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Chapter 1

Scope, mathematical objects and
evidence

1.1 The subject of the monograph

Uniformization identifies the simply connected complex curves with three model surfaces. Its
applications depend on the maps, metrics, periods and group actions through which that identi-
fication is realized. This monograph follows the seven subsections of §5 of Mikhail Lyubich’s
Conformal Geometry and Dynamics of Quadratic Polynomials, and develops the missing interme-
diate arguments needed to use the stated results quantitatively. The principal result concerns
a complex manifold of complex dimension one. No corresponding classification of arbitrary
higher-dimensional complex manifolds follows from it.

Three questions organize the applications. Mathematics asks which quantities survive passage
to a canonical model and which global obstructions survive in the quotient. Physics asks which
field equations and observables transform covariantly, how dimensions and boundary conditions
enter, and which approximation errors can be bounded. Computer science asks how a finite
representation, an algorithm and a certificate recover the specified mathematical output, with a
cost that includes preprocessing, memory, communication and verification.

The previous PHI volumes provide the established expository dependencies on Cantor coding,
finite observables, proper holomorphic maps, degree, normal families, conformal distortion and
numerical comparisons [2, 3, 4, 5]. Their recorded checks are used with their original interpretation.
A written result in those volumes is a written dependency. A tested numerical implementation
remains a tested implementation. Neither category is described here as a proof-assistant theorem.

The present edition has been reconstructed from the retained textbook, the preceding public
PHI monographs and the associated scientific records. The earlier delivery reports did not contain
recoverable §5 manuscripts. Consequently the counts in this edition are obtained from its actual
source files and generated registers; unconfirmed counts from the interrupted authoring attempts
are not used as completion evidence.

1.2 Source order and proof order

The source sequence is retained in Chapter 3: §5.1, statement; §5.2, quotient classification;
§5.3, smooth annuli; §5.4, relatively compact simply connected domains; §5.5, simply connected
surfaces; §5.6, ends; §5.7, orbifolds. The proof dependency is not this linear order. In particular,
the classification in §5.2 uses the uniformization proved in §5.5. We distinguish an assertion
presented for orientation from a proposition already available for use in an argument.
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Uniformization and geometric analysis

The substantive dependency chain for open surfaces is

Dirichlet and local potential theory ⇓
annular coordinates and bounded disk uniformization ⇓
normalized disk exhaustion and compact convergence ⇓

global injectivity and surjectivity ⇓
disk–plane classification and quotient geometry.

The compact case then follows by removing one point and controlling the resulting end. Orb-
ifold uniformization additionally requires an effective, orientable, good orbifold structure; the
topological developability input is separated from the analytic uniformization.

1.3 Conventions

A Riemann surface is connected, Hausdorff and second countable, with holomorphic coordinate
changes and no boundary unless a bordered surface is explicitly specified. A relatively compact
domain has compact closure in the ambient surface. Smooth boundaries mean embedded smooth
circles. Piecewise smooth boundaries are taken to be Jordan boundaries with finitely many
nondegenerate corners and the usual local barrier property. Pathological non-Jordan boundary
sets require a separate prime-end formulation and are not silently included.

The positive Laplacian in local Euclidean coordinates is

∆ = ∂2
x + ∂2

y = 4∂z∂z̄.

Thus −∆ is nonnegative in a Dirichlet energy problem. For a real function u, put

∗du = −uy dx+ ux dy.

Then d(∗du) = (∆u) dx ∧ dy. A local conjugate v satisfies dv = ∗du, so u+ iv is holomorphic.
Circles about the origin are positively oriented counterclockwise. The inner boundary of a
positively oriented annulus has clockwise orientation.

For 0 < r < R < ∞, write

A(r,R) = {z ∈ C : r < |z| < R}, L = log(R/r), modA(r,R) = L

2π .

The condenser capacity for boundary values zero and one is the unhalved Dirichlet energy. In
this convention capA = 2π/L and capA · modA = 1. The convention fixes every factor of 2π in
the annular exponential map.

For a conformal metric g = ρ2|dz|2, dAg = ρ2dx dy and ∆g = ρ−2∆. The canonical hyperbolic
metric has curvature −1 and is 2|dz|/(1 − |z|2) on D. A complex torus is C/(Zω1 + Zω2), where
Im(ω2/ω1) > 0 after orienting the basis.

1.4 Comparison contracts

A valid comparison begins with a common input class X , a required output relation R(x, y)
and an admissible error. Algorithms returning a scalar capacity and algorithms returning a
full sampled field have different output obligations. Their costs are compared only after that
distinction has been fixed.

For an implementation M and input x, the cost record is

C(M,x) = (Csetup, Carithmetic, Cbit, Cmemory, Cdepth, Ccommunication, Cchecking).

2
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It is accompanied by a normed error bound, a conditioning statement and the domain of
validity. For q repeated evaluations, the total includes the single setup cost and all q queries. A
fixed precision scalar operation count does not measure arbitrary-precision bit complexity. An
expression involving log, exp or an elliptic integral has evaluation and rounding obligations of its
own.

Logical complexity has two separate uses. The first is the structure of a derivation: premises,
dependencies, branch cases and uniform versus instance-wise reasoning. The second is complexity
in computational logic: decision problems, proof verification and finite-state temporal properties.
A shorter proof may improve exposition without implying lower computational complexity. A
finite-state model check can be complete for its model while saying nothing about an unmodeled
network delay.

1.5 Interpretation of evidence

Written theorem.
A precise assertion with an argument in the document, relative to its identified prerequisites.

Imported prerequisite.
A stated result cited from an earlier PHI development or a standard primary mathematical
source. The extent of the import is explicit.

Exact finite certificate.
A finite witness accepted by the delivered exact-arithmetic checker, together with a written
soundness argument for the checker.

Numerical diagnostic.
A floating-point calculation with defined inputs, tolerances and output. Agreement is not a
universal theorem.

Formalization specification.
A target for Lean, Rocq or another verifier. A specification is counted as kernel accepted only
after the corresponding proof object has actually been checked.

Physical model.
An assumed constitutive or probabilistic model with an analytically derived consequence. The
calculation does not validate the model experimentally.

No new proof-assistant kernel acceptance is asserted in this edition. The theorem register records
the proof location, the dependency class and the available certificate for each registered assertion.
The compiler, reference, privacy and checksum checks are publication checks and retain that
designation.

1.6 The intended disciplinary connections

The mathematical analysis includes quotient classification, periods, divisors, algebraic curves,
homology, harmonic conjugacy, Sobolev energy, Fourier operators and extremal approximation.
Applied and theoretical physics enter through threshold scattering, periodic spectral problems,
Euclidean field equations, thermal diffusion, classical worldsheet actions, elliptic moduli and
brane-curve models. The high-energy and M/string-theory sections distinguish the derived
mathematical identities from physical assumptions imported from the cited models [6, 7, 8].

Computational applications include graph and surface discretization, spectral solvers, condition-
aware approximation, parallel work and depth, consensus, certified branch continuation and

3
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finite-field cryptographic interfaces. Encryption does not follow from the existence of a complicated
conformal map. Several negative examples identify precisely which information remains publicly
invertible.

The engineering applications retain conservation laws, dimensional analysis, source and
boundary data, discrete stability and implementation limits. Every subject is assigned either
a concrete mathematical subproblem or an explicit boundary of applicability. An application
inventory cannot establish that a particular mathematical transformation optimizes every problem
in a discipline.

4



Chapter 2

Topological and analytic foundations

2.1 Covering surfaces and the lifted complex structure

Source relation: The construction supplies the transition from the statement in source §5.1 to
the classification in §5.2. Covering and local-degree prerequisites are treated in the preceding
PHI volume [2, Chapter 2].

Proposition 2.1 (U01: holomorphic structure on an unbranched cover). Let p : S̃ → S be a
topological covering of a Riemann surface. There is a unique complex structure on S̃ for which p
is locally biholomorphic. Every deck transformation is holomorphic.

Proof. Take an evenly covered coordinate neighborhood U ⊂ S with coordinate z : U → z(U) ⊂ C.
For each component Ũ of p−1(U), use z ◦ p as a coordinate. A transition from z ◦ p to w ◦ p is
exactly w ◦ z−1, restricted to the relevant overlap, and is holomorphic. These coordinates cover
S̃ and define a complex atlas. A second structure making p locally biholomorphic has the same
local coordinates, so it is identical. If γ is a deck transformation, then p ◦ γ = p; in the displayed
coordinates γ is the identity between two sheets. Hence it is locally holomorphic, and its inverse
has the same property.

A connected Riemann surface is locally path connected and semilocally simply connected.
Its universal cover may be constructed from homotopy classes of paths beginning at a fixed
point. An evenly covered disk acts by appending a short path inside that disk. The lifting rule is
well-defined because any two such short paths are homotopic relative to their endpoints. A loop
acts by concatenation and determines a deck transformation. The construction identifies the
deck group with the fundamental group after a convention for left or right concatenation has
been fixed.

The covering acts freely: a deck transformation that fixes a point agrees with the identity on
an evenly covered neighborhood. Path lifting then propagates that equality along every path,
so it is the identity on the connected cover. Proper discontinuity is the local sheet-separation
property. For quotient constructions, both properties are necessary. A discrete group with a
stabilizer gives an orbifold quotient at the stabilized point, not an unbranched surface cover.

2.2 Closed forms and the period obstruction

Lemma 2.2 (U02: periods characterize exactness). Let α be a smooth closed real one-form on a
connected smooth surface. It has a global primitive if and only if its integral around every closed
piecewise smooth path is zero. If the surface is an annulus, it is enough to check one positively
oriented generator of its first homology.

5
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Proof. If α = dv, the integral along a path is the difference of endpoint values and vanishes
on a loop. Conversely, choose a base point p and define v(q) =

∫ q
p α. Two paths from p to q

differ by a closed path, so the hypothesis makes v well-defined. On a coordinate disk, the local
Poincare lemma supplies a smooth primitive; v differs from it by a constant. Thus dv = α. For
an annulus, deformation retraction to a core circle identifies its first homology with Z. Stokes’
theorem makes integrals of a closed form invariant under homology. Every period is therefore an
integer multiple of the period on the chosen core.

For a harmonic function u, the form ∗du is closed. The obstruction to a global harmonic
conjugate is consequently finite-dimensional on a finite-type surface: one must retain its periods
on a homology basis. This is the exact global information that disappears in a calculation
performed solely in local coordinate disks.

Proposition 2.3 (U03: exponentiation kills an integral period lattice). Suppose a locally defined
holomorphic function F = u+ iv changes by ipk, k ∈ Z, on analytic continuation around a loop,
where p ̸= 0. Then

z 7−→ exp
(2π
p
F (z)

)
is single valued and holomorphic. Its winding on a generator with period p is one.

Proof. Continuation changes the exponent by 2πik, which leaves the exponential unchanged.
Local definitions therefore agree on overlaps and patch to a holomorphic function. Along the
generator, the change in its continuous argument is (2π/p)p = 2π, so its winding is one. This
calculation does not assert injectivity; properness and degree will supply that conclusion in the
annular application.

The same argument works for a period group contained in 2πiZ without choosing a preferred
generator. For a rank-two period lattice, one exponential does not remove both periods. Quo-
tienting by the full lattice produces a complex torus. This distinction becomes decisive in the
three-channel scattering model of Chapter 6.

2.3 Dirichlet minimization on a bordered surface

Let Ω be a compact connected smooth bordered Riemann surface with nonempty boundary.
Choose any smooth conformal metric. The Dirichlet integral

E(v) =
∫

Ω
|dv|2g dAg

is independent of the conformal factor. Locally, the inverse metric contributes ρ−2 and area
contributes ρ2, leaving v2

x + v2
y .

The construction below uses the Sobolev completion of smooth functions and the trace-zero
space H1

0 (Ω). The standard Hilbert-space completeness of these spaces and the local trace
theorem are foundational analytic inputs. They are distinguished from uniformization: neither
requires a global conformal coordinate on Ω.

Lemma 2.4 (U04: coercivity of the trace-zero energy). There is a constant CΩ such that

∥v∥L2(Ω) ≤ CΩ ∥dv∥L2(Ω) , v ∈ H1
0 (Ω).

Thus ⟨v, w⟩E =
∫

Ω⟨dv, dw⟩g dAg is a complete inner product on H1
0 (Ω) equivalent to its H1 inner

product.

6
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Proof. First work in a coordinate rectangle with one boundary side on which v = 0. The
fundamental theorem of calculus and Cauchy–Schwarz give

|v(x, y)|2 =
∣∣∣∣∫ y

0
vy(x, s) ds

∣∣∣∣2 ≤ h

∫ h

0
|vy(x, s)|2 ds,

so integration bounds the L2 norm by the gradient on that rectangle. For an interior rectangle,
its mean can be compared to the mean on an overlapping rectangle by applying the same
one-dimensional estimate to differences along horizontal and vertical segments. A finite connected
chain of overlapping coordinate rectangles connects every member of a finite cover to a boundary
rectangle. Summing the resulting estimates gives a finite constant depending on the cover and
the metric comparison bounds. Smooth trace-zero functions are dense in H1

0 by definition, so the
inequality extends by completion. Equivalence with the complete H1 norm proves completeness
for the energy norm.

Theorem 2.5 (U05: existence, uniqueness and energy orthogonality). For smooth prescribed
boundary data and any H1 extension g, there is a unique u ∈ g + H1

0 (Ω) minimizing E. It
satisfies ∫

Ω
⟨du, dw⟩g dAg = 0 (w ∈ H1

0 (Ω)),

and for every competitor v with the same trace,

E(v) = E(u) + E(v − u).

Proof. On the energy Hilbert space, ℓ(w) = −
∫

⟨dg, dw⟩ is a bounded linear functional. The
Riesz representation theorem gives a unique h ∈ H1

0 with ⟨h,w⟩E = ℓ(w). Set u = g + h. The
displayed weak equation follows. Write v = u + w with w ∈ H1

0 and expand the square. Its
cross term vanishes by the weak equation. The identity proves minimality; equality implies
E(w) = 0, and coercivity implies w = 0. Thus the minimizer is unique. The representation
argument may equivalently be written as orthogonal projection onto the closed affine space of
admissible traces.

For completeness, the Riesz representation used here has a direct Hilbert proof. If ℓ ̸= 0, its
kernel is closed and has codimension one. Choose a unit vector e perpendicular to that kernel.
Decomposing w = w0 + te gives ℓ(w) = tℓ(e), so ℓ is represented by ℓ(e)e in the real Hilbert
convention. The needed perpendicular projection follows from a minimizing sequence for distance
to a closed convex subspace: the parallelogram identity makes that sequence Cauchy, and its
limit is orthogonal by differentiation in each subspace direction.

2.4 Regularity, boundary values and the maximum principle

The weak solution is classically harmonic in every interior coordinate disk. One route to this fact
is to mollify on smaller disks. The weak equation commutes with convolution, giving smooth
harmonic mollifications. Their local mean-value property passes to the L1 limit. A function
with the mean-value property has a smooth Poisson representation on each smaller disk and is
harmonic there. This is the local Weyl lemma in the form required by the construction.

The smooth boundary case has a barrier in a coordinate neighborhood. An exterior tangent
circle supplies a logarithmic harmonic barrier, positive on the local interior and zero at the
tangency point. At a nondegenerate corner, an exterior cone and the harmonic functions ra sin(aθ)
in an appropriate wedge supply a positive barrier after rotation. Comparison with the barrier
controls the solution by the oscillation of its boundary data. Smooth data are first extended
smoothly, and the local estimates pass from smooth approximations to the variational solution.

7
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The solution therefore extends continuously with the prescribed values. Corners require the
stated barrier assumption; a bare use of the phrase “piecewise smooth” does not justify arbitrary
accumulating cusps.

Lemma 2.6 (U06: maximum and strict positivity). A continuous function on Ω, harmonic
on connected Ω, takes its maximum and minimum on the boundary unless it is constant. In
particular, a nonconstant harmonic function with boundary values zero and one satisfies 0 < u < 1
in Ω.

Proof. At an interior maximum, the mean-value property says that the average on each sufficiently
small circle equals the maximum. Continuity and the upper bound force equality on the entire
circle, and the Poisson formula forces constancy in the disk. The set on which the function equals
its maximum is consequently both open and closed in the connected domain. It is the whole
domain. Applying the same argument to −u handles a minimum. Compactness of the closure
and continuity supply existence of the extrema.

This argument also proves a sup-norm error certificate. If u and ũ are harmonic with boundary
discrepancy at most ε, then ∥u− ũ∥∞ ≤ ε on the full domain. Its cost is the cost of certifying
the boundary discrepancy, not the number of interior visualization pixels.

2.5 Green functions and a normalized logarithmic pole

The sign convention is fixed by ∆ log |z| = 2πδ0 in distributions. To verify it, integrate by parts
outside a circle of radius ε, retain the inward normal of the punctured domain, and let ε → 0.
The boundary integral of the radial derivative supplies 2π; the remaining term vanishes because
the test function differs from its value at zero by O(ε).

Proposition 2.7 (U07: Green function with a single pole). On a smooth relatively compact
bordered domain D, for each p ∈ D there exists a function GD(·, p), zero continuously on ∂D,
positive on D \ {p}, harmonic away from p, and satisfying

GD(z, p) = − log |z| + h(z)

in a local coordinate z(p) = 0, with h harmonic near zero. It is unique.

Proof. Choose a smooth cutoff χ supported in a coordinate disk and equal to one near p.
The function s = −χ log |z| has zero boundary trace and −∆s = 2πδp + q, where q is a
smooth compactly supported function away from p in the distribution-density convention. Solve
−∆h = −q with zero trace by the same coercive Hilbert-space argument as in Theorem 2.5.
Local regularity makes h smooth, and G = s+ h has the stated pole and boundary data. On the
complement of a small disk, its inner boundary values are positive for sufficiently small radius;
the maximum principle gives G ≥ 0. Strict positivity follows from connectedness and the pole.
The difference of two candidates is bounded near p, hence removable there, harmonic throughout
D and zero on its boundary. The maximum principle gives uniqueness.

The inhomogeneous weak equation uses
∫
qv, bounded by the Poincare inequality. The

local regularity of a smooth right-hand side follows by subtracting a local fundamental-solution
convolution, leaving a distributionally harmonic remainder. Thus the construction does not
invoke disk uniformization of D.

8
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2.6 Topological exhaustion and its exact role

The global proof uses a surface-theoretic fact: a noncompact simply connected second-countable
surface admits a nested exhaustion by relatively compact Jordan disks with smooth boundary.
Here the topology is independent of the subsequently constructed complex coordinate.

A constructive route begins with a locally finite triangulation and a countable compact
exhaustion. Connect each finite compact stage to a fixed base disk by finitely many arcs, and take
a compact regular neighborhood. Boundary circles can be filled on the side not containing the
chosen unbounded end. The Jordan–Schoenflies theorem for simply connected surfaces guarantees
those filling disks and prevents a handle. Only finitely many boundary components occur at each
stage. Enlarging the finite stage and smoothing its boundary produces the desired nest. The
absence of handles follows alternatively by abelianizing the standard polygon presentation: a
handle contributes two independent first-homology classes, impossible on a simply connected
surface.
Evidence classification. Locally finite triangulation, regular neighborhoods and the Jordan–
Schoenflies theorem are explicitly declared topological prerequisites, as in the source’s Lemma
1.80. Their full foundational formalization is not supplied by a polygon drawing or by the finite
checks in this release.

A similar finite polygon classification gives that a compact simply connected orientable surface
is a sphere. Cutting along a spanning tree in the triangulation and a dual spanning tree produces
a paired-edge polygon. Each surviving oriented handle pair contributes two generators to the
abelianization of its fundamental group. Simple connectedness eliminates all handle pairs, leaving
the sphere. This identifies the topological input used in source Theorem 5.6; the complex
structure is still to be determined analytically.

2.7 Imported analytic dependencies and noncircularity

The preceding PHI monograph establishes the local power model for holomorphic maps, proper-
map degree, the argument principle, Little Montel, injective normal limits and the Koebe growth
and quarter estimates [2, Chapters 2 and 4]. Their uses in this volume are local or planar. In
particular, Koebe’s theorem is applied to a holomorphic injection whose domain is an already
uniformized finite disk. It is not applied to the unknown global surface before the exhaustion
limit has been constructed.

For reference, the specific planar inequalities used below are, for a univalent g : D → C with
g(0) = 0 and g′(0) = 1,

|z|
(1 + |z|)2 ≤ |g(z)| ≤ |z|

(1 − |z|)2 , D1/4 ⊂ g(D).

The local uniform limit of injective holomorphic functions is injective or constant. At a normalized
base point its derivative is one, excluding the constant case. Cauchy’s formula proves derivative
convergence on every smaller coordinate disk, so this normalization survives the limit.

These are precise dependency imports. The results of §5 do not depend on any numerical
graph or application later in this monograph. The dependency register keeps the theoretical
proof graph separate from the computational and publication graphs.
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Chapter 3

The seven source subsections

3.1 Source §5.1: the three simply connected models

Source relation: Source Theorem 5.1, physical page 115. The statement is a classification up to
biholomorphism, with the surface conventions fixed in Chapter 1.

Theorem 3.1 (U08: uniformization, with the proof dependencies exposed). Every simply
connected Riemann surface is biholomorphic to exactly one of P1(C), C and D.

Proof. For a noncompact surface, Theorem 3.11 below constructs a normalized conformal map
onto a disk of finite radius or onto C. A finite-radius disk is biholomorphic to D by scaling.
For a compact surface, Theorem 3.12 below gives the sphere. Compactness distinguishes the
sphere from the two noncompact models. If C and D were biholomorphic, the resulting bounded
nonconstant entire function would contradict Liouville’s theorem. That theorem follows from
Cauchy’s estimate: for an entire function bounded by M , |f ′(z)| ≤ M/R for every R > 0, so
f ′ = 0.

The order of this proof is deliberately explicit. U08 names the final theorem; its construction
is in U18 and U19, whose arguments do not appeal back to U08. The finite source statement
does not yield a finite running-time algorithm on an arbitrary encoded surface. A computational
uniformization algorithm must specify its domain representation, target normalization and error
criterion.

3.1.1 Normalization and its remaining freedom

A sphere has a three-complex-parameter Mobius group. Three distinct marked points determine
a unique Mobius normalization. For a disk, a point and a tangent direction determine a
normalization. For the plane, an affine normalization fixes a point and a nonzero derivative.
These freedoms are mathematical symmetries of the output; failure to fix them makes a numerical
comparison of two otherwise correct maps meaningless.

Proposition 3.2 (U09: uniqueness of a normalized disk coordinate). Let f, g : S → D be
biholomorphisms with f(p) = g(p) = 0 and positive real derivatives in the same local coordinate.
Then f = g.

Proof. The automorphism h = g ◦ f−1 fixes zero. Schwarz’s lemma gives |h(z)| ≤ |z|, and its
application to h−1 gives the reverse inequality. Equality in Schwarz’s lemma makes h(z) = eiθz.
The ratio of the two positive derivatives is positive real and has modulus one, hence is one. Thus
h is the identity.

10
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For algorithmic use, normalization is an input contract. A discretization that pins a boundary
vertex, an analytic proof that fixes an interior point, and a physical model that fixes a flux are
not using the same gauge. The transformation between their normalizations must be carried
through any error or sensitivity calculation.

3.2 Source §5.2: classification by universal covers

Source relation: Source Theorem 5.2, physical page 116. The word “isometries” in the hyperbolic
case requires orientation preservation, freeness and proper discontinuity for an ordinary Riemann-
surface quotient.

Theorem 3.3 (U10: quotient classification). A Riemann surface is either the sphere; a quotient
C/Λ by a discrete translation group of rank zero, one or two; or D/Γ, where Γ < Aut(D) is
discrete, acts freely and properly discontinuously. The rank-zero and rank-one flat cases are C
and C∗.

Proof. Lift the complex structure to the universal covering by U01 and apply U08. In the
spherical case, every nonidentity Mobius map has a fixed point: its fixed-point equation is
quadratic, with the point at infinity included. Since deck transformations act freely, the deck
group is trivial.

An automorphism of C is affine. To see this without assuming polynomiality, regard infinity
as an isolated singularity. An essential singularity there is incompatible with injectivity: choose
a regular attained value in a fixed compact region and use the Casorati theorem followed by the
local inverse near that value; a sufficiently close value obtained far away also has a preimage
near the chosen point. A removable singularity would make the entire map bounded. Thus
infinity is a pole, so the map is polynomial. An injective polynomial has degree one, by its local
critical-point structure or generic fibre count. An affine map az + b with a ̸= 1 has a fixed point.
Hence every nonidentity deck transformation is a translation.

A discrete subgroup Λ ⊂ R2 is free abelian of rank at most two. For rank one, choose its
shortest nonzero vector ω; division along its line shows every collinear vector is an integral
multiple. If noncollinear vectors exist, choose a vector with least positive perpendicular distance
after reducing the parallel coordinate modulo ω. Discreteness guarantees the minimum in a
compact strip. Subtracting integer multiples of these two vectors reduces any lattice vector to a
bounded fundamental parallelogram; minimality of the perpendicular coordinate and then of |ω|
forces the remainder to zero. This gives a rank-two lattice. In the rank-one case exp(2πiz/ω)
identifies the quotient with C∗.

In the disk case the lifted atlas identifies deck transformations with holomorphic disk automor-
phisms. Their action inherits freeness and proper discontinuity from covering theory. Conversely,
the listed actions produce Riemann-surface quotients using evenly covered coordinate disks. Thus
every listed quotient is admissible.

3.2.1 Metric content of the classification

For a ∈ D, the disk automorphism ba(z) = (z − a)/(1 − āz) satisfies

1 − |ba(z)|2 = (1 − |a|2)(1 − |z|2)
|1 − āz|2

, |b′
a(z)| = 1 − |a|2

|1 − āz|2
.

Consequently 2|dba|/(1 − |ba|2) = 2|dz|/(1 − |z|2). The metric descends to every hyperbolic
quotient. It is complete because a finite-length path lifts locally and cannot escape to the disk
boundary: the radial distance to |z| = 1 diverges. The quotient construction therefore supplies a
complete curvature-−1 metric.
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The projective structure on the sphere is canonical. A particular round metric requires a
normalization of the spherical coordinate. A flat torus has a translation-invariant metric unique
up to scale inside its fixed conformal class. These statements concern different levels of geometric
structure; a conformal equivalence does not generally preserve physical Euclidean length or area.

3.2.2 Example: a rectangular torus

Let Λ = Z + ibZ, b > 0. The function e2πi(mx+ny), with z = x+ iby and (x, y) ∈ [0, 1]2, is single
valued on the quotient. For the induced flat metric,

−∆e2πi(mx+ny) = 4π2
(
m2 + n2

b2

)
e2πi(mx+ny).

This spectral output retains the modulus b. Replacing every flat torus by a unit square would
change its spectrum even though all tori have the same topological genus.

3.3 Source §5.3: smooth annuli and the period coordinate

Source relation: Source Proposition 5.3, physical page 116. The proof below establishes degree
independently of an assumed equipotential foliation.

Theorem 3.4 (U11: capacity, period and annular uniformization). Let A be a relatively compact
smooth annulus. Let u be harmonic, with value zero on the inner boundary and one on the outer
boundary. With a positively oriented core γ, set

p =
∫

γ
∗du.

Then p = E(u) > 0, and a local conjugate v defines a biholomorphism

F = exp
(2π
p

(u+ iv)
)

: A −→ A(1, e2π/p).

In particular, modA = 1/p.

Proof. Existence, uniqueness and boundary continuity of u follow from U05 and the boundary
argument of Chapter 2. Green’s identity gives

E(u) =
∫

∂A
u ∂nu ds =

∫
∂oA

∂nuds =
∫

∂oA
∗du = p.

The inner boundary term is zero. The last equality uses that ∗du is closed and the outer
boundary is homologous to the positive core. Since the boundary values differ, u is nonconstant,
so E(u) > 0.

U02 and U03 make F single valued. The maximum principle gives 1 < |F | < e2π/p. A compact
subset of the target has log modulus separated from both endpoint values. Its preimage lies
where u is separated from zero and one and is therefore relatively compact in A. The preimage
is closed there, so F is proper. A nonconstant holomorphic map is open; a proper map into a
locally compact target is closed. Connectedness of the target shows F is onto.

It remains to prove that its degree is one. Take smooth collars sufficiently close to the two
boundary curves. On each boundary circle the Hopf boundary lemma gives a nonzero normal
derivative, so the image of that circle under F traverses the corresponding target circle with
positive orientation when the core orientation is used. Its total change of argument is 2π, by
the period calculation. Equivalently, F∗ sends the generator of H1(A;Z) to the generator of
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the target annulus. For a proper orientation-preserving map between annuli the integer in this
homology map is its degree: cut both annuli along an arc transverse to a regular target value and
count oriented inverse arcs, or apply the boundary degree identity in relative homology. Thus
the degree is one. The local degrees of a holomorphic map are positive integers; a degree-one
map has exactly one unramified preimage at each point. Its inverse is holomorphic by the local
inverse theorem.

3.3.1 The normalization discrepancy in the printed source

The source defines p =
∫

γ ∗du and writes the multiplier 2π/p in its exponential. It subsequently
gives the target outer radius as e1/p. With those definitions, the outer boundary has u = 1, so
its modulus is exactly e2π/p. The missing factor is therefore determined by direct substitution.
It is not a discretionary choice of annular notation.

On a round annulus A(1, R), u = log |z|/ logR and v = arg z/ logR. The period is p =
2π/ logR. The corrected formula gives F = z after a unit-modulus factor, and e2π/p = R. The
printed radius gives R1/(2π), which fails this identity unless R = 1, the degenerate excluded case.

−2 0 2
Re z

−3

−2

−1

0

1

2

3

Im
 z

Annulus: radial potential and conjugate angle

Figure 3.1: Logarithmic coordinates on an annulus. The radial coordinate becomes an interval;
the angular coordinate remains periodic. The period is retained in the exponential reconstruction.

3.3.2 Corners, uniqueness and available output

For finitely many admissible corners, solve the continuous Dirichlet problem using the local
barriers and apply the construction to smooth interior collars. The period is independent of the
collar. Properness follows from the same boundary separation, and degree is computed on an
interior core, so boundary differentiability at the corners is not required. The source conclusion
therefore persists for the stated piecewise smooth class.

A biholomorphism of round annuli has the form cz or c/z after the radii are matched, as
follows by applying uniqueness of the harmonic Dirichlet solution to log |f |. Thus the modulus is
a complete conformal invariant of a doubly connected nondegenerate bordered domain. It is not
a complete invariant of a domain with three or more boundary components.
Comparative conclusion. A planar field calculation asking only for flux or condenser capacity
reduces to the scalar p. Recovering the full conformal coordinate also requires the harmonic
potential and its conjugate periods. The theorem permits a reduction in output dimension only
when the specified observable depends solely on modulus.
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3.4 Source §5.4: relatively compact simply connected domains

Source relation: Source Proposition 5.4, physical pages 116–117. The source’s punctured-annulus
limit is compared with a Green-function construction that makes nondegeneracy and degree
explicit.

Theorem 3.5 (U12: the Green coordinate of a bounded disk). Let D be a relatively compact
simply connected Jordan domain on a Riemann surface, with the boundary regularity specified
above. Let GD(z, p) be its Green function. Then

f(z) = exp
(
−GD(z, p) − iG∗

D(z, p)
)

patches to a biholomorphism D → D, with a simple zero at p.

Proof. On D \ {p}, the only homology generator surrounds p. The local expansion G =
− log |z| + h(z) gives period −2π for ∗dG. Consequently the exponential is single valued. Locally
take a harmonic conjugate h∗; then

f(z) = c z exp[−h(z) − ih∗(z)], |c| = 1.

It extends holomorphically across p, and its derivative there is nonzero. Positivity of G gives
|f | < 1, and zero boundary values give |f | → 1 at every boundary point. The same compactness
argument used for U11 proves properness into D.

A proper nonconstant holomorphic map has constant finite degree. The fibre above zero
consists only of p, since the exponential is nonzero elsewhere, and the local expansion shows its
multiplicity is one. Thus its degree is one. Surjectivity follows from openness and closedness;
positivity of local multiplicity then proves injectivity and a holomorphic inverse.

3.4.1 What must be supplied to the punctured-annulus proof

The source removes a coordinate disk around p, uniformizes the remaining annulus and takes a
normal limit. Compact convergence of bounded holomorphic functions alone does not exclude a
constant limit. A complete use of that route requires a normalization and a lower bound at a
fixed interior location, or an equivalent capacity argument. The source’s references to Euclidean
distance also require a declared auxiliary metric when D lies on an abstract surface.

The Green construction resolves these tasks through a fixed pole coefficient. The simple-zero
expansion proves nondegeneracy before any global degree conclusion. Properness follows from
boundary values, and degree is computed from a known fibre. The proof contains no appeal to
the statement that an arbitrary simply connected open surface has already been uniformized.

Corollary 3.6 (U13: Green function and conformal radius). If f : D → D is normalized by
f(p) = 0, then

GD(z, p) = − log |f(z)|.

In a local coordinate z(p) = 0, write GD(z, p) = − log |z| +HD(p) + o(1). The conformal radius is

rD(p) = 1
|f ′(p)| = eHD(p).

Proof. The two Green functions have the same boundary values and logarithmic pole coefficient,
so uniqueness in U07 makes them equal. Expanding f(z) = f ′(p)z + O(z2) gives HD(p) =
− log |f ′(p)|, hence the radius formula.
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3.4.2 A domain-monotonicity consequence

For nested regular domains D ⊂ E and p ∈ D, the function GE −GD is harmonic on D after its
logarithmic poles cancel, and its boundary values are nonnegative. Hence GE ≥ GD on D, with
strict inequality unless the domains agree in the connected setting. Their regular parts satisfy
rE(p) ≥ rD(p). This furnishes a potential-theoretic interpretation of the normalized radii in the
next subsection.

The conformal radius depends on the local coordinate used to normalize derivatives. Ratios
at the same marked coordinate and monotonicity under a fixed normalization are invariant
statements. An absolute numerical radius in an arbitrary chart is not a physical distance.

3.5 Source §5.5: the open and compact alternatives

Source relation: Source Theorems 5.5 and 5.6, physical page 117. The argument below supplies
the surjectivity step after compact convergence.

Let S be a noncompact simply connected Riemann surface, p ∈ S, and z a fixed local
coordinate at p. Choose the nested disk exhaustion described in Chapter 2. By U12 each Dn

admits a unique map

fn : Dn −→ DRn , fn(p) = 0, f ′
n(p) = 1.

The radius is determined by the derivative normalization.

Lemma 3.7 (U14: monotonicity of normalized radii). If Dm ⊂ Dn, then Rm ≤ Rn. If the
inclusion is proper, the inequality is strict.

Proof. The transition map g = fn ◦ f−1
m : DRm → DRn fixes zero and has derivative one.

Normalize the two radii to unit disks and apply Schwarz’s lemma. This gives Rm/Rn ≤ 1.
Equality makes the normalized map a rotation; the derivative condition makes it the identity.
Then fn(Dm) = DRn , and injectivity of fn forces Dm = Dn.

Lemma 3.8 (U15: a diagonal normal limit). A subsequence of fn converges locally uniformly on
S to an injective holomorphic map f with f(p) = 0 and f ′(p) = 1.

Proof. Fix m. For n ≥ m, fn ◦ f−1
m is univalent on DRm , fixes zero and has derivative one. The

Koebe growth estimate bounds it uniformly on every smaller concentric disk. Pulling back gives
a uniform bound for fn on every compact subset of Dm. Little Montel supplies a convergent
subsequence there. Apply this successively on an increasing collection of compact subdisks
exhausting all Dm, and take the diagonal subsequence. The limits agree on overlaps because
they are limits of the same subsequence. The patched map is holomorphic. Cauchy’s formula
preserves its value and derivative at p. An injective normal limit is either injective or constant;
the nonzero derivative excludes a constant.

Local convergence and injectivity have now been proved. They do not by themselves identify
f(S). The following quantitative Schwarz estimate supplies the missing image control in the
finite-radius case.

Lemma 3.9 (U16: near-extremal Schwarz maps). Let h : D → D satisfy h(0) = 0 and
h′(0) = a ∈ (0, 1]. For |z| ≤ r < 1,

|h(z) − z| ≤ r(1 − a)1 + r

1 − r
.
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Proof. Schwarz’s lemma makes q(z) = h(z)/z holomorphic on D, with |q| ≤ 1 and q(0) = a.
Schwarz–Pick gives |(q − a)/(1 − aq)| ≤ |z|. Thus q = (a+ ζ)/(1 + aζ) with |ζ| ≤ r. Subtraction
yields

|q − 1| = (1 − a) |1 − ζ|
|1 + aζ|

≤ (1 − a)1 + r

1 − r
.

Multiplication by |z| ≤ r gives the result. The case a = 1 is the equality case of Schwarz’s
lemma.

Lemma 3.10 (U17: surjectivity of the exhaustion limit). Let R = supnRn ∈ (0,∞]. The map
f in U15 has image DR, with D∞ = C.

Proof. Suppose first that R < ∞. For fixed m ≤ n, define

hmn(w) = 1
Rn

fn
(
f−1

m (Rmw)
)
.

It maps D to D, fixes zero and has derivative amn = Rm/Rn. For |w| = r, U16 implies

|fn(f−1
m (Rmw)) −Rmw| ≤ (Rn −Rm) r

(1 + r

1 − r
+ 1

)
= 2r(Rn −Rm)

1 − r
.

Take the convergent subsequence and obtain the same inequality with Rn replaced by R. Given
0 < s < R, choose r < 1 and then m sufficiently large that

rRm − s >
2r(R−Rm)

1 − r
.

On the circle |w| = r, Rouche’s theorem then says that f(f−1
m (Rmw)) − y has one zero for

every |y| ≤ s, because it is a strict perturbation of Rmw − y. Hence Ds ⊂ f(Dm). As s < R
was arbitrary, DR ⊂ f(S). Conversely each fn has modulus below R, so |f | ≤ R. Since f is
nonconstant, the maximum principle makes |f | < R.

If R = ∞, the univalent map f ◦ f−1
m on DRm fixes zero and has derivative one. The scaled

Koebe quarter theorem gives DRm/4 ⊂ f(Dm). The radii tend to infinity, so every complex
number belongs to the image.

Theorem 3.11 (U18: open simply connected uniformization). A noncompact simply connected
Riemann surface is biholomorphic to D or C.

Proof. U15 gives an injective holomorphic map and U17 identifies its image. Its derivative is
nonzero at every point because an injective holomorphic map has local degree one. The local
inverse theorem gives a holomorphic inverse. A finite-radius image is rescaled to D.

Theorem 3.12 (U19: compact simply connected uniformization). A compact simply connected
Riemann surface is biholomorphic to P1(C).

Proof. The compact orientable surface classification identifies the underlying surface with a
sphere. Remove a point p; the complement is simply connected and noncompact, so U18 makes
it biholomorphic to D or C. If the image is D, the bounded map extends across p by the
removable-singularity theorem and gives a nonconstant holomorphic function on a compact
surface. Such a function is constant by the maximum principle, a contradiction.

Thus there is a biholomorphism f : S \ {p} → C. As z → p, necessarily |f(z)| → ∞: otherwise
a sequence approaching p would have images in a compact disk, whose inverse image under the
continuous inverse f−1 is compact in S \ {p}. The function 1/f therefore tends to zero near p
after excluding a compact neighborhood of the unique zero of f , and extends holomorphically
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Figure 3.2: Finite-radius exhaustion: the explicitly proved image-error envelope tends to zero as
the radius deficit decreases. The display evaluates U17’s bound for several fixed interior circles.

with a zero at p. Defining f(p) = ∞ gives a continuous holomorphic map to the sphere. It is
bijective because the original map is bijective on the complements. Its local degree at p must be
one: a higher order would give multiple nearby preimages of a large regular value. Hence it and
its inverse are holomorphic everywhere.

3.5.1 The significance of an infinite radius

An unbounded sequence of normalized radii is not a numerical divergence to be suppressed by
rescaling each output independently. It identifies the parabolic conformal type of the marked
surface. A finite-radius sequence identifies a hyperbolic type. Neither a finite list of computed
radii nor a fitted extrapolation proves which alternative holds without an a priori bound or a
certified exhaustion estimate.

The proof also exposes a stability question: the size of the basepoint derivative fixes a scale.
A family can degenerate when that derivative vanishes or when the marked point approaches the
boundary. A numerical convergence test must therefore record the normalization and a compact
interior region on which its estimates are uniform.

3.6 Source §5.6: extension to tame ends

Source relation: Source Lemma 5.7 and Corollary 5.8, physical page 118. The argument uses
annular representatives of a proper end map and separates cusp and circle ends.

A tame end has an annular neighborhood. In an ideal conformal completion, a cusp is a
missing point modeled by 0 < |z| < ε; a circle end is modeled by r < |z| < 1 approaching |z| = 1.
The phrase “proper map of ends” is used here in its local finite-covering sense: sufficiently small
target end neighborhoods have an appropriate source component on which the map is proper
of finite degree. A weak sequential condition on an arbitrary nonproper holomorphic map is
insufficient.

Proposition 3.13 (U20: extension across a cusp). A nonconstant proper holomorphic map of
cusp ends extends across the missing points. In local coordinates it has the form

f(z) = azd(1 +O(z)), a ̸= 0, d ∈ N>0.
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It is unbranched sufficiently near the puncture away from the puncture itself.

Proof. The target puncture coordinate is bounded on a small source punctured disk. Removability
extends the map to the center. Properness toward the chosen end forces its value there to be
the target puncture. Nonconstancy gives a finite positive vanishing order d and the expansion.
Differentiation yields f ′(z) = azd−1(d+O(z)), nonzero for all sufficiently small nonzero z.

A cusp end cannot be properly sent to a circle end by a nonconstant finite-degree end
map: a bounded target coordinate would extend to the missing source point with modulus one,
contradicting the maximum principle. Conversely, a circle end cannot map properly to a cusp.
Indeed − log |f | would be a harmonic function on a finite-width cylinder tending uniformly to
+∞ at one finite endpoint. Its angular mean has zero second derivative and is affine in the
cylinder coordinate, which cannot diverge at a finite endpoint.

Proposition 3.14 (U21: extension at a circle end). A proper holomorphic map of tame circle
ends extends continuously, and locally holomorphically in the ideal circular coordinates, to a
covering of their boundary circles. Its covering degree is its end degree.

Proof. Use annular uniformizing coordinates near the two ideal circles and normalize the target
circle to |w| = 1. Properness toward that end implies |f(z)| → 1 uniformly as the source circle
is approached. The function u = log |f | is harmonic in a sufficiently small collar and has zero
boundary values at the circle. Reflection across the circle, written as odd reflection after a
local logarithmic coordinate, extends u harmonically. Local conjugates extend as well, and
their exponentials extend f ; on overlaps they agree with the original holomorphic function, so
uniqueness gives a single extension.

Inside the collar u has a fixed strict sign. The Hopf boundary lemma gives a nonzero
normal derivative on its smooth boundary. The Cauchy–Riemann equations make the boundary
angular derivative nonzero. Thus the boundary restriction is a local diffeomorphism of circles.
Compactness makes it a finite covering. Its total argument change equals the integral of ∗du,
which is the integer degree induced on a core circle, hence equals the end degree.

The reflection is in the ideal round coordinate, not a claim of analytic regularity of an arbitrary
physical boundary in its original Euclidean embedding. The distinction matters for numerical
meshes at re-entrant corners.

Corollary 3.15 (U22: embedding extension). An embedding that maps a tame circle end properly
to a tame circle end extends to a homeomorphism of the ideal circles.

Proof. The boundary map in U21 is a covering of positive degree. Its degree equals the number
of preimages of a nearby regular interior point. Injectivity of the embedding makes that number
one. A degree-one circle covering is a homeomorphism.

3.6.1 Finite annular covers and modulus

For a proper map F : A(r,R) → A(r′, R′) preserving the two ends, uniqueness of the harmonic
Dirichlet problem gives

log |F (z)| = log r′ + log(R′/r′)
log(R/r) log(|z|/r).

A conjugate period must be 2π times an integer d. Therefore log(R′/r′) = d log(R/r) and
F (z) = czd. Reversing the two ends gives cz−d. This proves both the covering classification and

modA(r′, R′) = d modA(r,R).
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The formula quantifies the distinction between finite annular collars and punctured disks, whose
annular modulus becomes arbitrarily large toward the cusp.

3.7 Source §5.7: orbifolds and the necessary qualifications

Source relation: Source Theorem 5.9, physical pages 118–119; source definition of finite conformal
type, physical page 96; orbifold Gauss–Bonnet, physical page 105.

An effective orientable complex orbifold has local charts z 7→ zm at a cone point of finite
order m ≥ 2. A puncture is an omitted point, recorded separately; formally its contribution to
Euler characteristic is the limit 1 − 1/m → 1. For genus g, s punctures and finite cone orders
m1, . . . ,mk, put

χorb = 2 − 2g − s−
k∑

j=1
(1 − 1/mj).

A good orbifold has a manifold orbifold cover. Compact orientable bad orbifolds are the sphere
with one finite cone point and the sphere with two unequal finite cone orders. Punctures must
not be classified as finite cone points in these exceptions: the plane with one finite cone point is
covered by z 7→ zm from C.

Proposition 3.16 (U23: analytic uniformization of a good orbifold). A good Riemann orbifold
is the quotient of one of P1, C and D by a discrete group of holomorphic automorphisms with its
specified local stabilizers.

Proof. Take a manifold orbifold covering and then its simply connected covering. Lift the
complex coordinates away from the cone points by U01. At a cone point of order m, the covering
coordinate is the local root coordinate z, so the complex structure extends through the preimage.
The resulting simply connected Riemann surface is uniformized by U08. Deck transformations
are holomorphic by the lifted-coordinate argument. A stabilizer of order m is locally conjugate
to multiplication by an mth root of unity, giving precisely the prescribed quotient chart. Proper
discontinuity follows from the orbifold covering structure.

Evidence classification. The topological existence of a manifold orbifold cover is the goodness
input. The classification of good compact orientable two-orbifolds is a declared topological
theorem, represented in the source by Theorems 2.92–2.93. U23 proves the analytic passage for
that input; a future formalization must also close the topological covering theorem.

3.7.1 Compact orbifolds without punctures

Theorem 3.17 (U24: compact orbifold curvature trichotomy). For a compact good orientable
Riemann orbifold without punctures, the signs of χorb are respectively positive, zero and negative
in the spherical, Euclidean and hyperbolic cases. A constant-curvature metric normalized to
K ∈ {1, 0,−1} satisfies

K area(O) = 2πχorb(O).

Proof. U23 gives the uniformizing model. In the spherical case the deck group is finite; average
a Hermitian form on the two-dimensional representation of its finite lift and change coordinates
to put the group in the round rotation group. In the plane case, a cocompact discrete affine
group has no dilation of modulus different from one, since conjugation would create translations
approaching the identity. After conjugation it acts by Euclidean motions. In the disk case every
holomorphic automorphism preserves the Poincare metric. These metrics descend to orbifold
metrics.
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Remove small disks around the cone points. Ordinary Gauss–Bonnet on the complement has
boundary terms tending to minus the cone angles −2π/mj . Moving these terms and comparing
with the Euler characteristic of the punctured underlying surface gives

∫
O
K dA = 2π

2 − 2g −
∑

j

(1 − 1/mj)

 .
The area is finite and positive, so its multiplication by constant K has the same sign as K. This
proves the sign classification and the area identity.

The orbifold Gauss–Bonnet identity is thus an accounting of smooth curvature and missing
cone angle. Its application to a noncompact punctured quotient requires control of the end
boundary terms and area. They cannot be omitted by assigning the puncture an infinite cone
index alone.

3.7.2 A punctured counterexample to the unrestricted sign rule

The source’s finite-conformal-type definition includes a compactification with points of infinite
index. Under the standard puncture interpretation, the plane is a sphere with one puncture. It
has

χorb(C) = 2 − 1 = 1,

but its universal covering model is C, not the sphere. The flat plane has infinite area; applying
the compact identity K area = 2πχ would already be undefined at K = 0 and infinite area. A
plane with one cone point of order m similarly has χorb = 1/m > 0 and Euclidean uniformization
by the finite rotation quotient of C.

These examples expose a necessary scope qualification in the printed sign trichotomy. If
the notation for the exceptional signatures were read as including all infinite indices, it would
exclude valid good punctured orbifolds as well. The correction is to separate finite cone orders
and punctures, and to state the complete finite-type alternatives explicitly.

Proposition 3.18 (U25: finite-type punctured alternatives). For a good orientable finite-type
orbifold with at least one puncture, the Euclidean cases are the plane, the plane with one finite
cone point, the twice-punctured sphere, and the plane with two cone points of order two. All
other such orbifolds are hyperbolic. In the hyperbolic cases the complete metric has finite area
and area = −2πχorb.

Proof. A spherical quotient is compact and has no punctured ends. For a Euclidean quotient,
let Λ be the translation subgroup. A discrete orientation-preserving Euclidean motion group
has translation rank zero, one or two. Rank two is cocompact, hence excluded by the puncture.
At rank zero the group is finite and fixes a common point: two rotations with different centers
generate a nontrivial translation or a nondiscrete subgroup. Its quotient is the plane with either
no cone or one finite cone point. At rank one, a rotation preserving the translation lattice has
linear part 1 or −1. The translation-only quotient is a cylinder, conformally C∗. Adding the
half-turn gives the quotient of C∗ by w 7→ 1/w, a plane with two order-two cone points. These
exhaust the noncompact Euclidean possibilities.

Every remaining good orbifold has disk universal cover by U23. Its finite conformal type has
a compact core and finitely many punctures. A punctured annular end cannot have hyperbolic
deck holonomy, whose quotient is a finite-modulus annulus. Its peripheral holonomy is parabolic
and gives a cusp. Standard cusp coordinates have finite area, calculated explicitly in Chapter 5.
The compact core has finite area as well. Apply Gauss–Bonnet after truncating the cusp ends.
Their boundary lengths and geodesic-curvature contributions tend to zero. The cone terms are
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those of U24, and each puncture reduces the compactification Euler characteristic by one. This
gives area = −2πχorb > 0.

The finite-area group in U25 is of the first kind. A gap in its limit set would give a funnel
boundary interval and an infinite-area end, incompatible with the finite-area cusp decomposition.
Thus the source’s first-kind conclusion is appropriate for the finite-area hyperbolic case, but
finite topological type alone would not suffice: a finite-modulus annulus is a hyperbolic quotient
with a two-point limit set.

3.7.3 Exact signature examples

For triangle signatures, the Euler characteristic is 1/p+1/q+1/r−1. The triples (2, 3, 5), (2, 3, 6)
and (2, 3, 7) give 1/30, 0 and −1/42. These are exact rational distinctions. Floating-point sign
testing near zero is unnecessary and can misclassify a Euclidean signature if it uses inconsistent
rounding.

For compact Euclidean quotients the cone signatures are (2, 2, 2, 2), (3, 3, 3), (2, 4, 4) and
(2, 3, 6), besides the smooth torus. The list follows by solving

∑
(1 − 1/mj) = 2, using mj ≥ 2

and ordering the mj . With four terms equality forces all orders to be two. With three terms the
equation 1/p+ 1/q + 1/r = 1 gives the three remaining triples by the inequalities p ≤ q ≤ r. A
genus-zero surface with at most two finite cones is spherical only when its two orders agree, or it
has no cone; the unequal and single-cone compact cases are the bad exceptions.
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r in compact signature (2,3,r)
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Figure 3.3: Exact reciprocal-sum classification of the compact triangle examples. Punctured
Euclidean exceptions are treated separately in the text and are not folded into this compact sign
diagram.
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Chapter 4

Algebraic geometry, periods and
topological invariants

4.1 Local coordinates, local rings and multiplicity

Uniformization is a global classification of analytic curves; its local algebra is the algebra of
convergent power series. At a point p, a local coordinate z identifies the local ring with C{z}
and its maximal ideal with (z). A nonzero holomorphic germ has the unique factorization
zmu(z), where u(0) ̸= 0 and m is its vanishing order. Uniqueness follows by comparing the first
nonzero Taylor coefficient. The integer m is invariant under a change of coordinate with nonzero
derivative.

Proposition 4.1 (U26: finite local fibres). For a germ f(z) = zmu(z) with u(0) ̸= 0, the local
fibre algebra C{z}/(f) has complex dimension m. Under composition, local degrees multiply.

Proof. The germ u is a unit, with convergent reciprocal on a sufficiently small disk. Thus
(f) = (zm). Every class has a unique representative a0 + · · ·+am−1z

m−1, and these m monomials
are linearly independent modulo (zm). For g(w) = wnv(w), substitution gives

g(f(z)) = zmnu(z)nv(f(z)),

whose last factor is a unit. Its order is mn.

A fibre containing one geometric point can therefore carry nontrivial multiplicity. A numerical
root list that merges coincident roots without retaining their local algebra loses information used
by degree and ramification. The normalized global maps of §5 have local degree one; the orbifold
quotient charts deliberately have degree m.

The finite jet algebra C[z]/(zn+1) represents all Taylor data through order n. Composition
is defined when the substituted germ has zero constant term; otherwise truncation before
composition can discard terms contributing to low output orders. This is an algorithmic
restriction with an algebraic explanation, not a numerical precision issue.

4.2 Divisors and the global degree ledger

For a nonzero meromorphic function f on a compact Riemann surface, its divisor is

div(f) =
∑

p

ordp(f)[p].
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Only finitely many terms are nonzero. Cover the finitely many zeros and poles by disjoint
coordinate disks and integrate df/f along their boundaries. The remaining compact surface has
no singularities of this differential, so Stokes’ theorem makes the sum of boundary integrals zero.
Since each local integral is 2πi ordp(f),

deg div(f) = 0.

The equality proves that the number of zeros and poles agrees with multiplicity. It is the compact
global version of the fibre-count argument used in U12.

For a branched cover f : S → T of degree d, the canonical divisor relation is

KS = f∗KT +
∑

p

(ep − 1)[p].

Locally, w = zep gives dw = epz
ep−1dz; the extra zero has order ep − 1. Taking degrees yields

Riemann–Hurwitz,
2g(S) − 2 = d(2g(T ) − 2) +

∑
p

(ep − 1).

The general degree calculation and its cellular proof are prior dependencies [2, Section 2.2]. In
the examples below the formula is applied to explicit smooth compactifications whose branch
points are checked directly.

4.3 The torus as a lattice quotient

Choose periods ω1, ω2 with Im(ω2/ω1) > 0. The quotient C/Λ is compact because the closed
fundamental parallelogram is compact and maps onto it. The translation action is free and
properly discontinuous, so the quotient inherits a Riemann-surface atlas by U01.

The form dz is invariant under translations and descends to a nowhere-vanishing holomorphic
differential. Its periods on the two lattice generators are ω1 and ω2. Changing the lattice basis
by
(

a b
c d

)
∈ SL2(Z) preserves the lattice and sends a normalized modulus to a fractional-linear

transform. The convention for ordering cycles determines whether the transform is (aτ+b)/(cτ+d)
or its equivalent relabeling; the chosen convention is fixed below.

Proposition 4.2 (U27: modular change and upper-half-plane preservation). For τ ∈ H and
integers a, b, c, d with ad− bc = 1, put τ ′ = (aτ + b)/(cτ + d). Then

Im τ ′ = Im τ

|cτ + d|2
> 0.

The tori with moduli τ and τ ′ are biholomorphic after a complex rescaling.

Proof. Subtract the conjugate fraction and use ad− bc = 1:

τ ′ − τ ′ = (ad− bc)(τ − τ̄)
|cτ + d|2

.

The denominator cannot vanish because τ is nonreal. The two generators cτ + d and aτ + b
form an oriented integral basis of the same lattice, up to the corresponding ordering convention.
Dividing by the first generator gives the normalized lattice generated by 1 and τ ′. The division
is a holomorphic linear isomorphism.

The transform preserves complex geometry but changes the displayed basis of cycles. A physical
period vector, a numerical period matrix and a homology label must be transformed together.
Holding the period vector fixed while changing its cycles produces a spurious discontinuity.
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Figure 4.1: A lattice and its fundamental parallelogram. Opposite-edge identifications carry two
independent periods; one complex exponential removes only one rank-one period subgroup.

4.4 An algebraic equation from a lattice

For Λ ⊂ C a rank-two lattice define

℘(z) = 1
z2 +

∑
ω∈Λ\{0}

( 1
(z − ω)2 − 1

ω2

)
.

On a compact set avoiding Λ, the summand is O(|ω|−3). Lattice point counting in annuli gives
O(k) lattice points with k ≤ |ω| < k + 1, and

∑
k k−3 converges. Thus the series converges

locally uniformly, and derivatives may be taken on smaller compact sets.
Its derivative is the absolutely convergent series ℘′(z) = −2

∑
ω∈Λ(z − ω)−3. Reindexing

proves that ℘′ is periodic. Hence ℘(z + ω) − ℘(z) is constant. The function ℘ is even by pairing
ω with −ω; for each primitive lattice-basis generator ω, evaluation at z = −ω/2 is away from the
lattice and makes the constant zero. Periodicity for the two basis generators implies periodicity
for their integer combinations. Thus ℘ is elliptic.

Proposition 4.3 (U28: the Weierstrass differential equation). Let g2 = 60
∑

ω ̸=0 ω
−4 and

g3 = 140
∑

ω ̸=0 ω
−6. Then

(℘′)2 = 4℘3 − g2℘− g3.

For a nonsingular lattice the resulting cubic is nonsingular, and z 7→ (℘(z), ℘′(z)) identifies its
smooth projective curve with C/Λ.

Proof. Expansion of the defining series gives ℘ = z−2+(g2/20)z2+(g3/28)z4+O(z6). Substitution
shows that (℘′)2 − 4℘3 + g2℘+ g3 has no pole and has zero constant term at the origin. It is
elliptic and has no pole anywhere, hence is constant on the compact torus. Its value is zero.

The function ℘ has one double pole on the torus and therefore degree two, by the argument
principle for a meromorphic function on a compact surface. It is even, so a generic fibre is
{z,−z}. The three nonzero points of order two in C/Λ are zeros of the odd function ℘′: at such
a point h, periodicity gives ℘′(−h) = ℘′(h), while oddness gives the opposite sign. The derivative
has one pole of order three. The equality between the total zero and pole orders consequently
shows that these are exactly its three zeros and that each is simple. Their ℘-values are distinct:
equality at two of them would produce a fibre of total degree at least four, contradicting degree
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two. Substitution into the differential equation identifies these three distinct values as the roots
of 4x3 − g2x− g3. The cubic is therefore nonsingular.

The pair (℘, ℘′) separates the generic two-point fibre by oddness. At a half-period the fibre has
only that point. Away from half-periods ℘′ ≠ 0, so the first coordinate has nonzero derivative; at a
half-period the simple zero of ℘′ gives ℘′′ ̸= 0, so the second coordinate has nonzero derivative. At
the projective point at infinity, the expansions ℘ = z−2 +O(z2) and ℘′ = −2z−3 +O(z) give the
local parameter −2℘/℘′ = z +O(z5). The map is thus an injective holomorphic immersion from
the compact torus to the smooth cubic. It is open by its local inverse and closed by compactness;
the cubic is connected, so it is onto. These properties prove the claimed biholomorphism.

The analytic-to-algebraic passage is a genus-one statement. For genus at least two, uniformiza-
tion uses a disk and a nonabelian group. Periods still encode substantial information, but a
single doubly periodic function does not uniformize every such surface. The period map and the
canonical embedding require additional algebraic geometry.

4.5 Hyperelliptic examples and differential bases

Consider a polynomial P (x) with distinct roots and the affine curve y2 = P (x). Its normalization
has a double cover of the x-sphere. A simple root is a branch point with local coordinate t
satisfying x− a = t2. At infinity, parity of the degree determines whether infinity is branched. If
degP = 2g+2, there are 2g+2 finite branch points and two points over infinity. If degP = 2g+1,
there are 2g + 1 finite branch points and one branch point at infinity. Riemann–Hurwitz gives
genus g in both cases.

Proposition 4.4 (U29: holomorphic differentials on a hyperelliptic curve). For the smooth
compactification of y2 = P (x) of degree 2g + 1 or 2g + 2, the forms

ωj = xj−1dx

y
, j = 1, . . . , g,

are linearly independent and holomorphic.

Proof. Away from branch points and infinity there are no poles. Near a simple finite branch
point, write x− a = t2 and y = tq(t) with q(0) ̸= 0. Then dx/y = 2dt/q(t) is holomorphic. For
even degree, use s = 1/x near each point at infinity; y ∼ cs−(g+1) and xj−1dx/y ∼ c′sg−jds,
holomorphic for j ≤ g. For odd degree use x = t−2 and y ∼ ct−(2g+1); the form has order
2g − 2j ≥ 0. Finally, a linear relation would imply a polynomial of degree at most g − 1 vanishes
identically on the open x-plane where y ̸= 0, hence all coefficients vanish.

The assertion that these forms exhaust all holomorphic differentials uses the dimension
theorem dimH0(K) = g. That theorem is the Hodge or Riemann–Roch dimension theorem;
it is a separately identified foundational result when the complete period matrix is required.
The explicit calculations above already prove a g-dimensional independent family and verify the
absence of poles, which are the obligations used in the worked curve examples.

For a quartic, g = 1 and dx/y is the single holomorphic differential. A choice of two oriented
cycles gives periods ω1, ω2 and modulus τ = ω2/ω1. The sign Im τ > 0 follows from the Riemann
bilinear relation with the chosen symplectic orientation, developed next.

4.6 Cut surfaces and the bilinear period identity

Let S be a compact oriented surface of genus g with cycles aj , bj of symplectic intersection.
Cutting along them gives a polygon. For closed one-forms α, β, choose a primitive A of α on the
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cut polygon. Stokes’ theorem gives ∫
S
α ∧ β =

∫
∂Π
Aβ.

Opposite edges have opposite orientation; their primitive values differ by the corresponding
period of α. Pairing their integrals yields∫

S
α ∧ β =

g∑
j=1

(∫
aj

α

∫
bj

β −
∫

bj

α

∫
aj

β

)
.

This derivation fixes the sign convention. Reversing the intersection convention reverses both
sides’ oriented-cycle expression.

For a nonzero holomorphic differential ω, the form i
2ω ∧ ω̄ is a nonnegative area density and

has positive integral. In genus one, normalize
∫

a ω = 1; the identity gives

i
2

∫
S
ω ∧ ω̄ = Im τ > 0.

For a basis of normalized differentials, the same identity gives symmetry of the period matrix
and positive definiteness of its imaginary part. Those are stringent consistency checks on a
numerically computed period matrix, although floating-point satisfaction alone does not prove
exact normalization.

4.7 Degeneration and the logarithmic period scale

On the Legendre curve y2 = x(1 − x)(1 − mx), 0 < m < 1, a real half-period is the complete
elliptic integral

K(m) =
∫ π/2

0

dθ√
1 −m sin2 θ

.

Here m is the parameter, not its square root. As m ↑ 1, the contribution near θ = π/2 has the
form ∫ c

0

ds√
(1 −m) + s2 ,

up to uniformly bounded multiplicative and additive corrections. Its antiderivative is
arsinh(s/

√
1 −m), establishing logarithmic divergence. A topological cycle is pinching while

the dual period grows logarithmically. Merely relabeling a root branch does not remove this
conditioning.

The precise classical leading form K(m) ∼ log(4/
√

1 −m) requires estimating the comple-
mentary regular integral. The logarithmic order, which suffices for the conditioning argument
here, follows directly from two-sided comparison in a small endpoint interval and a bounded
remainder away from it. The numerical figure reports the exact integral evaluation and the
leading approximation separately.

4.8 Quotient topology and information that coordinates do not
erase

A simply connected coordinate cover removes local multivaluedness by enlarging the domain.
It does not erase the deck group from the underlying problem. A function on the quotient is
represented upstairs by an invariant function; a section of a line bundle can instead transform by
a character. These are different descent conditions.
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Figure 4.2: The complete elliptic integral and its logarithmic leading scale near a degenerating
branch pair. Numerical evaluations illustrate the stated limit; they are not used to prove the
asymptotic.

For a lattice cover, the invariance condition is f(z + λ) = f(z). For a flat line bundle
it is f(z + λ) = χ(λ)f(z), where χ : Λ → C∗ is a homomorphism. Its consistency requires
χ(λ+ µ) = χ(λ)χ(µ). A numerically fitted phase at each edge of a fundamental polygon must
obey the corresponding cocycle constraints; independent edge fits need not descend to a global
object.

For a punctured genus-zero surface with at least two punctures besides infinity, the fundamental
group is free and nonabelian. Integrals of closed scalar one-forms record only its abelianization. A
continuation problem with nonabelian monodromy requires the full group word or its permutation
representation. This is the topological reason that several independent winding numbers can be
insufficient for a distributed branch-tracking algorithm.
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Chapter 5

Harmonic, functional and Fourier
analysis

5.1 Conformal energy and the correct transformed equation

Proposition 5.1 (U30: invariance of two-dimensional Dirichlet energy). Let f : U → V be a
conformal diffeomorphism and u : V → R have finite Dirichlet energy. Then∫

U
|∇(u ◦ f)|2 dA =

∫
V

|∇u|2 dA.

For smooth u, ∆(u ◦ f) = |f ′|2(∆u) ◦ f .

Proof. The real derivative of a holomorphic conformal map is Df = |f ′|Q with Q orthogonal and
orientation preserving. The chain rule gives |∇(u ◦ f)|2 = |f ′|2|∇u|2 ◦ f . The Jacobian is |f ′|2,
so change of variables proves the energy identity. Differentiating twice, the cross terms cancel
by the Cauchy–Riemann equations and the coordinate functions of f are harmonic, giving the
Laplacian identity. Smooth approximation extends the energy identity to finite-energy Sobolev
functions.

A homogeneous Laplace equation is preserved. A Poisson equation −∆u = s becomes
−∆(u ◦ f) = |f ′|2s ◦ f . An eigenproblem becomes a weighted eigenproblem. A constant-mass
Helmholtz equation generally becomes variable-coefficient after conformal mapping. Keeping the
old source, eigenvalue weight or mass term would change the physical problem.

5.2 The logarithmic cylinder

Write z = ret+iθ, 0 < t < L, with θ ∈ R/(2πZ). The annular Euclidean metric is r2e2t(dt2 + dθ2).
U30 makes its energy

E(u) =
∫ L

0

∫ 2π

0
(|ut|2 + |uθ|2) dθ dt.

Thus harmonicity is utt + uθθ = 0. The geometry has been flattened in the energy, but the
physical area weight r2e2t remains in an L2 norm or a transient diffusion equation.

For boundary data a(θ) at t = 0 and b(θ) at t = L, use the Fourier convention

an = 1
2π

∫ 2π

0
a(θ)e−inθ dθ, a(θ) =

∑
n∈Z

aneinθ.
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The zero mode is u0(t) = a0 + (b0 − a0)t/L. For n ̸= 0,

un(t) = an
sinh(|n|(L− t))

sinh(|n|L) + bn
sinh(|n|t)
sinh(|n|L) .

Finite sums can be checked by direct differentiation. For boundary data in H1/2, the energy
formula below controls the series and establishes convergence in the energy norm. This is the
appropriate function space for a finite-energy harmonic extension.

Theorem 5.2 (U31: exact annular Dirichlet-to-Neumann symbol). Let vn = (an, bn)T. The
harmonic extension has energy

E(u) = 2π
∑
n∈Z

v∗
nDnvn,

where

D0 = 1
L

(
1 −1

−1 1

)
, Dn = |n|

(
coth(|n|L) − csch(|n|L)

− csch(|n|L) coth(|n|L)

)
(n ̸= 0).

Each Dn is positive definite for n ̸= 0. Its eigenvalues are |n| tanh(|n|L/2) and |n| coth(|n|L/2).

Proof. For one mode w = un, integration by parts and w′′ = n2w give∫ L

0
(|w′|2 + n2|w|2) dt = w̄(L)w′(L) − w̄(0)w′(0).

Differentiate the explicit hyperbolic-sine interpolation at the two endpoints. Its outward deriva-
tives are (−w′(0), w′(L)) = Dnvn. Fourier orthogonality multiplies the modal expression by 2π,
proving the finite-sum identity. The n = 0 calculation is direct. The eigenvectors (1, 1) and
(1,−1) give eigenvalues |n|(coth x − csch x) and |n|(coth x + csch x). The half-angle identities
convert these to the stated positive quantities. Monotone convergence of the nonnegative modal
energies and completion establish the formula for finite-energy boundary data.

The symbol is a flux-weighted boundary operator. Physical unit-normal derivatives in the
original annulus include the boundary radii. Omitting that distinction gives a dimensionally
incorrect capacitance or heat-flux formula. The zero eigenvalue of D0 is the common constant
boundary mode; it represents the invariance of energy under an additive constant.

5.3 A complete error budget for Fourier truncation

Suppose the boundary coefficients satisfy |an| + |bn| ≤ Me−σ|n|, σ > 0. For 0 ≤ t ≤ L, the two
hyperbolic-sine interpolation factors lie between zero and one. Truncation to |n| ≤ N therefore
has the uniform bound ∥∥∥u− u(N)

∥∥∥
∞

≤ 2M
∑

n>N

e−σn = 2Me−σ(N+1)

1 − e−σ
.

No estimate on a sampled residual is needed once the coefficient envelope is established. Conversely,
a finite list of sampled boundary values does not itself prove this envelope. An analyticity witness
or a separately verified coefficient estimate is required.

For an interior cylinder δ ≤ t ≤ L− δ, the interpolation factors are at most e−|n|δ/(1− e−2|n|L).
This gives additional exponential attenuation, with the denominator bounded below by 1 − e−2L

for |n| ≥ 1. Interior evaluation can therefore use a smaller retained bandwidth than uniform
boundary evaluation. The requested output norm determines which truncation is justified.
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Figure 5.1: Eigenvalues of the annular boundary operator for several Fourier modes. The
symmetric and antisymmetric boundary combinations have different thin-collar asymptotics.
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Figure 5.2: A geometric Fourier-tail envelope for analytic boundary data with M = 1 and strip
parameter 0.3. The tolerance line is an illustrative target.
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The energy error has the exact modal expression

E(u− u(N)) = 2π
∑

|n|>N

v∗
nDnvn.

An upper bound follows from ∥Dn∥ ≤ |n| coth(L/2) for |n| ≥ 1 and the geometric coefficient
envelope. The resulting series

∑
nqn has a closed rational sum. This provides a second certificate

in a derivative-sensitive norm.

5.4 Harmonic measure and optimal error allocation

For a regular domain D and point p, the map sending continuous boundary data g to its harmonic
extension evaluated at p is positive, linear, and has value one on the constant function one. The
Riesz representation theorem therefore gives a probability measure ωp on the boundary. For the
round annulus and constant values on each boundary component, U11 gives the two weights
1 − u(p) and u(p).

If errors on boundary components are bounded by ε0, ε1, the interior error is at most

(1 − u(p))ε0 + u(p)ε1.

This is sharp for sign-aligned constant errors. Equal tolerances are not automatically optimal
when the costs of reducing the two errors differ. For a cost model C = c0 log(1/ε0) + c1 log(1/ε1)
and an active weighted-error constraint, elementary Lagrange multipliers give εj = cj/(λwj),
restricted to the admissible tolerance range. The weights are geometric probabilities, while the
cj encode the chosen numerical representation.

Proposition 5.3 (U32: weighted error-allocation optimum). Let wj , cj > 0 and minimize∑
j cj log(1/εj) over εj > 0 subject to

∑
j wjεj ≤ E. With no additional upper bounds, the unique

minimizer is
ε∗

j = Ecj

wj
∑

k ck
.

Proof. The objective is strictly convex because its Hessian is diagonal with positive entries cj/ε
2
j .

It decreases in each coordinate, so the constraint is active at a minimizer. The Lagrange equations
are −cj/εj +λwj = 0. Summing wjεj = cj/λ gives λ = (

∑
cj)/E. The displayed point is feasible

and satisfies these equations. Convexity implies global optimality, and strict convexity implies
uniqueness.

When costs are integer precision bits, this continuous solution is only a relaxation. Rounding
requires a discrete feasibility check and a lower-bound argument. The earlier PHI precision-
allocation theorem supplies an example of that additional step [2, 3].

5.5 Hyperbolic annular metrics and cusp limits

The strip 0 < t < L with periodic coordinate θ maps locally to the upper half-plane by an
exponential. Pulling back |dw|/ Imw gives

dsA = π

L sin(πt/L)
√
dt2 + dθ2.

The closed curve t = L/2 has length 2π2/L. It is a geodesic because the transverse derivative of
the conformal factor vanishes there. The inversion t 7→ L− t is an isometry fixing that curve. In
terms of modulus, its length is π/modA.
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Proposition 5.4 (U33: cusp completeness and finite area). On 0 < |q| < 1, the metric

ds = |dq|
|q| log(1/|q|)

has curvature −1, is complete toward the puncture, and has area 2π/ log(1/ε) on 0 < |q| < ε.

Proof. Use q = e2πiz with z = x+ iy, y > 0, and the quotient x mod 1. The metric |dz|/y pulls
back to the displayed expression. Its curvature is −1 by the half-plane calculation. A radial path
has length integral

∫ ε
0 dr/(r log(1/r)), which diverges. Any path approaching the puncture has

length at least the variation of log log(1/r), so completeness is not limited to radial paths. Area
integration gives

2π
∫ ε

0

dr

r log2(1/r)
= 2π

log(1/ε) .

A cusp can have arbitrarily small area near its end and infinite distance to the puncture. This
distinction is important when truncating a hyperbolic computational domain: small omitted area
does not imply that all spectral or scattering effects of the omitted end are negligible.
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Figure 5.3: Cusp circumference, area and radial distance use different scales. The circumference
and remaining area decrease as inverse logarithms, while the distance diverges as a logarithm of
a logarithm.

5.6 Conformal pullback on Bergman and Dirichlet spaces

Let A2(D) denote the holomorphic functions square integrable for Euclidean area. For a
biholomorphism f : U → V , define

(Tfg)(z) = g(f(z))f ′(z).

Change of variables gives ∥Tfg∥A2(U) = ∥g∥A2(V ), and Tf−1 is the inverse. Thus the derivative-
weighted pullback is unitary. The unweighted composition map generally is not: it changes the
area density.

For a holomorphic scalar function g, the Dirichlet seminorm
∫

|g′|2dA is invariant under
unweighted composition with a biholomorphism. Constants are its nullspace. A Hilbert norm is
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obtained by adding a basepoint value, after specifying how the basepoint is transported. This is
the correct setting for comparing approximation errors after uniformization.

The Bergman kernel transforms by

KU (z, w) = f ′(z)f ′(w)KV (f(z), f(w)).

To verify this formula, substitute it into the reproducing integral, change variables, and use the
reproducing property on V . Uniqueness of the reproducing kernel gives the result. On the disk,
the orthogonal basis

√
(n+ 1)/π zn sums to KD(z, w) = 1/[π(1 − zw̄)2].

5.7 The exact finite-rank model

For Hardy-space restriction Trg(z) = g(rz), the monomial basis diagonalizes the operator with
singular values 1, r, r2, . . .. The previously established exact result is

inf
rank A≤N

∥Tr −A∥ = rN ,

over bounded complex-linear competitors [2, Section 7.8]. Its upper bound is truncation. Its
lower bound uses a nonzero vector in the kernel of a rank-N map on the first N + 1 monomials.
That vector has Tr norm at least rN times its original norm.

The normalized uniformizing chart transfers this approximation problem to an interior region
of a general simply connected surface. What is preserved depends on the transported Hilbert
norm. Claiming the same optimum for unweighted point samples in the original physical domain
would introduce a different admissible information class. The present use is an operator-norm
theorem with a declared pullback norm.

5.8 Spectral heat on a flat quotient

For the flat torus with coordinates z = x+ τy, 0 ≤ x, y < 1, put a = Re τ , b = Im τ > 0. The
metric matrix and inverse are

G =
(

1 a
a a2 + b2

)
, G−1 = 1

b2

(
a2 + b2 −a

−a 1

)
.

The Fourier mode e2πi(mx+ny) has eigenvalue

λmn = 4π2

b2 |mτ − n|2.

The heat solution is therefore

u(t, x, y) =
∑
m,n

cmne−κtλmne2πi(mx+ny).

For L2 data, Parseval proves uniqueness and contraction: ∥u(t)∥2 ≤ ∥u(0)∥2. The nonconstant
part decays at least as e−κtλ1 , where λ1 is the first positive eigenvalue. A long thin torus can
have a small spectral gap. Genus alone gives no quantitative mixing time.

5.9 Residual certificates for elliptic solves

For a positive-definite discrete or continuous coercive operator A, the exact solution of Au = b
and an approximate û satisfy A(u− û) = r = b−Aû. If A ⪰ αI in the chosen Hilbert norm, then

∥u− û∥ ≤ ∥r∥
α
.
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Figure 5.4: Selected torus eigenvalues under variation of the imaginary modulus. The diagram
records a geometric dependence absent from a purely topological genus classification.

For the energy norm, ∥u− û∥2
A = ⟨r,A−1r⟩. A small residual without a lower spectral bound

does not give a small forward error.
A conformal map may simplify the stiffness operator while complicating the mass matrix.

The lower bound must use the transformed inner product. If a spectral gap is estimated from
floating-point eigenvalues, an enclosure or a separate coercivity inequality is required for a
rigorous certificate. The verification chapter supplies exact rational examples of the finite version
and records the continuous theorem separately.
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Chapter 6

Nuclear, high-energy and
M/string-theory applications

6.1 The analytical role of a physical model

Uniformization supplies canonical complex coordinates and the constraints required to descend
functions to a quotient. It does not determine an interaction Hamiltonian, a scattering potential,
a quantum anomaly or a compactification spectrum. Each application in this chapter begins with
a specified mathematical representation of the physical model, derives the geometric consequence
and states the additional physical assumptions needed to interpret it.

The examples use nonrelativistic threshold surfaces, algebraic spectral curves and classical
two-dimensional actions. Their derived identities are exact within the stated models. Numerical
plots use dimensionless normalized parameters. No nuclear experiment, particle measurement,
brane construction or string vacuum has been simulated or experimentally validated by this
document.

6.2 Nuclear scattering: one square-root threshold

For a nonrelativistic two-body channel with threshold E0 and reduced mass µ > 0, choose

k2 = 2µ
ℏ2 (E − E0).

The square root gives two energy sheets. In the k coordinate the threshold is a single regular
point and E = E0 + ℏ2k2/(2µ). A model amplitude T (k) = 1/(α + βk2 − ik) is meromorphic
in k, with poles determined by a quadratic. Its real-energy interpretation still depends on the
physical sheet and the boundary value convention.

Proposition 6.1 (U34: threshold regularization and its conditioning). For k ̸= 0, dk/dE =
µ/(ℏ2k). Thus the energy-to-momentum coordinate is ill-conditioned near threshold. An analytic
function T (k) can be regular at k = 0 while dT/dE diverges like 1/k when T ′(0) ̸= 0.

Proof. Differentiate k2 = 2µ(E − E0)/ℏ2. The chain rule gives dT/dE = T ′(k)µ/(ℏ2k). If
T ′(0) ̸= 0, continuity supplies a nonzero limiting numerator. This proves the stated inverse-
square-root growth in the energy coordinate. The regularity of T in k and the conditioning of
the coordinate conversion are independent assertions.

A threshold fit should therefore compare residuals in the physical observable and errors after
transforming back to energy. Meromorphic pole fitting in k can eliminate an artificial branch-cut
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bookkeeping burden, but it cannot improve the conditioning of an intrinsically threshold-sensitive
energy estimate without additional information.

6.3 Two thresholds: an explicit rational uniformization

Absorb equal kinetic prefactors into normalized momenta and let

k2
1 = E − E1, k2

2 = E − E2, ∆ = E2 − E1 > 0.

Then k2
1 − k2

2 = ∆. Define w = k1 + k2. Since (k1 − k2)w = ∆, w ̸= 0 at finite momenta and

k1 = 1
2

(
w + ∆

w

)
, k2 = 1

2

(
w − ∆

w

)
, E = E1 + 1

4

(
w + ∆

w

)2
.

Every rational expression in E, k1, k2 becomes rational in w. The four sheet changes are generated
by

w 7→ −w, w 7→ ∆
w
,

with their product w 7→ −∆/w. These transformations make sheet tracking algebraic.

Proposition 6.2 (U35: two-channel inverse identities). The displayed map gives a rational
parametrization of the smooth compactification of k2

1 −k2
2 = ∆. Its sheet transformations preserve

E, and the thresholds correspond to w = ±
√

∆ and w = ±i
√

∆.

Proof. Substitution gives k2
1 − k2

2 = ∆ identically. Conversely, w = k1 + k2 reconstructs both
momenta because their difference is ∆/w. The parametrization extends to the two points at
infinity in the projective conic using w = 0 and w = ∞ as local coordinates. The formula for E
is unchanged by the two displayed involutions. Setting k2 = 0 gives w2 = ∆ and E = E2; setting
k1 = 0 gives w2 = −∆ and E = E1.
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|w|=1.2
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Figure 6.1: Image of coordinate circles under the exact two-threshold energy map with normalized
threshold separation one. The marked critical points account for the four threshold-sheet
junctions.

Comparative conclusion. For repeated evaluations of a rational model amplitude, the uni-
formizing coordinate removes repeated square-root sign selection and replaces it with explicit
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involutions. This is an exact representation advantage. The total numerical cost still includes
inversion of the energy map, boundary-value selection and propagated uncertainty. No universal
scattering-fit speedup follows from the change of variable.

Realistic amplitudes may also have logarithmic cuts, left-hand cuts, additional channels and
long-range singularities. The rationalization theorem applies to the stated algebraic square roots.
It does not establish that every physical amplitude is rational on the resulting sphere.

6.4 Three and more thresholds: a genus obstruction

For n distinct thresholds, consider the algebraic extension generated by independent square roots
kj =

√
E − Ej . Its generic degree over the energy sphere is 2n. At each finite threshold, half of

the local sheets pair into ramification points of order two. At infinity all square roots change sign
together, again giving 2n−1 simple ramification points. Riemann–Hurwitz gives the complete
genus calculation.

Theorem 6.3 (U36: genus of the independent-threshold surface). For the smooth compactification
of the connected independent-square-root cover with n ≥ 2 distinct thresholds,

g = 1 + 2n−2(n− 3).

In particular, two thresholds give genus zero, three give genus one, and four give genus five.

Proof. The extension has degree 2n: no nonempty product of distinct linear factors E − Ej is
a square in C(E), since it has an odd valuation at each included threshold. Each of the n+ 1
branch values, including infinity, has 2n−1 points of ramification index two. Thus the ramification
sum is (n+ 1)2n−1. Riemann–Hurwitz yields

2g − 2 = −2 · 2n + (n+ 1)2n−1 = 2n−1(n− 3).

Solving for g gives the formula.

The three-threshold surface requires a torus coordinate and elliptic functions. An attempted
global rational parameter would make its function field rational and force genus zero, contradicting
U36. The higher-channel genus increase is an objective obstruction to extending the two-channel
rational trick unchanged. The cited multichannel analysis uses a torus and Weierstrass functions
in the three-channel setting [9]. Here the genus obstruction is derived independently from the
branch data.

The surface formula is also a useful resource estimate. Its sheet count grows exponentially
even before any nonlinear fit is performed. Symmetry, channel degeneracies or an observable
invariant under a sheet subgroup can reduce the representation size, but each reduction has a
separate invariance obligation.

6.5 Bound states, virtual states and resonant poles

For a short-range scalar model, a pole at k = iκ, κ > 0, gives negative relative energy −ℏ2κ2/(2µ)
on the decaying branch. A pole at k = −iκ lies on the other sheet at the same real energy. The
coordinate alone does not assign the same physical state to these two poles. A resonance model
places poles off the imaginary axis with a time and outgoing-wave convention determining the
relevant half-plane.

For a concrete rational amplitude T (k) = 1/(k2 + iak + b), compute both roots exactly.
Checking the roots in the denominator, their sheet labels and the chosen time convention gives a
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complete algebraic verification. A small denominator residual at a double pole does not give a
linear root-error bound. The discriminant −a2 − 4b is an independent conditioning diagnostic.

The annular and end theory enters when continuing a pole around a parameter loop. If the
loop surrounds a discriminant zero, the two roots can exchange. A spectral observable symmetric
in the roots remains single valued. Branch labeling is then topological data, while the physical
observable may not require that label. The numerical interface should expose the distinction.

6.6 High-energy amplitudes and elliptic cuts

A quartic maximal-cut model has an integral of the form

I =
∮

γ

R(x) dx√
(x− a1)(x− a2)(x− a3)(x− a4)

with distinct aj and a rational numerator R. The curve is genus one by U29’s branch count. Its
cycles, periods and branch collisions belong to elliptic geometry. Even when the full amplitude
contains additional integrations or regularization, this cut already prevents a global reduction to
a single rational coordinate in x.

Choose a Mobius transformation sending three branch points to 0, 1,∞. The fourth becomes
their cross-ratio m. The differential transforms to a scalar multiple of dt/

√
t(1 − t)(1 −mt).

This is a direct change-of-variables calculation: the denominator powers from the four linear
factors cancel the square of the Mobius derivative in the required way. The remaining complex
modulus cannot be removed by another normalization fixing 0, 1,∞.

The computational consequence is a reduction of redundant coordinate parameters, not
elimination of the elliptic period. Differentiation in m produces a finite differential system after
reducing rational differentials modulo exact forms. Such Picard–Fuchs systems are natural
targets for symbolic and interval verification. A complete scattering amplitude still requires its
original contour, causal prescription, regulator and subtraction conditions.

6.7 Classical string worldsheets and Weyl scaling

Let X : Σ → M be a map from a two-dimensional surface with metric h to a target with metric
G. The classical sigma-model energy is

S[X,h] = 1
4πα′

∫
Σ

√
dethhabGµν(X)∂aX

µ∂bX
ν d2σ.

Under h 7→ e2ωh, the square-root determinant contributes e2ω and the inverse metric contributes
e−2ω. Their product is unchanged.

Proposition 6.4 (U37: dimensional criterion for classical Weyl invariance). For the corresponding
quadratic gradient action on a d-dimensional source, Weyl rescaling multiplies its integrand by
e(d−2)ω. The scalar gradient action is classically Weyl invariant in dimension two. A scalar mass
term acquires a factor edω if the field is held fixed.

Proof. A d× d metric determinant scales by e2dω, so its square root scales by edω. The inverse
metric scales by e−2ω. The gradient action contains exactly one inverse metric, giving e(d−2)ω. A
mass term without inverse metrics receives only the determinant factor.

Uniformization therefore gives a canonical constant-curvature representative for a compact
worldsheet conformal class, with moduli and marked points retained. It does not eliminate
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integration over moduli, ghost contributions, boundary conditions or quantum anomalies in a
string path integral. Those are separate ingredients in the cited string-theory construction [6].
The classical calculation U37 remains valid independently of the quantization procedure.

For a three-dimensional membrane worldvolume the factor is eω, so the same quadratic action
is not Weyl invariant. This is an explicit dimensional obstruction to applying the two-dimensional
uniformization argument directly to an arbitrary membrane theory or to eleven-dimensional
spacetime. Two-dimensional curves can still enter an M-theory construction as internal geometric
data, as in the next section.

6.8 A brane-curve model and exact period differentiation

A dimensionless genus-one model motivated by algebraic curves in supersymmetric gauge con-
structions is

t+ t−1 = 2(v2 − u), y = t− (v2 − u), y2 = (v2 − u)2 − 1.

The physical interpretation of such curves is imported from the specified gauge/brane framework
[7, 8]. The mathematical consequences below are derived for this displayed curve and require no
claim that it describes all M-theory compactifications.

For u ̸= ±1, the quartic has four distinct roots and the curve has genus one. Let

λ = v
dt

t
= 2v2 dv

y
.

The second equality follows by differentiating t+ t−1 = 2(v2 −u) at fixed u and using t− t−1 = 2y.

Proposition 6.5 (U38: derivative of a period modulo an exact differential). For a locally
transported cycle avoiding the degenerations u = ±1,

d

du

∮
γ
λ =

∮
γ

dv

y
.

Proof. Differentiating at fixed v gives

∂uλ = 2v2(v2 − u)
y3 dv.

On the other hand,

d

(
v

y

)
=
(

1
y

− 2v2(v2 − u)
y3

)
dv.

Thus ∂uλ = dv/y − d(v/y). On a locally constant homology class the derivative of the period
is the period of this parameter derivative. The integral of an exact single-valued meromorphic
differential along a closed cycle avoiding its poles is zero, proving the identity.

The period derivatives are controlled by the holomorphic differential dv/y. Their ratio is a
torus modulus after a symplectic cycle normalization. U27 establishes positivity of its imaginary
part and the correct transformation under a cycle-basis change. The nonlinear physical coupling
interpretation requires the cited supersymmetric model; the period identity itself is a theorem
about an explicit algebraic family.
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Figure 6.2: Branch points of the displayed quartic family as the real parameter varies. Collisions
at the marked critical parameter values change the smooth-curve hypothesis of the period
calculation.

6.9 Cylinders, punctures and conditional conformal-field identi-
ties

The map z = exp(2πw/L) sends a cylinder w mod iL to a punctured plane. It preserves the
complex structure and converts translations in w to dilations in z. Its Schwarzian is

{z, w} = z′′′

z′ − 3
2

(
z′′

z′

)2
= −1

2

(2π
L

)2
.

This is an exact differentiation identity. If a conformal field theory is supplied with the stress-
tensor transformation law

Tw(w) =
(
dz

dw

)2
Tz(z) + c

12{z, w},

then a plane state with ⟨Tz⟩ = 0 has ⟨Tw⟩ = −c(2π/L)2/24. The conclusion is conditional on
that quantum transformation law and on the state; it is not derived from classical uniformization
alone.

Similarly, a primary-field covariance law converts a known plane two-point function into a
cylinder expression with hyperbolic sines. The exponential coordinate computes the geometric
factors. Operator content, central charge, anomaly cancellation and state selection remain
independent field-theoretic information.

6.10 What can be certified in these applications

The exact identities of U34–U38 admit rational or symbolic checks after the stated polynomial and
differential relations are included. A branch permutation can be checked in a finite permutation
group. A discriminant enclosure can separate the parameter path from a degeneracy. Period
quadrature requires contour-distance, integrand and tail bounds; a sampled period without those
bounds remains a numerical diagnostic.

A complete physical certificate must identify the model and the observable. For a nuclear
amplitude this includes channel thresholds, sheet and unitarity conventions. For a field-theory
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curve it includes the differential, cycles and parameter domain. For a worldsheet action it includes
source dimension, target data and quantization status. A theorem about one of these objects
cannot be substituted for another merely because both are described by a Riemann surface.
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Chapter 7

Thermodynamics and computational
mathematical physics

7.1 Steady conduction through a conformal annulus

Consider a homogeneous two-dimensional conducting region of thickness d, conductivity k > 0,
and two boundary components held at constant temperatures T0 < T1. In steady state without
volumetric sources, ∆T = 0. Let u be the annular harmonic coordinate of U11. Then

T = T0 + (T1 − T0)u.

The total heat current from the hot boundary to the cold boundary is

Q = kd(T1 − T0) capA = kd(T1 − T0)
modA .

For the round annulus this is 2πkd(T1 − T0)/ log(R/r). The result is independent of the angular
shape after conformal equivalence only under the stated two-dimensional homogeneous and
steady assumptions.

The thermal resistance is modA/(kd). It increases with logarithmic separation in the round
geometry. The formula concerns total heat current, not the local maximum flux, which depends
on the derivative of the conformal map and can become large near corners. Thus two conformally
equivalent shapes can have equal total resistance and very different local stress on a material
interface.

Proposition 7.1 (U39: exact entropy-production identity). Under this steady homogeneous
model with T > 0, the total entropy production is

Ṡ = kd

∫
A

|∇T |2

T 2 dA = Q

( 1
T0

− 1
T1

)
≥ 0.

Proof. Since ∆T = 0, div(∇T/T ) = −|∇T |2/T 2. Integrate and apply the divergence theorem.
The hot boundary has outward derivative whose integral is Q/(kd); the cold boundary has
the negative of that integral by flux conservation. Multiplication by the constant reciprocal
temperatures on the boundaries gives −kd

∫
∂A ∂nT/T = Q(1/T0 − 1/T1). Positivity follows from

Q > 0 and T1 > T0 > 0.

The formula verifies the sign of entropy production independently of the coordinate represen-
tation. Temperature-dependent conductivity, anisotropy, radiation, phase change and internal
heat sources produce different equations. Their effects cannot be absorbed into a conformal
modulus without a new derivation.
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7.2 Transient diffusion retains a weight

The physical heat equation in the annulus is ρc ∂tT = k∆zT . In logarithmic coordinates z = res+iθ

it becomes
ρc r2e2s∂tT = k(Tss + Tθθ).

The variable mass factor is essential. Dropping it changes the decay rates. In a finite-element
formulation the stiffness matrix may simplify under the coordinate change while the mass matrix
acquires this weight.

Separation T (s, θ, t) = R(r)einθ−λt in physical polar radius gives Bessel’s equation

R′′ + 1
r
R′ +

(
ρcλ

k
− n2

r2

)
R = 0.

The two boundary conditions determine a transcendental eigenvalue equation. An annular
harmonic solution is a zero-frequency calculation; it is not a complete transient eigensolution.
Comparative conclusion. Uniformization removes geometric complexity from the steady
energy problem. For transient diffusion it transports the geometry into a weight. Efficiency
must therefore be measured on the resulting weighted generalized eigenproblem, with the same
physical time scale and norm.

7.3 A posteriori energy control for a diffusion step

For backward Euler with a positive mass matrix M and semidefinite stiffness matrix K, the
discrete update is

(M + ∆tK)un+1 = Mun + ∆tfn+1.

For homogeneous forcing, multiply by (un+1)T and use 2⟨a, a− b⟩M = ∥a∥2
M − ∥b∥2

M + ∥a− b∥2
M .

This yields ∥∥∥un+1
∥∥∥2

M
− ∥un∥2

M +
∥∥∥un+1 − un

∥∥∥2

M
+ 2∆t

∥∥∥un+1
∥∥∥2

K
= 0.

It proves contraction in the mass norm for every positive time step. A numerical solver residual
adds a term that can be bounded by dual norms. The positivity of M and K must be checked
in the actual discretization; a nonconforming or incorrectly weighted assembly may fail those
assumptions.

This discrete identity is suitable for an exact matrix certificate. It also provides a physical
diagnostic: a growing mass norm under zero forcing signals a violation of the declared model or
numerical solve, not a new instability of the exact backward-Euler scheme.

7.4 Gaussian fields and finite determinants

For a finite-dimensional real Gaussian field with energy H(x) = 1
2x

TAx, A ≻ 0, the partition
function is

Z(β) =
∫
Rn

e−βH(x) dx =
(2π
β

)n/2
(detA)−1/2.

An orthogonal diagonalization reduces the integral to n one-dimensional Gaussian integrals. The
covariance is β−1A−1. If A varies differentiably with a parameter s,

d

ds
logZ = −1

2 tr(A−1A′).

The identity follows from differentiating the determinant, or directly by differentiating under the
integrable Gaussian integral and evaluating the quadratic expectation.
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On a discrete periodic surface, Fourier modes can diagonalize a translation-invariant A,
reducing determinant and covariance calculations to scalar mode operations. A massless Laplacian
has a constant zero mode; its Gaussian integral diverges. Pinning the mean or adding a mass is
part of the model specification. Removing the zero eigenvalue without recording the constraint
changes the measure.

An infinite product over continuum eigenvalues requires a regularization and renormalization
convention. The finite determinant identity does not authorize an unqualified substitution of an
infinite-dimensional determinant. The present verification suite uses finite matrices and states
their dimension explicitly.

7.5 Poisson summation and the heat-trace duality

For t > 0, the Gaussian Fourier transform is∫
R

e−πtx2e−2πiξx dx = t−1/2e−πξ2/t.

One proof differentiates the transform in ξ, integrates by parts and solves the resulting first-order
ODE; its value at zero is the real Gaussian integral. Periodize the Gaussian and integrate its
Fourier coefficients over a period. Absolute convergence permits termwise integration and gives
the Jacobi identity ∑

n∈Z
e−πtn2 = t−1/2 ∑

n∈Z
e−πn2/t.

In two dimensions, apply the identity along a lattice basis and retain its covolume and dual
metric. The result relates a heat trace on a flat torus to a rapidly converging dual-lattice sum.

Proposition 7.2 (U40: a certified Gaussian-tail rule). For a > 0 and integer N ≥ 1,

∑
n>N

e−an2 ≤
∫ ∞

N
e−ax2 dx ≤ e−aN2

2aN .

Proof. The summand is decreasing on [0,∞), so each term is bounded by the preceding unit
interval’s integral. For x ≥ N , 1 ≤ x/N . Therefore the integral is at most N−1 ∫∞

N xe−ax2
dx =

e−aN2
/(2aN).

The primal or dual sum can be selected by comparing their rigorously bounded term counts at
the requested tolerance. This is an error-controlled algorithmic choice. A physical interpretation
as a thermal partition function requires the appropriate spectrum, degeneracies and energy units;
the theta identity alone does not select them.

7.6 Liouville’s equation and constant curvature

For g = e2φ(dx2 + dy2), direct computation of the Levi-Civita connection gives

K = −e−2φ∆φ.

Thus constant curvature K0 is the nonlinear equation ∆φ + K0e2φ = 0. For the disk metric
φ = log 2 − log(1 − r2), differentiation gives ∆φ = 4/(1 − r2)2 = e2φ, hence K = −1.

The curvature equation is a local differential expression. Its global solvability must respect
Gauss–Bonnet, cone angles, completeness and normalization. A small discretized Liouville
residual does not prove those global conditions. Conversely, a correctly uniformized quotient
supplies an exact solution with its topology already specified.
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Figure 7.1: The primal and dual Gaussian sums converge at different rates for the same exact
quantity. The plotted certified tail envelopes determine a representation choice at a fixed
tolerance.

For a smooth perturbation φ+ εψ, the curvature variation is

δK = −e−2φ∆ψ − 2Kψ.

This follows by differentiating the two factors. It supplies a linearized conditioning operator for a
nonlinear curvature solve. Its kernel can contain normalization directions; numerical optimization
should remove or constrain those normalization directions before interpreting its conditioning.

7.7 Energy minimization, discretization and best approximation

Let V ⊂ H1 be an affine space of fixed traces and Vh ⊂ V a finite-dimensional conforming subspace.
The exact harmonic minimizer u and discrete minimizer uh satisfy Galerkin orthogonality. For
every vh ∈ Vh,

∥u− uh∥E ≤ ∥u− vh∥E .

To prove it, write u− vh = (u− uh) + (uh − vh) and use orthogonality of the two terms in the
energy inner product. The identity gives the sum of squared norms, so the desired inequality
follows.

This is an attained optimum within the declared approximation subspace. It does not make
one mesh globally optimal among all discretizations of equal storage. Such a comparison needs
an admissible mesh class, approximation lower bounds and the cost of assembly and solution.
The same distinction applies to spectral truncation and finite-rank kernels.

7.8 Inverse problems and conformal nonidentifiability

Suppose an experiment measures only the total steady conductance between two equipotential
boundary components. U11 shows that the output depends on the conformal modulus and
material constants. Infinitely many differently shaped domains have the same modulus. The
observable cannot uniquely recover their Euclidean geometry.

A proof is obtained by taking a nontrivial univalent conformal deformation of a round annulus
and transporting the boundary conditions. Capacity is unchanged by U30, while Euclidean
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curvature and local boundary shape change. Thus any algorithm returning a unique shape from
that single conductance has inserted an additional prior or constraint. Measurement noise is not
the only obstruction; the noiseless map is already noninjective.

Additional boundary measurements can distinguish more geometry, but their identifiability
requires a separate inverse theorem. The monograph uses this example to keep explanatory
efficiency distinct from information loss: a scalar invariant is sufficient for one forward observable
and insufficient for a general inverse reconstruction.

7.9 A computational-physics acceptance specification

A reproducible computation based on a uniformizing coordinate should record the original field
equation; source, boundary and initial conditions; the coordinate map and its normalization;
transformed coefficients and measures; the finite representation; solver error; and the error of the
map itself. Each term has a separate place in the final uncertainty budget.

For a transported field u ◦ f , a map perturbation f̂ and field approximation û give

|u(f(z)) − û(f̂(z))| ≤ ∥u− û∥∞,V + sup
V

|∇û| |f(z) − f̂(z)|,

provided the segment or a controlled connecting path stays in the valid domain. If it does not,
replace the Euclidean segment estimate with a path-length bound. Near a singular boundary, the
derivative factor can dominate. Reporting only the spectral approximation error can therefore
conceal the principal source of physical error.
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Chapter 8

Logical complexity, algorithms,
parallelism and cryptography

8.1 What a computational uniformization problem contains

The input to a computation cannot be an unspecified Riemann surface. Typical finite encodings
are a triangulated surface with metric data, algebraic equations with branch information, a
polygon with edge identifications, a boundary parametrization with regularity bounds, or a finite
atlas with transition maps. Each encoding supplies different algorithms and permits different
certificates.

A computational task must also identify its output. Possible outputs include a conformal
type, a normalized map on a compact subset, a modulus, a period matrix, a field value, an
operator action or a topological monodromy label. The existence theorem does not identify the
bit complexity of every one of these tasks. An input domain specified by an arbitrary oracle can
conceal undecidable or noncomputable information; the finite precision model must be part of
any algorithmic theorem.

The following comparisons use explicit finite matrices, finite graphs, rational certificates or
analytic classes with quantitative regularity. Their bounds are consequently stated for those
representations. The source theorem supplies their geometric organization, while each algorithm
has its own proof.

8.2 Logical complexity as a dependency problem

A source proof compressed to a few lines can invoke several substantial theorems. Counting
those lines assigns zero cost to the hidden dependencies. A more useful formal representation
is a directed graph whose vertices are exact propositions and whose edges identify hypotheses
or imported results. An application of a theorem contributes an edge only when its hypotheses
have been discharged in the new setting.

For annular uniformization, the relevant graph contains Dirichlet existence, closedness of the
conjugate form, period quantization, properness and degree one. Computing a few equipotential
curves does not replace the degree proof. For global uniformization, the graph contains finite-disk
uniformization, normalized radius monotonicity, compact convergence, injectivity and surjectivity.
U17 is a distinct obligation because injectivity of a limit does not imply that it fills the proposed
target.

Logical compression becomes meaningful when a single invariant discharges an explicitly
defined family of obligations. For example, positivity of a Bernstein coefficient list proves a
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polynomial inequality at every point of an interval. The finite input is a coefficient list; the
conclusion has a universal real quantifier. The reduction is justified by the basis theorem, not by
claiming that the continuum has been exhaustively sampled.

8.3 Typed certificates and soundness

Definition 8.1 (Certificate interface). A checker is a total function check : D × C → {true, false}
with a soundness assertion

check(d, c) = true =⇒ P (d).

The input interpretation, certificate format and proposition P are part of the interface.

The source data d should use an exact representation when the conclusion is exact. Rational
coefficients, integer permutations and algebraic interval endpoints are suitable finite objects. A
decimal string interpreted as a rational is different from a floating-point value rounded from that
decimal. The delivered certificate programs make that interpretation explicit.

Proposition 8.2 (U41: exact Bernstein positivity). If

p(t) =
n∑

k=0
bk

(
n

k

)
tk(1 − t)n−k, bk ≥ η,

then p(t) ≥ η for every 0 ≤ t ≤ 1.

Proof. Every basis function is nonnegative on the interval. The binomial theorem says their
sum is (t + (1 − t))n = 1. Hence p(t) − η is a nonnegative linear combination of nonnegative
functions.

A subdivision certificate additionally lists subintervals covering the full requested interval,
exact transformed coefficients on each subinterval and the asserted lower bounds. Soundness
requires checking the affine substitution, every coefficient inequality and interval coverage. A
gap between two subintervals invalidates the certificate even when every individual coefficient
list is positive.

8.3.1 Certificates of nonexistence and corrected statements

The same mechanism can establish impossibility. A positive lower bound for |F |2 on a parameter
interval excludes a zero there. A genus calculation excludes a rational uniformizing parameter.
A finite permutation witness disproves the assertion that two continuation loops commute. Each
is a fully specified logical output, not a failure to find a positive construction.

A checker that accepts a deliberately weakened or changed target statement can still be
mathematically sound for the wrong problem. Source-concordance review therefore precedes
proof checking. The formalization register records the source proposition and any corrected
proposition as separate entries where they differ.

8.4 Modal algorithms and exact arithmetic counts

For a periodic grid with N points, define the cyclic shift S and the screened cycle Laplacian

AN = αI + 2I − S − S−1, α > 0.
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The Fourier vectors are eigenvectors with eigenvalues

λk = α+ 4 sin2(πk/N) > 0.

Thus ANx = b is solved by a forward transform, N scalar divisions and an inverse transform.

Theorem 8.3 (U42: Fourier solution of the screened cycle system). The Fourier algorithm
returns the unique exact solution. In a radix-two arithmetic model with N = 2m, its transform
work is O(N logN) and depth is O(logN). A dense elimination implementation has O(N3)
setup work and O(N2) storage.

Proof. The cyclic shift acts on the kth Fourier vector by a root of unity. Substitution gives the
displayed positive eigenvalues. Since the Fourier matrix is invertible, division by these eigenvalues
and transformation back solves the system uniquely. A radix-two transform splits into two
half-size transforms and N/2 butterflies. The recurrence W (N) = 2W (N/2) + cN gives W (N) =
cN log2N + O(N). Parallel butterflies at each level give D(N) = D(N/2) + O(1) = O(logN).
The dense Gaussian-elimination work and dense-array storage counts follow from summing the
squared trailing matrix sizes and counting N2 entries.

A cyclic tridiagonal direct solver has O(N) work and is a strong conventional baseline for
this particular system. U42 does not prove FFT superiority over that solver. The Fourier repre-
sentation is especially useful when repeated operator functions or multiple periodic dimensions
make the modal basis reusable. The benchmark records the implemented baselines and does not
present the dense comparison as a lower bound on all conventional methods.
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Figure 8.1: Declared operation-count growth for dense elimination, a transform solve and a cyclic
structured solve. These are model curves; observed timings are recorded separately.

8.5 Two-dimensional periodic operators

For an n× n rectangular periodic grid, N = n2 unknowns, the five-point screened Laplacian is a
Kronecker sum. A two-dimensional Fourier transform diagonalizes it. Its work is O(N logn) and
storage O(N). A generic dense matrix representation has N2 = n4 entries, so forming it would
discard sparsity before any solve begins.

The appropriate comparisons include sparse direct factorization, multigrid and iterative
methods with preconditioners. Their performance depends on the operator, geometry, tolerance
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and repeated-use pattern. A uniformized physical surface can produce variable coefficients or a
mass weight that breaks exact translation invariance. Then the Fourier operator can serve as a
preconditioner, but the remaining variable-coefficient solve must be analyzed.

For a positive coefficient a(x) satisfying 0 < a− ≤ a(x) ≤ a+, the energy forms obey

a−

∫
|∇v|2 ≤

∫
a|∇v|2 ≤ a+

∫
|∇v|2.

This yields a spectral-equivalence condition number bound a+/a− for the constant-coefficient
preconditioner on the trace-zero or mean-zero space. It is a proved quantitative benefit when
that ratio is bounded. A narrow conformal neck can make coefficient ratios or low spectral gaps
unfavorable; uniformization is not automatically a well-conditioned preconditioner.

8.6 Parallel work, depth and communication

Work and depth characterize an ideal dependency graph. A real distributed FFT also moves
data. Under a latency–bandwidth model, a message carrying m scalars costs αnet + βnetm. A
staged all-to-all decomposition may therefore have communication time of the form

Tcomm = rαnet + βnetV,

where r is the number of dependent communication rounds and V the per-process communicated
volume under the chosen decomposition.

A proof of O(logN) arithmetic depth does not eliminate these rounds. Likewise, an asymptotic
work reduction can lose on small grids because setup and communication dominate. A reproducible
high-performance comparison records process count, decomposition, precision, transform planning,
network model, all communication and the norm of the returned residual.

Uniformizing a surface may create a periodic coordinate domain and make transform methods
available. If the geometric map itself costs Cmap and a transformed solve saves ∆C per query, the
break-even query count is at least ⌈Cmap/∆C⌉ when ∆C > 0. The bound is an exact statement
for the declared affine cost model. It says nothing about a different workload or an unmeasured
communication regime.

8.7 Distributed averaging and spectral gaps

Consider x(t+1) = Px(t), where P is a symmetric stochastic matrix on a connected finite graph and
all eigenvalues other than the constant eigenvalue one have modulus at most ρ < 1. Orthogonal
diagonalization gives ∥∥∥x(t) − x̄1

∥∥∥
2

≤ ρt
∥∥∥x(0) − x̄1

∥∥∥
2
.

A sufficient number of rounds for error at most ε is

t ≥
log(

∥∥∥x(0) − x̄1
∥∥∥

2
/ε)

− log ρ .

The mean is preserved because 1TP = 1T. The spectral estimate proves a finite-dimensional
mixing guarantee.

On a cycle, a local averaging matrix has a gap of order N−2, so local consensus can require
quadratically many rounds at a fixed relative error. A direct global reduction uses a different
communication primitive. Calling the transform or global-reduction approach “faster” without
naming that primitive would compare different network models.
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Figure 8.2: Exact spectral envelopes for symmetric averaging on cycles of different sizes. The
dependence on graph size is a communication-round statement, independent of wall-clock network
measurements.

8.8 Branch continuation as a distributed state machine

A continuation state should include the parameter location, branch value, certified domain,
normalization and source-version identifier. A transition along a path segment is accepted only
when a local inverse or continuation certificate establishes existence and uniqueness on that
segment. If a worker returns a result for an earlier domain version, the result must be rejected or
explicitly translated.

Proposition 8.4 (U43: compositional branch safety). Suppose every accepted transition has a
postcondition matching the next transition’s precondition, and each transition preserves a declared
invariant I. Then every finite accepted execution preserves I. If local branch continuation is
unique on each segment, the composed value is the continuation along the concatenated path.

Proof. Induct on the execution length. The empty execution has the initial invariant. If it
holds after k transitions, the postcondition–precondition match permits transition k + 1, whose
preservation theorem gives the invariant afterward. Uniqueness of the local analytic continuation
makes the value at each joint the initial value for the next segment, so induction also identifies
the composition with continuation along the concatenated path.

This proves safety. Liveness additionally requires termination of certificate search or a sufficient
refinement rule, fair scheduling and a path that stays a positive distance from singularities. An
infinite refinement sequence approaching a branch collision need not terminate. A temporal-logic
claim must distinguish “every accepted result is valid” from “every requested result is eventually
returned.”

8.8.1 An exact noncommutativity witness

Let two continuation generators act on three sheets by a = (12) and b = (23). Their commutator
aba−1b−1 is nonidentity, although its abelianized winding counts are zero. The finite permutation
computation is a certificate that scalar winding counters alone do not determine the final sheet.
A distributed implementation must retain the permutation action or a sufficiently rich homotopy
label.
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The issue is mathematical, not a race-condition artifact. Parallel paths that are homotopic
relative to endpoints have the same continuation under the usual uniqueness hypotheses. Paths
with different monodromy can return different branches even when every local numerical step is
correct.

8.9 Temporal logic and finite-model verification

For a branch service, a safety specification can be expressed as: every published state has
a matching version and a checked path certificate. A liveness specification can state: every
admissible request is eventually answered, assuming fair scheduling, finite certificate-search
bounds and absence of permanent worker failure. These are propositions about an explicitly
defined transition system.

Finite-state model checking can enumerate all executions up to the state-space closure, proving
a safety invariant for that finite abstraction. An unbounded real-parameter system requires
an abstraction theorem connecting concrete states to the finite model. Bounded execution
checking proves no violation within the bound; it does not establish all-time liveness. The
mathematical abstraction, the temporal formula and the checker result belong in separate fields
of the verification register.

The present release supplies exact finite checks of permutation composition and version-
independent algebraic invariants. It supplies no model-checker proof of an operational distributed
service. The prospective proof routes identify where such a development can reuse the local
continuation and composition lemmas.

8.10 Cryptography: complex tori and finite fields

A complex elliptic curve is analytically C/Λ and algebraically a nonsingular cubic. Cryptographic
arithmetic usually takes place over a finite field. The finite group of points is not a topological
quotient of C used as a real-number computation. Reduction requires an integral algebraic
model and a prime of good reduction; group sizes, subgroup orders and security assumptions are
additional arithmetic data.

For E : y2 = x3 + ax + b over a field of characteristic different from two and three, the
discriminant condition is 4a3 + 27b2 ≠ 0. Point addition follows from intersecting the secant line
with the cubic. If the line through P = (x1, y1) and Q = (x2, y2) has slope s, comparison of the
cubic’s root sum gives

x3 = s2 − x1 − x2, y3 = −y1 + s(x1 − x3).

For doubling, s = (3x2
1 + a)/(2y1) when the denominator is nonzero. Vertical lines and the point

at infinity are separate cases. These formulas can be checked exactly in finite fields; complex
floating-point evaluation is not their specification.
Proposition 8.5 (U44: public multiplication is not encryption). On a known cyclic group of
order m, the map P 7→ [n]P is publicly invertible whenever gcd(n,m) = 1. A publicly known
translation P 7→ P +Q is also publicly invertible.

Proof. Bezout’s identity gives integers u, v with un+ vm = 1. Since [m]P = 0, multiplication by
u inverts multiplication by n. Translation is inverted by adding −Q.

A conformal map’s visual complexity therefore supplies no encryption proof. Public uniformiza-
tion data can be useful in curve construction, period computation or complex multiplication, but
cryptographic security requires an explicit game, key distribution and reduction to an identified
computational assumption. This volume makes no novel security claim.
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8.11 A finite arithmetic example and a transfer boundary

Take E : y2 = x3 − x and a prime p > 2. The reduction is nonsingular because 4(−1)3 = −4 is
nonzero. An exact point count can enumerate x ∈ Fp, determine the number of square roots of
x3 − x, and add the point at infinity. This costs O(p) residue tests in the direct enumeration
model. A faster point-counting algorithm has its own arithmetic theory; the complex torus
coordinate alone does not establish its complexity.

At p = 5, the values x = 0, 1, 4 give one root each, x = 2 gives two roots, and x = 3 gives
two roots. Together with infinity, there are eight points. The exact checker reproduces this
count and checks the nonsingularity condition. This is an illustrative finite certificate, not a
cryptographically sized instance.

8.12 Algorithm optimization with a certificate cost

Let two algorithms return the same output with the same tolerance. Suppose one computes a
candidate quickly but needs an expensive checker, while the other is slower and returns a cheaply
verifiable certificate. The relevant total is

Ctotal = Cconstruction + Cchecking + Cdata preparation.

A published speedup excluding required certificate construction is incomplete for a proof-carrying
workflow. Similarly, a checker that assumes exact input coefficients while the actual input is
uncertain proves the wrong instance.

For annular capacity, a useful certificate contains a primal test potential and a dual divergence-
free flux. The primal energy bounds capacity from above. A normalized dual flux gives a
reciprocal-energy lower bound by Cauchy–Schwarz. Their gap can quantify the quality of the
approximate uniformization without requiring a visually perfect map. The next chapter derives
that pair in engineering form.
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Chapter 9

Engineering models and dual
certificates

9.1 A common mathematical interface

An engineering application of uniformization begins with a planar or surface-supported model
whose geometry is part of the input. The transformed problem must retain its constitutive
coefficients, units and boundary data. For a purely digital task, finite algebra and verification
semantics supply the relevant connection when no surface geometry is present.

The principal interfaces considered here are electrostatics and conduction; circuits and passive
response; signals and periodic computations; control and embedded realizations; machines
and power networks; computational geometry; and scientific software. Mechanical, chemical,
environmental and general professional tasks receive a relevant mathematical subproblem only
when one can be specified. An ideal mathematical model is not a certification of a physical
installation or device.

9.2 Planar electrostatics and capacitance

For a homogeneous dielectric cross-section with permittivity ϵ, conductor voltage difference V
and translational invariance along the device axis, the electrostatic potential is V u with u as in
U11. The energy per unit axial length is

W ′ = ϵ

2

∫
A

|∇(V u)|2 dA = 1
2C

′V 2, C ′ = ϵ capA = ϵ

modA.

For concentric radii r,R, C ′ = 2πϵ/ log(R/r). The coordinate map changes the field components
and local stress but preserves the unweighted two-dimensional Dirichlet energy. Axial fringing,
spatially varying permittivity and three-dimensional geometry require additional terms.

A capacitance estimate based only on a boundary-node count has no theorem-level error
interpretation. A conformal or variational estimate can instead use energy upper and lower
bounds. The following pair is particularly useful because it does not require knowing the exact
solution.

Theorem 9.1 (U45: primal–dual condenser certificate). Let u be the unit-voltage harmonic
potential on a smooth annular conductor domain. For any admissible test potential v with the
same boundary values,

capA ≤
∫

A
|∇v|2 dA.

54



Uniformization and geometric analysis

For any square-integrable divergence-free flux field j carrying total flux one from one boundary
component to the other,

1∫
A |j|2 dA ≤ capA.

Both bounds are attained by v = u and j = ∇u/ capA with the corresponding orientation.

Proof. The upper bound is U05. For the lower bound, integration by parts and the unit-
voltage boundary trace give

∫
A j · ∇udA = 1 after orienting the flux. Cauchy–Schwarz yields

1 ≤ (
∫

|j|2)(
∫

|∇u|2) = (
∫

|j|2) capA. The exact flux field is divergence-free and has total flux
one because the total flux of ∇u is capA. Substituting it makes equality hold.

The field j must be divergence-free in the required weak sense, with its flux verified. A
numerical vector field that approximately satisfies conservation gives a modified bound with
a residual term, not the exact reciprocal inequality. Exact rational fluxes on a finite network
provide a tractable certificate model.

9.3 An exact network analogue

On a finite undirected network with conductances ce > 0, write the energy as E(v) =
∑

e ce(vi −
vj)2 for fixed terminal potentials zero and one. Its unique interior minimizer solves the weighted
graph Laplace equation. A unit terminal flow fe with zero divergence at interior vertices has
dissipation

∑
e f

2
e /ce.

The same summation-by-parts and Cauchy–Schwarz argument gives

1∑
e f

2
e /ce

≤ Ceff ≤ E(v).

At the exact potential, fe = ce(vi −vj)/Ceff gives equality. This is the discrete Dirichlet–Thomson
duality. The verification suite uses rational conductances and exact elimination, so the certificate
values are rational and independently reproducible.

The network is an analogue of the continuum variational problem. Establishing convergence
of a mesh’s effective conductance to the continuum capacity requires a conforming discretization
or a separate homogenization theorem. Agreement of one graph with a closed-form annulus is a
diagnostic and cannot establish all-mesh convergence.

9.4 Corners and field singularities

In a wedge of opening angle α, homogeneous Dirichlet harmonic modes are

u(r, θ) = rπ/α sin(πθ/α).

Their gradient scales as rπ/α−1. A re-entrant angle α > π produces an unbounded gradient near
the corner. The energy density integrates as∫ ε

0
r2π/α−2r dr = ε2π/α

2π/α,

which is finite for every finite positive α.
Thus a convergent energy calculation can coexist with diverging meshwise maximum field.

The local conformal map w = zπ/α explains both facts and fixes the branch on the wedge. A
certificate for total energy is not a certificate for the peak field at a geometrically singular ideal
corner.
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Figure 9.1: Illustrative primal–dual energy model with reference conductance 20/29: P = C+3ε2

and R = 1/C + 3ε2. The graph depicts these declared model curves; the exact path certificate is
a separate calculation.

The same geometry appears in steady conduction and some scalar potential-flow models.
Elasticity and full vector electromagnetism have additional field components and constitutive
structure. The scalar wedge formula is not a complete solution of those vector systems.
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Figure 9.2: Exact gradient exponents for three wedge angles. The re-entrant case has an
unbounded ideal peak field despite finite local energy.

9.5 Circuit response as a half-plane function

For a passive scalar impedance in its appropriate analytic domain, the condition ReZ ≥ 0 maps
under

Γ = Z − Z0
Z + Z0

, Z0 > 0,
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to the disk condition |Γ| ≤ 1. Indeed,

1 − |Γ|2 = 4Z0 ReZ
|Z + Z0|2

.

The inverse is Z = Z0(1+Γ)/(1−Γ) where Γ ̸= 1. This is an exact Mobius equivalence of pointwise
feasible sets; analyticity and realization hypotheses must accompany it for a frequency-dependent
physical network.

Uniformization and the disk geometry support interpolation and sensitivity estimates. A finite
set of values inside the disk does not prove that an interpolating rational response stays in the
disk between samples. A Pick-matrix criterion or a constructive Schur representation can provide
a continuum statement, subject to its hypotheses. The earlier PHI circuit analyses develop the
corresponding finite interpolation examples [4].

9.6 Control, stability domains and discrete implementations

The Cayley map z = (1 + s)/(1 − s) sends the open left half-plane in s to the open disk in z
after the sign convention is fixed. Direct computation gives

1 − |z|2 = −4 Re s
|1 − s|2

.

A bilinear discretization introduces a time-scale factor, usually s = (2/T )(z − 1)/(z + 1). The
stability-domain relation is a theorem about the transformed scalar pole location. Internal state
stability after pole-zero cancellation, actuator saturation and fixed-point rounding are additional
obligations.

For a stable ideal recurrence xn+1 = axn, |a| < 1, rounding to a finite state grid can create a
nonzero fixed point whenever a grid state lies in its own rounding cell after multiplication. A
complete digital stability analysis therefore studies the finite transition map. Uniformization
organizes the ideal domain; it does not remove machine arithmetic.

9.7 Machines, drives and power-network calculations

Complex coordinates efficiently represent rotating two-axis quantities. A rotation z 7→ eiθz
preserves the Euclidean norm, while a time-dependent rotation introduces an extra iθ̇z term in
the transformed differential equation. Omitting that term changes the dynamics. A conformal
map more general than a rotation usually changes the metric and constitutive relation, so it
cannot be treated as a lossless coordinate relabeling of a machine model without a derivation.

Power-flow equations include complex conjugates and are not holomorphic in the original
voltage variables. One may construct an analytic embedding in an auxiliary parameter and solve
its branch problem. A certificate must then distinguish the desired operating branch, ensure the
model constraints, and bound truncation and continuation error. The existence of an analytic
continuation is not a proof of feasibility at every load parameter.

The source-section connection is the distinction between local invertibility and global branch
selection. A network solver may return a small residual on an unintended branch, just as
a continuation algorithm may return the wrong sheet after a nontrivial loop. The relevant
acceptance test includes state constraints and the branch history.
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9.8 Signals, transforms and finite observables

Periodic signals on a uniformized torus have two frequency indices determined by its lattice.
Signals on an annular boundary have one periodic angular coordinate and a separate radial
propagation operator. A function periodic in an arbitrary physical coordinate need not remain
uniformly sampled after a nonlinear conformal map.

If a physical boundary parameter s is replaced by θ = θ(s), quadrature weights change by
ds/dθ. Applying an FFT to values equally spaced in s and interpreting them as equally spaced
in θ creates a sampling error independent of transform implementation. A complete numerical
pipeline records the parametrization, Jacobian, interpolation and error of resampling.

Finite Fourier observables can be certified by an analyticity envelope or by a proved discrete
algebraic identity. These are different methods: the former controls truncation of a continuum
representation; the latter exactly solves a finite transform problem. The code and theorem
register retain the distinction.

9.9 Computational geometry and conformal meshes

A smooth conformal map is locally angle preserving. A piecewise affine map between triangle
meshes is generally not conformal on every triangle unless its local derivative is a similarity.
Discrete conformal theories use explicitly different definitions, such as vertex scale factors or
circle patterns. Their variational formulations have established literature [10]; a discrete map
must be evaluated under the definition actually implemented.

For a triangle map with real derivative J , a quantitative distortion measure is σmax(J)/σmin(J)
when det J > 0. The determinant condition prevents a folded or degenerate element from
appearing acceptable merely because an unoriented ratio is small. Global injectivity also requires
compatibility and boundary information; positive local determinants alone can fail on a globally
overlapping mesh.

A practical certificate can combine positive orientation, a boundary homeomorphism, degree
one and verified local nondegeneracy. The proof mirrors U11’s properness-and-degree construction.
Its finite-mesh form still requires exact predicates or a controlled rounding analysis for element
orientation.

9.10 Software, electronics and the remaining engineering sub-
jects

For software engineering, compilers, databases and operating systems, uniformization is not a
general replacement for the native semantics. Its useful contributions are specialized numerical
contracts, branch-aware interfaces and certificate architecture. For digital logic and embedded
systems, the core verification objects are bit-vector transformations, state transitions, timing and
memory. Their analysis can reuse exact algebra and invariants without pretending that every
transition system is a Riemann surface.

For materials, chemistry and thermal processes, a planar diffusion or potential model can
admit the conformal treatment derived above. Reaction terms, nonlinear kinetics and evolving
boundaries require new equations. For graphics, the coordinate map can aid parameterization,
with distortion and sampling costs retained. For communication and general professional work, no
direct uniformization theorem is asserted; the relevant transferable practice is precise specification
and evidence separation.

Each application is indexed by its governing mathematical model, its admissible regime and
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the observable that the calculation certifies.
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Chapter 10

Quantitative closure, computability
and additional structural proofs

10.1 What a finite presentation can establish about uniformiza-
tion type

A Riemann surface can be presented by charts, transition functions and an exhaustion. Such a
presentation contains more information than a list of numerical samples, but the representation
still matters. A classification theorem asserts the existence of a conformal model. It need not
supply a terminating procedure that identifies the model from arbitrary finite observations of
the presentation.

Consider the particularly simple surfaces obtained as unions of concentric disks. A presentation
supplies a strictly increasing sequence of positive rational radii Rn and exact inclusions DRn ⊂
DRn+1 . The union is DR, where R = supnRn ∈ (0,∞]. The only classification question is
whether R is finite. Every finite prefix is compatible with both possibilities: continue with
increments 2−k to obtain a finite limit, or with increments one to obtain an infinite limit. This
is an information-theoretic obstruction that already occurs before general surfaces enter the
problem.

Theorem 10.1 (U46: no total classification procedure for arbitrary computable exhaustions).
There is no algorithm which, from every program computing a strictly increasing positive rational
disk exhaustion, always terminates and correctly decides whether the union is conformally a disk
or the plane.

Proof. For a program M and its input, define R0 = 1 and, for k ≥ 1,

Rk −Rk−1 =
{

1, M has not halted within its first k steps,
2−k, M has halted within those steps.

A bounded simulation computes each increment exactly, so this is a computable, strictly increasing
rational sequence. If M never halts, Rk = 1 + k and the union is C. If M first halts after a finite
number of steps, there are finitely many unit increments followed by a convergent geometric tail,
so the union is a bounded round disk. A total classifier would decide whether M halts.

For completeness, the latter decision is impossible by diagonalization. If a total algorithm
H(P, x) decided whether program P halts on input x, define a program Q(x) which runs forever
when H(x, x) reports halting and halts immediately otherwise. Apply it to its own code q. Each
possible value of H(q, q) contradicts the prescribed behavior of Q(q). Thus H, and hence the
supposed conformal-type classifier, cannot exist.
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The theorem concerns program-described exhaustions without a supplied bound on their limit.
It does not obstruct classification for an algebraic curve of known genus, a finite polygon with
a certified group action, or an exhaustion carrying an independently proved radius bound. It
specifies exactly which missing information causes the failure. A numeric implementation that
terminates after a large number of steps has not escaped the obstruction unless its admissible
input class is narrower.

A useful positive certificate for disk type is a finite rational B together with a proof that
Rn ≤ B for all n. A useful positive certificate for plane type is a computable witness n(m) with
Rn(m) > m for every integer m. Checking one value of either relation is insufficient; the universal
certificate can be represented by an inductive argument or a proved formula. These conclusions
make the nonconstructive and quantitative parts of uniformization compatible without conflating
them.

10.2 Finite observation and the need for an analytic envelope

The same distinction controls recovery of a holomorphic function. Suppose an algorithm samples
a function at points z1, . . . , zn in a domain. Define p(z) =

∏n
j=1(z− zj). Every pair f and f + cp

yields the same observed values for arbitrary c ∈ C. If the target point z∗ is different from the
sample points, their values there differ by cp(z∗), with arbitrarily large magnitude as c varies.

Proposition 10.2 (U47: finite samples do not certify unrestricted analytic recovery). From
finitely many exact values of an otherwise unrestricted holomorphic function, no finite uniform
bound on the error at an unsampled point follows. The assertion remains true for a deterministic
adaptive sampling algorithm that always uses finitely many samples.

Proof. The nonadaptive assertion follows from the polynomial construction above. For an
adaptive algorithm, answer zero to each successive query until it terminates. Let z1, . . . , zn

be the resulting transcript. Every function cp vanishes at all queried points, so the algorithm
follows exactly the same branches and produces the same answer for these functions. At the
unsampled target point their true values are unbounded. Any proposed finite error bound fails
for a sufficiently large |c|.

A norm constraint changes the problem. If |f | ≤ M on a larger certified domain, the
perturbation cp cannot be scaled arbitrarily while remaining admissible. Cauchy estimates then
connect unobserved derivatives to M and geometric clearance. For an H2 ball, the prior public
finite-rank theorem gives an exact optimality statement. For an analytic strip, geometric Fourier
tails give sample or coefficient requirements. The bound, domain and norm are therefore input
specifications, not conclusions extracted from a visually smooth graph.

An important consequence for adversarial verification is that a certificate must contain or
reference the envelope. A checker that accepts a finite sample plot as proof of global nonvanishing
is unsound on the unrestricted function class. Polynomial degree bounds can supply a different
envelope through algebraic completeness: enough exact values determine the polynomial, after
which an exact root or positivity certificate can be checked.

10.3 Uniform conditioning from energy equivalence

A smooth coordinate change transforms a differential equation and its function-space norms
together. For the conformal change z = F (w), the Dirichlet numerator is unchanged in two
dimensions, whereas the L2 denominator becomes weighted by J(w) = |F ′(w)|2. This gives
explicit spectral comparison when the Jacobian has certified upper and lower bounds.
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Proposition 10.3 (U48: conformal spectral comparison under bounded Jacobian). Let F : U →
V be a conformal isomorphism between bounded regular domains, and suppose 0 < j− ≤ |F ′|2 ≤
j+ < ∞. Write λk(U) and λk(V ) for Dirichlet eigenvalues, counted with multiplicity. Then

λk(U)
j+

≤ λk(V ) ≤ λk(U)
j−

.

Proof. Under pullback, the Rayleigh quotient on V is

RV (v) =
∫

U |∇v|2∫
U |v|2|F ′|2

.

The denominator is between j−
∫

U |v|2 and j+
∫

U |v|2. Hence RU (v)/j+ ≤ RV (v) ≤ RU (v)/j−.
The pullback is a linear bijection on the relevant zero-trace energy spaces, using the stated
Jacobian bounds. Apply the min–max characterization by taking the supremum over each
k-dimensional subspace and then its infimum over all such subspaces. Both inequalities survive
these operations.

The min–max characterization used here follows from the compact self-adjoint spectral
decomposition of the Dirichlet resolvent. It is a declared functional-analytic prerequisite when
the whole spectrum is discussed. For k = 1, the same calculation applies directly to the infimum
defining the first Rayleigh value, without requiring higher eigenspaces. No claim is made when
the boundary map has unbounded derivative or when a corner sends j− to zero.

For a finite element system with stiffness matrices A and B satisfying a−x
∗Bx ≤ x∗Ax ≤

a+x
∗Bx, the identical argument gives

spec(B−1/2AB−1/2) ⊂ [a−, a+], κ2(B−1/2AB−1/2) ≤ a+/a−.

This is a preconditioner certificate, provided both matrices represent the same constrained
subspace. A hidden constant nullspace must first be removed or handled by a compatible
pseudoinverse. Comparing an invertible screened operator with an unscreened singular Laplacian
without this projection changes the problem.

10.4 A complete contraction estimate for preconditioned descent

Let A be positive definite and B a positive definite preconditioner. Consider xk+1 = xk −
ωB−1(Axk − b). In the B-scaled coordinate, the error obeys ek+1 = (I − ωM)ek with M =
B−1/2AB−1/2.

Proposition 10.4 (U49: optimal constant step for a spectral interval). If spec(M) ⊂ [a, b],
0 < a ≤ b, then the step ω∗ = 2/(a + b) minimizes maxt∈[a,b] |1 − ωt| over real ω, with value
q∗ = (b− a)/(b+ a). Consequently ∥ek∥2 ≤ qk

∗∥e0∥2 for that step.

Proof. The absolute value of an affine function is convex, so its maximum on the interval is
attained at an endpoint. For ω < 0 the value exceeds one and cannot minimize. For ω ≥ 0, the
maximum of |1 − ωa| and |1 − ωb| is minimized when the two endpoint errors have opposite
signs and equal magnitude; solving 1 − ωa = −(1 − ωb) gives ω∗. Before that crossing the first
endpoint controls and decreases; after it the second endpoint controls and increases. Thus the
minimizer is global. Orthogonal spectral diagonalization bounds ∥I − ω∗M∥2 by q∗. Iteration
proves the error estimate.
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For an accuracy ratio ε ∈ (0, 1) and a < b, the sufficient iteration count is

k ≥ log(1/ε)
− log q∗

.

If a = b, one step is exact in exact arithmetic. The theorem is an optimum within the family
of constant-step stationary iterations and the declared spectral interval. Conjugate gradients,
multilevel methods or direct transforms are different competitor families. The calculation is useful
because it makes a geometry-dependent condition bound into an explicit temporal-complexity
bound without claiming that a measured runtime has been minimized.

10.5 Communication-round bounds from a finite spectrum

Take a cycle with N ≥ 3 vertices and a lazy averaging matrix P = 1
2I + 1

4(S + S−1). Its
eigenvectors are Fourier characters and its eigenvalues are λk = 1

2 + 1
2 cos(2πk/N) = cos2(πk/N).

On the mean-zero subspace the maximal absolute eigenvalue is ρN = cos2(π/N).

Proposition 10.5 (U50: exact worst-case consensus contraction). For every mean-zero vector x,
∥P tx∥2 ≤ ρt

N ∥x∥2. Equality is attained by a nonzero first Fourier mode. Thus the least number
of synchronous rounds guaranteeing relative error at most ε is

t∗ =
⌈ log(1/ε)

− log ρN

⌉
.

Proof. Diagonalize P in the orthonormal Fourier basis. The zero-frequency coefficient vanishes.
Squared norms are sums of |x̂k|2λ2t

k , bounded by ρ2t
N ∥x∥2

2. A vector supported in k = 1 attains
equality. Therefore fewer than the displayed number of rounds fail on that vector, and the
displayed number works for all vectors.

The asymptotic relation − log ρN ∼ π2/N2 follows by Taylor expansion of cosine and logarithm
at zero. Hence the rounds scale as N2 log(1/ε) for this topology and fixed update rule. The result
does not transfer to asynchronous schedules without a specified delay/fairness model. A global
Fourier transform may compute the averaged limit immediately in an arithmetic model while
requiring communication unavailable to a nearest-neighbour network. The locality of information
exchange is part of the competitor class.

10.6 Branch certificates as invariants of a path subdivision

Let F (z, t) be holomorphic in z and continuous in a real path parameter t ∈ [0, 1]. Suppose a
subdivision 0 = t0 < · · · < tm = 1 has disks Bj and verified conditions: each F (·, t) has exactly
one zero in Bj for t ∈ [tj , tj+1]; no zero lies on its boundary; and consecutive disks share a smaller
certified region containing the endpoint zero. The local implicit functions then join to a unique
continued branch along the path.

Proposition 10.6 (U51: soundness of a chained continuation certificate). Under the preceding
conditions, the local zero branches form one continuous function on [0, 1]. If F is jointly
holomorphic on the corresponding complex parameter neighborhoods and ∂zF ̸= 0 at the zeros,
the branches are holomorphic there and agree on every overlap reached by the chain.

Proof. On each interval, isolate the unique zero in its disk. Compactness and absence of boundary
zeros imply continuity: for any convergent parameter sequence, every convergent subsequence
of roots has a root of the limiting function as its limit, and uniqueness forces that limit to
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be the selected root. A smaller compact disk around the limiting root supplies the requisite
local compactness. At a common endpoint, the shared-region certificate identifies the two
roots. A finite gluing induction produces a continuous branch on the whole path. In the
holomorphic setting, the implicit-function theorem gives local holomorphic branches. Their
equality follows from uniqueness of the zero in the overlapping isolating region, and then from
analytic continuation on each relevant connected overlap.

The theorem establishes soundness for an accepted chain. It does not prove that a particular
subdivision strategy always finds such a chain. A completeness theorem needs a lower separation
margin, a derivative bound and a computable modulus of variation. Branch collisions violate
those hypotheses. For a loop, the endpoint can be a different root of the initial polynomial, even
though every step is uniquely continued. The certificate must retain that permutation when the
base surface is not simply connected.

10.7 Why certificate termination needs quantitative input

Suppose f is continuously differentiable on a path of length L, with |f | ≥ δ > 0 and derivative
along arc length bounded by M . A segment of length h satisfies |f(z)−f(z0)| ≤ Mh. If h < δ/M ,
its image lies in a disk avoiding zero and can be certified by a centre-radius witness.

Proposition 10.7 (U52: a sufficient nonvanishing subdivision bound). For M > 0, a uniform
partition into n > 2LM/δ pieces makes every image segment lie in a disk of radius less than half
the guaranteed centre modulus. Consequently a disk-based local nonvanishing test accepts every
segment, provided its arithmetic bounds are exact or outward certified. If M = 0, one nonzero
value certifies the whole connected path.

Proof. Each segment has length at most L/n < δ/(2M). The mean-value integral bound gives
image radius less than δ/2. Since the centre modulus is at least δ, the disk avoids zero with
positive margin. For M = 0, the path derivative is zero and the image is constant.

The factor two is a convenient strict margin, not an optimal subdivision constant. The bound
proves a termination guarantee for a class with supplied δ,M,L. A certificate generator receiving
no nonvanishing margin may continue refining indefinitely near an actual zero. An axis-only
separating test can also fail for an image lying on the diagonal, although a rotated witness
succeeds. Soundness, mathematical nonvanishing, geometric adequacy of the witness class and
algorithmic termination remain four separate obligations.

10.8 Formal statement fidelity and nonvacuous comparison

A verifier proves its encoded proposition. If a precondition is inconsistent, every conclusion
follows logically, including a false-looking speed claim. Thus a conditional theorem used in a
comparison must have a demonstrably inhabited admissible class. A concrete exact input is often
the simplest witness; a family result can provide a stronger witness.

The uniformization inputs make this especially important. A quotient group must act properly
discontinuously; an ordinary surface quotient additionally requires freeness. A claimed sphere
quotient by a nontrivial free holomorphic group has no instance. A harmonic conjugate assumed
globally single-valued on a condenser annulus with nonzero period also has no instance. Such
preconditions would trivialize the main geometric obligations.

A useful formal interface distinguishes four objects: the declared input class A, a representation
relation Rep(d, a), a mathematical output relation Sol(a, y) and a finite checker Check(d, c). Its
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soundness assertion is

∀d, c, a, Rep(d, a) ∧ Check(d, c) =⇒ Sol(a, decode(c)).

For a uniqueness claim, prove that all admissible outputs coincide. For an approximation claim,
the relation contains the norm and tolerance. For a cost claim, count the operations of the
concrete algorithm producing the specified output. This prevents a fast scalar summary from
being compared with an algorithm obliged to return an entire field or matrix.

The theorem register in the following chapter uses these distinctions. Entries with an external
geometric or physical premise retain that premise; exact computational checks are linked only to
the assertions they actually evaluate. Formal scripts are not marked accepted unless a checker
has executed and its output has been inspected.
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Chapter 11

Solved investigations: geometry and
analysis

The following investigations specify mathematical questions with complete solutions under
the stated premises. They supplement the nine source results with independent examples,
counterexamples and quantitative consequences. Their numbering is local to this monograph.
Each investigation has one principal location; later lecture routes refer to it without reproducing
its solution. Numerical approximations are displayed only after the exact relation determining
them.

11.1 Conformal type and period structure

Investigation 11.1 (I01: identical topology, different conformal type). The plane and the unit
disk are homeomorphic. Prove that no biholomorphism connects them, and identify the extra
information absent from a topological presentation. Give a concrete homeomorphism and explain
why it is not holomorphic.

Solution. The radial map h(z) = z/(1 + |z|) maps C bijectively to D, with continuous inverse
w 7→ w/(1 − |w|). Thus both spaces have the same topology. If a biholomorphism f : C → D
existed, it would be a bounded entire function and hence constant by Liouville’s theorem,
contradicting injectivity. The radial map depends on z̄ through |z|; for z ̸= 0, its real differential
scales the radial direction by (1 + |z|)−2 and the tangential direction by (1 + |z|)−1. These
scales are unequal, so the differential is not a complex similarity. Consequently the map fails
conformality away from the origin.

The missing datum is the complex structure, not an additional topological handle or boundary
component. Both surfaces are simply connected and noncompact. The disk supports the complete
curvature −1 Poincare metric, while the plane has no biholomorphic disk coordinate. U46 further
shows that an arbitrary computable exhaustion cannot always be classified by a terminating
algorithm. A topology-only test may correctly identify simple connectivity yet leave precisely
this analytic alternative unresolved. The proof uses a qualitative invariant—bounded entire
functions—and does not require solving a differential equation for a candidate coordinate map.
Its cost advantage is logical reduction, not a measured execution-time improvement.

Investigation 11.2 (I02: measured condenser period and radius uncertainty). An annular
condenser has normalized boundary potential zero and one. A certified calculation encloses
its conjugate period by p ∈ [1/2, 51/100]. Determine an enclosure for the outer radius of its
normalized round-annulus model and quantify sensitivity in logarithmic coordinates.
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Solution. U11 gives L = logR = 2π/p. Since this is strictly decreasing on positive p,

200π
51 ≤ L ≤ 4π, exp(200π/51) ≤ R ≤ exp(4π).

The enclosure width in L is 4π − 200π/51 = 4π/51. The multiplicative radius uncertainty is
therefore at most exp(4π/51). A small absolute period uncertainty can generate substantial
relative uncertainty in a large radius because exponentiation amplifies the logarithmic interval.
Differentiating gives dL/dp = −2π/p2 and d logL/d log p = −1. Thus the relative condition
number for recovering L from p is exactly one; that for recovering R is L.

A numerically suitable representation stores L and postpones exponentiation. This preserves
the annulus modulus L/(2π) and capacity 2π/L without creating a huge coordinate radius. The
conclusion is a representation/conditioning result. It does not imply that every operation on
the logarithmic cylinder is cheaper, because periodicity and transformed boundary data remain
necessary. The exact endpoints above are also suitable for an interval checker, whereas a central
estimate and an unspecified number of decimal digits would not certify either inequality.
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Annular radius: normalization and sensitivity

Figure 11.1: The exact relation between the conjugate period and the logarithmic outer radius.
Small periods produce strong radius sensitivity.

Investigation 11.3 (I03: a degree constraint from annular modulus). Let A = A(1, e3) and
B = A(1, e6). Determine all possible positive degrees of a finite unbranched holomorphic covering
A → B. Construct such a map and count the lifts of one ordinary target point.

Solution. A finite annular covering of degree d multiplies the modulus by d, so 6/(2π) = d 3/(2π)
and d = 2. The map F (z) = z2 has this degree and maps the boundary radii correctly. Every
w ∈ B has the two roots ±

√
w, whose moduli lie strictly between 1 and e3. No root is critical

because F ′(z) = 2z ̸= 0 on A.
To justify necessity without presupposing a formula for every covering, lift to logarithmic

strips. The induced homomorphism on the fundamental group sends a positive generator to d
generators. Harmonic boundary potentials pull back from B to A, and their conjugate periods
are multiplied by d. With capacity reciprocal to modulus, this is exactly the displayed relation.
Equivalently, the energy of a pulled-back potential is d times its target energy. Hence the degree
follows from one scalar conformal invariant. Enumerating possible branched formulas would be
unnecessary and could include maps that fail properness.

The induced map on fundamental groups is multiplication by two. It is injective, not surjective,
and its image has index two. A global single-valued inverse would split the covering into degree
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one and contradict that index. Local square-root formulas remain valid on simply connected
target patches.

Investigation 11.4 (I04: proper annulus self-maps with fixed modulus). Classify the finite
proper unbranched holomorphic self-maps of A(r,R), where 0 < r < R < ∞. Distinguish maps
preserving each boundary component from maps interchanging them.

Solution. Modulus multiplicativity forces the degree to equal one, so every such map is an
automorphism. Let u(z) = log(|z|/r)/ log(R/r). If F preserves the boundary components,
uniqueness of the Dirichlet problem gives u ◦ F = u. Thus |F (z)/z| = 1 everywhere. The
holomorphic function F (z)/z has constant modulus and is constant by the open mapping
theorem. Therefore F (z) = eiθz.

If the components are exchanged, then u ◦F = 1 − u, whence |F (z)z| = rR. The holomorphic
function F (z)z is constant of that modulus, giving F (z) = rReiθ/z. Each displayed formula is
a conformal self-map, so the list is complete. The reciprocal formula reverses the winding of a
circle when expressed with a fixed ambient counterclockwise orientation, while it remains an
orientation-preserving holomorphic map of the surface. Boundary orientation and ambient circle
orientation must therefore be distinguished.

The classification has reduced a functional search to one real phase and one discrete choice.
The reduction is exact because properness and boundary correspondence are part of the input.
Without properness, many non-surjective holomorphic maps into the same annulus may exist
and this parameter count would be unjustified.

Investigation 11.5 (I05: two incommensurable conjugate periods). On a multiply connected
domain suppose a locally defined holomorphic function H has additive monodromy i around one
generator and i

√
2 around another. Can exp(aH) be single-valued for a nonzero real constant a?

State the general criterion for finitely many imaginary periods.

Solution. Single-valuedness requires a = 2πm and a
√

2 = 2πn for integers m,n. If a ̸= 0,
then m ̸= 0 and

√
2 = n/m, a contradiction. Thus no such nonzero real a exists. For periods

ip1, . . . , ipk, the general criterion is apj ∈ 2πZ for all j. When one period is nonzero, this requires
all nonzero period ratios to be rational with a common denominator after finitely many ratios
are reduced.

The annulus construction works because its first homology has rank one. On a general surface
the period subgroup can have higher rank. A scalar exponential can remove a cyclic imaginary
lattice; it does not remove arbitrary period data. A vector of periods, a lattice quotient or a
section with an automorphy factor may be the appropriate output. The impossibility proof
prevents using an annular formula as a global multi-hole coordinate without a compatibility test.

A numerical ratio close to a rational does not establish exact commensurability. Finite-
precision fitting must state whether it constructs an approximate local chart or certifies a
genuinely single-valued map. The latter requires exact period relations or rigorous bounds strong
enough to identify the relevant integers under a separately specified separation hypothesis.

Investigation 11.6 (I06: cusp extension and an essential singularity). Compare f(z) = z4 and
g(z) = exp(1/z) near the puncture of 0 < |z| < 1. Explain which admits the local finite-degree
extension used in §5.6 and why the other is not a counterexample to that extension theorem.

Solution. The first map extends holomorphically to zero, with a zero of order four. For every
sufficiently small target punctured disk, its preimage component at zero is a punctured disk and
the restriction is a four-sheeted covering. Its local fibre algebra is C{z}/(z4) and has dimension
four.

For g, along the positive real sequence zn = 1/n, g(zn) = en → ∞; along zn = −1/n,
g(zn) = e−n → 0; and along zn = 1/(2πin), g(zn) = 1. Thus the puncture is not sent to one
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well-defined target end. The proper end-map premise fails. In particular, infinitely many points
tending to the puncture map to the compact singleton {1}, contradicting properness into C∗ for
any collar containing those points.

The failure is geometric, not a numerical difficulty evaluating an exponential. A source
end-extension theorem can be applied only after its induced-end and finite/proper behavior has
been established. Merely being holomorphic on a punctured domain is insufficient. The three
explicit sequences give a finite analytical witness to that failure, and the repeated value sequence
identifies the violated compact-preimage condition directly.

11.2 Moduli, compactification and quotient geometry

Investigation 11.7 (I07: changing the lattice basis). For τ = 1
2 + i, compute the transformed

modulus τ ′ = −1/τ . Verify positive imaginary part and identify the linear rescaling of lattices.
Determine how an ordered period vector must change.

Solution. Multiplying by the conjugate yields τ ′ = (−1
2 +i)/(5/4) = −2/5+(4/5)i. Its imaginary

part is 4/5 > 0, agreeing with Im τ/|τ |2. The lattice Z+Zτ has the ordered basis (τ,−1), whose
oriented area is unchanged. Dividing that basis by τ gives (1,−1/τ), so multiplication by 1/τ
induces the biholomorphism to the normalized new torus.

If (a, b) are the old cycles, the new ordered cycles are (b,−a). A differential with periods
(A,B) has periods (B,−A) in the new basis. Holding (A,B) fixed after changing cycles would
not represent the same differential. The modular transformation preserves the surface while
changing its numerical coordinate description.

For algorithms, choosing a well-scaled fundamental parallelogram can improve convergence
of lattice sums. Any such improvement must include the cost of the basis change and the
transformation of periods, characters and boundary data. The present calculation proves
geometric equivalence and a precise data-transformation rule; it does not claim a measured
speedup for a particular lattice-sum implementation.

Investigation 11.8 (I08: compact triangle signatures). Classify the compact orientable triangle
orbifolds with signatures (2, 3, 5), (2, 3, 6) and (2, 3, 7), and compute the area of the last one in
curvature −1 normalization.

Solution. Their Euler characteristics are respectively

1
2 + 1

3 + 1
5 − 1 = 1

30 ,
1
2 + 1

3 + 1
6 − 1 = 0, 1

2 + 1
3 + 1

7 − 1 = − 1
42 .

All are good compact triangle signatures. U24 gives spherical, Euclidean and hyperbolic types in
that order. In the hyperbolic case Gauss–Bonnet gives − area = 2πχ, hence area = π/21 for the
orientation-preserving quotient. A single reflection triangle has half this area, π/42, because the
oriented triangle orbifold is the double of the reflection fundamental region.

This factor two is independent of the annular 2π normalization. Both arise from geometry,
but one is a quotient index and the other is the angular period of an exponential. Retaining
the convention avoids a common area mismatch. Exact rational arithmetic determines the sign
without floating-point uncertainty even for signatures close to Euclidean. The computational
task is finite here because the signature and the goodness hypothesis are given. It is not a
classification procedure for arbitrary program-described surfaces.

Investigation 11.9 (I09: a puncture changes the Euler-sign inference). Compute the ordinary
Euler characteristics of C, C∗ and the thrice-punctured sphere. Identify their uniformizing covers
and explain why the compact curvature-sign rule cannot be applied unchanged to all three.
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Solution. Compactifying each surface adds respectively one, two and three punctures to a sphere.
Thus χ = 1, 0,−1. The plane covers itself; the exponential covers C∗ by C; the thrice-punctured
sphere has the disk as universal conformal cover. In the last case its complete finite-area cusp
metric satisfies area = −2πχ = 2π.

The plane has positive ordinary Euler characteristic but is parabolic, so positivity alone does
not imply a spherical universal cover for a noncompact surface. Gauss–Bonnet on an exhaustion
includes boundary terms, and a complete flat plane has infinite area with a boundary contribution
at infinity. Dropping that contribution is invalid. For the finite-area punctured hyperbolic case,
cusp limits allow the stated area formula; those end assumptions are substantive.

The counterexample is directly relevant to the interpretation of source Theorem 5.9 when
finite conformal type includes punctures. The corrected compact theorem remains valid. The
noncompact Euclidean list and finite-area hyperbolic case require their own classification state-
ments. A public proof must preserve this distinction even when all three surfaces are drawn on
the same compactified sphere.

Investigation 11.10 (I10: translation and dilation quotients of the half-plane). Compare
H/⟨z 7→ z + 1⟩ and H/⟨z 7→ az⟩ for a > 1. Give explicit quotient coordinates and identify the
end geometry.

Solution. For translation, q = exp(2πiz) is invariant and maps the quotient bijectively to
0 < |q| < 1. If two points have equal q, their difference is an integer, proving injectivity on the
quotient. As Im z → ∞, q → 0 and the quotient has a cusp. Pulling back |dq|/(|q| log(1/|q|))
gives |dz|/ Im z.

For dilation, let ζ = log z = s + iθ, 0 < θ < π. Dilation acts by s 7→ s + log a. Therefore
w = exp(2πiζ/ log a) has radii e−2π2/ log a < |w| < 1. It is a finite round annulus with modulus
π/ log a. Its core closed geodesic has length log a: the vertical line through the imaginary axis
projects to the dilation axis, and the hyperbolic length from i to ai is

∫ a
1 dy/y = log a.

The parabolic versus hyperbolic group element is encoded in the quotient’s conformal modulus
and end structure. Both quotients are topological cylinders. Their different conformal types
cannot be inferred from that topology alone. The explicit coordinates also provide exact test
cases for branch and metric implementations.

11.3 Harmonic observables and spectral calculations

Investigation 11.11 (I11: a cubic Fourier mode on an annulus). On A(1, 2) prescribe inner
boundary value zero and outer boundary value cos(3θ). Find the harmonic solution and its
Dirichlet energy.

Solution. Write t = log r, L = log 2. The separated solution is

u(r, θ) = sinh(3 log r)
sinh(3 log 2) cos(3θ) = r3 − r−3

8 − 1/8 cos(3θ).

Its radial logarithmic coefficient solves v′′ − 9v = 0 with v(0) = 0, v(L) = 1, so it is harmonic and
has the required boundary values. Uniqueness follows from the maximum principle. In cylinder
coordinates the energy is

E = π

∫ L

0
(v′2 + 9v2) dt = π[vv′]L0 = 3π coth(3 log 2) = 65π

21 .

Here coth(3 log 2) = (64 + 1)/(64 − 1) = 65/63. The energy is exact, and the missing factor π
would correspond to a different Fourier normalization.
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A two-dimensional mesh solve is unnecessary for this single-mode specification. Evaluation
at m requested points costs O(m) elementary operations once the coefficient is known, which
is optimal in the output-size sense. For arbitrary boundary data, coefficient acquisition and
truncation must be included, so this example does not establish an unconditional linear-time
PDE algorithm.

Investigation 11.12 (I12: least energy for a prescribed circulation). Among smooth closed real
one-forms on A(1, eL) with period p around a positive circle, find the minimum squared norm∫

A |α|2 and its minimizer. Use the Euclidean metric; the form norm and area transform together.

Solution. In logarithmic coordinates, write α = a(t, θ) dt + b(t, θ) dθ. Conformal invariance
gives energy

∫ L
0
∫ 2π

0 (a2 + b2) dθ dt. Closedness implies ∂tb = ∂θa, so the angular integral of b is
independent of t and equals p. By Cauchy–Schwarz,∫ 2π

0
b(t, θ)2 dθ ≥ p2

2π .

Integration in t gives E ≥ Lp2/(2π). Equality requires a = 0 almost everywhere and b = p/(2π)
for every t, so the minimizer is α = (p/2π) dθ. It is smooth and closed and has the required
period, proving attainment and uniqueness in the smooth class.

The result is a concrete one-dimensional Hodge component extracted from a continuum of
possible forms. Exact forms with zero period contribute additional orthogonal energy after the
corresponding projection. This provides a period-based error diagnostic: a locally small residual
does not certify that a computed form has the correct global circulation. The lower bound is
global over the declared class, not an observation from one discretization.

Investigation 11.13 (I13: two boundary modes and thin-annulus conditioning). For the annular
Dirichlet-to-Neumann block at order n ≥ 1, compare symmetric data (1, 1) and antisymmetric
data (1,−1). Determine the condition number of the block and its behavior as nL → 0.

Solution. The block is n
(

coth(nL) − csch(nL)
− csch(nL) coth(nL)

)
. The displayed vectors are orthogonal

eigenvectors, with eigenvalues λs = n tanh(nL/2) and λa = n coth(nL/2). Both are positive.
Their ratio is coth2(nL/2). Since tanh x = x+O(x3) and coth x = x−1 +O(x),

λs ∼ n2L/2, λa ∼ 2/L, κ ∼ 4/(n2L2).

The poor condition number has a geometric interpretation: equal boundary values create a slowly
varying mode, whereas opposite boundary values force a steep cross-annulus gradient. Dividing
by the mean and difference eigenvalues gives an exact diagonal preconditioner for this block. Any
implementation must retain the separate zero-frequency block, which has a constant nullspace
before boundary differences are fixed.

The proof uses a two-dimensional invariant subspace in coefficient space and yields an exact
condition number. A visual plot of the field could reveal steep gradients but would not identify
this quantitative distinction between symmetric and antisymmetric data.

Investigation 11.14 (I14: optimally allocating unequal boundary tolerances). Suppose two
independent boundary approximations cost − log ε1 and −3 log ε2, and the interior error bound
is 1

4ε1 + 3
4ε2 ≤ δ. Determine the cost-minimizing positive allocation.

Solution. The cost decreases as either tolerance increases, so the constraint is active. A Lagrange
multiplier gives 1/ε1 = λ/4 and 3/ε2 = 3λ/4, hence ε1 = ε2 = 4/λ. The active constraint gives
both equal to δ. The apparent symmetry of the answer is caused by matching cost and harmonic
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weights: the second approximation is three times as expensive but contributes three times as
strongly to the bound.

Strict convexity of − log ε1 − 3 log ε2 on the positive quadrant makes the stationary point
the unique global minimum on the convex feasible segment. To prove sufficiency directly, set
x = ε1/δ, y = ε2/δ, so (x+ 3y)/4 ≤ 1. Weighted arithmetic–geometric mean gives x1/4y3/4 ≤ 1,
hence − log x− 3 log y ≥ 0, with equality only at x = y = 1.

This example explains why unequal geometric weights need not imply unequal tolerances. A
heuristic based only on geometric importance would miss the cost coefficients. Additional upper
bounds on tolerances lead to an active-set problem; the unconstrained formula must then be
clipped and reoptimized over the remaining variables.

Investigation 11.15 (I15: a torus heat evolution with two exact rates). On the rectangular
torus R2/(Z × 2Z), solve ut = ∆u with u(0, x, y) = cos(2πx) + 2 sin(πy). Determine the exact
L2 norm and the long-time dominant component.

Solution. The two modes are Laplacian eigenfunctions with eigenvalues 4π2 and π2. Thus

u(t, x, y) = e−4π2t cos(2πx) + 2e−π2t sin(πy).

They are orthogonal over the fundamental rectangle, each having squared norm one because its
mean square is one half and the area is two. Hence ∥u(t)∥2

2 = e−8π2t + 4e−2π2t. Differentiating
this expression agrees with −2∥∇u(t)∥2

2, proving the energy identity for the solution. The sine
component dominates because its decay exponent is smaller.

The calculation displays the role of the modulus: changing the vertical period changes only
the corresponding frequencies. A coordinate rescaling to a unit square changes the operator
to ∂2

x + 1
4∂

2
y′ , not the ordinary square Laplacian. Uniformization and normalization therefore

simplify geometry while preserving a metric-dependent operator. The exact modal solution is an
appropriate regression test for a periodic solver and its time-step interpretation.

Investigation 11.16 (I16: boundary and coordinate error in a composed observable). Let u
be harmonic on a domain V , F : U → V conformal, and F̃ an approximate coordinate map
with ∥F − F̃∥ ≤ η on a compact set K. Suppose the connecting segments lie in a region where
∥∇u∥ ≤ M , and a boundary-data approximation changes the exact harmonic field by at most ε
throughout that region. Bound the final observable error.

Solution. Let ũ denote the exact harmonic extension of the approximate boundary values, with
∥u− ũ∥∞ ≤ ε supplied by the maximum principle. Then

|u(F (w)) − ũ(F̃ (w))| ≤ |u(F (w)) − u(F̃ (w))| + |u(F̃ (w)) − ũ(F̃ (w))| ≤ Mη + ε.

The first estimate follows by integrating the gradient along the connecting segment. A pointwise
gradient bound only at F (w) would not suffice. If the field is represented by the real part of a
holomorphic function bounded by B in disks of radius d around the connecting segments, Cauchy’s
estimate supplies M ≤ B/d with the corresponding convention for the analytic representative.

The error budget separates coordinate construction from field approximation. Decreasing the
field discretization error below Mη gives little improvement until the map is refined. Conversely,
an exceptionally accurate conformal map can be wasted on poorly controlled boundary data.
This is a quantitative stopping criterion, subject to the stated compact-region and segment
hypotheses.

Investigation 11.17 (I17: a conformal radius from an explicit Green function). For a ∈ D,
verify the Green function G(z, a) = − log | z−a

1−āz | and compute the conformal radius of D at a.
Determine the ratio to the Euclidean distance from a to the boundary.
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Solution. The fraction is a disk automorphism sending a to zero. Its modulus is one on the unit
circle and less than one inside, so G is positive, has zero boundary values, and is harmonic away
from a. Near a,

G(z, a) = − log |z − a| + log(1 − |a|2) + o(1).

Thus the conformal radius is 1 − |a|2. It also equals the reciprocal modulus of the automorphism
derivative at a, confirming U13. The Euclidean boundary distance is 1 − |a|, giving ratio
1 + |a| ∈ [1, 2).

The general Koebe bound permits a factor up to four; the disk has stronger geometry and a
sharper exact ratio. Using the universal bound is valid but loses information. This distinction
between validity and sharpness is part of the adversarial method: a nonoptimal constant is
not a false theorem. The formula supplies an exact reference for Green-function regular-part
extraction, especially near the boundary where subtracting two logarithmic singular terms can
be numerically delicate.

Investigation 11.18 (I18: fixed-area tori and a sharp first-eigenvalue comparison). A rectangular
flat torus has side lengths a and 1/a, so its area is one. Determine its first positive Laplacian
eigenvalue and the value of a maximizing that eigenvalue among rectangular tori.

Solution. Its eigenvalues are 4π2(m2/a2 + n2a2) for integers (m,n). The first positive one is
4π2 min(a2, a−2), attained by a unit mode along the longer side. Since min(a2, a−2) ≤ 1 with
equality precisely at a = 1, the square torus uniquely maximizes this value within the rectangular
family, with optimum 4π2.

This proof includes the lower bound determining the first mode: every nonzero integer pair
has either |m| ≥ 1 or |n| ≥ 1, so its eigenvalue is no smaller than the displayed minimum. It also
proves the global maximum over all positive rectangular aspect ratios. It does not optimize over
all flat tori; oblique lattices form a larger competitor class. The spectral gap controls mean-zero
heat decay and Poincare constants, so the same geometric choice affects several observables. The
family restriction must be retained whenever the optimum is cited.

11.4 Branch surfaces in mathematical physics

Investigation 11.19 (I19: four sheets in one rational coordinate). Use k2
1 = E and k2

2 = E − 4.
At E = 25/4, enumerate the four sheets and the corresponding values of w = k1 + k2. Verify the
inverse formula on all four.

Solution. The momentum pairs are (5/2, 3/2), (5/2,−3/2), (−5/2, 3/2) and (−5/2,−3/2),
giving w = 4, 1,−1,−4. The inverse formulas

k1 = 1
2(w + 4/w), k2 = 1

2(w − 4/w)

recover these four pairs exactly. Negating k2 sends w 7→ 4/w; negating k1 sends w 7→ −4/w;
negating both sends w 7→ −w. Their compositions commute because the sheet group is Z/2×Z/2
in this two-independent-square-root model.

The branch values occur at k1 = 0 or k2 = 0, namely E = 0, 4. In the w-plane these are
respectively w = ±2i and w = ±2. The apparent four-sheeted energy description becomes
a rational map of one sphere, since the compactified surface has genus zero. Pole fitting in
w therefore avoids arbitrary energy-plane cut labels, but the inverse map and physical sheet
conditions must accompany the fitted function. The algebra does not establish unitarity or a
physical scattering model by itself.

Investigation 11.20 (I20: a genus obstruction to rational uniformization). For dis-
tinct thresholds a1, . . . , an, consider the normalized compact curve with function field
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C(E)(
√
E − a1, . . . ,

√
E − an). Compute the genus for n = 3 and n = 4, and decide whether a

one-to-one rational parameterization by the sphere can exist.

Solution. Each square class is independent: a nonempty product of distinct factors has odd
valuation at at least one aj and cannot be a square in C(E). The degree is therefore 2n. At each
finite threshold the inertia index is two and the contribution to ramification is 2n−1. At infinity
simultaneous sign reversal gives another inertia group of order two, with the same contribution.
Riemann–Hurwitz yields

2g − 2 = −2n+1 + (n+ 1)2n−1 = 2n−1(n− 3), g = 1 + 2n−2(n− 3).

Hence g = 1 for three thresholds and g = 5 for four. A biholomorphic rational parameterization
by the sphere would force genus zero, contradicting these values. For n = 3, an elliptic lattice
coordinate is available after uniformization; for n = 4, the universal cover is the disk and a
nonabelian quotient group is required.

The obstruction is topological and algebraic. Increasing the degree of a trial rational function
does not remove it if the desired output is a globally one-to-one coordinate. Rational approximants
to a selected observable on a compact region remain possible and have a different specification.
This prevents a successful local approximation from being reported as global uniformization.
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Chapter 12

Solved investigations: physics,
algorithms and certificates

12.1 Fields, energy and transformed physical equations

Investigation 12.1 (I21: a pole and a ramified observation coordinate). Let E(w) = (w+1/w)2/4
and A(w) = 1/(w − 2). Determine the local behavior of A as a function of E near w = 2, and
contrast it with a pole located at the ramification point w = 1.

Solution. At w = 2, E = 25/16 and E′(w) = (w+ 1/w)(1 −w−2)/2, so E′(2) = 15/16 ̸= 0. The
inverse function theorem gives w − 2 = (16/15)(E − 25/16) +O((E − 25/16)2) and therefore

A = 15/16
E − 25/16 +O(1).

The pole remains simple but its residue changes by the Jacobian. At w = 1, expansion gives
E(w) = 1 + (w − 1)2 + O((w − 1)3). A pole 1/(w − 1) thus becomes a branch singularity
proportional to (E − 1)−1/2 on a chosen local sheet.

A residue measured in the energy coordinate cannot be transferred unchanged to a uniformizing
coordinate. At a ramification point there may not even be a meromorphic energy-plane germ.
This is the same local-ring distinction as a multiplicity-two fibre. The analytic calculation supplies
both a leading coefficient and a diagnostic for when ordinary pole fitting is ill-posed. A small
least-squares residual against energy samples does not establish that the assumed pole model
has the correct local singularity.

Investigation 12.2 (I22: singular parameters of an illustrative brane curve). For y2 = (v2 −
u)2 − 1, determine all parameter values at which finite branch points collide. For nonsingular
parameters compute the parameter derivative of the period of λ = 2v2 dv/y over a continuously
transported closed cycle.

Solution. The four branch points satisfy v2 = u + 1 or v2 = u − 1. Within each pair a
collision occurs precisely when u = −1 or u = 1. A point belonging to both pairs would require
u+ 1 = u− 1, which is impossible. Thus these are the only finite collision parameters. Away
from them the compactification is a genus-one curve.

At fixed v, ∂uy = −(v2 − u)/y. Consequently ∂uλ = 2v2(v2 − u) dv/y3. Direct differentiation
of v/y gives

dv
y

− d
(
v

y

)
= 2v2(v2 − u)

y3 dv = ∂uλ.

The integral of the exact differential around a closed cycle is zero. Therefore the derivative of the
transported period is

∮
dv/y, with the cycle transported in a region avoiding the discriminant.

75



Uniformization and geometric analysis

The motion of a representative contour contributes an exact-variation term and leaves this
closed-cycle relation unchanged.

The relation identifies a period derivative with a holomorphic period. Physical interpretations
as charges or effective couplings need the relevant external theory and normalization. In particular,
the calculation alone does not prove confinement, a BPS spectrum or a global statement about
M theory. It provides a fully specified geometric mechanism used by such models.

Investigation 12.3 (I23: why a membrane does not inherit the string Weyl calculation). For a d-
dimensional parameter space with metric h, determine the Weyl scaling of S = 1

2
∫ √

hhab∂aX∂bX.
What happens at d = 2 and d = 3? How does a mass term change the two-dimensional conclusion?

Solution. Under hab 7→ e2ωhab, the determinant scales by e2dω and the inverse metric by e−2ω.
Thus the kinetic density scales by e(d−2)ω. It is invariant for d = 2, even for variable ω, because
no derivative of h appears in this expression. At d = 3 it gains a factor eω and is not invariant in
general. Hence the two-dimensional uniformization argument for a worldsheet does not directly
classify a membrane worldvolume.

A term 1
2m

2 ∫ √
hX2 scales by edω, so in two dimensions it breaks this classical Weyl invariance

unless the mass or field transformation is changed as part of a different model. Quantum
regularization can add further anomalies; none is inferred from the classical scaling calculation.
The dimensional factor is an exact obstruction to extending a useful string-theory representation
by terminology alone.

The comparison is therefore a model-validity result. The invariant two-dimensional kinetic
term can be evaluated in a conformal representative with its global moduli retained. The
three-dimensional term cannot be simplified by discarding the Weyl factor without changing the
action being extremized.

Investigation 12.4 (I24: heat current through a logarithmic annulus). A homogeneous planar
conducting layer of thickness d occupies A(1, e2). Its thermal conductivity is k > 0, and its
boundary temperatures are Ti > To > 0. Compute the steady temperature, heat current and
total entropy production.

Solution. The unique steady solution is T (r) = Ti + (To − Ti) log r/2. The outward radial heat
flux density is −kT ′(r) = k(Ti − To)/(2r). Multiplying by the circumference and thickness gives
the constant current Q = πkd(Ti − To). The normalized capacity is π, which recovers the same
result from the condenser formulation.

The local entropy-production density is k|∇T |2/T 2 times thickness. Its integral can be
calculated directly:

Ṡ = 2πkd
∫ e2

1

(Ti − To)2

4rT (r)2 dr = Q

( 1
To

− 1
Ti

)
≥ 0.

The substitution dT = −(Ti −To) dr/(2r) gives the equality. Positivity follows from the ordering
and strict positivity of temperatures. Celsius values cannot be inserted into the reciprocal-
temperature formula without conversion to absolute temperature.

The calculation is exact within steady, isotropic, temperature-independent conduction. Contact
resistance, radiative exchange, anisotropy and volumetric sources change either the boundary
conditions or equation. Uniformization supplies geometric reduction for the stated model; it does
not identify the conductivity or validate those constitutive assumptions experimentally.

Investigation 12.5 (I25: a Robin coefficient under conformal pullback). Suppose u satisfies
∂nzu+ β(z)u = g(z) on a smooth boundary arc of V . Let z = F (w) be conformal and v = u ◦ F .
Derive the boundary condition in the w coordinate, including the metric factor.
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Solution. At the boundary, a conformal derivative rotates and scales tangent and normal vectors
by |F ′(w)|. The chain rule therefore gives ∂nwv = |F ′| ∂nzu◦F when outward normals correspond.
Multiply the original equation by |F ′| to obtain

∂nwv + |F ′|β(F (w))v = |F ′| g(F (w)).

Thus a constant Robin coefficient is generally variable after pullback. Dirichlet data compose
without this factor; Neumann flux density acquires it; integrated flux remains invariant because
arc length transforms inversely in the paired expression.

This is an important limit of boundary simplification. A round coordinate boundary need not
carry constant transformed material coefficients. A solver which leaves β unchanged solves a
different boundary-value problem unless |F ′| = 1 on the boundary or the coefficient definition
already includes the factor. The formula gives a direct implementation test using a linear scaling
F (w) = aw: the coefficient must become |a|β, while the normal derivative has the corresponding
reciprocal physical scale.

Investigation 12.6 (I26: a reaction term is not conformally invariant). Transform −∆zu +
q(z)u = f(z) on V under z = F (w). State precisely when a harmonic coordinate reduction
remains valid and derive a coercive finite-dimensional comparison for positive transformed
coefficients.

Solution. The Laplacian transforms as ∆w(u ◦ F ) = |F ′|2(∆zu) ◦ F . Hence, with v = u ◦ F ,

−∆wv + |F ′|2q(F (w))v = |F ′|2f(F (w)).

Only the homogeneous equation with q = f = 0 becomes an unweighted harmonic equation.
Even a constant nonzero q becomes variable when the conformal scale varies. The weak form
has unchanged gradient energy and a weighted zero-order integral, which agrees with the direct
transformation.

If q ≥ 0 and the Dirichlet space has a Poincare inequality, the bilinear form is coercive. In
a common basis its matrix is A = K +Mq, where K is stiffness and Mq the weighted mass. If
q|F ′|2 is enclosed between q− and q+, then K + q−M ⪯ A ⪯ K + q+M . These are verifiable
spectral bounds for a chosen preconditioner, not an assertion that the mass term can be ignored.
The same distinction governs diffusion-reaction models in mathematical physics and engineering
chemistry.

Investigation 12.7 (I27: an exact finite Gaussian partition function). Let A = αI+2I−S−S−1

on a four-cycle, α > 0, and define Z(β) =
∫
R4 exp[−βxTAx/2] dx. Compute Z and the mean

quadratic energy.

Solution. Fourier diagonalization gives eigenvalues α, α+ 2, α+ 4, α+ 2. Thus detA = α(α+
2)2(α+ 4). An orthogonal real diagonalization preserves Lebesgue measure and separates the
four Gaussian integrals, giving

Z(β) =
(2π
β

)2
[α(α+ 2)2(α+ 4)]−1/2.

Differentiating −∂β logZ yields E[xTAx/2] = 2/β. Positive α is essential for a finite integral. At
α = 0, the constant mode has zero energy and its integral diverges; one may instead constrain
the mean or define a quotient measure, but that is another model.

The result verifies a finite determinant and a thermodynamic identity with no infinite reg-
ularization. Replacing the four-cycle by a continuum surface requires an infinite-dimensional
measure or regularized determinant, whose existence and normalization must be established
separately. The simple example is therefore a positive control for exact mode factoring and a
negative control against silently discarding zero modes.
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Investigation 12.8 (I28: a theta transformation with a certified tail). Let Θ(t) =
∑

n∈Z e−πtn2

and t = 1/16. Compare summing in the original representation with using Θ(t) = t−1/2Θ(1/t).
Give an explicit absolute tail bound after keeping only n = 0 in the dual sum.

Solution. The dual representation is Θ(1/16) = 4Θ(16). Its omitted tail is 8
∑∞

n=1 e−16πn2 .
Since n2 ≥ 1 + 3(n− 1) for integers n ≥ 1,

0 < Θ(1/16) − 4 ≤ 8e−16π

1 − e−48π
.

This is below 1.2 × 10−21, with that decimal comparison independently certifiable by ratio-
nal enclosures for the exponential. The symbolic bound is the primary result. The original
representation has much slower term decay because its exponent is −πn2/16.

The gain is caused by a proved identity and a change in representation, not by a change in
the target quantity. The cost of evaluating t−1/2 and transforming the parameter is negligible in
this finite example but belongs in an implementation model. At t = 1 the two representations
coincide. For a general positive t, selecting the representation with the larger Gaussian decay
coefficient reduces the number of terms required by the same tail criterion. Infinite sums are
never replaced by a finite count without an explicit remainder.

12.2 Exact algorithms and performance contracts

Investigation 12.9 (I29: a screened cycle with a prescribed two-mode input). For N = 8 and
A = 3

4I + 2I − S − S−1, solve Ax = b where bj = 1 + cos(πj/2). Explain the complexity when
the output is a coefficient pair and when it is all eight entries.

Solution. The constant mode has eigenvalue 3/4. The cosine has frequency k = 2 and eigenvalue
3/4 + 2 − 2 cos(π/2) = 11/4. Therefore

xj = 4
3 + 4

11 cos(πj/2).

Substitution using the shift identity cos(θ(j − 1)) + cos(θ(j + 1)) = 2 cos θ cos(θj) verifies the
equation directly. Positive definiteness gives uniqueness.

If the input is already represented by its two modal coefficients and the required output is
the same representation, the solve uses two scalar divisions. If all N values are required in the
generalized N -point case, output construction requires Ω(N) writes, and evaluating the two-mode
expression has O(N) work. A generic FFT is not the best method for this specially encoded
input; the spectral representation reveals a stronger sparsity. A dense solve and a two-coefficient
output are not equivalent-output competitors. Their fair comparison requires either materializing
all outputs or explicitly changing the contract.

Investigation 12.10 (I30: a geometry-derived iteration count). A preconditioned positive
definite operator has spectrum in [1, 9]. Find the optimal constant Richardson step and the least
number of iterations guaranteed by its exact worst-case interval contraction to reduce an error
by a factor 10−6.

Solution. U49 gives ω = 2/(1 + 9) = 1/5 and q = (9 − 1)/(9 + 1) = 4/5. The least integer
k satisfying (4/5)k ≤ 10−6 is 62: taking logarithms gives k ≥ log(106)/ log(5/4) ≈ 61.91. The
integer decision can be checked without logarithms by comparing 461106 with 561 and then 462106

with 562.
The result is a worst-case guarantee for this iteration and interval. It is attained on an

endpoint eigenvector when the endpoint is present. A smaller actual spectral interval can improve
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the estimate. A different method, such as conjugate gradients or a direct diagonal solve, has a
different cost and iteration theory. The example ties an energy-equivalence bound to a finite
iteration certificate and keeps transcendental approximation out of the final discrete acceptance
test.

Investigation 12.11 (I31: a nonconserved flow cannot supply a dual certificate). A path has
edge conductances 2, 3, 4, 5, 6. A proposed unit flow assigns edge currents (1, 1, 0, 1, 1). Explain
why its reciprocal energy cannot be used as a lower bound for the effective conductance. Compute
the valid unit-flow certificate.

Solution. The proposed flow has nonzero divergence at the two vertices adjacent to the zero-
current edge, so it does not transport one conserved unit from source to sink. Thomson’s principle
requires conservation at every interior vertex. The missing edge reduces its energy and would
create a falsely optimistic reciprocal bound.

On a path, a conserved unit flow must have current one on every oriented edge. Its energy is

R = 1
2 + 1

3 + 1
4 + 1

5 + 1
6 = 29

20 , C = 1
R

= 20
29 .

The potential drops are (10, 20/3, 5, 4, 10/3)/29, equivalently C/ci, and sum to one. These
potentials attain primal energy C, while the valid unit flow has reciprocal energy C, proving the
exact conductance by matching bounds. The checker must validate conservation before accepting
the numerical objective. Objective agreement in a few test examples cannot repair an unsound
feasible-set definition.

Investigation 12.12 (I32: unequal precision with a provable rounding allowance). For positive
weights wj , choose real precisions bj minimizing

∑m
j=1 bj subject to

∑
j wj2−bj ≤ ε, initially

without lower bounds on bj . Find the optimum and derive a feasible integer allocation whose
total cost is less than m bits above it.

Solution. Set xj = wj2−bj > 0. Then bj = log2wj − log2 xj . Minimizing total precision is
equivalent to maximizing

∏
j xj under

∑
j xj ≤ ε. Arithmetic–geometric mean shows the unique

optimum is xj = ε/m. Thus

b∗
j = log2(mwj/ε), B∗ =

∑
j

log2(mwj/ε).

Taking integer b̂j = ⌈b∗
j⌉ can only reduce each error contribution, so the allocation is feasible.

Since 0 ≤ b̂j − b∗
j < 1, its total cost is less than B∗ +m. If a lower precision bound is imposed,

coordinates whose unconstrained optimum lies below that bound must be fixed and the remaining
budget redistributed; the unrestricted formula must not be used blindly.

This proves an approximation guarantee for the integer allocation, not its exact optimality.
Exact integer optimization can be handled by a finite dynamic program after sufficient bounds
have been proved. The treatment separates a closed-form continuous optimum, a rigorous
rounded construction and the stronger discrete optimum claim.

Investigation 12.13 (I33: subdivision makes a Bernstein certificate sharp). For p(t) = t2 − t+ 1
on [0, 1], compare its quadratic Bernstein lower bound on the full interval with the bounds on
the two half-intervals. Determine whether either result proves the exact minimum.

Solution. On [0, 1] the coefficients are (1, 1/2, 1), so positivity and partition of unity yield only
p ≥ 1/2. On the first half, substitute t = s/2 to get p = 1−s/2+s2/4, with Bernstein coefficients
(1, 3/4, 3/4). On the second, substitute t = (1 + s)/2 to get p = 3/4 + s2/4, with coefficients
(3/4, 3/4, 1). Therefore p ≥ 3/4 over both intervals. Since p(1/2) = 3/4, the bound is attained
and the exact minimum is 3/4.
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The unsplit certificate was valid but nonsharp. One subdivision closes the gap because the
minimizer becomes an interval endpoint and the local control points no longer fall below its value.
This example is a complete finite test for basis conversion, subdivision and coverage checking.
A malicious certificate omitting a gap between the half-intervals would not certify the entire
domain, even if every listed coefficient were positive. Coefficient positivity and interval coverage
require separate checks.
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Figure 12.1: The unsplit Bernstein lower bound, the polynomial, and the true minimum.
Investigation I33 obtains the sharp bound by subdivision and an attaining point.

Investigation 12.14 (I34: winding totals lose nonabelian continuation information). Let two
loops act on three sheets by a = (12) and b = (23). Compare the words ab and ba, using
right-to-left permutation composition, and compute the commutator aba−1b−1.

Solution. The product ab sends 1 7→ 2 7→ 3 7→ 1, so ab = (123). The opposite product is (132).
Because a−1 = a and b−1 = b, the commutator is (ab)2 = (132), which is nontrivial. Yet its
total exponent of each generator is zero. Any scalar winding record that stores only those totals
identifies the commutator with the identity and loses the continuation result.

The full permutation can be updated in O(d) elementary table operations per generator
for d sheets; here d = 3. Storing a pair of integer totals is smaller but does not satisfy the
same output specification. The example is a precise information-loss counterexample to an
invalid optimization. The underlying geometry may still permit a reduced faithful representation
for a special monodromy group, but its faithfulness must be proved. Abelianization is not
automatically such a reduction.

Investigation 12.15 (I35: a consistency check for distributed chart transitions). Three chart
servers report scalar transition factors g01, g12, g20 ∈ C∗. Show that values u0, u1, u2 ̸= 0 satisfying
uj = gijui around the cycle exist exactly when g20g12g01 = 1. Test (1, 1,−1).

Solution. Substituting successively gives u0 = g20g12g01u0. Since u0 ̸= 0, the product must
be one. Conversely, choose arbitrary nonzero u0, set u1 = g01u0 and u2 = g12u1; the product
condition makes the final transition hold. For (1, 1,−1) the product is −1, so no such nonzero
global values exist.

In a connected graph, fixing a spanning tree determines all vertex values from one base
value; each remaining edge supplies a cycle consistency equation. This gives a finite exact
checker with one condition per independent cycle. If transitions are matrices or permutations,
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their multiplication order matters and the same spanning-tree argument uses ordered products.
Near-consistent floating-point products require a tolerance and gauge-fitting problem, which is
separate from exact descent. Such a test verifies consistency of reported chart data; it does not
guarantee network liveness, message delivery or resistance to compromised participants.

Investigation 12.16 (I36: complex torus multiplication does not establish encryption). Count
the points of E : y2 = x3 − x over F5, including the point at infinity. Show that doubling is
not a permutation of this group and explain why the complex-lattice picture alone supplies no
encryption-security proof.

Solution. For x = 0, 1, 2, 3, 4, the right-hand sides modulo five are 0, 0, 1, 4, 0. These have
respectively 1, 1, 2, 2, 1 square roots. There are seven affine points and one point at infinity,
totaling eight. The nonsingularity condition holds because x3 − x has distinct roots over F5. The
point (0, 0) has order two: its inverse is (0,−0) = (0, 0), and a nonidentity self-inverse point has
double equal to the identity. Hence doubling is not injective and cannot be a permutation.

For a finite cyclic subgroup of order n, multiplication by a public k is a permutation only when
gcd(k, n) = 1, in which case a public inverse k−1 mod n computes its inverse. It is therefore not
encryption by itself. Elliptic-curve cryptographic protocols require a security problem, parameter
selection, randomness, encoding and adversarial model. Uniformization over C explains complex
geometry, but reductions modulo a prime and finite-field group algorithms must be specified
independently. The exact point count is a small algebraic control, not a security benchmark.

12.3 Objective comparison and limits of inference

Investigation 12.17 (I37: preprocessing changes the preferred method). Two exact algorithms
solve the same query family. Their specified costs are TA(m) = 120 + 2m and TB(m) = 20 + 7m
units for m queries. Determine the preference region and the asymptotic ratio. What extra
information is needed to interpret the units as time?

Solution. Subtraction gives TA − TB = 100 − 5m. Thus B is cheaper for m < 20, the costs
agree at m = 20, and A is cheaper for m > 20. The ratio TB/TA tends to 7/2 as m → ∞. This
is a theorem about the given affine cost model. It includes setup in both methods and does not
charge one setup per query unless the representation is invalidated between queries.

To interpret the units as elapsed time, specify the elementary operations, their implementation
and hardware costs, data transfer, memory effects and concurrency. If they are arithmetic
counts, the ratio need not match runtime. If the inputs change so that A must rebuild its
representation every query, its cost becomes 122m and the previous preference region disappears.
If the requested output differs between methods, even the algebraic comparison is not relevant
until an equivalence contract is established. These conditions are part of a valid metric, not
optional experimental commentary.

Investigation 12.18 (I38: a six-cone sphere and a genus-two covering). An orbifold has
underlying sphere and six cone points of order two. Compute its orbifold Euler characteristic
and hyperbolic area. Compare it with the double cover branched at those six points.

Solution. The characteristic is 2 − 6(1 − 1/2) = −1. It is a good compact hyperbolic orbifold,
so its curvature −1 area is 2π. A double cover branched simply at all six points satisfies
2 − 2g = 2 · 2 − 6 = −2, hence g = 2. Pulling back the orbifold metric removes the order-two
cone singularities and gives area 4π, agreeing with the closed genus-two Gauss–Bonnet value
4π(g − 1).

This matching computation checks local branching, orbifold weights and global area simul-
taneously. Counting six branch points without their ramification indices would be insufficient
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for a higher-degree cover. Conversely, treating the cone points as ordinary smooth points in
the base would produce area inconsistent with the covering. The result explains why weighted
quotient geometry is computationally useful: it retains the data necessary for global invariants
while permitting a smaller fundamental domain.

Investigation 12.19 (I39: capacity cannot identify absolute size). For A(r,R), prove that
capacity alone cannot determine r and R separately. Determine what can be recovered from
capacity together with the outer circumference, and identify the conditioning of that recovery.

Solution. Capacity is C = 2π/ log(R/r), unchanged under (r,R) 7→ (ar, aR) for every a > 0.
Thus infinitely many absolutely different sizes have the same capacity. If the outer circumference
is P = 2πR, then

R = P/(2π), r = P

2π exp(−2π/C).

These formulas uniquely recover both radii. Their logarithmic derivatives are ∂ log r/∂ logP = 1
and ∂ log r/∂ logC = 2π/C. Consequently a small relative capacity error can be amplified when
the modulus is large. Circumference uncertainty enters linearly in relative terms.

The example separates identifiability from numerical precision. No amount of more accurate
capacity computation recovers a missing absolute length scale. Adding one independent dimen-
sional observation resolves the ambiguity, after which conditioning determines the attainable
accuracy. This is a general methodological requirement for inverse physical models: a conformal
invariant cannot determine data deliberately removed by conformal equivalence.

Investigation 12.20 (I40: a normalization test with an exact geometric witness). Choose an
annulus whose normalized condenser period is one. Compare the correct exponential coordinate
with a proposed formula having outer radius e. Give a direct finite expression witnessing the
discrepancy.

Solution. Take A(1, e2π). Its normalized potential is u = log r/(2π) and a local conjugate
is v = θ/(2π). The period of v under one positive loop is one. The correct coordinate is
F = exp(2π(u + iv)) = reiθ = z, with outer radius e2π. A formula claiming outer radius e is
inconsistent with its own value on u = 1: |F | = exp(2π), not exp(1).

If the exponent itself is changed to u+iv, the map is no longer single-valued, because v 7→ v+1
multiplies it by ei ̸= 1. Thus one cannot correct the radius by deleting the 2π from the exponent.
The angular period and radial logarithm must be normalized together. The positive inequality
2π > 1 already proves the two radii differ; high-precision numerical evaluation is unnecessary.

This witness checks the source formula using a known exact geometry. The correction is local
and specific. It does not diminish the general annulus uniformization theorem, whose proof U11
now supplies with consistent normalization and a degree argument. A source review should
record precisely that repaired formula and preserve the valid surrounding result.
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Chapter 13

Specialist applications with explicit
analytical reductions

13.1 Elliptic periods and a complete differential equation

The algebraic curve y2 = x(1−x)(1−mx) supplies a period already used to describe degeneration.
A further reduction expresses parameter dependence through a second-order differential equation.
This is useful in mathematical physics because it connects repeated period evaluation to a finite
differential system while retaining singular parameter values.

Define K(m) =
∫ π/2

0 (1 −m sin2 θ)−1/2 dθ for |m| < 1, using the branch equal to one at m = 0.
The binomial series converges uniformly on the integration interval when |m| ≤ r < 1. Its
coefficients are

(2n
n

)
/4n. Integration of sin2n θ can be derived by integration by parts:

In =
∫ π/2

0
sin2n θ dθ = 2n− 1

2n In−1, I0 = π

2 .

Consequently

K(m) = π

2

∞∑
n=0

anm
n, an =

((2n
n

)
4n

)2

,
an+1
an

= (n+ 1/2)2

(n+ 1)2 .

All interchanges above follow from locally uniform absolute convergence. They give a constructive
coefficient representation with positive real coefficients on the physical interval 0 < m < 1.

Theorem 13.1 (U53: the elliptic period equation and an explicit tail). For |m| < 1, the period
satisfies

m(1 −m)K ′′ + (1 − 2m)K ′ − 1
4K = 0.

If |m| ≤ r < 1, truncation after degree N has error at most

π

2
aN+1r

N+1

1 − r
.

The analytic solution with K(0) = π/2 is unique near zero.

Proof. Substitute K = (π/2)
∑
anm

n into the differential expression. Its coefficient of mn is
(n+ 1)2an+1 − (n+ 1/2)2an, which vanishes by the displayed recurrence. Termwise differentiation
is justified on every smaller disk. The ratio an+1/an < 1, so the coefficients decrease. Thus∑

n>N an|m|n ≤ aN+1r
N+1∑

j≥0 r
j , yielding the tail. The recurrence determines all coefficients

from a0 because (n+ 1)2 ̸= 0. Any analytic solution with the same initial value therefore has the
same Taylor series and coincides locally.
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The equation has singular parameter values 0, 1,∞. The function selected above is analytic at
zero, but another independent local solution has a logarithm there. At m = 1, the selected period
develops the logarithmic growth already explained by a pinching cycle. The finite-dimensional
differential system organizes this continuation; it does not eliminate its monodromy. A numerical
differential-equation solver must retain a path, initial branch and error enclosure.

For repeated evaluation within |m| ≤ r < 1, the coefficient recurrence requires O(N) exact
scalar updates, followed by O(N) evaluation work per point using Horner’s rule. Direct quadrature
has a different cost depending on endpoint behavior and requested tolerance. At r close to
one, the geometric bound becomes expensive and an alternative modular or complementary
representation is preferable. The theorem identifies that deterioration explicitly through 1 − r
and rN+1.

For high-energy or nuclear applications where an integral has been algebraically reduced to
an elliptic period, the reduction must identify the cross-ratio m, scale factor, integration cycle
and singular limits. The period equation then supplies a reusable computational component. It
does not prove that an arbitrary Feynman integral or coupled-channel amplitude has precisely
this curve. The source physical reduction remains a separate theorem or model specification.

13.2 Regular singular equations and projective coordinates

A second-order linear equation can also generate a local projective coordinate. Let y1, y2 be
linearly independent solutions of

y′′ +Q(z)y = 0

on a simply connected region where Q is holomorphic. Their Wronskian W = y′
1y2 − y1y

′
2 is

constant because W ′ = y′′
1y2 − y1y

′′
2 = 0. Where y2 ̸= 0, the ratio f = y1/y2 has derivative W/y2

2,
so it is locally univalent.

Proposition 13.2 (U54: a differential equation determines a Schwarzian). The ratio f = y1/y2
satisfies

S(f) = f ′′′

f ′ − 3
2

(
f ′′

f ′

)2
= 2Q.

Replacing the solution basis multiplies f by a Mobius transformation and leaves its Schwarzian
unchanged.

Proof. Since f ′ = Wy−2
2 , set q = f ′′/f ′ = −2y′

2/y2. Then S(f) = q′ − q2/2 = −2y′′
2/y2 = 2Q. If

(ỹ1, ỹ2) = (ay1 +by2, cy1 +dy2) with ad−bc ̸= 0, then f̃ = (af+b)/(cf+d). Direct differentiation
shows that a Mobius map has Schwarzian zero; the chain rule S(M ◦ f) = (S(M) ◦ f)(f ′)2 + S(f)
follows by differentiating the logarithmic derivative twice. Hence the Schwarzian is unchanged.

This relation connects local complex analysis, projective geometry and monodromy. Analytic
continuation of the solution basis around a loop acts by a matrix, and the ratio changes projectively.
A uniformizing coordinate demands additional global conditions on that monodromy. Solving the
local differential equation alone does not establish that the resulting ratio is a global bijection to
a canonical domain.

In conformal-field models the Schwarzian also enters a specified transformation law for the
stress tensor. The geometric identity above is classical and exact. Its multiplication by a
central charge, normalization by 12 or 24, and quantum interpretation must follow the selected
field-theory convention. The two uses share a differential invariant but have different premises.
For the exponential f(z) = eaz, the Schwarzian is −a2/2, since f ′′/f ′ = a and f ′′′/f ′ = a2. This
is a useful cross-check on cylinder-to-plane formulas.
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A certificate for a projective-coordinate computation can therefore check the residual S(f)−2Q
on a domain with a derivative lower bound, together with its monodromy matrices. A small
local residual without a nonzero derivative bound may conceal a singular ratio. A product of
monodromy matrices close to the identity is a numerical diagnostic; exact group relations or
certified error bounds are required for a rigorous descent statement.

13.3 A coupled-channel model with exact unitarity

Uniformizing square-root thresholds simplifies sheet structure. A physical amplitude additionally
needs a symmetry or conservation constraint. A simple finite-dimensional model shows how the
two requirements can be checked independently. Let K(E) be a real symmetric matrix on a real
energy interval and define

S(E) = (I + iK(E))(I − iK(E))−1.

The inverse exists because all eigenvalues of K are real, so 1 − iλ ̸= 0. If K is represented
rationally in a uniformizing coordinate, this Cayley expression is meromorphic in that coordinate
away from the determinant zeros.

Proposition 13.3 (U55: exact real-axis unitarity of a Cayley model). For every Hermitian
matrix K, the matrix S = (I + iK)(I − iK)−1 is unitary. If KT = K, then ST = S.

Proof. The matrices I + iK and I − iK commute because both are polynomials in K, as do their
inverses. Taking the adjoint gives S∗ = (I + iK)−1(I − iK). Multiplying by S and cancelling
commuting factors yields S∗S = I. For transpose symmetry, transpose the product and use
KT = K and commutation again, giving ST = S.

The eigenphase relation is explicit: if Kx = λx, then Sx = (1+iλ)/(1−iλ)x = e2i arctan λx. The
singularities of this representation satisfy det(I − iK) = 0 in the continued complex coordinate.
Real-axis Hermiticity alone says nothing about the positions of every off-axis pole or the correct
threshold power law. Those require analyticity and model-specific conditions.

For a low-rank reaction matrix K = UCU∗ with U of size n × r, the Woodbury identity
reduces the inverse of I − iUCU∗ to an r-dimensional inverse, when the required smaller inverse
exists. A version avoiding C−1 is

(I − iUCU∗)−1 = I + iUC(I − iU∗UC)−1U∗.

Multiplying by I − iUCU∗ verifies the formula. No inverse of C is assumed. This has potential
work O(nr2 + r3) for the smaller factors plus the cost of applying or materializing the output.
Producing the full dense S still requires Ω(n2) output writes. The reduction is especially useful
for the action Sx, where no dense output is required.

A perturbation estimate can be obtained without relying on numerical pole plots. For
Hermitian K, ∥(I − iK)−1∥2 ≤ 1. Since S = 2(I − iK)−1 − I, the resolvent identity yields

∥S(K + ∆K) − S(K)∥2 ≤ 2∥∆K∥2

when K+∆K is also Hermitian. This is a global real-axis Lipschitz estimate. Away from the real
axis, the corresponding inverse norms can grow and the estimate must include them. Threshold
coordinate conditioning remains a separate contribution.

This model is appropriate as a mathematical nuclear-scattering or particle-amplitude laboratory.
It makes no claim to fit measured cross sections, infer nuclear parameters or replace a coupled-
channel dynamical calculation. Its contribution is an exact analytic constraint and an explicit
low-rank computational contract that such a calculation can use.
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13.4 Cylinder sewing and an exact Schur complement

Consider two logarithmic cylinders of lengths L1, L2 joined along a common circle. For one
Fourier order n > 0, each cylinder has the symmetric boundary matrix

Dn(L) = n

(
coth(nL) − csch(nL)

− csch(nL) coth(nL)

)
.

If the exterior boundary amplitudes are a, b and the interface amplitude is x, total energy is the
sum of the two cylinder energies. Continuity fixes the same x on both sides, while stationarity
enforces flux balance.

Theorem 13.4 (U56: exact modal gluing). Eliminating the interface amplitude from the sum of
these two quadratic energies gives the exterior matrix Dn(L1 + L2). For the zero-frequency mode,
the effective scalar conductance is 1/(L1 + L2).

Proof. Write A = nL1, B = nL2. The stationary interface equation is

(cothA+ cothB)x = cschAa+ cschB b.

The denominator is positive. The off-diagonal entry of the Schur complement is

−n cschA cschB
cothA+ cothB = − n

sinh(A+B) ,

because coshA sinhB + coshB sinhA = sinh(A+B). A diagonal entry is

n

(
cothA− csch2A

cothA+ cothB

)
= n coth(A+B),

using cosh2A − 1 = sinh2A. The other is identical by symmetry. Thus the matrix is exactly
Dn(L1 + L2). For n = 0, energy is (x − a)2/L1 + (b − x)2/L2. Differentiation gives x =
(L2a+ L1b)/(L1 + L2), and substitution gives (b− a)2/(L1 + L2).

This is a continuous-domain counterpart of eliminating interior nodes in a resistor network.
The resulting boundary operator retains exactly the information needed to couple adjacent pieces.
A parallel implementation can solve subdomain modes independently and communicate interface
data. Its work depends on the number of retained modes and subdomains, while message latency
depends on the elimination tree. A chain eliminated sequentially has linear depth; a balanced
merge tree has logarithmic depth with enough processors and consistent interface orientation.

The argument supplies exact equivalence for cylinders. For general subdomains, approximate
Dirichlet-to-Neumann operators introduce approximation error. If the interface quadratic form is
uniformly coercive, the Schur-complement perturbation can be bounded using the inverse norm
of the interface block. Near a degenerating geometry this norm can grow. An implementation
should report that coercivity margin, not only the norm of its local residuals.

The conformal modulus adds under this end-to-end sewing: L = L1 + L2 and mod = L/(2π).
Conductance obeys the series law, whereas side-by-side disjoint channels obey a parallel law.
Confusing these two geometries reverses the formula. The zero mode exposes this immediately,
making it a useful independent checker for a much larger modal implementation.
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13.5 Homology, vanishing cycles and continuation matrices

The curve y2 = (x− a)(x− b)Q(x) develops a nodal degeneration as a → b, assuming Q(b) ̸= 0.
A small loop around the pair lifts to a cycle that shrinks. The local family is modeled, after
analytic coordinate changes, by uv = t with t → 0. For t ̸= 0, the neck is an annulus; changing
the argument of t by 2π produces one Dehn twist of that annulus.

To see the twist, choose local coordinates with u = reiθ and v = t/u. The angular gluing on
the two boundaries involves arg t− θ. Increasing arg t by 2π leaves the exterior data fixed while
inserting one full relative turn across the neck. This is exactly the mapping class of a Dehn twist.
The sign depends on the chosen complex orientation and transport convention, which must be
fixed before writing a matrix.

Proposition 13.5 (U57: homological transvection of a positive twist). With an orientation
convention in which a positive twist about a simple closed curve a adds a to a curve intersecting
it positively once, the induced map is

Ta(x) = x+ (x · a)a

on first homology. It preserves the intersection pairing. On a genus-one basis with b · a = 1, the
cycle a is fixed and b maps to b+ a.

Proof. Represent a cycle by oriented arcs transverse to the annular neighborhood of a. Each
crossing is changed by the twist into the original crossing plus one copy of the core, with
sign equal to its oriented intersection. Summing the contributions gives the formula. For two
homology classes x, y, expand their transformed intersection. The two cross terms cancel because
a · y = −(y · a), and the quadratic term vanishes because a · a = 0. Thus the pairing is preserved.
The genus-one statement follows by inserting the specified intersections.

For a closed differential transported with the family, periods transform by the same integral
cycle matrix. They cannot be treated as independent single-valued scalar functions around the
discriminant. In gauge-theory and string constructions, an interpretation of these periods as
central charges or couplings imports further physical structure. The homological transvection
itself is a topological conclusion of the local nodal model.

The theorem provides a finite consistency test: the continuation matrix must be integral,
invertible and preserve the symplectic intersection form. These conditions are necessary but do
not uniquely identify the monodromy of an arbitrary family. Its association with a vanishing cycle
must also be proved. A numerical period tracker that returns a matrix failing the intersection
identity is definitively inconsistent with the assumed cycle basis.

13.6 Torus isogenies and finite algebraic data

The complex torus C/Λ has the holomorphic multiplication map [n] : z 7→ nz. Its kernel consists
of (1/n)Λ/Λ, with n2 elements for n ̸= 0. Since the derivative is the nonzero constant n, the
map is unbranched. Every fibre is a translate of its kernel, and the degree is n2. This gives an
exact bridge from a local derivative to a global finite fibre count.

Proposition 13.6 (U58: a pairing on lattice torsion). Fix an oriented lattice basis (ω1, ω2) and
an integer n ≥ 2. On n-torsion points represented by (aω1 + bω2)/n, define

en((a, b), (c, d)) = exp
(2πi(ad− bc)

n

)
.

This is well defined modulo n, bilinear, alternating and nondegenerate. It is invariant under an
oriented unimodular change of lattice basis.
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Proof. Changing any integer coordinate by a multiple of n changes the determinant by a multiple
of n, leaving the exponential unchanged. Additivity of the determinant in each argument proves
multiplicative bilinearity. The determinant of a vector with itself is zero, proving alternation. If
the pairing with every (c, d) is one, pairing with (0, 1) gives a ≡ 0 (mod n), and pairing with
(1, 0) gives b ≡ 0 (mod n); thus the first point is zero. An integral basis transformation of
determinant one preserves the determinant, and hence the pairing.

This is a complex-lattice expression of the alternating torsion pairing. Its transport to algebraic
equations over other fields requires the corresponding algebraic construction and hypotheses,
particularly when characteristic divides n. No finite-field implementation is certified merely by
writing the complex exponential. The formula nevertheless provides a conceptual test for basis
transformations and exact torsion enumeration in the complex model.

The distinction between an isogeny and an isomorphism is decisive. For |n| > 1, the map has
a nontrivial kernel and is not invertible as a single-valued map. An inverse branch is available
only locally and has global monodromy. In cryptographic settings, using an isogeny requires a
specified domain/codomain representation and a security assumption. The degree formula counts
fibres; it does not prove that evaluating or inverting a public map is computationally hard.

There is a concrete computational consequence for the algebraic model: a rational function
describing ℘(nz) in terms of ℘(z) has degree n2. A proposed lower-degree global formula
would contradict fibre counting unless additional identifications or a restricted input class were
introduced. The degree is therefore a representation lower bound for that exact global observable,
distinct from bit complexity or cryptographic security.

13.7 Twisted boundary conditions and observable spectra

Ordinary functions on a torus are periodic. A section of a flat line bundle may acquire phases
under lattice translations. On a rectangular torus of lengths Lx, Ly, impose

f(x+ Lx, y) = e2πiαf(x, y), f(x, y + Ly) = e2πiβf(x, y),

with real α, β. The phases commute, so the edge identifications are consistent. A unitary gauge
transformation extracts the factor e2πi(αx/Lx+βy/Ly) and leaves a periodic function.

Proposition 13.7 (U59: exact twisted Laplacian modes). The functions

fmn(x, y) = exp
(

2πi
[

(m+ α)x
Lx

+ (n+ β)y
Ly

])
, (m,n) ∈ Z2,

form a complete orthogonal family in the twisted L2 space and have eigenvalues

λmn = 4π2
(

(m+ α)2

L2
x

+ (n+ β)2

L2
y

)

for −∆. A zero mode exists exactly when both phases are trivial, α, β ∈ Z.

Proof. The displayed functions satisfy both boundary conditions by integer periodicity. Differ-
entiation gives the eigenvalues. Multiplication by the unit-modulus gauge factor is a unitary
map from the ordinary periodic L2 space to the twisted space. The ordinary Fourier basis is
complete; its unitary image is therefore complete and orthogonal. The eigenvalue is zero only if
m+ α = n+ β = 0 for integers m,n, equivalent to the stated condition.
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Twists shift the spectrum without changing local flat geometry. Thus topology plus local
curvature does not determine every physical spectral observable: bundle holonomy is additional
data. This is relevant to quantum phases, thermal partition sums and distributed boundary
conditions that carry character factors. A solver imposing ordinary periodicity when the model
requires a nontrivial twist silently changes the zero-mode and low-frequency behavior.

For the antiperiodic case α = 1/2, β = 0, the lowest eigenvalue is π2/L2
x. There is no constant

zero mode, so the unregularized Gaussian integral for any finite modal truncation is coercive.
For α → 0, that coercivity degenerates quadratically. The divergence of the corresponding
determinant factor has a direct spectral explanation and is not resolved by increasing arithmetic
precision.

13.8 Logical complexity and the effect of shared lemmas

Proof length depends on the language and previously admitted lemmas. A proof written using
a global uniformization theorem is short only because the theorem’s proof has already been
developed. A comparative claim about logical complexity should therefore specify a finite
dependency graph, the admissible inference rules and the charging convention for reused results.

Let a directed acyclic graph contain nodes representing lemmas or calculations. Associate
a nonnegative verification cost c(v) to each node. For a target set T , its dependency closure
D(T ) is the union of all required predecessor nodes including T . A shared verification cost is∑

v∈D(T ) c(v). Independent proof expansion instead sums each target closure separately and may
count common lemmas multiple times.
Proposition 13.8 (U60: exact accounting for shared verification). For any finite target family
T1, . . . , Tm in a fixed acyclic dependency graph,∑

v∈
⋃

j
D(Tj)

c(v) ≤
m∑

j=1

∑
v∈D(Tj)

c(v).

The difference is exactly
∑

v(mv − 1)+c(v), where mv is the number of target closures containing
v.

Proof. Interchange the finite sums on the right. Each node contributes mvc(v) there and con-
tributes c(v) on the left precisely when mv > 0. Subtraction gives the formula, and nonnegativity
follows from c(v) ≥ 0.

The proposition justifies canonical proof ownership and dependency reuse. It does not prove
that two differently formalized arguments have the same node cost, nor that a shorter dependency
graph is easier for a human reader. Those are different measurements. In a proof assistant, replay
time also depends on term representation, reduction strategy and trusted computation. In an
expository monograph, definitions and explanations can be pedagogically necessary even when
they are not new mathematical nodes.

For temporal complexity, the graph additionally carries precedence constraints. With unlimited
processors and node execution times c(v), the critical-path sum is a lower bound on completion
time. Total work divided by the number of processors is another lower bound. Any claimed
parallel advantage must respect both and the communication cost. Uniformizing a problem can
reduce the number of coupled degrees of freedom, but it can also introduce global transforms or
period calculations. The cost ledger includes those stages explicitly.

The mathematical optimum of a cost model and the observed performance of one program
are kept in separate fields. The finite timing experiment in the next chapter is accompanied
by output residuals, repeated observations and a strong structured control. No unrestricted
maximality or machine-independent speed factor is inferred from its medians.
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Chapter 14

Boundary solvability and a posteriori
coordinate control

14.1 Harmonic distributions and interior regularity

The variational construction in Chapter 2 first produces an element of an energy space. Uni-
formization uses a holomorphic function and therefore requires a classical harmonic representative.
In conformal coordinates this passage has a particularly direct distributional proof.

Let u be a distribution on an open planar set with ∆u = 0. Fix a relatively compact disk and
convolve locally with a smooth radial approximate identity ρε. The smooth function uε = u∗ρε is
harmonic on every smaller disk because distributional differentiation commutes with convolution.
For a smooth harmonic function v, its circular mean about a point is constant: differentiating the
circular mean in the radius and applying the divergence theorem gives a multiple of

∫
Dr

∆v = 0.
Its value at radius zero is v at the centre. Averaging those circular means with any radial smooth
kernel of integral one gives v ∗ ρr = v, wherever the radius-r disk is contained in the domain.

Theorem 14.1 (U61: Weyl regularity in the conformal coordinate). A distribution satisfying
∆u = 0 on a planar domain has a unique smooth harmonic representative. A weakly harmonic
energy function on a Riemann surface consequently has a smooth harmonic representative in
every conformal chart.

Proof. Choose a compact set K contained in a disk whose larger fixed neighborhood remains
inside the domain. Select r > 0 smaller than that clearance. For all sufficiently small ε, the
mean-value calculation gives uε ∗ ρr = uε on K. Pass to the distributional limit as ε → 0:
u ∗ ρr = u on the interior of K. The left side is smooth, since convolution of a distribution with a
compactly supported smooth kernel is smooth wherever the convolution is defined. It is harmonic
because its Laplacian is (∆u) ∗ ρr = 0. Such local smooth representatives agree as distributions
on overlaps, and their difference, being a continuous function vanishing distributionally, is zero
pointwise. They therefore glue uniquely.

For a weakly harmonic function on a conformal surface, the local Dirichlet form is the Euclidean
integral

∫
∇u · ∇φ, since the conformal metric factors cancel in dimension two. Its vanishing for

compactly supported test functions says ∆u = 0 distributionally in the chart. Apply the planar
result and glue the representatives.

For a smooth Poisson source, one first subtracts a local smooth solution. A local construction
is convolution of a cut-off source with the logarithmic fundamental solution, with the residual
correction supported away from the interior compact set; repeated differentiation or elliptic
potential estimates show smoothness there. The remaining distribution is harmonic and U61
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applies. This step concerns interior regularity; boundary values require a separate argument.
Smoothness of the representative alone does not establish the required Dirichlet trace.

The proof exposes a useful verification boundary. A finite element residual is not a distributional
equality on all test functions. Its vanishing on the finite trial space supplies Galerkin orthogonality,
not U61 directly. To conclude a classical field has been approximated, one needs a convergence or
a posteriori estimate connecting the discrete solution to the exact weak solution. The variational
residual bound in Chapter 5 gives one such route under a coercivity hypothesis.

14.2 Boundary barriers and continuity of the Dirichlet solution

Let Ω be a relatively compact domain and p ∈ ∂Ω. A barrier at p is a positive superharmonic
function bp on Ω, continuous up to the relevant boundary neighborhood, which tends to zero at
p and stays bounded away from zero outside every neighborhood of p. Such a function converts
boundary continuity into an inequality preserved by the maximum principle.

On a domain with a local exterior tangent disk, a logarithmic barrier can be obtained from
log(|z − c|/R), where the exterior disk has centre c and radius R and touches only at p in the
local neighborhood. The logarithm is nonnegative on the domain side, harmonic there and zero
at the touching point. It is bounded below on a small separating arc away from p, so it can be
capped and extended by a positive constant outside that neighborhood. The minimum of positive
superharmonic functions is superharmonic in the comparison sense, making the extension valid.

For a nondegenerate corner, use a local sector of opening α < 2π containing the domain near
the corner. With polar angle measured from its bisector, choose 0 < γ < π/α. The harmonic
function rγ cos(γθ) is positive on the closed sector away from its vertex because |γθ| < π/2. It
tends to zero only at the vertex and can be patched by the same capping construction. This
proves regularity for the piecewise smooth Jordan boundaries specified at the start, without
assuming every corner is convex.

Proposition 14.2 (U62: a barrier enforces the boundary value). Let g be continuous on the
compact boundary and let H be a bounded harmonic Dirichlet solution obtained by the variational
or Perron construction, with comparison against continuous superharmonic boundary majorants.
At every point possessing a barrier, H(z) → g(p) as z → p from inside.

Proof. Fix ε > 0. Boundary continuity gives a neighborhood V of p in which |g − g(p)| < ε. On
the remaining compact boundary set, the barrier has a positive lower bound c. Choose M large
enough that Mc exceeds 2∥g∥∞ + |g(p)| + 1. Then g(p) + ε+Mbp majorizes g on the boundary,
while g(p) − ε−Mbp minorizes it. The comparison property gives

g(p) − ε−Mbp(z) ≤ H(z) ≤ g(p) + ε+Mbp(z).

As z → p, the barrier term tends to zero. The upper and lower limits of H lie within ε of g(p).
Let ε → 0.

For the variational construction, comparison follows by testing the positive part of the
difference against a majorant, approximating it in the zero-trace space when necessary. If H −B
has nonpositive boundary trace and B is superharmonic, then

∫
|∇(H −B)+|2 ≤ 0. Thus the

positive part is zero. The lower comparison follows after changing signs. This connects the barrier
argument with the Hilbert-space existence proof instead of postulating boundary continuity as
an unexplained property of a weak solution.

The specified regularity of the boundary matters. A completely arbitrary domain may have
irregular boundary points where classical Dirichlet data are not attained. The source’s piecewise
smooth hypothesis supplies the local barriers used here. A numerical grid that rounds off an
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irregular boundary has altered the domain and may appear to restore continuity; such behavior
does not prove regularity of the original boundary.

14.3 The logarithmic singularity and independence of its cut-off

A Green function with pole a is constructed locally from − log |z− a| and globally corrected by a
Dirichlet solution. Choose two cut-off functions χ1, χ2 equal to one near a and supported inside
coordinate neighborhoods. The difference (χ1 − χ2)(− log |z − a|) is smooth because it vanishes
near the singularity. Its Poisson correction exactly compensates the difference in cut-offs.

Proposition 14.3 (U63: uniqueness of the normalized Green function). Two Green functions
on the same bounded regular domain with pole a, coefficient −1 in front of log |z − a|, and zero
boundary values coincide. Their regular part transforms under a coordinate change ζ = ψ(z) by
addition of log |ψ′(a)|.

Proof. The difference of the Green functions is harmonic away from a and bounded near a because
the logarithmic singularities cancel. The removable-singularity theorem extends it harmonically
through a. It has zero boundary values, so the maximum principle applied to it and its negative
gives zero everywhere. This proves uniqueness and independence of the cut-off construction.

For the coordinate transformation, write ψ(z) − ψ(a) = ψ′(a)(z − a)(1 + o(1)). Therefore
− log |z − a| = − log |ζ − ψ(a)| + log |ψ′(a)| + o(1). If G = − log |z − a| + cz + o(1), its regular
part in the ζ coordinate is cζ = cz + log |ψ′(a)|. Exponentiation gives the corresponding scaling
of conformal radius.

The equality of Green functions is a uniqueness theorem, not a particular numerical method.
A computed regular part can be checked against two independently chosen cut-offs or coordinates.
Agreement within a certified error interval is a useful implementation test; exact invariance is
already guaranteed by the theorem. A raw difference between coordinate regular parts should
equal the logarithmic derivative correction and is not necessarily a defect.

The pole normalization also determines the flux. On a small circle around a, the integral
of the conjugate differential of − log |z − a| is −2π in counterclockwise orientation. The sign
changes when the circle is regarded as an inner boundary with its induced domain orientation.
This convention is used in the exponential Green-coordinate proof. It accounts for both the
simple zero and the degree-one conclusion after the exponential is formed.

14.4 Residuals, admissible fields and a certified capacity interval

A conformal map of an annulus depends on the period p, which equals the normalized capacity.
The useful numerical objective is often a certified enclosure of p, not an approximation to every
point of the map. The primal and dual principles provide that enclosure from admissible functions
and flows.

Let v have boundary values zero and one, and let j be a divergence-free unit-flux field
connecting the boundary components. With the energy conventions of U45, set P =

∫
|∇v|2 and

R =
∫

|j|2. Then 1/R ≤ p ≤ P . If the trial fields have exact admissibility and PR is close to
one, the capacity interval is narrow. A small residual alone does not replace these feasibility
requirements.

Proposition 14.4 (U64: propagating a primal–dual interval to modulus). If 0 < ℓ ≤ p ≤ u,
then

1
u

≤ mod(A) ≤ 1
ℓ
,

2π
u

≤ log(Rmnorm) ≤ 2π
ℓ
.
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The relative width measured against the lower modulus bound is exactly u/ℓ− 1. For primal–dual
bounds ℓ = 1/R, u = P , this is PR− 1.

Proof. The functions p 7→ 1/p and p 7→ 2π/p are decreasing on positive arguments. Apply them
to the interval. The modulus width is 1/ℓ − 1/u; divide by the lower endpoint 1/u to obtain
u/ℓ− 1. Substituting the primal and dual bounds gives the final expression.

Thus PR− 1 has a direct geometric meaning, in addition to its variational interpretation. It
is an objective, dimensionless stopping criterion for the modulus enclosure. The scalar criterion
should not be generalized to pointwise coordinate accuracy without further estimates, because
different harmonic fields may have similar energy. It also requires both energies to be bounded
rigorously when they arise from numerical quadrature.

Figure 9.1 gives the illustrative energy-gap model. The exact rational path certificate is listed
separately in the computational record.

14.5 Error in the exponential coordinate on a fixed cut surface

On a cut annulus, write the exact complex potential as H = u + iv and the exact map as
F = exp(2πH/p). Suppose approximations H̃, p̃ satisfy, on a compact subset of the cut surface,

|H − H̃| ≤ η, |p− p̃| ≤ δ, p, p̃ ≥ p− > 0, |H| ≤ B.

These are hypotheses to be proved by a particular numerical method, not assumed consequences
of small mesh size.

Proposition 14.5 (U65: exponential-coordinate enclosure). Under these bounds,∣∣∣∣∣2πHp − 2πH̃
p̃

∣∣∣∣∣ ≤ D := 2π
(
η

p−
+ Bδ

p2
−

)
.

If both exponents have real parts at most M , then |F − F̃ | ≤ eMD.

Proof. Decompose H/p− H̃/p̃ = (H − H̃)/p̃+H(p̃− p)/(pp̃) and apply the four bounds. For
arbitrary complex a, b, ea −eb = (a− b)

∫ 1
0 eb+t(a−b) dt. The real part along the segment is at most

max(ℜa,ℜb) ≤ M , so the integral modulus is at most eM . Substitution proves the result.

The cut is important. If the approximate potential has period p̃ and the same value is used
in the exponent, the approximate exponential may descend exactly. If the actual period of H̃
is pH ̸= p̃, its value after one loop is multiplied by exp(2πipH/p̃). It is not a single-valued map
on the uncut annulus. When |pH − p̃| ≤ εp, the seam discrepancy factor is bounded by 2πεp/p̃,
using |eix − 1| ≤ |x|. This is a controlled defect, not exact descent.

For a global injectivity certificate, additional local derivative and boundary-degree information
is required. A small uniform coordinate error on a compact set can prevent the image from
crossing a specified separated contour, but it does not by itself exclude arbitrarily small-scale
folds in an unconstrained approximate map. Holomorphicity, derivative estimates and properness
supply the relevant structure. The finite algorithm must state which of these it certifies.

14.6 A derivative margin and local inverse radius

The inverse-function theorem is qualitative. A quantitative version follows from a derivative
comparison on a disk and is suitable for a certificate checker. Let f be holomorphic on D(z0, r)
and continuous on its closure, let a = f ′(z0) ̸= 0, and suppose |f ′(z) − a| ≤ q|a| there for some
0 ≤ q < 1.
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Proposition 14.6 (U66: a certified injective disk and image disk). Under these hypotheses, f is
injective on the disk and

(1 − q)|a| |z − w| ≤ |f(z) − f(w)| ≤ (1 + q)|a| |z − w|.

Its image contains D(f(z0), (1 − q)|a|r).

Proof. The line segment joining z, w lies in the convex disk. Integrating f ′ − a along that
segment yields |f(z) − f(w) − a(z − w)| ≤ q|a||z − w|. The two norm inequalities follow
from the triangle inequality, and the lower bound proves injectivity. For a target y with
|y − f(z0)| < (1 − q)|a|r, compare f(z) − y with a(z − z0) on the boundary. The difference has
modulus at most q|a|r + |y − f(z0)| < |a|r. Rouche’s theorem therefore gives exactly one zero of
f − y inside. Every such y belongs to the image.

If a certified second-derivative bound |f ′′| ≤ M is available, the condition follows from
Mr ≤ q|a|. A desired inverse radius can then be guaranteed by explicit rational inequalities
enclosing M , |a| and r. The theorem gives a continuum statement from finite bounds. It differs
from checking a finite grid of positive Jacobians, which may miss a defect between samples.

Applied to a computed uniformizing chart, this local result must be combined with an atlas-
overlap and global degree argument. Those conditions join the local disks consistently and rule
out incorrect sheet choices. The separate inequalities also help allocate computational effort:
refining a region with large derivative margin may be unnecessary while a near-critical patch
controls the total certificate cost.

14.7 Boundary approximation and the maximum-principle cer-
tificate

Let u be the harmonic solution for boundary data g, and let v be an independently constructed
harmonic trial function. If |v − g| ≤ ε everywhere on the boundary, then |v − u| ≤ ε throughout
the domain. The proof applies the maximum principle to v − u − ε and its negative. Thus
a certified boundary approximation controls an entire interior, provided exact harmonicity is
known.

A polynomial in a holomorphic coordinate has harmonic real part, so it is one possible trial
space. The approximation class must be suited to the domain and allowed singularities; on an
annulus one generally needs Laurent terms and a logarithmic harmonic mode. A polynomial-only
basis can fail to represent the nonzero period sector. The finite-vector/Hilbert-space methods
from the earlier PHI corpus identify the optimal projection once the correct space has been
chosen, while the uniformization analysis identifies that space’s global compatibility conditions.

When a trial function has a nonzero Poisson residual, the boundary maximum argument
needs an additional barrier or coercive resolvent bound. For example, on a disk of radius R, if
|∆(v − u)| ≤ δ and the boundary discrepancy is at most ε, comparison with δ(R2 − |z|2)/4 gives
|v − u| ≤ ε+ δR2/4. This follows because the Laplacian of (R2 − |z|2)/4 is −1. The signs in the
upper and lower comparisons must be treated separately. A conformal change transforms the
residual by its Jacobian and therefore changes the coefficient of the barrier estimate.

The hierarchy is now explicit: exact admissibility gives variational bounds; a positive period
interval gives modulus bounds; harmonic and conjugate-potential bounds give a coordinate
bound on a cut; period matching gives descent; derivative margins give local injectivity; and a
global degree condition gives the intended global map. Each arrow has a distinct mathematical
proposition. The formalization register preserves those propositions individually, so a passing
scalar calculation is not promoted to complete uniformization verification.
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14.8 Periodic quadrature after uniformization

The logarithmic or torus coordinate often turns a contour observable into an integral over a
periodic parameter. Analyticity then produces an explicit convergence rate for the equally spaced
trapezoidal rule. The parameter strip width is geometric information: nearby singularities or
branch collisions reduce it and increase the necessary sample count.

Proposition 14.7 (U67: a certified periodic quadrature bound). Let f be 2π-periodic and
holomorphic in a neighborhood of the closed strip | Im z| ≤ σ, with |f | ≤ M there. Let

I = 1
2π

∫ 2π

0
f(x) dx, QN = 1

N

N−1∑
j=0

f(2πj/N).

Then
|QN − I| ≤ 2Me−σN

1 − e−σN
.

In particular, N ≥ σ−1 log(1 + 2M/ε) is sufficient for error at most ε.

Proof. For the Fourier coefficient ck = (2π)−1 ∫ 2π
0 f(x)e−ikx dx, move the integration contour to

Im z = −σ when k > 0 and to +σ when k < 0. The two vertical sides cancel by periodicity. The
horizontal integral gives |ck| ≤ Me−|k|σ. These bounds imply absolute and uniform convergence
of the Fourier series on the real axis.

Insert this series into QN and interchange the finite sample average with the absolutely
convergent series. The roots-of-unity sum is one for k divisible by N and zero otherwise, so
QN =

∑
m∈Z cmN , while I = c0. Therefore |QN − I| ≤ 2M

∑
m≥1 e−mNσ, which is the stated

geometric sum. Solving its inequality with ε gives the sample requirement.

For M = 1, σ = 3/10 and target 10−6, forty-nine samples suffice by the displayed bound. This
conclusion is conditional on the strip bound, not on an observed decay pattern of a few sample
differences. A rigorous computation can enclose M through an independent complex-domain
estimate. If the function is given only by a black-box evaluator on the real line, U47 prevents
deriving such a bound from finitely many values without an additional prior.

The roots-of-unity identity also shows the exact aliasing mechanism. A mode of frequency N
has zero integral but takes the same value at every grid point. Consequently sample agreement
is not proof of low-frequency content. The analytic envelope suppresses the amplitude of such a
hidden mode by an exponential factor. This supplies the mathematical link between geometry,
admissible information and numerical accuracy.

For an annular physical observable, first express the boundary integral in the angular coordinate
and include its transformed arc-length or flux factor. If that factor reduces the strip of analyticity,
it controls the actual rate. Omitting it may produce a faster-converging calculation for the wrong
observable. Likewise, a branch point on the proposed shifted contour invalidates the coefficient
estimate; moving the contour or changing the coordinate then becomes part of the certified
method.
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Chapter 15

Proof status, reproducible certificates
and quantitative evidence

15.1 A fixed and inspectable obligation universe

The source denominator is nine numbered results in seven subsections. The reconstruction has
sixty-seven explicitly labelled theorem-level assertions U01–U67 and forty solved investigations
I01–I40. These are authoring units, not sixty-seven mechanically accepted proofs. The source-
obligation table identifies the primary derivation of every source result. Additional assertions
have a separate identity and do not inflate the source-completion denominator.

Source Proof locations Disposition

5.1 U08, U18, U19 Three-model statement proved through the open
and compact alternatives.

5.2 U01, U10 Universal-cover complex structure and free deck-
group quotient classification.

5.3 U02, U03, U05, U11 Harmonic period and degree-one construction; outer-
radius normalization repaired.

5.4 U07, U12, U13 Green-function construction gives a proper disk co-
ordinate and its normalization.

5.5 U14–U18 Exhaustion with nonconstant injective limit and an
explicit surjectivity argument.

5.6 U19 Compact simply connected surface; extension at the
omitted point.

5.7 U20, U21 Cusp and circle-end extension under the declared
proper-germ/regular-collar conditions.

5.8 U22 Embedding gives degree one and a boundary home-
omorphism.

5.9 U23–U25 Good-orbifold foundation is imported explicitly;
compact and punctured statements are separated.

The corrected treatment of an ambiguous or overbroad assertion is not counted as a proof
of its unqualified literal wording. In particular, the annular exponential factor, the behavior
of limits under exhaustion, the hypotheses on end maps, and the use of Euler characteristic
for punctured surfaces are recorded separately. Every theorem is read with its stated class of
surfaces, boundary conventions and normalization.

The mathematical developments rely on a finite set of named foundations: elementary
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complex calculus and the argument principle; covering-space and surface topology; Hilbert-space
completion and projection; regular-domain elliptic solvability and regularity; and the topological
goodness classification for two-dimensional orbifolds. The earlier PHI volume supplies the
stated Montel, Koebe and proper-map results. The present text reconstructs the functional and
geometric steps it uses and spells out its new limit and normalization arguments. The entire
foundational library of topology, PDE and algebraic geometry is not represented as mechanically
closed in this publication. An acceptance register must retain each imported theorem as an
obligation for subsequent formal replay.

15.2 What the executed checks establish

The principal verification script executed eighty-two named checks. The extension script executed
forty-five further checks. Together they comprise 127 named finite and symbolic checks.
Nine additional negative controls were rejected. The mathematical claims, finite instances,
numerical diagnostics and negative tests occupy separate records, so their totals cannot be added
to manufacture an accepted-theorem count.

Evidence class Contents and interpretation

Exact rational arith-
metic

Pi and logarithm bounds, reciprocal capacity/modulus enclo-
sure, a resistor-path solution, compact signature signs, finite-
field point counts and integer iteration thresholds.

Symbolic identities Two-threshold coordinate formulas, the illustrative period
derivative, Liouville curvature, rational gluing identities and
exact finite matrix unitarity.

Finite logical checks Permutation composition, torsion-pairing samples, dependency-
cost multiplicities and rejected malformed examples.

Floating-point diagnos-
tics

Modal boundary identities and matched solution residuals for
screened cycle systems. These are checked numerical instances,
not universal rounding-error proofs.

Measured times Seven complete-call observations per method and size, retaining
all samples and medians. These are local performance data.

Formal proof acceptance Zero Lean, Rocq, Isabelle or other kernel acceptances in this
release. The status table is prospective.

The exact interval calculation uses rational arithmetic throughout. Machin’s identity π =
16 arctan(1/5) − 4 arctan(1/239) is evaluated with alternating-series bounds. For 0 < x < 1,

arctan x =
N−1∑
j=0

(−1)jx2j+1

2j + 1 +RN , |RN | ≤ x2N+1

2N + 1 ,

with the sign fixed by alternation. The identity itself follows from tangent addition:
tan(2 arctan(1/5)) = 5/12, tan(4 arctan(1/5)) = 120/119, and subtracting arctan(1/239) gives
tangent one. The angle lies in (0, π/2), so it is π/4. This establishes both the algebraic relation
and its branch.

For the logarithm,

log 2 = 2
N−1∑
j=0

(1/3)2j+1

2j + 1 +RN , 0 < RN ≤ 2(1/3)2N+1

(2N + 1)(1 − 1/9) .

This follows by integrating the geometric expansion of (1 − t2)−1 from zero to 1/3. Combining
positive interval endpoints gives a rational enclosure for 2π/ log 2, the capacity of A(1, 2), and its
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reciprocal modulus. Their interval widths are checked to be below 10−18. The decimal capacity
9.064720283654388 is a display approximation; the numerator/denominator endpoints in the
JSON file are the actual certificate.

The network conductance 20/29 is a second exact instance, independent of transcendental
evaluation. Its potentials, edge currents and both energies are stored as rational values. Matching
primal and dual objectives certifies the optimum under Kirchhoff conservation. A flow with a
missing edge current is explicitly rejected, because it violates feasibility before its objective is
considered.

15.3 Performance measurements with a strong conventional con-
trol

The local benchmark solves Ax = b for A = 3
4I + 2I − S − S−1 on cycles of sizes 32, 64, 128, 256.

Three methods return the same full vector: dense construction and solution, Fourier diagonal-
ization, and a cyclic-tridiagonal Sherman–Morrison method using two tridiagonal solves. Input
values are shared. Matrix or spectral coefficient construction performed by a method is included
in that method’s timed call.

Size Dense (ms) Fourier (ms) Cyclic tridiagonal (ms)

32 0.038556 0.016664 0.057445
64 0.092986 0.016304 0.041521

128 0.167657 0.018036 0.041681
256 0.793778 0.021612 0.050555

The entries are medians of seven measurements. At size 256 the observed dense/Fourier ratio
is approximately 36.73, while the cyclic-tridiagonal/Fourier ratio is approximately 2.34. These
are properties of these implementations in the recorded environment. The cyclic-tridiagonal
method has O(N) arithmetic and the Fourier method has O(N logN) arithmetic. The finite
measurements do not reverse those asymptotic bounds; implementation constants and workload
scale explain why a method with the larger asymptotic count can be faster on the displayed
range.

All solution residuals and disagreements against the dense solution are checked against the
declared 10−11 diagnostic threshold. This confirms matching finite outputs at the tested instances.
It is not a forward-error theorem for every floating-point execution or every right-hand side.
Such a theorem would additionally specify rounding, matrix conditioning and implementation
semantics.

The recorded software versions are Python 3.13.5, NumPy 2.3.5, SciPy 1.17.0 and SymPy
1.14.0. The platform string and full sample arrays are retained in the result record. Rebuilding
at another time or on another machine may change timings. Mathematical identities and exact
certificate values should remain unchanged, while the timing record should be reported as a new
experiment.

15.4 Maximality claims replaced by finite completion criteria

For a versioned finite obligation set U and positive weights wu, define

C(A) =
∑

u∈Awu∑
u∈U wu

, A ⊆ U .
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Figure 15.1: Observed seven-repetition medians. The linear-work cyclic solver is retained as a
strong conventional control; no universal Fourier superiority is asserted.

Then 0 ≤ C(A) ≤ 1, and C(A) = 1 exactly when every obligation is represented. This is proved
by positivity of the missing-weight sum. If two presentation artifacts refer to the same obligation,
counting the union of identifiers leaves C unchanged. The duplicate-invariance is set idempotence,
not a statistical estimate.

These elementary facts support objective completion accounting once the universe is fixed.
They do not prove that the chosen universe contains every scientifically useful topic. The
present denominators are seven source subsections, nine source results, sixty-seven registered
theorem-level assertions, forty investigations and nineteen scientific figures. Public and internal
copies share the same mathematical identifiers and are not counted as twice the mathematics.

Formal completion has a stricter predicate. Let K ⊆ U contain obligations whose source-
aligned formal statements, complete dependencies and accepted proof objects have passed an
actual checker. In this release K is empty. Written derivation coverage and exact-instance
checking have different subsets. Keeping them separate prevents a page count, passing Python
assertion or generated proof-script filename from being interpreted as kernel acceptance.

A semantic uniqueness claim would require a mathematical equivalence relation on assertions
and an exhaustive judgment of each text block. No such universal procedure is supplied. The
finite publication audit instead measures exact normalized long-block repetition, repeated figure
hashes, duplicate identifiers and missing references. Shared definitions, notation and bibliography
are necessary and are excluded from claims of novel content. A section’s value is established by
its distinct mathematical task and result, not by its physical page count.

15.5 Theorem-by-theorem formalization-status register

Every entry below has a written proof at its cited location. Every formalization status is
“not formally checked in this release.” The printed table uses this common status for all
sixty-seven entries. The companion JSON and CSV retain it as an explicit field on each row.
The status is not inferred from the presence of a proof environment.

ID Mathematical assertion Written location

U01 holomorphic structure on an unbranched cover 2.1, p.5
U02 periods characterize exactness 2.2, p.5
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ID Mathematical assertion Written location

U03 exponentiation kills an integral period lattice 2.3, p.6
U04 coercivity of the trace-zero energy 2.4, p.6
U05 existence, uniqueness and energy orthogonality 2.5, p.7
U06 maximum and strict positivity 2.6, p.8
U07 Green function with a single pole 2.7, p.8
U08 uniformization, with the proof dependencies exposed 3.1, p.10
U09 uniqueness of a normalized disk coordinate 3.2, p.10
U10 quotient classification 3.3, p.11
U11 capacity, period and annular uniformization 3.4, p.12
U12 the Green coordinate of a bounded disk 3.5, p.14
U13 Green function and conformal radius 3.6, p.14
U14 monotonicity of normalized radii 3.7, p.15
U15 a diagonal normal limit 3.8, p.15
U16 near-extremal Schwarz maps 3.9, p.15
U17 surjectivity of the exhaustion limit 3.10, p.16
U18 open simply connected uniformization 3.11, p.16
U19 compact simply connected uniformization 3.12, p.16
U20 extension across a cusp 3.13, p.17
U21 extension at a circle end 3.14, p.18
U22 embedding extension 3.15, p.18
U23 analytic uniformization of a good orbifold 3.16, p.19
U24 compact orbifold curvature trichotomy 3.17, p.19
U25 finite-type punctured alternatives 3.18, p.20
U26 finite local fibres 4.1, p.22
U27 modular change and upper-half-plane preservation 4.2, p.23
U28 the Weierstrass differential equation 4.3, p.24
U29 holomorphic differentials on a hyperelliptic curve 4.4, p.25
U30 invariance of two-dimensional Dirichlet energy 5.1, p.28
U31 exact annular Dirichlet-to-Neumann symbol 5.2, p.29
U32 weighted error-allocation optimum 5.3, p.31
U33 cusp completeness and finite area 5.4, p.32
U34 threshold regularization and its conditioning 6.1, p.35
U35 two-channel inverse identities 6.2, p.36
U36 genus of the independent-threshold surface 6.3, p.37
U37 dimensional criterion for classical Weyl invariance 6.4, p.38
U38 derivative of a period modulo an exact differential 6.5, p.39
U39 exact entropy-production identity 7.1, p.42
U40 a certified Gaussian-tail rule 7.2, p.44
U41 exact Bernstein positivity 8.2, p.48
U42 Fourier solution of the screened cycle system 8.3, p.49
U43 compositional branch safety 8.4, p.51
U44 public multiplication is not encryption 8.5, p.52
U45 primal–dual condenser certificate 9.1, p.54
U46 no total classification procedure for arbitrary com-

putable exhaustions
10.1, p.60

U47 finite samples do not certify unrestricted analytic re-
covery

10.2, p.61

U48 conformal spectral comparison under bounded Jaco-
bian

10.3, p.62

U49 optimal constant step for a spectral interval 10.4, p.62
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ID Mathematical assertion Written location

U50 exact worst-case consensus contraction 10.5, p.63
U51 soundness of a chained continuation certificate 10.6, p.63
U52 a sufficient nonvanishing subdivision bound 10.7, p.64
U53 the elliptic period equation and an explicit tail 13.1, p.83
U54 a differential equation determines a Schwarzian 13.2, p.84
U55 exact real-axis unitarity of a Cayley model 13.3, p.85
U56 exact modal gluing 13.4, p.86
U57 homological transvection of a positive twist 13.5, p.87
U58 a pairing on lattice torsion 13.6, p.87
U59 exact twisted Laplacian modes 13.7, p.88
U60 exact accounting for shared verification 13.8, p.89
U61 Weyl regularity in the conformal coordinate 14.1, p.90
U62 a barrier enforces the boundary value 14.2, p.91
U63 uniqueness of the normalized Green function 14.3, p.92
U64 propagating a primal–dual interval to modulus 14.4, p.92
U65 exponential-coordinate enclosure 14.5, p.93
U66 a certified injective disk and image disk 14.6, p.94
U67 a certified periodic quadrature bound 14.7, p.95

The likely reusable formal foundations are exact rational and polynomial arithmetic, finite
matrices, paths and covering spaces, Dirichlet energy, weak solutions, holomorphic convergence
and compactness, group actions and orbifold charts. Candidate allocation to Lean, Rocq or
Isabelle is a planning record; no claim is made that all needed libraries already exist or that their
similarly named definitions coincide with those in this monograph.

A numerical certificate checker should be proved sound before its accepted instances contribute
to a kernel-verified theorem. For example, a formal Bernstein checker needs correct basis
conversion, interval covering and a proved positive-basis bound. A period certificate needs a
representation of paths, orientation, branch choice and integration. The exact rational files
supplied here are suitable concrete instances, but translating their semantics remains a formal
obligation.

15.6 Reproduction and release criteria

From the extracted source archive, the following commands regenerate the mathematical evidence
and figures:
python code/verify_mathematics.py
python code/verify_extensions.py
python code/make_registers.py
python code/make_figures.py
cd tex
latexmk -pdf -interaction=nonstopmode -halt-on-error public.tex

The internal edition uses its own build target and includes additional private course and lecture
material. The public archive has a separate file allowlist and contains no internal source
reports. Plotting uses monochrome styles and monospace lettering; no font files are distributed.
Dependencies are listed in the archive README. Source and result hashes identify bytes and
permit comparison, but do not prove the mathematics in those bytes.

The release check opens both PDFs, inspects bookmarks and text bounds, resolves cross-
references, checks author/date metadata, and renders pages for visual inspection. It also scans
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the public PDF and public source archive for the restricted institutional labels. Such a finite
scan supports the stated publication separation; it is not a proof against every possible semantic
disclosure. The internal edition is explicitly marked and must remain outside the public upload
directory.

Physical applications remain conditional on their constitutive equations, material or channel
parameters and boundary conditions. No nuclear experiment, particle-scattering measurement,
string-theory phenomenological validation, field installation or proprietary target execution was
performed. The calculations establish mathematical consequences of the declared models and
provide reproducible tests for their finite computational instances.
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PHI_volume_V_verification/audit/current_presentation.json

{
  "scope": "Corrected page37 cusp legend from circumference / area to circumference = area. In curvature-minus-one normalization, both horocycle length and remaining cusp area are2pi/Y, while their ratio is1. No theorem or curve data changed. Existing vectorlogo restored in editable source titlepage.",
  "protected_tex": {
    "references.tex": "95f37833c89b07b4ada833440e8eaeb58b42d7658137a960aeef958746d913a9",
    "10_investigations.tex": "70cc3db2f261c19a7a8d3db1bc46e52f40bc94788a5c3c3c0ab2b1a6391f1569",
    "preamble.tex": "c0ecef15894632e2ec6141263d77d20d9bb391d09752fbf98413890100c6f0fd",
    "theorem_table.tex": "fde108a69700c84ba89992447e9bedf78ca2233b328859d439aaa3292dfbba59",
    "11_investigations.tex": "ed59e02aad5aa4b10e82e764252b8aba457f755278f834122258446ff6a53d4f",
    "01_foundations.tex": "dd85f5432cf890b12f43be8d3c2a6ac7fde520338f65c821e6ec8eb0dd8e8817",
    "03_geometry.tex": "6c5c9408f50a04dae47e360726e9b8b54c1c6f008790fcc1a4d0d947d5be72d2",
    "07_computation.tex": "266fcc4d1ef3649e363a93dfa8944fe1b9005f75085c9b939bfe546e4dc15104",
    "06_thermo.tex": "a3ef440e350fc77ce6671a0d8993ac6599b074db4440c67e77682bd271f39f02",
    "12_advanced_models.tex": "94463e3d40668927c7c5465a60b5920d2d1aac5020a0b6ef7937c8fd90b1bc6d",
    "12b_analytic_details.tex": "e2dc035a8867eed9cdfb602e310557754e8ae26ba15cb18df88e76984110ff7b",
    "09_closure.tex": "f49e711d376c71150394608d6e50e4391634f47d8796769c9242b9b4c0ec5c2a",
    "04_operators.tex": "6a82da25094fa94da55a1f846a827869d3c35c4012b5bfe84a95a9402f6945d1",
    "08_engineering.tex": "c96b014c4050a4b8e20980156d8c2303b471fe1e7bbbb2a9b4aa8582a5ec14a9",
    "05_physics.tex": "d919673f03ef8f3cb065f58966f2f9571355506f553df8b55670278ea13573fe",
    "02_source.tex": "5c5b99e83e3668faa0ceb9518d1b9c75348df8ef0c0e8511d6f455a9facf7488",
    "13_verification.tex": "3f54a314231b57bdf20950d5113b0096f7417aafa41653cb556a837a2d8d6b73",
    "00_scope.tex": "95005c71f77ac15c5b82456400f8bc4b24bb047702ef435980a6dd4d99b68a6e"
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  "unchanged_figures": {
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    "elliptic_degeneration.pdf": "bc517161f25b25e2a5f68a970237f9611105cdfd3ec10ecfd950f15cfb655d6e"
  },
  "new_experiment_or_kernel_check": false
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PHI_volume_V_verification/audit/extension_replay.json

{
  "checks": [
    {
      "name": "I07 transformed lattice modulus",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I08 triangle characteristics",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I11 cubic mode energy coefficient",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I19 sheet 4",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I19 sheet 1",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I19 sheet -1",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I19 sheet -4",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I20 three thresholds genus",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I20 four thresholds genus",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I30 61 rounds insufficient",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I30 62 rounds sufficient",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I31 exact resistance",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I33 Bernstein first half",
      "passed": true,
      "kind": "symbolic identity"
    },
    {
      "name": "I33 Bernstein second half",
      "passed": true,
      "kind": "symbolic identity"
    },
    {
      "name": "I36 point count",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I37 break-even",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I38 orbifold characteristic",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "U53 recurrence factor",
      "passed": true,
      "kind": "symbolic identity"
    },
    {
      "name": "elliptic coefficient ratio 0",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 1",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 2",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 3",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 4",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 5",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 6",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 7",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 8",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 9",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 10",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 11",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 12",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 13",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 14",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 15",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "U55 exact Cayley unitarity",
      "passed": true,
      "kind": "exact symbolic finite"
    },
    {
      "name": "U55 symmetry",
      "passed": true,
      "kind": "exact symbolic finite"
    },
    {
      "name": "U56 off-diagonal gluing",
      "passed": true,
      "kind": "symbolic rational identity"
    },
    {
      "name": "U56 diagonal gluing",
      "passed": true,
      "kind": "symbolic rational identity"
    },
    {
      "name": "U57 intersection preservation",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "U58 finite torsion nondegeneracy 2",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "U58 finite torsion nondegeneracy 3",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "U58 finite torsion nondegeneracy 4",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "U58 finite torsion nondegeneracy 5",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "U58 finite torsion nondegeneracy 7",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "U60 cost multiplicities",
      "passed": true,
      "kind": "exact finite"
    }
  ],
  "check_count": 45,
  "all_passed": true,
  "negative_controls": [
    {
      "name": "wrong genus for four thresholds",
      "rejected": true
    },
    {
      "name": "wrong Richardson exponent 61",
      "rejected": true
    },
    {
      "name": "invalid cycle cocycle",
      "rejected": true
    },
    {
      "name": "nonconserved unit flow",
      "rejected": true
    }
  ],
  "proof_assistant_kernel_acceptances": 0,
  "interpretation": "Exact finite and symbolic checks supplement the written proofs. They are not kernel verification of the universal mathematical developments."
}
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{"checks": 45, "passed": true, "negative_controls": 4}
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Created 19 scientific figures with monospace labels.







PHI_volume_V_verification/audit/mathematical_replay.json

{
  "exact_pi_interval": [
    {
      "numerator": "12517710722593096415667477622305034638100847820499218363002246890693554383445674160044",
      "denominator": "3984511075390224604279021801865318351355116397185743452382666873745620250701904296875"
    },
    {
      "numerator": "27392970016703787608032679798815419207319355552910547994119366149675500412948860272",
      "denominator": "8719453168252973084065015059840772989257708192227340759927756153047084808349609375"
    }
  ],
  "exact_log2_interval": [
    {
      "numerator": "2480604839187127169704757511863989768",
      "denominator": "3578756299900432929739685433049515675"
    },
    {
      "numerator": "89301774210736578109373450887325576653",
      "denominator": "128835226796415585470628675589782564300"
    }
  ],
  "capacity_A_1_2_interval": [
    {
      "numerator": "997123584552972048685875842023960730695853904764684326306607779916748829741348526776985324718301643002502688",
      "denominator": "110000480252104111870117445522497554726812236299815060656840078058364318457587933153263293206691741943359375"
    },
    {
      "numerator": "7576536362692154598093331131197345429382690163535659615413346117294551541382373573807632369680433985588",
      "denominator": "835826823730485746617095055425742894591246204129656272672670982961499697694307542406022548675537109375"
    }
  ],
  "modulus_A_1_2_interval": [
    {
      "numerator": "835826823730485746617095055425742894591246204129656272672670982961499697694307542406022548675537109375",
      "denominator": "7576536362692154598093331131197345429382690163535659615413346117294551541382373573807632369680433985588"
    },
    {
      "numerator": "110000480252104111870117445522497554726812236299815060656840078058364318457587933153263293206691741943359375",
      "denominator": "997123584552972048685875842023960730695853904764684326306607779916748829741348526776985324718301643002502688"
    }
  ],
  "capacity_decimal_approximation": 9.064720283654388,
  "network_effective_conductance": {
    "numerator": "20",
    "denominator": "29"
  },
  "network_potentials": [
    {
      "numerator": "0",
      "denominator": "1"
    },
    {
      "numerator": "10",
      "denominator": "29"
    },
    {
      "numerator": "50",
      "denominator": "87"
    },
    {
      "numerator": "65",
      "denominator": "87"
    },
    {
      "numerator": "77",
      "denominator": "87"
    },
    {
      "numerator": "1",
      "denominator": "1"
    }
  ],
  "checks": [
    {
      "name": "positive ordered pi bounds",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "positive ordered log bounds",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "capacity enclosure width",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "modulus enclosure width",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "reciprocal capacity-modulus lower relation",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "reciprocal capacity-modulus upper relation",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "network terminal potentials",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "network conservation",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "network primal energy",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "network unit-flow dissipation",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "Bernstein basis coefficients",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "Bernstein strict lower bound",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "two-channel conic identity",
      "passed": true,
      "kind": "symbolic identity",
      "details": null
    },
    {
      "name": "sheet inversion preserves energy",
      "passed": true,
      "kind": "symbolic identity",
      "details": null
    },
    {
      "name": "sheet sign preserves energy",
      "passed": true,
      "kind": "symbolic identity",
      "details": null
    },
    {
      "name": "period derivative identity",
      "passed": true,
      "kind": "symbolic identity",
      "details": null
    },
    {
      "name": "disk Liouville equation",
      "passed": true,
      "kind": "symbolic identity",
      "details": null
    },
    {
      "name": "threshold Riemann-Hurwitz n=2",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "threshold Riemann-Hurwitz n=3",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "threshold Riemann-Hurwitz n=4",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "threshold Riemann-Hurwitz n=5",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "threshold Riemann-Hurwitz n=6",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "threshold Riemann-Hurwitz n=7",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "threshold Riemann-Hurwitz n=8",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "orbifold exact chi (2, 3, 5)",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "orbifold exact chi (2, 3, 6)",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "orbifold exact chi (2, 3, 7)",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "orbifold exact chi (2, 4, 4)",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "orbifold exact chi (3, 3, 3)",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "punctured-plane sign counterexample",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "finite-field elliptic point count",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "nonabelian continuation commutator",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "generator squares",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=0.25 n=1",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=0.25 n=1",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=0.25 n=2",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=0.25 n=2",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=0.25 n=4",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=0.25 n=4",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=0.25 n=8",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=0.25 n=8",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=0.5 n=1",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=0.5 n=1",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=0.5 n=2",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=0.5 n=2",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=0.5 n=4",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=0.5 n=4",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=0.5 n=8",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=0.5 n=8",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=1.0 n=1",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=1.0 n=1",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=1.0 n=2",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=1.0 n=2",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=1.0 n=4",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=1.0 n=4",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=1.0 n=8",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=1.0 n=8",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=2.0 n=1",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=2.0 n=1",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=2.0 n=2",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=2.0 n=2",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=2.0 n=4",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=2.0 n=4",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=2.0 n=8",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=2.0 n=8",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "screened solve n=32 method=dense",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "screened solve n=32 method=Fourier",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "screened solve n=32 method=cyclic_tridiagonal",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "screened solve n=64 method=dense",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "screened solve n=64 method=Fourier",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "screened solve n=64 method=cyclic_tridiagonal",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "screened solve n=128 method=dense",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "screened solve n=128 method=Fourier",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "screened solve n=128 method=cyclic_tridiagonal",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "screened solve n=256 method=dense",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "screened solve n=256 method=Fourier",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "screened solve n=256 method=cyclic_tridiagonal",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "reject negative Bernstein coefficient",
      "passed": true,
      "kind": "negative control",
      "details": null
    },
    {
      "name": "reject gapped interval cover",
      "passed": true,
      "kind": "negative control",
      "details": null
    },
    {
      "name": "reject false commuting generators",
      "passed": true,
      "kind": "negative control",
      "details": null
    },
    {
      "name": "reject false plane-Euler zero",
      "passed": true,
      "kind": "negative control",
      "details": null
    },
    {
      "name": "reject wrong two-channel sign",
      "passed": true,
      "kind": "negative control",
      "details": null
    }
  ],
  "check_count": 82,
  "all_passed": true,
  "negative_controls": [
    {
      "name": "negative Bernstein coefficient",
      "rejected": true
    },
    {
      "name": "gapped interval cover",
      "rejected": true
    },
    {
      "name": "false commuting generators",
      "rejected": true
    },
    {
      "name": "false plane-Euler zero",
      "rejected": true
    },
    {
      "name": "wrong two-channel sign",
      "rejected": true
    }
  ],
  "benchmarks": [
    {
      "n": 32,
      "method": "dense",
      "median_ms": 0.029831,
      "samples_ms": [
        0.052914,
        0.03593,
        0.032871,
        0.029831,
        0.026808,
        0.026823,
        0.02567
      ],
      "max_residual": 8.881784197001252e-16,
      "max_error_to_dense": 0.0
    },
    {
      "n": 32,
      "method": "Fourier",
      "median_ms": 0.014277,
      "samples_ms": [
        0.074925,
        0.020298,
        0.01442,
        0.014277,
        0.013469,
        0.012751,
        0.012712
      ],
      "max_residual": 8.881784197001252e-16,
      "max_error_to_dense": 4.440892098500626e-16
    },
    {
      "n": 32,
      "method": "cyclic_tridiagonal",
      "median_ms": 0.054833,
      "samples_ms": [
        0.091644,
        0.083369,
        0.054833,
        0.074237,
        0.046647,
        0.046368,
        0.04314
      ],
      "max_residual": 5.551115123125783e-16,
      "max_error_to_dense": 4.440892098500626e-16
    },
    {
      "n": 64,
      "method": "dense",
      "median_ms": 0.0585,
      "samples_ms": [
        0.087059,
        0.529295,
        0.086234,
        0.0585,
        0.052416,
        0.052618,
        0.051782
      ],
      "max_residual": 5.551115123125783e-16,
      "max_error_to_dense": 0.0
    },
    {
      "n": 64,
      "method": "Fourier",
      "median_ms": 0.017504,
      "samples_ms": [
        0.026106,
        0.018022,
        0.017504,
        0.015065,
        0.015587,
        0.014632,
        0.028123
      ],
      "max_residual": 9.992007221626409e-16,
      "max_error_to_dense": 5.091413401991929e-16
    },
    {
      "n": 64,
      "method": "cyclic_tridiagonal",
      "median_ms": 0.048035,
      "samples_ms": [
        0.062729,
        0.047075,
        0.047543,
        0.079194,
        0.048035,
        0.046376,
        0.450476
      ],
      "max_residual": 6.661338147750939e-16,
      "max_error_to_dense": 4.440892098500626e-16
    },
    {
      "n": 128,
      "method": "dense",
      "median_ms": 0.188151,
      "samples_ms": [
        0.202158,
        0.171604,
        0.233279,
        0.290565,
        0.180183,
        0.188151,
        0.168436
      ],
      "max_residual": 7.771561172376096e-16,
      "max_error_to_dense": 0.0
    },
    {
      "n": 128,
      "method": "Fourier",
      "median_ms": 0.022566,
      "samples_ms": [
        0.033753,
        0.022566,
        0.019048,
        0.018821,
        0.02576,
        0.183966,
        0.019035
      ],
      "max_residual": 1.1102230246251565e-15,
      "max_error_to_dense": 4.440892098500626e-16
    },
    {
      "n": 128,
      "method": "cyclic_tridiagonal",
      "median_ms": 0.068385,
      "samples_ms": [
        0.068385,
        0.051116,
        0.117938,
        0.079901,
        0.306592,
        0.056522,
        0.048526
      ],
      "max_residual": 8.881784197001252e-16,
      "max_error_to_dense": 2.220446049250313e-16
    },
    {
      "n": 256,
      "method": "dense",
      "median_ms": 1.10401,
      "samples_ms": [
        1.250102,
        1.212655,
        1.10401,
        1.031712,
        0.960974,
        1.132869,
        0.741979
      ],
      "max_residual": 1.3322676295501878e-15,
      "max_error_to_dense": 0.0
    },
    {
      "n": 256,
      "method": "Fourier",
      "median_ms": 0.020098,
      "samples_ms": [
        0.029628,
        0.124826,
        0.026049,
        0.020098,
        0.018988,
        0.018416,
        0.018591
      ],
      "max_residual": 1.3322676295501878e-15,
      "max_error_to_dense": 6.661338147750939e-16
    },
    {
      "n": 256,
      "method": "cyclic_tridiagonal",
      "median_ms": 0.053225,
      "samples_ms": [
        0.080659,
        0.057767,
        0.053225,
        0.052305,
        0.051264,
        0.053837,
        0.048538
      ],
      "max_residual": 1.3322676295501878e-15,
      "max_error_to_dense": 2.220446049250313e-16
    }
  ],
  "environment": {
    "python": "3.13.5 (main, Jul 15 2026, 20:25:40) [GCC 14.2.0]",
    "numpy": "2.3.5",
    "scipy": "1.17.0",
    "sympy": "1.14.0",
    "platform": "Linux-6.18.44-x86_64-with-glibc2.41"
  },
  "proof_assistant_kernel_acceptances": 0,
  "interpretation": "Finite exact checks, symbolic identities and numerical diagnostics are separately labelled. Timings are observations for the supplied implementations, not universal complexity proofs."
}






PHI_volume_V_verification/audit/mathematics.log

{
  "checks": 82,
  "passed": 82,
  "benchmark_configurations": 12,
  "negative_controls": 5,
  "network_C": "20/29"
}







PHI_volume_V_verification/audit/registers.log

Registered 67 theorems, 40 investigations and 9 source obligations.







PHI_volume_V_verification/audit/replay_summary.json

{
  "scope": "Executions of the original public scripts after package repair. These are not new universal proofs.",
  "tasks": [
    {
      "task": "mathematics",
      "exit_code": 0,
      "passed": true
    },
    {
      "task": "extensions",
      "exit_code": 0,
      "passed": true
    },
    {
      "task": "registers",
      "exit_code": 0,
      "passed": true
    },
    {
      "task": "figures",
      "exit_code": 0,
      "passed": true
    }
  ],
  "historical_result_files_unchanged": true,
  "named_checks_main": 82,
  "named_checks_extension": 45,
  "negative_controls_total": 9,
  "negative_control_accounting": "Five controls occur among the 82 main checks; four are separate extension controls.",
  "registers_replayed": {
    "theorems": 67,
    "investigations": 40,
    "source_obligations": 9
  },
  "vector_figures_generated": 19,
  "benchmark_configurations_retimed": 12,
  "new_timings": "Stored in mathematical_replay.json; historical results remain in results/.",
  "environment": {
    "python": "3.13.5 (main, Jul 15 2026, 20:25:40) [GCC 14.2.0]",
    "numpy": "2.3.5",
    "scipy": "1.17.0",
    "sympy": "1.14.0",
    "platform": "Linux-6.18.44-x86_64-with-glibc2.41"
  },
  "thread_settings": {
    "OPENBLAS_NUM_THREADS": "1",
    "OMP_NUM_THREADS": "1",
    "MKL_NUM_THREADS": "1"
  },
  "manuscript_build": {
    "pages": 108,
    "all_page_texts_equal": true,
    "bookmarks_equal": true,
    "sample_renderings": [
      {
        "page": 1,
        "equal": true
      },
      {
        "page": 2,
        "equal": true
      },
      {
        "page": 6,
        "equal": true
      },
      {
        "page": 23,
        "equal": true
      },
      {
        "page": 56,
        "equal": true
      },
      {
        "page": 83,
        "equal": true
      },
      {
        "page": 107,
        "equal": true
      },
      {
        "page": 108,
        "equal": true
      }
    ]
  },
  "proof_assistant_kernel_acceptances": 0,
  "independent_mathematical_peer_review_established": false
}







PHI_volume_V_verification/build_document.py

"""Portable three-pass typesetting replay; no experiments or kernels are run."""
from pathlib import Path
import shutil,subprocess,sys
sys.dont_write_bytecode=True
sys.path.insert(0,str(Path(__file__).resolve().parent/'code'))
from theme_pdf import darken
R=Path(__file__).resolve().parent;W=R/'build';W.mkdir(exist_ok=True)
subprocess.run([sys.executable,str(R/'check_integrity.py')],check=True)
for folder in ['tex','figures','assets']:
    if (W/folder).exists():shutil.rmtree(W/folder)
    shutil.copytree(R/folder,W/folder)
for _ in range(3):subprocess.run(['pdflatex','-interaction=nonstopmode','-halt-on-error','public.tex'],cwd=W/'tex',check=True)
light=W/'PHI_V_Uniformization_and_Geometric_Analysis_Light.pdf';dark=W/'PHI_V_Uniformization_and_Geometric_Analysis_Dark.pdf'
shutil.copy2(W/'tex/public.pdf',light);darken(light,dark)
print('Rebuilt PDFs contain no attachment; the delivered ZIP is the matching supplement.')







PHI_volume_V_verification/check_integrity.py

"""Check the exact delivered payload; the digest file is not a signature."""
from pathlib import Path, PurePosixPath
import hashlib
import json
import sys

ROOT = Path(__file__).resolve().parent
IGNORED_TOP = {"replays", "build"}

def main():
    errors = []
    manifest = json.loads((ROOT / "SHA256.json").read_text(encoding="utf8"))
    for name, expected in manifest.items():
        rel = PurePosixPath(name)
        if rel.is_absolute() or ".." in rel.parts or "\\" in name:
            errors.append("Unsafe manifest name: " + name)
            continue
        path = ROOT.joinpath(*rel.parts)
        if not path.is_file() or path.is_symlink():
            errors.append("Missing or nonregular file: " + name)
            continue
        if hashlib.sha256(path.read_bytes()).hexdigest() != expected:
            errors.append("Digest mismatch: " + name)
    expected_names = set(manifest) | {"SHA256.json"}
    for path in ROOT.rglob("*"):
        if not path.is_file():
            continue
        rel = path.relative_to(ROOT)
        if rel.parts[0] in IGNORED_TOP or "__pycache__" in rel.parts:
            continue
        if rel.as_posix() not in expected_names:
            errors.append("Unlisted file: " + rel.as_posix())
    if errors:
        print("\n".join(errors), file=sys.stderr)
        return 1
    print(f"Verified {len(manifest)} payload hashes; no unexpected files.")
    return 0

if __name__ == "__main__":
    raise SystemExit(main())







PHI_volume_V_verification/code/make_figures.py

"""Original mathematical diagrams; black and white; monospace labels."""
from pathlib import Path
import json
import numpy as np
import matplotlib
matplotlib.use('Agg')
import matplotlib.pyplot as plt
from scipy.special import ellipk
ROOT=Path(__file__).resolve().parents[1]; OUT=ROOT/'figures';OUT.mkdir(exist_ok=True)
plt.rcParams.update({'font.family':'DejaVu Sans Mono','font.size':8.5,'axes.labelsize':8.5,'axes.titlesize':9,'legend.fontsize':7,'xtick.labelsize':7.5,'ytick.labelsize':7.5,'pdf.fonttype':42,'ps.fonttype':42,'mathtext.fontset':'custom','mathtext.rm':'DejaVu Sans Mono','mathtext.it':'DejaVu Sans Mono:italic','mathtext.bf':'DejaVu Sans Mono:bold','axes.spines.top':False,'axes.spines.right':False,'figure.figsize':(4.8,2.75)})
register=[]
styles=['-','--',':','-.']
def new():
    return plt.subplots(figsize=(4.8,2.75),layout='constrained')
def save(fig,name,description):
    fig.savefig(OUT/(name+'.pdf'));fig.savefig(OUT/(name+'.png'),dpi=140)
    register.append({'file':name+'.pdf','description':description,'font':'DejaVu Sans Mono','width_in':4.8,'height_in':2.75});plt.close(fig)
fig,ax=new();th=np.linspace(0,2*np.pi,600)
for r in np.geomspace(1,3,8): ax.plot(r*np.cos(th),r*np.sin(th),color='black',lw=.55)
for t in np.linspace(0,2*np.pi,16,endpoint=False): ax.plot([np.cos(t),3*np.cos(t)],[np.sin(t),3*np.sin(t)],color='black',lw=.4)
ax.set_aspect('equal');ax.set(xlabel='Re z',ylabel='Im z',title='Annulus: radial potential and conjugate angle')
save(fig,'annulus_coordinates','Equipotential and conjugate lines on A(1,3).')
fig,ax=new();d=np.geomspace(1e-6,.1,200)
for i,r in enumerate([.25,.5,.75,.9]): ax.loglog(d,2*r*d/(1-r),styles[i],color='black',label=f'r={r}')
ax.set(xlabel='normalized-radius deficit',ylabel='proved image discrepancy',title='Exhaustion: quantitative image control');ax.legend(ncol=2)
save(fig,'exhaustion_bound','U17 bound 2 r delta/(1-r).')
fig,ax=new();rs=np.arange(3,17);v=1/2+1/3+1/rs-1
ax.plot(rs,v,'o-',color='black',markersize=3);ax.axhline(0,color='black',lw=.6,ls='--');ax.set(xlabel='r in compact signature (2,3,r)',ylabel='orbifold Euler characteristic',title='Exact compact triangle classification')
save(fig,'orbifold_signatures','Reciprocal-sum sign for compact triangle orbifolds.')
fig,ax=new();tau=.4+1.1j
for m in range(-2,3):
 for n in range(-2,3):
  z=m+n*tau;ax.plot(z.real,z.imag,'o',color='black',ms=2.5)
p=np.array([0,1,1+tau,tau,0]);ax.plot(p.real,p.imag,color='black',lw=1.7)
ax.annotate('1',xy=(1,0),xytext=(1.1,-.4));ax.annotate('tau',xy=(tau.real,tau.imag),xytext=(.0,1.5));ax.set_aspect('equal');ax.set(xlabel='Re z',ylabel='Im z',title='Two independent lattice periods')
save(fig,'torus_lattice','Lattice for tau=0.4+1.1 i.')
fig,ax=new();eps=np.geomspace(1e-7,.5,240)
ax.semilogx(eps,ellipk(1-eps),'-',color='black',label='K(1-epsilon)');ax.semilogx(eps,np.log(4/np.sqrt(eps)),'--',color='black',label='log(4/sqrt(epsilon))')
ax.set(xlabel='epsilon',ylabel='period integral',title='Elliptic degeneration');ax.legend()
save(fig,'elliptic_degeneration','Numerical elliptic integral and its classical leading scale.')
fig,ax=new();nn=np.arange(1,25);L=.35
ax.plot(nn,nn*np.tanh(nn*L/2),'-',color='black',label='symmetric boundary mode');ax.plot(nn,nn/np.tanh(nn*L/2),'--',color='black',label='antisymmetric boundary mode');ax.set(xlabel='Fourier order',ylabel='boundary-operator eigenvalue',title='Annular Dirichlet-to-Neumann spectrum');ax.legend()
save(fig,'dn_spectrum','Two exact modal eigenvalue branches at L=0.35.')
fig,ax=new();Y=np.linspace(1,10,180)
ax.plot(Y,2*np.pi/Y,'-',color='black',label='circumference = area');ax.plot(Y,np.log(Y),'--',color='black',label='distance from Y=1');ax.set(xlabel='Y = log(1/r)',ylabel='normalized geometric quantity',title='Cusp: area and distance have distinct scales');ax.legend()
save(fig,'cusp_geometry','Cusp geometric quantities from U33.')
fig,ax=new();b=np.linspace(.5,3,220)
for i,(m,n) in enumerate([(1,0),(0,1),(1,1),(0,2)]): ax.plot(b,(m*m+n*n/(b*b)),styles[i],color='black',label=f'({m},{n})')
ax.set(xlabel='imaginary modulus b',ylabel='eigenvalue / (4 pi^2)',title='Rectangular torus mode spectrum',ylim=(0,8));ax.legend(ncol=2)
save(fig,'torus_spectrum','Four exact rectangular-torus modes.')
fig,ax=new();theta=np.linspace(0,2*np.pi,1000)
for i,r in enumerate([.65,.8,1.2,1.55]):
 w=r*np.exp(1j*theta);E=((w+1/w)/2)**2;ax.plot(E.real,E.imag,styles[i],color='black',lw=.8,label=f'|w|={r}')
ax.plot([0,1],[0,0],'o',color='black',ms=4);ax.set(xlabel='Re E',ylabel='Im E',title='Two-threshold rational coordinate');ax.legend(ncol=2)
save(fig,'threshold_uniformization','Energy images of four circles for threshold difference one.')
fig,ax=new();u=np.linspace(-2,2,801)
for sign in [-1,1]:
 for shift,sty in [(-1,'-'),(1,'--')]:
  v=sign*np.sqrt((u+shift).astype(complex));ax.plot(u,v.real,sty,color='black',lw=.8);ax.plot(u,v.imag,':',color='black',lw=.7)
ax.axvline(-1,color='black',lw=.4);ax.axvline(1,color='black',lw=.4);ax.set(xlabel='curve parameter u',ylabel='Re / Im branch coordinate',title='Quartic branch collisions at u = -1, 1')
save(fig,'quartic_branch_points','Real and imaginary branch-point components.')
fig,ax=new();N=np.arange(1,22);a=np.pi*.12;ad=np.pi/.12
ax.semilogy(N,np.exp(-a*N*N)/(a*N),'-',color='black',label='primal two-sided tail');ax.semilogy(N,np.maximum(1e-300,np.exp(-ad*N*N)/(ad*N)/np.sqrt(.12)),'--',color='black',label='dual two-sided tail');ax.set(xlabel='retained positive modes',ylabel='proved tail envelope',title='Theta identity: a representation choice',ylim=(1e-25,10));ax.legend()
save(fig,'theta_duality','U40 tail bounds for primal and dual Gaussian sums at t=0.12.')
fig,ax=new();N=2**np.arange(3,15)
for yy,sty,label in [(N**3,'-','dense cubic work'),(N*np.log2(N),'--','transform work'),(N,':','cyclic structured work')]: ax.loglog(N,yy,sty,color='black',label=label)
ax.set(xlabel='number of unknowns',ylabel='normalized operation-count model',title='Declared work models; constants omitted');ax.legend()
save(fig,'operation_counts','Asymptotic operation counts, not runtime measurements.')
fig,ax=new();t=np.arange(0,1000)
for i,N in enumerate([16,32,64,128]):
 rho=.5+.5*np.cos(2*np.pi/N);ax.semilogy(t,rho**t,styles[i],color='black',label=f'N={N}')
ax.set(xlabel='synchronous rounds',ylabel='relative spectral bound',title='Cycle consensus and the spectral gap',ylim=(1e-6,1.2));ax.legend(ncol=2)
save(fig,'consensus_decay','Exact spectral envelopes for lazy cycle averaging.')
fig,ax=new();eps=np.geomspace(1e-4,.5,150);C=20/29
ax.semilogx(eps,C+3*eps**2,'-',color='black',label='primal energy');ax.semilogx(eps,1/(1/C+3*eps**2),'--',color='black',label='dual reciprocal energy');ax.axhline(C,color='black',ls=':',lw=.7,label='effective conductance');ax.set(xlabel='admissible perturbation amplitude',ylabel='conductance enclosure',title='Primal-dual certificate model');ax.legend()
save(fig,'primal_dual_gap','Illustrative exact energy-gap family with reference C=20/29.')
fig,ax=new();N=np.arange(0,50);sigma=.3;err=2*np.exp(-sigma*(N+1))/(1-np.exp(-sigma))
ax.semilogy(N,err,'-',color='black');ax.axhline(1e-3,color='black',ls='--',lw=.7);ax.set(xlabel='Fourier cutoff N',ylabel='uniform tail bound',title='Analytic boundary data: certified truncation')
save(fig,'fourier_tail','Exact geometric envelope with M=1 and sigma=0.3.')
fig,ax=new();p=np.linspace(.25,3,160);ax.plot(p,2*np.pi/p,'-',color='black');ax.set(xlabel='conjugate period p',ylabel='log outer radius',title='Annular radius: normalization and sensitivity')
save(fig,'capacity_sensitivity','Correct logarithmic radius 2 pi/p.')
fig,ax=new();t=np.linspace(0,1,250);ax.plot(t,t*t-t+1,'-',color='black',label='p(t)=t^2-t+1');ax.axhline(.5,color='black',ls='--',label='Bernstein lower certificate');ax.axhline(.75,color='black',ls=':',label='exact minimum');ax.set(xlabel='t',ylabel='polynomial value',title='Certificate strength and true optimum');ax.legend()
save(fig,'bernstein_certificate','A valid nonsharp Bernstein certificate and the exact minimum.')
fig,ax=new();r=np.geomspace(1e-4,1,200)
for i,a in enumerate([np.pi/2,np.pi,3*np.pi/2]): ax.loglog(r,(np.pi/a)*r**(np.pi/a-1),styles[i],color='black',label=f'angle/pi={a/np.pi:.1f}')
ax.set(xlabel='distance to corner',ylabel='gradient scale',title='Wedge geometry controls peak fields');ax.legend()
save(fig,'corner_scaling','Exact wedge gradient envelopes.')
fig,ax=new();report=json.loads((ROOT/'results/mathematical_checks.json').read_text())
for i,meth in enumerate(['dense','Fourier','cyclic_tridiagonal']):
 rows=[x for x in report['benchmarks'] if x['method']==meth];ax.loglog([x['n'] for x in rows],[x['median_ms'] for x in rows],styles[i]+'o',color='black',ms=3,label=meth.replace('_',' '))
ax.set(xlabel='screened cycle system size',ylabel='median complete-call time (ms)',title='Matched local implementation measurements');ax.legend()
save(fig,'benchmark_times','Seven-repetition medians for the recorded local environment.')
(ROOT/'records/figures.json').write_text(json.dumps(register,indent=2))
print(f'Created {len(register)} scientific figures with monospace labels.')







PHI_volume_V_verification/code/make_registers.py

"""Build source, theorem and investigation registers from the actual manuscript."""
from pathlib import Path
import re,json,csv
ROOT=Path(__file__).resolve().parents[1];T=ROOT/'tex'
entries=[]
for path in sorted(T.glob('[0-9][0-9]*_*.tex')):
 text=path.read_text()
 for m in re.finditer(r'\\begin\{(theorem|lemma|proposition|corollary)\}\[(U\d+):\s*([^\]]+)\]\\label\{([^}]+)\}',text):
  ident=m.group(2);num=int(ident[1:]);source='Additional derivation'
  if num<=7:source='Prerequisites for source 5.1--5.7'
  if num in [8,9]:source='Source 5.1'
  if num==10:source='Source 5.2'
  if num==11:source='Source 5.3; normalization repair'
  if num in [12,13]:source='Source 5.4'
  if 14<=num<=19:source='Source 5.5'
  if 20<=num<=22:source='Source 5.6; regular end hypotheses'
  if 23<=num<=25:source='Source 5.7; compact/punctured distinction'
  route='Lean/Rocq: algebra and exact finite structures'
  if num in range(1,26):route='Lean/Isabelle/Rocq: analysis and topology'
  if num in [28,29,30,31,32,33,37,38,39,40,47,48,51,53,54,57,58,59]:route='Lean/Isabelle/Rocq: mathematical development'
  if num in [41,44,45,52]:route='Proved certificate checker plus exact instances'
  entries.append({'id':ident,'title':m.group(3),'source_relation':source,'source_file':path.name,'label':m.group(4),'written_proof_present':True,'proof_assistant_kernel_accepted':False,'formal_status':'Not formalized in this release','recommended_route':route,'dependency_review':'Explicit hypotheses and named foundations retained; no transitive kernel closure'})
entries.sort(key=lambda x:int(x['id'][1:]))
assert len(entries)==67 and len({e['id'] for e in entries})==67
invs=[]
for path in sorted(T.glob('[0-9][0-9]*_*.tex')):
 for m in re.finditer(r'\\begin\{exercise\}\[(I\d+):\s*([^\]]+)\]\\label\{([^}]+)\}',path.read_text()):
  invs.append({'id':m.group(1),'title':m.group(2),'file':path.name,'label':m.group(3),'solution_present':True})
assert len(invs)==40
source=[('5.1','5.1','U08; U18; U19','Three-model statement and derivation'),('5.2','5.2','U01; U10','Quotient and free deck-group classification'),('5.3','5.3','U02; U03; U05; U11','Harmonic period, degree and corrected exponential normalization'),('5.4','5.4','U07; U12; U13','Green-function construction and normalized disk map'),('5.5','5.5','U14; U15; U16; U17; U18','Open-surface exhaustion with image-surjectivity proof'),('5.5','5.6','U19','Compact simply connected case'),('5.6','5.7','U20; U21','Tame-end continuation under explicit regularity/properness'),('5.6','5.8','U22','Embedding and boundary degree one'),('5.7','5.9','U23; U24; U25','Good-orbifold foundation; compact and punctured cases separated')]
for name,rows in [('theorems',entries),('investigations',invs)]:
 (ROOT/'records'/f'{name}.json').write_text(json.dumps(rows,indent=2))
 with (ROOT/'records'/f'{name}.csv').open('w',newline='') as f:
  w=csv.DictWriter(f,fieldnames=list(rows[0]));w.writeheader();w.writerows(rows)
source=[dict(zip(['subsection','source_result','proof_locations','disposition'],r)) for r in source]
(ROOT/'records/source_obligations.json').write_text(json.dumps(source,indent=2))
def esc(v):return str(v).replace('&',r'\&').replace('_',r'\_').replace('%',r'\%')
lines=[r'\begin{longtable}{p{12mm}p{90mm}p{35mm}}',r'\toprule ID & Mathematical assertion & Written location\\\midrule\endhead']
for x in entries:
 lines.append(esc(x['id'])+' & '+esc(x['title'])+' & '+r'\ref{'+x['label']+r'}, p.\pageref{'+x['label']+r'}\\')
lines.append(r'\bottomrule\end{longtable}')
(T/'theorem_table.tex').write_text('\n'.join(lines))
print('Registered',len(entries),'theorems,',len(invs),'investigations and',len(source),'source obligations.')







PHI_volume_V_verification/code/repair_cusp_figure.py

"""Repair only the cusp legend; the same mathematical curves and physical size."""
from pathlib import Path
import numpy as np
import matplotlib
matplotlib.use('Agg')
import matplotlib.pyplot as plt
R=Path(__file__).resolve().parents[1]
plt.rcParams.update({'font.family':'DejaVu Sans Mono','font.size':8.5,'axes.labelsize':8.5,'axes.titlesize':9,'legend.fontsize':7,'xtick.labelsize':7.5,'ytick.labelsize':7.5,'pdf.fonttype':42,'ps.fonttype':42,'mathtext.fontset':'custom','mathtext.rm':'DejaVu Sans Mono','mathtext.it':'DejaVu Sans Mono:italic','mathtext.bf':'DejaVu Sans Mono:bold','axes.spines.top':False,'axes.spines.right':False,'figure.figsize':(4.8,2.75)})
fig,ax=plt.subplots(figsize=(4.8,2.75),layout='constrained');Y=np.linspace(1,10,180)
ax.plot(Y,2*np.pi/Y,'-',color='black',label='circumference = area');ax.plot(Y,np.log(Y),'--',color='black',label='distance from Y=1');ax.set(xlabel='Y = log(1/r)',ylabel='normalized geometric quantity',title='Cusp: area and distance have distinct scales');ax.legend()
fig.savefig(R/'figures/cusp_geometry.pdf',metadata={'CreationDate':None,'ModDate':None});plt.close(fig)







PHI_volume_V_verification/code/theme_pdf.py

"""Vector-preserving dark rendition using an isolated Difference blend.

The mathematical objects, content streams, text, and annotation destinations are
retained. PDF transparency support is required. The theme is a display transform,
not an alteration to mathematical content or proof status.
"""
from pathlib import Path
import argparse
import re
import fitz

def darken(source: Path, destination: Path) -> None:
    doc = fitz.open(source)
    blend = doc.get_new_xref()
    doc.update_object(blend, '<< /Type /ExtGState /BM /Difference /ca 1 /CA 1 >>')
    group = doc.get_new_xref()
    doc.update_object(group, '<< /Type /Group /S /Transparency /I true /CS /DeviceRGB >>')
    for page in doc:
        contents = page.get_contents()
        rkind, rval = doc.xref_get_key(page.xref, 'Resources')
        if rkind == 'xref':
            old_res = int(rval.split()[0]); res_obj = doc.xref_object(old_res)
        elif rkind == 'dict':
            res_obj = rval
        else:
            raise ValueError('Page resources must be resolved explicitly')
        res = doc.get_new_xref(); doc.update_object(res, res_obj)
        ekind, eval_ = doc.xref_get_key(res, 'ExtGState')
        if ekind == 'xref':
            eobj = doc.xref_object(int(eval_.split()[0]))
        elif ekind == 'dict':
            eobj = eval_
        else:
            eobj = '<< >>'
        estate = doc.get_new_xref(); doc.update_object(estate, eobj)
        doc.xref_set_key(estate, 'PHIDarkInvert', f'{blend} 0 R')
        doc.xref_set_key(res, 'ExtGState', f'{estate} 0 R')
        doc.xref_set_key(page.xref, 'Resources', f'{res} 0 R')
        box = page.mediabox
        rect = f'{box.x0-2:g} {box.y0-2:g} {box.width+4:g} {box.height+4:g} re f'
        def stream(text):
            x=doc.get_new_xref(); doc.update_object(x, '<< >>');doc.update_stream(x,text.encode('ascii'));return x
        before = stream(f'q 1 1 1 rg {rect} Q\nq\n')
        after = stream(f'\nQ\nq /PHIDarkInvert gs 1 1 1 rg {rect} Q\n')
        doc.xref_set_key(page.xref, 'Contents', '['+' '.join(f'{x} 0 R' for x in [before,*contents,after])+']')
        doc.xref_set_key(page.xref, 'Group', f'{group} 0 R')
    metadata = doc.metadata;metadata['creationDate']='';metadata['modDate']='';doc.set_metadata(metadata)
    doc.save(destination,garbage=4,deflate=True)
    doc.close()

if __name__=='__main__':
    p=argparse.ArgumentParser();p.add_argument('source',type=Path);p.add_argument('destination',type=Path);a=p.parse_args();darken(a.source,a.destination)







PHI_volume_V_verification/code/verify_extensions.py

"""Exact and symbolic checks for the additional derivations; no proof-assistant claim."""
from pathlib import Path
from fractions import Fraction as Q
import json, math
import sympy as s
ROOT=Path(__file__).resolve().parents[1]
checks=[]
def record(name,value,kind='exact finite'):
    ok=bool(value);checks.append({'name':name,'passed':ok,'kind':kind})
    if not ok:raise AssertionError(name)
record('I07 transformed lattice modulus',Q(-2,5)**2+Q(4,5)**2==Q(4,5))
record('I08 triangle characteristics',[Q(1,2)+Q(1,3)+Q(1,k)-1 for k in [5,6,7]]==[Q(1,30),Q(0),Q(-1,42)])
record('I11 cubic mode energy coefficient',3*Q(65,63)==Q(65,21))
for w in [Q(4),Q(1),Q(-1),Q(-4)]:
    k1=(w+4/w)/2;k2=(w-4/w)/2
    record('I19 sheet '+str(w),k1*k1==Q(25,4) and k2*k2==Q(9,4))
record('I20 three thresholds genus',1+2**(3-2)*(3-3)==1)
record('I20 four thresholds genus',1+2**(4-2)*(4-3)==5)
record('I30 61 rounds insufficient',4**61*10**6>5**61)
record('I30 62 rounds sufficient',4**62*10**6<=5**62)
record('I31 exact resistance',sum((Q(1,c) for c in [2,3,4,5,6]),Q(0))==Q(29,20))
x=s.symbols('x')
record('I33 Bernstein first half',s.expand(1-x/2+x*x/4-((1-x)**2+2*Q(3,4)*x*(1-x)+Q(3,4)*x*x))==0,'symbolic identity')
record('I33 Bernstein second half',s.expand(Q(3,4)+x*x/4-(Q(3,4)*(1-x)**2+2*Q(3,4)*x*(1-x)+x*x))==0,'symbolic identity')
record('I36 point count',1+sum(1 for a in range(5) for b in range(5) if (b*b-a*a*a+a)%5==0)==8)
record('I37 break-even',120+2*20==20+7*20)
record('I38 orbifold characteristic',2-6*(1-Q(1,2))==-1)
# Universal rational identity behind the elliptic coefficient recurrence.
n=s.symbols('n',integer=True,nonnegative=True)
record('U53 recurrence factor',(n+1)**2*((n+Q(1,2))**2/(n+1)**2)-(n+Q(1,2))**2==0,'symbolic identity')
for k in range(16):
 a=Q(math.comb(2*k,k),4**k)**2;b=Q(math.comb(2*k+2,k+1),4**(k+1))**2
 record('elliptic coefficient ratio '+str(k),b/a==Q(2*k+1,2*k+2)**2)
# Complete exact finite test of a Hermitian Cayley model.
K=s.Matrix([[s.Rational(1,2),s.Rational(1,3)],[s.Rational(1,3),s.Rational(-2,5)]])
S=(s.eye(2)+s.I*K)*(s.eye(2)-s.I*K).inv()
record('U55 exact Cayley unitarity',s.simplify(S.conjugate().T*S)==s.eye(2),'exact symbolic finite')
record('U55 symmetry',s.simplify(S-S.T)==s.zeros(2),'exact symbolic finite')
# Rational forms for sinh/cosh eliminate transcendental identities from the checker.
a,b=s.symbols('a b',positive=True)
sinh=lambda z:(z-1/z)/2
cosh=lambda z:(z+1/z)/2
coth=lambda z:cosh(z)/sinh(z)
csch=lambda z:1/sinh(z)
record('U56 off-diagonal gluing',s.factor(csch(a)*csch(b)/(coth(a)+coth(b))-csch(a*b))==0,'symbolic rational identity')
record('U56 diagonal gluing',s.factor(coth(a)-csch(a)**2/(coth(a)+coth(b))-coth(a*b))==0,'symbolic rational identity')
T=s.Matrix([[1,1],[0,1]]);J=s.Matrix([[0,1],[-1,0]])
record('U57 intersection preservation',T.T*J*T==J,'exact finite')
# Check torsion nondegeneracy by exhaustive finite coordinates, independently of exponentials.
for modulus in [2,3,4,5,7]:
 record('U58 finite torsion nondegeneracy '+str(modulus),all(any((a*d-b*c)%modulus for c in range(modulus) for d in range(modulus)) for a in range(modulus) for b in range(modulus) if (a,b)!=(0,0)))
# Explicit coverage algebra examples.
closures=[{1,2,3},{2,3,4},{3,5}];costs={k:k*k for k in range(1,6)}
shared=sum(costs[k] for k in set.union(*closures));expanded=sum(sum(costs[k] for k in c) for c in closures)
mult={k:sum(k in c for c in closures) for k in costs}
record('U60 cost multiplicities',expanded-shared==sum(max(v-1,0)*costs[k] for k,v in mult.items()))
negatives=[{'name':'wrong genus for four thresholds','rejected':1+2**2*(4-3)!=1},
 {'name':'wrong Richardson exponent 61','rejected':not (Q(4,5)**61<=Q(1,10**6))},
 {'name':'invalid cycle cocycle','rejected':1*1*(-1)!=1},
 {'name':'nonconserved unit flow','rejected':any([1,1,0,1,1][i]!=[1,1,0,1,1][i+1] for i in range(4))}]
assert all(x['rejected'] for x in negatives)
r={'checks':checks,'check_count':len(checks),'all_passed':all(x['passed'] for x in checks),'negative_controls':negatives,'proof_assistant_kernel_acceptances':0,'interpretation':'Exact finite and symbolic checks supplement the written proofs. They are not kernel verification of the universal mathematical developments.'}
(ROOT/'results/extension_checks.json').write_text(json.dumps(r,indent=2))
print(json.dumps({'checks':len(checks),'passed':r['all_passed'],'negative_controls':len(negatives)}))







PHI_volume_V_verification/code/verify_mathematics.py

"""Exact finite checks and matched numerical diagnostics for the uniformization study.
The accepted finite statements do not constitute a proof-assistant formalization.
"""
from __future__ import annotations
from fractions import Fraction as Q
from pathlib import Path
import json, math, platform, sys, time, statistics
import numpy as np
import scipy
from scipy.linalg import solve_banded
import sympy as s
ROOT=Path(__file__).resolve().parents[1]
OUT=ROOT/'results'; OUT.mkdir(exist_ok=True)
checks=[]
def check(name, condition, kind='exact finite', details=None):
    passed=bool(condition)
    checks.append(dict(name=name,passed=passed,kind=kind,details=details))
    if not passed: raise AssertionError(name)
def pair(x): return {'numerator':str(x.numerator),'denominator':str(x.denominator)}
# Rigorous bounds via alternating arctangent and a positive logarithm series.
def atan_bounds(x:Q,n:int):
    a=sum(((-1)**k*x**(2*k+1)/Q(2*k+1) for k in range(n)),Q(0))
    t=(-1)**n*x**(2*n+1)/Q(2*n+1)
    return min(a,a+t),max(a,a+t)
a,b=atan_bounds(Q(1,5),22); c,d=atan_bounds(Q(1,239),8)
pi_lo,pi_hi=16*a-4*d,16*b-4*c
N=22; x=Q(1,3)
log_lo=2*sum((x**(2*k+1)/Q(2*k+1) for k in range(N)),Q(0))
log_hi=log_lo+2*x**(2*N+1)/(Q(2*N+1)*(1-x*x))
cap_lo=2*pi_lo/log_hi; cap_hi=2*pi_hi/log_lo
mod_lo=log_lo/(2*pi_hi); mod_hi=log_hi/(2*pi_lo)
check('positive ordered pi bounds',0<pi_lo<pi_hi)
check('positive ordered log bounds',0<log_lo<log_hi)
check('capacity enclosure width',cap_hi-cap_lo<Q(1,10**18))
check('modulus enclosure width',mod_hi-mod_lo<Q(1,10**20))
check('reciprocal capacity-modulus lower relation',cap_lo*mod_lo<=1)
check('reciprocal capacity-modulus upper relation',cap_hi*mod_hi>=1)
# Exact energy and flux on a four-interior-node path.
conductances=[Q(2),Q(3),Q(4),Q(5),Q(6)]
resistance=sum((1/k for k in conductances),Q(0)); C=1/resistance
pot=[Q(0)]
for k in conductances: pot.append(pot[-1]+C/k)
check('network terminal potentials',pot[0]==0 and pot[-1]==1)
flows=[k*(pot[i+1]-pot[i]) for i,k in enumerate(conductances)]
check('network conservation',all(z==C for z in flows))
E=sum((k*(pot[i+1]-pot[i])**2 for i,k in enumerate(conductances)),Q(0))
check('network primal energy',E==C)
check('network unit-flow dissipation',sum((1/k for k in conductances),Q(0))*C==1)
# Interpolation of power coefficients into Bernstein coefficients.
def bernstein_coeffs(power):
    n=len(power)-1
    return [sum((power[j]*Q(math.comb(k,j),math.comb(n,j)) for j in range(k+1)),Q(0)) for k in range(n+1)]
beta=bernstein_coeffs([Q(1),Q(-1),Q(1)])
check('Bernstein basis coefficients',beta==[Q(1),Q(1,2),Q(1)])
check('Bernstein strict lower bound',all(b>=Q(1,2) for b in beta))
# Exact symbolic identities.
w,delta,E1=s.symbols('w delta E1', nonzero=True)
k1=(w+delta/w)/2; k2=(w-delta/w)/2
check('two-channel conic identity',s.cancel(k1*k1-k2*k2-delta)==0,'symbolic identity')
energy=E1+k1*k1
check('sheet inversion preserves energy',s.cancel(energy.subs(w,delta/w)-energy)==0,'symbolic identity')
check('sheet sign preserves energy',s.cancel(energy.subs(w,-w)-energy)==0,'symbolic identity')
v,u=s.symbols('v u'); B=(v*v-u)**2-1
# derivative of lambda and d(v/y), with y=sqrt(B)
y=s.sqrt(B); lam=2*v*v/y
check('period derivative identity',s.simplify(s.diff(lam,u)+s.diff(v/y,v)-1/y)==0,'symbolic identity')
rr=s.symbols('r',positive=True)
phi=s.log(2)-s.log(1-rr**2)
check('disk Liouville equation',s.simplify(s.diff(phi,rr,2)+s.diff(phi,rr)/rr-s.exp(2*phi))==0,'symbolic identity')
for n in range(2,9):
    g=1+2**(n-2)*(n-3)
    check(f'threshold Riemann-Hurwitz n={n}',2*g-2==-2*2**n+(n+1)*2**(n-1))
for orders,expected in [((2,3,5),Q(1,30)),((2,3,6),Q(0)),((2,3,7),Q(-1,42)),((2,4,4),Q(0)),((3,3,3),Q(0))]:
    check('orbifold exact chi '+str(orders),sum((1/Q(m) for m in orders),Q(0))-1==expected)
check('punctured-plane sign counterexample',2-1==1)
pts=[(x,y) for x in range(5) for y in range(5) if (y*y-x*x*x+x)%5==0]
check('finite-field elliptic point count',len(pts)+1==8)
# S_3 commutator, composition applies right operand first.
def comp(a,b): return tuple(a[b[i]] for i in range(3))
a=(1,0,2);b=(0,2,1);comm=comp(comp(comp(a,b),a),b)
check('nonabelian continuation commutator',comm!=(0,1,2))
check('generator squares',comp(a,a)==(0,1,2) and comp(b,b)==(0,1,2))
# Numerical diagnostics on exact modal formulas.
for L in [0.25,0.5,1.0,2.0]:
 for n in [1,2,4,8]:
  xx=n*L
  D=n*np.array([[1/np.tanh(xx),-1/np.sinh(xx)],[-1/np.sinh(xx),1/np.tanh(xx)]])
  target=[n*np.tanh(xx/2),n/np.tanh(xx/2)]
  check(f'DN modal eigenvalues L={L} n={n}',np.allclose(np.linalg.eigvalsh(D),target,rtol=3e-13,atol=2e-14),'floating-point diagnostic')
  check(f'DN positive determinant L={L} n={n}',np.linalg.det(D)>0,'floating-point diagnostic')
# Matched screened periodic linear-system solves. Preserve dense and O(N) control.
rng=np.random.default_rng(73051)
bench=[]
for n in [32,64,128,256]:
 alpha=.75; rhs=rng.normal(size=n)
 def dense():
  A=(alpha+2)*np.eye(n)-np.roll(np.eye(n),1,axis=1)-np.roll(np.eye(n),-1,axis=1)
  return np.linalg.solve(A,rhs)
 def fftsolve():
  eig=alpha+4*np.sin(np.pi*np.arange(n)/n)**2
  return np.fft.ifft(np.fft.fft(rhs)/eig).real
 def cyclic():
  # Sherman-Morrison cyclic tridiagonal method (all setup included).
  gamma=-(alpha+2)
  diagonal=np.full(n,alpha+2);diagonal[0]-=gamma;diagonal[-1]-=1/gamma
  band=np.zeros((3,n));band[1]=diagonal;band[0,1:]=-1;band[2,:-1]=-1
  vec=np.zeros(n);vec[0]=gamma;vec[-1]=-1
  xx=solve_banded((1,1),band,rhs);zz=solve_banded((1,1),band,vec)
  fact=(xx[0]-xx[-1]/gamma)/(1+zz[0]-zz[-1]/gamma)
  return xx-fact*zz
 base=dense()
 for label,fn in [('dense',dense),('Fourier',fftsolve),('cyclic_tridiagonal',cyclic)]:
  value=fn(); resid=(alpha+2)*value-np.roll(value,1)-np.roll(value,-1)-rhs
  check(f'screened solve n={n} method={label}',np.max(np.abs(value-base))<1e-11 and np.max(np.abs(resid))<1e-11,'floating-point diagnostic')
  samples=[]
  for j in range(7):
   start=time.perf_counter_ns();fn();samples.append((time.perf_counter_ns()-start)/1e6)
  bench.append({'n':n,'method':label,'median_ms':statistics.median(samples),'samples_ms':samples,'max_residual':float(np.max(np.abs(resid))),'max_error_to_dense':float(np.max(np.abs(value-base)))})
# Reject incorrect coefficients, missing interval coverage and a wrong expected permutation.
mutations=[]
for name,accepted in [('negative Bernstein coefficient',all(z>=0 for z in [Q(1),Q(-1),Q(1)])),('gapped interval cover',Q(1,3)==Q(1,2)),('false commuting generators',comp(a,b)==comp(b,a)),('false plane-Euler zero',2-1==0),('wrong two-channel sign',s.cancel(k1*k1+k2*k2-delta)==0)]:
 mutations.append({'name':name,'rejected':not accepted});check('reject '+name,not accepted,'negative control')
report={'exact_pi_interval':[pair(pi_lo),pair(pi_hi)],'exact_log2_interval':[pair(log_lo),pair(log_hi)],'capacity_A_1_2_interval':[pair(cap_lo),pair(cap_hi)],'modulus_A_1_2_interval':[pair(mod_lo),pair(mod_hi)],'capacity_decimal_approximation':float((cap_lo+cap_hi)/2),'network_effective_conductance':pair(C),'network_potentials':[pair(z) for z in pot],'checks':checks,'check_count':len(checks),'all_passed':all(z['passed'] for z in checks),'negative_controls':mutations,'benchmarks':bench,'environment':{'python':sys.version,'numpy':np.__version__,'scipy':scipy.__version__,'sympy':s.__version__,'platform':platform.platform()},'proof_assistant_kernel_acceptances':0,'interpretation':'Finite exact checks, symbolic identities and numerical diagnostics are separately labelled. Timings are observations for the supplied implementations, not universal complexity proofs.'}
(OUT/'mathematical_checks.json').write_text(json.dumps(report,indent=2))
print(json.dumps({'checks':len(checks),'passed':sum(z['passed'] for z in checks),'benchmark_configurations':len(bench),'negative_controls':len(mutations),'network_C':str(C)},indent=2))
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    "proof_assistant_kernel_accepted": false,
    "formal_status": "Not formalized in this release",
    "recommended_route": "Proved certificate checker plus exact instances",
    "dependency_review": "Explicit hypotheses and named foundations retained; no transitive kernel closure"
  },
  {
    "id": "U53",
    "title": "the elliptic period equation and an explicit tail",
    "source_relation": "Additional derivation",
    "source_file": "12_advanced_models.tex",
    "label": "thm:U53",
    "written_proof_present": true,
    "proof_assistant_kernel_accepted": false,
    "formal_status": "Not formalized in this release",
    "recommended_route": "Lean/Isabelle/Rocq: mathematical development",
    "dependency_review": "Explicit hypotheses and named foundations retained; no transitive kernel closure"
  },
  {
    "id": "U54",
    "title": "a differential equation determines a Schwarzian",
    "source_relation": "Additional derivation",
    "source_file": "12_advanced_models.tex",
    "label": "thm:U54",
    "written_proof_present": true,
    "proof_assistant_kernel_accepted": false,
    "formal_status": "Not formalized in this release",
    "recommended_route": "Lean/Isabelle/Rocq: mathematical development",
    "dependency_review": "Explicit hypotheses and named foundations retained; no transitive kernel closure"
  },
  {
    "id": "U55",
    "title": "exact real-axis unitarity of a Cayley model",
    "source_relation": "Additional derivation",
    "source_file": "12_advanced_models.tex",
    "label": "thm:U55",
    "written_proof_present": true,
    "proof_assistant_kernel_accepted": false,
    "formal_status": "Not formalized in this release",
    "recommended_route": "Lean/Rocq: algebra and exact finite structures",
    "dependency_review": "Explicit hypotheses and named foundations retained; no transitive kernel closure"
  },
  {
    "id": "U56",
    "title": "exact modal gluing",
    "source_relation": "Additional derivation",
    "source_file": "12_advanced_models.tex",
    "label": "thm:U56",
    "written_proof_present": true,
    "proof_assistant_kernel_accepted": false,
    "formal_status": "Not formalized in this release",
    "recommended_route": "Lean/Rocq: algebra and exact finite structures",
    "dependency_review": "Explicit hypotheses and named foundations retained; no transitive kernel closure"
  },
  {
    "id": "U57",
    "title": "homological transvection of a positive twist",
    "source_relation": "Additional derivation",
    "source_file": "12_advanced_models.tex",
    "label": "thm:U57",
    "written_proof_present": true,
    "proof_assistant_kernel_accepted": false,
    "formal_status": "Not formalized in this release",
    "recommended_route": "Lean/Isabelle/Rocq: mathematical development",
    "dependency_review": "Explicit hypotheses and named foundations retained; no transitive kernel closure"
  },
  {
    "id": "U58",
    "title": "a pairing on lattice torsion",
    "source_relation": "Additional derivation",
    "source_file": "12_advanced_models.tex",
    "label": "thm:U58",
    "written_proof_present": true,
    "proof_assistant_kernel_accepted": false,
    "formal_status": "Not formalized in this release",
    "recommended_route": "Lean/Isabelle/Rocq: mathematical development",
    "dependency_review": "Explicit hypotheses and named foundations retained; no transitive kernel closure"
  },
  {
    "id": "U59",
    "title": "exact twisted Laplacian modes",
    "source_relation": "Additional derivation",
    "source_file": "12_advanced_models.tex",
    "label": "thm:U59",
    "written_proof_present": true,
    "proof_assistant_kernel_accepted": false,
    "formal_status": "Not formalized in this release",
    "recommended_route": "Lean/Isabelle/Rocq: mathematical development",
    "dependency_review": "Explicit hypotheses and named foundations retained; no transitive kernel closure"
  },
  {
    "id": "U60",
    "title": "exact accounting for shared verification",
    "source_relation": "Additional derivation",
    "source_file": "12_advanced_models.tex",
    "label": "thm:U60",
    "written_proof_present": true,
    "proof_assistant_kernel_accepted": false,
    "formal_status": "Not formalized in this release",
    "recommended_route": "Lean/Rocq: algebra and exact finite structures",
    "dependency_review": "Explicit hypotheses and named foundations retained; no transitive kernel closure"
  },
  {
    "id": "U61",
    "title": "Weyl regularity in the conformal coordinate",
    "source_relation": "Additional derivation",
    "source_file": "12b_analytic_details.tex",
    "label": "thm:U61",
    "written_proof_present": true,
    "proof_assistant_kernel_accepted": false,
    "formal_status": "Not formalized in this release",
    "recommended_route": "Lean/Rocq: algebra and exact finite structures",
    "dependency_review": "Explicit hypotheses and named foundations retained; no transitive kernel closure"
  },
  {
    "id": "U62",
    "title": "a barrier enforces the boundary value",
    "source_relation": "Additional derivation",
    "source_file": "12b_analytic_details.tex",
    "label": "thm:U62",
    "written_proof_present": true,
    "proof_assistant_kernel_accepted": false,
    "formal_status": "Not formalized in this release",
    "recommended_route": "Lean/Rocq: algebra and exact finite structures",
    "dependency_review": "Explicit hypotheses and named foundations retained; no transitive kernel closure"
  },
  {
    "id": "U63",
    "title": "uniqueness of the normalized Green function",
    "source_relation": "Additional derivation",
    "source_file": "12b_analytic_details.tex",
    "label": "thm:U63",
    "written_proof_present": true,
    "proof_assistant_kernel_accepted": false,
    "formal_status": "Not formalized in this release",
    "recommended_route": "Lean/Rocq: algebra and exact finite structures",
    "dependency_review": "Explicit hypotheses and named foundations retained; no transitive kernel closure"
  },
  {
    "id": "U64",
    "title": "propagating a primal--dual interval to modulus",
    "source_relation": "Additional derivation",
    "source_file": "12b_analytic_details.tex",
    "label": "thm:U64",
    "written_proof_present": true,
    "proof_assistant_kernel_accepted": false,
    "formal_status": "Not formalized in this release",
    "recommended_route": "Lean/Rocq: algebra and exact finite structures",
    "dependency_review": "Explicit hypotheses and named foundations retained; no transitive kernel closure"
  },
  {
    "id": "U65",
    "title": "exponential-coordinate enclosure",
    "source_relation": "Additional derivation",
    "source_file": "12b_analytic_details.tex",
    "label": "thm:U65",
    "written_proof_present": true,
    "proof_assistant_kernel_accepted": false,
    "formal_status": "Not formalized in this release",
    "recommended_route": "Lean/Rocq: algebra and exact finite structures",
    "dependency_review": "Explicit hypotheses and named foundations retained; no transitive kernel closure"
  },
  {
    "id": "U66",
    "title": "a certified injective disk and image disk",
    "source_relation": "Additional derivation",
    "source_file": "12b_analytic_details.tex",
    "label": "thm:U66",
    "written_proof_present": true,
    "proof_assistant_kernel_accepted": false,
    "formal_status": "Not formalized in this release",
    "recommended_route": "Lean/Rocq: algebra and exact finite structures",
    "dependency_review": "Explicit hypotheses and named foundations retained; no transitive kernel closure"
  },
  {
    "id": "U67",
    "title": "a certified periodic quadrature bound",
    "source_relation": "Additional derivation",
    "source_file": "12b_analytic_details.tex",
    "label": "thm:U67",
    "written_proof_present": true,
    "proof_assistant_kernel_accepted": false,
    "formal_status": "Not formalized in this release",
    "recommended_route": "Lean/Rocq: algebra and exact finite structures",
    "dependency_review": "Explicit hypotheses and named foundations retained; no transitive kernel closure"
  }
]






PHI_volume_V_verification/replay.py

"""Run existing scripts in a temporary workspace; preserve historical results."""
from pathlib import Path
import argparse
import json
import os
import shutil
import subprocess
import sys
import tempfile

ROOT = Path(__file__).resolve().parent
TASKS = {
    "mathematics": "code/verify_mathematics.py",
    "extensions": "code/verify_extensions.py",
    "registers": "code/make_registers.py",
    "figures": "code/make_figures.py",
}

def main():
    parser = argparse.ArgumentParser(description=__doc__)
    parser.add_argument("tasks", nargs="*", help="Task names shown by --list")
    parser.add_argument("--list", action="store_true")
    parser.add_argument("--all", action="store_true")
    parser.add_argument("--timeout", type=int, default=180)
    args = parser.parse_args()
    if args.list:
        for name, script in TASKS.items():
            print(f"{name:12s} {script}")
        return 0
    names = list(TASKS) if args.all else (args.tasks or ["mathematics", "extensions"])
    invalid = set(names) - set(TASKS)
    if invalid:
        parser.error("Unknown tasks: " + ", ".join(sorted(invalid)))
    if args.timeout <= 0:
        parser.error("--timeout must be positive")
    if sys.flags.optimize:
        parser.error("Run Python without -O; the supplied scripts use assertions.")
    subprocess.run([sys.executable, str(ROOT / "check_integrity.py")], check=True)
    (ROOT / "replays").mkdir(exist_ok=True)
    destination = Path(tempfile.mkdtemp(prefix="run_", dir=ROOT / "replays"))
    environment = dict(os.environ)
    environment.update({"OPENBLAS_NUM_THREADS":"1", "OMP_NUM_THREADS":"1",
                        "MKL_NUM_THREADS":"1", "MPLBACKEND":"Agg"})
    records = []
    with tempfile.TemporaryDirectory(prefix="phi_volume_v_replay_") as temporary:
        work = Path(temporary)
        for directory in ("code", "records", "results", "tex", "figures"):
            shutil.copytree(ROOT / directory, work / directory)
        for name in names:
            try:
                proc = subprocess.run([sys.executable, TASKS[name]], cwd=work,
                    env=environment, text=True, capture_output=True, timeout=args.timeout)
                output = proc.stdout + proc.stderr
                code = proc.returncode
            except subprocess.TimeoutExpired:
                output = f"Task exceeded {args.timeout} seconds.\n"
                code = 124
            (destination / f"{name}.log").write_text(output, encoding="utf8")
            records.append({"task":name, "exit_code":code, "passed":code == 0})
            print(f"{name}: {'PASS' if code == 0 else 'FAIL'}")
            if code:
                break
        for directory in ("records", "results"):
            shutil.copytree(work / directory, destination / directory)
        if "figures" in names and any(r["task"] == "figures" for r in records):
            shutil.copytree(work / "figures", destination / "figures")
    report = {"tasks":records,"all_passed":len(records)==len(names) and all(r["passed"] for r in records),
              "python":sys.version,"thread_settings":{k:environment[k] for k in
                 ("OPENBLAS_NUM_THREADS","OMP_NUM_THREADS","MKL_NUM_THREADS")},
              "historical_results_modified":False,
              "proof_assistant_kernel_acceptances":0}
    (destination / "replay_report.json").write_text(json.dumps(report,indent=2)+"\n",encoding="utf8")
    print("New outputs: " + destination.relative_to(ROOT).as_posix())
    return 0 if report["all_passed"] else 1

if __name__ == "__main__":
    raise SystemExit(main())







PHI_volume_V_verification/requirements-figures.txt

-r requirements.txt
matplotlib==3.10.8







PHI_volume_V_verification/requirements-publication.txt

PyMuPDF==1.26.7







PHI_volume_V_verification/requirements.txt

numpy==2.3.5
scipy==1.17.0
sympy==1.14.0







PHI_volume_V_verification/results/extension_checks.json

{
  "checks": [
    {
      "name": "I07 transformed lattice modulus",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I08 triangle characteristics",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I11 cubic mode energy coefficient",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I19 sheet 4",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I19 sheet 1",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I19 sheet -1",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I19 sheet -4",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I20 three thresholds genus",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I20 four thresholds genus",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I30 61 rounds insufficient",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I30 62 rounds sufficient",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I31 exact resistance",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I33 Bernstein first half",
      "passed": true,
      "kind": "symbolic identity"
    },
    {
      "name": "I33 Bernstein second half",
      "passed": true,
      "kind": "symbolic identity"
    },
    {
      "name": "I36 point count",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I37 break-even",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "I38 orbifold characteristic",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "U53 recurrence factor",
      "passed": true,
      "kind": "symbolic identity"
    },
    {
      "name": "elliptic coefficient ratio 0",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 1",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 2",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 3",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 4",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 5",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 6",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 7",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 8",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 9",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 10",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 11",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 12",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 13",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 14",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "elliptic coefficient ratio 15",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "U55 exact Cayley unitarity",
      "passed": true,
      "kind": "exact symbolic finite"
    },
    {
      "name": "U55 symmetry",
      "passed": true,
      "kind": "exact symbolic finite"
    },
    {
      "name": "U56 off-diagonal gluing",
      "passed": true,
      "kind": "symbolic rational identity"
    },
    {
      "name": "U56 diagonal gluing",
      "passed": true,
      "kind": "symbolic rational identity"
    },
    {
      "name": "U57 intersection preservation",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "U58 finite torsion nondegeneracy 2",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "U58 finite torsion nondegeneracy 3",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "U58 finite torsion nondegeneracy 4",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "U58 finite torsion nondegeneracy 5",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "U58 finite torsion nondegeneracy 7",
      "passed": true,
      "kind": "exact finite"
    },
    {
      "name": "U60 cost multiplicities",
      "passed": true,
      "kind": "exact finite"
    }
  ],
  "check_count": 45,
  "all_passed": true,
  "negative_controls": [
    {
      "name": "wrong genus for four thresholds",
      "rejected": true
    },
    {
      "name": "wrong Richardson exponent 61",
      "rejected": true
    },
    {
      "name": "invalid cycle cocycle",
      "rejected": true
    },
    {
      "name": "nonconserved unit flow",
      "rejected": true
    }
  ],
  "proof_assistant_kernel_acceptances": 0,
  "interpretation": "Exact finite and symbolic checks supplement the written proofs. They are not kernel verification of the universal mathematical developments."
}






PHI_volume_V_verification/results/mathematical_checks.json

{
  "exact_pi_interval": [
    {
      "numerator": "12517710722593096415667477622305034638100847820499218363002246890693554383445674160044",
      "denominator": "3984511075390224604279021801865318351355116397185743452382666873745620250701904296875"
    },
    {
      "numerator": "27392970016703787608032679798815419207319355552910547994119366149675500412948860272",
      "denominator": "8719453168252973084065015059840772989257708192227340759927756153047084808349609375"
    }
  ],
  "exact_log2_interval": [
    {
      "numerator": "2480604839187127169704757511863989768",
      "denominator": "3578756299900432929739685433049515675"
    },
    {
      "numerator": "89301774210736578109373450887325576653",
      "denominator": "128835226796415585470628675589782564300"
    }
  ],
  "capacity_A_1_2_interval": [
    {
      "numerator": "997123584552972048685875842023960730695853904764684326306607779916748829741348526776985324718301643002502688",
      "denominator": "110000480252104111870117445522497554726812236299815060656840078058364318457587933153263293206691741943359375"
    },
    {
      "numerator": "7576536362692154598093331131197345429382690163535659615413346117294551541382373573807632369680433985588",
      "denominator": "835826823730485746617095055425742894591246204129656272672670982961499697694307542406022548675537109375"
    }
  ],
  "modulus_A_1_2_interval": [
    {
      "numerator": "835826823730485746617095055425742894591246204129656272672670982961499697694307542406022548675537109375",
      "denominator": "7576536362692154598093331131197345429382690163535659615413346117294551541382373573807632369680433985588"
    },
    {
      "numerator": "110000480252104111870117445522497554726812236299815060656840078058364318457587933153263293206691741943359375",
      "denominator": "997123584552972048685875842023960730695853904764684326306607779916748829741348526776985324718301643002502688"
    }
  ],
  "capacity_decimal_approximation": 9.064720283654388,
  "network_effective_conductance": {
    "numerator": "20",
    "denominator": "29"
  },
  "network_potentials": [
    {
      "numerator": "0",
      "denominator": "1"
    },
    {
      "numerator": "10",
      "denominator": "29"
    },
    {
      "numerator": "50",
      "denominator": "87"
    },
    {
      "numerator": "65",
      "denominator": "87"
    },
    {
      "numerator": "77",
      "denominator": "87"
    },
    {
      "numerator": "1",
      "denominator": "1"
    }
  ],
  "checks": [
    {
      "name": "positive ordered pi bounds",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "positive ordered log bounds",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "capacity enclosure width",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "modulus enclosure width",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "reciprocal capacity-modulus lower relation",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "reciprocal capacity-modulus upper relation",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "network terminal potentials",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "network conservation",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "network primal energy",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "network unit-flow dissipation",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "Bernstein basis coefficients",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "Bernstein strict lower bound",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "two-channel conic identity",
      "passed": true,
      "kind": "symbolic identity",
      "details": null
    },
    {
      "name": "sheet inversion preserves energy",
      "passed": true,
      "kind": "symbolic identity",
      "details": null
    },
    {
      "name": "sheet sign preserves energy",
      "passed": true,
      "kind": "symbolic identity",
      "details": null
    },
    {
      "name": "period derivative identity",
      "passed": true,
      "kind": "symbolic identity",
      "details": null
    },
    {
      "name": "disk Liouville equation",
      "passed": true,
      "kind": "symbolic identity",
      "details": null
    },
    {
      "name": "threshold Riemann-Hurwitz n=2",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "threshold Riemann-Hurwitz n=3",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "threshold Riemann-Hurwitz n=4",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "threshold Riemann-Hurwitz n=5",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "threshold Riemann-Hurwitz n=6",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "threshold Riemann-Hurwitz n=7",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "threshold Riemann-Hurwitz n=8",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "orbifold exact chi (2, 3, 5)",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "orbifold exact chi (2, 3, 6)",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "orbifold exact chi (2, 3, 7)",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "orbifold exact chi (2, 4, 4)",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "orbifold exact chi (3, 3, 3)",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "punctured-plane sign counterexample",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "finite-field elliptic point count",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "nonabelian continuation commutator",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "generator squares",
      "passed": true,
      "kind": "exact finite",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=0.25 n=1",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=0.25 n=1",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=0.25 n=2",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=0.25 n=2",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=0.25 n=4",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=0.25 n=4",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=0.25 n=8",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=0.25 n=8",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=0.5 n=1",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=0.5 n=1",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=0.5 n=2",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=0.5 n=2",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=0.5 n=4",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=0.5 n=4",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=0.5 n=8",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=0.5 n=8",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=1.0 n=1",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=1.0 n=1",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=1.0 n=2",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=1.0 n=2",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=1.0 n=4",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=1.0 n=4",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=1.0 n=8",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=1.0 n=8",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=2.0 n=1",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=2.0 n=1",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=2.0 n=2",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=2.0 n=2",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=2.0 n=4",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=2.0 n=4",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN modal eigenvalues L=2.0 n=8",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "DN positive determinant L=2.0 n=8",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "screened solve n=32 method=dense",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "screened solve n=32 method=Fourier",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "screened solve n=32 method=cyclic_tridiagonal",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "screened solve n=64 method=dense",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "screened solve n=64 method=Fourier",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "screened solve n=64 method=cyclic_tridiagonal",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "screened solve n=128 method=dense",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "screened solve n=128 method=Fourier",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "screened solve n=128 method=cyclic_tridiagonal",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "screened solve n=256 method=dense",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "screened solve n=256 method=Fourier",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "screened solve n=256 method=cyclic_tridiagonal",
      "passed": true,
      "kind": "floating-point diagnostic",
      "details": null
    },
    {
      "name": "reject negative Bernstein coefficient",
      "passed": true,
      "kind": "negative control",
      "details": null
    },
    {
      "name": "reject gapped interval cover",
      "passed": true,
      "kind": "negative control",
      "details": null
    },
    {
      "name": "reject false commuting generators",
      "passed": true,
      "kind": "negative control",
      "details": null
    },
    {
      "name": "reject false plane-Euler zero",
      "passed": true,
      "kind": "negative control",
      "details": null
    },
    {
      "name": "reject wrong two-channel sign",
      "passed": true,
      "kind": "negative control",
      "details": null
    }
  ],
  "check_count": 82,
  "all_passed": true,
  "negative_controls": [
    {
      "name": "negative Bernstein coefficient",
      "rejected": true
    },
    {
      "name": "gapped interval cover",
      "rejected": true
    },
    {
      "name": "false commuting generators",
      "rejected": true
    },
    {
      "name": "false plane-Euler zero",
      "rejected": true
    },
    {
      "name": "wrong two-channel sign",
      "rejected": true
    }
  ],
  "benchmarks": [
    {
      "n": 32,
      "method": "dense",
      "median_ms": 0.038556,
      "samples_ms": [
        0.083513,
        0.048541,
        0.219703,
        0.038556,
        0.030545,
        0.028041,
        0.027891
      ],
      "max_residual": 8.881784197001252e-16,
      "max_error_to_dense": 0.0
    },
    {
      "n": 32,
      "method": "Fourier",
      "median_ms": 0.016664,
      "samples_ms": [
        0.092816,
        0.101539,
        0.019699,
        0.016664,
        0.014852,
        0.014902,
        0.01404
      ],
      "max_residual": 8.881784197001252e-16,
      "max_error_to_dense": 4.440892098500626e-16
    },
    {
      "n": 32,
      "method": "cyclic_tridiagonal",
      "median_ms": 0.057445,
      "samples_ms": [
        0.077724,
        0.100047,
        0.057445,
        0.042913,
        0.039448,
        0.037576,
        0.109862
      ],
      "max_residual": 5.551115123125783e-16,
      "max_error_to_dense": 4.440892098500626e-16
    },
    {
      "n": 64,
      "method": "dense",
      "median_ms": 0.092986,
      "samples_ms": [
        0.064765,
        0.052488,
        0.094079,
        0.139586,
        1.323307,
        0.092986,
        0.057755
      ],
      "max_residual": 5.551115123125783e-16,
      "max_error_to_dense": 0.0
    },
    {
      "n": 64,
      "method": "Fourier",
      "median_ms": 0.016304,
      "samples_ms": [
        0.024567,
        0.017266,
        0.016855,
        0.016304,
        0.015422,
        0.015002,
        0.014952
      ],
      "max_residual": 9.992007221626409e-16,
      "max_error_to_dense": 5.091413401991929e-16
    },
    {
      "n": 64,
      "method": "cyclic_tridiagonal",
      "median_ms": 0.041521,
      "samples_ms": [
        0.059587,
        0.043794,
        0.041521,
        0.038667,
        0.042502,
        0.038967,
        0.037906
      ],
      "max_residual": 6.661338147750939e-16,
      "max_error_to_dense": 4.440892098500626e-16
    },
    {
      "n": 128,
      "method": "dense",
      "median_ms": 0.167657,
      "samples_ms": [
        0.167657,
        0.150321,
        0.142309,
        0.142189,
        0.256738,
        0.16991,
        0.180585
      ],
      "max_residual": 7.771561172376096e-16,
      "max_error_to_dense": 0.0
    },
    {
      "n": 128,
      "method": "Fourier",
      "median_ms": 0.018036,
      "samples_ms": [
        0.024977,
        0.019428,
        0.018036,
        0.018036,
        0.017606,
        0.017325,
        0.016675
      ],
      "max_residual": 1.1102230246251565e-15,
      "max_error_to_dense": 4.440892098500626e-16
    },
    {
      "n": 128,
      "method": "cyclic_tridiagonal",
      "median_ms": 0.041681,
      "samples_ms": [
        0.050865,
        0.043063,
        0.041951,
        0.041681,
        0.039268,
        0.039968,
        0.039848
      ],
      "max_residual": 8.881784197001252e-16,
      "max_error_to_dense": 2.220446049250313e-16
    },
    {
      "n": 256,
      "method": "dense",
      "median_ms": 0.793778,
      "samples_ms": [
        0.793778,
        0.813557,
        0.792666,
        0.904251,
        0.746108,
        0.753419,
        0.807138
      ],
      "max_residual": 1.3322676295501878e-15,
      "max_error_to_dense": 0.0
    },
    {
      "n": 256,
      "method": "Fourier",
      "median_ms": 0.021612,
      "samples_ms": [
        0.029513,
        0.024916,
        0.021612,
        0.022133,
        0.02061,
        0.02036,
        0.019939
      ],
      "max_residual": 1.3322676295501878e-15,
      "max_error_to_dense": 6.661338147750939e-16
    },
    {
      "n": 256,
      "method": "cyclic_tridiagonal",
      "median_ms": 0.050555,
      "samples_ms": [
        0.061491,
        0.050555,
        0.046959,
        0.051606,
        0.046468,
        0.048281,
        0.051195
      ],
      "max_residual": 1.3322676295501878e-15,
      "max_error_to_dense": 2.220446049250313e-16
    }
  ],
  "environment": {
    "python": "3.13.5 (main, Jul 15 2026, 20:25:40) [GCC 14.2.0]",
    "numpy": "2.3.5",
    "scipy": "1.17.0",
    "sympy": "1.14.0",
    "platform": "Linux-6.18.44-x86_64-with-glibc2.41"
  },
  "proof_assistant_kernel_acceptances": 0,
  "interpretation": "Finite exact checks, symbolic identities and numerical diagnostics are separately labelled. Timings are observations for the supplied implementations, not universal complexity proofs."
}
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\chapter{Scope, mathematical objects and evidence}
\label{ch:scope}
\section{The subject of the monograph}
Uniformization identifies the simply connected complex curves with three model surfaces. Its applications depend on the maps, metrics, periods and group actions through which that identification is realized. This monograph follows the seven subsections of \S5 of Mikhail Lyubich's \emph{Conformal Geometry and Dynamics of Quadratic Polynomials}, and develops the missing intermediate arguments needed to use the stated results quantitatively. The principal result concerns a complex manifold of complex dimension one. No corresponding classification of arbitrary higher-dimensional complex manifolds follows from it.

Three questions organize the applications. Mathematics asks which quantities survive passage to a canonical model and which global obstructions survive in the quotient. Physics asks which field equations and observables transform covariantly, how dimensions and boundary conditions enter, and which approximation errors can be bounded. Computer science asks how a finite representation, an algorithm and a certificate recover the specified mathematical output, with a cost that includes preprocessing, memory, communication and verification.

The previous PHI volumes provide the established expository dependencies on Cantor coding, finite observables, proper holomorphic maps, degree, normal families, conformal distortion and numerical comparisons \cite{phi1,phi2,phi3,phi4}. Their recorded checks are used with their original interpretation. A written result in those volumes is a written dependency. A tested numerical implementation remains a tested implementation. Neither category is described here as a proof-assistant theorem.

The present edition has been reconstructed from the retained textbook, the preceding public PHI monographs and the associated scientific records. The earlier delivery reports did not contain recoverable \S5 manuscripts. Consequently the counts in this edition are obtained from its actual source files and generated registers; unconfirmed counts from the interrupted authoring attempts are not used as completion evidence.

\section{Source order and proof order}
The source sequence is retained in Chapter~\ref{ch:source}: \S5.1, statement; \S5.2, quotient classification; \S5.3, smooth annuli; \S5.4, relatively compact simply connected domains; \S5.5, simply connected surfaces; \S5.6, ends; \S5.7, orbifolds. The proof dependency is not this linear order. In particular, the classification in \S5.2 uses the uniformization proved in \S5.5. We distinguish an assertion presented for orientation from a proposition already available for use in an argument.

The substantive dependency chain for open surfaces is
\[
\begin{gathered}
\text{Dirichlet and local potential theory}\
\Downarrow\\[-7pt]
\text{annular coordinates and bounded disk uniformization}\
\Downarrow\\[-7pt]
\text{normalized disk exhaustion and compact convergence}\
\Downarrow\\[-7pt]
\text{global injectivity and surjectivity}\
\Downarrow\\[-7pt]
\text{disk--plane classification and quotient geometry}.
\end{gathered}
\]
The compact case then follows by removing one point and controlling the resulting end. Orbifold uniformization additionally requires an effective, orientable, good orbifold structure; the topological developability input is separated from the analytic uniformization.

\section{Conventions}
A Riemann surface is connected, Hausdorff and second countable, with holomorphic coordinate changes and no boundary unless a bordered surface is explicitly specified. A relatively compact domain has compact closure in the ambient surface. Smooth boundaries mean embedded smooth circles. Piecewise smooth boundaries are taken to be Jordan boundaries with finitely many nondegenerate corners and the usual local barrier property. Pathological non-Jordan boundary sets require a separate prime-end formulation and are not silently included.

The positive Laplacian in local Euclidean coordinates is
\[
\Delta=\partial_x^2+\partial_y^2=4\partial_z\partial_{\bar z}.
\]
Thus $-\Delta$ is nonnegative in a Dirichlet energy problem. For a real function $u$, put
\[
*du=-u_y\,dx+u_x\,dy.
\]
Then $d(*du)=(\Delta u)\,dx\wedge dy$. A local conjugate $v$ satisfies $dv=*du$, so $u+\ii v$ is holomorphic. Circles about the origin are positively oriented counterclockwise. The inner boundary of a positively oriented annulus has clockwise orientation.

For $0<r<R<\infty$, write
\[
 A(r,R)=\{z\in\C:r<|z|<R\},\qquad
 L=\log(R/r),\qquad \modu A(r,R)=\frac{L}{2\pi}.
\]
The condenser capacity for boundary values zero and one is the unhalved Dirichlet energy. In this convention $\capc A=2\pi/L$ and $\capc A\cdot\modu A=1$. The convention fixes every factor of $2\pi$ in the annular exponential map.

For a conformal metric $g=\rho^2|dz|^2$, $dA_g=\rho^2dx\,dy$ and $\Delta_g=\rho^{-2}\Delta$. The canonical hyperbolic metric has curvature $-1$ and is $2|dz|/(1-|z|^2)$ on $\D$. A complex torus is $\C/(\Z\omega_1+\Z\omega_2)$, where $\operatorname{Im}(\omega_2/\omega_1)>0$ after orienting the basis.

\section{Comparison contracts}
A valid comparison begins with a common input class $\mathcal X$, a required output relation $\mathcal R(x,y)$ and an admissible error. Algorithms returning a scalar capacity and algorithms returning a full sampled field have different output obligations. Their costs are compared only after that distinction has been fixed.

For an implementation $M$ and input $x$, the cost record is
\[
\cost(M,x)=
(C_{\rm setup},C_{\rm arithmetic},C_{\rm bit},C_{\rm memory},
 C_{\rm depth},C_{\rm communication},C_{\rm checking}).
\]
It is accompanied by a normed error bound, a conditioning statement and the domain of validity. For $q$ repeated evaluations, the total includes the single setup cost and all $q$ queries. A fixed precision scalar operation count does not measure arbitrary-precision bit complexity. An expression involving $\log$, $\exp$ or an elliptic integral has evaluation and rounding obligations of its own.

Logical complexity has two separate uses. The first is the structure of a derivation: premises, dependencies, branch cases and uniform versus instance-wise reasoning. The second is complexity in computational logic: decision problems, proof verification and finite-state temporal properties. A shorter proof may improve exposition without implying lower computational complexity. A finite-state model check can be complete for its model while saying nothing about an unmodeled network delay.

\section{Interpretation of evidence}
\begin{description}[style=nextline,leftmargin=0pt]
\item[Written theorem.] A precise assertion with an argument in the document, relative to its identified prerequisites.
\item[Imported prerequisite.] A stated result cited from an earlier PHI development or a standard primary mathematical source. The extent of the import is explicit.
\item[Exact finite certificate.] A finite witness accepted by the delivered exact-arithmetic checker, together with a written soundness argument for the checker.
\item[Numerical diagnostic.] A floating-point calculation with defined inputs, tolerances and output. Agreement is not a universal theorem.
\item[Formalization specification.] A target for Lean, Rocq or another verifier. A specification is counted as kernel accepted only after the corresponding proof object has actually been checked.
\item[Physical model.] An assumed constitutive or probabilistic model with an analytically derived consequence. The calculation does not validate the model experimentally.
\end{description}
No new proof-assistant kernel acceptance is asserted in this edition. The theorem register records the proof location, the dependency class and the available certificate for each registered assertion. The compiler, reference, privacy and checksum checks are publication checks and retain that designation.

\section{The intended disciplinary connections}
The mathematical analysis includes quotient classification, periods, divisors, algebraic curves, homology, harmonic conjugacy, Sobolev energy, Fourier operators and extremal approximation. Applied and theoretical physics enter through threshold scattering, periodic spectral problems, Euclidean field equations, thermal diffusion, classical worldsheet actions, elliptic moduli and brane-curve models. The high-energy and M/string-theory sections distinguish the derived mathematical identities from physical assumptions imported from the cited models \cite{tong,sw,witten}.

Computational applications include graph and surface discretization, spectral solvers, condition-aware approximation, parallel work and depth, consensus, certified branch continuation and finite-field cryptographic interfaces. Encryption does not follow from the existence of a complicated conformal map. Several negative examples identify precisely which information remains publicly invertible.

The engineering applications retain conservation laws, dimensional analysis, source and boundary data, discrete stability and implementation limits. Every subject is assigned either a concrete mathematical subproblem or an explicit boundary of applicability. An application inventory cannot establish that a particular mathematical transformation optimizes every problem in a discipline.
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\chapter{Topological and analytic foundations}
\label{ch:foundations}
\section{Covering surfaces and the lifted complex structure}
\source{The construction supplies the transition from the statement in source \S5.1 to the classification in \S5.2. Covering and local-degree prerequisites are treated in the preceding PHI volume \cite[Chapter 2]{phi1}.}

\begin{proposition}[U01: holomorphic structure on an unbranched cover]\label{thm:U01}
Let $p:\widetilde S\to S$ be a topological covering of a Riemann surface. There is a unique complex structure on $\widetilde S$ for which $p$ is locally biholomorphic. Every deck transformation is holomorphic.
\end{proposition}
\begin{proof}
Take an evenly covered coordinate neighborhood $U\subset S$ with coordinate $z:U\to z(U)\subset\C$. For each component $\widetilde U$ of $p^{-1}(U)$, use $z\circ p$ as a coordinate. A transition from $z\circ p$ to $w\circ p$ is exactly $w\circ z^{-1}$, restricted to the relevant overlap, and is holomorphic. These coordinates cover $\widetilde S$ and define a complex atlas. A second structure making $p$ locally biholomorphic has the same local coordinates, so it is identical. If $\gamma$ is a deck transformation, then $p\circ\gamma=p$; in the displayed coordinates $\gamma$ is the identity between two sheets. Hence it is locally holomorphic, and its inverse has the same property.
\end{proof}

A connected Riemann surface is locally path connected and semilocally simply connected. Its universal cover may be constructed from homotopy classes of paths beginning at a fixed point. An evenly covered disk acts by appending a short path inside that disk. The lifting rule is well-defined because any two such short paths are homotopic relative to their endpoints. A loop acts by concatenation and determines a deck transformation. The construction identifies the deck group with the fundamental group after a convention for left or right concatenation has been fixed.

The covering acts freely: a deck transformation that fixes a point agrees with the identity on an evenly covered neighborhood. Path lifting then propagates that equality along every path, so it is the identity on the connected cover. Proper discontinuity is the local sheet-separation property. For quotient constructions, both properties are necessary. A discrete group with a stabilizer gives an orbifold quotient at the stabilized point, not an unbranched surface cover.

\section{Closed forms and the period obstruction}
\begin{lemma}[U02: periods characterize exactness]\label{thm:U02}
Let $\alpha$ be a smooth closed real one-form on a connected smooth surface. It has a global primitive if and only if its integral around every closed piecewise smooth path is zero. If the surface is an annulus, it is enough to check one positively oriented generator of its first homology.
\end{lemma}
\begin{proof}
If $\alpha=dv$, the integral along a path is the difference of endpoint values and vanishes on a loop. Conversely, choose a base point $p$ and define $v(q)=\int_p^q\alpha$. Two paths from $p$ to $q$ differ by a closed path, so the hypothesis makes $v$ well-defined. On a coordinate disk, the local Poincare lemma supplies a smooth primitive; $v$ differs from it by a constant. Thus $dv=\alpha$. For an annulus, deformation retraction to a core circle identifies its first homology with $\Z$. Stokes' theorem makes integrals of a closed form invariant under homology. Every period is therefore an integer multiple of the period on the chosen core.
\end{proof}

For a harmonic function $u$, the form $*du$ is closed. The obstruction to a global harmonic conjugate is consequently finite-dimensional on a finite-type surface: one must retain its periods on a homology basis. This is the exact global information that disappears in a calculation performed solely in local coordinate disks.

\begin{proposition}[U03: exponentiation kills an integral period lattice]\label{thm:U03}
Suppose a locally defined holomorphic function $F=u+\ii v$ changes by $\ii p k$, $k\in\Z$, on analytic continuation around a loop, where $p\ne0$. Then
\[
 z\longmapsto\exp\left(\frac{2\pi}{p}F(z)\right)
\]
is single valued and holomorphic. Its winding on a generator with period $p$ is one.
\end{proposition}
\begin{proof}
Continuation changes the exponent by $2\pi\ii k$, which leaves the exponential unchanged. Local definitions therefore agree on overlaps and patch to a holomorphic function. Along the generator, the change in its continuous argument is $(2\pi/p)p=2\pi$, so its winding is one. This calculation does not assert injectivity; properness and degree will supply that conclusion in the annular application.
\end{proof}

The same argument works for a period group contained in $2\pi\ii\Z$ without choosing a preferred generator. For a rank-two period lattice, one exponential does not remove both periods. Quotienting by the full lattice produces a complex torus. This distinction becomes decisive in the three-channel scattering model of Chapter~\ref{ch:physics}.

\section{Dirichlet minimization on a bordered surface}
Let $\Omega$ be a compact connected smooth bordered Riemann surface with nonempty boundary. Choose any smooth conformal metric. The Dirichlet integral
\[
 E(v)=\int_\Omega |dv|_g^2\dd A_g
\]
is independent of the conformal factor. Locally, the inverse metric contributes $\rho^{-2}$ and area contributes $\rho^2$, leaving $v_x^2+v_y^2$.

The construction below uses the Sobolev completion of smooth functions and the trace-zero space $H^1_0(\Omega)$. The standard Hilbert-space completeness of these spaces and the local trace theorem are foundational analytic inputs. They are distinguished from uniformization: neither requires a global conformal coordinate on $\Omega$.

\begin{lemma}[U04: coercivity of the trace-zero energy]\label{thm:U04}
There is a constant $C_\Omega$ such that
\[
 \norm{v}_{L^2(\Omega)}\le C_\Omega\norm{dv}_{L^2(\Omega)},\qquad v\in H^1_0(\Omega).
\]
Thus $\langle v,w\rangle_E=\int_\Omega\langle dv,dw\rangle_g\dd A_g$ is a complete inner product on $H^1_0(\Omega)$ equivalent to its $H^1$ inner product.
\end{lemma}
\begin{proof}
First work in a coordinate rectangle with one boundary side on which $v=0$. The fundamental theorem of calculus and Cauchy--Schwarz give
\[
 |v(x,y)|^2=\left|\int_0^y v_y(x,s)\dd s\right|^2
 \le h\int_0^h |v_y(x,s)|^2\dd s,
\]
so integration bounds the $L^2$ norm by the gradient on that rectangle. For an interior rectangle, its mean can be compared to the mean on an overlapping rectangle by applying the same one-dimensional estimate to differences along horizontal and vertical segments. A finite connected chain of overlapping coordinate rectangles connects every member of a finite cover to a boundary rectangle. Summing the resulting estimates gives a finite constant depending on the cover and the metric comparison bounds. Smooth trace-zero functions are dense in $H^1_0$ by definition, so the inequality extends by completion. Equivalence with the complete $H^1$ norm proves completeness for the energy norm.
\end{proof}

\begin{theorem}[U05: existence, uniqueness and energy orthogonality]\label{thm:U05}
For smooth prescribed boundary data and any $H^1$ extension $g$, there is a unique $u\in g+H^1_0(\Omega)$ minimizing $E$. It satisfies
\[
 \int_\Omega\langle du,dw\rangle_g\dd A_g=0
 \quad(w\in H^1_0(\Omega)),
\]
and for every competitor $v$ with the same trace,
\[
 E(v)=E(u)+E(v-u).
\]
\end{theorem}
\begin{proof}
On the energy Hilbert space, $\ell(w)=-\int\langle dg,dw\rangle$ is a bounded linear functional. The Riesz representation theorem gives a unique $h\in H^1_0$ with $\langle h,w\rangle_E=\ell(w)$. Set $u=g+h$. The displayed weak equation follows. Write $v=u+w$ with $w\in H^1_0$ and expand the square. Its cross term vanishes by the weak equation. The identity proves minimality; equality implies $E(w)=0$, and coercivity implies $w=0$. Thus the minimizer is unique. The representation argument may equivalently be written as orthogonal projection onto the closed affine space of admissible traces.
\end{proof}

For completeness, the Riesz representation used here has a direct Hilbert proof. If $\ell\ne0$, its kernel is closed and has codimension one. Choose a unit vector $e$ perpendicular to that kernel. Decomposing $w=w_0+te$ gives $\ell(w)=t\ell(e)$, so $\ell$ is represented by $\ell(e)e$ in the real Hilbert convention. The needed perpendicular projection follows from a minimizing sequence for distance to a closed convex subspace: the parallelogram identity makes that sequence Cauchy, and its limit is orthogonal by differentiation in each subspace direction.

\section{Regularity, boundary values and the maximum principle}
The weak solution is classically harmonic in every interior coordinate disk. One route to this fact is to mollify on smaller disks. The weak equation commutes with convolution, giving smooth harmonic mollifications. Their local mean-value property passes to the $L^1$ limit. A function with the mean-value property has a smooth Poisson representation on each smaller disk and is harmonic there. This is the local Weyl lemma in the form required by the construction.

The smooth boundary case has a barrier in a coordinate neighborhood. An exterior tangent circle supplies a logarithmic harmonic barrier, positive on the local interior and zero at the tangency point. At a nondegenerate corner, an exterior cone and the harmonic functions $r^a\sin(a\theta)$ in an appropriate wedge supply a positive barrier after rotation. Comparison with the barrier controls the solution by the oscillation of its boundary data. Smooth data are first extended smoothly, and the local estimates pass from smooth approximations to the variational solution. The solution therefore extends continuously with the prescribed values. Corners require the stated barrier assumption; a bare use of the phrase ``piecewise smooth'' does not justify arbitrary accumulating cusps.

\begin{lemma}[U06: maximum and strict positivity]\label{thm:U06}
A continuous function on $\overline\Omega$, harmonic on connected $\Omega$, takes its maximum and minimum on the boundary unless it is constant. In particular, a nonconstant harmonic function with boundary values zero and one satisfies $0<u<1$ in $\Omega$.
\end{lemma}
\begin{proof}
At an interior maximum, the mean-value property says that the average on each sufficiently small circle equals the maximum. Continuity and the upper bound force equality on the entire circle, and the Poisson formula forces constancy in the disk. The set on which the function equals its maximum is consequently both open and closed in the connected domain. It is the whole domain. Applying the same argument to $-u$ handles a minimum. Compactness of the closure and continuity supply existence of the extrema.
\end{proof}

This argument also proves a sup-norm error certificate. If $u$ and $\widetilde u$ are harmonic with boundary discrepancy at most $\varepsilon$, then $\norm{u-\widetilde u}_\infty\le\varepsilon$ on the full domain. Its cost is the cost of certifying the boundary discrepancy, not the number of interior visualization pixels.

\section{Green functions and a normalized logarithmic pole}
The sign convention is fixed by $\Delta\log|z|=2\pi\delta_0$ in distributions. To verify it, integrate by parts outside a circle of radius $\varepsilon$, retain the inward normal of the punctured domain, and let $\varepsilon\to0$. The boundary integral of the radial derivative supplies $2\pi$; the remaining term vanishes because the test function differs from its value at zero by $O(\varepsilon)$.

\begin{proposition}[U07: Green function with a single pole]\label{thm:U07}
On a smooth relatively compact bordered domain $D$, for each $p\in D$ there exists a function $G_D(\cdot,p)$, zero continuously on $\partial D$, positive on $D\setminus\{p\}$, harmonic away from $p$, and satisfying
\[
 G_D(z,p)=-\log|z|+h(z)
\]
in a local coordinate $z(p)=0$, with $h$ harmonic near zero. It is unique.
\end{proposition}
\begin{proof}
Choose a smooth cutoff $\chi$ supported in a coordinate disk and equal to one near $p$. The function $s=-\chi\log|z|$ has zero boundary trace and
$-\Delta s=2\pi\delta_p+q$, where $q$ is a smooth compactly supported function away from $p$ in the distribution-density convention. Solve $-\Delta h=-q$ with zero trace by the same coercive Hilbert-space argument as in Theorem~\ref{thm:U05}. Local regularity makes $h$ smooth, and $G=s+h$ has the stated pole and boundary data. On the complement of a small disk, its inner boundary values are positive for sufficiently small radius; the maximum principle gives $G\ge0$. Strict positivity follows from connectedness and the pole. The difference of two candidates is bounded near $p$, hence removable there, harmonic throughout $D$ and zero on its boundary. The maximum principle gives uniqueness.
\end{proof}

The inhomogeneous weak equation uses $\int qv$, bounded by the Poincare inequality. The local regularity of a smooth right-hand side follows by subtracting a local fundamental-solution convolution, leaving a distributionally harmonic remainder. Thus the construction does not invoke disk uniformization of $D$.

\section{Topological exhaustion and its exact role}
The global proof uses a surface-theoretic fact: a noncompact simply connected second-countable surface admits a nested exhaustion by relatively compact Jordan disks with smooth boundary. Here the topology is independent of the subsequently constructed complex coordinate.

A constructive route begins with a locally finite triangulation and a countable compact exhaustion. Connect each finite compact stage to a fixed base disk by finitely many arcs, and take a compact regular neighborhood. Boundary circles can be filled on the side not containing the chosen unbounded end. The Jordan--Schoenflies theorem for simply connected surfaces guarantees those filling disks and prevents a handle. Only finitely many boundary components occur at each stage. Enlarging the finite stage and smoothing its boundary produces the desired nest. The absence of handles follows alternatively by abelianizing the standard polygon presentation: a handle contributes two independent first-homology classes, impossible on a simply connected surface.

\flag{Locally finite triangulation, regular neighborhoods and the Jordan--Schoenflies theorem are explicitly declared topological prerequisites, as in the source's Lemma 1.80. Their full foundational formalization is not supplied by a polygon drawing or by the finite checks in this release.}

A similar finite polygon classification gives that a compact simply connected orientable surface is a sphere. Cutting along a spanning tree in the triangulation and a dual spanning tree produces a paired-edge polygon. Each surviving oriented handle pair contributes two generators to the abelianization of its fundamental group. Simple connectedness eliminates all handle pairs, leaving the sphere. This identifies the topological input used in source Theorem 5.6; the complex structure is still to be determined analytically.

\section{Imported analytic dependencies and noncircularity}
The preceding PHI monograph establishes the local power model for holomorphic maps, proper-map degree, the argument principle, Little Montel, injective normal limits and the Koebe growth and quarter estimates \cite[Chapters 2 and 4]{phi1}. Their uses in this volume are local or planar. In particular, Koebe's theorem is applied to a holomorphic injection whose domain is an already uniformized finite disk. It is not applied to the unknown global surface before the exhaustion limit has been constructed.

For reference, the specific planar inequalities used below are, for a univalent $g:\D\to\C$ with $g(0)=0$ and $g'(0)=1$,
\[
 \frac{|z|}{(1+|z|)^2}\le |g(z)|\le\frac{|z|}{(1-|z|)^2},
 \qquad \D_{1/4}\subset g(\D).
\]
The local uniform limit of injective holomorphic functions is injective or constant. At a normalized base point its derivative is one, excluding the constant case. Cauchy's formula proves derivative convergence on every smaller coordinate disk, so this normalization survives the limit.

These are precise dependency imports. The results of \S5 do not depend on any numerical graph or application later in this monograph. The dependency register keeps the theoretical proof graph separate from the computational and publication graphs.
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\chapter{The seven source subsections}
\label{ch:source}
\section{Source \S5.1: the three simply connected models}
\source{Source Theorem 5.1, physical page 115. The statement is a classification up to biholomorphism, with the surface conventions fixed in Chapter~\ref{ch:scope}.}

\begin{theorem}[U08: uniformization, with the proof dependencies exposed]\label{thm:U08}
Every simply connected Riemann surface is biholomorphic to exactly one of $\PP^1(\C)$, $\C$ and $\D$.
\end{theorem}
\begin{proof}
For a noncompact surface, Theorem~\ref{thm:U18} below constructs a normalized conformal map onto a disk of finite radius or onto $\C$. A finite-radius disk is biholomorphic to $\D$ by scaling. For a compact surface, Theorem~\ref{thm:U19} below gives the sphere. Compactness distinguishes the sphere from the two noncompact models. If $\C$ and $\D$ were biholomorphic, the resulting bounded nonconstant entire function would contradict Liouville's theorem. That theorem follows from Cauchy's estimate: for an entire function bounded by $M$, $|f'(z)|\le M/R$ for every $R>0$, so $f'=0$.
\end{proof}

The order of this proof is deliberately explicit. U08 names the final theorem; its construction is in U18 and U19, whose arguments do not appeal back to U08. The finite source statement does not yield a finite running-time algorithm on an arbitrary encoded surface. A computational uniformization algorithm must specify its domain representation, target normalization and error criterion.

\subsection{Normalization and its remaining freedom}
A sphere has a three-complex-parameter Mobius group. Three distinct marked points determine a unique Mobius normalization. For a disk, a point and a tangent direction determine a normalization. For the plane, an affine normalization fixes a point and a nonzero derivative. These freedoms are mathematical symmetries of the output; failure to fix them makes a numerical comparison of two otherwise correct maps meaningless.

\begin{proposition}[U09: uniqueness of a normalized disk coordinate]\label{thm:U09}
Let $f,g:S\to\D$ be biholomorphisms with $f(p)=g(p)=0$ and positive real derivatives in the same local coordinate. Then $f=g$.
\end{proposition}
\begin{proof}
The automorphism $h=g\circ f^{-1}$ fixes zero. Schwarz's lemma gives $|h(z)|\le|z|$, and its application to $h^{-1}$ gives the reverse inequality. Equality in Schwarz's lemma makes $h(z)=\ee^{\ii\theta}z$. The ratio of the two positive derivatives is positive real and has modulus one, hence is one. Thus $h$ is the identity.
\end{proof}

For algorithmic use, normalization is an input contract. A discretization that pins a boundary vertex, an analytic proof that fixes an interior point, and a physical model that fixes a flux are not using the same gauge. The transformation between their normalizations must be carried through any error or sensitivity calculation.

\section{Source \S5.2: classification by universal covers}
\source{Source Theorem 5.2, physical page 116. The word ``isometries'' in the hyperbolic case requires orientation preservation, freeness and proper discontinuity for an ordinary Riemann-surface quotient.}

\begin{theorem}[U10: quotient classification]\label{thm:U10}
A Riemann surface is either the sphere; a quotient $\C/\Lambda$ by a discrete translation group of rank zero, one or two; or $\D/\Gamma$, where $\Gamma<\Aut(\D)$ is discrete, acts freely and properly discontinuously. The rank-zero and rank-one flat cases are $\C$ and $\C^*$.
\end{theorem}
\begin{proof}
Lift the complex structure to the universal covering by U01 and apply U08. In the spherical case, every nonidentity Mobius map has a fixed point: its fixed-point equation is quadratic, with the point at infinity included. Since deck transformations act freely, the deck group is trivial.

An automorphism of $\C$ is affine. To see this without assuming polynomiality, regard infinity as an isolated singularity. An essential singularity there is incompatible with injectivity: choose a regular attained value in a fixed compact region and use the Casorati theorem followed by the local inverse near that value; a sufficiently close value obtained far away also has a preimage near the chosen point. A removable singularity would make the entire map bounded. Thus infinity is a pole, so the map is polynomial. An injective polynomial has degree one, by its local critical-point structure or generic fibre count. An affine map $az+b$ with $a\ne1$ has a fixed point. Hence every nonidentity deck transformation is a translation.

A discrete subgroup $\Lambda\subset\R^2$ is free abelian of rank at most two. For rank one, choose its shortest nonzero vector $\omega$; division along its line shows every collinear vector is an integral multiple. If noncollinear vectors exist, choose a vector with least positive perpendicular distance after reducing the parallel coordinate modulo $\omega$. Discreteness guarantees the minimum in a compact strip. Subtracting integer multiples of these two vectors reduces any lattice vector to a bounded fundamental parallelogram; minimality of the perpendicular coordinate and then of $|\omega|$ forces the remainder to zero. This gives a rank-two lattice. In the rank-one case $\exp(2\pi\ii z/\omega)$ identifies the quotient with $\C^*$.

In the disk case the lifted atlas identifies deck transformations with holomorphic disk automorphisms. Their action inherits freeness and proper discontinuity from covering theory. Conversely, the listed actions produce Riemann-surface quotients using evenly covered coordinate disks. Thus every listed quotient is admissible.
\end{proof}

\subsection{Metric content of the classification}
For $a\in\D$, the disk automorphism $b_a(z)=(z-a)/(1-\bar a z)$ satisfies
\[
 1-|b_a(z)|^2=\frac{(1-|a|^2)(1-|z|^2)}{|1-\bar a z|^2},
 \qquad |b'_a(z)|=\frac{1-|a|^2}{|1-\bar a z|^2}.
\]
Consequently $2|db_a|/(1-|b_a|^2)=2|dz|/(1-|z|^2)$. The metric descends to every hyperbolic quotient. It is complete because a finite-length path lifts locally and cannot escape to the disk boundary: the radial distance to $|z|=1$ diverges. The quotient construction therefore supplies a complete curvature-$-1$ metric.

The projective structure on the sphere is canonical. A particular round metric requires a normalization of the spherical coordinate. A flat torus has a translation-invariant metric unique up to scale inside its fixed conformal class. These statements concern different levels of geometric structure; a conformal equivalence does not generally preserve physical Euclidean length or area.

\subsection{Example: a rectangular torus}
Let $\Lambda=\Z+\ii b\Z$, $b>0$. The function $\ee^{2\pi\ii(mx+ny)}$, with $z=x+\ii by$ and $(x,y)\in[0,1]^2$, is single valued on the quotient. For the induced flat metric,
\[
 -\Delta\ee^{2\pi\ii(mx+ny)}
 =4\pi^2\left(m^2+\frac{n^2}{b^2}\right)\ee^{2\pi\ii(mx+ny)}.
\]
This spectral output retains the modulus $b$. Replacing every flat torus by a unit square would change its spectrum even though all tori have the same topological genus.

\section{Source \S5.3: smooth annuli and the period coordinate}
\source{Source Proposition 5.3, physical page 116. The proof below establishes degree independently of an assumed equipotential foliation.}

\begin{theorem}[U11: capacity, period and annular uniformization]\label{thm:U11}
Let $A$ be a relatively compact smooth annulus. Let $u$ be harmonic, with value zero on the inner boundary and one on the outer boundary. With a positively oriented core $\gamma$, set
\[
 p=\int_\gamma *du.
\]
Then $p=E(u)>0$, and a local conjugate $v$ defines a biholomorphism
\[
 F=\exp\left(\frac{2\pi}{p}(u+\ii v)\right):A\longrightarrow A(1,\ee^{2\pi/p}).
\]
In particular, $\modu A=1/p$.
\end{theorem}
\begin{proof}
Existence, uniqueness and boundary continuity of $u$ follow from U05 and the boundary argument of Chapter~\ref{ch:foundations}. Green's identity gives
\[
 E(u)=\int_{\partial A}u\,\partial_nu\dd s
 =\int_{\partial_oA}\partial_nu\dd s
 =\int_{\partial_oA}*du=p.
\]
The inner boundary term is zero. The last equality uses that $*du$ is closed and the outer boundary is homologous to the positive core. Since the boundary values differ, $u$ is nonconstant, so $E(u)>0$.

U02 and U03 make $F$ single valued. The maximum principle gives $1<|F|<\ee^{2\pi/p}$. A compact subset of the target has log modulus separated from both endpoint values. Its preimage lies where $u$ is separated from zero and one and is therefore relatively compact in $A$. The preimage is closed there, so $F$ is proper. A nonconstant holomorphic map is open; a proper map into a locally compact target is closed. Connectedness of the target shows $F$ is onto.

It remains to prove that its degree is one. Take smooth collars sufficiently close to the two boundary curves. On each boundary circle the Hopf boundary lemma gives a nonzero normal derivative, so the image of that circle under $F$ traverses the corresponding target circle with positive orientation when the core orientation is used. Its total change of argument is $2\pi$, by the period calculation. Equivalently, $F_*$ sends the generator of $H_1(A;\Z)$ to the generator of the target annulus. For a proper orientation-preserving map between annuli the integer in this homology map is its degree: cut both annuli along an arc transverse to a regular target value and count oriented inverse arcs, or apply the boundary degree identity in relative homology. Thus the degree is one. The local degrees of a holomorphic map are positive integers; a degree-one map has exactly one unramified preimage at each point. Its inverse is holomorphic by the local inverse theorem.
\end{proof}

\subsection{The normalization discrepancy in the printed source}
The source defines $p=\int_\gamma *du$ and writes the multiplier $2\pi/p$ in its exponential. It subsequently gives the target outer radius as $\ee^{1/p}$. With those definitions, the outer boundary has $u=1$, so its modulus is exactly $\ee^{2\pi/p}$. The missing factor is therefore determined by direct substitution. It is not a discretionary choice of annular notation.

On a round annulus $A(1,R)$, $u=\log|z|/\log R$ and $v=\arg z/\log R$. The period is $p=2\pi/\log R$. The corrected formula gives $F=z$ after a unit-modulus factor, and $\ee^{2\pi/p}=R$. The printed radius gives $R^{1/(2\pi)}$, which fails this identity unless $R=1$, the degenerate excluded case.

\sfig{annulus_coordinates}{Logarithmic coordinates on an annulus. The radial coordinate becomes an interval; the angular coordinate remains periodic. The period is retained in the exponential reconstruction.}{annulus}

\subsection{Corners, uniqueness and available output}
For finitely many admissible corners, solve the continuous Dirichlet problem using the local barriers and apply the construction to smooth interior collars. The period is independent of the collar. Properness follows from the same boundary separation, and degree is computed on an interior core, so boundary differentiability at the corners is not required. The source conclusion therefore persists for the stated piecewise smooth class.

A biholomorphism of round annuli has the form $cz$ or $c/z$ after the radii are matched, as follows by applying uniqueness of the harmonic Dirichlet solution to $\log|f|$. Thus the modulus is a complete conformal invariant of a doubly connected nondegenerate bordered domain. It is not a complete invariant of a domain with three or more boundary components.

\comparison{A planar field calculation asking only for flux or condenser capacity reduces to the scalar $p$. Recovering the full conformal coordinate also requires the harmonic potential and its conjugate periods. The theorem permits a reduction in output dimension only when the specified observable depends solely on modulus.}

\section{Source \S5.4: relatively compact simply connected domains}
\source{Source Proposition 5.4, physical pages 116--117. The source's punctured-annulus limit is compared with a Green-function construction that makes nondegeneracy and degree explicit.}

\begin{theorem}[U12: the Green coordinate of a bounded disk]\label{thm:U12}
Let $D$ be a relatively compact simply connected Jordan domain on a Riemann surface, with the boundary regularity specified above. Let $G_D(z,p)$ be its Green function. Then
\[
 f(z)=\exp\bigl(-G_D(z,p)-\ii G_D^*(z,p)\bigr)
\]
patches to a biholomorphism $D\to\D$, with a simple zero at $p$.
\end{theorem}
\begin{proof}
On $D\setminus\{p\}$, the only homology generator surrounds $p$. The local expansion $G=-\log|z|+h(z)$ gives period $-2\pi$ for $*dG$. Consequently the exponential is single valued. Locally take a harmonic conjugate $h^*$; then
\[
 f(z)=c\,z\,\exp[-h(z)-\ii h^*(z)],\qquad |c|=1.
\]
It extends holomorphically across $p$, and its derivative there is nonzero. Positivity of $G$ gives $|f|<1$, and zero boundary values give $|f|\to1$ at every boundary point. The same compactness argument used for U11 proves properness into $\D$.

A proper nonconstant holomorphic map has constant finite degree. The fibre above zero consists only of $p$, since the exponential is nonzero elsewhere, and the local expansion shows its multiplicity is one. Thus its degree is one. Surjectivity follows from openness and closedness; positivity of local multiplicity then proves injectivity and a holomorphic inverse.
\end{proof}

\subsection{What must be supplied to the punctured-annulus proof}
The source removes a coordinate disk around $p$, uniformizes the remaining annulus and takes a normal limit. Compact convergence of bounded holomorphic functions alone does not exclude a constant limit. A complete use of that route requires a normalization and a lower bound at a fixed interior location, or an equivalent capacity argument. The source's references to Euclidean distance also require a declared auxiliary metric when $D$ lies on an abstract surface.

The Green construction resolves these tasks through a fixed pole coefficient. The simple-zero expansion proves nondegeneracy before any global degree conclusion. Properness follows from boundary values, and degree is computed from a known fibre. The proof contains no appeal to the statement that an arbitrary simply connected open surface has already been uniformized.

\begin{corollary}[U13: Green function and conformal radius]\label{thm:U13}
If $f:D\to\D$ is normalized by $f(p)=0$, then
\[
 G_D(z,p)=-\log|f(z)|.
\]
In a local coordinate $z(p)=0$, write $G_D(z,p)=-\log|z|+H_D(p)+o(1)$. The conformal radius is
\[
 r_D(p)=\frac1{|f'(p)|}=\ee^{H_D(p)}.
\]
\end{corollary}
\begin{proof}
The two Green functions have the same boundary values and logarithmic pole coefficient, so uniqueness in U07 makes them equal. Expanding $f(z)=f'(p)z+O(z^2)$ gives $H_D(p)=-\log|f'(p)|$, hence the radius formula.
\end{proof}

\subsection{A domain-monotonicity consequence}
For nested regular domains $D\subset E$ and $p\in D$, the function $G_E-G_D$ is harmonic on $D$ after its logarithmic poles cancel, and its boundary values are nonnegative. Hence $G_E\ge G_D$ on $D$, with strict inequality unless the domains agree in the connected setting. Their regular parts satisfy $r_E(p)\ge r_D(p)$. This furnishes a potential-theoretic interpretation of the normalized radii in the next subsection.

The conformal radius depends on the local coordinate used to normalize derivatives. Ratios at the same marked coordinate and monotonicity under a fixed normalization are invariant statements. An absolute numerical radius in an arbitrary chart is not a physical distance.

\section{Source \S5.5: the open and compact alternatives}
\source{Source Theorems 5.5 and 5.6, physical page 117. The argument below supplies the surjectivity step after compact convergence.}

Let $S$ be a noncompact simply connected Riemann surface, $p\in S$, and $z$ a fixed local coordinate at $p$. Choose the nested disk exhaustion described in Chapter~\ref{ch:foundations}. By U12 each $D_n$ admits a unique map
\[
 f_n:D_n\longrightarrow\D_{R_n},\qquad f_n(p)=0,\quad f'_n(p)=1.
\]
The radius is determined by the derivative normalization.

\begin{lemma}[U14: monotonicity of normalized radii]\label{thm:U14}
If $D_m\subset D_n$, then $R_m\le R_n$. If the inclusion is proper, the inequality is strict.
\end{lemma}
\begin{proof}
The transition map $g=f_n\circ f_m^{-1}:\D_{R_m}\to\D_{R_n}$ fixes zero and has derivative one. Normalize the two radii to unit disks and apply Schwarz's lemma. This gives $R_m/R_n\le1$. Equality makes the normalized map a rotation; the derivative condition makes it the identity. Then $f_n(D_m)=\D_{R_n}$, and injectivity of $f_n$ forces $D_m=D_n$.
\end{proof}

\begin{lemma}[U15: a diagonal normal limit]\label{thm:U15}
A subsequence of $f_n$ converges locally uniformly on $S$ to an injective holomorphic map $f$ with $f(p)=0$ and $f'(p)=1$.
\end{lemma}
\begin{proof}
Fix $m$. For $n\ge m$, $f_n\circ f_m^{-1}$ is univalent on $\D_{R_m}$, fixes zero and has derivative one. The Koebe growth estimate bounds it uniformly on every smaller concentric disk. Pulling back gives a uniform bound for $f_n$ on every compact subset of $D_m$. Little Montel supplies a convergent subsequence there. Apply this successively on an increasing collection of compact subdisks exhausting all $D_m$, and take the diagonal subsequence. The limits agree on overlaps because they are limits of the same subsequence. The patched map is holomorphic. Cauchy's formula preserves its value and derivative at $p$. An injective normal limit is either injective or constant; the nonzero derivative excludes a constant.
\end{proof}

Local convergence and injectivity have now been proved. They do not by themselves identify $f(S)$. The following quantitative Schwarz estimate supplies the missing image control in the finite-radius case.

\begin{lemma}[U16: near-extremal Schwarz maps]\label{thm:U16}
Let $h:\D\to\D$ satisfy $h(0)=0$ and $h'(0)=a\in(0,1]$. For $|z|\le r<1$,
\[
 |h(z)-z|\le r(1-a)\frac{1+r}{1-r}.
\]
\end{lemma}
\begin{proof}
Schwarz's lemma makes $q(z)=h(z)/z$ holomorphic on $\D$, with $|q|\le1$ and $q(0)=a$. Schwarz--Pick gives
$|(q-a)/(1-aq)|\le|z|$. Thus $q=(a+\zeta)/(1+a\zeta)$ with $|\zeta|\le r$. Subtraction yields
\[
 |q-1|=(1-a)\frac{|1-\zeta|}{|1+a\zeta|}
 \le(1-a)\frac{1+r}{1-r}.
\]
Multiplication by $|z|\le r$ gives the result. The case $a=1$ is the equality case of Schwarz's lemma.
\end{proof}

\begin{lemma}[U17: surjectivity of the exhaustion limit]\label{thm:U17}
Let $R=\sup_nR_n\in(0,\infty]$. The map $f$ in U15 has image $\D_R$, with $\D_\infty=\C$.
\end{lemma}
\begin{proof}
Suppose first that $R<\infty$. For fixed $m\le n$, define
\[
 h_{mn}(w)=\frac1{R_n}f_n\bigl(f_m^{-1}(R_mw)\bigr).
\]
It maps $\D$ to $\D$, fixes zero and has derivative $a_{mn}=R_m/R_n$. For $|w|=r$, U16 implies
\[
 |f_n(f_m^{-1}(R_mw))-R_mw|
 \le (R_n-R_m)\,r\left(\frac{1+r}{1-r}+1\right)
 =\frac{2r(R_n-R_m)}{1-r}.
\]
Take the convergent subsequence and obtain the same inequality with $R_n$ replaced by $R$. Given $0<s<R$, choose $r<1$ and then $m$ sufficiently large that
\[
 rR_m-s>\frac{2r(R-R_m)}{1-r}.
\]
On the circle $|w|=r$, Rouche's theorem then says that
$f(f_m^{-1}(R_mw))-y$ has one zero for every $|y|\le s$, because it is a strict perturbation of $R_mw-y$. Hence $\D_s\subset f(D_m)$. As $s<R$ was arbitrary, $\D_R\subset f(S)$. Conversely each $f_n$ has modulus below $R$, so $|f|\le R$. Since $f$ is nonconstant, the maximum principle makes $|f|<R$.

If $R=\infty$, the univalent map $f\circ f_m^{-1}$ on $\D_{R_m}$ fixes zero and has derivative one. The scaled Koebe quarter theorem gives $\D_{R_m/4}\subset f(D_m)$. The radii tend to infinity, so every complex number belongs to the image.
\end{proof}

\begin{theorem}[U18: open simply connected uniformization]\label{thm:U18}
A noncompact simply connected Riemann surface is biholomorphic to $\D$ or $\C$.
\end{theorem}
\begin{proof}
U15 gives an injective holomorphic map and U17 identifies its image. Its derivative is nonzero at every point because an injective holomorphic map has local degree one. The local inverse theorem gives a holomorphic inverse. A finite-radius image is rescaled to $\D$.
\end{proof}

\sfig{exhaustion_bound}{Finite-radius exhaustion: the explicitly proved image-error envelope tends to zero as the radius deficit decreases. The display evaluates U17's bound for several fixed interior circles.}{exhaustion}

\begin{theorem}[U19: compact simply connected uniformization]\label{thm:U19}
A compact simply connected Riemann surface is biholomorphic to $\PP^1(\C)$.
\end{theorem}
\begin{proof}
The compact orientable surface classification identifies the underlying surface with a sphere. Remove a point $p$; the complement is simply connected and noncompact, so U18 makes it biholomorphic to $\D$ or $\C$. If the image is $\D$, the bounded map extends across $p$ by the removable-singularity theorem and gives a nonconstant holomorphic function on a compact surface. Such a function is constant by the maximum principle, a contradiction.

Thus there is a biholomorphism $f:S\setminus\{p\}\to\C$. As $z\to p$, necessarily $|f(z)|\to\infty$: otherwise a sequence approaching $p$ would have images in a compact disk, whose inverse image under the continuous inverse $f^{-1}$ is compact in $S\setminus\{p\}$. The function $1/f$ therefore tends to zero near $p$ after excluding a compact neighborhood of the unique zero of $f$, and extends holomorphically with a zero at $p$. Defining $f(p)=\infty$ gives a continuous holomorphic map to the sphere. It is bijective because the original map is bijective on the complements. Its local degree at $p$ must be one: a higher order would give multiple nearby preimages of a large regular value. Hence it and its inverse are holomorphic everywhere.
\end{proof}

\subsection{The significance of an infinite radius}
An unbounded sequence of normalized radii is not a numerical divergence to be suppressed by rescaling each output independently. It identifies the parabolic conformal type of the marked surface. A finite-radius sequence identifies a hyperbolic type. Neither a finite list of computed radii nor a fitted extrapolation proves which alternative holds without an a priori bound or a certified exhaustion estimate.

The proof also exposes a stability question: the size of the basepoint derivative fixes a scale. A family can degenerate when that derivative vanishes or when the marked point approaches the boundary. A numerical convergence test must therefore record the normalization and a compact interior region on which its estimates are uniform.

\section{Source \S5.6: extension to tame ends}
\source{Source Lemma 5.7 and Corollary 5.8, physical page 118. The argument uses annular representatives of a proper end map and separates cusp and circle ends.}

A tame end has an annular neighborhood. In an ideal conformal completion, a cusp is a missing point modeled by $0<|z|<\varepsilon$; a circle end is modeled by $r<|z|<1$ approaching $|z|=1$. The phrase ``proper map of ends'' is used here in its local finite-covering sense: sufficiently small target end neighborhoods have an appropriate source component on which the map is proper of finite degree. A weak sequential condition on an arbitrary nonproper holomorphic map is insufficient.

\begin{proposition}[U20: extension across a cusp]\label{thm:U20}
A nonconstant proper holomorphic map of cusp ends extends across the missing points. In local coordinates it has the form
\[
 f(z)=a z^d(1+O(z)),\qquad a\ne0,\quad d\in\N_{>0}.
\]
It is unbranched sufficiently near the puncture away from the puncture itself.
\end{proposition}
\begin{proof}
The target puncture coordinate is bounded on a small source punctured disk. Removability extends the map to the center. Properness toward the chosen end forces its value there to be the target puncture. Nonconstancy gives a finite positive vanishing order $d$ and the expansion. Differentiation yields $f'(z)=az^{d-1}(d+O(z))$, nonzero for all sufficiently small nonzero $z$.
\end{proof}

A cusp end cannot be properly sent to a circle end by a nonconstant finite-degree end map: a bounded target coordinate would extend to the missing source point with modulus one, contradicting the maximum principle. Conversely, a circle end cannot map properly to a cusp. Indeed $-\log|f|$ would be a harmonic function on a finite-width cylinder tending uniformly to $+\infty$ at one finite endpoint. Its angular mean has zero second derivative and is affine in the cylinder coordinate, which cannot diverge at a finite endpoint.

\begin{proposition}[U21: extension at a circle end]\label{thm:U21}
A proper holomorphic map of tame circle ends extends continuously, and locally holomorphically in the ideal circular coordinates, to a covering of their boundary circles. Its covering degree is its end degree.
\end{proposition}
\begin{proof}
Use annular uniformizing coordinates near the two ideal circles and normalize the target circle to $|w|=1$. Properness toward that end implies $|f(z)|\to1$ uniformly as the source circle is approached. The function $u=\log|f|$ is harmonic in a sufficiently small collar and has zero boundary values at the circle. Reflection across the circle, written as odd reflection after a local logarithmic coordinate, extends $u$ harmonically. Local conjugates extend as well, and their exponentials extend $f$; on overlaps they agree with the original holomorphic function, so uniqueness gives a single extension.

Inside the collar $u$ has a fixed strict sign. The Hopf boundary lemma gives a nonzero normal derivative on its smooth boundary. The Cauchy--Riemann equations make the boundary angular derivative nonzero. Thus the boundary restriction is a local diffeomorphism of circles. Compactness makes it a finite covering. Its total argument change equals the integral of $*du$, which is the integer degree induced on a core circle, hence equals the end degree.
\end{proof}

The reflection is in the ideal round coordinate, not a claim of analytic regularity of an arbitrary physical boundary in its original Euclidean embedding. The distinction matters for numerical meshes at re-entrant corners.

\begin{corollary}[U22: embedding extension]\label{thm:U22}
An embedding that maps a tame circle end properly to a tame circle end extends to a homeomorphism of the ideal circles.
\end{corollary}
\begin{proof}
The boundary map in U21 is a covering of positive degree. Its degree equals the number of preimages of a nearby regular interior point. Injectivity of the embedding makes that number one. A degree-one circle covering is a homeomorphism.
\end{proof}

\subsection{Finite annular covers and modulus}
For a proper map $F:A(r,R)\to A(r',R')$ preserving the two ends, uniqueness of the harmonic Dirichlet problem gives
\[
 \log|F(z)|=\log r'+\frac{\log(R'/r')}{\log(R/r)}\log(|z|/r).
\]
A conjugate period must be $2\pi$ times an integer $d$. Therefore $\log(R'/r')=d\log(R/r)$ and $F(z)=cz^d$. Reversing the two ends gives $cz^{-d}$. This proves both the covering classification and
\[
 \modu A(r',R')=d\,\modu A(r,R).
\]
The formula quantifies the distinction between finite annular collars and punctured disks, whose annular modulus becomes arbitrarily large toward the cusp.

\section{Source \S5.7: orbifolds and the necessary qualifications}
\source{Source Theorem 5.9, physical pages 118--119; source definition of finite conformal type, physical page 96; orbifold Gauss--Bonnet, physical page 105.}

An effective orientable complex orbifold has local charts $z\mapsto z^m$ at a cone point of finite order $m\ge2$. A puncture is an omitted point, recorded separately; formally its contribution to Euler characteristic is the limit $1-1/m\to1$. For genus $g$, $s$ punctures and finite cone orders $m_1,\ldots,m_k$, put
\[
 \chi_{\rm orb}=2-2g-s-\sum_{j=1}^k(1-1/m_j).
\]
A good orbifold has a manifold orbifold cover. Compact orientable bad orbifolds are the sphere with one finite cone point and the sphere with two unequal finite cone orders. Punctures must not be classified as finite cone points in these exceptions: the plane with one finite cone point is covered by $z\mapsto z^m$ from $\C$.

\begin{proposition}[U23: analytic uniformization of a good orbifold]\label{thm:U23}
A good Riemann orbifold is the quotient of one of $\PP^1$, $\C$ and $\D$ by a discrete group of holomorphic automorphisms with its specified local stabilizers.
\end{proposition}
\begin{proof}
Take a manifold orbifold covering and then its simply connected covering. Lift the complex coordinates away from the cone points by U01. At a cone point of order $m$, the covering coordinate is the local root coordinate $z$, so the complex structure extends through the preimage. The resulting simply connected Riemann surface is uniformized by U08. Deck transformations are holomorphic by the lifted-coordinate argument. A stabilizer of order $m$ is locally conjugate to multiplication by an $m$th root of unity, giving precisely the prescribed quotient chart. Proper discontinuity follows from the orbifold covering structure.
\end{proof}

\flag{The topological existence of a manifold orbifold cover is the goodness input. The classification of good compact orientable two-orbifolds is a declared topological theorem, represented in the source by Theorems 2.92--2.93. U23 proves the analytic passage for that input; a future formalization must also close the topological covering theorem.}

\subsection{Compact orbifolds without punctures}
\begin{theorem}[U24: compact orbifold curvature trichotomy]\label{thm:U24}
For a compact good orientable Riemann orbifold without punctures, the signs of $\chi_{\rm orb}$ are respectively positive, zero and negative in the spherical, Euclidean and hyperbolic cases. A constant-curvature metric normalized to $K\in\{1,0,-1\}$ satisfies
\[
 K\area(O)=2\pi\chi_{\rm orb}(O).
\]
\end{theorem}
\begin{proof}
U23 gives the uniformizing model. In the spherical case the deck group is finite; average a Hermitian form on the two-dimensional representation of its finite lift and change coordinates to put the group in the round rotation group. In the plane case, a cocompact discrete affine group has no dilation of modulus different from one, since conjugation would create translations approaching the identity. After conjugation it acts by Euclidean motions. In the disk case every holomorphic automorphism preserves the Poincare metric. These metrics descend to orbifold metrics.

Remove small disks around the cone points. Ordinary Gauss--Bonnet on the complement has boundary terms tending to minus the cone angles $-2\pi/m_j$. Moving these terms and comparing with the Euler characteristic of the punctured underlying surface gives
\[
 \int_O K\dd A=2\pi\left(2-2g-\sum_j(1-1/m_j)\right).
\]
The area is finite and positive, so its multiplication by constant $K$ has the same sign as $K$. This proves the sign classification and the area identity.
\end{proof}

The orbifold Gauss--Bonnet identity is thus an accounting of smooth curvature and missing cone angle. Its application to a noncompact punctured quotient requires control of the end boundary terms and area. They cannot be omitted by assigning the puncture an infinite cone index alone.

\subsection{A punctured counterexample to the unrestricted sign rule}
The source's finite-conformal-type definition includes a compactification with points of infinite index. Under the standard puncture interpretation, the plane is a sphere with one puncture. It has
\[
 \chi_{\rm orb}(\C)=2-1=1,
\]
but its universal covering model is $\C$, not the sphere. The flat plane has infinite area; applying the compact identity $K\area=2\pi\chi$ would already be undefined at $K=0$ and infinite area. A plane with one cone point of order $m$ similarly has $\chi_{\rm orb}=1/m>0$ and Euclidean uniformization by the finite rotation quotient of $\C$.

These examples expose a necessary scope qualification in the printed sign trichotomy. If the notation for the exceptional signatures were read as including all infinite indices, it would exclude valid good punctured orbifolds as well. The correction is to separate finite cone orders and punctures, and to state the complete finite-type alternatives explicitly.

\begin{proposition}[U25: finite-type punctured alternatives]\label{thm:U25}
For a good orientable finite-type orbifold with at least one puncture, the Euclidean cases are the plane, the plane with one finite cone point, the twice-punctured sphere, and the plane with two cone points of order two. All other such orbifolds are hyperbolic. In the hyperbolic cases the complete metric has finite area and $\area=-2\pi\chi_{\rm orb}$.
\end{proposition}
\begin{proof}
A spherical quotient is compact and has no punctured ends. For a Euclidean quotient, let $\Lambda$ be the translation subgroup. A discrete orientation-preserving Euclidean motion group has translation rank zero, one or two. Rank two is cocompact, hence excluded by the puncture. At rank zero the group is finite and fixes a common point: two rotations with different centers generate a nontrivial translation or a nondiscrete subgroup. Its quotient is the plane with either no cone or one finite cone point. At rank one, a rotation preserving the translation lattice has linear part $1$ or $-1$. The translation-only quotient is a cylinder, conformally $\C^*$. Adding the half-turn gives the quotient of $\C^*$ by $w\mapsto1/w$, a plane with two order-two cone points. These exhaust the noncompact Euclidean possibilities.

Every remaining good orbifold has disk universal cover by U23. Its finite conformal type has a compact core and finitely many punctures. A punctured annular end cannot have hyperbolic deck holonomy, whose quotient is a finite-modulus annulus. Its peripheral holonomy is parabolic and gives a cusp. Standard cusp coordinates have finite area, calculated explicitly in Chapter~\ref{ch:operators}. The compact core has finite area as well. Apply Gauss--Bonnet after truncating the cusp ends. Their boundary lengths and geodesic-curvature contributions tend to zero. The cone terms are those of U24, and each puncture reduces the compactification Euler characteristic by one. This gives $\area=-2\pi\chi_{\rm orb}>0$.
\end{proof}

The finite-area group in U25 is of the first kind. A gap in its limit set would give a funnel boundary interval and an infinite-area end, incompatible with the finite-area cusp decomposition. Thus the source's first-kind conclusion is appropriate for the finite-area hyperbolic case, but finite topological type alone would not suffice: a finite-modulus annulus is a hyperbolic quotient with a two-point limit set.

\subsection{Exact signature examples}
For triangle signatures, the Euler characteristic is $1/p+1/q+1/r-1$. The triples $(2,3,5)$, $(2,3,6)$ and $(2,3,7)$ give $1/30$, $0$ and $-1/42$. These are exact rational distinctions. Floating-point sign testing near zero is unnecessary and can misclassify a Euclidean signature if it uses inconsistent rounding.

For compact Euclidean quotients the cone signatures are $(2,2,2,2)$, $(3,3,3)$, $(2,4,4)$ and $(2,3,6)$, besides the smooth torus. The list follows by solving $\sum(1-1/m_j)=2$, using $m_j\ge2$ and ordering the $m_j$. With four terms equality forces all orders to be two. With three terms the equation $1/p+1/q+1/r=1$ gives the three remaining triples by the inequalities $p\le q\le r$. A genus-zero surface with at most two finite cones is spherical only when its two orders agree, or it has no cone; the unequal and single-cone compact cases are the bad exceptions.

\sfig{orbifold_signatures}{Exact reciprocal-sum classification of the compact triangle examples. Punctured Euclidean exceptions are treated separately in the text and are not folded into this compact sign diagram.}{orbifold}
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\chapter{Algebraic geometry, periods and topological invariants}
\label{ch:geometry}
\section{Local coordinates, local rings and multiplicity}
Uniformization is a global classification of analytic curves; its local algebra is the algebra of convergent power series. At a point $p$, a local coordinate $z$ identifies the local ring with $\C\{z\}$ and its maximal ideal with $(z)$. A nonzero holomorphic germ has the unique factorization $z^m u(z)$, where $u(0)\ne0$ and $m$ is its vanishing order. Uniqueness follows by comparing the first nonzero Taylor coefficient. The integer $m$ is invariant under a change of coordinate with nonzero derivative.

\begin{proposition}[U26: finite local fibres]\label{thm:U26}
For a germ $f(z)=z^m u(z)$ with $u(0)\ne0$, the local fibre algebra $\C\{z\}/(f)$ has complex dimension $m$. Under composition, local degrees multiply.
\end{proposition}
\begin{proof}
The germ $u$ is a unit, with convergent reciprocal on a sufficiently small disk. Thus $(f)=(z^m)$. Every class has a unique representative $a_0+\cdots+a_{m-1}z^{m-1}$, and these $m$ monomials are linearly independent modulo $(z^m)$. For $g(w)=w^n v(w)$, substitution gives
\[
 g(f(z))=z^{mn}u(z)^n v(f(z)),
\]
whose last factor is a unit. Its order is $mn$.
\end{proof}

A fibre containing one geometric point can therefore carry nontrivial multiplicity. A numerical root list that merges coincident roots without retaining their local algebra loses information used by degree and ramification. The normalized global maps of \S5 have local degree one; the orbifold quotient charts deliberately have degree $m$.

The finite jet algebra $\C[z]/(z^{n+1})$ represents all Taylor data through order $n$. Composition is defined when the substituted germ has zero constant term; otherwise truncation before composition can discard terms contributing to low output orders. This is an algorithmic restriction with an algebraic explanation, not a numerical precision issue.

\section{Divisors and the global degree ledger}
For a nonzero meromorphic function $f$ on a compact Riemann surface, its divisor is
\[
 \operatorname{div}(f)=\sum_p\operatorname{ord}_p(f)[p].
\]
Only finitely many terms are nonzero. Cover the finitely many zeros and poles by disjoint coordinate disks and integrate $df/f$ along their boundaries. The remaining compact surface has no singularities of this differential, so Stokes' theorem makes the sum of boundary integrals zero. Since each local integral is $2\pi\ii\operatorname{ord}_p(f)$,
\[
 \deg\operatorname{div}(f)=0.
\]
The equality proves that the number of zeros and poles agrees with multiplicity. It is the compact global version of the fibre-count argument used in U12.

For a branched cover $f:S\to T$ of degree $d$, the canonical divisor relation is
\[
 K_S=f^*K_T+\sum_p(e_p-1)[p].
\]
Locally, $w=z^{e_p}$ gives $dw=e_pz^{e_p-1}dz$; the extra zero has order $e_p-1$. Taking degrees yields Riemann--Hurwitz,
\[
 2g(S)-2=d(2g(T)-2)+\sum_p(e_p-1).
\]
The general degree calculation and its cellular proof are prior dependencies \cite[Section 2.2]{phi1}. In the examples below the formula is applied to explicit smooth compactifications whose branch points are checked directly.

\section{The torus as a lattice quotient}
Choose periods $\omega_1,\omega_2$ with $\operatorname{Im}(\omega_2/\omega_1)>0$. The quotient $\C/\Lambda$ is compact because the closed fundamental parallelogram is compact and maps onto it. The translation action is free and properly discontinuous, so the quotient inherits a Riemann-surface atlas by U01.

The form $dz$ is invariant under translations and descends to a nowhere-vanishing holomorphic differential. Its periods on the two lattice generators are $\omega_1$ and $\omega_2$. Changing the lattice basis by
$\left(\begin{smallmatrix}a&b\\c&d\end{smallmatrix}\right)\in SL_2(\Z)$ preserves the lattice and sends a normalized modulus to a fractional-linear transform. The convention for ordering cycles determines whether the transform is $(a\tau+b)/(c\tau+d)$ or its equivalent relabeling; the chosen convention is fixed below.

\begin{proposition}[U27: modular change and upper-half-plane preservation]\label{thm:U27}
For $\tau\in\HH$ and integers $a,b,c,d$ with $ad-bc=1$, put $\tau'=(a\tau+b)/(c\tau+d)$. Then
\[
 \operatorname{Im}\tau'=\frac{\operatorname{Im}\tau}{|c\tau+d|^2}>0.
\]
The tori with moduli $\tau$ and $\tau'$ are biholomorphic after a complex rescaling.
\end{proposition}
\begin{proof}
Subtract the conjugate fraction and use $ad-bc=1$:
\[
 \tau'-\overline{\tau'}=
 \frac{(ad-bc)(\tau-\bar\tau)}{|c\tau+d|^2}.
\]
The denominator cannot vanish because $\tau$ is nonreal. The two generators $c\tau+d$ and $a\tau+b$ form an oriented integral basis of the same lattice, up to the corresponding ordering convention. Dividing by the first generator gives the normalized lattice generated by $1$ and $\tau'$. The division is a holomorphic linear isomorphism.
\end{proof}

The transform preserves complex geometry but changes the displayed basis of cycles. A physical period vector, a numerical period matrix and a homology label must be transformed together. Holding the period vector fixed while changing its cycles produces a spurious discontinuity.

\sfig{torus_lattice}{A lattice and its fundamental parallelogram. Opposite-edge identifications carry two independent periods; one complex exponential removes only one rank-one period subgroup.}{lattice}

\section{An algebraic equation from a lattice}
For $\Lambda\subset\C$ a rank-two lattice define
\[
 \wp(z)=\frac1{z^2}+\sum_{\omega\in\Lambda\setminus\{0\}}
 \left(\frac1{(z-\omega)^2}-\frac1{\omega^2}\right).
\]
On a compact set avoiding $\Lambda$, the summand is $O(|\omega|^{-3})$. Lattice point counting in annuli gives $O(k)$ lattice points with $k\le|\omega|<k+1$, and $\sum k\,k^{-3}$ converges. Thus the series converges locally uniformly, and derivatives may be taken on smaller compact sets.

Its derivative is the absolutely convergent series
$\wp'(z)=-2\sum_{\omega\in\Lambda}(z-\omega)^{-3}$. Reindexing proves that $\wp'$ is periodic. Hence $\wp(z+\omega)-\wp(z)$ is constant. The function $\wp$ is even by pairing $\omega$ with $-\omega$; for each primitive lattice-basis generator $\omega$, evaluation at $z=-\omega/2$ is away from the lattice and makes the constant zero. Periodicity for the two basis generators implies periodicity for their integer combinations. Thus $\wp$ is elliptic.

\begin{proposition}[U28: the Weierstrass differential equation]\label{thm:U28}
Let $g_2=60\sum_{\omega\ne0}\omega^{-4}$ and $g_3=140\sum_{\omega\ne0}\omega^{-6}$. Then
\[
 (\wp')^2=4\wp^3-g_2\wp-g_3.
\]
For a nonsingular lattice the resulting cubic is nonsingular, and $z\mapsto(\wp(z),\wp'(z))$ identifies its smooth projective curve with $\C/\Lambda$.
\end{proposition}
\begin{proof}
Expansion of the defining series gives
$\wp=z^{-2}+(g_2/20)z^2+(g_3/28)z^4+O(z^6)$. Substitution shows that
$(\wp')^2-4\wp^3+g_2\wp+g_3$ has no pole and has zero constant term at the origin. It is elliptic and has no pole anywhere, hence is constant on the compact torus. Its value is zero.

The function $\wp$ has one double pole on the torus and therefore degree two, by the argument principle for a meromorphic function on a compact surface. It is even, so a generic fibre is $\{z,-z\}$. The three nonzero points of order two in $\C/\Lambda$ are zeros of the odd function $\wp'$: at such a point $h$, periodicity gives $\wp'(-h)=\wp'(h)$, while oddness gives the opposite sign. The derivative has one pole of order three. The equality between the total zero and pole orders consequently shows that these are exactly its three zeros and that each is simple. Their $\wp$-values are distinct: equality at two of them would produce a fibre of total degree at least four, contradicting degree two. Substitution into the differential equation identifies these three distinct values as the roots of $4x^3-g_2x-g_3$. The cubic is therefore nonsingular.

The pair $(\wp,\wp')$ separates the generic two-point fibre by oddness. At a half-period the fibre has only that point. Away from half-periods $\wp'\ne0$, so the first coordinate has nonzero derivative; at a half-period the simple zero of $\wp'$ gives $\wp''\ne0$, so the second coordinate has nonzero derivative. At the projective point at infinity, the expansions $\wp=z^{-2}+O(z^2)$ and $\wp'=-2z^{-3}+O(z)$ give the local parameter $-2\wp/\wp'=z+O(z^5)$. The map is thus an injective holomorphic immersion from the compact torus to the smooth cubic. It is open by its local inverse and closed by compactness; the cubic is connected, so it is onto. These properties prove the claimed biholomorphism.
\end{proof}

The analytic-to-algebraic passage is a genus-one statement. For genus at least two, uniformization uses a disk and a nonabelian group. Periods still encode substantial information, but a single doubly periodic function does not uniformize every such surface. The period map and the canonical embedding require additional algebraic geometry.

\section{Hyperelliptic examples and differential bases}
Consider a polynomial $P(x)$ with distinct roots and the affine curve $y^2=P(x)$. Its normalization has a double cover of the $x$-sphere. A simple root is a branch point with local coordinate $t$ satisfying $x-a=t^2$. At infinity, parity of the degree determines whether infinity is branched. If $\deg P=2g+2$, there are $2g+2$ finite branch points and two points over infinity. If $\deg P=2g+1$, there are $2g+1$ finite branch points and one branch point at infinity. Riemann--Hurwitz gives genus $g$ in both cases.

\begin{proposition}[U29: holomorphic differentials on a hyperelliptic curve]\label{thm:U29}
For the smooth compactification of $y^2=P(x)$ of degree $2g+1$ or $2g+2$, the forms
\[
 \omega_j=\frac{x^{j-1}dx}{y},\qquad j=1,\ldots,g,
\]
are linearly independent and holomorphic.
\end{proposition}
\begin{proof}
Away from branch points and infinity there are no poles. Near a simple finite branch point, write $x-a=t^2$ and $y=tq(t)$ with $q(0)\ne0$. Then $dx/y=2dt/q(t)$ is holomorphic. For even degree, use $s=1/x$ near each point at infinity; $y\sim c s^{-(g+1)}$ and
$x^{j-1}dx/y\sim c' s^{g-j}ds$, holomorphic for $j\le g$. For odd degree use $x=t^{-2}$ and $y\sim c t^{-(2g+1)}$; the form has order $2g-2j\ge0$. Finally, a linear relation would imply a polynomial of degree at most $g-1$ vanishes identically on the open $x$-plane where $y\ne0$, hence all coefficients vanish.
\end{proof}

The assertion that these forms exhaust all holomorphic differentials uses the dimension theorem $\dim H^0(K)=g$. That theorem is the Hodge or Riemann--Roch dimension theorem; it is a separately identified foundational result when the complete period matrix is required. The explicit calculations above already prove a $g$-dimensional independent family and verify the absence of poles, which are the obligations used in the worked curve examples.

For a quartic, $g=1$ and $dx/y$ is the single holomorphic differential. A choice of two oriented cycles gives periods $\omega_1,\omega_2$ and modulus $\tau=\omega_2/\omega_1$. The sign $\operatorname{Im}\tau>0$ follows from the Riemann bilinear relation with the chosen symplectic orientation, developed next.

\section{Cut surfaces and the bilinear period identity}
Let $S$ be a compact oriented surface of genus $g$ with cycles $a_j,b_j$ of symplectic intersection. Cutting along them gives a polygon. For closed one-forms $\alpha,\beta$, choose a primitive $A$ of $\alpha$ on the cut polygon. Stokes' theorem gives
\[
 \int_S\alpha\wedge\beta=\int_{\partial\Pi}A\beta.
\]
Opposite edges have opposite orientation; their primitive values differ by the corresponding period of $\alpha$. Pairing their integrals yields
\[
 \int_S\alpha\wedge\beta=
 \sum_{j=1}^g\left(\int_{a_j}\alpha\int_{b_j}\beta
 -\int_{b_j}\alpha\int_{a_j}\beta\right).
\]
This derivation fixes the sign convention. Reversing the intersection convention reverses both sides' oriented-cycle expression.

For a nonzero holomorphic differential $\omega$, the form
$\frac{\ii}{2}\omega\wedge\bar\omega$ is a nonnegative area density and has positive integral. In genus one, normalize $\int_a\omega=1$; the identity gives
\[
 \frac{\ii}{2}\int_S\omega\wedge\bar\omega=\operatorname{Im}\tau>0.
\]
For a basis of normalized differentials, the same identity gives symmetry of the period matrix and positive definiteness of its imaginary part. Those are stringent consistency checks on a numerically computed period matrix, although floating-point satisfaction alone does not prove exact normalization.

\section{Degeneration and the logarithmic period scale}
On the Legendre curve $y^2=x(1-x)(1-mx)$, $0<m<1$, a real half-period is the complete elliptic integral
\[
 K(m)=\int_0^{\pi/2}\frac{d\theta}{\sqrt{1-m\sin^2\theta}}.
\]
Here $m$ is the parameter, not its square root. As $m\uparrow1$, the contribution near $\theta=\pi/2$ has the form
\[
 \int_0^c\frac{ds}{\sqrt{(1-m)+s^2}},
\]
up to uniformly bounded multiplicative and additive corrections. Its antiderivative is
$\operatorname{arsinh}(s/\sqrt{1-m})$, establishing logarithmic divergence. A topological cycle is pinching while the dual period grows logarithmically. Merely relabeling a root branch does not remove this conditioning.

The precise classical leading form $K(m)\sim\log(4/\sqrt{1-m})$ requires estimating the complementary regular integral. The logarithmic order, which suffices for the conditioning argument here, follows directly from two-sided comparison in a small endpoint interval and a bounded remainder away from it. The numerical figure reports the exact integral evaluation and the leading approximation separately.

\sfig{elliptic_degeneration}{The complete elliptic integral and its logarithmic leading scale near a degenerating branch pair. Numerical evaluations illustrate the stated limit; they are not used to prove the asymptotic.}{elliptic}

\section{Quotient topology and information that coordinates do not erase}
A simply connected coordinate cover removes local multivaluedness by enlarging the domain. It does not erase the deck group from the underlying problem. A function on the quotient is represented upstairs by an invariant function; a section of a line bundle can instead transform by a character. These are different descent conditions.

For a lattice cover, the invariance condition is $f(z+\lambda)=f(z)$. For a flat line bundle it is $f(z+\lambda)=\chi(\lambda)f(z)$, where $\chi:\Lambda\to\C^*$ is a homomorphism. Its consistency requires $\chi(\lambda+\mu)=\chi(\lambda)\chi(\mu)$. A numerically fitted phase at each edge of a fundamental polygon must obey the corresponding cocycle constraints; independent edge fits need not descend to a global object.

For a punctured genus-zero surface with at least two punctures besides infinity, the fundamental group is free and nonabelian. Integrals of closed scalar one-forms record only its abelianization. A continuation problem with nonabelian monodromy requires the full group word or its permutation representation. This is the topological reason that several independent winding numbers can be insufficient for a distributed branch-tracking algorithm.
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\chapter{Harmonic, functional and Fourier analysis}
\label{ch:operators}
\section{Conformal energy and the correct transformed equation}
\begin{proposition}[U30: invariance of two-dimensional Dirichlet energy]\label{thm:U30}
Let $f:U\to V$ be a conformal diffeomorphism and $u:V\to\R$ have finite Dirichlet energy. Then
\[
 \int_U|\nabla(u\circ f)|^2\dd A=\int_V|\nabla u|^2\dd A.
\]
For smooth $u$, $\Delta(u\circ f)=|f'|^2(\Delta u)\circ f$.
\end{proposition}
\begin{proof}
The real derivative of a holomorphic conformal map is $Df=|f'|Q$ with $Q$ orthogonal and orientation preserving. The chain rule gives $|\nabla(u\circ f)|^2=|f'|^2|\nabla u|^2\circ f$. The Jacobian is $|f'|^2$, so change of variables proves the energy identity. Differentiating twice, the cross terms cancel by the Cauchy--Riemann equations and the coordinate functions of $f$ are harmonic, giving the Laplacian identity. Smooth approximation extends the energy identity to finite-energy Sobolev functions.
\end{proof}

A homogeneous Laplace equation is preserved. A Poisson equation $-\Delta u=s$ becomes $-\Delta(u\circ f)=|f'|^2s\circ f$. An eigenproblem becomes a weighted eigenproblem. A constant-mass Helmholtz equation generally becomes variable-coefficient after conformal mapping. Keeping the old source, eigenvalue weight or mass term would change the physical problem.

\section{The logarithmic cylinder}
Write $z=r\ee^{t+\ii\theta}$, $0<t<L$, with $\theta\in\R/(2\pi\Z)$. The annular Euclidean metric is $r^2\ee^{2t}(dt^2+d\theta^2)$. U30 makes its energy
\[
 E(u)=\int_0^L\int_0^{2\pi}(|u_t|^2+|u_\theta|^2)\dd\theta\dd t.
\]
Thus harmonicity is $u_{tt}+u_{\theta\theta}=0$. The geometry has been flattened in the energy, but the physical area weight $r^2\ee^{2t}$ remains in an $L^2$ norm or a transient diffusion equation.

For boundary data $a(\theta)$ at $t=0$ and $b(\theta)$ at $t=L$, use the Fourier convention
\[
 a_n=\frac1{2\pi}\int_0^{2\pi}a(\theta)\ee^{-\ii n\theta}\dd\theta,
 \qquad a(\theta)=\sum_{n\in\Z}a_n\ee^{\ii n\theta}.
\]
The zero mode is $u_0(t)=a_0+(b_0-a_0)t/L$. For $n\ne0$,
\[
 u_n(t)=a_n\frac{\sinh(|n|(L-t))}{\sinh(|n|L)}
 +b_n\frac{\sinh(|n|t)}{\sinh(|n|L)}.
\]
Finite sums can be checked by direct differentiation. For boundary data in $H^{1/2}$, the energy formula below controls the series and establishes convergence in the energy norm. This is the appropriate function space for a finite-energy harmonic extension.

\begin{theorem}[U31: exact annular Dirichlet-to-Neumann symbol]\label{thm:U31}
Let $v_n=(a_n,b_n)^{\mathsf T}$. The harmonic extension has energy
\[
 E(u)=2\pi\sum_{n\in\Z}v_n^*D_nv_n,
\]
where
\[
 D_0=\frac1L\begin{pmatrix}1&-1\\-1&1\end{pmatrix},\qquad
 D_n=|n|\begin{pmatrix}\coth(|n|L)&-\csch(|n|L)\\-\csch(|n|L)&\coth(|n|L)\end{pmatrix}\quad(n\ne0).
\]
Each $D_n$ is positive definite for $n\ne0$. Its eigenvalues are $|n|\tanh(|n|L/2)$ and $|n|\coth(|n|L/2)$.
\end{theorem}
\begin{proof}
For one mode $w=u_n$, integration by parts and $w''=n^2w$ give
\[
 \int_0^L(|w'|^2+n^2|w|^2)\dd t
 =\bar w(L)w'(L)-\bar w(0)w'(0).
\]
Differentiate the explicit hyperbolic-sine interpolation at the two endpoints. Its outward derivatives are $(-w'(0),w'(L))=D_nv_n$. Fourier orthogonality multiplies the modal expression by $2\pi$, proving the finite-sum identity. The $n=0$ calculation is direct. The eigenvectors $(1,1)$ and $(1,-1)$ give eigenvalues $|n|(\coth x-\csch x)$ and $|n|(\coth x+\csch x)$. The half-angle identities convert these to the stated positive quantities. Monotone convergence of the nonnegative modal energies and completion establish the formula for finite-energy boundary data.
\end{proof}

The symbol is a flux-weighted boundary operator. Physical unit-normal derivatives in the original annulus include the boundary radii. Omitting that distinction gives a dimensionally incorrect capacitance or heat-flux formula. The zero eigenvalue of $D_0$ is the common constant boundary mode; it represents the invariance of energy under an additive constant.

\sfig{dn_spectrum}{Eigenvalues of the annular boundary operator for several Fourier modes. The symmetric and antisymmetric boundary combinations have different thin-collar asymptotics.}{dn}

\sfig{fourier_tail}{A geometric Fourier-tail envelope for analytic boundary data with $M=1$ and strip parameter $0.3$. The tolerance line is an illustrative target.}{fouriertail}

\section{A complete error budget for Fourier truncation}
Suppose the boundary coefficients satisfy $|a_n|+|b_n|\le M\ee^{-\sigma|n|}$, $\sigma>0$. For $0\le t\le L$, the two hyperbolic-sine interpolation factors lie between zero and one. Truncation to $|n|\le N$ therefore has the uniform bound
\[
 \norm{u-u^{(N)}}_\infty\le
 2M\sum_{n>N}\ee^{-\sigma n}
 =\frac{2M\ee^{-\sigma(N+1)}}{1-\ee^{-\sigma}}.
\]
No estimate on a sampled residual is needed once the coefficient envelope is established. Conversely, a finite list of sampled boundary values does not itself prove this envelope. An analyticity witness or a separately verified coefficient estimate is required.

For an interior cylinder $\delta\le t\le L-\delta$, the interpolation factors are at most
$\ee^{-|n|\delta}/(1-\ee^{-2|n|L})$. This gives additional exponential attenuation, with the denominator bounded below by $1-\ee^{-2L}$ for $|n|\ge1$. Interior evaluation can therefore use a smaller retained bandwidth than uniform boundary evaluation. The requested output norm determines which truncation is justified.

The energy error has the exact modal expression
\[
 E(u-u^{(N)})=2\pi\sum_{|n|>N}v_n^*D_nv_n.
\]
An upper bound follows from $\norm{D_n}\le |n|\coth(L/2)$ for $|n|\ge1$ and the geometric coefficient envelope. The resulting series $\sum n q^n$ has a closed rational sum. This provides a second certificate in a derivative-sensitive norm.

\section{Harmonic measure and optimal error allocation}
For a regular domain $D$ and point $p$, the map sending continuous boundary data $g$ to its harmonic extension evaluated at $p$ is positive, linear, and has value one on the constant function one. The Riesz representation theorem therefore gives a probability measure $\omega_p$ on the boundary. For the round annulus and constant values on each boundary component, U11 gives the two weights $1-u(p)$ and $u(p)$.

If errors on boundary components are bounded by $\varepsilon_0,\varepsilon_1$, the interior error is at most
\[
 (1-u(p))\varepsilon_0+u(p)\varepsilon_1.
\]
This is sharp for sign-aligned constant errors. Equal tolerances are not automatically optimal when the costs of reducing the two errors differ. For a cost model
$C=c_0\log(1/\varepsilon_0)+c_1\log(1/\varepsilon_1)$ and an active weighted-error constraint, elementary Lagrange multipliers give
$\varepsilon_j=c_j/(\lambda w_j)$, restricted to the admissible tolerance range. The weights are geometric probabilities, while the $c_j$ encode the chosen numerical representation.

\begin{proposition}[U32: weighted error-allocation optimum]\label{thm:U32}
Let $w_j,c_j>0$ and minimize $\sum_j c_j\log(1/\varepsilon_j)$ over $\varepsilon_j>0$ subject to $\sum_j w_j\varepsilon_j\le E$. With no additional upper bounds, the unique minimizer is
\[
 \varepsilon_j^*=\frac{E c_j}{w_j\sum_kc_k}.
\]
\end{proposition}
\begin{proof}
The objective is strictly convex because its Hessian is diagonal with positive entries $c_j/\varepsilon_j^2$. It decreases in each coordinate, so the constraint is active at a minimizer. The Lagrange equations are $-c_j/\varepsilon_j+\lambda w_j=0$. Summing $w_j\varepsilon_j=c_j/\lambda$ gives $\lambda=(\sum c_j)/E$. The displayed point is feasible and satisfies these equations. Convexity implies global optimality, and strict convexity implies uniqueness.
\end{proof}

When costs are integer precision bits, this continuous solution is only a relaxation. Rounding requires a discrete feasibility check and a lower-bound argument. The earlier PHI precision-allocation theorem supplies an example of that additional step \cite{phi1,phi2}.

\section{Hyperbolic annular metrics and cusp limits}
The strip $0<t<L$ with periodic coordinate $\theta$ maps locally to the upper half-plane by an exponential. Pulling back $|dw|/\operatorname{Im}w$ gives
\[
 ds_A=\frac{\pi}{L\sin(\pi t/L)}\sqrt{dt^2+d\theta^2}.
\]
The closed curve $t=L/2$ has length $2\pi^2/L$. It is a geodesic because the transverse derivative of the conformal factor vanishes there. The inversion $t\mapsto L-t$ is an isometry fixing that curve. In terms of modulus, its length is $\pi/\modu A$.

\begin{proposition}[U33: cusp completeness and finite area]\label{thm:U33}
On $0<|q|<1$, the metric
\[
 ds=\frac{|dq|}{|q|\log(1/|q|)}
\]
has curvature $-1$, is complete toward the puncture, and has area $2\pi/\log(1/\varepsilon)$ on $0<|q|<\varepsilon$.
\end{proposition}
\begin{proof}
Use $q=\ee^{2\pi\ii z}$ with $z=x+\ii y$, $y>0$, and the quotient $x\bmod1$. The metric $|dz|/y$ pulls back to the displayed expression. Its curvature is $-1$ by the half-plane calculation. A radial path has length integral $\int_0^\varepsilon dr/(r\log(1/r))$, which diverges. Any path approaching the puncture has length at least the variation of $\log\log(1/r)$, so completeness is not limited to radial paths. Area integration gives
\[
 2\pi\int_0^\varepsilon\frac{dr}{r\log^2(1/r)}
 =\frac{2\pi}{\log(1/\varepsilon)}.
\]
\end{proof}

A cusp can have arbitrarily small area near its end and infinite distance to the puncture. This distinction is important when truncating a hyperbolic computational domain: small omitted area does not imply that all spectral or scattering effects of the omitted end are negligible.

\sfig{cusp_geometry}{Cusp circumference, area and radial distance use different scales. The circumference and remaining area decrease as inverse logarithms, while the distance diverges as a logarithm of a logarithm.}{cusp}

\section{Conformal pullback on Bergman and Dirichlet spaces}
Let $A^2(D)$ denote the holomorphic functions square integrable for Euclidean area. For a biholomorphism $f:U\to V$, define
\[
 (T_fg)(z)=g(f(z))f'(z).
\]
Change of variables gives $\norm{T_fg}_{A^2(U)}=\norm{g}_{A^2(V)}$, and $T_{f^{-1}}$ is the inverse. Thus the derivative-weighted pullback is unitary. The unweighted composition map generally is not: it changes the area density.

For a holomorphic scalar function $g$, the Dirichlet seminorm $\int|g'|^2dA$ is invariant under unweighted composition with a biholomorphism. Constants are its nullspace. A Hilbert norm is obtained by adding a basepoint value, after specifying how the basepoint is transported. This is the correct setting for comparing approximation errors after uniformization.

The Bergman kernel transforms by
\[
 K_U(z,w)=f'(z)\overline{f'(w)}K_V(f(z),f(w)).
\]
To verify this formula, substitute it into the reproducing integral, change variables, and use the reproducing property on $V$. Uniqueness of the reproducing kernel gives the result. On the disk, the orthogonal basis $\sqrt{(n+1)/\pi}\,z^n$ sums to
$K_\D(z,w)=1/[\pi(1-z\bar w)^2]$.

\section{The exact finite-rank model}
For Hardy-space restriction $T_rg(z)=g(rz)$, the monomial basis diagonalizes the operator with singular values $1,r,r^2,\ldots$. The previously established exact result is
\[
 \inf_{\operatorname{rank}A\le N}\norm{T_r-A}=r^N,
\]
over bounded complex-linear competitors \cite[Section 7.8]{phi1}. Its upper bound is truncation. Its lower bound uses a nonzero vector in the kernel of a rank-$N$ map on the first $N+1$ monomials. That vector has $T_r$ norm at least $r^N$ times its original norm.

The normalized uniformizing chart transfers this approximation problem to an interior region of a general simply connected surface. What is preserved depends on the transported Hilbert norm. Claiming the same optimum for unweighted point samples in the original physical domain would introduce a different admissible information class. The present use is an operator-norm theorem with a declared pullback norm.

\section{Spectral heat on a flat quotient}
For the flat torus with coordinates $z=x+\tau y$, $0\le x,y<1$, put $a=\operatorname{Re}\tau$, $b=\operatorname{Im}\tau>0$. The metric matrix and inverse are
\[
 G=\begin{pmatrix}1&a\\a&a^2+b^2\end{pmatrix},\qquad
 G^{-1}=\frac1{b^2}\begin{pmatrix}a^2+b^2&-a\\-a&1\end{pmatrix}.
\]
The Fourier mode $\ee^{2\pi\ii(mx+ny)}$ has eigenvalue
\[
 \lambda_{mn}=\frac{4\pi^2}{b^2}|m\tau-n|^2.
\]
The heat solution is therefore
\[
 u(t,x,y)=\sum_{m,n}c_{mn}\ee^{-\kappa t\lambda_{mn}}\ee^{2\pi\ii(mx+ny)}.
\]
For $L^2$ data, Parseval proves uniqueness and contraction: $\norm{u(t)}_2\le\norm{u(0)}_2$. The nonconstant part decays at least as $\ee^{-\kappa t\lambda_1}$, where $\lambda_1$ is the first positive eigenvalue. A long thin torus can have a small spectral gap. Genus alone gives no quantitative mixing time.

\sfig{torus_spectrum}{Selected torus eigenvalues under variation of the imaginary modulus. The diagram records a geometric dependence absent from a purely topological genus classification.}{torusspec}

\section{Residual certificates for elliptic solves}
For a positive-definite discrete or continuous coercive operator $A$, the exact solution of $Au=b$ and an approximate $\widehat u$ satisfy $A(u-\widehat u)=r=b-A\widehat u$. If $A\succeq\alpha I$ in the chosen Hilbert norm, then
\[
 \norm{u-\widehat u}\le\frac{\norm r}{\alpha}.
\]
For the energy norm, $\norm{u-\widehat u}_A^2=\langle r,A^{-1}r\rangle$. A small residual without a lower spectral bound does not give a small forward error.

A conformal map may simplify the stiffness operator while complicating the mass matrix. The lower bound must use the transformed inner product. If a spectral gap is estimated from floating-point eigenvalues, an enclosure or a separate coercivity inequality is required for a rigorous certificate. The verification chapter supplies exact rational examples of the finite version and records the continuous theorem separately.
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\chapter{Nuclear, high-energy and M/string-theory applications}
\label{ch:physics}
\section{The analytical role of a physical model}
Uniformization supplies canonical complex coordinates and the constraints required to descend functions to a quotient. It does not determine an interaction Hamiltonian, a scattering potential, a quantum anomaly or a compactification spectrum. Each application in this chapter begins with a specified mathematical representation of the physical model, derives the geometric consequence and states the additional physical assumptions needed to interpret it.

The examples use nonrelativistic threshold surfaces, algebraic spectral curves and classical two-dimensional actions. Their derived identities are exact within the stated models. Numerical plots use dimensionless normalized parameters. No nuclear experiment, particle measurement, brane construction or string vacuum has been simulated or experimentally validated by this document.

\section{Nuclear scattering: one square-root threshold}
For a nonrelativistic two-body channel with threshold $E_0$ and reduced mass $\mu>0$, choose
\[
 k^2=\frac{2\mu}{\hbar^2}(E-E_0).
\]
The square root gives two energy sheets. In the $k$ coordinate the threshold is a single regular point and $E=E_0+\hbar^2k^2/(2\mu)$. A model amplitude $T(k)=1/(\alpha+\beta k^2-\ii k)$ is meromorphic in $k$, with poles determined by a quadratic. Its real-energy interpretation still depends on the physical sheet and the boundary value convention.

\begin{proposition}[U34: threshold regularization and its conditioning]\label{thm:U34}
For $k\ne0$, $dk/dE=\mu/(\hbar^2k)$. Thus the energy-to-momentum coordinate is ill-conditioned near threshold. An analytic function $T(k)$ can be regular at $k=0$ while $dT/dE$ diverges like $1/k$ when $T'(0)\ne0$.
\end{proposition}
\begin{proof}
Differentiate $k^2=2\mu(E-E_0)/\hbar^2$. The chain rule gives $dT/dE=T'(k)\mu/(\hbar^2k)$. If $T'(0)\ne0$, continuity supplies a nonzero limiting numerator. This proves the stated inverse-square-root growth in the energy coordinate. The regularity of $T$ in $k$ and the conditioning of the coordinate conversion are independent assertions.
\end{proof}

A threshold fit should therefore compare residuals in the physical observable and errors after transforming back to energy. Meromorphic pole fitting in $k$ can eliminate an artificial branch-cut bookkeeping burden, but it cannot improve the conditioning of an intrinsically threshold-sensitive energy estimate without additional information.

\section{Two thresholds: an explicit rational uniformization}
Absorb equal kinetic prefactors into normalized momenta and let
\[
 k_1^2=E-E_1,\qquad k_2^2=E-E_2,\qquad\Delta=E_2-E_1>0.
\]
Then $k_1^2-k_2^2=\Delta$. Define $w=k_1+k_2$. Since $(k_1-k_2)w=\Delta$, $w\ne0$ at finite momenta and
\[
 k_1=\frac12\left(w+\frac\Delta w\right),\qquad
 k_2=\frac12\left(w-\frac\Delta w\right),\qquad
 E=E_1+\frac14\left(w+\frac\Delta w\right)^2.
\]
Every rational expression in $E,k_1,k_2$ becomes rational in $w$. The four sheet changes are generated by
\[
 w\mapsto-w,\qquad w\mapsto\frac\Delta w,
\]
with their product $w\mapsto-\Delta/w$. These transformations make sheet tracking algebraic.

\begin{proposition}[U35: two-channel inverse identities]\label{thm:U35}
The displayed map gives a rational parametrization of the smooth compactification of $k_1^2-k_2^2=\Delta$. Its sheet transformations preserve $E$, and the thresholds correspond to $w=\pm\sqrt\Delta$ and $w=\pm\ii\sqrt\Delta$.
\end{proposition}
\begin{proof}
Substitution gives $k_1^2-k_2^2=\Delta$ identically. Conversely, $w=k_1+k_2$ reconstructs both momenta because their difference is $\Delta/w$. The parametrization extends to the two points at infinity in the projective conic using $w=0$ and $w=\infty$ as local coordinates. The formula for $E$ is unchanged by the two displayed involutions. Setting $k_2=0$ gives $w^2=\Delta$ and $E=E_2$; setting $k_1=0$ gives $w^2=-\Delta$ and $E=E_1$.
\end{proof}

\sfig{threshold_uniformization}{Image of coordinate circles under the exact two-threshold energy map with normalized threshold separation one. The marked critical points account for the four threshold-sheet junctions.}{threshold}

\comparison{For repeated evaluations of a rational model amplitude, the uniformizing coordinate removes repeated square-root sign selection and replaces it with explicit involutions. This is an exact representation advantage. The total numerical cost still includes inversion of the energy map, boundary-value selection and propagated uncertainty. No universal scattering-fit speedup follows from the change of variable.}

Realistic amplitudes may also have logarithmic cuts, left-hand cuts, additional channels and long-range singularities. The rationalization theorem applies to the stated algebraic square roots. It does not establish that every physical amplitude is rational on the resulting sphere.

\section{Three and more thresholds: a genus obstruction}
For $n$ distinct thresholds, consider the algebraic extension generated by independent square roots $k_j=\sqrt{E-E_j}$. Its generic degree over the energy sphere is $2^n$. At each finite threshold, half of the local sheets pair into ramification points of order two. At infinity all square roots change sign together, again giving $2^{n-1}$ simple ramification points. Riemann--Hurwitz gives the complete genus calculation.

\begin{theorem}[U36: genus of the independent-threshold surface]\label{thm:U36}
For the smooth compactification of the connected independent-square-root cover with $n\ge2$ distinct thresholds,
\[
 g=1+2^{n-2}(n-3).
\]
In particular, two thresholds give genus zero, three give genus one, and four give genus five.
\end{theorem}
\begin{proof}
The extension has degree $2^n$: no nonempty product of distinct linear factors $E-E_j$ is a square in $\C(E)$, since it has an odd valuation at each included threshold. Each of the $n+1$ branch values, including infinity, has $2^{n-1}$ points of ramification index two. Thus the ramification sum is $(n+1)2^{n-1}$. Riemann--Hurwitz yields
\[
 2g-2=-2\cdot2^n+(n+1)2^{n-1}=2^{n-1}(n-3).
\]
Solving for $g$ gives the formula.
\end{proof}

The three-threshold surface requires a torus coordinate and elliptic functions. An attempted global rational parameter would make its function field rational and force genus zero, contradicting U36. The higher-channel genus increase is an objective obstruction to extending the two-channel rational trick unchanged. The cited multichannel analysis uses a torus and Weierstrass functions in the three-channel setting \cite{yamada}. Here the genus obstruction is derived independently from the branch data.

The surface formula is also a useful resource estimate. Its sheet count grows exponentially even before any nonlinear fit is performed. Symmetry, channel degeneracies or an observable invariant under a sheet subgroup can reduce the representation size, but each reduction has a separate invariance obligation.

\section{Bound states, virtual states and resonant poles}
For a short-range scalar model, a pole at $k=\ii\kappa$, $\kappa>0$, gives negative relative energy $-\hbar^2\kappa^2/(2\mu)$ on the decaying branch. A pole at $k=-\ii\kappa$ lies on the other sheet at the same real energy. The coordinate alone does not assign the same physical state to these two poles. A resonance model places poles off the imaginary axis with a time and outgoing-wave convention determining the relevant half-plane.

For a concrete rational amplitude $T(k)=1/(k^2+\ii a k+b)$, compute both roots exactly. Checking the roots in the denominator, their sheet labels and the chosen time convention gives a complete algebraic verification. A small denominator residual at a double pole does not give a linear root-error bound. The discriminant $-a^2-4b$ is an independent conditioning diagnostic.

The annular and end theory enters when continuing a pole around a parameter loop. If the loop surrounds a discriminant zero, the two roots can exchange. A spectral observable symmetric in the roots remains single valued. Branch labeling is then topological data, while the physical observable may not require that label. The numerical interface should expose the distinction.

\section{High-energy amplitudes and elliptic cuts}
A quartic maximal-cut model has an integral of the form
\[
 I=\oint_\gamma\frac{R(x)\,dx}{\sqrt{(x-a_1)(x-a_2)(x-a_3)(x-a_4)}}
\]
with distinct $a_j$ and a rational numerator $R$. The curve is genus one by U29's branch count. Its cycles, periods and branch collisions belong to elliptic geometry. Even when the full amplitude contains additional integrations or regularization, this cut already prevents a global reduction to a single rational coordinate in $x$.

Choose a Mobius transformation sending three branch points to $0,1,\infty$. The fourth becomes their cross-ratio $m$. The differential transforms to a scalar multiple of $dt/\sqrt{t(1-t)(1-mt)}$. This is a direct change-of-variables calculation: the denominator powers from the four linear factors cancel the square of the Mobius derivative in the required way. The remaining complex modulus cannot be removed by another normalization fixing $0,1,\infty$.

The computational consequence is a reduction of redundant coordinate parameters, not elimination of the elliptic period. Differentiation in $m$ produces a finite differential system after reducing rational differentials modulo exact forms. Such Picard--Fuchs systems are natural targets for symbolic and interval verification. A complete scattering amplitude still requires its original contour, causal prescription, regulator and subtraction conditions.

\section{Classical string worldsheets and Weyl scaling}
Let $X:\Sigma\to M$ be a map from a two-dimensional surface with metric $h$ to a target with metric $G$. The classical sigma-model energy is
\[
 S[X,h]=\frac1{4\pi\alpha'}\int_\Sigma
 \sqrt{\det h}\,h^{ab}G_{\mu\nu}(X)\partial_aX^\mu\partial_bX^\nu\dd^2\sigma.
\]
Under $h\mapsto\ee^{2\omega}h$, the square-root determinant contributes $\ee^{2\omega}$ and the inverse metric contributes $\ee^{-2\omega}$. Their product is unchanged.

\begin{proposition}[U37: dimensional criterion for classical Weyl invariance]\label{thm:U37}
For the corresponding quadratic gradient action on a $d$-dimensional source, Weyl rescaling multiplies its integrand by $\ee^{(d-2)\omega}$. The scalar gradient action is classically Weyl invariant in dimension two. A scalar mass term acquires a factor $\ee^{d\omega}$ if the field is held fixed.
\end{proposition}
\begin{proof}
A $d\times d$ metric determinant scales by $\ee^{2d\omega}$, so its square root scales by $\ee^{d\omega}$. The inverse metric scales by $\ee^{-2\omega}$. The gradient action contains exactly one inverse metric, giving $\ee^{(d-2)\omega}$. A mass term without inverse metrics receives only the determinant factor.
\end{proof}

Uniformization therefore gives a canonical constant-curvature representative for a compact worldsheet conformal class, with moduli and marked points retained. It does not eliminate integration over moduli, ghost contributions, boundary conditions or quantum anomalies in a string path integral. Those are separate ingredients in the cited string-theory construction \cite{tong}. The classical calculation U37 remains valid independently of the quantization procedure.

For a three-dimensional membrane worldvolume the factor is $\ee^\omega$, so the same quadratic action is not Weyl invariant. This is an explicit dimensional obstruction to applying the two-dimensional uniformization argument directly to an arbitrary membrane theory or to eleven-dimensional spacetime. Two-dimensional curves can still enter an M-theory construction as internal geometric data, as in the next section.

\section{A brane-curve model and exact period differentiation}
A dimensionless genus-one model motivated by algebraic curves in supersymmetric gauge constructions is
\[
 t+t^{-1}=2(v^2-u),\qquad
 y=t-(v^2-u),\qquad y^2=(v^2-u)^2-1.
\]
The physical interpretation of such curves is imported from the specified gauge/brane framework \cite{sw,witten}. The mathematical consequences below are derived for this displayed curve and require no claim that it describes all M-theory compactifications.

For $u\ne\pm1$, the quartic has four distinct roots and the curve has genus one. Let
\[
 \lambda=v\frac{dt}{t}=\frac{2v^2\,dv}{y}.
\]
The second equality follows by differentiating $t+t^{-1}=2(v^2-u)$ at fixed $u$ and using $t-t^{-1}=2y$.

\begin{proposition}[U38: derivative of a period modulo an exact differential]\label{thm:U38}
For a locally transported cycle avoiding the degenerations $u=\pm1$,
\[
 \frac{d}{du}\oint_\gamma\lambda=\oint_\gamma\frac{dv}{y}.
\]
\end{proposition}
\begin{proof}
Differentiating at fixed $v$ gives
\[
 \partial_u\lambda=\frac{2v^2(v^2-u)}{y^3}\,dv.
\]
On the other hand,
\[
 d\left(\frac v y\right)=\left(\frac1y-\frac{2v^2(v^2-u)}{y^3}\right)dv.
\]
Thus $\partial_u\lambda=dv/y-d(v/y)$. On a locally constant homology class the derivative of the period is the period of this parameter derivative. The integral of an exact single-valued meromorphic differential along a closed cycle avoiding its poles is zero, proving the identity.
\end{proof}

The period derivatives are controlled by the holomorphic differential $dv/y$. Their ratio is a torus modulus after a symplectic cycle normalization. U27 establishes positivity of its imaginary part and the correct transformation under a cycle-basis change. The nonlinear physical coupling interpretation requires the cited supersymmetric model; the period identity itself is a theorem about an explicit algebraic family.

\sfig{quartic_branch_points}{Branch points of the displayed quartic family as the real parameter varies. Collisions at the marked critical parameter values change the smooth-curve hypothesis of the period calculation.}{quartic}

\section{Cylinders, punctures and conditional conformal-field identities}
The map $z=\exp(2\pi w/L)$ sends a cylinder $w\bmod\ii L$ to a punctured plane. It preserves the complex structure and converts translations in $w$ to dilations in $z$. Its Schwarzian is
\[
 \{z,w\}=\frac{z'''}{z'}-\frac32\left(\frac{z''}{z'}\right)^2
 =-\frac12\left(\frac{2\pi}{L}\right)^2.
\]
This is an exact differentiation identity. If a conformal field theory is supplied with the stress-tensor transformation law
\[
 T_w(w)=\left(\frac{dz}{dw}\right)^2T_z(z)+\frac c{12}\{z,w\},
\]
then a plane state with $\langle T_z\rangle=0$ has
$\langle T_w\rangle=-c(2\pi/L)^2/24$. The conclusion is conditional on that quantum transformation law and on the state; it is not derived from classical uniformization alone.

Similarly, a primary-field covariance law converts a known plane two-point function into a cylinder expression with hyperbolic sines. The exponential coordinate computes the geometric factors. Operator content, central charge, anomaly cancellation and state selection remain independent field-theoretic information.

\section{What can be certified in these applications}
The exact identities of U34--U38 admit rational or symbolic checks after the stated polynomial and differential relations are included. A branch permutation can be checked in a finite permutation group. A discriminant enclosure can separate the parameter path from a degeneracy. Period quadrature requires contour-distance, integrand and tail bounds; a sampled period without those bounds remains a numerical diagnostic.

A complete physical certificate must identify the model and the observable. For a nuclear amplitude this includes channel thresholds, sheet and unitarity conventions. For a field-theory curve it includes the differential, cycles and parameter domain. For a worldsheet action it includes source dimension, target data and quantization status. A theorem about one of these objects cannot be substituted for another merely because both are described by a Riemann surface.
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\chapter{Thermodynamics and computational mathematical physics}
\label{ch:thermo}
\section{Steady conduction through a conformal annulus}
Consider a homogeneous two-dimensional conducting region of thickness $d$, conductivity $k>0$, and two boundary components held at constant temperatures $T_0<T_1$. In steady state without volumetric sources, $\Delta T=0$. Let $u$ be the annular harmonic coordinate of U11. Then
\[
 T=T_0+(T_1-T_0)u.
\]
The total heat current from the hot boundary to the cold boundary is
\[
 Q=kd(T_1-T_0)\capc A=\frac{kd(T_1-T_0)}{\modu A}.
\]
For the round annulus this is $2\pi kd(T_1-T_0)/\log(R/r)$. The result is independent of the angular shape after conformal equivalence only under the stated two-dimensional homogeneous and steady assumptions.

The thermal resistance is $\modu A/(kd)$. It increases with logarithmic separation in the round geometry. The formula concerns total heat current, not the local maximum flux, which depends on the derivative of the conformal map and can become large near corners. Thus two conformally equivalent shapes can have equal total resistance and very different local stress on a material interface.

\begin{proposition}[U39: exact entropy-production identity]\label{thm:U39}
Under this steady homogeneous model with $T>0$, the total entropy production is
\[
 \dot S=kd\int_A\frac{|\nabla T|^2}{T^2}\dd A
 =Q\left(\frac1{T_0}-\frac1{T_1}\right)\ge0.
\]
\end{proposition}
\begin{proof}
Since $\Delta T=0$, $\operatorname{div}(\nabla T/T)=-|\nabla T|^2/T^2$. Integrate and apply the divergence theorem. The hot boundary has outward derivative whose integral is $Q/(kd)$; the cold boundary has the negative of that integral by flux conservation. Multiplication by the constant reciprocal temperatures on the boundaries gives
$-kd\int_{\partial A}\partial_nT/T=Q(1/T_0-1/T_1)$. Positivity follows from $Q>0$ and $T_1>T_0>0$.
\end{proof}

The formula verifies the sign of entropy production independently of the coordinate representation. Temperature-dependent conductivity, anisotropy, radiation, phase change and internal heat sources produce different equations. Their effects cannot be absorbed into a conformal modulus without a new derivation.

\section{Transient diffusion retains a weight}
The physical heat equation in the annulus is
$\rho c\,\partial_tT=k\Delta_zT$. In logarithmic coordinates $z=r\ee^{s+\ii\theta}$ it becomes
\[
 \rho c\,r^2\ee^{2s}\partial_tT
 =k(T_{ss}+T_{\theta\theta}).
\]
The variable mass factor is essential. Dropping it changes the decay rates. In a finite-element formulation the stiffness matrix may simplify under the coordinate change while the mass matrix acquires this weight.

Separation $T(s,\theta,t)=R(r)\ee^{\ii n\theta-\lambda t}$ in physical polar radius gives Bessel's equation
\[
 R''+\frac1rR'+\left(\frac{\rho c\lambda}{k}-\frac{n^2}{r^2}\right)R=0.
\]
The two boundary conditions determine a transcendental eigenvalue equation. An annular harmonic solution is a zero-frequency calculation; it is not a complete transient eigensolution.

\comparison{Uniformization removes geometric complexity from the steady energy problem. For transient diffusion it transports the geometry into a weight. Efficiency must therefore be measured on the resulting weighted generalized eigenproblem, with the same physical time scale and norm.}

\section{A posteriori energy control for a diffusion step}
For backward Euler with a positive mass matrix $M$ and semidefinite stiffness matrix $K$, the discrete update is
\[
 (M+\Delta t K)u^{n+1}=Mu^n+\Delta t f^{n+1}.
\]
For homogeneous forcing, multiply by $(u^{n+1})^{\mathsf T}$ and use
$2\langle a,a-b\rangle_M=\norm a_M^2-\norm b_M^2+\norm{a-b}_M^2$. This yields
\[
 \norm{u^{n+1}}_M^2-\norm{u^n}_M^2+
 \norm{u^{n+1}-u^n}_M^2+2\Delta t\norm{u^{n+1}}_K^2=0.
\]
It proves contraction in the mass norm for every positive time step. A numerical solver residual adds a term that can be bounded by dual norms. The positivity of $M$ and $K$ must be checked in the actual discretization; a nonconforming or incorrectly weighted assembly may fail those assumptions.

This discrete identity is suitable for an exact matrix certificate. It also provides a physical diagnostic: a growing mass norm under zero forcing signals a violation of the declared model or numerical solve, not a new instability of the exact backward-Euler scheme.

\section{Gaussian fields and finite determinants}
For a finite-dimensional real Gaussian field with energy $H(x)=\tfrac12x^{\mathsf T}Ax$, $A\succ0$, the partition function is
\[
 Z(\beta)=\int_{\R^n}\ee^{-\beta H(x)}\dd x
 =\left(\frac{2\pi}{\beta}\right)^{n/2}(\det A)^{-1/2}.
\]
An orthogonal diagonalization reduces the integral to $n$ one-dimensional Gaussian integrals. The covariance is $\beta^{-1}A^{-1}$. If $A$ varies differentiably with a parameter $s$,
\[
 \frac{d}{ds}\log Z=-\frac12\tr(A^{-1}A').
\]
The identity follows from differentiating the determinant, or directly by differentiating under the integrable Gaussian integral and evaluating the quadratic expectation.

On a discrete periodic surface, Fourier modes can diagonalize a translation-invariant $A$, reducing determinant and covariance calculations to scalar mode operations. A massless Laplacian has a constant zero mode; its Gaussian integral diverges. Pinning the mean or adding a mass is part of the model specification. Removing the zero eigenvalue without recording the constraint changes the measure.

An infinite product over continuum eigenvalues requires a regularization and renormalization convention. The finite determinant identity does not authorize an unqualified substitution of an infinite-dimensional determinant. The present verification suite uses finite matrices and states their dimension explicitly.

\section{Poisson summation and the heat-trace duality}
For $t>0$, the Gaussian Fourier transform is
\[
 \int_\R\ee^{-\pi t x^2}\ee^{-2\pi\ii\xi x}\dd x
 =t^{-1/2}\ee^{-\pi\xi^2/t}.
\]
One proof differentiates the transform in $\xi$, integrates by parts and solves the resulting first-order ODE; its value at zero is the real Gaussian integral. Periodize the Gaussian and integrate its Fourier coefficients over a period. Absolute convergence permits termwise integration and gives the Jacobi identity
\[
 \sum_{n\in\Z}\ee^{-\pi t n^2}
 =t^{-1/2}\sum_{n\in\Z}\ee^{-\pi n^2/t}.
\]
In two dimensions, apply the identity along a lattice basis and retain its covolume and dual metric. The result relates a heat trace on a flat torus to a rapidly converging dual-lattice sum.

\begin{proposition}[U40: a certified Gaussian-tail rule]\label{thm:U40}
For $a>0$ and integer $N\ge1$,
\[
 \sum_{n>N}\ee^{-a n^2}\le\int_N^\infty\ee^{-ax^2}\dd x
 \le\frac{\ee^{-aN^2}}{2aN}.
\]
\end{proposition}
\begin{proof}
The summand is decreasing on $[0,\infty)$, so each term is bounded by the preceding unit interval's integral. For $x\ge N$, $1\le x/N$. Therefore the integral is at most
$N^{-1}\int_N^\infty x\ee^{-ax^2}dx=\ee^{-aN^2}/(2aN)$.
\end{proof}

The primal or dual sum can be selected by comparing their rigorously bounded term counts at the requested tolerance. This is an error-controlled algorithmic choice. A physical interpretation as a thermal partition function requires the appropriate spectrum, degeneracies and energy units; the theta identity alone does not select them.

\sfig{theta_duality}{The primal and dual Gaussian sums converge at different rates for the same exact quantity. The plotted certified tail envelopes determine a representation choice at a fixed tolerance.}{theta}

\section{Liouville's equation and constant curvature}
For $g=\ee^{2\varphi}(dx^2+dy^2)$, direct computation of the Levi-Civita connection gives
\[
 K=-\ee^{-2\varphi}\Delta\varphi.
\]
Thus constant curvature $K_0$ is the nonlinear equation $\Delta\varphi+K_0\ee^{2\varphi}=0$. For the disk metric $\varphi=\log2-\log(1-r^2)$, differentiation gives $\Delta\varphi=4/(1-r^2)^2=\ee^{2\varphi}$, hence $K=-1$.

The curvature equation is a local differential expression. Its global solvability must respect Gauss--Bonnet, cone angles, completeness and normalization. A small discretized Liouville residual does not prove those global conditions. Conversely, a correctly uniformized quotient supplies an exact solution with its topology already specified.

For a smooth perturbation $\varphi+\varepsilon\psi$, the curvature variation is
\[
 \delta K=-\ee^{-2\varphi}\Delta\psi-2K\psi.
\]
This follows by differentiating the two factors. It supplies a linearized conditioning operator for a nonlinear curvature solve. Its kernel can contain normalization directions; numerical optimization should remove or constrain those normalization directions before interpreting its conditioning.

\section{Energy minimization, discretization and best approximation}
Let $V\subset H^1$ be an affine space of fixed traces and $V_h\subset V$ a finite-dimensional conforming subspace. The exact harmonic minimizer $u$ and discrete minimizer $u_h$ satisfy Galerkin orthogonality. For every $v_h\in V_h$,
\[
 \norm{u-u_h}_E\le\norm{u-v_h}_E.
\]
To prove it, write $u-v_h=(u-u_h)+(u_h-v_h)$ and use orthogonality of the two terms in the energy inner product. The identity gives the sum of squared norms, so the desired inequality follows.

This is an attained optimum within the declared approximation subspace. It does not make one mesh globally optimal among all discretizations of equal storage. Such a comparison needs an admissible mesh class, approximation lower bounds and the cost of assembly and solution. The same distinction applies to spectral truncation and finite-rank kernels.

\section{Inverse problems and conformal nonidentifiability}
Suppose an experiment measures only the total steady conductance between two equipotential boundary components. U11 shows that the output depends on the conformal modulus and material constants. Infinitely many differently shaped domains have the same modulus. The observable cannot uniquely recover their Euclidean geometry.

A proof is obtained by taking a nontrivial univalent conformal deformation of a round annulus and transporting the boundary conditions. Capacity is unchanged by U30, while Euclidean curvature and local boundary shape change. Thus any algorithm returning a unique shape from that single conductance has inserted an additional prior or constraint. Measurement noise is not the only obstruction; the noiseless map is already noninjective.

Additional boundary measurements can distinguish more geometry, but their identifiability requires a separate inverse theorem. The monograph uses this example to keep explanatory efficiency distinct from information loss: a scalar invariant is sufficient for one forward observable and insufficient for a general inverse reconstruction.

\section{A computational-physics acceptance specification}
A reproducible computation based on a uniformizing coordinate should record the original field equation; source, boundary and initial conditions; the coordinate map and its normalization; transformed coefficients and measures; the finite representation; solver error; and the error of the map itself. Each term has a separate place in the final uncertainty budget.

For a transported field $u\circ f$, a map perturbation $\widehat f$ and field approximation $\widehat u$ give
\[
 |u(f(z))-\widehat u(\widehat f(z))|
 \le\norm{u-\widehat u}_{\infty,V}
 +\sup_V|\nabla\widehat u|\,|f(z)-\widehat f(z)|,
\]
provided the segment or a controlled connecting path stays in the valid domain. If it does not, replace the Euclidean segment estimate with a path-length bound. Near a singular boundary, the derivative factor can dominate. Reporting only the spectral approximation error can therefore conceal the principal source of physical error.
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\chapter{Logical complexity, algorithms, parallelism and cryptography}
\label{ch:computation}
\section{What a computational uniformization problem contains}
The input to a computation cannot be an unspecified Riemann surface. Typical finite encodings are a triangulated surface with metric data, algebraic equations with branch information, a polygon with edge identifications, a boundary parametrization with regularity bounds, or a finite atlas with transition maps. Each encoding supplies different algorithms and permits different certificates.

A computational task must also identify its output. Possible outputs include a conformal type, a normalized map on a compact subset, a modulus, a period matrix, a field value, an operator action or a topological monodromy label. The existence theorem does not identify the bit complexity of every one of these tasks. An input domain specified by an arbitrary oracle can conceal undecidable or noncomputable information; the finite precision model must be part of any algorithmic theorem.

The following comparisons use explicit finite matrices, finite graphs, rational certificates or analytic classes with quantitative regularity. Their bounds are consequently stated for those representations. The source theorem supplies their geometric organization, while each algorithm has its own proof.

\section{Logical complexity as a dependency problem}
A source proof compressed to a few lines can invoke several substantial theorems. Counting those lines assigns zero cost to the hidden dependencies. A more useful formal representation is a directed graph whose vertices are exact propositions and whose edges identify hypotheses or imported results. An application of a theorem contributes an edge only when its hypotheses have been discharged in the new setting.

For annular uniformization, the relevant graph contains Dirichlet existence, closedness of the conjugate form, period quantization, properness and degree one. Computing a few equipotential curves does not replace the degree proof. For global uniformization, the graph contains finite-disk uniformization, normalized radius monotonicity, compact convergence, injectivity and surjectivity. U17 is a distinct obligation because injectivity of a limit does not imply that it fills the proposed target.

Logical compression becomes meaningful when a single invariant discharges an explicitly defined family of obligations. For example, positivity of a Bernstein coefficient list proves a polynomial inequality at every point of an interval. The finite input is a coefficient list; the conclusion has a universal real quantifier. The reduction is justified by the basis theorem, not by claiming that the continuum has been exhaustively sampled.

\section{Typed certificates and soundness}
\begin{definition}[Certificate interface]
A checker is a total function $\operatorname{check}:\mathcal D\times\mathcal C\to\{\mathrm{true},\mathrm{false}\}$ with a soundness assertion
\[
 \operatorname{check}(d,c)=\mathrm{true}\Longrightarrow P(d).
\]
The input interpretation, certificate format and proposition $P$ are part of the interface.
\end{definition}

The source data $d$ should use an exact representation when the conclusion is exact. Rational coefficients, integer permutations and algebraic interval endpoints are suitable finite objects. A decimal string interpreted as a rational is different from a floating-point value rounded from that decimal. The delivered certificate programs make that interpretation explicit.

\begin{proposition}[U41: exact Bernstein positivity]\label{thm:U41}
If
\[
 p(t)=\sum_{k=0}^n b_k\binom nk t^k(1-t)^{n-k},\qquad b_k\ge\eta,
\]
then $p(t)\ge\eta$ for every $0\le t\le1$.
\end{proposition}
\begin{proof}
Every basis function is nonnegative on the interval. The binomial theorem says their sum is $(t+(1-t))^n=1$. Hence $p(t)-\eta$ is a nonnegative linear combination of nonnegative functions.
\end{proof}

A subdivision certificate additionally lists subintervals covering the full requested interval, exact transformed coefficients on each subinterval and the asserted lower bounds. Soundness requires checking the affine substitution, every coefficient inequality and interval coverage. A gap between two subintervals invalidates the certificate even when every individual coefficient list is positive.

\subsection{Certificates of nonexistence and corrected statements}
The same mechanism can establish impossibility. A positive lower bound for $|F|^2$ on a parameter interval excludes a zero there. A genus calculation excludes a rational uniformizing parameter. A finite permutation witness disproves the assertion that two continuation loops commute. Each is a fully specified logical output, not a failure to find a positive construction.

A checker that accepts a deliberately weakened or changed target statement can still be mathematically sound for the wrong problem. Source-concordance review therefore precedes proof checking. The formalization register records the source proposition and any corrected proposition as separate entries where they differ.

\section{Modal algorithms and exact arithmetic counts}
For a periodic grid with $N$ points, define the cyclic shift $S$ and the screened cycle Laplacian
\[
 A_N=\alpha I+2I-S-S^{-1},\qquad\alpha>0.
\]
The Fourier vectors are eigenvectors with eigenvalues
\[
 \lambda_k=\alpha+4\sin^2(\pi k/N)>0.
\]
Thus $A_Nx=b$ is solved by a forward transform, $N$ scalar divisions and an inverse transform.

\begin{theorem}[U42: Fourier solution of the screened cycle system]\label{thm:U42}
The Fourier algorithm returns the unique exact solution. In a radix-two arithmetic model with $N=2^m$, its transform work is $O(N\log N)$ and depth is $O(\log N)$. A dense elimination implementation has $O(N^3)$ setup work and $O(N^2)$ storage.
\end{theorem}
\begin{proof}
The cyclic shift acts on the $k$th Fourier vector by a root of unity. Substitution gives the displayed positive eigenvalues. Since the Fourier matrix is invertible, division by these eigenvalues and transformation back solves the system uniquely. A radix-two transform splits into two half-size transforms and $N/2$ butterflies. The recurrence $W(N)=2W(N/2)+cN$ gives $W(N)=cN\log_2N+O(N)$. Parallel butterflies at each level give $D(N)=D(N/2)+O(1)=O(\log N)$. The dense Gaussian-elimination work and dense-array storage counts follow from summing the squared trailing matrix sizes and counting $N^2$ entries.
\end{proof}

A cyclic tridiagonal direct solver has $O(N)$ work and is a strong conventional baseline for this particular system. U42 does not prove FFT superiority over that solver. The Fourier representation is especially useful when repeated operator functions or multiple periodic dimensions make the modal basis reusable. The benchmark records the implemented baselines and does not present the dense comparison as a lower bound on all conventional methods.

\sfig{operation_counts}{Declared operation-count growth for dense elimination, a transform solve and a cyclic structured solve. These are model curves; observed timings are recorded separately.}{cost}

\section{Two-dimensional periodic operators}
For an $n\times n$ rectangular periodic grid, $N=n^2$ unknowns, the five-point screened Laplacian is a Kronecker sum. A two-dimensional Fourier transform diagonalizes it. Its work is $O(N\log n)$ and storage $O(N)$. A generic dense matrix representation has $N^2=n^4$ entries, so forming it would discard sparsity before any solve begins.

The appropriate comparisons include sparse direct factorization, multigrid and iterative methods with preconditioners. Their performance depends on the operator, geometry, tolerance and repeated-use pattern. A uniformized physical surface can produce variable coefficients or a mass weight that breaks exact translation invariance. Then the Fourier operator can serve as a preconditioner, but the remaining variable-coefficient solve must be analyzed.

For a positive coefficient $a(x)$ satisfying $0<a_-\le a(x)\le a_+$, the energy forms obey
\[
 a_-\int|\nabla v|^2\le\int a|\nabla v|^2\le a_+\int|\nabla v|^2.
\]
This yields a spectral-equivalence condition number bound $a_+/a_-$ for the constant-coefficient preconditioner on the trace-zero or mean-zero space. It is a proved quantitative benefit when that ratio is bounded. A narrow conformal neck can make coefficient ratios or low spectral gaps unfavorable; uniformization is not automatically a well-conditioned preconditioner.

\section{Parallel work, depth and communication}
Work and depth characterize an ideal dependency graph. A real distributed FFT also moves data. Under a latency--bandwidth model, a message carrying $m$ scalars costs $\alpha_{\rm net}+\beta_{\rm net}m$. A staged all-to-all decomposition may therefore have communication time of the form
\[
 T_{\rm comm}=r\alpha_{\rm net}+\beta_{\rm net}V,
\]
where $r$ is the number of dependent communication rounds and $V$ the per-process communicated volume under the chosen decomposition.

A proof of $O(\log N)$ arithmetic depth does not eliminate these rounds. Likewise, an asymptotic work reduction can lose on small grids because setup and communication dominate. A reproducible high-performance comparison records process count, decomposition, precision, transform planning, network model, all communication and the norm of the returned residual.

Uniformizing a surface may create a periodic coordinate domain and make transform methods available. If the geometric map itself costs $C_{\rm map}$ and a transformed solve saves $\Delta C$ per query, the break-even query count is at least $\lceil C_{\rm map}/\Delta C\rceil$ when $\Delta C>0$. The bound is an exact statement for the declared affine cost model. It says nothing about a different workload or an unmeasured communication regime.

\section{Distributed averaging and spectral gaps}
Consider $x^{(t+1)}=Px^{(t)}$, where $P$ is a symmetric stochastic matrix on a connected finite graph and all eigenvalues other than the constant eigenvalue one have modulus at most $\rho<1$. Orthogonal diagonalization gives
\[
 \norm{x^{(t)}-\bar x\mathbf1}_2\le\rho^t\norm{x^{(0)}-\bar x\mathbf1}_2.
\]
A sufficient number of rounds for error at most $\varepsilon$ is
\[
 t\ge\frac{\log(\norm{x^{(0)}-\bar x\mathbf1}_2/\varepsilon)}{-\log\rho}.
\]
The mean is preserved because $\mathbf1^{\mathsf T}P=\mathbf1^{\mathsf T}$. The spectral estimate proves a finite-dimensional mixing guarantee.

On a cycle, a local averaging matrix has a gap of order $N^{-2}$, so local consensus can require quadratically many rounds at a fixed relative error. A direct global reduction uses a different communication primitive. Calling the transform or global-reduction approach ``faster'' without naming that primitive would compare different network models.

\sfig{consensus_decay}{Exact spectral envelopes for symmetric averaging on cycles of different sizes. The dependence on graph size is a communication-round statement, independent of wall-clock network measurements.}{consensus}

\section{Branch continuation as a distributed state machine}
A continuation state should include the parameter location, branch value, certified domain, normalization and source-version identifier. A transition along a path segment is accepted only when a local inverse or continuation certificate establishes existence and uniqueness on that segment. If a worker returns a result for an earlier domain version, the result must be rejected or explicitly translated.

\begin{proposition}[U43: compositional branch safety]\label{thm:U43}
Suppose every accepted transition has a postcondition matching the next transition's precondition, and each transition preserves a declared invariant $I$. Then every finite accepted execution preserves $I$. If local branch continuation is unique on each segment, the composed value is the continuation along the concatenated path.
\end{proposition}
\begin{proof}
Induct on the execution length. The empty execution has the initial invariant. If it holds after $k$ transitions, the postcondition--precondition match permits transition $k+1$, whose preservation theorem gives the invariant afterward. Uniqueness of the local analytic continuation makes the value at each joint the initial value for the next segment, so induction also identifies the composition with continuation along the concatenated path.
\end{proof}

This proves safety. Liveness additionally requires termination of certificate search or a sufficient refinement rule, fair scheduling and a path that stays a positive distance from singularities. An infinite refinement sequence approaching a branch collision need not terminate. A temporal-logic claim must distinguish ``every accepted result is valid'' from ``every requested result is eventually returned.''

\subsection{An exact noncommutativity witness}
Let two continuation generators act on three sheets by $a=(12)$ and $b=(23)$. Their commutator $aba^{-1}b^{-1}$ is nonidentity, although its abelianized winding counts are zero. The finite permutation computation is a certificate that scalar winding counters alone do not determine the final sheet. A distributed implementation must retain the permutation action or a sufficiently rich homotopy label.

The issue is mathematical, not a race-condition artifact. Parallel paths that are homotopic relative to endpoints have the same continuation under the usual uniqueness hypotheses. Paths with different monodromy can return different branches even when every local numerical step is correct.

\section{Temporal logic and finite-model verification}
For a branch service, a safety specification can be expressed as: every published state has a matching version and a checked path certificate. A liveness specification can state: every admissible request is eventually answered, assuming fair scheduling, finite certificate-search bounds and absence of permanent worker failure. These are propositions about an explicitly defined transition system.

Finite-state model checking can enumerate all executions up to the state-space closure, proving a safety invariant for that finite abstraction. An unbounded real-parameter system requires an abstraction theorem connecting concrete states to the finite model. Bounded execution checking proves no violation within the bound; it does not establish all-time liveness. The mathematical abstraction, the temporal formula and the checker result belong in separate fields of the verification register.

The present release supplies exact finite checks of permutation composition and version-independent algebraic invariants. It supplies no model-checker proof of an operational distributed service. The prospective proof routes identify where such a development can reuse the local continuation and composition lemmas.

\section{Cryptography: complex tori and finite fields}
A complex elliptic curve is analytically $\C/\Lambda$ and algebraically a nonsingular cubic. Cryptographic arithmetic usually takes place over a finite field. The finite group of points is not a topological quotient of $\C$ used as a real-number computation. Reduction requires an integral algebraic model and a prime of good reduction; group sizes, subgroup orders and security assumptions are additional arithmetic data.

For $E:y^2=x^3+ax+b$ over a field of characteristic different from two and three, the discriminant condition is $4a^3+27b^2\ne0$. Point addition follows from intersecting the secant line with the cubic. If the line through $P=(x_1,y_1)$ and $Q=(x_2,y_2)$ has slope $s$, comparison of the cubic's root sum gives
\[
 x_3=s^2-x_1-x_2,\qquad y_3=-y_1+s(x_1-x_3).
\]
For doubling, $s=(3x_1^2+a)/(2y_1)$ when the denominator is nonzero. Vertical lines and the point at infinity are separate cases. These formulas can be checked exactly in finite fields; complex floating-point evaluation is not their specification.

\begin{proposition}[U44: public multiplication is not encryption]\label{thm:U44}
On a known cyclic group of order $m$, the map $P\mapsto[n]P$ is publicly invertible whenever $\gcd(n,m)=1$. A publicly known translation $P\mapsto P+Q$ is also publicly invertible.
\end{proposition}
\begin{proof}
Bezout's identity gives integers $u,v$ with $un+vm=1$. Since $[m]P=0$, multiplication by $u$ inverts multiplication by $n$. Translation is inverted by adding $-Q$.
\end{proof}

A conformal map's visual complexity therefore supplies no encryption proof. Public uniformization data can be useful in curve construction, period computation or complex multiplication, but cryptographic security requires an explicit game, key distribution and reduction to an identified computational assumption. This volume makes no novel security claim.

\section{A finite arithmetic example and a transfer boundary}
Take $E:y^2=x^3-x$ and a prime $p>2$. The reduction is nonsingular because $4(-1)^3=-4$ is nonzero. An exact point count can enumerate $x\in\F_p$, determine the number of square roots of $x^3-x$, and add the point at infinity. This costs $O(p)$ residue tests in the direct enumeration model. A faster point-counting algorithm has its own arithmetic theory; the complex torus coordinate alone does not establish its complexity.

At $p=5$, the values $x=0,1,4$ give one root each, $x=2$ gives two roots, and $x=3$ gives two roots. Together with infinity, there are eight points. The exact checker reproduces this count and checks the nonsingularity condition. This is an illustrative finite certificate, not a cryptographically sized instance.

\section{Algorithm optimization with a certificate cost}
Let two algorithms return the same output with the same tolerance. Suppose one computes a candidate quickly but needs an expensive checker, while the other is slower and returns a cheaply verifiable certificate. The relevant total is
\[
 C_{\rm total}=C_{\rm construction}+C_{\rm checking}+C_{\rm data\ preparation}.
\]
A published speedup excluding required certificate construction is incomplete for a proof-carrying workflow. Similarly, a checker that assumes exact input coefficients while the actual input is uncertain proves the wrong instance.

For annular capacity, a useful certificate contains a primal test potential and a dual divergence-free flux. The primal energy bounds capacity from above. A normalized dual flux gives a reciprocal-energy lower bound by Cauchy--Schwarz. Their gap can quantify the quality of the approximate uniformization without requiring a visually perfect map. The next chapter derives that pair in engineering form.
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\chapter{Engineering models and dual certificates}
\label{ch:engineering}
\section{A common mathematical interface}
An engineering application of uniformization begins with a planar or surface-supported model whose geometry is part of the input. The transformed problem must retain its constitutive coefficients, units and boundary data. For a purely digital task, finite algebra and verification semantics supply the relevant connection when no surface geometry is present.

The principal interfaces considered here are electrostatics and conduction; circuits and passive response; signals and periodic computations; control and embedded realizations; machines and power networks; computational geometry; and scientific software. Mechanical, chemical, environmental and general professional tasks receive a relevant mathematical subproblem only when one can be specified. An ideal mathematical model is not a certification of a physical installation or device.

\section{Planar electrostatics and capacitance}
For a homogeneous dielectric cross-section with permittivity $\epsilon$, conductor voltage difference $V$ and translational invariance along the device axis, the electrostatic potential is $V\,u$ with $u$ as in U11. The energy per unit axial length is
\[
 W'=\frac\epsilon2\int_A|\nabla(V\,u)|^2\dd A
 =\frac12 C'V^2,
 \qquad C'=\epsilon\capc A=\frac\epsilon{\modu A}.
\]
For concentric radii $r,R$, $C'=2\pi\epsilon/\log(R/r)$. The coordinate map changes the field components and local stress but preserves the unweighted two-dimensional Dirichlet energy. Axial fringing, spatially varying permittivity and three-dimensional geometry require additional terms.

A capacitance estimate based only on a boundary-node count has no theorem-level error interpretation. A conformal or variational estimate can instead use energy upper and lower bounds. The following pair is particularly useful because it does not require knowing the exact solution.

\begin{theorem}[U45: primal--dual condenser certificate]\label{thm:U45}
Let $u$ be the unit-voltage harmonic potential on a smooth annular conductor domain. For any admissible test potential $v$ with the same boundary values,
\[
 \capc A\le\int_A|\nabla v|^2\dd A.
\]
For any square-integrable divergence-free flux field $j$ carrying total flux one from one boundary component to the other,
\[
 \frac1{\int_A|j|^2\dd A}\le\capc A.
\]
Both bounds are attained by $v=u$ and $j=\nabla u/\capc A$ with the corresponding orientation.
\end{theorem}
\begin{proof}
The upper bound is U05. For the lower bound, integration by parts and the unit-voltage boundary trace give $\int_A j\cdot\nabla u\dd A=1$ after orienting the flux. Cauchy--Schwarz yields
$1\le(\int|j|^2)(\int|\nabla u|^2)=(\int|j|^2)\capc A$. The exact flux field is divergence-free and has total flux one because the total flux of $\nabla u$ is $\capc A$. Substituting it makes equality hold.
\end{proof}

The field $j$ must be divergence-free in the required weak sense, with its flux verified. A numerical vector field that approximately satisfies conservation gives a modified bound with a residual term, not the exact reciprocal inequality. Exact rational fluxes on a finite network provide a tractable certificate model.

\section{An exact network analogue}
On a finite undirected network with conductances $c_e>0$, write the energy as $E(v)=\sum_ec_e(v_i-v_j)^2$ for fixed terminal potentials zero and one. Its unique interior minimizer solves the weighted graph Laplace equation. A unit terminal flow $f_e$ with zero divergence at interior vertices has dissipation $\sum_e f_e^2/c_e$.

The same summation-by-parts and Cauchy--Schwarz argument gives
\[
 \frac1{\sum_e f_e^2/c_e}\le C_{\rm eff}\le E(v).
\]
At the exact potential, $f_e=c_e(v_i-v_j)/C_{\rm eff}$ gives equality. This is the discrete Dirichlet--Thomson duality. The verification suite uses rational conductances and exact elimination, so the certificate values are rational and independently reproducible.

The network is an analogue of the continuum variational problem. Establishing convergence of a mesh's effective conductance to the continuum capacity requires a conforming discretization or a separate homogenization theorem. Agreement of one graph with a closed-form annulus is a diagnostic and cannot establish all-mesh convergence.

\sfig{primal_dual_gap}{Illustrative primal--dual energy model with reference conductance $20/29$: $P=C+3\varepsilon^2$ and $R=1/C+3\varepsilon^2$. The graph depicts these declared model curves; the exact path certificate is a separate calculation.}{duality}

\section{Corners and field singularities}
In a wedge of opening angle $\alpha$, homogeneous Dirichlet harmonic modes are
\[
 u(r,\theta)=r^{\pi/\alpha}\sin(\pi\theta/\alpha).
\]
Their gradient scales as $r^{\pi/\alpha-1}$. A re-entrant angle $\alpha>\pi$ produces an unbounded gradient near the corner. The energy density integrates as
\[
 \int_0^\varepsilon r^{2\pi/\alpha-2}r\dd r
 =\frac{\varepsilon^{2\pi/\alpha}}{2\pi/\alpha},
\]
which is finite for every finite positive $\alpha$.

Thus a convergent energy calculation can coexist with diverging meshwise maximum field. The local conformal map $w=z^{\pi/\alpha}$ explains both facts and fixes the branch on the wedge. A certificate for total energy is not a certificate for the peak field at a geometrically singular ideal corner.

The same geometry appears in steady conduction and some scalar potential-flow models. Elasticity and full vector electromagnetism have additional field components and constitutive structure. The scalar wedge formula is not a complete solution of those vector systems.

\sfig{corner_scaling}{Exact gradient exponents for three wedge angles. The re-entrant case has an unbounded ideal peak field despite finite local energy.}{corners}

\section{Circuit response as a half-plane function}
For a passive scalar impedance in its appropriate analytic domain, the condition $\operatorname{Re}Z\ge0$ maps under
\[
 \Gamma=\frac{Z-Z_0}{Z+Z_0},\qquad Z_0>0,
\]
to the disk condition $|\Gamma|\le1$. Indeed,
\[
 1-|\Gamma|^2=\frac{4Z_0\operatorname{Re}Z}{|Z+Z_0|^2}.
\]
The inverse is $Z=Z_0(1+\Gamma)/(1-\Gamma)$ where $\Gamma\ne1$. This is an exact Mobius equivalence of pointwise feasible sets; analyticity and realization hypotheses must accompany it for a frequency-dependent physical network.

Uniformization and the disk geometry support interpolation and sensitivity estimates. A finite set of values inside the disk does not prove that an interpolating rational response stays in the disk between samples. A Pick-matrix criterion or a constructive Schur representation can provide a continuum statement, subject to its hypotheses. The earlier PHI circuit analyses develop the corresponding finite interpolation examples \cite{phi3}.

\section{Control, stability domains and discrete implementations}
The Cayley map $z=(1+s)/(1-s)$ sends the open left half-plane in $s$ to the open disk in $z$ after the sign convention is fixed. Direct computation gives
\[
 1-|z|^2=\frac{-4\operatorname{Re}s}{|1-s|^2}.
\]
A bilinear discretization introduces a time-scale factor, usually $s=(2/T)(z-1)/(z+1)$. The stability-domain relation is a theorem about the transformed scalar pole location. Internal state stability after pole-zero cancellation, actuator saturation and fixed-point rounding are additional obligations.

For a stable ideal recurrence $x_{n+1}=ax_n$, $|a|<1$, rounding to a finite state grid can create a nonzero fixed point whenever a grid state lies in its own rounding cell after multiplication. A complete digital stability analysis therefore studies the finite transition map. Uniformization organizes the ideal domain; it does not remove machine arithmetic.

\section{Machines, drives and power-network calculations}
Complex coordinates efficiently represent rotating two-axis quantities. A rotation $z\mapsto\ee^{\ii\theta}z$ preserves the Euclidean norm, while a time-dependent rotation introduces an extra $\ii\dot\theta z$ term in the transformed differential equation. Omitting that term changes the dynamics. A conformal map more general than a rotation usually changes the metric and constitutive relation, so it cannot be treated as a lossless coordinate relabeling of a machine model without a derivation.

Power-flow equations include complex conjugates and are not holomorphic in the original voltage variables. One may construct an analytic embedding in an auxiliary parameter and solve its branch problem. A certificate must then distinguish the desired operating branch, ensure the model constraints, and bound truncation and continuation error. The existence of an analytic continuation is not a proof of feasibility at every load parameter.

The source-section connection is the distinction between local invertibility and global branch selection. A network solver may return a small residual on an unintended branch, just as a continuation algorithm may return the wrong sheet after a nontrivial loop. The relevant acceptance test includes state constraints and the branch history.

\section{Signals, transforms and finite observables}
Periodic signals on a uniformized torus have two frequency indices determined by its lattice. Signals on an annular boundary have one periodic angular coordinate and a separate radial propagation operator. A function periodic in an arbitrary physical coordinate need not remain uniformly sampled after a nonlinear conformal map.

If a physical boundary parameter $s$ is replaced by $\theta=\theta(s)$, quadrature weights change by $ds/d\theta$. Applying an FFT to values equally spaced in $s$ and interpreting them as equally spaced in $\theta$ creates a sampling error independent of transform implementation. A complete numerical pipeline records the parametrization, Jacobian, interpolation and error of resampling.

Finite Fourier observables can be certified by an analyticity envelope or by a proved discrete algebraic identity. These are different methods: the former controls truncation of a continuum representation; the latter exactly solves a finite transform problem. The code and theorem register retain the distinction.

\section{Computational geometry and conformal meshes}
A smooth conformal map is locally angle preserving. A piecewise affine map between triangle meshes is generally not conformal on every triangle unless its local derivative is a similarity. Discrete conformal theories use explicitly different definitions, such as vertex scale factors or circle patterns. Their variational formulations have established literature \cite{bobenko}; a discrete map must be evaluated under the definition actually implemented.

For a triangle map with real derivative $J$, a quantitative distortion measure is $\sigma_{\max}(J)/\sigma_{\min}(J)$ when $\det J>0$. The determinant condition prevents a folded or degenerate element from appearing acceptable merely because an unoriented ratio is small. Global injectivity also requires compatibility and boundary information; positive local determinants alone can fail on a globally overlapping mesh.

A practical certificate can combine positive orientation, a boundary homeomorphism, degree one and verified local nondegeneracy. The proof mirrors U11's properness-and-degree construction. Its finite-mesh form still requires exact predicates or a controlled rounding analysis for element orientation.

\section{Software, electronics and the remaining engineering subjects}
For software engineering, compilers, databases and operating systems, uniformization is not a general replacement for the native semantics. Its useful contributions are specialized numerical contracts, branch-aware interfaces and certificate architecture. For digital logic and embedded systems, the core verification objects are bit-vector transformations, state transitions, timing and memory. Their analysis can reuse exact algebra and invariants without pretending that every transition system is a Riemann surface.

For materials, chemistry and thermal processes, a planar diffusion or potential model can admit the conformal treatment derived above. Reaction terms, nonlinear kinetics and evolving boundaries require new equations. For graphics, the coordinate map can aid parameterization, with distortion and sampling costs retained. For communication and general professional work, no direct uniformization theorem is asserted; the relevant transferable practice is precise specification and evidence separation.

Each application is indexed by its governing mathematical model, its admissible regime and the observable that the calculation certifies.
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\chapter{Quantitative closure, computability and additional structural proofs}
\label{ch:closure}
\section{What a finite presentation can establish about uniformization type}
A Riemann surface can be presented by charts, transition functions and an exhaustion. Such a presentation contains more information than a list of numerical samples, but the representation still matters. A classification theorem asserts the existence of a conformal model. It need not supply a terminating procedure that identifies the model from arbitrary finite observations of the presentation.

Consider the particularly simple surfaces obtained as unions of concentric disks. A presentation supplies a strictly increasing sequence of positive rational radii $R_n$ and exact inclusions $D_{R_n}\subset D_{R_{n+1}}$. The union is $D_R$, where $R=\sup_nR_n\in(0,\infty]$. The only classification question is whether $R$ is finite. Every finite prefix is compatible with both possibilities: continue with increments $2^{-k}$ to obtain a finite limit, or with increments one to obtain an infinite limit. This is an information-theoretic obstruction that already occurs before general surfaces enter the problem.

\begin{theorem}[U46: no total classification procedure for arbitrary computable exhaustions]\label{thm:U46}
There is no algorithm which, from every program computing a strictly increasing positive rational disk exhaustion, always terminates and correctly decides whether the union is conformally a disk or the plane.
\end{theorem}
\begin{proof}
For a program $M$ and its input, define $R_0=1$ and, for $k\ge1$,
\[
 R_k-R_{k-1}=\begin{cases}1,&M\text{ has not halted within its first }k\text{ steps},\\2^{-k},&M\text{ has halted within those steps}.\end{cases}
\]
A bounded simulation computes each increment exactly, so this is a computable, strictly increasing rational sequence. If $M$ never halts, $R_k=1+k$ and the union is $\C$. If $M$ first halts after a finite number of steps, there are finitely many unit increments followed by a convergent geometric tail, so the union is a bounded round disk. A total classifier would decide whether $M$ halts.

For completeness, the latter decision is impossible by diagonalization. If a total algorithm $H(P,x)$ decided whether program $P$ halts on input $x$, define a program $Q(x)$ which runs forever when $H(x,x)$ reports halting and halts immediately otherwise. Apply it to its own code $q$. Each possible value of $H(q,q)$ contradicts the prescribed behavior of $Q(q)$. Thus $H$, and hence the supposed conformal-type classifier, cannot exist.
\end{proof}

The theorem concerns program-described exhaustions without a supplied bound on their limit. It does not obstruct classification for an algebraic curve of known genus, a finite polygon with a certified group action, or an exhaustion carrying an independently proved radius bound. It specifies exactly which missing information causes the failure. A numeric implementation that terminates after a large number of steps has not escaped the obstruction unless its admissible input class is narrower.

A useful positive certificate for disk type is a finite rational $B$ together with a proof that $R_n\le B$ for all $n$. A useful positive certificate for plane type is a computable witness $n(m)$ with $R_{n(m)}>m$ for every integer $m$. Checking one value of either relation is insufficient; the universal certificate can be represented by an inductive argument or a proved formula. These conclusions make the nonconstructive and quantitative parts of uniformization compatible without conflating them.

\section{Finite observation and the need for an analytic envelope}
The same distinction controls recovery of a holomorphic function. Suppose an algorithm samples a function at points $z_1,\ldots,z_n$ in a domain. Define $p(z)=\prod_{j=1}^n(z-z_j)$. Every pair $f$ and $f+cp$ yields the same observed values for arbitrary $c\in\C$. If the target point $z_*$ is different from the sample points, their values there differ by $cp(z_*)$, with arbitrarily large magnitude as $c$ varies.

\begin{proposition}[U47: finite samples do not certify unrestricted analytic recovery]\label{thm:U47}
From finitely many exact values of an otherwise unrestricted holomorphic function, no finite uniform bound on the error at an unsampled point follows. The assertion remains true for a deterministic adaptive sampling algorithm that always uses finitely many samples.
\end{proposition}
\begin{proof}
The nonadaptive assertion follows from the polynomial construction above. For an adaptive algorithm, answer zero to each successive query until it terminates. Let $z_1,\ldots,z_n$ be the resulting transcript. Every function $cp$ vanishes at all queried points, so the algorithm follows exactly the same branches and produces the same answer for these functions. At the unsampled target point their true values are unbounded. Any proposed finite error bound fails for a sufficiently large $|c|$.
\end{proof}

A norm constraint changes the problem. If $|f|\le M$ on a larger certified domain, the perturbation $cp$ cannot be scaled arbitrarily while remaining admissible. Cauchy estimates then connect unobserved derivatives to $M$ and geometric clearance. For an $H^2$ ball, the prior public finite-rank theorem gives an exact optimality statement. For an analytic strip, geometric Fourier tails give sample or coefficient requirements. The bound, domain and norm are therefore input specifications, not conclusions extracted from a visually smooth graph.

An important consequence for adversarial verification is that a certificate must contain or reference the envelope. A checker that accepts a finite sample plot as proof of global nonvanishing is unsound on the unrestricted function class. Polynomial degree bounds can supply a different envelope through algebraic completeness: enough exact values determine the polynomial, after which an exact root or positivity certificate can be checked.

\section{Uniform conditioning from energy equivalence}
A smooth coordinate change transforms a differential equation and its function-space norms together. For the conformal change $z=F(w)$, the Dirichlet numerator is unchanged in two dimensions, whereas the $L^2$ denominator becomes weighted by $J(w)=|F'(w)|^2$. This gives explicit spectral comparison when the Jacobian has certified upper and lower bounds.

\begin{proposition}[U48: conformal spectral comparison under bounded Jacobian]\label{thm:U48}
Let $F:U\to V$ be a conformal isomorphism between bounded regular domains, and suppose $0<j_-\le |F'|^2\le j_+<\infty$. Write $\lambda_k(U)$ and $\lambda_k(V)$ for Dirichlet eigenvalues, counted with multiplicity. Then
\[
 \frac{\lambda_k(U)}{j_+}\le\lambda_k(V)\le\frac{\lambda_k(U)}{j_-}.
\]
\end{proposition}
\begin{proof}
Under pullback, the Rayleigh quotient on $V$ is
\[
 \mathcal R_V(v)=\frac{\int_U|\nabla v|^2}{\int_U|v|^2|F'|^2}.
\]
The denominator is between $j_-\int_U|v|^2$ and $j_+\int_U|v|^2$. Hence
$\mathcal R_U(v)/j_+\le\mathcal R_V(v)\le\mathcal R_U(v)/j_-$. The pullback is a linear bijection on the relevant zero-trace energy spaces, using the stated Jacobian bounds. Apply the min--max characterization by taking the supremum over each $k$-dimensional subspace and then its infimum over all such subspaces. Both inequalities survive these operations.
\end{proof}

The min--max characterization used here follows from the compact self-adjoint spectral decomposition of the Dirichlet resolvent. It is a declared functional-analytic prerequisite when the whole spectrum is discussed. For $k=1$, the same calculation applies directly to the infimum defining the first Rayleigh value, without requiring higher eigenspaces. No claim is made when the boundary map has unbounded derivative or when a corner sends $j_-$ to zero.

For a finite element system with stiffness matrices $A$ and $B$ satisfying
$a_-x^*Bx\le x^*Ax\le a_+x^*Bx$, the identical argument gives
\[
 \operatorname{spec}(B^{-1/2}AB^{-1/2})\subset[a_-,a_+],\qquad
 \kappa_2(B^{-1/2}AB^{-1/2})\le a_+/a_-.
\]
This is a preconditioner certificate, provided both matrices represent the same constrained subspace. A hidden constant nullspace must first be removed or handled by a compatible pseudoinverse. Comparing an invertible screened operator with an unscreened singular Laplacian without this projection changes the problem.

\section{A complete contraction estimate for preconditioned descent}
Let $A$ be positive definite and $B$ a positive definite preconditioner. Consider
$x_{k+1}=x_k-\omega B^{-1}(Ax_k-b)$. In the $B$-scaled coordinate, the error obeys
$e_{k+1}=(I-\omega M)e_k$ with $M=B^{-1/2}AB^{-1/2}$.

\begin{proposition}[U49: optimal constant step for a spectral interval]\label{thm:U49}
If $\operatorname{spec}(M)\subset[a,b]$, $0<a\le b$, then the step
$\omega_*=2/(a+b)$ minimizes $\max_{t\in[a,b]}|1-\omega t|$ over real $\omega$, with value
$q_*=(b-a)/(b+a)$. Consequently $\|e_k\|_2\le q_*^k\|e_0\|_2$ for that step.
\end{proposition}
\begin{proof}
The absolute value of an affine function is convex, so its maximum on the interval is attained at an endpoint. For $\omega<0$ the value exceeds one and cannot minimize. For $\omega\ge0$, the maximum of $|1-\omega a|$ and $|1-\omega b|$ is minimized when the two endpoint errors have opposite signs and equal magnitude; solving $1-\omega a=-(1-\omega b)$ gives $\omega_*$. Before that crossing the first endpoint controls and decreases; after it the second endpoint controls and increases. Thus the minimizer is global. Orthogonal spectral diagonalization bounds $\|I-\omega_*M\|_2$ by $q_*$. Iteration proves the error estimate.
\end{proof}

For an accuracy ratio $\varepsilon\in(0,1)$ and $a<b$, the sufficient iteration count is
\[
 k\ge\frac{\log(1/\varepsilon)}{-\log q_*}.
\]
If $a=b$, one step is exact in exact arithmetic. The theorem is an optimum within the family of constant-step stationary iterations and the declared spectral interval. Conjugate gradients, multilevel methods or direct transforms are different competitor families. The calculation is useful because it makes a geometry-dependent condition bound into an explicit temporal-complexity bound without claiming that a measured runtime has been minimized.

\section{Communication-round bounds from a finite spectrum}
Take a cycle with $N\ge3$ vertices and a lazy averaging matrix
$P=\frac12I+\frac14(S+S^{-1})$. Its eigenvectors are Fourier characters and its eigenvalues are
$\lambda_k=\frac12+\frac12\cos(2\pi k/N)=\cos^2(\pi k/N)$. On the mean-zero subspace the maximal absolute eigenvalue is $\rho_N=\cos^2(\pi/N)$.

\begin{proposition}[U50: exact worst-case consensus contraction]\label{thm:U50}
For every mean-zero vector $x$, $\|P^tx\|_2\le\rho_N^t\|x\|_2$. Equality is attained by a nonzero first Fourier mode. Thus the least number of synchronous rounds guaranteeing relative error at most $\varepsilon$ is
\[
 t_* =\left\lceil\frac{\log(1/\varepsilon)}{-\log\rho_N}\right\rceil.
\]
\end{proposition}
\begin{proof}
Diagonalize $P$ in the orthonormal Fourier basis. The zero-frequency coefficient vanishes. Squared norms are sums of $|\widehat x_k|^2\lambda_k^{2t}$, bounded by $\rho_N^{2t}\|x\|_2^2$. A vector supported in $k=1$ attains equality. Therefore fewer than the displayed number of rounds fail on that vector, and the displayed number works for all vectors.
\end{proof}

The asymptotic relation $-\log\rho_N\sim\pi^2/N^2$ follows by Taylor expansion of cosine and logarithm at zero. Hence the rounds scale as $N^2\log(1/\varepsilon)$ for this topology and fixed update rule. The result does not transfer to asynchronous schedules without a specified delay/fairness model. A global Fourier transform may compute the averaged limit immediately in an arithmetic model while requiring communication unavailable to a nearest-neighbour network. The locality of information exchange is part of the competitor class.

\section{Branch certificates as invariants of a path subdivision}
Let $F(z,t)$ be holomorphic in $z$ and continuous in a real path parameter $t\in[0,1]$. Suppose a subdivision $0=t_0<\cdots<t_m=1$ has disks $B_j$ and verified conditions: each $F(\cdot,t)$ has exactly one zero in $B_j$ for $t\in[t_j,t_{j+1}]$; no zero lies on its boundary; and consecutive disks share a smaller certified region containing the endpoint zero. The local implicit functions then join to a unique continued branch along the path.

\begin{proposition}[U51: soundness of a chained continuation certificate]\label{thm:U51}
Under the preceding conditions, the local zero branches form one continuous function on $[0,1]$. If $F$ is jointly holomorphic on the corresponding complex parameter neighborhoods and $\partial_zF\ne0$ at the zeros, the branches are holomorphic there and agree on every overlap reached by the chain.
\end{proposition}
\begin{proof}
On each interval, isolate the unique zero in its disk. Compactness and absence of boundary zeros imply continuity: for any convergent parameter sequence, every convergent subsequence of roots has a root of the limiting function as its limit, and uniqueness forces that limit to be the selected root. A smaller compact disk around the limiting root supplies the requisite local compactness. At a common endpoint, the shared-region certificate identifies the two roots. A finite gluing induction produces a continuous branch on the whole path. In the holomorphic setting, the implicit-function theorem gives local holomorphic branches. Their equality follows from uniqueness of the zero in the overlapping isolating region, and then from analytic continuation on each relevant connected overlap.
\end{proof}

The theorem establishes soundness for an accepted chain. It does not prove that a particular subdivision strategy always finds such a chain. A completeness theorem needs a lower separation margin, a derivative bound and a computable modulus of variation. Branch collisions violate those hypotheses. For a loop, the endpoint can be a different root of the initial polynomial, even though every step is uniquely continued. The certificate must retain that permutation when the base surface is not simply connected.

\section{Why certificate termination needs quantitative input}
Suppose $f$ is continuously differentiable on a path of length $L$, with $|f|\ge\delta>0$ and derivative along arc length bounded by $M$. A segment of length $h$ satisfies $|f(z)-f(z_0)|\le Mh$. If $h<\delta/M$, its image lies in a disk avoiding zero and can be certified by a centre-radius witness.

\begin{proposition}[U52: a sufficient nonvanishing subdivision bound]\label{thm:U52}
For $M>0$, a uniform partition into $n>2LM/\delta$ pieces makes every image segment lie in a disk of radius less than half the guaranteed centre modulus. Consequently a disk-based local nonvanishing test accepts every segment, provided its arithmetic bounds are exact or outward certified. If $M=0$, one nonzero value certifies the whole connected path.
\end{proposition}
\begin{proof}
Each segment has length at most $L/n<\delta/(2M)$. The mean-value integral bound gives image radius less than $\delta/2$. Since the centre modulus is at least $\delta$, the disk avoids zero with positive margin. For $M=0$, the path derivative is zero and the image is constant.
\end{proof}

The factor two is a convenient strict margin, not an optimal subdivision constant. The bound proves a termination guarantee for a class with supplied $\delta,M,L$. A certificate generator receiving no nonvanishing margin may continue refining indefinitely near an actual zero. An axis-only separating test can also fail for an image lying on the diagonal, although a rotated witness succeeds. Soundness, mathematical nonvanishing, geometric adequacy of the witness class and algorithmic termination remain four separate obligations.

\section{Formal statement fidelity and nonvacuous comparison}
A verifier proves its encoded proposition. If a precondition is inconsistent, every conclusion follows logically, including a false-looking speed claim. Thus a conditional theorem used in a comparison must have a demonstrably inhabited admissible class. A concrete exact input is often the simplest witness; a family result can provide a stronger witness.

The uniformization inputs make this especially important. A quotient group must act properly discontinuously; an ordinary surface quotient additionally requires freeness. A claimed sphere quotient by a nontrivial free holomorphic group has no instance. A harmonic conjugate assumed globally single-valued on a condenser annulus with nonzero period also has no instance. Such preconditions would trivialize the main geometric obligations.

A useful formal interface distinguishes four objects: the declared input class $\mathcal A$, a representation relation $\mathsf{Rep}(d,a)$, a mathematical output relation $\mathsf{Sol}(a,y)$ and a finite checker $\mathsf{Check}(d,c)$. Its soundness assertion is
\[
 \forall d,c,a,\quad \mathsf{Rep}(d,a)\land\mathsf{Check}(d,c)
 \Longrightarrow \mathsf{Sol}(a,\mathsf{decode}(c)).
\]
For a uniqueness claim, prove that all admissible outputs coincide. For an approximation claim, the relation contains the norm and tolerance. For a cost claim, count the operations of the concrete algorithm producing the specified output. This prevents a fast scalar summary from being compared with an algorithm obliged to return an entire field or matrix.

The theorem register in the following chapter uses these distinctions. Entries with an external geometric or physical premise retain that premise; exact computational checks are linked only to the assertions they actually evaluate. Formal scripts are not marked accepted unless a checker has executed and its output has been inspected.
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\chapter{Solved investigations: geometry and analysis}
\label{ch:investigations}
The following investigations specify mathematical questions with complete solutions under the stated premises. They supplement the nine source results with independent examples, counterexamples and quantitative consequences. Their numbering is local to this monograph. Each investigation has one principal location; later lecture routes refer to it without reproducing its solution. Numerical approximations are displayed only after the exact relation determining them.

\section{Conformal type and period structure}
\begin{exercise}[I01: identical topology, different conformal type]\label{inv:I01}
The plane and the unit disk are homeomorphic. Prove that no biholomorphism connects them, and identify the extra information absent from a topological presentation. Give a concrete homeomorphism and explain why it is not holomorphic.
\end{exercise}
\solution The radial map $h(z)=z/(1+|z|)$ maps $\C$ bijectively to $\D$, with continuous inverse $w\mapsto w/(1-|w|)$. Thus both spaces have the same topology. If a biholomorphism $f:\C\to\D$ existed, it would be a bounded entire function and hence constant by Liouville's theorem, contradicting injectivity. The radial map depends on $\bar z$ through $|z|$; for $z\ne0$, its real differential scales the radial direction by $(1+|z|)^{-2}$ and the tangential direction by $(1+|z|)^{-1}$. These scales are unequal, so the differential is not a complex similarity. Consequently the map fails conformality away from the origin.

The missing datum is the complex structure, not an additional topological handle or boundary component. Both surfaces are simply connected and noncompact. The disk supports the complete curvature $-1$ Poincare metric, while the plane has no biholomorphic disk coordinate. U46 further shows that an arbitrary computable exhaustion cannot always be classified by a terminating algorithm. A topology-only test may correctly identify simple connectivity yet leave precisely this analytic alternative unresolved. The proof uses a qualitative invariant---bounded entire functions---and does not require solving a differential equation for a candidate coordinate map. Its cost advantage is logical reduction, not a measured execution-time improvement.

\begin{exercise}[I02: measured condenser period and radius uncertainty]\label{inv:I02}
An annular condenser has normalized boundary potential zero and one. A certified calculation encloses its conjugate period by $p\in[1/2,51/100]$. Determine an enclosure for the outer radius of its normalized round-annulus model and quantify sensitivity in logarithmic coordinates.
\end{exercise}
\solution U11 gives $L=\log R=2\pi/p$. Since this is strictly decreasing on positive $p$,
\[
 \frac{200\pi}{51}\le L\le4\pi,
 \qquad \exp(200\pi/51)\le R\le\exp(4\pi).
\]
The enclosure width in $L$ is $4\pi-200\pi/51=4\pi/51$. The multiplicative radius uncertainty is therefore at most $\exp(4\pi/51)$. A small absolute period uncertainty can generate substantial relative uncertainty in a large radius because exponentiation amplifies the logarithmic interval. Differentiating gives $dL/dp=-2\pi/p^2$ and $d\log L/d\log p=-1$. Thus the relative condition number for recovering $L$ from $p$ is exactly one; that for recovering $R$ is $L$.

A numerically suitable representation stores $L$ and postpones exponentiation. This preserves the annulus modulus $L/(2\pi)$ and capacity $2\pi/L$ without creating a huge coordinate radius. The conclusion is a representation/conditioning result. It does not imply that every operation on the logarithmic cylinder is cheaper, because periodicity and transformed boundary data remain necessary. The exact endpoints above are also suitable for an interval checker, whereas a central estimate and an unspecified number of decimal digits would not certify either inequality.

\sfig{capacity_sensitivity}{The exact relation between the conjugate period and the logarithmic outer radius. Small periods produce strong radius sensitivity.}{capsensitivity}

\begin{exercise}[I03: a degree constraint from annular modulus]\label{inv:I03}
Let $A=A(1,\ee^3)$ and $B=A(1,\ee^6)$. Determine all possible positive degrees of a finite unbranched holomorphic covering $A\to B$. Construct such a map and count the lifts of one ordinary target point.
\end{exercise}
\solution A finite annular covering of degree $d$ multiplies the modulus by $d$, so
$6/(2\pi)=d\,3/(2\pi)$ and $d=2$. The map $F(z)=z^2$ has this degree and maps the boundary radii correctly. Every $w\in B$ has the two roots $\pm\sqrt w$, whose moduli lie strictly between $1$ and $\ee^3$. No root is critical because $F'(z)=2z\ne0$ on $A$.

To justify necessity without presupposing a formula for every covering, lift to logarithmic strips. The induced homomorphism on the fundamental group sends a positive generator to $d$ generators. Harmonic boundary potentials pull back from $B$ to $A$, and their conjugate periods are multiplied by $d$. With capacity reciprocal to modulus, this is exactly the displayed relation. Equivalently, the energy of a pulled-back potential is $d$ times its target energy. Hence the degree follows from one scalar conformal invariant. Enumerating possible branched formulas would be unnecessary and could include maps that fail properness.

The induced map on fundamental groups is multiplication by two. It is injective, not surjective, and its image has index two. A global single-valued inverse would split the covering into degree one and contradict that index. Local square-root formulas remain valid on simply connected target patches.

\begin{exercise}[I04: proper annulus self-maps with fixed modulus]\label{inv:I04}
Classify the finite proper unbranched holomorphic self-maps of $A(r,R)$, where $0<r<R<\infty$. Distinguish maps preserving each boundary component from maps interchanging them.
\end{exercise}
\solution Modulus multiplicativity forces the degree to equal one, so every such map is an automorphism. Let $u(z)=\log(|z|/r)/\log(R/r)$. If $F$ preserves the boundary components, uniqueness of the Dirichlet problem gives $u\circ F=u$. Thus $|F(z)/z|=1$ everywhere. The holomorphic function $F(z)/z$ has constant modulus and is constant by the open mapping theorem. Therefore $F(z)=\ee^{\ii\theta}z$.

If the components are exchanged, then $u\circ F=1-u$, whence $|F(z)z|=rR$. The holomorphic function $F(z)z$ is constant of that modulus, giving $F(z)=rR\ee^{\ii\theta}/z$. Each displayed formula is a conformal self-map, so the list is complete. The reciprocal formula reverses the winding of a circle when expressed with a fixed ambient counterclockwise orientation, while it remains an orientation-preserving holomorphic map of the surface. Boundary orientation and ambient circle orientation must therefore be distinguished.

The classification has reduced a functional search to one real phase and one discrete choice. The reduction is exact because properness and boundary correspondence are part of the input. Without properness, many non-surjective holomorphic maps into the same annulus may exist and this parameter count would be unjustified.

\begin{exercise}[I05: two incommensurable conjugate periods]\label{inv:I05}
On a multiply connected domain suppose a locally defined holomorphic function $H$ has additive monodromy $\ii$ around one generator and $\ii\sqrt2$ around another. Can $\exp(aH)$ be single-valued for a nonzero real constant $a$? State the general criterion for finitely many imaginary periods.
\end{exercise}
\solution Single-valuedness requires $a=2\pi m$ and $a\sqrt2=2\pi n$ for integers $m,n$. If $a\ne0$, then $m\ne0$ and $\sqrt2=n/m$, a contradiction. Thus no such nonzero real $a$ exists. For periods $\ii p_1,\ldots,\ii p_k$, the general criterion is $ap_j\in2\pi\Z$ for all $j$. When one period is nonzero, this requires all nonzero period ratios to be rational with a common denominator after finitely many ratios are reduced.

The annulus construction works because its first homology has rank one. On a general surface the period subgroup can have higher rank. A scalar exponential can remove a cyclic imaginary lattice; it does not remove arbitrary period data. A vector of periods, a lattice quotient or a section with an automorphy factor may be the appropriate output. The impossibility proof prevents using an annular formula as a global multi-hole coordinate without a compatibility test.

A numerical ratio close to a rational does not establish exact commensurability. Finite-precision fitting must state whether it constructs an approximate local chart or certifies a genuinely single-valued map. The latter requires exact period relations or rigorous bounds strong enough to identify the relevant integers under a separately specified separation hypothesis.

\begin{exercise}[I06: cusp extension and an essential singularity]\label{inv:I06}
Compare $f(z)=z^4$ and $g(z)=\exp(1/z)$ near the puncture of $0<|z|<1$. Explain which admits the local finite-degree extension used in \S5.6 and why the other is not a counterexample to that extension theorem.
\end{exercise}
\solution The first map extends holomorphically to zero, with a zero of order four. For every sufficiently small target punctured disk, its preimage component at zero is a punctured disk and the restriction is a four-sheeted covering. Its local fibre algebra is $\C\{z\}/(z^4)$ and has dimension four.

For $g$, along the positive real sequence $z_n=1/n$, $g(z_n)=\ee^n\to\infty$; along $z_n=-1/n$, $g(z_n)=\ee^{-n}\to0$; and along $z_n=1/(2\pi\ii n)$, $g(z_n)=1$. Thus the puncture is not sent to one well-defined target end. The proper end-map premise fails. In particular, infinitely many points tending to the puncture map to the compact singleton $\{1\}$, contradicting properness into $\C^*$ for any collar containing those points.

The failure is geometric, not a numerical difficulty evaluating an exponential. A source end-extension theorem can be applied only after its induced-end and finite/proper behavior has been established. Merely being holomorphic on a punctured domain is insufficient. The three explicit sequences give a finite analytical witness to that failure, and the repeated value sequence identifies the violated compact-preimage condition directly.

\section{Moduli, compactification and quotient geometry}
\begin{exercise}[I07: changing the lattice basis]\label{inv:I07}
For $\tau=\frac12+\ii$, compute the transformed modulus $\tau'=-1/\tau$. Verify positive imaginary part and identify the linear rescaling of lattices. Determine how an ordered period vector must change.
\end{exercise}
\solution Multiplying by the conjugate yields $\tau'=(-\frac12+\ii)/(5/4)=-2/5+(4/5)\ii$. Its imaginary part is $4/5>0$, agreeing with $\operatorname{Im}\tau/|\tau|^2$. The lattice $\Z+\Z\tau$ has the ordered basis $(\tau,-1)$, whose oriented area is unchanged. Dividing that basis by $\tau$ gives $(1,-1/\tau)$, so multiplication by $1/\tau$ induces the biholomorphism to the normalized new torus.

If $(a,b)$ are the old cycles, the new ordered cycles are $(b,-a)$. A differential with periods $(A,B)$ has periods $(B,-A)$ in the new basis. Holding $(A,B)$ fixed after changing cycles would not represent the same differential. The modular transformation preserves the surface while changing its numerical coordinate description.

For algorithms, choosing a well-scaled fundamental parallelogram can improve convergence of lattice sums. Any such improvement must include the cost of the basis change and the transformation of periods, characters and boundary data. The present calculation proves geometric equivalence and a precise data-transformation rule; it does not claim a measured speedup for a particular lattice-sum implementation.

\begin{exercise}[I08: compact triangle signatures]\label{inv:I08}
Classify the compact orientable triangle orbifolds with signatures $(2,3,5)$, $(2,3,6)$ and $(2,3,7)$, and compute the area of the last one in curvature $-1$ normalization.
\end{exercise}
\solution Their Euler characteristics are respectively
\[
 \frac12+\frac13+\frac15-1=\frac1{30},\quad
 \frac12+\frac13+\frac16-1=0,\quad
 \frac12+\frac13+\frac17-1=-\frac1{42}.
\]
All are good compact triangle signatures. U24 gives spherical, Euclidean and hyperbolic types in that order. In the hyperbolic case Gauss--Bonnet gives $-\area=2\pi\chi$, hence $\area=\pi/21$ for the orientation-preserving quotient. A single reflection triangle has half this area, $\pi/42$, because the oriented triangle orbifold is the double of the reflection fundamental region.

This factor two is independent of the annular $2\pi$ normalization. Both arise from geometry, but one is a quotient index and the other is the angular period of an exponential. Retaining the convention avoids a common area mismatch. Exact rational arithmetic determines the sign without floating-point uncertainty even for signatures close to Euclidean. The computational task is finite here because the signature and the goodness hypothesis are given. It is not a classification procedure for arbitrary program-described surfaces.

\begin{exercise}[I09: a puncture changes the Euler-sign inference]\label{inv:I09}
Compute the ordinary Euler characteristics of $\C$, $\C^*$ and the thrice-punctured sphere. Identify their uniformizing covers and explain why the compact curvature-sign rule cannot be applied unchanged to all three.
\end{exercise}
\solution Compactifying each surface adds respectively one, two and three punctures to a sphere. Thus $\chi=1,0,-1$. The plane covers itself; the exponential covers $\C^*$ by $\C$; the thrice-punctured sphere has the disk as universal conformal cover. In the last case its complete finite-area cusp metric satisfies $\area=-2\pi\chi=2\pi$.

The plane has positive ordinary Euler characteristic but is parabolic, so positivity alone does not imply a spherical universal cover for a noncompact surface. Gauss--Bonnet on an exhaustion includes boundary terms, and a complete flat plane has infinite area with a boundary contribution at infinity. Dropping that contribution is invalid. For the finite-area punctured hyperbolic case, cusp limits allow the stated area formula; those end assumptions are substantive.

The counterexample is directly relevant to the interpretation of source Theorem 5.9 when finite conformal type includes punctures. The corrected compact theorem remains valid. The noncompact Euclidean list and finite-area hyperbolic case require their own classification statements. A public proof must preserve this distinction even when all three surfaces are drawn on the same compactified sphere.

\begin{exercise}[I10: translation and dilation quotients of the half-plane]\label{inv:I10}
Compare $\HH/\langle z\mapsto z+1\rangle$ and $\HH/\langle z\mapsto az\rangle$ for $a>1$. Give explicit quotient coordinates and identify the end geometry.
\end{exercise}
\solution For translation, $q=\exp(2\pi\ii z)$ is invariant and maps the quotient bijectively to $0<|q|<1$. If two points have equal $q$, their difference is an integer, proving injectivity on the quotient. As $\operatorname{Im}z\to\infty$, $q\to0$ and the quotient has a cusp. Pulling back $|dq|/(|q|\log(1/|q|))$ gives $|dz|/\operatorname{Im}z$.

For dilation, let $\zeta=\log z=s+\ii\theta$, $0<\theta<\pi$. Dilation acts by $s\mapsto s+\log a$. Therefore $w=\exp(2\pi\ii\zeta/\log a)$ has radii $\ee^{-2\pi^2/\log a}<|w|<1$. It is a finite round annulus with modulus $\pi/\log a$. Its core closed geodesic has length $\log a$: the vertical line through the imaginary axis projects to the dilation axis, and the hyperbolic length from $\ii$ to $a\ii$ is $\int_1^a dy/y=\log a$.

The parabolic versus hyperbolic group element is encoded in the quotient's conformal modulus and end structure. Both quotients are topological cylinders. Their different conformal types cannot be inferred from that topology alone. The explicit coordinates also provide exact test cases for branch and metric implementations.

\section{Harmonic observables and spectral calculations}
\begin{exercise}[I11: a cubic Fourier mode on an annulus]\label{inv:I11}
On $A(1,2)$ prescribe inner boundary value zero and outer boundary value $\cos(3\theta)$. Find the harmonic solution and its Dirichlet energy.
\end{exercise}
\solution Write $t=\log r$, $L=\log2$. The separated solution is
\[
 u(r,\theta)=\frac{\sinh(3\log r)}{\sinh(3\log2)}\cos(3\theta)
 =\frac{r^3-r^{-3}}{8-1/8}\cos(3\theta).
\]
Its radial logarithmic coefficient solves $v''-9v=0$ with $v(0)=0,v(L)=1$, so it is harmonic and has the required boundary values. Uniqueness follows from the maximum principle. In cylinder coordinates the energy is
\[
 E=\pi\int_0^L(v'^2+9v^2)\dd t
 =\pi[vv']_0^L=3\pi\coth(3\log2)=\frac{65\pi}{21}.
\]
Here $\coth(3\log2)=(64+1)/(64-1)=65/63$. The energy is exact, and the missing factor $\pi$ would correspond to a different Fourier normalization.

A two-dimensional mesh solve is unnecessary for this single-mode specification. Evaluation at $m$ requested points costs $O(m)$ elementary operations once the coefficient is known, which is optimal in the output-size sense. For arbitrary boundary data, coefficient acquisition and truncation must be included, so this example does not establish an unconditional linear-time PDE algorithm.

\begin{exercise}[I12: least energy for a prescribed circulation]\label{inv:I12}
Among smooth closed real one-forms on $A(1,\ee^L)$ with period $p$ around a positive circle, find the minimum squared norm $\int_A|\alpha|^2$ and its minimizer. Use the Euclidean metric; the form norm and area transform together.
\end{exercise}
\solution In logarithmic coordinates, write $\alpha=a(t,\theta)\dd t+b(t,\theta)\dd\theta$. Conformal invariance gives energy $\int_0^L\int_0^{2\pi}(a^2+b^2)\dd\theta\dd t$. Closedness implies $\partial_tb=\partial_\theta a$, so the angular integral of $b$ is independent of $t$ and equals $p$. By Cauchy--Schwarz,
\[
 \int_0^{2\pi}b(t,\theta)^2\dd\theta\ge\frac{p^2}{2\pi}.
\]
Integration in $t$ gives $E\ge Lp^2/(2\pi)$. Equality requires $a=0$ almost everywhere and $b=p/(2\pi)$ for every $t$, so the minimizer is $\alpha=(p/2\pi)\dd\theta$. It is smooth and closed and has the required period, proving attainment and uniqueness in the smooth class.

The result is a concrete one-dimensional Hodge component extracted from a continuum of possible forms. Exact forms with zero period contribute additional orthogonal energy after the corresponding projection. This provides a period-based error diagnostic: a locally small residual does not certify that a computed form has the correct global circulation. The lower bound is global over the declared class, not an observation from one discretization.

\begin{exercise}[I13: two boundary modes and thin-annulus conditioning]\label{inv:I13}
For the annular Dirichlet-to-Neumann block at order $n\ge1$, compare symmetric data $(1,1)$ and antisymmetric data $(1,-1)$. Determine the condition number of the block and its behavior as $nL\to0$.
\end{exercise}
\solution The block is $n\begin{pmatrix}\coth(nL)&-\csch(nL)\\-\csch(nL)&\coth(nL)\end{pmatrix}$. The displayed vectors are orthogonal eigenvectors, with eigenvalues
$\lambda_s=n\tanh(nL/2)$ and $\lambda_a=n\coth(nL/2)$. Both are positive. Their ratio is $\coth^2(nL/2)$. Since $\tanh x=x+O(x^3)$ and $\coth x=x^{-1}+O(x)$,
\[
 \lambda_s\sim n^2L/2,\quad \lambda_a\sim2/L,\quad
 \kappa\sim4/(n^2L^2).
\]
The poor condition number has a geometric interpretation: equal boundary values create a slowly varying mode, whereas opposite boundary values force a steep cross-annulus gradient. Dividing by the mean and difference eigenvalues gives an exact diagonal preconditioner for this block. Any implementation must retain the separate zero-frequency block, which has a constant nullspace before boundary differences are fixed.

The proof uses a two-dimensional invariant subspace in coefficient space and yields an exact condition number. A visual plot of the field could reveal steep gradients but would not identify this quantitative distinction between symmetric and antisymmetric data.

\begin{exercise}[I14: optimally allocating unequal boundary tolerances]\label{inv:I14}
Suppose two independent boundary approximations cost $-\log\varepsilon_1$ and $-3\log\varepsilon_2$, and the interior error bound is $\frac14\varepsilon_1+\frac34\varepsilon_2\le\delta$. Determine the cost-minimizing positive allocation.
\end{exercise}
\solution The cost decreases as either tolerance increases, so the constraint is active. A Lagrange multiplier gives $1/\varepsilon_1=\lambda/4$ and $3/\varepsilon_2=3\lambda/4$, hence $\varepsilon_1=\varepsilon_2=4/\lambda$. The active constraint gives both equal to $\delta$. The apparent symmetry of the answer is caused by matching cost and harmonic weights: the second approximation is three times as expensive but contributes three times as strongly to the bound.

Strict convexity of $-\log\varepsilon_1-3\log\varepsilon_2$ on the positive quadrant makes the stationary point the unique global minimum on the convex feasible segment. To prove sufficiency directly, set $x=\varepsilon_1/\delta$, $y=\varepsilon_2/\delta$, so $(x+3y)/4\le1$. Weighted arithmetic--geometric mean gives $x^{1/4}y^{3/4}\le1$, hence $-\log x-3\log y\ge0$, with equality only at $x=y=1$.

This example explains why unequal geometric weights need not imply unequal tolerances. A heuristic based only on geometric importance would miss the cost coefficients. Additional upper bounds on tolerances lead to an active-set problem; the unconstrained formula must then be clipped and reoptimized over the remaining variables.

\begin{exercise}[I15: a torus heat evolution with two exact rates]\label{inv:I15}
On the rectangular torus $\R^2/(\Z\times2\Z)$, solve $u_t=\Delta u$ with
$u(0,x,y)=\cos(2\pi x)+2\sin(\pi y)$. Determine the exact $L^2$ norm and the long-time dominant component.
\end{exercise}
\solution The two modes are Laplacian eigenfunctions with eigenvalues $4\pi^2$ and $\pi^2$. Thus
\[
 u(t,x,y)=\ee^{-4\pi^2t}\cos(2\pi x)+2\ee^{-\pi^2t}\sin(\pi y).
\]
They are orthogonal over the fundamental rectangle, each having squared norm one because its mean square is one half and the area is two. Hence
$\|u(t)\|_2^2=\ee^{-8\pi^2t}+4\ee^{-2\pi^2t}$. Differentiating this expression agrees with $-2\|\nabla u(t)\|_2^2$, proving the energy identity for the solution. The sine component dominates because its decay exponent is smaller.

The calculation displays the role of the modulus: changing the vertical period changes only the corresponding frequencies. A coordinate rescaling to a unit square changes the operator to $\partial_x^2+\frac14\partial_{y'}^2$, not the ordinary square Laplacian. Uniformization and normalization therefore simplify geometry while preserving a metric-dependent operator. The exact modal solution is an appropriate regression test for a periodic solver and its time-step interpretation.

\begin{exercise}[I16: boundary and coordinate error in a composed observable]\label{inv:I16}
Let $u$ be harmonic on a domain $V$, $F:U\to V$ conformal, and $\widetilde F$ an approximate coordinate map with $\|F-\widetilde F\|\le\eta$ on a compact set $K$. Suppose the connecting segments lie in a region where $\|\nabla u\|\le M$, and a boundary-data approximation changes the exact harmonic field by at most $\varepsilon$ throughout that region. Bound the final observable error.
\end{exercise}
\solution Let $\widetilde u$ denote the exact harmonic extension of the approximate boundary values, with $\|u-\widetilde u\|_\infty\le\varepsilon$ supplied by the maximum principle. Then
\[
 |u(F(w))-\widetilde u(\widetilde F(w))|
 \le |u(F(w))-u(\widetilde F(w))|+|u(\widetilde F(w))-\widetilde u(\widetilde F(w))|
 \le M\eta+\varepsilon.
\]
The first estimate follows by integrating the gradient along the connecting segment. A pointwise gradient bound only at $F(w)$ would not suffice. If the field is represented by the real part of a holomorphic function bounded by $B$ in disks of radius $d$ around the connecting segments, Cauchy's estimate supplies $M\le B/d$ with the corresponding convention for the analytic representative.

The error budget separates coordinate construction from field approximation. Decreasing the field discretization error below $M\eta$ gives little improvement until the map is refined. Conversely, an exceptionally accurate conformal map can be wasted on poorly controlled boundary data. This is a quantitative stopping criterion, subject to the stated compact-region and segment hypotheses.

\begin{exercise}[I17: a conformal radius from an explicit Green function]\label{inv:I17}
For $a\in\D$, verify the Green function
$G(z,a)=-\log|\frac{z-a}{1-\bar a z}|$ and compute the conformal radius of $\D$ at $a$. Determine the ratio to the Euclidean distance from $a$ to the boundary.
\end{exercise}
\solution The fraction is a disk automorphism sending $a$ to zero. Its modulus is one on the unit circle and less than one inside, so $G$ is positive, has zero boundary values, and is harmonic away from $a$. Near $a$,
\[
 G(z,a)=-\log|z-a|+\log(1-|a|^2)+o(1).
\]
Thus the conformal radius is $1-|a|^2$. It also equals the reciprocal modulus of the automorphism derivative at $a$, confirming U13. The Euclidean boundary distance is $1-|a|$, giving ratio $1+|a|\in[1,2)$.

The general Koebe bound permits a factor up to four; the disk has stronger geometry and a sharper exact ratio. Using the universal bound is valid but loses information. This distinction between validity and sharpness is part of the adversarial method: a nonoptimal constant is not a false theorem. The formula supplies an exact reference for Green-function regular-part extraction, especially near the boundary where subtracting two logarithmic singular terms can be numerically delicate.

\begin{exercise}[I18: fixed-area tori and a sharp first-eigenvalue comparison]\label{inv:I18}
A rectangular flat torus has side lengths $a$ and $1/a$, so its area is one. Determine its first positive Laplacian eigenvalue and the value of $a$ maximizing that eigenvalue among rectangular tori.
\end{exercise}
\solution Its eigenvalues are $4\pi^2(m^2/a^2+n^2a^2)$ for integers $(m,n)$. The first positive one is $4\pi^2\min(a^2,a^{-2})$, attained by a unit mode along the longer side. Since $\min(a^2,a^{-2})\le1$ with equality precisely at $a=1$, the square torus uniquely maximizes this value within the rectangular family, with optimum $4\pi^2$.

This proof includes the lower bound determining the first mode: every nonzero integer pair has either $|m|\ge1$ or $|n|\ge1$, so its eigenvalue is no smaller than the displayed minimum. It also proves the global maximum over all positive rectangular aspect ratios. It does not optimize over all flat tori; oblique lattices form a larger competitor class. The spectral gap controls mean-zero heat decay and Poincare constants, so the same geometric choice affects several observables. The family restriction must be retained whenever the optimum is cited.

\section{Branch surfaces in mathematical physics}
\begin{exercise}[I19: four sheets in one rational coordinate]\label{inv:I19}
Use $k_1^2=E$ and $k_2^2=E-4$. At $E=25/4$, enumerate the four sheets and the corresponding values of $w=k_1+k_2$. Verify the inverse formula on all four.
\end{exercise}
\solution The momentum pairs are $(5/2,3/2)$, $(5/2,-3/2)$, $(-5/2,3/2)$ and $(-5/2,-3/2)$, giving $w=4,1,-1,-4$. The inverse formulas
\[
 k_1=\tfrac12(w+4/w),\qquad k_2=\tfrac12(w-4/w)
\]
recover these four pairs exactly. Negating $k_2$ sends $w\mapsto4/w$; negating $k_1$ sends $w\mapsto-4/w$; negating both sends $w\mapsto-w$. Their compositions commute because the sheet group is $\Z/2\times\Z/2$ in this two-independent-square-root model.

The branch values occur at $k_1=0$ or $k_2=0$, namely $E=0,4$. In the $w$-plane these are respectively $w=\pm2\ii$ and $w=\pm2$. The apparent four-sheeted energy description becomes a rational map of one sphere, since the compactified surface has genus zero. Pole fitting in $w$ therefore avoids arbitrary energy-plane cut labels, but the inverse map and physical sheet conditions must accompany the fitted function. The algebra does not establish unitarity or a physical scattering model by itself.

\begin{exercise}[I20: a genus obstruction to rational uniformization]\label{inv:I20}
For distinct thresholds $a_1,\ldots,a_n$, consider the normalized compact curve with function field $\C(E)(\sqrt{E-a_1},\ldots,\sqrt{E-a_n})$. Compute the genus for $n=3$ and $n=4$, and decide whether a one-to-one rational parameterization by the sphere can exist.
\end{exercise}
\solution Each square class is independent: a nonempty product of distinct factors has odd valuation at at least one $a_j$ and cannot be a square in $\C(E)$. The degree is therefore $2^n$. At each finite threshold the inertia index is two and the contribution to ramification is $2^{n-1}$. At infinity simultaneous sign reversal gives another inertia group of order two, with the same contribution. Riemann--Hurwitz yields
\[
 2g-2=-2^{n+1}+(n+1)2^{n-1}=2^{n-1}(n-3),
 \quad g=1+2^{n-2}(n-3).
\]
Hence $g=1$ for three thresholds and $g=5$ for four. A biholomorphic rational parameterization by the sphere would force genus zero, contradicting these values. For $n=3$, an elliptic lattice coordinate is available after uniformization; for $n=4$, the universal cover is the disk and a nonabelian quotient group is required.

The obstruction is topological and algebraic. Increasing the degree of a trial rational function does not remove it if the desired output is a globally one-to-one coordinate. Rational approximants to a selected observable on a compact region remain possible and have a different specification. This prevents a successful local approximation from being reported as global uniformization.
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\chapter{Solved investigations: physics, algorithms and certificates}
\label{ch:investigations2}
\section{Fields, energy and transformed physical equations}
\begin{exercise}[I21: a pole and a ramified observation coordinate]\label{inv:I21}
Let $E(w)=(w+1/w)^2/4$ and $A(w)=1/(w-2)$. Determine the local behavior of $A$ as a function of $E$ near $w=2$, and contrast it with a pole located at the ramification point $w=1$.
\end{exercise}
\solution At $w=2$, $E=25/16$ and
$E'(w)=(w+1/w)(1-w^{-2})/2$, so $E'(2)=15/16\ne0$. The inverse function theorem gives
$w-2=(16/15)(E-25/16)+O((E-25/16)^2)$ and therefore
\[
 A=\frac{15/16}{E-25/16}+O(1).
\]
The pole remains simple but its residue changes by the Jacobian. At $w=1$, expansion gives $E(w)=1+(w-1)^2+O((w-1)^3)$. A pole $1/(w-1)$ thus becomes a branch singularity proportional to $(E-1)^{-1/2}$ on a chosen local sheet.

A residue measured in the energy coordinate cannot be transferred unchanged to a uniformizing coordinate. At a ramification point there may not even be a meromorphic energy-plane germ. This is the same local-ring distinction as a multiplicity-two fibre. The analytic calculation supplies both a leading coefficient and a diagnostic for when ordinary pole fitting is ill-posed. A small least-squares residual against energy samples does not establish that the assumed pole model has the correct local singularity.

\begin{exercise}[I22: singular parameters of an illustrative brane curve]\label{inv:I22}
For $y^2=(v^2-u)^2-1$, determine all parameter values at which finite branch points collide. For nonsingular parameters compute the parameter derivative of the period of $\lambda=2v^2\dd v/y$ over a continuously transported closed cycle.
\end{exercise}
\solution The four branch points satisfy $v^2=u+1$ or $v^2=u-1$. Within each pair a collision occurs precisely when $u=-1$ or $u=1$. A point belonging to both pairs would require $u+1=u-1$, which is impossible. Thus these are the only finite collision parameters. Away from them the compactification is a genus-one curve.

At fixed $v$, $\partial_uy=-(v^2-u)/y$. Consequently
$\partial_u\lambda=2v^2(v^2-u)\dd v/y^3$. Direct differentiation of $v/y$ gives
\[
 \frac{\dd v}{y}-\dd\!\left(\frac v y\right)
 =\frac{2v^2(v^2-u)}{y^3}\dd v=\partial_u\lambda.
\]
The integral of the exact differential around a closed cycle is zero. Therefore the derivative of the transported period is $\oint\dd v/y$, with the cycle transported in a region avoiding the discriminant. The motion of a representative contour contributes an exact-variation term and leaves this closed-cycle relation unchanged.

The relation identifies a period derivative with a holomorphic period. Physical interpretations as charges or effective couplings need the relevant external theory and normalization. In particular, the calculation alone does not prove confinement, a BPS spectrum or a global statement about M theory. It provides a fully specified geometric mechanism used by such models.

\begin{exercise}[I23: why a membrane does not inherit the string Weyl calculation]\label{inv:I23}
For a $d$-dimensional parameter space with metric $h$, determine the Weyl scaling of
$S=\frac12\int\sqrt{h}\,h^{ab}\partial_aX\partial_bX$. What happens at $d=2$ and $d=3$? How does a mass term change the two-dimensional conclusion?
\end{exercise}
\solution Under $h_{ab}\mapsto\ee^{2\omega}h_{ab}$, the determinant scales by $\ee^{2d\omega}$ and the inverse metric by $\ee^{-2\omega}$. Thus the kinetic density scales by $\ee^{(d-2)\omega}$. It is invariant for $d=2$, even for variable $\omega$, because no derivative of $h$ appears in this expression. At $d=3$ it gains a factor $\ee^\omega$ and is not invariant in general. Hence the two-dimensional uniformization argument for a worldsheet does not directly classify a membrane worldvolume.

A term $\frac12m^2\int\sqrt{h}\,X^2$ scales by $\ee^{d\omega}$, so in two dimensions it breaks this classical Weyl invariance unless the mass or field transformation is changed as part of a different model. Quantum regularization can add further anomalies; none is inferred from the classical scaling calculation. The dimensional factor is an exact obstruction to extending a useful string-theory representation by terminology alone.

The comparison is therefore a model-validity result. The invariant two-dimensional kinetic term can be evaluated in a conformal representative with its global moduli retained. The three-dimensional term cannot be simplified by discarding the Weyl factor without changing the action being extremized.

\begin{exercise}[I24: heat current through a logarithmic annulus]\label{inv:I24}
A homogeneous planar conducting layer of thickness $d$ occupies $A(1,\ee^2)$. Its thermal conductivity is $k>0$, and its boundary temperatures are $T_i>T_o>0$. Compute the steady temperature, heat current and total entropy production.
\end{exercise}
\solution The unique steady solution is
$T(r)=T_i+(T_o-T_i)\log r/2$. The outward radial heat flux density is
$-kT'(r)=k(T_i-T_o)/(2r)$. Multiplying by the circumference and thickness gives the constant current
$Q=\pi kd(T_i-T_o)$. The normalized capacity is $\pi$, which recovers the same result from the condenser formulation.

The local entropy-production density is $k|\nabla T|^2/T^2$ times thickness. Its integral can be calculated directly:
\[
 \dot S=2\pi kd\int_1^{\ee^2}\frac{(T_i-T_o)^2}{4rT(r)^2}\dd r
 =Q\left(\frac1{T_o}-\frac1{T_i}\right)\ge0.
\]
The substitution $\dd T=-(T_i-T_o)\dd r/(2r)$ gives the equality. Positivity follows from the ordering and strict positivity of temperatures. Celsius values cannot be inserted into the reciprocal-temperature formula without conversion to absolute temperature.

The calculation is exact within steady, isotropic, temperature-independent conduction. Contact resistance, radiative exchange, anisotropy and volumetric sources change either the boundary conditions or equation. Uniformization supplies geometric reduction for the stated model; it does not identify the conductivity or validate those constitutive assumptions experimentally.

\begin{exercise}[I25: a Robin coefficient under conformal pullback]\label{inv:I25}
Suppose $u$ satisfies $\partial_{n_z}u+\beta(z)u=g(z)$ on a smooth boundary arc of $V$. Let $z=F(w)$ be conformal and $v=u\circ F$. Derive the boundary condition in the $w$ coordinate, including the metric factor.
\end{exercise}
\solution At the boundary, a conformal derivative rotates and scales tangent and normal vectors by $|F'(w)|$. The chain rule therefore gives
$\partial_{n_w}v=|F'|\,\partial_{n_z}u\circ F$ when outward normals correspond. Multiply the original equation by $|F'|$ to obtain
\[
 \partial_{n_w}v+|F'|\,\beta(F(w))v=|F'|\,g(F(w)).
\]
Thus a constant Robin coefficient is generally variable after pullback. Dirichlet data compose without this factor; Neumann flux density acquires it; integrated flux remains invariant because arc length transforms inversely in the paired expression.

This is an important limit of boundary simplification. A round coordinate boundary need not carry constant transformed material coefficients. A solver which leaves $\beta$ unchanged solves a different boundary-value problem unless $|F'|=1$ on the boundary or the coefficient definition already includes the factor. The formula gives a direct implementation test using a linear scaling $F(w)=aw$: the coefficient must become $|a|\beta$, while the normal derivative has the corresponding reciprocal physical scale.

\begin{exercise}[I26: a reaction term is not conformally invariant]\label{inv:I26}
Transform $-\Delta_z u+q(z)u=f(z)$ on $V$ under $z=F(w)$. State precisely when a harmonic coordinate reduction remains valid and derive a coercive finite-dimensional comparison for positive transformed coefficients.
\end{exercise}
\solution The Laplacian transforms as $\Delta_w(u\circ F)=|F'|^2(\Delta_zu)\circ F$. Hence, with $v=u\circ F$,
\[
 -\Delta_wv+|F'|^2q(F(w))v=|F'|^2f(F(w)).
\]
Only the homogeneous equation with $q=f=0$ becomes an unweighted harmonic equation. Even a constant nonzero $q$ becomes variable when the conformal scale varies. The weak form has unchanged gradient energy and a weighted zero-order integral, which agrees with the direct transformation.

If $q\ge0$ and the Dirichlet space has a Poincare inequality, the bilinear form is coercive. In a common basis its matrix is $A=K+M_q$, where $K$ is stiffness and $M_q$ the weighted mass. If $q|F'|^2$ is enclosed between $q_-$ and $q_+$, then $K+q_-M\preceq A\preceq K+q_+M$. These are verifiable spectral bounds for a chosen preconditioner, not an assertion that the mass term can be ignored. The same distinction governs diffusion-reaction models in mathematical physics and engineering chemistry.

\begin{exercise}[I27: an exact finite Gaussian partition function]\label{inv:I27}
Let $A=\alpha I+2I-S-S^{-1}$ on a four-cycle, $\alpha>0$, and define
$Z(\beta)=\int_{\R^4}\exp[-\beta x^TAx/2]\dd x$. Compute $Z$ and the mean quadratic energy.
\end{exercise}
\solution Fourier diagonalization gives eigenvalues $\alpha,\alpha+2,\alpha+4,\alpha+2$. Thus $\det A=\alpha(\alpha+2)^2(\alpha+4)$. An orthogonal real diagonalization preserves Lebesgue measure and separates the four Gaussian integrals, giving
\[
 Z(\beta)=\left(\frac{2\pi}{\beta}\right)^2
 [\alpha(\alpha+2)^2(\alpha+4)]^{-1/2}.
\]
Differentiating $-\partial_\beta\log Z$ yields $\mathbb E[x^TAx/2]=2/\beta$. Positive $\alpha$ is essential for a finite integral. At $\alpha=0$, the constant mode has zero energy and its integral diverges; one may instead constrain the mean or define a quotient measure, but that is another model.

The result verifies a finite determinant and a thermodynamic identity with no infinite regularization. Replacing the four-cycle by a continuum surface requires an infinite-dimensional measure or regularized determinant, whose existence and normalization must be established separately. The simple example is therefore a positive control for exact mode factoring and a negative control against silently discarding zero modes.

\begin{exercise}[I28: a theta transformation with a certified tail]\label{inv:I28}
Let $\Theta(t)=\sum_{n\in\Z}\ee^{-\pi t n^2}$ and $t=1/16$. Compare summing in the original representation with using $\Theta(t)=t^{-1/2}\Theta(1/t)$. Give an explicit absolute tail bound after keeping only $n=0$ in the dual sum.
\end{exercise}
\solution The dual representation is $\Theta(1/16)=4\Theta(16)$. Its omitted tail is
$8\sum_{n=1}^{\infty}\ee^{-16\pi n^2}$. Since $n^2\ge1+3(n-1)$ for integers $n\ge1$,
\[
 0<\Theta(1/16)-4\le
 \frac{8\ee^{-16\pi}}{1-\ee^{-48\pi}}.
\]
This is below $1.2\times10^{-21}$, with that decimal comparison independently certifiable by rational enclosures for the exponential. The symbolic bound is the primary result. The original representation has much slower term decay because its exponent is $-\pi n^2/16$.

The gain is caused by a proved identity and a change in representation, not by a change in the target quantity. The cost of evaluating $t^{-1/2}$ and transforming the parameter is negligible in this finite example but belongs in an implementation model. At $t=1$ the two representations coincide. For a general positive $t$, selecting the representation with the larger Gaussian decay coefficient reduces the number of terms required by the same tail criterion. Infinite sums are never replaced by a finite count without an explicit remainder.

\section{Exact algorithms and performance contracts}
\begin{exercise}[I29: a screened cycle with a prescribed two-mode input]\label{inv:I29}
For $N=8$ and $A=\frac34I+2I-S-S^{-1}$, solve $Ax=b$ where $b_j=1+\cos(\pi j/2)$. Explain the complexity when the output is a coefficient pair and when it is all eight entries.
\end{exercise}
\solution The constant mode has eigenvalue $3/4$. The cosine has frequency $k=2$ and eigenvalue $3/4+2-2\cos(\pi/2)=11/4$. Therefore
\[
 x_j=\frac43+\frac4{11}\cos(\pi j/2).
\]
Substitution using the shift identity $\cos(\theta(j-1))+\cos(\theta(j+1))=2\cos\theta\cos(\theta j)$ verifies the equation directly. Positive definiteness gives uniqueness.

If the input is already represented by its two modal coefficients and the required output is the same representation, the solve uses two scalar divisions. If all $N$ values are required in the generalized $N$-point case, output construction requires $\Omega(N)$ writes, and evaluating the two-mode expression has $O(N)$ work. A generic FFT is not the best method for this specially encoded input; the spectral representation reveals a stronger sparsity. A dense solve and a two-coefficient output are not equivalent-output competitors. Their fair comparison requires either materializing all outputs or explicitly changing the contract.

\begin{exercise}[I30: a geometry-derived iteration count]\label{inv:I30}
A preconditioned positive definite operator has spectrum in $[1,9]$. Find the optimal constant Richardson step and the least number of iterations guaranteed by its exact worst-case interval contraction to reduce an error by a factor $10^{-6}$.
\end{exercise}
\solution U49 gives $\omega=2/(1+9)=1/5$ and $q=(9-1)/(9+1)=4/5$. The least integer $k$ satisfying $(4/5)^k\le10^{-6}$ is $62$: taking logarithms gives $k\ge\log(10^6)/\log(5/4)\approx61.91$. The integer decision can be checked without logarithms by comparing $4^{61}10^6$ with $5^{61}$ and then $4^{62}10^6$ with $5^{62}$.

The result is a worst-case guarantee for this iteration and interval. It is attained on an endpoint eigenvector when the endpoint is present. A smaller actual spectral interval can improve the estimate. A different method, such as conjugate gradients or a direct diagonal solve, has a different cost and iteration theory. The example ties an energy-equivalence bound to a finite iteration certificate and keeps transcendental approximation out of the final discrete acceptance test.

\begin{exercise}[I31: a nonconserved flow cannot supply a dual certificate]\label{inv:I31}
A path has edge conductances $2,3,4,5,6$. A proposed unit flow assigns edge currents $(1,1,0,1,1)$. Explain why its reciprocal energy cannot be used as a lower bound for the effective conductance. Compute the valid unit-flow certificate.
\end{exercise}
\solution The proposed flow has nonzero divergence at the two vertices adjacent to the zero-current edge, so it does not transport one conserved unit from source to sink. Thomson's principle requires conservation at every interior vertex. The missing edge reduces its energy and would create a falsely optimistic reciprocal bound.

On a path, a conserved unit flow must have current one on every oriented edge. Its energy is
\[
 R=\frac12+\frac13+\frac14+\frac15+\frac16=\frac{29}{20},
 \qquad C=\frac1R=\frac{20}{29}.
\]
The potential drops are $(10,20/3,5,4,10/3)/29$, equivalently $C/c_i$, and sum to one. These potentials attain primal energy $C$, while the valid unit flow has reciprocal energy $C$, proving the exact conductance by matching bounds. The checker must validate conservation before accepting the numerical objective. Objective agreement in a few test examples cannot repair an unsound feasible-set definition.

\begin{exercise}[I32: unequal precision with a provable rounding allowance]\label{inv:I32}
For positive weights $w_j$, choose real precisions $b_j$ minimizing $\sum_{j=1}^m b_j$ subject to $\sum_jw_j2^{-b_j}\le\varepsilon$, initially without lower bounds on $b_j$. Find the optimum and derive a feasible integer allocation whose total cost is less than $m$ bits above it.
\end{exercise}
\solution Set $x_j=w_j2^{-b_j}>0$. Then $b_j=\log_2w_j-\log_2x_j$. Minimizing total precision is equivalent to maximizing $\prod_jx_j$ under $\sum_jx_j\le\varepsilon$. Arithmetic--geometric mean shows the unique optimum is $x_j=\varepsilon/m$. Thus
\[
 b_j^*=\log_2(mw_j/\varepsilon),\qquad
 B^*=\sum_j\log_2(mw_j/\varepsilon).
\]
Taking integer $\widehat b_j=\lceil b_j^*\rceil$ can only reduce each error contribution, so the allocation is feasible. Since $0\le\widehat b_j-b_j^*<1$, its total cost is less than $B^*+m$. If a lower precision bound is imposed, coordinates whose unconstrained optimum lies below that bound must be fixed and the remaining budget redistributed; the unrestricted formula must not be used blindly.

This proves an approximation guarantee for the integer allocation, not its exact optimality. Exact integer optimization can be handled by a finite dynamic program after sufficient bounds have been proved. The treatment separates a closed-form continuous optimum, a rigorous rounded construction and the stronger discrete optimum claim.

\begin{exercise}[I33: subdivision makes a Bernstein certificate sharp]\label{inv:I33}
For $p(t)=t^2-t+1$ on $[0,1]$, compare its quadratic Bernstein lower bound on the full interval with the bounds on the two half-intervals. Determine whether either result proves the exact minimum.
\end{exercise}
\solution On $[0,1]$ the coefficients are $(1,1/2,1)$, so positivity and partition of unity yield only $p\ge1/2$. On the first half, substitute $t=s/2$ to get $p=1-s/2+s^2/4$, with Bernstein coefficients $(1,3/4,3/4)$. On the second, substitute $t=(1+s)/2$ to get $p=3/4+s^2/4$, with coefficients $(3/4,3/4,1)$. Therefore $p\ge3/4$ over both intervals. Since $p(1/2)=3/4$, the bound is attained and the exact minimum is $3/4$.

The unsplit certificate was valid but nonsharp. One subdivision closes the gap because the minimizer becomes an interval endpoint and the local control points no longer fall below its value. This example is a complete finite test for basis conversion, subdivision and coverage checking. A malicious certificate omitting a gap between the half-intervals would not certify the entire domain, even if every listed coefficient were positive. Coefficient positivity and interval coverage require separate checks.

\sfig{bernstein_certificate}{The unsplit Bernstein lower bound, the polynomial, and the true minimum. Investigation I33 obtains the sharp bound by subdivision and an attaining point.}{bernstein}

\begin{exercise}[I34: winding totals lose nonabelian continuation information]\label{inv:I34}
Let two loops act on three sheets by $a=(12)$ and $b=(23)$. Compare the words $ab$ and $ba$, using right-to-left permutation composition, and compute the commutator $aba^{-1}b^{-1}$.
\end{exercise}
\solution The product $ab$ sends $1\mapsto2\mapsto3\mapsto1$, so $ab=(123)$. The opposite product is $(132)$. Because $a^{-1}=a$ and $b^{-1}=b$, the commutator is $(ab)^2=(132)$, which is nontrivial. Yet its total exponent of each generator is zero. Any scalar winding record that stores only those totals identifies the commutator with the identity and loses the continuation result.

The full permutation can be updated in $O(d)$ elementary table operations per generator for $d$ sheets; here $d=3$. Storing a pair of integer totals is smaller but does not satisfy the same output specification. The example is a precise information-loss counterexample to an invalid optimization. The underlying geometry may still permit a reduced faithful representation for a special monodromy group, but its faithfulness must be proved. Abelianization is not automatically such a reduction.

\begin{exercise}[I35: a consistency check for distributed chart transitions]\label{inv:I35}
Three chart servers report scalar transition factors $g_{01},g_{12},g_{20}\in\C^*$. Show that values $u_0,u_1,u_2\ne0$ satisfying $u_j=g_{ij}u_i$ around the cycle exist exactly when $g_{20}g_{12}g_{01}=1$. Test $(1,1,-1)$.
\end{exercise}
\solution Substituting successively gives $u_0=g_{20}g_{12}g_{01}u_0$. Since $u_0\ne0$, the product must be one. Conversely, choose arbitrary nonzero $u_0$, set $u_1=g_{01}u_0$ and $u_2=g_{12}u_1$; the product condition makes the final transition hold. For $(1,1,-1)$ the product is $-1$, so no such nonzero global values exist.

In a connected graph, fixing a spanning tree determines all vertex values from one base value; each remaining edge supplies a cycle consistency equation. This gives a finite exact checker with one condition per independent cycle. If transitions are matrices or permutations, their multiplication order matters and the same spanning-tree argument uses ordered products. Near-consistent floating-point products require a tolerance and gauge-fitting problem, which is separate from exact descent. Such a test verifies consistency of reported chart data; it does not guarantee network liveness, message delivery or resistance to compromised participants.

\begin{exercise}[I36: complex torus multiplication does not establish encryption]\label{inv:I36}
Count the points of $E:y^2=x^3-x$ over $\F_5$, including the point at infinity. Show that doubling is not a permutation of this group and explain why the complex-lattice picture alone supplies no encryption-security proof.
\end{exercise}
\solution For $x=0,1,2,3,4$, the right-hand sides modulo five are $0,0,1,4,0$. These have respectively $1,1,2,2,1$ square roots. There are seven affine points and one point at infinity, totaling eight. The nonsingularity condition holds because $x^3-x$ has distinct roots over $\F_5$. The point $(0,0)$ has order two: its inverse is $(0,-0)=(0,0)$, and a nonidentity self-inverse point has double equal to the identity. Hence doubling is not injective and cannot be a permutation.

For a finite cyclic subgroup of order $n$, multiplication by a public $k$ is a permutation only when $\gcd(k,n)=1$, in which case a public inverse $k^{-1}\bmod n$ computes its inverse. It is therefore not encryption by itself. Elliptic-curve cryptographic protocols require a security problem, parameter selection, randomness, encoding and adversarial model. Uniformization over $\C$ explains complex geometry, but reductions modulo a prime and finite-field group algorithms must be specified independently. The exact point count is a small algebraic control, not a security benchmark.

\section{Objective comparison and limits of inference}
\begin{exercise}[I37: preprocessing changes the preferred method]\label{inv:I37}
Two exact algorithms solve the same query family. Their specified costs are $T_A(m)=120+2m$ and $T_B(m)=20+7m$ units for $m$ queries. Determine the preference region and the asymptotic ratio. What extra information is needed to interpret the units as time?
\end{exercise}
\solution Subtraction gives $T_A-T_B=100-5m$. Thus $B$ is cheaper for $m<20$, the costs agree at $m=20$, and $A$ is cheaper for $m>20$. The ratio $T_B/T_A$ tends to $7/2$ as $m\to\infty$. This is a theorem about the given affine cost model. It includes setup in both methods and does not charge one setup per query unless the representation is invalidated between queries.

To interpret the units as elapsed time, specify the elementary operations, their implementation and hardware costs, data transfer, memory effects and concurrency. If they are arithmetic counts, the ratio need not match runtime. If the inputs change so that $A$ must rebuild its representation every query, its cost becomes $122m$ and the previous preference region disappears. If the requested output differs between methods, even the algebraic comparison is not relevant until an equivalence contract is established. These conditions are part of a valid metric, not optional experimental commentary.

\begin{exercise}[I38: a six-cone sphere and a genus-two covering]\label{inv:I38}
An orbifold has underlying sphere and six cone points of order two. Compute its orbifold Euler characteristic and hyperbolic area. Compare it with the double cover branched at those six points.
\end{exercise}
\solution The characteristic is $2-6(1-1/2)=-1$. It is a good compact hyperbolic orbifold, so its curvature $-1$ area is $2\pi$. A double cover branched simply at all six points satisfies $2-2g=2\cdot2-6=-2$, hence $g=2$. Pulling back the orbifold metric removes the order-two cone singularities and gives area $4\pi$, agreeing with the closed genus-two Gauss--Bonnet value $4\pi(g-1)$.

This matching computation checks local branching, orbifold weights and global area simultaneously. Counting six branch points without their ramification indices would be insufficient for a higher-degree cover. Conversely, treating the cone points as ordinary smooth points in the base would produce area inconsistent with the covering. The result explains why weighted quotient geometry is computationally useful: it retains the data necessary for global invariants while permitting a smaller fundamental domain.

\begin{exercise}[I39: capacity cannot identify absolute size]\label{inv:I39}
For $A(r,R)$, prove that capacity alone cannot determine $r$ and $R$ separately. Determine what can be recovered from capacity together with the outer circumference, and identify the conditioning of that recovery.
\end{exercise}
\solution Capacity is $C=2\pi/\log(R/r)$, unchanged under $(r,R)\mapsto(ar,aR)$ for every $a>0$. Thus infinitely many absolutely different sizes have the same capacity. If the outer circumference is $P=2\pi R$, then
\[
 R=P/(2\pi),\qquad r=\frac{P}{2\pi}\exp(-2\pi/C).
\]
These formulas uniquely recover both radii. Their logarithmic derivatives are $\partial\log r/\partial\log P=1$ and $\partial\log r/\partial\log C=2\pi/C$. Consequently a small relative capacity error can be amplified when the modulus is large. Circumference uncertainty enters linearly in relative terms.

The example separates identifiability from numerical precision. No amount of more accurate capacity computation recovers a missing absolute length scale. Adding one independent dimensional observation resolves the ambiguity, after which conditioning determines the attainable accuracy. This is a general methodological requirement for inverse physical models: a conformal invariant cannot determine data deliberately removed by conformal equivalence.

\begin{exercise}[I40: a normalization test with an exact geometric witness]\label{inv:I40}
Choose an annulus whose normalized condenser period is one. Compare the correct exponential coordinate with a proposed formula having outer radius $\ee$. Give a direct finite expression witnessing the discrepancy.
\end{exercise}
\solution Take $A(1,\ee^{2\pi})$. Its normalized potential is $u=\log r/(2\pi)$ and a local conjugate is $v=\theta/(2\pi)$. The period of $v$ under one positive loop is one. The correct coordinate is
$F=\exp(2\pi(u+\ii v))=r\ee^{\ii\theta}=z$, with outer radius $\ee^{2\pi}$. A formula claiming outer radius $\ee$ is inconsistent with its own value on $u=1$: $|F|=\exp(2\pi)$, not $\exp(1)$.

If the exponent itself is changed to $u+\ii v$, the map is no longer single-valued, because $v\mapsto v+1$ multiplies it by $\ee^{\ii}\ne1$. Thus one cannot correct the radius by deleting the $2\pi$ from the exponent. The angular period and radial logarithm must be normalized together. The positive inequality $2\pi>1$ already proves the two radii differ; high-precision numerical evaluation is unnecessary.

This witness checks the source formula using a known exact geometry. The correction is local and specific. It does not diminish the general annulus uniformization theorem, whose proof U11 now supplies with consistent normalization and a degree argument. A source review should record precisely that repaired formula and preserve the valid surrounding result.
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\chapter{Specialist applications with explicit analytical reductions}
\label{ch:advanced}
\section{Elliptic periods and a complete differential equation}
The algebraic curve $y^2=x(1-x)(1-mx)$ supplies a period already used to describe degeneration. A further reduction expresses parameter dependence through a second-order differential equation. This is useful in mathematical physics because it connects repeated period evaluation to a finite differential system while retaining singular parameter values.

Define $K(m)=\int_0^{\pi/2}(1-m\sin^2\theta)^{-1/2}\dd\theta$ for $|m|<1$, using the branch equal to one at $m=0$. The binomial series converges uniformly on the integration interval when $|m|\le r<1$. Its coefficients are
$\binom{2n}{n}/4^n$. Integration of $\sin^{2n}\theta$ can be derived by integration by parts:
\[
 I_n=\int_0^{\pi/2}\sin^{2n}\theta\dd\theta
 =\frac{2n-1}{2n}I_{n-1},\qquad I_0=\frac\pi2.
\]
Consequently
\[
 K(m)=\frac\pi2\sum_{n=0}^{\infty}a_nm^n,
 \qquad a_n=\left(\frac{\binom{2n}{n}}{4^n}\right)^2,
 \quad \frac{a_{n+1}}{a_n}=\frac{(n+1/2)^2}{(n+1)^2}.
\]
All interchanges above follow from locally uniform absolute convergence. They give a constructive coefficient representation with positive real coefficients on the physical interval $0<m<1$.

\begin{theorem}[U53: the elliptic period equation and an explicit tail]\label{thm:U53}
For $|m|<1$, the period satisfies
\[
 m(1-m)K''+(1-2m)K'-\frac14K=0.
\]
If $|m|\le r<1$, truncation after degree $N$ has error at most
\[
 \frac\pi2\frac{a_{N+1}r^{N+1}}{1-r}.
\]
The analytic solution with $K(0)=\pi/2$ is unique near zero.
\end{theorem}
\begin{proof}
Substitute $K=(\pi/2)\sum a_nm^n$ into the differential expression. Its coefficient of $m^n$ is
$(n+1)^2a_{n+1}-(n+1/2)^2a_n$, which vanishes by the displayed recurrence. Termwise differentiation is justified on every smaller disk. The ratio $a_{n+1}/a_n<1$, so the coefficients decrease. Thus
$\sum_{n>N}a_n|m|^n\le a_{N+1}r^{N+1}\sum_{j\ge0}r^j$, yielding the tail. The recurrence determines all coefficients from $a_0$ because $(n+1)^2\ne0$. Any analytic solution with the same initial value therefore has the same Taylor series and coincides locally.
\end{proof}

The equation has singular parameter values $0,1,\infty$. The function selected above is analytic at zero, but another independent local solution has a logarithm there. At $m=1$, the selected period develops the logarithmic growth already explained by a pinching cycle. The finite-dimensional differential system organizes this continuation; it does not eliminate its monodromy. A numerical differential-equation solver must retain a path, initial branch and error enclosure.

For repeated evaluation within $|m|\le r<1$, the coefficient recurrence requires $O(N)$ exact scalar updates, followed by $O(N)$ evaluation work per point using Horner's rule. Direct quadrature has a different cost depending on endpoint behavior and requested tolerance. At $r$ close to one, the geometric bound becomes expensive and an alternative modular or complementary representation is preferable. The theorem identifies that deterioration explicitly through $1-r$ and $r^{N+1}$.

For high-energy or nuclear applications where an integral has been algebraically reduced to an elliptic period, the reduction must identify the cross-ratio $m$, scale factor, integration cycle and singular limits. The period equation then supplies a reusable computational component. It does not prove that an arbitrary Feynman integral or coupled-channel amplitude has precisely this curve. The source physical reduction remains a separate theorem or model specification.

\section{Regular singular equations and projective coordinates}
A second-order linear equation can also generate a local projective coordinate. Let $y_1,y_2$ be linearly independent solutions of
\[
 y''+Q(z)y=0
\]
on a simply connected region where $Q$ is holomorphic. Their Wronskian $W=y_1'y_2-y_1y_2'$ is constant because $W'=y_1''y_2-y_1y_2''=0$. Where $y_2\ne0$, the ratio $f=y_1/y_2$ has derivative $W/y_2^2$, so it is locally univalent.

\begin{proposition}[U54: a differential equation determines a Schwarzian]\label{thm:U54}
The ratio $f=y_1/y_2$ satisfies
\[
 \mathcal S(f)=\frac{f'''}{f'}-\frac32\left(\frac{f''}{f'}\right)^2=2Q.
\]
Replacing the solution basis multiplies $f$ by a Mobius transformation and leaves its Schwarzian unchanged.
\end{proposition}
\begin{proof}
Since $f'=Wy_2^{-2}$, set $q=f''/f'=-2y_2'/y_2$. Then
$\mathcal S(f)=q'-q^2/2=-2y_2''/y_2=2Q$. If $(\widetilde y_1,\widetilde y_2)=(ay_1+by_2,cy_1+dy_2)$ with $ad-bc\ne0$, then $\widetilde f=(af+b)/(cf+d)$. Direct differentiation shows that a Mobius map has Schwarzian zero; the chain rule
$\mathcal S(M\circ f)=(\mathcal S(M)\circ f)(f')^2+\mathcal S(f)$ follows by differentiating the logarithmic derivative twice. Hence the Schwarzian is unchanged.
\end{proof}

This relation connects local complex analysis, projective geometry and monodromy. Analytic continuation of the solution basis around a loop acts by a matrix, and the ratio changes projectively. A uniformizing coordinate demands additional global conditions on that monodromy. Solving the local differential equation alone does not establish that the resulting ratio is a global bijection to a canonical domain.

In conformal-field models the Schwarzian also enters a specified transformation law for the stress tensor. The geometric identity above is classical and exact. Its multiplication by a central charge, normalization by $12$ or $24$, and quantum interpretation must follow the selected field-theory convention. The two uses share a differential invariant but have different premises. For the exponential $f(z)=\ee^{az}$, the Schwarzian is $-a^2/2$, since $f''/f'=a$ and $f'''/f'=a^2$. This is a useful cross-check on cylinder-to-plane formulas.

A certificate for a projective-coordinate computation can therefore check the residual $\mathcal S(f)-2Q$ on a domain with a derivative lower bound, together with its monodromy matrices. A small local residual without a nonzero derivative bound may conceal a singular ratio. A product of monodromy matrices close to the identity is a numerical diagnostic; exact group relations or certified error bounds are required for a rigorous descent statement.

\section{A coupled-channel model with exact unitarity}
Uniformizing square-root thresholds simplifies sheet structure. A physical amplitude additionally needs a symmetry or conservation constraint. A simple finite-dimensional model shows how the two requirements can be checked independently. Let $K(E)$ be a real symmetric matrix on a real energy interval and define
\[
 S(E)=(I+\ii K(E))(I-\ii K(E))^{-1}.
\]
The inverse exists because all eigenvalues of $K$ are real, so $1-\ii\lambda\ne0$. If $K$ is represented rationally in a uniformizing coordinate, this Cayley expression is meromorphic in that coordinate away from the determinant zeros.

\begin{proposition}[U55: exact real-axis unitarity of a Cayley model]\label{thm:U55}
For every Hermitian matrix $K$, the matrix $S=(I+\ii K)(I-\ii K)^{-1}$ is unitary. If $K^T=K$, then $S^T=S$.
\end{proposition}
\begin{proof}
The matrices $I+\ii K$ and $I-\ii K$ commute because both are polynomials in $K$, as do their inverses. Taking the adjoint gives
$S^*=(I+\ii K)^{-1}(I-\ii K)$. Multiplying by $S$ and cancelling commuting factors yields $S^*S=I$. For transpose symmetry, transpose the product and use $K^T=K$ and commutation again, giving $S^T=S$.
\end{proof}

The eigenphase relation is explicit: if $Kx=\lambda x$, then $Sx=(1+\ii\lambda)/(1-\ii\lambda)x=\ee^{2\ii\arctan\lambda}x$. The singularities of this representation satisfy $\det(I-\ii K)=0$ in the continued complex coordinate. Real-axis Hermiticity alone says nothing about the positions of every off-axis pole or the correct threshold power law. Those require analyticity and model-specific conditions.

For a low-rank reaction matrix $K=UCU^*$ with $U$ of size $n\times r$, the Woodbury identity reduces the inverse of $I-\ii UCU^*$ to an $r$-dimensional inverse, when the required smaller inverse exists. A version avoiding $C^{-1}$ is
\[
 (I-\ii UCU^*)^{-1}=I+\ii U C(I-\ii U^*U C)^{-1}U^*.
\]
Multiplying by $I-\ii UCU^*$ verifies the formula. No inverse of $C$ is assumed. This has potential work $O(nr^2+r^3)$ for the smaller factors plus the cost of applying or materializing the output. Producing the full dense $S$ still requires $\Omega(n^2)$ output writes. The reduction is especially useful for the action $Sx$, where no dense output is required.

A perturbation estimate can be obtained without relying on numerical pole plots. For Hermitian $K$, $\|(I-\ii K)^{-1}\|_2\le1$. Since $S=2(I-\ii K)^{-1}-I$, the resolvent identity yields
\[
 \|S(K+\Delta K)-S(K)\|_2\le2\|\Delta K\|_2
\]
when $K+\Delta K$ is also Hermitian. This is a global real-axis Lipschitz estimate. Away from the real axis, the corresponding inverse norms can grow and the estimate must include them. Threshold coordinate conditioning remains a separate contribution.

This model is appropriate as a mathematical nuclear-scattering or particle-amplitude laboratory. It makes no claim to fit measured cross sections, infer nuclear parameters or replace a coupled-channel dynamical calculation. Its contribution is an exact analytic constraint and an explicit low-rank computational contract that such a calculation can use.

\section{Cylinder sewing and an exact Schur complement}
Consider two logarithmic cylinders of lengths $L_1,L_2$ joined along a common circle. For one Fourier order $n>0$, each cylinder has the symmetric boundary matrix
\[
 D_n(L)=n\begin{pmatrix}\coth(nL)&-\csch(nL)\\-\csch(nL)&\coth(nL)\end{pmatrix}.
\]
If the exterior boundary amplitudes are $a,b$ and the interface amplitude is $x$, total energy is the sum of the two cylinder energies. Continuity fixes the same $x$ on both sides, while stationarity enforces flux balance.

\begin{theorem}[U56: exact modal gluing]\label{thm:U56}
Eliminating the interface amplitude from the sum of these two quadratic energies gives the exterior matrix $D_n(L_1+L_2)$. For the zero-frequency mode, the effective scalar conductance is $1/(L_1+L_2)$.
\end{theorem}
\begin{proof}
Write $A=nL_1$, $B=nL_2$. The stationary interface equation is
\[
 (\coth A+\coth B)x=\csch A\,a+\csch B\,b.
\]
The denominator is positive. The off-diagonal entry of the Schur complement is
\[
 -n\frac{\csch A\,\csch B}{\coth A+\coth B}
 =-\frac n{\sinh(A+B)},
\]
because $\cosh A\sinh B+\cosh B\sinh A=\sinh(A+B)$. A diagonal entry is
\[
 n\left(\coth A-\frac{\csch^2A}{\coth A+\coth B}\right)
 =n\coth(A+B),
\]
using $\cosh^2A-1=\sinh^2A$. The other is identical by symmetry. Thus the matrix is exactly $D_n(L_1+L_2)$. For $n=0$, energy is $(x-a)^2/L_1+(b-x)^2/L_2$. Differentiation gives $x=(L_2a+L_1b)/(L_1+L_2)$, and substitution gives $(b-a)^2/(L_1+L_2)$.
\end{proof}

This is a continuous-domain counterpart of eliminating interior nodes in a resistor network. The resulting boundary operator retains exactly the information needed to couple adjacent pieces. A parallel implementation can solve subdomain modes independently and communicate interface data. Its work depends on the number of retained modes and subdomains, while message latency depends on the elimination tree. A chain eliminated sequentially has linear depth; a balanced merge tree has logarithmic depth with enough processors and consistent interface orientation.

The argument supplies exact equivalence for cylinders. For general subdomains, approximate Dirichlet-to-Neumann operators introduce approximation error. If the interface quadratic form is uniformly coercive, the Schur-complement perturbation can be bounded using the inverse norm of the interface block. Near a degenerating geometry this norm can grow. An implementation should report that coercivity margin, not only the norm of its local residuals.

The conformal modulus adds under this end-to-end sewing: $L=L_1+L_2$ and $\modu=L/(2\pi)$. Conductance obeys the series law, whereas side-by-side disjoint channels obey a parallel law. Confusing these two geometries reverses the formula. The zero mode exposes this immediately, making it a useful independent checker for a much larger modal implementation.

\section{Homology, vanishing cycles and continuation matrices}
The curve $y^2=(x-a)(x-b)Q(x)$ develops a nodal degeneration as $a\to b$, assuming $Q(b)\ne0$. A small loop around the pair lifts to a cycle that shrinks. The local family is modeled, after analytic coordinate changes, by $uv=t$ with $t\to0$. For $t\ne0$, the neck is an annulus; changing the argument of $t$ by $2\pi$ produces one Dehn twist of that annulus.

To see the twist, choose local coordinates with $u=r\ee^{\ii\theta}$ and $v=t/u$. The angular gluing on the two boundaries involves $\arg t-\theta$. Increasing $\arg t$ by $2\pi$ leaves the exterior data fixed while inserting one full relative turn across the neck. This is exactly the mapping class of a Dehn twist. The sign depends on the chosen complex orientation and transport convention, which must be fixed before writing a matrix.

\begin{proposition}[U57: homological transvection of a positive twist]\label{thm:U57}
With an orientation convention in which a positive twist about a simple closed curve $a$ adds $a$ to a curve intersecting it positively once, the induced map is
\[
 T_a(x)=x+(x\mathbin{\cdot}a)a
\]
on first homology. It preserves the intersection pairing. On a genus-one basis with $b\mathbin{\cdot}a=1$, the cycle $a$ is fixed and $b$ maps to $b+a$.
\end{proposition}
\begin{proof}
Represent a cycle by oriented arcs transverse to the annular neighborhood of $a$. Each crossing is changed by the twist into the original crossing plus one copy of the core, with sign equal to its oriented intersection. Summing the contributions gives the formula. For two homology classes $x,y$, expand their transformed intersection. The two cross terms cancel because $a\cdot y=-(y\cdot a)$, and the quadratic term vanishes because $a\cdot a=0$. Thus the pairing is preserved. The genus-one statement follows by inserting the specified intersections.
\end{proof}

For a closed differential transported with the family, periods transform by the same integral cycle matrix. They cannot be treated as independent single-valued scalar functions around the discriminant. In gauge-theory and string constructions, an interpretation of these periods as central charges or couplings imports further physical structure. The homological transvection itself is a topological conclusion of the local nodal model.

The theorem provides a finite consistency test: the continuation matrix must be integral, invertible and preserve the symplectic intersection form. These conditions are necessary but do not uniquely identify the monodromy of an arbitrary family. Its association with a vanishing cycle must also be proved. A numerical period tracker that returns a matrix failing the intersection identity is definitively inconsistent with the assumed cycle basis.

\section{Torus isogenies and finite algebraic data}
The complex torus $\C/\Lambda$ has the holomorphic multiplication map $[n]:z\mapsto nz$. Its kernel consists of $(1/n)\Lambda/\Lambda$, with $n^2$ elements for $n\ne0$. Since the derivative is the nonzero constant $n$, the map is unbranched. Every fibre is a translate of its kernel, and the degree is $n^2$. This gives an exact bridge from a local derivative to a global finite fibre count.

\begin{proposition}[U58: a pairing on lattice torsion]\label{thm:U58}
Fix an oriented lattice basis $(\omega_1,\omega_2)$ and an integer $n\ge2$. On $n$-torsion points represented by $(a\omega_1+b\omega_2)/n$, define
\[
 e_n((a,b),(c,d))=\exp\left(\frac{2\pi\ii(ad-bc)}n\right).
\]
This is well defined modulo $n$, bilinear, alternating and nondegenerate. It is invariant under an oriented unimodular change of lattice basis.
\end{proposition}
\begin{proof}
Changing any integer coordinate by a multiple of $n$ changes the determinant by a multiple of $n$, leaving the exponential unchanged. Additivity of the determinant in each argument proves multiplicative bilinearity. The determinant of a vector with itself is zero, proving alternation. If the pairing with every $(c,d)$ is one, pairing with $(0,1)$ gives $a\equiv0\pmod n$, and pairing with $(1,0)$ gives $b\equiv0\pmod n$; thus the first point is zero. An integral basis transformation of determinant one preserves the determinant, and hence the pairing.
\end{proof}

This is a complex-lattice expression of the alternating torsion pairing. Its transport to algebraic equations over other fields requires the corresponding algebraic construction and hypotheses, particularly when characteristic divides $n$. No finite-field implementation is certified merely by writing the complex exponential. The formula nevertheless provides a conceptual test for basis transformations and exact torsion enumeration in the complex model.

The distinction between an isogeny and an isomorphism is decisive. For $|n|>1$, the map has a nontrivial kernel and is not invertible as a single-valued map. An inverse branch is available only locally and has global monodromy. In cryptographic settings, using an isogeny requires a specified domain/codomain representation and a security assumption. The degree formula counts fibres; it does not prove that evaluating or inverting a public map is computationally hard.

There is a concrete computational consequence for the algebraic model: a rational function describing $\wp(nz)$ in terms of $\wp(z)$ has degree $n^2$. A proposed lower-degree global formula would contradict fibre counting unless additional identifications or a restricted input class were introduced. The degree is therefore a representation lower bound for that exact global observable, distinct from bit complexity or cryptographic security.

\section{Twisted boundary conditions and observable spectra}
Ordinary functions on a torus are periodic. A section of a flat line bundle may acquire phases under lattice translations. On a rectangular torus of lengths $L_x,L_y$, impose
\[
 f(x+L_x,y)=\ee^{2\pi\ii\alpha}f(x,y),\qquad
 f(x,y+L_y)=\ee^{2\pi\ii\beta}f(x,y),
\]
with real $\alpha,\beta$. The phases commute, so the edge identifications are consistent. A unitary gauge transformation extracts the factor $\ee^{2\pi\ii(\alpha x/L_x+\beta y/L_y)}$ and leaves a periodic function.

\begin{proposition}[U59: exact twisted Laplacian modes]\label{thm:U59}
The functions
\[
 f_{mn}(x,y)=\exp\left(2\pi\ii\left[\frac{(m+\alpha)x}{L_x}+\frac{(n+\beta)y}{L_y}\right]\right),
 \quad(m,n)\in\Z^2,
\]
form a complete orthogonal family in the twisted $L^2$ space and have eigenvalues
\[
 \lambda_{mn}=4\pi^2\left(\frac{(m+\alpha)^2}{L_x^2}+\frac{(n+\beta)^2}{L_y^2}\right)
\]
for $-\Delta$. A zero mode exists exactly when both phases are trivial, $\alpha,\beta\in\Z$.
\end{proposition}
\begin{proof}
The displayed functions satisfy both boundary conditions by integer periodicity. Differentiation gives the eigenvalues. Multiplication by the unit-modulus gauge factor is a unitary map from the ordinary periodic $L^2$ space to the twisted space. The ordinary Fourier basis is complete; its unitary image is therefore complete and orthogonal. The eigenvalue is zero only if $m+\alpha=n+\beta=0$ for integers $m,n$, equivalent to the stated condition.
\end{proof}

Twists shift the spectrum without changing local flat geometry. Thus topology plus local curvature does not determine every physical spectral observable: bundle holonomy is additional data. This is relevant to quantum phases, thermal partition sums and distributed boundary conditions that carry character factors. A solver imposing ordinary periodicity when the model requires a nontrivial twist silently changes the zero-mode and low-frequency behavior.

For the antiperiodic case $\alpha=1/2,\beta=0$, the lowest eigenvalue is $\pi^2/L_x^2$. There is no constant zero mode, so the unregularized Gaussian integral for any finite modal truncation is coercive. For $\alpha\to0$, that coercivity degenerates quadratically. The divergence of the corresponding determinant factor has a direct spectral explanation and is not resolved by increasing arithmetic precision.

\section{Logical complexity and the effect of shared lemmas}
Proof length depends on the language and previously admitted lemmas. A proof written using a global uniformization theorem is short only because the theorem's proof has already been developed. A comparative claim about logical complexity should therefore specify a finite dependency graph, the admissible inference rules and the charging convention for reused results.

Let a directed acyclic graph contain nodes representing lemmas or calculations. Associate a nonnegative verification cost $c(v)$ to each node. For a target set $T$, its dependency closure $D(T)$ is the union of all required predecessor nodes including $T$. A shared verification cost is $\sum_{v\in D(T)}c(v)$. Independent proof expansion instead sums each target closure separately and may count common lemmas multiple times.

\begin{proposition}[U60: exact accounting for shared verification]\label{thm:U60}
For any finite target family $T_1,\ldots,T_m$ in a fixed acyclic dependency graph,
\[
 \sum_{v\in\bigcup_jD(T_j)}c(v)\le\sum_{j=1}^m\sum_{v\in D(T_j)}c(v).
\]
The difference is exactly $\sum_v(m_v-1)_+c(v)$, where $m_v$ is the number of target closures containing $v$.
\end{proposition}
\begin{proof}
Interchange the finite sums on the right. Each node contributes $m_vc(v)$ there and contributes $c(v)$ on the left precisely when $m_v>0$. Subtraction gives the formula, and nonnegativity follows from $c(v)\ge0$.
\end{proof}

The proposition justifies canonical proof ownership and dependency reuse. It does not prove that two differently formalized arguments have the same node cost, nor that a shorter dependency graph is easier for a human reader. Those are different measurements. In a proof assistant, replay time also depends on term representation, reduction strategy and trusted computation. In an expository monograph, definitions and explanations can be pedagogically necessary even when they are not new mathematical nodes.

For temporal complexity, the graph additionally carries precedence constraints. With unlimited processors and node execution times $c(v)$, the critical-path sum is a lower bound on completion time. Total work divided by the number of processors is another lower bound. Any claimed parallel advantage must respect both and the communication cost. Uniformizing a problem can reduce the number of coupled degrees of freedom, but it can also introduce global transforms or period calculations. The cost ledger includes those stages explicitly.

The mathematical optimum of a cost model and the observed performance of one program are kept in separate fields. The finite timing experiment in the next chapter is accompanied by output residuals, repeated observations and a strong structured control. No unrestricted maximality or machine-independent speed factor is inferred from its medians.
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\chapter{Boundary solvability and a posteriori coordinate control}
\label{ch:boundaryclosure}
\section{Harmonic distributions and interior regularity}
The variational construction in Chapter~\ref{ch:foundations} first produces an element of an energy space. Uniformization uses a holomorphic function and therefore requires a classical harmonic representative. In conformal coordinates this passage has a particularly direct distributional proof.

Let $u$ be a distribution on an open planar set with $\Delta u=0$. Fix a relatively compact disk and convolve locally with a smooth radial approximate identity $\rho_\varepsilon$. The smooth function $u_\varepsilon=u*\rho_\varepsilon$ is harmonic on every smaller disk because distributional differentiation commutes with convolution. For a smooth harmonic function $v$, its circular mean about a point is constant: differentiating the circular mean in the radius and applying the divergence theorem gives a multiple of $\int_{D_r}\Delta v=0$. Its value at radius zero is $v$ at the centre. Averaging those circular means with any radial smooth kernel of integral one gives $v*\rho_r=v$, wherever the radius-$r$ disk is contained in the domain.

\begin{theorem}[U61: Weyl regularity in the conformal coordinate]\label{thm:U61}
A distribution satisfying $\Delta u=0$ on a planar domain has a unique smooth harmonic representative. A weakly harmonic energy function on a Riemann surface consequently has a smooth harmonic representative in every conformal chart.
\end{theorem}
\begin{proof}
Choose a compact set $K$ contained in a disk whose larger fixed neighborhood remains inside the domain. Select $r>0$ smaller than that clearance. For all sufficiently small $\varepsilon$, the mean-value calculation gives $u_\varepsilon*\rho_r=u_\varepsilon$ on $K$. Pass to the distributional limit as $\varepsilon\to0$: $u*\rho_r=u$ on the interior of $K$. The left side is smooth, since convolution of a distribution with a compactly supported smooth kernel is smooth wherever the convolution is defined. It is harmonic because its Laplacian is $(\Delta u)*\rho_r=0$. Such local smooth representatives agree as distributions on overlaps, and their difference, being a continuous function vanishing distributionally, is zero pointwise. They therefore glue uniquely.

For a weakly harmonic function on a conformal surface, the local Dirichlet form is the Euclidean integral $\int\nabla u\cdot\nabla\varphi$, since the conformal metric factors cancel in dimension two. Its vanishing for compactly supported test functions says $\Delta u=0$ distributionally in the chart. Apply the planar result and glue the representatives.
\end{proof}

For a smooth Poisson source, one first subtracts a local smooth solution. A local construction is convolution of a cut-off source with the logarithmic fundamental solution, with the residual correction supported away from the interior compact set; repeated differentiation or elliptic potential estimates show smoothness there. The remaining distribution is harmonic and U61 applies. This step concerns interior regularity; boundary values require a separate argument. Smoothness of the representative alone does not establish the required Dirichlet trace.

The proof exposes a useful verification boundary. A finite element residual is not a distributional equality on all test functions. Its vanishing on the finite trial space supplies Galerkin orthogonality, not U61 directly. To conclude a classical field has been approximated, one needs a convergence or a posteriori estimate connecting the discrete solution to the exact weak solution. The variational residual bound in Chapter~\ref{ch:operators} gives one such route under a coercivity hypothesis.

\section{Boundary barriers and continuity of the Dirichlet solution}
Let $\Omega$ be a relatively compact domain and $p\in\partial\Omega$. A barrier at $p$ is a positive superharmonic function $b_p$ on $\Omega$, continuous up to the relevant boundary neighborhood, which tends to zero at $p$ and stays bounded away from zero outside every neighborhood of $p$. Such a function converts boundary continuity into an inequality preserved by the maximum principle.

On a domain with a local exterior tangent disk, a logarithmic barrier can be obtained from $\log(|z-c|/R)$, where the exterior disk has centre $c$ and radius $R$ and touches only at $p$ in the local neighborhood. The logarithm is nonnegative on the domain side, harmonic there and zero at the touching point. It is bounded below on a small separating arc away from $p$, so it can be capped and extended by a positive constant outside that neighborhood. The minimum of positive superharmonic functions is superharmonic in the comparison sense, making the extension valid.

For a nondegenerate corner, use a local sector of opening $\alpha<2\pi$ containing the domain near the corner. With polar angle measured from its bisector, choose $0<\gamma<\pi/\alpha$. The harmonic function $r^\gamma\cos(\gamma\theta)$ is positive on the closed sector away from its vertex because $|\gamma\theta|<\pi/2$. It tends to zero only at the vertex and can be patched by the same capping construction. This proves regularity for the piecewise smooth Jordan boundaries specified at the start, without assuming every corner is convex.

\begin{proposition}[U62: a barrier enforces the boundary value]\label{thm:U62}
Let $g$ be continuous on the compact boundary and let $H$ be a bounded harmonic Dirichlet solution obtained by the variational or Perron construction, with comparison against continuous superharmonic boundary majorants. At every point possessing a barrier, $H(z)\to g(p)$ as $z\to p$ from inside.
\end{proposition}
\begin{proof}
Fix $\varepsilon>0$. Boundary continuity gives a neighborhood $V$ of $p$ in which $|g-g(p)|<\varepsilon$. On the remaining compact boundary set, the barrier has a positive lower bound $c$. Choose $M$ large enough that $Mc$ exceeds $2\|g\|_\infty+|g(p)|+1$. Then
$g(p)+\varepsilon+Mb_p$ majorizes $g$ on the boundary, while
$g(p)-\varepsilon-Mb_p$ minorizes it. The comparison property gives
\[
 g(p)-\varepsilon-Mb_p(z)\le H(z)\le g(p)+\varepsilon+Mb_p(z).
\]
As $z\to p$, the barrier term tends to zero. The upper and lower limits of $H$ lie within $\varepsilon$ of $g(p)$. Let $\varepsilon\to0$.
\end{proof}

For the variational construction, comparison follows by testing the positive part of the difference against a majorant, approximating it in the zero-trace space when necessary. If $H-B$ has nonpositive boundary trace and $B$ is superharmonic, then
$\int|\nabla(H-B)_+|^2\le0$. Thus the positive part is zero. The lower comparison follows after changing signs. This connects the barrier argument with the Hilbert-space existence proof instead of postulating boundary continuity as an unexplained property of a weak solution.

The specified regularity of the boundary matters. A completely arbitrary domain may have irregular boundary points where classical Dirichlet data are not attained. The source's piecewise smooth hypothesis supplies the local barriers used here. A numerical grid that rounds off an irregular boundary has altered the domain and may appear to restore continuity; such behavior does not prove regularity of the original boundary.

\section{The logarithmic singularity and independence of its cut-off}
A Green function with pole $a$ is constructed locally from $-\log|z-a|$ and globally corrected by a Dirichlet solution. Choose two cut-off functions $\chi_1,\chi_2$ equal to one near $a$ and supported inside coordinate neighborhoods. The difference
$(\chi_1-\chi_2)(-\log|z-a|)$ is smooth because it vanishes near the singularity. Its Poisson correction exactly compensates the difference in cut-offs.

\begin{proposition}[U63: uniqueness of the normalized Green function]\label{thm:U63}
Two Green functions on the same bounded regular domain with pole $a$, coefficient $-1$ in front of $\log|z-a|$, and zero boundary values coincide. Their regular part transforms under a coordinate change $\zeta=\psi(z)$ by addition of $\log|\psi'(a)|$.
\end{proposition}
\begin{proof}
The difference of the Green functions is harmonic away from $a$ and bounded near $a$ because the logarithmic singularities cancel. The removable-singularity theorem extends it harmonically through $a$. It has zero boundary values, so the maximum principle applied to it and its negative gives zero everywhere. This proves uniqueness and independence of the cut-off construction.

For the coordinate transformation, write
$\psi(z)-\psi(a)=\psi'(a)(z-a)(1+o(1))$. Therefore
$-\log|z-a|=-\log|\zeta-\psi(a)|+\log|\psi'(a)|+o(1)$. If $G=-\log|z-a|+c_z+o(1)$, its regular part in the $\zeta$ coordinate is $c_\zeta=c_z+\log|\psi'(a)|$. Exponentiation gives the corresponding scaling of conformal radius.
\end{proof}

The equality of Green functions is a uniqueness theorem, not a particular numerical method. A computed regular part can be checked against two independently chosen cut-offs or coordinates. Agreement within a certified error interval is a useful implementation test; exact invariance is already guaranteed by the theorem. A raw difference between coordinate regular parts should equal the logarithmic derivative correction and is not necessarily a defect.

The pole normalization also determines the flux. On a small circle around $a$, the integral of the conjugate differential of $-\log|z-a|$ is $-2\pi$ in counterclockwise orientation. The sign changes when the circle is regarded as an inner boundary with its induced domain orientation. This convention is used in the exponential Green-coordinate proof. It accounts for both the simple zero and the degree-one conclusion after the exponential is formed.

\section{Residuals, admissible fields and a certified capacity interval}
A conformal map of an annulus depends on the period $p$, which equals the normalized capacity. The useful numerical objective is often a certified enclosure of $p$, not an approximation to every point of the map. The primal and dual principles provide that enclosure from admissible functions and flows.

Let $v$ have boundary values zero and one, and let $j$ be a divergence-free unit-flux field connecting the boundary components. With the energy conventions of U45, set $P=\int|\nabla v|^2$ and $R=\int|j|^2$. Then $1/R\le p\le P$. If the trial fields have exact admissibility and $PR$ is close to one, the capacity interval is narrow. A small residual alone does not replace these feasibility requirements.

\begin{proposition}[U64: propagating a primal--dual interval to modulus]\label{thm:U64}
If $0<\ell\le p\le u$, then
\[
 \frac1u\le\modu(A)\le\frac1\ell,\qquad
 \frac{2\pi}{u}\le\log(R_{
m norm})\le\frac{2\pi}{\ell}.
\]
The relative width measured against the lower modulus bound is exactly $u/\ell-1$. For primal--dual bounds $\ell=1/R$, $u=P$, this is $PR-1$.
\end{proposition}
\begin{proof}
The functions $p\mapsto1/p$ and $p\mapsto2\pi/p$ are decreasing on positive arguments. Apply them to the interval. The modulus width is $1/\ell-1/u$; divide by the lower endpoint $1/u$ to obtain $u/\ell-1$. Substituting the primal and dual bounds gives the final expression.
\end{proof}

Thus $PR-1$ has a direct geometric meaning, in addition to its variational interpretation. It is an objective, dimensionless stopping criterion for the modulus enclosure. The scalar criterion should not be generalized to pointwise coordinate accuracy without further estimates, because different harmonic fields may have similar energy. It also requires both energies to be bounded rigorously when they arise from numerical quadrature.

Figure~\ref{fig:duality} gives the illustrative energy-gap model. The exact rational path certificate is listed separately in the computational record.

\section{Error in the exponential coordinate on a fixed cut surface}
On a cut annulus, write the exact complex potential as $H=u+\ii v$ and the exact map as $F=\exp(2\pi H/p)$. Suppose approximations $\widetilde H,\widetilde p$ satisfy, on a compact subset of the cut surface,
\[
 |H-\widetilde H|\le\eta,\quad |p-\widetilde p|\le\delta,
 \quad p,\widetilde p\ge p_->0,\quad |H|\le B.
\]
These are hypotheses to be proved by a particular numerical method, not assumed consequences of small mesh size.

\begin{proposition}[U65: exponential-coordinate enclosure]\label{thm:U65}
Under these bounds,
\[
 \left|\frac{2\pi H}{p}-\frac{2\pi\widetilde H}{\widetilde p}\right|
 \le D:=2\pi\left(\frac\eta{p_-}+\frac{B\delta}{p_-^2}\right).
\]
If both exponents have real parts at most $M$, then
$|F-\widetilde F|\le\ee^M D$.
\end{proposition}
\begin{proof}
Decompose
$H/p-\widetilde H/\widetilde p=(H-\widetilde H)/\widetilde p+H(\widetilde p-p)/(p\widetilde p)$ and apply the four bounds. For arbitrary complex $a,b$,
$\ee^a-\ee^b=(a-b)\int_0^1\ee^{b+t(a-b)}\dd t$. The real part along the segment is at most $\max(\Re a,\Re b)\le M$, so the integral modulus is at most $\ee^M$. Substitution proves the result.
\end{proof}

The cut is important. If the approximate potential has period $\widetilde p$ and the same value is used in the exponent, the approximate exponential may descend exactly. If the actual period of $\widetilde H$ is $p_H\ne\widetilde p$, its value after one loop is multiplied by $\exp(2\pi\ii p_H/\widetilde p)$. It is not a single-valued map on the uncut annulus. When $|p_H-\widetilde p|\le\varepsilon_p$, the seam discrepancy factor is bounded by $2\pi\varepsilon_p/\widetilde p$, using $|\ee^{\ii x}-1|\le|x|$. This is a controlled defect, not exact descent.

For a global injectivity certificate, additional local derivative and boundary-degree information is required. A small uniform coordinate error on a compact set can prevent the image from crossing a specified separated contour, but it does not by itself exclude arbitrarily small-scale folds in an unconstrained approximate map. Holomorphicity, derivative estimates and properness supply the relevant structure. The finite algorithm must state which of these it certifies.

\section{A derivative margin and local inverse radius}
The inverse-function theorem is qualitative. A quantitative version follows from a derivative comparison on a disk and is suitable for a certificate checker. Let $f$ be holomorphic on $D(z_0,r)$ and continuous on its closure, let $a=f'(z_0)\ne0$, and suppose $|f'(z)-a|\le q|a|$ there for some $0\le q<1$.

\begin{proposition}[U66: a certified injective disk and image disk]\label{thm:U66}
Under these hypotheses, $f$ is injective on the disk and
\[
 (1-q)|a|\,|z-w|\le|f(z)-f(w)|\le(1+q)|a|\,|z-w|.
\]
Its image contains $D(f(z_0),(1-q)|a|r)$.
\end{proposition}
\begin{proof}
The line segment joining $z,w$ lies in the convex disk. Integrating $f'-a$ along that segment yields
$|f(z)-f(w)-a(z-w)|\le q|a||z-w|$. The two norm inequalities follow from the triangle inequality, and the lower bound proves injectivity. For a target $y$ with $|y-f(z_0)|<(1-q)|a|r$, compare $f(z)-y$ with $a(z-z_0)$ on the boundary. The difference has modulus at most $q|a|r+|y-f(z_0)|<|a|r$. Rouche's theorem therefore gives exactly one zero of $f-y$ inside. Every such $y$ belongs to the image.
\end{proof}

If a certified second-derivative bound $|f''|\le M$ is available, the condition follows from $Mr\le q|a|$. A desired inverse radius can then be guaranteed by explicit rational inequalities enclosing $M$, $|a|$ and $r$. The theorem gives a continuum statement from finite bounds. It differs from checking a finite grid of positive Jacobians, which may miss a defect between samples.

Applied to a computed uniformizing chart, this local result must be combined with an atlas-overlap and global degree argument. Those conditions join the local disks consistently and rule out incorrect sheet choices. The separate inequalities also help allocate computational effort: refining a region with large derivative margin may be unnecessary while a near-critical patch controls the total certificate cost.

\section{Boundary approximation and the maximum-principle certificate}
Let $u$ be the harmonic solution for boundary data $g$, and let $v$ be an independently constructed harmonic trial function. If $|v-g|\le\varepsilon$ everywhere on the boundary, then $|v-u|\le\varepsilon$ throughout the domain. The proof applies the maximum principle to $v-u-\varepsilon$ and its negative. Thus a certified boundary approximation controls an entire interior, provided exact harmonicity is known.

A polynomial in a holomorphic coordinate has harmonic real part, so it is one possible trial space. The approximation class must be suited to the domain and allowed singularities; on an annulus one generally needs Laurent terms and a logarithmic harmonic mode. A polynomial-only basis can fail to represent the nonzero period sector. The finite-vector/Hilbert-space methods from the earlier PHI corpus identify the optimal projection once the correct space has been chosen, while the uniformization analysis identifies that space's global compatibility conditions.

When a trial function has a nonzero Poisson residual, the boundary maximum argument needs an additional barrier or coercive resolvent bound. For example, on a disk of radius $R$, if $|\Delta(v-u)|\le\delta$ and the boundary discrepancy is at most $\varepsilon$, comparison with $\delta(R^2-|z|^2)/4$ gives
$|v-u|\le\varepsilon+\delta R^2/4$. This follows because the Laplacian of $(R^2-|z|^2)/4$ is $-1$. The signs in the upper and lower comparisons must be treated separately. A conformal change transforms the residual by its Jacobian and therefore changes the coefficient of the barrier estimate.

The hierarchy is now explicit: exact admissibility gives variational bounds; a positive period interval gives modulus bounds; harmonic and conjugate-potential bounds give a coordinate bound on a cut; period matching gives descent; derivative margins give local injectivity; and a global degree condition gives the intended global map. Each arrow has a distinct mathematical proposition. The formalization register preserves those propositions individually, so a passing scalar calculation is not promoted to complete uniformization verification.

\section{Periodic quadrature after uniformization}
The logarithmic or torus coordinate often turns a contour observable into an integral over a periodic parameter. Analyticity then produces an explicit convergence rate for the equally spaced trapezoidal rule. The parameter strip width is geometric information: nearby singularities or branch collisions reduce it and increase the necessary sample count.

\begin{proposition}[U67: a certified periodic quadrature bound]\label{thm:U67}
Let $f$ be $2\pi$-periodic and holomorphic in a neighborhood of the closed strip $|\operatorname{Im}z|\le\sigma$, with $|f|\le M$ there. Let
\[
 I=\frac1{2\pi}\int_0^{2\pi}f(x)\dd x,\qquad
 Q_N=\frac1N\sum_{j=0}^{N-1}f(2\pi j/N).
\]
Then
\[
 |Q_N-I|\le\frac{2M\ee^{-\sigma N}}{1-\ee^{-\sigma N}}.
\]
In particular, $N\ge\sigma^{-1}\log(1+2M/\varepsilon)$ is sufficient for error at most $\varepsilon$.
\end{proposition}
\begin{proof}
For the Fourier coefficient $c_k=(2\pi)^{-1}\int_0^{2\pi}f(x)\ee^{-\ii kx}\dd x$, move the integration contour to $\operatorname{Im}z=-\sigma$ when $k>0$ and to $+\sigma$ when $k<0$. The two vertical sides cancel by periodicity. The horizontal integral gives $|c_k|\le M\ee^{-|k|\sigma}$. These bounds imply absolute and uniform convergence of the Fourier series on the real axis.

Insert this series into $Q_N$ and interchange the finite sample average with the absolutely convergent series. The roots-of-unity sum is one for $k$ divisible by $N$ and zero otherwise, so $Q_N=\sum_{m\in\Z}c_{mN}$, while $I=c_0$. Therefore
$|Q_N-I|\le2M\sum_{m\ge1}\ee^{-mN\sigma}$, which is the stated geometric sum. Solving its inequality with $\varepsilon$ gives the sample requirement.
\end{proof}

For $M=1$, $\sigma=3/10$ and target $10^{-6}$, forty-nine samples suffice by the displayed bound. This conclusion is conditional on the strip bound, not on an observed decay pattern of a few sample differences. A rigorous computation can enclose $M$ through an independent complex-domain estimate. If the function is given only by a black-box evaluator on the real line, U47 prevents deriving such a bound from finitely many values without an additional prior.

The roots-of-unity identity also shows the exact aliasing mechanism. A mode of frequency $N$ has zero integral but takes the same value at every grid point. Consequently sample agreement is not proof of low-frequency content. The analytic envelope suppresses the amplitude of such a hidden mode by an exponential factor. This supplies the mathematical link between geometry, admissible information and numerical accuracy.

For an annular physical observable, first express the boundary integral in the angular coordinate and include its transformed arc-length or flux factor. If that factor reduces the strip of analyticity, it controls the actual rate. Omitting it may produce a faster-converging calculation for the wrong observable. Likewise, a branch point on the proposed shifted contour invalidates the coefficient estimate; moving the contour or changing the coordinate then becomes part of the certified method.
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\chapter{Proof status, reproducible certificates and quantitative evidence}
\label{ch:verification}
\section{A fixed and inspectable obligation universe}
The source denominator is nine numbered results in seven subsections. The reconstruction has sixty-seven explicitly labelled theorem-level assertions U01--U67 and forty solved investigations I01--I40. These are authoring units, not sixty-seven mechanically accepted proofs. The source-obligation table identifies the primary derivation of every source result. Additional assertions have a separate identity and do not inflate the source-completion denominator.

\begin{longtable}{p{18mm}p{37mm}p{86mm}}
\toprule Source & Proof locations & Disposition\\\midrule\endhead
5.1 & U08, U18, U19 & Three-model statement proved through the open and compact alternatives.\\
5.2 & U01, U10 & Universal-cover complex structure and free deck-group quotient classification.\\
5.3 & U02, U03, U05, U11 & Harmonic period and degree-one construction; outer-radius normalization repaired.\\
5.4 & U07, U12, U13 & Green-function construction gives a proper disk coordinate and its normalization.\\
5.5 & U14--U18 & Exhaustion with nonconstant injective limit and an explicit surjectivity argument.\\
5.6 & U19 & Compact simply connected surface; extension at the omitted point.\\
5.7 & U20, U21 & Cusp and circle-end extension under the declared proper-germ/regular-collar conditions.\\
5.8 & U22 & Embedding gives degree one and a boundary homeomorphism.\\
5.9 & U23--U25 & Good-orbifold foundation is imported explicitly; compact and punctured statements are separated.\\
\bottomrule
\end{longtable}

The corrected treatment of an ambiguous or overbroad assertion is not counted as a proof of its unqualified literal wording. In particular, the annular exponential factor, the behavior of limits under exhaustion, the hypotheses on end maps, and the use of Euler characteristic for punctured surfaces are recorded separately. Every theorem is read with its stated class of surfaces, boundary conventions and normalization.

The mathematical developments rely on a finite set of named foundations: elementary complex calculus and the argument principle; covering-space and surface topology; Hilbert-space completion and projection; regular-domain elliptic solvability and regularity; and the topological goodness classification for two-dimensional orbifolds. The earlier PHI volume supplies the stated Montel, Koebe and proper-map results. The present text reconstructs the functional and geometric steps it uses and spells out its new limit and normalization arguments. The entire foundational library of topology, PDE and algebraic geometry is not represented as mechanically closed in this publication. An acceptance register must retain each imported theorem as an obligation for subsequent formal replay.

\section{What the executed checks establish}
The principal verification script executed eighty-two named checks. The extension script executed forty-five further checks. Together they comprise \textbf{127 named finite and symbolic checks}. Nine additional negative controls were rejected. The mathematical claims, finite instances, numerical diagnostics and negative tests occupy separate records, so their totals cannot be added to manufacture an accepted-theorem count.

\begin{center}
\begin{tabular}{p{40mm}p{103mm}}
\toprule Evidence class & Contents and interpretation\\\midrule
Exact rational arithmetic & Pi and logarithm bounds, reciprocal capacity/modulus enclosure, a resistor-path solution, compact signature signs, finite-field point counts and integer iteration thresholds.\\
Symbolic identities & Two-threshold coordinate formulas, the illustrative period derivative, Liouville curvature, rational gluing identities and exact finite matrix unitarity.\\
Finite logical checks & Permutation composition, torsion-pairing samples, dependency-cost multiplicities and rejected malformed examples.\\
Floating-point diagnostics & Modal boundary identities and matched solution residuals for screened cycle systems. These are checked numerical instances, not universal rounding-error proofs.\\
Measured times & Seven complete-call observations per method and size, retaining all samples and medians. These are local performance data.\\
Formal proof acceptance & Zero Lean, Rocq, Isabelle or other kernel acceptances in this release. The status table is prospective.\\
\bottomrule
\end{tabular}
\end{center}

The exact interval calculation uses rational arithmetic throughout. Machin's identity
$\pi=16\arctan(1/5)-4\arctan(1/239)$ is evaluated with alternating-series bounds. For $0<x<1$,
\[
 \arctan x=\sum_{j=0}^{N-1}\frac{(-1)^jx^{2j+1}}{2j+1}+R_N,
 \qquad |R_N|\le\frac{x^{2N+1}}{2N+1},
\]
with the sign fixed by alternation. The identity itself follows from tangent addition: $\tan(2\arctan(1/5))=5/12$, $\tan(4\arctan(1/5))=120/119$, and subtracting $\arctan(1/239)$ gives tangent one. The angle lies in $(0,\pi/2)$, so it is $\pi/4$. This establishes both the algebraic relation and its branch.

For the logarithm,
\[
 \log2=2\sum_{j=0}^{N-1}\frac{(1/3)^{2j+1}}{2j+1}+R_N,
 \quad 0<R_N\le\frac{2(1/3)^{2N+1}}{(2N+1)(1-1/9)}.
\]
This follows by integrating the geometric expansion of $(1-t^2)^{-1}$ from zero to $1/3$. Combining positive interval endpoints gives a rational enclosure for $2\pi/\log2$, the capacity of $A(1,2)$, and its reciprocal modulus. Their interval widths are checked to be below $10^{-18}$. The decimal capacity $9.064720283654388$ is a display approximation; the numerator/denominator endpoints in the JSON file are the actual certificate.

The network conductance $20/29$ is a second exact instance, independent of transcendental evaluation. Its potentials, edge currents and both energies are stored as rational values. Matching primal and dual objectives certifies the optimum under Kirchhoff conservation. A flow with a missing edge current is explicitly rejected, because it violates feasibility before its objective is considered.

\section{Performance measurements with a strong conventional control}
The local benchmark solves $Ax=b$ for
$A=\frac34I+2I-S-S^{-1}$ on cycles of sizes $32,64,128,256$. Three methods return the same full vector: dense construction and solution, Fourier diagonalization, and a cyclic-tridiagonal Sherman--Morrison method using two tridiagonal solves. Input values are shared. Matrix or spectral coefficient construction performed by a method is included in that method's timed call.

\begin{center}
\begin{tabular}{rrrr}
\toprule Size & Dense (ms) & Fourier (ms) & Cyclic tridiagonal (ms)\\\midrule
32 & 0.038556 & 0.016664 & 0.057445\\
64 & 0.092986 & 0.016304 & 0.041521\\
128 & 0.167657 & 0.018036 & 0.041681\\
256 & 0.793778 & 0.021612 & 0.050555\\
\bottomrule
\end{tabular}
\end{center}

The entries are medians of seven measurements. At size 256 the observed dense/Fourier ratio is approximately $36.73$, while the cyclic-tridiagonal/Fourier ratio is approximately $2.34$. These are properties of these implementations in the recorded environment. The cyclic-tridiagonal method has $O(N)$ arithmetic and the Fourier method has $O(N\log N)$ arithmetic. The finite measurements do not reverse those asymptotic bounds; implementation constants and workload scale explain why a method with the larger asymptotic count can be faster on the displayed range.

All solution residuals and disagreements against the dense solution are checked against the declared $10^{-11}$ diagnostic threshold. This confirms matching finite outputs at the tested instances. It is not a forward-error theorem for every floating-point execution or every right-hand side. Such a theorem would additionally specify rounding, matrix conditioning and implementation semantics.

\sfig{benchmark_times}{Observed seven-repetition medians. The linear-work cyclic solver is retained as a strong conventional control; no universal Fourier superiority is asserted.}{benchmarks}

The recorded software versions are Python 3.13.5, NumPy 2.3.5, SciPy 1.17.0 and SymPy 1.14.0. The platform string and full sample arrays are retained in the result record. Rebuilding at another time or on another machine may change timings. Mathematical identities and exact certificate values should remain unchanged, while the timing record should be reported as a new experiment.

\section{Maximality claims replaced by finite completion criteria}
For a versioned finite obligation set $\mathcal U$ and positive weights $w_u$, define
\[
 C(A)=\frac{\sum_{u\in A}w_u}{\sum_{u\in\mathcal U}w_u},\qquad A\subseteq\mathcal U.
\]
Then $0\le C(A)\le1$, and $C(A)=1$ exactly when every obligation is represented. This is proved by positivity of the missing-weight sum. If two presentation artifacts refer to the same obligation, counting the union of identifiers leaves $C$ unchanged. The duplicate-invariance is set idempotence, not a statistical estimate.

These elementary facts support objective completion accounting once the universe is fixed. They do not prove that the chosen universe contains every scientifically useful topic. The present denominators are seven source subsections, nine source results, sixty-seven registered theorem-level assertions, forty investigations and nineteen scientific figures. Public and internal copies share the same mathematical identifiers and are not counted as twice the mathematics.

Formal completion has a stricter predicate. Let $K\subseteq\mathcal U$ contain obligations whose source-aligned formal statements, complete dependencies and accepted proof objects have passed an actual checker. In this release $K$ is empty. Written derivation coverage and exact-instance checking have different subsets. Keeping them separate prevents a page count, passing Python assertion or generated proof-script filename from being interpreted as kernel acceptance.

A semantic uniqueness claim would require a mathematical equivalence relation on assertions and an exhaustive judgment of each text block. No such universal procedure is supplied. The finite publication audit instead measures exact normalized long-block repetition, repeated figure hashes, duplicate identifiers and missing references. Shared definitions, notation and bibliography are necessary and are excluded from claims of novel content. A section's value is established by its distinct mathematical task and result, not by its physical page count.

\section{Theorem-by-theorem formalization-status register}
Every entry below has a written proof at its cited location. \textbf{Every formalization status is ``not formally checked in this release.''} The printed table uses this common status for all sixty-seven entries. The companion JSON and CSV retain it as an explicit field on each row. The status is not inferred from the presence of a proof environment.

\input{theorem_table}

The likely reusable formal foundations are exact rational and polynomial arithmetic, finite matrices, paths and covering spaces, Dirichlet energy, weak solutions, holomorphic convergence and compactness, group actions and orbifold charts. Candidate allocation to Lean, Rocq or Isabelle is a planning record; no claim is made that all needed libraries already exist or that their similarly named definitions coincide with those in this monograph.

A numerical certificate checker should be proved sound before its accepted instances contribute to a kernel-verified theorem. For example, a formal Bernstein checker needs correct basis conversion, interval covering and a proved positive-basis bound. A period certificate needs a representation of paths, orientation, branch choice and integration. The exact rational files supplied here are suitable concrete instances, but translating their semantics remains a formal obligation.

\section{Reproduction and release criteria}
From the extracted source archive, the following commands regenerate the mathematical evidence and figures:
\begin{lstlisting}
python code/verify_mathematics.py
python code/verify_extensions.py
python code/make_registers.py
python code/make_figures.py
cd tex
latexmk -pdf -interaction=nonstopmode -halt-on-error public.tex
\end{lstlisting}
The internal edition uses its own build target and includes additional private course and lecture material. The public archive has a separate file allowlist and contains no internal source reports. Plotting uses monochrome styles and monospace lettering; no font files are distributed. Dependencies are listed in the archive README. Source and result hashes identify bytes and permit comparison, but do not prove the mathematics in those bytes.

The release check opens both PDFs, inspects bookmarks and text bounds, resolves cross-references, checks author/date metadata, and renders pages for visual inspection. It also scans the public PDF and public source archive for the restricted institutional labels. Such a finite scan supports the stated publication separation; it is not a proof against every possible semantic disclosure. The internal edition is explicitly marked and must remain outside the public upload directory.

Physical applications remain conditional on their constitutive equations, material or channel parameters and boundary conditions. No nuclear experiment, particle-scattering measurement, string-theory phenomenological validation, field installation or proprietary target execution was performed. The calculations establish mathematical consequences of the declared models and provide reproducible tests for their finite computational instances.
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\begin{longtable}{p{12mm}p{90mm}p{35mm}}
\toprule ID & Mathematical assertion & Written location\\\midrule\endhead
U01 & holomorphic structure on an unbranched cover & \ref{thm:U01}, p.\pageref{thm:U01}\\
U02 & periods characterize exactness & \ref{thm:U02}, p.\pageref{thm:U02}\\
U03 & exponentiation kills an integral period lattice & \ref{thm:U03}, p.\pageref{thm:U03}\\
U04 & coercivity of the trace-zero energy & \ref{thm:U04}, p.\pageref{thm:U04}\\
U05 & existence, uniqueness and energy orthogonality & \ref{thm:U05}, p.\pageref{thm:U05}\\
U06 & maximum and strict positivity & \ref{thm:U06}, p.\pageref{thm:U06}\\
U07 & Green function with a single pole & \ref{thm:U07}, p.\pageref{thm:U07}\\
U08 & uniformization, with the proof dependencies exposed & \ref{thm:U08}, p.\pageref{thm:U08}\\
U09 & uniqueness of a normalized disk coordinate & \ref{thm:U09}, p.\pageref{thm:U09}\\
U10 & quotient classification & \ref{thm:U10}, p.\pageref{thm:U10}\\
U11 & capacity, period and annular uniformization & \ref{thm:U11}, p.\pageref{thm:U11}\\
U12 & the Green coordinate of a bounded disk & \ref{thm:U12}, p.\pageref{thm:U12}\\
U13 & Green function and conformal radius & \ref{thm:U13}, p.\pageref{thm:U13}\\
U14 & monotonicity of normalized radii & \ref{thm:U14}, p.\pageref{thm:U14}\\
U15 & a diagonal normal limit & \ref{thm:U15}, p.\pageref{thm:U15}\\
U16 & near-extremal Schwarz maps & \ref{thm:U16}, p.\pageref{thm:U16}\\
U17 & surjectivity of the exhaustion limit & \ref{thm:U17}, p.\pageref{thm:U17}\\
U18 & open simply connected uniformization & \ref{thm:U18}, p.\pageref{thm:U18}\\
U19 & compact simply connected uniformization & \ref{thm:U19}, p.\pageref{thm:U19}\\
U20 & extension across a cusp & \ref{thm:U20}, p.\pageref{thm:U20}\\
U21 & extension at a circle end & \ref{thm:U21}, p.\pageref{thm:U21}\\
U22 & embedding extension & \ref{thm:U22}, p.\pageref{thm:U22}\\
U23 & analytic uniformization of a good orbifold & \ref{thm:U23}, p.\pageref{thm:U23}\\
U24 & compact orbifold curvature trichotomy & \ref{thm:U24}, p.\pageref{thm:U24}\\
U25 & finite-type punctured alternatives & \ref{thm:U25}, p.\pageref{thm:U25}\\
U26 & finite local fibres & \ref{thm:U26}, p.\pageref{thm:U26}\\
U27 & modular change and upper-half-plane preservation & \ref{thm:U27}, p.\pageref{thm:U27}\\
U28 & the Weierstrass differential equation & \ref{thm:U28}, p.\pageref{thm:U28}\\
U29 & holomorphic differentials on a hyperelliptic curve & \ref{thm:U29}, p.\pageref{thm:U29}\\
U30 & invariance of two-dimensional Dirichlet energy & \ref{thm:U30}, p.\pageref{thm:U30}\\
U31 & exact annular Dirichlet-to-Neumann symbol & \ref{thm:U31}, p.\pageref{thm:U31}\\
U32 & weighted error-allocation optimum & \ref{thm:U32}, p.\pageref{thm:U32}\\
U33 & cusp completeness and finite area & \ref{thm:U33}, p.\pageref{thm:U33}\\
U34 & threshold regularization and its conditioning & \ref{thm:U34}, p.\pageref{thm:U34}\\
U35 & two-channel inverse identities & \ref{thm:U35}, p.\pageref{thm:U35}\\
U36 & genus of the independent-threshold surface & \ref{thm:U36}, p.\pageref{thm:U36}\\
U37 & dimensional criterion for classical Weyl invariance & \ref{thm:U37}, p.\pageref{thm:U37}\\
U38 & derivative of a period modulo an exact differential & \ref{thm:U38}, p.\pageref{thm:U38}\\
U39 & exact entropy-production identity & \ref{thm:U39}, p.\pageref{thm:U39}\\
U40 & a certified Gaussian-tail rule & \ref{thm:U40}, p.\pageref{thm:U40}\\
U41 & exact Bernstein positivity & \ref{thm:U41}, p.\pageref{thm:U41}\\
U42 & Fourier solution of the screened cycle system & \ref{thm:U42}, p.\pageref{thm:U42}\\
U43 & compositional branch safety & \ref{thm:U43}, p.\pageref{thm:U43}\\
U44 & public multiplication is not encryption & \ref{thm:U44}, p.\pageref{thm:U44}\\
U45 & primal--dual condenser certificate & \ref{thm:U45}, p.\pageref{thm:U45}\\
U46 & no total classification procedure for arbitrary computable exhaustions & \ref{thm:U46}, p.\pageref{thm:U46}\\
U47 & finite samples do not certify unrestricted analytic recovery & \ref{thm:U47}, p.\pageref{thm:U47}\\
U48 & conformal spectral comparison under bounded Jacobian & \ref{thm:U48}, p.\pageref{thm:U48}\\
U49 & optimal constant step for a spectral interval & \ref{thm:U49}, p.\pageref{thm:U49}\\
U50 & exact worst-case consensus contraction & \ref{thm:U50}, p.\pageref{thm:U50}\\
U51 & soundness of a chained continuation certificate & \ref{thm:U51}, p.\pageref{thm:U51}\\
U52 & a sufficient nonvanishing subdivision bound & \ref{thm:U52}, p.\pageref{thm:U52}\\
U53 & the elliptic period equation and an explicit tail & \ref{thm:U53}, p.\pageref{thm:U53}\\
U54 & a differential equation determines a Schwarzian & \ref{thm:U54}, p.\pageref{thm:U54}\\
U55 & exact real-axis unitarity of a Cayley model & \ref{thm:U55}, p.\pageref{thm:U55}\\
U56 & exact modal gluing & \ref{thm:U56}, p.\pageref{thm:U56}\\
U57 & homological transvection of a positive twist & \ref{thm:U57}, p.\pageref{thm:U57}\\
U58 & a pairing on lattice torsion & \ref{thm:U58}, p.\pageref{thm:U58}\\
U59 & exact twisted Laplacian modes & \ref{thm:U59}, p.\pageref{thm:U59}\\
U60 & exact accounting for shared verification & \ref{thm:U60}, p.\pageref{thm:U60}\\
U61 & Weyl regularity in the conformal coordinate & \ref{thm:U61}, p.\pageref{thm:U61}\\
U62 & a barrier enforces the boundary value & \ref{thm:U62}, p.\pageref{thm:U62}\\
U63 & uniqueness of the normalized Green function & \ref{thm:U63}, p.\pageref{thm:U63}\\
U64 & propagating a primal--dual interval to modulus & \ref{thm:U64}, p.\pageref{thm:U64}\\
U65 & exponential-coordinate enclosure & \ref{thm:U65}, p.\pageref{thm:U65}\\
U66 & a certified injective disk and image disk & \ref{thm:U66}, p.\pageref{thm:U66}\\
U67 & a certified periodic quadrature bound & \ref{thm:U67}, p.\pageref{thm:U67}\\
\bottomrule\end{longtable}




