dd x}{k_e(x)}
 =J_e^2R_e=\frac{(u-v)^2}{R_e}.
\]
At an unforced junction, summing outward fluxes yields
$\sum_{y\sim x}c_{xy}(u_x-u_y)=0$, exactly the graph harmonic equation.
Summing the rod dissipation identities yields
\eqref{q:energy-definition}. Prescribed terminal potentials are the graph
boundary values, so Theorem~\ref{q:dirichlet} gives their unique extension.

% PROOF_EXPANSION_Q_20_BEGIN
The same reduction has a weak variational derivation which handles
coefficient jumps without differentiating $k_e$. On one rod, let $U$
be the displayed solution and let $W$ be absolutely continuous with
$W(0)=W(\ell)=0$ and finite energy. Since $k$ is bounded below by a
positive constant, $W'\in L^2$, and the constant-flux formula gives
\[
 \int_0^\ell kU'W'\,\dd x
 =-J\int_0^\ell W'\,\dd x=-J\bigl(W(\ell)-W(0)\bigr)=0.
\]
Expanding the energy of the competitor $U+W$ therefore yields
\[
 \int_0^\ell k|U'+W'|^2\,\dd x
 =\int_0^\ell k|U'|^2\,\dd x
  +\int_0^\ell k|W'|^2\,\dd x.
\]
The last term vanishes only if $W'=0$ almost everywhere, and absolute
continuity with zero endpoints then gives $W=0$. Thus the solution
minimizes the continuous rod functional before any graph elimination.
Conversely, suppose an absolutely continuous finite-energy potential
satisfies the displayed weak equation for every such zero-endpoint test.
Put $q=kU'\in L^2$ and $\bar q=\ell^{-1}\int_0^\ell q\,\dd x$.
The admissible test
\[
 W(x)=\int_0^x(q(t)-\bar q)\,\dd t
\]
has zero endpoints. Substitution shows
$0=\int q(q-\bar q)=\int(q-\bar q)^2$, so $q$ is constant almost
everywhere. Taking $J=-\bar q$ recovers the flux formula and then the
explicit potential by integration. This proves equivalence within the
stated one-dimensional finite-energy class; it is not a derivation of
that class from a multidimensional material model.
% PROOF_EXPANSION_Q_20_END

\end{proof}

For constant coefficients, $c_e=k_e/\ell_e$.
In the electric interpretation, $\sigma_e$ has units siemens per metre,
$A_e$ has units square metres and $\ell_e$ has units metres, so $c_e$
has units siemens. With potentials in volts, $c_e(u-v)$ is in amperes
and $c_e(u-v)^2$ is in watts. Thus $\mathcal E_c$ is dissipated power
in that interpretation, not electrostatic stored energy. For thermal
conduction, $c_e$ has units watts per kelvin, flux has units watts, and
the quadratic functional has units watt-kelvin. Its minimization remains
mathematically valid, but calling that quadratic quantity a stored heat
energy would be dimensionally incorrect.

% PROOF_EXPANSION_Q_21_BEGIN
At an interface between two constant coefficients $k_-$ and $k_+$,
continuity of flux specifies the slope jump exactly:
\[
 k_-U'_- = k_+U'_+ =-J,
 \qquad \frac{U'_+}{U'_-}=\frac{k_-}{k_+}
 \quad\text{when }J\ne0.
\]
Potential stays continuous; its derivative need not. For $J=0$ both
slopes are zero and the ratio is not used. On finitely many constant
segments with lengths $\ell_j$ and coefficients $k_j$, direct integration
gives $R=\sum_j\ell_j/k_j$. This is a weighted harmonic, not arithmetic,
combination of coefficients. For arbitrary bounded positive $k$, another
Cauchy--Schwarz calculation gives
\[
 \ell^2=\left(\int_0^\ell\sqrt{k}\,\frac1{\sqrt{k}}\,\dd x\right)^2
 \leq\left(\int_0^\ell k\,\dd x\right)R,
 \qquad c\leq\frac1{\ell^2}\int_0^\ell k\,\dd x.
\]
Equality requires $k$ to be constant almost everywhere. The simpler
pointwise bounds also give $k_{\min}/\ell\leq c\leq k_{\max}/\ell$.
These inequalities explain why replacing a heterogeneous rod by its
arithmetic mean coefficient can overestimate its conductance, even when
all the lengths and material values are known exactly.
% PROOF_EXPANSION_Q_21_END


The rod model assumes no lateral leakage and ideal junctions without
additional contact resistance. A real thin two- or three-dimensional
domain requires a separate reduction theorem with geometric hypotheses,
boundary conditions and an error bound. No such thin-domain limit is
established here. In particular, drawing graph edges along legal paths
in a continuum does not justify setting $c_e=1$, nor does it prove that
the network measures the continuum's conformal modulus or capacity.

\subsection{Coefficient uncertainty before the graph solve}

The reduction also identifies which physical uncertainties can be passed
to the finite comparison theorem. Suppose the rod length is fixed and
its true coefficient $\widetilde k$ obeys the pointwise relative bounds
\[
 (1-\eta)k(x)\leq\widetilde k(x)\leq(1+\eta)k(x),
 \qquad 0\leq\eta<1.
\]
Positive reciprocation followed by integration gives
\[
 \frac{R}{1+\eta}\leq\widetilde R\leq\frac{R}{1-\eta},
 \qquad (1-\eta)c\leq\widetilde c\leq(1+\eta)c.
\]
Thus a pointwise coefficient enclosure induces the same relative enclosure
on the reduced conductance. When every rod has such an enclosure with
the same $\eta$, Proposition~\ref{q:rayleigh} immediately bounds the
two-terminal conductance and resistance of the entire network. This
composition is deterministic; it makes no independence assumption and
does not interpret the intervals as confidence levels.

For a constant electric coefficient $c=\sigma A/\ell$, separate positive
parameter intervals can instead be propagated directly. If
\[
 \sigma\in[\sigma_-,\sigma_+],\quad
 A\in[A_-,A_+],\quad
 \ell\in[\ell_-,\ell_+],\qquad \sigma_-,A_-,\ell_->0,
\]
then monotonicity of multiplication and division on positive numbers gives
\[
 \frac{\sigma_-A_-}{\ell_+}\leq c
 \leq\frac{\sigma_+A_+}{\ell_-}.
\]
This enclosure remains valid if the three parameters are correlated,
although correlations may make it wider than necessary. A nominal value
$c_0>0$ converts it to relative form by taking
\[
 \eta=\max\left\{1-\frac{\sigma_-A_-}{c_0\ell_+},
 \frac{\sigma_+A_+}{c_0\ell_-}-1,0\right\},
\]
provided the resulting $\eta$ is less than one. If it is not, use the
positive absolute conductance bounds directly in Rayleigh comparison;
the failure of this convenient relative parameterization does not make
the absolute intervals invalid.

These formulas distinguish three sources of error. Uncertain physical
coefficients enter before reduction and alter the graph itself. A
residual bound concerns the accuracy with which the specified graph
equations were solved. A discrepancy between the rod model and a real
multidimensional sample is a model error requiring additional evidence.
Adding more arithmetic precision can reduce the second contribution,
but cannot eliminate either of the other two. Conversely, exactly known
material coefficients do not excuse an unchecked linear-system solve.

% PROOF_EXPANSION_Q_22_BEGIN
There is an explicit finite-network estimate for the change of potential
caused by coefficient uncertainty. For this estimate assume $I\ne\varnothing$;
if there are no interior vertices, the potential-difference assertion is
vacuous and no path constant $R_*$ is needed.
Let $h$ solve the nominal network and
$\widetilde h$ solve the perturbed one with the same boundary vector $g$.
For $x\in I$, the residual obtained by inserting $h$ in the perturbed
equations is
\[
 s_x=(\widetilde Lh)_x
 =\sum_{y\sim x}(\widetilde c_{xy}-c_{xy})(h_x-h_y).
\]
Write $G=\max_Bg-\min_Bg$. The maximum principle and the relative
coefficient bounds imply
\[
 |s_x|\leq\eta G\sum_{y\sim x}c_{xy}.
\]
Use the same simple paths as for the nominal residual estimate. Their
perturbed resistance sums are at most $R_* /(1-\eta)$, since
$1/\widetilde c_e\leq1/((1-\eta)c_e)$. Applying the already proved
residual theorem to the perturbed network, with trial potential $h$, gives
\[
 \norm{h_I-\widetilde h_I}_2
 \leq\frac{mR_*}{1-\eta}\norm{s}_2.
\]
All constants refer to specified finite data, and the bound remains valid
when coefficient errors are correlated. It can be conservative, especially
when the nominal voltage drop on many edges is small. The exact formula
for $s_x$ retains those smaller drops, whereas the range bound $G$ discards
them for simplicity. Neither version includes a discrepancy between the
one-dimensional constitutive model and a physical sample; that is still a
separate modeling question.
% PROOF_EXPANSION_Q_22_END


\section{What transfers from a finite model to a continuum}

A precise transfer statement can nevertheless be useful. Let $X$ be a
compact space with a physical or analytic quantity $F:X\to\R$, let
$S_n$ be finite model states, and let $\iota_n:S_n\to X$ be a specified
realization map. Suppose every $x\in X$ lies within distance $\delta_n$
of some $\iota_n(s)$, that $F$ has a known modulus $\nu$, and that model
outputs $f_n(s)$ satisfy the independently justified comparison
\[
 |f_n(s)-F(\iota_n(s))|\leq\varepsilon_n
 \quad\text{for every }s\in S_n.
\]
Then each selected nearby state gives
\begin{equation}\label{q:continuum-transfer}
 |f_n(s)-F(x)|\leq\varepsilon_n+\nu(\delta_n).
\end{equation}
The proof is the triangle inequality, but the hypotheses identify the
substantial work: a realization map, coverage, a modulus, and a comparison
between the model and the intended quantity. A successful exact graph
solve establishes none of these hypotheses automatically.

The topological and analytic sides can vary independently. Multiplying
every conductance in a fixed graph by $\lambda>0$ leaves its vertices,
edges, cyclic order and all address labels unchanged. Its harmonic
potentials for fixed boundary data remain unchanged because $L$ is simply
multiplied by $\lambda$, whereas
\[
 C_{ab}(\lambda c)=\lambda C_{ab}(c),\qquad
 R_{ab}(\lambda c)=\lambda^{-1}R_{ab}(c).
\]
Thus even a perfect topological identification with a finite puzzle tree
cannot determine a resistance without the coefficient scale.

Similarly, an exact finite noncrossing partition establishes only the
order consistency of its supplied angle classes. A continuum pinched-disk
model additionally involves closedness of the relation, the behavior of
limit classes, and the stated hypotheses of the quotient theorem.
Finite checking is valuable because it can reject a wrong finite proposal
with a small exact witness. Its scope should remain visible when the
proposal is accepted.

\section{Solved investigations}

\begin{exercise}[Binary addresses without adjacent ones]
Count binary words of length $n$ containing no consecutive ones using a
two-state transition system. Give the count at $n=5$.
\end{exercise}
\solution
Use state $0$ when the previous symbol is zero or the word is empty, and
state $1$ when the previous symbol is one. From state $0$, symbols $0,1$
lead to states $0,1$ respectively; from state $1$, only symbol $0$ is
allowed and leads to state $0$. Thus
\[
 A=\begin{pmatrix}1&1\\1&0\end{pmatrix},\qquad
 N_n=(1,0)A^n\binom11.
\]
Splitting words by whether their first symbol is $0$ or $10$ gives
$N_n=N_{n-1}+N_{n-2}$ for $n\geq2$, with $N_0=1$, $N_1=2$.
The resulting values are $1,2,3,5,8,13$, so $N_5=13$.
These are legal symbolic words; their geometric realizability still
depends on the application supplying this transition rule.

\begin{exercise}[One address versus a complete list]
A full binary model has $\delta_n\leq2^{-n}$. Compare the storage of a
single address with the number of leaf records required for tolerance
$2^{-20}$.
\end{exercise}
\solution
Depth $20$ suffices. A single binary address takes $20$ symbol bits,
apart from its metadata. The complete level has $2^{20}=1048576$ leaf
records. If each record stores its full address separately, the symbol
fields alone occupy $20\cdot2^{20}$ bits. A prefix tree can share those
fields, and an implicit full-tree formula can avoid listing them at all;
the million-record lower bound applies specifically to an explicit
one-record-per-leaf output, not to every representation of the model.

\begin{exercise}[An observable error budget]
Suppose $F$ is Lipschitz with constant $5$ on the relevant domain,
the geometric mesh is at most $2^{-n}$, representatives have error at
most $2^{-p}$, and evaluation error is at most $10^{-4}$.
Give integer choices ensuring total error at most $10^{-2}$.
\end{exercise}
\solution
Take $n=p=11$. Proposition~\ref{q:error-composition} gives
\[
 |y_v-F(x)|\leq10^{-4}+10\cdot2^{-11}
 =10^{-4}+5/1024<10^{-2}.
\]
This leaves a strict margin. The domain of the Lipschitz estimate must
include the approximate representatives; otherwise the displayed
application of the proposition is not licensed. A smaller actual mesh
could allow fewer coordinate bits, but that tradeoff must still obey
the same combined inequality.

\begin{exercise}[Two materials in one rod]
A rod has length $3$, with $k=2$ on its first unit of length and $k=4$
on its remaining two units. The endpoint potentials are $3$ and $1$.
Compute its effective conductance, flux and interface potential.
\end{exercise}
\solution
The integrated resistance is $R=1/2+2/4=1$, so $c=1$ and the increasing
coordinate flux is $J=c(3-1)=2$. At the material interface,
$U(1)=3-2(1/2)=2$. On the second segment the drop is another
$2(2/4)=1$, reaching the prescribed terminal value $1$.
The dissipation is $J^2R=4$, agreeing with $c(3-1)^2$.
Using an unweighted arithmetic mean of the coefficients in place of
the integral of their reciprocals would not recover this result.

\begin{exercise}[Why a correct graph solve is not a continuum proof]
A finite graph has been checked to have a legal noncrossing embedding,
and its rational Dirichlet problem has been solved exactly. Does this
prove that its effective resistance equals a chosen continuum capacity?
Give a concrete obstruction and name the missing comparison data.
\end{exercise}
\solution
It does not. Multiply every graph conductance by $2$. The embedding,
noncrossing verdict and boundary potentials stay the same, while the
resistance is divided by $2$. Both graph solves are mathematically
correct, so the topological information cannot determine which, if
either, equals the proposed continuum quantity. One needs a specified
normalization, a map or reduction connecting graph states to the
continuum, and a proved comparison with an error bound. In the form
\eqref{q:continuum-transfer}, that missing comparison is the uniform
bound $|f_n(s)-F(\iota_n(s))|\leq\varepsilon_n$, together with coverage
and a modulus. It is a mathematical obligation, not an empirical
property established by a visually plausible graph.

The five chapters have supplied finite statements with complete written
proofs, explicit hypotheses and exact worked examples. Their algebra
does not certify all puzzle pieces of an unspecified continuum, an
infinite lamination, or a physical experiment. Those broader claims
would require the additional geometric and analytic interfaces just
identified. The present statements are also not proof-assistant kernel
checks; they provide a precisely scoped written foundation for such work.
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The boundary theory of the preceding volume distinguishes a point of a
continuum from an approach to that point. The present volume asks how much
of a continuum can be recovered from cuts, circular order and identifications
on a disk. Its principal source is Section~9, ``Puzzle and pinched disk
models,'' of Mikhail Lyubich's \emph{Conformal Geometry and Dynamics of
Quadratic Polynomials}, in the supplied manuscript dated September 2023.
The selected source occupies printed pages 152--163. Section~10, the
potential-theory appendix, is not part of this volume's source population.

There are four connected parts. The opening chapters develop compactness,
fullness, small paths and quantitative boundary coordinates. The next part
examines cut cells, shrinking nests, interior bodies and legal trees. The
third constructs closed quotient models and records exactly what a planar
recognition theorem needs. The final part develops refinement guarantees,
finite noncrossing partitions, electrical and thermal tree models, and the
information costs of addresses. Every authored investigation has a worked
solution. The source guide retains the original subsection order and all
30 numbered units, including the cases whose literal formulations need repair.

\section*{Mathematical scope}
The treatment is an expository mathematical development, with detailed
written proofs and explicit classical inputs. It is not a claim to have
solved a new open problem in complex dynamics. A hull, its physical boundary,
an ideal boundary, and a quotient model are separate spaces throughout.
Statements about one of them require a proved map before they can be used
as statements about another.

The source's broad cut-curve definitions require care. A Jordan cut-curve
can intersect a U-shaped arc in a disconnected pair of segments inside its
disk. Pairwise nonseparation by cut-lines need not be transitive when an
endpoint lies on the separating line: two tangent filled disks give a
concrete example. Accordingly, the valid cut-cell and shrinking-neighborhood
theorems are proved under stated connectedness and admissibility hypotheses.
They are not used to justify a quotient whose proposed fibers overlap.
The source guide also distinguishes rigidity of a boundary from rigidity
of a filled body, and geometric symmetry from symmetry of chosen internal
centers.

For a locally connected hull, the boundary map supplies a genuine closed
equivalence relation. Its unlinked classes, convex hulls and quotient receive
a separate development. The general non-locally-connected construction in
source Proposition~9.29 invokes ``cleaning'' a lamination without specifying
all operations needed for a proof. That general construction remains an
explicit obligation. Well-posed conditional quotient statements and concrete
examples are proved without declaring that obligation complete. In particular,
a universal monotone locally connected quotient and a particular unspecified
lamination construction are not identified by terminology alone.

\section*{Dependencies and evidence}
The undergraduate prerequisite boundary consists of compact metric spaces,
elementary real and complex analysis, and finite-dimensional linear algebra.
The normalized Riemann map and the Carath\'eodory boundary theorem are
reused from the preceding PHI developments. Jordan separation, Schoenflies
extension, arc extraction and Moore's theorem are declared classical
topological inputs; their uses and hypotheses are recorded in the dependency
register. Other metric and finite-model consequences are developed in the
text. The gate, null-family and piecewise-continuity arguments are arranged
so that their forward references do not create a circular proof.

Mathematical arguments and source qualifications receive independent agent
cross-review. This is distinct from external peer review and from checking
in a proof assistant. New Lean, Rocq and CAS development follows manuscript
review under the current series instruction. The attached source archive
contains editable text, original figure programs and production checks;
its checksums and build tests establish artifact identity and reproducibility,
not a theorem's truth.

The physical applications are deductions in stated finite network or rod
models. Conductances, units, boundary conditions and uncertainty are specified
there. No measured dataset, hardware benchmark or experimental validation
is asserted. A tree discretization is connected to a continuum only when
its representation and error hypotheses are supplied.

\section*{Reading presentations}
The public and internal editions share the same mathematical core. The
internal edition adds teaching routes and assessment material; it does not
claim a complete institutional curriculum mapping. Light and dark PDFs
contain identical selectable text and navigation, with monochrome vector
figures and monospace labels. Dark is the primary reading presentation.
One current manuscript is maintained, with stable names and no revision badge.
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\chapter{Source guide and precise obligations}
\label{ix:source-guide}
This guide follows the hierarchy of Section~9 of Lyubich's supplied
manuscript~\cite{Lyubich}, printed pages 152--163. It records all 30 numbered
units and their printed subparts. Definitions and substantive unnumbered
arguments are included in their original subsection positions. The chapters
preceding this guide instead follow proof dependencies. A cross-reference
below identifies the precise statement actually established here; it does
not automatically certify every stronger reading of its source counterpart.

The evidence level is a written mathematical argument with independent agent
cross-review. Classical inputs are declared in the preface and dependency
register. No entry below asserts Lean, Rocq, CAS or external peer-review
acceptance. In particular, a correction, counterexample or remaining
obligation is not counted as a proof of the literal source assertion.

\section{9.1. Cut-curves and puzzle pieces for hulls}
\subsection{9.1.1. Terminology}
The source distinguishes touching from cutting, allows finite intersections
for general cut-curves, and distinguishes sectors, their shadows and perfect
sectors. It also describes Green representatives with vertical ray portions
and horizontal equipotential portions. Chapter~\ref{puz:cuts} fixes the
simple-cut convention and keeps a plane cell distinct from its intersection
with the hull. The Green-coordinate formulas are developed in
Chapter~\ref{f:hulls-chapter}; access-preserving replacement is used explicitly in
Proposition~\ref{puz:access-injection}. A simultaneous ambient isotopy of an
arbitrary infinite curve family is not claimed.

Rooted and unrooted branches differ by whether the root is included. Puzzle
vertices and local corners do not by themselves establish connectedness of
an entire hull intersection. Definition~\ref{puz:admissible} therefore states
the global connectedness and openness requirements used later. This is an
explicit normalization, not a deduction from a drawing.

\subsection{9.1.2. Chopping off subhulls}
\paragraph{Lemma 9.1.}
Lemma~\ref{puz:one-cut} proves the full simple-cut statement: the two
closed-side intersections are nondegenerate full continua, their union is
the original hull, and their intersection is the root. The proof separates
the connectedness argument from the use of fullness.

\paragraph{Corollary 9.2, parts (i) and (ii).}
Part (i) is proved for finite disjoint simple cut-lines in
Proposition~\ref{puz:finite-cells}. Part (ii), if interpreted for every
Jordan cut-curve allowed by the preceding broad definition, is false.
Example~\ref{puz:disconnected-piece} uses a U-shaped arc and a round disk
whose intersection is two disjoint segments. Admissible connected/full
pieces supply the corrected setting for later arguments. Their admissibility
must be proved in an application.

\paragraph{Remark 9.3.}
The finite-cell proof also identifies the possible common roots of cut-off
subhulls. The claim concerns intersections with $K$. Two closures of entire
plane sectors can share a separating curve, and should not be substituted
for these subhulls.

\paragraph{Corollary 9.4, parts (i)--(iii).}
Theorem~\ref{puz:countable} proves (i) and the visible-root nondegeneracy
condition (ii) for the stated disjoint simple cuts, with the base point
avoiding their roots. Proposition~\ref{puz:nested-pieces} proves the nested
compact/full intersection statement needed for (iii). Connectedness of the
finite retained sets is a hypothesis or a prior conclusion. The unrestricted
Jordan-piece assertion cannot be recovered by taking a limit after
Corollary~9.2(ii) has already failed at a finite stage.

\paragraph{Lemma 9.5.}
Proposition~\ref{puz:access-injection} proves persistence and injectivity of
accesses under visible-root removal. The retained roots witness both sides
of a ray pair. The side-invariance argument preserves the retained subsets of $K$;
inclusion then induces the stated injection of local approach classes.
It need not be surjective: cutting can create new approaches.

The source's unnumbered sector-complement description is represented by the
retained-hull intersection in Theorem~\ref{puz:countable}. Its compactness,
connectedness, fullness and possible degeneration are separate conclusions.

\subsection{9.1.3. Puzzle ends, impressions, and rigidity}
The source introduces puzzle fjords, escaping nests and impressions, and
proposes an end attached to every point. Nested admissible sets do yield
compact connected impressions. A universal assignment with the proposed
fiber semantics is a stronger claim.

\paragraph{Exercise 9.6.}
The general equivalence between the source's escaping-end construction and
pairwise nonseparation is not established here. The tangent-root example
in Example~\ref{puz:tangent-disks} obstructs the proposed universal end
assignment with disjoint fibers. Valid nested-intersection statements are
proved in Proposition~\ref{puz:nested-pieces}; they do not create a missing
quotient or resolve every end convention.

\paragraph{Corollary 9.7, parts (i)--(iii).}
Part (i) holds for the admissible nests just specified. Literal part (ii)
fails under open-side nonseparation: for two tangent disks the tangent point
is inseparable from either center, while the centers are separated from
one another. The relation is not transitive. Proposition~\ref{puz:partition}
states sufficient genuine partition/closed-relation hypotheses. Under those
hypotheses the singleton-fiber conclusion in (iii) follows by the compact
to Hausdorff homeomorphism theorem. That conditional result does not repair
the nonexistent original projection by assumption.

\paragraph{Proposition 9.8, parts (i)--(iii).}
Definition~\ref{puz:rigidity-definition} distinguishes admissible and perfect
rigidity. Proposition~\ref{puz:rigidity-lc} proves weak local connectivity
at an admissibly rigid point, local connectivity at a perfectly rigid point,
and the corresponding global conclusion. Connected neighborhoods and
connected open neighborhoods have different roles at a single point.
Proposition~\ref{f:weak-lc} explains why the distinction disappears under
the appropriate hypothesis at every point.

\paragraph{Corollary 9.9.}
The shrinking-diameter criterion follows from the same proposition and
compact nesting. Proposition~\ref{puz:body-obstruction} explains why a
filled interior body obstructs such shrinking for hull cuts. A singleton
intersection supplies no predetermined geometric rate; Chapters~\ref{q:refinement}
and \ref{q:interpretation} state what quantitative inputs do supply a rate.

\subsection{9.1.4. Puzzle and rays}
\paragraph{Exercise 9.10, parts (i)--(iv).}
Part (i) also needs an admissibility restriction. In the U-arc example,
let $P=\overline D(i,3/4)$ and take the horizontal crosscut
$\sigma=[-1/2,1/2]+i$. Its interior lies in the exterior of $K$ and it lies
inside $P$. The bounded fjord is the rectangle
$(-1/2,1/2)\times(0,1)$, which contains $i/10\notin P$.
Thus crosscut containment in an arbitrary source piece does not imply
fjord containment there.

For the impression-containment and subordinate-end assertions (ii) and (iii),
Lemma~\ref{puz:barrier} gives an actual finite-barrier statement away from
its finitely many endpoint angles. Theorem~\ref{puz:rigid-landing} treats
those exceptions in the shrinking situation. Merely touching a closed
piece does not give arbitrary whole-impression containment. The general
projection clause (iv) retains the unresolved end/quotient issue from
Corollary~9.7; it is not claimed from the limited barrier theorem.

\paragraph{Corollary 9.11.}
Theorem~\ref{puz:rigid-landing} proves singleton impression and ray landing
at an actual cut-rigid point using shrinking finite pieces and endpoint-angle
control. Corollary~\ref{puz:rigid-fiber} gives the complete landing-fiber
description. This route proves the local conclusion without assuming a
global puzzle quotient.

\paragraph{Remark 9.12.}
The source permits restricted puzzle families with an intersection-refinement
property. That property is useful for choosing smaller pieces, but it is not
asserted here to prove disjoint impressions or a closed quotient relation.
The separate requirements of Proposition~\ref{puz:partition} remain in force.

\subsection{9.1.5. Branches and limbs}
The source introduces well branching, pointed hulls, wakes, limbs and bodies.
The text keeps a full hull, a chosen body, a sector and its attached continuum
distinct. Chosen internal centers are additional data.

\paragraph{Corollary 9.13.}
Proposition~\ref{puz:finite-branches} proves connected consecutive sectors
for a finite landing fiber in a locally connected hull, with at least two
accesses. The condition $m\geq2$ matters: an endpoint of an arc can have a
single access and does not meet a definition requiring branching valence
at least two. The extension to a merely rigid point in a globally
non-locally-connected hull remains a separate obligation.

\paragraph{Lemma 9.14.}
The source's full criterion using approximating pairs of landing angles
to prove connectivity of a sector branch remains unproved under its weakest
stated hypotheses in this edition. Neither the null-family lemma nor the
continuous global landing-map argument is substituted for that theorem.
This entry preserves the exact missing source unit for subsequent work.

\paragraph{Exercise 9.15.}
Proposition~\ref{puz:open-sectors} gives a finite-cover local-connectivity
criterion when the selected open cut cells are connected. To recover the
source's full perfect-cut-rigidity conclusion one must additionally construct
compatible small Jordan pieces and verify their corners. That construction
is not inferred from pairwise separation alone and remains an obligation.

\section{9.2. Interior components of hulls}
\subsection{9.2.1. Cut-curves and puzzle pieces for general continua}
The source enlarges cuts to internal Green arcs and dipoles meeting a
continuum at two points. The number of contact points changes the topology;
the simple-cut proof cannot be copied without checking it.

\paragraph{Exercise 9.16.}
The singleton-cut connectedness proof extends to arbitrary continua without
the fullness conclusion. The general dipole claim is false:
Example~\ref{puz:dipole-counterexample} intersects the unit circle with the
band between two disjoint horizontal dipoles, leaving two separate arcs.
Additional admissibility is therefore necessary for multiple dipole cells.

\paragraph{Exercise 9.17.}
Definition~\ref{puz:admissible} requires connectedness of the relevant open
intersection explicitly for a perfect piece. A proof from an ambiguous
local-corner condition alone is not claimed. Recovering that implication
under a precisely specified source corner definition remains an obligation.

\paragraph{Corollary 9.18.}
Under that explicit perfect-piece definition, the local-connectivity proof
of Proposition~\ref{puz:rigidity-lc} applies to an arbitrary continuum $J$.
It uses connected relatively open neighborhoods, not fullness of $J$.

\subsection{9.2.2. Limbs and local connectivity at peripheral points}
The unnumbered Jordan-body decomposition in source equation (9.1) motivates
Definition~\ref{puz:attachment-definition}. It specifies the attachment
points, pairwise intersection rules and null-family condition.

\paragraph{Lemma 9.19, parts (i)--(iii).}
Proposition~\ref{puz:peripheral-lc} proves local connectivity at nonroot
body-boundary points for a null family of attached continua.
Proposition~\ref{puz:lc-gluing} proves the stronger global gluing statement
under local connectivity of the limbs, with its stated access consequence.
These are scoped results related to (i). The full source access assertion
under weaker hypotheses is retained as an obligation.

The perfect rigidity in (ii) must distinguish $J=\partial K$ from the filled
hull $K$: the proposed small dipole puzzles concern $J$, whereas an interior
body prevents hull-cut shrinking. Part (iii), the full inherited root-rigidity
construction, likewise requires a boundary puzzle argument not supplied by
the gluing theorem. The missing peripheral cut constructions are recorded,
not treated as consequences of a continuous boundary map by terminology.

\paragraph{Lemma 9.20.}
Proposition~\ref{puz:dense-limbs} proves that dense roots force shrinking
in the explicit Jordan-body decomposition with disjoint Green-root sectors.
Its two-root dipole barrier uses the body and sector hypotheses. It is not
the false general inference that bounded area forces every disjoint
continuum to have small diameter.

\subsection{9.2.3. LC hulls and Jordan disks}
\paragraph{Proposition 9.21.}
Theorems~\ref{puz:gate} and \ref{puz:jordan-components} supply the gate
retraction and the Jordan-domain proof for every interior component of a
locally connected full continuum. The boundary is shown locally connected
through a continuous image of the exterior boundary, rather than by assuming
that an arbitrary closed subset of a locally connected space is locally
connected. Injectivity of the interior boundary map is then proved using
fullness.

\paragraph{Exercise 9.22.}
Proposition~\ref{puz:component-contact} proves that two distinct interior
component closures meet in at most one point. Continuity and constancy of
the gate on an outside component provide the argument.

\section{9.3. Legal issues}
The source defines pointed components, legal points and arcs, legal convexity,
and the finite legal hull. Definition~\ref{puz:legal-definition} constrains
the intersection with each \emph{closed} interior component. An
open-component-only condition permits arbitrary boundary semicircles in a
disk, so it cannot give uniqueness. The closed-component convention is an
explicit normalization of the objects studied here.

\paragraph{Exercise 9.23.}
Theorem~\ref{puz:legal-unique} proves existence and uniqueness of a regulated
legal joining arc. The existence proof controls infinitely many replacements
using the null family of component diameters; parameter-interval lengths
alone would not ensure continuity.

\paragraph{Exercise 9.24.}
Proposition~\ref{puz:legal-cutpoint} proves the separating-access statement
for an interior boundary point on a regulated legal arc. The external ray
pair separates the two arc branches. The endpoint and interior-point
conditions remain distinct.

\paragraph{Exercise 9.25.}
Proposition~\ref{puz:symmetry} proves the origin-crossing conclusion when
the pointing is equivariant under $z\mapsto-z$.
Example~\ref{puz:asymmetric-center} uses a unit disk pointed at a nonzero
imaginary internal center to show why geometric symmetry of $K$ alone is
insufficient. If the source's symmetry convention includes the pointing,
this is a hypothesis clarification rather than a refutation of that reading.

\paragraph{Exercise 9.26.}
Theorem~\ref{puz:legal-tree} proves that the finite regulated legal hull is
a topological tree, gives its canonical joining paths and establishes the
leaf/branch bound. Its topology supplies no electrical weights automatically.

\section{9.4. Pinched disk model for a hull}
\subsection{9.4.1. Locally connected case}
The unnumbered construction starts from the external landing equivalence and
extends it over convex-hull classes. Chapters~\ref{pin:quotients}--\ref{pin:construction}
prove the closed-relation and hull-extension steps, including singleton,
two-point and universal classes.

\paragraph{Lemma 9.27.}
Theorem~\ref{pin:landing-unlinked} proves that distinct landing fibers are
unlinked; Lemma~\ref{pin:chord-criterion} connects circular order to disjoint
hyperbolic convex hulls. The proof is distinct from an inspection of finitely
many plotted chords.

\paragraph{Theorem 9.28, main statement and plane extension.}
Theorems~\ref{pin:model} and \ref{pin:lc-recognition} construct and recognize
the pinched model, including its extension over the plane. Moore's sphere
theorem is a named classical input with its hypotheses checked. The matching
of interior components and continuity across their accumulation are separate
steps. The latter uses Proposition~\ref{f:null-interiors}, proved from the
gate modulus, followed by the pasting argument. This repairs the source's
mismatched reference to ``Proposition 9.27'' in its shrinking-component step;
the preceding source item is an unlinking lemma, not that null-family result.

\subsection{9.4.2. General case}
The source proposes closing and cleaning cutpoint geodesics and distinguishing
black and white gaps. Those words alone do not specify a unique closed
equivalence relation, its decomposition classes or the required projection.
Chapter~\ref{pin:limits} shows why limits can lose transitivity and separates
minimal closed completion from planar nonseparation and local connectivity.

\paragraph{Proposition 9.29, projection and recognition clauses.}
Theorem~\ref{pin:conditional-model} proves a well-posed conditional statement
for an explicitly supplied closed monotone relation with the specified
quotient properties. Proposition~\ref{pin:minimal-completion} constructs
the least closed equivalence completion, but does not assert that this
completion automatically has nonseparating classes or a locally connected
quotient. Defining the source's general cleanup, constructing its claimed
projection and proving its recognition criterion remain substantive
obligations. Density of selected accesses does not discharge them.

\paragraph{Exercise 9.30.}
Proposition~\ref{pin:fan-topology} and Theorem~\ref{pin:fan-collapse} prove
that every continuous monotone map from the specified Cantor fan onto a
locally connected compact Hausdorff continuum is constant. Thus its universal
monotone locally connected model is a point in that precise category.
Identifying this model with the still-unspecified construction of
Proposition~9.29 remains unproved. The finite-fan comparison and the radius-map
counterexample explain both perfectness of the angle set and the connected-
fiber hypothesis.

\section*{What is ready for subsequent formalization}
The canonical statement register records the exact authored statements and
their surrounding hypotheses. Compactness lemmas, the finite circular-order
tests, tree quadratic identities and residual bounds provide bounded starting
points. The topology inputs and every qualification above remain visible in
that programme. A successful build, a correct figure or a checked finite
example is not a substitute for any of the remaining general proof obligations.
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"""Portable byte-integrity checks. Does not execute archive contents or prove math."""
from __future__ import annotations

import argparse
import hashlib
import io
import json
from pathlib import Path, PurePosixPath
import re
import zipfile

FIGURES = {
    'cut_sectors', 'tangent_disks', 'nested_puzzle', 'comb_limit',
    'noncrossing_chords', 'pinched_disk', 'legal_tree', 'tree_network', 'mesh_error',
    'u_arc_fjord', 'gate_retraction', 'regulated_arc_replacement', 'hull_classes',
    'cantor_fan', 'schur_elimination', 'resistance_depth', 'error_budget',
}
COMMON = {
    'README.md', 'REPRODUCE.txt', 'SOURCES.md', 'VALIDATION.md', 'requirements.txt',
    'SOURCE_CHECKS.json', 'SOURCE_INVENTORY.json', 'FIGURE_CHECKS.json',
    'TOOLCHAIN.json', 'records/STATEMENT_REGISTER.json', 'records/OBLIGATIONS.md',
    'records/DEPENDENCIES.md', 'records/EXPANSION_RECORD.json',
    'assets/phi-logo.pdf', 'code/figures.py', 'code/theme_pdf.py',
    'code/check_figures.py', 'code/record_statements.py',
    'code/rebuild.py', 'verify.py',
} | {'figures/' + name + '.pdf' for name in FIGURES}


def sha(data: bytes) -> str:
    return hashlib.sha256(data).hexdigest()


def safe_name(name: str) -> bool:
    p = PurePosixPath(name)
    return (not p.is_absolute() and '\\' not in name and ':' not in name
            and p.as_posix() == name and all(x not in ('', '.', '..') for x in p.parts))


def tex_closure(files: dict[str, bytes], edition: str) -> set[str]:
    found: set[str] = set()
    active: set[str] = set()

    def visit(name: str) -> None:
        if edition == 'public' and name == 'teaching':
            return  # The public entry never defines the internaledition switch.
        if not re.fullmatch(r'[a-z_]+', name):
            raise ValueError('Unexpected TeX input name: ' + name)
        path = 'tex/' + name + '.tex'
        if path in active:
            raise ValueError('Cyclic TeX input: ' + path)
        if path in found:
            return
        if path not in files:
            raise ValueError('Missing TeX input: ' + path)
        found.add(path)
        active.add(path)
        for child in re.findall(r'\\input\{([^}]+)\}', files[path].decode('utf-8')):
            visit(child)
        active.remove(path)

    visit('public')
    if edition == 'internal':
        visit('internal_main')
    elif edition != 'public':
        raise ValueError('Unknown package edition')
    return found


def verify_files(files: dict[str, bytes], expected_edition: str | None = None) -> dict:
    if any(not safe_name(name) for name in files):
        raise ValueError('Unsafe archive member name')
    manifest = json.loads(files['MANIFEST.json'])
    if manifest.get('schema') != 'PHI-IX-source-package-v1':
        raise ValueError('Unsupported source-manifest schema')
    edition = manifest.get('edition')
    if expected_edition is not None and edition != expected_edition:
        raise ValueError('Wrong public/internal source archive')
    allowed = COMMON | tex_closure(files, edition)
    if set(manifest['files']) != allowed:
        raise ValueError('Source manifest differs from the explicit member allowlist')
    if set(files) != allowed | {'MANIFEST.json', 'SHA256SUMS.txt'}:
        raise ValueError('Unexpected or missing source archive members')
    if edition == 'public' and any(x in files for x in
                                  ['tex/teaching.tex', 'tex/internal_main.tex']):
        raise ValueError('Private edition source in public archive')
    for name, record in manifest['files'].items():
        data = files[name]
        if sha(data) != record['sha256'] or len(data) != record['bytes']:
            raise ValueError('Source member hash/length mismatch: ' + name)
    expected_sums = ''.join(sha(data) + '  ' + name + '\n'
                            for name, data in sorted(files.items())
                            if name != 'SHA256SUMS.txt').encode()
    if files['SHA256SUMS.txt'] != expected_sums:
        raise ValueError('Source checksum list mismatch')
    statements = json.loads(files['records/STATEMENT_REGISTER.json'])
    for row in statements['statements']:
        name = row['canonical_file']
        if name not in allowed or not name.startswith('tex/') or sha(files[name]) != row['source_sha256']:
            raise ValueError('Statement register is stale or outside the TeX closure: ' + name)
    return {'passed': True, 'edition': edition, 'files': len(files),
            'manifest_sha256': sha(files['MANIFEST.json']),
            'scope': 'Archive structure and exact bytes, not mathematical verification'}


def verify_source_zip(data: bytes, expected_edition: str | None = None) -> dict:
    with zipfile.ZipFile(io.BytesIO(data)) as archive:
        names = archive.namelist()
        if len(names) != len(set(names)):
            raise ValueError('Duplicate ZIP member names')
        if any(not safe_name(n) for n in names):
            raise ValueError('Unsafe ZIP member name')
        if (sum(i.file_size for i in archive.infolist()) > 64 * 1024 * 1024
                or any(i.file_size > 16 * 1024 * 1024 for i in archive.infolist())):
            raise ValueError('Source archive exceeds the declared byte limits')
        if any((i.external_attr >> 16) & 0o170000 == 0o120000
               for i in archive.infolist()):
            raise ValueError('Symbolic links are not source-package members')
        bad = archive.testzip()
        if bad is not None:
            raise ValueError('ZIP CRC failure: ' + bad)
        files = {n: archive.read(n) for n in names}
    return verify_files(files, expected_edition) | {'archive_sha256': sha(data)}


def main() -> None:
    parser = argparse.ArgumentParser(description=__doc__)
    parser.add_argument('--zip', type=Path, help='Check the original source ZIP directly')
    args = parser.parse_args()
    if args.zip:
        result = verify_source_zip(args.zip.read_bytes())
    else:
        root = Path(__file__).resolve().parent
        manifest = json.loads((root / 'MANIFEST.json').read_text())
        names = set(manifest['files']) | {'MANIFEST.json', 'SHA256SUMS.txt'}
        if any(not safe_name(n) for n in names):
            raise ValueError('Unsafe manifest path')
        # Generated build/audit files are outside the immutable source inventory.
        if any(not (root / n).resolve().is_relative_to(root.resolve()) for n in names):
            raise ValueError('Manifest path resolves outside the extracted package')
        files = {n: (root / n).read_bytes() for n in names}
        core = {p.relative_to(root).as_posix()
                for folder in ('tex', 'assets', 'figures', 'records')
                for p in (root / folder).rglob('*') if p.is_file()}
        if core - names:
            raise ValueError('Unexpected extra files in manuscript input directories')
        result = verify_files(files)
    print(json.dumps(result, indent=2))


if __name__ == '__main__':
    main()





